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FIRST-ORDER-HOLD INTERPOLATION DIGITAL-TO-ANALOG CONVERTER 

I 

WITH APPLICATION TO AIRCRAFT SIMULATION 

W i l l i a m  B. Cleveland 

Ames Research Center  

SUMMARY 

Those who d e s i g n  p i l o t e d  a i rc raf t  s i m u l a t i o n s  must contend w i t h  t h e  
f i n i t e  s i z e  and speed  o f  t h e  available d i g i t a l  computer and t h e  requi rement  
f o r  s i m u l a t i o n  r e a l i t y .  With a f i x e d  computat ional  p l a n t ,  t h e  more complex 
t h e  model, t h e  more computing c y c l e  t i m e  i s  r e q u i r e d .  While i n c r e a s i n g  t h e  
c y c l e  t i m e  may n o t  degrade  t h e  f i d e l i t y  o f  t h e  s i m u l a t e d  a i r c r a f t  dynamics, 
t h e  l a r g e r  s t e p s  i n  t h e  p i l o t  cue feedback v a r i a b l e s  (such as t h e  v i s u a l  s c e n e  
c u e s ) ,  may b e  d i s c o n c e r t i n g  t o  t h e  p i l o t .  

The First-Order-Hold I n t e r p o l a t i o n  (FOHI) Digi ta l - to-Analog Conver te r  
(DAC) i s  p r e s e n t e d  as a d e v i c e  which o f f e r s  smooth o u t p u t ,  r e g a r d l e s s  o f  c y c l e  
t i m e  - a s i g n i f i c a n t  improvement o v e r  t h e  c o n v e n t i o n a l  Zero-Order-Hold (ZOH) 
DAC and t h e  First-Order-Hold E x t r a p o l a t i o n  (FOHE) DAC. The Laplace  t r a n s f o r m s  
o f  t h e s e  t h r e e  convers ion  t y p e s  are developed and t h e i r  f requency response  
c h a r a c t e r i s t i c s  and o u t p u t  smoothness are compared. The FOHI DAC e x h i b i t s  a 
pure  one-cycle d e l a y .  Whenever t h e  FOHI DAC i n p u t  comes from a second-order 
( o r  h i g h e r )  system, a s imple  computer s o f t w a r e  technique  can b e  used t o  
compensate f o r  t h e  DAC phase l a g .  When s o  compensated, t h e  FOHI DAC h a s  
(1) an o u t p u t  s i g n a l  t h a t  is v e r y  smooth, ( 2 )  a f l a t  f requency response  i n  
f requency ranges  of  i n t e r e s t ,  and (3) no phase e r r o r .  When t h e  i n p u t  comes 
from a f i r s t - o r d e r  system, s o f t w a r e  compensation may c a u s e  t h e  FOHI DAC t o  
perform as an  FOHE DAC, which, a l though i t s  o u t p u t  i s  n o t  as smooth as t h a t  o f  
t h e  FOHI DAC, h a s  a smoother o u t p u t  t h a n  t h a t  of t h e  ZOH DAC. 

INTRODUCTION 

Over t h e  l as t  decade,  t h e  f i e l d  of  real-time, man-in-the-loop a i r c r a f t  
s i m u l a t i o n  h a s  undergone some b a s i c  changes.  The p a r a l l e l  computing a b i l i t y  
of  a n a l o g  computers h a s  given way t o  t h e  s e r i a l  d i g i t a l  computer w i t h  i t s  
obvious computa t iona l  advantages  and some n o t  so  obvious d i s a d v a n t a g e s .  E a r l y  
d i g i t a l  computers had i n s u f f i c i e n t  speed t o  s i m u l a t e  a n  a i r c r a f t ,  c o n t r o l  
c o c k p i t  s i m u l a t o r s ,  and a c q u i r e  d a t a  ( s e e  f i g .  l), a l l  w i t h o u t  producing  a 
" r a t c h e t l i k e "  r e s p o n s e  i n  t h e  s i m u l a t i o n .  Now, however, d i g i t a l  computers are 
so f a s t  t h a t  t h e  s e r i a l  computation o f  t h e  k i n e m a t i c  e q u a t i o n s  i n  real-time i s  
no l o n g e r  a s e r i o u s  problem, b u t  d i s c r e t e n e s s  i n  t h e  o u t p u t s  remains a problem 
f o r  s i m u l a t i o n .  From a p s y c h o l o g i c a l  s t a n d p o i n t ,  t h e  d i s c r e t e n e s s  of  t h e  d a t a  
o u t p u t  from t h e  computer can b e  d i s t r a c t i n g  t o  t h e  p i l o t  a t t e m p t i n g  t o  f l y  a 
s i m u l a t e d  a i r c ra f t .  H e  e x p e c t s  t o  see smooth cont inuous  changes i n  h i s  f l i g h t  
i n f o r m a t i o n ,  j u s t  as h e  would i n  t h e  real a i r c r a f t ,  b u t  t h e  d i s c r e t e n e s s  o f  
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Motion system 

Many roughness problems can b e  cured by i n c r e a s i n g  computat ion speed,  b u t  
most complex real-time programs are a l r e a d y  running  n e a r  t h e  maximum speed of  
t h e  computer. T h i s  c o n f l i c t s  d i r e c t l y  w i t h  t h e  need t o  l e n g t h e n  t h e  c y c l e  
t i m e  t o  a l l o w  more complex (and t h e r e f o r e  more r e a l i s t i c )  models t o  be simu- 
l a t e d .  The FOHI DAC, analyzed  w i t h i n  t h i s  r e p o r t ,  copes w i t h  t h i s  problem by 
e l i m i n a t i n g  o r  reducing  t h e  d i s c r e t e n e s s  i n  DAC o u t p u t s  t o  t h e  s i m u l a t o r .  

p o i n t  where he "f l ies  t h e  s imula tor ' '  
r a t h e r  t h a n  t h e  a i r c r a f t .  Experi-  
enced p i l o t s  can  accommodate t o  o r  
compensate f o r  many of  t h e  i n d i c a -  
t i o n s  t h a t  t h e y  are f l y i n g  a simu- 
l a t e d  a i r c r a f t  r a t h e r  than  a real  
a i r c r a f t ;  however, i t  i s  d i s t r a c t -  
i n g  t o  t h e  p i l o t  t o  contend w i t h  

DAC'S are a r a t h e r  s m a l l  component i n  a t o t a l  p i l o t e d  s i m u l a t i o n  system 
which i n c l u d e s  a computer,  a c o c k p i t ,  and s i m u l a t o r s .  However, t h e y  are t h e  
i m p o r t a n t  l i n k  w i t h i n  t h e  p i l o t ' s  c losed-loop c o n t r o l  system. 
o f  any c o n t r o l  loop ,  t h e  model of  each element i s  needed t o  assess t h e  whole. 
Therefore ,  t h e  f requency response  and t h e  d i s c r e t e n e s s  e f f e c t s  of two w e l l -  
known t y p e s  of  DAC'S, t h e  ZOH and FOHE DAC'S, are  compared w i t h  t h o s e  o f  t h e  
FOHI DAC i n  t h e  f o l l o w i n g  d i s c u s s i o n .  

I n  t h e  a n a l y s i s  

. 
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(b) Zero order hold output 

t 

(c) First order extrapolation 
hold output 

I (d) First order interpolation 
hold output 

Figure  2.- Comparison o f  v a r i o u s  DAC o u t p u t s  w i t h  a cor responding  cont inuous  
s i g n a l .  

DIGITAL-TO-ANALOGCONVERTER FREQUENCY RESPONSE 

The f u n c t i o n  of  t h e  DAC i s  t o  change t h e  form of  a v a r i a b l e  from a pa t -  
t e r n  of  b i t s  i n  t h e  d i g i t a l  word i n t o  a cont inuous  (normally p iecewise  con- 
t i n u o u s )  ana log  v o l t a g e  signal. F igure  2 compares t h e  ZOH, FOHE, and FOHI DAC 
o u t p u t  s i g n a l s  v e r s u s  a cont inuous  c o u n t e r p a r t  s i g n a l .  By f a r  t h e  most common 
t y p e  i n  use  today i s  t h e  ZOH DAC. F i g u r e  2(b)  shows t h e  way a v a l u e  i s  h e l d  

$ c o n s t a n t  between sample p o i n t s  which o c c u r  a t  i n t e r v a l  T. 

I n  a n  e f f o r t  t o  o b t a i n  a smoother o u t p u t  from t h e  d i g i t a l  computer,  
F i r s t -Order  Hold (POH) DAC'S may b e  employed. F i g u r e  2 ( c )  i l l u s t r a t e s  t h e  t i m e  
h i s t o r y  of a n  FOHE DAC, which u s e s  one p a s t  i n  a d d i t i o n  t o  t h e  p r e s e n t  v a l u e  
of d i s c r e t e  i n p u t  d a t a  t o  e x t r a p o l a t e  a more r e p r e s e n t a t i v e  o u t p u t  t h a n  t h a t  
o f  t h e  ZOH DAC. I n s p e c t i o n  of  f i g u r e s  2(b)  and ( c )  shows t h a t ,  as t h e  f r e -  
quency c o n t e n t  o f  t h e  cont inuous  s i g n a l  i n c r e a s e s  and as T i s  i n c r e a s e d ,  t h e  

3 



d i scon t inuous  jump i n  t h e  o u t p u t s  a l s o  i n c r e a s e s .  I f  i n t e r p o l a t i o n ,  i n s t e a d  
of  e x t r a p o l a t i o n ,  between sample p o i n t s  i s  used on t h e  FOH DAC, t h e r e  are no 
d i scon t inuous  jumps, s i n c e  t h e  l i n e a r  p o r t i o n s  of  t h e  o u t p u t  s tar t  and end on 
sampled v a l u e s ,  as s e e n  i n  f i g u r e  2 ( d ) .  

The t r a n s f e r  f u n c t i o n  of  a DAC i s  d e r i v e d  n e x t  i n  o r d e r  t o  make meaning- 
f u l  comparisons between t h e  t h r e e  types  of  DACs d i s c u s s e d .  

General  T r a n s f e r  Funct ion of  L i n e a r  Hold DACs 

For zero- and f i r s t - o r d e r  D A C ’ s ,  t h e  o u t p u t  y ( t )  i s  a p iecewise  l i n e a r  
f u n c t i o n  of t h e  i n p u t  x * ( t )  and t. 

x (t ) -yq---+ y (t) 

The ou tpu t  f u n c t i o n  i s  a c o n s t a n t  o r  ramp i n  t h e  n t h  T pe r iod  and can b e  
r e p r e s e n t e d  by 

y,(~) = A,T + B, 0 5 T < T (1) 

s o  t h a t  

where 

and where ai and bi are c o n s t a n t s  determined by t h e  p a r t i c u l a r  DAC. 
example, t h e  ZOH o u t p u t  has  a cons t an t  v a l u e  e q u a l  t o  x(nT)  throughout  t h e  
i n t e r v a l  T .  

For 

Thus al  = a, = b, = 0 and b, = 1 .0 .  

Taking t h e  Laplace  t r ans fo rms ,  one o b t a i n s  

-s t (n+l) T 
(A,T + B,)e dt 

n=-m nT 

By l e t t i n g  T = t - n T ,  t h e  above equa t ion  becomes 

4 
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where 

y ( t )  = z ( n T )  f o r  nTs t < ( n + l ) T  . (7)  
v( t )  

I Thus, comparing e q u a t i o n  ( 7 )  w i th  (l), 

x(nT) 
( 3 ) ,  and ( 4 )  i t  fo l lows  t h a t  

* al  = a,  = b ,  = 0 and b ,  = 1 . 
By s u b s t i t u t i n g  t h e  de r ived  v a l u e s  

-ST - sTe-ST) S, = S  (1 - e 1 

7 
I 

- - - - - - - + 
I 
I 

I I 1 A t  

and 

S, = g  1 (1 - e - S T )  

By us ing  t h e  s h i f t i n g  p r o p e r t i e s  (d i scussed  i n  t h e  appendix) ,  f o r  S,, one g e t s  

S i m i l a r l y ,  f o r  S,, w e  have 

2 S2B,eqSnT = ~ * ( s ) S , ( b , e - ~ ~  + b,) 

The d e s i r e d  t r a n s f e r  f u n c t i o n  then  becomes 

The s p e c i f i c  c a s e s - o f  t h e  ZOH, FOHE, and FOHI DAC'S may be  ob ta ined  by 
proper  s e l e c t i o n s  of t h e  a and b c o n s t a n t s .  

Zero-Order-Hold DAC 

-ST Y ( s )  - 1 - e 
X * ( S )  S 
-- 

5 
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As shown in the appendix, given X ( s )  is the Laplace transform of z ( t ) ,  then 
the transform of the sampled variable x*(t) is 

co 
1 

X*(s) = r x(s - j 
n=-m 

The transfer function from x to y for the ZOH DAC may then be written 

While the transfer function from x to y is complicated by the repeating spec- 
trum, the multiplier 1 / T  renders the transfer function nondimensional and 
allows determination of the magnitude of the frequency response, as a function 
of the nondimensional product UT.  

Thus, 

- TS 1 1 Y ( s )  1 - e 
T z  T X*(s) ST 
- G  ( s )  = - - =  

By substituting s = j ~ ,  one may obtain the magnitude and phase of the sinu- 
soidal frequency response, as follows: 

First-Order-Hold Extrapolation DAC 

From sketch (b), one can see that 

x(nT) -- --- 
x [ ( n - l ) T I  - - - 

( 3 ) ,  and ( 4 )  yields 

= - .  b ,  = 0 and b, = 1 a2 = -a1 

:r/v (n-1)T nT (n+l lT  ' t  

(13) 

for nT -< t 5 (n + 1 ) T  and 0 -< T < T .  

Comparison of equation (13) with (l), 
1 

Sketch (b) 
T '  

which may be substituted into the general transfer function, equation ( 6 ) ,  to 
obtain 
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I 

G ( s )  = ____ Y ( S )  = __ (1 - e-ST)2(l + ST) 
FE X*(s) s2T 

For t h e  frequency r e s p o n s e  c h a r a c t e r i s t i c s ,  t h e  magnitude r e l a t i o n s h i p  i s  

and t h e  phase is 

First-Order-Hold I n t e r p o l a t i o n  DAC 

Sketch ( c )  i l l u s t r a t e s  t h e  t i m e  s h i f t  between i n p u t  and o u t p u t ,  which 
y i e l d s  t h e  t i m e  f u n c t i o n  

y ( t )  = (x(nT) - z [ ( n  - 1 ) T )  

I 

. ,  1 
I '  I 

nT ( n + l ) T  

Sketch ( c )  

T 

+ ~ [ ( n  - l ) T ]  ( 1 7 )  

f o r  nT I t I (n + l ) T  and 0 -< T I T. 

Comparison of e q u a t i o n  ( 1 7 )  w i t h  (l), 
( 3 ) ,  and ( 4 )  y i e l d s  t h e  c o n s t a n t s  

b ,  = 1 and b2  = 0 a2 - - -al  - - - 
T '  

which, upon s u b s t i t u t i o n  i n t o  t h e  g e n e r a l  t r a n s f e r  f u n c t i o n ,  e q u a t i o n  ( 6 ) ,  
y i e l d s  

S ince  

t h e  magnitude and phase  r e l a t i o n s h i p s  are 

4 G ( j ~ )  = -UT FI 
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DAC SMOOTHNESS 

A measure of smoothness i s  t h e  maximum e r r o r  between t h e  DAC o u t p u t  and a 
cor responding  cont inuous  i n p u t  s i n e  wave signal x: = A s i n  ut. For t h e  ZOH, 
t h e  e r r o r  is  

E = A s i n  n + - wT - A s i n ( m T )  0 ,< T < T (21) [( 3 3 
which is  a maximum n e a r  t h e  z e r o  c r o s s i n g  o f  t h e  sine wave. I f  we  l e t  t h e  
t i m e  nT b e  a t  t h e  c r o s s i n g ,  t h e  maximum e r r o r  o c c u r s  when T = T .  The maximum 
e r r o r  ts t h e n  g iven  by 

= A s i n  wT 

and, f o r  s m a l l  UT, t h e  maximum e r r o r  i s  

EmaxlA % UT (22) 

The maximum e r r o r  f o r  FOHE o c c u r s  when w t  is  n e a r  n/2.  The FOHE e r r o r  
r e l a t i o n  i s  

I E = Asin[(. + $)UT] - {ASin(nwT) - A - T sin(nwT) + A r T sin[ (n - l)wT] 0 5 'c < T T 

I f  t h e  t i m e  nT o c c u r s  a t  t h e  peak of t h e  s i n e  wave ,  t h e n  n = n/2wT. The maxi- 
mum e r r o r  o c c u r s  a t  t = (n + 1)T.  On s u b s t i t u t i n g  t h e s e  v a l u e s  i n  t h e  FOHE 
e r r o r  r e l a t i o n ,  t h e  s o l u t i o n  f o r  t h e  maximum e r r o r  is  g iven  by 

I izmaX I /A * w2T2 

The maximum e r r o r  f o r  FOHI a l s o  o c c u r s  when UT i s  n e a r  7~12. 
sample p o i n t s  a r e  e q u a l l y  spaced about  t h e  peak ampl i tude ,  t h e  maximum e r r o r  
o c c u r s  a t  t h e  peak of t h e  s i n e  wave. Thus, t h e  FOHI e r r o r  r e l a t i o n  i s  

Assuming t h e  

IT T 
E = A s i n  7 - (ASin(nwT) + A T s i n [ ( n  + l)wT] - A $ sin(nwT) 

Under t h e s e  c o n d i t i o n s ,  nT o c c u r s  a t  t = n/2w - T/2, so  t h a t  n = 7~12wT - 112. 
The maximum e r r o r  o c c u r s  when T = 112. 
FOHI e r r o r  r e l a t i o n  and assuming s m a l l  UT, t h e  s o l u t i o n  f o r  maximum e r r o r  
p r o v i d e s  

On s u b s t i t u t i n g  t h e s e  v a l u e s  i n  t h e  

w2T2 -*-  
A 8 

8 



I 

0 . 1  
.2 
.3 
.4 
.5 
. 6  

The r e s u l t s  are as one might expec t  from i n s p e c t i o n  of  f i g u r e  2 ;  t h e  ZOH DAC 
e x h i b i t s  t h e  most e r r o r  and t h e  FOHI DAC t h e  least .  Table  1 g i v e s  a compari- 
son of  t h e  re la t ive  DAC e r r o r  f o r  t h e  UT of  i n t e r e s t  i n  a i r c r a f t  s i m u l a t i o n s .  

ZOH FOHE FOHI 

0 . 1  0.01 0.00125 
. 2  .04 .005 
. 3  .09 .01125 
.4  . 1 6  .02 
.5  .25 .03125 
. 6  .36 .045 

TABLE 1.- RELATIVE SMOOTHNESS U S I N G  THE MAXIMUM ERROR I N  THE DAC 
REPRESENTATION DF A S I N E  WAVE OF AMPLITUDE A AND FREQUENCY w 

COMPARISON OF THE DAC CONFIGURATIONS 

Figure  3 i l l u s t r a t e s  t h e  magni- 
t u d e  and phase f o r  each o f  t h e  t h r e e  
DACs under c o n s i d e r a t i o n .  The ZOH 
DAC appears  t o  b e  s u p e r i o r  i n  t e r m s  
of less phase l a g  o v e r  t h e  range  
shown and a l s o  i n  t h e  way i t s  magni- 
t u d e  i s  r e l a t i v e l y  f l a t  a t  low 
v a l u e s  of  UT.  I n  some c o n t r o l  sys- 
t e m s ,  UT might range c l o s e  t o  t h e  
maximum a l l o w a b l e  of  UT = T, whereas ,  
i n  s i m u l a t i o n s  o f  a i r c r a f t ,  such 
t h i n g s  as numer ica l  i n s t a b i l i t i e s  of  
i n t e g r a t i o n  a l g o r i t h m s  r e q u i r e  
UT < 0.6  i n  p r a c t i c a l  cases. For 
example, t h e  second-order Adams- 
Bashfor th  p r e d i c t o r ,  a n  i n t e g r a t i o n  
a l g o r i t h m  commonly used i n  simula- 
t i o n ,  i s  n u m e r i c a l l y  u n s t a b l e  when 
UT = 1.0 ;  t h e  t h i r d - o r d e r  Adams- 
Bashfor th  i s  u n s t a b l e  when wT = 0 . 5 .  
I n  t h i s  case, w is  t h e  n a t u r a l  f r e -  
quency of  t h e  sys tem under  cons ider -  
a t i o n .  To o b t a i n  r e a s o n a b l e  accuracy ,  
wT must b e  c o n s i d e r a b l y  smaller t h a n  
t h e  s t a b i l i t y  bound. 

I 

I I I I I I 

-700 I- \ \ \  

1 ZOH 

-8001 I 1 I I I I 1 
0 2  4 6 8 10 12 14 

wT 

F i g u r e  3.- Magnitude and phase charac-  
t e r i s t ics  of  zero- and f i r s t - o r d e r  
DAC' S .  

A second r a t i o n a l e  f o r  l i m i t i n g  UT t o  0.6 concerns t h e  a i r c r a f t  i t s e l f .  
The v a l u e  o f  w i n  a i r c r a f t  s i m u l a t i o n s  depends on t h e  a i r c r a f t  t y p e :  a trans- 
p o r t ,  such as t h e  DC-8, h a s  i t s  h i g h e s t  s h o r t - p e r i o d  frequency a t  approximately 
3 . 6  r a d / s e c ;  a high-performance a i r c r a f t ,  such  as t h e  A7, h a s  i t s  h i g h e s t  

9 



40+ -. --L 1 
.2 .4 .6 

U T  

Figure  4.- Enlargement of  magnitude 
and phase  c h a r a c t e r i s t i c s  of  t h e  
DAC'S a t  low UT. 

v a l u e  a t  about  8.5 r a d l s e c ;  w h i l e  a 
h e l i c o p t e r ' s  f l a p p i n g  frequency,  such 
as t h e  CH-46, h a s  a v a l u e  of about  
1 4  r a d / s e c .  Using a T of  0.05, a 
r e p r e s e n t a t i v e  v a l u e  i n  a i r c r a f t  
s i m u l a t i o n s ,  UT is 0.7 f o r  t h e  CH-46, 
b u t  f o r  t h e  f i x e d  wing a i r c r a f t ,  UT 
i s  w e l l  below 0.6.  Consequently,  
h e l i c o p t e r  s i m u l a t i o n s  p r e s e n t  com- 
p u t a t i o n  problems f o r  d i g i t a l  com- 
p u t e r s  and r e q u i r e  s p e c i a l  model l ing  
t e c h n i q u e s .  

F i g u r e  4 shows t h e  phase and 
magnitudes of  t h e  D A C ' s  over  t h e  
lower range of  UT. It i s  i n t e r e s t -  
i n g  t o  n o t e  t h a t  t h e  FOHI and ZOH 
DAC'S are a lmost  f l a t  i n  magnitude 
o v e r  t h i s  range .  The phase of  t h e  
FOHE DAC i s  v e r y  good over  t h i s  
range ,  b u t  n e a r  an UT of  0 . 5 ,  t h e  
DAC shows s i g n i f i c a n t  ga in .  

The phase  of  t h e  FOHI DAC i s  
t h a t  o f  a p u r e  one-T l a g .  I f ,  
somehow, a p u r e  one-T l e a d  could 
b e  i n t r o d u c e d ,  t h e  combination of  
l e a d  and FOHI DAC would: b e  v e r y  
smooth, have f l a t  f requency 
response  o v e r  UT ranges o f  i n t e r e s t ,  
and have z e r o  phase e r r o r .  

.A 

Phase Compensation of t h e  FOHI DAC 

To show t h a t  t h e  phase l a g  o f  t h e  FOHI DAC i s  e q u i v a l e n t  t o  a one-T l a g ,  
c o n s i d e r  a u n i t  which might produce such a l a g :  

Between 0 and u is  t h e  T-lag device .  I n  t e r m s  of Z-transforms, 

10 



Now 

I .  

X X 
X- I dt  s dt  DAC 

= cos UT + j s i n  UT jUT z = = e 

Camera 
Servo 

so t h a t  upon s u b s t i t u t i o n  o f  e q u a t i o n  (28 )  i n t o  (27) t h e  magnitude and phase  
of  t h e  l a g  d e v i c e  are 

and 

Thus, comparing e q u a t i o n  (20) w i t h  (30) is  seen t h a t  t h e  FOHI DAC h a s  t h e  phase  
of a one-T t ime-lag device .  A d e v i c e  which produces a p u r e  one-T l e a d  would 
b e  u s e f u l  i n  compensating f o r  t h e  t i m e  l a g ,  b u t ,  u n f o r t u n a t e l y ,  i s  n o t  avail- 
a b l e .  However, one can r e s o r t  t o  a computer programming procedure t o  i n t r o -  
duce t h e  d e s i r e d  one-T l e a d  i n  c e r t a i n  a p p l i c a t i o n s .  

Consider  t h e  case i n  which a second-order system precedes  t h e  DAC. For 
example, i n  t h e  v i s u a l  d i s p l a y  f o r  an a i r c r a f t  s i m u l a t i o n ,  t h e  camera s e r v o  i s  
p o s i t i o n e d  i n  t h e  t r a n s l a t i o n a l  d i r e c t i o n  X through a double  i n t e g r a t i o n  of 
t h e  X component of t h e  a i r c r a f t ' s  a c c e l e r a t i o n :  

On t h e  d i g i t a l  computer,  t h e  i n t e g r a t i o n s  are  performed n u m e r i c a l l y  w i t h  an  
i n t e g r a t i o n  a l g o r i t h m .  A s  an example, t h e  E u l e r  i n t e g r a t i o n  method i l l u s t r a t e s  
how a one-T l e a d  may b e  genera ted  through t h e  double  i n t e g r a t i o n  p r o c e s s .  

Applying t h e  E u l e r  a l g o r i t h m  i n  t h e  double  i n t e g r a t i o n  as i l l u s t r a t e d  
above, w e  have 

i ( n T )  = & [ ( n  - 112'1 + T?[(n - 1 ) T l  (31 )  

(32) x(n2') = x [ ( n  - 1 ) T l  + T J [ ( n  - 1 ) T l  

The computa t iona l  t e c h n i q u e  would normally b e  t o  s o l v e  e q u a t i o n  (32) f i r s t  
f o r  x(nT) and t h e n  e q u a t i o n  (31) f o r  G(nT), i n  t h a t  o r d e r .  The DAC o u t p u t  a t  
t h e  t i m e  nT is  s ( n T ) .  Now, i f  t h e  o r d e r  of  i n t e g r a t i o n  i s  r e v e r s e d ,  t h e  f i r s t  
c a l c u l a t i o n  y i e l d s  x(nT) ;  t h e  second i n t e g r a t i o n  i s  performed by u s i n g  ?(nT) 
t o  o b t a i n  x [ ( n  + 1 ) T l .  When x [ ( n  + l ) T ]  is  t r a n s m i t t e d  through t h e  DAC a t  
t i m e  nT, a f u l l  one-cycle  l e a d  h a s  been o b t a i n e d .  When t h i s  t e c h n i q u e  i s  com- 
b ined  w i t h  t h e  FOHI DAC, t h e  phase  l e a d  o f  t h e  computat ion c a n c e l s  t h e  phase  
l a g  of t h e  DAC. 

Where t h e r e  i s  no second-order ( o r  h i g h e r )  sys tem p r e c e d i n g  t h e  DAC, t h e  
a p p l i c a t i o n  of t h e  FOHI DAC i s  less advantageous.  However, i n  cases where 
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t h e r e  i s  one i n t e g r a t i o n  preceding  t h e  DAC, i t  i s  an  easy  matter t o  add a 
s imple  l e a d  t e r m ,  t h u s  conve r t ing  t h e  FOHI t o  a FOHE DAC as shown i n  f i g u r e  5. 
The i n p u t  t o  t h e  DAC is  of  t h e  form x + T?, where Tg  i s  t h e  l e a d  compensation. 

Lead + FOHI DAC - - FOHE DAC 

Figure  5.- R e l a t i o n s h i p  between FOHI and FOHE D A C ' s .  

Phase Compensation f o r  t h e  ZOH DAC 

S ince  t h e  ZOH DAC is  wide ly  used,  i t  i s  worthwhile  t o  d e s c r i b e  one method 
of compensation f o r  t h e  phase c h a r a c t e r i s t i c s  of t h i s  DAC. I f  t h e  f i r s t  t i m e  
d e r i v a t i v e  of 
t i o n  of k& t o  
t o  o f f s e t  t h e  

t h e  o u t p u t  i s  a v a i l a b l e  w i t h i n  t h e  d i g i t a l  computer, t h e  addi -  
t h e  normal ou tpu t  x w i l l  r e s u l t  i n  phase l e a d ,  which may be used 
phase l a g  of t h e  DAC. I n  b lock  form, t h e  sys tem is  

Compensation DAC 

The i n p u t / o u t p u t  t r a n s f e r  func t ion  i s  

The phase of Y(s)/X*(s) i s  t h e  phase of t h e  compensation p l u s  t h a t  of Gz(s) 

UT 
2 + = tan-1 kw - - 

When + = 0 ,  

For UT < 0 .6  

UT UT t a n  - X - 
2 2 

s o  t h a t  

1 2  



While setting k = T/2 results in nearly zero phase, there is a minimal gain 
magnification with a value of 1.04 at an UT of 0.6. 

CONCLUSION 

The FOHI DAC offers a method of replacing the stairstep output of the 
common ZOH DAC with a smooth signal. Where a DAC is associated with a second- 
order (or higher) system, the programming procedure described will result in 
an output which is smooth and has a flat frequency response without phase 
error. By itself, the smooth signal is useful for cases where signal phase 
angle is unimportant, as found in many nonreal-time applications. In the 
real-time case, the DAC whose output commands a position servo system is often 
associated with a second-order system simulated in the computer. In the field 
of aircraft simulation, the visual simulators, in which a servo positions a 
camera over a model runway scene, is such a system. Conventional ZOH DACs 
produce "ratchetlike" jumps in the scene when either the signal frequency con- 
tent or the computer stepsize is large. Through the use of FOHI DAC's, the 
distracting ratchet response is eliminated, even for large step sizes. This 
technique effectively conserves computer power by eliminating the need to 
shorten computer step size to achieve needed smoothness. The time saved is 
therefore available to expand the simulation model for increased fidelity. 

Ames Research Center 
National Aeronautics and Space Administration 

Moffett Field, CA 9 4 0 3 5 ,  May 27,1976 

1 3  



APPENDIX 

TRANSFER FUNCTION OF A SAMPLED SIGNAL 

The sampled s i g n a l  z " ( t )  of  a cont inuous  s i g n a l  z ( t >  can b e  r e p r e s e n t e d  
by a series of  s p i k e s  ( d e l t a  f u n c t i o n s )  m u l t i p l i e d  a g a i n s t  z ( t ) :  

where 

1 t = k T  

0 else 
6 ( t  - kT) = 

The F o u r i e r  Series r e p r e s e n t a t i o n  o f  t h i s  summation i s  

where 

1 'I2 2 6 ( t  - n T ) e x p ( - j 2 m t / T ) d t  = 
-T/2 n=-w 

so  t h a t  t h e  Laplace  t r a n s f o r m  i s  

Now i f  

W 

x ( s )  = 1, z ( t ) e - s t  d t  

then 

1 4  

W 

d t  - ( s - j 2 ~ i n / T )  z(s - j 2 m / t )  = 



and s o  

A l t e r n a t i v e  Version of  t h e  T r a n s f e r  Funct ion  

Whereas t h e  f i r s t  v e r s i o n  of t h e  t r a n s f e r  f u n c t i o n  y i e l d s  a r e s u l t  w i t h  
a r e p e a t i n g  spectrum, t h i s  a l t e r n a t i v e  i s  of  more use  i n  t h e  mathematical  
o p e r a t i o n s  d e a l i n g  w i t h  t h e  d i s c r e t e  sampled s i g n a l s .  Again,  t h e  sampled 
s i g n a l  is  r e p r e s e n t e d  by a summation of  t h e  sampled s i g n a l s ,  b u t  t h e  " s i f t i n g "  
p r o p e r t i e s  of  t h e  d e l t a  f u n c t i o n  are u t i l i z e d  r a t h e r  t h a n  t h e  s p e c t r a l  proper-  
t i es  of t h e  F o u r i e r  Series approach.  

03 

Y [ x * ( t )  I = x*(t)e-s ':  d t  

It i s  convenient  i n  working w i t h  d i s c r e t e  s i g n a l s  t o  use t h e  f o l l o w i n g  
s h i f t i n g  p r o p e r t y  o f  t h e  t ransform:  

-smT 
= ensT 2 x(mT)e 

m=-m 

ns T 
= e x ~ c ( s )  

NASA-Langley, 1976 A-6546 1 5  
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