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SUMMARY 

The Breguet  range  equation is  developed  for   cruise-cl imb  f l ight   of  a j e t  
a i r c ra f t   t o   i nc lude   t he   c l imb   ang le  and is then maximized wi th   r e spec t   t o   t he  
no-wind t rue   a i r speed .  The expression  for   the  best-range  a i rspeed is  a func- 
t i o n  of t h e   s p e c i f i c   f u e l  consumption  and minimum-drag a i r speed  and ind ica t e s  
tha t   an   opera t iona l   a i r speed   equal   to   the   four th   roo t  of t h r e e  times t h e  
minimum-drag airspeed  introduces  range  penal t ies  of the   o rder  of  one  percent. 

INTRODUCTION 

Although t h e r e  is agreement i n   t h e   l i t e r a t u r e  as t o   t h e   f a c t   t h a t  a cruise- 
climb f l i g h t  program (constant  airspeed and c o n s t a n t   l i f t   c o e f f i c i e n t )   y i e l d s  
t h e  maximum range  for  a given je t  a i r c r a f t   w i t h  a g iven   fue l   l oad ,   pa r t i cu la r ly  
a t  the  longer   ranges,   there  is  no consensus as to   the   bes t - range   f l igh t   condi -  
t i o n s .   N i c o l a i   ( r e f .   l ) ,   f o r  example states that  best-range  occurs when t h e  
lift c o e f f i c i e n t  is equal   to  (CD0/2K) f/2 , whereas Houghton  and  Brock ( r e f .  2) 
spec i fy  a l i f t   c o e f f i c i e n t   e q u a l   t o  (CD0/3K) 'I2. Miele ( r e f .  3) , on t h e   o t h e r  
hand,  agrees  with  Nicolai  a t  one  point  but  at  another  implies  agreement  with 
Houghton  and Brock. Perkins and Hage ( r e f .  4 )  ment ion   the   des i rab i l i ty  of 
cruise-cl imb  f l ight   but  do not   ident i fy   the   bes t - range   f l igh t   condi t ions .  
Dommasch, Sherby,  and  Connolly ( r e f .  5) desc r ibe   t he   supe r io r i ty  of  cruise-climb 
f l i g h t  and imply  agreement  with Houghton  and  Brock as to   t he   bes t - r ange   f l i gh t  
condition. 

ANALYSIS 

With the  assumptions  of   quasi-s teady  f l ight ,   the   thrust   a l igned  with  the 
ve loc i ty   vec to r ,  and a constant   f l ight-path  angle  y t h a t , i s   s u f f i c i e n t l y  small 
so t h a t  i t s  cosine may be assumed zero and i t s  s i n e   e q u a l   t o   t h e   a n g l e   i t s e l f  
(expressed i n  radians),  the  governing  equations  of  motion  of  an  aircraft  can  be 
w r i t t e n  as: 

L = w  

T = D + W y  (1) 

1713 

I I I I 1l1l1lll1l I I II llllllIIllIllIIll 



where T is t h e  net i n s t a l l e d   t h r u s t  (N), L is t h e   l i f t  (N), W the  gross   weight  
of t h e   a i r c r a f t  (N), D the   d rag  (N),  X the  range (km), and V t h e  no-wind t r u e  
airspeed (km/hr or  m/s).  The weight  balance  equation  (fuel  f low  rate)  for a jet  
aircraf t   can  be  expressed as: 

" dW cT d t  
" 

where c is t h e   t h r u s t   s p e c i f i c   f u e l  consumption  (N/hr/N).  With the  assumption 
of a pa rabo l i c   d rag   po la r   (w i th   t he   l i f t   coe f f i c i en t  a t  minimum drag  taken  equal 
t o   ze ro )  and wi th   t he   f l i gh t   cond i t ions  of a constant   a i rspeed and a constant 
l i f t   c o e f f i c i e n t  CL, equations (1) and  (2)  can  be combined  and in t eg ra t ed   t o  
y i e l d  a cruise-climb  Breguet  range  equation i n   t h e  form: 

x =  c ( l  + YE) [l ! S] I n  - VE 

where E i s  the   l i f t - t o -d rag   r a t io  (which  remains  constant)  and 6, the   c ru ise-  
f u e l  weight   f ract ion,  i s  equal   to  A W f / W l ,  where AWf i s  t h e   c r u i s e   f u e l  (N) and 
W 1 ,  i s  the  weight   of   the   a i rcraf t  a t  start of c ru i se .  V i s  expressed i n  km/hr 
so t h a t  X i s  i n  km. 

I f   b o t h   t h e   l i f t   c o e f f i c i e n t  and the  a i rspeed are t o  remain  constant as the  
weight  of t h e   a i r c r a f t   d e c r e a s e s ,   t h e   a l t i t u d e  must increase  so  as to   maintain 
t h e   r a t i o  W/p cons tan t ,  where p is  the  atmospheric  density  (kg/m3). Consequent- 
l y ,   t h e   d e n s i t y   r a t i o  a t  t h e  end of c ru i se ,  02 ,  can  be  expressed as 

cr = 01(1 - 6) 2 

By making use  of   the  exponent ia l   approximation  of   the  densi ty   ra t io   var ia t ion 
w i t h   a l t i t u d e ,   t h e   i n c r e a s e   i n   a l t i t u d e  Ah (m) dur ing   c ru ise  i s  given by 

Ah = 7254 I n  - [l : 61 
Combining equations  (5) and ( 3 )  produces  the  following  approximate  expression 
f o r  y i n  terms of the  propuls ion and  aerodynamic e f f i c i e n c i e s :  

7 . 2 5 4 ~  
Y =  VE 

Subs t i t u t ion  of  equation (6) into  equat ion ( 3 )  r e s u l t s   i n  

X =  VE 

c(1 + 254c) v 

A t  t h i s   p o i n t  a cruising  airspeed  parameter,  m, is introduced by wr i t i ng  
the   c ru i s ing   a i r speed  as 
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where Q m a X  is  the  minimum-drag  airspeed  occurring  at Ems,. The  lift  coeffici- 
ent  can  now  be  expressed  as 

1/2 

cL = [%I 
where CDO is  the  minimum-drag  coefficient  and K the  induced  drag  coefficient. 
From  equation  (9) we see  that  Nicolai  calls  for  an  m  equal  to  2  for  best  cruise- 
climb  range  whereas  Houghton  and  Brock  think it should  be  3.  Miele  opts  for 
both  values,  although  2  is  the  only  value  he  explicity  states. 

If  V  and  E  are  expressed  in  terms of V E ~ ~ ,  Emax,  and  m,  equation  (7)  be- 
comes 

2vE max X =  m 
C 114 + 7.254~) 

vl7 I i  max 
where VGax and  Emax  are  design  characteristics of the  aircraft.  The  cruise- 
climb  range  is  then  maximized  with  respect  to  the  airspeed  by  setting  the  first 
derivative  of  equation (10) with  respect  to m equal to zero  (with  c  assumed 
constant).  The  resulting  condition  for  the  best-range  airspeed  is 

5 max 

whose  solution  can  be  approximated  with a high  degree  of  accuracy  by  the expres 
sion 

r 1 

m b r = 3 1 +  7.254~ I vEmX J 
s o -  that 

- 114 
'br - mbr 'E max 

An expression  for  the  associated  best-range  climb  angle  can  be  written  as 

7.254~ - 
(vE)br  2<L4 ( W E  

7.254~ ("br + 1) 
'br = 

- 
maX 
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DISCUSSION 

The  second term i n   t h e  q r  express ion  of equat ion   (12) ,  7.254c/Vba,, is 
normally small w i t h   r e s p e c t   t o   u n i t y  as can be seen  i n  f i g u r e  1, where it is 
g iven   t he  symbol A and   r ep resen ted   by   cons t an t   va lue   l i nes   fo r   va r ious   pa i r ings  
of  c and V E ~ ~ .  As t h e  minimum-drag a i r s p e e d   i n c r e a s e s   a n d / o r   t h e   s p e c i f i c  
fue l   consumpt ion   decreases ,   the   va lue   o f  A dec reases   and   t he   va lue   o f  mbr ap- 
proaches 3 as a l i m i t  so t h a t  Vbr approaches 3 1/4 V E ~ , .  A s  an i l l u s t r a t i o n ,  a 

craft is 18, then  Ybr = 2.44 x lo-' r a d   o r  +0.014 deg. 

of 724 km/hr  (450 mph) and a c of   0 .5   N/hr/N  (0 .5   lbf /hr / lbf)   y ie ld  an A 
a n  qr = 3.015,  and a Vb = 954  km/hr (593 mph). I f  E,, o f   t he  air- 

Relative ranges ,   no rma l i zed   w i th   r e spec t   t o  A = 0 (which r e p r e s e n t s   t h e  
" l eve l - f l i gh t "   so lu t ion )  are shown as a func t ion   of   bo th  A and m i n   f i g u r e  2. 
We see t h a t   t h e  maximum range   occurs  when m = qr = 3(1 + A) and t h a t   t h e   c u r v e s  
are r e l a t i v e l y  f l a t  i n  t h e   v i c i n i t y   o f  mbr, bu t   d rop   of f   sharp ly  as m i s  de- 
creased  below  the  value  of   2 .  We a l s o  see t h a t   e r r o r s   i n   t h e   a c t u a l   r a n g e   i n -  
t roduced   by   u s ing   t he   l eve l - f l i gh t   so lu t ion  are of t h e   o r d e r  of 1 t o  1.5 per- 
c e n t   f o r   a n  m e q u a l   t o  3 and  of t h e   o r d e r  of  2.5 t o   3 . 3   p e r c e n t   f o r   a n  m of 2. 

A s  m is  inc reased ,  s o  a l s o  is the   c ru i se -c l imb   a i r speed ,a s   can   be   s een   i n  
f i g u r e  3, where  again  the relative a i r s p e e d s  are norma l i zed   w i th   r e spec t   t o   t ha t  
f o r  A equa l   t o   ze ro   and  m = 3.  There i s  an  upper  l i m i t  t o   t h e   v a l u e  of m pos- 
s i b l e   f o r  a s u b s o n i c   a i r c r a f t   i f   t h e   b e s t - r a n g e   a i r s p e e d  i s  t o   r e m a i n   e q u a l   t o  
o r  less than   t he   d rag   d ive rgence   a i r speed .   I f   equa l   t o ,  m will b e   3 ;   i f  less 
than ,  m c a n . b e   a p p r o p r i a t e l y   g r e a t e r   t h a n  3. A s  a s i d e   n o t e ,   i f   t h e   b e s t - r a n g e  
a i r speed  is g rea t e r   t han   t he   d rag   d ive rgence   a i r speed ,   t hen  m must be  less than  
3 and is no  longer a c r u i s i n g   a i r s p e e d   p a r a m e t e r   b u t   r a t h e r  a wing-loading, 
c ru is ing-a l t i tude   parameter .  

CONCLUSIONS 

S i n c e   a n   a i r c r a f t   o p e r a t e d   i n   t h e   c r u i s e - c l i m b  mode w i l l  probably  be  char- 
a c t e r i z e d  by an  A of t h e   o r d e r   o f   0 . 0 1   o r  less, we conc lude   t ha t   t he   u se   o f   t he  
" l eve l - f l i gh t "  (A = 0) v e r s i o n  of the  Breguet   range  equat ion w i l l  produce  range 
e r r o r s   o f  less than   one   percent   and   tha t   the   " leve l - f l igh t"   va lue   o f  m can  be 
used   ope ra t iona l ly   w i thou t   t he   necess i ty  of c a l c u l a t i n g  a s p e c i f i c  m f o r   c r u i s e -  
c l i m b   f l i g h t .  We a l s o   c o n c l u d e   t h a t   t h e  Houghton  and  Brock va lue  of 3 f o r  mbr 
i s  not   on ly  much c l o s e r   t o   t h e   a c t u a l   b e s t - r a n g e   v a l u e   t h a n   t h e   o t h e r   p u b l i s h e d  
value  of  2 b u t   a l s o  cal ls  f o r  a c r u i s i n g   a i r s p e e d   t h a t  is 10   percent   h igher ,  
wi th  a c o r r e s p o n d i n g   d e c r e a s e   i n   t h e   f l i g h t  t i m e .  
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