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INVISCID MODELING OF AIRCRAFT TRAILING VORTICES
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SUMMARY

A survey is presented of inviscid theoretical methods that have proven
useful in the study of lift—generated vortices. Concepts derived using these
inviscid theories are then presented which have helped to guide research
directed at alleviating the velocities and rolling moments imposed on aircraft
entering these wakes.

INTRODUCTION

The purpose of this conference is to present a status report on research
directed at reducing the disturbances to the air behind aircraft as they fly
through the atmosphere. The objective of such a reduction is to minimize
the hazard to smaller aircraft that might encounter these wakes. The general
guidelines given this research are that natural atmospheric motions be assumed
negligible so that the alleviation schemes will be effective on calm days
when the wakes are believed to be most persistent. A further restriction is
that the alleviation is to be achieved by aerodynamic means, hopefully to be
accomplished by changes on the wake-generating aircraft that are easy to

retrofit onto existing aircraft.

With these guidelines as a background, this paper first presents an
overview of inviscid theoretical methods that have been found useful in the
study of lift—generated wakes. Several wake-alleviation schemes developed
by use of inviscid theory are then described. The effect of viscosity and
turbulence on these theories is discussed only briefly to indicate the limits
of applicability of some of the methods because a survey of theoretical
methods that include viscosity and turbulence is the subject of the next

paper. The reader is directed to references 1-8 for other papers that review



and summarize research on vortices from a historical or technical point of

view not restricted to alleviation.

NOMENCLATURE
R . aspect ratio
b span of wing
C lift coefficient, lift
- (1/2)pU2s

local lift coefficient
CZ rolling-moment coefficient, rol!lng moment
(1/2)pU&Sb
C wing chord
T mean geometric chord
f(ry/v) Iversen's Reynolds number function
2(y) local lift
N number of vortices
r radius of vortex
S wing area
4tT,

T dimensionless time =

b2
t time
Us free-stream velocity; alined with x axis
v, maximum circumferential velocity in vortex
Vg circumferential velocity in vortex
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2X

X,Y,Z dimensionless coordinates, for example, X = o
X,¥52 coordinates, X 1S streamwise and z is vertical
a angle of attack

r circulation

Y circulation in point vortices

% kinematic viscosity

P air density

Subscripts

f following model that encounters wake

g model that generates wake

o centerline value of circulation

v vortex

OVERVIEW OF FLOW FIELD

It is conyenient to divide the flow field into the several regions
indicated in figure 1. The rollup region lies immediately behind the wake-
generating aircraft where the wake character is changing rapidly with distance.
because of self-induced distortions. The plateau region is that axial incre-
ment of the wake where the vortices have a nearly constant structure. The
decay region includes that part wherein substantial diffusion of vorticity
occurs due to viscous and turbulence effects. Various vortex dispersion
mechanisms such as vortex instabilities, bursting, or breakdown can occur in
any of these three regions and their character may or may not depend on
viscosity and turbulence. The boundaries of these regions are determined
experimentally.
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Since the wake is produced by the lead or wake-generating aircraft, any
analysis of the lift-generated wake begins with and depends on the complete-
ness and accuracy of the description of the flow field around the generator
aircraft. This aspect of the wake-vortex problem has received considerable
attention during the past several decades, but a general method is not yet
available for finding the complete flow field in order to precisely define
the initial conditions for the wake. However, very good approximations to
the lift-distribution and wake-starting conditions may be obtained by use of
inviscid vortex- lattice computer programs. The status of these methods can
be found in references 9 to 12, Efforts are currently being made to include
the effect of the rollup of the wake on the lift distribution (e.g., refs. 12-
15). The comparisons in figure 2 (prepared by Maskew using the method of
refs, 13 and 14) show that the rollup of the vortex sheet can affect the span
loading substantially at the wing tips when the wing is at high angles of
attack. The agreement of that prediction with the experimental span-loading
measurements of Chigier and Corsiglia (ref. 16) is much better than the result
obtained when the vortex wake is assumed to remain flat or in a plane without
rolling up from its edges. Such a change in span loading has an effect on
total lift, but the much larger effect appears in the distribution of vortic-
ity in the wake. Caution should therefore be exercised when a flat wake is
assumed in calculating the span loading on the generating wing because the
loading gradients at the wing tip may not represent the correct concentration
of vorticity. Most of the wind-tunnel studies at Anes Research Center were
made at small angles of attack (i.e., a € 12°) so the accuracy of the flat
wake approximation was adequate. For these calculations, a modified version

of a program by Hough (ref. 17) was used.

Downstream of the generating aircraft, the vorticity shed by the lifting
surfaces usually rolls up into two or more counterrotating (or pairs) vor-
tices in the rollup region shown in figure 1. This process is approximated
quite well by inviscid analyses, but as the wake ages (i.e., further down-
stream) viscosity and turbulence cause differences to increase between the
inviscid result and the actual flow field. Flow processes that occur in the

so-called rollup and plateau regions (discussed later) may be approximated
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fairly well by inviscid theories, but the decay region requires more complete

theories that include viscosity and turbulence.

The wake-vortex problem exists because, at some distance behind the
generating aircraft, another aircraft may encounter the wake. The objective
of this research program is to first evaluate the loads caused by the wake
on this following aircraft and then to reduce them to a tolerable level by
some sort of alleviation scheme. Although many types of encounter are possi-
ble, the NASA program concentrated on the axial penetration of the wake
(indicated in fig. 1) because it seemed the most likely to happen during
landing. The flow field over the follower induced by the wake is then
approximated by the same inviscid steady-state theories used to model the
generator, but an allowance must now be made for the nonuniform properties
of the incoming airstream. Another section describes the theories used to

analyze the flow over the follower and the comparisons made with experiment.

WAKE ROLLUP

Several methods are discussed here for predicting how the vorticity
distribution in the wake immediately behind the lift-generating surfaces
changes from a nearly flat spanwise distribution into two circular regions
of vorticity (fig. 3). This reshaping process is usually referred to as the
rollup of the wake or vortex sheet shed by the wing. The methods and topics

discussed now are:

e Two-dimensional time-dependent motion of point vortices
e Three-dimensional time-dependent motion of vortex filaments
e Direct- and inverse-rollup theories

e Plateau and decay regions for isolated vortex

Ideally, it would be desirable to treat the rollup of the distributed
vorticity by a numerical scheme that includes the boundary layer on the wing,

fuselage, and other surfaces along with the drag of the landing gear and the
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thrust of the engines. Finite-difference methods for the two- and three-
dimensional time-dependent aspects of the flow field are being developed and
improved upon by several research groups with the hope that such a more com-
plete analysis of the wake can be made. Although these more complex methods
make it possible to more accurately represent the structure of the wake, they
are not easy to use and require variable grid sizes and larger amounts of com-
puter time. Since these methods usually include viscosity, they will not be
discussed further here. Methods specifically designed for reducing wake

velocities are discussed in another section.

Two-Dimensional Time-Dependent Motion of Point Vortices

Since the velocity field of a point vortex is known in closed form, a
simple representation of the wake is obtained by replacing the continuous
distribution of vorticity with a distribution of point vortices that move
with time. This method was applied to vortex sheets by Rosenhead (ref. 18)
and Westwater (ref. 19) over 40 years ago and it has been used extensively
since then to estimate the reshaping of the vorticity distribution in wakes
with time or distance behind the generating wing. The analysis is carried
out as a two-dimensional time-dependent problem in the so-called Trefftz
plane (fig. 3). An example of an elliptically loaded wing is presented in
figure 4 (taken from ref. 20). Estimating the wake restructuring by such a
time-dependent method has two principal difficulties. The first is to assess
the numerical accuracy of the calculations and the second is to interpret
the results.

A variety of papers have elaborated on the shortcomings of the method
and have introduced ways to remedy these shortcomings (e.g., refs. 21 to 27).
These discussions generally agree that the spiral shape at the edges of vortex
sheets is often not well simulated by the vortex array and that the point
vortices sometimes undergo excursions believed to be associated with the
vortex array and not with the vortex sheet being represented. Several methods
have been introduced recently (refs. 25 to 27) to stabilize these vortex
motions and to eliminate the excursions believed not to be a part of the

vortex-sheet structure. Although these techniques suppress vortex excursions
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and sheet kinking, they also introduce another error source. The use of
finite cores in the vortices suggested by Chorin and Bernard (ref. 25) and
Kuwahara and Takami (ref. 26) or the accumulation of vortices at the center

of the spiral as suggested by Moore (ref. 27) all contain arbitrary parameters
not related to the conservation equations for the fluid they are to represent.
The computed results may then appear more reasonable than those obtained from
point vortices, but the quantitative accuracy is uncertain. Finite vortex
cores instead of point vortices were used in some of the cases analyzed,

and the vortex motions were smoothed. The qualitative nature of the solutions
was found not to change if the core radius chosen for the vortices was less
than the initial spacing of the vortices. However, the vortex motions were
found to depend on the core size chosen. Another method has recently been
introduced by Maskew (ref. 14) which enables an improved representation of
continuous vortex sheets by breaking the primary discrete vortices used in

the representation into subvortices when and where needed.

Numerical accuracy = The motion of a number of two-dimensional point
vortices in an incompressible fluid is a problem for which numerical calcula-
tions are known to be unstable; consequently, any initial error grows with
each time step. Fbr this reason, the calculations are usually begun with a
large number of significant figures (double precision on most computers)
in the hope that the desired result can be achieved before accumulated errors
wipe out all the accuracy. It is also essential that the accuracy or error
accumulation be monitored during the calculafions to detect an inappropriate
choice of mesh size or excessive error growth. For example, Westwater
(ref. 19) used the first moment of vorticity as an indicator of accuracy.
When suitable error monitors are used, it is possible to determine whether
seemingly unrealistic results are attributable to numerical error or to

properties of the vortex array being analyzed.

Three error monitoring parameters are used in the calculations made at
ATEs :
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(1) The first moment of vorticity for each side (to reduce the likeli-

hood of compensating errors due to symmetry):
N/2 N/2
o =F 2, Yi=2, V¥, (1)
=t~ j=1 1

(2) The second moment of vorticity J about the center of gravity for

the vortices on each side:

N/2

J = j};:l [(yj - 5)? + (25 - ?) Z]Yj @)

(3) The Kirchhoff-Routh path function Wr for the entire array of
vortices (e.g., ref. 28):

Wr = 1\5 % (Y_Z;L) 1n [(yi - yj>z + (z,i - zj)Z] 3)

i=1 j=1i+1

Note that none of these quantities are used in the time-dependent calculations
nor do they depend on the numerical integration scheme used. They are period-
ically evaluated (usually after every 10 or 20 steps) to ascertain how much
error has accumulated in the positions of the assembly of vortices. It was
found that the Kirchhoff-Routh path function was the first to indicate the
presence of errors in the calculat’ions and that the first moment of vorticity
was hardly ever affected; that is, the first moment is the least sensitive of
the three accuracy monitors. When enough significant figures are retained

in the results to cover the plotting accuracy, the gross aspects and trends

of the vortex sheet observed in various experiments appear to be modeled
correctly.

Interpretation of data - The interpretation of the point vortex distribu-
tion in terms of a continuous distribution is not straightforward. A tech-
nique from reference 20 provided a vortex structure when a group of point
vortices in the wake were known to be associated with a given rotational

motion, for example, vortices on one side of an elliptically loaded wing.
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Within each such group, the distribution of point vortices was first reinter-
preted as a stepwise radial distribution of circulation about the centroid of
vorticity for one side of the wing. This was done by assuming that the vor-
ticity associated with a point vortex in the array is spread uniformly on a
ring with a radius equal to the distance of the vortex from the centroid. As
indicated in figure 5, the resulting stepwise curve for circulation as a
function of radius agrees quite well with the variation predicted by Betz'
theory (refs. 29 and 30) for elliptic loading even though rollup is not
entirely completed (fig. 4(b)). A faired curve through the stepwise variation
could then be used to determine the circumferential velocity distribution in
the vortex.

An interpretation difficulty does not arise, however, in those situations
wherein the observation point lies well outside the vortical region. For
example, representation of the wakes of most conventional aircraft in the far
field by two point or line vortices is quite adequate for determining their
motion in the presence of the ground and a crosswind. Comparisons of theoret-
ical positions measured for vortices (e.g., refs. 31-35) and a predicted
unsteady pressure field with that measured on the ground (ref. 36) provide

insight into the adequacy of the approximations for various circumstances.

Three-Dimensional Time-Dependent Motion of Vortex Filaments

The point vortex representation of quasi-two-dimensional wakes can be
extended into the full three-dimensional time-dependent case by use of vortex
filaments instead of point vortices. Typical applications of this technique
to the analysis of wake vortices has been made in references 37 to 44.
Summation of the contributions to the velocity field (e.g., by the Biot-
Savart law) must be made along the entire length of each filament rather than
just a pointwise summation. The increase in calculation time required becomes
cumbersome and introduces further sources for numerical errors and instabil-
ities. Unfortunately, simple conservation relationships are not available
for three-—dimensional filaments that permit an easy evaluation of error growth
as the computation proceeds. A further complication not present in the two-

dimensional case is that infinite self-induced velocities occur if the
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filament is assumed to have zero core radius. This difficulty is usually
circumvented by assuming an artificial core or cutoff radius within which
the velocity decreases to zero as the center of the filament is approached.
The numerical solution therefore may or may not depend strongly on the core
radius or axial flow along the core (e.g., ref. 44). If the solution is
strongly dependent on core diameter, the analysis should probably be carried
out by use of a finite—difference method so that a more realistic representa-

tion of the vorticity distribution is used in the theoretical model.

Despite the foregoing disadvantages, the vortex-filament approximation
has been useful in predicting the more general structure of aircraft wakes
as they approach airports. Considerable effort has also been devoted to the
investigation of the self-induced instabilities of a vortex pair observed
by Scorer (refs. 45, 46) and others to sometimes be responsible for the
breakup of aircraft wakes (e.g., refs. 45-48). The initiation and growth
characteristics of these instabilities (which can lead to breakoff and linking
to form loops from two parallel and counterrotating vortices) are reviewed

in the section on inviscid alleviation schemes.

Direct- and Inverse-Rollup Theories

Direct-rollup theory - A theoretical tool frequently used to study the
circumferential velocity distribution in lift-generated vortices is the simple
rollup method of Betz (ref. 29). His theory is based on the conservation
equations for inviscid, two-dimensional vortices and relates the circulation
in the fully developed vortex to the span loading on the generating wing.

The simplicity of the method results from the assumptions that the vortex is
completely rolled up and that the rollup process is inviscid. To achieve a
unique result, the vortex sheet is assumed to roll up in an orderly fashion
from the wing tip inboard, so that successive layers of the sheet are wrapped
around the center and over previous wrappings (fig. 3). Any axial or stream-
wise variation in the flow velocity is assumed to have a negligible effect
on the rollup process. The Betz method does not treat the transition or
intermediate stages between the initial vortex sheet behind the wing and

the final rolled-up vortex structure. When the derivation is completed
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(e.g., ref. 30), the vortex structure is related to the span loading on the

generating wing by
Pv(rl) = Fw(yl) (4)

where the radius in the vortex r, is related to a spanwise station on the
wing y,; by
1

4!
TR =N {/2 Iy(y)dy (5)

The symbol T denotes the bound circulation on the wing and T, the
circulation in the fully developed vortex. Although the Betz theory does

not appear to have been used extensively for a number of years after its first
derivation, it has recently been demonstrated by Donaldson et al. (refs. 49,
50) to be useful and often more accurate than more complex methods. The
favorable publicity given to the Betz method by Donaldson led to an elabora-
tion of the theory and the more examples by Mason and Marchman (ref. 51) and
to the use of the rollup theory by Brown (ref. 52) to predict the axial flow
velocity in the vortex. A typical example of the good representation provided
by the inviscid rollup theory is presented in figure 6. The experimental data
(ref. 53) were obtained with a three—component hot-wire probe, and the span
loading for the Betz calculation was obtained with a vortex- lattice theory
(ref. 17). It appears that viscous effects have not altered the vortex
structure appreciably in these cases. Recently, Bilanin and Donaldson

(ref. 54) have extended the rollup theory to include the drag of the wing

and of turbulence injection devices.

Inverse rollup theory - As more experimental velocity data were accumu-
lated with the ground-based facilities (refs. 53 and 55), it became desirable
to relate the vortex structure backward to the span loading on the wing that
generated the vortex. This led to what might be called an inverse-Betz
method (ref. 56) based on the same basic equations and assumptions as the
direct-Betz method. The derivation is begun with the expression presented

previously that relates the radius r, in the vortex to the spanwise
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station on the wing y, which contains a given amount of circulation. After
some simple manipulations and because the vortex is axially symmetric, so that

the circulation may be written as PV = 2n1r.v,, the inverse relationship

1°8°
becomes
r. d
b _ 1 (r"e)
-2"‘3’1—1:1+j-0 5 (6)

where Vg is the measured circumferential velocity in the vortex.

Two sample cases presented in figures 7(a) and (b) include the measured
vortex structure, the span loading inferred from these measurements by the
inverse rollup method, and, for comparison, the span loading predicted by
vortex- lattice theory. These results show that the inverse rollup theory
can recover the span loading on the generating wing fairly accurately. With
almost all configurations, a difference occurs near the wing tip as a result
of the finite core size and solid-body rotation in the vortex near r = 0.
The magnitude of the distortion in span loading depends on the size of the
core, which is influenced by the character of the boundary layer on the wing
and on the viscous and turbulent shear forces in the vortex itself. In most
cases, these distortions appear to be small and to occur only near the wing
tip.

Region of applicability OF rollup theories - The simplicity of both the
direct and the inverse rollup methods results from the assumptions that the
vortex is completely rolled up and that the rollup process is inviscid. These
two assumptions then limit the downstream interval over which the theories
apply. The upstream end of the region of applicability begins where the
rollup of the vortex sheet is largely completed and can be estimated by use
of inviscid, time-dependent rollup calculations. Results such as those in
figures 6 and 10 of Rossow (ref. 20) indicate that a major part of the rollup
process behind many wings can be considered practically complete within as

few as 3 to 5 span lengths behind the generating wing.

The downstream end of the region of applicability is the distance at
which viscous and turbulent decay of the vortex has modified its structure

to the extent that the inviscid theory no longer approximates it. An



estimate for this limit can be obtained from the recent data of Ciffone and
Orloff (ref. 55) wherein a so-called plateau region (discussed in the next
section) is identified. Within this plateau region, they found that the
vortex decays very little, but it is followed by a region where the vortex
decays roughly as t”l/z. These considerations suggest that the region of
applicability of the Betz method lies between about 3 span lengths and the
downstream end of the plateau region, which is estimated from the data of
Ciffone and Orloff (ref. 55). Another consequence of the inviscid rollup
assumption is that excessively high velocities are often predicted at and
near the center of the vortex. Nevertheless, comparisons made by Donaldson
et al. (refs. 49, 50, and 54) have shown that outside the core region (radius
of maximum circumferential velocity), the Betz rollup theory yields reliable

estimates for the vortex structure.

Plateau and Decay Regions for Isolated Vortex

The accuracy with which both the inviscid direct- and inverse-Betz
methods relate the span loading to the vortex structure suggests that either
the early history of the vortex is nearly inviscid or that the decay process
is very slow. The correct interpretation appeared when the circumferential
velocity was measured by Ciffone and Orloff (ref. 55) at a number of stations
behind several generating wings. Figure 8, taken directly from their paper,
shows that the maximum circumferential velocity is essentially unchanged
for approximately 40 span lengths behind those three wings. The expected
decay of the vortex, which is inversely proportional to the square root of
distance, then begins to occur. The two straight lines for each configuration
shown in figure 8 approximate the data in each region. The presence of both
a plateau (nearly inviscid) and a decay region is also indicated in Donaldson's
analysis (ref. 57) of the decay of a vortex using his second-order closure
model for turbulence. Since a wide variety of wing planforms all exhibited
the same characteristic plateau and decay regions, lversen (ref. 58) set about
finding an explanation for the onset of decay. By using a self-similar
turbulent vortex, he was able to correlate the data obtained in ground-based
facilities and in flight into the single curve shown in figure 9 (taken from
Iversen, ref. 58).
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Iversen's Reynolds number function f(I‘O/v) is conveniently equal to
1.0 for Reynolds numbers over 108. From the data of reference 55 and these
correlation functions, Ciffone (ref. 59) has developed an empirical relation-
ship that makes it possible to predict easily the end of the plateau region
and the peak swirl velocity in vortices. The information gained by lversen
(ref. 58) and Ciffone (ref. 59) was then extended by Iversen (ref. 60) to
a numerical analysis of an isolated vortex using a mixing length model for
the eddy viscosity. The initial data for the structure of the vortex were
obtained using the rollup theory based on span loading. The numerical analy-
sis is then able to predict the structure of the vortex in the plateau region,

through the transition process, and into the decay region.

The simple Betz rollup theories assumed that each vortex in the pair acts
independently of the other (i.e., as if it were isolated). The fact that such
an assumption is valid for large distances into the wake was predicted in the
theoretical work of Nielsen and Schwind (ref. 2, p. 413). The very slow decay
of an isolated vortex or of a single pair indicates that radical changes must
be made in these lift-generated wakes if the hazard to encountering aircraft

is to be substantially reduced.

ROLLING MOMENT ON ENCOUNTERING WING — AXIAL PENETRATION

Another aspect of the wake-vortex problem that is approximated fairly
well by inviscid theory 'is the estimation of the rolling moment on a wing as
it encounters the wake vortices. A simple and reasonably accurate method is
needed to not only evaluate the rolling-moment hazard posed by wakes of exist-
ing aircraft but also to compare alleviation schemes. The NASA studies were
restricted to axial penetrations and cross—-vortex penetrations were not
studied. (Refs. 1, 2, 5, 53, and 61-88 present the results of studies of the
wake encounter problem.) This is not meant to imply that a cross-vortex
encounter is less hazardous, but that entry into the vortex along the axis
is .probably the most likely to occur during landing and takeoff operations.

If the flight path of the following aircraft is along or only slightly off
axial, the flow field is approximated by steady-state theories. The schematic

diagram in figure 10 indicates the way in which the rolling moment on the
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following wing is analyzed. The axial or streamwise velocity is assumed equal
to the free—stream velocity. The vertical components of the circumferential
velocities in the vortices are used as the upwash or downwash on the follower
wing by adding the contributions of the one or more pairs of vortices in

the wake. The torque on the following wing is then reduced to coefficient
form by

¢ rolling moment
= 2

In the study at Ares reported in reference 53, the torque or rolling

moment on the encountering wing was calculated by

1. Two-dimensional strip theory
2. Strip theory with empirical lift-curve slope correction

3. Vortex-lattice theory,; flat-wake approximation

The two-dimensional strip theory for the rolling moment assumes that the

lift on each spanwise wing element is given by its two-dimensional value or

L(y) = CLa sin a %—pUic(y) (7)

where CLa is the two-dimensional lift-curve slope of the airfoil section at
that spanwise station, sin a » w/Us is the flow inclination, and c(y) is
the local chord of the wing. When the quantity y&%(y) is integrated across
the span of the rectangular wings used in reference 53, the rolling-moment

coefficient becomes (e.g., refs. 20 and 53)

g2
G =2 [T @llyay (®)
be —bf/2
The values presented in table I were found by integrating equation (8) numeri-
cally after setting w/U, equal to the sum of the measured vg/U, contribu-
tions of the left- and right-hand vortices. A different form of equation (7)
can be obtained when only one vortex is acting on the following wing by setting
Ww/Uo = vg/Up = T'(x)/2mcU, and with y = r:
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c 5 be/2b
o, =zl 2) [ ey
Le ZHANTY A S [N L ©)

Although equation (9) is sometimes more convenient, equation (8) is used here

because it is believed to be more accurate for the wakes being considered.

For two-dimensional wings, the lift-curve slope, CLa, is usually taken
as 2w. As noted in table I (reproduced from ref. 53), the predictions made
with CLa = 27 are then generally too high because it does not account for
the induced angles of attack near the wing tips and near the vortex centerline.
An empirical relationship for the lift-curve slope to be used in the calcula-
tion of torque may be obtained by use of the formula introduced by R. T. Jones
(p. 95 of ref. 89):

CL@ ) P-z%z (10
where R is the aspect ratio and P is semiperimeter/span. Maskew®* com-
pared the rolling moment calculated by vortex- lattice theory and by the strip
theory with several versions of equation (10). He concluded that the span,
aspect ratio, and perimeter in equation (10) should be interpreted on the
basis of half a wing when the vortex and wing center are aligned. He reasoned
that each half wing then acts as a separate wing, and equation (10) should be
interpreted accordingly. For the rectangular wings studied here, equation (10)
then becomes

2nRf

C =
o ARf+6

L (11)

The strip—theory predictions corrected for CL by equation (11) are noted in

a
table 1 to be in good agreement with the vortex- lattice theory and in fair

agreement with experiment. The vortex- lattice theory used is a version of

*B. Maskew, Hawker Siddeley Aviation, Ltd. (NRC Associate at Ane Research
Center), private communication.
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Hough's (ref. 17) and of Maskew's (ref. 13) methods adapted to the present
situations. The differences that occur between the vortex- lattice theory and
experiment may be due to any of the following: differences in the interpreta-
tion of the measured rolling moments; differences in the vortex velocity data
(e.g., large axial velocities), a combination of both, or unsteady aspects

of the wind-tunnel measurements due to meander of the vortex which were
assumed negligible. Nevertheless, the foregoing results indicate that either
the vortex—- lattice theory or the simple strip theory with ¢; ~ determined

by the Jones—-Maskew formula provides reasonable estimates for the rolling

moment induced by a vortex on a follower wing.

With the empirically adjusted strip theory, the rolling moment and lift
on a wing can be simply calculated at a large number of points in the wake.
Contours of equal rolling-moment coefficient and lift interpolated from these
points are presented in figure 11 for one vortex and one span ratio. Only
one quadrant is presented because the flow field is symmetrical vertically
and antisymmetrical about the centerplane. Although the contours are not as
precise as if determined by vortex- lattice theory, they do indicate the nature
of the area over which high values of rolling moment occur. As expected, the
maximum rolling moment occurs when the encountering wing is centered approxi-
mately on the vortex. Aircraft typically have the control capability to
create a rolling-moment coefficient of 0.04 to 0.06 so that any imposed torque
by a vortex that causes sz to exceed about 0.06 will cause the encountering
aircraft to roll even when full counterroll control is imposed. The shaded
area in figure 11(a) within the contour labeled 0.06 can then be interpreted,
for example, as a hazardous region where overpowering rolling moments are to
be found. Similarly, the results in figure 11(b) indicate that large values
of positive and negative lift are induced on the follower by the vortex wake,
depending on its location relative to the vortex pair. As expected, the
shapes of the curves of constant torque and lift change with both the vortex
structure and with the span of the follower. The dependence of the rolling
moment on distance behind the generating aircraft are not discussed because
downstream changes in the structure of a two-vortex developed wake depend

largely on viscosity and turbulence.
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ALLEVIATION SCHEMES BASED ON INVISCID THEORY

Past research has shown that the wakes of conventional lifting systems
on aircraft persist as a single vortex pair for unacceptable distances behind
the generating wing. The slow rate at which vorticity is dispersed from such
a single pair suggests that changes must be made in the flow field of the
generating wing so that the wake is tolerable when it is fully developed.

Therefore, the topics to be treated here are:

e Centroid of vorticity consideration

e Span loading for large vortex cores

e Sawtooth loadings for vortex dispersion
e Self-induced vortex excursions

e Convective merging of vortex cores

The alleviation schemes discussed in these subsections are based on modifica-
tion of the flow over the generator to produce certain flow mechanisms in the
near wake which disperse the lift-generated circulation. The first subsec-
tion describes one approach for selecting desirable characteristics in the
span loading for alleviation. Several conceptual vortex wakes that have

been useful in guiding our wake-vortex minimization program are then presented
along with some of their characteristics. Although the guidelines presented
are still being developed, they serve to indicate a direction for research
and to identify desirable features in the flow field that could provide

alleviation.

Centroid of Vorticity Consideration

Since the span loading on the generating wing goes to zero at both wing
tips, the wake contains equal amounts of positive and negative vorticity.
If the loading falls off monotonically from a maximum at the centerline to
zero at the wing tips, the wake rolls up into one vortex per side or a single
pair. Although the net circulation in the wake is zero, considerable
distance or time behind the generating wing is required (to mix on a two-
dimensional basis) before the two concentrations of opposite vorticity

combine or diffuse enough to have, in effect, a vanishing circulation
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throughout the wake. One way to shorten the distance for complete mixing of
circulation is to decrease the effective span by making the net shed circula-
tion zero over a smaller part of the span. One obvious point for such a
subdivision is at the wing centerline. The effectiveness of such a considera-
tion is demonstrated by first considering the conservation of the first moment
of circulation and the relationship between span loading and shed vorticity.
By inviscid theory, the spanwise location of the centroid of vorticity 3
shed by the lifting surface remains fixed for each side of the wing. Hence,
far behind the wing, the centroid of shed vorticity is located at the same

spanwise station as at the wing, which is given by

bo/2 b, /2
- -1 8 dr (y) 1 &
y= 5 Y iy dy = 7 I'(y)dy
G Jo G Yo
where T(y) 1is the bound circulation on the wing and T is the centerline

circulation or the final total circulation in each vortex of the pair far
downstream (i.e., T) o) - Since the spanwise loading is related to the

bound circulation by

2(y) =-% pUZeC, (y) =-pU, T (y)

the spacing between the vortices in the final pair far downstream is then

C
1
bg Le
< — (12)
bg [eC, (0)/c]
independent of the shape of the span loading used to obtain the lift. Since
the strength of the final vortices for a given lift is proportional to (bé)‘l,

the separation between the vortices, the corresponding circulation is

Diea = Tg “ubr = 75 (13)

On the basis of these simple considerations, final weak or low-intensity
vortices are therefore obtained by reducing the lift at the wing root or air-

craft centerline as much as possible while C is held fixed. Such a

L
g
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possibility has been demonstrated in the data obtained by Ciffone (ref. 90)
behind a model of a Boeing 747 in a water tow tank with dye flow visualization.
Measured distances between vortices far downstream yielded values for four
flap configurations as b:%/bg = 1.03, 1.25, 1.50, and 1.72. On the basis of
these measurements, the circulation in the final vortex is reduced to 1.03/1.72
(or 60%) by the one flap configuration that has 30 percent of its inboard end
cut off as compared with the conventional landing configuration — a substantial
reduction. Both configurations shed the same number of vortices, but the
latter has a better balance between positive and negative circulation for

wake alleviation. Confirmation of the reduced circulation in these cases by
measuring the velocity or rolling moment in the wake has not been made.
Theoretical span loadings (fig. 12) for the wing alone without a fuselage as
centerbody indicate that the far-field separation between the vortices would
be bg';]/bg)theory =1.22, 1.26, 1.28, and 1.31. Although the order of magni-
tude of these predicted results is about right, the disagreement between
1.31 and 1.72 is not small. The differences in the configurations used in
the theory and experiment probably account for some of the differences in
the predicted and measured values of bé/bg. Also, some merging of vortices

may still be in progress at the farthest downstream station observed.

Other theoretical separation distances can be found by subdividing the
span loading differently to approximate different vortex interactions. How-
ever, more theoretical and experimental information is needed to guide the
theory and the interpretation of the vortex separation distances. The sub-
sections that follow therefore present some mechanisms by which vortices merge
or combine and some guidelines for promoting, enhancing, or preventing the
merger. This discussion is not concerned with the lifting efficiency or any
drag penalty of the alleviation schemes, but the first objective is to deter-
mine what can be done. When promising configurations are identified, it will
then be necessary to optimize the alleviation concept by including more
complete considerations of the entire aircraft.

Span Loadings for Large Vortex Cores

A variety of wing shapes have been considered experimentally and

theoretically as a means to reduce the high circumferential velocity in
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lift-generated vortices. These configurations were studied because it was
thought that enlarging the vortex core would reduce the swirl velocity and
the rolling moment associated with a given lift. The direct relationship
between span loading and vortex structure provided by the Betz rollup theory
suggested that wing planform, twist, or camber be shaped to produce a

loading that sheds vortices with large cores (e.g., refs. 20, 51, 52, 55, and
56). Many of these span loadings had the characteristics that they tapered
gradually to zero at the wing tips from an increased centerline loading. The
properties of these loadings is illustrated by considering a so-called
tailored loading (ref. 20) that produces a vortex sheet which rotates as

a unit rather than rolling up from its edges (fig. 13). 1In this particular
case, the velocity distribution in the wake was specified and the correspond-
ing strengths of the vortex sheet and of the span loading were then found.
When the vortex structure was compared with that for elliptic loading, it
was found that the higher centerline lift required to maintain a given lift
on the generator leads to higher rolling moments when the span of .the follower
wing is more than about 0.2 of the span of the generating wing. This result
is apparent in figure 14 when the circulation in the two vortices is compared

for various span followers using equation (9) for the rolling moment.

These results and the guidelines developed in the previous subsection
suggest that a span loading designed only on the basis of large vortex cores
is not the proper direction for wake alleviation because these wings require
higher centerline loadings. The corresponding decrease in bé/b associated
with these loadings also suggests that a direct span loading — vortexcore

design is not a good direction to proceed and that another approach should be
tried.

Sawtooth Span Loadings for Vortex Dispersion

A second vortex—-wake configuration studied theoretically in reference 20
was designed to translate downward as a unit (indicated schematically in
fig. 15). This wake consisted not of a continuous vortex sheet but of a
number of discrete vortices. The two-dimensional time-dependent theory for

discrete vortices predicted that the vortex strengths required for such motion
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alternate in sign across the span so that the span loading has a stepped or
sawtooth shape as illustrated in figure 15. When the time-dependent method
discussed previously is used to predict the shape of the wake, it is found to
remain flat because all the individual vortices move downward at the same
velocity. |If, however, a disturbance is given to one of the vortices, the
specified uniform motion breaks down and the vortices form pairs that make
large excursions across the wake (as shown in fig. 16(a)). Hence, although
the shape of the sawtooth loading fluctuates about elliptic loading, the
vortices in the wake do not revolve about the edge or tip vortices in the way
that they do for elliptic loading (fig. 16(b)). |If a similar disturbance is
given to the vortices shed by elliptic loading, the general shape of the wake

is not altered, although the positions of some of the vortices change slightly.

The numerical result shown in figure 16(a) suggests that wakes with
multiple vortex pairs can be designed so that they are unstable to disturb-
ances, and convection of vorticity across the wake can be considerably
enhanced by the resulting excursions of the vortex pairs. These theoretical
results do not indicate whether the various pairs of vortices merge or link
with one another to form a dispersed wake with low velocities, or if the vor-
tices remain discrete with high core velocities. Insight into the character-
istics of wakes shed by sawtooth loadings was obtained by flow-field observa-
tions made on two experimental wings configured to approximate sawtooth
loading. The first wing was swept and equipped with seven flap segments per
side (refs. 53 and 55). When these segments were deflected alternately up
and down across the span, the loading is predicted by vortex-lattice theory
to be as shown in figure 17. Tests by Ciffone and Orloff (ref. 55) in a water
tow tank showed that the vortices shed by this wing did undergo large
excursions in the wake and that various pairs linked in the way described by
Scorer (ref. 45 and 46), Crow (ref. 37), and MacCready (ref. 2, p. 289). But
when the various excursions and linking were completed, a vortex pair still
remained in the wake. These preliminary results indicate that generation of
multiple vortex pairs will bring about large vortex excursions that lead to
linking, but additional criteria are needed to achieve adequate diffusion of

the wake vorticity.
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A second wing on which vortex wake alleviation was attempted by span-
load modification was that of the Boeing 747 subsonic transport (refs. 80 and
83). The wing has inboard and outboard flaps (fig. 18) that can be deflected
separately so that the loading can be enhanced inboard or outboard within
the limits indicated in figure 19. |If the inboard flaps are deflected their
full amount (30° setting), the span loading has a large hump inboard resembling
a combination of tailored and sawtooth span loading. Although that loading
produces three vortex pairs in the near-field rollup region, the two flap
vortices combine, so that only two vortices per side persist into the far-
field region. Far downstream, these two vortices of the same sign merge
into a single diffuse vortex illustrated in figure 20. Tests in a water tow
tank and in a wind tunnel indicate that the rolling moment imposed on a
following aircraft by the wake of this configuration would be less than half
that posed by the wake of the landing configuration at the same Iift coef-
ficient. Furthermore, this reduced value was below the roll-control capability
of a LearJet aircraft which could be used to probe the wake. Flight tests
conducted with the Boeing 747, the LearJet, and a T-37 aircraft (ref. 80)
confirmed the predictions of the ground-based facilities when the landing gear
was retracted. It was found, however, that if any of the landing gears were
extended or if the aircraft were yawed, the hazard alleviation achieved with

the unconventional flap settings was greatly reduced.

These test results indicate that it is possible to induce large vortex
excursions and reduced swirling velocities in the wake if substantial oscil-
lations occur-in the span loading. A theoretical estimate of the magnitude
required was obtained in reference 20 by trying various types of span-load
fluctuations and calculating whether dispersion occurred. It was found that
the wake had a chaotic character if the loading variations in the loading were
30 percent or more of the maximum and if their spanwise sizes were about the
same. The two-dimensional, time-dependent theory predicted that the multiple
vortices shed into the wake would then undergo large excursions. Guidelines
for whether the several vortex pairs will combine into a single pair in the
far field by either a cutoff and linking process, or by a convective merging
process, or neither are discussed in the next two subsections.
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Before leaving this discussion, note that the vortex wakes of sawtooth
loading will generally dissipate more rapidly than those of elliptic-like
loadings for two reasons. First, each vortex pair in the wake is more closely
spaced. Therefore, since the decay distance for a vortex pair depends on the
distance between them (or on their effective span), the actual distance to
a given dissipation (as given in figs. 8 and 9) would be decreased by the span
ratio. Secondly, the theoretical analysis of Bilanin and Widnall (ref. 91)
indicates that the sinusoidal instability is intensified by decreased spacing
of vortices as the second power of span. It is not surprising then that the
wakes produced by wings with multiple spanwise flap segments are often
observed to dissipate more rapidly and to be less hazardous than wakes

produced by wings with only one flap or none.

Self-Induced VVortex Excursions

The vortex pair behind aircraft flying at high altitudes is often
observed (e.g., refs. 2, 37, 45, 46, 47, and 48) to undergo periodic, anti-
symmetrical distortions that increase in amplitude until the vortices either
appear to burst at the sharp bends or to link to form a series of loops. The
linking process in such a vortex-vortex interaction occurs rapidly when the two
equal and opposite vortices in the pair approach each other closely enough
that the filaments appear to break in the flight direction and reconnect or
link across the wake to form irregularly shaped loops that then disperse and
decay. A comparison of the hazard posed by the vortex loops with that posed
by the original parallel vortices needs to be made to determine whether a
chance encounter with an axial segment of a loop is just as hazardous and
whether flight across a segment of the vortex loop would cause unacceptable
accelerations or air loads. Whether the loop stage of the wake is more or
less hazardous than the original parallel-vortex stage is uncertain, but it
seems apparent that the formation of loops enhances the decay and dispersion

of the circulation in the wake.

A stability analysis by Crow (ref. 37) showed that, once started, the
wave growth results from the self-induced velocity field of the vortex pair

with a preferred wavelength about 8.6 times the distance between the
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vortices. Other analyses (e.g., ref. 2) extended the analysis to include the
effect of core size and axial velocities. A numerical calculation using
three—dimensional vortex filaments for the vortex pair has also been made by
Hackett and Theisen (ref. 2 or 38) of the time history of the development of a
periodic loop.

These research results demonstrate that antisymmetric, periodic, or
sinusoidal disturbances on a vortex pair will lead to large self-induced
excursions. The mechanism by which the two vortices break from their original
streamwise filament and link across to the other vortex in the pair has not
been analyzed nor has the decay of the loops been treated adequately. Added
data are also needed on the effect of variables such as core size, axial
velocity in the core, vortex strength, etc., when linking or bursting of the

vortex filaments occurs.

The self-induced or sinusoidal instability for a single vortex pair has
not proven to be a viable solution to the wake-vortex alleviation problem for
several reasons. First, the beginning of wave growth requires a disturbance
from the atmosphere or from some periodic lift modification on the generating
aircraft. Introduction of a periodic span-load variation on the generating
wing was shown by Bilanin and Widnall (ref. 91) to be an effective way to
initiate growing waves that led to bursting when the curves in the vortex
filaments reached a small radius of curvature. Implementation of such a
scheme on a full-sized aircraft would be difficult, however. A second and
more serious drawback is that the waves grow slowly and often become highly
sinuous without bursting, linking, or appearing to decay. Lastly, the large
vortex cores produced by aircraft in the landing and takeoff configurations

do not seem to be conducive to wave growth.

A new approach to stimulation or initiation of self-induced or vortex-
vortex instabilities that led to large vortex excursions was suggested by
the numerical analysis of wakes produced by the so-called sawtooth loadings
studied in reference 20. 1t was found that a wake with multiple vortex pairs
about equally spaced across the span of the generating wing and of about the
same magnitude but alternating in sign would undergo large excursions without
being stimulated. These self-induced excursions are not periodic, but are
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often of the order of the span of the wing when the wake consists of vortices

comparable in magnitude and alternating in sign.

As previously discussed, an experimental demonstration of the effective-
ness of sawtooth loading for producing large vortex excursions was first made
by Ciffone and Orloff (ref. 55) in a water tow tank. The wing was equipped
with seven flap segments deflected alternately upward and downward by 15° to
produce seven vortex pairs. A theoretical estimate of the gpan loading
(fig. 17) indicates that the strengths of the vortices do a&iternate in sign
and are about the same within a factor of 2. In the experiment, large vortex
motions and linking occurred, but when the activity died down, a single
residue vortex pair remained. Further theoretical and experimental studies
are needed to arrange and match the vortex pairs to more completely disperse
the wake so that the remaining velocities are tolerable and to possibly
optimize the loading, Although the experiment was not completely successful,
it did demonstrate that self-induced and rapid growth of vortex motions can
be produced with sawtooth-type loadings. Another result found from the
experiment was that it showed that linking could occur between opposite but
not necessarily equal vortices. Such a partial linking process forms a
series of vortex loops connected by vortex filaments. Convection of vorticity
by the stronger vortex probably then causes the two vortices to completely
merge by a process similar to that discussed in the next subsection (illus-
trated in fig. 21). An example of such a linking between an unequal vortex
pair was observed in some flight experiments of Barber and will be presented
by Corsiglia and Dunham in a paper to follow later in this conference. The
interaction of the two opposite but unequal vortices from the flap has also
been simulated numerically by Leonard (private communication) at ARC. These
results indicate therefore that the multiple vortex pairs shed by sawtooth
loading may provide a way to initiate the large vortex excursions and linking
needed for alleviation. Various aspects of the dispersion and decay mecha-
nisms need to be better defined and understood to make the method effective
and to minimize penalties associated with these loadings and their implementa-

tion.
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Convective Merging of Vortex Cores

The blending or merging of the several vortices shed by flap edges,
pylons, horizontal tail, and the wing tip into a single vortex is a common
and well-known occurrence. The merging of two or more vortex cores
(i.e., vortical regions) has also been studied theoretically from an inviscid
point of view (e.g., refs. 92-97) and with a second-order turbulence theory
(ref. 7). Some results are now presented of a current study by the author
that extends previous investigations by finding some circumstances under
which two-dimensional inviscid vortex cores will or will not merge convec-
tively.

Convective merging of the cores of two Rankine vortices is illustrated
in figure 21. The initial distribution of circulation is made approximately
uniform over the circular regions of the cores by putting point vortices of
the same strength on three circles at uniform intervals. Since they each
approximate Rankine cores, the maximum vortex velocity occurs at the outer
ring. The inner rings rotate more slowly so that the cores, when isolated,
rotate as a solid body. However, as shown in figure 21, when the two cores
of the same sign and magnitude are placed in proximity but not touching,
their mutual induction causes their shape to become distorted so that the two

vortical regions reform into a single’region.

A slightly greater separation between the cores results in the vortices
becoming only slightly elongated but not merging (fig. 22). A series of
such calculations was then used to determine a boundary between merging and
nonmerging cases (fig. 23); that is, a combination of spacing and relative
vortex strengths on the merging side of the curves do form a single vortical
region from the original two circular regions. In these cases, merger was
assumed to have occurred whether one or both of the cores was reshaped in
the process. Note that merging occurs for vortices of opposite sign only

when their relative strengths differ by a factor of about 5.

When a core structure other than Rankine is used, the merging process
becomes more restrictive because the cores become effectively smaller relative
to their spacing. The boundaries for two other radial variations of circula-

tion are also presented in figure 23 as dashed curves to show how the merging
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region shrinks for more concentrated vortex cores. Since the vortex struc-
tures shed by flaps and wing tips are usually more concentrated than that for
Rankine cores, and since merging requires a given maximum spacing, merging

of two given vortices will be delayed until turbulence and viscosity diffuse
the circulation to the degree needed for the convective redistribution to
occur. The time-dependent calculations also showed that if convective merging
is going to occur, it does so rapidly. Otherwise, the core shapes oscillate

about their original circular shape.

Previous theoretical calculations indicate that the structure of a
vortex pair consisting of two equal and opposite vortices, whether inviscid
or including turbulence, will change very slowly with time (e.g., ref. 2,

p. 413 ff; refs. 7 and 60). When the wake contains two or more pairs of
vortices, the spacing between the vortices can change so that convective
merging that would not occur at the outset does occur later. Another conven-
ient set of guidelines is the vortex domain plots such as those prepared by

Donaldson and Bilanin (fig. 2.2 of ref. 7). The boundaries shown for point

vortices eliminate vortex combinations that will probably not be matched for
convective merging or will not stay near one another long enough to merge.
The number of remaining possibilities is still large and specific situations

must be analyzed before the development of satisfactory guidelines has been
completed.

CONCLUDING REMARKS

Inviscid modeling of lift-generated wakes has provided insight into the
structure of the vortices and into means whereby wake velocities can be
reduced or minimized. The available theories yield fairly good estimates for
the wake-vortex structure (but not the axial flow) produced by the generating
aircraft and for the wake dynamics in the so-called rollup and plateau regions.
Satisfactory results are also obtained with inviscid theories for the loads
induced by the wake on an aircraft as it enters along a near-axial flight
path. As more comparisons are made with experiment, it may, however, be
found necessary to include unsteady effects and better estimates of the lift

curve. Some aspects of self-induced or vortex-vortex instabilities are
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approximated by inviscid theories, but analyses and experiments currently

in progress may indicate that improved methods are needed.

The survey of alleviation schemes presented here indicates that more
complete theories are needed to aid the understanding of and to guide the
design of lifting systems that shed wakes which dissipate rapidly. The area
of greatest need is for methods that better represent continuous distributions
of vorticity so that flow processes such as vortex merging and linking can
be more accurately modeled. The most direct approach is probably through
numerical analysis of the flow field by a finite-difference scheme, Analyti-
cal approaches should, however, not be ruled out because well-defined guide-
lines can often be developed in this way if that portion of the flow field
which is of interest is properly approximated. If a numerical scheme is
developed, it should be easy to use and should not require substantial amounts
of computer time, because a large number of variables and a wide range of
conditions must be systematically considered to find those that provide

alleviation and those that will be optimum for various aircraft.

One approach presented here for wake-vortex alleviation suggests that
the span loading chosen should shed several vortex pairs of both signs so
that the vortices combine quickly to form a single pair low in strength and
widely spaced. A way to achieve this is to design the span loading so that
the centerline circulation is much lower than the maximum bound circulation
on the wing. The vortices must then be spaced and have such magnitudes that
they combine by convective merging and linking or both to form a single pair
not too far downstream which is relatively weak and with a large separation.
It may also be possible to arrange the loading so that this final pair is
also dispersed by linking. Indications from inviscid theory and from some
experiments are that a sawtooth-type loading that sheds multiple vortex pairs
of both signs may provide or have built into it the self-induced vortex
excursions needed to implement the linking process and the dispersion of
vorticity. However, more guidelines and a better understanding of these
flow fields, of the linking process, and of the decay of the vortex loops

produced are needed to make sawtooth loading a viable alleviation scheme.
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Preliminary results from a theoretical two-dimensional study of con-
vective merging of vortical regions indicate that further results will
adequately define the conditions when merging will occur. Briefly, convective
merging appears to be an effective process for combining vortical regions of
the same sign that are relatively close to one another, but it is not
particularly powerful for alleviating wake velocities because vortices of

opposite sign do not readily merge convectively.

Inviscid theories have played an important role in the wake-vortex
research program. Results from these theories should not be taken as final
nor should they be considered as too inaccurate to be valid. When the invis-
cid methods are used where applicable and when the results are properly
interpreted, they can continue to be useful for preliminary screening of

wake-vortex alleviation schemes.
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WAKE-GENERATING AIRCRAFT

< FOLLOWING AIRCRAFT\
(AXIAL ENCOUNTER) DECAY REGION

Figure 1.- Flow field produced by lift-generated vortices; distances not
drawn to scale.
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Figure 2.— Measured spanwise lift distribution on rectangular wing compared
with loading predicted by vortex-lattice theory assuming that wake is
flat and that near wake is rolling up; a = 12°. (From B. Maskew, private

communication.)
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Figure 3.— Schematic diagram of wake rollup and relationships between span
loading and vortex structure.
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Figure 4.- Rollup of vortex wake shed by elliptic loading calculated by
inviscid two-dimensional time—dependent approximation; W js dimensionless

vertical velocity (from ref. 20).
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Figure 5.- Comparison of structure of vortex shed by elliptic loading as
predicted by time-dependent method with that predicted by the Betz
direct rollup theory; Pci, is circulation on centerline (from ref. 20).
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Figure 6.—- Comparison of measured vortex structure with prediction made by
the Betz rollup theory using span loading predicted by vortex- lattice

theory for a swept wing that approximates CV-990 wing (from ref. 53).
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(a) Measured vortex velocity profiles (ref. 53).
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(b) Calculated span loadings.

Figure 7.- Comparison of inverse rollup theory with vortex- lattice theory
(from ref. 56).
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Figure 8.- Maximum circumferential velocity in vortices behind wings as

measured in water tow tank (from Ciffone and Orloff, ref. 55).
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span loadings (from lversen, ref. 58).
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(b) Contours of equal lift parameter, CLf/CLg; C / = -0.88.

‘L
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Figure 11.—- Rolling moment and lift induced on the follower wing by the wake

of a swept wing; tailored loading, bf/bg = 0.29 (from ref. 53).
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Figure 12.- Span loadings predicted by vortex- lattice theory for Boeing 747

wing without a fuselage (from Ciffone, ref. 90).
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Figure 13.- Comparison of conventional wake with hypothetical wake designed
to have parts that rotate as a unit without rolling up from its edges
(from ref. 20).
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Figure 14.- Radial distribution of circulation in wake vortices shed by
90 percent tailored loading as predicted by Betz' theory for fully

developed vortices.
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Figure 15.- Comparison of conventional wake with a hypothetical wake

designed to translate downward as a unit.
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SAWTOOTH LOADING CONVENTIONAL LOADING

(a) Large-scale wake mixing. (b) No wake mixing.

Figure 16.- Wake structure predicted by time-dependent vortex calculations

for elliptic and sawtooth span loadings (from ref. 20).
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Figure 17.- Span loading predicted by vortex- lattice theory for swept wing
with seven flap segments per side deflected alternately up and down 15°;

C;, = 0.7 (from ref. 53).
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Figure 18.- Plan view of Boeing 747 subsonic transport.
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Figure 19.- Span loadings calculated for Boeing 747 wing using
vortex- lattice theory (from ref. 83).
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Fig. 20.—- Comparison of two wakes of Boeing 747 (from ref. 83).
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Fig. 21.- Merging sequence predicted numerically for two Rankine vortices of
equal strength, Fl = F2 and dg = 1.7d..
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Figure 22.- Case where two Rankine vortex cores do not merge because spacing

between them is too large; dg = 2.2dc, I‘l = 1“2.
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Figure 23.- Combinations of strength and spacing required for Rankine vortex
cores to merge.
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