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PREFACE

This publication contains extended abstracts of papers presented at the
International Conference on Computational Geometry and Computer—Aided Design, held in
New Orleans, Louisiana, June 5-8, 1985.

With the continued growth of computer applications in design and manufacturing,
increasingly powerful mathematical tools are being developed to solve scientific and
engineering problems. Specifically, computer representation, analysis, and synthesis
of shape information is a subject of intense development. Improvements are being
made in the numerical representation of curves and surfaces, solid geometry modeling,
management of geometric data, and development of geometric standards. This confer-
ence provides both invited and submitted papers in such areas, with the focus on
geometric and mathematical aspects rather than on software aspects. The goal of the
conference is to provide a forum where researchers and implementers from government,
academia, and industry can discuss state-of-the-art developments and suggest problems
and directions for future research.

This conference was conceived to be a followup to a symposium on computer—aided
design held at NASA Langley Research Center in April 1983. Problems using three-—
dimensional geometry to model complex objects are of considerable importance at NASA.
At the Langley Research Center, computer-aided design of aircraft and space vehicles
and the solution to three-dimensional Navier—-Stokes fluid flow equations in complex
geometric regions are two such problems. Financial support for the conference was
provided by the Analysis and Computation Division, NASA Langley Research Center, and
the University of Southern Mississippi. The conference was organized into six
sessions and included nine invited addresses.

This volume was prepared for publication through the efforts of the staff of the
Research Information and Applications Division, NASA Langley Research Center. Use of
trade names or manufacturers' names in this publication does not constitute endorse-
ment, either expressed or implied, by the National Aeronautics and Space
Administration.

Temple H. Fay
John N. Shoosmith
Conference Co-Organizers
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SHAPE PRESERVING SPLINE INTERPOLATION

John A. Gregory
Brunel University
Uxbridge, UK

1. INTRODUCTION

The spline-under-tension, developed by Schweikert'" and Cline?,
introduces a parameter which gives some control on the shape of the spline
curve. The tension spline involves the use of hyperbolic functions and
can be considered within a general setting proposed by Pruess®®, where
other alternatives are discussed. 1In particular a rational spline due to

Spath!® is considered.

For parametric representations, Nielson'! describes a polynomial
alternative to the spline-under-tension. Here use is made of the additional
freedom given by relaxing C? parametric continuity to that of 'geometric'
or 'visual' C? continuity. This idea has more recently been taken up by
Barsky and Beattyl.

The specific problem of shape preserving interpolation has been con-
sidered by a number of authors. Fritsch and Carlson® and Fritsch and
Butland® discuss the interpolation of monoctonic data using C! piecewise
cubic polynomials. McAllister, Passow and Roulier® and Passow and Roulier?'?
consider the problem of interpolating monotonic and convex data. They
make use of piecewise polynomial Bernstein-Bezier representations and
introduce additional knots into their schemes. 1In particular McAllister

and Roulier!? describe an algorithm for quadratic spline interpolation.

In this paper we will discuss a rational spline solution to the problem
of shape preserving interpolation based on references 3, 4, 7 and 8. The
rational spline is represented in terms of first derivative values at the
knots and provides an alternative to the spline-under-tension. The idea
of making the shape control parameters dependent on the first derivative
unknowns is then explored. We are then able to preserve the monotonic or
convex shape of the interpolation data automatically through the solution

of the resulting non-linear consistency equations of the spline.



2. A RATIONAL ALTERNATIVE TO THE SPLINE-UNDER-TENSION

Let (Xi’fi)’i = 1,...,n, be a given set of real data, where

X, <%, < ... ¢« X and let di’ i=1,...,n, denote first derivative values

defined at the knots X:s i =1,...,n. A function s € C![x ’Xn] such that

- (1) - .
(2.1) S(Xi) = fi and s (Xi) = di , 1 =1,...,n
is piecewise defined for x € [Xi’xi+1]’ i=1,...,n~-1 by s(x) = si(x;ri),
where

-8)2(1- _n)2 —n2(1_ 2 _
(1-8)<(1 e+rie)fi+(1 8) ehidi 8 (1 e)hidi+l+e (e+ri(1 e))fi+1

(2.2) s.(x;r.) =
. L 1+ (r,-3)6(1-6)

and
(2.3) 8 = (x—xi)/hi s hi =X. _ =X, , r.> -1

The parameters r. will be used to control the shape of the curve s. The

case r, = 3 is that of piecewise cubic Hermite interpolation.

The C? spline constraints

s(z)(x. ) = s(z)(xi+) , 1=2,...,n-1,

(2.4)
give the consistency equations

(2.5) hyd; )+ IhyCrg (=1 + by (ry=D)d; + by gy,

where

(2.6) Ai = (fi+1--fi)/hi , 1 =1,...,n-1
and we assume that d, and d_ are given as end conditions. The case

r, = 3 corresponds to that of cubic spline interpolation.



Assume that
(2.7) r.2r>2, i=1,...,n-1 .
Then the linear system (2.5) is strictly diagonally dominant and hence

has a unique sclution. The solution is also bounded with respect to

the r. since

(2.8) max[di| 5_[r/(r—2)]max|Ail

The rational cubic (2.2) can be written as
(2.9) si(x;ri) = Ri(X) + ei(x;ri)
where L5 is the linear interpolant

(2.10) zi(x) = (1—e)fi + 0 fi+1

and

6(1-6) [(26-1) (£, -£,) +(1-8)h.d. - 6h.d. ]
1+ (x;-3)6(1-0)

(2.11) ei(x;ri) =

Thus, as the parameters r. are increased, it can be shown that the rational
spline s converges uniformly to a piecewise defined linear interpolant.

An identical argument applies to the rational spline representation of
parametric curves.

‘ _ ) \
Suppose fi f(xi) and fi+1 f(xi+1), where f € C [xixi+1]. Then

an error bound for the rational cubic on [Xi’xi+l] is given by

| by (1) (1)
(2.12) [£(x) = s, (x51.) | S_Zzz-max{lfi -—di| , |fi+l-di+1[}

el L LA [ EE L R A R IR R
384ci



where

max

c; = min{1,(1+ri)/4} and || f || = xEﬁ[xi,x

. ]|f(x)| .

1+1

This result will influence the choice of the parameters r. when the
interpolation data are monotonic or convex. In particular we wish to
choose T, such that ri-3 = O(hi), whilst maintaining monotonicity

or convexity of the interpolant.

3. THE INTERPOLATION OF MONOTONIC DATA

Suppose that
(3.1) £, <f, < ... < fn (monotonic increasing data)

and assume the derivative values di satisfy the necessary monotonicity

conditions

(3.2) d. >0, 1i=2,...,n-1 ,
where d, >0 and dn >0 are given. Then

(3.3) r, = 1 + (di-fdiﬂ)/Ai

1 ; .
ensures that sg )(x;ri) > 0 on [Xi’xi+1] and hence the rational cubic

is monotonic increasing.

Substituting (3.3) into the C? consistency equations (2.5) gives

the non-linear system

(3.4) di[—ci-+a + (a. +ai)di+aidi+ ] =b. ,1i=2,...,n-1,

. . d.
i-1 1-1 i-1 1 i

where

(3.5) a; =1/(h,8) , b =0, /b, +b8./h., e =1/h._ +1/h; .



This system has a unique solution satisfying the monotonicity conditions

(3.2). The "Gauss-Seidel" iteration

(k+1) _ (k+1) (K)y- . _ )
(3.6) d; = Gi(di—l ’di+1) , 1=2,...,n-1,
where
- 1 2 3
(3.7 Gi(é,n) = z(ai-1+ai) {t+1[¢ +4(ai_1+ai)bi] } o,
(3.8) L =cy - ai_lg - am,

provides a robust algorithm for solving (3.4), being globally convergent
to the required positive solution. The method also provides an 0(h")

accurate solution with reference to the error bound (2.12).

4., THE INTERPOLATION OF CONVEX DATA

Let

(4.1) b, < b, < ... < An—l (convex data) ,

and assume the derivative values satisfy the necessary convexity conditions

(4.2) Ai-l < di < Ai , 1=2,...,n-1,

where d; < A and d_ > A are given. Then
1 n n-1
(4:3) wy = 1w gy, =80 /08y —dy) 4 8y =) /(dy = 8y)

2 . .
ensures that sg )(x;ri) > 0 on [xi’xi+1] and hence the rational cubic

1s convex.

The C? consistency equations are now

Ag=dy N By rdil 4y
(4.4) (d——_'A———'—> ™ (A ) ), i=2,...,n-1,
i Ti=a i-1 \V%i-1 i-1




giving a non-linear system with a unique solution satisfying the convexity
conditions (4.2). This solution can be found using a ''Gauss-Seidel"

iteration as in (3.6), where we now take

4 _ 3  IPRNG

4.5 R hy (8, ~8)"A; +hin=4)7%A,
’ i=? i R 3
hi_l(Ai—l_g) +hi(n_Ai)

(o)

’ . 0 P s -
and choose intial values di s, 1 =2,...,n-1, for the iteration such that
the residuals alternate. Finally, the convex spline method 1like the

monotonic spline is 0(h") accurate.
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THE CONSTRUCTION OF CURVES AND SURFACES USING NUMERICAL
OPTIMIZATION TECHNIQUES

DAVID R. FERGUSON

BOEING COMPUTER SERVICES
Seattle, Washington

INTRODUCTION:

Numerical optimization techniques are playing an increasing role in
curve and surface construction. Often difficult problems in curve and
surface construction, especially when some aspect of shape control is
involved, can be phrased as a constrained optimization problem.
Recently, efficient and robust optimization codes that allow both linear
and non-Tinear constraints to be imposed on construction problems have
become available (e.g., (1)). These codes enable a variety of such
problems to be solved.

In this paper we explore four such classes of problems: parametric
curve fitting with non-linear shape constraints; explicit surface
fitting with linear shape constraints; surface fitting to scattered data
giving rise to ill-posed problems; and, finally, variable knot problems.
In each of these problems there is a non-linear aspect: either the
shape of the curve or surface is important for manufacturing or
engineering reasons or the shape affects the convergence of numerical
algorithms which use the curve or surface or the placement of knots
affects the accuracy of the fits.

In all cases the class of functions used is that of parametric
spline curves and tensor or direct product spline surfaces. The reason
for choosing this class is that splines provide flexible models that are
easily evaluated and stored. Furthermore, the B-spline representation
of splines Tleads to convenient expressions for shape control over
regions.

We Tlook first at the problem of constructing a curve satisfying
shape constraints.

CURVE CONSTRUCTION WITH SHAPE CONSTRAINTS:
We begin our discussion with a quick review of shape for functions

and curves including a critique of current methods. We then discuss the
use of optimization methods to construct shape controlled curves.



In (2) the question of shape for parametric curves is studied in
detail. There it is shown that the problem of constructin% parametric
curves C(t) = (x(t),y(t)) for which C(tj) = P; for given planar points

P; and in addition requiring that the curve satisfy the inequality
(1) x"(t)y'(t)-x'(t)y"(t) =0

for all t gives rise to optimization problems with non-linear
constraints.

The first thing to be done is to reduce the continuous constraints
defined by (1) to a finite set of discrete constraints. This is most
conveniently done in the manner of (1) by settling on cubic splines as
candidates for x(t) and y(t). By representing the spline curve as a B-
spline series

(2) C(t) = > QiBj(t)

the constraints (1) may be replaced by discrete constraints involving
the B-spline coefficients Qj. We describe this procedure and apply it

to several examples.

The next two problems involve the construction of explicit tensor
or direct product spline surfaces using optimization methods.

AN EXPLICIT SURFACE WITH LINEAR SHAPE CONSTRAINTS:

The previous example dealt with the problem of shape control for
parametric curves and surfaces and gave rise to an optimization problem
with non-linear constraints. We now turn to a class of problems
involving the construction of explicit surfaces F(x,y) which approximate
given surfaces but where the approximation is complicated by having a
region where shape constraints need to be imposed.

The surfaces to be constructed are direct product spline surfaces
of the type

(3) T3 2i3Bi(x)C5(y)

and the type of approximation is least squares fitting. This is all
straightforward. However, these approximations are to be used to
describe properties of certain gases. These gas laws often have a
region as in Figure 1 where the property is independent of one of the
variables, e.g., the partial of temperature with respect to enthalpy is
zero. Ignoring these 'flat' regions when doing the fitting gives rise
to undesirable oscillations of the function. These oscillations
severely affect the performance of the numerical integrators which will
use this model.

10



However, it 1is possible using optimization methods to consider
applying the constraints to the fitted function and thus to take
advantage of the improved shape properties.

There are two problems to be considered here. The first is that of
defining the region of constraints. Since the region has highly curved
boundaries we approach this problem using the method of curved knot
lines (3). The second problem consists of applying the constraints
themselves. This we do by constraining the B-spline coefficients of the
spline surface. We describe some experiments and show the results of
using these methods.

ILL-POSED SURFACE PROBLEMS:

Another class of problems to which we will apply optimization
techniques is that of surface fitting to scattered data. Again,
consider the problem of fitting a direct product spline surface as
described by (4) to data whose x-y coordinates are as depicted in
Figure 2. There are good reasons for attempting a fit using direct
product splines rather than wusing more traditional scattered data
interpolation methods, e.g., those described in (5). The most important
of these is simplification of the required data structures and
evaluations.

On the other hand, there are problems. For instance, it will often
happen that fitting with the direct product form (3) leads to il1l-posed
problems due to the fact that there are frequently elements Bi(x)Cj(y)

which are unsupported by the data. That is, the linear system which
arises from (3) will be singular and these singularities must be dealt
with. The proper handling of these singular systems has important
consequences for the shape of the surface. For example one could solve
the system by requiring that among all solutions the norm of the
coefficient vector be minimized. This however, may lead to undesirable
shape properties in the resulting surface. We will explore methods of
hand1ling these shape problems.

VARIABLE KNOT PROBLEMS:

The final class of problems that are candidates for optimization is
the variable knot problems, especially those in two and three
dimensions. For these problems, the proper placement of the knots is
often of critical importance to the approximation. We will Tlook at
using optimization techniques to obtain best positions for the knots.

11
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MULTIVARIATE SPLINE ALGORITHMS FOR CAGD

Wolfgang Boehm
Angewandte Geometrie und GDV
T. U. Braunschweig

ABSTRACT

The theory of multivariate splines was developed in the early 1980s, and
since then has generated increasing interest. Researchers in computer-aided
geometric design (CAGD) hoped to get a new, useful tool for the representation
and handling of surfaces. This interest in multivariate splines is based on
three fruitful ideas:

Schoenberg's geometric definition of splines (Schoenberg, 1966)
Geometric recursion and subdivision
The Bernstein-Bézier representation

Multivariate splines are easily developed from the geometric definition
of splines, given by Schoenberg in 1966: A polyhedron P that spans R is
affinely mapped into R®, s < m« All points p ¢ P that are mapped onto a
single point x ¢ R® from an m-s dimensional polyhedron Q(x). The volume V(x)
of Q is called a spline function. It is a piecewise polynomial of order ms
and "smooth". Note that one can easily find different polyhedra defining the
same spline.

The image of a vertex of P will be called a knot, while the image of an
edge of P will be called a knot line, connecting two knots. These knot lines
correspond to the segment boundaries.

Two special polyhedra present themselves for the definition of B-splines:
a simplex S and a box or parallelepiped B, where the edges of S project into
an irregular grid, while the edges of B project into the edges of a regular
grid, as shown in figure 1. More general splines may be found by forming linear
combinations of these B-splines, where the three-dimensional coefficients are
called the spline "control points”.

Note that univariate splines are simplex splines, where s = 1, whereas
splines over a regular triangular grid are box splines, where s = 2.

Two simple facts render the development of the construction of B-splines:

Any "face" of a simplex or a box is again a simplex or box but of
lower dimension.

15
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Any simplex or box can be easily subdivided into smaller simplices
or boxes.

‘The first fact gives a geometric approach to Mansfield-like recursion
formulas that express a B-spline in B-splines of lower order, where the
coefficients depend on x. By repeated recursion, the B—spline will be
expressed as B-splines of order 1l; i.e. piecewise constants. Considering the
corresponding "nets"” of control points, one gets de Boor - like algorithms for
the calculation of a given linear combination of B-splines at x.

In the case of a simplex spline, the second fact gives a so-called
"insertion algorithm" that constructs the new control points if an additional
knot is inserted. In the case of a box spline, this fact gives the so called
"subdivision" algorithm, which constructs a "refinement” of the control net
(see figure 2).

If more than one vertex of a simplex is mapped into one knot, the
corresponding spline function will be degenerate.. In particular, if the knots
form a simplex of R®, the spline will be a "truncated Bernstein polynomial".
In this case the Mansfield-like recursion formula for simplex splines degener-
ates to the well-known recursion formula for Bernstein polynomials, while the
de Boor - like algorithm degenerates to the algorithm of de Casteljau, where
the control points are called Bézier points. Clearly, the Bernstein expansion
of a B-spline corresponds to a suitable simplicial decomposition of the
simplex or box, such that the Bernstein representation of a B-spline can
easily be constructed (see figure 3). Furthermore, especially if the B-spline
is a truncated Bernstein polynomial, one gets the subdivision algorithm for
Bernstein polynomials as well as a refinement of the Bézier net.

Fortunately, two of the above algorithms seem to fall in the class of
non—-tensor—-product box splines:

The approximation of the spline by a repeated refinement for global
representation

The construction of the Bézier net for application of the full Bernstein-
Bézier method for local representation

It should be mentioned that both algorithms start from the control net
and use — in the known cases — repeated "filling and/or averaging” procedures,
as shown in figure 4 for the case of a triangular grid:

A rhombic scheme is filled with data from the previous step,

A new scheme is formed by line averaging these data.
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A Survey of Patch Methods

R. E. Barnhill
Department of Mathematics
University of Utah
Salt Lake City, Utah 84112

Introduction

There are two broad classes of interpolation methods for surfaces: patch
methods (Barnhill, 1985) and distance-weighted methods. We discuss patch
methods in this paper. (Readers interested in distance-weighted methods
should consult Barnhill and Stead (1984) and Franke (1982) and the references
therein.) Patch methods are somehow a response to the fact that surface
geometry is local, that is, only small parts of a surface are created at a
time. We present the two categories of patches, transfinite patches and
finite dimensional patches, followed by a discussion of trivariate patches.
We do not discuss how to create the domains for patches nor data that are
needed for the various schenes. Information on creating triangles and
tetrahedra is given in Barnhill and Little (1984) and the references therein
and information on creating gradient data in Stead (1984) and the references

therein.
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Transfinite Patches

In the car industry one has whole curves of information to interpolate.
S. A. Coons (1964) fixed his attention on one rectangular set of four curves
and constructed interpolants to position and cross-boundary derivative
information all along the curves. We J. Gordon (1969) called such
interpolation "transfinite"” because entire curves of data are interpolated.
R. E. Barnhill, J. A. Gregory, and L. E. Mansfield noticed that the C1 Coons
patch did not interpolate to the cross—boundary derivative on two of the four
curves. (Gregory, 1974; Barnhill, 1977).

The difficulty was traced to the lack of commutativity in the (1,1)
derivatives (the "twists") in the Coons patch. Shortly thereafter Barnhill
and Gregory (1975) created "compatibility correction" terms which
introduced a variable twist, that is, both of the two implied twists are
included.

The idea of transfinite triangular patches was initiated by Barnhill,
Birkhoff, and Gordon (1973). They created a C1 triangular Coons patch on the
standard triangle with vertices (1,0) (0,1) and (0,0). For several years
attempts were made to generalize these patches to an arbitrary triangle; one
successful effort is in Klucewicz' (1977) thesis.

Barycentric coordinates are natural for triangles, and transforming
between cartesion xy-coordinates and the barycentric coordinates bi is defined

by the equation
3 3
(1) (x,y) =) b.V, 1=30b

where the Vi are the vertices of the triangle.



This equation has a solution if and only if the triangle has positive area,
i.e., the Vi are not collinear. Barycentric coordinates are very useful in
working with triangles which have been used by the finite element engineers
for a long time. (Finite elements enter the story below.) Finally, F. F.
Little proposed a barycentric calculus which enables us to take a derivative
with respect to a given direction. More precisely, if F = F(x,y), then F can
be rewritten in terms of barycentric coordinates by substituting equations (1)
for x and y: call F(x,y) = F(b1V + b V., + b V3) N G(bl’bz’b3)' Then we can

1 22 3

take derivatives of F with respect to a direction e by use of the chain rule:

Q

3F gac i
de z

The Barnhill, Birkhoff, and Gordon interpolants for an arbitrary triangle have
been used at Utah for some time, but have only recently been published: A C1
BBG scheme (and its "discretization”, defined bélow) is in Barnhill (1983). A

c2

BBG scheme is in Alfeld and Barnhill (1984). A bivariate BBG scheme, a
trivariate BBG scheme, and a bivariate "radial Nielson" interpolant together
with their discretizations are in Barnhill and Little (1984). (Trivariate

patches are discussed below.) Other transfinite triangular interpolants are

Gregory's (1983) symmetric schemes.
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Finite Dimensional Patches

For some time engineers in finite element analysis have used piecewise
polynomials defined over rectangles or triangles. (Strang and Fix, 1973;
Zienkiewicz, 1977) These polynomials are the basis functions for
interpolation schemes. However, the finite element method 1is wused to
calculate what we would call the positions and so the cardinal form of the
interpolant, that is, the form in which the data functionals occur explicitly,
is not needed. Thus, for example, the well-known 18 degree of freedom C1
quintic's cardinal form was discovered only recently by Barnhill and Farin
(1981) although the scheme has been used in finite element calculations for
years.

Kolar, Kratochvil, Zenisek, and Zlamal (1971) discuss a "hierarchy" of
polynomial interpolants defined over triangles. They give precise statements
on the degree of the polynomial needed to obtain a certain global smoothness
when the polynomial scheme is applied over each triangle in a network, for
example, linear CO, quintic Cl, nonic C2, etc. Recently at Utah Whelan (1985)
and others have developed cardinal forms for the 02 nonic.

The finite element engineers have developed a second type of piecewise
polynomial where a given triangle is subdivided and a piecewise scheme is
defined over the subdivisions. In order to distinguish these two types of
triangular schemes, we call the first type "macro” triangles and the second
type (subdivision) "micro" triangles. The best known microtriangle scheme is
the cubic cl Clough-Tocher element for which the macrotriangle is subdivided
at its centroid into three microtriangles. Barnhill, Farin, and Little worked

2

on creating a C° quintic Clough-Tocher interpolant with the macrotriangle

subdivided into seven microtriangles, but have not yet succeeeded. Alfeld



(1985) has created such a scheme over nine microtriangles.

An important development for the discovery and description of piecewise
polynomial schemes over triangles is Farin's (1980) generalization of the
"Bernstein-Bezier"” methods to arbitrary triangles. There are two levels of
generalization here, since Bezier's original development was for rectangles.
Sabin (1976) described triangular patches over equilateral triangles.
Bernstein—-Bezier methods are applicable to any piecewise polynomial scheme
because they are one representation of the polynomial. The fact that
geometric information can be fairly easily determined from this representation
gives the methods its power.

Transfinite patches can be specialized to finite dimensional patches by
discretizing the transfinite data, for example, by replacing a curve by its
(univariate) cubic Hermite interpolant. The "serendipity elements"” of the
engineers can be viewed as examples of the discretization of transfinite
patches.

A very recent idea is that of "visual continuity”. C1 visual continuity
(VCl) means tangent plane continuity. The concept becomes important when
fitting together patches whose domains do not "match"” such as a triangle and a
rectangle. By not matching we mean that, for example, the isoparametric lines
from a rectangle do not correspond to any standard lines in a triangle.
Gregory and Charrot (1980) fit a triangular patch into a network of
rectangular patches in a VC1 way. Visual continuity has been discussed for
triangular patches by Herron (1985) and for triangular and rectangular Bezier

patches by Farin (1982).
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Trivariate Patches

There are many applications which involve the creation of a surface in
four-space, that 1is, a trivariate function. We mentioned above that
trivariate BBG interpolants over tetrahedra are given by Barnhill and Little
(1984). Another transfinite interpolant is formed by means of a convex
combination of BBG projectors by Alfeld (1984a). A Cl Clough-Tocher-1like
tetrahedral interpolant, which is quintic over four subtetrahedra and requires
C2 data, is presented by Alfeld (1984b). A second Cl tetrahedral interpolant,
which is cubic over twelve subtetrahedra and requires Cl data, has just been
announced by Worsey and Farin (manuscript in preparation). In fact this is a
special case of their n-dimensional simplicial interpolants. Gregory (1985)
has generalized his symmetric triangular interpolant (a convex combination of

projectors) to n-dimensional simplices.
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WHEN IS A BERNSTEIN-BEZIER CURVE THE GRAPH OF A FUNCTION?

Harry W. McLaughlin

Rensselaer Polytechnic Institute
Troy, New York

In this paper we consider the question of determining when a Bernstein-
Bézier cubic curve in the plane can be represented as the graph of function in
some fixed orthogonal coordinate system.

One lets @ be an arbitrary point in the plane and D and N be nonzero
orthogonal vectors in the plane. Then every point P in the plane can be
written in the form 6 + uD + vN for a unique choice of scalars u and v. The
triple (6,D,N) is an orthogonal coordinate system and the coordinates of P in
this coordinate system are u and v. If for t; <t <ty, t; < iy,

3
- 34 4k 3-k
B3(t) = T Py () t“(1-t)
k=0
where the P/ 's are given points in the plane, then one can also write
B3(t) =9+ u(t)D + v(t)N, tl <t <ty

for some functions u(t) and v(t). The curve B3(t) is said to be the graph of a
function in the coordinate system (#,D,N) if v(t) can be written

v(t) = f(u(t)), t) <t <ty

for some real valued function f defined on the range of u. The function v(t)
has such a representation if and only if: whenever u(t) takes on the same value
for two distinct values of t, then so does v(t).

To aid in the analysis one can introduce the notion of a curve being
monotone in a given direction. The curve, B3(t), t; <t < tp, is monotone in
the direction D if whenever t; < a < g < tp, one has (B3(B)-B3(a) )-D > 0. If B3(t)
is .monotone in the direction, D, then B3(t) is the graph of a function in the
coordinate system (6,D,N). However, the converse is not true in general.

We classify those curves of the form, B3(t), which can be represented as
the graph of a function in the coordinate system (8,D,N), by studying
separately those which are monotone in the direction D and those which are
not.

Those curves, B2(t), which are not monotone in the directions D and which
are graphs of functions in (9,D,N), are necessarily straight lines.
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For the other case one has, as a preliminary theorem: the curve,
B3(t), t; < t < tp, is monotone in the direction D if and only if for each

t1 < tp < ty, either

(1) By(tg)ed > 0

or

(2) B4(tg) = 0 and B4(tg) # 0 and By(tg)-D = O
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and

B3 (tg) # uB3(t0) for all scalars y

The goal of the study has been to translate these analytic statements into
geometric constraints on the control points, Pk's, of the curve B3(t).
Necessary and sufficient conditions are generated by first studying necessary
and sufficient conditions on the control points for cusps and then for inflec-
tion points, since each of these phenomena has to be dealt with to obtain the
final theorem. The analysis is quite lengthy and will be reported on (in
print) elsewhere.

This research has disclosed several unsolved elementary interpolation
problems, each of which appears to be important.

Finally, it is noted that the notion of monotone in a direction D may
be useful to those who study shanes of curves and surfaces since it is a
way to describe the empirical notion that a given curve appears to be "headed
in a given direction."
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FREE-FORM DESIGN IN SOLID MODELLING

M.J. Pratt
Cranfield Institute of Technology
Cranfield, Bedford, England

Surface modelling techniques have a long history, which can be traced
back well before the beginning of the computer era. Their origins are rooted
in the aircraft, automotive and shipbuilding industries. Solid modelling is a
more recent art, dating back only fifteen years or so, and was originally de-
veloped as a means of representing the shapes of components used in the Tess
specialised mechanical engineering industries.

At first the two types of systems were developed largely independently
of each other, and used very different techniques. Surfaces were represented
in terms of parametric geometry capable of representing very general free-form
shapes. Solids were modelled in terms of set operations involving simple volu-
metric primitives such as blocks, cylinders and cones, whose surfaces were usu-
ally represented by more classical implicit equations. In recent years, strenu-
ous efforts have been made to bring together the virtues of both approaches,
with varying degrees of success. Several commercially available solid modellers
and even more research-oriented systems have now reached the stage where they can
model solids with free-form surfaces; in some cases parametric geometry is used
exclusively, while in others there is mixed use of parametric and implicit geom-
etry.

From the designer's point of view the methods available to him for design-
ing solids with free-form geometry are not ideal. They fall into three main
classes, as follows:

1) Methods based largely on 'traditional' surface modelling techniques
such as, for example, the construction of objects whose surfaces
interpolate families of specified cross-sectional curves. Such
methods are fine for aircraft fuselages and ship hulls but not easi-
ly applicable for the design of cylinder blocks or gearbox casings
(see, for example, Tiller (1983)).

2) Methods using techniques which have proved relatively easy to imple-
ment in solid modellers of the boundary representation type. These
are based, broadly speaking, on the initial definition of an object
composed of blocks, cylinders and so on, followed by the use of a
separately defined free-form surface to modify the object in some
way. The object may be cut into two sections by the surface, or
one or more of the object faces may be moved to 1ie on the new sur-
face, for example. Objects defined in this manner usually have
sharp edges uncharacteristic of many typical engineering components,
whose geometry exhibits subtle blends and fillets stemming tradition-
ally from the art of the mould-maker or pattern-maker. Methods of

the gype described are implemented, for example, in BUILD (Anderson,
1983).
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3) Methods based on techniques which have proved relatively easy to
implement in solid modellers of the constructive solid geometry
(CSG) type. Here a consensus seems to be emerging that 'swept
volume' solids provide a useful design method, based on the use
of the volumes swept out by the motion of a simple primitive such
as a sphere along a specified path. The volume of the sphere may
vary, and the path may be curvilinear. This permits a wide range
of interesting shapes to be generated, and has a useful application
for defining surfaces of the 'rolling ball' type for filleting in-
ternal corners. As a general design method these techniques have
limited application, however. References to this type of approach
include Rossignac and Requicha (1984), van Wijk (1984). A fuller
survey of all these methods is given in Varady and Pratt (1985).

The theme of this paper is that what is really needed is a much closer syn-
thesis of parametric surface techniques with conventional solid modelling tech-
niques. There are many engineering components whose gross geometry can be approx-
imated in terms of the primitive volumes customarily provided such as blocks,
cylinders, cones, etc., but whose precise modelling requires changes of a local
nature involving the 'sculpturing' of edges, the rounding of internal corners and
the construction of general blending surfaces over Timited regions. It is not
appropriate to try to construct the required free-form surfaces as separate en-
tities and then to graft them onto the solid model, since the boundary constraints
which must be applied in practical cases are actually determined by the model.

The most satisfactory approach appears to be to use the gross model as a frame-
work, and to provide means for modifying the surfaces composing its boundary in a
free-form manner. This appears to imply the use of a modeller of the boundary
representation type, but in fact there is no reason in principle why the bounding
surfaces of primitive volumes in a CSG system may not be similarly dealt with.
However, since the writer's own leanings are towards boundary representation the
ideas which follow will be outlined in that context.

Consider first a cube, whose faces we will consider to be labelled 'front',
'back', 'left', 'right', 'top', and 'bottom'. Most boundary representation model-
lers will represent the plane surfaces containing the faces in some implicit manner,
though parametric representations are used in a few cases. For our purposes the
most convenient formulation is in terms of Bézier or B-spline surfaces. For exam-
ple, if a uniform 3x3 grid is imposed upon the top face of the cube then the 4x4
set of resulting mesh nodes could be considered to be the control points of a bi-
cubic Bezier representation of this plane face. So far, there is no geometric
change in the cube, but at this stage it becomes possible to modify the geometry
of the top face by moving the control points. The possibilities are

(i) manipulation of the four interior control points. This permits the
creation of a bulge or a depression, for example, and leaves the four
edges of the face unaltered.

(i11) manipulation also of the boundary control points. Here a limitation
must be imposed; the movement must be constrained to lie in the planes
of the adjoining faces. This ensures that the modified edge curves
still 1ie in the planes of these faces, whose associated geometry has
so far not been redefined.
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Now suppose that the front face is also redefined as a Bezier patch.
One set of four control points will be common to both the top and the front
face, and these lie along the shared edge. It is therefore possible to blend
this edge and obtain ¢l continuity between the two faces simply by relocating
these four control points so that each lies midway between its immediate neigh-
bors on the top and front faces respectively. Similarly, we could round off
the corners of the cube completely by redefining the side faces as Bézier patches
and adjusting the positions of the shared corner control points appropriately.

The types of procedure described have a number of advantages. In particu-
lar, the initial undeformed Bézier representation is set up automatically using
the original model as a framework, and also in the examples given there are no
toplogical changes in the model resulting from the deformation. The computa-
tional overheads are few, and it is worthy of note that no surface/surface inter-
section curves need to be computed. On the other hand, a practical implementa-
tion will require careful attention to the facilities available for the user to
manipulate Bézier control points. He will probably need to work with whole Tines
or blocks of points for some purposes, though fine tuning of his surfaces will
also require manipulation of single points.

Finally, it must be noted that certain refinements of the basic procedure
are necessary to make it applicable in more general cases. For example, if it
is desired to modify a cylindrical face then an exact parametric representation
of the initial face will require the use of a rational form (Faux & Pratt, 1979).
The same is true for the other simple quadric surfaces and the torus, all of which
may be represented as rational biquadratics. In practice it will probably be
better to use an equivalent formulation of higher degree, however, to give more
freedom in imposition of boundary constraints on the deformed surfaces.

Next consider the situation where the modification to a particular face
must be local to one particular edge, the remainder of the face remaining unde-
formed. This is easily achieved by the initial splitting of the original face
into two by the insertion of a new edge, which will in many cases be parallel to
the edge whose local region is to be modified. It will also be necessary to in-
terpolate a new edge in this way if the face to be modified has more or less than
four edges, since it is not then possible to parametrise the entire face in a
natural way as a four-sided Bézier patch.

It is also simple to modify any four-sided region which can be expressed
as a Bezier patch and which lies totally interior to a face of the model. The
region to be modified must first be defined as a new face, and a parametrisation
imposed upon it as described. Manipulation of the geometry of the new face is
by means of control points as previously, but the use of a formulation of higher
than cubic degree will probably be advantageous in this case. Then there will be
enough freedom to allow the modified face to retain tangency across its edges
with the surface of the original face if desired. It must be pointed out that
the achievement of such results using Boolean operations is fraught with difficul-
ties arising from the resolution of tolerance problems associated with tangencies
of surfaces between the separate objects involved.

To summarise, the method suggested for the free-form modification of solid

models has several important advantages. In particular, it avoids the use of
'detached' surfaces, Boolean operations and surface intersection computations.
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It involves, at worst, only minor topological changes to the model, and will
therefore be computationally efficient. The ideas put forward here will be
tested in the near future using a simple boundary representation solid modeller
recently developed at Cranfield.

REFERENCES

Anderson, C.M. (1983), The New BUILD User's Guide, CAD Group Document 116,
Cambridge University Engineering Dept., Cambridge, England.

Faux, I.D. & Pratt, M.J. (1979), Computational Geometry for Design and
Manufacture, E11is Horwood/Halstead Press.

Rossignac, J.R. & Requicha, A.A.G. (1984). Constant Radius Blending in
Solid Modeling, CIME July 1984, 65-73.

Tiller, W. (1983). Rational B-splines for Curve and Surface Representation.
IEEE CG&A Sept. 1983, 61-69.

Varady, T. & Pratt, M.J. (1985). Design Techniques for the Definition of
Solid Objects With Free-Form Surfaces, Computer Aided Geometric Desicn,
to appear.

van Wijk, J.J. (1984), Ray-tracing Objects defined by Sweeping a Sphere,
Proc. Eurographics Conf. 1984, Copenhagen, North-Holland Publ. Co.



Boundary to Constructive Solid Geometry Mappings:
A Focus on 2-D Issues

Donald P. Peterson
CAD Technology Division
*
Sandia National Laboratories
Albuquerque, New Mexico 87185

Most solid modelers (SMs) use either a boundary representation
(B-rep) or a constructive solid geometry representation (CSG-rep)
as their primary, internal representation. Each method has its
advocates; each has its detractors; each has its strong points;
each has 1its drawbacks. The need for both representations is
becoming increasingly evident, and it is becoming necessary to be
able to convert from one to the other.

The need to go from a CSG-rep to a B-rep (or a simple wireframe
rep) has long been apparent because an object that is defined only
by a CSG-rep is difficult, if not impossible, for a human to
interpret. Before fast, shaded display capabilities became
available, the wireframe and the B-rep were the only practicable
techniques for psuedo-interactive display. Also, the
implementation of the Boolean operations between two solid objects
of set union, intersection and difference, which was quickly
appreciated as an important capability expected of SMs, utilized
techniques of a nature similar to those required in converting from
a CSG-rep to a B-rep. As a consequence, the problem of generating
a B-rep from a CSG-rep has been extensively studied and is now
relatively well understood.

In contrast, until recently, there has been 1little reason to
generate a CSG-rep from a B-rep. However, user experience has now
strongly established the convenience of using swept contour
(profile) curves in the process of defining objects. Thus, SM
vendors have an incentive to provide this input mechanism for their
users. But, while the user input data to define a swept object is
often trivially related to a B-rep of the object, it has proven
more difficult to use these data to construct a CSG-rep of it.
Thus, much of the current impetus for looking at B-rep to CSG-rep
mappings comes from the developers of CSG-rep SMs who need to
provide congenial user interaction. They have pursued various
approaches in attacking the problem, but the emphasis has been on
finding heuristically justified, algorithmic solutions.

Other applications, e.g., N/C verification, also reinforce the
importance of this, and similar, representational mappings.

#

This work is performed at Sandia National Labortories, supported
by the United States Department of Energy under contract number
DE-ACO4-76DP00T78.
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The importance of the problem warrants a better mathematical
understanding of it. This talk will primarily address that aspect
of it, although some algorithmic considerations will be briefly
mentioned.

Although SMs deal with 3-D objects, it turns out that "most" of the
geometry for swept objects of current interest is 2-D. Thus, the
crux of the matter for generating B-rep to CSG-rep mappings for
these cases devolves to solving a 2-D problem. Also, it is more
insightful to cast the problem in terms of using "halfspaces"
rather than CSG-rep "primitives." This is partly because a
solution to the 2-D problem, with 2-D halfspaces, immediately
provides a solution to the 3-D problem by simply replacing, in an
obvious way, 2-D halfspaces by 3-D halfspaces. As primitives
themselves are expressed by (often implicit) binary trees whose
leaves are halfspaces, it is true, of course, that a solution with
them provides a solution with hal fspaces. However, this approach,
in general, tends to be profligate in the total number of
hal fspaces that appears in the CSG-rep of a swept object.
Furthermore, as will be shown, the binary tree found for a
hal fspace solution may be used to determine an excellent binary
tree for a solution with primitives.

The problem will be discussed in two phases. The first phase
entails finding a CSG-rep that defines the region bounded by a
polygonal profile curve. The second phase utilizes the results of
the first phase to find a CSG-rep for many non-polygonal profile
curves.

A mathematically concise representation of a region bounded by a
polygonal will be presented. Namely, any polygonal region bounded
by an n sided polygon may be represented by a binary tree which has
at most n planar halfspaces as leaves. A structure for this
representation and an algorithm for calculating it will be
discussed.

If the profile curve is non-polygonal, i.e., has non-straight
edges, then a general method for the determination of a concise
CSG-rep that defines the region it bounds is not yet known.
Nonetheless, while a totally satisfactory solution is lacking, a
concise CSG-rep for many regions of interest in CAD applications
does exist. This is true, for example, for most regions for which
it is possible to determine "an underlying polygonal region" and a
set of "edge regions," each associated with a non-straight edge.
Most of these regions may be represented by a binary tree that has
the polygonal region as one leaf and the edge regions as the other
leaves. For such a representation, and for most edges of interest
in the present CAD environment, this implies that the region
determined by a profile curve with n edges, k of which are
non-straight, has a binary tree representation with no more than
n+2k halfspace leaves, of which at most n+k halfspaces are
distinet. Conditions which assure that this representation exists,
and considerations for an algorithm to generate it, will be
discussed.



THE DEFINITION AND COMPUTATION
OF A METRIC ON PLANE CURVES

THE MEANING OF A "FACE" ON A GEOMETRIC MODEL

James D. Emery
Allied Bendix Aerospace
Kansas City, Mo.

I shall talk about two separate topics as indicated in the
title. The first topic concerns the comparison of plane
curves. This work arose from the following problem. A
surface on a part is generated by a plane curve, which is an
interpolating spline. The part 1is manufactured by an
outside vendor using the given interpolation points, but an
unknown interpolation technique. The points on the machined
curve must be checked to verify that they lie sufficiently
close to the original definition. 1In this case the vendor
supplies what is known as the APT-CL-file, which is a set of
points defining a piecewise linear curve that defines the
actual movement of the machine tool. APT (Automatic
Programmed Tool) 1is a computer program for controlling
numerical machine tools. The problem was to calculate a
"distance" between these two curves.

There are many other cases where a curve is approximated by
some process or algorithm. For example, plotting a curve is
usually an approximation technique, and the generation of an
offset curve may involve approximation. Other applications
include the comparison of surfaces and the inspection of
parts. Surfaces may be compared by examining nets of plane
curves. Part inspection may involve the determination of a
curve or surface from a finite set of measurements.

When the curves are parametric we can use function
approximation theory to compare their coordinate functions.
However, this would make the comparisons dependent on the
particular parameterizations. We could use a canonical
parameterization, such as parameterization by arc 1length,
but this is hard to compute and the two curves that we wish
to compare may not have the same total arc length.

We shall define a curve to be a locus of points without any
underlying parameterization. We shall define a metric on a
class of plane curves, give a finite computation of this
metric for the case of piecewise linear curves, and show how
to approximate curves that have bounded curvature by
piecewise linear curves. In this way we can compute a bound
on the "distance" between two curves. These techniques have
been implemented in Fortran.

We shall prove some standard preliminary propositions. Let
(M,d) be a metric space and A a subset of M. Define

d(x,A) = inf{d(x,y): y in A}
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DEFINITION. Let A and B be compact sets. The distance
between A and B is defined to be

d(a,B) = Maximum{ Sup (d(x,A)), Sup (d(x,B))}
XeB XeA

This is the radius of the 1largest circle that has center on
one of the curves, and just touches the other. Note: we
have given different meanings to "d." The particular
meaning intended is determined by context.

PROPOSITION. Either there exists an x in A so that d(A,B) =
d(x,B), or there is an x in B so that d(aA,B) = d(x,a).

PROPOSITION. Given a family F of compact sets, (F,d) is a
metric space.

We will prove the triangle 1inequality. Without loss of
generality assume d(A,C) = d(x,C) for some x in A. Since
f(w)=d(x,w) is continuous on the compact set B, there exists
ay in B so that d(x,B) = d(x,y). By definition
d(a,B) > d(x,B) = d(x,y)
Also there exists a z in C so that d(y,C) = d(y,z)
We now have
d(x,C) < d(x,z) < d(x,y) + d(y,z)
Thus
d(a,c) = d(x,C) < d(x,B) + d(y,C) < d(a,B) + d(B,C)
DISTANCE FROM A POINT TO A LINE SEGMENT

This computation is fairly obvious. The distance is either
the distance from the point to the 1line containing the
segment, or the distance from the point to one of the end
points of the segment.

FINITE COMPUTATION FOR PIECEWISE LINEAR CURVES

The piecewise linear curve is a union of line segments. We
call the end points of the segments knots. Given two curves
A and B we say that they satisfy the knot <condition if the
metric is realized at either a knot of A or a knot of B.
That is, either there is a knot a in A so that

d(A,B) = d(a,B)

or there is a knot b in B so that

d(a,B) = d(b,A)

PROPOSITION. Suppose the pair (A,B) does not satisfy the

knot condition. Suppose d(A,B) = sup{d(x,B)}. Then there
exists a point a in A so that d(A,B) = d(a,B) and the circle



of radius r = d(A,B) and center a meets B in two or more
points.

PROOF. Define L(x) to be a 1line segment that contains point
x (there will be two such segments 1if x is a knot). Assume
that for every a such that d(a,B) = d(A,B) the circle of
radius r = d(A,B) and center a meets B in only one point.
Let a be a point so that

d(a,B) d(a,B)

Then the circle of radius r = d(A,B) and center a meets B in
only one point b and

d(a,B)

d(a,b)

T

Let T be the line tangent to the circle at b. There are
three cases.

(1) L(a) and T are not parallel.

(2) L(a) is parallel to T and some L(b) is not parallel to
T'

(3) L(a) and every L(b) are parallel to T.

Case 1. The 1line T separates the plane into two half
spaces. The circle 1lies in one and every L(b) 1lies in the
other. This follows from the definition of d4(A,B). Because
the circle touches B only at b and T 1is not parallel to
L(a), we may move the center a to a new center a' so that
the radius of the circle increases, and does not contain a
point of B in its interior (see the left figure). But this
contradicts the definition of d(A,B).

Case 2. T is parallel to L(a) and some L(b) does not lie in
T. Again we may slightly alter a to a' to 1increase the
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radius of the circle (see the right figure). This is a
contradiction.

Case 3. L(a) is parallel to T and every L(b) lies 1in T.
Then we may translate the circle along L(a) until one of the
following occurs.

(i) The center becomes a knot of A.
(ii) The circle contacts a second point of B.
(iii) Some L(b) does not lie in T.

Event (i) cannot happen because our curves do not satisfy the
knot condition, and (ii) cannot happen because our assumption
was that a could not be chosen so that the circle contacts B
in two or more points. Therefore (iii) must occur.
However, we have shown that cases (1) and (2) above are
contradictions. Thus (iii) is a contradiction. Therefore
our original assumption 1is false and the proposition is
proved.

With the aid of this proposition we can construct an
algorithm to compute d(A,B). Obviously the circle can not
contact a single segment in two points. Thus we need only
compute all circles that have centers on A and just touch B
at two points. The points where the circle contacts B must
be either tangent points, or knots. That is if the circle
C(a,r), which has center a and radius r, contacts B at b
where b 1is an element of segment I, and b 1is not an end
point, then C(a,r) 1is tangent to I. There are- only three
cases.

(1) The center a 1lies on the 1locus of points equidistant
from two knots of B.

(2) The center lies on the 1locus of points equidistant from
two lines. The lines contain segments of B.

(3) The center lies on a locus of points equidistant from a
knot of B and a line, which contains a segment of B.

Thus we need only compute perpendicular bisectors of
segments, angle bisectors of angles, and parabolas. The
parabolas are defined by the knot-line pairs of B. The knot
is the focus and the line is the directrix.

To find all the candidates for centers, we intersect the
various 1loci with the curve A. We must also of course
reverse the roles of A and B in case d(A,B) = d(b,A) for
some b in B. There are then four cases in total, including
the case of a center occurring at a knot. These cases are
illustrated below.



The various loci are computed using projective
representations and being careful to avoid excessive
round-off error and making sure that special cases are
handled correctly.

We can avoid doing the computations for all point-point,
point-line, and line-line pairs by computing certain
distances between segments and establishing certain
inequalities.

THE PIECEWISE LINEAR APPROXIMATION

We will show that if we know a bound on the curvature then
we can construct a piecewise linear curve that approximates
a given curve arbitrarily closely.

Let g, be a function whose graph is a circular arc of radius
r. The center of the arc is below the x-axis and it passes
through the points (a,0) and (b,0) where a < b. Let «(f) be
the magnitude of the curvature of f.

PROPOSITION. Let f be a twice differentiable function such

that f(a) = f(b) = 0. If f is greater than g, anywhere on
the interval (a,b), then there is a point in (a,b) where

k(f) > 1/r.
PROOF. Let h = { - g,.. Suppose that f 1is greater than g,
at some point of (a,b). Let x be a point of (a,b) where the
maximum value of h is attained. Therefore
h'(x) = 0 and h''(x) <0
Now g,.'' < 0, so
h''(x) = £''(x) + Abs(g,''(x)) <0
Therefore

Abs(£''(x)) > Abs(g,'"(x))

f'(x) = g,'(x), because h'(x) = 0. It follows from the
expression for the curvature that
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k(f) 2 k(gy) = 1/r.

We can repeat the argument with a slightly smaller r. Thus
k(f) > 1/r.

COROLLARY. If «(f) < 1/r on (a,b) then f < g, on (a,b).

PROPOSITION. Let C be a curve connecting two points. Suppose
k(C) < 1/r. Let L be the 1line segment joining the two
points. Suppose any line passing through the segment and
perpendicular to it meets C in exactly one point. Let the
length of the segment be 4. If

£/2 < r
then
d(c,L) < r - Sqrt(r2 - £2/4)

This proposition provides an obvious construction of a
piecewise linear curve that approximates a given curve to
arbitrary accuracy provided we know a bound on the
curvature.

Perhaps these techniques can be generalized to surfaces
using approximating polygons. However, for curves the
piecewise linear approximation in some sense approximates
both curvature and arc length. For surfaces the analog is
not true. It is well known that triangulations can be found
for surfaces in such a manner that the triangles
approximate the surface arbitrarily closely, yet have
arbitrarily large surface area (see [1]).

FACES

The second topic I wish to talk about concerns faces on
geometric models. Systems for representing the surface of a
solid model have been constructed (see [4] for example).
These systems give both a topological, that is an abstract,
and a geometric representation. The concepts involved are
such things as vertices, edges, 1loops, faces, and surfaces.
The topological representation leads to an obvious
triangulation and thus to a simplicial complex. Therefore
the model may be treated conventionally. This simplicial
complex has a geometric realization. There is a dual
representation involving faces on specific surfaces. These
faces are bounded by "loops." The questions to be discussed
are, "Under what circumstances do these geometrical faces
make sense?" and "How can they be explicitly defined?"
Also, "When are these 'geometrical' faces homeomorphic to
the realization of the abstract (topological) face?"

Faces here are essentially discs with holes. Algebraic
topology in effect treats faces as discs with no holes.
Storage and computational constraints force us to deal with
this new type of face.
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SOME NEGATIVE RESULTS IN N-SIDED PATCHES

Malcolmb Sabin
Finite Element Graphics Systems, Limited
Cambridge, UK

To ease surface definition in situations of complex topology, patches with other
than four sides and with guaranteed continuity of at least slope with adjacent
patches are needed.

There are known techniques in the literature for three- and five-sided patches of
reasonable economy, and known transfinite methods for many sides.

The author has looked for a suitable six-sided patch for nearly 20 years. After
reviewing the methods in the literature, he will identify some of the literature.

He will show some of the conditions that such a patch must satisfy and how certain
simpler approaches are not effective.
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EXAMINATION OF THE CIRCLE SPLINE ROUTINE

Ronald M. Dolin and Dwight L. Jaeger

Los Alamos National Laboratory
Albuquerque, New Mexico

ABSTRACT

The Circle Spline routine was developed by D. L. Jaeger and is currently being
used at the Los Alamos National Laboratory for generating both two- and three-
dimensional spline curves. It was developed for use in ESCHER, a mesh generating
routine written by W. R. Oakes, to provide a computationally simple and efficient
method for building meshes along curved surfaces. Circle Spline is a parametric
linear blending spline. Because many computerized machining operations involve
circular shapes, the Circle Spline is well suited for both the design and manu-
facturing processes and shows promise as an alternative to the spline methods
currently supported by the Initial Graphics Exchange Specification (IGES).

Circle Spline constructs a spline by generating a series of circular arcs, each
of which passes through three successive data points (Pi-1, Pi, Pi+l), where i =
2,...,n and n = the number of data points. Thus, for n data points, n-2 arcs are
constructed. These segmented arcs are then blended together, using a linear
blending function, to represent the desired curve. Circle Splines need only have
the data point coordinates specified. Because it is both a two~ and three-
dimensional routine, the three coordinates must always be specified, even for two-
dimensional applications, in which case the third coordinate is set to zero. The
spline passes through all the data points and these points do not need to be evenly
spaced. Circle Spline does not require first or second derivative continuity, but
instead has a different approach for determining aesthetic qualities such as
smoo thness and fairness.

The routine generates the spline by taking three successive data points (Pi-1,
Pi, Pi+l), calculating the parametric location of a circle center R, which passes
through the points, and constructing an arc, of radius R, through'zhese points.
With this information, the curved arc length between data points can be calculated.
The value of the curved arc length for each interval is then stored. The routine
then increments along the curve one data point and repeats the process for data
points (Pi, Pi+l, Pi+2). With the exception of the two end point pairs (Pi, Pi+l)
and (Pn-1, Pn), each pair of points (Pi, Pi+l) 1 = 2,...,n-2, will have two arcs
passing through it. This means that each interval (i, i+l), i = 2,...n-2, has two
values for the curved arc length (one for each arc that passes through it). The
routine determines which of these two curved arc lengths is larger and retains that
value.

Once all the arc lengths are calculated, the total arc length and parametric
position of each data point are calculated. The routine uses a rational parameteri-
zation. If the sum of the curved arc lengths is S, the parametric value of each
data point becomes the ratio of the spline length from the start of the curve to the

data point divided by S. The parameter "u" will then range from 0 <ufll.
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The use of the larger curved arc length within each interval was based on
Circle Splines implementation in ESCHER. Better mesh point spacing is achieved
using this scheme. A better parameterization may be achieved by using a function of
the two arc lengths. 1In any event, using the curved arc lengths to calculate the
total spline length no doubt leads to a better parameterization than the chordal arc
length method used by most spline routines.

The two arc segments passing through each pair of data points are blended into
a single curve. The user specifies the number of subpoints that will be used for
the blending operation. These subpoints are evenly spaced parametrically along the
curve, The code can also be used so that the subpoints are weighted, e.g., left,
right, or center weighted. An automatic scheme whereby the subpoints are clustered
in areas of varying curvature may produce a smoother blend.

The data points and the subpoints may be coalescent at points along the curve
without affecting the spline. Because the data points are allowed to be unevenly
spaced, the number of subpoints that fall within a data point interval may vary.
The number of subpoints within an interval represents the number available for a
particular blending operation.

Let arc-1i represent the arc passing through points (Pi-1, Pi, Pi+l), and
arc-i+l represent the arc passing through points (Pi, Pi+l, Pi+2). Both arcs will
pass through points Pi and Pi+l. For the purpose of example, suppose 10 subpoints
lie within this interval. These 10 points will be evenly spaced along the inter-
val. The routine will determine how far each subpoint is from points Pi and Pi+l
and based on this information will calculate the subpoints position relative to the
two arcs. The closer a subpoint is to Pi, the closer it will be positioned to
arc—-i. As the subpoint placement approaches Pi+l, their positions will move closer
to arc-i+l. At the start of an interval the blended curve is tangent to arc-i, at
the end of the interval it is tangent to arc-i+l, in the center of the interval each
arc will have an equal influence on the subpoint positioning, and the position of
the blended spline will be in the geometric center of the plane defined by the two
arcs.

If Pb equals the parametric value of a subpoint within the interval Pi < Pb £
Pi+l, its position will be determined using the following equations

Ratio = (Pb - Pi) / (Pi+l - Pi)

1 - Ratio

Ratml
The value of the X-coordinate is thus,

XX(i) = Ratml * X(i) + Ratio * X(i+l)
where X(i) is the X-coordinate of Pi and X(i+l) is the X-coordinate of Pi+l. YY(i)
and ZZ(i) arc calculated similarly. Using this scheme intuitively suggests that the
blended curve can have, at most, one inflection point per interval.

Spline smoothness can be measured by examining how well the circle centers

for each arc relate. Because curvature is the inverse of the radius, when the

curvature is zero, R will approach infinity. Thus, the Rs provide an excellent way
of monitoring the curvature. Many manufactured items contain circular shapes, for
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example,
Computer

The
recently
ably for

holes, rounded edges, etc.; thus, the Circle Spline is well suited for
Aided Manufacturing (CAM).

Circle Spline is computationally efficient and easy to understand. It was
compared to the Wilson-Fowler spline in two dimensions; it compared favor-
most applications, but as might be expected, pathological cases existed

where each routine produced better results. Circle Spline can be used in both two
and three dimensions and its applicability to the design and manufacturing process
makes its future use promising.
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Convex Interpolating Splines of Arbitrary Degree
Abstract

Edward Neuman*

Department of Mathematics

Southern Illinois University

Carbondale, Illinois 62901

1. In curve fitting problems that arise in science or
engineering we often demand that our approximating function be
shape preserving in the sense that the approximation is convex
when the data are convex or that the approximation is monotone
and convex when the data are monotone and convex. In this paper
we construct such shape preserving approximations by interpolating
the data with polynomial splines of arbitrary degree. We
formulate a regularity condition on the data which insures the
existence of such a shape preserving spline, we present an
algorithm for its construction, and we bound the uniform norm
of the error which results when the algorithm is used to produce
an approximation to a given f ¢ C[a,b].
2. Let At a = Xy <X < ... <X = b denote an arbitrary

but fixed partition of the interval [a,b] with knots X: let
hi = X5.1 7 X5 i=20,1,...,n-1, and let h = max hi' Let
Sp(k, &, An) denote the space of polynomial splines of degree k

and deficiency k - % and assume that k = 3,4,... and ¢ = 1,..

[(k - 1)/2].

°

*0On leave from the Institute of Computer Science, University of
Wroclaw, Poland.
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Given real data (xo,fo), Ce e (xn,fn) we seek s € Sp(k, %, An)
such that

(P) s(xi) = fi’ i=20,1,...,n and s is convex on [a,b].

The existence of a solution to (P) depends on the values of

o, = (f

: - £.)/hy, i=0,1,...,n-1.

i+l

To construct s we set

(1) s(x) = si(x), X; <X < X5,9, 1= 0,1, ,n-1
where
(2) s;(X) = £.00(t) + £,,06,(8) + h[p.¥o(t) - py, ¥y (t)],

t = (X - Xi)/hi’

where Py»Pys---»P, are parameters to be determined later and

1 m t m
0o(t) = § M ()ds, 0 () = [ M ()ds,

t
(1 - t)jb Mt (s)ds,

1 om
tf M, _q(s)ds, v, ()

¥, (t) .

where Mf} denote the B-spline of degree i - 1 with knots

0 = tg = --- = tj < tj+1 = ... =t = 1. Clearly s e Sp(k, %, An)
with & = min{k-m-1, m} < [(k - 1)/2].
Theorem 1. The spline function s given by (1) - (2) solves

the problem (P) if and only if

(k - m)pi +m pi+1 (k'm'l)pi + (m + l)p'

(3) X 203 2 X L

for i = 0,1,...,n=1. If in addition Py > 0, then s is also

nondecreasing on [a,b].
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3. The parameters Py which appear in (3) can be constructed

as follows. We initially define

ko. - (m + 1)o.

= 1 l+1 1 = - = = -0
Qi = ESTE , 1 0,...,n-2, Qn-l Qn ,

u, = -, u, = koj.1 - Hemr Py i=1 n

0 b i m + 1 ’ ’ b ’

ko, - (k - m)p.
Vg = %, vy o= i-1 — 1_1, i=1,...,n,
and then for each i = 0,1,...,n set c; = max{ui, li},

d. = min{v., o.}.
i { i’ 1}

Theorem 2. Let oy > 9 and let oh = +o, If

(m + 1)(0i+1 - oi) > (k—m—l)(ci - Ui-l)’ i=1,...,n-2,

then c. < d.,
i-"i

i=20,...,n makes (1) - (2) a solution of (P).

i=20,...,nn and any choice of p; € [Ci’ di]’

4. The error which results when the above procedure is
used to construct a polynomial spline approximation to a continuous
function f may be bounded as follows:

Theorem 3. Let f € C[a,b] be nondecreasing and convex on
[a,b], and let s be the spline interpolant produced by using
(1) - (3) with fi = f(xi), i=20,...,n and with Py > 0. Then

£ - sl < Yk,mw(f;h)

where w(f;+) is the modulus of continuity of f and
k-1

m

qa-1 (q>1)

1 -
Yiom = 1+ Ak/m oand 3 - (Ghz M <a <

Moreover, for k = 2q- 1 and m

7
7Y3,1 <Y5,2 < --r 22
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A NATURAL BIAS APPROACH TO CARDINAL SPLINE CURVES¥*

G. Yates Fletcher and David F. McAllister
North Carolina State University
Raleigh, North Carolina

The cardinal spline approach to defining interpolatory curves has been of recent
interest in the application of computer graphics to modelling and animation problems
(1], [2]. 1In our formulation of this interpolation problem (C) we desire to obtain
a vector valued function V which forms a Cl map from [O,n] into the plane in such a
way that V(i) and V°(i) attain prespecified (vector) values Pj and Ti for the
integers i=0, 1,...n. The intent is that the planar curves V(s) pass through each
point P, in the direction corresponding to T,. 1In actual practice it is common for
only the interpolation points Pi to be user épecified. Suitable tangents Ti are then
provided by some heuristic to complete the specification of (C). If, for instance,

the Ti values are computed as

T, = (P, =P, ,)/2 (1)

(each tangent is the average of the incoming and outgoing chord vectors to the adja-
cent points), then the solution to (C) is the Catmull-Rom spline. Once the tangents
T. have been defined we may write the cardinal spline curve V(s) as a collection of

segments

V(s) = vi(s—i) i€ s £ i+l, i=1,...,n-1

where each curve segment V; is a Hermite interpolant which may be written simply in
terms of the cardinal Hermite basis. Defining a vector function of a real variable

s by

H(s) = [1—352+233, 352—253, s—252+23, —32+33]
we may write

V.(s) = H(s)*[P,, P, 1%, o0gssl (2)
1 1 1

+1’ Ti’ Ti+1
For most applications the magnitudes of the tangents T, can be allowed to vary
without effecting their primary function which is to furnish a suitable direction for
the interpolating curve at each node. The effects of these variations on the resulting
curve are perceived subjectively as '"shape'" changes. They do not alter the funda-
mental property of such curves - that they possess a continuously varying unit tangent
vector. The effects are best understood by considering a single section of the curve
which passes through points PO and P, with tangents T, and T,. 1In general, increasing
the magnitude of a tangent vector forces the interpolating curve to '"stay closer
longer'" to the line on which the tangent vector lies. Thus increasing the magnitude
of one tangent at the expense of the other will "pull" the curve in its direction.
This effect is called 'bias." Increasing the magnitudes of both tangents proportion-

*Research supported in part by NASA Grant NAF-103-S4.
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ally, forces the bend more toward the middle; decreasing the magnitudes allows the
curve to ''leave the tangent directions sooner'" and causes a flattening effect called
"tension." A discussion of these effects is given in [3].

The important issue here is the point of view that the salient feature of the
tangent vectors is the '"direction'" they impart to the curve and that their magnitudes
may be adjusted to effect shape control. A natural question to ask in this context
is the following - given the two endpoints and corresponding tangent directions which
define a segment on the curve, what should be the default bias, i.e. the ratio of
their magnitudes which serves as a base for further adjustments? We feel that this
question has a natural answer based on the geometry of each curve segment, one that
yields curves with interesting and desirable shape properties. We give a brief sum—
mary of our treatment.

Given a segment with endpoints P
equation

and P1 and tangents T. and T, we solve the

0 0 1

xTy + yT, = P, - P, (3)

for scalar values x and y. There are three primary cases to consider:

i) xy >0
ii) xy <0
iii) (3) has no solution

Other cases occur when T and T, lie on the line containing P, and P, and are degene-
racies which we discuss separately. For case i) we rescale T, and T1 as xTO and yT1
respectively. For cases ii) or iii) we solve (3) with Ty replaced by T,” ; its

"reflection'" in the line containing Py and Py. The x and y thus obtained will now
satisfy xy > O, and we proceed as before rescaling T, (the original Tgy) as xTq and
T, as yT,. This rescaling is the means by which a '"natural" bias for the segment is

obtained. See figure 1.

When the new tangents are multiplied by a common 'tension' factor t, the resulting
curve segment defined by (2) has the following properties which form our justification
for using the word '"matural' to describe the biasing technique.

For case i)
- For t = 3 the segment has zero curvature at both end points P, and Pl'

For t < 3 the segment will have no inflection points (changes of conca-
vity). For t > 3 the segment will have exactly two inflection points.

]

- For t 2 the 3rd order terms vanish and the resulting curve is in fact
a parametric quadratic.

- For t = 6 the segment will have a cusp where the curve parameter s = .5.
For cases ii) and iii)

- The curve will intersect the line segment S connecting Py and P; exactly
once (let Q denote this point).
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-~ The maximum deviations of the curve from S on either side of Q will be
the same.

- For t = 3 the tangent to the curve at Q is perpendicular to S.

As a consequence of our results for segments falling under case i) we can prove
the following theorem.

Let P,, Po, . . . P_ be vertices of a convex planar polygon P given in order of
1 2 n
adjacency, and let tangents T; be defined by (1) with

T =

0 Tn—l and Tn =T

+1 1

The closed cardinal spline curve (whose segments are defined by (2) where the tangents
are biased by the procedure we have outlined and controlled by a tension factor t)
will form the boundary of a convex set C containing P for any value of t such that

0 <t < 3.

In short, a convex control polygon will yield a convex interpolant. We can also give
examples where the interpolant fails to be convex if the tangents are left unbiased.
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Adapting Shape Parameters for Cubic Bézier Curves

David Isacoff
and
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Bézier curves are a popular and well established tool in Computer Aided
Geometric Design. One of the major drawbacks of the Bézier method, however, is that
the curves often bear little resemblance to their control polygons. As a result, it
becomes increasingly difficult to obtain anything but a rough outline of the desired
shape. One possible solution would be to manipulate the curve itself instead of the
control polygon. The following paper introduces into the standard cubic Bézier curve
form two shape parameters, 4; and 5. These parameters give the user the ability to
manipulate the curve while the control polygon retains its original form, thereby
providing a more intuitive feel for the necessary changes to the curve in order to

achieve the desired shape.

A 4 order (379 degree) Bezier curve [BEZI72] is defined as
3
C(t) = Y pigi(t) [1]
i=0

for 0<t<1

where

e l?]«i(l—t)’*'i

and the p;’s are vertices of the Bézier control polygon. Expanding [1] gives:

C(t) = do(t)po + ¢1(t)p1 + @o(t)p2 + 83(t)ps 2]
In matrix form, [CLAR81] the cubic Bézier becomes:
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-1 3 -3 1| [Po

Cm:u%%u3 M 3]
-3 3 0 0] |ps
1 0 0 0] |p,

=TMP

where

T is the primitive polynomial basis
M is the basis change matrix and
P is the geometry vector

Two important properties of the Bézier curve are

S =1 0<t<1 4

gt) >0  0<t<1 (5]

The first property is necessary for translational and rotational invariance. This means
the curve will be independent of the choice of the coordinate system. In addition to the
first property, the second property is necessary for the curve to lie within the convex

hull generated by the vertices of its control polygon.
Evaluating C(t) at its endpoints (t = 0, t = 1) we get

C(0) = po [6]

C(1) = ps
In a similar manner when we evaluate C'(t) at its endpoints (t = 0, t = 1) we get
C'(0) = 3(p; — po) [7]

C'(1) = 3(ps — py)

By examining C'(0) and C'(1) we can see that the cubic Bézier representation
expresses the tangents at the endpoints in terms of difference vectors between two

geometric points multiplied by a constant. Therefore equation [7] can be rewritten as

C'(0) = (p; — Po) (8]

60



C (1) = 1(ps — p)
where 4 = 3 in the case of the cubic Bézier curve.
Now suppose we allow a different ~ for C'(0) and C'(1). For example
C'(0) = %(p; — Po) [9]

’

C (1) = 72(p3 — P2)
How does this new change affect our original C(t)? What are the new ¢;(t) needed to
maintain the two previously stated properties?

The effect on C(t) can be observed by looking at the new basis change matrix M.
Substituting into equation [3] we get

C(t) =TM, P

where
M M T 2
23 27 v 3™

"l m 0 0
1 0 0 o]

Expanding yields
C(t) = Yo(t)pe + ¥i1(t)py + ¥a(t)p2 + ¥3(t)ps

where
Po(t) = (1 — t)3(1 + 2t — yt)
Yi(t) = m(t — 1)
Pa(t) = w1 — t)t°
Pa(t) = t¥ (et — 2t — 7, +3)
Note that Y3¢;(t) = 1 0<t<1

and Yi(t) > 0 0<t<1 if0< 7,13
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The restrictions of 4, and 7, are necessary in order to maintain the convex hull

property. If 7 72 > 3 convexity may still be maintained, but is not guaranteed as it

is with the standard Bézier curves (Figure 1). The reason the convex hull property is

desirable is that it gives the designer an initial feel for the shape of the curve. Once the

rough outline has been drawn, however, this criterion may be temporarily sacrificed. In

Figure 2 we can see the rough outline of an airfoil. Figure 3 demonstrates a typical

refinement process and Figure 4 shows the completed design. After the final design is

reached, or at any intermediate step, it is possible to generate the new Bezier control

polygon for the existing curve, thus producing a natural method of step-wise

refinement.

This work was supported by Control Data Corporation under grant 81P04.
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Figure 1

Figure 2: Rough Outline Using Standard Bézier Curves
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Triangular Bernstein-Bézier Patches,
A Survey and New Results

Gerald Farin
Department of Mathematics
University of Utah
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Triangular Bernstein-Bézier patches are an alternative to the standard rectangular ones. They are maps of
triangular domains: into R®, where the patches are described by control nets similar to the rectangular case.
One difference is the definition of surface normals at the patch corners: rectangular patches have inherent
problems with so-called degenerate corners, i.e. edges collapsing into one point. Triangular patches do not
have these problems. Since triangular shapes arise rather frequently in the design of complicated surfaces
(e.g. interior car body panels), it seems that for such surfaces triangular patches are a promising addition
to the usually employed rectangular patches.

Another major application is the formulation of interpolants to solve the scattered data problem: here
Bernstein-Bézier patches provide a very powerful tool; they can be used to discover new schemes as well as
to discover new properties of existing methods.

A survey of known results is given, including

Subdivision: The recursive evaluation of triangular Bernstein- Bézier patches generates control nets for the
three subtriangles of the original patch that are generated by the point of evaluation. This algorithm is
important for applications such as contouring and rendering: since every patch is contained in the convex
hull of its control net, a simple rejection procedure exists. If a patch cannot be rejected, it will be subdivided
and the rejection test will be performed for all subtriangles.

Continuity conditions: For complicated surfaces, continuity of adjacent patches must be ensured. Conditions
for continuity of arbitrary order are derived from the recursive evaluation procedure. In the design of surfaces,
simple continuity is sometimes too restrictive and the concept of ”visual continuity” must be invoked. This
means that along common patch boundaries, tangent planes from both patches must coincide, but partials
or directional derivatives need not be coplanar. Smoothness conditions of this form are easily formulated in
terms of control nets.

Connection to rectangular patches: For hybrid surfaces, composed of both rectangular and triangular patches,
continuity conditions must be established. In most cases this again means ”visual continuity”. The resulting
conditions are similar to the ones for triangle/triangle conditions.

Interpolants in Bernstein-Bézier form: Triangular interpolants, such as the Clough-Tocher element,l are
presented in Bernstein-Bézier form. These interpolants aim at the solution of the scattered data problem
and define a surface that is piecewise defined over a triangulation of the given data points. The surface
will be a Bernstein-Bézier patch over each triangle and will satisfy certain imposed continuity conditions.
The Bernstein-Bézier method turns out to be a very useful tool in analyzing such interpolants as well as
facilitating their development.
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Several new results are presented, including

Interpolants in three or more dimensions: New generalizations of the above interpolants are presented. These
have applications in scientific computing such as interpolation to measurements collected from 3D data sites.
These data sites will be tessellated into tetrahedra and a piecewise polynomial surface will be defined over
each of them, again with certain imposed continuity conditions. The Bernstein-Bézier form facilitates the
construction and understanding of these interpolants considerably. Higher dimensional problems can be
handled by an inductive generalization of the two- and three-dimensional interpolants.

Reflection lines for Bernstein-Bézier triangles: Reflection line simulation is a particularly effective surface
interrogation tool. Its origins are in the car industry, where the aesthetics of a car body are judged by
the reflection pattern generated by a set of parallel fluorescent light bulbs. Bernstein-Bézier patches lend
themselves easily to the computation of reflection lines.

The solvability of interpolation problems: Interpolants over arbitrary triangulations are of interest in the field
of scattered data interpolation. The dimensions of the underlying linear spaces are unknéwn. So of course
B-spline-like basis functions are not known either. Some recent progress is described 2
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A UNIFORM SUBDIVISION METHOD FOR
TRIANGULAR BEZIER PATCHES

Kenneth 1. Joy
Computer Science Division
Department of Electrical and Computer Engineering
University of California, Davis
Davis, California

Introduction

Bézier curves and tensor-product Bézier surface patches have been used
extensively in the computer graphics/computer aided design community for the
modeling of physical objects for automated design. In 1980, Lane and Riesenfeld
[Lane-Riesenfeld, 1980] presented algorithms for the evaluation of Bézier curves and
surfaces, and showed how these algorithms could be used in solving many of the
geometric problems in CAD, and how they could be used in the computer graphic
rendering problems for such surfaces. These algorithms were based upon an elegant
subdivision technique, which was developed directly from the mathematical properties
of the Bézier curve. This technique allows the manipulation of a curve/surface
without the need to evaluate the blending functions and their derivatives.

Triangular Bézier patches have also been studied for the same reasons. Farin
[Farin, 1982] has used them successfully in the interpolation of scattered 3-d data and
Petersen [Petersen, 1984] has recently exhibited their use in a contouring algorithm.
Subdivision of these patches has centered on a method [Farin, 1982] which
subdivides the patch into three subpatches using intermediate control points
calculated by the de Casteljau algorithm [de Casteljau, 1959]. However, due to the
fact that one side of each of the three subtriangles is one of the sides of the parent
triangle, the sides of the resulting subtriangles do not reduce uniformly in length.
This implies that the polygonal rendering algorithms [Lane-Carpenter, 1979; Blinn,
Carpenter, Lane, Whitted, 1980] (which require surfaces to be subdivided until they
are flat) cannot be used with this subdivision method. (It is noted that Petersen used
this method in his contouring algorithm, however, an extra subdivision step was
added to insure that the lengths of the sides reduced uniformly.)

This paper presents a subdivision method for Bézier triangles that parallels the
development of Lane-Riesenfeld for Bézier Curves. The method is developed from the
mathematical description of the patch, and the resulting algorithm does not require
evaluation of the blending functions. This method subdivides the triangle uniformly
so that the lengths of the sides of the subtriangles are uniformly reduced. This
method is a member of the class of methods first presented by Goldman [Goldman,
1983], which contain subdivision methods that arise from degenerate subdivision of
Bézier tetrahedra. In this paper, we show that a certain method is a natural
extension of the Lane-Riesenfeld results for Bézier curves.

Bézier Triangles

_ The Bézier triangle of degree n, defined by the set of control points
P = {P; ;; :i+j5+k=n} over the triangle T is given by

67



B,(P;T)= Y P Bije(pypons)
i+y+k =n
where
n!
s! gl k!

B.‘,;‘ k (my,po,p3) = By Ilsk

are the bivariate Bernstein polynomials of degree n, using the barycentric coordinate
system defined on the triangle T .

. Subdivision of Bézier Triangles

Consider the triangle T with vertices Py P, Pj, where P; ¢ R%. Let T be
parameterized by the barycentric coordinates (p; pto p3). Consider the subdivision of
T given by the following sets

P eT : P = py P+poPotpyPs, whereulzé,uQZO,usZO }

%7”’1207,“320 }

II

PeT : P =p; Pi+poPotpgPs, where pg > % B 20,820 }

{ PeT :P =py P+p,Potps Py, where py >

P €T i P = PrpPotisPy where pr < =iy < 4 opg < 4 }

The subdivision algorithm then proceeds as follows.

Subdivision Algorithm

Let P = {P, j+ :1+j+k=n} be a polygonal mesh defined over the triangle
T and let

1 [p-1,n,n [n-1,n,n .

?(P,],, 23} :1;+1k3]] ifn, >0

S(PSET 4 PN ey >0
pmrsnd _
",l

1 31 -1] .

(P ] :[+"1;nk" ) ifng >0
P;,J-’,‘ fn, =n,=n;=

Then



B,(P;T)=B,(Q;; T;) fori =1,2,34

where
g, = {P,-E{,’j;"*” Citk=n,m =0, .. .'}
Q.= [Pl sivimn,m =0, . )
Qs = {PJ?;{;’"] cJtk=n,m =0,.., k}
Q.= {P,l‘,f k] t+j+k——n}

Lemma

Let @ = ; ;¢ :1+7+k = n} be the control points for the subdivided
.1,k J

Bézier triangle over T',; then we have

ew— —

| Qi1 4-Qijx ]l < M
| Qi jr1k-Qijil < M
| Qi jk+1-Qijel < M

where

| Piga,je—Pijul _
M = ?max IP.',,'+1,1;—P5,;‘,I= | :i+7+k = n,andi, 5,k <n

| P; ; k+1-Pi j i |
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An Intuitive Approach to
Geometric Continuity for Parametric
Curves and Surfaces

(Extended Abstract)t
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ABSTRACT

Parametric spline curves and surfaces are typically constructed so that some number
of derivatives match where the curve segments or surface patches abut. If derivatives of up
to order n are continuous, the segments or patches are said to meet with C*, or n*® order
parametric contineity. It has been shown previously that parametric continuity is sufficient,
but not necessary, for geometric smoothness.

The geometric measures of unit tangent and curvaixre vectors for curves, and tangent
plane and Dupin indicatriz for surfaces, have been used to define first and second order
geometric contsnusty. In this work, we extend the notion of geometric continuity to arbitrary
order n (G™) for curves and surfaces, and present an intuitive development of constraints
equations that are necessary and sufficient for it. The constraints result from a direct
application of the univariate chain rule for curves, and the bivariate chain rule for surfaces.
The constraints provide for the introduction of quantities known as shape parameters.

The approach we take is important for several reasons: First, it generalizes geometric
continuity to arbitrary order for both curves and surfaces. Second, it shows the fundamental
connection between geometric continuity of curves and geometric continuity of surfaces.
Third, due to the chain rule derivation, constraints of any order can be determined more
easily than derivations based exclusively on geometric measures.

1. Introdnction

In recent years, computer-aided geometric design (CAGD) has relied heavily on mathematical descrip-
tions of objects based on parametric splines. Spline curves are typically constructed by stitching together
univariate parametric functions, requiring that some number of derivatives match at each joint (the points
where the curve segments meet). If n derivatives agree at a given joint, the parametrizations there are said

This work was supported in part by the Defense Advanced Research Projects Agency under contract pumber N00039-82-
C-0235, the National Science Foundation under grant number ECS-3204381, the State of California under a Microelectronics
Innovation and Computer Research Oppertunities grant, and a Shell Doctoral Fellowship.

$The complete paper appears in®.
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to meet with n'® order parametric contineity (C™ continuity for short). It has been previously demonstrated
(see 27-%11 for instance) that parametric continuity can be overly restrictive for many applications. To
remedy this situation, another notion of continuity must be developed, one based on the geometry of the
resulting curve or surface. We shall refer to this as geomeiric continusty.

It has recently come to our attention that many authors have independently defined this kind of conti-
nuity of first and second order (which we denote by G and G?, respectively) for curves and/or surfaces using
geometric means. For curves, Fowler & Wilson®, Sabin'®, Manning!!, Faux & Pratt®, and Barsky' each
independently defined first order continuity by requiring that the snit tangent vectors agree at the joints.
To achieve second order continuity, both the unit tangent and csrvature vectors were required to match.
Nielson’s v-spline!? possesses a similar kind of continuity. For surfaces, it is common to require matching
of tangent planes for first order continuity (cf. Sabin'* and Veron et al'®). For surfaces of second order
continuity, Veron et al and Kahmann'® require continuity of normal curvature in every direction, at every
point on the boundary shared by the constituent surface patches. As Veron et al and Kahmann each show,
this is equivalent to requiring that the Dupin sndicatriz of each patch agree at the boundary curve.

Although the geometric approaches described above are convenient and intuitive for first and second
order continuity, a more algebraic development is better suited to the extension to continuity of higher order.
The approach we take is based on the following simple idea:

P1: Don’t base continuity on the parametrizations at hand; reparametrize, if necessary, to ob-
tain parametrizations that meet with parametric continuity. If this can be done, the original
parametrizations must also meet smoothly, at least in a geometric sense.

The above concept is not a new one; similar principles have been discussed by Farin” and Veron et al'.
What is new is the use of the principle to construct constraint equations (to be known as the Beta constraints)
that are necessary and sufficient for geometric continuity of arbitrary order for both curves and surfaces. }

In this paper, we extend the notion of geometric continuity to arbitrary order n (G™) and show (in
a nonrigorous way) that the derivation of the Beta constraints results from a straightforward use of the
univariate chain rule for curves and the bivariate chain rule for surfaces. This approach therefore provides
new insight into the nature of geometric cortinuity and shows that geometric continuity of curves and surfaces
need not be treated separately; the same basic principle of reparametrization applies to both. We also argue
that, for first and second order continuity, the Beta constraints are equivalent to the geometric measures
described above. However, due to chain rule derivation, the constraints are obtained with less effort using
our method. For a more complete treatment, the reader is referred to Barsky & DeRose®*

2. Geometric Continuity for Curves

We begin the study of geometric continuity for curves by examining the reparametrization process.
Two parametrizations are said to be GO-cguivalent if they have the same geometry (shape) and orientation
(direction of tangent vector) at each point. Given a particular parametrization, all GO-equivalent parame-
trizations may be obtained by functional composition. More specifically, if q(u) and () are GO-equivalent,
then they are related by G(%) = q(u(%)), for some appropriately chosen change of parameter u(#%). Since
q and § must have the same orientation, u must be an increasing function of i, implying that u must
satisfy the orientation preserving condition u(!) > 0 (in general, superscript (i) denotes the it? derivative).
A univariate parametrization is regular if the first derivative vector does not vanish. It is well known from
differential geometry® that regularity is, in general, essential for the smoothness of the resulting curve. We
will therefore restrict the discussion to regular parametrizations. We ncw give a more precise definition of
G™ continuity:

$ T. Goodman and L. Ramshaw have independently derived the univariate Beta constraints from the
univariate chain rule.



Definition 1: Let r{t),t € [to,¢] and q{u), u € [uo, u)] be two parametrizations such that r(t,) = q(uo)
(see Figure 1). These parametrizations meet with G* continuity at J if and only if there exist GO-equivalent
parametrizations ¥() and q(#) that meet with C* continuity.

Definition 1 is simply a restatement of principle P1, but in practice one cannot examine all GO-equivalent
parametrizations in an effort to find two that meet with parametric continuity. However, it is possible to find
conditions on r and q that are necessary and sufficient for the ezistence of GO-equivalent parametrizations
that meet with parametric continuity.

Due to the compositional structure of equivalent parametrizations, the derivation of the Beta constraints
essentially reduces to an application of the chain rule. In particular, the chain rule is used to express
derivatives of q in terms of derivatives of q. For example, the Beta constraints for G* continuity for the
situation shown in Figure 1 are:

l'(l)(h) =h q(l)(uo)

v () = 81 q®(uo) + B2 a™ (uo)

r® () = 87 9 (uo) + 38182 @ (uo) + B3 a1 (o)

£ (t,) = B g9 (uo) + 68282 ¥ (u0) + (4818s + 363) 4 (o) + B4 g (uo).

(2.1)

where 8, > 0, 83, B3, B4 are arbitrary real numbers.

The right side of the first equation of (2.1) represents the derivative of § written in terms of the derivative
of q, where the substitution u(!) = B, has been made. Thus, #; determines, to first order, the function
u() in the neighborhood of the joint. Similarly, the right side of the second equation of (2.1) represents the
second derivative of q expressed in terms of derivatives of q, where 4 has been given the value §; at the
joint. This process is continued for the higher order constraints.

Although the first two equations of (2.1) were derived using the chain rule, they are idestical to the con-
straints resulting from a geometric derivation of unit tangent and curvature vector continuity, respectively?11,
Thus, our approach reduces to previous definitions of G! and G? contiruity.

In general, a property of the chain rule can be used to easily show that for n** order geometric continuitjr
for curves, n shape parameters B,, ..., B are introduced®. The quantities 3y, ..., S are called shape parameters
because they can be made available to a designer in a CAGD environment to change the shape of curves and
surfaces. Since geometric continuity provides for the introduction of shape parameters, it may be desirable
to generalize existing spline techniques to obtain their geometrically continuous analogues. For instance, the
Beta-spline!? is an approzimating technique that possesses shape parameters; an interpolating technique is
described in DeRose & Barsky*. Faux & Pratt® and Farin’ use the extra freedom allowed by geometric
continuity to place Bézer control vertices.

3. Geometric Continuity for Surfaces

A parametric surface patch is defined by a bivariate function such as G(u, v) = (z(u, v), y(u, v), z(u, v)),
where u and v are allowed to range over some region of the uv plane. Such a parametrization is regular if
the first order partial derivatives are linearly independent. N*® order parametric continuity of two surface
patches requires that all like partial derivatives of order up to n agree for each point of the boundary curve.
Superscript (i, j) will be used to denote the i*" partial with respect to the first variable, and the j* partial
with respect to the second. Just as for curves, parametric continuity is sufficient for geometric smoothness,
tut can be overly restrictive.

The notion of reparametrization as a basis for the determination of continuity can readily be extended
to surfaces by making a definition analogous to Definition 1. The bdivariate chasn rele can then be used to
determine constraint equations. However, instead of shape parameters being introduced, a property of the
bivariate chain rule shows that n(n-+3) shape functions are introduced when two surface patches are stitched
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together with G" continuity. Referring to the situation of Figure 2 and using the bivariate chain rule, one
can show that F(u,v) and G(s,t) meet with G* continuity if and only if

FOU = g,, GO 4 §,, G(1.0)

F(llo) = ﬂlo G(O,l) + ﬂll G(l.o) (3.1)

holds for each point P of 4 where the sRhape fanctions fy, Bo1, Bro, P11 satisfy the orientation preserving
condition Bo0B11 —B10Bo1 > 0. The shape functions determine how derivatives of G are related to derivatives
of a GO-equivalent parametrization (G) that meets F with first order parametric continuity. Although
equations (3.1) were derived from the bivariate chain rule, they also have geometric significance. More
specifically, they are necessary and sufficient conditions for tangent plane contineity between F and G. Thus,
the abstract algebraic approach of reparametrization and the chain rule agrees with geometric intuition for
first order continuity of surfaces.

It can be shown that the constraints resulting from the chain rule approach are equivalent to requiring
that the Dupin indicatrix of the patches match along the boundary curve. Thus, the chain rule approach
agrees with geometric intuition for both G! and G? continuity. Moreover, the chain rule approach yields the
second order constraints with less effort than the geometric approach. For higher order continuity, geometric
intuition becomes more feeble, but the chain rule approach still applies.

4. Conclusion

We have defined n'P order geometric continuity for parametric curves and surfaces, and derived the
Beta constraints that are necessary and sufficient for it. The derivation of the Beta constraiats is based
on a simple principle of reparametrization in conjunction with the univariate chain rule for curves, and
the bivariate chain rule for surfaces. This approach therefore uncovers the connection between geometric
continuity for curves and geometric continuity for surfaces, provides new insight into the nature of geometric
continuity in general, and allows the determination of the Beta constraints with less effort than previously
required.

The use of the Beta constraints allows the introduction of n shape parameters for curves, and n(n + 3)
shape functions for surfaces. The shape parameters and shape functions may be used to modify the shape of
a geometrically continuous curve or surface, respectively. However, geometric continuity is only appropriate
for applications where the particular parametrization used is unimportant since parametric discontinuities
are allowed.

Figure 1: Tke parametrizationsr and q meet at Figure 2: The surface patches created by F and
the common posnt r(t;) = q(uo). G mect ot the boxndary curve 4.
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URN MODELS AND BETA-SPLINES

R. N. Goldman
Control Data Corporation
Minneapolis, Minnesota

1. Introduction

A well-established connection exists between discrete urn models and the
standard curves and surfaces used in computer-aided geometric design (CAGD) [1],[2],
[3]1,[4]1,[5]. The Bézier and B-spline blending functions both model elementary
stochastic processes, and many of the geometric properties of Bézier and B-spline
curves and surfaces can be derived by studying these probabilistic models [4],[5].
Recently Barsky has introduced a new type of spline into CAGD called the
beta-spline [6],[7],[8]. The purpose of this paper is to try to gain some insight
into the properties of beta—-splines by applying the techniques of urn models.

2. Beta-Splines

Beta-splines are generalizations of B-splines. They were developed in order
to replace the somewhat artificial concept of parametric continuity by the more
natural notion of geometric continuity. Briefly the idea is this: Two curves L(t)
to<t<ty, R(u) up<ulu; are said to meet with ntR-order parametric continuity (CR)
if and only if

d“r _ L

——= K k=0,1,...,n

usu, dt | t=t,

Unfortunately this definition depends on more than just the geometry of the curves
L(t),R(u); it also depends on the specific choice of their parametric
representations. A linear change of parameter u=@v @)O will not change the shape
of the curve R(u), but by the chain rule

d' R S aL
dtkl t=t ac® | t=t

dukl u=u 1

dvk | V=V

0 0 1

Thus R(@v) and L(t) do not meet with nth-order parametric continuity even
though the curves R(v),R(u) are geometrically identical. To rectify this anomaly,
the concept of geometric continuity is introduced.

Two curves L(t),R(u) are said to meet with linear nth-order geometric
continuity (LGD) if and only if there exists a constant-@)O such that

R _patL
duk I u=u, dtk I

k=0,1,...,n

t=tl
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It is easy to check that the notion of linear nth-order geometric continuity is
invariant under linear changes of parameter. Of course, this concept is not
invariant under non-linear changes of parameter. A more general notion of
geometric continuity (GM) and more general constraint equations invariant under
non-linear changes of parameter are given in [8].

Splines have typically been defined in terms of parametric continuity, and the
B-splines form a convenient basis for these parametric splines. The more general
notion of geometric continuity requires us to search for a new set of basis
functions suitable for these new types of splines. These basis functions are
called beta-splines. We shall now use urn models to construct beta-splines and
study their properties.

3. An Urn Model for Beta-Splines

Consider an urn initially containing w white balls and b black balls. One
ball at a time is drawn at random from the urn, its color inspected, and then
returned to the urn. If the ball was the jth white ball to be chosen, then
@J(w+b) additional black balls are added to the urn; if the ball was the jth
black ball to be chosen, then @"3(w+b) additional white balls are added to the
urn.

We now introduce the following notation:

t = e probability of selecting a white ball on the first trial
~(3) =1 +0 + ...+ 37t

Jn !

sN(t) = SS(P,t) = probability of selecting a white ball after selecting
] J exactly j white balls in the first N trials

fg(t) = fg(e,t) = probability of selecting a black ball after selecting
J J exactly j white balls in the first N trials

B?(t) = B?(?,t) = probability of selecting exactly j white balls in the

first N trials

For each fixed @ it can be shown that the functions B%(t),...,B%(t)
are linearly independent polynomials of degree N and they satisfy the constraint
equations(*)

a5 o keka
(%) memd=s = - k =0,1,...,N1
dt | t=0 dt- | t=1
The functions BH(t),...,BN(t) are the beta-spline basis functions. If
P=1, these functions are the uniform B-spline basis functions and the urn model is

the standard urn model for B-splines [1], [4].

Given a sequence of control points P=(Pgp,...,Py), we can use these
beta-spline basis functions as blending functions to construct LGN-1 continuous
beta-spline curves in much the same way that we use the uniform B-spline basis
functions to define CN~1 continuous B-spline curves. Define the ith curve
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segment by setting

- Neg g .
B, [#,P1(t) = Bj(p,t i)P, i<t<iHl

+]

c_..IVlZ

and define the beta-spline curve by setting
B[§,P1(t) = B3[8,PI(t) i<t it 0<i<MN

From the constraint equations (*) it follows immediately that

———————————————————— k = 0,1,.--,N_1
at® | t=i+l ack | t=i+1

Thus B[ﬁ,P](t) is an LGN"l continuous beta-spline curve.

Without moving the control points, we can alter the shape of the beta-spline
curve B[p,P](t) simply by changing the scalar parameter (3. The effect of
increasing } is to move the curve closer to its control polygon and to bias the
curve towards its initial control points. Thus our § corresponds to Barsky's bias
parameter @1 [71.

In table 1 we summarize those properties of beta-spline basis functions and
beta-spline curves which are directly derivable from the beta-spline urn model.
Many of these properties are new and are presented here for the first time.

4, Conclusion

Urn models can be used to construct beta-spline basis functions and to derive
the basic properties of these blending functions and the corresponding beta-spline
curves. This is only the beginning; much work remains to be done. Here we have
dealt only with the simple notion of linear geometric continuity and with the most
elementary beta parameter. Non-linear geometric continuity leads to additional
beta parameters and to more complicated basis functions [8]. Whether urn models
can give us any insight into these higher order concepts still remains to be
investigated.

79



References

80

Goldman, R. N., An Urnful of Blending Functions, IEEE Computer Graphics and
Applications, vol. 3, no. 7, 1983, pp. 49-54.

Goldman, R. N., An Intuitive Approach to Bé&zier and Other Random Curves and
Surfaces, SIGGRAPH Tutorial on Freeform Curves and Surfaces, 1983.

Goldman, R. N., Geometry and Probability, SIGGRAPH Tutorial on Freeform
Curves and Surfaces, 1984.

Goldman, R. N., Polya's Urn Model and Computer Aided Geometric Design, SIAM
Journ. on Algebraic and Discrete Methods, vol. 6, no. 1, 1985, pp. 1-28.

Goldman, R. N., Urn Models, Approximations, and Splines, Submitted to the
Journal of Approximation Theory.

Barsky, B. A., The Beta-Spline: A Local Representation Based on Shape
Parameters and Fundamental Geometric Measures, Ph.D. Thesis, University of
Utah, Salt Lake City, Utah, 1981.

Barsky, B. A. and Beatty, J. C., Local Control of Bias and Tension in
Beta-Splines, ACM Trans. on Graphics, vol. 2, no. 2, 1982, pp. 109-134.

Barsky, B. A. and DeRose, T. D., Geometric Continuity of Parametric Curves,
Tech. Rept. No. UCB/CSD 84/205, Computer Science Division University of
California, Berkeley, October 1984.



TABLE 1

5.

6.

~ PROPERTIES OF BETA-SPLINE

Urn Basis Functions
Probability = > W) =1
Distribution J

==> B?(t) >0 o<l

Symmetry between ==> Symmetry Formula
white, 0 and

black, p Tt
Counting ==> Explicit Formulas
N-j
(67, (B)-t)
Neey = E _____ {07
] (i)
N PN_Jt + o3 @
s.(t) = SE~(b
& @
N(N-1)/2 N
BN(t) R il € i
0 N
T 4@
j=1
N
BN(t) = -t
N N
maP®
j=1
Relationship ==> Recursion Formula

between first
N and first
N+1 picks

N+1 _ N N
Bj (t) = fj(t)Bj(t)

+s§_l(t)B§_1(t)

Recursion Formula ==> Polynomial Functions
==> Differentiability
Constraints
kN k. k_N
Sl R
atk. | t=0 ac®

Linear Independence =
of first N+l
¢—moments

Linear Independence

Polynomial Basis

Limiting Conditions Limits
If (=0 at most 1 ==> Lim Bl\f(t) = (l—t)N
white ball can be B> J _ 1—(1—t)N
selected.

=0

N N s

If =0 at most 1 ==> Lim Bj(t) = t j=N
black ball can be p—>0 oo N
selected 1-e” j=n-l

=0 j#N-1
Adding only balls ==> Total Positivity
of the opposite
color

Two urns each with ==> Independent
two colors Distributions

B??(s,t) - BT(S)B?(t)

N N =, =1
BJ(p,) = By ;(p,1-t)  BIp,RI(E) = B(PT,P

BASIS FUNCTIONS AND CURVES

Curve

==> Coordinate Free

"
"
v

==> Local Convex Hull Property
==> Curve Symmetry
Reverse](M_N+l_t)

==> Recursion Formula

==> Locality of End Points

==> Explicit Recursion Formula
(see 4)

==> Pi does not affect

k
E_Eiieifl k=0,1,...,N~1
atk | t=i+1
==> Pi+N does not affect
k.
Sl o
atk | t=i

==)> Geometric Construction
Algorithm
Let i<t<i+l

0 "
PL(E)=P . OCHN

L-1

L, _N-L.___
Pj(t)-fj (t 1)Pj (t)

N-L, ., L-1
+s. (t 1)Pj+l(t)

Then B[P,P](t)=Pg(t)

==> Polynomial Spline

= !

| t=1
==> Locally Non-Degenerate

==> Local Subdivision
Algorithm
Tension/Bias
j=0 ==> Lim B[p,P](:) is the
i1 ->o0
1= polygon determined by
j#0,1 PsesesPy pure
==> Lim B[p,P](t) is the
->0
polygon determined by
N Pypre e By

==> Variation Diminishing
Property

==)> Rectangular Tensor
Product Surfaces
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PARAMETERIZATION IN GRID GENERATION*

C. Wayne Mastin
Mississippi State University
Mississippi State, MS

The mathematical description of a physical object is an absolute necessity in
solving nearly any problem in computational fluid dynamics or related fields where
one must compute the numerical solution of partial differential equations. The
selection of points on which to compute a numerical simulation differs from the

geometry definition procedures in computer-aided design. Whereas in the Tatter case

decisions are often based on aesthetics, the distribution of grid points for
calculating the solution of partial differential equations must be chosen so as to
include consideration of truncation error, stability, and the resolution of the
solution near boundary layers and shocks (ref. 1). It is therefore important to be
able to specify the distribution of points along a grid line.

The problem of distributing points along a curve will now be considered. It
will be assumed that the curve is defined parametrically. The objective is to

select a set of parameter values so that the corresponding points on the curves are

properly distributed. The distribution may be based on some intrinsic property of
the curve such as arc length or curvature.

Suppose a curve is given parametrically by the equation
r=r(n), 0<n<1l

where r = (x,y,z). The desired set of values for n will be defined by introducing
a reparameterization of the curve

r=r(n(t)), 0 <t<l
For each value of t, the arc length derivative d(t) will be defined so that

[dt)P = r, - v

t t

The function d(t) cannot be completely arbitrary since it must satisfy

J
f d(t)dt = L (1)
0

where L is the length of the curve. Since r is a composite function of t, we also
have

r, -r.=(r -r )n2
t n n 't

*Research supported by NASA Langley Research Center under Grant No. NSG 1577.
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Therefore, when d(t) is given, the function n(t) is the solution of the initial
value problem

e f“t))w = F(tn), n(0) =0 (2)

n n

This problem can be solved accurately and efficiently by various numerical
algorithms. It can be further noted that stability will be enhanced if
rn . rn is an increasing function of n, that is, grid spacing increases with

uniform increments of n. The numerical solution of this initial value problem may
not exactly satisfy the condition n(1) = 1. This may be due to error in the
numerical solution or the fact that d(t) is not exactly normalized by the above
integral condition (1). In either case, the solution is computed until the value
n = 1 is reached, and then the independent variable t is scaled so that, as a
function of the new variable, n(1) = 1. This scaling process will alter the grid
spacing, but the ratio of the grid spacing at any two points will be unchanged.
Thus, if only the relative spacings at points along the curve are to be prescribed,
no normalization of d(t) is necessary. An example would be the case when equal
spacing of grid points along the curve is desired. Any constant value for d(t)
would suffice.

The parameterization algorithm has been used to distribute points along various
plane curves. For the first example, consider the curve defined by

y = tanh(5x) , -2 < x< 2

The parameter n is introduced, with x = 45 - 2, and the initial value problem (2)
is solved using a fourth-order Runge-Kutta scheme with variable step length. The
following figures illustrate the effect of reparameterization. Figure 1(a) is the
point distribution resulting from equal spacing of the parameter n. Figure 1(b)
has points uniformly spaced relative to arc length while 1(c) concentrates points
where the curvature is large.

(a) (b) (c)

Figure 1. Grid point distributions for (a) uniform n, (b) d(t) = c, c = constant,
and (c) d(t) = c¢/(1 + 5|«]|), « = curvature.

The above example was selected because the graph is typical of solutions for

problems with shocks. In such cases a grid as in 1(c) will minimize smearing or
oscillations in the solution.
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The second example applies to the construction of a two-dimensional grid
between an ellipse and a circle. On each grid line connecting the boundary
components, a function of the form
et + pet

d(t) = a
is used with the constants a and b selected so that (1) holds and also the grid
spacing at the elliptical t = 0 boundary component is some specified value. An
example of such a grid, with a small uniform spacing at the ellipse, is indicated
in Figure 2. In this example a curvature-based reparameterization was also used
to redistribute grid points along the ellipse. Finally, Figure 3 contains the
plot of the same region with a grid having uniform spacing along every grid line.

This was accomplished in an iterative process with the reparameterization performed

in alternating coordinate directions.

/[\

Figure 2. Grid concentration near inner Figure 3. Uniform spacing in
boundary. both directions.

Many of the potential applications of reparameterization in grid generation
have not been addressed. One particularly attractive possibility would be to
derive a method for generating adaptive grids by selecting d(t) to be a solution
dependent function. Of course, with this or any grid redistribution scheme the
skewness of the grid lines and the overall smoothness of the grid should be
examined. A detailed study of the effect of grid properties on the numerical

solution of partial differential equations may be found in the following reference.

REFERENCE

1. Thompson, J. F.; Warsi, Z.U.A.; and Mastin, C. W.: Numerical Grid Generation,
Elsevier/North-Holland, New York, 1985.
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CONTOURING TRIVARIATE DATA

Sarah E. Stead
NASA Ames Research Center
Moffett Field, CA

George T. Makatura
Informatics General Corporation
Palo Alto, CA

ABSTRACT

In many applications, the data consist of discrete 3-D points at which one or
more parameters are given. To display contours, the data are represented by a
continuous function which is evaluated at any point as needed for contouring. We
present contouring results applicable both to artitrarily spaced data and to data
which lie on a topologically rectangular three-dimensional grid. We assume that
the contours are to be described by 3-D display lists for viewing on a dynamic color
graphics device; that is, they will not simply be projected into 2-D and viewed as
a static image on a frame buffer. Dynamic viewing of color contours may be essential
to the proper interpretation of results.

We assume that the gridded data lie on a topologically rectangular grid although
two or more nodes may be the same point. This type of gridded data is common in
computational fluid dynamics. Parametric tensor product methods may be used to fit
the gridded data and to generate the contours. Rectangular elements are convenient
but not necessary. For example, there are other methods [1] which are effective for
contouring over tetrahedral elements.

Various types of contours are helpful in interpreting trivariate data. Since we
are interested in displays which can be viewed dynamically, we define contours as
3-D polygons, which are shaded by using polygon fill, or as 3-D vectors. Cross
sections through the grid can be contoured using vectors or polygons (Figure 1).
Contours over all grid layers are computed as vectors (Figure 2) or polygons
(Figure 3). By combining adjoining grid cells into one cell, the amount of display
list data needed to define the contours can be reduced. This can either speed up
the dynamics or allow more contours (or other data) to be displayed. If a static
picture is sufficient, the polygons can be scan-line rendered with transparency
(Figure 3). An unusual feature that we developed consists of drawing the contours
for one parameter onto the shape of a contour of a different parameter (Figure 4).
In Figure 4, the shape is the 0.1 contour of a tricubic function and the gray bands
indicate the derivative with respect to x of the tricubic function.

Multistage methods [2,3] for arbitrarily spaced trivariate data allow for
efficient computation of contours. In these methods, an interpolant or approximant
is fit to the arbitrarily spaced data and then evaluated at the nodes of a
rectangular grid. The gridded data are then contoured as discussed above. One
area where multistage methods have been applied is in geology, where the data consist
of pollen counts at various depths in cores drilled in the earth. An analogous
example occurs in well log data from an oil field in which various parameters are
measured at many depths in each o0il well. A similar application occurs in
experimental fluid dynamics where pressure is recorded at various points on an
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aircraft body during wind tunnel tests. Since these data occur along a surface,
rather than throughout a volume, different representation methods are required,
but the same display techniques are relevant.
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Figure 1. Density contours on Figure 2. Pressure contours.
two cross sectioms.

Figure 3. Pressure contours using Figure 4. Contouring on a contour.
transparent polygons.
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GENERATION OF SURFACE COORDINATES BY ELLIPTIC
PARTIAL DIFFERENTIAL EQUATIONS*
Z.U.A. Warsi

Department of Aerospace Engineering
Mississippi State University
Mississippi State, MS 39762

The problem of generating spatial coordinates by numerical methods through
carefully selected mathematical models is of current interest both 1in mechanics
and physics. A review of various methods of coordinate generation in two and
three-dimensional Euclidean spaces is available in reference 1, and reference may
also be made to the proceedings of two recent conferences (references 2 and 3) and
a book (ref. U4) on the topic of numerical grid generation.

In this paper the problem of generation of a desired system of coordinates
in a given surface has been considered which essentially is an effort directed to
the problem of grid generation in a two-dimensional non-Euclidean space. The
mathematical model selected for this purpose is based on the formulae of Gauss
for a surface and has been discussed by the author in earlier publications (refs.
5-9).

The formulae of Gauss for a surface v=const. can be written compactly by
using the summation convention on repeated lower and upper indices as

S N rl(\))b

T,ag - Tag 6 T2 Dug (1)

where r=(x,y,z), ng are the surface Christoffel symbols, n(“) is the unit sur-
face normal on the surface v=const., baB are the coefficients of the second fun-
damental form, and a comma denotes the partial derivative with respect to the
surface coordinates x®(v and the other Greek indices assuming cyclic values).
Inner multiplication by Gvgo‘B of equation (1) yields

(v) « ) r - Q(V)R, (2)

D
r o+ G (A £ s

where

2 .
G, = 8,088 (gaB) , v,a,B cyclic,

_ aB
D=0G8 "3, (3a-c)

_ (v) , (v)
baB = Gv (kI ),

_ aB
R = Gvg

¥Research performed under grant AFOSR-0185.
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and

(V) o _ __BY, a
A2 X - 8 TB.Y) (3d)

is the second-order differential parameter of Beltrami. In equation (3c), k%V)
and k§¥) are the principal curvatures at a point on the surface v=const.

Equation (2) provides three coupled quasilinear elliptic partial
differential equations with the Cartesian coordiantes x,y,z as dependent
variables. These equations are nonhomogenous with the right hand sides depending
on the components of both the normal and the mean curvature of the surface, thus
reflecting some geometrical aspects of the surface in an explicit manner.

Some of the problems listed below have been solved successfully by taking
equation (2) as a basic differential model.

I. If the mathematical equation of the surface 1is available in the form
F(x,y,z)=0, then equation (2) can be used to introduce any desired coordinate
system in the surface. (For discrete x,y,z values of a surface, the form

F(x,y,z)=0 can be obtained either by a least square or piecewise approximation

method. Knowing F(x,y,z) = 0, one can find k%”) + k%f) as a function of
X,¥,2. Now two options are open: In the first, one can retain Aé")x‘S as it
appears in the equation, and in the second write AéV)x5=PG/Gv, where PS are
arbitrarily specified functions. The second option provides a control by the
user on the distribution of coordinates in the surface.

II. The proposed equations can be used to generate a new coordinate system from
the data of an already given coordinate system in a surface (refs. 10 and 11).

III. If the coefficients of the first and second fundamental forms have been
given, then the proposed equations can be used to generate a surface satisfying
the given data (surface fitting).

IV. The proposed equations can also be used to generate surfaces in the space
between two arbitrary given surfaces, thus providing 3D grids in an Euclidean
space (refs. 6, 7, 12, and 13).

A number of numerical and analytical results obtained by the author and
his co-workers will be presented in the seminar.
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A SURVEY OF COMPOSITE GRID GENERATION FOR
GENERAL THREE-DIMENSIONAL REGIONS

Joe F. Thompson
Department of Aerospace Engineering
Mississippi State University

Mississippi State, MS

The generation and use of composite grids for general three-dimensional
physical boundary configurations 1is discussed, and the availability of several
codes or procedures is noted. With the composite framework, the physical region
is segmented into sub-regions, each bounded by six curved sides, and a grid is
generated in each sub-region. These grids may be joined at the interfaces be-
tween the sub-regions with various degrees of continuity. This structure allows
codes to be constructed to operate on rectangular blocks in computational space,
so that existing solution procedures can be readily incorporated in the construc-
tion of codes for general configurations.

Numerical grid generation has become an integral part of the numerical so-
lution of partial differential equations and is one of the pacing items in the
development of codes for general configurations. The numerically generated grid
frees the computational simulation from restriction to certain boundary shapes
and allows general codes to be written in which the boundary shape 1is specified
simply by 1input. The boundaries may also be in motion, either as specified ex-
ternally or in response to gradients in the developing physical solution. In any
case, the numerically generated grid allows all computation to be done on a fixed
square grid in the computational space, which is always rectangular by construc-
tion. Boundary conditions can be represented entirely by differences along grid
lines without need of interpolation, and hence finite difference methods are rea-
dily applicable to general regions. These grids can also serve in finite-element
formulations based on quadrilaterals (hexahedrons in 3D), and finite volume con-
structions can be represented as conservative finite difference forms.

Considerable progress 1is being made toward the development of the tech-
niques of numerical grid generation and toward casting them in forms that can be
readily applied. A comprehensive survey of numerical grid generation procedures
and applications thereof through 1981 is given in reference 1, and the conference
proceeding published as reference 2 contains a number of expository papers on
the area, as well as current results. Other collections of papers on the area
have also appeared (refs. 3 and 4), and a later review through 1983 has been giv-
en in reference 5. Some other earlier surveys are noted in reference 1. A re-
cent survey by Eiseman is given in reference 6. Surveys particularly on three-
dimensional grid generation (refs. 7 and 8) and on adaptive grids (refs. 9 and
10) have also been given. A general text on numerical grid generation and its
applications has now appeared (ref. 11).

Since one of the curvilinear coordinates is constant on each segment of
the physical boundary, the transformed (computational) field is rectangular with
a uniform square grid by construction. The grid is generated from specified grid
point distributions and/or grid line intersection angles on the boundaries. The
computational region may be an empty rectangular block with all the physical
boundary segments corresponding to portions of the sides thereof, or some of
these segments may correspond to slits or slabs in the interior of the computa-
tional block. Although in principle it is possible to establish a correspondence
between any physical region and a single empty rectangular block, for general
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three-dimensional configurations the resulting grid is 1likely to be much too
skewed and irregular to be usable when the boundary geometry is complicated.

A Dbetter approach with complicated physical boundaries is to segment the
physical region into contiguous sub-regions, each bounded by six curved sides
(four in 2D), and each of which transforms to a rectangular block in the computa-
tional region, with a grid generated within each sub-region. Each sub-region has
its own curvilinear coordinate system, irrespective of that in the adjacent sub-
regions. This then allows both the grid generation and numerical solutions on
the grid to be constructed to operate in a rectangular computational region, re-
gardless of the shape or complexity of the full physical region. The full region
is treated by performing the solution operation in all of the rectangular compu-
tational blocks. With the composite framework, partial differential equation nu-
merical solution procedures written to operate on rectangular regions can be in-
corporated into a code for general configurations in a straightforward manner,
since the code only needs to treat a rectangular block. The entire physical
field then can be treated in a loop over all the blocks.

The generally curved surfaces bounding the sub-regions in the physical re-
gion form internal interfaces across which information must be transferred, i.e.,
from the sides of one rectangular computational block to those of another. These
interfaces occur in pairs, an interface on one block being paired with another on
the same or a different block, since both correspond to the same physical sur-
face. The 1locations of the interfaces between the sub-regions in the physical
region are, of course, arbitrary since these interfaces are not actual boundar-
ies. These interfaces might be fixed, i.e., the location completely specified
just as in the case of actual boundaries, or might be left to be located by the
grid generation procedure. Also, the grid lines in adjacent sub-regions might be
made to meet at the interface between with complete continuity, with continuous
line slope only, with discontinuous slope, or perhaps not to meet at all.
Naturally, progressively more special treatment at the interface will be required
in numerical solutions as more degrees of grid line continuity at the interface
are lost. Procedures for generating composite grids with these various degrees
of continuity at the interfaces are discussed in general in references 1, 2, and
11.

Three-dimensional grid codes should hopefully become suitable for general
use in the near future. Further development is now needed in automation of the
field segmentation decisions (work on an artificial intelligence approach to this
is in progress) and refinement of the geometric procedures for construction of
the physical boundaries. The incorporation of dynamically adaptive grids in the
composite framework is only just emerging and should prove to be of considerable
importance to general flow solutions.
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A UNIFIED REPRESENTATION SCHEME FOR §OLID GEOMETRIC OBJECTS
USING B-SPLINES

Extended Abstract

Dennis Bahler
Dept. of Computer Science
University of Virginia
Charlottesville, VA 22903

1. Introduction. A critical task facing those who would construct integrated design sys-
tems dealing with solid objects is how best to define and structure the geometric informa-
tion to achieve maximum flexibility, efficiency, and functionality of the system. In particu-
lar, the need arises for an efficient geometric representation scheme capable of representing a
broad class of objects in a unified way. In this study we define a geometric representation
scheme we call the B-spline cylinder [1,2] , which consists of interpolation between pairs of
uniform periodic cubic B-spline curves. This approach carries a number of interesting
implications. For one, a single relatively simple database schema can be used to represent a
reasonably large class of objects, since the spline representation we will describe is flexible
enough to allow a large domain of representable objects at very little cost in data complex-
ity. The model is thus very storage-efficient. A second feature of such a system is that it
reduces to one the number of routines which the system must support to perform a given
operation on objects. Third, the scheme enables easy conversion to and from other
representations.

The formal definition of the cylinder entity is given in section 2. In section 3, we
explore the geometric properties of the entity, and define several operations on such objects.
In section 4 we introduce some general purpose criteria for evaluating any geometric
representation scheme, and evaluate the B-spline cylinder scheme according to these criteria.

2. The B-Spline Cylinder. @A B-spline cylinder is a boundary-determined three-dimensional
object defined by C(u,v)=(1 —v)Ro(u)+v Rj(x) where Ro(z) and Ry(u) are uniform
periodic cubic B-spline curves. It will prove useful for our purposes to think of these
curves as consisting of segments. For a curve R, the equation for each segment r; can be
written as

-1 3-31|Pin1
e 1 3—6 30}|[p:
r;(w) =[uu?u 1] s -3 0 30|lpw ¢V,

1 410 Pi+2

where the p’s are neighboring vertices of the associated control polygon. Call the segment

endpoints, where u =0 above, nodes. The linear interpolation to create the cylinder is

taken to mean an order-preserving labeling of the nodes as aof,.a18,.-1, . ..,0a,-181 which
e

minimizes Y (a; — B,—;)>. (This criterion corresponds roughly to minimizing the surface
i=0

area of the resulting object.) An analogous interpolation between corresponding vertices of

TThis research was supported in part by NASA grant NAG 5-28209, and in part by NSF grant MCS-
8302654.
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Figure 1. A variety of B—spline cylinders.
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the control polygons produces C’s associated prism. Figure 1 shows the variety of
geometric shapes that can be expressed as B-spline cylinders. As can be seen, B-spline
cylinders can be used to represent such objects as cubes, regular cylinders, cones, prisms,
airfoils, etc. using exactly the same database schema.

3. Operations on Cylinders. It is possible to define a number of unary operators which
transform objects into other objects or which yield attributes of objects. Normal vectors,
surface area and volumetric properties can be calculated by unary operators. The set
membership classification problem for B-spline cylinders (given a point p and an object C,
is p inside, outside, or on the surface of C?) can be solved using a three-dimensional exten-
sion of the angle-sum algorithm for point-in-polygon location.

One way to create new objects from existing ones is to "cut" an object into contiguous
smaller objects, which can then be manipulated independently. Refer to Figure 2. The
intersection of a B-spline cylinder C with an arbitrary plane P, called a cut plane, can be
calculated as follows. Define P by the general linear equation ax +by +cz +d = 0.
Denote the two control polygons defining the faces of C by Q and R. Denote an arbitrary
vertex in Q by q; and its corresponding vertex in R by r;. The line segment joining these
vertices, which is an edge of C’s associated prism, can be defined parametrically by
si=(1—-¢t)q +¢ T

These values can be substituted to yield

ag; +bg; t+ecg +d

ti =
a(Qix - T‘ix) + b(Qiy - riy) + C(Qiz - riz)

which can then be used to find the point of intersection s; of the cut plane with the line
r; —q;. Repeating for all pairs of corresponding vertices in the two faces, a set of inter-
section points is derived, forming a polygon S in the cut plane. Even in the case of a so-
called regular intersection, however, the intersection of the cut plane with C is not always
identical to the B-spline curve generated using S as a control polygon. Thus, when a
cylinder is segmented with a plane in a regular intersection, it is sometimes not possible to
generate the curve of intersection simply by using the polygon resulting from intersecting
the associated prism. Fortunately, a polygon can be derived such that it is associated with
a curve passing through any set of points, by considering those points as nodes of the
curve and solving a simple linear system. The same technique can be used also to derive a
control polygon representation for any set of points, however arrived at. For example, a
curve defined in some other spline formulation, or a set of points obtained from a digitizing
device, can be converted into B-spline form. The given points need simply be considered as
nodes of a B-spline curve. In this way the B-spline cylinder resembles the generalized
cylinder representation used in computer vision. [3]

4. Evaluation of the Cylinder Representation. Defining all objects in the way described
carries a number of important advantages, some of which accrue from the properties of B-
spline curves themselves, and some from this particular use of them. B-spline curves. and
by extension B-spline cylinders, exhibit a number of well-known attractive properties from
the standpoint of design. [4] In particular, corners, cusps, and other discontinuities may be
introduced easily by using multiple polygon vertices; that is, placing several vertices at the
same location. A multiplicity of 3 at two successive vertices will yield an embedded linear
segment which is coincident with the corresponding span of the control polygon. It is by
this means that objects such as cubes are represented as B-spline cylinders. Moreover, B-
spline cylinders are a concise analytic representation for a large class of physical objects,
since such objects are determined unambiguously by the control points of the two curves
which compose their faces. These control points can be retrieved from a relational database
at a cost of 2n + 1 tuple fetches, where n is the number of vertices in (each of) the two
polygons. This can be compared to older spline techniques, for example Hermite
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Figure 2. The Plane Cut Problem.
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interpolation, which are typically far more verbose.

The B-spline cylinder scheme can also be evaluated with respect to a more formal
model of geometric representation, although the definitions and criteria given here are
intended to be applicable to any representation scheme. A representation scheme S is a

mapping X : M — R where M is the set of all suitable subsets of E3, and R is the set
of all syntactically correct terminal strings of some grammar. If » € R and there exists an
m € M such that X(m) =r thenr represents or generates m through X. The domain D
of a representation scheme X is the set

={m EM I 37‘ €R andX(m)=r}
A set V € R of valid objects is defined by

= {r ERl 3d € D and X(d) =r}

where D € M is the domain of X. Any r €V is called a valid representation. The
range of a representation scheme is the set V of representations which are valid.

A number of criteria can now be identified by closer examination of the representation
scheme mapping X. First, if a representation can correspond to more than one physical
object, ambiguity results when the modeling system is called upon to reproduce or recon-
struct a previously defined object. A representation X(m;) of an object m; € D is said to
be an unambiguous representation if for all m; € D,

that is, X is injective. If for all v € V,v is an unambiguous representation, then X is an
unambiguous representation scheme. The B-spline cylinder representation scheme is unam-
biguous; that is, such objects are unambiguously determined by the polygons of their face
curves. Second, in a modeling system the intent is to deal as much as possible with
representations of objects rather than to have to reconstruct objects explicitly through the
mapping X~!. Clearly, it is desirable that an object be representable by one and only one
representation; that is, for the representation scheme to be unique. Moreover, uniqueness is
necessary in order to draw conclusions about sets of objects solely from examination of
their representations. One might, for example, wish to detect the congruence of two objects
simply by examining their respective representations. If there is a unique v € V such that
X(d)=v then v is a unique representation of d € D. X is a unique representation
scheme if for all v € V,v is a unique representation. Unfortunately, this condition has
proven to be extremely difficult to achieve. Virtually no common representation scheme —-
wire frame, constructive solid geometry, spatial enumeration, oct-trees -- is unique. The
B-spline cylinder scheme shares this shortcoming.

S. The BCYL System. Many of the ideas discussed in this report have been implemented
in a simple geometric modeling and data management system called BCYL. The present
vers1on of the BCYL system is written in C and Pascal and runs on a VAX-11/780 under
unix' 4.2BSD. BCYL employs hidden-surface color graphic display and a relational database
management system as a back end. It also contains an editing capability for the interactive
creation and modification of objects using a graphics terminal.

6. Conclusions. The definition of what entities and structures are necessary and sufficient
for adequately representing geometric information has rarely been addressed. More usually,
systems lack coherence and are subject to a combinatorial explosion if system designers
attempt to provide users with any capability beyond graphic display. The simplified
representation scheme that has been defined in this study and employed in the BCYL sys-
tem was made for the express purpose of keeping secondary storage accesses to an absolute
minimum. All objects in the system are so-called B-spline cylinders. The retrieval of an

¥
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object therefore consists simply of retrieving the control polygon coordinates used to gen-
erate its two face curves. This approach appears to be both computationally and storage
efficient.

When one is designing a geometry based upon a single representation scheme, there is
need for extreme care in selecting that scheme. With this in mind, terminology and con-
cepts have been elaborated by which geometric representation schemes can be described and
evaluated by means of a model of the geometric modeling process itself. It has been found
that B-spline cylinders possess the essential properties of efficiency and unambiguity and
share a common failing among representation schemes in that they lack uniqueness. More-
over, objects defined in this way inherit most of the attractive design characteristics which
have made B-spline curves so popular. A B-spline curve can also be interpolated smoothly
through an arbitrary collection of data points.

A number of common operations have been defined on B-spline cylinders, the most
important of which is regular intersection with a plane. It has been found that the curve
of intersection is not in general associated with the polygon of intersection, and an addi-
tional operation is necessary on the polygon to re-establish this association. This finding has
an important bearing on a system which would permit creation, manipulation, and re-
linking of cylinders by means of regular intersection.
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IMPROVING THE EFFECTIVENESS OF INTEGRAL PROPERTY CALCULATION

IN A CSG SOLID MODELING SYSTEM BY EXPLOITING PREDICTABILITY

Alan L. Clark
Ford Motor Company, Research Staff
Computer-Aided Engineering Department
Dearborn, MI

Integral property calculation is an 1important application for
solid modeling systems. Algorithms for computing integral properties
for various solid representation schemes are fairly well known. It is
important to designers and users of solid modeling systems to

understand the behavior of such algorithms. Specifically the
trade-off between execution time and accuracy is critical to effective
use of integral property calculation. This paper 1investigates the

average behavior of two algorithms for Constructive Solid Geometry
(CSG) representations. Experimental results from the PADL-2 solid
modeling system show that coarse decompositions can be used to predict
execution time and error estimates for finer decompositions.
Exploiting this predictability allows effective use of the algorithms
in a solid modeling system.

Integral properties of a solid, sometimes called "mass
properties," are defined by a volumetric integral of the form:

I = ./.f(x,y,z) dav
S

where the function f is a polynomial, dV is the volume differential,
and S is a solid that may be geometrically complex. Thus, for
f(x,y,z) = 1, the integral represents the volume of the solid. Other
functions are used to obtain the centroid, moments of inertia,
products of inertia, etc.

There are few algorithms for computing integral properties
directly from the representation schemes used 1in current solid
modeling systems. Analytical computation methods for complex solids
are extremely difficult. With the exception of polyhedral
representations, approximate representation conversion provides the
most effective means for computation of integral properties. For
solid modeling systems using the CSG representation scheme, the two
most effective representation conversion algorithms are column
decomposition and block decomposition.
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Column decomposition produces a collection of simple elements
whose 1integral properties are trivial to compute. The decomposition
is performed using ray tracing techniques. A ray is cast
perpendicular to each square from a 2-D grid. Line/solid
classification is performed for <each ray, producing a columnar
decomposition whose elements have a square cross section. Similarly,
block decomposition produces a collection of cubical elements whose
integral properties are also trivial to compute. The decomposition is
performed by recursively subdividing a bounding cube into octants and
classifying each octant cube against the CSG solid. The subdivision
continues for each octant cube which is neither inside nor outside of
the CSG solid, producing a hierarchical decomposition known as an
octree. Point/solid classification is performed at the final level of
subdivision using a sample point from the octant cube. Using Monte
Carlo theory, an error estimate (variance) for the result can be
introduced into the algorithms by randomly selecting the target rays
and sample points.

The two most important measures of the algorithms' behavior are
execution time (a measure of efficiency) and variance estimate (a
measure of accuracy). A theoretical analysis of the algorithms only
yields results for their worst-case behavior. The worst-case formulas
for execution time and variance estimate are based on the 1level of
subdivision wused (2-D or 3-D grid size) and the number of primitives
in the solid's CSG tree (a rough measure of 1its complexity). For
column decomposition the worst-case execution time is a quadratic
function of the number of primitives in the solid's CSG tree and a
quadratic function of the number of grid squares along an edge of the
solid's bounding cube. For block decomposition the worst-case
execution time is a linear function of the number of primitives and a
cubic function of the number of minimal size grid cubes along an edge
of the bounding cube.

An implementation of the two algorithms can be found 1in the
PADL-2 solid modeling system. Solid models for several automotive
mechanical parts were used to generate experimental data for the above
two measures of behavior (execution time and variance estimate). An
analysis of the data yields a set of formulas for the average behavior
of the algorithms that are quite different from the worst-case
analysis. For each formula, the variables are the level of
subdivision (2-D or 3-D grid size) and a proportionality constant K.
This constant K varies from solid to solid and is roughly proportional
to the number of primitives 1in the solid's CSG tree. For column
decomposition, the worst-case analysis predicted a quadratic function
of the number of primitives, not a linear one. For block
decomposition, the worst-case analysis predicted a cubic function of
the number of minimal size grid cubes along an edge of the bounding
cube, whereas a quadratic function was observed instead.

The most useful fact is that the proportionality constant K 1is

independent of the level of subdivision. A user would like to address
questions such as: "How long will it take to compute the integral
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properties of a solid to 1% accuracy?" or alternatively "What level of
accuracy can be obtained from one hour's execution time?". These
questions can be answered by actually computing the 1integral
properties for a subject solid using a low level of subdivision. The
values for execution time and variance estimate can be used as "seed"
values to compute the K constants for the solid. The formulas will
then predict the algorithms' behavior at higher levels of subdivision.

A prediction command has been implemented in the PADL-2 solid
modeling system. A comparison of the predicted execution times and
variance estimates with actual values shows this prediction cabability
accurate enough to be quite useful.
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SPLINE CURVES, WIRE FRAMES AND BVALUE

Leigh Smith and Frederick Munchmeyer

University of New Orleans
New Orleans , LA.

ABSTRACT

Engineers, including naval architects, begin the design of sculptured surfaces
by constructing wire-frame curve nets. The boat pictured here first took shape on
a drawing board. The wire frame that outlines its shape is called a lines drawing.
It is a collection of plane curves drawn with a mechanical spline. Each curve is
drawn to fit point,differential, and integral constraints. Curve shape is important.

Modern engineers substitute a terminal for the drawing board and polynomial
splines for their mechanical predecessors. Many_of them construct their curves
with B-splines and find deBoor's FUNCTION BVALUE1useful for that purpose. A method
centered on BVALUE gives the designer precise control of the fit of each curve to
point, differential and integral constraints. It also gives him good control of the
shape of each curve and of the whole frame.
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The fundamentals of B-spline construction are well described in the
literature. They were first applied to design by Gordon and Riesenfeld?. This
article presents an extension of the Gordon-Riesenfeld method using BVALUE. The
motivation is engineering design, in particular, curved surface design. We use
curves constructed with B-splines to create a wire frame and then define a
mathematical surface patchwise over that frame. The curves are open in the sense
of having free ends; however, one or more elements of the frame may be self inter-
secting to create a surface that is at least partly closed.

The surface itself may be divisible into regions. Within a region, geodesics
and lines of curvature may be required_to be continuous which, in turn, implies
that the patched surface be at least c3. The surface continuity requirement is
.reflected in the continuity of the spline curves that make up the wire frame; the
curves must be at least C4., The boundaries of regions may be space curves; the
remaining curves in the designer's wire frame are plane.

The engineering surfaces of concern here must meet geometric constraints and
be fair. Fairness implies no unwanted humps, hollows, flats or saddles in the
surface.

Some point and differential constraints are defined at regional boundaries.
They may be known a priori or they may be determined during construction. For
example, the locus of a point on the boundary may be defined early, but the exact
distribution of surface curvature along a boundary may be decided during the design
process and may be influenced by other constraints.

Data for the surface may not be known directly. They are more likely to be
known indirectly as constraints and boundary conditions on a frame that supports
the surface. We apply these data to construct the elements of the wire frame,
one by one.

The designer first constructs the boundary curves of a region. Each boundary
curve meets point, tangent vector, curvature and possibly torsion conditions at its
ends. Point constraints may also be imposed along the arc of the curve. |If the
boundary curve is planar, then an area bounded partially by the curve may be specified.
Finally, good distributions of curvature and torsion along boundary curves are
important if the surface which they support is to be fair.

The plane curves of the wire frame are designed next, one by one. They define
the interior of the region and are labeled s- and t-curves. We emphasize that the
initial data require a constructive approach and that they are taken line by line.
We have not found an automatic or wholesale method for satisfying the data that
guide engineering surfaces. For example, the s-curves may be plane cross sections
of an air intake duct which has a prescribed distribution of area along its flow
axis. We can form each of the s-curves to satisfy the local area requirement, but
we can do so only one at a time.

Some geometric constraints must be met precisely on each s- and t-curve. An
elementary but sharp example is the intersection of an s-curve with a t-curve.
Measurable error in each of the x-y-z coordinates is allowed at the nominal inter-
section. The amount allowed is affected by manufacturing tolerance and is likely
to be small when compared to the dimensions of the cross section. The designer
needs a curve construction method that gives him precise control of the loci of the
two curves at their nominal intersection, within a tolerance, and without disturbing
the positions of either curve at neighboring mesh points.
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The curvature at the end of a wire-frame element contrasts with point
constraints along its arc. The curvature of one s-curve at a regional boundary
is affected by two wire-frame considerations. First, it must be similar to the
end curvatures of its neighboring s-curves. Second, the curvature at one end of
a wire-frame element influences shape over much of the arc of that element.

The demand for a fair surface poses a dilemma. We do not know of a design
method that guarantees a multi-constraint surface which has no unwanted humps,
hollows, flats or saddles. We do not know how to prescribe constraints and
boundary conditions that are guaranteed not to conflict with each other in the sense
of fairness. Lacking such guidance, we retreat to interactive design. We fair
graphs of the boundary derivatives, we fair the graph of cross-section areas, and
we fair each s- and t-curve. Fairness in a plane curve implies the absence of
unwanted inflections. Further, it means a good shape or a good distribution of
curvature; it is largely subjective. The fairness of a graph of boundary deriva-
tives is also subjective.

The main goal of this article is to describe the methods that we have developed
for wire-frame design. The principal tools for control of a curve during inter-
active design are mathematical ducks. The simplest of these devices is an analog
of the draftsman's lead weight that he uses to control a mechanical spline. We
also create ducks for controlling differential and integral properties of curves.

Other methods presented include:
- constructing the end of a Bézier polygon to gain quick
and reasonably confident control of the end tangent vector,

end curvature and end torsion

- keeping the magnitude of unwanted curvature oscillations
within tolerance

- constructing the railroad curves that appear in many
engineering design problems

- controlling the frame to minimize errors at mesh points
and to optimize the shapes of the curve elements
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Numerical Estimation of the Curvature of Biological Surfaces

P.H. Todd
Dept. of Anatomy
Dundee University
DUNDEE
SCOTLAND DD1 4HN

Many biological systems may profitably be studied as surface phenomena.

In this paper, we assume a model consisting of isotropic growth of a curved
surface from a flat sheet. With such a model, the Gaussian curvature of

the final surface determines whether growth rate of the surface is sub-
harmonic or superharmonic. These properties correspond to notions of con-
vexity and concavity, and thus to local excess growth and local deficiency

of growth. In biological models where the major factors controlling surface
growth are intrinsic to the surface, we have thus gained from geometrical study
information on the differential growth undergone by the surface. We look at
a specific application of these ideas to an analysis of the folding of the

cerebral cortex, a geometrically rather complex surface growth.

The estimation of the curvature of biological surfaces requires a numerical
technique which is robust in the presence of noise introduced by whatever
digitisation procedure is used to quantify the surface. We develop a numerical
surface curvature technique based on an approximation to the Dupin indicatrix
of the surface. A metric for comparing curvature estimates is introduced, and

considerable numerical testing indicates the reliability of this technique.

The curvatures of normal sections in different directions at a point on a
surface are related by a quadratic form called the Dupin indicatrix
The eigenvalues of this form correspond to the maximum and minimum
curvatures at that point on the surface, the eigenvectors correspond to

the directions of maximum and minimum curvature. Gaussian and average

curvatures are thus the product and mean respectively of these eigenvalues.

113



114

We estimate surface curvature in the following way. The curvature of a number
of sections (not necessary normal) through a point is estimated from triplets

of data points taken from a surface digitisation. The normal curvature in the
same direction as each section is then estimated using Meusner’s theorem.

(If K is the normal curvature in the same direction as a section, angle ¢ from
normal, and having curvature k, then K = k cos ¢.) A least-squares approx-
imation to the Dupin indicatrix is obtained from the normal curvatures and the
principal values and directions of the indicatrix are used as estimates of surface

curvature.

For the evaluation of an approximation procedure, it is important to have an
appropriate measure of closeness for the quantity or quantities being approx-
imated. A simple norm would suffice to measure Gaussian and average
curvatures, which are scalar quantities. A full description of surface
curvature, however, involves both the magnitude and direction of the principle
curvatures. As these correspond to the eigenvalues and eigenvectors of the
Dupin indicatrix, the following definition of -a metric for examining surface
curvature approximation error seems appropriate. Let L and M be two real
symmetric 2 by 2 matrices representing the Dupin indicatrices of two surface
curvatures. We define a metric d on the space of such matrices by

d(LM) = p(L-M), where p(L-M) is the spectral radius of L-M. This is then

the spectral norm on the space of real symmetric matrices.

Having defined a suitable metric, we are able to evaluate the accuracy of

our curvature estimation procedure in numerical tests using data from known
surfaces with varying amounts of imposed noise. We compare the above method
with one based on fitting an interpolant surface through points of the
digitisation. In the presence of noise, the approach based on the Dupin

indicatrix proves the more reliable.

An analysis of the surface curvature of the developing ferret brain reveals
that regions of positive and negative Gaussian curvature coincide with the
crests of developing folds (gyri) and their troughs (sulci) respectively.

In the sense defined by the terms super- and sub-harmonic, gyri- correspond

to regions of differential excess growth, sulci to regions of differential



growth deficiency. If the underlying growth processes are assumed to be
intrinsic to the cortical surface, then we have achieved through analysis of
the geometry of the brain a quantitative description of the differential

growth of the cortex.
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A NEW TECHNIQUE FOR SYSTEM-TO-SYSTEM TRANSFER OF SURFACE DATA
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INTRODUCTION

The desirability of transferring data between computer systems has long been
recognized. However, due to the diversity of today's CAD/CAM systems, few systems
can handle all the currently used mathematical models, nor can new mathematical
models be integrated easily into existing software. In particular, a major problem
is that of transferring surface geometry information from one system (mathematical
model) into another.

Although IGES, for example, allows a number of surface types to be passed, many
systems have surface models that do not conform to any IGES standard. Thus, the
potential user of IGES is faced with a problem: Can a new surface type be added to
IGES, and if so, would all the users of IGES support it?

The purpose of this paper is to describe a recently developed technique aimed at
providing a universal interface between surface types. In brief, we have developed a
software package which functions as a "common denominator" of CAD/CAM surface types.
This software enables one to convert from any given surface representation to any
other target representation.

RATIONALE

In most manufacturing environments, surfaces are produced by causing a machine
tool to visit an ordered set of points. The surface thus produced is often finished
by hand. The finished product may then undergo a quality control check which is de-
signed to insure it matches the theoretical surface to within a specified tolerance.
The TILE program mimics this process by producing a set of bicubic patches that matches
the original surface in some respects and approximates the surface within a user-
specified tolerance.

BASIC CRITERIA

The goal is to produce a set of bicubic patches which cover the target surface
in such a fashion that the following criteria are met:

* The number of patches is close to the minimum number necessary

A

* The patches match the target surface to within some epsilon
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* The tiles maintain the same slope continuity as the target surface

The patches produced by the algorithm can be of any type. In the TILE pro-
gram, we use bicubic patches since they allow us to match point, slope, and twist
vectors to the target surface. Thus, slopes can be continuous or discontinuous as they
are onthe target surface. The patches can be of lower order if desired. For example,
if only point information is available, the patches produced will be bilinear;
however, the number of patches required is likely to increase correspondingly. The
patches can be of higher order although many systems will not accept patches of more
than order four.

ALGORITHM
The TILE program assumes the following about the target surface:

* The target surface is defined (or is definable) as a mapping from a
rectangle in UV (parameter) space to the surface in XYZ space

* The target surface is divided into a rectangular grid of patches
with slope discontinuities occurring only along patch boundaries

* A surface evaluator routine is provided which, given a uv point
as input, will compute the surface point, the tangents in the u
and v directions, and the twist (mixed partial) vector

If tangent or twist information cannot be obtained, approximations may be com-
puted. However, our experience suggests this will greatly increase the number of
patches required to maintain fidelity.

The algorithm begins by attempting to fit a tiling patch to the first patch of
the target surface. The target surface evaluator is called for each of the four
corners of the patch. The patches generated by TILE all have a unit square as
domain. Therefore, the length of the tangent and twist vectors returned by the
evaluator must be scaled appropriately. The program assumes the evaluator computes
proper lengths. This is not absolutely essential, since there are methods for
estimating the correct lengths; however, this may result in an excessive number of
patches.

Next the tiling patch is checked for closeness of fit. This is done by compar-
ing the point values of selected points on the edges and interior of the tiling
patch with corresponding points on the target surface. If any of these points fail
to be within tolerance, then the tiling patch is rejected.

Whenever a tiling patch is rejected, its domain is split into two pieces and new
tiling patches are generated and checked for fidelity. How the domain splits
(i.e. in the u direction or the v direction) is best determined by examining how the
selected points fared in the fidelity test. The domain space is cut along the
parameter of worst fit.

The final result of the program is a rectangular grid of bicubic patches. The
patches fit the target surface exactly at their corners. Also, the patch corners
have the same tangent and twist vectors. Adjacent patches will have slope conti-
nuity, unless a discontinuity was indicated by the target surface.
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CURVED FINITE ELEMENTS AND CURVE APPROXIMATION

M. Louisa Baart
National Research Institute for Mathematical Sciences
Pretoria

The approximation of parameterized curves by segments of parabolas that pass
through the endpoints of each curve segment arises naturally in all quadratic iso-—
parametric transformations. While not as popular as cubics in curve design problems,
the use of parabolas allows the introduction of a geometric measure of the discrepancy
between given and approximating curves. The free parameters of the parabola may be
used to optimize the fit, and constraints that prevent overspill and curve degeneracy
are introduced. This leads to a constrained optimization problem in two variables
that can be solved quickly and reliably by a simple method that takes advantage of the
special structure of the problem.

FORMULATION OF THE PROBLEM

We assume that tessellation has been done in such a way that every curve segment
lies to one side of the straight line segment that connects consecutive nodes, and
that the approximating curve segment results from a quadratic isoparametric transfor-
mation and is therefore parabolic [1] and has the nodes as endpoints. The free
parameters of the transformation are the coordinates of that point (0,B) on the
approximating parabola where the slope is identical to that of the node-connecting
straight-line segment. We impose constraints that prevent image overspill (equiva-
lently, vanishing of the transformation Jacobian over an associated triangular master
element) and ensure limit stability as the curve degenerates to a straight line. We
introduce coordinate axes in such a way that the nodes are at (-1,0) and (1,0), with
the curve segment above the horizontal x-axis. The approximating parabolic segments
can then be expressed in parameterized form as

x=t+a(l-t2), y=8(1-t2), -1 <t <I (1)

where the parameters o and f completely determine a particular member of the approxi-

B

mating set (1). The axis of the parabola has slope —. The constraints associated
with overspill have the form o
f-a-=8>0,b+a-=8>0 (2)
M Ho

where Y4 and pp are constants that are related to the transformation [2]. We ensure
limit stability by restricting the axial slope [1], namely

1 o 1
_I_n_g.e_ga (3)

where m is a positive stability safety factor. The constraints (2) and (3) define the
feasible domain in which the point (0,B8) may lie.

The parameters o and B may be used to optimize the approximation of a given curve
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x = A(s), vy =B(s), - 1< s <1 (4)
with
A(l1) = = A(-1) =1, B(1) = B(-1) = 0, B(s) >0 for - 1 <s <1

once we have defined a discrepancy measure for (1) and (4). When the approximating
curves are parabolas, a uniquely defined distance between any point on the given

curve and a parabola can be measured in the direction of the axis of the parabola.
This results, in effect, in a re-parameterization of the parabola with respect to the
given curve parameter s. Integration of the squares of the distances for the relevant

parameter interval - 1 < s < | yields the objective function
a2 1 2 2
F(a,B) = G§+1)f (B(1-t"(s)) - B(s)) ds (5)
B -1
where
o
t(s) = A(s) - B B(s)

This paper is concerned with the optimization of (5) subject to the constraints of (2)
and (3).

THE OPTIMIZATION PROCEDURE

When the inverse %—of the axial slope is considered as a new variable vy, (2),

(3) and (5) can be expressed in terms of B and y, and the equivalent constrained
optimization problem can be formulated, namely, minimize

G(B,Y) = (v* + D) (B°C (1) + BC, () + C) (6)
where
1 2 2 : 2
C,(v) = [ (1-t(s))%ds , C () = - 2 [ B(s)(I-t"(s))ds
-1 -1
1 (7)
CO = f Bz(s)ds , t(s) = A(s) - YB(s)
-1
subject to
620,-%SYS§—1,%-B(Y+-§1—)>O,%+B(Y-—§2—)>O (8)

The main advantage of the formulation (6) to (8) is that we can now use a separated
optimization procedure [3] to find the best fit. We define the relevant objective
function

G(y) = min G(B,Y) (9)
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where Bmax is a function of Y, and B is restricted to the feasible domain by the

i s . o . e 3 : 1 1
upper limit. The function G(Yy) is optimized with respect to Yy, for - SSY < —, to
find the optimal value Y. The optimal B is obtained by introducing Yy in (9) and
optimizing with respect to B. Justification of this procedure is presented in [4],
and its implementation is described in [5]. It is reliable, efficient and eminently
suitable for use on smaller computers and in the absence of multi-purpose optimization

software.
DISCUSSION OF APPLICATIONS

For applications in the field of computer-aided design, the given curves (4) are
often cubic polynomials, and the coefficients (7) may be calculated in closed form in
terms of the polynomial coefficients by using a symbolic machine language so that
families of curves can be approximated with no further integration. For general
curves, numerical quadrature may be used, as in the implementation [5] where the Romberg
quadrature is applied. The coefficient functions Cl(Y) and CQ(y) are expanded as

polynomials in Yy, so that for given A(s) and B(s) the integrations need only be done
once.

The method was used to find optimal constrained parabolic approximation to a wide
variety of given curves. Some examples from [6] were included in the numerical tests.
A comprehensive discussion of the experimental results is contained in [4]. The
method yielded satisfactory approximations to the given curves for all the examples
considered.
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COMPARISON OF TWO ALGEBRAIC METHODS FOR CURVE/CURVE
INTERSECTION

Yves de Montaudouin and Wayne Tiller

Structural Dynamics Research Corporation
Milford , Ohio

Introduction

Most geometric modeling systems use either polynomial or rational
functions to represent geometry. In such systems most comput-
ational problems can be formulated as systems of polynomials in
one or more variables. Classical elimination theory can be used
to solve such systems ( Refs. 1,2,3,4,5 ). In this paper we
summarize Cayley's method of elimination and show how it can best
be used to solve the curve/curve intersection problem.

Summary of Elimination Using Cayley's Method

Let P(X;5...>x,) , Q(x;5...5X)  be polynomials in the n variables
XpseeesXp, and assume that both P and Q are of degree m >0 in*p:
If we consider P,Q as polynomials in the one variable X, , with

coefficients which are polynomials in X;,....X, _ then we can

write

m K m K
= I = =z
POxg) = 20 akn > QX)) = 2o by
where the a,,b,  are polynomials in Xys...sX,_, .
For 0<i,j<m-1 , ml=max(0,i+j-m+l) , and m2=min(i,j) define :
m2

a b b

S5 7 keml ACigokrl TPiegokel Ok
The matrix [C1j] is called the Cayley ( or Bezout ) matrix and
det[c:.] 1is called the resultant of P and Q ( denoted by
J
Res(P,Q) ).
Theorem : Res(P,Q) is a polynomial in Xj»---sX,_;, . The following
three conditions are equivalent :
l. Res(P,Q) =0
2, P and Q have a common root
3. The mxm system of linear homogeneous equations
given by . 7 (xJjT -0 has a solution.
ij n

Furthermore , there ( usually ) exist polynomials
F(XpseoeaX ), G(Xy5...5Xx, )  such that if Res(P,Q)
= 0 for some fixed X;s---sX,_, then the common root
of P and Q is given by X = -F/G. The functions F

and G a;$ derived by Cramer's rule from the system
J =0 e
[cij][xn] 0
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Example,

P(x) = (x-1) (x-2) = 2-3x+x%? = 0
Q(x) = (x-1) (x+2) = =-2+x+x2 = 0 .

a,b,-a,; by agbz-az by -4 4
leigh = a,b,-a, by a,b,-a,b, I
Clearly det[cij] =0 , and from -4 4 1 o

4 -4 X

it follows that -4+4x = 0 and thus x = 1.
Curve/Curve Intersection Using Elimination
Let C,(s) = (x,(s),y:(s)) and C, (t) = (x,(t),y, (t)) be two

rational parametric curves , both defined on [0,1]. There are two
ways to use elimination to find the intersection points of C, and

C2.

Method 1. Implicitize one of the curves.

Steps :

a. Use elimination to convert C,(s) to its implicit represent-
ation P(x,y) = 0. In the process we obtain s = -F(x,y)/G(x,y)

This is an interesting problem in its own right.

b. Substitute x,(t) , y,(t) into P(x,y) = 0 to get Q(t) = 0 .

c. Find the roots t; 0£°Q(t) within the range [0,1].

d. For each t; , use X,(t) , y,(t) to obtain the corresponding
point (X;»¥:) on C,.

e. Use (X;,y; ) 'and s = -F/G to get S;. If Si is in [0,1] , then
Si vt (Xi’yi) is a solution ( intersection point ).

Example.

Let C, (s) = ((1- s?2)/(1+s?),2s/(1+s%?)) and C,(t) = (t,t?). C, is a
c1rcu1ar r C, a parabollc arc , both in the first quadrant.

a. From x=(1-s2)/(14s?) and y=2s/(1+s?) , it follows that

f(x,y,8) = (x-1)+(x+1)s?2 = 0

g(x,y,s) = y-2s+ys? = 0 . Eliminating s , we obtain :
-2x+2 -2y

[CTJ] = -
-2y 2x+2

Expandlng det[ 131 and setting it equal to zero yields P(x,y)
= x%2+y2-1 = 0. And from (-2x+2)-2ys = 0 , we get s = (1-x)/y.
b. Substituting (t,t?) into P(x,y) yields Q(t) = t*+t’-1 = 0.
c. The only root in [0,1] is (approx.) t = 0.786 .
d. From C,(t) , we have x = 0.786 , y = 0.618 .
e. From s = (1-x)/y we obtain s = 0.346 .

Method 2. Subtract the coordinate functions.

Steps
a. Form P(s,t) = x,(s)-x,(t) = 0 and Q(s,t) = y, (s)-y, (t) = 0.
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b. Eliminate one of the variables , say s , to get Res(P,Q) =
R(t) = 0 and s = —F(t)/G(t).

c. Find the roots t1 of R(t) in the range [0,1].

d. For each t; , use s = -F/G to get s,. If S;

j is also in
[0,1] , use (x,(t),y,(t)) to get (x:5y4)

Example.
Same as above.
a. 0 = P(s,t) = (1-s2)/(1+s2) - t = (1l-t)-(1l+t)s?
0 =Q(s,t) = 25/(1+s?) - t2 = -t?2+2s-t?s?
b. 2(1-t) -2t?
R(t) = = t*+t?-1 =0 .
-2t? 2(1+t)

And 2(1-t)-2t?’s = 0 implies s = (1-t)/t% .
C. Solving for t yields (approx.) t = 0.786 .
d. Substituting into s = (1-t)/t? yields s = 0.346 .

Comparison of the Two Methods

To our knowledge only method 1 has been mentioned in the CAD/CAM
literature ( Refs. 2,3 ). But method 2 is a more straight-
forward approach. Furthermore , it is computationally simpler ,
since the elements of the Cayley matrix are one variable instead
of two variable polynomials. We implemented and tested both
methods and found method 2 to be more efficient. We used six
pairs of curves , representing mixtures of lines , circles , and
cubic arcs. Several examples had multiple intersection points.
For all six cases method 2 required less CPU time than method 1.
The average time ratio of method 1 to method 2 was 3.13:1 , the
least difference was 2.33:1 , and the most dramatic was 6.25:1 .

Conclusion

Both of the above methods can be extended to solve the
surface/surface intersection problem. That is the direction of
our current research.
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A Comparison of
Three Curve Intersection Algorithms

Thomas W. Sederberg
Scott R. Parry
Brigham Young University
Provo, Utah 84602

EXTENDED ABSTRACT

An empirical comparison is made between three algorithms for computing
the points of intersection of two planar Bezier curves. The algorithms compared
are:

Al. The well known Bezier subdivision algorithm, which is discussed in [Lane’80]

A2. A subdivision algorithm based on interval analysis due to Koparkar and
Mudur [Koparkar'83]

A3. An algorithm due to Sederberg, Anderson and Goldman which reduces the
problem to one of finding the roots of a univariate polynomial [Seder-
berg'84).

The details of these three algorithms are presented in their respective references.

This abstract mentions major implementation choices, and assumes that the

reader is familiar with the three algorithms.

The execution times of A1 and A2 are highly sensitive to implementation.

We observed that the decision on when to terminate the subdivision can effect

execution speed by an order of magnitude. We based our termination criterion

on a suggestion from [Wang'84] that a curve be subdivided until its deviation
from a straight line segment is no larger than a value €. If (z;,3;) ¢ = 0,1,...,n are
the control points of a degree n Bezier curve and

Ly = 05”3_2’,12””‘ = 22541 + ol |9 — 2041 + Yiral),

then

\/gn(n—l)Lo
8¢

where 7 is the number of times the curve must be subdivided in order for a
curve segment to approximate a line segment to within a tolerance e.

ro = log,
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For Al and A2, the convex hull was taken to be a bounding rectangle. For
Al, subdivision was performed using the geometric construction algorithm and
the bounding rectangle was determined by the new Bezier control points. For
A2, the polynomial equations were converted to standard power basis, and subdi-
vision was performed by simply evaluating the curve segment at its parametric
midpoint, using Horner’s algorithm.

For A3, the implicitization procedure was performed using Bernstein polyno-
mials. It was noted that standard polynomials introduced excessive roundoff
error for curves of degree larger than three. A critical part of the implementation
is a polynomial root finder which finds only real roots. We developed our own
root finder for this purpose, which usually runs significantly faster than, for
example, the standard IMSL root finder which finds all roots (real and complex)
of a polynomial.

We tested these three algorithms on pairs of Bezier curves of degree three,
four, and five, with several different numbers of intersection points. Our goal was
to compute the intersection points to five decimal places of accuracy, and we
experimented to find the optimal value of ry for this purpose.

Results: The tests were run on a VAX11/750, with floating point accelera-
tor, under UNIX 4.2 BSD. Our test results indicate that for two cubic Bezier
curves which intersect once, A3 is at least twice as fast as the other two algo-
rithms. For more than one intersection, A3 does even better -- if the two cubic
curves intersect nine times, A3 is typically five or six times faster than the others.

For curves of degree four, A2 and A3 are comparable, and Al is the slowest.
For curves of degree five, A2 is typically twice as fast as the other two algo-
rithms.

Multiple intersections were not thoroughly tested. Our implementation of
Al and A2 did not properly detect the presence of tangency. A3 handled
tangency with no problem by reporting a multiple polynomial root.
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