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Aeronau t i ca l   Resea rch   Assoc ia t e s   o f   P r ince ton ,   Inc .  

5 0  Washington  Road,  Princeton,'  New J e r s e y  08540 

SUMMARY 

C u r r e n t   f o r m u l a t i o n s   o f  t h e  generat ion  of   aerodynamic  sound 
by   tu rbulence  a l l  r e q u i r e   s t a t i s t i c a l   i n f o r m a t i o n  wi th  regard t o  
the  tu rbu len t   f l owf ie ld .   Second-o rde r   c io su re   t u rbu len t   mode l ing  
i n  i t s  p resen t   fo rm i s  shown t o   p r o v i d e  some o f  t h i s  s t a t i s t i c a l  
i n fo rma t ion .  

The R ibne r '   f o rmula t ion  of t he  g e n e r a t i o n  o f  aerodynamic 
sound i s  coupled w i t h  p r e d i c t i o n s   o f   s e c o n d - o r d e r   v e l o c i t y   c o r r e -  
l a t i o n s   a n d   i n t e g r a l   s c a l e   t o  estimate t h e  sound radiated from 
s e v e r a l   c o m p l i c a t e d  j e t  f l o w s .   I n   p a r t i c u l a r ,  i t  i s  shown tha t  
t h e  sound radiated from a c o l d   s w i r l i n g   j e t  i s  g r e a t e r   t h a n   f r o m  
i t s  n o n s w i r l i n g   e q u a l   t h r u s t   c o u n t e r p a r t .  

The n o i s e  radiated from the  f l o w f i e l d   o f  a mul t i t ube   suppres -  
sor i s  estimated and  compared w i t h  a n   e q u a l   t h r u s t   e q u a l  diameter 
Gaussian j e t .  It i s  shown t h a t  t h e  mul t i t ube   concep t  i s  indeed  
q u i e t e r  . 

I .  INTRODUCTION 

T h i s  r e p o r t   d e s c r i b e s   a n  attempt t o   d e v e l o p  the  technology 
r e q u i r e d   t o   p r e d i c t  the aerodynamic  noise  radiated f rom  gene ra l  
t u r b u l e n t   f l o w f i e l d s .  It i s  b u t  a f i r s t  attempt a t  a n   a d m i t t e d l y  
v e r y   d i f f i c u l t   p r o b l e m .  The d i f f i c u l t i e s  are a s s o c i a t e d  w i t h  o u r  
q u i t e  l imi t ed  d e s c r i p t i o n   o f   t u r b u l e n c e .   N e v e r t h e l e s s ,  it i s  shown 
tha t  advanced   tu rbulen t   t ranspor t   theory ,   namely   second-order  
c l o s u r e   t u r b u l e n c e   t h e o r y ,   d o e s   i n d e e d   p r o v i d e  new i n s i g h t   i n t o  
t h e  aerodynamic  sound  generation  problem. It i s  a l s o   s u g g e s t e d  
tha t  second-order   c losure  model ing  does  provide a framework o r  
backbone  upon  which  can b e  b u i l t  a more comple t e   t u rbu lence   t heo ry ,  
which i s  d i r e c t l y   s u i t e d   t o  be coupled w i t h  a c c e p t e d   f o r m u l a t i o n s  
o f  t he  aerodynamic  generat ion  problem. The most   popular   of  these 
are the t h e o r i e s   o f   R i b n e r , '  L i g h t h i l l , 2  L i l l e y 3  and   mos t   recent ly  

' tha t  o f  Yates. 

What i s  o f f e r e d  by s e c o n d - o r d e r   c l o s u r e   t u r b u l e n c e   t h e o r y  i s  
a method  of  computing c e r t a i n   s t a t i s t i c a l   t u r b u l e n t   q u a n t i t i e s  



u n d e r   f a i r l y   g e n e r a l   c i r c u m s t a n c e s .  A d e f i c i e n c y ,   i n   o u r   o p i n i o n ,  
o f   s e v e r a l   m o d e l s   c u r r e n t l y   b e i n g   u s e d   t o  estimate the  sound 
radiated from a t u r b u l e n t   j e t ,  i s  tha t  t he  model u t i l i z e s   t u r b u l e n t  
assumptions or methodology  which are o n l y   a p p l i c a b l e   t o   o n e   f l u i d  
geometry,  namely a j e t .  The i n t r o d u c t i o n   o f   o t h e r  j e t s ,  heat o r  
swirl, may r e s u l t   i n  t h e  m o d i f i c a t i o n   o f  t he  tu rbu lence   and ,  there- 
by, make p r e d i c t i o n s   f r o m  these models  of l imited u s e f u l n e s s .  It 
i s  f o r  t h i s  r e a s o n  that  a t r u l y   u n i f o r m   a n d   g e n e r a l   a p p r o a c h   t o  
c o m p u t a t i o n   o f   t u r b u l e n t   t r a n s p o r t   a n d   r e s u l t i n g   g e n e r a t i o n   o f  
aerodynamic  sound i s  sought .  

?4 -9  

T h i s  r e p o r t  i s  o rgan ized  as f o l l o w s .   I n   S e c t i o n  11, w e  a rgue  
why a t  l e a s t  a second-o rde r   c lo su re   t u rbu lence   t heo ry  i s  needed 
t o  compute t u r b u l e n t   q u a n t i t i e s   t o   b e   u t i l i z e d   t o   e s t i m a t e  t h e  
aerodynamic   genera t ion   of   sound.   In   Sec t ion  111, we show  some pre-  
d i c t i o n s   o f   t u r b u l e n t   p r o p e r t i e s  made by second-order   c losure   theory  
and  comparison w i t h  data. A s imple   acous t ic   model   sugges ted  by 
Ribner’  i s  r e v i e w e d   i n   S e c t i o n  I V ,  and   modi f ica t ions   and   assumpt ions  
r e q u i r e d   t o   u t i l i z e   p r e d i c t i o n s  made from  second-order   c losure 
t h e o r y  are detai led.  I n   S e c t i o n  V, p r e d i c t i o n s   o f   t h e   n o i s e  radi- 
a t e d   i n   c o l d  j e t s  are g i v e n .   I n c l u d e d   h e r e   a r e   p r e d i c t i o n s   f o r  
j e t s  which  have swirl as well as a m u l t i t u b e  j e t  c o n f i g u r a t i o n .  
The e f f e c t   o f   h e a t   a n d  swirl o n   t u r b u l e n t  j e t  s t r u c t u r e s  i s  inves-  
t i g a t e d   i n   S e c t i o n  V I .  F i n a l l y   i n   S e c t i o n  V I I ,  c o n c l u s i o n s   a r e  
o f f e r e d .  

NOMENCLATURE 

reference  speed  of   sound 

A axial  pa rame te r ,   s ee  Eq.  ( 1 4 )  

b t u r b u l e n t  model c o n s t a n t  

D j e t   d i a m e t e r  

N swirl parameter ,  see Eq .  ( 1 4 )  

P a c o u s t i c  power r a d i a t e d   i n  t he  4 d i r e c t i o n   p e r   u n i t   s o l i d  
a n g l e  

9 r . m . s .  t u r b u l e n c e   l e v e l ,  Jqq 
r,f3,z c i r c u l a r   c y l i n d r i c a l   c o o r d i n a t e   s y s t e m  

t t ime 

ui ve loc i ty   componen t s   i n  a Car t e s i an   coord ina te   sys t em 

u,v,w  velocity’  components i n  a r , € l , z  c o o r d i n a t e  sys tem 

r r a d i u s   o f   p r i m a r y   j e t  
P 
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t u r b u l e n t  model   constant  
vC 

xi C a r t e s i a n   c o o r d i n a t e s  

swirl a n g l e  

d e n s i t y  

p r e s s u r e  

k i n e m a t i c   v i s c o s i t y  

t u r b u l e n t   i n t e g r a l   s c a l e  parameter 

11. SECOND-ORDER CLOSURE TURBULENT TRANSPORT 
THEORY (INCOMPRESSIBLE FLOW) 

Second-o rde r   t u rbu len t   c lo su re   t heo ry  i s  a model by which-one 
can  compute the  ensemble  average mean components   o f   ve loc i ty  U-1 , 
as wel l  as t h e  s e c o n d - o r d e r   t u r b u l e n t   v e l o c i t y   c o r r e l a t i o n s   u i u i  . 
The d e r i v a t i o n   o f  t he  second-o rde r   c lo su re  model i s  s t r a i g h t f o r w a r d  
and i s  de t a i l ed  b r i e f l y  below. 

The dynamics   o f   an   i ncompress ib l e   f l u id  are  governed by t h e  
c o n t i n u i t y   e q u a t i o n   a n d  the  momentum e q u a t i o n s  

3 

Assuming the  v e l o c i t i e s   a n d   p r e s s u r e   c a n  be s p l i t  as the  sum of 
an  ensemble  average mean and a f l u c t u a t i o n  

ui = ui + u i  
- 

l T = I T + p p '  
- 

there  r e s u l t s  upon s u b s t i t u t i o n   i n t o  E q s .  (1) and (2) and  ensemble 
ave rag ing  

3 
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e q u a t i o n s   f o r  the mean v e l o c i t y   a n d   p r e s s u r e .  The momentum equa- 
t i ons ,   however ,   con ta in  unknown s e c o n d - o r d e r   v e l o c i t y   c o r r e l a t i o n s  
'known as Reynolds stresses - u i u j  . S o l u t i o n   o f  E q s .  ( 4 )  and ( 5 )  
cannot  be attempted u n t i l  a s p e c l f i c a t i o n   o f  i s  made. The 
e s s e n c e   o f   f i r s t - o r d e r   c l o s u r e ,  X t h e o r y   o r   e d d y   v i s c o s i t y   t h e o r y  
i s  an  attempt t o  s p e c i f y   u i u i  as a f u n c t i o n   o f  mean f low gradi- 
e n t s   a n d  mean flow l e n g t h   s c a  es.  

Second-o rde r   c lo su re   t heo ry   de r ives   i ndependen t   equa t ions   fo r  
these s e c o n d - o r d e r   v e l o c i t y   c o r r e l a t i o n s .  The p r o c e d u r e   f o r   d o i n g  
t h i s  i s  as follows. The s p l i t t i n g   o f   v a r i a b l e s   i n t o  mean and 
f l u c t u a t i o n  is s u b s t i t u t e d   i n t o  Eq.  (21,and Eq.  ( 5 )  i s  s u ? t r a c t e d  
from t h i s  r e s u l t .  The remainder  i s  t h e n   m u l t i p l i e d  by  and 
ensemble  averaged. The above  procedure i s  t h e n   r e p e a t e d u J n t e r -  
changing i f o r  j and  then i t  can  be shown t h a t  the  second- 
o r d e r   v e l o c i t y   c o r r e l a t i o n s  must s a t i s fy  

p r o d u c t i o n  

I -  -, 

- -  a ( u ' u ' u ' )  - 
a Xk k i j  
\ 9 

v e l o c i t y   a n d   p r e s s u r e  
d i f f u s i o n  

i J +  
a 2~ 

+ v  
axk  , 

2 

"" 
v i s c o u s  
d i f f u s i o n  

p r e s s u r e   s t r a i n  
c o r r e l a t i o n  

d i s s i p a t i o n  ( 6 )  

Note now that  t he re  appears t h i r d - o r d e r   a n d  some second- 
o rde r   co r re l a t ions   wh ich   t hemse lves   need   i ndependen t   equa t ions .   In  
p r i n c i p l e   t h i r d - o r d e r   c o r r e l a t i o n   e q u a t i o n s   c o u l d  be developed   bu t  
t he  sp i r i t  o f  second-order   c losure  i s  t o  model these t h i r d - o r d e r  

4 



and   s econd-o rde r   co r re l a t ions   i n  terms of  known second-order 
c o r r e l a t i o n s .  The success   of   the   second-order   theory i s  dependent 
upon  two  assumptions: 

1. The Reynolds stress equat ions   a re   no t   ex t remely   sens i -  
t i v e   t o   i n a c c u r a c i e s   i n t r o d u c e d  by the  replacement  of 
exac t  terms wi th  modeled  ones. 

2. Reasonable  physically  motivated  models  can be developed 
f o r  the  terms which  must be r ep laced .  

These assumption are a p p a r e n t l y   j u s t i f i e d ,   s i n c e  it has been 
demonstrated  over t h e  years tha t  t h e  second-order  closure  model 
has p r e d i c t e d   t u r b u l e n t   t r a n s p o r t   i n  a va r i e ty   o f  high Reynolds 
number f l o w f i e l d s .  The detai ls  of the  modeling as well as compar- 
i sons   o f  the t u r b u l e n t  model w i t h  data may be found i n  Ref. 5. 
Here, w e  s imply  give the terms t o  be  modeled  and t h e  terms which 
r e p l a c e  them. 

P res su re  - v e l o c i t y   d i f f u s i o n  

where v has been  determined  to  be 0.3,  q = u i u i  and A i s  
t h e   t u r b h e n t   m a c r o s c a l e   o r   i n t e g r a l   s c a l e   v a r i a b l e .  

P r e s s u r e   s t r a i n   c o r r e l a t i o n  

where th i s  term c o n t a i n s  the  mechanisms by which the  energy com- 
ponents   a t tempt  to red is t r ibu te   energy   be tween  themselves .  

D i s s i p a t i o n  

where b has been   de te rmined   to   be   equal   to  0.125. The dissipa- 
t i o n  here i s  f o r  h igh  Reynolds  numbers  and i s  assumed t o  be  iso-  
t r o p i c .  Upon subs t i t u t ion   o f   t hese   mode led  terms the  equat ions  
governing the dynamics o f  t h e  second-order   cor re la t ions  become 

5 



a a u l u l  
+ v - q A  - - 9 u ’ u ’  - c axk a Xk j A (T 6ij $) 

The t u r b u l e n t   i n t e g r a l   s c a l e   p a r a m e t e r  A i s  determined  f rom 

a’j; 
a t  2 i k axk 
&! + Gk = - 1 . 8  - A -  

9 
u u  - + 0.6 q 

The de t a i l s  of  the d e r i v a t i o n   o f  t h i s  r e l a t i o n s h i p  i s  g i v e n   i n  
Ref. 5.  

Equat ions  (41 ,  (51 ,  (10) and (11) a l o n g  w i t h  a p p r o p r i a t e  
bounda:yrconditions - are t h e n   s o l v e d   n u m e r i c a l l y   f o r  t h e  q u a n t i t i e s  
U i  , u i u j   a n d  A . 

B e f o r e   p r o c e e d i n g   t o   o b t a i n   s o l u t i o n s   f o r   t u r b u l e n t   f l o w f i e l d s  
r e l e v a n t   t o  t h e  aerodynamic  sound  generat ion  problem, we can show 
t h a t  second-o rde r   c lo su re   t u rbu len t   mode l ing   does   con ta in   phys i c s  
tha t  might be  l o s t   i n  K o r  e d d y   v i s c o s i t y   t h e o r i e s .  We do t h i s  
by a s k i n g  i f  second-order   c losure   can  be s impl i f i ed  under some 
l i m i t i n g   p r o c e s s  t o  d e f i n e   a n   e d d y   v i s c o s i t y   m o d e l .  The c o n d i t i o n s  
under   which   an   eddy  v i scos i ty   can  be e x p e c t e d   t o  be va l id   have   been  
argued   by   Donaldson .6   Br ie f ly ,   eddy   v i scos i ty   concepts  are re- 
s t r i c t e d  t o  high Reynolds  number  flows, where second-order   cor re l -  
a t i o n s   c a n   t r a c k  t he i r  e q u i l i b r i u m   v a l u e s ,   a n d  t h e  e f f e c t s   o f  d i f -  
f u s i o n   o f   c o r r e l a t i o n s   c a n  be  n e g l e c t e d .  If we now c o n s i d e r  a 
n o n s p r e a d i n g   c y l i n d r i c a l  j e t  w i th  swirl, where khe c o o r d i n a t e s  are  
r , e , z -wi th   ve loc i ty   componen t s   u ,v ,w  , w i t h  U = 0 , = 
and W = and take t h e  high Reynolds   number,   nondiffusive 
s u p e r e q u i l i b r i u m  l i m i t  o f  E q .  (lo), t h e r e  r e s u l t s  

6 



-" - - 
2v(vv - uu)  - r u u  - - f uv = o - av 

a r  - 
2vvw - - - - ; 6% = 0 --- uu a w  

r a r  
- av " 3 

ar 

..a 

- 4vuv - 2ruv - - 9 (VV - $ q2)  - + = o 

- 
where V = V ( r ) / r  , W = W(r)/r , 6% = uw/r and ?% = G/r . 
Assume the  v e l o c i t y   c o r r e l a t i o n s  are o f  the  form 

- - 

2 
uiuj = h2  (r E) UiUj (13) 

where U U i s  a d imens ion le s s  number ( t u r b u l e n t   c o r r e l a t i o n  
c o e f f i c i h i )  . T h e n ,   s u b s t i t u t i n g   i n t o  E q .  ( 1 2 )  y i e l d s  a n o n l i n e a r  
s y s t e m  o f   a l g e b r a i c   e q u a t i o n s   f o r  U i U j  . The s o l u t i o n   o f  t h i s  
system i s  dependent  upon  two  parameters 

,w 

N =  V t h e  swirl parameter 

S o l u t i o n s   f o r  QQ = U i U i  are shown i n  Fig.  1. Values of QQ < 0 
d e n o t e   r e g i o n s  where t u r b u l   n c e  i damped. With no swirl , N = 0 
and it may be shown that q5 .= 2A2 ( a W / a r ) 2  a n d ,   t h e r e f o r e ,   a x i a l  
shear ' i s  always d e s t a b i l i z i n g .  T h i s  ana lys i s7has   been   u sed  pre- 
v i o u s l y  to e x p l a i n  t h e  l a m i n a r   c e n t r a l   r e g i o n   i n   a i r c r a f t   v o r t i c e s .  
It has been shown that  the swirl c a n   i n   f a c t   s u p p r e s s  the produc- 
t i o n   o f   t u r b u l e n c e   i n  t he  v i s c o u s   c o r e ,   t h e r e b y   r e d u c i n g  the  d is -  
persal  o f  smoke which i s  seeded i n t o  t h e  v o r t e x   f o r   v i s u a l i z a t i o n  
purposes .  

A s  can be seen ,  t h e  t u r b u l e n t   v e l o c i t y   c o r r e l a t i o n   c o e f f i c i e n t  
which i s  r e l a t ed  to the  e d d y   v i s c o s i t y  has a s t rong   dependence   on  
the  parameters A and N which i n   t u r n  are f u n c t i o n s   o f  mean f low 
g r a d i e n t s .  It would appear u n l i k e l y  that  t he  f u n c t i o n a l   f o r m  o f  
a n  eddy v i s c o s i t y   c o u l d  be c h o s e n   t o   i n c l u d e   f l o w   s t a b i l i t y   w i t h o u t  

7 



A x i a l  
parameter ,  A 

-2 - 1.5 - I  - . 5  0 .5 I 

Swir l   parameter ,  N 

Figure 1. Isopleths o f  constant QQ showing  the  dependence o n  

- - 
N = ?/(I- g) and A = ~ / ( r  aw 2)  (Ref.  7 )  
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r e s o r t i n g   t o  a s e c o n d - o r d e r   c l o s u r e   m o d e l   i n i t i a l l y .  It i s  t o  be 

i s  added t o  a j e t  s i g n i f i c a n t   c h a n g e s  i n  j e t  s t r u c t u r e  w i l l  r e s u l t .  
. expec ted ,  based on the  r e s u l t s  shown i n   F i g .  1, t h a t  when swirl 

Second-order   turbulent   model ing  provides  a method t o  compute 
t h e  e v o l u t i o n   o f   t u r b u l e n t   f l o w f i e l d s .  Flow v a r i a b l e s   w h i c h   a r e  
o b t a i n e d  are t h e  mean veloci ty   components  as well as t h e  second- 
o r d e r   v e l o c i t y   c o r r e l a t i o n s   a n d  t h e  t u r b u l e n t   m a c r o s c a l e  parameter 
A . I n  t he  n e x t   s e c t i o n ,  we w i l l  show a comparison  between pre- 
d i c t i o n s  made by t h e  second-order   c losure   model   and   measured   tu r -  
b u l e n t  data. 

111. COMPARISON WITH JET DATA 

Over the  yea r s   s eve ra l   compute r   codes   have   been   deve loped   t o  
s o l v e  the second-o rde r   c lo su re   mode l   equa t ions   fo r   va r ious   f l ow 
geometr ies .  Here, w e  w i l l  p r e s e n t   r e s u l t s   f r o m  TDV (three-dimen- 
s i o n a l   v o r t e x )  a code  developed by S u l l i v a n ’   t o  compute t h e  decay 
of   an   ax isymmetr ic   vor tex .  The streamwise d i r e c t i o n  i s  z which 
i s  the  m a r c h i n g   d i r e c t i o n , a n d  r i s  the rad ia l  c o o r d i n a t e .  We 
w i l l  use  t he  code t o  p r e d i c t  t h e  e v o l u t i o n   o f   a n   a x i s y m m e t r i c   t u r -  
b u l e n t  j e t  and make comparisons w i t h  Wygnanski  and Fiedler’ data. 

A t  z = 0 the  a x i a l   v e l o c i t y   p r o f i l e  was t a k e n   t o   b e  a 
Gaussian  and the  code was r u n  wi th  the  a x i a l   v e l o c i t y  held f i x e d  
u n t i l  t h e  s e c o n d - o r d e r   v e l o c i t y   c o r r e l a t i o n s  es tab l i sh  themselves .  
The i n t e g r a l   s c a l e  parameter A was t a k e n   t o  be c o n s t a n t   d u r i n g  
t h i s  time. The mean v a r i a b l e s  were then   un locked   and   so lu t ions  
were computed t o  1 1 2  diameters downstream.  Figures 2-7 d i s p l a y  
second-order   c losure   resu l t s   compared  w i t h  Wygnanski  and F ied le r  
data a n d   o t h e r   t h e o r e t i c a l   r e s u l t s .  

The mean a x i a l   v e l o c i t y   d i s t r i b u t i o n   a c r o s s  t h e  j e t  i s  shown 
i n  F i g .  2 ,  a t  z = 4 2  and 57 diameters  downstream of t h e  nozz le .  
The Wygnanski  and F i e d l e r  data i s  p r e s e n t e d  as a composite o f  t h i s  
data a t  z = 40 ,  50 and 60  diameters, s i n c e  a l l  o f  t h i s  data f a l l s  
on the  same s o l i d   c u r v e .  The v e l o c i t y   s c a l e   i n  t h i s  f i g u r e  i s  t h e  
maximum a x i a l   v e l o c i t y   i n   e a c h   a x i a l   s t a t i o n   a n d  t h e  a b s c i s s a  i s  
the  d i s t ance   f rom the  a x i s   o f  symmetry  normalized by the  d i s t a n c e  
f rom t h e  nozz le .  The agreement w i t h  t he  Wygnanski  and Fielder  
data i s  e x c e l l e n t   e x c e p t  a t  v a l u e s   o f   r / z  > 0.15  . T h i s  e r r o r  i s  
due t o  t he  f a c t  t h a t  t h e  computa t iona l   p rocedure   r equ i r e s  tha t  the  
s o l u t i o n   a s y m t o t e   t o  a small b u t   f i n i t e   v a l u e   o f  W as r -t Q) . 
I n  t h e  c a l c u l a t i o n  shown i n  F ig .  2,  t h i s  v a l u e  was t a k e n   t o  b e  
W/Wma ( Z  = 0 )  = 0.005 . A c a l c u l a t i o n  wi th  W/Wma ( z  = 0 )  a s y m p t o t i n g   t o  0.02 as r + gave   an  e r ro r  approxfmate ly   four  
times as large f o r   r / z  > 0.15 b u t   e x c e l l e n t   a g r e e m e n t   f o r   r / z  
0.15 . 

The v a r i a t i o n   o f  t he  f i e l d s  w i t h  downstream  dis tance i s  

9 



I .o  

.75 

.50 

. 25  

1 -  

I -  

0- 
0 

\\ 

W +F 
"- Second order closure 

I I 

.05 .IO . I  5 
r /z 

I20 .25 

Figure 2. Mean  axial  velocity  profile - W & F composite 
data (z/D = 40, 50, 60 ) ,  "" Second-order 
closure  composite  data (z /D = 42, 5 7 )  

10 



shown i n   F i g .  3 .  Again, the t h e o r e t i c a l   r e s u l t s  are i n  good 
agree'men't w i th  the  data. 

F igu res  4-7 d i s p l a y  t h e  radial  d i s t r i b u t i o n   o f   t h e   v a r i o u s  
t u r b u l e n t   i n t e n s i t i e s  a t  v a r i o u s   s t a t i o n s  downstream. I n   a d d i t i o n ,  
Fig.  4 displays  measurements   of   Corrs in   and Uberoi'O a t  z/D = 20 . 
Wygnanski  and F i e d l e r   a t t r i b u t e   t h e  25% disagreement   between  their  
measurements  and  Corrsin  and  Uberois  to:  (i) the f a c t  that  a t  
z/D = 20 the   f l ow was not   ye t   se l f -preserv ing ,and  (ii) the   poore r  
response  of  the equipment  used by Corrs in .  The r e s u l t s   o f  t h e  pre- 
sen t   s tudy  are i n   s i g n i f i c a n t l y   b e t t e r   a g r e e m e n t  w i t h  those  of 
Wygnanski  and F i e d l e r   i n  t he  midrange of  r / z  . For r / z  > 0.15 , 
the  major part  o f  the disagreement i s  most l i k e l y  due t o  t he  as- 
ymptot ic   condi t ion  on W as discussed  above.  

I n   g e n e r a l ,  model p r e d i c t i o n s  a t  least f o r  th i s  simple flow- 
f i e l d  are in   genera l   agreement  wi th  measured data. Addi t iona l  com- 
p a r i s o n s  may be  found i n  Ref. 5. 

I V .  COUPLING TURBULENT J E T  STRUCTURE 
TO AN ACOUSTIC MODEL 

We have  chosen t o   u s e   t h e   R i b n e r   a n d   e q u i v a l e n t  L i g h t h i l l  f o r -  
mulation  which  models  the  sound radiated from a turbulen t   f low.  
Other competing  models  exist   and  our  choice has been made s o l e l y  
on the  grounds that t h e  formalism  behind th i s  model i s  g e n e r a l l y  
unde r s tood   i n   t he   acous t i c  community. 

The a c o u s t i c  power r a d i a t e d   i n   t h e  @ d i r e c t i o n   p e r   u n i t  + 

so l id   angle   f rom  an   e lementa l  volume  of t u rbu lence   l oca t ed  a t  y 
i s  

where 

R X ( @ , $ , t , * )  = p [u:uk2 + 4 U x U 4  + o t h e r  terms] ( 1 6 )  -2 

Ux i s  t h e  time mean v e l o c i t y  component i n  t he  x d i r ec t ion   and  + 
l u c t u a t i n g  component. The pr imed  var iables   denote  t h e  
/ 2  a t  time t and the  unprimed denotes  the  po in t  
time t + -c . The omi t ted  terms are a r g u e d   t o  be  

e i ther  zero  upon time d i f f e r e n t i a t i o n  or small. A t  th is  p o i n t ,  
Ribner   introduced the  assumptions  of  isotropy  and  homogeneity  of 
t u rbu lence   w i th in  a c o r r e l a t i o n  volume i n   o r d e r   t o  make f u r t h e r  
progress .   These  assumptions are not   necessary,   however ,   s ince 
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F i e d l e r  data:  s i n g l e   p o i n t s .   P r e s e n t   s t u d y :  
s o l i d   l i n e  
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second-o rde r   c lo su re   mode l ing   p red ic t s   bo th   an i so t ropy   and  inhomo- 
g e n e i t y .  A t  t h i s  point ,   however ,  we have  chosen  not. t o  a l t e r  the 
b a s i c   R i b n e r   a n a l y s i s ,  so  that  the  a c o u s t i c  model w i l l  remain simple. 
It i s  suggested,   however ,  t ha t  f u t u r e   e f f o r t s   s h o u l d   u t i l i z e  t h e  
f u l l  power of   second-order   c losure .   Requi r ing  that  the  j o i n t  pro- 
b a b i l i t y   d e n s i t y  i s  Gaussian y i e l d s  tha t  

where R 1  = uxu& = . U t i l i z i n g   r e s u l t s   f r o m  the i s o t r o p i c  
t h e o r y   o f   t u r b u l e n c e ,  it was sugges ted  that 

where A i s  the  i n t e g r a l   s c a l e   l e n g t h   o f  the  turbulence   and  wf 
i s  the i n v e r s e   t u r b u l e n t   c o r r e l a t i o n  time s c a l e .   S u b s t i t u t i n g  
R 1  i n t o  (171, and (17) i n t o   ( 1 5 )   y i e l d s  

a f t e r  S a r r y i n g   o u t  the B i m e  d i f f e r e n t i a t i o n   a n d  the  i n t e g r a t i o n  
ove r  5 and s e t t i n g  T = 0 . Also ,  w e  have  approximated 

The c o n v e c t i v e   f a c t o r  C i s  g iven  by  
" 

c = [(l - - 2 W;Ac cos$ )  + - 
"0 

*aO 
2 

+ c ;  

1 -5/2 

and has been added by Ribner  a f t e r  the f a c t   t o   a c c o u n t   f o r  t he  eddy 
g o t i o n  down the  j e t .  The e q u a t i o n  i s  y e t   t o  be i n t e g r a t e d   o v e r  
y . T h i s  i s  accompl i shed   numer i ca l ly   i n   ou r   t u rbu len t   code .  What 
r e m a i n s   t o  be done i s  t o   a r g u e  the f u n c t i o n a l   f o r m   o f  w . Second- 
o r d e r   c l o s u r e   i n  i t s  p resen t   fo rm makes no d i r e c t   p r e d i c t f o n   o f  wf 
b u t  w e  a r g u e  that  the  t u r b u l e n t   c o r r e l a t i o n  time s c a l e   s h o u l d  be 
p r o p o r t i o n a l   t o  L/q where L i s  a c h a r a c t e r i s t i c   t u r b u l e n t   s c a l e .  
We, the re fo re ,   a s sume  

W f  = L/q ( 2 2 )  
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parameter  A so  that  L = kA . 
Our s t r a t e g y  now i s  t o   d e t e r m i n e  k from data a n d   t h e n   u s e  

Eq.  (19) t o  make p r e d i c t i o n s   o f   s o u n d   p o w e r   r a d i a t e f l f o r  more 
c o m p l i c a t e d   f l o w f i e l d s .  We have   chosen   t o   u se   Lush  data t o  make 
t h i s  c a l i b r a t i o n .  Shown i n   F i g .  8 ,  i s  a c o m p a r i s o n   o f   d i r e c t i v i t y  
as a f u n c t i o n   o f   e m i s s i o n   a n g l e   f o r  three j e t  . v e l o c i t i e s .  It i s  
sugges ted  tha t  k = 0 . 5  g i v e s  a bes t  f i t  t o  the  data. One does 
e x p e c t ,  as a consequence  of  the incompress ib le   tu rbulence   model  
a n d   a s s u m p t i o n s   i m p l i c i t   i n  t h e  acous t i c   mode l ,  tha t  d i s c r e p a n c i e s  
w i l l  occu r  as j e t  Mach number approaches  one  from  below. We have, 
t h e r e f o r e ,  biased o u r   s e l e c t i o n  o f  k t o   g i v e  b e t t e r  agreement a t  
t h e  lower j e t  v e l o c i t i e s .   E q u a t i o n  (19) with  the  second-order 
c losure  model  w i l l  now be u s e d   t o  make p r e d i c t i o n s   o f   d i r e c t i v i t y  
a n d   t o t a l   s o u n d  power radiated from  more  complicated j e t  f l o w f i e l d s .  

V. NOISE ESTIMATES FROM COLD JETS 

I n  t h i s  s e c t i o n  the  n o i s e  radiated f r o m   s e v e r a l   c o l d  j e t s  are  
estimated u s i n g  the m o d e l s   d e s c r i b e d   i n   S e c t i o n s  I1 and 111. 

Recent ly  Lu, Ramsay and Miller12 have made measurements  of 
the  n o i s e  radiated from a swirled and  nonswirled  model j e t .  We 
have attempted t o   n u m e r i c a l l y   s i m u l a t e  t h e i r  exper iment   and   pred ic t  
the  t o t a l  sound  power radiated.  I n  F ig .  9 i s  shown t h e  measured 
swirl a n g l e  as a f u n c t i o n   o f   r a d i u s  as well as the  measured  velo- 
c i t y   p r o f i l e  a t  2 j e t  diameters downstream. The dashed cu rves  a re  
the  p r e d i c t e d   d i s t r i b u t i o n s .   U n f o r t u n a t e l y ,  Lu e t  a l .  have  not  
presented  any  measurements  made fur ther   downst ream.  To make t h i s  
comparison we have   run  TDV i n  a p i p e ,  so  t h a t  t h e  i n i t i a l   c o n d i -  
t i o n s  a t  = 0 a r e  t h o s e   a p p r o p r i a t e  t o  a f u l l y   d e v e l o p e d  

by 
en  t h i s  mean v e l o c i t y   a x i a l   d i s t r i b u t i o n  was a l t e r ed  

where a i s  the  swirl angle  measured a t  z = 0 . The p r e d i c t e d  
p r o f i l e s  are  shown i n   F i g .  1 0 .  We a l s o   p r e s e n t  t h e  r e s u l t s   o f  t h e  
c a l c u l a t i o n  where the  mean a x i a l   f l o w  was no t  swirled i n  F ig .  11. 
One obv ious   . d i f f e rence  i s  t h e  r a t e  of   decay o f  t h e  maximum 
a x i a l   v e l o c i t y  as a f u n c t i o n  o f  downst ream  d is tance .  Th i s  v a r i a -  
t i o n  i s  shown p l o t t e d   i n   F i g .  1 2 .  I n   g e n e r a l ,  i t  i s  a l s o  shown 
t h a t  t h e  t u r b u l e n t   k i n e t i c   e n e r g y  at equs l   downs t r eam  s t a t ions  i s  
higher  i n  t he  j e t  which i s  s w i r l e d .  This . ,  cf  c o u r s e ,   e x p l a i n s  t he  
more r a p i d  a g i n g  of t he  swirled v s .  the norlswir led  case.  We have 
estimated t h e   t h r u s t  loss  i n  t he  s w i p l p , ;  p.ase t o  be  about 3%. 
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F i g u r e  loa. P r e d i c t e d  a x i a l   v e l o c i t y   p r o f i l e s   i n   t h e  
Lu, e t  a1 model swirled j e t  
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Figure  lob. P r e d i c t e d  swirl v e l o c i t y   p r o f i l e s  i n  t h e  
Lu, e t  a1 model swir led jet. Curve labels  
same as F i g .  10a 
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F i g u r e   1 0 c .   P r e d i c t e d  u'uf c o r r e l a t i o n   i n  t h e  Lu, e t  a1 - 
model swir led j e t .  Curve labe ls  same as F ig .  
10a 
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Figure 10d. Predicted v'v' correlation  in  Lu, et a1  model 
- 

swirled  jet. Curve labels'same as Fig.  10a 



Figure 10e. Predicted w'w' correlation  in t h e  Lu, et a1 
- 

model  swirled  jet.  Curve  labels  same as in Fig. 
10a 
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F i g u r e  10f. P r e d i c t e d   t u r b u l e n t   i n t e g r a l   s c a l e  parameter A 
i n  t he  Lu, e t  a1 model swirled jet. Curve labels  
same as i n  F ig .  10a 
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model swirled j e t .  Curve labe ls  same as i n   F i g .  
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Figure  l l a .  P r e d i c t e d   a x i a l   v e l o c i t y   p r o f i l e s  i n  Lu, e t  a1 
model swirled j e t  (no swirl) 
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swirled j e t  (no  swirl). Curve labe ls  same as i n  
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Figure  llc. P r e d i c t e d   v ' v ?   c o r r e l a t i o n   i n  the Lu, e t  a1 model 
swirled j e t  (no  swirl). Curve labels same as i n  
F ig .  l l a  
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Figure  lld. P r e d i c t e d  w f w f  c o r r e l a t l o n   i n  th e Lu, e t  a1 model 
- 

swirled j e t  (no swirl). Curve labels  same as i n  
F i g .  l l a  
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Figure  lle.  Predicted  turbulent  integral  scale  parameter A 
in  the Lu, et a1 model  swirled  jet  (no swirl). 
Carve  labels  same  as  in  Fig.  lla 
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Figure  l l f .  
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P r e d i c t e d   t u r b u l e n t   i n t e n s i t y   i n  t he  Lu, e t  a1 
model swirled j e t  (no  swirl). Curve labels same 
as i n   F i g .  lla 

34 



I .o 

. 8  

I2 
.4 

.2 

0 
I 

Swir l  

No swirl "- 

I O  
z /rj 

Figure 12. Predicted  decay of centerline  axial  velocity 

35 



I n   F i g .  13,' we  have.shown the  computed d i r e c t i v i t y   f o r  the  
. n  

3 

swirled and  nonswir led j e t  f o r   p r e s s u r e   r a t i o   e q u a l  to 1 . 2  ( t h r u s t  
estimated to be 33  pounds)  and 1 .8  ( t h r u s t  estimated to be 1 0 0  
p o u n d s ) .   I n   b o t h   c a s e s ,  it i s  shown tha t  the swirled j e t  i s  approx- 
imate ly   one  dB ( s o u n d   i n t e n s i t y )   n o i s i e r .  A t  a g i v e n   p r e s s u r e  
r a t i o  the t h r u s t   b e t w e e n  swirled and nonswir led  i s  approximate ly  
t he  same. Lu e t  a l .  have n o t   g i v e n   d i r e c t i v i t y   p l o t s   f o r  t h i s  c a s e  
b u t   h a v e   p r e s e n t e d   s p e c t r a  T O 0  from the  downstream  axis .  Here we 
estimate from t h e i r  data a 5 db i n c r e a s e   i n   i n t e n s i t y  when t h e  
j e t  i s  swirled. To e x p l a i n  t h i s  r e s u l t  w e  have  examined t h e  sen- 
s i t i v i t y   o f   o u r   d i r e c t i v i t y   p r e d i c t i o n   t o  small changes   i n   t u rbu -  
l e n t   i n i t i a l   c o n d i t i o n s .  Shown i n   F i g .  1 4 ,  i s  the  computed 
d i r e c t i v i t y   w h i c h   r e s u l t s  when t h e  i n i t i a l   s p e c i f i c a t i o n   o f  the  
s e c o n d - o r d e r   v e l o c i t y   c o r r e l a t i o n s  are i n c r e a s e d  or dec reased  by 
20%.  It i s  n o t   d i f f i c u l t   t o   a r g u e  tha t  t h e  swirl v a n e s   d o   i n   f a c t  
i n c r e a s e  the  i n i t i a l   t u r b u l e n c e   l e v e l ,   a l t h o u g h   a n   e s t i m a t i o n   o f  
t h e  amount  would be  d i f f i c u l t .   A l s o ,  it seems r e a s o n a b l e  t ha t  
swirl vanes w i l l  a l t e r  the i n i t i a l   i n t e g r a l   s c a l e .  However, t h i s  
e f f e c t  was n o t   i n v e s t i g a t e d .   W i t h i n  t he  l i m i t a t i o n s   w h i c h  are 
de ta i led  above, these r e s u l t s   d o   i n d i c a t e  tha t  t he  Lu e t  a l .  c o l d  
s w i r l i n g  j e t  d o e s   n o t   o f f e r   a n y   s o u n d   i n t e n s i t y   r e d u c t i o n   o v e r  
t h e  n o n r o t a t i n g   c o u n t e r p a r t s .  

We h a v e   a l s o  made a s i m u l a t i o n   o f  t h e  j e t  f l o w f i e l d   o f  a high 
by-pass r a t i o  j e t  e n g i n e   ( b y - p a s s   r a t i o  3 t y p i c a l   o f  a J T  1 5  D) 
where t h e  pr imary   exhaus t  i s  swirled.  We have  s imply added a . b y -  
pass j e t  f low  around the  s i m u l a t i o n   o f  t h e  Lu e t  a l .  model j e t  above. 
Here we h a v e   e s t i m a t e d   i n i t i a l   c o n d i t i o n s   f o r  t h e  by-pass  f low by 
computing the f u l l y   d e v e l o p e d  p i p e  f l o w   i n   a n   a n n u l a r  p i p e  t o  approx- 
imate t h e   e x i t   c o n d i t i o n s   o n  t h e  by-pass   f low.   In   F igs .  15 a n d ' l 6 ,  
i s  shown t h e  i n i t i a l ,  as well as d o w n s t r e a m ,   p r e d i c t e d   p r o f i l e   f o r  
a swirled and  nonswirled  primary  f low.  Note the  i n i t i a l l y   h i g h  
t u r b u l e n c e   l e v e l   i n  t h e  reg ion   of   mix ing   be tween t h e  primary  and 
by-pass   f low  and   a l so  t he  r e d u c t i o n  of A i n  these  reg ions .   Again ,  
we n o t e  that  the e f f e c t   o f  swirl i s  t o   i n c r e a s e  t he  decay r a t e  of 
t h e  c e n t e r l i n e   a x i a l   v e l o c i t y .   P r e d i c t e d   d i r e c t i v i t y  i s  shown i n  
F ig .  17. Here t h r u s t  was h e l d  c o n s t a n t   f o r   b o t h  swirled and  non- 
s w i r l e d   c a s e s  a t  113 pounds.  Again, i t  i s  seen  t h a t  swirl does   no t  
o f f e r   a n y   r e d u c t i o n   i n   s o u n d  power r a d i a t e d   o v e r   t h e   n o n s w i r l e d  
case .  

A s  a f ina l   computa t ion   wh ich   demons t r a t e s  the .general j e t  flow- 
f i e l d s  which  can be s tud ied   u s ing   s econd-o rde r   c lo su re   mode l ing ,  
we have   s imula ted  a m u l t i t u b e   s u p p r e s s o r .  We have  used  nine 
Gaussian j e t s  w i t h  the  i n i t i a l   t u r b u l e n c e   s p e c i f i e d   u s i n g   s u p e r -  
e q u i l i b r i u m   t h e o r y .  These i n i t i a l   c o n d i t i o n s  were i n p u t t e d   i n t o  
a code named "WAKE" which i s  a nonaxisymmetr ic   vers ion   of  TDV. 
WAKE i s  a f u l l y   e l l i p t i c   c o m p u t a t i o n   i n  t h e  c ross   p l ane   and  i s  
p a r a b o l i c   i n  t h e  streamwise d i r e c t i o n .  The computed  decay  of   axial  
v e l o c i t y  i s  shown i n   i s o p l e t h   f o r m   i n   F i g .  18.  I s o p l e t h s   o f   t u r b u -  
l e n t   i n t e n s i t y  are  a l s o  shown i n  F i g .  19. We have  computed t h e  
d i r e c t i v i t y   o f  t h i s  j e t  and  compared i t  w i t h  tha t  p red ic t ed   f rom 
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Figure 13. Intensity  (dB re W/m ) measured  from  the  downstream  axis f o r  2 

the  swirled  and  nonswirled  jets  for  pressure  ratios  of 1.2 and 1.8 
(from Lu, et a1 data  simulation) 
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F i g u r e   1 5 a .   P r e d i c t e d   a x i a l   v e l o c i t y   p r o f i l e s   ( n o  swirl) for 
a high by pass r a t i o  j e t  as a f u n c t i o n   o f  down- 
stream d i s t ance   (Lu ,  e t  a1 s i m u l a t i o n )  
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Figure 15b. Predicted turbulence profiles (no swirl) for a 
high by pass ratio ,jet as  a  function of downstream 
distance (Lu, et a1 simulation). See Fig. 15a 
for legend 
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Figure   15c .   P red ic t ed  u l u l  p r o f i l e s   ( n o  swirl) f o r  a h i g h  
by p a s s   r a t i o  j e t  as a funct ion  of   downstream 
d i s t a n c e  (Lu, e t  a1 s i m u l a t i o n ) .   S e e   F i g .  15a 
f o r   l e g e n d  
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F i g u r e  15d. P r e d i c t e d  v l v l  p r o f i l e s   ( n o  swirl) f o r  a h i g h  
by pass r a t i o  j e t  as a funct ion  of   downstream 
d i s t ance   (Lu ,  e t  a1 s i m u l a t i o n ) .  See F ig .  15a 
f o r   l e g e n d  
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F i g u r e   1 5 e .   P r e d i c t e d  w ' w '  p r o f i l e s   ( n o  swirl) f o r  a h igh  
by pass r a t i o  j e t  as a f u n c t i o n  o f  downstream 
d i s t ance   (Lu ,  e t  a1 s i m u l a t i o n ) .  See F i g .  15a 
f o r   l e g e n d  
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Figure l5f. Predicted  integral scale parameter  profiles  for  a 
high by pass  ratio  jet  as  a  function  of  downstream 
distance (Lu, et a1 simulation). See  Fig.  15a  for 
legend 
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F i g u r e   1 6 a .   P r e d i c t e d   a x i a l   v e l o c i t y   p r o f i l e s  (swirl Vmax/Wma, 
= 0.45)  for. a h i g h  by. p a s s   r a t i o  j e t  as 
a f u n c t i o n  of downst ream  d is tance  (Lu, e t  a l l  
s i m u l a t i o n )  
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Figure 1611. Predicted  swirl  velocity  profiles  for a high  by 
pass  ratio  jet  as a function of downstream distance 
(Lu, et all  simulation).  See Fig. 16a  for legend 
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F i g u r e  1 6 ~ .  , P r e d i c t e d   u ' u '   p r o f i l e s  (swirl) f o r  a h igh  by 
- 

pass r a t i o  j e t  as a f u n c t i o n  of downstream 
d i s t a n c e  (Lu, e t  a1 s i m u l a t i o n ) .  See Fig .  16a 
f o r   l e g e n d  
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F i g u r e  16d.  P r e d i c t e d  v ' v '  p r o f i l e s  (swirl)  f o r  a h igh  by 
pass r a t i o  j e t  as a funct ion  of   downstream 
d i s t a n c e  (Lu, e t  a1 s i m u l a t i o n ) .  See F i g .  16a 
f o r   l e g e n d  
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F i g u r e  16e. P r e d i c t e d  w ' w '  p r o f i l e s  (swirl) f o r  a h i g h  by 
p a s s   r a t i o  j e t  as a funct ion  of   downstream 
d i s t a n c e  (Lu, e t  a1 s imula t ion ) .   See   F ig .   16a  
for l egend 
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Figure 16f. Predicted  integral  scale  parameter  (swirl) pro- 
files for a  high by pass  ratio  jet  as a function 
of downstream  distance  (Lu, et a1 simulation). 
See Fig. 16a  for  legend 



-5 

-4 

-3 
E 

3- 
\ 
W 

-2 

-1 

0 

r/rp 

F i g u r e   1 6 g .   P r e d i c t e d   t u r b u l e n c e   p r o f i l e s  (swirl) f o r  a h igh  
by p a s s   r a t i o  j e t  as a f u n c t i o n  o f  downstream 
d i s t a n c e   ( L u ,  e t  a1 s i m u l a t i o n ) .   S e e   F i g .  16a 
for l egend 
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Figure 17 .  P r e d i c t e d   d i r e c t i v i t y   f o r  high by pass swirled 
and  nonswirled j e t s ,  intensity (dB re 10-12 
W/m2 
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Figure 18a. The curves  are  numbered  such  that .the maximum 
value  is  scaled  to be 10 with 5 denoting 5 0 X ,  etc. 
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F i g u r e  18b.  I s o p l e t h s  o f  a x i a l   v e l o c i t y  a t  downstream  posi t ion 
x/D = 1 
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Figure 1 8 ~ .  I s o p l e t h s  of a x i a l   v e l o c i t y  a t  downstream  posi t ion 
x/D = 2 .3  
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Figure  18d.  Isopleths of axial  velocity at downstream  position 
x/D = 3 . 6  
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F i g u r e   1 8 e .   I s o p l e t h s  of a x i a l   v e l o c i t y  a t  downstream  posi t ion 
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F i g u r e  lga. I s o p l e t h s  o f  t u r b u l e n t   i n t e n s i t y  a t  downstream 
p o s i t i o n  x/D = 0 .  The numbers  on t h e  cu rves  
i n d i c a t e  t h e  v a l u e  of  t h e  t u r b u l e n t   i n t e n s i t y  
such tha t  t h e  maximum v a l u e  = 1 0  
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Figure 19b. Isopleths of turbulent  intensity at downstream 
position x/D = 1 
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F i g u r e  19d. I s o p l e t h s  of t u r b u l e n t   i n t e n s i t y  a t  downstream 
p o s i t i o n  x/D = 3 . 6  

61 



3.5 T 

2 2 
q,,,/W, = .00837 

x / D = 9  

2 y/D 

F i g u r e  l ge .  I s o p l e t h s  of  t u r b u l e n t   i n t e n s i t y  a t  downstream 
p o s i t i o n  z/D = 9 
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a n   e q u a l   t h r u s t ,   e q u a l  diameter axisymmetr ic   Gaussian j e t ,  u s i n g  
TDV. The r e d u c t i o n   o f  i n t e n s i t y  Adb i s  shown i n  F ig .  20. 

V I .  THE EFFECT OF HEAT AND SWIRL ON 
TURBULENT JET STRUCTURE 

It i s  appa ren t  that  mode l   p red ic t ions  show tha t  swirl does 
s u b s t a n t i a l l y  a l t e r  the s t r u c t u r e   o f  a c o l d  j e t  b u t  that  subs tan-  
t i a l  r e d u c t i o n   i n  the  sound  power radiated has not  been  computed 
t o  occur .  It i s  .+,a, that  t h i s  r e s u l t  i s  o p p o s i t e   o f  that  ob- 
t a i n e d  by Schwar tz   exper imenta l ly  where swirl was imparted t o  
h o t  j e t s .  Here, he has shown that  by s w i r l i n g  the exhaust  from 
t u r b o - f a n   a n d   t u r b o - j e t   e n g i n e s ,   s u b s t a n t i a l   r e d u c t i o n s   i n   t o t a l  
sound  power radiated can  be ach ieved  w i t h  l i t t l e  loss of t h r u s t .  

I n  t h i s  s e c t i o n  w e  propose a p o s s i b l e   e x p l a n a t i o n   o f  t h i s  d i s -  
crepancy based on the  n e g l e c t  of  mean d e n s i t y   g r a d i e n t s .  Our ap- 
proach i s  t o   a g a i n   e x a m i n e  t h e  s u p e r e q u i l i b r i u m  limit of our 
tu rbu len t   mode l   i nc lud ing  t h e  e f f e c t s   o f  radial  va r i a t ion   o f   den -  
s i t y .  

Consider  t h e  flow  geometry shown i n  F ig .  2 1 .  To r educe  the  
a l g e b r a i c   m a n i p u l a t i o n s ,  we w i l l  n e g l e c t  streamwise dependence  on 
a l l  v a r i a b l e s   a n d  seek on ly  a radial  balance  between terms. 
Furthermore,  w e  w i l l  s u p p r e s s  the  tu rbu lence   p roduced  by  t h e   a x i a l  
ve loc i ty   and   on ly   examine  the  p r o d u c t i o n   o f   t u r b u l e n c e  by  swirl 
and rad ia l  d e n s i t y   g r a d i e n t s .  T h i s  assumpt ion   aga in   reduces  t he  
a lgebraic  complexi ty   bu t  s t i l l  r e t a i n s  t he  swirl and radial  den- 
s i t y   g r a d i e n t   p r o d u c t i o n  terms i n  t h e  r a t e  e q u a t i o n s   f o r  t h e  cor-  
r e l a t i o n s .  When t h e  Mach number i s  moderate  and t h e  s u p e r e q u i l i -  
brium limit o f  t he  modeled r a t e  e q u a t i o n s   a r e   t a k e n ,  the  r a t e  
e q u a t i o n s  become 
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Figure 20. Comparison of the  directivity of the  multitube 
suppressor  to  the  axisymmetric jet. 1 = intensity 
of the  multitube, IG = intensity of the-axi- 
symmetric Gaussian 
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Figure  21. Radial d e n s i t y ,   a x i a l   a n d  swirl v e l o c i t y   d f s t r i b u t i o n s  
i n  a j e t  exhaus t .  



u ' u '  3 
q " = & + 4  

q r = & - 2  

S T - = &  

v ' v '  3 

w ' w '  3 

u ' v '  (rv) - -2 - 
q - = "  u ' u '  + 2 f v ' v '  + - v p ' v '  

A r r -  
P 

and 
u ' u '  + v ' v '  + w ' w '  - 

A,b,s are  model cons tan ts   which   have  the  v a l u e s  0.75 , 
0.125 and 1.8 , r e s p e c t i v e l y .  Lambda ( A >  i s  the i n t e g r a l   s c a l e  
parameter i n  t h e  turbulen t   model   and  has the  dimensions o f  l e n g t h .  
S o l u t i o n   t o  t he  above system can be o b t a i n e d  by assuming 

- 
U ' U '  = UUA2(Tr - :)2 

v ' v '  = W A 2 ( V r  - :)2 

- 

- - 
- - 

W ' W '  = WWA2(Vr - :)2 

2 2 -  V) 2 

2 V) 2 
q = QQA (Vr - r 

U ' V '  = UVA (Tr - r 

a n d   s u b s t i t u t i n g  Eq. (25) i n t o  Eq. (241,  y i e l d i n g  
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3 
T- QUU = + 2 S R U  + 4 N W  

Q W = q "  Q3 2 ( 1  + 2N)UV 

3 
QWW = !#- 

QUV = 2 N ( W  - VU) - W + SRV 

AQRU = 2NRV + SRR - UU 

AQRV = - W - (1 + 2N)RU 

bSQRR = - RU 

wi th  

Q Q = U U + W + W W  

N i s  a g a i n   d e f i n e d   t o   b e  

and S i s  a Richardson number d e f i n e d  as 

The s o l u t i o n s   t o  Eq. ( 2 4 )  are l eng thy   and   on ly  t he  s o l u t i o n s  
f o r  Q 2  , W and RU are  displayed below. 

Q2 = - B + h 2 - 4 C  
2 



where 

B = i ( 5  + G )  1 + 2 >(l + 2 N )  + 16N + 8N - 2 2 

2 2  2N(1 + 2 N ) ( 1 6 N 2  + 8N - 2 )  

Q L  + 16NL + 1 2 N  + 2 + $ ( S  + 1 + 2 N )  

RU = - l-. 
J 

-7 

2N 
I 

+ S 4 + =  + “(1 A + 2 N ) I  
-1 

Since  Q2  must be p o s i t i v e   d e f i n i t e ,  there  i s  a r e l a t i o n s h i p  be- 
tween  Richar   son number  and N for which Q2 = 0 . On F i g .  2 2  
are shown Q’ i s o p l e t h s .  A s  can  be  s e e n ,   s e l f - s u s t a i n e d   t u r b u -  
l e n c e  i s  pos i b l e  o n l y   f o r   t h o s e   v a l u e s   o f  S and N which f a l l  
below t h e  Q’ = 0 curve .  Above this  c u r v e ,   t u r b u l e n c e  i s  damped 
by c e n t r i f u g a l   e f f e c t s   o f  t h e  s w i r l i n g   f l o w .  

With the  rad ia l  d e n s i t y  s e t  equa l  to ze ro  ( S  = 0 )  , self-  
s u s t a i n e d   t u r b u l e n c e  i s  p o s s i b l e  i f  -0.68 < N < 0.18 as has been 
shown  by Donaldson  and  Bi lanin.14 Simple pa ra l l e l  shear f low 
c o r r e s p o n d s   t o  N = 0 . Here, t h e  c r i t i c a l   R i c h a r d s o n  number  above 
wh ich   s e l f - sus t a ined   t u rbu lence  i s  n o t   p o s s i b l e  i s  approximate ly  
0.55 , which   agrees  w i t h  tha t  found by Lewellen,  Ref‘. 5. 

I n   F i g s . 2 3   a n d  24are  shown cu rves   o f   cons t an t  W and RU , 
r e s p e c t i v e l y .  As can  be  seen ,  RU < 0 as i t  must be t o   i n s u r e  
tha t  RR i s  p o s i t i v e   d e f i n i t e  ( E q .  ( 2 6 ) ) .  

The va lues   o f  S and N which may be a t t a i n e d   i n  a h o t  
s w i r l i n g  j e t  cover  N < 0 and a l l  S i f  b o t h   p o s i t i v e   a n d   n e g a -  
t i v e   d e n s i t y   g r a d i e n t s  are  a l lowed .   Nega t ive   g rad ien t s  might occur  
in   an   advanced   engine   which   exhaus ts   ho t  gas th rough   an   annu la r  
r eg ion .   The re fo re ,  it appears t h a t  t h e  p resence  of swirl, coupled 
wi th  mean d e n s i t y   g r a d i e n t s ,   c a n   p r o f o u n d l y   a f f e c t  the  a b i l i t y  of 
the j e t   t o   p r o d u c e   t u r b u l e n c e .  We, t h e r e f o r e ,   s u g g e s t  tha t  t he  
mechanisms  which r e s u l t   i n   n o i s e   s u p p r e s s i o n  by s w i r l i n g  the  h o t  
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exhaus t   f low  of  a j e t  eng ine  may be i n t i m a t e l y  re la ted t o  the 
mod i f i ca t ion   o f  the  t u r b u l e n t   s t a b i l i t y   o f  the  j e t .  

V I I .  CONCLUSIONS 

A f i r s t  look  has been made a t  u s i n g   s e c o n d - o r d e r   v e l o c i t y  
c o r r e l a t i o n s   p r e d i c t e d   f r o m   s e c o n d - o r d e r   c l o s u r e   t u r b u l e n t   t r a n s -  
p o r t   t h e o r y  t o  p r e d i c t  t h e  generat ion  of   aerodynamic  sound.  It 
i s  sugges ted  tha t  s e c o n d - o r d e r   t u r b u l e n t   t r a n s p o r t   t h e o r y ,   i n  i t s  
p r e s e n t   f o r m ,   d o e s   c o n t a i n   t u r b u l e n t   s t a t i s t i c a l   q u a n t i t i e s   w h i c h  
appear i n   s e v e r a l   f o r m u l a t i o n s   o f  the  aerodynamic  sound  generat ion 
problem. It i s  a l s o   s u g g e s t e d  tha t  second-o rde r   c lo su re   t r anspor t  
t h e o r y  might b e  ex tended  or m o d i f i e d   t o   d i r e c t l y   c o m p u t e   f l u c t u a -  
t i o n s   w h i c h  appear e x p l i c i t l y  as s o u r c e  terms i n   c u r r e n t   a e r o -  
dynamic  sound  formulations.  

S e v e r a l   c a l c u l a t i o n s  of  complex j e t  f lowf ie lds   have   been  
u n d e r t a k e n   t o   i l l u s t r a t e  t he  v e r s a t i l i t y   o f   s e c o n d - o r d e r   c l o s u r e  
tu rbu len t   mode l ing .  These computa t ions   i nc lude  swirled and  non- 
swirled j e t s  and a f lowf ie ld   s imu la t ing   exhaus t   f rom a m u l t i t u b e  
nozz le .  It has been  shown, with s e c o n d - o r d e r   c l o s u r e   t u r b u l e n t  
t r a n s p o r t   t h e o r y   c o u p l e d  wi th  R i b n e r ' s   f o r m u l a t i o n   o f  the  aero-  
dynamic  sound  generation  problem, tha t  s w i r l i n g  the  exhaus t   o f  a 
c o l d  j e t  does   no t   o f f e r   any   apprec i ab le   sound  power r e d u c t i o n   o v e r  
a n o n s w i r l e d   e q u a l   t h r u s t  j e t .  It i s  sugges t ed  that  t h e  s t a b i l i z -  
i n g / d e s t a b i l i z i n g   e f f e c t   p r e s e n t  when the  j e t  f low i s  ho t   and  i s  
swir led,   which i s  n o t   i n c l u d e d   i n   o u r   c u r r e n t   m o d e l ,  may i n   f a c t  
e x p l a i n  t h i s  a p p a r e n t   c o n t r a d i c t i o n  w i t h  measured data.  
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