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SUMMARY 

This paper i s  concerned w i th  modeling f l exu ra l  and membrane type waves 
ex i s t i ng  i n  various submi.rged ( o r  i n  vacuo) p l a t e  and/or she l l  f i n i t e  element 
model s t ha t  are exc i ted w i th  steady s ta te  type, harmonic loadings proportioned 
t o  e iwt .  Only t h i n  walled p la tes  and she l ls  are t rea ted  wherein ro ta ry  i n e r t i a  
and shear cor rec t ion  fac tors  are n o t  included. More spec i f i ca l l y ,  the issue o f  
determining the shel l  or p l a t e  mesh s ize needed t o  represent the spat ia l  dis- 
t r i b u t i o n  o f  the p l a t e  o r  she l l  response i s  o f  prime imporiance towards suc- 
cess fu l l y  representing the so lu t ion  t o  the problem a t  hand. To t h i s  end, a 
procedure i s  presented f o r  establ i shi ng guide 1 i nes f o r  determining the mesh 
size based on a simple t e s t  model t h a t  can be used f o r  a va r i e t y  o f  p la te  and 
shel l  conf igurat ions such as, (1) c y l  i n d r i c a l  she l l  s w i t h  water loading, ( 2 )  
c y l i n d r i c a l  she l ls  i n  vacuo, (3) p la tes  w i t h  water loading, and ( 4 )  plates i n  
vacuo. The procedure f o r  doing these four  cases i s  given, w i th  spec i f i c  numer- 
i c a l  examples present only f o r  the c y l i n d r i c a l  she l l  case. 

INTRODUCTION 

This paper addresses the top ic  o f  modeling f l exu ra l  waves and membrane 
waves present i n  various types o f  she l l  and p l a t e  type s t ruc tu ra l  configura- 
t ions. The issue a t  haad i s  ~ r r i v i n g  a t  a simple procedure f o r  determining a 
mesh s ize  adequate t o  represent the d e t a i l s  o f  the spat ia l  respcnse d i s t r i bu -  
t ions  necessary t o  achieve some desired l eve l  o f  accuracy. To be sure, i t  
would be too la rge  an undertaking t o  answer t h i s  question fo r  a1 1 possible 
p la te  and she l l  conf igurat ions t h a t  may ar ise ,  however, the selected c lass  o f  
t h i n  walled c y l i n d r i c a l  she l ls  and f l a t  p lates are o f ten  the major bu i l d ing  
blocks o f  a good deal o f  s,tructures. Therefore, the paper w i l l  focus on these 
two conf i g x a t i  ons , wi th  the major emphas' s on the c y l  i ndr i ca l  snel 1 empl oy i  ng 
CCONEAX elements w i th  axisymnetrical loading. Physical problems w i th  f i n i t e  
length dimensions e x h i b i t  so lu t ion  responses t h a t  o f ten  have the form of 
standing wave pat terns as a r e s u l t  o f  r e f l e c t i o n s  from the she l l  boundaries. 
Further, these solut ions do not  have a s ing le  c l e a r l y  def ined constant ampli- 
tude t rave l  i nq wave componen.t as one would have, i n  say, an i n f i n i t e l y  long 



she l l  o r  plate. A constant amp1 i t ude  t rave l  i n g  wave (prop? a t i n g  i n  the x 
d i r e c t i o n  a t  frequency o) response, R, o f  the form R = Roely'~xht) i s  a desi r -  
able form t o  seek because the constant amplitude Ro and associated spat ia l  wave 
l e n g t h t Y  = 2.rr/y can then be used as a measure f o r  determining the a b i l i t y  o f  a 
p a r t i c u l a r  element t o  represent the desired wave propagation phenomenon. Devi- 
a t ions o f  the f i n i t e  element amplitude response from the exact response con- 
s tant  R and/or deviatons of the f i n i t e  element response phase angle period 
from th? exact spat ia l  per iod can be used t o  judge the mesh refinement neces- 
sary t o  achieve a desired leve l  o f  accuracy. The t h r u s t  o f  t h i s  paper i s  no t  
t o  g ive a hard and f a s t  r u l e  fo r  the number of  elements per wavelength neces- 
sary t o  achieve some desired leve l  o f  accuracy, bu t  ra the r  t o  provide a proce- 
dure f o r  a1 1 owing one t o  establ i s h  h i s  own 1 eve1 o f  accuracy. We take t h i s  
approach because ru les  of thumb are o f ten  dangerous, p a r t i c u l a r l y  i n  the area 
o f  wave propagation i n  p la te  and shel l  structures. There are cases, for  exam- 
ple, i n  a p la te  o r  c y l i n d r i c a l  she l l  where a c u t o f f  p o i n t  e x i s t s  such t h a t  the 
p a r t i c u l a r  problem parameters ( geometry, frequency, and physical constants) 
resul t i n  a s i t u a t i o n  where there i s  no t rave l  i n g  wave. I f  the problem param- 
eters happen to  be such t h a t  the t rave l i ng  wave r o o t  i s  c lose t o  the cut-off 
point ,  a f i n e r  mesh s ize  might be needed t o  proper ly  represent the propagating 
wave s i tua t ion .  

The symmetrical l y  loaded ( 8 independent loading) i n f i n i t e l y  long c y l  inder 
she l l  ( w i t h  o r  without f l u i d  external f l u i d  present) i s  selected as the model 
f o r  examining f lexura l  and nembrane t rave l  ing  waves (see Figure 1).  This same 
model can be used t o  t r e a t  a1 1 four  p l a t e  and she l l  cases ( w i t h  and without 
water) discussed above. The p l a t e  cases can be rea l i zed  by l e t t i n g  a -+ and 
the i n  vacuo cases achieved by se t t i ng  the density o f  the f l u i d  equal t o  zero. 

SYMBOLS 

ii = radius o f  c y l i n d r i c a l  she l l  ( i n )  

C = f l u i d  soucd speed ( in /sec)  

c, = shear ve loc i t y  = d m  psi  

cp = i n  vacuo p l a t e  wave speed, n E / ( p S ( l - ~  ) )  ( i n l s e c )  

c, = propagating wave phase ve loc i ty ,  .ly 

c = i n  vacuo p l a t e  wave speed, ( i n l sec )  
f P 

D = p l d t e  modulus = ~ h s / [ l Z  ( 1  - vZ ) ]  of r i g i d i t y  ( I  b/ in )  

f = harmonic frequency (Hz) 

G = shear modulus o f  e las t i c1  t y  ( p s i )  

(1) - H o ( ; ) = Ha l te l  Bessel funct ions o f  the f i r s t  k i nd  ord:r O and 1 



h = p l a t e  o r  s h e l l  th ickness ( i n )  

i = d=i' complex number 

KO( 1; K1() = mod i f ied  Bessel f unc t i ons  o f  o rder  9 and 1 

k  = w/c acoust ic  wave number ( i n -1 )  

kf P 
= U/C 

f P 
i n  vacuo p l a t e  wave number ( i n -1 )  

kp = u /cp  i n  vacuo p l a t e  wave number ( i n -1 )  

L = f i n i t e  element model l eng th  ( i n )  

M, = she l l  l i n e  moment ( l b / i n / i n )  

N, = a x i a l  l i n e  membrane f o r ce  ( l b / i n )  

p  = f l u i d  pressure ( p s i  1 

Q = t ransverse she1 1 l i n e  shear f o r ce  ( i b / i n )  

r = r a d i a l  c y l i n d r i c a l  coord inate ( i n )  

t = t ime v a r i a b l e  (sec) 

u  = a x i a l  mot ion o f  p l a t e  o r  s h e l l  ( i n )  

U, = amplitude o f  u  ( i n )  

w = r a d i a l  mot ion o f  p l a t e  o r  s h e l l  ( i n )  

Wo = amplitude o f  w ( i n )  

x  = p l a t e  coord inate d i r e c t i o n  normal t o  p l a t e  ( i n )  

z = a x i a l  c y l i n d r i c a l  coord ina te  v a r i a b l e  ( i n )  

A = wavelength o f  propagat ing wave Y 

Y = t r a v e l i n g  wave number f o r  z d i r e c t i o n  ( i n - 1 )  

Yr = r ea l  p a r t  o f  y 

yi = imaginary p a r t  o f  y 

P = mass dens i t y  of f l u i d  ( l b I sec2  in -4 )  

Ps = mass dens i t y  o f s t r uc tu re  ( lb /secz  in -4 )  

v = Poisson 's  r a t i o  o f  s t r u c t u r e  
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F IGURE 1. FLEXURAL NAVE MODEL FOK SUBMERGED CYL INDRICAL  
SHELL 

: (deformations) 

SHELL NOTATION 

;I - - +W 
I I 
I (deformations) 
I I 

I b)  NASTRAN F I N I T E  ELEMENT 
SHELL NOTATION 

F IGURE 2. DEFORMATPON 4ND EDGE LOAD NOTATION 
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ANALYTICAL WAVELENGTH FORMULATION FOR 
PLATES AND CYLiNDRICAL SHELLS 

The a n a l y t i c a l  formulat ion employed f o r  determining the  exact  re1 a t i onsh ip  
f o r  f r e e l y  propagat ing waves i n  p l a t e  and c y l i n d r i c a l  s h e l l  s t r uc tu res  i s  
impor tant  f o r  i t s  own sake, however, t he  fo rmu la t ion  a1 so d i r e c t l y  leads t o  the 
procedure employed t o  se t  up the  NASTRAN wave1 ength accuracy demonstrati  on 
models. Consequently, some o f  t h e  impor tan t  d e t a i l s  o f  t he  development f o r  the  
f r e e l y  propagat ing wave c h a r a c t e r i s t i c s  equat ion a re  given. The procedure 
g iven w i l l  c l o s e l y  f o l l o w  t he  one g iven i n  r e f .  2, except t h a t  f r e e l y  propagat- 
i n g  ratht-:- than standing wave con f i gu ra t i ons  a re  considered by changing the 
a x i 6 l  ~ a r ; a t i o n  as a complex exponent ia l  v a r i a t i o n  i n  z r a t h e r  than a cosine 
va r i a t i on .  

O f  eventual i n t e r e s t  i s  bo th  the  f l e x u r a l  wave and a x i a l  (membrane) wave- 
leng ths  f o r  p l a tes  ( w i t h  and w i t hou t  water present )  and f o r  i n f i n i t e l y  l ong  
c y l i n d r i c a l  s h e l l s  ( w i t h  and w i t hou t  water present ) .  Th is  c o n s t i t u t e s  2 x 2 x 
2 = 8 d i f f e r e n t  s i t ua t i ons .  However, we can t r e a t  the  e i g h t  cases a t  the same 
t ime by f i r s t  t r e a t i n g  t he  most complex case o f  t he  submerged i n f i n i t e l y  c y l  i n -  
d r i c a l  she l l .  By tak i ng  appropr ia te  l i m i t s  o f  t h i s  case (i.e., water dens i ty  
+ O  o r  she l l  r ad i us  -+ m) we can recover the  o ther  cases o f  i n t e r e s t  w i thou t  
r e q u i r i n g  any new analyses. 

We s t a r t  w i t h  the governing s i m p l i f i e d  t h i n  wa l l  she l l  f i e l d  equat ions f o r  
t he  c y l i n d r i c a l  s h e l l  ( r e f .  1) and corresponding wave equat ion f o r  the  externa l  
f l u i d ,  namely 

v au h2 a'w = - P I  . (l-v2)/(Eh) -- a a z  + F + V F + F ' T  
r=a 

sub jec t  t o  the usual boundary cond i t i on  r e l a t i o n  r e l a t i n g  the  pressure g rad ien t  
normal t o  t he  shel 1 and the s h e l l  acce le ra t ion ,  

r=a 
where u, w a re  the  a x i a l  , and r a d i a l  displacements o f  the shel 1 (see F igure  2a 
f o r  p o s i t i v e  sense); p i s  t he  pressure i n  t he  f l u i d ;  h the  s h e l l  th ickness; a 
the rad ius  o f  the  c y l i n d r i c a l  she l l ;  r, z a re  the r a d i a l  a x i a l  c y l i n d r i c a l  
coordinates; E, v are  Young's modulus m y ' s  r a t i o  o f  the  she l l  ; cp i s  
the  p l a t e  wave speed parameter ( 0 1  - 2  ) ; and c i s  t he  acoust ic  wave 
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speed o f  t he  f l u i d .  The s h e l l  equations (1) are  f o r  c l ass i ca l  t h i n  wa l l  p l a t e  
and s h e l l  theory and do n o t  have r o t a r y  i n e r t i a  and shear co r rec t i on  f ac to r s  
included. Consequently, t he  area o f  i n t e r e s t  focused on here in  w i l l  be i n  a 
frequency range o f  u such t h a t  the above two methods co r rec t i on  f ac to r s  a re  n o t  
necessary. Th is  p o i n t  w i l l  be expanded upon l a t e r  i n  the  paper. 

The 0 symmetrical she l l  mot ion represent ing propagating waves i n  the +z 
d i r e c t i o n  are assumed t o  take the  form 

v = O  (no hoop mot ion) ( 4 )  

where and Wo are the y e t  t o  be determined wave ampl i tudes, and y i s  t ! ~ e  
propagating wave number. For outward going waves, the form o f  the  pressure 
s o l u t i o n  i d e n t i c a l l y  s a t i s f y i n g  t he  wave equat ion (2) i s  given by r e f .  2, 

p(r ,z)  = Po ~ t ) ( r - m ) e  i y z  , - iwt  ( 5 )  

which can be e a s i l y  v e r i f i e d  by d i r e c t  s u b s t i t u t i o n  o f  equation ( 1 i n t o  equa- 9 t i o n  (21, where Po i s  the y e t  unknown pressure ampl i tude, and H& ( ) i s  the 
Hanke1,function o f  the  f i r s t  k i n d  o f  order  zero. A s i m i l a r  expression f o r  p 
w i t h  ( (Hankel funct ions o f  the  second k ind)  a1 so s a t i s f i e s  the  wave equa- 
t i on ,  b u t  represents inward coming waves (when k2 > ~ 2 )  o r  resulSs i n  an ever 
increas ing exponential increas ing pressure f i e l d  w i t h  increas ing r when k2 ; y2, 
Ne i ther  of these s i t u a t i o n s  corresponds t o  the phys ica l  problem a t  hand, thus 
on ly  the  Hankel f unc t i on  o f  the f i r s t  k i n d  i s  re ta ined.  

The c h a r a c t e r i s t i c  equation r e s u l t i n g  i n  an i n t e r a c t i o n  equation r e l a t i t l g  
the  d r i v i n g  frequency w and admissible propagat ing wave numbers, Y, i s  obtained 
by s u b s t i t u t i n g  equations ( 4 )  and ( 5 )  i n t o  equat ion ( I ) ,  subject  t o  the bound- 
a ry  cond i t i on  ( 3 )  : a c t u a l l y  s u b s t i t u t i n g  equations ( 4 )  and (5) i n t o  cond i t i on  
( 3 )  leads t o  the r e l a t i o n  between the surface mot ion amplitude Wo and the pres- 
sure ampl i tude Po, namely 

Thus the r e s u l t i n g  two l i n e a r  equations i n  the No, Uo c o e f f i c i e n t s  i s  given by 

The n o n t r i v i a l  s o l u t i o n  i s  obtained by s e t t i n g  the determinant o f  the 
ampl i tude c o e f f i c i e n t s  equal t o  zero resu l  t i n y  i n  

h ($ - .')[A + n y4 - ( u / ~ ~ ) ~  - 
f o r  k2 > y2 
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o r  i n  another equivalent form o f  

4 

f o r  y2 > k2 

where the KO ( 1  and K1() are modi f ied Bessel funct ions and are re la ted  t o  the 
Hankel funct ions by the i d e n t i t y  

Noting t h a t  the i n  vacuo f l exu ra l  wave number, k formltla f o r  a p la te  i s  
given by 
1 

fp ' 

and the i n  vacuo membrane compressional wave number, k,, , given by 

and f i n a l l y  the acoustic wave number by 

where c i s  the acoustic wave speed o f  the f l u i d  medium; the cha rac te r i s t i c  
equation f o r  the t rave l i ng  wave number, non-dimensionalized w i t h  respect t o  the 
acoustic wave number k, can a lgebra ica l l y  be rewr i t t en  as 

For (ir < 1 
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The o r i g i n a l  dimensional form o f  the cha rac te r i s t i c  equation (7) depended on 
the e i g h t  parameters h, w, E, v, Ps, a, C, f o r  the r e s u l t i n g  wave number y ; 
however, the above equation (12) form only depends on the reduced number o f  5 
non-dimensional parameters, namely $ I k  , ka, alh, and v f o r  the resu l t -  
dng non-dimensional wave numbers ylk. The term ( k f d k )  i s  no t  an independent 
parameter since i t  can be expressed i n  terms o f  the other  ones through the 
re1 a t i o n  

Roots o f  Character is t ic  Equation and Mode Shapes 

The roo ts  o f  the frequency equation (12) cover several special  cases and 
requ i re  fu r the r  elaboration. The roots o f  i n t e r e s t  f o r  f r e e l y  propagating 
waves are those for  which y = y i s  a rea l  quant i ty,  wherein the she l l  response 
has arguments (see equation (415 of the t rave l i ng  wave form i ( y r z  - ~ t )  and 
corresponds t o  a wave propagating i n  the +z d i rec t i on  and the corresponding 
wavelength i s 2 i  ven by 

Possibly roots"of the cha rac te r i s t i c  equation are complex (e.g., t h i s  could be 
the case when employing equation (12a) due t o  the complex form o f  the Hankel 
funct ions H,( ) = Jn( ) + i Y,( )). I n  these s i tuat ions,  the complex r o o t  can 
be w r i t t e n  i n  the form y = yr + iyi and subs t i t u t i on  o f  t h i s  quant i ty  i n t o  the 
st. ?ll r e  onse .equation (4),  shows t h a t  the ax ia l  z response i s  proport ional t o  "P el ( y r + l y i  = elYra' eYiz . Thus the so lu t i on  amp1 i t u d e  would e i t h e r  reduce 
( y i  > 0 )  o r  grow i i ~ d e f i n i t e l y  ( y i  < 0) w i t h  z according t o  the sign o f  yi. The 
wavelength o f  the reducing ( o r  growing) f luxuat ions  i s  s t i l l  given by A, = 2 1 ~ 1 ~ ~  

The case o f  i n t e r e s t  i n  the remainder o f  t h i s  paper i s  the one f o r  which 
there are f ree ly  propagating waves o f  constant amp1 i tude. This s i t u a t i o n  w i l l  
r e s u l t  when (Y/k)2 > 1 wherein the modif ied Bessel funct ions and K have 
real  arguments and consequently equation (12b) usual ly  r e s u l t s  i n  rea f  roots 
f o r  y. The s i t ua t i on  ( ~ / k ) 2  > 1 imp1 i e s  the acoustic wavelength ha = 2 ~ 1 k  i s  
1 onger than the propagating wavelength, hr = 2 . yr. 

For c y l  i ndr ica l  she1 1 s, unl i ke the i n f  i n i  t e  p late,  the axi  a1 membrane 
force N ,, w i  11 a1 so resul  t i n  a rad i  a1 component o f  motion. Consequently, the 
ax ia l  and rad ia l  motions f o r  the membrane propagation o r  the f l exu ra l  wave 
propagation are coupled. I n  fac t ,  the same character i  s t i c  equation (12b) can 
be used t o  determine both the membrane and f lexura l  propagating wave numbers 
l ax ,  ~fl. Whether a given root ,  y , corresponds t o  the membrane o r  f l exu ra l  wave 
can be establ ished by examining the mode shape. More spec i f i ca l l y ,  the r a t i o  
o f  Uo/Wo can be solved from e i t h e r  o f  the two homogenous equations (6);  upon 
subs t i t u t i ng  the root,  y , i n t o  say the f i r s t  o f  equations (6 )  y i e l d s  
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Upon subs i t u t i ng  ' t h e  v/k r o o t  i n  quest ion i n t o  equat ion (15),  the  s i ze  o f  U o  
r e l a t i v e  t o  W, can be estab l ished,  wherein I Q,/bl >> 1.0 impl i e d  a dominant 
a x i a l  mot ion hence s i g n i f y i n g  a membrane propagat ing wave and I~~/b+,l << 1.0 
impl i e s  a dominant r a d i a l  mot ion hence s i g n i f y i n g  a f l e x u r a l  propagat ing wave. 

L i m i t i n g  Cases o f  General Cha rac te r i s t i c  Equation 

Several 1 i m i  t i n g  cases o f  the  general c h a r a c t e r i s t i c  equat ion (12b) no t  
on ly  prov ide use fu l  i n fo rmat ion  by t h e i r  own m e r i t  ( i  .e., the  t r a v e l i n g  wave 
c h a r a c t e r i s t i c  equat ion o f  a p l a t e  i n  f l u i d  o r  a i r ;  or, the  case o f  a c y l i n d e r  i n  
a i r )  b u t  a t  t he  same t ime p rov ide  i n s i g h t  w i t h  regard  t o  where (i.e., the  range 
of ( y l k ) )  t o  search f o r  the  roo t .  It i s  i n s t r u c t i v e  t o  s t a r t  w i t h  the s implest  
case of an i n f i n i t e  f l a t  p l a t e  i n  vacuo and b u i l d  up t o  t he  more general case 
o f  a submerged i n f i n i t e  cy l inder .  

a i n f i n i t e  p l a t e  i n  vacuo 

This  s i t u a t i o n  i s  r e a l i z e d  by t ak i nq  the  l i m i t  as the f l u i d  t o  s t r u c t u r e  
mass r a t i o  goes t o  zero,  PIP^ + 0, and as t he  non-dimensional frequency param- 
e t e r s  ka -+ a~. It i s  noted t h a t  ka + * can be r e a l i z e d  b having the  rad ius  
a -t a t  a f i n i t e  frequency w = k l c .  Thus equat ion (12b r reduces t o  

which by inspec t ion  has the  r o o t s  

Y =  k p  and y - - kfp 

S u b s t i t u t i n g  y = k i n t o  equations (6) shows t h a t  
P 

thus, W o  = 0 and Uo i s  any constant, and hence t h i s  mode corresponds t o  pure 
a x i a l  mot ion w i t h  no r a d i a l  motion, thus i n d i c a t i n g  t he  7 = k r o o t  i s  f o r  the 
membrane t r a v e l i n g  wave. S im i l a r l y ,  s u b s t i t u t i n g  y = kf  i n t g  equations (6) 
y i e l  ds P 

# 0 
A 

U o i  [ d / c  2 - kfp] + W o  (0 )  = 0 
P 

Uoi [0]  + Wo [0] = 0 



! thus 1; = 0, and W, i s  any constant  and hence corresponds t o  pure f l e x u r a l  
mot ion w i t h  no a x i a l  motion. 

t 
i n f i n i t e  p l a t e  i n  f l u i d  

Th is  s i t u a t i o n  i s  s i m i l a r l y  obtained by passing t o  the  l i m i t  as a + 
i n  

equat ion (12b) and no t i ng  t h a t  ( b ( x ) / K l ( x ) )  - 1 as x +  -. Thus equat ion (12b) 
reduces t o  

where agai n separate membrane t r a v e l  i ng waves and f 1 exura l  t r a v e l  i ng waves r e s u l t  
by separate ly  equat ing the  [ I ,  and [ 1, terms t o  zero i n  qua t ion  (19). Thus 
by inspec t ion  as i n  the i n  vacdo p l a t e  case, 

Y - k 
F - +  

i s  again a r o o t  f o r  t he  membrane propagat ing wave and t he  r o o t  o f  

provides the f l exu ra l  wave roo t .  It i s  noted t h a t  equat ion (19a) i s  a lgebra i -  
c a l l y  equ iva len t  t o  equat ion (7.10) o f  r e f .  2. Upon inspec t ing  equat ion (19a), 
i t  i s  seen t h a t  the e f f e c t  o f  the water presence i s  t o  make the  y/k r o o t  a 
1 arger  value ( i  .e., the  f l e x u r a l  wavelength i s  sma l le r )  than what would have 
been the Ca:e i n  the absence o f  ex te rna l  water. Thus the  water has no e f f e c t  
on the  membrane wa<e roo t ,  however t he  f l e x u r a l  wave r o o t  i s  e f f e c t e d  and must 
be solved numerical Iy u i t h  some s o r t  o f  r o o t  searchir,d scheme. 

i n f i n i t e  i~ vacuo c y l i n d r i c a l  s h e l l  

The c h a r a c t e r i s t i c  equat ion i s  again obtained from the  general (12b) case, 
by passing t o  t he  1 i m i  t as ( p lpS)  -, 0, thus ob ta i n i ng  

which corresponds t o  a cubic equat ion in the  des i red  2 r o o t  and consequently 
can be solved f o r  exac t l y  w i t hou t  r e s o r t i n  t o  3 numerical r o o t  f i nde r .  Due t o  
the presence o f  the l a s t  term i n  equat ion ? 201, y = k p  i s  no longer  the exact  
r o o t  f o r  the membrane t r a v e l  i n g  wave, however, the  ( v y  /a)2 does n o t  usua l l y  
s h i f t  the membrane wave number r o o t  very f a r  from the  p l a t e  so lu t ion ,  y = kpaS 
can be seen a f t e r  so l v i ng  f o r  t he  exact  r o o t s  o f  equat ion (20).  Only p o s i t i v e  
values f o r  y 2  obtained from the  cubic s o l u t i o n  w i l l  correspond t o  f r e e l y  propa- 
ga t ing  waves. A1 though the exact  membrane and f l e x u r a l  r o o t s  a re  coupled 
through the  l a s t  term i n  equat ion (20) ,  an approximat ion o f  t h e  roo t ,  say f o r  
roughing ou t  the mesh s i ze  needed, can be obta ined from the  approximations 
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obtained a f t e r  dropping the normally small ( v  y/a)2 term, hence 

Y " k  
f o r  membrane wives, and 

f o r  f l exu ra l  waves. 

MODELING FLEXURAL AND MEMBRANE WAVES WITH NASTRAN 

A s i m p l i f i e d  model i s  needed fo r  the determinat ion o f  the necessary number 
o f  elements per wavelength required t o  accurately model the membrane and/or 
f l exu ra l  f r e e l y  propagating waves i n  NASTRAN type elements. The procedure used 
here i s  t o  cu t  a segment (say a t  l e a s t  one wavelength long)  ou t  of the i n f i -  
n i t e l y  long model. A t  one c u t  o f  the model ( c a l l  i t  the s t a r t i n g  end "A"), 
moments and forces ex i s t i ng  i n  the f r e e l y  propagating wave are appl ied exp l ic -  
i t l y ;  a t  the other end ( c a l l  i t the terminat ion end "B"), an appropriate 
absorbing boundary condi t ions i s  appl ied (dampers t h a t  r e l a t e  she l l  edge veloc- 
i t i e s  t o  edge moments and forces). The boundary absorbers i m p l i c i t l y  apply the 
appropriate amount o f  moment o r  force t h a t  would have been present interna1:y 
a t  t ha t  sect ion o f  the shel l .  I n  theory, i t  would be possib le t o  apply expl ic-  
i t  appropriately phased mements and forces a t  the terminat ion end as wel l ,  how- 
ever, t h i s  i s  not  done f o r  two reasons. F i r s t ,  there i s  a c e r t a i n  amount o f  
phase angle d r i f t  (an amount beyond the expected terminat ion phase o f  yL)  t h a t  
ex i s t s  as the wave propagates along the ax is  o f  the she11 ( o r  p la te )  and i t i s  
not  known a p r i o r i  what the phase d r i f t  i s  so t h a t  the terminat ion moments and 
forces can' t be appropr iate ly  adjusted; the appl i c a t i o n  o f  boundary absorbers, 
however, does not  requi re any phase d r i f t  adjustment. Secondly, the implemen- 
t a t i o n  o f  the absorbers gives fu tu re  i n s i g h t  on how t o  truncate f i n i t e  element 

 ells o r  p la tes  i n  such a manner t h a t  1 arge problems requ i r i ng  premature model 
terminat ion can be made. 

I n  Vacuo Cy l i nd r i ca l  Shel l  

determination o f  edge loading moments and forces 

The appropriate moments and forces a t  the s t a r t i n g  end A can be L ztermined 
from the he1 at ionships r e l a t i n g  the shel 1 motion u, w t o  the shel 1 edge loads 
N$, QA,  MZ and aae given by the she l l  theory r e l a t i o n s  ( re f .  1 )  

where the equation (21)  momelnts and forces are l i n e  loads ( i  .e., loads per u n i t  
c i rcumferent ia l  arc length)  obeying the she l l  s ign convention o f  Figdre 2a. 
Upon subs t i t u t i ng  equations ( 4 )  i n t o  equations (21), i t  fo l lows t h a t  
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where the r e l a t i o n  between Uo and % i s  governed by equat ion ( 1 5 )  f o r  c y l i n d r i -  
ca l  shel 1 s. For p l a t e s  !a -+ -1, Uo and do a re  i independent, where f o r  membrane 
waves Uo denotes the  wave ampl i tude w i t h  = 0 and f o r  f l e x u r a l  waves Wo i s  
the wave amp1 i t u d e  w i t h  Jo = 0. 

Equations (22) a re  n o t  i n  a form ready t o  use i n  NASTRAN CCONEAX elements 
f o r  th ree  reasons: f i r s t ,  NASTRAN i n p u t  i s  n o t  i n  the  usual l i n e  l oad  form as 
i s  the case w i t h  she l l  theory,  b u t  r a t h e r  a re  t o t a l  values wherein the  1 i , e  
loads must be m u l t i p l i e d  by 2ma; second, t he  f i n i t e  e l e m e n ~  type s i gn  conven- 
t i o n  ( l i k e  q u a n t i t i e s  a t  both  ends o f  the  member a re  p o s i t i v e  i n  the same 
sense) i s  d i f f e r e n t  from the  s h e l l  theory  convent ion (e.g., compare F igures 2a 
and 2b)  and; t h i r d ,  NASTRAN has an e+lwt hardwired i n t ~  t he  code, consequently 
an adjustment i n  t he  a n a l y t i c a l  s o l u t i o n  i s  necessary t o  compensate f o r  t h i s  
po in t .  S p e c i f i c a l l y ,  a wave t r a v e l i n g  i n  t he  +z d i r e c t i o n  a1 so can be repre- 
sented w i t h  an i ( - Y z  + o,t) type argument, thus by r ep lac i ng  y w i t h  - y  and w 
w i t h  -u i n  the  a n a l y t i c a l  s o l u t i o n s  w i l l  accompl i sh the  corresponding correc- 
t i o n .  Thus accounting f o r  a1 1 t h ree  compensations and a1 so incorpora t ing  
equat ion (15), the  NASTRAN l oad ing  f o r  the  c y l i n d r i c a l  s h e l l  a t  t he  s t a r t i n g  
c u t  A, evaluated a t  z = 0, i s  g iven by: 

NASTRAN 
c u t  -A 

l oad ing  
f o  iA 

c v l  i nder 

where Wo i s  any s u i t a b l e  displacement ampi i tude f a c t o r  t h a t  i s  se lected by the 
user, and y f s  the r o o t  d i r e c t l y  from the  appropr ia te  frequency equat ion 
( s i g n  changes i n  y a-nd have a1 ready been compensated f o r  i n  s e t t i n g  up equa- 
t i o n  ( 2 3 ) ) .  The e+ lw t  f a c t o r s  a re  o f  course omi t ted  when entered data i n t o  

,. NASTRAN since t h i s  f ac to r  i s  au toma t i ca l l y  accounted f o r  i n t e r n a l  t o  the  
program. 

determinat ion o f  shel 1 edge te rmina t ion  absorbers 

The membrane o r  f l e xu ra l  wave i n c i d e n t  upon t he  s h e l l  te rm ina t ion  w i l l  
r e f l e c t  from the  end un less t h e  appropr ia te  boundary c o n d i t i o n  i s  i nse r t ed  t o  
s imulate the e f f e c t  of having an i n f i n i t e l y  l ong  s h e l l .  Here the  appropr ia te  
boundary absorber i s  developed f o r  each o f  t he  t h ree  she l l  edge loads. Fol low- 
i ng  the same procedure used t o  setup equat ions (231, the  i n t e r n a i  moments and 
forces a t  the te rm ina t ion  end a re  g iven by 
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The equations (24) can be w r i t t e n  i n  terms o f  ve l oc i t y ,  by no t i ng  = +iwu 
= i w w ,  dw/dx = 6 = ( - i y ) ( iww)  thus equat ions (24) become 

where the  above forces a re  the  forces on the  s h e l l  edge B. Dampers at tached t o  
t he  end o f  the shel 1  would have an i n t e r n a l  f o r c e  o r  moment equal and oppos i te  
t o  the  value a t  the she l l  edge, thus the fo rces  and moments i n t e r n a l  t o  the 
damper * r e  given by 

where the  damper values a re  g iven by 

2na D 2na D y  I NASTRAN 
co = q- Co =-  

C~ 
$ = a ah ~ f c y  CCONEAX 

DAMPERS -. - 

where the propagation phase v e l o c i t y ,  cy , i s  de f ined  by 

where Y i s  the r oo t  o f  the  c h a r a c t e r i s t i c  equation. I n  the  case o f  a  p la te ,  
the  same dampers can be used, exr?pt  t he  2n a would be rep laced by the  w id th  o f  
the p l a t e  (perpendicular t o  the  d i r e c t i o n  o f  propagat ion) and appropr ia te ly  
subdivided between the element te rm ina t ion  n?des ( two t z rm ina t i on  nodes f o r  
actua l  p l a t e  elements and one te rmina t ion  node f o r  beam elements w i t h  a  plane 
s t r a i n  co r rec t i on  on the Young's modul us). 

Submerged Cyl i n d r i c a l  She1 1 

determinat ion o f  edge l oad ing  moments and forces 

The appropr ia te  moments and fo rces  employed t o  d r i v e  the she l l  edg? e~npSoy 
the same equation (23) formulas, except t h a t  t he  prapagat ing wave number r oo t ,  y 
must be determined from equat ions ( 12b ) i n  t h i s  case. 

determinat ion o f  shel 1  edge te rmina t ion  dar,pers 

Again equations (27) can be bsed, except t h a t  y 9s determined from eque- 
t i o n s  ( 2 7 )  i s  employed. 
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The appropr iate f l u i d  load ing can be obtained by s u b s t i t u t i n g  equat ion 
(5a) i n t o  (5) (and conver t ing  i n t o  the  - i y z  + o t  form by l e t t i n g  y = -y and 
o = -a) t o  ob ta in  

Employing the  1 arge argument Bessel f unc t i on  approximations ( re f .  5) o f  

the equation (29) can be . ? w r i t t e n  fo r ,  lr @--- kr ( > 10.0, i n  the  form 

where equation (31) can be used as the  enforced pressure a t  the  face z = 0. 

Equation (31)  can a l so  be used t o  d r i v e  p l a t e  models by f i r s t  making a 
change i n  va r iab le  r = x + a (where x i s  t h e  outward distance measured from the  
middle surface o f  the s h e l l )  and then appropr ia te ly  passing t o  the 1 i m i t  as a+m 
t o  ob ta in  

determination o f  f l u i d  load ing on face z = L 

On t h i s  face we choose t o  absorb the  i n c i d e n t  pressure wave w i t h  an 
absorber type boundary conai t i o n  r a t h e r  than load  i t  e x p l i c i t l y  w i t h  equation 
(29) evaluated a t  z  = L. Th is  approach i s  cons is tent  w i t h  the  manner i n  which 
the she l l  was terminated. The r e l a t i o n s h i p  between pressure and app l ied  fo rces  
i n  a f i n i t e  element fo rmula t ion  i s  t h a t  t he  normal grad ient  o f  the pressure i s  
propor t iona l  t o  the f i n i t e  element model force.  Therefore, the  grad ient  o f  
pressure ormal t o  the  cut ,  z  = L i s  needed and given by ( w i t h  equation ( 5 ) i ( + y z w t )  
arguments! 

and s ince f o r  steady s ta te  problems, 

i t  fo l lows 
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i s  the boundary c o n d i t i o n  t o  employ along the  v c r t i c ~ l  f l u i d  c u t  z = L. For  
d i r e c t  acoust ic  f l u i d  elements ( r e f .  61, the f i n i t e  element nodal f o r ce  i s  
r e l a t e d  t o  the  n3rmal g rad ien t  by t he  r e l a t i o n  

where [N] i s  the  e'!ement shape funct ion.  For lumped f o r c e  app l i ca t ions ,  equa- 
t i o n  (36) i s  represented as, (where n' i s  the  u n i t  normal t o  t he  f l u i d  and b A  
i s  an appropr ia te  amount o f  area surrounding the  node a t  t he  p o i n t  o f  the  F, 
a ~ ~ l  i c a t i o n j  

and upon s u b s t i t u t i n g  equat ion (35) i n t c  (37) one ob ta ins  

and represents the nodal fo rce  on the  f l u i d  as be ing p ropo r t i ona l  t o  t he  pres- 
scre t ime r a t e  o f  change. Thus t he  i n t e r n a l  f o r c e  i n  a damper a t tached t o  the  
node would be equal and oppos i te  i n  value and g iven by 

where the  dampzr value would be 

cdp , & d i r e c t  pressure method damper 
w (no analogy) f o r  z  = L face 

I n  the case o f  NASTRAN, the acoust ic  f l u i d  i s  modeled by way o f  an analogy 
which reduces the e l a s t i c i t y  equations t o  the  Helmholtz equat ion by way o f  
i n t r oduc ing  dummy constants  i n t o  t he  ma te r i a l  m a t r i x  and a1 low ing  t he  displace- 
ment va r iab le ,  u,, occupy the  pressure va r i ab l e  (see r e f .  3  f o r  d e t a i l s ) .  The 
anal ogy has been adcpted herein,  consequently, an add i t i ona l  f a c t o r  o f  P c2 
appears i n  equat ion (37 ) , and consequently t he  frequency dependent NASTRAN 
a x i a l  damper needs t o  be mod i f ied  by t h i s  same f a c t o r  and t hus l y  equat ion (39) 
i s  r e  l a  ed b (.replacing w -+-w +-y conver ts  t o  NASTRAN convention; t h i s  r e s u l t s  i n  
the  rake Sampers~nce s ~ g n s  cancelJ 

PC = NASTRAN ( r e f .  3 )  analogy damper 
f o r  z = L f a c c  w i t h y  d i r e c t l  from + (40) 

appropr ia te  cha rac te r i  s  IC equation. 
I t  is .noted,  t h a t  so long  as Y i s  a  r ea l  quan t i t y  (e.g., c 5 a r a c t e r i s t i c  r o o t  
equat ion f o r  Y i s  obta ined from equat ion (12b)) ,  t he  te rm ina t ion  c o n d i t i o n  i n  
the  z d i r e c t i o n  i s  a  pure damper. However, where y i s  complex (e.g., r o o t  from 
equat ion (12a))  s u b s t i t u t i o n  o f  Y i n t o  t h ~  equat ion (40) damper w i l l  r e s u l t  i n  
a  complex damper. The rea l  p a r t  can be t r ea ted  as above, b u t  the complex p a r t  
w i l l  end up l ook i ng  l i k e  a  res is tance  ( sp r i ng )  when combined w i t h  the + i w  
appearing as a  mu1 t i p 1  i e r  i n  the assembled damping m a t r i x  i n  NASTRAN. Thus, 
the  imaginar: p a r t  o f  the damper ( i f  i t  i s  present)  can be app l ied  as a  nodal 
sp r i ng  whose spr ing  constant  i s  

NASTRAN.analogy sp r i ng  

( - i - -  (+ iw /  = -A* pc2 li ( w i t h  y1 d i r e c t l  f r o m  + appropr ia te  c  a r a c t e r i s t i c  
9 2 e q ~ a  t i o n )  
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wherein f o r  decaying waves, yi w i l l  be a p a s i t i v e  number making the spri-ng 
constant posi t ive.  

Equation (40) can equal ly  be appl ied t o  p l a t e  mode! problems, upon proper ly  
i n te rp re t i ng  AA. 

determination of f l u i d  loading on outer face r = ro 

Here on the outer rad ia l  f l u i d  face, the boundary cond i t ion  i s  developed j u s t  
as i n  the previous case, except t h a t  now the gradient  has t o  be taken i n  the 
d i rec t i on  o f  the outward normal (no = r )  . Thus operat ing on equation (29) w i t h  
d )/a r and then employing the equation (30) l a rge  argument re lat ions,  the 
fo l low ing resul  t i s  obtained * -fi2ZQ1p(r,z) 

a r (41 
Unl ike equation (34), t h i s  r e s u l t  does not  have a fac to r  i r e l a t i n g  the gradi-  
en t  o f  p and p i t s e l f ,  consequently, upon subs t i t i on  o f  equaLlon (41) i n t o  
equation (371, one obtains 

(42) 

and represents the nodal force on the f l u i d  as being propor t ional  t o  the pres- 
sure. Thus the i n te rna l  fo rce  i n  a spr ing attached t o  the node would be equal 
and opposite i n  value and i s  given by 

FSpg = +M \I- p 
n 

where the spring constant value would be 

KP = AA p - k 2  
- d i r e c t  pressure method s p r i  ng 

(no analogy) f o r  r = 5 face 

and i n  the case o f  employing the re f .  3 pressure analogy, the counterpart  o f  
equation (43) i s  

;P . , & T F  NASTRAN ref.  3)  analogy 
spring f o r  r = ro face 

When y i s  a r o o t  o f  equation (12b) (y2 > k2), equation (44) impl ies a rea l  
spr ing i s  a l l  t h a t  i s  needed. However, when v 2  < k2, and equation (12a) i s  
employed, the roots, y , are, i n  general, complex which imp1 i e s  t h a t  equation 
(44) w i l l  have a real  and imaginary par t .  The rea l  p a r t  o f  'kP i s  s t i l l  a 
spring, however the imaginary po r t i on  can be converted i n t o  a damper by d iv id -  
i ng  the imaginary pa r t  c o e f f i c i e n t  ( n o t  inc luding i )  o f  equation (44) by u ( t o  
compensate f o r  the a mu1 t i p 1  i e d  i n  by the complex s t i f f n e s s  formation). 

Equation (44) can equal ly be appl ied t o  p l a t e  model problems, upon appropri-  
a t e l y  i n te rp re t i ng  AA. 
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The scope o f  t h i s  study i s  1 i m i  ted  t o  a d r i v i n g  frequency region where the 
in f luence o f  p l a t e  ro ta ry  i n e r t i a  and shear deformation on the f l exu ra l  motions 
are no t  important. I n  fact ,  t h i s  i s  the l i m i t a t i o n  o f  the propagating wave- 
length formulas given e a r l i e r .  The a b i i i t y  o f  NASTRAN t o  account f o r  these 
higher order e f f e c t s  i s  a top ic  a l l  i n  i t s e l f  and w i l l  no t  be addressed i n  t h i s  
paper wherein s t i f f n e s s  and mass formulations along the 1 ines given i n  ref. 7 
must be cons-~dered. 

Although we 3re interes'od i n  both p l a t e  and she l l  propagating waves, the 
c lass ica l  p l a t e  theory (CPT) can provide i n s i g h t  w i t h  regard t o  the p o i n t  a t  
which theabove mentioned cor rec t ion  fac tors  are needed. The CPT i s  def ined 
here as the special case o f  equation (1)  w i t h  a + -. M i d l i n ' s  c lass i ca l  paper 
( r e f .  4)  provides a guidel ine f o r  when the cha rac te r i s t i c  wave equations pre- 
sented herein no longer p red ic ts  the proper waves number  roots,^. As pointed 
out  i n  re f .  4, the exact e l a s t i c i t y  so lu t ion  t o  the same problem shows t h a t  CPT 
can p red i c t  the cor rec t  f l exu ra l  wave numbers when the corresponding 2 sr / y 
wavelengths are long i n  comparison w i th  the thickness o f  the p late.  As the 
wavelength gets smaller, the exact e l a s t i c i t y  so lu t i on  t rave l  i ng  wave phase 
ve loc i t y  ( w / y ) ,  has as i t s  upper l i m i t ,  the ve loc i t y  o f  the Rayleigh surface 
wave. Hence the CPT cannot be expected t o  g ive  good r e s u l t s  f o r  the wave num- 
bers, y, as the d r i v i n g  frequencies get increasingly  large. Reference 4 pro- 
vides a p l o t  o f  propagating phase v e l o c i t y  w/y ( non-dimensional ized w i t h  
respect t o  the shear wave ve loc i t y  cS = qk= 1 versus the p la te  thickness 
(non-dimensional i zed  w i t h  respect t o  the f l exu ra l  wavc:.:ngth, 2 .id y f o r  a f i x e d  
Poisson's r a t i o  ( v = 3.5) and i s  reproduced here as Firjlrre 3. The CPT .'.raight 
l i n e  p l o t ,  curve 11, i s  nothing more than equation (9) rewr i t t en  i n  the form 

and i s  compared against curve I, the exact e l a s t i c i t y  solut ion. Curves 111, 
I V .  and V are d i f f e r e n t  combinations o f  adding ro ta ry  i n t e r i o r  and shear cor- 
rec t i on  factors. Figure 3 suggests t h a t  the shear cor rec t ion  acd i t i on  has the 
biggest impact on cor rec t ing  the CPT case. The shear thickness parameter 12, 
i n  the YASTRAN CCONEAX elements appears t o  attempt t o  account f o r  shear 
e f fec ts ,  however, t h i s  p o i n t  has no t  been pursued w i t h  regard t o  attemptins t o  
make NASTRRN propagate f l exu ra l  waves f o r  h/ Xy > 0.15 . 

The resu l t s  i n  F igure 3 suggest t h a t  a h / iy  ( p l a t e  th ickness- to- f lexura l  
wavelength r a t i c )  o f  l i m i t  o f  0.15 be maintained, i.e., 

h - I 0.15 
XY 

o r  equivalent ly ,  

where y i s  the f l exu ra l  wave number r o o t  o f  the problem a t  hand. The 1 i m i  t 
given by equation (45a) enlployed m g u r e  3 which i s  a p l o t  based on a f i xed  
Poisson's r a t i o  (i .e., v = 0.5). The guidel ine formula can s t i l l  be used f o r  
other values o f  Poisson's r a t i o  due t o  the weak dependence o f  the p l o t s  on v . 
I n  fact ,  f o r  the common case o f  v = 0.3, a value o f  h/ = 0.15 impl ies a 
%/cs  ord inate o f  0.4598 f o r  the CPT case and a value o S 0.4032 i n  the exact 
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theory case. However, fo r  v = 0.5, a h/h = 0.15 imp1 i e s  a c.,/cS ord inate of 
0.5441 i n  the CPT case and a value o f  0.4829 i n  the exact theory case (computed 
from equation (40) o f  re f .  4). Thus, i l l u s t r a t i n g  the Figure 3 v = 0.5 case i s  
an extreme case (e.g., 17.5% deviaton f o r  v = 0.5 compared t o  14.0% f o r  v = 
0.3) w i t h  regard t o  the p o i n t  a t  which CPT deviates from the exact theory. 

Thus, t o  t e s t  i nequa l i t y  (45a), one simply employs the appropriate charac- 
t e r i s t i c  equation developed (e.g., equation (12b) ) and a f t e r  obta in ing the 
f lexura l  wave -oot Y, v e r i f y  whether i n  equation (45a) i s  sa t is f ied .  

Comnents on Mass Mat r ix  

The issue o f  an appropriate mass matr ix  f o r  dynamics problems has long 
been a top i c  o f  discussion i n  the 1 i t e r a t u r e  on f i n i t e  elements. Here we take 
the s imp l ies t  approach, namely t h a t  o f  a diagonal lumped mass mat r ix  f o r  the 
shel 1. Upon employing the 1 umped approach, f o r  say CCONAX elements, NASTRAN 
generates zero valued ro ta ry  i n e r t i a  mass mat r ix  contr ibut ions.  To f i  11 t h i s  
void, the work by re f .  8 was employed wherein the suggested diagonal ro ta ry  
i n e r t i a  terms a t  a node would be given by 

f o r  the sing1 e element cont r ibu t ion  a t  a r o t a t i o n  degree-of-freedom node where 
me i s  the t o t a l  mass o f  the element, t i s  the element length, h the element 
thickness. Thus end p o i n t  nodes w i t h  one element framing i n t o  the node employs 
equation (46) once and i n te rna l  nodes w i t h  two elements framing i n t o  the same 
node applys equation (46) twice. 

DEMONSTRATION PROBLEMS 

A ser ies of 1 i m i  ted, y e t  f u l l y  representat ive, demonstration problems are 
presented here t o  ill ust ra te  the use o f  the procedures discussed i n  the theo- 
r e t i c a l  section. F i r s t  an i n  vacuo c y l i n d r i c a l  she l l  i s  t rea ted  emp l~y ing  three 
d i f f e r e n t  mesh d i s t r i bu t i ons .  Secondly, the same shel 1 (employing the f i n e r  
mesh d i s t r i b u t i o n )  i s  solved w i t h  external water present. A l l  so lut ions are 
obtained w i th  COSMIC SOL-8 employing the VAX computer version o f  NASTRAN. 

I n  Vacuo Cyl inder Example 

An i n f i n i t e  c y l i n d r i c a l  she l l  i s  exc i ted and i s  propagating a constant 
amp1 i tude harmonic wave i n  the p lus z d i rec t ion .  The shel 1 (shown i n  Figure 1) 
i s  c u t  a t  points  A and B and i s  modeled as a 3.2 inch long, 20 element CCONEAX 
f i n i t e  element model shown i n  Figure 4 ( i n  the i n  vacuo case considered here, 
the f l u i d  i s  omit ted i n  the model ). The p o i n t  A ( i nc iden t  side o f  the she l l )  
i s  dr iven w i th  equations (23) and i s  terminated w i t h  three boundary dampers 
sized according t o  equations (27 ) .  The problem parameters correspond t o  the 
f o l l  owing data 



a = 40.0" , h = 0.20" , E = 154,149.39 p s i  

v = Oe.3 , ps = 0.000048, w = 9749.99 rad/sec 
(47) 

wherein the corresponding wave number roo ts  t o  the c h a r a c t e r i s t i c  equation (20) 
are g iven by 

y = 0.163949685 f o r  the membrane r o o t  
and 

y = 1.67707302 f o r  the  f l e x u r a l  wave r o o t  

hence the  membrane wavelength i s  12.566 inches and the  f l e x u r a l  wavelength i s  
3.7465 inches. 

f lexura l  wave example 

The she l l  terminat ion dampers a t  c u t  B are computed upon s u b s t i t u t i o n  o f  
the equation (48) f lexura l  wave r o o t  i n t o  equations (27) t o  ob ta in  

and the she l l  edge forces, f o r  an a r b i t r a r i l y  selected dr iven  ampl i t u d e  o f  
W o  = 1.0 x 1 r 6 ,  a t  the d r i v e r  c u t  end A are obtained by s u b s t i t u t i n g  the f l e x -  
u ra l  wave r o o t  i n t o  equations (23) t o  ob ta in  (supressing the exponential t ime 
fac to r  where dampers are i n s t a l  1 ed w i t h  DMIG cards ) : 

The ro ta ry  i n e r t i a  mass en t r i es  are computed w i t h  equation (46). The corre- 
sponding NASTRAN i n p u t  i s  given i n  F igure 5 f o r  reference purposes. The exact 
so lu t i on  i s  a constant ampl i tude displacement wave vary ing as 

Consequently, the exact so lu t i on  i s  easy t o  p l o t  and i s  simply a constant mag- 
n i  tude rad ia l  displacement o f  magnitude Wo = 1 x 10-6 and whose phase angle 
r o l l s  o f f  1 i nea r l y  w i t h  z and r e p l o t i n g  w i t h  spa t i a l  per iod  &/y. The exact 
so lu t i on  versus the NASTRAN so lu t i on  i s  given i n  F igure 6 and shows good 
agreement between the exact sol  u t i o n  and the corresponding NASTRAN sol  ut ion. 
Since the model element spacing i s  0.16 inches, the so lu t i on  model i s  a 2311 
element per wavelength case. I n  order t o  i nves t i ga te  the  in f luence o f  mesh 
s ize  on so lu t ion  accuracy, the same 3.2 inch  model was run f o r  two coarser 
meshes; one having 5 elements and the other  having only  3 elements. The same 
dampers and edge 1 oads are reappl i ed t o  the coarser model s. The r e s u l t i n g  
so lu t ions  are shown i n  F igure 7 and as can be seen, the  qua1 i t y  of the  so lu t ion  
( i  .e., the a b i l  Sty of the c y l i n d r i c a l  she l l  t o  propagate f l e x u r a l  waves)' has 
degraded over the f i n e r  mesh example, p a r t i c u l a r l y  f o r  the three element she1 1.  
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membrane wave example 

Again, the  20 element model i s  considered, except i n  t h i s  case, we propa- 
gate a  membrane wave along the  +z d i r e c t i o n  o f  t h e  same c y l  i n d r i c a l  she1 1  con- 
s idered f o r  the  f l e x u r a l  wave example. The p r o c e d u w s  e x a c t l y  the  same here, 
except t h a t  t he  membrane r o o t  ( f i r s t  o f  equations (48 ) )  i s  employed t o  compute 
the  s h e l l  t e rm ina t i on  dampers and d r i v i n g  moments and forces. Thus, s u b s t i t u t -  
i n g  the  membrane r o o t  i n t o  equat ions (27)  and (231, t he  model dampers and edge 
loads are  i n  t h i s  case: 

and 

The s o l u t i o n  response f o r  the  dominant d x i a l  mot ion i s  p l o t t e d  i n  F igure  8  and 
i s  non-dimensional i zed w i t h  respect  t o  the, Uo, a x i  a1 wave ampl i tude magnitude 
(by  equat ion (15) ,  I U o J  = 21.37985 x 10-6 when Wo = 1.0 x  10-6). The r a d i a l  
de f l ec t i on ,  non-dimensional ized w i t h  respect  t o  Wo, i s  g iven i n  F igu re  9 .  The 
q u a l i t y  o f  the  s o l u t i o n  i s  seen t o  be very accurate, as would be expected s ince 
t h e  wavelength i s  s u b s t a n t i a l l y  longer  than the  f l e x u r a l  wave example (e.g., 
(2~1.0163949 110.16 = 2394 elements per  wave1 ength. 

Submerged Cyl i nde r  Example (F lexu ra l  Wave) 

Again, the  same 20 element c y l i n d r i c a l  s h e l l  i s  considered, except here, 
t h e  s h e l l  i s  submerged i n  water (ex te rna l  water o n l y  where c  = 60,000. in /sec 
and p = 0.000096 1. S u b s t i t u t i n g  the  equat ion (47 ) parameters i n t o  equat ion 
(7b1, and s o l v i n g  f o r  t he  wave number roo ts ,  i t  i s  found t h a t  

Y = 0.164124528 f o r  the  membrane r o o t  
and 

Y = 2.51631787 f o r  t he  f l e x u r a l  roo t .  

Comparing the  second o f  equations (51)  t o  t he  i n  vacuo wave number, i t  i s  noted 
t h a t  the  presence o f  t he  f l u i d  shortened the  wavelength by a  f a c t o r  o f z 2 / 3 .  
S u b s t i t u t i n g  the  f l e x u r a l  r o o t  i n t o  equations (27)  and (231, the  model dampers 
and edge loads ( f o r  a  Wo = 1 x  10-6 s h e l l  ampl i t u d e )  a re  g iven by 

and 

I n  add i t i on ,  the z = L boundary c u t  damper i s  g iven through equat ion (40), t h e  
r = r = 43.2 i n c h  f l u i d  boundary s p r i n g  by equat ion (44)  and the  z = 0  pres- 
sure goading by equat ion 131). The pressure values are  enforced by app ly ing  
the  s t i f f  spr ing  approach, where t h e  s t i f f  sp r i ng  constant  i s  s ized t o  be 1000 
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t imes the  regu la r  pressure element s t i f f n e s s e s  and t he  app l i ed  force i s  the 
pressure t imes the s t i f f  spr ing.  The ac tua l  data  i n p u t  i s  shown i n  F igure 19, 
where the  obvious r e p e t i t i v e  p a t t e r n  t o  t he  numbering system of F igure  4, per- 
m i t s  us t o  leave ou t  most o f  the  g r i d  coord ina te  cards, element cards, and 
f l  u i d - t o - s t r uc tu re  DMIG connect ion cards wh i l e  l eav i ng  behind representat ive 
examples o f  each kind. The r e s u l t i n g  response f o r  t he  r a d i a l  de f l ec t i on  i s  
p l o t t e d  i n  Fir_lure 11 and t he  corresponding pressure i n  the  f l u i d  ( a t  the  sur- 
face o f  the s t r uc tu re )  i s  p l o t t e d  i n  F i gu re  12. Both t h e  deformation and .pres- 
sure a re  seen t o  t r ack  t he  exact  s o l u t i o n  c l ose l y .  A graphica l  rep resen ta t ion  
o f  the  e n t i  r e  pressure f i e 1  d amp1 i tude i s  shown i n  F i gu re  13 through employing 
t he  PATRAN f r i n g e  c o l o r  p l o t t i n g  feature.  P l o t t i n g  data i n  t h i s  fash ion shows 
bands o f  data having the same magnitude spread, as a s i n g l e  co lo r .  Narrow 
bands a t  the  sur face spreading outward r a d i a l l y  t o  i nc reas ing l y  wider bands 
show the  exponent ia l  type decay i n  t h e  pressure f i e l d .  

CONCLUDING REMARKS 

The r e s u l t s  i n  t h i s  paper demonstrate a procedure by which t he  NASTRAN 
computer program caJ be ernployed t o  check t he  a b i l i t y  o f  t he  NASTRAN program t o  
model membrane and f l e x u r a l  waves e x i s t i n g  i n  bo th  i n  vacuo and submerged 
c y l i n d r i c a l  s h e l l s  and f l a t  p la tes .  The study i s  1 i m i t e d  t o  a range o f  f r e -  
quencies where r o t a r y  i n e r t i a  and shear c o r r e c t i o n  f a c t o r s  a re  n o t  necessary t o  
model the  corresponding wave propagation. For  t he  demonstration problems con- 
sidered, the wave propagat ion a b i l i t y  o f  t he  elements considered appears t o  
f a l l  o f f  r ap i d l y ,  once l ess than  6 elements per  wavelength a re  considered. For 
example, i n  the  6 element per f l e x u r a l  wavelength problem, t he  worse nodal 
p o i n t  magnitude was i n  e r r o r  by 12 % f o r  the  r a d i a l  de f l ec t i on ,  whereas the  
e r r o r  was 36.7% f o r  the  3% element per  wavelength example. I t  i s  recommended 
t h a t  the user make h i s  own t e s t  w i t h  regard t o  mesh f ineness necessary t o  
achieve a p a r t i c u l a r  l e v e l  o f  accuracy. For  example, when t he  propagat ing wave 
r o o t  i s  i n  the neighborhood o f  a c u t o f f  frequency ( i  .e., a c o n d i t i o n  where no 
propagat ing wave e x i s t s ) ,  f i n e r  meshes than experineced i n  the  demonstration 
considered i n  t h i s  paper may be needed. For most cases experienced by t he  
authors, however, 10 e l  ements per wave1 ength appears t o  p rov ide  good r e s u l t s  
f o r  p roper l y  model i n g  the  wave propagat ion f o r  f l e x u r e  and membrane waves i n  
t he  k inds  o f  elements cons id t red  herein.  
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