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SUMMARY 

A numer ica l   t echnique   has   been   deve loped   for   the   ana lys i s   o f   spec i f ied  
t r a n s o n i c   a i r f o i l s   o r   f o r   t h e   d e s i g n   o f   a i r f o i l s   h a v i n g  a prescr ibed   pressure  
d i s t r i b u t i o n ,   i n c l u d i n g   t h e   e f f e c t  of weak v iscous   in te rac t ion .   The 'method 
u s e s   t h e   f u l l   p o t e n t i a l   e q u a t i o n ,  a s t re tched  Cartesian  coordinate   system,  and 
t h e  Nash-Macdonald turbulent   boundary  layer  method.  .Comparisons  with  experi- 
m e n t a l   d a t a   f o r   t y p i c a l   t r a n s o n i c   a i r f o i l s  show excel lent   agreement .  An ex- 
ample  shows t h e   a p p l i c a t i o n  of t h e  method t o   d e s i g n  a thick  aft-cambered air- 
f o i l ,  and   t he   e f f ec t s  o f   v i scous   i n t e rac t ion  on i t s  performance are discussed.  

INTRODUCTION 

A numerical  method f o r   t h e   d e s i g n   o r   a n a l y s i s  of t r a n s o n i c   a i r f o i l s   s h o u l d  
no t   on ly   be   accu ra t e   bu t   a l so   shou ld   be  as s imple as poss ib l e   i n   concep t   and  
approach. It  should  use  coordinate   systems,   input   var iables ,   and  boundary 
condi t ion   t rea tments   tha t   can   be   eas i ly   unders tood  by the   u se r .   F ina l ly ,  i t  
should  be  able   to   handle   both  shocked  and  shockless   f lows  and  be  sui table   not  
o n l y   f o r   c o m p l e t e   d e s i g n   b u t   a l s o   f o r   a i r f o i l   m o d i f i c a t i o n .  

One approach   to   th i s   p roblem is  t h e   i n v e r s e  method i n  which t h e   a i r f o i l  
su r f ace   p re s su re  is  s p e c i f i e d  and the   a i r fo i l   shape   subsequen t ly   de t e rmined .  
Admit tedly,   th is   approach  requires   knowledge of what  would be  a d e s i r a b l e  
p r e s s u r e   d i s t r i b u t i o n ,   b u t   t h i s   c h a r a c t e r i s t i c  is  probably  understood  by  the 
des igner  as w e l l  as any  other .   Furthermore,   the   designer   can select a p res su re  
d i s t r i b u t i o n   t h a t  w i l l  approximate a d e s i r e d   l i f t  and moment, have a reasonable  
supe r son ic   zone ,   y i e ld   des i r ab le   boundary   l aye r   p rope r t i e s ,  and s a t i s f y .   o t h e r  
t ransonic   f low cri teria.  

The purpose  of   this   paper  is  t o   p r e s e n t   r e s u l t s   o b t a i n e d   w i t h  a numerical  
method t h a t  i s  s u i t a b l e   f o r   t h e   a n a l y s i s ,   d e s i g n ,   o r   m o d i f i c a t i o n  of  subsonic 
and t r a n s o n i c   a i r f o i l s .  The method i s  similar t o   t h a t  of r e fe rences  1-3, b u t  
i t  has  been  modified t o  inc lude   t he   e f f ec t s   o f  weak v i s c o u s   i n t e r a c t i o n .  

SYMBOLS 

CD d r a g   c o e f f i c i e n t  

CL l i f t   c o e f f i c i e n t  

CM p i t c h i n g  moment c o e f f i c i e n t  

*Pa r t i a l ly   suppor t ed  by NASA Grant NSG1174. 
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PROBLEM FORMULATION 

To s o l v e   t h e   i n v i s c i d   p a r t  of t he   f l owf ie ld ,   t he  method uses   t he   exac t  
e q u a t i o n   f o r   t h e   p e r t u r b a t i o n   p o t e n t i a l   i n   C a r t e s i a n   c o o r d i n a t e s .   I n   o r d e r   t o  
avoid a t  s u p e r s o n i c   p o i n t s   d i f f i c u l t i e s   a s s o c i a t e d   w i t h   n o n a l i g n m e n t  of t h e  
coord ina tes   and   the   f lowf ie ld ,  a r o t a t e d   f i n i t e   d i f f e r e n c e  scheme ( r e f .  4 )  is 
used i n   t h e   s o l u t i o n ;   a n d   i n   t h e   a c t u a l   p r o g r a m   t h e   i n f i n i t e   p h y s i c a l   p l a n e  i s  
mapped t o  a rectangular  computational  box. The r e s u l t i n g   t r a n s f o r m e d   f i n i t e  
d i f f e rence   equa t ions  are s o l v e d   i t e r a t i v e l y  by  column relaxation  sweeping  from 
upstream  to  downstream. 

In   t he   des ign  mode, the   shape  of t he   nose   r eg ion   ( t yp ica l ly  6-10% chord) 
i s  spec i f ied   and  a p r e s s u r e   d i s t r i b u t i o n  i s  prescr ibed  over   the  remainder   of  
t h e   a i r f o i l .  T h u s ,   t h e   a p p r o p r i a t e   a i r f o i l   b o u n d a r y   c o n d i t i o n   i n   t h e   d i r e c t  
reg ion   near   the   l ead ing   edge  is the  surface  tangency  requirement   and  in   the 
inverse  region,   where  the  pressure is s p e c i f i e d ,  i t  is  e s s e n t i a l l y   t h e   s p e c i f i -  
c a t i o n  of t h e   d e r i v a t i v e   o f   t h e   p e r t u r b a t i o n   p o t e n t i a l   i n   t h e   x - d i r e c t i o n .   I n  
o r d e r   t o   s a t i s f y   t h e s e  a t  t h e   a i r f o i l   b o u n d a r y ,   w h i c h   i n   g e n e r a l  w i l l  not   coin-  
c ide   w i th   t he   Ca r t e s i an   g r id   po in t s ,   t he   de r iva t ives   i n   t he   boundary   cond i t ions  
are expanded as two term Taylor series a b o u t   d u m y   p o i n t s   i n s i d e   t h e   a i r f o i l .  
The d e r i v a t i v e s   i n   t h e s e  series are t h e n   w r i t t e n   i n   f i n i t e   d i f f e r e n c e   f o r m  
us ing   second  order   formulas   for  a l l  f i r s t   d e r i v a t i v e s  and a t  least f i r s t   o r d e r  
o n e s   f o r   h i g h e r   d e r i v a t i v e s .   I n   t h e   d i r e c t   r e g i o n ,   c e n t r a l   d i f f e r e n c e s  are 
used  for   x-der ivat ives   and  forward  (on  the  upper   surface)   for   the  y-der ivat ives .  
However, t o   p r e v e n t   n u m e r i c a l   i n s t a b i l i t y ,   t h e   i n v e r s e   r e g i o n   u s e s  a second  or- 
de r  backward d i f f e r e n c e   f o r m u l a   f o r   t h e   f i r s t  term of the   Taylor  series rep- 
r e sen t ing   t he   x -de r iva t ive .  

I n   t h e   i n v e r s e  case t h e   a i r f o i l  must a l s o   b e  computed  by i n t e g r a t i n g   t h e  
su r face   t angency   cond i t ion   fo r   t he   o rd ina te s ,  y ,  as a func t ion  of x, w i t h   t h e  
i n i t i a l   c o n d i t i o n s   g i v e n  by the - s lope   and   su r f ace   o rd ina te  a t  t h e   i n t e r f a c e  
between  the  direct   and  inverse  regions.   In   the  present   method,   the l a t t e r  are 
known because  the  nose  region i s  s o l v e d   d i r e c t l y ,  and t h e   i n t e g r a t i o n  is accom- 
p l i shed   u s ing   t he  Runge-Kutta  method  of  order  four. 

It is  be l ieved ,   based  on compar ison   wi th   o ther   resu l t s   ( re f .  3 ) ,  t h a t   t h i s  
method i s  an   accura te   and   numer ica l ly   cons is ten t   approach   to   the   des ign   and  
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a n a l y s i s  of t r a n s o n i c   a i r f o i l s   i n   i n v i s c i d   f l o w .   F o r   f u r t h e r   d e t a i l s   c o n c e r n i n g  
the   f i n i t e   d i f f e rence ,   boundary   cond i t ion ,   fo rmula t ions ,  etc., see re fe rences  
1 and  2. 

Experimental   evidence  ( ref .  5-6) ind ica tes   tha t   v i scous   boundary   l ayer  
e f f e c t s  are very   impor tan t   in   t ransonic   f low.   For   example ,   the   d i f fe rence  be- 
tween t h e   a c t u a l   a i r f o i l   s u r f a c e   a n d   t h e   e f f e c t i v e   s u r f a c e ,  i .e. the   d i sp l ace -  
ment surface,   can  cause an a i r f o i l   i n v i s c i d l y   d e s i g n e d   t o   h a v e  a l i f t  coef- 
f i c i e n t  of 0.6 t o   a c t u a l l y   d e v e l o p  25%-50% less l i f t .  To prevent   such  discrep-  
a n c i e s ,   t h e   e f f e c t  of the  boundary  layer   displacement   thickness ,  6 * ,  should   be  
inc luded   i n   bo th   t he   ana lys i s   and   des ign   po r t ions  of  any  numerical  method. 

I n   t h e   p r e s e n t   a p p r o a c h ,   t h e   b a s i c   i d e a   i n   t h e   d e s i g n  case is  t o  treat  t h e  
a i r f o i l   d e t e r m i n e d   b y   t h e   i n v e r s e  method as the   d i sp lacement   sur face   and   to  
s u b t r a c t  from i t  the  displacement   thickness   determined by a boundary  layer com- 
pu ta t ion .  The r e s u l t   s h o u l d   b e   t h e   a c t u a l   a i r f o i l   o r d i n a t e s .   F o r   t h e   a n a l y s i s  
case, the  approach i s  t o   c a l c u l a t e  a boundary  layer   displacement   thickness   and 
t o   u s e  i t  t o   c o r r e c t   t h e   l o c a t i o n  of t he   d i sp l acemen t   su r f ace   ( i . e .   a i r fo i l   o r -  
d i n a t e   p l u s  S*). The i n v i s c i d   f l o w f i e l d  i s  then  solved as b e f o r e   ( r e f .  l ) ,  
where a t  present   the   d i sp lacement   sur face  is updated   every   t en   re laxa t ion   cyc les .  

Obviously  the  boundary  layer   scheme  must   be  eff ic ient ,   re l iable ,   and 
accu ra t e .   Thus ,   t h ree   i n t eg ra l  methods were c o n s i d e r e d   f o r   i n c l u s i o n   i n   t h e  
present   numerical  method-Walz Method I1 ( r e f .  7 ) ,  t h e  Nash-Macdonald  method 
wi th   smooth ing   ( re f .  8-9 ) ,  and  Green's  lag-entrainment method ( r e f .  10). 
Figure 1 compares f o r  a t y p i c a l   t r a n s o n i c  case the  upper   surface  displacement  
thickness   predict ions  f rom  these  methods  with  those  obtained by Bavi tz  
( r e f .  l l ) ,  who used   the  Bradshaw  scheme ( r e f .  12) modif ied  with a t r a i l i n g   e d g e  
co r rec t ion .  (The Walz r e s u l t s  are n o t   p l o t t e d   b u t  are between  the Bradshaw  and 
Nash-Macdonald da t a . )   No t i ce   t ha t   t he   p red ic t ions  are e s s e n t i a l l y   i d e n t i c a l  
over most  of t h e   a i r f o i l ,  and a l l  but   Green 's  method p r e d i c t   s e p a r a t i o n   n e a r  
t h e   t r a i l i n g  edge.  Apparently  Green's  method  needs some type   o f   t r a i l i ng   edge  
cor rec t ion .   S ince   the  Walz and  Green  methods  numerically f a i l  a t  s e p a r a t i o n  
due t o   t h e i r   e m p i r i c a l   e q u a t i o n s   a n d   s i n c e   t h e  Nash-Macdonald approach i s  3-6 
times f a s t e r ,  i t  w a s  s e l e c t e d   f o r   i n c o r p o r a t i o n   i n t o   t h e   p r e s e n t   t r a n s o n i c  air- 
f o i l   d e s i g n - a n a l y s i s  program. 

ANALYSIS  RESULTS 

To start t h e   d i r e c t   p r o b l e m   t h e   a i r f o i l   s h a p e  i s  inputed  and a cubic  
s p l i n e   f i t  and  used t o   d e t e r m i n e   t h e   o r d i n a t e s   a n d   s l o p e s  i n  the   computa t iona l  
plane.  Next, t o   g e t  some r e a s o n a b l e   p e r t u r b a t i o n   p o t e n t i a l s ,   f i f t y   r e l a x a t i o n  
cyc le s  are performed  on a v e r y   c o a r s e   g r i d   ( t y p i c a l l y  13 x 7). Then t h e   g r i d  
spac ing  is  h a l v e d   t o  a coa r se   g r id   (25  x 13) and f i f t y  more cyc le s  computed. 
A t  t h a t   p o i n t  6* is  computed  and the   d i sp lacement   sur face   o rd ina tes   updated  
us ing   under   re laxa t ion ,  i .e .  &*new = + w(6* - 6*old).  The  slopes are then  
determined  f rom  cubic   spl ines   through  the new o r d i n a t e s 7 T h e   o r d i n a t e s  are 
upda ted   eve ry   t en   cyc le s   t he rea f t e r .   Typ ica l ly ,  400 cyc le s  are performed  on 
t h e   c o a r s e   g r i d   b e f o r e   h a l v i n g   t o   t h e  medium g r i d  (49.x 25) , .where  200-250 
cyc le s  are c a r r i e d   o u t .  While t h i s   g r i d   y i e l d s  66 p o i n t s   o n   t h e   a i r f o i l ,   t h e  
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g r i d  may be,  i f  des i r ed ,   ha lved   aga in   ( t o   97  x 4 9 ) - t o   o b t a i n  130 po in t s   on   t he  
a i r f o i l .  Compared t o   i n v i s c i d  cases, convergence   on   the   f ine   g r id  i s  slow,  and 
400 r e l a x a t i o n   c y c l e s  may b e   r e q u i r e d .   F o r t u n a t e l y ,   i n  many cases accura t e  
r e su l t s   can   be   ob ta ined  on t h e  medium grFd.  However, i f  double   shocks   ex is t ,  
t h e   f i n e   g r i d  may be   needed   to   reso lve  them accurately.  Convergence is de ter -  
mined  by mon i to r ing   t he   changes   i n   pe r tu rba t ion   po ten t i a l   and  6*. 

Typ ica l   t o t a l   computa t ion  times on an Amdahl 470/V6 are one  minute   for  
medium g r i d   r e s u l t s  and less than  4 m i n u t e s   f o r   f i n e   g r i d   d a t a   ( a b o u t  10 min- 
u t e s  on a CDC 6600). Convergence i s  u s u a l l y   f a s t e r  on CDC type  machines  due  to 
t h e   i n c r e a s e   i n   s i g n i f i c a n t   d i g i t s .  

A s  shown on f i g u r e   2 ,   t h e   p r e s e n t  method  can be   used   to   demonst ra te   the  
e f f e c t s  o f   v i scous   i n t e rac t ion  on a Korn 75-06-12 a i r f o i l   ( r e f .  9) near  i t s  
design  point.   While  the  primary  effect   of  the  bourldary  -yer i s  a 25% decrease 
i n   l i f t  from the   i nv i sc id   des ign   va lue   due   t o   t he   p re s su re   change  on the  upper  
su r face ,   t he   l ower   su r f ace   p re s su re   d i s t r ibu t ion  i s  a l s o   a f f e c t e d . .   I n   a d d i t i o n ,  
not ice   the  excel lent   agreement   between  the  viscous  theory  predict ions  and NAE 
wind  tunnel   data   ( ref .  6 ) .  

Another  comparison  with  experimental   data is  shown  on f i g u r e  3,  a g a i n   f o r  
t h e  Korn a i r f o i l   b u t  a t  an  off-design  condi t ion.   Al though  the minimum peak 
pressure  and  shock jump are s l i g h t l y   i n   e r r o r ,   w h i c h  i s  n o t   s u r p r i s i n g   s i n c e  
the  method uses   nonconserva t ive   f in i te   d i f fe rences ,   the   overa l l   agreement  is 
e x c e l l e n t .   O t h e r   r e s u l t s  are shown i n   T a b l e  I,  which  compares da ta   ob ta ined  
wi th   the   p resent   theory   wi th   exper imenta l   va lues  a t  about   the  same l i f t .  Many 
of t h e s e  were obta ined   us ing   the  medium g r i d   r e s u l t s   o n l y ,   a n d  i t  is be l ieved  
t h a t   t h e y   i n d i c a t e   t h a t   t h e   p r e s e n t   v i s c o u s   a n a l y s i s  method is adequa te   fo r  
e n g i n e e r i n g   s t u d i e s   o f   l i f t ,   d r a g ,  and moment va r i a t ion .   Th i s  i s  p a r t i c u l a r l y  
t r u e  when the   l a rge   d i sc repenc ie s   be tween   v i scous   and   i nv i sc id   r e su l t s  and t h e  
small differences  between  viscous  resul ts   and  experiments  are considered.  

DESIGN  RESULTS 

The computational  procedure usdid i n   t h e   i n v e r s e  case is  t h e  same as de- 
s c r i b e d   i n   r e f e r e n c e s  2 and 3 excep t   t ha t  6* is  subt rac ted   f rom  the   d i sp lace-  
ment sur face .  The f i n a l   d e s i g n  i s  usua l ly   ob ta ined   on   the  medium g r i d   a f t e r  
250 re laxa t ion   cyc les ,   a l though  s t rong   a f t -cambered  cases may r e q u i r e  400. 
A t  p re sen t   t he re  are some minor d i f f i c u l t i e s ,   d u e   t o   t h e   u s e  of  backward d i f -  
fe rences  on the   p ressure   boundary   condi t ion ,   in   ob ta in ing  a des i r ed   p re s su re  
d i s t r i b u t i o n   n e a r   t h e   t r a i l i n g   e d g e ; ,  and   t hus ,   t he   pas s ib i l i t y   o f   u s ing   t he  
f i n e   g r i d   i n   d e s i g n  is  under  study. A t  p re sen t ,  a t y p i c a l   i n v e r s e   r u n   t a k e s  
about 70 seconds (Amdahl 470/V6). It s h o u l d   b e   n o t e d   t h a t   i n   o b t a i n i n g   t h e  
a c t u a l   a i r f o i l   o r d i n a t e s  a t r a n s i t i o n   p o i n t  must b e   s e l e c t e d ,  and t h e   f i n a l  
shape i s  somewhat s e n s i t i v e   t o   t h i s   c h o i c e .  

The impor tance   o f   inc luding   the   boundary   l ayer   in   the   des ign   process  is 
shown on f i g u r e  4.  The shock le s s   p re s su re   d i s t r ibu t ion   ( so l id   l i ne )   u sed   fo r  
t h i s   t y p i c a l   i n v e r s e   d e s i g n   y i e l d e d   f o r   t h i s  Mach 0.72 case a 16% t h i c k ,   h i g h l y  
a f t - l o a d e d   a i r f o i l .   I f   t h e   d i s p l a c e m e n t   s u r f a c e   o r d i n a t e s  were t o   b e   u s e d   t o  
f a b r i c a t e   t h e   a i r f o i l   i n s t e a d   o f   t h e   c o r r e c t   v a l u e s  ( i .e.  i f   t h e  boundary  layer 
were i g n o r e d ) ,   t h e   a c t u a l   p r e s s u r e   d i s t r i b u t i o n  would b e  as shown by  the 
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symbols.  This  result,  which  was  obtained  using  the  present  viscous  analysis 
method,  shows  a  lift  and  moment 20% less  than  the  design  values. 

On the  other hand,  when 6* is  included in determining  the  ordinates  and 
the  resultant  airfoil is analyzed  with  viscous  effects  included,  the  agreement 
is much  batter.  The  medium  grid  results  for  this  case  are  shown on  figure 5. 
Here,  transition is assumed  to  occur just  aft  of  the  minimum  peak  pressure;  and 
the 6* computed  for  the  design  pressure  distribution  differs  by  less  than 
0.013%  from  the 6* determined in the  analysis  calculation.  Nevertheless,  as 
can be seen  on  figure 5, there is still  a  slight  difference in the  pressure 
distributions.  However,  considering  the.accuracy  of  boundary  layer  computa- 
tions,  sensitivity  to  transition  location,  and  the  large  difference  between 
viscous  and  inviscid  results,  the  agreement  is  quite  good. In addition,  it 
indicates  acceptable  numerical  consistency  between  the  present  analysis  and 
design  techniques. 

CONCLUSION 

Based  upon  experimental  comparisons,  it  is  believed  that  the  present 
viscous  analysis  method  is  suitable  for  obtaining  engineering  estimates  of  the 
characteristics  of  transonic  airfoils. In addition,  while  the  inverse  design 
method  has  not  been  verified,  it  has  been  shown  to  be  numerically  consistent 
with  the  analysis  results  at  the  medium  grid  level.  Efforts  to  extend  the 
design  procedure  to  a  fine  grid  are  in  progress  and will  be reported  later. 
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1 
2 
3 
4 
5 
6 
7 
8 
9 

10 
11 

MOJ 
.622 
.699 
.75 
.75 
.75 
.75 
.75 
.75 
.75 
.75 
.15 

Table  I. - COMPARISON WITH EXPERIMENT 

'D cD 
Theory E x p  t Theory E x p  t 

.48 ' .49 - . lo5 -. 104 

.667 .667 -. 107 -. 106 
-.097 -. 093 -. 111 -. 114 

. l o 4  . loo  -. 118 -. 126 

.454 .458 -. 120 -. 121 

.516 .515 -. 122 -. 121 

.523 .523 -. 119 -. 130 

.539 .535 -. 122 -. 120 

.601 .597 -. 119 -. 122 

.711 .712 -. 130 -. 125 

.475 .47 -. 099 -. 105 

Theory 

,0070 
.0108 
.0209 

. .0086 
.0086 
.0089 
.0092 
.0095 . 01 10 
.0151 
.0085 

cD 

Note: Cases 1-11, 75-06-12 a t  RN=21 x l o 6 ,  Case 11 GA(W)-2 a t  6 x lo6 
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v, 
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Mm = 0.702 

( 
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u 

Separa t ion  f !  

- 

0.0025 
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0 0.5 

X/ C 

1.0 

Expt 
. 00 70 
.0107 
.0146 
.0092 
,0090 . 00 86 
.0094 
.0088 
.008 1 . 0 125 
.009 

F igure  1.- Comparison of b o u n d a r y   l a y e r   r e s u l t s   f o r  
Korn a i r f o i l  75-06-12. 
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I n v i s c i d  M_=0.75 E x p t .  Viscous 

. . - ..~. . - - . 

CL 
0.0090 0.0086 0.0074 Co 

u.9' 0.458 0.454 0.609 

, C,, -0.121 -0.120 -0.148 

Figure 2.- The effect of viscous interaction 
of the Korn airfoil 75-06-12. 
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Figure 3 . -  Comparison of NAE data  with 
present  results. 
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Figure  4 . -  Comparison of d e s i g n   p r e d i c t i o n s   w i t h   r e s u l t s   f o r   a i r f o i l  
fabr icated  without   boundary  layer   correct ion.  
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Figure  5.- Comparison of des ign   p red ic t ions   w i th  
v i s c o u s   a n a l y s i s   r e s u l t s .  
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