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SUMMARY 

T h i s   p a p e r   p r e s e n t s  a d i s c u s s i o n  of the   concep t  of n o d a l   d e n s i t )  

o r   d e n s i t y   o f   e i g e n v a l u e s   o f   v a r i o u s   s t r u c t u r a l   e l e m e n t s  of engineer ing  

importance.   Expressions  and  graphs are p r e s e n t e d   t h a t  can be used to 

estimate the   average   modal   dens i t ies   o f   these   e lements   and  are v a l i d  

for   e lements   having  any  prescr ibed  boundary  condi t ions.  The expres- 

s ions   fo r   moda l   dens i ty   and   t he i r   g raph ica l   r ep resen ta t ion  were pre-  

p a r e d   f r o m   t h e   i n f o r m a t i o n   a v a i l a b l e   i n   t h e   l i t e r a t u r e ,   b u t  supplemen- 

t a r y   d a t a  were genera ted   where   requi red .  

Cases are  cons ide red   fo r   rods ,   beams ,   so l id   r ec t angu la r   and  

c i r c u l a r   p l a t e s ,   t h i n   c y l i n d r i c a l ,   s p h e r i c a l   a n d   c o n i c a l   s h e l l s ,   c o m p o s i t e  

s t r u c t u r e s ,   s h a l l o w   s a n d w i c h   s h e l l s ,   o r t h r o t r o p i c   p l a t e s ,   p r e t w i s t e d  

p l a t e s ,   p l a t e s   s u b j e c t   t o   i n - p l a n e   f o r c e s   a n d   s h e l l s  on an  e las t ic  

foundat ion.   For   each of the   e lements  up t o  a c o m p o s i t e   s t r u c t u r e ,   g r a p h s  

a r e   p l o t t e d   u s i n g   d i m e n s i o n l e s s   p a r a m e t e r s  t o  g e n e r a l i z e   t h e   a p p l i c a t i o n s  

o f   t h e   r e s u l t s ;   h o w e v e r ,   f o r   t h e  rest of  the   e lements ,   g raphs  are p l o t t e d  

by choosing some a r b i t r a r y   d i m e n s i o n s   t o   i l l u s t r a t e   t h e   e f f e c t  on  modal 

d e n s i t y  . 
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1. INTRODUCTION 

Any c o n t i n u o u s   s t r u c t u r e   p o s s e s s e s   a n   i n f i n i t e  number  of n a t u r a l  

modes of v i b r a t i o n  and to   ob ta in   t he   i n fo rma t ion   conce rn ing   t he   r e sponse  

of  such a s t r u c t u r e ,  it i s  necessa ry   t o   exp res s   t he   no rma l  modes i n  

a s e r i e s   fo rm.  However d u r i n g   t h e   p a s t  few years ,   there   has   been  an 

e f f o r t   t o   d e v e l o p  a new approach  to  these  mu.lt imoda1  vibration  problems 

tha t   avoids   the   p roblem of expanding  the  response  in  terms of   the  mode 

shapes .   In   t h i s   app roach ,   some t imes   r e fe r r ed   t o   a s   " s t a t i s t i ca l   ene rgy  

ana lys i s " ,   ave rage   r e sponse   l eve l s   i n   va r ious   f r equency   i n t e rva l s   a r e  

es t imated   wi thout   the   apparent   knowledge  o f  t h e  mode shapes and 

resonance  f requencies .   Instead,   what  i s  r e q u i r e d  i s  a knowledge  of  the 

type  and number o f   s t r u c t u r a l   v i b r a t i o n  modes o c c u r r i n g   i n  a given 

f requency   in te rva l .   This   quant i ty ,   the  number of modes p e r   u n i t  

frequency, i s  c a l l e d   t h e   ' m o d a l   d e n s i t y '   o f   t h e   s t r u c t u r e .  Thus t h e  

modal dens i ty   o f  a s t r u c t u r e  i s  e s s e n t i a l l y   t h e   d e n s i t y   o f   t h e  modes of 

v i b r a t i o n   w i t h  respect to   f requency .  It i s  a n   i n d i c a t i o n   o f  the spac- 

i n g  o f  t h e   n a t u r a l  modes in   t he   f r equency  domain. 

When d e a l i n g   w i t h   t h e   s t r u c t u r e s   e x c i t e d   i n  a ve ry  complex, o r  

random f a s h i o n  i t  is o f t e n   n o t   o n l y   u s e f u l   b u t   n e c e s s a r y   t o   r e s o r t   t o  

s t a t i s t i c a l   e n e r g y   a n a l y s i s   t o   d e t e r m i n e   t h e   r e s p o n s e   o f   t h e   s t r u c t u r e  

t o   s u c h   l o a d i n g .   I n   o r d e r   t o   a p p l y   t h i s   t y p e  of a n a l y s i s  i t  i s  found 

t h a t   t h e  modal d e n s i t y   o f   t h e   s t r u c t u r e   i n   q u e s t i o n   m u s t   b e  known. 

Moreover s t a t i s t i c a l   e n e r g y   a n a l y s i s  shows promise  of  becoming a u s e f u l  

t o o l   f o r   e s t i m a t i n g   a v e r a g e   r e s p o n s e   l e v e l s   o f   m u l t i m o d a l   s t r u c t u r a l  

v i b r a t i o n s  as t h e  modal d e n s i t y   o f  a s t r u c t u r e  i s  r e l a t ive ly   i ndependen t  



of   the  boundary  condi t ions.  Hence i n   o r d e r   t o   a p p l y  a s t a t i s t i c a l   t y p e  

o f   a n a l y s i s   t o  a s t ruc tu ra l   r e sponse   p rob lem,  i t  i s  n e c e s s a r y   t o  know 

t h e  modal d e n s i t y   o f   t h e   b a s i c   s t r u c t u r a l   e l e m e n t s   s u c h   a s   r o d s ,  beams, 

and s h e l l s .  I t  i s  the re fo re   t he   pu rpose  of  t h i s   p a p e r   t o   d i s c u s s   i n  a 

sys t ema t i c  manner the   p rob lem  o f   t he   moda l   dens i ty   i n   v ib ra t ion   p rob -  

lems  of some b a s i c   s t r u c t u r a l   e l e m e n t s   l i k e   r o d s ,  beams, p l a t e s   a n d  

t h i n   c y l i n d r i c a l ,   s p h e r i c a l  and c o n i c a l   s h e l l s ,   c o m p o s i t e   s t r u c t u r e s  

and c e r t a i n   s h a l l o w   s t r u c t u r a l   e l e m e n t s  and p r e s e n t   t h e   e x p r e s s i o n s  and 

graphs  that   can  be  used  to   es t imate   the  average  modal   densi t ies   of  

these  e lements .  

The de termina t ion   of   the   modal   dens i ty  i s  e s s e n t i a l l y  a mathe- 

matical   problem. It involves   the   de te rmina t ion   of   the   f requency   equa-  

t i on   fo r   t he   s t ruc tu re   unde r   cons ide ra t ion   f rom  the   appropr i a t e  

equation  of  motion  and  then  the  summation  of  the  resonant  frequencies 

o v e r   a l l   p o s s i b l e  modes o f   v ib ra t ion .   Th i s   y i e lds   an   expres s ion   fo r  

t h e  number of   resonant  modes in   t e rms   o f   f r equency .   D i f f e ren t i a t ion   o f  

t h i s   e x p r e s s i o n   w i t h   r e s p e c t   t o   f r e q u e n c y  w i l l  t hen   y i e ld   t he   expres -  

s i o n   f o r   t h e  modal dens i ty   in   t e rms   of   the   f requency .  The k-space 

in t eg ra t ion   t echn ique   i n t roduced  by Courant  and  Hilbert   (1953) i s  

u t i l i z e d   t o   e v a l u a t e   t h e  number of   resonant   f requencies .  

In   Chapter  3, t h e  modal d e n s i t y   f o r   l o n g i t u d i n a l   a n d   t o r s i o n a l  

v ibra t ions   o f   c i rcu lar   rods   having   un i form  c ross   sec t ion  i s  d i scussed  

and resul ts  a r e  compared. 

Chapter 4 d e a l s   w i t h   t h e  beams having  constant  geometry  and 

p r o p e r t i e s .  The e x p r e s s i o n   f o r  modal d e n s i t y   f o r   t r a n s v e r s e   v i b r a t i o n s  

2 



of beams is  p resen ted .  The graph  of  normalized  modal  density  versus 

dimensionless   f requency i s  p l o t t e d .  

For   Chapter  5, modal d e n s i t y   e x p r e s s i o n s   a r e   p r e s e n t e d   i n   f l a t  

r e c t a n g u l a r  and c i r c u l a r   p l a t e s  and t h e   r a s u l t s   a r e   d i s c u s s e d .  

I n  Chapter 6, t h i n   c y l i n d r i c a l   s h e l l  is cons idered .  The modal 

d e n s i t y   e x p r e s s i o n s   a r e   d e v e l o p e d   f o r   c y l i n d r i c a l   s h e l l s   f o l l o w i n g  

t h r e e   d i f f e r e n t   a p p r o a c h e s .   T h e s e   i n t e g r a l   e x p r e s s i o n s   a r e   t h e n  

eva lua ted  and p l o t t e d   i n   d i m e n s i o n l e s s  form. 

Chapter 7 d e a l s   w i t h   s p h e r i c a l   s h e l l s .  The  modal dens i ty   expres-  

s i o n  i s  developed  as  a function  of  dimerlsionless  frequency  and a graph 

i s  p l o t t e d   t o   i l l u s t r a t e   t h e   v a r i a t i o n   o f  modal density  above  and below 

the   r i ng   f r equency .  

I n  Chapter 8, e x p r e s s i o n s   f o r  modal d e n s i t y   o f   t h i n   c o n i c a l   s h e l l s  

a r e   ob ta ined   based  on two separa te   f requency   equat ions  and are   normal-  

ized   wi th   respec t   to   cone   geometry   and   presented   for   the   f requency  

range  below  the  lower  r ing  frequency  and  above  the  upper  r ing 

frequency of the  cone.  

I n  Chapter 9, t h e   a d d i t i v e   p r o p e r t y   o f  modal dens i ty   for   composi te  

s t r u c t u r e s  i s  v e r i f i e d   a n a l y t i c a l l y  by considering  an  L-shaped  frame 

c o n s i s t i n g   o f  two beams j o i n e d   a t   r i g h t   a n g l e s   a n d   t h e   g r a p h  i s  p l o t t e d  

t o   i l l u s t r a t e   t h e   v a r i a t i o n   o f   m o d a l   d e n s i t y  o f  t he   compos i t e   s t ruc tu re  

w i t h   r e s p e c t   t o   f r e q u e n c y .  1 

LHart,  F. D. and V. D. Desai .   1967.   Addit ive  propert ies   of   modal  
dens i ty   fo r   compos i t e  s t r u c t u r e s .  P re sen ted   a t   t he   74 th   Mee t ing  of t h e  
Acous t i ca l   Soc ie ty   o f  America,, Miami, Flor ida,   Paper  No. DD 11. 
Department of Mechanical  and  Aerospace  Engineering,  North  Carolina 
S t a t e   U n i v e r s i t y   a t   R a l e i g h ,  N. C. 
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I n  Chapter lo., modal d e n s i t y   e x p r e s s i o n s   a r e   p r e s e n t e d   f o r   s h a l l o w  

s a n d w i c h   s h e l l s ,   o r t h r o t r o p i c   p l a t e s ,   p r e t w i s t e d   p l a t e s ,   p l a t e s   s u b j e c t  

t o   i n -p l ane   fo rces ,  and s h e l l s   o n   a n   e l a s t i c   f o u n d a t i o n .  Graphs a r e  

p l o t t e d   t o   i l l u s t r a t e   t h e   e f f e c t  on modal dens i ty .   Resu l t s   ob ta ined  

a r e   d i s c u s s e d   i n   d e t a i l  and  compared wi th  some of   the   bas ic   e lements .  

Chapter 11 presents a summary of results and conclusions. 
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2. REVIEW OF LITERATURE 

The problem of de t e rmin ing   t he  modal dens i ty   o f   any   g iven  S t r U C -  

t u r e  i s  e q u i v a l e n t   t o   a s c e r t a i n i n g   t h e   d i s t r i b u t i o n  of  e igenvalues   of  

la rge   o rder   cor responding   to   h igh  mode numbers. A g e n e r a l   d i s c u s s i o n  

o f   t h e   a s y m p t o t i c   d i s t r i b u t i o n   o f   e i g e n v a l u e s   f o r   v a r i o u s   c l a s s e s   o f  

d i f f e r e n t i a l   e q u a t i o n s  i s  given  by  Courant  and  Hilbert   (1953).  

Express ions   for   the  number of   e igenvalues  up t o  a g iven  bound a re   g iven  

f o r   d i f f e r e n t i a l   e q u a t i o n s   w i t h   o n e ,  two and  three  independent   space 

var iab les .   Al though  the   t rea tment   o f   the   subjec t  by Courant  and 

H i l b e r t  i s  approached  from a basic   mathematical   point   of   view,   the 

r e s u l t s   h a v e   d i r e c t   p h y s i c a l   i n t e r p r e t a t i o n .  It i s  i n d i c a t e d   t h a t  

boundary  conditions  have no e f f e c t   o n   t h e   a s y m p t o t i c   d i s t r i b u t i o n  o f  

the   e igenvalues .  

Bo lo t in  (1962) h a s   a l s o   g i v e n   c o n s i d e r a b l e   a t t e n t i o n   t o   t h e  

asymptotic  method i n   h i s  s t u d i e s  o f   e igenvalue   de te rmina t ion .   In  

1962 Bo lo t in   p re sen ted  a d iscuss ion   of   the   asymptot ic   behavior   o f   the  

e i g e n v a l u e s   f o r  a g e n e r a l i z e d   r e c t a n g u l a r   r e g i o n  of a r b i t r a r y  dimen- 

s ions .  H e  a p p l i e d   t h i s   t e c h n i q u e   t o   t h e   p r o b l e m   o f   p l a t e s  and she l l s . ,  

where  the number  of e igenvalues   cor respond  to   the  number of n a t u r a l  

f r e q u e n c i e s   o f   v i b r a t i o n .   C o r r e c t i o n   f a c t o r s  were a l s o   i n t r o d u c e d   t o  

ex tend   the  work of Courant   and  Hilber t   (1953)   to  1.0w mode numbers  where 

boundary  conditions  must  sometimes  be  considered.  Bolotin  (1960) 

presented  a d e t a i l e d   d i s c u s s i o n   o f   t h e   e f f e c t   o f   e d g e   c o n d i t i o n s   o n   t h e  

v i b r a t i o n a l  modes o f   e l a s t i c   s h e l l s .  
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In 1963 Bo lo t in   p re sen ted  a gene ra l   t r ea tmen t  of  the e igenvalue  

dens i ty   p roblem  for  a g e n e r a l   t h i n   e l a s t i c   s h e l l  of r e v o l u t i o n   w i t h  

c o n s t a n t   t h i c k n e s s   i n   o r t h o g o n a l   c u r v i l i n e a r   c o - o r d i n a t e s   c o i n c i d i n g  

wi th   t he   cu rva tu re   l i nes .   Bo lo t in   aga in   u sed   t he   a sympto t i c  method 

d i scussed  by Courant  and  Hilbert   (1953)  in  his  work and ob ta ined  

e x p r e s s i o n s   f o r   t h e  number o f  na tu ra l   f r equenc ie s   and   t he  modal d e n s i t y  

of a g e n e r a l   e l a s t i c   s h e l l   o f   r e v o l u t i o n   t h r o u g h   e l l i p t i c   i n t e g r a l s .  

The r e s u l t s   o f   t h i s  work w e r e  a l s o   e x t e n d e d   t o   t h e   s p e c i f i c   c a s e s   o f  

t h e   s p h e r i c a l   s h e l l  and t h e   c i r c u l a r   c y l i n d r i c a l   s h e l l .   B o l o t i n  (1965) 

p re sen ted  a d iscuss ion   which  was e s s e n t i a l l y   a n   e x t e n s i o n   o f   h i s  

p rev ious  work i n  which   he   d i scussed   the   concent ra t ion   po in ts   o f   na tura l  

modes, a s   w e l l   a s   t h e   e f f e c t s   o f   s h e a r   a n d   r o t a r y   i n e r t i a .  

Without   apparent   knowledge  of   Bolot in 's  work,  Heckl  (1962) 

deve loped   an   expres s ion   fo r   t he   na tu ra l   f r equenc ie s  of a c y l i n d r i c a l  

shel l   us ing  impedance  methods.  He then   represented   the  number of 

n a t u r a l  modes by a f i n i t e  sum o v e r   a l l   p o s s i b l e  modes o f   v i b r a t i o n  

p o s s i b l e  up t o  some upper  frequency. H e  t h e n   r e p l a c e d   t h e   s u m a t i o n  by 

a n   i n t e g r a l  and ob ta ined   an   approx ima te   expres s ion   fo r   t he  modal 

d e n s i t y   o f   t h i n   c y l i n d r i c a l   s h e l l s .   H e c k l   a l s o   p r e s e n t e d  some expe r i -  

m e n t a l   f i n d i n g s   i n   h i s   r e p o r t .  

In 1965  Smith  and Lyon introduced  the  concept   of   modal   densi ty   and 

d i scussed  i t s  a p p l i c a t i o n   w i t h   r e g a r d   t o   s t r u c t u r a l   v i b r a t i o n .  The 

c a s e s  of s imply  supported beams,  clamped  beams, simply  supported 

r e c t a n g u l a r   p l a t e s  and  clamped c i r c u l a r   p l a t e s  were c o n s i d e r e d   i n  

p a r t i c u l a r .  
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Ungar  (1966)  discussed  the  concept  of  modal  density  and i t s  

app l i ca t ion   t o   compos i t e   sys t ems .  H e  a l s o   p r e s e n t e d  a l i s t  of  expres- 

s i o n s   f o r   t h e  modal d e n s i t y   o f  some s imple   e l a s t i c   sys t ems   o f   . eng inee r -  

i n g   v a l u e .  

I n  1967  Hart   and  Desai  presented a d i s c u s s i o n  of  t h e   a d d i t i v e  

p rope r ty   o f  modal d e n s i t y   f o r   c o m p o s i t e   s t r u c t u r e s  and v e r i f i e d  

a n a l y t i c a l l y   t h e   v a l i d i t y   o f   t h e   a d d i t i v e   p r o p e r t y  by cons ide r ing   t he  

c o m p o s i t e   s t r u c t u r e   c o n s i s t i n g   o f  two beams j o i n e d   a t   r i g h t   a n g l e s   t o  

form  an  L-shaped  frame. 

M i l l e r  and  Hart  (1967) made  a combined a n a l y t i c a l  and experimental  

s tudy   about   the   modal   dens i t ies   o f  a t h i n   c y l i n d r i c a l   s h e l l .   E x p r e s -  

s i o n s   f o r  modal dens i ty   were   p re sen ted  in i n t eg ra l   fo rm  us ing   t h ree  

d i f f e ren t   me thods  and t h e   v a l i d i t y   o f   t h e   r e s u l t s  was d i s c u s s e d   i n  

d e t a i l .  

In 1968   Wi lk inson   p re sen ted   t he   expres s ions   fo r   t he  modal dens i -  

t i e s  f o r   t r a n s v e r s e   v i b r a t i o n s   o f  two d imens iona l   s t ruc tu ra l   e l emen t s  

wh ich   i nc luded   sha l low  sandwich   she l l s ,   o r th ro t rop ic   p l a t e s ,   she l l s  on 

e l a s t i c   f o u n d a t i o n ,   p r e t w i s t e d   p l a t e s  and p l a t e s   s u b j e c t   t o   i n - p l a n e  

f o r c e s .  The e f f e c t  on t h e  modal dens i t ies   o f   these   e lements  was 

i l l u s t r a t e d   g r a p h i c a l l y .  

I n  1969 M i l l e r   p r e s e n t e d   t h e   e x p r e s s i o n s   f o r  modal d e n s i t i e s   o f  

con ica l   she l l s   based   on   t he  two separate   f requency  equat ions  and 

a p p l i c a b l e   t o  a wide  range  of  cone  geometries and v a l i d   o v e r  a f r e -  

quency   r ange   su f f i c i en t ly   w ide   t o   be   o f   eng inee r ing   va lue .  Miller 

a l s o   p r e s e n t e d   t h e   f i n d i n g s   f o r   t h e  modal d e n s i t i e s   o f   c o n i c a l   s h e l l s  

obtained  by  experimental   s tudy.  
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Erickson  (1969)   presents   expressions  to   es t imate   the  average  modal  

dens i t ies   o f   sandwich  beams and f l a t   o r   c y l i n d r i c a l l y   c u r v e d   s a n d w i c h  

panels .  The e f f e c t   o f   t r a n s v e r s e   s h e a r   f l e x i b i l i t y ,   o r t h r o t r o p i c  

shea r   modu l i   o f   t he   co re , ,   f ace   bend ing   s t i f fnes s ,   ro t a ry   i ne r t i a   and  

p a n e l   c u r v a t u r e  on  modal d e n s i t y  i s  i l l u s t r a t e d   g r a p h i c a l l y   o v e r   t h e  

wide-frequency  range. Modal d e n s i t i e s   o f   f l a t   r e c t a n g u l a r   s a n d w i c h  

pane l s   hav ing   o r th ro t rop ic   co res   a r e   de t e rmined   expe r imen ta l ly .  
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3.  MODAL  DENSITY OF RODS 

3.1 I n t r o d u c t i o n  

I n   t h i s   c h a p t e r  a c i r c u l a r   r o d   h a v i n g   t h e   u n i f o r m   c r c ) s s   s e c t i o n  

w i t h   b o t h   t h e   e n d s   f i x e d  'is cons idered .  A rod  can  execute   longi- .  

t u d i n a l ,   t o r s i o n a l   o r   t r a n s v e r s e   v i b r a t i o n s   e i t h e r   i n d i v i d u a l l y   o r   i n  

combination. The e x p r e s s i o n s   f o r  modal d e n s i t y   a r e   d e r i v e d   c o n s i d e r i n g  

l o n g i t u d i n a l   a n d   t o r s i o n a l   v i b r a t i o n s   i n d i v i d u a l l y .  

3 .2   Long i tud ina l   V ib ra t ion  

The governing  equation  of  motion f o r  l o n g i t u d i n a l   v i b r a t i o n s   o f  a 

rod i s  g iven  by 

where 

E = Young's  modulus 

p = d e n s i t y  of m a t e r i a l  

gc = g r a v i t a t i o n a l   c o n s t a n t  

w = l ong i tud ina l   d i sp l acemen t   o f  a s e c t i o n .  

Th i s   equa t ion  i s  based on the   fo l lowing   assumpt ions :  

1. The rod  has  a un i form  c ross   sec t ion .  

2. Dur ing   t he   v ib ra to ry   mo t ion ,   t he   c ros s   s ec t ion   no rma l   t o   t he   axes  

o f  the  bar  remain  plane  and  normal  to  the  axis.  

3 .  The p a r t i c l e   i n  a no rma l   c ros s   s ec t ion  moves i n   t h e   a x i a l   d i r e c t i o n  

o f   t he   ba r .  
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- 2 L e t t i n g  - - CL , equat ion  (3.1) r e d u c e s   t o  
P 

a w(x, t )  = 2 a2w(x, t )  

a t 2  ‘L ax’ 
2 

J 

where C i s  t h e   l o n g i t u d i n a l   v e l o c i t y   o f  wave   propagat ion   a long   the  

l e n g t h  o f  the   rod .  

L 

Assuming t h a t   t h e   s o l u t i o n   o f   e q u a t i o n   ( 3 . 2 )  i s  

w ( x , t )  = X(x) s inwt  

and subs t i t u t ing   (3 .3 )   i n to   (3 .2 )   and   s impl i fy ing ,   g ives  

(3.3) 

where 

w = f r equency   o f   v ib ra t ion  

X(x) = the   shape  of  normal mode of v i b r a t i o n .  

The s o l u t i o n  f o  (3.4) i s  g i v e n   a s  

X(x) = A cos Ax + B s i n  Ax . ( 3 . 5 )  

For a rod   f i xed   a t   bo th   t he   ends ,   t he   boundary   cond i t ions   a r e  
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Imposing  the  boundary  conditions in ( 3 . 7 ) ,  the   f requency   equat ion  

f o r   t h i s   c a s e   c a n  be w r i t t e n  as 

mnCL 
w = d  m = 1, 2, 3,  ... 

where 4 i s  the   l ength   o f   the   rod .  

F igu re  3 . 1  Rod with  f ixed  ends  and  k-space 

The  wave  number  k may be   de f ined   a s  1 

k l = y  . ( 3 . 9 )  

Hence t h e   c h a n g e   i n   t h e  wave  number  from  one mode t o   t h e   n e x t  i s  

g iven  by 

Ak = TI 1 t  - (3.10) 
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Since  the waves i n  the case of a rod are  propagated   on ly   a long  the 

length  of   the  rod,   the   k . -space i s  one   d imens iona l   and   the   equat ion   for  

t h e  number of  resonant  frequency  becomes 

1 L 

N(w) = - dkl - 
Akl 0 

This   g ives  

but   equat ions  (3 .8)   and  (3 .9)   give 

k = -  . w 

cL 

( 3 , ,  11) 

(3.  12)  

(3.13) 

The re fo re   t he   expres s ion   fo r   t he  number of   resonant   f requencies  i s  

Defining a dimensionless   f requency v a s  

equat ion  (3 .14)   reduces  to  

N(v) = - . V 

ll 

D i f f e r e n t i a t i n g   ( 3 . 1 6 )  w i t h  r e s p e c t  to v g i v e s  

n(v) = - 1 
77 

( 3 . 1 4 )  

(3.15) 

(3.16) 

(3 .17 )  

This i s  an   expres s ion   fo r  modal d e n s i t y   f o r   t h e   l o n g i t u d i n a l  

v i b r a t i o n   o f  a rod   f i xed   a t   bo th   ends   and  i t  can  be shown t o   b e   a p p l i -  

c a b l e   f o r   a r b i t r a r y  end c o n d i t i o n s .  

12 



I 

3.3   Tors iona l   Vibra t ions  

The gove rn ing   d i f f e ren t i a l   equa t ion   o f   mo t ion   fo r   t o r s iona l  

v i b r a t i o n s   o f  a rod i s  g iven  as 

(3.18) 

where 

G = modulus of  r i g i d i t y  

p = d e n s i t y  o f  m a t e r i a l  

gc = g r a v i t a t i o n a l   c o n s t a n t  

# = angular   d i sp lacement  of t h e   s e c t i o n .  

Th i s   equa t ion  i s  a l so   based  on the   assumpt ion   of   equa t ion  (3.1)- 

Defin ing  

Ggc - 2 - - CT 
P 

(3.19) 

where CT i s   t h e   t o r s i o n a l  wave ve loc i ty ,   equa t ion   (3 .18 )  becomes 

a # (x, t )  - 2 a', (x t )  

a t2 
-CT" 

ax 
2 

(3.20) 

Assuming t h e   s o l u t i o n  of equat ion  (3 .19)  i s  

#(X, t )  = e(x) sincot , (3.21) 

s u b s t i t u t i o n   o f   ( 3 . 2 1 )   i n t o   ( 3 . 2 0 )  and f u r t h e r   s i m p l i f i c a t i o n   g i v e s  
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where 

w = frequency of v i b r a t i o n  

@(x) = the   shape  o f  normal modes of v i b r a t i o n .  

Again for   the   f ixed   rod ,   the   boundary   condi t ions   a re  

e(o) = e(&) = o . ( 3 . 2 3 )  

Applying  the  boundary  condi t ions  to  ( 3 . 2 2 )  g ives   t he   fo l lowing  

frequency  equat ion:  

mnCT 

.e w = -  m = l ,  2, 3 . .  . . ( 3 . 2 4 )  

Hence a s   i n   t h e   p r e v i o u s   s e c t i o n ,   t h e  number of r e sonan t  

f r equenc ie s   ob ta ined  by 

where 

k - s p a c e   i n t e g r a t i o n  i s  g iven  a s  

or 

- L 
'T - 

[2(1+d 1% 

S u b s t i t u t i o n  of equat ion  ( 3 . 2 7 )  i n t o  ( 3 . 2 5 )  g ives  

( 3 . 2 5 )  

( 3 . 2 6 )  

( 3 . 2 7 )  

( 3 . 2 8 )  
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Now in t roducing   the   d imens ionless   f requency ,   equa t ion   (3 .28)  

r e d u c e s   t o  

D i f f e r e n t i a t i n g  (3.29) w i t h   r e s p e c t   t o  v g i v e s  

(3.29) 

(3.30) 

Th i s   g ives   an   expres s ion   fo r  modal d e n s i t y  f o r  t h e   t o r s i o n a l  

v i b r a t i o n s   o f  a r o d   f i x e d   a t   b o t h   t h e   e n d s .  

3 .4   Discuss ion  

The expres s ions   deve loped   fo r   moda l   dens i ty   o f   rods   fo r   bo th  

l o n g i t u d i n a l   a n d   t o r s i o n a l   v i b r a t i o n s  show t h a t  modal d e n s i t y  of a rod 

i s  cons tan t   and  i s  independent  of  geometry of  c r o s s   s e c t i o n s   i n  

dimensionless  form. 

M o r e o v e r ,   t h e   m o d a l   d e n s i t y   o f   t h e   r o d   f o r   t o r s i o n a l   v i b r a t i o n s  i s  

about  1 .5  t i m e s   t h a t   f o r   l o n g i t u d i n a l   v i b r a t i o n s .  

Expressions  generated by cons ide r ing   d i f f e ren t   boundary   cond i t ions  

g i v e   t h e  same  answer  and  hence i t  i s  independent  of  boundary  conditions 

a l s o .  
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4 .  MODAL  DENSITY OF BEAMS 

4 . 1   I n t r o d u c t i o n  

I n  this  chap te r ,  the m o d a l   d e n s i t y   f o r   t r a n s v e r s e   v i b r a t i o n  of  

beams having   cons tan t   geometry   and   cons tan t   p roper t ies   a re   d i scussed .  

The s imply  supported beam i s  c o n s i d e r e d   f o r   d e r i v i n g   t h e   e x p r e s s i o n .  

The problem  of  simply  supported beams  was d i s c u s s e d   i n   t h e  

l i t e r a t u r e .  I t  i s  r e p r o d u c e d   h e r e   t o   i l l u s t r a t e   a n   e x a c t  way f o r  

deve loping   the   express ion .  Modal d e n s i t y  i s  expressed   as  a f u n c t i o n  of 

dimensionless   f requency  and  the  graph i s  p l o t t e d   i n   t e r m s  o f  dimension- 

less parameters .  

4 .2  Simply  Supported Beams 

The g o v e r n i n g   e q u a t i o n   o f   m o t i o n   f o r   t r a n s v e r s e   v i b r a t i o n s  of a 

beam i s  g i v e n   b y   t h e   d i f f e r e n t i a l   e q u a t i o n  

where 

E = Young's  modulus  of e l a s t i c i t y  

I = moment of i n e r t i a  o f   c r o s s   s e c t i o n  

P = d e n s i t y   o f   t h e   m a t e r i a l  

gC = g r a v i t a t i o n a l   c o n s t a n t  

A = a r e a  of t h e   c r o s s   s e c t i o n  

V(x,t) = d e f l e c t i o n  o f  t h e  beam a t  any   sec t ion .  

The equat ion  (4 .1)  i s  based  on  the  fol lowing  assumptions:  

1. The e f f e c t  o f  r o t a r y   i n e r t i a  i s  neglec ted .  

2 .  Shear  displacement  due  to a v i b r a t o r y   f o r c e  i s  n e g l i g i b l e .  
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3. C r o s s   s e c t i o n s   a r e   p l a n e   b e f o r e   s t r a i n  and  remain  plane  af ter  

s t r a i n .  

4.  Beam i s  s l ende r .  

Assuming t h a t   t h e   s o l u t i o n  of   equat ion (4.1) i s  

v ( x , t )  = X(x) s i n w t  , ( 4 ”  2) 

s u b s t i t u t i o n   o f   e q u a t i o n  (4 .2)  i n t o  (4.1) and f u r t h e r   s i m p l i f i c a t i o n  

g ives  

dx 

where 

w = frequency of  v i b r a t i o n  

X(x) = the   shape  of   the  normal  modes o f  v i b r a t i o n ,  

The g e n e r a l   s o l u t i o n   f o   t h e   d i f f e r e n t i a l   e q u a t i o n  ( 4 , 3 )  i s  given 

a s  

X(x) = A s i n A x + B c o s h x + C s i n h A x + D c o s h h  (4.4) 

where A ,  B, C and D a r e   a r b i t r a r y   c o n s t a n t s .  

For   the  beam under   considerat ion, ,   the   boundary  condi t ions  are  

V(O,,  t )  = V ” ( 0 ,  t )  = 0 (4.5) 

V(.e,, t )  = V”(.e ,  t )  = 0 . (4 .6 )  
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The above   condi t ions   can   be   wr i t ten  as 

X ( 0 )  = X " ( 0 )  = 0 (4.7)  

X(&) = X"(&) = 0 . (4 .8 )  

Applying  the  boundary  conditions (4 .7)  and (4 .8)  to   equa t ion  ( 4 . 4 ) ,  

the   f requency  equat ion  for   the beam can  be  expressed  as  (Smith  and 

Lyon, 1965) , 

where 

cL 
= t h e   l o n g i t u d i n a l   v e l o c i t y   o f  wave p r o p a g a t i o n   i n   t h e  

beam mate r i a l   a long   t he   l eng th  of beam 

l, = l ength   o f  beam 

K = r a d i u s  of gy ra t ion   o f   t he   c ros s   s ec t ion .  

Let   the  wave  number  k be   def ined   as  1 

Therefore   the  change  in   the wave  number  from  one mode t o   t h e  

nex t  i s  given a s  

Akl - E 
._ rr 

(4 .10)  

(4 .11)  

Again i n  case of  a beam, waves are   propagated  only  a long  the 

length,  hence  the  k-space i s  one  dimensional  and  the  equation  for  the 
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number of r e sonan t   f r equenc ie s  i s  

k. 

This   g ives  

gkl N(w) = - . n 

Combining equat ions  (4 .9)   and (4 .10)  g ives  

k 1 == KCL . 

There fo re   t he  number of r e sonan t   f r equenc ie s  i s  g iven   a s  

(4 .12)  

(4 .13 )  

( 4 . 1 4 )  

(4 .15)  

F i g u r e  4.1 Simply  supported beam and  k-space 
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Let   the   d imens ionless   f requency  v be   def ined  as 

cot v = - .  
cL 

Equation  (4.15)  reduces  to 

N ( V )  = 1 . 
TT 

Dif fe ren t i a t ing   t he   above   expres s ion   w i th   r e spec t   t o  v g ives  

(4.16) 

(4.17) 

(4.18) 

This i s  t h e   e x p r e s s i o n   f o r   t h e  modal d e n s i t y   f o r   t h e   t r a n s v e r s e  

v i b r a t i o n   o f  beams in   t e rms   of   d imens ionless   f requency .  

4.3  Graph ica l   Resu l t s  and  Discussion 

The r e s u l t  o f  t he   ana ly t i ca l   deve lopmen t   i n   t he   p reced ing   s ec t ion  

i s  r e p r e s e n t e d   g r a p h i c a l l y   i n   F i g u r e  ( 4 . 2 ) .  From the   g raph  i t  i s  seen  

t h a t  modal d e n s i t y   f o r  a beam decreases   as   the   d imens ionless   f requency  

v i n c r e a s e s  and asymptot ica l ly   approaches   zero   va lue   as  w becomes 

l a r g e .  
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Figure 4.2 Normalized  modal  density  versus  dimensionless  frequency  for 
beams 
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5. MODAL DENSITY OF PLATES 

5 . 1  I n t r o d u c t i o n  

I n   t h i s   c h a p t e r ,  modal dens i ty   exp res s ions   a r e   deve loped   fo r   t he  

f r e e   v i b r a t i o n s   o f   r e c t a n g u l a r  and c i r c u l a r   p l a t e s .  To s i m p l i f y   t h e  

d e r i v a t i o n ,  a r ec t angu la r   p l a t e   w i th   s imp ly   suppor t ed   edges  and a 

c i r c u l a r   p l a t e   w i t h  clamped  edge a r e   c o n s i d e r e d .  The expres s ions  

ob ta ined   a l so   ho ld  good fo r   o the r   boundary   cond i t ions   (Bo lo t in ,  1960) ~ 

Both t h e   c a s e s   d i s c u s s e d   i n   t h i s   c h a p t e r  were r e a d i l y   a v a i l a b l e   i n  

t h e   l i t e r a t u r e  and the   in format ion  was g a t h e r e d   f o r   s y s t e m a t i c   r e p r e -  

s e n t a t i o n .  The d i f f e r e n t i a l   e q u a t i o n s   g o v e r n i n g   f r e e   v i b r a t i o n s   o f  

p l a t e s   a r e   o b t a i n e d  by m o d i f y i n g   t h e   e q u a t i o n s   d e s c r i b i n g   t h e   s t a t i c  

e q u i l i b r i u m   t o   a c c o u n t   f o r   t h e   i n e r t i a   f o r c e s   i n t r o d u c e d .  

5 . 2  Rec tangu la r   P l a t e s  

The g o v e r n i n g   e q u a t i o n   o f   m o t i o n   f o r   f r e e   v i b r a t i o n  of a 

r e c t a n g u l a r   p l a t e   i s   g i v e n   a s  

4 2 a ,  a W  a4w ph  a 
ax ax2ay2 ay4 gc a t 2  

2 
D[T + 2 - +-I + -  - = 0 

where 

D - - Eh3 = t h e   f l e x u r a l   r i g i d i t y  
1 2  ( 1-p2) 

P = d e n s i t y   o f   t h e   m a t e r i a l  

gC = g r a v i t a t i o n a l   c o n s t a n t  

w (x,y, t )  = displacement   normal  to t h e  x-y p l ane  

E = Young’s  modulus 

(5.1) 
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1. 

2. 

3. 

4 .  

5. 

b = P o i s s o n ' s   r a t i o  

h = t h e   p l a t e   t h i c k n e s s .  

Equation  (5.1) i s  based  on  the  following  assumptions: 

R o t a r y   i n e r t i a  i s  neglec ted .  

C r o s s   s e c t i o n s   a r e   p l a n e   b e f o r e   s t r a i n   a n d   r e m a i n   p l a n e   a f t e r  

s t r a i n .  

The t h i c k n e s s   o f   t h e   p l a t e  i s  small as compared t o   t h e   o t h e r  

dimensions.  

No s t r a i n  i s  s u f f e r e d  by the   midd le   su r f ace .  

D e f l e c t i o n s   a r e   s m a l l   i n   r e l a t i o n   t o   t h e   p l a t e   t h i c k n e s s .  

I n   g e n e r a l ,  when  a p l a t e   v i b r a t e s ,   t h e r e   a r e   a n   i n f i n i t e  number of 

n a t u r a l   f r e q u e n c i e s ,  and  each  of them has a s p e c i f i c  mode o r  shape  of 

v i b r a t i o n   a s s o c i a t e d   w i t h  i t .  These modes a re   ca l l ed   no rma l  modes o r  

p r i n c i p a l  modes. 

L e t   t h e   s o l u t i o n  of equat ion  (5 .1)   be assumed a s  

Subs t i tu t ing   equat ion   (5 .2)   in to   (5 .1)   and   s impl i fy ing   g ives  

DV W(x,y> - k  W(x,y) = 0 4 4 

where 

(5.3) 

C o n s i d e r i n g   t h e   r e c t a n g u l a r   p l a t e  of dimensions 4, and 4, a s  shown 2 

i n   F i g u r e   5 . 1 ,   t h e   b o u n d a r y   c o n d i t i o n s   f o r   t h e   p l a t e   u n d e r   c o n s i d e r a t i o n  
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are 

These   boundary   condi t ions   can   a l so   be   wr i t ten   as  

W(0, Y) = W"(0, y) = W(dl, y) = W"(.&,, y )  = 0 ( 5  - 6) 

W(x, 0 )  = W1'(X, 0) = W(X, .e ) = Wf1(X, de,) = 0 . 2 ( 5 . 7 )  

1. 
Y k2 

F i g u r e  5 . 1  S imply   suppor ted   rec tangular   p la te   and   k-space  
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L e t  

where m and n a r e   i n t e g e r s .  

T h i s   f u n c t i o n   s a t i s f i e s   t h e   b o u n d a r y   c o n d i t i o n s   f o r  a simply 

s u p p o r t e d   r e c t a n g u l a r   p l a t e .  

Subs t i t u t ion   o f   equa t ion   (5 .8 )   i n to   (5 .3 )   g ives  

Equat ion  (5 .9)   can  a lso  be  expressed  as  

(5.10) 

Hence the   f requency   equat ion   for   the   s imply   suppor ted   rec tangular  

p l a t e  I s  g i v e n   a s  [Smith and Lyon, 19651 

(5.11) 

where 

C1 and d a r e   t h e   l e n g t h  and  width of t h e   p l a t e  2 

K = ( d x  h FT 0.289h = r a d i u s  of g y r a t i o n   f o r   t h e  
12(1-P ) 

p l a t e  

= l o n g i t u d i n a l  wave v e l o c i t y  . 
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Defin ing  the wave  numbers k and k as 1 2 

k = -  mrr and k = - nrr 

&2 
(5.12) 

the   changes   i n   t he  two wave  numbers  from  one mode t o   t h e   n e x t  i s  g iven  

a s  

Akl = dl and 

rr Ak = 
2 5 "  

(5.13) 

S ince   t he  waves i n   t h e   c a s e  of  a r e c t a n g u l a r   p l a t e   a r e   p r o p a g a t e d  

a long   t he   l eng th  and  width  of   the  plate ,   the   k-space i s  two dimensional.  

The e x p r e s s i o n   f o r   t h e  number of  resonant   f requencies   can   be  

expres sed   a s  

(5.14) 
L L  

S 

C y l i n d r i c a l   c o o r d i n a t e s   c a n   b e   u t i l i z e d   t o   i n t e g r a t e   o v e r   t h e  

s u r f a c e  of the  k-space.  

L e t t i n g  

k = r cos 8 1 

k = r s i n 9  2 

equat ion   (5 .14)   t akes   the  form 

Wr i t ing   t he   equa t ion   (5 .15 )   a s  

. e p 2  rr/2 .e 
N(w) = - J r J rdr 1 d e  

= o  0 

(5.15) 

(5.16) 
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and c a r r y i n g   o u t   t h e   i n t e g r a t i o n   w i t h   r e s p e c t   t o  r f i r s t ,  and  then  with 

r e s p e c t   t o  0, g ives  

Combining  (5.11)  and  (5.12)  gives 

2 w  

S u b s t i t u t i o n  of equat ion   (5 .18)   in to   (5 .17)   g ives  

rot. 
Define u = - then  equat ion  (5 .19)   reduces  to  

cL 

&2 
N ( V )  = - 4n IC 

where v i s  a dimensionless   f requency  parameter .  

D i f f e r e n t i a t i n g   ( 5 . 2 0 )   w i t h   r e s p e c t   t o  u g ives  

(5.17) 

(5.18) 

(5 e 19) 

( 5 . 2 0 )  

This i s  an   expres s ion   fo r   t he  modal d e n s i t y  of a r e c t a n g u l a r  

p l a t e .  

I f  t h e   p l a t e   t h i c k n e s s  i s  h, t h e   r a d i u s  of  g y r a t i o n  i s  h / w  

and   the   express ion  is  g iven  as 

(5.21) 

n(u)  = - 
2Trh . 

2 7  

I 

(5.22) 



5.3 C i r c u l a r   P l a t e s  

The d i f f e r e n t i a l   e q u a t i o n   f o r   t h e   f r e e   t r a n s v e r s e   v i b r a t i o n s   o f  a 

c i r c u l a r   p l a t e  i s  g i v e n   a s  

where 

D - - Eh3 = f l e x u r a l   r i g i d i t y  o f  t h e   m a t e r i a l  
12 ( LW2) 

P = mass   dens i ty   o f   t he   ma te r i a l  

E = Young's  modulus 

c1 = P o i s s o n ' s   r a t i o  

gC = g r a v i t a t i o n a l   c o n s t a n t  

h = p l a t e   t h i c k n e s s  

w(r,  8, t )  = displacement   of  a po in t   on   t he   midd le   su r f ace   o f  

t h e   p l a t e .  

Equation (5.23) i s  based   gene ra l ly  on the   assumpt ion   of   equa t ion  

(5.2).  



= C  

Figure   5 .2  Clamped c i r c u l a r   p l a t e  and  k-space 

The method o f  s e p a r a t i o n  o f  v a r i a b l e s   c a n   b e  used  t o  s o l v e  

equat ion  (5 .23)  I 

Assuming t h a t   t h e   s o l u t i o n  o f  equat ion  (5 .23)  i s  

W ( r , e , t )  = W(r,9) e 
i w t  

and   subs t i t u t ing   equa t ion   (5 .24 )   i n to   (5 .23 ) ,   y i e lds  

(5.24) 

(5.25) 
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where 

4 w  
2 

L -  

P 2  

a12 = a cons tanc  

Again   apply ing   the   separa t ion  of  v a r i a b l e s  method f o r   s o l v i n g  

equat ion  (5 .25)   gives  

W(r,8) = R(r)  # ( 0 )  . 

Subs t i t u t ing   equa t ion   (5 .26 )   i n to   (5 .25 )   g ives  

d2R 1 dR - + - - (+x2 + + R  = 0 
d r  

2 r d r  

2 n 

r 

(5.26) 

(5.27) 

d2#  2 - + n #  = O  
d e2 

(5.28) 

where n2 i s  a constant .   Solving  the  equat ions  (5 .27)   and  (5 .28)  

and s u b s t i t u t i n g   i n t o   ( 5 . 2 6 )   y i e l d s  

[En cos   ne  + F  s i n   n e ]  n = 1, 2, 3, . * .  (5.29) 
n 

where A n, Bn, Cn, Dn, En and F a r e   t h e   a r b i t r a r y   c o n s t a n t s   a n d  depend 

on  the  boundary  conditions of t h e   p l a t e .  

n 

J and Y a r e   t h e  Bessel f u n c t i o n s  of t h e   f i r s t   k i n d  of  o r d e r  n n n 

and t h e  Bessel f u n c t i o n s  of  second  kind of o r d e r  n r e s p e c t i v e l y .  

30 



Since   t he   func t ions  Y ( r )  become i n f i n i t e   f o r  r = 0, t h e   c o n s t a n t s  C 

and D must  be  zero i n   t h e   c a s e  of a s o l i d   p l a t e .  Hence equa t ion  

( 5 . 2 9 )  becomes 

n n 

n 

W ( r ,  e)  = [AnJn(Ar) + BnJn(iAr) ][En cos   n0  +Pn  s in   ne]  . ( 5 . 3 0 )  

For   the   p la te   under   cons idera t ion ,   the   boundary   condi t ions   a re  

W(r,e) = ar aw(r,') 0 a t  r = a . (5.31) 

By apply ing   the   boundary   condi t ions   to   equa t ion  ( 5 . 3 0 ) ,  the   f requency 

e q u a t i o n   f o r  a c i r c u l a r   p l a t e   c a n   b e   e x p r e s s e d   a s  

( 5 . 3 2 )  

where w i s  a na tu ra l   f r equency   co r re spond ing   t o   t he  mode charac-  

t e r i z e d  by t h e   e i g e n v a l u e  A and p i s  a c o n s t a n t   d e f i n e d   a s  
m, n 

Thus, t he   exac t   angu la r   f r equency  i s  g iven   a s  

I n 

w = A  rad /sec  

Now, for l a r g e   v a l u e s  of h, 

( 5 . 3 3 )  

- (m +2n) n 2 - -  
h , n  2a ( 5 . 3 4 )  
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Therefore ,   for   h igh   f requencies ,   the   f requency   equat ion   €or  a 

p l a t e   w i th   f r ee   edge   o r   c l amped   edge   cond i t ions  i s  g i v e n   a s  

n 

where 

a = r a d i u s   o f   t h e   p l a t e  

I n 

K = r ad ius   o f   gy ra t ion  = 
h 

x -  

CL = l o n g i t u d i n a l   v e l o c i t y  of  wave propagat ion .  

The f r equency   equa t ion   can   a l so   be   wr i t t en   a s  

Def in ing   t he  wave  numbers  kl  and  k2 a s  

kl - 2a 
- mn and k = - nn 

2 a ’  

(5 - 35) 

(5 3 6 )  

( 5 . 3 7 )  

( 5  3 8 )  

the   change   in   the  wave  numbers  from  one mode o f   v i b r a t i o n   t o   t h e   n e x t  

i s  given as 

- 
Akl - 2a 

n and hk2 = a . n (5 s 39) 

The  wave propagat ion’ in   the   case   o f  a c i r c u l a r   p l a t e ,   t a k e s   p l a c e  

i n   t h e  two d i r e c t i o n s  so t h a t   t h e   k - s p a c e  i s  also two dimensional.  The 
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e q u a t i o n   f c r   t h e  number of r e m n a n t   f r e q u e n c i e s  i s  g iven  as 

N (w) = dk  dk 1 

AkLAk2 s 1 2 <  ( 5  40) 

I n   r h i s   c a s e ,   c y l i n d r i c a l   c o - o r d i n a t e s   c a n   b e   u t i l i z e d   t o   i n t e -  

g r a ~ e   o v e r   t h e   s u r f a c e  of  k - space .   Le t t i ng  k = r c o s  f3 and k = r s i n  6 

a n d   s u b s t i r u t i n g   t h e   v a l u e s   f o r  t h e  change i n  wave  numbers  and  convert- 

l n g  co c y l i n d r i c a l   c o - o r d i n a t e s ,   e q o a n i o n  ( 5 - 4 0 )  becomss 

1 2 

The frequency  equarion (5. .37) can be wrirrnen a s  

(5 .41)  

(5.42) 

Changing  equation ( 5  4 2 )  t o   c y i l n d r i c a l   c ~ ? . . o r d i n a t e s  and s o l v i n g  f o r  

r2 g i v e s  

( 5 . . 4 3 )  

Substituting the v a l u e  o f  r2 i n r o   e q u a t i o n  (5.41) and   ca r ry ing   ou t  

i n t e g r a t i o n   o v e r   v a l u e s   o f  9 i n  the quadrant  0 5 8 5 - fo r   wh ich   t he  

in t eg rand  i s  r e a l ,   g i v e s  

T7 

2 

7 L 

N(w) = > x - w 

77 cL 
( 5 . 4 4 )  
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Defining v = - , equat ion ( 5 . 4 4 )  r educes   t o  wa 

cL 

N(V) = - av 

r r K  
2 

where v i s  a dimensionless  frequency. 

D i f f e r e n t i a t i n g   e q u a t i o n  ( 5 . 4 5 )  w i t h   r e s p e c t   t o  v g ives  

n(U) = - a 
2 r r K  

( 5  0 4 5 )  

( 5  4 6 )  

I n   c a s e  of  a c i r c u l a r   p l a t e ,   t h e r e  are  two modes of v i b r a t i o n  

for  each  frequency,  hence  the  modal  density  of a c i r c u l a r   p l a t e  i s  

doubled  for   any  f requency  and  expression ( 5 . 4 6 )  reduces   to  

n ( v )  = - 2a 
2 

r r K  
( 5   " 4 7 )  

This i s  an   expres s ion   fo r   t he  modal d e n s i t y  of c i r c u l a r   p l a t e s .  

I f   t h e   p l a t e   t h i c k n e s s  i s  h, r a d i u s  of g y r a t i o n  i s  h / m ,   t h e n  

expres s ion  i s  given  as  

4 a  fi 
n(v) = - 2 

r r h  
( 5 . 4 8 )  

5 , 4  Discussion 

From the  expressions  developed  for   the modal d e n s i t y  of f l a t  

r e c t a n g u l a r   a n d   c i r c u l a r   p l a t e s ,  i t  can  be  concluded  that  the  modal 

dens i ty   o f  a f l a t   p l a t e  i s  a c o n s t a n t   f o r  a g i v e n   p l a t e  and  thus i s  

independent  of  frequency. 
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Now f o r  a r ec t angu la r   p l a t e   fo r   each   f r equency ,   t he re  i s  j u s t   o n e  

mode o f   v i b r a t i o n ,   w h e r e a s   f o r   t h e   c i r c u l a r   p l a t e ,   t h e r e  are two modes 

o f   v i b r a t i o n   f o r   e a c h   f r e q u e n c y .   T h e r e f o r e   f o r  two p l a t e s  of equa l  

a rea ,   th ickness   and   of   the  same m a t e r i a l ,   o n e   c i r c u l a r   a n d   t h e   o t h e r  

r e c t a n g u l a r ,   t h e   r a t i o   o f   m o d a l   d e n s i t i e s  i s  found  to  be 

Thus f o r  a given f requency  (high  f requency  due  to   an  assumption  in  

t h e   c i r c u l a r   p l a t e   d e r i v a t i o n ) ,   t h e  modal d e n s i t y  of t h e   r e c t a n g u l a r  

p l a t e  w i l l  be   app rox ima te ly   equa l   t o   t ha t   o f   t he   c i r cu la r   p l a t e .  
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6. MODAL DENSITY OF THIN CIRCULAR CnINDERS 

6 . 1   I n t r o d u c t i o n  

I n   t h i s   c h a p t e r ,   t h i n   w a l l e d   c i r c u l a r   c y l i n d e r s   a r e   c o n s i d e r e d   a n d  

t h e   e x p r e s s i o n s   f o r   t h e   m o d a l   d e n s i t y   d e v e l o p e d   i n   t h r e e   d i f f e r e n t  ways 

a r e   d i s c u s s e d   i n   d e t a i l .  The f i r s t   p r e s e n t a t i o n  i s  t h a t   o f  Heck1 

(1962)  i n  w h i c h   t h e   e x p r e s s i o n s   a r e   f o u n d   f o r   t h e   c y l i n d r i c a l   s h e l l  

a lone .  The second   r ep resen ta t ion  i s  tha t   o f   Bo lo t in  (1963) i n  which 

t h e   g e n e r a l   s h e l l  of e v o l u t i o n  i s  d i scussed   and   t hen   app l i ed   t o   t he  

c a s e   o f   t h e   t h i n   c y l i n d r i c a l   s h e l l .  The t h i r d   r e p r e s e n t a t i o n  i s  

e s s e n t i a l l y  a m o d i f i c a t i o n   o f   B o l o t i n ' s   w o r k   f o r   t h e   s p e c i f i c   c a s e   o f  

t h e   c y l i n d r i c a l   s h e l l .  

S h e l l s   s i m p l y   s u p p o r t e d   a t   t h e i r   e d g e s   a r e   c o n s i d e r e d   f o r  

deve loping   the   express ions .  However the   e f f ec t s   o f   boundary   cond i t ions  

on t h e   v i b r a t i o n a l  modes a re   l imi ted ,   and   hence   the   edge   condi t ions  

a r e  of l i c t l e   s i g n i f i c a n c e   i n   t h e  modal dens i ty   express ions   except  

f o r   t h e   f i r s t  few  modes. 

A l . 1  t h e   t h r e e   r e p r e s e n t a c i o n s   a r e   d i s c u s s e d   i n   t h e   l i t e r a t u r e  

( M i l l e r  and  Hart ,   1967)  and  they  are  reproduced  here  and  expressed  as 

a f u n c t i o n  o f  dimensionless   f requency.  The graphs  of  normalized  model 

d e n s i t y   v e r s u s   f r e q u e n c y   a r e   p l o t t e d .  

6 . 2   F i r s t   R e p r e s e n t a t i o n  

For  a t h i n   i n f i n i t e l y   l o n g   c y l i n d r i c a l   s h e l l ,   t h e   e q u a t i o n s   a r e  

g i v e n   a s  

cuv + n v + UkaV = i v  2 P g / w p h  
o t  a o c  

36 



I 

where 

n =  
0 

k =  

P =  

h =  

gc = 

w =  

= 

a =  

v =  

a =  

C Y =  

Equations 

and va a r e   a l l   r a d i a l ,   t a n g e n t i a l  and a x i a l  components 

of  ve loc i ty   ampl i tude  

t h e   h a l f  number of modes i n   t h e   c i r c u m f e r e n t i a l  

d i r e c t i o n  

wave number i n   t h e   a x i a l   d i r e c t i o n  

P o i s s o n ’ s   r a t i o  

s h e l l   c h i c k n e s s  

g r a v i t a t i o n a l   c o n s t a n t  

frequency of v i b r a t i o n  

ampli tude of e x c i t a t i o n  

c y l i n d e r   r a d i u s  

wa 
” 

cL 
- dimension  Erequency o f  v i b r a c i o n  

v e l n c i c y  o f  wave p ropaga t ion   i n   t he   she  11 m a t e r i a l  

(6.1),   (6.2)  and  (6.3)  can be s o l v e d  f o r   t h e  impedance 

of t h e   c y l i n d r i c a l   s h e l l  and l e t t i n g   t h e  impedance go to   zero ,   the  

following  frequency  equation  can  be  obr;ained: 
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The approximate   f requency   equat ion   ob ta ined   by   neglec t ing  some of 

the  terms i s  g iven   a s  

where 

The t e r m s   n e g l e c t e d   h a v e   l i t t l e   e f f e c t  on the   f requency   express ion  

for   f requencies   above   the   r ing   f requency  ( w  = 1) .) However,  below t h e  

r ing   f r equency   t he   e f f ec t  may be   a s  much a s   f o r t y   p e r c e n t  of t h e   a c t u a l  

v a l u e  L) 

NOW s o l v i n g   f o r  n and  then summing o v e r   a l l   p o s s i b l e   v a l u e s   o f  n ,  

t he   equa t ions   a s   ob ta ined  by Heck1 f o r   t h e  number of   resonant   f requen-  

c i e s  and t h e  modal d e n s i t y   a r e   g i v e n   a s  

and 

where  the  lower l i m i t  i s  1 f o r  v < 1, and 0 f o r  v > 1. 
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S i m p l i f y i n g   f u r t h e r  resu l t s  i n t o   t h e   f o l l o w i n g s :  

For  v > 1 

F o r  v < 1 

n(w) = ( % . r r + a r c   s i n   ( 2 ~ - 1 ) ]  - L 
4nap e 

(6.10) 

(6.11) 

T h e s e   a r e   t h e   f i n a l   e x p r e s s i o n s   o b t a i n e d  by  Heck1 f o r   t h e  number 

o f  r e sonan t  modes and  the  modal   densi ty   of  a t h i n   c y l i n d r i c a l   s h e l l .  

These   expres s ions   a s   func t ions   o f   d imens ion le s s   f r equency   a r e  

g iven   as :  

For v > 1 

v3 .e v N(V) = - 2h 

v3 n(v) = - 
2h 

For  v < 1 

34v 3/2 - 3 p  L v3/2 
N(V) M - - 

8nap 4rrah 

9 p . e  n(v) = 
8rrah 

(6.12) 

(6.  13) 

(6.14) 
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6.3  Second  Representation 

The d i f f .   e q u a t i o n   o f   m o t i o n   f o r   t h i n   s h e l l   o f   r e v o l u t i o n  i s  

g iven   a s  

1 a2# 1 a2# phw DAAW - (- - 
R2 ax, 

f - "$ - " = o  
R1 ax2 gC 

2 
(6.  15) 

(6 .16 )  

where 

x and x a r e   t h e   g e n e r a l   c u r v i l i n e a r   c o - . o r d i n a t e s  

B and R a r e   t h e   p r i n c i p a l   r a d i i   o f   c u r v a t u r e  

1 2 

1 2 
.7  .7 

D =  Eh' 
N" 

2 1 2  "' - t h e   p l a t e   s t i f f n e s s  
1 2 ( 1 - P  ) 

p = d e n s i t y   o f   t h e   m a t e r i a l  

h = t h i ckness  of t h e   s h e l l  

w = normal   def lec t ion  

# = s t r e s s   f u n c t i o n   f o r   t h e   m i d d l e   s u r f a c e  

E = Young 's   modulus   o f   e las t ic i ty  

w = frequency of  v i b r a t i o n  

gc = g r a v i t a t i o n a l   c o n s t a n t .  

The solut ion  of   the  equat ions  (6 .15)   and  (6 .16)   gives   the  fol low- 

ing  f requency  equat ion:  

(6.17) 
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where 

k and k are  t h e  wave  numbers  and a r e   g i v e n   a s  1 2 

kl - - and k = - - mrr nrr m,n = 1, 2, 3, -.. (6.18) 
a l  a 2  

w h e r e   a l   a n d   a 2   a r e   t h e   p r i n c i p a l   d i m e n s i o n s   o f   t h e   s h e l l   s u r f a c e .  

Now t h e  number o f  r e sonan t  modes i n   t h e   s h e l l  i s  g iven   a s  

(6.19) 

The change i n   t h e  wave  numbers Akl and Ak, from  one mode of 

v i b r a t i o n s   t o   t h e   n e x t  i s  given by 

- 
A k l  - ., Ak2 - ., rr and - rr (6.20) 

L L 

where a and a a r e   t h e   p r i n c i p a l   d i m e n s i o n s  of t h e   s h e l l   s u r f a c e .  1 2 

S u b s t i t u t i n g   t h e   v a l u e s   f o r   t h e   c h a n g e   i n  wave  numbers  and  con- 

v e r t i n g   t o   c y l i n d r i c a l   c o - o r d i n a t e s ,   e q u a t i o n   ( 6 . 1 9 )   r e d u c e s   t o  

a a  
N(w) = - s r d r d 8  1 2  

Tl 2 s  

- - 2 a l a 2  s”,’ r2d0 . 
1 

(6.21) 
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X 2 

L 
L 

Figure  6 .1   General ized  rectangular   region  and  k-space 

Conver t ing   the   f requency   equat ion   (6 .17)   to   cy l indr ica l   co-  

o r d i n a t e s  and s o l v i n g   f o r  r ,~ g i v e s  2 

where 

Thus the   expres s ion  f o r  the  number of   resonant  modes  becomes 

8, (w) 

(6.22) 

I 

(6.23) 
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Equation (6.23) i s  a n   i n t e g r a l   e x p r e s s i o n   f o r   t h e  number of 

r e sonan t   f r equenc ie s  up t o  a boundary  frequency f o r  a t h i n   s h e l l  of 

r e v o l u t i o n .  The i n t e g r a t i o n  i s  t aken   ove r   t he   va lues  of e i n   t h e  

quadrant  0 5 8 5 fo r   wh ich   t he   i n t eg rand  i s  r e a l  and p o s i t i v e .  2 

D i f f e r e n t i a t i n g   e q u a t i o n  (6.23) w i t h   r e s p e c t   t o   f r e q u e n c y  w under 

t h e   i n t e g r a l   s i g n   u s i n g   L e i b n i t z ' s   r u l e   g i v e s  

(6.24) 

T h i s  i s  an   express ion   for   the   modal   dens i ty  of  t h i n   s h e l l s  of 

r evo lu t ion .  

These   equa t ions   a s   wr i t t en  by Bo lo t in   can   be   r ep resen ted   i n   t he  

form a s  shown: 

N(w) = - 

where 

(6.25) 

(6.26) 
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Now f o r   c y l i n d r i c a l   s h e l l   i n   p a r t i c u l a r  

x = o  

a l  and a2   a r e   t he   d imens ions  of  t h e  s h e l l  s u r f a c e  

hence a = & - l eng th   o f   cy l inde r  1 

a 2  = na - one-ha l f   the   c i rcumference   o f   the   cy l inder .  

The r e a s o n   f o r   t a k i n g   o n l y   h a l f  of  t h e   c y l i n d e r   i n t o   a c c o u n t  i s  

t h a t   t h e   c y l i n d e r  i s  a c l o s e d   s u r f a c e  and t h a t   t h e   v i b r a t i o n a l  modes 

a r e  l i m i t e d  t o  one-half  by t h a t   f a c t .  

Hence equa t ions  (6.25) and  (6.26)  take  the  form 

n(w) = - (-) H (- 0) . a& ph 5 1 
4 Dgc 1 v .’ 

(6.27) 

(6.28) 

Now r ewr i t i ng   t he   expres s ion   (6 .27 )   a s  a funct ion  of   dimension-  

l e s s   f r equency  v g ives  

and 

(6.29) 

( 6 . 3 0 )  

The express ions   (6 .28)  and (6.30) a r e   e x p r e s s i o n s   f o r   t h e  modal 

dens i ty   o f  a c y l i n d r i c a l  s h e l l  of l e n g t h  & and  rad ius  a .  
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The e x p r e s s i o n s   f o r  H may b e   u s e d   i n   t h e   e l l i p t i c a l   i n t e g r a l  form 1 
as follows: 

F o r  v > 1 

1 
N1(; , 0) = " c 

2 
k G  ( 2/y "- ) 

n l + -  

For  v < 1 

where k r e p r e s e n t s   t h e   c o m p l e t e   i n t e g r a l   o f   t h e   f i r s t   k i n d .  
E 

6 . 4  Third   ReDresenta t ion  

( 6 . 3 1 )  

( 6 . 3 2 )  

As s t a t e d   i n   S e c t i o n  ( 6 . 4 ) ,  t h e  number o f   n a t u r a l   f r e q u e n c i e s   f o r  

a t h i n   s h e l l   o f   r e v o l u t i o n  i s  expres sed   a s  

However f o r  a t h i n   c y l i n d r i c a l   s h e l l   i n   p a r t i c u l a r  

a l  = 6 = l e n g t h  of c y l i n d e r  

a 2  = a n  = ha l f   t he   c i r cumfe rence   o f   cy l inde r  

x = o .  

Then equa t ion  ( 6 . 3 3 )  reduces  to  

( 6 . 3 4 )  
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where the upper  and  lower limits of t h e   i n t e g r a l   a r e   t a k e n   i n   t h e   f i r s t  

quadrant  (0 0 5 -) i n   s u c h  a way so  a s   t o  k e e p   t h e   i n t e g r a n d   r e a l  and 

p o s i t i v e .  

II 

2 

Rewri t ing  equat ion ( 6 . 3 4 )  a s  a f u n c t i o n  of dimensionless   f requency,  

i t  r educes   t o  

( 6 . 3 5 )  

The  upper limit on t h e   i n t e g r a t i o n   h o l d s   f o r  v < 1. F o r  v g r e a t e r   t h a n  

o r  equa l  t o  one,  the  upper limit - i s  used. rr 
2 

D i f f e r e n t i a t i n g   e q u a t i o n  ( 6 . 3 5 )  w i t h   r e s p e c t   t o  v g i v e s  

( 6 . 3 6 )  

Again  the  upper limit must  be - when v i s  e q u a l   t o   o r   g r e a t e r   t h a n  i-r 
2 

one, 

Equation ( 6 . 3 6 )  i s  t h e   e x p r e s s i o n   f o r  modal d e n s i t y  o f  t h i n  

w a l l e d   c i r c u l a r   c y l i n d e r s   a n d  i s  r e f e r r e d   t o  as t h e   m o d i f i e d   B o l o t i n ' s  

r e s u l t .  It  can   be   eva lua ted   numer ica l ly  by means of   S impson ' s   ru le  

us ing  a d i g i t a l   c o m p u t e r .  

6.5 Graphica l   Resul t s  and Discuss ion  

F i g u r e  6 2 shows the v a r i a t i o n   o f  the moda l   dens i ty   fo r  the 

number o f   n a t u r a l   f r e q u e n c i e s   f o r   t h r e e   d i f f e r e n t   r e p r e s e n t a t i o n s .  

Above the r ing   f r equency  (v  > l), a l l  t h r e e   r e p r e s e n t a t i o n s   g i v e  the 

i d e n t i c a l   r e s u l t s  as  v becomes  very  large.  However be low  the   r ing  

46  



\J= 1 

- r "__." .- - 

- 
- 

2.0 - 

1.0 - 
- - 

A 

v 

* 

> 
e -  

l 

I 
0.1 - - - - Heck l ' s   Resu l t s  - - 

- -- B o l o t i n ' s  R e s u l t s  
- 
- Modif ied  Bolot in  I 
- 
- 

0 .o:- I 

0.01 I I I I I I I I I I  I I I I I I l l  

0 . 0 3  0.1 0 . 2  1.0 2.0 

v = -  CDa 

cL 

5.0 

F i g u r e  6.2 Normalized  modal   densi ty   versds   dimensionless   f requency f o r  
t h i n   c y l i n d r i c a l   s h e l l s  
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f r e q u e n c y   t h e   d i f f e r e n c e s   a r e   q u i t e   n o t i c e a b l e .  The r e s u l t s   o f   B o l o t i n  

and t h e   m o d i f i e d   B o l o t i n   a n a l y s i s   a r e   s l i g h t l y   d i f f e r e n t   f o r   t h e   m o d a l  

d e n s i t y .  The r e a s o n   f o r   t h i s   s l i g h t   d i f f e r e n c e   i n   t h e  modal d e n s i t y  

curves  i s  due  to  an  approximation made  by B o l o t i n   i n   o r d e r   t o   e x p r e s s  

t h e  modal d e n s i t y   i n   e l l i p t i c a l   i n t e g r a l   f o r m .  The resu l t s  of  Heck1 

below the   r i ng   f r equency   a r e   l ower   t han   o the r   r e su l t s ,   bu t   s ince  i t  

was  shown e a r l i e r   t h a t   H e c k l ' s   r e s u l t s  would  be  on  the  conservative 

s i d e ,  i t  i s  r easonab le   t o   a s sume   t ha t   t h i s  i s  t h e   r e a s o n   f o r   t h e  

d i f f e rence .   Compar i son   o f   exp res s ions   fo r  modal d e n s i t i e s   w i t h   t h a t  

of a p l a t e  shows t h a t  modal dens i ty   o f  a t h i n   c y l i n d r i c a l   s h e l l   a b o v e  

t h e   r i n g   f r e q u e n c y  ( V  > 1) i s  equal   to   one-ha l f   the  modal dens i ty   o f  a 

f l a t  p l a t e   w i t h   t h e  same s u r f a c e   a r e a .  
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7.  MODAL DENSITY OF THIN  SPHERICAL SHELLS 

7 . 1  I n t r o d u c t i o n  

I n   t h i s   c h a p t e r ,   t h e   t h i n   w a l l e d   s p h e r i c a l   s h e l l  i s  discussed  and 

t h e   e x p r e s s i o n   f o r  modal d e n s i t y  i s  d e v e l o p e d   i n  two d i f f e r e n t  ways 

fo l lowing   the   second  and   th i rd   representa t ion   used  in d e r i v i n g   t h e  

e x p r e s s i o n   f o r  model d e n s i t y   o f   t h i n   c i r c u l a r   c y l i n d e r s .   I n   t h e   f i r s t  

r e p r e s e n t a t i o n ,   t h e   g e n e r a l   s h e l l   o f   r e v o l u t i o n  i s  considered  and  then 

a p p l i e d   t o   t h e   c a s e   o f  the t h i n   s p h e r i c a l   s h e l l ,   w h e r e a s   i n   t h e   s e c o n d  

r e p r e s e n t a t i o n   t h e   s p h e r i c a l   s h e l l  i s  c o n s i d e r e d   i n   p a r t i c u l a r .  

The f r equency   equa t ion   de r ived   fo r   t he   t h in   she l l   o f   r evo lu t ion  i s  

in   gene ra l   fo r   t he   she l l   w i th   s imp ly   suppor t ed   edges ;   however ,   t he  

e x p r e s s i o n s   f o r   t h e  number  of  modes  and  modal dens i ty   ho ld  good f o r  

a l l   t h e  boundary   condi t ions ,   s ince  i t  i s  examined i n   d e t a i l   t h a t   f o r  a 

s p h e r i c a l   s h e l l ,   e d g e   e f f e c t s   n e v e r   d o m i n a r e   t h e  mode shapes   (Bolo t in ,  

1960) ~ 

The e x p r e s s i o n   f o r  modal d e n s i t y  i s  obLained i n  terms of  dimension. 

l ess  frequency  and a graph o f  d imens ionless   mcdal   dens i ty   versus  

f requency i s  p l o t t e d ,  

7 . 2   F i r s t   R e p r e s e n t a t i o n  

A s  s t a t e d   i n   t h e   p r e v i o u s   c h a p t e r ,   t h e   e x p r e s s i o n   f o r   t h e  number 

of   resonant  modes f o r   f r e e   t r a n s v e r s e   v i b r a t i o n s   o f  a t h i n   s h e l l   o f  

r e v o l u t i o n  i s  given  as :  

a a  Q2 (w) 
N(w) = - (-) [ w  - %(Xcos 8 + s in2e12 1% de  1 2  ph 2 2  2 

2n  Dgc  e,(@) 
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where 

a and a are t h e   g e n e r a l   c u r v i l i n e a r   c o - o r d i n a t e s  

R and I$ a r e   t h e   p r i n c i p a l   r a d i i   o f   c u r v a t u r e  

1 2 

1 

p = d e n s i t y   o f   m a t e r i a l  

h = t h i ckness  of t h e   s h e l l  

E = Young's  modulus 

gc = g r a v i t a t i o n a l   c o n s t a n t  

w = na tu ra l   f r equency  of v i b r a t i o n  

D i f f e r e n t i a t i n g   e x p r e s s i o n  (7 .1 )  w i t h   r e s p e c t  t o  frequency w under 

t h e   i n t e g r a l   s i g n   u s i n g   L e i b n i t z ' s   r u l e   g i v e s  

This i s  a n   e x p r e s s i o n   f o r   t h e  modal dens i ty   o f  a t h i n   s h e l l   o f  

revolu t ion .   These   express ions  ( 7 . 1 )  and (7.2) a s   w r i t t e n  by Bo lo t in  

can   be   r ep resen ted   i n   t he  form: 
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where 

V 
_ .  wRl 
" - - u) 

cL nR = dimensionless   f requency . 

For a s p h e r i c a l   s h e l l  of r a d i u s  a 

x = 1  

a = a = na = ha l f   t he   c i r cumfe rence  of sphe re  . 
1 2  

The r e a s o n   f o r   t a k i n g   o n l y   h a l f  of a sphe re   i n to   accoun t  i s  t h a t  

t he   sphe re  i s  a c l o s e d   s u r f a c e  and t h a t   t h e   v i b r a t i o n a l  modes a r e  

l imi ted   to   one-ha l f  by t h a t   f a c t , ,  

Hence equa t ions  (7.3) and (7 .4 )  t ake   t he  form 

and 

Again, r e w r i t i n g   t h e   e x p r e s s i o n s   a s  a funct ion  of   the  dimension-  

less frequency v g i v e s  

5 1  



and 

Now 

The i n t e g r a t i o n   w i t h   r e s p e c t   t o  8 i s  c a r r i e d   o u t   o v e r   t h a t   p a r t  of  

the  quadrant  0 5 8 5 -  i n   wh ich   t he   i n t eg rand  i s  p o s i t i v e  and r e a l .  

For a s p h e r i c a l   s h e l l  X = 1 and t h e   i n t e g r a l  (7 .9)  can   be   expressed   as  

17 
2 

Hence equat ion   (7 .8)  i s  w r i t t e n   a s  

(7.11) 

(7.12) 

n(v) = 0 (v  e 1) . (7.13) 

Equations  (7.12)  and  (7.13)  represent  the  modal  density f o r  a t h i n  

w a l l e d   s p h e r i c a l   s h e l l .  
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7.3  Second  Representation 

The e x p r e s s i o n   f o r  modal d e n s i t y   c a n   a l s o   b e   o b t a i n e d  by f i n d i n g  

t h e  number o f   r e s o n a n t   f r e q u e n c i e s   f o r  a s p h e r i c a l   s h e l l  and  then 

d i f f e r e n t i a t i n g  w i t h  r e s p e c t   t o   f r e q u e n c y ,   i n   t h e  same way a s   t h e  

m o d i f i e d   B o l o t i n   r e $ u l t s   f o r   c y l i n d r i c a l   s h e l l s .  From equat ion   (7 .1) ,  

t h e  number o f   r e sonan t   f r equenc ie s   fo r  a t h i n   s h e l l   o f   r e v v l u t i o n  i s  

a a  

2rr 
N(w)  = - [tu2-<( x c o s  2 8 + ~ i n * 0 ) ~ ] ’   d 0  . 

(7.14) 

Now f o r   t h e   t h i n   w a l l e d   s p h e r i c a l   s h e l l  

a l  = a 2  
= rra = ha l f   t he   c i r cumfe rence  

Hence expression  (7 .14)   reduces t o  

(7.15) 

Convert ing  equat ion  (7 .15)   in  terms of the   dimensionless   f requency 

g ives  

a n  
02 

N ( w )  = - s w [ l  - $1’ d e  . h 
W 

(7.16) 

Here   aga in   the  l imits  o n   t h e   i n t e g r a l   a r e   t a k e n   i n   t h e   q u a d r a n t  

TI 0 I; 0 5 s u c h   t h a t   i n t e g r a n s  i s  r e a l   a n d   p o s i t i v e .  
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Hence t h e  

f r equenc ie s  i s  

The upper 

f o l l o w i n g   i n t e g r a l   e x p r e s s i o n   f o r   t h e  number  of r e s o n a n t  

obtained: 

- 
" [v2 - 11% d e  . (7.17) 

l i m i t  on t h e   i n t e g r a t i o n s   h o l d s   f o r  v < 1. For v 2 1 

the  upper l i m i t  i s  used. Tl 

D i f f e r e n t i a t i n g   w i t h   r e s p e c t   t o  v 

d e  c 

Now f o r  v < 1 the   i n t eg rand  i s  negat ive,   hence 

n(v) = 0 

and f o r  v > 1, us ing   the   upper  

Errs V n(v) = - 2h 
( v 2 4  

( v  1) 

l i m i t  - i t  g ives  Tl 
2 .q 

(v  > 1) D 

(7.18) 

(7.19) 

(7.20) 

Equations  (7.19)  and  (7.20)  represent  the  modal  density  for a 

s p h e r i c a l   s h e l l .  

7.4 Graph ica l   Resu l t s  and  Discussion 

Express ions   ob ta ined   for   modal   dens i ty   fo l lowing  two d i f f e r e n t  

a p p r o a c h e s   g i v e s   i d e n t i c a l   r e s u l t s .   I n   p l o t t i n g   t h e   g r a p h ,   t h e   e x p r e s -  

s i o n  i s  normalized so  a s   t o  make i t  independent  of  geometry. 

- 

Figure  7 . 1  shows t h a t  modal d e n s i t y   h a s  a s i n g u l a r i t y   a t  v = 1, 

below  which  the  modal  density i s  zero.   For  v > 1, (above   the   r ing  

f requency)   the   modal   dens i ty   o f   the   she l l   decreases   monotonica l ly   and  

a s y m p t o t i c a l l y   a p p r o a c h e s   t h a t   o f   t h e   f l a t   p l a t e   a s  v becomes v e r y l a r g e .  
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wa v = -  
cL 

Figure 7.1 Normalized  modal  density  versus  dimensionless  frequency f o r  
thin  spherical  shells 
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8. MODAL DENSITY OF THIN CONICAL SHELLS 

8. P I n t r o d u c t i o n  

I n   t h i s   c h a p t e r ,   t h e   t h i n   w a l l e d   c e n i c a l   s h e l l  i s  d i scussed  and 

the   expres s ions   a r e   deve loped   fo r   t he  number of   resonant  modes and 

modal dens i ty .   These   expres s ions   a r e   app l i cab le  t o  a wide  range  of  

geometry  and a r e   v a l i d   o v e r  a f r equency   r ange   su f f i c i en t ly  w i d e  t o   be  

of   engineer ing   va lue .  

The e x p r e s s i o n s   f o r   t h e  number of   resonant  modes a re   deve loped  

from two s e p a r a t e   f r e q u e n c y   e q u a t i o n s   f o r   t h i n   c o n i c a l   s h e l l s   u s i n g   t h e  

k - space   i n t eg ra t ion   t echn ique   fo r   f r equenc ie s   be low  the   l ower   r i ng  

frequency  and a d i f fe ren t   approach   for   f requencies   above   the   upper  

r ing   f r eqJency .  The expres s ions   ob ta ined   fo r   moda l   dens i ty   fo r  two 

c a s e s   a r e   n o r m a l k e d  and plotted versus  the  dimensi .onless   f requency.  

The problem  of   coni .ca l   she l l s  was r e a d i l y   a v a i l a b l e   i n   t h e  

l i t e r a t u r e  and is  r ep roduced   fo r   g raph ica l   r ep resen ta t ion   (Mi l l e r ,  

1969) 

8.2  Frequency  Equation One - 
The frequency  equaEion  for a t h i n   c o n i c a l   s h e l l  i s  g i v e n   a s  
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where 

w = na tu ra l   f r equency   o f   v ib ra t ion  

E = m o d u l u s   o f   e l a s t i c i t y  

gc = g r a v i t a t i o n a l   c o n s t a n t  

p = d e n s i t y   o f   s h e l l   m a t e r i a l  

D = s t i f f n e s s   o f   s h e l l   m a t e r i a l  = 
Eh3 

1 2  ( L p 2 )  

IJ. = P o i s s o n ' s   r a t i o  

h = t he   t h i ckness  of s h e l l   w a l l  

JI = one-ha l f   cone   angle   a t   apex  

CY = t r u n c a t i o n   r a t i o  = - T 
1 L 

LT = l e n g t h  o f  cone   t runca t ion ,   apex   t o   t op   s l an t   l eng th  

L = l e n g t h  o f  cone ,   apex   to   base   s lan t   l ength  

m = number of  c i r c u m f e r e n t i a l  waves 

n = number of one -ha l f   l ong i tud ina l  waves 

In   de r iv ing   t he   above   f r equency   equa t ion ,   t he   fo l lowing  assump- 

t i o n s   a r e  made: 

(1) The c i r c u m f e r e n t i a l  modes a re   independent   o f   the   longi tudina l  modes. 

(2) The  modes i n   t h e   c i r c u m f e r e n t i a l   d i r e c t i o n   a r e   s i n u s o i d a l  and 

un i fo rm  ove r   t he   l eng th  o f  the  cone. 

Equation (8.1) may b e   w r i t t e n   i n   d i m e n s i o n l e s s   f o r m  by d e f i n i n g  a 

d i m e n s i o n l e s s   f r e q u e n c y   r a t i o  and l o n g i t u d i n a l  and c i r c u m f e r e n t i a l  wave 

numbers in t he   fo l lowing  manner: 
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Subs t i t u t ing   equa t ions   (8 .2 )   i n to   equa t ion   (8 .2 )   and   r ea r r ang ing  

t e r m s   r e s u l t s  i n  t h e   f o l l o w i n g   e x p r e s s i o n   f o r  the d imens ionless  

frequency: 

5 3 
h2 &,. h l - 5  . _  _ . 2 .  . . 2  1. . . . 4  , .2.  La1 1-a 1-a1 2 
" 

2 2 1 1 1 0  2 6 2 k ' l k '  - + (L+Zk ( k i  --- ) + (LC2 - 4K2) 2 1  + 

12L (1-v ) ~~~ 

5 3 
4 l - 5  la1 1-.CY1 4 2 l-4 

I k l  10 -+ (1 +2k2)  (kl 7- -) + (k - 4k2) - 2 2 2 ) x  

1-CU 3(1-(rl) 2 
2 

8 

4 

+ c o t  2 4  $[kl - ' k :  - 1 

Now t h e  number of   resonant  modes f o r  a t h i n   c o n i c a l   s t e l l  i s  g iven  

by t h e   d o u b l e   i n t e g r a l  

1 
N(v) = - AklAk2 s s dkldk2 

w h e r e   t h e   i n t e g r a l  i s  t o   b e   t a k e n   o v e r   t h a t   p o r t i o n   o f   t h e   f i r s t  

quadrant   where  the  k-space  exis ts .  

The in t eg ra t ion   o f   t he   equa t ion   (8 .4 )   t o   ob ta in   an   expres s ion   fo r  

the  cumulat ive number o f   e igenva lues   o r   t he   r e sonan t s  modes i n  the 

usua l  way i s  a somewhat impractical   approach  to  the  problem  and  hence 

t h e  number of e igenvalues   above some se l ec t ed   f r equency  i s  ob ta ined  

u t i l i z i n g  a d i f f e r e n t   a p p r o a c h .  

It w i l l  be  of some va lue   t o   f i r s t   de f ine   uppe r   and   l ower   r i ng  

f r equenc ie s .  The  upper r i n g   f r e q u e n c y  i s  d e f i n e d   a s   t h e   f r e q u e n c y  a t  

wh ich   t he   l ong i tud ina l  wave l e n g t h  i s  e q u a l   t o   t h e   c i r c u m f e r e n c e  of t h e  
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smal l  end of   the  cone.   In   dimensionless   form the upper   r ing  f requency 

would  be  given  by 

v (upper   r ing)  = - 1 
cvlsin$ ' 

This  i s  e q u i v a l e n t   t o  w t imes   the   smal l   rad ius   o f   the   cone   d iv ided  by 

t h e   l o n g i t u d i n a l  wave v e l o c i t y   e q u a l   t o   u n i t y .  

S imi l a r ly   t he   l ower   r i ng   f r equency  is  def ined  as  the  f requency 

a t  wh ich   t he   l ong i tud ina l  wave l e n g t h  i s  equa l   t o   t he   c i r cumfe rence  

of t h e   l a r g e  end of the  cone. I n  dimensionless   form i t  i s  

v ( lower  r ing)  = - 1 
s i n $  ' 

This  i s  e q u i v a l e n t   t o  w times the   l a rge   r ad ius   o f   t he   cone   d iv ided  by 

t h e   l o n g i t u d i n a l  wave v e l o c i t y   e q u a l   t o   u n i t y .  

The frequency  equat ion  (8 .3)  shows tha t   d imens ion le s s   f r equency  i s  

a f f e c t e d  by these   geomet r i c   pa rame te r s   a s suming   t ha t   Po i s son ' s   r a t io  

i s  c o n s t a n t  and e q u a l   t o  0.. 3 .  These   a re   the   cone   angle  (J I )  , t h e  

t h i c k n e s s   o v e r   l e n g t h   r a t i o  (-) and t r u n c a t i o n   r a t i o  (a, ) .  
h 
L 1 

Using  f requency  equat ion  (8 .3) ,   the   e igenvalues  may be  computed 

f o r   d i f f e r e n t   v a l u e s   o f  m and n, t h e   c i r c u m f e r e n t i a l  and l o n g i t u d i n a l  

wave  numbers r e s p e c t i v e l y .   I n   t h i s  manner f o r   d i f f e r e n t   c o n e  

geomet r i e s ,   t he  number of   e igenvalues   occur r ing   above   cer ta in   spec i f ied  

d imens ionless   f requencies  may be   ob ta ined   us ing   d ig i ta l   computer   and  

resu l t s  can   be   p lo t t ed   i n  a g r a p h i c a l  form. 

Now t h e   r e s u l t s   o b t a i n e d  by no rma l i z ing   w i th   r e spec t   t o   cone  

geometry in   t he   f r equency   r ange   above   t he   uppe r   r i ng   f r equency   (Mi l l e r ,  
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1969)   can  be  expressed  in   the form 

The graphs of F(v) ve r sus   d imens ion le s s   f r equency   can   be   p lo t t ed  

vary ing   var ious   geometry   parameters  and i t  can   be   found  tha t   the   va lue  

of F(w) is  independent  of  the  cone  geometry  above  the  upper  ring 

frequency  (Miller,  1969)  and i s  g iven   a s  

F(v) = 2 . 0 ~  f o r  
1 

'W > ~ 

CY s i n $  1 

The  number o f  r e sonan t  modes i s  g iven  by 

L s i n  $ ( L a  ) 4/5 

nh N(v) = 2.0 [ 1 -1 w 0 

Dif fe ren t i a t ing   equa t ion   (8 .9 )   w i th   r e spec t   t o  w g ives  

L s i n  $ ( 1 - c ~ ~ )  4/5 
n(w) = 2.0 [ 

rrh I -  

(8.9) 

(8.10) 

This i s  t h e   e x p r e s s i o n   f o r  modal d e n s i t y   f o r   t h i n   c o n i c a l   s h e l l s  

above  the  upper  r ing  frequency,,  

8.3  Frequency  Equation Two - 
The second  f requency  equat ion  for  a t h i n   c o n i c a l   s h e l l  i s  g i v e n   a s  

4 1 - 3  2 a 1-a, 3 (  l-cyl) 2 
4  4 

D m n 1 - 2 ~"-&-~-) +- 2 [ T -  - "-2-1 

5 3 I .  
gcE EL h s i n  $ t a n  $ 

UJ = r  1 r  Ban 

2 m 4 l-CY1  LCYl La1 3(1-CY1) 
(4 -) 2 (lo - 2 + 4 ) 
s i n  $ 

2an n 4a 

(8.11) 
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The nota t ions   used   in   the   above   equat ion  are t h e  same a s   t h o s e   f o r  

equat ion  (8.1) I n   d e r i v i n g   t h e   f r e q u e n c y   e q u a t i o n  (8.1) i t  is  

assumed t h a t :  

1 .  Mode shapes   a re   ax ia l ly   symmetr ic ,   and  

2 .  Longitudinal   bending is  sma l l  when compared w i t h   c i r c u m f e r e n t i a l  

bending. 

Defining  the  dimensionless   f requency  parameter ,   the   c i rcurnferen-  

t i a l  wave  number  and t h e   l o n g i t u d i n a l  wave  number i n   e x a c t l y   t h e  same 

way a s   i n   S e c t i o n   8 . 2 ,   e q u a t i o n  (8"11), i n   t h e   d i m e n s i o n l e s s  form  can  be 

w r i t t e n   a s  

(8.12) 

Now t h e  number of resonant  modes o r   e i g e n v a l u e s   f o r   t h i n   c o n i c a l  

s h e l l s  is  e x p r e s s e d   i n  rrhe doub le   i n t eg ra l  form a s  

1 
N(v) = ~ AklAk2 s s d k l d k 2  (8.13) 

w h e r e   t h e   i n t e g r a l  i s  t o   b e   t a k e n   o v e r   t h a t   p o r t i o n   o f   t h e   f i r s t  

quadrant   where   the   k -space   ex is t s .  

The reg ion   over   which   the   in tegra l   (8 .13)  i s  to   be   eva lua ted  is  

bounded  by an  upper  and  lower  value  of k r e f e r r e d   t o   a s  b and a 

r e s p e c t i v e l y .  The r eg ion  i s  a l s o  bounded  by  upper  and  lower  curves 

.19 - - 

which w i l l  be r e f e r r e d   t o   a s   [ k 2 I U  and [k2]& respec t ive ly .   Equat ion  

(8.13) t h e r e f o r e   c a n   b e   w r i t t e n   i n   t h e   f o l l o w i n g  form: 
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(8  14) 

where a and b a r e   f u n c t i o n s   o f  v and the  cone  geometry  parameters  and 

[k2Iu  and  [k2]& are  func t ions   o f  vI k and  cone  geometry  parameters. 

2 

- - 

1 
In   equat ion   (8 .14)  Akl and Ak a r e   t h e   c h a n g e s   i n   t h e   l o n g i t u d i n a l  

and   c i rcumferent ia l  wave  numbers respec t ive ly   f rom  one  mode t o   t h e   n e x t  

and a r e   g i v e n  as 

Subs t i tu t ing   equat ion   (8 .15)   in to   (8 .14)   and   rear ranging   the  

terms  gives  

(8.15) 

(8.16) 

The upper  and  the  lower  bounds  of  the  space  [k ] and  [k2]& may 

be   ob ta ined   f rom  the   so lu t ion   of   the   equat ion   der ived   f rom  f requency  

equation  (8.12)  and may be   expres sed   i n   t he   fo l lowing  form: 

2 u  

P 2 I u  = 4 fq2E-  
(8.17) 

and 

(8.18) 
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where 

B = v [-16kl( l  + a  + a 2  +< +cyl) + 8 k l ( l  +Cy1  CY^) - 1201 2 4 4  2  2 
1 1  

C = 5 c o t  $[k ( 1 + a  + a  + C Y )  - 3 k l ( l + 5 ) ]  . 2 4   2 3  2  2 
1 1 1 1  

Therefore   equat ion  (8 .16)  may be  expressed in the fo l lowing  form: 

- { /-B - \I= 
2A dkl . 

a 
(8.19) 

The upper  and  lower limits of the   space ,  b and  a,  can  be  obtained 

by equat ing  the  upper   and  lower  bounds of  the   space   g iven  by equat ion  

(8.17)  and  (8.18). The e x p r e s s i o n   r e s u l t i n g   f r o m  th is  process  is given 

a s   f o l l o w s :  

k l  + Sk4 + Tkl + U = 0 , 6 2 
1 ( 8 . 2 0 )  

where 

T = 4v(l-o1) L d - 7 -  3 ( 1  ) / h c o t   $ ( l - a l )  
4 

U = -6v(1-a1) L &=) / h co t   $ (La1)  4 . 
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For t h e   t r u n c a t e d   c o n e ,   t h r e e   r e a l   r o o t s   a r e   o b t a i n e d ;   t h e   l a r g e s t  

r o o t  i s  denoted  as  b and   t he   s econd   l a rges t   roo t  i s  denoted by a .   For  

the  c losed  cone,   one  real   and two imag ina ry   roo t s   a r e   ob ta ined .  The 

r e a l  r o o t  i s  denoted  as  b and t h e   r e a l   p a r t  of e i t h e r  of the  imaginary 

r o o t s  i s  denoted  as  a. 

- - 

- 

The e v a l u a t i o n  of t he   equa t ion   (8 .19 )   fo r   t he  number of e igen-  

v a l u e s  and a l so   upper  and  lower l imi t s  of  the  k-space i s  handled by 

numerical   procedures  on an IBM 360 model '?5 d i g i t a l   c o m p u t e r  and  graphs 

a r e   p l o t t e d .  

Now from t h e   g r a p h i c a l   r e s u l t s   ( M i l l e r . ,   1 9 6 9 )  i t  can  be  concluded 

t h a t   t h e  number of modes (N 
s i n $ (  Lal) 

a n g l e   d i r e c t l y   a s  (tan$)', w i t h   c h a n g e s   i n   t h i c k n e s s   i n v e r s e l y   a s  

and   w i th   changes   i n   t runca t ion   i nve r se ly   a s  (1-cy) 'I4. Hence t h e  

number of modes may be  normalized  in   the  fol lowing  manner:  

l-r ) var i e s   w i th   changes   i n   cone  

h 
E" 

1 

(8.21) 

In   der iv ing   f requency   equat ion  two, i t  was  assumed t h a t   t h e  

con t r ibu t ion   t o   t he   d i f f e ren t i a l   equa t ion   due   t o   l ong i tud ina l   bend ing  

i s  sma l l   i n   compar i son   w i th   t he   con t r ibu t ion   due   t o   c i r cumfe ren t i a l  

bending  which limits equat ion  two t o   t he   l ower   f r equenc ie s .  Hence,, 

t h e   r e s u l t s  of the  analysis   based  on  f requency  equat ion two a r e   v a l i d  

below the   lower   r ing   f requency .  

The g raph ica l   r ep resen ta t ion   r epor t ed   by  Miller (1969) i n d i c a t e s  

t h a t  G(v) i s  independent of t he   geomet ry   o f   t he   con ica l   she l l   excep t   t he  

v a r i a t i o n s   i n   t h e   v i c i n i t y   o f   v a l u e s   a s s o c i a t e d   w i t h  N(v) = 1 and i s  a 
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func t ion   of   on ly   the   d imens ionless   f requency  v. Moreover, t h e  

normalized number o f   e i g e n v a l u e   c u r v e s   a r e   s t r a i g h t   l i n e s   o n  log-log 

p a p e r   e x c e p t   n e a r   t h e   v a l u e s   a s s o c i a t e d   w i t h   t h e   f i r s t  few re sonan t  

f r equenc ie s .  Hence equa t ion  ( 8 . 2 1 )  may be  approximated  as  

( 8 . 2 2 )  

This   equa t ion  i s  v a l i d   f o r   t h e   f r e q u e n c i e s  below the   l ower   r i ng  

f requency   on ly .  

Hence t h e  number of   resonant  modes f o r  a con ica l   she l l   be low  the  

lower  r ing  f requency i s  g iven   as  

D i f f e r e n t i a t i n g   e q u a t i o n  ( 8 . 2 3 )  w i t h   r e s p e c t   t o  v g ives  

( 8 . 2 3 )  

( 8 . 2 4 )  

This  i s  an   expres s ion   fo r  modal d e n s i t y   o f   t h i n   c o n i c a l   s h e l l s  below 

the   lower   r ing   f requency .  

8 . 4  Graphica l  R e s u l t s  and  Discussion 

Expressions ( 8 . 1 0 )  and ( 8 . 2 4 )  r e p r e s e n t   t h e  modal d e n s i t y   f o r  a 

t h i n   c o n i c a l   s h e l l   a n d   v a r i a t i o n   i n  modal d e n s i t y  i s  shown i n   F i g u r e  

8 . 1 .  

I n   p l o t t i n g  the graphs   the   express ions  are normalized so  as t o  

make them independent  of  geometry.   For  the  variations  below  the  lower 
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Figure 8.1 Normalized  modal  density versus dimensionless  frequency  for  thin  conical  shells 



r ing   f requency   cone   angle   appears   as  a pa rame te r   a s   t he   l ower   r i ng  

frequency  depends  on  the  cone  angle .  The  upper r ing   f requency   has   no t  

b e e n   i n d i c a t e d   i n   t h e   f i g u r e   s i n c e  i t  i s  a f u n c t i o n  of the   t runca t ion  

r a t i o  of the  cone  and may vary  anywhere  from  the  lower  r ing  frequency 

f o r  a c o m p l e t e l y   t r u n c a t e d   c o n e   t o   i n f i n i t y   f o r  a closed  cone. 

The g raph   and   expres s ions   a r e   i nva l id   fo r   cones   w i th   l a rge   cone  

a n g l e s   a s  w e l l  a s   w i t h  l i t t l e  o r  no t r u n c a t i o n   a t   a l l   a s   t h e   s h e l l   i n  

these   goes   in to  a so  c a l l e d   p l a t e  mode (above  upper  r ing  frequency 

s o l u t i o n ) .  However i t  can   be   concluded   tha t   express ions   a re   va l id   over  

a wide  range  of  cone  geometries  and  frequency  ranges of  p r a c t i c a l  

i n t e r e s t .  
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9. MODAL  DENSITY OF COMPOSITE 

9 . 1   I n t r o d u c t i o n  

I n   t h i s   c h a p t e r   t h e   a d d i t i v e   p r o p e r t y   o f  

STRUCTURES 

modal d e n s i t y   f o r  

compos i t e   s t ruc tu res  i s  d i scussed .  Modal d e n s i t y   o f   c e r t a i n   b a s i c  

s t r u c t u r e s   s u c h   a s   r o d s ,  beams., p l a t e s ,   cy l inde r s   and   sphe res   have   been  

a l r e a d y   d i s c u s s e d   i n   t h e   p r e v i o u s   c h a p t e r s .  However t h e s e   b a s i c  

s t r u c t u r e s   r a r e l y   o c c u r   i n  a r e a l   a p p l i c a t i o n   i n   e n g i n e e r i n g   a s  

s epa ra t e   e l emen t s .   The re fo re   t he   moda l   dens i ty   o f   compos i t e   s t ruc tu res  

must  be  considered. 

The c o m p o s i t e   s t r u c t u r e   a n a l y z e d   c o n s i s t s   o f  two beams j o i n e d   a t  

r igh t   angles   to   form  an   L-shaped   f rame.  The c a s e  o f  composi te   s t ruc-  

t u r e  was r e a d i l y   a v a i l a b l e   i n   l i t e r a t u r e   ( H a r t  and  Desai,  1967). 

9 . 2  Composi te   Structures  

A c o m p o s i t e   s t r u c t u r e  i s  composed o f  a number o f   s u b s t r u c t u r e s  

which may be   t aken   a s   t he  sum o f   t h e   b a s i c   s t r u c t u r a l   e l e m e n t s .  

Assuming t h a t   t h e  modal d e n s i t y   o f   e a c h   s u b s t r u c t u r e  i s  known, i t  i s  

p o s t u l a t e d   t h a t   t h e  modal  density  of a c o m p o s i t e   s t r u c t u r e  i s  e q u a l   t o  

t h e  sum o f   t he   moda l   dens i t i e s  of i t s  components. 

I f   t h e   j t h  component  of t h e   c o m p o s i t e   s t r u c t u r e   e x h i b i t s  N modes 

w i t h i n   t h e   f r e q u e n c y   i n t e r v a l  Aw, then i t s  modal d e n s i t y   a t   t h e   c e n t e r  

of  the  band Aw i s  d e f i n e d   a s  

j 

N 
n,(w) = - j 

J AW 

Thus- t h e  modal d e n s i t y  of the  composi te  a t  w would  be  given 

by 

( 9 . 1 )  
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where  the  summation  extends  over the t o t a l  number of  elements,  m, t h a t  

g i v e   r i s e   t o   t h e   c o m p o s i t e   s t r u c t u r e .  

To d e m o n s t r a t e   a n a l y t i c a l l y , a   c o m p o s i t e   s t r u c t u r e   c o n s i s t i n g  of two 

beams j o i n e d   a t   r i g h t   a n g l e s   t o   f o r m   a n   L - s h a p e  i s  considered  (Hart  and 

Desai,  1967). The subsystems may then  be  supposed  to  be two beams a s  

i l l u s t r a t e d   i n   F i g u r e   9 . 2 .  

A 

Figure   9 .1   Compos i t e   s t ruc tu re  

B C 

41  41 
F i g u r e   9 . 2  Two s u b s t r u c t u r e s  
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.... . . ... . . . . . . . - . . ." . ." 

It i s  assumed t h a t  L = L = .C and t h a t   b o t h  members are of t h e  
1 2  

same m a t e r i a l .  

I f   t h e   a d d i t i v e   p o s t u l a t e   f o r  modal d e n s i t y   h o l d s  good, t hen   t he  

t o t a l  numbers of resonant  modes f o r   t h e   c o m p o s i t e   s t r u c t u r e   a r e   g i v e n  

as  fol lows:  

By cons ider ing   the   f requency   equat ion   for   the   co inpos i te   s t ruc ture ,  

a graph  of N ( A t )  a g a i n s t  A& can   be   p lo t ted .  The r e l a t i o n s h i p   d e r i v e d  

from th i s   g raph   (Har t  and  Desai,   1967)  can  be  expressed  as  follows: 

A 

Now the   r e sonan t   f r equency   fo r  a composi te   s t ruc ture   der ived   f rom 

the   f requency   equat ion  i s  g iven  by t h e   e x p r e s s i o n  

where 

CL = l o n g i t u d i n a l  wave v e l o c i t y  

K = r a d i u s  of gy ra t ion .  

Equation (9 5) gives  

Defining  dimensionless   f requency v 
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Equat ion  (9 .6)   can  be  wri t ten  as  

S u b s t i t u t i n g  (9.8) in to   (9 .4 )   g ives  

N A (V) = S F  25 . (9.9) 

D i f f e r e n t i a t i n g   e q u a t i o n   ( 9 . 9 )   w i t h   r e s p e c t   t o   d i m e n s i o n l e s s  

frequency v g ives  

(9.10) 

Equa t ion   (9 .10 )   g ives   t he   expres s ion   fo r  modal dens i ty   o f  a 

compos i t e   s t ruc tu re .  

The  modal d e n s i t y   f o r  a beam, i r respect ive  of   the  boundary  condi-  

t i o n s ,   c a n   b e   w r i t t e n   a s  

n(v> = 1 . 2l-l (9.11) 

S ince   t he   compos i t e   s t ruc tu re  i s  cons t ruc ted   o f  two i d e n t i c a l  

beams, t h e  sum of t he   moda l   dens i t i e s   o f   t he   subs t ruc tu res  i s  

(9.12) 

Comparison  of  equations  (9.11)  and (9.12) p roves   t ha t   add i t ive  

p rope r ty   o f  modal d e n s i t y   h o l d s  good f o r   t h i s   p a r t i c u l a r   c o m p o s i t e  

system. 
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9 . 3  GraDhical  Results  and  Discussion 

The add i t ive   p rope r ty   o f   moda l   dens i t i e s   fo r   compos i t e   s t ruc tu res  

h o l d s   f o r   t h e   c o m p o s i t e   s t r u c t u r e  composed  of two i d e n t i c a l  beams 

welded a t   r i g h t   a n g l e s   a s   v e r i f i e d   a n a l y t i c a l l y .  

F igure  9 . 3  shows t h a t  modal d e n s i t y   o f  a c o m p o s i t e   s t r u c t u r e  

v a r i e s   a l o n g  a s t r a i g h t   l i n e  on a l o g - l o g   s c a l e   a n d   v a r i a t i o n   w i t h  

r e s p e c t   t o   f r e q u e n c y  i s  p r o p o r t i o n a l   t o   t h e  beam e x c e p t   t h a t   t h e  

magnitude  of  modal  density i s  doubled. 
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F i g u r e  9 . 3  Normalized  modal   densi ty   versus   dimensionless   f requency  for  
c o m p o s i t e   s t r u c t u r e  
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10. MODAL DENSITY OF SHALLOW  STRUCTURAL ELEMENTS 

10 .1  I n t r o d u c t i o n  

In t h i s   c h a p t e r   t h e   e x p r e s s i o n s   f o r   t h e  modal d e n s i t i e s   o f  some 

s h a l l o w   s a n d w i c h   s h e l l s ,   o r t h r o t r o p i c   p l a t e s ,   p r e t w i s t e d   p l a t e s ,  

p l a t e s   s u b j e c t e d   t o   i n - p l a n e   f o r c e s  and s h e l l s  o n   a n   e l a s t i c   f o u n d a t i o n  

a re   p re sen ted .  

The expres s ions   a r e   deve loped   on   t he   bas i s  of sha l low-she l l   theory  

a n d   n e g l e c t i n g   t h e   e f f e c t   o f   l o n g i t u d i n a l   i n e r t i a   a n d   h e n c e   o n l y   t h e  

f requencies  of t r a n s v e r s e   v i b r a t i o n s   a r e   c o n s i d e r e d .  The coupled 

l o n g i t u d i n a l  modes cannot   be   ob ta ined   f rom  these   express ions .  However 

t h e   e f f e c t   o f   t h e   l o n g i t u d i n a l  modes on  the  modal   densi ty   of  a shal low 

element i s  n e g l i g i b l e   a s  these modes occur   only a t  widely  spaced 

in t e rva l s   ove r   t he   f r equency   spec t rum.  A l l  t h e   e x p r e s s i o n s   a r e  

s t r i c t l y   v a l i d   o n l y   f o r   s i m p l y   s u p p o r t e d   s t r u c t u r a l   e l e m e n t s ,   h o w e v e r  

f o r   l a r g e   v a l u e s   o f  w i t  i s  r easonab le   t o   suppose   t ha t   a sympto t i c  

r e l a t i o n s   f o r  modal d e n s i t y   a r e   r e l a t i v e l y   i n d e p e n d e n t   o f   t h e   b o u n d a r y  

conditions  (Courant,   1953) 

All t h e   s t r u c t u r a l  elements c o n s i d e r e d   a r e   d i s c u s s e d   i n   d e t a i l  

(Wilkinson,  1967)  and  they are  r e p r o d u c e d   h e r e   f o r   t h e   g r a p h i c a l  

r e p r e s e n t a t i o n .  The g raphs   fo r  modal d e n s i t y   v e r s u s   f r e q u e n c y   a r e  

p l o t t e d   f o r   v a r i o u s   e l e m e n t s   f o r   s p e c i f i e d   d i m e n s i o n s   a n d   p r o p e r t i e s .  

10 .2  Sandwich  Shells 

The governing  equation  of  motion  of  the  shallow  sandwich  element 

o f   cons t an t   cu rva tu re  i s  g iven   as   fo l lows:  
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(10.1) 

1 - p  " L l  
S 

where 

S 

n2 

V 2 

2 
vR 

hl 

h2 

Ghl 

Eh2 
- 

a2  a2 z+ay2 

half   t h i ckness  of c o r e  

th i ckness  of f a c i n g   s h e e t s  

r a d i i  o f  c u r v a t u r e  

shear  modulus of c o r e  

Young's  modulus 

d e n s i t y  of c o r e  

d e n s i t y  of f a c i n g   s h e e t s  . 

Equation  (10.1) i s  based on the   fo l lowing   assumpt ions :  

(1)   The  facing  layers   have  the same m a t e r i a l   p r o p e r t i e s ,   a r e  of equal 

t h i ckness ,   and   a r e  much th inne r   t han   t he   co re .  They c a r r y   o n l y  

d i r e c t  stress and  have no f l e x u r a l   r i g i d i t y   a b o u t   t h e i r  own middle 

s u r f a c e s .  
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(2) The c o r e   l a y e r   c o n t r i b u t e s   n e g l i g i b l y   t o   t h e  moment r e s u l t a n t s  and 

membrane s t r e s s   r e s u l t a n t s   o f   t h e   c o m p o s i t e   s h e l l .  However 

r e s i s t a n c e  of t h e   c o r e   t o   t h e   t r a n s v e r s e   s h e a r  i s  q u i t e   c o n s i d e r -  

a b l e .  

Now the   f r equency   equa t ion   fo r  a sandwich  element in terms o f  t h e  

wave  numbers i s  g iven   a s  

(10.2) 

where 

R1 

R2 
x = -  

Using   the   t ransformat ion  k = r cos  and k = r s i n  8 and s o l v i n g  1 2 

(10.2)   for  r, i t  g ives  

r 2 (uI ,~) = 7 1 I f ,  + [fl 2 + 4 ( 1 - p  2 2  ) S  fl]’ max 
2Shl 

where 

Here i t  i s  assumed t h a t  1x1 5 1 . 

Now t h e  number of   resonant  modes i s  g i v e n   a s  

(10.3) 

(10.4) 
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w h e r e   t h e   i n t e g r a t i o n  i s  t o  be c a r r i e d   o u t   f o r   v a l u e s  of  0 o v e r   t h a t  

p a r t  of t he   quadran t  0 < 8 i n  which  the  integrand is  r e a l  and 

p o s i t i v e .  

17 

Hence from  equat ion (10.4) t h e  number of r e sonan t  modes i s  given 

by 

D i f f e r e n t i a t i n g   e q u a t i o n   ( 1 0 . 5 )   w i t h   r e s p e c t   t o  w g ives  

U t i l i z i n g   t h e   t r a n s f o r m a t i o n  

y = x cos 0 + s i n  0 2 2 (10.7) 

equa t ion  (10.6) c a n   b e   w r i t t e n   a s   f o l l o w s  

n(w) = - 
2rr Shl 2 2  
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where 

w2 = w2 + wsc 2 2  
0 

2 2 s2 Rf 
c = 4(1-p, ) 

hl 

yl = x + (1-X) s i n  el 2 

and  y2 = x + (1 -x j s in  e2 . 2 

Equat ion  (10.8)   cannot   be  expressed  immediately  in  a s impler   form 

a s  i t  c o n t a i n s   h y p e r e l l i p t i c a l   i n t e g r a l .  However i t  can  be  used  to 

o b t a i n   t h e   e x p r e s s i o n s   f o r   s p e c i a l   c a s e s .  

For  a s p h e r i c a l   c a p  

and f o r  a f l a t  sandwich  plate  

Hence the   expres s ions   fo r  modal d e n s i t y   f o r  a s p h e r i c a l   c a p  and 

f l a t  s andwich   p l a t e   a r e   g iven  by 

n(w) = 0 w e w  
S 

f o r  w > w . (10.9) 
S 
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F i g u r e   1 0 . 1  Modal d e n s i t y   v e r s u s   f r e q u e n c y   f o r  a sandwich   spher ica l  
cap  and f l a t  sandwich   p la te  
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The v a r i a t i o n   o f  modal d e n s i t y   v e r s u s   f r e q u e n c y   f o r   s p h e r i c a l   c a p  

and a f l a t  sandwich   p la te  i s  i l l u s t r a t e d   i n   F i g u r e  4.1 by c o n s i d e r i n g  

t h e   p l a t e  and sphe r i ca l   cap   hav ing   t he   fo l lowing   ma te r i a l   and   geomet r i c  

p r o p e r t i e s :  4,  = 60 i n . ,  4 = 36 i n .  , E = 10 x 10 PSI, = 0 .3 ,  2 

h = 0.5 i n . ,  h = 0.02 i n . ,  p1 = 5 .5  l b / c u   f t ,  = 170 l b / c u   f t .  

6 

1 2 p 2  

1 0 . 3   O r t h r o t r o p i c   P l a t e s  

An o r t h r o t r o p i c   p l a t e  i s  c h a r a c t e r i z e d  by f i v e   e l a s t i c   c o n s t a n t s  

y’ xy, Pxy’ c”yx E G  where E and E a r e  Young’s  moduli i n   t h e  x and y 
X Y 

d i r e c t i o n ,  G i s  the  shear  modulus  and p and ~1 r e p r e s e n t  

P o i s s o n ’ s   r a t i o .  

XY  XY YX 

The b e n d i n g   s t i f f n e s s e s   o f   p l a t e   i n  x and y d i r e c t i o n s   a r e   g i v e n  

and 

(10. l o )  

(10.11) 

(10.12) 

The n a t u r a l   f r e q u e n c i e s   o f   f r e e   v i b r a t i o n s  of a s imply  supported 

r e c t a n g u l a r   o r t h r o t r o p i c   p l a t e   a r e   g i v e n  by 

4rr2ph ’ 4 
UJ = (- mn  gC ) [klDx + 2Hk:ki + k4D 2 Y  1’ (10.13) 

where k and k a r e   t h e  wave  numbers. 1 2 
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S e t t i n g  

1 
-G DX kl = r cos 0 (10.14) 

and 

L ~ - 
D k2 = r s i n  8 4 
Y 

(10.15) 

then   the  number of  r e sonan t  modes a r e   g i v e n  by 

where & and & a r e   t h e   d i m e n s i o n s   o f   t h e   o r t h r o t r o p i c   p l a t e   i n  x and 

y d i r e c t i o n s   r e s p e c t i v e l y .  

1 2 

The in t eg ra t ion   o f   equa t ion   (10 .6 )  i s  c a r r i e d   o u t   o v e r   t h e   v a l u e s  

of 0 i n   t h e   q u a d r a n t  0 0 5 - fo r   wh ich   t he   i n t eg rand  i s  r e a l  and 

p o s i t i v e .  

17 
2 

Combining equa t ions  (10.13), (10.14) and  (10.15)  and  solving  for 

r g i v e s  

r2 = 2n(-)  Ph * w ( 1 -  y s i n  28)-’ 2 2  
1 max gC 

where 

2 2y1 = 1 - H ( D  D )-’ . 
X Y  

For  most of  t h e   m a t e r i a l s  

0 < y1 < - .  1 
2 

(10.17) 



Therefore   equat ion (10.16) r educes   t o  

1 1 T r  1 

Expressing  equat ion  (10.18)   in  terms of the comple t e   i n t eg ra l   o f  

t h e   f i r s t   k i n d ,  i t  becomes 

where 

F ( T ,  k) = f (1 - k 2 s i n  dB . TT 2 

0 

Differen t ia t ing   express ion   (10 .19)   wi th   respec t   to  w g i v e s  

(10.19) 

(10.20) 

Equat ion   (10 .20)   g ives   the   express ion   for   modal   dens i ty   o f   the  

o r t h r o t r o p i c   p l a t e .  

10.4 P r e t w i s t e d   P l a t e s  

A p r e t w i s t e d   p l a t e   h a s  a midd le   su r f ace  Z def ined  by 

z = $xy 

where $ i s  a p re twi s t   cons t an t   and  x and y a r e   t h e   C a r t e s i a n   p l a t e  co- 

o r d i n a t e s .  The p l a t e  may be   cons ide red   a s   hype rbo l i c   pa rabo lo ida l  

s h e l l .  The p l a t e  i s  s h a l l o w   i f  $4, and a r e   s m a l l   i n   c o m p a r i s o n  

wi th   un i ty .  
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X 

F i g u r e  1 0 . 2  P r e t w i s t e d   p l a t e  

The n a t u r a l   f r e q u e n c i e s  of a s imply   suppor ted   sha l low  pre twis ted  

r e c t a n g u l a r   p l a t e   a r e   g i v e n  by 

Egc f h2(k: +k:)2 46 2 2 2  klk2 
wmn = E (7) r + 1 

12(1-b2) (k:+k;) 

where 

k and k a r e   t h e  wave  numbers 

B i s  a p r e t w i s t   c o n s t a n t ,  and 

h i s  a p l a t e   t h i c k n e s s .  

1 2 

Using   t he   t r ans fo rma t ion  

k = r c o s  9 and k = r s i n  e 2 1 

(10.21) 

(10.22) 

i t  can be   found  tha t  
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r2 = 4 n p ( l - y   ( 1  - pls in  28) 
2 2 %  

max 
(10.23) 

where 

2 
2 

P I=-  
4l-l pw 

Hence, a s   d e s c r i b e d   i n   t h e   p r e v i o u s   s e c t i o n ,   t h e  number of 

resonant  modes i s  g i v e n   a s  

(10.24) 

Changing  equation  (10.24) t o  t h e   s t a n d a r d  form o f   a n   e l l i p t i c a l  

i n t e g r a l   a s  

(10 25) 

where E(- k) i s  a c o m p l e t e   e l l i p t i c a l   i n t e g r a l   o f   s e c o n d   k i n d  and 7T 
2 ’  

i-r i-r/2 i s  expres sed   a s  E(- k) = [ (1 - k2sin228)-’ dB 2 
0 

Differen t ia t ing   (10 .15)   wi th   respec t   to  w, 

n(w) = 0 

2 
6 Egc 

w2 < 2 ’  I .  (10.27) 
4n P 
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F i g u r e  10 .3  Modal dens i ty   ve r sus   f r equency  f o r  p r e t w i s t e d   p l a t e   w i t h  
p r e t w i s t   c o n s t a n t   a s   p a r a m e t e r  
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The expressions  (10.26)  and (10.27) r ep resen t   t he   moda l   dens i ty  

f o r   t h e   p r e t w i s t e d   p l a t e .  

The e f f ec t   o f   p re twi s t   on   moda l   dens i ty  i s  i l l u s t r a t e d   i n   F i g u r e  

10.4 by cons ide r ing  a p l a t e  o f  a r e a  2160 sq   in . , ,   having   the   fo l lowing  

p r o p e r t i e s :  

E = l o x  10 P S I  , h = 0 . 2 5  i n . ,  CL = 0.3,  p = 170 l b / f t  . 6 3 

10.5 MonocoquePlates  under  In-Plane  Forces 

The n a t u r a l   f r e q u e n c i e s  of  monocoqueplates  under  the  action  of  the 

in -p l ane   fo rces  T and T (def ined  a s  p o s i t i v e   i n   t h e   o u t w a r d   d i r e c -  

t i on )   a r e   g iven   a s   fo l lows :  

X Y 

(10.28) 

where 

TX I - = - .  T 
Y 

It i s  assumed t h a t  I T y ]  5 ITXI 

S u b s t i t u t i n g   t h e   t r a n s f o r m a t i o n  k = r c o s  9 and k = r s i n  9 i n  
1 2 

equat ion  (10.18)   and  solving  for  r, i t  g ives  

r2 = 4&(1-p x (1 + p 2 ( ~ c o s 2  2 9 + s i n  2 9) 2 %  3 max h 

(10.29) 
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Figure   10 .4  Modal dens i ty   ve r sus   f r equency   €o r  a r e c t a n g u l a r   p l a t e  
unde r   i n -p l ane   fo rces   w i th   i n -p l ane   fo rces   a s   pa rame te r  
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. /' 

where 

Again  the number of   resonant  modes can   be   found  as   descr ibed   in  

Sec t ion  10 .2  and   the   express ion  i s  g i v e n   a s  

(10.30) 

D i f f e r e n t i a t i n g   ( 1 0 . 3 0 )   w i t h   r e s p e c t   t o  w, 

(10.31) 

In t roduc ing   t he   t r ans fo rma t ion  

y = T C O S  @ + s i n  0 2 2 

t he   i n t eg ra l   can   be   expres sed   i n   t e rms  o f  t h e   c o m p l e t e   e l l i p t i c  

i n t e g r a l  of t h e   f i r s t  kind, ,   and  consequent ly   the  modal   densi ty   expres-  

s ion   reduces  to t h e  form a s  shown: 



where 

The e f f e c t s   o f  the in-p lane   forces   on   the   modal   dens i ty   o f  a 

r e c t a n g u l a r   p l a t e  i s  i l l u s t r a t e d   i n   F i g u r e  10 .3  by  consider ing a p l a t e  

o f   a r ea  2160 sq i n .  and  having  the same m a t e r b a l   p r o p e r t i e s   a s   t h e  

p r e t w i s t e d   p l a t e  o f  t he   p rev ious   s ec t ion .  

10.6 Monocooue She l l s   on   an   E la s t i c   Founda t ion  

When a r e c t a n g u l a r   i s o t r o p i c  monocoque s h e l l  l i e s  o n   a n   e l a s t i c  

foundation  of  modulus K, i t s  n a t u r a l   f r e q u e n c i e s   a r e   a p p r o x i m a t e l y  

given by 

Eh 3 2  (kl  +k;)2 Eh( Xkl 2 +k2)  2 2  1 f 
w =  mn h % [  2  2 7 2 + K 1  

+ (10.33) 
2TT(-Q 12 (l-j.?) R l ( k l  +k;) 

gC 

where 

It i s  assumed t h a t  I R  I 5 IR21 o r  1x1 C 1. 1 

Expression  (10.33) i s  s i m i l a r   t o   t h e   e x p r e s s i o n   o b t a i n e d  by 

B o l o t i n   f o r   t h e   u n s u p p o r t e d   s h e l l   e x c e p t   t h e  term K .  
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Hence the   expres s ion   can   be   wr i t t en   a s   fo l lows :  

w2 < W: (10.35) 

where 

Depending on re la t ive   magni tudes   o f  p x and w, t h e   i n t e g r a l  i n  
3' 

equa t ion   (10 .34)   has   d i f fe ren t   va lues :  

Cons ider ing   on ly   pos i t ive   Gauss ian   curva ture ,   there   a re   then  

three   subcases , ,   each   of   which   g ives   d i f fe ren t   modal   dens i t ies   wi th in  a 

cer ta in   f requency   band .   These   express ions ,   der ived  by fo l lowing   t he  

s teps   o f   Bolo t in ,   a re   g iven   as :  

For w < w 
* 
S 

n(w) = 0 , (10 a 36) 
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I 

* 
S 

For U) < w < w  
* 

For  w < w 
* 

where 

2 2  * 2 4ll pR1 -1 
wS = [X E(- ) + w s l  2 %  

gC 

The graph of modal dens i ty   versus   f requency  i s  p l o t t e d   w i t h  

d i f f e r e n t   e l a s t i c   f o u n d a t i o n s   f o r  a c y l i n d r i c a l   p a n e l   o f   a r e a  2160 

sq i n .   h a v i n g   t h e   f o l l o w i n g   p r o p e r t i e s :  E = 10 x 10 PSI, p = 0.3, 

h = 0 .25   i n .  , p = 170  lb/cu f t, R1 = 75 in . ,  R2 - m. 

6 

- 

10.7  GraDhical   Resul ts   and  Discussion 

F i g u r e   1 0 . 1  shows tha t   t he   moda l   dens i ty   o f  a s a n d w i c h   p l a t e   o r  

s p h e r i c a l   c a p   h a s  a s i n g u l a r i t y  a t  the  f requency w . Moreover when t h e  

shear  modulus G of t h e   c o r e  i s  l a rge ,   t he  modal d e n s i t y  of a p l a t e  

approaches  constant,   which i s  t h e  modal dens i ty   o f  a  monocoque p l a t e  

S 
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o f   b e n d i n g   s t i f f n e s s  [2Eh  h / (1-11 ) ]  The moda l   dens i ty   o f   t he  

s p h e r i c a l   c a p   a p p r o a c h e s   a s y m p t o t i c a l l y   t h a t   o f   t h e   p l a t e   a s   t h e  

f requency   increases  (w  >> w ) .  It can   a l so   be   concluded   tha t   as  w 

becomes l a rge ,   t he  modal d e n s i t y  of  any   sha l low  she l l   approaches  

a s y m p t o t i c a l l y   t h a t   o f   t h e   c o r r e s p o n d i n g   p l a t e  and  above a c e r t a i n  

f requency ,   the   modal   dens i t ies   o f   a l l   sandwich   e lements   increase  

l i n e a r l y   w i t h   f r e q u e n c y .  

2 2 
1 2  

S 

A s  s een  from expres s ion  (10.20) modal d e n s i t y   f o r   a n   o r t h r o t r o p i c  

p l a t e  i s  independent  of  the  frequency w, however i t  does  depend on t h e  

geomet ry   and   ma te r i a l   p rope r t i e s   o f   t he   p l a t e .   Fo r  a p l a t e   h a v i n g   t h e  

same e l a s t i c   p r o p e r t i e s   i n  x and y c o - o r d i n a t e   d i r e c t i o n   e x p r e s s i o n   f o r  

modal d e n s i t y  i s  t h e  same a s   t h a t  of t h e  monocoque r e c t a n g u l a r   p l a t e .  

F igure   10 .3  shows t h e   e f f e c t  o f  p r e t w i s t  on t h e  modal dens i ty   o f  

t h e   p l a t e .  The p r e t w i s t   i n t r o d u c e s  a s i n g u l a r i t y   a t   t h e   f r e q u e n c y  

$ 
2l.T P 

Egc f 
w = - (-) below  which  the  modal  density i s  zero.  Above t h e  

f requency ,   the   modal   dens i ty   asymptot ica l ly   approaches   tha t   o f   an  

untwisted  plate ,   which i s  cons t an t .  

The e f f e c t   o f   i n - p l a n e   f o r c e s  on  a modal   densi ty   of  a p l a t e  i s  

i l l u s t r a t e d   i n   F i g u r e   1 0 - 4 .  L t  shows t h a t   t h e   i n t r o d u c t i o n  o f  i n -p l ane  

forces   produces a s i n g u l a r i t y   i n   t h e  modal d e n s i t y   a t   z e r o   f r e q u e n c y .  

Moreover the   modal   dens i ty   o f  a  monocoque p l a t e   w i t h   i n - p l a n e   f o r c e s  i s  

g r e a t e r   t h a n   t h e  modal dens i ty   o f   t he   un loaded   p l a t e ,   r ega rd le s s   o f   t he  

s ign   o f   fo rces ,   bu t   t he  amount of i n c r e a s e  i s  n o t   s i m p l y   r e l a t e d   t o   t h e  

r e l a t i v e   m a g n i t u d e   o r   s i g n   o f   t h e   f o r c e s .  A s  seen  f rom the graph, i f  

bo th   fo rces  T and T i n  x and y c o - o r d i n a t e   d i r e c t i o n s   a r e   e q u a l   a n d  

of o p p o s i t e   s i g n ,  the modal   dens i ty  i s  h i g h e r   t h a n   i f   t h e y  were of t h e  

X Y 
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same s i g n .   I n   s p i t e   o f   l o a d i n g   t h e   p l a t e ,   a s   t h e   f r e q u e n c y   i n c r e a s e s ,  

t h e  modal dens i ty   o f   t he   l oaded   p l a t e   app roaches   a sympto t i ca l ly   t ha t  

o f   the   un loaded   p la te .  

For   the  monocoque shel ls  of   pos i t ive   Gauss ian   curva ture ,   p laced  

o n   a n   e l a s t i c   f o u n d a t i o n ,   v a r i a t i o n   o f   t h e  modal d e n s i t y  i s  i l l u s t r a t e d  

i n   F i g u r e  10.5. It shows t h a t   t h e  modal d e n s i t y  i s  zero  below  the 

frequency w a t  which i t  has  a s i n g u l a r i t y .  The modal   densi ty   has  

s e c o n d   s i n g u l a r i t y   a t   t h e   f r e q u e n c y  w However above w", t h e  modal 

dens i ty   o f   t he   she l l   dec reases   mono ton ica l ly  and a sympto t i ca l ly  

approaches   t ha t   o f   t he   co r re spond ing   p l a t e   a s  w becomes ve ry   l a rge .  

The foundation  modulus k m o d i f i e s   t h e   p o s i t i o n   o f   t h e   s i n g u l a r i t i e s  

acco rd ing   t o   r e l a t ive   magn i tudes  of w and ws. 

9: 

S 
* 

* * 

93 



I 

0.1 

0 . u  

3 
C 
v 

0.01 

0 

I 

I 
I 
1 
I 
I 
I 

I 

I 

1 

/ I  

/ I  
I 
I 
I 
I I I  I II I I 

200 400 600  800 

w Hertz 
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11 SUMMARY AND  CONCLUSIONS 

The  modal d e n s i t y   o f  a s t r u c t u r a l   e l e m e n t  i s  de f ined  as t h e  number 

of r e sonan t  modes w i t h i n  a u n i t   f r e q u e n c y   i n t e r v a l .   I n   t h i s   t h e s i s ,  

the   express ions   and   graphs   a re   p resented   which   can   be   used   to   es t imate  

t h e   a v e r a g e   m o d a l   d e n s i t i e s   o f   s t r u c t u r a l   e l e m e n t s   l i k e   r o d s ,  beams, 

p l a t e s ,   t h i n   c y l i n d r i c a l ,   s p h e r i c a l  and con ica l   she l l s ,   compos i t e  

s t r u c t u r e s ,   s h a l l o w   s a n d w i c h   s h e l l s ,   o r t h r o t r a p i c   p l a t e s ,   p r e t w i s t e d  

p l a t e s ,   p l a t e s   s u b j e c t   t o   i n - p l a n e   f o r c e s  and s h e l l s   r e s t i n g  on e l a s t i c  

foundat ion .  The expres s ions  and   g raphs   a r e   va l id   fo r   e l emen t s  of 

a r b i t r a r y   s h a p e  and  having  any  prescr ibed  boundary  condi t ions.  

In   ca se   o f   c i r cu la r   rods   hav ing   un i fo rm  c ros s   s ec t ions ,  modal 

d e n s i t y  i s  independent  of  geometry  of  rod  and  frequency of v i b r a t i o n s  

f o r   b o t h   l o n g i t u d i n a l   a s  w e l l  a s   t o r s i o n a l   v i b r a t i o n s .  However, modal 

d e n s i t y   f o r   t o r s i o n a l   v i b r a t i o n s  is about   1 .5   t imes   tha t   o f   longi -  

t u d i n a l   v i b r a t i o n s .  

The modal dens i ty   o f  beams undergoing   t ransverse   v ibra t ions  

depends  both  on  geometry  of beam and  f requency  of   vibrat ion.  I t  

decreases   with  the  f requency  and  reaching  asymptot ical ly   to   zero  value 

€ o r   l a r g e   f r e q u e n c i e s .  

In c a s e   o f   s o l i d   f l a t   r e c t a n g u l a r  and c i r c u l a r   p l a t e s   t h e  modal 

d e n s i t y  i s  c o n s t a n t   f o r  a g i v e n   p l a t e .  Thus i t  i s  independent of 

frequency of v ib ra t ion   bu t   no t   t he   geomet ry   o f   t he   p l a t e .   Fo r  a given 

f r equency ,   moda l   dens i ty   o f   r ec t angu la r   p l a t e  i s  approximately  equal   to  

t h a t   o f   t h e   c i r c u l a r   p l a t e ,   b o t h   t h e   p l a t e s   h a v i n g   e q u a l   a r e a ,   a n d  

th ickness   and   of   the  same m a t e r i a l .  
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Modal d e n s i t y   o f   t h i n   c y l i n d r i c a l   s h e l l s   d e c r e a s e s   a b o v e   t h e   r i n g  

frequency,   reaching a c o n s t a n t   v a l u e   a s y m p t o t i c a l l y .  However, below 

r ing   f r equency   t he re  i s  a v a r i a t i o n   t h a t  i s  l i n e a r  on a log.- log  plot .  

The modal d e n s i t y   f o r   t h i n   s p h e r i c a l   s h e l l s   h a s  a s i n g u l a r i t y   a t  

the  r ing  f requency,   below  which  the  modal   densi ty  i s  ze ro .  However, 

above  r ing  f requency i t  decreases   monotonica l ly ,   approaching   tha t   o f  a 

p l a t e   a sympto t i ca l ly   a s   f r equency  becomes l a r g e .  

The t h i n   c o n i c a l   s h e l l  shows t h a t   e x p r e s s i o n s   p r e s e n t e d   f o r  modal 

d e n s i t y   a r e   a p p l i c a b l e   o v e r  a wide  range  of   the  cone  geometr ies   and 

f r equency   r anges   o f   p rac t i ca l   i n t e re s t .  

The modal dens i ty   o f  a c o m p o s i t e   s t r u c t u r e ,   a s   d e r i v e d   a n a l y t i c a l -  

l y ,  i s  a d d i t i v e   o v e r  i t s  components. 

For   the  shal low  sandwich  e lements   l ike  the  spherical   cap  modal  

dens i ty   i nc reases   w i th   i nc reas ing   f r equency ,  and f o r   v e r y   l a r g e   v a l u e s  

o f  f requency  modal   densi ty   of   the   sandwich  shel ls   approaches asymp- 

t o t i c a l l y   t h a t   o f   s a n d w i c h   p l a c e s .  

In   case   o f   the   o r thro t ropic   p la tes ,   modal   dens i ty  i s  frequency 

independent  but i t  does  depend  on  the  geometry  and  material   properties.  

The modal dens i ty   o f   p re twi s t ed   p l a t e   dec reases   mono ton ica l ly  

a f t e r  some value  of   f requency  and  asymptot ical ly   approaches  that   of  

t he   un twi s t ed   p l a t e   a s   f r equency  becomes l a r g e .  By i n c r e a s i n g   t h e  

p r e t w i s t   c o n s t a n t   t h e   v a l u e   o f   f r e q u e n c y   a t   w h i c h   s i n g u l a r i t y   o c c u r s  

a l s o   i n c r e a s e s .  

The modal dens i ty   o f  a  monocoque p l a t e   w i t h   i n - p l a n e   f o r c e s  i s  

g rea t e r   t han   t he  modal dens i ty   o f   an   un loaded   p la te ,   regard less  of t h e  
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s ign   o f   fo rces   and   a s   t he   f r equency   i nc reases ,   t he  modal d e n s i t y  of  

t he   l oaded   p l a t e   app roaches   a sympto t i ca l ly   t ha t   o f   t he   un loaded   p l a t e .  

The moda l   dens i ty   o f   she l l s  on an  e las t ic  foundat ion   decreases  

mono ton ica l ly   and   a sympto t i ca l ly   app roaches   t ha t   o f   t he   co r re spond ing  

p l a t e   a s   f r e q u e n c y  becomes l a r g e .  

Thus i n   g e n e r a l  modal d e n s i t y   o f   a l l   e l e m e n t s   e x c e p t   p l a t e s  and 

rods   a re   f requency   dependent .  The moda l   dens i ty   o f   t he   she l l s  

approaches   a sympto t i ca l ly   t ha t   o f   t he   co r re spond ing   p l a t e .   Fo r   t he  

sandwich   e lements   the   modal   dens i ty   increases   wi th   increas ing  

frequency,   whereas   the  modal   densi ty  of monocoque elements  approaches 

a c o n s t a n t   v a l u e .  

The concept   of   modal   densi ty  i s  v e r y   u s e f u l   i n   s o l v i n g   t h e   m u l t i -  

modal v ib ra t ion   p rob lems  and i s  o f   g r e a t   v a l u e  when t h e   i n p u t   f o r c e  

o r   e x c i t a t i o n  i s  random. In t h i s   t y p e  of a n a l y s i s   w i t h o u t   t h e   a p p a r e n t  

knowledge  of mode shapes  and  f requencies  i t  i s  p o s s i b l e   t o   g i v e  some 

i n s i g h t   i n t o   t h e   r e s p o n s e   o f   t h e   s t r u c t u r e s   t o   t h e   g i v e n   e x c i t a t i o n  and 

some i n s i g h t   i n t o   t h e  amount  of  energy  which w i l l  be  absorbed. More- 

ove r   moda l   dens i ty   o f   s t ruc tu res  i s  r e l a t i v e l y   i n d e p e n d e n t   o f   t h e  

boundary  condi t ion;  i t  i s  a u s e f u l   t o o l   i n   e s t i m a t i n g   a v e r a g e   r e s p o n s e  

leve ls   o f   mul t imodal   v ibra t ion .  
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13. APPENDIX. LIST OF SYMBOLS 

a 

alJ a2 

a n 

cL 

CT 

D 

Dy 

E 

Ex’  Ey 

G 

gC 

h 

hl 

h2 

I 

Jn 

K 

k 

kl’ k2 

.e 

%’ 
L 

r a d i u s   o f   c y l i n d e r   o r   c i r c u l a r   p l a t e ,   i n .  

p r inc ipa l   d imens ions   o f   she l l   su r f ace ,   i n .  

n n /  l-al 

l o n g i t u d i n a l  wave v e l o c i t y  = 

t o r s i o n a l  wave v e l o c i t y  = 

s t i f f n e s s  modulus = Eh / (12(1-p ) 

s t i f f n e s s   m o d u l i   i n  x and y c o - o r d i n a t e   d i r e c t i o n  

Young‘s  modulus  of e l a s t i c i t y  

Young’s  moduli i n  x and y c o - o r d i n a t e   d i r e c t i o n  

shea r   modu lus   o f   e l a s t i c i ty  

g r a v i t a t i o n a l   c o n s t a n t  

t h i ckness  of  s h e l l   w a l l   o r   p l a t e  

half   th ickness   of   core   in   sandwich  e lement  

th ickness   o f   fac ing   shee ts   in   sandwich   e lement  

moment o f   i n e r t i a   o f  a s e c t i o n  

Bessel f u n c t i o n  Of f i r s t   k i n d   o f   o r d e r  n 

3  2 

modu lus   o f   e l a s t i c   founda t ion  

c o n s t a n t  

wave  number 

l e n g t h   o f   c y l i n d e r   o r  beam 

su r face   d imens ions   o f   t he   p l a t e  

l e n g t h  of cone ,   apex   to   base   s lan t   l ength  
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n 

R1 J R2 

r 

S 

t 

Tx J Ty 

V 

"a 

"t 

W 

x1  x2 

x (x) 
X> Y 

'n 

CY 

cu 1 

length  of  cone  truncation, apex to  top slant  length 

integer  value or number of  circumferential waves 

number of resonant modes 

number of resonsnt modes in terms  of  dimensionless  frequency 

modal density 

modal  density in terms  of  dimensionless  frequency 

integer value or number  of one-half longitudinal waves 

one-half  circumferential modes 

amplitude  of  excitation 

radius of shell  curvature 

cylindrical co-ordinate 

Ghl 

Eh2 
- 

time 

in-plane  forces in x  and  y  co-ordinate  direction 

radial  velocity  amplitude 

axial  velocity  amplitude 

tangential  velocity  amplitude 

displacement  normal to surface 

generalized  co-ordinates 

normal mode function 

rectangular  co-ordinates 

Bessel  function  of  second  kind  of order n 

stress  coefficient 

truncation  ratio = L /L T 
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h/2 p a  B 

Akl 

Ak2 

0 

K 

LL 

V 

7-r 

P 

p1 J p 2  

U 

change in longitudinal wave number 

change in circumferential wave number 

cylindrical co-ordinate 

radius of gyration 

Poisson’s ratio 

dimensionless  frequency - - 7 - 
‘L ‘R 

wa w 

3.14 

density of material 

density of core and facing  sheets 

mna/& 

rn L 

7 
X - 

T 
Y 

B stress  function  or  angular  displacement 

JI one-half  cone  angle at apex 

w angular  frequency 

F ( S  , k) complete  elliptic  incegral  of  Eirst  kind 

E($ , k) complete  elliptic  integral  of  second  kind 
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