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PREFACE 

This publication contains extended abstracts of papers presented at the 
International Conference on Computational Geometry and Computer-Aided Design, held in 
New Orleans, Louisiana, June 5-8, 1985. 

With the continued growth of computer applications in design and manufacturing, 
increasingly powerful mathematical tools are being developed to 'solve scientific and 
engineering problems. Specifically, computer representation, analysis, and synthesis 
of shape information is a subject of intense development. Improvements are being 
made in the numerical representation of curves and surfaces, solid geometry modeling, 
management of geometric data, and development of geometric standards. This confer- 
ence provides both invited and submitted papers in such areas, with the focus on 
geometric and mathematical aspects rather than on software aspects. The goal of the 
conference is to provide a forum where researchers and implementers from government, 
academia, and industry can discuss state-of-the-art developments and suggest problems 
and directions for future research. 

This conference was conceived to be a followup to a symposium on computer-aided 
design held at NASA Langley Research Center in April 1983. Problems using three- 
dimensional geometry to model complex objects are of considerable importance at NASA. 
At the Langley Research Center, computer-aided design of aircraft and space vehicles 
and the solution to three-dimensional Navier-Stokes fluid flow equations in complex 
geometric regions are two such problems. Financial support for the conference was 
provided by the Analysis and Computation Division, NASA Langley Research Center, and 
the University of Southern Mississippi. The conference was organized into six 
sessions and included nine invited addresses. 

This volume was prepared for publication through the efforts of the staff of the 
Research Information and Applications Division, NASA Langley Research Center. Use of 
trade names or manufacturers' names in this publication does not constitute endorse- 
ment, either expressed or implied, by the National Aeronautics and Space 
Administration. 

Temple H. Fay 
John N. Shoosmith 
Conference Co-Organizers 
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SHAPE PRESERVING SPLINE INTERPOLATION 

John A. Gregory 
Brunel University 
Uxbridge, UK 

1. INTRODUCTION 

The spline-under-tension, developed by schweikert14 and cline2, 

introduces a parameter which gives some control on the shape of the spline 

curve. The tension spline involves the use of hyperbolic functions and 

can be considered within a general setting proposed by ~ruessl~, where 

other alternatives are discussed. In particular a rational spline due to 

sp$thl is considered. 

For parametric representations, ~ielsonll describes a polynomial 

alternative to the spline-under-tension. Here use is made of the additional 

freedom given by relaxing c2 parametric continuity to that of 'geometric' 
or 'visual' c2 continuity. This idea has more recently been taken up by 

Barsky and ~eatt~l. 

The specific problem of shape preserving interpolation has been con- 

sidered by a number of authors. Fritsch and carlson6 and Fritsch and 

~utland~iscuss the interpolation of monotonic data using c1 7iecewise 
cubic polynomials. McAllister, Passow and Roulierg and Passow and Roulier12 

consider the problem of interpolating monotonic and convex data. They 

make use of piecewise polynomial Bernstein-Bezier representations and 

introduce additional knots into their schemes. In particular McAllister 

and Roulierl O describe an algorithm for quadratic spline interpolation. 

In this paper we will discuss a rational spline solution to the problem 

of shape preserving interpolation based on references 3, 4, 7 and 8. The 

rational spline is represented in terms of first derivative values at the 

knots and provides an alternative to the spline-under-tension. The idea 

of making the shape control parameters dependent on the first derivative 

unknowns is then explored. We are then able to preserve the monotonic or 

convex shape of the interpolation data automatically through the solution 

of the resulting non-linear consistency equations of the spline. 



2 .  A RATIONAL ALTERNATIVE TO THE SPLINE-UNDER-TENSION 

Le t  ( x i , f i  = 1 ,. . . ,n, b e  a  given s e t  of r e a l  d a t a ,  where 

xl  < x2 < ... < xn and l e t  di, i = 1 ,  ..., n ,  denote f i r s t  d e r i v a t i v e  v a l u e s  

defined a t  t h e  knots  xi,  i = 1 . . . n .  A func t ion  s  E ~ ' [ x  ,xn] such t h a t  

(2.1) s(xi)  = f .  1 and s 1 x i  = d  , i = 1 , .  . . ,n 

i s  piecewise def ined  f o r  x  E [ X ~ , X ~ + ~  1, i = 1 , .  . . ,n-1 by s (x )  = s .  ( x ; r . )  , 
1 1 

where 

and 

The parameters r .  w i l l  be  used t o  con t ro l  t h e  shape of t h e  curve s .  The 
1 

case  r .  = 3 i s  t h a t  of piecewise cubic  Hermite i n t e r p o l a t i o n .  
1 

The c2 s p l i n e  c o n s t r a i n t s  

give t h e  cons is tency  equat ions  

where 

and we assume t h a t  dl and d a r e  given a s  end cond i t i ons .  The c a s e  
n  

r = 3 c o r r e s p o n d s t o t h a t  of cubic  s p l i n e  i n t e r p o l a t i o n .  i 



Assume t h a t  

Then t h e  l i n e a r  system (2.5) i s  s t r i c t l y  d iagonal ly  dominant and hence 

h a s  a  unique so lu t ion .  The s o l u t i o n  i s  a l s o  bounded wi th  r e s p e c t  t o  

t h e  ri s i n c e  

The r a t i o n a l  cubic  (2.2) can  be w r i t t e n  a s  

where Ri i s  t h e  l i n e a r  i n t e r p o l a n t  

and 

Thus, a s  t h e  parameters r; a r e  increased ,  i t  can be  shown t h a t  t h e  r a t i o n a l  
.L 

s p l i n e  s  converges uniformly t o  a  piecewise def ined  l i n e a r  i n t e r p o l a n t .  

An i d e n t i c a l  argument a p p l i e s  t o  t h e  r a t i o n a l  s p l i n e  r e p r e s e n t a t i o n  of 

parametr ic  curves .  

Suppose f .  = f (xi) and f i+ l  = f (xicl) ,  where f  E C' [ X ~ X ~ + ~ ] .  Then 
1 

an e r r o r  bound f o r  t h e  r a t i o n a l  cubic  on [ X ~ , X ~ + ~  1 i s  given by 

hi { (1) - 
(2.12) / £ ( X I  - s i ( x ; r . )  1 I 5 - max If. -d i l  , l f i+ l  4 ~  di+l I} 



where 

max 
c. 1 =min1(1+ri)/4 and IIf / I  = 

x E [ x ~ ' X ~ + ~  
] lf(x)l . 

This result will influence the choice of the parameters r. when the 
1 

interpolation data are monotonic or convex. In particular we wish to 

choose ri such that r - 3 =  hi), whilst maintaining monotonicity i 
or convexity of the interpolant. 

3. THE INTERPOLATION OF MONOTONIC DATA 

Suppose that 

(3.1) f, < f, < ... < fn (monotonic increasing data) 

and assume the derivative values d. satisfy the necessary monotonicity 
1 

conditions 

(3.2) di > 0 , i = 2, ..., n-I , 

where d l > O  and d > O  are given. Then 
n 

ensures that sii)(x;r.) > 0 on [x. ,x 1 and hence the rational cubic 
1 1 i+i 

is monotonic increasing. 

Substituting (3 -3) into the c2  consistency equations (2.5) gives 
the non-linear system 

where 



This system has a unique solution satisfying the monotonicity conditions 

(3.2) . The "Gauss-Seidel" iteration 

where 

provides a robust algorithm for solving (3.4), being globally convergent 

to the required positive solution. The method also provides an 0(h4) 

accurate solution with reference to the error bound (2.12). 

4. THE INTERPOLATION OF CONVEX DATA 

Let 

(4.1) Al < A 2  < . . . < An-l (convex data) , 

and assume the derivative values satisfy the necessary convexity conditions 

where dl < A1 and dn > An-1 are given. Then 

ensures that sj2)(x;ri) 1 > 0 on [x. ,x. 1 and hence the rational cubic 
1 1+1 

is convex. 

The c2 consistency equations are now 



giving a non-linear system with a unique solution satisfying the convexity 

conditions (4.2). This solution can be found using a "Gauss-Seidel" 

iteration as in ( 3 . 6 ) ,  where we now take 

and choose intial values d!'), i = 2,. . . ,n-I, for the iteration such that 
1 

the residuals alternate. Finally, the convex spline method like the 

monotonic spline is 0(h4) accurate. 
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THE CONSTRUCTION OF CURVES AND SURFACES USING NUMERICAL 
OPTIMIZATION TECHNIQUES 

DAVID R. FERGUSON 
BOEING COMPUTER SERVICES 

Seattle, Washington 

INTRODUCTION: 

Numerical optimization techniques are playing an increasing role in 
curve and surface construction. Often difficult problems in curve and 
surface construction, especially when some aspect of shape control is 
involved, can be phrased as a constrained optimi zation problem. 
Recently, efficient and robust optimization codes that allow both linear 
and non-linear constraints to be imposed on construction problems have 
become available (e.g., (1)). These codes enable a variety of such 
problems to be solved. 

In this paper we explore four such classes of problems: parametric 
curve fitting with non-linear shape constraints; explicit surface 
fitting with linear shape constraints; surface fitting to scattered data 
giving rise to ill-posed problems; and, finally, variable knot problems. 
In each of these problems there is a non-linear aspect: either the 
shape of the curve or surface is important for manufacturing or 
engineering reasons or the shape affects the convergence of numerical 
algorithms which use the curve or surface or the placement of knots 
affects the accuracy of the fits. 

In all cases the class of functions used is that of parametric 
spline curves and tensor or direct product spline surfaces. The reason 
for choosing this class is that splines provide flexible models that are 
easily evaluated and stored. Furthermore, the B-spline representation 
of spl ines leads to convenient expressions for shape control over 
regions. 

We look first at the problem of constructing a curve satisfying 
shape constraints. 

CURVE CONSTRUCTION WITH SHAPE CONSTRAINTS: 

We begin our discussion with a quick review of shape for functions 
and curves including a critique of current methods. We then discuss the 
use of optimization methods to construct shape controlled curves. 



In (2) the question of shape for parametric curves is studied in 
detail. There it is shown that the roblem of constructin parametric e curves C(t) = (x(t),y(t)) for which (ti) = Pi for given p 9 anar points 
Pi and in addition requiring that the curve satisfy the inequality 

for all t gives rise to optimization problems with non-linear 
constraints. 

The first thing to be done is to reduce the continuous constraints 
defined by (1) to a finite set of discrete constraints. This is most 
conveniently done in the manner of (1) by settling on cubic splines as 
candidates for x(t) and y(t). By representing the spline curve as a B- 
spline series 

the constraints (1) may be replaced by discrete constraints involving 
the B-spline coefficients Qi. We describe this procedure and apply it 
to several examples. 

The next two problems involve the construction of explicit tensor 
or direct product spline surfaces using optimization methods. 

AN EXPLICIT SURFACE WITH LINEAR SHAPE CONSTRAINTS: 

The previous example dealt with the problem of shape control for 
parametric curves and surfaces and gave rise to an optimization problem 
with non-linear constraints. We now turn to a class of problems 
involving the construct ion of expl ici t surfaces F(x,y) which approximate 
given surfaces but where the approximation is complicated by having a 
region where shape constraints need to be imposed. 

The surfaces to be constructed are direct product spline surfaces 
of the type 

and the type of approximation is least squares fitting. This is all 
straightforward. However, these approximations are to be used to 
describe properties of certain gases. These gas laws often have a 
region as in Figure 1 where the property is independent of one of the 
variables, e.g., the partial of temperature with respect to enthalpy is 
zero. Ignoring these 'flat' regions when doing the fitting gives rise 
to undesirable oscillations of the function. These oscillations 
severely affect the performance of the numerical integrators which will 
use this model. 



However, it is possible using optimization methods to consider 
applying the constraints to the fitted function and thus to take 
advantage of the improved shape properties. 

There are two problems to be considered here. The first is that of 
defining the region of constraints. Since the region has highly curved 
boundaries we approach this problem using the method of curved knot 
lines (3). The second problem consists of applying the constraints 
themselves. This we do by constraining the B-spline coefficients of the 
spline surface. We describe some experiments and show the results of 
using these methods. 

ILL-POSED SURFACE PROBLEMS: 

Another class of problems to which we will apply optimization 
techniques is that of surface fitting to scattered data. Again, 
consider the problem of fitting a direct product spline surface as 
described by (4) to data whose x-y coordinates are as depicted in 
Figure 2. There are good reasons for attempting a fit using direct 
product splines rather than using more traditional scattered data 
interpolation methods, e.g., those described in (5). The most important 
of these is simplification of the required data structures and 
evaluations. 

On the other hand, there are problems. For instance, it will often 
happen that fitting with the direct product form (3) leads to ill-posed 
problems due to the fact that there are frequently elements Bi(~)Cj(y) 
which are unsupported by the data. That is, the linear system which 
arises from (3) will be singular and these singularities must be dealt 
with. The proper handling of these singular systems has important 
consequences for the shape of the surface. For .example one could solve 
the system by requiring that among all solutions the norm of the 
coefficient vector be minimized. This however, may lead to undesirable 
shape properties in the resulting surface. We will explore methods of 
handling these shape problems. 

VARIABLE KNOT PROBLEMS: 

The final class of problems that are candidates for optimization is 
the variable knot problems, especially those in two and three 
dimensions. For these problems, the proper placement of the knots is 
often of critical importance to the approximation. We will look at 
using optimization techniques to obtain best positions for the knots. 
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Figure  1 
Constrained reg ion  f o r  FREON 22. 

F igure  2 

Domain lead ing  t o  an ill -posed problem. 
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MULTIVARIATE SPLINE ALGORITHMS FOR CAGD 

Wolf gang Boehm 
Angewandte Geometrie und GDV 

T. U. Braunschweig 

ABSTRACT 

The theory of multivariate splines was developed in the early 1980s, and 
since then has generated increasing interest. Researchers in computer-aided 
geometric design (CAGD) hoped to get a new, useful tool for the representation 
and handling of surfaces. This interest in multivariate splines is based on 
three fruitful ideas: 

Schoenberg's geometric definition of splines (Schoenberg, 1966) 

Geometric recursion and subdivision 

The Bernstein-B6zier representation 

Multivariate splines are easily developed from the geometric definition 
of splines, given by Schoenberg in 1966: A polyhedron P that spans is 
aff inely mapped into RS, s 6 me A l l  points p E P that are mapped onto a 
single point x E RS from an m-s dimensional polyhedron Q(x). The volume V(x) 
of Q is called a spline function. It is a piecewise polynomial of order m-s 
and "smooth". Note that one can easily find different polyhedra defining the 
same spline. 

The image of a vertex of P will be called a knot, while the image of an 
edge of P will be called a knot line, connecting two knots. These knot lines 
correspond to the segment boundaries. 

Two special polyhedra present themselves for the definition of B-splines: 
a simplex S and a box or parallelepiped B, where the edges of S project into 
an irregular grid, while the edges of B project into the edges of a regular 
grid, as shown in figure 1. More general splines may be found by forming linear 
combinations of these B-splines, where the three-dimensional coefficients are 
called the spline "control points". 

Note that univariate splines are simplex splines, where s = 1, whereas 
splines over a regular triangular grid are box splines, where s = 2. 

Two simple facts render the development of the construction of B-splines: 

Any "face" of a simplex or a box is again a simplex or box but of 
lower dimension. 



Any simplex or box can be easily subdivided into smaller simplices 
or boxes. 

.The first fact gives a geometric approach to Mansfield-like recursion 
formulas that express a B-spline in B-splines of lower order, where the 
coefficients depend on x. By repeated recursion, the B-spline will be 
expressed as B-splines of order 1; i.e. piecewise constants. Considering the 
corresponding "nets" of control points, one gets de Boor - like algorithms for 
the calculation of a given linear combination of B-splines at x. 

In the case of a simplex spline, the second fact gives a so-called 
"insertion algorithm" that constructs the new control points if an additional 
knot is inserted. In the case of a box spline, this fact gives the so called 
"subdivision" algorithm, which constructs a "refinement" of the control net 
(see figure 2). 

If more than one vertex of a simplex is mapped into one knot, the 
corresponding spline function will be degenerate.. In particular, if the knots 
form a simplex of Rs, the spline will be a "truncated Bernstein polynomial". 
In this case the Mansfield-like recursion formula for simplex splines degener- 
ates to the well-known recursion formula for Bernstein polynomials, while the 
de Boor - like algorithm degenerates to the algorithm of de Casteljau, where 
the control points are called ~6zier points. Clearly, the Bernstein expansion 
of a B-spline corresponds to a suitable simplicia1 decomposition of the 
simplex or box, such that the Bernstein representation of a B-spline can 
easily be constructed (see figure 3). Furthermore, especially if the B-spline 
is a truncated Bernstein polynomial, one gets the subdivision algorithm for 
Bernstein polynomials as well as a refinement of the B6zier net. 

Fortunately, two of the above algorithms seem to fall in the class of 
non-tensor-product box splines: 

The approximation of the spline by a repeated refinement for global 
representation 

The construction of the Bgzier net for application of the full Bernstein- 
B6zier method for local representation 

It should be mentioned that both algorithms start from the control net 
and use - in the known cases - repeated "filling and/or averaging" procedures, 
as shown in figure 4 for the case of a triangular grid: 

A rhombic scheme is filled with data from the previous step, 

A new scheme is formed by line averaging these data. 



REFERENCES 

Boehm, W. (1983): Subdividing Multivariate Splines, CAD 15, 345-352. 

Boehm, W. (1984): Calculating with Box Splines, CAGD 1, 149-162. 

Dahmen, W., and Micchellli, C. (1983): Multivariate Splines - A New Con- 
structive Approach. R. Barnhill and W. Boehm, Surfaces in CAGD, edited by 
North-Holland, Amsterdam. 

Dahmen, W., and Micchelli, C. (1984): Subdivision Algorithms for the 
Generation of Box Spline Surfaces, CAGD 1, 115-129. 

Prautzsch, H. (1984): Unterteilungsalgorithmen fuer multivariate Splines - 
ein geometrischer Zugang. Ph.D. Thesis, Technische Universitaet Braunschweig. 

Prautzsch, H. (1985): Generalized Subdivisioin and Convergence, CAGD, to 
appear. 

Schoenberg, I. J. (1966) : On Spline Functions. University of Wisconsin 
MRC-TSR-625, Madison. 



knot 

FIGURE 1 

FIGURE 2 



simplex QY 
truncated Bernstein polynomial simplicia1 decomposition 

FIGURE 3 

0 
filling 

FIGURE 4 



Page intentionally left blank 



A Survey of Patch Methods 

R. E. Barnhill 
~epartment of Mathematics 

University of Utah 
Salt Lake City, Utah 84112 

Introduction 

There are two broad classes of interpolation methods for surfaces: patch 

methods (Barnhill, 1985) and distance-weighted methods. We discuss patch 

methods in this paper. (Readers interested in distance-weighted methods 

should consult Barnhill and Stead (1984) and Franke (1982) and the references 

therein.) Patch methods are somehow a response to the fact that surface 

geometry is local, that is, only small parts of a surface are created at a 

time. We present the two categories of patches, transfinite patches and 

finite dimensional patches, followed by a discussion of trivariate patches. 

We do not discuss how to create the domains for patches nor data that are 

needed for the various schemes. Information on creating triangles and 

tetrahedra is given in Barnhill and Little (1984) and the references therein 

and information on creating gradient data in Stead (1984) and the references 

therein. 



Transfinite Patches 

In the car industry one has whole curves of information to interpolate. 

S. A. Coons (1964) fixed his attention on one rectangular set of four curves 

and constructed interpolants to position and cross-boundary derivative 

information all along the curves. W. J. Gordon (1969) called such 

interpolation "transfinite" because entire curves of data are interpolated. 

R. E. Barnhill, J. A. Gregory, and L. E. Mansfield noticed that the c1 Coons 

patch did not interpolate to the cross-boundary derivative on two of the four 

curves. (Gregory, 1974; Barnhill, 1977). 

The difficulty was traced to the lack of commutativity in the (1,l) 

derivatives (the "twists") in the Coons patch. Shortly thereafter Barnhill 

and Gregory (1975) created I t  compatibility correction" terms which 

introduced a variable twist, that is, both of the two implied twists are 

included. 

The idea of transfinite triangular patches was initiated by Barnhill, 

Birkhoff, and Gordon (1973). They created a C' triangular Coons patch on the 

standard triangle with vertices (1,O) (0,l) and (0,O). For several years 

attempts were made to generalize these patches to an arbitrary triangle; one 

successful effort is in Klucewicz' (1977) thesis. 

Barycentric coordinates are natural for triangles, and transforming 

between cartesion xy-coordinates and the barycentric coordinates bi is defined 

by the equation 

where the Vi are the vertices of the triangle. 



Thi s  equat ion has  a  s o l u t i o n  i f  and only i f  t he  t r i a n g l e  has p o s i t i v e  a r e a ,  

i. e . ,  t h e  Vi a r e  not  c o l l i n e a r .  Barycentr ic  coord ina tes  a r e  very  use£ u l  i n  

working with t r i a n g l e s  which have been used by t h e  f i n i t e  element engineers  

f o r  a  long time. ( F i n i t e  elements e n t e r  t h e  s t o r y  below.) F i n a l l y ,  F. F. 

L i t t l e  proposed a  ba rycen t r i c  ca l cu lus  which enables  us  t o  t a k e  a  d e r i v a t i v e  

wi th  respec t  t o  a  given d i r e c t i o n .  More p r e c i s e l y ,  i f  F  = F(x,y) ,  then F  can  

be r e w r i t t e n  i n  terms of ba rycen t r i c  coord ina tes  by s u b s t i t u t i n g  equat ions  ( 1 )  

f o r  x  and y: c a l l  F(x,y) = F(blVl + b V + b V ) = G(b b  b  ). Then we can  
2 2  3 3  1 '  2 '  3  

t a k e  d e r i v a t i v e s  of F  with r e spec t  t o  a  d i r e c t i o n  e  by use  of t h e  cha in  r u l e :  

The Barnh i l l ,  Bi rkhoff ,  and Gordon i n t e r p o l a n t s  f o r  an a r b i t r a r y  t r i a n g l e  have 

been used a t  Utah f o r  some t ime,  bu t  have only r e c e n t l y  been publ ished:  A c1 

BBG scheme (and i t s  " d i s c r e t i z a t i o n " ,  def ined  below) i s  i n  Ba rnh i l l  (1983). A 

2 C BBG scheme is  i n  Alfe ld  and Barnh i l l  (1984). A b i v a r i a t e  BBG scheme, a 

t r i v a r i a t e  BBG scheme, and a b i v a r i a t e  " r a d i a l  Nielson" i n t e r p o l a n t  t oge the r  

wi th  t h e i r  d i s c r e t i z a t i o n s  a r e  i n  Ba rnh i l l  and L i t t l e  (1984). ( T r i v a r i a t e  

patches a r e  d iscussed  below.) Other t r a n s f i n i t e  t r i a n g u l a r  i n t e r p o l a n t s  a r e  

Gregory's (1983) symmetric schemes. 



Finite Dimensional Patches 

For some time engineers in finite element analysis have used piecewise 

polynomials defined over rectangles or triangles. (Strang and Fix, 1973; 

Zienkiewicz, 1977) These polynomials are the basis functions for 

interpolation schemes. However, the finite element method is used to 

calculate what we would call the positions and so the cardinal form of the 

interpolant, that is, the form in which the data functionals occur explicitly, 

is not needed. Thus, for example, the well-known 18 degree of freedom C 1 

quintic's cardinal form was discovered only recently by Barnhill and Farin 

(1981) although the scheme has been used in finite element calculations for 

years. 

Kolar, Kratochvil, Zenisek, and Zlamal (1971) discuss a "hierarchy" of 

polynomial interpolants defined over triangles. They give precise statements 

on the degree of the polynomial needed to obtain a certain global smoothness 

when the polynomial scheme is applied over each triangle in a network, for 

2 example, linear coy quintic c', nonic C , etc. Recently at Utah Whelan (1985) 

2 
and others have developed cardinal forms for the C nonic. 

The finite element engineers have developed a second type of piecewise 

polynomial where a given triangle is subdivided and a piecewise scheme is 

defined over the subdivisions. In order to distinguish these two types of 

triangular schemes, we call the first type "macro" triangles and the second 

type (subdivision) "micro" triangles. The best known microtriangle scheme is 

the cubic c1 Clough-Tocher element for which the macrotriangle is subdivided 

at its centroid into three microtriangles. Barnhill, Farin, and Little worked 

on creating a c2 quintic Clough-Tocher interpolant with the macrotriangle 

subdivided into seven microtriangles, but have not yet succeeeded. Alfeld 



(1985) has created such a scheme over nine microtriangles. 

An important development for the discovery and description of piecewise 

polynomial schemes over triangles is Farin's (1980) generalization of the 

"Bernstein-Bezier" methods to arbitrary triangles. There are two levels of 

generalization here, since Bezier's original development was for rectangles. 

Sabin (1976) described triangular patches over equilateral triangles. 

Bernstein-Bezier methods are applicable to any piecewise polynomial scheme 

because they are one representation of the polynomial. The fact that 

geometric information can be fairly easily determined from this representation 

gives the methods its power. 

Transfinite patches can be specialized to finite dimensional patches by 

discretizing the transfinite data, for example, by replacing a curve by its 

(univariate) cubic Hermite interpolant. The "serendipity elements" of the 

engineers can be viewed as examples of the discretization of transfinite 

patches. 

1 A very recent idea is that of "visual continuity". C visual continuity 

(vc~) means tangent plane continuity. The concept becomes important when 

fitting together patches whose domains do not "match" such as a triangle and a 

rectangle. By not matching we mean that, for example, the isoparametric lines 

from a rectangle do not correspond to any standard lines in a triangle. 

Gregory and Charrot (1980) fit a triangular patch into a network of 

rectangular patches in a V C ~  way. Visual continuity has been discussed for 

triangular patches by Herron (1985) and for triangular and rectangular Bezier 

patches by Farin (1982). 



Trivariate Patches 

There are many applications which involve the creation of a surface in 

four-space, that is, a trivariate function. We mentioned above that 

trivariate BBG interpolants over tetrahedra are given by Barnhill and Little 

(1984). Another transfinite interpolant is formed by means of a convex 

combination of BBG projectors by Alfeld (1984a). A c1 Clough-Tocher-like 

tetrahedral interpolant, which is quintic over four subtetrahedra and requires 

1 c2 data, is presented by Alfeld (1984b). A second C tetrahedral interpolant, 

which is cubic over twelve subtetrahedra and requires c1 data, has just been 

announced by Worsey and Farin (manuscript in preparation). In fact this is a 

special case of their n-dimensional simplicia1 interpolants. Gregory (1985) 

has generalized his symmetric triangular interpolant (a convex combination of 

projectors) to n-dimensional simplices. 
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Harry  W. McLaughlin 
Rensselaer Po l y techn i c  I n s t i t u t e  

Troy, New York 

I n  t h i s  paper we cons ider  t h e  ques t i on  o f  de te rmin ing  when a  Berns te in -  
B6z ie r  cub ic  curve  i n  t h e  p lane can be represented as t h e  graph o f  f u n c t i o n  i n  
some f i x e d  or thogonal  coord ina te  system. 

One l e t s  ,8 be an a r b i t r a r y  p o i n t  i n  t h e  p lane  and D  and N  be nonzero 
or thogonal  vec to rs  i n  t h e  plane. Then every p o i n t  P i n  t h e  p l ane  can be 
w r i t t e n  i n  t h e  f o rm  8  + uD + vN f o r  a  unique cho ice  o f  s c a l a r s  u  and v. The 
t r i p l e  (8,D,N) i s  an or thogonal  coo rd ina te  system and t h e  coord ina tes  o f  P i n  
t h i s  coord ina te  system a r e  u  and v. I f  f o r  tl c t c t p ,  tl < t p ,  

where t h e  Pk 's  a re  g iven  p o i n t s  i n  t h e  plane, then  one can a l s o  w r i t e  

f o r  some f u n c t i o n s  u ( t )  and v ( t ) .  The curve B 3 ( t )  i s  s a i d  t o  be t h e  graph o f  a  
f u n c t i o n  i n  t h e  coo rd ina te  system (6,D,N) i f  v ( t )  can be w r i t t e n  

f o r  some r e a l  va lued f u n c t i o n  f de f i ned  on t h e  range o f  u. The f u n c t i o n  v ( t )  
has such a  rep resen ta t i on  if and on l y  if: whenever u ( t )  takes  on t h e  same v a l u e  
f o r  two d i s t i n c t  values o f  t, then so does v ( t ) .  

To a i d  i n  t h e  a n a l y s i s  one can i n t r o d u c e  t h e  n o t i o n  o f  a  curve be ing  
monotone i n  a  g iven  d i r e c t i o n .  The curve, R 3 ( t ) ,  tl c t c t2, i s  monotone i n  
t h e  d i r e c t i o n  D  i f  whenever tl c a < $ c tp, one has ( B ~ ( B ) - B ~ ( ~ ) ) - D  > 0. If B 3 ( t )  
i s  monotone i n  t h e  d i r e c t i o n ,  D, then  B 3 ( t )  i s  t h e  graph o f  a  f u n c t i o n  i n  t h e  
coord ina te  system (8 ,D,N) . However, t h e  converse i s  n o t  t r u e  i n  general  . 

We c l a s s i f y  those curves o f  t h e  form, B 3 ( t ) ,  which can be represented as 
t h e  graph o f  a  f u n c t i o n  i n  t h e  coo rd ina te  system (8,D,N), by s tudy ing  
separa te ly  those  which a re  monotone i n  t h e  d i r e c t i o n  fD and those  which a r e  
not.  

Those curves, B 3 ( t ) ,  which a re  n o t  monotone i n  t h e  d i r e c t i o n s  i D  and which 
a re  graphs o f  f u n c t i o n s  i n  (8,D,N), a re  n e c e s s a r i l y  s t r a i g h t  1  ines .  



For  t h e  oth,er case one has, as a  pre1iminar.y theorem: t h e  curve, 
B 3 ( t ) ,  t l  6 t c t2 ,  i s  monotone i n  t h e  d i r e c t i o n  D  i f  and on l y  i f  f o r  each 
t l  < t o  < t2, e i t h e r  

I I 1  I 1  

( 2 )  B3( t0 )  = 0  and B3 ( t0 )  t 0  and B3(t0).D = 0  

I I 

(3 )  B3( t0 )  .D = 0  and B3 ( t0 )  t 0  

and 

I 1  I 

B 3 ( t 0 )  = ~ B 3 ( t o )  f o r  some s c a l a r  A 

and 

II I I 

B3 ( t o )  + vt33(t0) f o r  a l l  s ca la r s  u  

The goal o f  t h e  study has been t o  t r a n s l a t e  these a n a l y t i c  statements i n t o  
geometr ic c o n s t r a i n t s  on t h e  c o n t r o l  po in t s ,  P Is, o f  t h e  curve  B 3 ( t ) .  
Necessary and s u f f i c i e n t  cond i t i ons  a re  genera \ ed by f i  r s t  s t udy ing  necessary 
and s u f f i c i e n t  cond i t i ons  on t h e  c o n t r o l  p o i n t s  f o r  cusps and then  f o r  i n f l e c -  
t i o n  po in t s ,  s i nce  each o f  these phenomena has t o  be d e a l t  w i t h  t o  o b t a i n  t h e  
f i n a l  theorem. The ana l ys i s  i s  q u i t e  l eng thy  and w i l l  be repo r ted  on ( i n  
p r i n t )  elsewhere. 

Th i s  research has d i sc l osed  severa l  unsolved e l  ern en tar.^ i n t e r p o l a t i o n  
problems, each o f  which appears t o  be impor tan t .  

F i n a l l y ,  i t  i s  noted t h a t  t h e  n o t i o n  o f  monotone i n  a  d i r e c t i o n  D may 
be u s e f u l  t o  those who s tudy shapes o f  curves and sur faces  s i n c e  i t  i s  a  
way t o  descr ibe  t h e  emp i r i ca l  n o t i o n  t h a t  a  g iven  curve  appears t o  be "headed 
i n  a  g i ven  d i r e c t i o n . "  



FREE-FORM DESIGN IN SOLID MODELLING 

M. J .  Prat t  
Cranfiel d Ins t i tu te  of Techno1 ogy 

Cranf i el d , Bedford, Engl and 

Surface modelling techniques have a long history,  which can be traced 
back we1 1 before the beginning of the computer era.  Their origins a re  rooted 
in the a i r c r a f t ,  automotive and shipbuilding industries.  Sol id model 1 ing i s  a 
more recent a r t ,  dating back only f i f teen  years or  so,  and was or iginal ly  de- 
veloped as a means of representing the shapes of components used in the l e s s  
specialised mechanical engineering industries.  

A t  f i r s t  the two types of systems were developed largely independently 
of each other, and used very different  techniques. Surfaces were represented 
in terms of parametric geometry capable of representing very general free-form 
shapes. Sol ids were model led in terms of s e t  operations involving simple volu- 
metric primitives such as blocks, cylinders and cones, whose surfaces were usu -  
a l ly  represented by more classical implicit  equations. In recent years, strenu- 
ous e f for t s  have been made t o  bring together the virtues of both approaches, 
with varying degrees of success. Several commercially avai 1 able sol id model 1 e r s  
and even more research-oriented systems have now reached the stage where they can 
model solids with free-form surfaces; in some cases parametric geometry i s  used 
exclusively, while in others there i s  mixed use of parametric and imp1 i c i t  geom- 
etry.  

From the designer's point of view the methods available to  him for  design- 
ing sol ids with free-form geometry are not ideal.  They fa1 1 into three main 
classes,  as fol lows: 

1 )  Methods based largely on ' t radi t ional  ' surface model 1 ing techniques 
such a s ,  f o r  example, the construction of objects whose surfaces 
interpolate famil ies of specified cross-sectional curves. Such 
methods are  f ine  for  a i r c r a f t  fuselages and ship hulls but not easi-  
l y  applicable fo r  the design of cyl inder blocks or gearbox casings 
(see,  fo r  example, Ti1 l e r  (1983)). 

2 )  Methods using techniques which have proved relat ively easy to  imple- 
ment in sol id  modellers of the boundary representation type. These 
are  based, broadly speaking, on the i n i t i a l  definit ion of an object 
composed of blocks, cylinders and so on, followed by the use of a 
separately defined free-form surface to  modify the object in some 
way. The object may be cut into two sections by the surface, or  
one or  more of the object faces may be moved to  l i e  on the new sur- 
face, fo r  example. Objects defined in th i s  manner usually have 
sharp edges uncharacteristic of many typical engineering components, 
whose geometry exhibits subtle blends and f i l l e t s  stemming t radi t ion-  
a l l y  from the a r t  of the mould-maker or  pattern-maker. Methods of 
the type described are implemented, for  example, in BUILD (Anderson, 
1983). 



3 )  Methods based on techniques which have proved relat ively easy to  
imp1 ement i n  sol i d  model l e r s  of the constructive sol id geometry 
(CSG) type. Here a consensus seems to be emerging tha t  'swept 
volume' sol ids provide a useful design method, based on the use 
of the volumes swept out by the motion of a simple primitive such 
as a sphere along a specified path. The volume of the sphere may 
vary, and the path may be curvil inear. This permits a wide range 
of interesting shapes to  be generated, and has a useful application 
fo r  defining surfaces of the ' ro l l ing  ball ' type for  f i l l e t i n g  in- 
ternal corners. As a general design method these techniques have 
1 imi ted appl ication, however. References t o  t h i s  type of approach 
include Rossignac and Requicha (1984), van W i j k  (1984). A f u l l e r  
survey of a l l  these methods i s  given i n  Virady and Pra t t  (1985). 

The theme of th i s  paper i s  tha t  what i s  real ly  needed i s  a much closer syn- 
thesis  of parametric surface techniques with conventional sol id  modelling tech- 
niques. There are many engineering components whose gross geometry can be approx- 
imated in terms of the primitive volumes customarily provided such as blocks, 
cylinders, cones, e tc . ,  b u t  whose precise modelling requires changes of a local 
nature involving the 'sculpturing' of edges, the rounding of internal corners and 
the construction of general blending surfaces over limited regions. I t  i s  not 
appropriate to  t r y  to  construct the required free-form surfaces as separate en- 
t i t i e s  and t h e n  to  graf t  them onto the solid model, since the boundary constraints 
which must be appl ied in practical cases are actually determined by the model . 
The most sat isfactory approach appears to  be to  use the gross model as a frame- 
work, and to  provide means for  modifying the surfaces composing i t s  boundary i n  a 
free-form manner. This appears to  imply the use of a modeller of the boundary 
representation type, b u t  i n  f ac t  there i s  no reason in principle why the bounding 
surfaces of primitive volumes in a CSG system may not be similarly deal t  w i t h .  
However, since the writer '  s own 1 eanings are towards boundary representation the 
ideas which follow will be outlined in that  context. 

Consider f i r s t  a cube, whose faces we will consider t o  be labelled ' f r o n t ' ,  
' back', ' l e f t '  , ' r i gh t '  , ' top '  , and 'bottom'. Most boundary representation model - 
l e r s  will represent the plane surfaces containing the faces i n  some implicit  manner, 
though parametric representations are used in a few cases. For our purposes the 
most convenient formulation i s  in terms of BGzier or B-spl ine surfaces. For exam- 
ple, i f  a uniform 3x3 grid i s  imposed upon the top face of the cube then the 4x4 
s e t  of yesulting mesh nodes could be considered to  be the control points of a bi- 
cubic Bezier representation of th i s  plane face. So f a r ,  there i s  no geometric 
change i n  the cube, but a t  t h i s  stage i t  becomes possible to  modify the geometry 
of the top face by moving the control points. The poss ib i l i t ies  are 

( i )  manipulation of the four in te r ior  control points. This permits the 
creation of a bulge or  a depression, for  example, and leaves the four 
edges of the face unaltered. 

( i i )  manipulation also of the boundary control points. Here a l imitation 
must be imposed; the movement must be constrained to  1 i e  in the planes 
of the adjoining faces. This ensures tha t  the modified edge curves 
s t i l l  l i e  in the planes of these faces, whose associated geometry has 
so f a r  not been redefined. 



Now suppose tha t  the front  face i s  also redefined as a ~ 6 z i e r  patch. 
One s e t  of four control points will be common t o  both the top and the front  
face, and these l i e  along the shared edge. I t  i s  therefore possible to  blend 
th i s  edge and obtain CI continuity between the two faces simply by relocating 
these four control points so that  each l i e s  midway between i t s  immediate neigh- 
bors on the top and front  faces respectively. Similarly, we could round off  
the corners of the cube completely by redefining the side faces as Bezier patches 
and adjusting the positions of the shared corner control points appropriately. 

The types of procedure described have a number of advantages. In particu- 
l a r ,  the i n i t i a l  undeformed ~ 6 z i e r  representation i s  s e t  up automatically using 
the original model as a framework, and also in the examples given there a re  no 
top1 ogical changes in the model resulting from the deformation. The computa- 
tional overheads are few, and i t  i s  worthy of note tha t  no surface/surface in te r -  
section curves need to  be computed. On the other hand, a practical implementa- 
t ion will require careful attention to  the f a c i l i t i e s  available f o r  the user t o  
manipulate Bezier control points. He will probably need to  work with whole l i n e s  
or blocks of points for  some purposes, though f ine  tuning of his surfaces will 
also require manipulation of single points. 

Finally, i t  must be noted tha t  certain refinements of the basic procedure 
are  necessary t o  make i t  applicable i n  more general cases. For example, i f  i t  
i s  desired t o  modify a cylindrical face then an exact parametric representation 
of the i n i t i a l  face will require the use of a rational form (Faux & Pra t t ,  1979). 
The same i s  t rue  for  the other simple quadric surfaces and the torus,  a l l  of which 
may be represented as rational biquadratics. In practice i t  will probably be 
bet ter  t o  use an equivalent formulation of higher degree, however, to  give more 
freedom in imposition of boundary constraints on the deformed surfaces. 

Next consider the s i tuat ion where the modification to  a par t icular  face 
must be local t o  one particular edge, the remainder of the face remaining unde- 
formed. This is  easi ly  achieved by the i n i t i a l  sp l i t t i ng  of the original face 
into two by the insertion of a new edge, which will in many cases be parallel  t o  
the edge whose local region i s  t o  be modified. I t  will also be necessary t o  in- 
terpolate a new edge in th i s  way i f  the face t o  be modified has more or l e s s  than 
four edges, since i t  i s  not then possible to  parametrise the en t i r e  face i n  a 
natural way as a four-sided BGzier patch. 

I t  i s  a lso simple to  modify any four-sided region which can be expressed 
as a B6zier patch and which l i e s  to t a l ly  in te r ior  to  a face of the model. The 
region to  be modified must f i r s t  be defined as a new face, and a parametrisation 
imposed upon i t  as described. Manipulation of the geometry of the new face is  
by means of control points as previously, b u t  the use of a formulation of higher 
than cubic degree will probably be advantageous in th i s  case. Then there will  be 
enough freedom t o  a1 low the modified face to  retain tangency across i t s  edges 
with the surface of the original face i f  desired. I t  must be pointed out t h a t  
the achievement of such resul ts  using Boolean operations i s  fraught w i t h  d i f f i cu l -  
t i e s  arising from the resolution of tolerance problems associated with tangencies 
of surfaces between the separate objects involved. 

To summarise, the method suggested fo r  the free-form modification of so l id  
models has several important advantages. In par t icular ,  i t  avoids the use of 
'detached' surfaces, Boolean operations and surface intersection computations. 



I t  involves, a t  worst, only minor topological changes to  the model , and will 
therefore be computational l y  eff ic ient .  The ideas put forward here will be 
tested in the near future using a simple boundary representation solid modeller 
recently developed a t  Cranfiel d. 
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Most s o l i d  mode le r s  (SMs) use  e i t h e r  a  boundary r e p r e s e n t a t i o n  
( B - r e p )  o r  a  c o n s t r u c t i v e  s o l i d  geometry  r e p r e s e n t a t i o n  ( CSG-rep) 
a s  t h e i r  p r imary ,  i n t e r n a l  r e p r e s e n t a t i o n .  Each method h a s  i t s  
a d v o c a t e s ;  e a c h  h a s  i ts  d e t r a c t o r s ;  e a c h  h a s  i t s  s t r o n g  p o i n t s ;  
e a c h  h a s  i t s  drawbacks. The need f o r  bo th  r e p r e s e n t a t i o n s  is 
becoming i n c r e a s i n g l y  e v i d e n t ,  and i t  is becoming n e c e s s a r y  t o  be  
a b l e  t o  c o n v e r t  from one  t o  t h e  o t h e r .  

The need t o  g o  from a  CSG-rep t o  a  B-rep ( o r  a  s i m p l e  wi re f rame  
r e p )  h a s  long  been a p p a r e n t  because  an o b j e c t  t h a t  is d e f i n e d  o n l y  
b y  a  CSG-rep i s  d i f f i c u l t ,  i f  n o t  i m p o s s i b l e ,  f o r  a  human t o  
i n t e r p r e t  . B e f o r e  f a s t ,  s h a d e d  d i s p l  a y  c a p a b i l i t i e s  became 
a v a i l a b l e ,  t h e  wireframe and t h e  B-rep were t h e  o n l y  p r a c t i c a b l e  
t e c h n i q u e s  f o r  p s u e d o - i n t e r a c t i v e  d i s p l a y .  A l s o ,  t h e  
implementa t ion  o f  t h e  Boolean o p e r a t i o n s  between t m r ,  s o l i d  o b j e c t s  
o f  set  u n i o n ,  i n t e r s e c t i o n  and d i f f e r e n c e ,  which was q u i c k l y  
a p p r e c i a t e d  a s  an impor tan t  c a p a b i l i t y  expected q f  W s ,  u t i l i z e d  
t e c h n i q u e s  o f  a  n a t u r e  s i m i l a r  t o  t h o s e  r e q u i r e d  i n  c o n v e r t i n g  from 
a  CSG-rep t o  a  B-rep. A s  a  consequence ,  t h e  problem o f  g e n e r a t i n g  
a  B-rep from a  CSG-rep h a s  been e x t e n s i v e l y  s t u d i e d  and is  now 
r e 1  a t i v  e l  y  we1 1 under s t o o d .  

I n  c o n t r a s t ,  u n t i l  r e c e n t l y ,  t h e r e  h a s  been l i t t l e  r e a s o n  t o  
g e n e r a t e  a  CSG-rep from a  B-rep. However, u s e r  e x p e r i e n c e  h a s  now 
s t r o n g l y  e s t a b l i s h e d  t h e  c o n v e n i e n c e  o f  u s i n g  swept  c o n t o u r  
( p r o f i l e )  c u r v e s  i n  t h e  p r o c e s s  o f  d e f i n i n g  o b j e c t s .  Thus,  SM 
v e n d o r s  have  an i n c e n t i v e  t o  p r o v i d e  t h i s  i n p u t  mechanism f o r  t h e i r  
u s e r s .  B u t ,  *while t h e  u s e r  i n p u t  d a t a  t o  d e f i n e  a  s b s p t  sbjject is 
o f t e n  t r i v i a l l y  r e l a t e d  t o  a  B-rep o f  t h e  o b j e c t ,  it h a s  proven 
m o r e  d i f f i c u l t  t o  u s e  t h e s e  d a t a  t o  c o n s t r u c t  a  CSG-rep o f  it. 
T h u s ,  much o f  t h e  c u r r e n t  impe tus  f o r  l o o k i n g  a t  B-rep t o  CSG-rep 
m a p p i n g s  comes from t h e  d e v e l o p e r s  o f  CSG-rep 3 s  who need t o  
p r o v  i d  e c o n g e n i a l  u s e r  i n t e r a c t i o n .  ' h e y  have  pursued v a r i o u s  
a p p r o a c h e s  i n  a t t a c k i n g  t h e  problem, b u t  t h e  emphasis h a s  been on 
f i n d i n g  h e u r i s t i c a l l y  j u s t i f i e d  , a l g o r i t h m i c  s o l u t i o n s .  

Ot.her a p p l i c a t i o n s ,  e.g.,  N / C  v e r i f i c a t i o n ,  a l s o  r e i n f o r c e  t h e  
impor tance  o f  t h i s ,  and s i m i l a r ,  r e p r e s e n t a t i o n a l  mappings.  

T h i s  work is performed a t  Sand i a  Na t iona l  b b o r t o r i e s ,  suppor ted  
b y  t h e  United S t a t e s  Department o f  Energy under  c o n t r a c t  nunber  
DE 4 C  04-76DP 007 8. 



T h e  i m p o r t a n c e  o f  t h e  p r o b l e m  w a r r a n t s  a  b e t t e r  mathemat ica l  
u n d e r s t a n d i n g  o f  it. This  t a l k  w i l l  p r i m a r i l y  a d d r e s s  t h a t  a s p e c t  
o f  i t ,  a l t h o u g h  some a l g o r i t h m i c  c o n s i d e r a t i o n s  w i l l  be  b r i e f l y  
ment ioned.  

Although SMs d e a l  wi th  3 4  o b j e c t s ,  it t u r n s  o u t  t h a t  "mostw o f  t h e  
g e o m e t r y  f o r  swept o b j e c t s  o f  c u r r e n t  i n t e r e s t  i s  2 4 .  Thus,  t h e  
c rux  o f  t h e  m a t t e r  f o r  g e n e r a t i n g  B-rep t o  CSG-rep mappings f o r  
t h e s e  c a s e s  d e v o l v e s  t o  s o l v i n g  a  2-D problem. Also ,  it is  more 
i n s i g h t f u l  t o  c a s t  t h e  problem i n  t e r m s  o f  u s i n g  n h a l f s p a c e s l l  
r a t h e r  t h a n  CSG-rep w p r i m i t i v e s . l t  'his is  p a r t l y  because  a  
s o l u t i o n  t o  t h e  2-D problem,  w i t h  2-D h a l f s p a c e s ,  immediate ly  
p r o v i d e s  a  s o l u t i o n  t o  t h e  3-D problem by s i m p l y  r e p l a c i n g ,  i n  an  
o b v i o u s  way, 2-0 h a l f s p a c e s  by 3-D h a l f s p a c e s .  A s  p r i m i t i v e s  
t h e m s e l v e s  a r e  expressed  by ( o f t e n  i m p l i c i t )  b i n a r y  t r e e s  whose 
1 e a v e s  a r e  h a l f s p a c e s ,  it is t r u e ,  o f  c o u r s e ,  t h a t  a  s o l u t i o n  wi th  
them p r o v i d e s  a  s o l u t i o n  wi th  h a l f s p a c e s .  However, t h i s  approach ,  
i n  g e n e r a l ,  t e n d s  t o  b e  p r o f l i g a t e  i n  t h e  t o t a l  number o f  
h a l f s p a c e s  t h a t  a p p e a r s  i n  t h e  CSG-rep o f  a  s w e p t  o b j e c t .  
F u r t h e r m o r e ,  a s  w i l l  b e  shown,  t h e  b i n a r y  t r e e  found f o r  a  
h a 1  f s p a c e  s o l u t i o n  may b e  used t o  d e t e r m i n e  an e x c e l l e n t  b i n a r y  
t r e e  f o r  a  s o l u t i o n  wi th  p r i m i t i v e s .  

The  problem w i l l  b e  d i s c u s s e d  i n  t m  p h a s e s .  The f i r s t  phase  
e n t a i l s  f i n d i n g  a  CSG-rep t h a t  d e f i n e s  t h e  r e g i o n  bounded by  a  
polygonal  p r o f i l e  c u r v e .  The second phase u t i l i z e s  t h e  r e s u l t s  o f  
t h e  f i r s t  phase  t o  f i n d  a  CSG-rep f o r  many non-polygonal p r o f i l e  
c u r v e s .  

A m a t h e m a t i c a l l y  c o n c i s e  r e p r e s e n t a t i o n  o f  a  r e g i o n  bounded by  a  
po lygona l  w i l l  be  p r e s e n t e d .  Namely, any  po lygona l  r eg ion  bounded 
b y  an n  s i d e d  polygon may b e  r e p r e s e n t e d  by  a  b i n a r y  t r e e  which h a s  
a t  mos t  n  p l a n a r  h a l f s p a c e s  a s  l e a v e s .  A s t r u c t u r e  f o r  t h i s  
r e p r e s e n t a t i o n  and a n  a l g o r i t h m  f o r  c a l c u l a t i n g  i t  w i l l  be  
d  i scussed  . 
I f  t h e  p r o f i l e  c u r v e  is  non-polygonal,  i .e. ,  h a s  n o n - s t r a i g h t  
e d g e s ,  then  a  g e n e r a l  method f o r  t h e  d e t e r m i n a t i o n  o f  a  c o n c i s e  
CSG-rep t h a t  d e f i n e s  t h e  r e g i o n  it bounds is n o t  y e t  known. 
N o n e t h e l e s s ,  while a  t o t a l l y  s a t i s f a c t o r y  s o l u t i o n  is  l a c k i n g ,  a  
c o n c i s e  CSG-rep f o r  many r e g i o n s  o f  i n t e r e s t  i n  CAD a p p l i c a t i o n s  
d o e s  e x i s t .  'his is  t r u e ,  f o r  e x a n p l e ,  f o r  most r e g i o n s  f o r  which 
it is p o s s i b l e  t o  d e t e r m i n e  "an u n d e r l y i n g  polygonal  r e g i o n w  and a  
s e t  o f  "edge r e g i o n s , "  e a c h  a s s o c i a t e d  wi th  a  n o n - s t r a i g h t  edge .  
Most o f  t h e s e  r e g i o n s  may b e  r e p r e s e n t e d  by a  b i n a r y  t r e e  t h a t  h a s  
t h e  p o l y g o n a l  r e g i o n  a s  one l e a f  and t h e  edge  r e g i o n s  a s  t h e  o t h e r  
l e a v e s .  F o r  such  a  r e p r e s e n t a t i o n ,  and f o r  most e d g e s  o f  i n t e r e s t  
i n  t h e  p r e s e n t  C A D  e n v i r o n m e n t ,  t h i s  i m p l i e s  t h a t  t h e  r e g i o n  
d e t e r m i n e d  b y  a  p r o f i l e  c u r v e  w i t h  n  e d g e s ,  k  o f  which a r e  
n o n - s t r a i g h t ,  has  a  b i n a r y  t r e e  r e p r e s e n t a t i o n  w i t h  no more t h a n  
n+2k h a l f s p a c e  l e a v e s ,  o f  w h i c h  a t  mos t  n+k h a l f s p a c e s  a r e  
d i s t i n c t .  Cond i t i o n s  which a s s u r e  t h a t  t h i s  r e p r e s e n t a t i o n  exists , 
and c o n s i d e r a t i o n s  f o r  a n  a l g o r i t h m  t o  g e n e r a t e  i t ,  w i l l  be  
d  i scussed  . 
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I shall talk about two separate topics as indicated in the 
title. The first topic concerns the comparison of plane 
curves. This work arose from the following problem. A 
surface on a part is generated by a plane curve, which is an 
interpolating spline. The part is manufactured by an 
outside vendor using the given interpolation points, but an 
unknown interpolation technique. The points on the machined 
curve must be checked to verify that they lie sufficiently 
close to the original definition. In this case the vendor 
supplies what is known as the APT-CL-file, which is a set of 
points defining a piecewise linear curve that defines the 
actual movement of the machine tool. APT (Automatic 
Programmed Tool) is a computer program for controlling 
numerical machine tools. The problem was to calculate a 
"distance" between these two curves. 

There are many other cases where a curve is approximated by 
some process or algorithm. For example, plotting a curve is 
usually an approximation technique, and the generation of an 
offset curve may involve approximation. Other applications 
include the comparison of surfaces and the inspection of 
parts. Surfaces may be compared by examining nets of plane 
curves. Part inspection may involve the determination of a 
curve or surface from a finite set of measurements. 

When the curves are parametric we can use function 
approximation theory to compare their coordinate functions. 
However, this would make the comparisons dependent on the 
particular parameterizations. We could use a canonical 
parameterization, such as parameterization by arc length, 
but this is hard to compute and the two curves that we wish 
to compare may not have the same total arc length. 

We shall define a curve to be a locus of points without any 
underlying parameterization. We shall define a metric on a 
class of plane curves, give a finite computation of this 
metric for the case of piecewise linear curves, and show how 
to approximate curves that have bounded curvature by 
piecewise linear curves. In this way we can compute a bound 
on the "distance" between two curves. These techniques have 
been implemented in Fortran. 

We shall prove some standard preliminary propositions. Let 
(M,d) be a metric space and A a subset of M. Define 



DEFINITION. Let A and B be compact sets. The distance 
between A and B is defined to be 

~ ( A , B )  = ~aximuml Sup (d(x,~)), Sup (d(x,~))} 
xeB x eA 

This is the radius of the largest circle that has center on 
one of the curves, and just touches the other. Note: we 
have given different meanings to "d." The particular 
meaning intended is determined by context. 

PROPOSITION. Either there exists an x in A so that ~ ( A , B )  = 
d(x,B), or there is an x in B so that d(A,B) = d(x,~). 

PROPOSITION. Given a family F of compact sets, (F,d) is a 
metric space. 

We will prove the triangle inequality. Without loss of 
generality assume d(A,C) = d(x,C) for some x in A. Since 
f(w)=d(x,w) is continuous on the compact set B, there exists 
a y in B so that d(x,~) = d(x,y). By definition 

Also there exists a z in C so that d(y,~) = d(y,z) 

We now have 

Thus 

DISTANCE FROM A POINT TO A LINE SEGMENT 

This computation is fairly obvious. The distance is either 
the distance from the point to the line containing the 
segment, or the distance from the point to one of the end 
points of the segment. 

FINITE COMPUTATION FOR PIECEWISE LINEAR CURVES 

The piecewise linear curve is a union of line segments. We 
call the end points of the segments knots. Given two curves 
A'and B we say that they satisfy the knot condition if the 
metric is realized at either a knot of A or a knot of B. 
That is, either there is a knot a in A so that 

or there is a knot b in B so that 

PROPOSITION. Suppose the pair (A,B) does not satisfy the 
knot condition. Suppose ~ ( A , B )  = sup{d(x,B)). Then there 
exists a point a in A so that ~ ( A , B )  = d(a,~) and the circle 



of radius r = d(A,B) and center a meets B in two or more 
points. 

PROOF. Define ~ ( x )  to be a line segment that contains point 
x (there will be two such segments if x is a knot). Assume 
that for every a such that d(a,B) = ~(A,B) the circle of 
radius r = ~(A,B) and center a meets B in only one point. 
Let a be a point so that 

Then the circle of radius r = ~ ( A , B )  and center a meets B in 
only one point b and 

Let T be the line tangent to the circle at b. There are 
three cases. 

(1) L(a) and T are not parallel. 

( 2 )  L(a) is parallel to T and some L(b) is not parallel to 
T. 

( 3 )  L(a) and every L(b) are parallel to T. 

Case 1. The line T separates the plane into two half 
spaces. The circle lies in one and every L(b) lies in the 
other. This follows from the definition of d(A,B). Because 
the circle touches B only at b and T is not parallel to 
L(a), we may move the center a to a new center a' so that 
the radius of the circle increases, and does not contain a 
point of B in its interior (see the left figure). But this 
contradicts the definition of d(A,B). 

Case 2. T is parallel to L(a) and some L(b) does not lie in 
T. Again we may slightly alter a to a' to increase the 



radius of the circle (see the right figure). This is a 
contradiction. 

Case 3. L(a) is parallel to T and every ~ ( b )  lies in T. 
Then we may translate the circle along L(a) until one of the 
following occurs. 

(i) The center becomes a knot of A. 

(ii) The circle contacts a second point of B. 

(iii)  Some L(b) does not lie in T. 

E v e n t ( i )  cannot  happen because o u r  cu rves  do n o t  s a t i s f y  t h e  
kno t  c o n d i t i o n ,  and (ii) cannot  happen because  o u r  assumption 
was that a could not be chosen so that the circle contacts B 
in two or more points. Therefore (iii) must occur. 
However, we have shown that cases (1) and (2) above are 
contradictions. Thus (iii) is a contradiction. Therefore 
our original assumption is false and the proposition is 
proved. 

With the aid of this proposition we can construct an 
algorithm to compute ~(A,B). Obviously the circle can not 
contact a single segment in two points. Thus we need only 
compute all circles that have centers on A and just touch B 
at two points. The points where the circle contacts B must 
be either tangent points, or knots. That is if the circle 
C(a,r), which has center a and radius r, contacts B at b 
where b is an element of segment I, and b is not an end 
point, then C(a,r) is tangent to I. There are. only three 
cases. 

(1) The center a lies on the locus of points equidistant 
from two knots of B. 

(2) The center lies on the locus of points equidistant from 
two lines. The lines contain segments of B. 

( 3 )  The center lies on a locus of points equidistant from a 
knot of B and a line, which contains a segment of B. 

Thus we need only compute perpendicular bisectors of 
segments, angle bisectors of angles, and parabolas. The 
parabolas are defined by the knot-line pairs of B. The knot 
is the focus and the line is the directrix. 

To find all the candidates for centers, we intersect the 
various loci with the curve A. We must also of course 
reverse the roles of A and B in case d(A,B) = d(b,~) for 
some b in B. There are then four cases in total, including 
the case of a center occurring at a knot. These cases are 
illustrated below. 



The various loci are computed using projective 
representations and being careful to avoid excessive 
round-off error and making sure that special cases are 
handled correctly. 

We can avoid doing the computations for all point-point, 
point-line, and line-line pairs by computing certain 
distances between segments and establishing certain 
inequalities. 

THE PIECEWISE LINEAR APPROXIMATION 

We will show that if we know a bound on the curvature then 
we can construct a piecewise .linear curve that approximates 
a given curve arbitrarily closely. 

Let g be a function whose graph is a circular arc of radius 
r. ~ k e  center of the arc is below the x-axis and it passes 
through the points (a,O) and (b,O) where a < b. Let ~ ( f )  be 
the magnitude of the curvature of f. 

PROPOSITION. Let f be a twice differentiable function such 
that f(a) = f(b) = 0. If f is greater than g, anywhere on 
the interval (arb), then there is a point in (arb) where 

PROOF. Let h = f - g,. Suppose that f is greater than g, 
at some point of (arb). Let x be a point of (a,b) where the 
maximum value of h is attained. Therefore 

h1(x) = 0 and h"(x) I 0 

Theref ore 

fl(x) = grl(x), because h'(x) = 0. It follows from the 
expression for the curvature that 



We can repeat the argument with a slightly smaller r. Thus 

COROLLARY. If ~ ( f )  I l/r on (arb) then f Ig, on (a,b). 

PROPOSITION. Let C be a curve connecting two points. Suppose 
K(C) < 1 .  Let L be the line segment joining the two 
points. Suppose any line passing through the segment and 
perpendicular to it meets C in exactly one point. Let the 
length of the segment be 4. If 

then 

This proposition provides an obvious construction of a 
piecewise linear curve that approximates a given curve to 
arbitrary accuracy provided we know a bound on the 
curvature. 

Perhaps these techniques can be generalized to surfaces 
using approximating polygons. However, for curves the 
piecewise linear approximation in some sense approximates 
both curvature and arc length. For surfaces the analog is 
not true. It is well known that triangulations can be found 
for surfaces in such a, manner that the triangles 
approximate the surface arbitrarily closely, yet have 
arbitrarily large surface area (see [I]). 

FACES 

The second topic I wish to talk about concerns faces on 
geometric models. Systems for representing the surface of a 
solid model have been constructed (see [4] for example). 
These systems give both a topological, that is an abstract, 
and a geometric representation. The concepts involved are 
such things as vertices, edges, loops, faces, and surfaces. 
The topological representation leads to an obvious 
triangulation and thus to a simplicia1 complex. Therefore 
the model may be treated conventionally. This simplicia1 
complex has a geometric realization. There is a dual 
representation involving faces on specific surfaces. These 
faces are bounded by "loops." The questions to be discussed 
are, "Under what circumstances do these geometrical faces 
make sense?" and "How can they be explicitly defined?" 
Also, "When are these 'geometrical' faces homeomorphic to 
the realization of the abstract (topological) face?" 

Faces here are essentially discs with holes. Algebraic 
topology in effect treats faces as discs with no holes. 
Storage and computational constraints force us to deal with 
this new type of face. 
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SOME NEGATIVE RESULTS I N  N-SIDED PATCHES 

Malcolmb Sabin 
F i n i t e  Element Graphics Systems, Limited 

Cambridge, UK 

To ease  s u r f a c e  d e f i n i t i o n  i n  s i t u a t i o n s  of complex topology, pa tches  wi th  o t h e r  
than  four  s i d e s  and wi th  guaranteed c o n t i n u i t y  of a t  l e a s t  s lope  w i t h  ad jacent  
patches a r e  needed. 

There a r e  known techniques  i n  t h e  l i t e r a t u r e  f o r  th ree-  and f ive-s ided  pa tches  of 
reasonable economy, and known t r a n s f i n i t e  methods f o r  many s i d e s .  

The au thor  has  looked f o r  a  s u i t a b l e  s ix-s ided  pa t ch  f o r  n e a r l y  20 yea r s .  A f t e r  
reviewing t h e  methods i n  t h e  l i t e r a t u r e ,  he w i l l  i d e n t i f y  some of t h e  l i t e r a t u r e .  
He w i l l  show some of t h e  condi t ions  t h a t  such a  pa tch  must s a t i s f y  and how c e r t a i n  
s impler  approaches a r e  not  e f f e c t i v e .  
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EXAMINATION OF THE CIRCLE SPLINE ROUTINE 

Ronald M. Dolin and Dwight L. Jaeger  

Los Alamos National  Laboratory 
Albuquerque, New Mexico 

ABSTRACT 

The C i r c l e  Spl ine  r o u t i n e  was developed by D. L. Jaeger  and is c u r r e n t l y  be ing  
used a t  the Los Alamos National  Laboratory f o r  gene ra t ing  both two- and three- 
dimensional s p l i n e  curves.  I t  was developed f o r  use i n  ESCHER, a mesh gene ra t ing  
r o u t i n e  w r i t t e n  by W. R. Oakes, to  provide a computat ional ly simple and e f f i c i e n t  
method f o r  bu i ld ing  meshes a long  curved sur faces .  C i r c l e  Sp l ine  i s  a paramet r ic  
l i n e a r  blending sp l ine .  Because many computerized machining ope ra t ions  involve  
c i r c u l a r  shapes, the C i r c l e  Spl ine  i s  we l l  s u i t e d  f o r  both the des ign  and manu- 
f a c t u r i n g  processes  and shows promise as a n  a l t e r n a t i v e  t o  the s p l i n e  methods 
c u r r e n t l y  supported by the I n i t i a l  Graphics Exchange S p e c i f i c a t i o n  (IGES). 

C i r c l e  S p l i n e  cons t ruc t s  a s p l i n e  by gene ra t ing  a s e r i e s  of c i r c u l a r  a r c s ,  each 
of which passes  through three  success ive  da t a  p o i n t s  (Pi-1, P i ,  P i + l ) ,  where i = 
2,. . . ,n and n = the number of da ta  poin ts .  Thus, f o r  n da t a  p o i n t s ,  n-2 a r c s  a r e  
cons t ruc ted .  These segmented a r c s  a r e  then blended toge ther ,  us ing  a l i n e a r  
blending func t ion ,  to  r ep re sen t  the d e s i r e d  curve. C i r c l e  Sp l ines  need only have 
the da t a  p o i n t  coord ina tes  spec i f i ed .  Because i t  i s  both a .two- and three- 
dimensional r o u t i n e ,  the three  coord ina tes  must always be s p e c i f i e d ,  even f o r  two- 
dimensional a p p l i c a t i o n s ,  i n  which case  the t h i r d  coord ina te  i s  s e t  t o  zero. The 
s p l i n e  passes  through a l l  the da ta  p o i n t s  and these  po in t s  do n o t  need t o  be evenly  
spaced. C i r c l e  Sp l ine  does n o t  r e q u i r e  f i r s t  o r  second d e r i v a t i v e  c o n t i n u i t y ,  b u t  
i n s t ead  has a d i f f e r e n t  approach f o r  determining a e s t h e t i c  q u a l i t i e s  such a s  
smoothness and f a i r n e s s .  

The r o u t i n e  genera tes  the s p l i n e  by taking th ree  success ive  d a t a  p o i n t s  (Pi-1, 
P i ,  P i + l ) ,  c a l c u l a t i n g  the parametr ic  l o c a t i o n  of a c i r c l e  c e n t e r  R ,  which pas ses  
through the p o i n t s ,  and cons t ruc t ing  a n  a r c ,  of r a d i u s  R ,  through t h e s e  po in t s .  
With t h i s  information,  the curved a r c  l e n g t h  between d a G  p o i n t s  can be c a l c u l a t e d .  
The va lue  of the  curved a r c  l eng th  f o r  each i n t e r v a l  i s  then s to red .  The r o u t i n e  
then increments a long  the curve one da t a  p o i n t  and r epea t s  the process  f o r  d a t a  
p o i n t s  ( P i ,  P i + l ,  Pi+2). With the except ion  of the two end p o i n t  p a i r s  ( P i ,  P i + l )  
and (Pn-1, Pn),  each p a i r  of po in ts  ( P i ,  P i+ l )  i = 2,...,n-2, w i l l  have two a r c s  
pass ing  through it. This  means t h a t  each i n t e r v a l  ( i ,  i + l ) ,  i = 2, .  . .n-2, has  two 
va lues  f o r  the curved a r c  l eng th  (one f o r  each a r c  t h a t  passes  through i t ) .  The 
rou t ine  determines which of these two curved a r c  l eng ths  i s  l a r g e r  and r e t a i n s  t h a t  
value. 

Once a l l  the  a r c  lengths  a r e  c a l c u l a t e d ,  the t o t a l  a r c  l e n g t h  and paramet r ic  
pos i t i on  of each d a t a  p o i n t  a r e  ca l cu la t ed .  The r o u t i n e  uses  a r a t i o n a l  parameter i-  
za t ion .  I f  the  sum of the curved a r c  l eng ths  i s  S ,  the parametr ic  va lue  of each 
da t a  po in t  becomes the r a t i o  of the s p l i n e  l e n g t h  from the s t a r t  of the curve t o  t h e  
da t a  p o i n t  d iv ided  by S. The parameter "u" w i l l  then range from 0 < u < 1. - - 



The use of the l a r g e r  curved a r c  l eng th  wi th in  each i n t e r v a l  was based on 
C i r c l e  Sp l ines  implementation i n  ESCHER. Be t t e r  mesh p o i n t  spacing is achieved 
using t h i s  scheme. A b e t t e r  parameter iza t ion  may be achieved by using a  func t ion  of 
the two a r c  lengths .  I n  any event ,  using the curved a r c  l eng ths  to c a l c u l a t e  the 
t o t a l  s p l i n e  l eng th  no doubt l eads  to  a  b e t t e r  parameter iza t ion  than the chorda l  a r c  
l eng th  method used by rnos t s p l i n e  rout ines .  

The two a r c  segments passing through each p a i r  of d a t a  po in t s  a r e  blended i n t o  
a  s i n g l e  curve. The user  s p e c i f i e s  the number of subpoin ts  t h a t  w i l l  be used f o r  
the blending opera t ion .  These subpoints  a r e  evenly spaced paramet r ica l ly  a long  the  
curve. The code can a l s o  be used so t h a t  the subpoints  a r e  weighted, e.g., l e f t ,  
r i g h t ,  o r  c e n t e r  weighted. An automatic  scheme whereby the subpoints  a r e  c l u s t e r e d  
i n  a r eas  of varying curva ture  may produce a  smoother blend. 

The da t a  p o i n t s  and the subpoints  rnay be coa l e scen t  a t  p o i n t s  a long the  curve 
without  a f f e c t i n g  the sp l ine .  Because the da t a  po in t s  a r e  allowed to  be unevenly 
spaced, the number of subpoints  t h a t  f a l l  wi th in  a  da t a  p o i n t  i n t e r v a l  may vary. 
The number of subpoin ts  wi th in  an  i n t e r v a l  r ep re sen t s  the number a v a i l a b l e  f o r  a  
p a r t i c u l a r  blending opera t ion.  

Let  a r c - i  r ep re sen t  the a r c  passing through po in t s  (Pi-1, P i ,  P i + l ) ,  and 
arc- i+ l  r e p r e s e n t  the a r c  passing through poin ts  ( P i ,  P i + l ,  Pi+2). Both a r c s  w i l l  
pass  through po in t s  P i  and Pi+l .  For the  purpose of example, suppose 10 subpoin ts  
l i e  wi th in  t h i s  i n t e r v a l .  These 10 po in t s  w i l l  be evenly spaced along the i n t e r -  
va l .  The rou t ine  w i l l  determine how f a r  each subpoint  i s  from poin ts  P i  and P i+ l  
and based on t h i s  information w i l l  c a l c u l a t e  the subpoin ts  p o s i t i o n  r e l a t i v e  t o  the  
two a rc s .  The c l o s e r  a  subpoint  is  to  P i ,  the c l o s e r  i t  w i l l  be posi t ioned t o  
a rc- i .  As the subpoint  placement approaches P i+l ,  t h e i r  p o s i t i o n s  w i l l  move c l o s e r  
to  arc- i+l .  A t  the s t a r t  of a n  i n t e r v a l  the blended curve i s  tangent to a r c - i ,  a t  
the end of the i n t e r v a l  i t  is tangent  t o  a rc- i+ l ,  i n  the  c e n t e r  of the i n t e r v a l  each 
a r c  w i l l  have a n  equal  in f luence  on the subpoint  pos i t i on ing ,  and the p o s i t i o n  of 
the blended s p l i n e  w i l l  be i n  the geometric c e n t e r  of the p lane  defined by the  two 
a r c s .  

I f  Pb equals  the parametr ic  va lue  of a  subpoint  w i t h i n  the  i n t e r v a l  P i  - < Pb - < 
Pi+ l ,  i t s  p o s i t i o n  w i l l  be determined using the fol lowing equa t ions  

Rat io  = (Pb - p i )  / ( ~ i + l  - p i )  

Ratml = 1 - Rat io  

The value of the X-coordinate is  thus,  

XX(i) = R a t m l  * X(i)  + Ratio * X(i+l )  

where X(i)  i s  the X-coordinate of P i  and X(i+l)  i s  the  X-coordinate of P i+l .  YY(i) 
and ZZ(i) a r c  ca l cu la t ed  s imi l a r ly .  Using t h i s  scheme i n t u i t i v e l y  suggests  t h a t  t he  
blended curve can have, a t  most, one i n f l e c t i o n  p o i n t  per  i n t e r v a l .  

Spl ine  smoothness can be measured by examining how w e l l  t h e  c i r c l e  c e n t e r s  
f o r  each a r c  r e l a t e .  Because curva ture  is  the inve r se  of the  r ad ius ,  when the  
curva ture  is  zero,  R w i l l  approach in£ i n i t y .  Thus, the R s  provide an e x c e l l e n t  way 
of moni t o r ing  the curva ture .  Many manufactured i tems c o n t a i n  c i r c u l a r  shapes,  f o r  



example, ho le s ,  rounded edges, e t c . ;  thus ,  the C i r c l e  Sp l ine  i s  w e l l  s u i t e d  f o r  
Computer Aided Manufacturing (CAM). 

The C i r c l e  Sp l ine  is  computat ional ly e f f i c i e n t  and easy to  understand. I t  was 
r e c e n t l y  compared t o  the Wilson-Fowler s p l i n e  i n  two dimensions; i t  compared favor-  
a b l y  f o r  most a p p l i c a t i o n s ,  hut  a s  might be expected,  pa tho log ica l  c a s e s  e x i s t e d  
where each r o u t i n e  produced b e t t e r  r e s u l t s .  C i r c l e  Spl ine  can be used i n  both two 
and th ree  dimensions and i t s  a p p l i c a b i l i t y  to  the design and manufacturing process  
makes i t s  f u t u r e  u se  promising. 
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Convex Interpolating Splines of Arbitrary Degree 

Abstract 

Edward Neuman* 
Department of Mathematics 
Southern Illinois University 
Carbondale, Illinois 62901 

1. In curve fitting problems that arise in science or 

engineering we often demand that our approximating function be 

shape preserving in the sense that the approximation is convex 

when the data are convex or that the approximation is monotone 

and convex when the data are monotone and convex. In this paper 

we construct such shape preserving approximations by interpolating 

the data with polynomial splines of arbitrary degree. We 

formulate a regularity condition on the data which insures the 

existence of such a shape preserving spline, we present an 

algorithm for its construction, and we bound the uniform norm 

of the error which results when the algorithm is used to produce 

an approximation to a given f E C[a,b]. 

2. Let A~ : a = xo < xl < . . .  < x = b denote an arbitrary n 

but fixed partition of the interval [a,b] with knots xi, let 

hi = X i+l - X i ' i = O,l,. .. ,n-1, and let h = max hi. Let 

Sp(k, e ,  A,) denote the space of polynomial splines of degree k 

and deficiency k - R and assume that k = 3 , 4 ,  . . .  and R = 1, ..., 
[ ( k  - 11/21 

*On leave from the Institute of Computer Science, University of 
Wroclaw, Poland. 



Given r e a l  d a t a  ( x o , f 0 ) ,  . . . , ( x n y f n )  we seek  s E Sp(k,  2 ,  A n )  

such t h a t  

(PI  s ( x i )  = f i y  i = 0 1  . n and s i s  convex on [ a , b ]  . 
The e x i s t e n c e  of  a  s o l u t i o n  t o  (P )  depends on t h e  v a l u e s  of  

- ui  - ( f i r l  - f i ) / h i ,  i = O , l , .  . . , n - 1 .  

To c o n s t r u c t  s we s e t  

(1 1 s ( x )  = s i ( x ) ,  xi  - < x - < x i+l9 i = O , l , . .  . , n - 1  

where 

(2 I s i ( x )  = f i e o ( t )  + f i+ ,s1( t )  + hi [p iyo( t )  - y ( ~ I I ,  

t = (X  - xi)/hiY 

where P O , P 1  - ,Pn a r e  paramete rs  t o  be determined l a t e r  and 

1 
e o ( t )  = ~ ; ( s ) d s ,  

t m  
Q l ( t )  = J Mk ( s l d s ,  

t 0 

where M: denote  t h e  B- sp l ine  of  degree  i - 1 w i t h  kno t s  

- 0 = to  - ... - - - - - 
' t j + l  * * *  

- t i  = 1. C l e a r l y  s E Sp(k ,  2 ,  An) 

wi th  R = minfk-m-1, m )  - < [ ( k  - 1 ) / 2 ] .  

Theorem 1. The s p l i n e  f u n c t i o n  s g iven  by (1) - (2) s o l v e s  

t h e  probiem ( P j  i f  and on ly  i f  

f o r  i = 0 1  . - 1  I f  i n  a d d i t i o n  po  - > 0, t h e n  s i s  a l s o  

nondecreasing on [ a , b ] .  



3. The parameters pi which appear in (3) can be constructed 

as follows. We initially define 

koi - (m + 1 ) 0 ~ + ~  - - 
Y i = 0,. . . ,n-2, - - 

'i 'n- 1 - Rn - -00 

k-m-1 

and then for each i = O,l, ..., n set ci = max{ui, Lil, 

di = min{vi, oil. 

Theorem 2. Let ol 2 oo and let on = +m. If 

(m + 1) bicl - oi) - > (k-m-1) (ai - oi- i = l,. . . , n-2, 
then ci - < di, i = 0 ,... , n  and any choice of pi E [ci, di], 

i = 0,. . . ,n makes (1) - (2) a solution of (P). 

4. The error which results when the.above procedure is 

used to construct a polynomial spline approximation to a continuous 

function f may be bounded as follows: 

Theorem 3. Let f E C[a,b] be nondecreasing and convex on 

[a,b], and let s be the spline interpolant produced by using 

(1) - (3) with f = f (xi), i = 0,. . . ,n and with po > 0.  The2 i - 

IIf - < Y ~ , ~ ~ ( ~  ;h) 

where (f ; - )  is the modulus of continuity of f and 
1 

= 1 + A-k/m and 7 k- 1 
Yk,m - ( ) z - ~  < A  - < 1. 

Moreover, for k = 2q - 1 and m = q - 1 (q > 1) 
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A NATURAL BIAS APPROACH TO CARDINAL SPLINE CURVES* 

G. Yates Fletcher and David F. McAllister 
North Carolina State University 

Raleigh, North Carolina 

The cardinal spline approach to defining interpolatory curves has been of recent 
interest in the application of computer graphics to modelling and animation problems 
[I], [ 2 ] .  In our formulation of this interpolation problem (C) we desire to obtain 
a vector valued function V which forms a ~1 map from [0,n] into the plane in such a 
way that V(i) and V'(i) attain prespecified (vector) values P i  and Ti for the 
integers i=O, 1,. ..n. The intent is that the planar curves V(S) pass through each 
point P in the direction corresponding to T . In actual practice it is common for 

i i 
only the interpolation points P to be user specified. Suitable tangents T are then i i 
provided by some heuristic to complete the specification of (C). If, for instance, 
the Ti values are computed as 

(each tangent is the average of the incoming and outgoing chord vectors to the adja- 
cent points), then the solution to (C) is the Catmull-Rom spline. Once the tangents 
T. have been defined we may write the cardinal spline curve V(s) as a collection of 
1 

segments 

where each curve segment Vi is a Hermite interpolant which may be written simply in 
terms of the cardinal Hermite basis. Defining a vector function of a real variable 
s by 

we may wr'ite 

For most applications the magnitudes of the tangents T can be allowed to vary 
without effecting their primary function which is to furnisd a suitable direction for 
the interpolating curve at each node. The effects of these variations on the resulting 
curve are perceived subjectively as "shape" changes. They do not alter the funda- 
mental property of such curves - that they possess a continuously varying unit tangent 
vector. The effects are best understood by considering a single section of the curve 
which passes through points P and P with tangents T and TI. In general, increasing 

0 1 0 
the magnitude of a tangent vector forces the interpolating curve to "stay closer 
longer" to the line on which the tangent vector lies. Thus increasi.ng the magnitude 
of one tangent at the expense of the other will "pull" the curve in its direction. 
This effect is called "bias." Increasing the magnitudes of both tangents proportion- 

*Research supported in part by NASA Grant NAF-103-S4. 



ally, forces the bend more toward the middle; decreasing the magnitudes allows the 
curve to "leave the tangent directions sooner" and causes a flattening effect called 
"tension." A discussion of these effects is given in [ 3 ] .  

The important issue here is the point of view that the salient feature of the 
tangent vectors is the "direction" they impart to the curve and that their magnitudes 
may be adjusted to effect shape control. A natural question to ask in this context 
is the following - given the two endpoints and corresponding tangent directions which 
define a segment on the curve, what should be the default bias, i.e. the ratio of 
their magnitudes which serves as a base for further adjustments? We feel that this 
question has a natural answer based on the geometry of each curve segment, one that 
yields curves with interesting and desirable shape properties. We give a brief sum- 
mary of our treatment. 

Given a segment with endpoints P and P1 and tangents T and T we solve the 
equation 

0 0 1 

for scalar values x and y. There are three primary cases to consider: 

i) xy > 0 
ii) xy < 0 

iii) (3) has no solution 

Other cases occur when T and T lie on the line containing Po and PI and are degene- 
0 .1 racies which we discuss separately. For case i) we rescale To andT as xT and yT 

0 respectively. For cases ii) or iii) we solve (3) with To replaced by To , its 1 

"reflection" in the line containing Po and P1. The x and y thus obtained will now 
satisfy xy > 0, and we proceed as before rescaling To (the original To) as xTo and 
TI as yT This rescaling is the means by which a ltnatural1l bias for the segment is 

1 ' 
obtained. See figure 1. 

When the new tangents are multiplied by a common "tension" factor t, the resulting 
curve segment defined by (2) has the following properties which form our justification 
for using the word "naturall1 to describe the biasing technique. 

For case i) 

- For t = 3 the segment has zero curvature at both end points P and PI. 
0 

For t < 3 the segment will have no inflection points (changes of conca- 
vity). For t > 3 the segment will have exactly two inflection points. 

- For t = 2 the 3rd order terms vanish and the resulting curve is in fact 
a parametric quadratic. 

- For t = 6 the segment will have a cusp where the curve parameter s = .5. 

For cases ii) and iii) 

- The curve will intersect the line segment S connecting Po and P1 exactly 
once (let Q denote this point). 



- The maximum deviations of the curve from S on either side of Q will be 
the same. 

- For t = 3 the tangent to the curve at Q is perpendicular to S. 

As a consequence of our results for segments falling under case i) we can prove 
the following theorem. 

Let PI, P2, . . . Pn be vertices of a convex planar polygon P given in order of 
adjacency, and let tangents Ti be defined by (1) with 

T = T  and 
Tn+l 

= TI 
0 n-1 

The closed cardinal spline curve (whose segments are defined by (2) where the tangents 
are biased by the procedure we have outlined and controlled by a tension factor t) 
will form the boundary of a convex set C containing P for any value of t such that 
O < t < 3 .  

In short, a convex control polygon will yield a convex interpolant. We can also give 
examples where the interpolant fails to be convex if the tangents are left unbiased. 
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B6zier curves are a popular and well established tool in Computer Aided 

Geometric Design. One of the major drawbacks of the Beiier method, however, is that 

the curves often bear little resemblance to their control polygons. As a result, i t  

becomes increasingly difficult to obtain anything but a rough outline of the desired 

shape. One possible solution would be to manipulate the curve itself instead of the 

control polygon. The following paper introduces into the standard cubic BQier curve 

form two shape parameters, 71 and y2. These parameters give the user the ability to  

manipulate the curve while the control polygon retains its original form, thereby 

providing a more intuitive feel for the necessary changes to  the curve in order t o  

achieve the desired shape. 

A 4 th order (3 rd degree) Bdzier curve [BEZI72] is defined as 

for O < t L l  

where 

and the pi's are vertices of the Bdzier control polygon. Expanding [I] gives: 

C(t) = 4,(t)po + 4l(t)Pl + 42(t)P2 + 43(t)P3 

In matrix form, [CLAR81] the cubic Bdzier becomes: 



where 

T is the primitive polynomial basis 

M is the basis change matrix and 

P is the geometry vector 

Two important properties of the B6zier curve are 

The first property is necessary for translational and rotational invariance. This means 

the curve will be independent of the choice of the coordinate system. In addition to  the 

first property, the second property is necessary for the curve to  lie within the convex 

hull generated by the vertices of its control polygon. 

Evaluating C(t) a t  its endpoints (t = 0, t = 1) we get 

In a similar manner when we evaluate C r ( t )  a t  its endpoints ( t  = 0, t = 1) we get 

cr(l) = 3 ( ~ 3  - ~ 2 )  

By examining Cr  (0) and Cr( l )  we can see that the cubic BGzier representation 

expresses the tangents a t  the endpoints in terms of difference vectors between two 

geometric points multiplied by a constant. Therefore equation [7] can be rewritten as 



where 7 = 3 in the case of the cubic BQier curve. 

Now suppose we allow a different 7 for C ' (0) and C ' (1). For example 

C' (l) = 72(~3  - ~ 2 )  

How does this new change affect our original C(t)? What are the new (bi(t) needed to  

maintain the two previously stated properties? 

The effect on C(t)  can be observed by looking a t  the new basis change matrix M,. 
Substituting into equation [3] we get 

C(t)  = T M, P 

where 

Expanding yields 

C(t)  = $Jo(t)po + +l(t)Pl + $Jdt)P2 + @3(t)p3 

where 

q!Jo(t) = (1 - t)2(1 + 2t - 7lt) 

Note that Cq!Ji(t) = 1 O < t 5 1  
1 

and $i(t) > 0 0 5 t 5 1 ,  i f 0 < r l , r 2 L 3  



The restrictions of 71 and 72 are necessary in order to maintain the convex hull 

property. If ql 72 > 3 convexity may still be maintained, but is not guaranteed as it 

is with the standard BGzier curves (Figure 1). The reason the convex hull property is 

desirable is that it gives the designer an initial feel for the shape of the curve. Once the 

rough outline has been drawn, however, this criterion may be temporarily sacrificed. In 

Figure 2 we can see the rough outline of an airfoil. Figure 3 demonstrates a typical 

refinement process and Figure 4 shows the completed design. After the final design is 

reached, or a t  any intermediate step, it is possible to generate the new Beiier control 

polygon for the existing curve, thus producing a natural method of step-wise 

refinement. 

This work was supported by Control Data Corporation under grant 81PO4. 
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Figure 2: Rough Outline Using Standard Beiier Curves 



Figure 3: Refinement Process 

Figure 4: Completed Design with Original Control Polygon 



Triangular Bernstein-BBzier Patches, 
A Survey and New Results 
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Triangular Bernstein-Bkzier patches are an alternative to the standard rectangular ones. They are maps of 
triangular domains into H3, where the patches are described by control nets similar to the rectangular case. 
One difference is the definition of surface normals at the patch corners: rectangular patches have inherent 
problems with so-called degenerate corners, i.e. edges collapsing into one point. Triangular patches do not 
have these problems. Since triangular shapes arise rather frequently in the design of complicated surfaces 
(e.g. interior car body panels), it seems that for such surfaces triangular patches are a promising addition 
to the usually employed rectangular patches. 

Another major application is the formulation of interpolants to solve the scattered data problem: here 
Bernstein-Bdzier patches provide a very powerful tool; they can be used to discover new schemes as well as 
to discover new properties of existing methods. 

A survey of known results is given, including 

Subdivision: The recursive evaluation of triangular Bernstein-BCzier patches generates control nets for the 
three subtriangles of the original patch that are generated by the point of evaluation. This algorithm is 
important for applications such as contouring and rendering: since every patch is contained in the convex 
hull of its control net, a simple rejection procedure exists. If a patch cannot be rejected, it will be subdivided 
and the rejection test will be performed for all subtriangles. 

Continuity conditions: For complicated surfaces, continuity of adjacent patches must be ensured. Conditions 
for continuity of arbitrary order are derived from the recursive evaluation procedure. In the design of surfaces, 
simple continuity is sometimes too restrictive and the concept of "visual continuity" must be invoked. This 
means that along common patch boundaries, tangent planes from both patches must coincide, but partials 
or directional derivatives need not be coplanar. Smoothness conditions of this form are easily formulated in 
terms of control nets. 

Connection to rectangular patches: For hybrid surfaces, composed of both rectangular and triangular patches, 
continuity conditions must be established. In most cases this again means "visual continuity". The resulting 
conditions are similar to the ones for triangleltriangle conditions. 

1 
Interpolants in Bernstein-Beiier form: Triangular interpolants, such as the Clough-Tocher element, are 
presented in Bernstein-Bkzier form. These interpolants aim at the solution of the scattered data problem 
and define a surface that is piecewise defined over a triangulation of the given data points. The surface 
will be a Bernstein-BCzier patch over each triangle and will satisfy certain imposed continuity conditions. 
The Bernstein-Bkzier method turns out to be a very useful tool in analyzing such interpolants as well as 
facilitating their development. 



Several new results are presented, including 

Interpolants i n  three or more dimensions: New generalizations of the above interpolants are presented. These 
have applications in scientific computing such as interpolation to measurements collected from 3D data sites. 
These data sites will be tessellated into tetrahedra and a piecewise polynomial surface will be defined over 
each of them, again with certain imposed continuity conditions. The Bernstein-BCzier form facilitates the 
construction and understanding of these interpolants considerably. Higher dimensional problems can be 
handled by an inductive generalization of the two- and three-dimensional interpolants. 

Reflection lines for Bernstein-B&er triangles: Reflection line simulation is a particularly effective surface 
interrogation tool. Its origins are in the car industry, where the aesthetics of a car body are judged by 
the reflection pattern generated by a set of parallel fluorescent light bulbs. Bernstein-BBzier patches lend 
themselves easily to the computation of reflection lines. 

The solvability of interpolation problems: Interpolants over arbitrary triangulations are of interest in the field 
of scathered daba interpoialion. Tne dimensions of the underlying linear spaces are unknciwn. So of course 
Espline-like basis functions are not known either. Some recent progress is described. 2 
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A UNIFORM SUBDIVISION METHOD FOR 
TRIANGULAR BEZIER PATCHES 
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1. Introduction 
Bdzier curves and tensor-product Bdzier surface patches have been used 

extensively in the computer graphics/computer aided design community for the 
modeling of physical objects for automated design. In 1980, Lane and Riesenfeld 
[Lane-Riesenfeld, 19801 presented algorithms for the evaluation of Bdzier curves and 
surfaces, and showed how these algorithms could be used in solving many of the 
geometric problems in CAD, and how they could be used in the computer graphic 
rendering problems for such surfaces. These algorithms were based upon an elegant 
subdivision technique, which was developed directly from the mathematical properties 
of the Bdzier curve. This technique allows the manipulation of a curve/surface 
without the need to evaluate the blending functions and their derivatives. 

Triangular Bdzier patches have also been studied for the same reasons. Farin 
[Farin, 19821 has used them successfully in the interpolation of scattered 3-d data and 
Petersen [Petersen, 19841 has recently exhibited their use in a contouring algorithm. 
Subdivision of these patches has centered on a method [Farin, 19821 which 
subdivides the patch into three subpatches using intermediate control points 
calculated by the de Casteljau algorithm [de Casteljau, 19591. However, due to  the 
fact that one side of each of the three subtriangles is one of the sides of the parent 
triangle, the sides of the resulting subtriangles do not reduce uniformly in length. 
This implies that the polygonal rendering algorithms [Lane-Carpenter, 1979; Blinn, 
Carpenter, Lane, Whitted, 19801 (which require surfaces to  be subdivided until they 
are flat) cannot be used with this subdivision method. (It is noted that Petersen used 
this method in his contouring algorithm, however, an extra subdivision step was 
added to  insure that the lengths of the sides reduced uniformly.) 

This paper presents a subdivision method for Bdzier triangles that parallels the 
development of Lane-Riesenfeld for Bdzier Curves. The method is developed from the 
mathematical description of the patch, and the resulting algorithm does not require 
evaluation of the blending functions. This method subdivides the triangle uniformly 
so that the lengths of the sides of the subtriangles are uniformly reduced. This 
method is a member of the class of methods first presented by Goldman [Goldman, 
19831, which contain subdivision methods that arise from degenerate subdivision of 
Bdzier tetrahedra. In this paper, we show that a certain method is a natural 
extension of the Lane-Riesenfeld results for Bkzier curves. 

The Bdzier triangle of degree n ,  defined by the set of control points 
= { P i , j , k  : i +  j +k =n ) over the triangle T is given by 



where 

n ! i j k  
Bi, j ,t ( ~ 1 1 ~ 2 1 ~ 3 )  = ,. ! ! k ! PI  PZ ~3 

are the bivariate Bernstein polynomials of degree n ,  using the barycentric coordinate 
system defined on the triangle T .  

3. Subdivision of BBzier Triangles 
Consider the triangle T with vertices P1,  P2,  P3, where Pi r R ~ .  Let T be 

parameterized by the barycentric coordinates ( / A ~ , P ~ , P ~ ) .  Consider the subdivision of 
T given by the following sets 

1 P c T : P = p1 Pl+p2P2+p3P3, where p3 > P I  > 0, ~2 > 0 

1 1 
P r T : P = p1 P1+p2P2+p3P3, where P I  L -, ~2 I -, 143 5 - 

2 2 2 

The subdivision algorithm then proceeds as follows. 

Subdivision Algorithm 

Let P = { P i r j t k  : i + j +k =n ) be a polygonal mesh defined over the triangle 
T and let 

p.lnrljn2snJ 
I-1,J  +l,k I 

[n n -1,nJ 
Pi, j?l,i+l I 

[n1,npn3-11 
Pi+l, j , k - 1  1 

I - 

Then 

I ( p . l n 1 - l , n 2 ~ n J  
2 " J  ' k  + 

1 [n1,n2-l,nJ 
- 2 (pi,j ,k + 

1 [n  n n -11 - ( p .  . l1 2 a 2 1.8J ,k + 

, Pi,j,k 



B,(P  ; T )  = B,(G, ; T i ) ,  for i = 1 ,  2 , 3 , 4  

where 

g l  = { p i ! E I O l k ~  : i +k =n  , m = 0, ..., 

Lemma 

Q i , , , k  : i + j+k = n be the control points for the subdivided I 
Bkzier triangle over T 4 ;  then we have 

I Q i + ~ , j , k - Q i , j , k  I 5 M 

I Q i , j + l , t - Q i , j , k  I L M 

I Q i , j , k + l - Q i , j , t  I L M 

where 



4. Bibliography 

[Bdzier, 19721. Bdzier, P.E., Numerical Control -- Mathematics and Applications, John 
Wiley and Sons, London, 1972. 

[Blinn, Carpenter, Lane, Whitted, 19801. Blinn, J.F., L.C. Carpenter, J.M. Lane, and T. 
Whitted, Scan Line Methods for Displaying Parametrically Defined Surfaces, CACM, 
Vol. 23, NO. 1, 23-34. 

[Boehm, 19841. Boehm, W., G. Farin and J. Kahmann, "A survey of curve and surface 
methods in CAGD," Computer Aided Geometric Design 1(1), (1984), 1-60. 

[de Casteljau, 19591. de Casteljau, P. Courbes et Surfaces a Poles, S.A. Andre Citroen, 
Paris. 

[Farin, 19801. Farin, G., "Bdzier Polynomials over Triangles," Technical Report 91, 
Department of Mathematics, Brunel University, Uxbridge, UK. 

[Farin, 19821. Farin, G. "Smooth Interpolation to Scattered 3D Data," Surfaces in 
Computer Aided Geometric Design, R.E. Barnhill and W. Boehm (eds.), North- 
Holland Publishing Company, 1983, 43-63. 

[Goldman, 19831. Goldman, R.N., Subdivision Algorithms for Bdzier Triangles, Computer 
Aided Design, 15, 159-166. 

[Joy, 1985). Joy, K.I., Bdzier Triangles, Technical Report CSE-85-3, Computer Science 
Division, Department of Electrical and Computer Engineering, University of 
California, Davis, California, January, 1985. 

[Lane-Carpenter, 19791. Lane, J.M. and L. Carpenter, A Generalized Scan Line 
Algorithm for the Computer Display of Parametrically Defined Surfaces, Computer 
Graphica and Image Proceaaing, 11, 1979, 290-297. 

[Lane-Riesenfeld, 19801. Lane, J.M. and R.F.Riesenfeld, A Theoretical Development for 
the Computer Generation and Display of Piecewise Polynomial Surfaces, IEEE 
Transactions on Pattern Analyais and Machine Intelligence, Vol. PAMI-2, No. 1, 
January, 1980, 35-46. 

[Petersen, 19841. Petersen, C.S., Adaptive Contouring of Three-dimensional Surfaces, 
Computer Aided Geometric Design, Vol. 1, July 1984, 61-74. 



An Intuitive Approach to 
Geornet ric Continuity for Parametric 

Curves and Surfaces 

(Extended Abstract)t 
Tony D. DeRose 
Brim A. B m k y  

Berkeley Computer Graphics Laboratory 
Computer Science Division 

Department of Electrical Engineering and Computer Sciences 
University of California 

Berkeley, California 94'120. 
U.S.A. 

ABSTRACT 

Parametric spline curves and surfaces are typically constructed so that some number 
of derivatives match where the curve segments or surface patches abut. If derivatives of up 
to order n are continuous, the segments or patches are said to meet with Cm, or nth order 
parametric coniinritp I t  has been shown previously that parametric continuity is sufficient, 
but not necessary, for geometric smoothness. 

The geometric measures of unit tangent and crraatare vectors for curves, and tangent 
plane and Drpin indicatrit for surfaces, have been used to define first and second order 
geometric continritg(. In this work, we extend the notion of geometric continuity to arbitrary 
order n (G") for cunres and surfaces, and present an intuitive development of constraints 
equations that are necessary and suf5cient for it. The constraints result from a direct 
application of the univariate chain rule for curves, and the bivariate chain rule for surfaces. 
The constraints provide for the introduction of quantities known as d a p e  parameterr. 

The approach we take is important for several reawns: First, it generalizes geometric 
continuity to arbitrary order for both curves and surfaces. Second, it shows the fundamental 
connection between geometric continuity of curves and geometric continuity of surfaces. 
Third, due to the chain rule derivation, constraints of say order can be determined more 
easily than derivations based exclusively on geometric measures. 

In recent years, computer-aided geometric design (CAGD) has relied heavily on mathematical descrip- 
tions of objects b d  on parametric rplinct. Spline curves are typically constructed by stitching together 
nnivariate parametric functions, requiring that some number of derivatives match a t  each joint (the points 
where the curve segments meet). If n derivatives agree at a given joint, the parametrizations there are said 

Thin work w m  rupported in put  by the Defenae Advanced Research Projuts Agency unda contract number NOOOSS-82- 
G02S5, the National Scic~ce Foundation under grant rmmba ECS-B204S81, the State of California under 8 Microelectromcs 
Innovation and Computes Research Opportuniticl grant, and a Shell Doctoral FdlawsEp. 

t ~ b e  complete paper app- id. 



to meet with nth order parametric coftt i~ait# (C" continuity for short). I t  hm been previously demonstrated 
(see for instance) that parametric continuity can be overly restrictive for many applications. To 
remedy this situation, another notion of continuity must be developed, one based on the geometry of the 
resulting curve or surface. We shall refer to this m geometric eonthai t~ .  

I t  has recently come to our attention that many authors have independently defined this kind of conti- 
nuity of first and second order (which we denote by G' and @, respectively) for curves and/or surfaces using 
geometric means. For curves, Fowler & Wilson9, Sabinls, Manning", Faux & Pratt8, and Barsky' each 
independently defined first order continuity by requiring that the anit tangent oectorr agree at the joints. 
To achieve second order continuity, both the unit tangent and caroatarc vectors were required to match. 
Nielson's v-spline" possesses a similar kind of continuity. For surfaces, it is common to require matching 
of tangent planer for first order continuity (cf. Sabin" and Veron et dl5). For surfaces of second order 
continuity, Veron et a1 and KahmannIo require continuity of normal caroafrrc in every direction, a t  every 
point on the boundary shared by the constituent surface patches. As Veron et al and Kahmann each show, 
this is equivalent to requiring that the Dapim indicaftirc of each patch agree a t  the boundary curve. 

Although the geometric approaches described above are convenient and intuitive for flrst and second 
order continuity, a more algebraic development is better suited to the extension to  continuity of higher order. 
The approach we take is based on the following simple idea: 

PI: Don't base continuity on the patsmetricstions at hand; repanunetrice, if necessary, to ob- 
tain parametrizations that meet with parametric continuity. If this can be done, the original 
parametrhtims must also meet smoothly, a t  least h a geometric sense. 

The above concept is not a new one; similar principles have been discussed by Farin7 and Veron et all5. 
What is new is the use of the principle to construct constraint equations (to be known as the Beta conrtraintr) 
that are necessary and sufficient for geometric continuity of arbitrary order for both curves and surfaces. $ 

In this paper, we extend the notion of geometric continuity to arbitrary order n (G") and show (in 
a nonrigorous way) that the derivation of the Beta constraints results from a straightforward use of the 
univariate chain rule for curves and the bivariste chain rule for surfaces. This approach therefore provides 
new insight into the nature of geometric continuity and shows that geometric continuity of curves and surfaces 
need not be treated separately; the same basic principle of reparametrization applies to both. We also argue 
that, for 5rst and second order continuity, the Beta constraints are equivalent to the geometric measures 
described above. However, due to chain rule derivation, the constraints are obtained with less effort using 
our method. For a more complete treatment, the reader is referred to Barsky & D e R o ~ e ~ - ~  

2. Geometric Continuity for Curves 

We begin the study of geometric continuity for curves by examining the reparametrization process. 
Two parametrizations are said to be GO-eqsiodent if they have the same geometr~ (shape) and orientation 
(direction of tangent vector) at each point. Given a particular parametrization, all GO-equivalent parame- 
trization~ may be obtained by fanctionrl comporition More specifically, if q(u) and G(ii) are GO-equivalent, 
then they are related by G(Z) = q(u(Z)), for some appropriately chosen donge  of parameter u(Q). Since 
q and 4 must have the same orientation, u must be an increasing function of 5, implying that u must 
satisfj the orientation prereroing condition ull) > 8 (in general, superscript ( i )  denotes the ith derivative). 
A univariate parametrization is regular if the first derivative vector does not vanish. I t  is well known from 
diierential geometry6 that regularity is, in general, essential for the smoothness of the resulting curve. We 
will therefore restrict the discussion to regular parametrizartiorns. We now give a more precise deflnilion of 
G" con t inuity: 

T. Goodman and L. Ramshaw have independently derived the univariate Beta constraints from the 
univariate chain iule. 

7 2 



Deflnitlon 1: Let r(t), t E [to, tl] and q(u), u E [uo, 111 be two parametritstions such that r(tl) = q(uo) 
(see Figure 1). Tbese parametricstions meet witb P continuity a t  J if and only if there exist GO-eqnident 
parametritstions P('i) and t(G) that meet with Cn continuity. 

Definition 1 is simply a restatement of principle PI, but in practice one cannot examine all GO-equivalent 
parametrizations in cm egort to find two that meet with parametric continuity. However, it is possible to find 
conditions on r and q that are necessary and suscient for the ezirtcna of GO-equivalent parametrizations 
that meet with parametric continuity. 

Due to the compositional structure d equivalent parametrizations, the derivation of the Beta constraints 
essentially reduces to an application of the chain rule. In particular, the chain rule is used to express 
derivatives d 6 in terms of derivatives of q. For example, the Beta constraints for G4 continuity for the 
situation shown in Figure 1 are: 

where > 0, &, P3, /34 are arbitrary real numbers. 

The right side of the first equation of (2.1) represents the derivative of written in terms of the derivative 
of q, where the substitution u(') = B1 has been made. Thus, B1 determines, to  first order, the function 
u(G) in the neighborhood of the joint. Similarly, the right side of the second equation of (2.1) represents the 
second derivative of expressed in terms of derivatives of q, where u(') has been given the value h at the 
joint. This process is continued for the higher order constraints. 

Although the first two equations of (2.1) were derived using the chain rule, they are identical to the con- 
straints resulting from a geometric derivation of unit tangent and curvature vector continuity, respecti~ely '~~~. 
Thus, our approach reduces to previous definitions of C1 and G' continuity. 

In general, a property of the chain rule can be used to easily show that for nth order geometric continuity 
for curves, n rhape parameterr B1, ..., B, are introduced3. The quantities PI, ..., /?,, are called shape parameters 
because they can be made available to a designer in a CAGD environment to change the shape of curves and 
surfaces. Since geometric continuity provides for the introduction ot shape parameters, it may be desirable 
to generalize existing spline techniques to obtain their geometrically continuous analogues. For instance, the 
Beta-spliiel~' is an approeimotiag technique that possesses shape parameters; sn interpolating technique is 
described in DeRose & Barsky4. Faux & Pratt8 and Farin7 use the extra freedom allowed by geometric 
continuity to place Btaer  contrd oerticer. 

3. Geometric Contiuuity for Surfaces 

A parametric surface patch b defined by a b i i i a t e  function such as G(u, u) = (z(u, u), ~ ( u ,  v), z(u, u)), 
where u and v are allowed to range over some region of the uv plane. Such a parametrization is r q d a r  if 
the first order partial derimtives are linearly independent. Nth order parametric continuity of two surface 
patches requires that all like partial derivatives of order up to n agree for each point of the boundary curve. 
Superscript (i, j) will be used to denote the I * ~  partial with respect to the first variable, and the f partial 
with respect to the second. Just as for curves, parametric continuity is aufftcient for geometric smoothness, 
but can be overly restrictive. 

The notion of reparametrization aa a basis for the determination of continuity can readily be extended 
to surlsces by making a definition analogous to Definition 1. The biuariate chain rde  can then be used to  
determine constraint equations. However, instead of shape parameters being introduced, a property of the 
bivariate chain a l e  shows that n(n+3) l a p  ffinctiow are introduced when two surface patches are stitched 



together with Gn continuity. Referring to the situation of Figure 2 and using the bivnriate chain rule, one 
can show that F(u, v )  and G(r, t )  meet with G1 continuity if and only if 

holds for each point P of 7 where the Jape  f r n c t i o ~ ~  ,801,@10, &I satisfy the orientation preserving 
condition /900B11 -PloPol > 0. The shape functions determine how derivatives of G are related to derivatives 
of a GO-equivalent parametrization (6) that meets P with flrst order parametric continuity. Although 
equations (3.1) were derived from the bivarhte chain rule, they also have geometric significance. Mote 
speciftcally, they are necessary and sufficient conditions for tangent plane cantinaity between F and G. Thus, 
the abstract algebraic approach of reparametrization and the chain rule agrees with geometric intuition for 
i rs t  order continuity of surfaces. 

It can be shown that the constraints resulting from the chain rule approach are equivalent to requiring 
that the Dupin indicatrix of the patches match dong the boundary curve. Thus, the chain rule approach 
agrees with geometric intuition for both G1 and (=1 continuity. Moreover, the chain rule approach yields the 
second order constraints with less effort than the geometric approach. For higher order continuity, geometric 
intuition becomes more feeble, but the chain rule approach still applies. 

4. Conclueion 

We have deined nth order geometric continuity for parametric curves and surfaces, and derived the 
Beta constraints that are necessary and sufecient for it. The derivation of the Bets constraiats is based 
on a simple principle of reparametrization in conjunction with the u n i d a t e  chain rule for curves, and 
the bivariate chain rule for surfaces. This approach therefore uncovers the connection between geometric 
continuity for curves and geometric continuity for surfaces, provides new insight into the nature of geometric 
continuity in general, and allows the determination of the Beta constraints with less effort than previously 
required. 

The use of the Beta constraints allows the introduction of n shape parameters for curves, and n(n + 3) 
shape functions for surfaces. The shape parameters and shape functions may be used to modify the shape of 
a geometrically continuous curve or surface, respectively. However, geometric continuity is only appropriate 
for applications where the particular parametrization used is unimportant since parametric discontinuities 
are allowed. 

Figure 1: The panmetrizutionr r and q meet at Flgun 2: The rurface patdeo created by F and 
the common p in t  r( t1)  = q(uo). G meet Qt the boundary carve 7 .  
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URN MODELS AND BETA-SPLINES 

R. N. Goldman 
Control Data Corporation 
Minneapolis, Minnesota 

1. Introduction 

A well-established connection exists between discrete urn models and the 
standard curves and surfaces used in computer-aided geometric design (CAGD) [1],[2], 
[3], [4], [5]. The ~&ier and B-spline blending functions both model elementary 
stochastic processes, and many of the geometric properties of ~6zier and B-spline 
curves and surfaces can be derived by studying these probabilistic models [4],[5]. 
Recently Barsky has introduced a new type of spline into CAGD called the 
beta-spline [6],[7],[8]. The purpose of this paper is to try to gain some insight 
into the properties of beta-splines by applying the techniques of urn models. 

2. Beta-Splines 

Beta-splines are generalizations of B-splines. They were developed in order 
to replace the somewhat artificial concept of parametric continuity by the more 
natural notion of geometric continuity. Brief1 the idea is this: Two curves L(t) 
to<t<tl, - - R(u) ug<u<ul - - are said to meet with ntk-order parametric continuity (Cn) 
if and only if 

Unfortunately this definition depends on more than just the geometry of the curves 
L(t),R(u); it also depends on the specific choice of their parametric 
representations. A linear change of parameter u=tv l>O will not change the shape 
of the curve R(u), but by the chain rule 

Thus R(pv) and L(t) do not meet with nth-order parametric continuity even 
though the curves R($v),R(u) are geometrically identical. To rectify this anomaly, 
the concept of geomekric continuity is introduced. 

Two curves L(t) ,R(u) are said to meet with linear nth-order geometric 
continuity (LGn) if and only if there exists a constantP>O such that 



It is easy to check that the notion of linear nth-order geometric continuity is 
invariant under linear changes of parameter. Of course, this concept is not 
invariant under non-linear changes of parameter. A more general notion of 
geometric continuity (Gn) and more general constraint equations invariant under 
non-linear changes of parameter are given in [8]. 

Splines have typically been defined in terms of parametric continuity, and the 
B-splines form a convenient basis for these parametric splines. The more general 
notion of geometric continuity requires us to search for a new set of basis 
functions suitable for these new types of sglines. These basis functions are 
called beta-splines. We shall now use urn models to construct beta-splines and 
study their properties. 

3 .  An Urn Model for Beta-Splines 

Consider an urn initially containing w white balls and b black balls. One 
ball at a time is drawn at random from the urn, its color inspected, and then 
returned to the urn. If the ball was the jth white ball to be chosen, then 
$j(+b) additional black balls are added to the urn; if the ball was the jth 
black ball to be chosen, then !-j(w+b) additional white balls are added to the 
urn. 

We now introduce the following notation: 

W t = --- = 
wtb 

probability of selecting a white ball on the first trial 

N N 
sj(t) = sj(p,t) = probability of selecting a white ball after selecting 

exactly j white balls in the first N trials 

N N fj(t) = fj((l,t) = probability of selecting a black ball after selecting 
exactly j white balls in the first N trials 

N N 
Bj(t) = Bj(p,t) = probability of selecting exactly j white balls in the 

first N trials 

For each fixed it can be shown that the functions ~!(t), ..., ~i(t) 
are linearly independent polynomials of degree N and they satisfy the constraint 
equations(*) 

k N 
d B.. k k N  P d B .  

The functions ~d(t), . . . ,~&t) are the beta-spline basis functions. If 
p=1, these functions are the uniform B-spline basis functions and the urn model is 
the standard urn model for B-splines [ I ] ,  [ 4 ] .  

Given a sequence of control points P=(PO, ..., PM), we can use these 
beta-spline basis functions as blending functions to construct LG~'~ continuous 
beta-spline curves in much the same way that we use the uniform B-s line basis 
functions to define cN-l continuous B-spline curves. Define the itR curve 



seguient by setting 

and define the beta-spline curve by setting 

,PI (t) = Bi[P ,PI (t) i - < t - < i+l 0 - < i - < M-N 
From the constraint equations (*) it follows immediately that 

Thus B[P ,P] (t ) is an L G ~ - ~  continuous beta-spline curve. 

Without moving the control points, we can alter the shape of the beta-spline 
curve B[l,P](t) simply by changing the scalar parameter g. The effect of 
increasing (3 is to move the curve closer to its control polygon and to.bias the 
curve towards its initial control points. Thus our Q corresponds to Barsky's bias 
parameter [7]. 

In table 1 we summarize those properties of beta-spline basis functions and 
beta-spline curves which are directly derivable from the beta-spline urn model. 
Many of these properties are new and are presented here for the first time. 

4. Conclusion 

Urn models can be used to construct beta-spline basis functions and to derive 
the basic properties of these blending functions and the corresponding beta-spline 
curves. This is only the beginning; much work remains to be done. Here we have 
dealt only with the simple notion of linear geometric continuity and with the most 
elementary beta parameter. Non-linear geometric continuity leads to additional 
beta parameters and to more complicated basis functions [a]. Whether urn models 
can give us any insight into these higher order concepts still remains to be 
investigated. 
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TABLE 1 - PROPERTIES OF BETA-SPLINE BASIS FUNCTIONS AND CURVES 

Urn - Basis Functions Curve 

1. Probability ==> Z ~fl(t) 3 = 1 ==> Coordinate Free 
Distribution !! 

" 
==> BN(t) , 0 O<t(l 

j 
==> Local Convex Hull Property 

2. Symmetry between ==> Symmetry Formula ==> Curve Symmetry 
white, p and 
black, p -' f )  = B ~ , -  B[P  PI(^) = B [ ~ - ~ , P ~ ~ ~ ~ ~ ~ ~ ]  (~-~+l-t) 

3. Counting ==> Explicit Formulas ==> Recursion Formula 

N- j ==> Locality of End Points 

==> Explicit Recursion Formula 
N- j 

t +G 
(see 4) 

=> Pi does not affect 

j=l dkBi[(I,p] ---- - -- - k=O, 1,. . . , N-1 

tN 
==> Pi+N does not affect 

j=l --- dkBi[p,p] - -- -- k=0.1,. . . .N-1 

4. Relationship ==> Recursion Formula ==> Geometric Construction 
between first BN+l(t) = f;(t)B;(t) Algorithm 
N and first 3 Let i<tli+l 
N+l picks 

Pq(t)*~~+~ J O<j<N 

Then B[P ,PI (t)=P;(t) 

5. Recursion Formula ==> Polynomial Functions ==> Polynomial Spline 

==> Differentiability ==) LGN-l 
Constraints 

6. Linear Inde~endence ==> Linear Independence ==> Locallv Non-Deeenerate 
of first N+i 

- 
rmoments 

==> Polynomial Basis ==> Local Subdivision 
Algorithm 

7. Limitine Conditions Limits Tension/Bias 

1f p = -  at most 1 =-> Lim Bfl(t) - ( ~ - t ) ~  j=O ==> Lim B[(),P](~) is the 
white ball can be I)->- J 

selected. = 1-(1-~)~ j=l $:::On determined by 
= o jH,l po.....pM-wl. 

~f a-0 at most 1 ==> Lim BN(t) = tN j=N =-> Lim BlP,PI(t) is the 
black ball can be 

p ->o 
P->O = l-tN jq-1 

selected polygon determined by 
= 0 j*N-1, N pNL1,.-* ,pM- 

8 .  Adding only balls ==> Total Positivity ==> Variation Diminishing 
of the opposite Property 
color 

9. Two urns each with =-> Independent =-> Rectangular Tensor 
two colors Distributions Product Surfaces 

~y(s,t) = B:(s)B;(~) 
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PARAMETERIZATION IN GRID GENERATION* 

C. Wayne Mastin 
Mississippi S t a t e  University 

Mississippi S t a t e ,  MS 

The mathematical description of a physical object  i s  an absolute necessi ty i n  
solving nearly any problem in computational f l u i d  dynamics o r  re la ted  f i e l d s  where 
one must compute the  numerical solution of pa r t i a l  d i f f e r en t i a l  equations. The 
se lect ion of points on which t o  compute a numerical simulation d i f f e r s  from the  
geometry def ini t ion procedures in computer-aided design. Whereas in  the  l a t t e r  case 
decisions a re  often based on aes the t ics ,  the  d i s t r ibu t ion  of g r id  points f o r  
calculat ing the  solution of par t i a l  d i f f e r en t i a l  equations must be chosen so a s  t o  
include consideration of truncation e r ro r ,  s t a b i l i t y ,  and the  resolution of t h e  
solution near boundary layers  and shocks ( ref .  I ) .  I t  is there fore  important t o  be 
able t o  specify the  d i s t r ibu t ion  of points along a grid l i ne .  

The problem of d i s t r ibu t ing  points along a curve will  now be considered. I t  
wil l  be assumed t h a t  the  curve i s  defined parametrically. The object ive  i s  t o  
s e l ec t  a s e t  of parameter values so t ha t  the  corresponding points on the  curves a r e  
properly dis t r ibuted.  The d i s t r ibu t ion  may be based on some i n t r i n s i c  property of 
the  curve such as  a rc  length o r  curvature. 

Suppose a curve i s  given parametrically by the  equation 

where r = (x ,y ,z) .  The desired s e t  of values f o r  n wi 11 be defined by introducing 
a reparameterization of the  curve 

For each value of t ,  the  a r c  length der ivat ive  d ( t )  wil l  be defined so t h a t  
n 

The function d ( t )  cannot be completely a rb i t r a ry  since i t  must s a t i s f y  

where L i s  the length of the  curve. Since r i s  a composite function of t ,  we a l s o  
have 

*Research supported by NASA Langley Research Center under Grant No. NSG 1577. 



Therefore, when d ( t )  i s  given, the  function n ( t )  i s  the  solut ion of t he  i n i t i a l  
value problem 

This problem can be solved accurately and e f f i c i e n t l y  by various numerical 
algorithms. I t  can be fur ther  noted t h a t  s t a b i l i t y  wil l  be enhanced i f  
r . r i s  an increasing function of n ,  t h a t  i s ,  gr id  spacing increases w i t h  
n n 

uniform increments of n .  The numerical solut ion of t h i s  i n i t i a l  value problem may 
not exactly s a t i s f y  the  condition n(1) = 1. This may be due t o  e r r o r  in t he  
numerical solution o r  the f a c t  t h a t  d ( t )  i s  not exactly normalized by the  above 
in tegral  condition (1 ) .  In e i t h e r  case, t he  solution i s  computed un t i l  the  value 
n = 1 i s  reached, and then the  independent variable t i s  scaled so  t h a t ,  a s  a 
function of the new variable,  n(1) = 1 .  This scaling process wil l  a l t e r  the  g r id  
spacing, b u t  the  r a t i o  of the gr id  spacing a t  any two points wil l  be unchanged. 
Thus, i f  only the r e l a t i ve  spacings a t  points along the  curve a r e  t o  be prescribed, 
no normalization of d ( t )  i s  necessary. An example would be t he  case when equal 
spacing of g r id  points along the  curve i s  desired.  Any constant  value f o r  d ( t )  
would suf f ice .  

The parameterization algorithm has been used t o  d i s t r i b u t e  points along various 
plane curves. For the  f i r s t  example, consider the  curve defined by 

The parameter q i s  introduced, w i t h  x = 4n - 2, and the  i n i t i a l  value problem (2 )  
i s  solved using a fourth-order Runge-Kutta scheme with var iab le  s t e p  length.  The 
following f igures  i l l u s t r a t e  the  e f f ec t  of reparameterization. Figure l ( a )  i s  the  
point d i s t r ibu t ion  resul t ing from equal spacing of the  parameter TI. Figure l ( b )  
has points uniformly spaced r e l a t i ve  t o  a r c  length while l ( c )  concentrates points 
where the  curvature i s  large.  

Figure 1. Grid point d i s t r ibu t ions  f o r  ( a )  uniform n ,  ( b )  d ( t )  = c ,  c = constant ,  
and ( c )  d ( t )  = c / ( l  + 5 1 ~ 1 ) ~  K = curvature. 

The above example was selected because t h e  graph i s  typical  of solut ions  f o r  
problems w i t h  shocks. In such cases a g r id  a s  in 1 ( c )  wi l l  minimize smearing o r  
o sc i l l a t i ons  i n  the  solution.  



The second example applies to the construction of a two-dimensional grid 
between an ellipse and a circle. On each grid line connecting the boundary 
components, a function of the form 

is used with the constants a and b selected so that (1) holds and also the grid 
spacing at the elliptical t = 0 boundary component is some specified value. An 
example of such a grid, with a small uniform spacing at the ellipse, is indicated 
in Figure 2. In this example a curvature-based reparameterization was also used 
to redistribute grid points along the ellipse. Finally, Figure 3 contains the 
plot of the same region with a grid having uniform spacing along every grid line. 
This was accomplished in an iterative process with the reparameterization performed 
in alternating coordinate directions. 

Figure 2. Grid concentration near inner Figure 3. Uniform spacing in 
boundary. both directions. 

Many of the potential applications of reparameterization in grid generation 
have not been addressed. One particularly attractive possibility would be to 
derive a method for generating adaptive grids by selecting d(t) to be a solution 
dependent function. Of course, with this or any grid redistribution scheme the 
skewness of the grid lines and the overall smoothness of the grid should be 
examined. A detailed study of the effect of grid properties on the numerical 
solution of partial differential equations may be found in the following reference. 
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CONTOURING TRIVARIATE DATA 

Sarah E. Stead 
NASA Ames Research Center 

Moffett Field, CA 

George T. Makatura 
Informatics General Corporatidn 

Palo Alto, CA 

ABSTRACT 

In many applications, the data consist of discrete 3-D points at which one or 
more parameters are given. To display contours, the data are represented by a 
continuous function which is evaluated at any point as needed for contouring. We 
present contouring results applicable both to artitrarily spaced data and to data 
which lie on a topologically rectangular three-dimensional grid. We assume that 
the contours are to be described by 3-D display lists for viewing on a dynamic color 
graphics device; that is, they will not simply be projected into 2-D and viewed as 
a static image on a frame buffer. Dynamic viewing of color contours may be essential 
to the proper interpretation of results. 

We assume that the gridded data lie on a topologically rectangular grid although 
two or more nodes may be the same point. This type of gridded data is common in 
computational fluid dynamics. Parametric tensor product methods may be used to fit 
the gridded data and to generate the contours. Rectangular elements are convenient 
but not necessary. For example, there are other methods [ l]  which are effective for 
contouring over tetrahedral elements. 

Various types of contours are helpful in interpreting trivariate data. Since we 
are interested in displays which can be viewed dynamically, we define contours as 
3-D polygons, which are shaded by using polygon fill, or as 3-D vectors. Cross 
sections through the grid can be contoured using vectors or polygons (Figure 1). 
Contours over all grid layers are computed as vectors (Figure 2) or polygons 
(Figure 3). By combining adjoining grid cells into one cell, the amount of display 
list data needed to define the contours can be reduced. This can either speed up 
the dynamics or allow more contours (or other data) to be displayed. If a static 
picture is sufficient, the polygons can be scan-line rendered with transparency 
(Figure 3). An unusual feature that we developed consists of drawing the contours 
for one parameter onto the shape of a contour of a different parameter (Figure 4). 
In Figure 4, the shape is the 0.1 contour of a tricubic function and the gray bands 
indicate the derivative with respect to x of the tricubic function. 

Multistage methods [2,3] for arbitrarily spaced trivariate data allow for 
efficient computation of contours. In these methods, an interpolant or approximant 
is fit to the arbitrarily spaced data and then evaluated at the nodes of a 
rectangular grid. The gridded data are then contoured as discussed above. One 
area where multistage methods have been applied is in geology, where the data consist 
of pollen counts at various depths in cores drilled in the earth. An analogous 
example occurs in well log data from an oil field in which various parameters are 
measured at many depths in each oil well. A similar application occurs in 
experimental fluid dynamics where pressure is recorded at various points on an 



aircraft body during wind tunnel tests. Since these data occur along a surface, 
rather than throughout a volume, different representation methods are required, 
but the same display techniques are relevant. 
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Figure I. Density contours on Figure 2. Pressure contours.
two cross sections.

Figure 3. Pressure contours using Figure 4. Contouring on a contour.

transparent polygons.
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GENERATION OF SURFACE COORDINATES BY ELLIPTIC 

PARTIAL DIFFERENTIAL EQUATIONS* 

Z.U.A.  Warsi 

Department of Aerospace Engineer ing 
Miss i ss ipp i  S t a t e  Un ive r s i t y  
Miss i ss ipp i  S t a t e ,  MS 39762 

The problem of gene ra t i ng  s p a t i a l  coo rd ina t e s  by numerical  methods through 
c a r e f u l l y  s e l e c t e d  mathematical models i s  of c u r r e n t  i n t e r e s t  both i n  mechanics 
and physics .  A review of var ious  methods of coo rd ina t e  gene ra t i on  i n  two and 
three-dimensional Eucl idean spaces  i s  a v a i l a b l e  i n  r e f e r e n c e  1 , and r e f e r e n c e  may 
a l s o  be made t o  t h e  proceedings of two r e c e n t  conferences  ( r e f e r e n c e s  2 and 3) and 
a book ( r e f .  4)  on t h e  t o p i c  of numerical g r i d  gene ra t i on .  

I n  t h i s  paper t h e  problem of gene ra t i on  of a d e s i r e d  system of c o o r d i n a t e s  
i n  a given s u r f a c e  has  been considered which e s s e n t i a l l y  is  an  e f f o r t  d i r e c t e d  t o  
t h e  problem of g r i d  genera t ion  i n  a two-dimensional non-Euclidean space .  The 
mathematical model s e l e c t e d  f o r  t h i s  purpose is  based on t h e  formulae of Gauss 
f o r  a s u r f a c e  and has  been d iscussed  by t h e  au thor  i n  e a r l i e r  p u b l i c a t i o n s  (refs.  
5 - 9 ) .  

The formulae of  Gauss f o r  a s u r f a c e  v=const .  can be w r i t t e n  compactly by 
us ing  t h e  summation convent ion on repea ted  lower and upper i n d i c e s  a s  

where c = ( x , y , z ) ,  T'& a r e  t h e  s u r f a c e  C h r i s t o f f e l  symbols, p ( v )  i s  t h e  u n i t  s u r -  

f ace  normal on t h e  s u r f a c e  v-const. ,  baB a r e  t h e  c o e f f i c i e n t s  of t h e  second fun-  

damental form, and a comma denotes  t h e  p a r t i a l  d e r i v a t i v e  w i t h  r e s p e c t  t o  t h e  

s u r f a c e  coo rd ina t e s  xa(v and t h e  o t h e r  Greek  i n d i c e s  assuming c y c l i c  v a l u e s ) .  

Inner m u l t i p l i c a t i o n  by G~~~~ of equa t ion  (1 ) y i e l d s  

where 

v , a ,  B c y c l i c ,  

"Research performed under g ran t  AFOSR-0185. 



is t h e  second-order d i f f e r e n t i a l  parameter of Beltrami. I n  equa t ion  ( 3 c ) ,  k i v )  

and k a r e  t h e  p r i n c i p a l  cu rva tu re s  a t  a  po in t  on t h e  s u r f a c e  v=cons t .  

Equation (2)  p rovides  t h r e e  coupled q u a s i l i n e a r  e l l i p t i c  p a r t i a l  
d i f f e r e n t i a l  equa t ions  with t h e  C a r t e s i a n  c o o r d i a n t e s  x ,y , z  a s  dependent 
v a r i a b l e s .  These equa t ions  a r e  nonhomogenous with t h e  r i g h t  hand s i d e s  depending 
on t h e  components of both t he  normal and t h e  mean c u r v a t u r e  of t h e  s u r f a c e ,  t hus  
r e f l e c t i n g  some geometr ical  a s p e c t s  of t h e  s u r f a c e  i n  an  e x p l i c i t  manner. 

Some of t he  problems l i s t e d  below have been s o l v e d  s u c c e s s f u l l y  by t ak ing  
equa t ion  (2 )  a s  a  b a s i c  d i f f e r e n t i a l  model. 

I. If t h e  mathematical equa t ion  of t h e  s u r f a c e  i s  a v a i l a b l e  i n  t h e  form 
F(x,y,z)=O, t hen  equa t ion  ( 2 )  can be used t o  i n t roduce  any d e s i r e d  coo rd ina t e  
system i n  t h e  su r f ace .  (For  d i s c r e t e  x ,y , z  va lues  of a  s u r f a c e ,  t h e  form 
F(x,y,z)=O can be ob ta ined  e i t h e r  by a  l e a s t  squa re  o r  p iecewise  approximation 

( ( method. Knowing F(x,y ,z), = 0,  one  can f i n d  kIv) + k1y) a s  a f u n c t i o n  of 

x ,y ,z .  Now two op t ions  a r e  open: I n  t h e  f irst ,  one can r e t a i n  86')~' a s  i t  
6 appears  i n  t h e  equa t ion ,  and i n  t h e  second w r i t e  A $ ~ ) X ' = P  /Gv ,  where P' a r e  

a r b i t r a r i l y  s p e c i f i e d  func t ions .  The second o p t i o n  p rov ides  a  c o n t r o l  by t h e  
u se r  on t h e  d i s t r i b u t i o n  of coo rd ina t e s  i n  t h e  s u r f a c e .  

11. The proposed equa t ions  can be used t o  gene ra t e  a  new c o o r d i n a t e  system from 
t h e  d a t a  of an a l r eady  g iven  coo rd ina t e  system i n  a  s u r f a c e  ( r e f s .  1 0  and 1 1 ) .  

111. I f  t h e  c o e f f i c i e n t s  of t h e  f i r s t  and second fundamental forms have been 
g iven ,  then  t h e  proposed equa t ions  can be used t o  g e n e r a t e  a  s u r f a c e  s a t i s f y i n g  
t h e  given d a t a  ( s u r f a c e  f i t t i n g ) .  

I V .  The proposed equa t ions  can a l s o  be used t o  g e n e r a t e  s u r f a c e s  i n  t h e  space  
between two a r b i t r a r y  given s u r f a c e s ,  t h u s  p rov id ing  3D g r i d s  i n  an  Eucl idean 
space  ( r e f s .  6 ,  7, 12, and 13). 

A number of numerical and a n a l y t i c a l  r e s u l t s  ob t a ined  by t h e  au tho r  and 
h i s  co-workers w i l l  be presen ted  i n  t h e  seminar .  
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A SURVEY OF COMPOSITE G R I D  GENERATION FOR 
GENERAL THREE-DIMENSIONAL REGIONS 

J o e  F. Thompson 
Department of Aerospace Engineering 

Mis s i s s ipp i  S t a t e  Univers i ty  
M i s s i s s i p p i  S t a t e ,  MS 

The gene ra t i on  and use  of composite g r i d s  f o r  gene ra l  three-dimensional  
phys ica l  boundary con f igu ra t i ons  is d iscussed ,  and t h e  a v a i l a b i l i t y  of s e v e r a l  
codes o r  procedures  i s  noted. With t h e  composi t e  framework, t h e  phys i ca l  r e g i o n  
i s  segmented i n t o  sub-regions,  each bounded by s i x  curved s i d e s ,  and a g r i d  i s  
genera ted  i n  each sub-region. These g r i d s  may be jo ined  a t  t h e  i n t e r f a c e s  be- 
tween t h e  sub-regions with var ious  degrees  of c o n t i n u i t y .  Th i s  s t r u c t u r e  a l l ows  
codes t o  be cons t ruc t ed  t o  o p e r a t e  on r e c t a n g u l a r  blocks i n  computat ional  space ,  
s o  t h a t  e x i s t i n g  s o l u t i o n  procedures can be r e a d i l y  i nco rpo ra t ed  i n  t h e  cons t ruc -  
t i o n  of codes f o r  genera l  con f igu ra t i ons .  

Numerical g r i d  gene ra t i on  has become an i n t e g r a l  p a r t  of t h e  numerical  so- 
l u t i o n  of p a r t i a l  d i f f e r e n t i a l  equa t ions  and i s  one of t h e  pacing items i n  t h e  
development of codes f o r  genera l  con f igu ra t i ons .  The numer ica l ly  genera ted  g r i d  
f r e e s  t h e  computational s imu la t i on  from r e s t r i c t i o n  t o  c e r t a i n  boundary shapes  
and a l l ows  gene ra l  codes t o  be w r i t t e n  i n  which t h e  boundary shape i s  s p e c i f i e d  
s imply by i n p u t .  The boundaries may a l s o  be i n  motion, e i t h e r  a s  s p e c i f i e d  ex- 
t e r n a l l y  o r  i n  response t o  g r a d i e n t s  i n  t h e  developing phys i ca l  s o l u t i o n .  I n  any 
c a s e ,  t h e  numer ica l ly  generated g r i d  a l l o w s  a l l  computation t o  be done on a f i x e d  
squa re  g r i d  i n  t h e  computational space ,  which i s  always r e c t a n g u l a r  by cons t ruc -  
t i o n .  Boundary cond i t i ons  can be r e p r e s e n t e d  e n t i r e l y  by d i f f e r e n c e s  a long  g r i d  
l i n e s  without need of i n t e r p o l a t i o n ,  and hence f i n i t e  d i f f e r e n c e  methods a r e  r ea -  
d i l y  a p p l i c a b l e  t o  genera l  reg ions .  These g r i d s  can a l s o  s e r v e  i n  f i n i t e - e l e m e n t  
formula t ions  based on q u a d r i l a t e r a l s  (hexahedrons i n  3D), and f i n i t e  volume con- 
s t r u c t i o n s  can be r ep re sen t ed  a s  conse rva t ive  f i n i t e  d i f f e r e n c e  forms. 

Considerable  progress  is being made toward t h e  development of t h e  tech-  
niques of numerical g r i d  gene ra t i on  and toward c a s t i n g  them i n  forms t h a t  can be 
r e a d i l y  app l i ed .  A comprehensive survey  of numerical g r i d  g e n e r a t i o n  procedures  
and a p p l i c a t i o n s  thereof  through 1981 i s  g iven  i n  r e f e r e n c e  1 , and t h e  conference  
proceeding publ ished a s  r e f e r ence  2 c o n t a i n s  a number of e x p o s i t o r y  pape r s  on 
t h e  a r e a ,  a s  wel l  a s  c u r r e n t  r e s u l t s .  Other c o l l e c t i o n s  of papers  on t h e  a r e a  
have a l s o  appeared ( r e f s .  3 and 4 ) ,  and a l a t e r  review through 1983 has  been giv- 
en i n  r e f e r e n c e  5. Some o t h e r  e a r l i e r  surveys  a r e  no ted  i n  r e f e r e n c e  1 . A re -  
cen t  survey  by Eiseman is  given i n  r e f e r e n c e  6. Surveys p a r t i c u l a r l y  on t h r e e -  
dimensional g r i d  genera t ion  ( r e f s .  7 and 8)  and on a d a p t i v e  g r i d s  ( r e f  s. 9 and 
10) have a l s o  been given. A genera l  t e x t  on numerical g r i d  g e n e r a t i o n  and its 
a p p l i c a t i o n s  has now appeared ( r e f .  1 1 ) .  

S ince  one of t h e  c u r v i l i n e a r  coo rd ina t e s  is  cons t an t  on each segment of 
t h e  phys ica l  boundary, t h e  transformed (computa t iona l )  f i e l d  i s  r e c t a n g u l a r  wi th  
a uniform square  g r i d  by cons t ruc t ion .  The g r i d  is genera ted  from s p e c i f i e d  g r i d  
po in t  d i s t r i b u t i o n s  and/or g r i d  l i n e  i n t e r s e c t i o n  ang le s  on t h e  boundaries .  The 
computational reg ion  may be an empty r e c t a n g u l a r  block w i t h  a l l  t h e  phys i ca l  
boundary segments corresponding t o  p o r t i o n s  of t h e  s i d e s  t h e r e o f ,  o r  some of 
t h e s e  segments may correspond t o  slits o r  s l a b s  i n  t h e  i n t e r i o r  of t h e  computa- 
t i o n a l  block. Although i n  p r i n c i p l e  i t  is  p o s s i b l e  t o  e s t a b l i s h  a correspondence 
between any phys ica l  r eg ion  and a s i n g l e  empty r e c t a n g u l a r  b lock ,  f o r  g e n e r a l  



three-dimensional  con f igu ra t i ons  t h e  r e s u l t i n g  g r i d  is  l i k e l y  t o  be much t o o  
skewed and i r r e g u l a r  t o  be usab le  when t h e  boundary geometry is complicated.  

A b e t t e r  approach wi th  complicated phys i ca l  boundaries  is  t o  segment t h e  
phys ica l  r e g i o n  i n t o  contiguous sub- reg ions ,  each bounded by s i x  curved  s i d e s  
( four  i n  2D), and each of which t ransforms  t o  a  r e c t a n g u l a r  block i n  t h e  computa- 
t i o n a l  r e g i o n ,  w i th  a  g r i d  genera ted  w i t h i n  each sub-region.  Each sub-region has  
i ts own c u r v i l i n e a r  coord ina te  system, i r r e s p e c t i v e  of  t h a t  i n  t h e  a d j a c e n t  sub- 
reg ions .  Th i s  then  a l lows  both t h e  g r i d  g e n e r a t i o n  and numerical s o l u t i o n s  on 
t h e  g r i d  t o  be cons t ruc t ed  t o  o p e r a t e  i n  a  r e c t a n g u l a r  computat ional  r e g i o n ,  re- 
g a r d l e s s  of t h e  shape o r  complexity of t h e  f u l l  phys i ca l  reg ion .  The f u l l  r e g i o n  
i s  t r e a t e d  by performing t h e  s o l u t i o n  o p e r a t i o n  i n  a l l  of t h e  r e c t a n g u l a r  compu- 
t a t i o n a l  blocks.  With t h e  composite framework, p a r t i a l  d i f f e r e n t i a l  equa t ion  nu- 
merical  s o l u t i o n  procedures w r i t t e n  t o  o p e r a t e  on r e c t a n g u l a r  r e g i o n s  can be in -  
corpora ted  i n t o  a  code f o r  genera l  c o n f i g u r a t i o n s  i n  a  s t r a i g h t f o r w a r d  manner, 
s i n c e  t h e  code o n l y  needs t o  t r e a t  a  r e c t a n g u l a r  block.  The e n t i r e  phys i ca l  
f i e l d  then  can be t r e a t e d  i n  a  loop  over  a l l  t h e  b locks .  

The g e n e r a l l y  curved s u r f a c e s  bounding t h e  sub-regions i n  t h e  phys i ca l  re- 
g ion  form i n t e r n a l  i n t e r f a c e s  a c r o s s  which informat ion  must be t r a n s f e r r e d ,  i . e . ,  
from t h e  s i d e s  of one r ec t angu la r  computat ional  block t o  t hose  of another .  These 
i n t e r f a c e s  occur i n  p a i r s ,  an i n t e r f a c e  on one block be ing  p a i r e d  wi th  ano the r  on 
t h e  same o r  a  d i f f e r e n t  block,  s i n c e  both correspond t o  t h e  same phys i ca l  sur -  
f ace .  The l o c a t i o n s  of t h e  i n t e r f a c e s  between t h e  sub-regions i n  t h e  phys i ca l  
r eg ion  a r e ,  of course ,  a r b i t r a r y  s i n c e  t h e s e  i n t e r f a c e s  a r e  n o t  a c t u a l  boundar- 
ies. These i n t e r f a c e s  might be f i x e d ,  i . e . ,  t h e  l o c a t i o n  completely s p e c i f i e d  
j u s t  a s  i n  t h e  c a s e  of a c t u a l  boundaries ,  o r  might be l e f t  t o  be l o c a t e d  by t h e  
g r i d  gene ra t i on  procedure.  Also, t h e  g r i d  l i n e s  i n  a d j a c e n t  sub-regions might be 
made t o  meet a t  t h e  i n t e r f a c e  between w i t h  complete c o n t i n u i t y ,  w i th  cont inuous  
l i n e  s l o p e  on ly ,  wi th  d i scont inuous  s l o p e ,  o r  perhaps no t  t o  meet a t  a l l .  
Na tu ra l l y ,  p r o g r e s s i v e l y  more s p e c i a l  t r ea tmen t  a t  t h e  i n t e r f a c e  w i l l  be r e q u i r e d  
i n  numerical s o l u t i o n s  a s  more degrees  of g r i d  l i n e  c o n t i n u i t y  a t  t h e  i n t e r f a c e  
a r e  l o s t .  Procedures f o r  gene ra t i ng  composi t e  g r i d s  wi th  t h e s e  va r ious  degrees  
of c o n t i n u i t y  a t  t h e  i n t e r f a c e s  a r e  d i s cus sed  i n  g e n e r a l  i n  r e f e r e n c e s  1 ,  2 ,  and 
11. 

Three-dimensional g r i d  codes should hope fu l ly  become s u i t a b l e  f o r  gene ra l  
use  i n  t h e  near  f u t u r e .  Fur ther  development i s  now needed i n  automation of t h e  
f i e l d  segmentat ion d e c i s i o n s  (work on an a r t i f i c i a l  i n t e l l i g e n c e  approach t o  t h i s  
i s  i n  p rog re s s )  and ref inement  of t h e  geometr ic  procedures  f o r  c o n s t r u c t i o n  of  
t h e  phys i ca l  boundaries .  The i n c o r p o r a t i o n  of dynamical ly  adap t ive  g r i d s  i n  t h e  
composite framework i s  only  j u s t  emerging and should  prove t o  be of c o n s i d e r a b l e  
importance t o  gene ra l  flow s o l u t i o n s .  
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A UNIFIED REPRESENTATION SCHEME FOR YLID GEOMETRIC OBJECTS 
USING &SPLINES 

Extended Abstract 
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Dept. of Computer Science 
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1. Introduction. A critical task facing those who would construct integrated design sys- 
tems dealing with solid objects is how best to define and structure the geometric informa- 
tion to achieve maximum flexibility, efficiency, and functionality of the system. In particu- 
lar, the need arises for an efficient geometric representation scheme capable of representing a 
broad class of objects in a unified way. In this study we define a geometric representation 
scheme we call the B-spline cylinder [1.2] , which consists of interpolation between pairs of 
uniform periodic cubic B-spline curves. This approach carries a number of interesting 
implications. For one, a single relatively simple database schema can be used to represent a 
reasonably large class of objects, since the spline representation we will describe is flexible 
enough to allow a large domain of representable objects at very little cost in data complex- 
ity. The model is thus very storage-efficient. A second feature of such a system is that it 
reduces to one the number of routines which the system must support to perform a given 
operation on objects. Third, the scheme enables easy conversion to and from other 
representations. 

The formal definition of the cylinder entity is given in section 2. In section 3, we 
explore the geometric properties of the entity, and define several operations on such objects. 
In section 4 we introduce some general purpose criteria for evaluating any geometric 
representation scheme, and evaluate the B-spline cylinder scheme according to these criteria. 

2. The &Spline Cylinder. A B-spline cylinder is a boundary-determined three-dimensional 
object defined by C(u . v )  = (1  - v )  Ro(u) + v Rl(u)  where Ro(u) and Rl(u)  are uniform 
periodic cubic B-spline curves. It will prove useful for our purposes to think of these 
curves as consisting of segments. For a curve R ,  the equation for each segment ri can be 
written as 

where the p's are neighboring vertices of the associated control polygon. Call the segment 
endpoints, where u = 0 above, nodes. The linear interpolation to create the cylinder is 
taken to mean an order-preserving labeling of the nodes as aoPn.alPn-l, . . . which 

n-1 
minimizes C (ai - fln-i)2. (This criterion corresponds roughly to minimizing the surface 

i =O 
area of the resulting object.) An analogous interpolation between corresponding vertices of 
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Figure 1. A variety of B-spline cylinders. 



the control polygons produces C's associated prism. Figure 1 shows the variety of 
geometric shapes that can be expressed as B-spline cylinders. As can be seen, B-spline 
cylinders can be used to represent such objects as cubes, regular cylinders, cones, prisms. 
airfoils, etc. using exactly the same database schema. 

3. Operations on Cylinders. It is possible to define a number of unary operators which 
transform objects into other objects or which yield attributes of objects. Normal vectors. 
surface area and volumetric properties can be calculated by unary operators. The set 
membership classification problem for B-spline cylinders (given a point p and an object C .  
is p inside, outside, or on the surface of C?) can be solved using a three-dimensional exten- 
sion of the angle-sum algorithm for point-in-polygon location. 

One way to create new objects from existing ones is to 'cut" an object into contiguous 
smaller objects, which can then be manipulated independently. Refer to Figure 2. The 
intersection of a B-spline cylinder C with an arbitrary plane P, called a cut plane, can be 
calculated as follows. Define P by the general linear equation ox + by + cz + d = 0. 
Denote the two control polygons defining the faces of C by Q and R .  Denote an arbitrary 
vertex in Q by qi and its corresponding vertex in R by ri. The line segment joining these 
vertices, which is an edge of C's associated prism, can be defined parametrically by 
si = (1 - t i )  qi + t i  ri 

These values can be substituted to yield 

Wix + hiy + cqi, + d 
ti = 

a (qix - rix ) + b (pi, - ri ) + c (qiz - riz) 
Y 

which can then be used to find the point of intersection si of the cut plane with the line 
ri - qi. Repeating for all pairs of corresponding vertices in the two faces, a set of inter- 
section points is derived, forming a polygon S in the cut plane. Even in the case of a so- 
called regular intersection, however, the intersection of the cut plane with C is not always 
identical to the B-spline curve generated using S as a control polygon. Thus, when a 
cylinder is segmented with a plane in a regular intersection, it is sometimes not possible to 
generate the curve of intersection simply by using the polygon resulting from intersecting 
the associated prism. Fortunately. a polygon can be derived such that it is associated with 
a curve passing through any set of points, by considering those points as nodes of the 
curve and solving a simple linear system. The same technique can be used also to derive a 
control polygon representation for any set of points, however arrived at. For example, a 
curve defined in some other spline formulation, or a set of points obtained from a digitizing 
device, can be converted into B-spline form. The given points need simply be considered as 
nodes of a B-spline curve. In this way the B-spline cylinder resembles the generalized 
cylinder representation used in computer vision. [3] 

4. Evaluation of the  Cylinder Representation. Defining all objects in the way described 
carries a number of important advantages, some of which accrue from the properties of B- 
spline curves themselves, and some from this particular use of them. B-spline curves, and 
by extension B-spline cylinders, exhibit a number of well-known attractive properties from 
the standpoint of design. [4] In particular, corners, cusps, and other discontinuities may be 
introduced easily by using multiple polygon vertices; that is, placing several vertices at  the 
same location. A multiplicity of 3 at two successive vertices will yield an embedded linear 
segment which is coincident with the corresponding span of the control polygon. It is by 
this means that objects such as cubes are represented as B-spline cylinders. Moreover. B- 
spline cylinders are a concise analytic representation for a large class of physical objects. 
since such objects are determined unambiguously by the control points of the two curves 
which compose their faces. These control points can be retrieved from a relational database 
at  a cost of 2n + 1 tuple fetches, where n is the number of vertices in (each of) the two 
polygons. This can be compared to older spline techniques, for example Hermite 
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Figure 2. The Plane Cut Problem. 



interpolation, which are typically far more verbose. 

The B-spline cylinder scheme can also be evaluated with respect to a more formal 
model of geometric representation, although the definitions and criteria given here are 
intended to be applicable to any representation scheme. A representation scheme S is a 
mapping X : M + R where M is the set of all suitable subsets of E3, and R is the set 
of a11 syntactically correct terminal strings of some grammar. If r E R and there exists an 
m  E M such that X ( m )  = r then r represents or generates m  through X .  The domain D 
of a representation scheme X is the set 

A set V G R of valid objects is defined by 

where D G M is the domain of X. Any r E V is called a valid representation. The 
range of a representation scheme is the set V of representations which are valid. 

A number of criteria can now be identified by closer examination of the representation 
scheme mapping X .  First, if a representation can correspond to more than one physical 
object, ambiguity results when the modeling system is called upon to reproduce or recon- 
struct a previously defined object. A representation X ( m i )  of an object mi E D is said to  
be an unambiguous representation if for all mj E D , 

that is. X  is injective. If for all v E V ,  v is an unambiguous representation, then X is an 
unambiguous representation scheme. The B-spline cylinder representation scheme is unam- 
biguous; that is, such objects are unambiguously determined by the polygons of their face 
curves. Second, in a modeling system the intent is to deal as much as possible with 
representations of objects rather than to have to reconstruct objects explicitly through the 
mapping X-'. Clearly, it is desirable that an object be representable by one and only one 
representation; that is, for the representation scheme to be unique. Moreover, uniqueness is 
necessary in order to draw conclusions about sets of objects solely from examination of 
their representations. One might, for example, wish to detect the congruence of two objects 
simply by examining their respective representations. If there is a unique v E V such that 
X(d  ) = v then v is a unique representation of d  E D . X  is a unique representation 
scheme if for all v E V. v is a unique representation. Unfortunately, this condition has 
proven to be extremely difficult to achieve. Virtually no common representation scheme -- 
wire frame, constructive solid geometry, spatial enumeration, oct-trees -- is unique. The 
B-spline cylinder scheme shares this shortcoming. 

5. The BCYL System. Many of the ideas discussed in this report have been implemented 
in a simple geometric modeling and data management system called BCYL. The present 
version of the BCYL system is written in C and Pascal and runs on a VAX-11/780 under 
UNIX+ 4.2BSD. BCYL employs hidden-surface color graphic display and a relational database 
management system as a back end. It also contains an editing capability for the interactive 
creation and modification of objects using a graphics terminal. 

6. Conclusions. The definition of what entities and structures are necessary and sufficient 
for adequately representing geometric information has rarely been addressed. More usually, 
systems lack coherence and are subject to a combinatorial explosion if system designers 
attempt to provide users with any capability beyond graphic display. The simplified 
representation scheme that has been defined in this study and employed in the BCYL sys- 
tem was made for the express purpose of keeping secondary storage accesses to an absolute 
minimum. All objects in the system are so-called B-spline cylinders. The retrieval of an  

UNIX is a Trademark of Bell Laboratories. 



object therefore consists simply of retrieving the control polygon coordinates used to gen- 
erate its two face curves. This approach appears to be both computationally and storage 
efficient. 

When one is designing a geometry based upon a single representation scheme, there is 
need for extreme care in selecting that scheme. With this in mind, terminology and con- 
cepts have been elaborated by which geometric representation schemes can be described and 
evaluated by means of a model of the geometric modeling process itself. I t  has been found 
that B-spline cylinders possess the essential properties of efficiency and unambiguity and 
share a common failing among representation schemes in that they lack uniqueness. More- 
over, objects defined in this way inherit most of the attractive design characteristics which 
have made B-spline curves so popular. A B-spline curve can also be interpolated smoothly 
through an arbitrary collection of data points. 

A number of common operations have been defined on B-spline cylinders, the most 
important of which is regular intersection with a plane. It has been found that the curve 
of intersection is not in general associated with the polygon of intersection, and an addi- 
tional operation is necessary on the polygon to re-establish this association. This finding has 
an important bearing on a system which would permit creation, manipulation, and re- 
linking of cylinders by means of regular intersection. 
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IMPROVING THE EFFECTIVENESS OF INTEGRAL PROPERTY CALCULATION 
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Integral property calculation is an important application for 
solid modeling systems. Algorithms for computing integral properties 
for various solid representation schemes are fairly well known. It is 
important to designers and users of solid modeling systems to 
understand the behavior of such algorithms. Specifically the 
trade-off between execution time and accuracy is critical to effective 
use of integral property calculation. This paper investigates the 
average behavior of two algorithms for Constructive Solid Geometry 
(CSG) representations. Experimental results from the PADL-2 solid 
modeling system show that coarse decompositions can be used to predict 
execution time and error estimates for finer decompositions. 
Exploiting this predictability allows effective use of the algorithms 
in a solid modeling system. 

Integral properties of a solid, sometimes called "mass 
properties," are defined by a volumetric integral of the form: 

where the function f is a polynomial, dV is the volume differential, 
and S is a solid that may be geometrically complex. Thus, for 
f(x,y,z) = 1, the integral represents the volume of the solid. Other 
functions are used to obtain the centroid, moments of inertia, 
products of inertia, etc. 

There are few algorithms for computing integral properties 
directly from the representation schemes used in current solid 
modeling systems. Analytical computation methods for complex solids 
are extremely difficult. With the exception of polyhedral 
representations, approximate representation conversion provides the 
most effective means for computation of integral properties. For 
solid modeling systems using the CSG representation scheme, the two 
most effective representation conversion algorithms are column 
decomposition and block decomposition. 



Column decomposition produces a collection of simple elements 
whose integral properties are trivial to compute. The decomposition 
is performed using ray tracing techniques. A ray is cast 
perpendicular to each square from a 2-D grid. Line/solid 
classification is performed for teach ray, producing a columnar 
decomposition whose elements have a square cross -section. Similarly, 
block decomposition produces a collection of cubical elements whose 
integral properties are also trivial to compute. The decomposition is 
performed by recursively subdividing a bounding cube into octants and 
classifying each octant cube against the CSG solid. The subdivision 
continues for each octant cube which is neither inside nor outside of 
the CSG solid, producing a hierarchical decomposition known as an 
octree. Point/solid classification is performed at the final level of 
subdivision using a sample point from the octant cube. Using Monte 
Carlo theory, an error estimate (variance) for the result can be 
introduced into the algorithms by randomly selecting the target rays 
and sample points. 

The two most important measures of the algorithms' behavior are 
execution time (a measure of efficiency) and variance estimate (a 
measure of accuracy). A theoretical analysis of the algorithms only 
yields results for their worst-case behavior. The worst-case formulas 
for execution time and variance estimate are based on the level of 
subdivision used (2-D or 3-D grid size) and the number of primitives 
in the solid's CSG tree (a rough measure of its complexity). For 
column decomposition the worst-case execution time is a quadratic 
function of the number of primitives in the solid's CSG tree and a 
quadratic function of the number of grid squares along an edge of the 
solid's bounding cube. For block decomposition the worst-case 
execution time is a linear function of the number of primitives and a 
cubic function of the number of minimal size grid cubes along an edge 
of the bounding cube. 

An implementation of the two algorithms can be found in the 
PADL-2 solid modeling system. Solid models for several automotive 
mechanical parts were used to generate experimental data for the above 
two measures of behavior (execution time and variance estimate). An 
analysis of the data yields a set of formulas for the average behavior 
of the algorithms that are quite different from the worst-case 
analysis. For each formula, the variables are the level of 
subdivision (2-D or 3-D grid size) and a proportionality constant K. 
This constant K varies from solid to solid and is roughly proportional 
to the number of primitives in the solid's CSG tree. For column 
decomposition, the worst-case analysis predicted a quadratic function 
of the number of primitives, not a linear one. For block 
decomposition, the worst-case analysis predicted a cubi.c function of 
the number of minimal size grid cubes along an edge of the bounding 
cube, whereas a quadratic function was observed instead. 

The most useful fact is that the proportionality constant K is 
independent of the level of subdivision. A user would like to address 
questions such as: "How long will it take to compute the integral 



properties of a solid to 1% accuracy?" or alternatively "What level of 
accuracy can be obtained from one hour's execution time?". These 
questions can be answered by actually computing the integral 
properties for a subject solid using a low level of subdivision. The 
values for execution time and variance estimate can be used as "seed" 
values to compute the K constants for the solid. The formulas will 
then predict the algorithms' behavior at higher levels of subdivision. 

A prediction command has been implemented in the PADL-2 solid 
modeling system. A comparison of the predicted execution times and 
variance estimates with actual values shows this prediction cabability 
accurate enough to be quite useful. 
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SPLINE CURVES, WIRE FRAMES AND BVALUE 
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ABSTRACT 

Engineers, i nc lud ing  naval a r c h i t e c t s ,  begin the design o f  scu lp tured surfaces 
by cons t ruc t i ng  wire-frame curve nets. The boat p i c t u r e d  here f i r s t  took shape on 
a  drawing board. The w i re  frame t h a t  o u t l i n e s  i t s  shape i s  c a l l e d  a  l i n e s  drawing. 
I t  i s  a  c o l l e c t i o n  o f  plane curves drawn w i t h  a  mechanical s p l i n e .  Each curve i s  
drawn t o  f i t  po in t ,d i f f e ren t i a l , and  i n t e g r a l  cons t ra in t s .  Curve shape i s  important .  

Modern engineers s u b s t i t u t e  a  te rmina l  f o r  the  drawing board and polynomial 
sp l i nes  f o r  t h e i r  mechanical predecessors. Many o f  them cons t ruc t  t h e i r  curves 
w i t h  B-spl ines and f i n d  deBoorLs FUNCTlOM  useful useful f o r  t h a t  purpose. A  method 
centered on BVALUE gives the  designer p rec i se  c o n t r o l  o f  the  f i t  o f  each curve t o  
po in t ,  d i f f e r e n t i a l  and i n t e g r a l  cons t ra in t s .  I t  a l s o  g ives h im good c o n t r o l  of  the  
shape o f  each curve and o f  the whole frame. 



The fundamentals o f  B-spl ine cons t ruc t i on  a r e  we l l  described i n  the  
l i t e r a t u r e .  They were f i r s t  app l i ed  t o  design by Gordon and ~ i e s e n f e l d ~ .  Th i s  
a r t i c l e  presents an extension o f  the  Gordon-Riesenfeld method us ing  BVALUE. The 
mo t i va t i on  i s  engineer ing design, i n  p a r t i c u l a r ,  curved sur face design. We use 
curves cons t ruc ted  w i t h  B-spl ines t o  c rea te  a w i r e  frame and then de f i ne  a 
mathematical sur face patchwise over t h a t  frame. The curves a re  open i n  the  sense 
o f  having f r e e  ends; however, one o r  more elements o f  t he  frame may be s e l f  i n t e r -  
sec t i ng  t o  c rea te  a surface t h a t  i s  a t  l e a s t  p a r t l y  closed. 

The sur face i t s e l f  may be d i v i s i b l e  i n t o  regions. W i th in  a region,  geodesics 
and l i n e s  o f  curva ture  may be requ i red  t o  be cont inuous which, i n  t u rn ,  imp l ies  
t h a t  the  patched sur face be a t  l e a s t  c3 .  The sur face c o n t i n u i t y  requirement i s  

, r e f l e c t e d  i n  the c o n t i n u i t y  o f  t he  s p l i n e  curves t h a t  make up the w i r e  frame; the 
curves must be a t  l e a s t  ~ 4 .  The boundaries o f  regions may be space curves; the 
remaining curves i n  the  designer 's  w i r e  frame a re  plane. 

The engineer ing surfaces o f  concern here must meet geometric c o n s t r a i n t s  and 
be f a i r .  Fairness impl ies no unwanted humps, hol lows, f l a t s  o r  saddles i n  the  
surface. 

Some p o i n t  and d i f f e r e n t i a l  c o n s t r a i n t s  a re -de f i ned  a t  reg iona l  boundaries. 
They may be known a p r i o r i  o r  they may be determined du r ing  cons t ruc t ion .  For 
example, the  locus o f  a p o i n t  on the  boundary may be def ined e a r l y ,  bu t  t he  exact  
d i s t r i b u t i o n  o f  sur face curvature along a boundary may be decided du r ing  the  design 
process and may be in f luenced by o ther  cons t ra in t s .  

Data f o r  the sur face may n o t  be known d i r e c t l y .  They a r e  more l i k e l y  t o  be 
known i n d i r e c t l y  as cons t ra in t s  and boundary cond i t i ons  on a frame t h a t  supports 
the surface. We apply these data t o  cons t ruc t  the  elements o f  the  w i r e  frame, 
one by one. 

The designer f i r s t  cons t ruc ts  the boundary curves o f  a region. Each boundary 
curve meets po in t ,  tangent vec tor ,  curva ture  and poss ib l y  t o r s i o n  cond i t i ons  a t  i t s  
ends. Po in t  cons t ra in t s  may a l s o  be imposed along the  a r c  o f  the  curve. I f  the  
boundary curve i s  p lanar ,  then an area bounded p a r t i a l l y  by the  curve  may be spec i f i ed .  
F i n a l l y ,  good d i s t r i b u t i o n s  o f  cu rva tu re  and t o r s i o n  a long boundary curves a r e  
important i f  the  surface which they support i s  t o  be f a i r .  

The plane curves o f  the  w i r e  frame a re  designed nex t ,  one by one. They def ine 
the i n t e r i o r  o f  the reg ion  and a r e  labe led  s- and t -curves.  We emphasize t h a t  the  
i n i t i a l  data requ i re  a cons t ruc t i ve  approach and t h a t  they a r e  taken l i n e  by l i n e .  
We have no t  found an automatic o r  wholesale method f o r  s a t i s f y i n g  the  data t h a t  
guide engineer ing surfaces. For example, t h e  s-curves may be plane cross sec t ions  
o f  an a i r  in take duct which has a prescr ibed d i s t r i b u t i o n  o f  area along i t s  f l o w  
axis .  We can form each o f  the s-curves t o  s a t i s f y  the  l o c a l  area requirement, bu t  
we can do so on ly  one a t  a time. 

Some geometric cons t ra in t s  must be met p r e c i s e l y  on each s- and t -curve .  An 
elementary bu t  sharp example i s  the i n t e r s e c t i o n  o f  an s-curve w i t h  a t -curve .  
Measurable e r r o r  i n  each o f  the x-y-z coord ina tes  i s  a l lowed a t  the  nominal i n t e r -  
sect ion.  The amount al lowed i s  a f f e c t e d  by manufactur ing to le rance and i s  l i k e l y  
t o  be small when compared t o  the dimensions o f  the cross sec t ion .  The designer  
needs a curve cons t ruc t ion  method t h a t  g i ves  him p rec i se  c o n t r o l  o f  the  l o c i  o f  the 
two curves a t  t h e i r  nominal i n t e r s e c t i o n ,  w i t h i n  a to le rance,  and w i thou t  d i s t u r b i n g  
the p o s i t i o n s  o f  e i t h e r  curve a t  neighbor ing mesh po in t s .  



The curvature a t  the  end o f  a wire-frame element con t ras ts  w i t h  p o i n t  
cons t ra in t s  along i t s  arc.  The curva ture  o f  one s-curve a t  a reg iona l  boundary 
i s  a f f e c t e d  by two wire-frame considerat ions.  F i r s t ,  i t  must be s i m i l a r  t o  t h e  
end curvatures o f  i t s  neighbor ing s-curves. Second, the  curva ture  a t  one end o f  
a wire-frame element in f luences shape over much o f  the a r c  o f  t h a t  element. 

The demand f o r  a f a i r  sur face poses a dilemma. We do n o t  know o f  a design 
method t h a t  guarantees a m u l t i - c o n s t r a i n t  sur face which has no unwanted humps, 
hol lows, f l a t s  o r  saddles. We do not  know how t o  p resc r ibe  c o n s t r a i n t s  and 
boundary cond i t ions  t h a t  a re  guaranteed n o t  t o  c o n f l i c t  w i t h  each o the r  i n  the  sense 
o f  fa i rness .  Lacking such guidance, we r e t r e a t  t o  i n t e r a c t i v e  design. We f a i r  
graphs o f  the boundary de r i va t i ves ,  we f a i r  the  graph o f  c ross-sec t ion  areas, and 
we f a i r  each s- and t-curve. Fairness i n  a plane curve imp l i es  the  absence o f  
unwanted i n f l e c t i o n s .  Fur ther ,  i t  means a good shape o r  a good d i s t r i b u t i o n  o f  
curvature;  i t  i s  l a r g e l y  sub jec t ive .  The fa i rness  o f  a graph o f  boundary de r i va -  
t i v e s  i s  a l so  sub jec t ive .  

The main goal o f  t h i s  a r t i c l e  i s  t o  descr ibe the methods t h a t  we have developed 
f o r  wire-frame design. The p r i n c i p a l  t o o l s  f o r  con t ro l  o f  a curve du r ing  i n t e r -  
a c t i v e  design are mathematical ducks. The s implest  o f  these devices i s  an analog 
o f  the draftsman's lead weight t h a t  he uses t o  c o n t r o l  a  mechanical sp l ine .  We 
a l so  c rea te  ducks f o r  c o n t r o l l i n g  d i f f e r e n t i a l  and i n t e g r a l  p r o p e r t i e s  o f  curves. 

Other methods presented inc lude:  

- cons t ruc t i ng  the  end o f  a Bgzier polygon t o  gain qu i ck  
and reasonably con f i den t  c o n t r o l  o f  the  end tangent vec to r ,  
end curvature and end t o r s i o n  

- keeping the  magnitude o f  unwanted curva ture  o s c i l l a t i o n s  
w i t h i n  to lerance 

- cons t ruc t i ng  the  r a i l r o a d  curves t h a t  appear i n  many 
engineering design problems 

- c o n t r o l l i n g  the  frame t o  minimize e r r o r s  a t  mesh p o i n t s  
and t o  op t im ize  the  shapes o f  the  curve elements 
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Many biological systems may profitably be studied as surface phenomena. 

In this paper, we assume a model consisting of isotropic growth of a curved 

surface from a flat sheet. With such a model, the Gaussian curvature of 

the final surface determines whether growth rate of the surface is sub- 

harmonic or superharmonic. These properties correspond to notions of con- 

vexity and concavity, and thus to local excess growth and local deficiency 

of growth. In biological models where the major factors controlling surface 

growth are intrinsic to the surface, we have thus gained from geometrical study 

information on the differential growth undergone by the surface. We look at  

a specific application of these ideas to an analysis of the folding of the 

cerebral cortex, a geometrically rather complex surface growth. 

The estimation of the curvature of biological surfaces requires a numerical 

technique which is robust in the presence of noise introduced by whatever 

digitisation procedure is used to quantify the surface. We develop a numerical 

surface curvature technique based on an approximation to the Dupin indicatrix 

of the surface. A metric for comparing curvature estimates is introduced, and 

considerable numerical testing indicates the reliability of this technique. 

The curvatures of normal sections in different directions at a point on a 

surface are related by a quadratic form called the Dupin indicatrix 

The eigenvalues of this form correspond to the maximum and minimum 

curvatures a t  that point on the surface, the eigenvectors correspond to 

the directions of maximum and minimum curvature. Gaussian and average 

curvatures are thus the product and mean respectively of these eigenvalues. 



We estimate surface curvature in the following way. The curvature of a number 

of sections (not necessary normal) through a point is estimated from triplets 

of data points taken from a surface digitisation. The normal curvature in the 

same direction as each section is then estimated using Meusner's theorem. 

(If K is the normal curvature in the same direction as a section, angle 4 from 

normal, and having curvature k, then K = k cos 4 .) A least-squares approx- 

imation to the Dupin indicatrix is obtained from the normal curvatures and the 

principal values and directions of the indicatrix are used as estimates of surface 

curvature. 

For the evaluation of an approximation procedure, it is important to have an 

appropriate measure of closeness for the quantity or quantities being approx- 

imated. A simple norm would suffice to measure Gaussian and average 

curvatures, which are scalar quantities. A full description of surface 

curvature, however, involves both the magnitude and direction of the principle 

curvatures. As these correspond to the eigenvalues and eigenvectors of the 

Dupin indicatrix, the following definition of -a metric for examining surface 

curvature approximation error seems appropriate. Let L and M be two real 

symmetric 2 by 2 matrices representing the Dupin indicatrices of two surface 

curvatures. We define a metric d on the space of such matrices by 

d(L,M) = p (L-MI, where p (L-M) is the spectral radius of L-M. This is then 

the spectral norm on the space of real symmetric matrices. 

Having defined a suitable metric, we are able to evaluate the accuracy of 

our curvature estimation procedure in numerical tests using data from known 

surfaces with varying amounts of imposed noise. We compare the above method 

with one based on fitting an interpolant surface through points of the 

digitisation. In the presence of noise, the approach based on the Dupin 

indicatrix proves the more reliable. 

An analysis of the surface curvature of the developing ferret brain reveals 

that regions of positive and negative Gaussian curvature coincide with the 

crests of developing folds (gyri) and their troughs (sulci) respectively. 

In the sense defined by the terms super- and sub-harmonic, gyri- cbmpond 

to regions of differential excess growth, sulci to regions of differential 



growth deficiency. If the underlying growth processes are assumed to be 

intrinsic to the cortical surface, then we have achieved through analysis of 

the geometry of the brain a quantitative description of the differential 

growth of the cortex. 
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A NEW TECHNIQUE FOR SYSTEM-TO-SYSTEM TRANSFER OF SURFACE DATA 

Michael W. Sterling and Michael E. Lucius 

CADLINC INCORPORATED 
Troy, Michigan 

William J. Gordon 
Department of Mathematics and Computer Science 

Drexel University, Philadelphia, PA 

INTRODUCTION 

The desirability of transferring data between computer systems has long been 
recognized. However, due to the diversity of today's CAD/CAM systems, few systems 
can handle all the currently used mathematical models, nor can new mathematical 
models be integrated easily into existing software. In particular, a major problem 
is that of transferring surface geometry information from one system (mathematical 
model) into another. 

Although IGES, for example, allows a number of surface types to be passed, many 
systems have surface models that do not conform to any IGES standard. Thus, the 
potential user of IGES is faced with a problem: Can a new surface type be added to 
IGES, and if so, would all the users of IGES support it? 

The purpose of this paper is to describe a recently developed technique aimed at 
providing a universal interface between surface types. In brief, we have developed a 
software package which functions as a "common denominator'' of CAD/CAM surface types. 
This software enables one to convert from any given surface representation to any 
other target representation. 

RATIONALE 

In most manufacturing environments, surfaces are produced by causing a machine 
tool to visit an ordered set of points. The surface thus produced is often finished 
by hand. The finished product may then undergo a quality control check which is de- 
signed to insure it matches the theoretical surface to within a specified tolerance. 
The TILE program mimics this process by producing a set of bicubic patches that matches 
the original surface in some respects and approximates the surface within a user- 
specified tolerance. 

BASIC CRITERIA 

The goal is to produce a set of bicubic patches which cover the target surface 
in such a fashion that the following criteria are met: 

* The number of patches is close to the minimum number necessary 

* The patches match the target surface to within some epsilon 



* The tiles maintain the same slope continuity as the target surface 

The patches produced by the algorithm can be of any type. In the TILE pro- 
gram, we use bicubic patches since they allow us to match point, slope, and twist 
vectors to the target surface. Thus, slopes can be continuous or discontinuous as they 
are onthe target surface. The patches can be of lower order if desired. For example, 
if only point information is available, the patches produced will be bilinear; 
however, the number of patches required is likely to increase correspondingly. The 
patches can be of higher order although many systems will not accept patches of more 
than order four. 

ALGORITHM 

The TILE program assumes the following about the target surface: 

The target surface is defined (or is definable) as a mapping from a 
rectangle in UV (parameter) space to the surface in XYZ space 

5 The target surface is divided into a rectangular grid of patches 
with slope discontinuities occurring only along patch boundaries 

* A surface evaluator routine is provided which, given a uv point 
as input, will compute the surface point, the tangents in the u 
and v directions, ~ n d  the twist (mixed partial) vector 

If tangent or twist information cannot be obtained, approximations may be com- 
puted. However, our experience suggests this will greatly increase the number of 
patches required to maintain fidelity. 

The algorithm begins by attempting to fit a tiling patch to the first patch of 
the target surface. The target surface evaluator is called for each of the four 
corners of the patch. The patches generated by TILE all have a unit square as 
domain. Therefore, the length of the tangent and twist vectors returned by the 
evaluator must be scaled appropriately. The program assumes the evaluator computes 
proper lengths. This is not absolutely essential, since there are methods for 
estimating the correct lengths; however, this may result in an excessive number of 
patches. 

Next the tiling patch is checked for closeness of fit. This is done by compar- 
ing the point values of selected points on the edges and interior of the tiling 
patch with corresponding points on the target surface. If any of these points fail 
to be within tolerance, then the tiling patch is rejected. 

Whenever a tiling patch is rejected, its domain is split into two pieces and new 
tiling patches are generated and checked for fidelity. How the domain splits 
(i.e. in the u direction or the v direction) is best determined by examining how the 
selected points fared in the fidelity test. The domain space is cut along the 
parameter of worst fit. 

The final result of the program is a rectangular grid of bicubic patches. The 
patches fit the target surface exactly at their corners. Also, the patch corners 
have the same tangent and twist vectors. Adjacent patches will have slope conti- 
nuity, unless a discontinuity was indicated by the target surface. 



CURVED FINITE ELEMENTS AND CURVE APPROXIMATION 

M. Louisa Baart 
National Research Institute for Mathematical Sciences 

Pretoria 

The approximation of parameterized curves by segments of parabolas that pass 
through the endpoints of each curve segment arises naturally in all quadratic iso- 
parametric transformations. While not as popular as cubics in curve design problems, 
the use of parabolas allows the introduction of a geometric measure of the discrepancy 
between given and approximating curves. The free parameters of the parabola may be 
used to optimize the fit, and constraints that prevent overspill and curve degeneracy 
are introduced. This leads to a constrained optimization problem in two variables 
that can be solved quickly and reliably by a simple method that takes advantage of the 
special structure of the problem. 

FORMULATION OF THE PROBLEM 

We assume that tessellation has been done in such a way that every curve segment 
lies to one side of the straight line segment that connects consecutive nodes, and 
that the approximating curve segment results from a quadratic isoparametric transfor- 
mation and is therefore parabolic C11 and has the nodes as endpoints. The free 
parameters of the transformation are the coordinates of that point (a,B) on the 
approximating parabola where the slope is identical to that of the node-connecting 
straight-line segment. We impose constraints that prevent image overspill (equiva- 
lently, vanishing of the transformation Jacobian over an associated triangular master 
element) and ensure limit stability as the curve degenerates to a straight line. We 
introduce coordinate axes in such a way that the nodes are at (-1,O) and (1,0), with 
the curve segment above the horizontal x-axis. The approximating parabolic segments 
can then be expressed in parameterized form as 

where the parameters a and f3 completely determine a particular member of the approxi- 
B mating set (1). The axis of the parabola has slope - .  The constraints associated 

with overspill have the form a 

where 1-11 and 1-12 are constants that are related to the transformation C21. We ensure 
limit stability by restricting the axial slope CII, namely 

where m is a positive stability safety factor. The constraints (2) and (3) define the 
feasible domain in which the point (a,B) may lie. 

The parameters a and B may be used to optimize the approximation of a given curve 



with 

once we have defined a discrepancy measure for (1) and (4). When the approximating 
curves are parabolas, a uniquely defined distance between any point on the given 
curve and a parabola can be measured in the direction of the axis of the parabola. 
This results, in effect, in a re-parameterization of the parabola with respect to the 
given curve parameter s. Integration of the squares of the distances for the relevant 
parameter interval - 1 I s I 1 yields the objective function 

where 

This paper is concerned with the optimization of (5) subject to the constraints of (2) 
and (3). 

THE OPTIMIZATION PROCEDURE 

a 
When the inverse of the axial slope is considered as a new variable y, (2), B 

(3) and (5) can be expressed in terms of 6 and y, and the equivalent constrained 
optimization problem can be formulated, namely, minimize 

where 
1 

2 2 1 
2 

C2(y) = (I-t (s)) ds , C1(y) = - 2 1  B(s)(l-t (s))ds 
- 1 -1 

subject to 

The main advantage of the formulation (6) to (8) is that we can now use a separated 
optimization procedure C31 to find the best fit. We define the relevant objective 
function 

G(Y) = min G(B,Y) 
OIBSPmax 



where Bmax is a function of y, and B is restricted to the feasible domain by the 
1 

upper limit. The function c(y) is optimized with respect to y, for - ; l y r -  to 
m y  --- --- 

find the optimal value 7 .  The optimal B is obtained by introducing in (9) and 
optimizing with respect to B .  Justification of this procedure is presented in [41, 
and its implementation is described in C51. It is reliable, efficient and eminently 
suitable for use on smaller computers and in the absence of multi-purpose optimization 
so£ tware. 

DISCUSSION OF APPLICATIONS 

For applications in the field of computer-aided design, the given curves (4) are 
often cubic polynomials, and the coefficients (7) may be calculated in closed form in 
terms of the polynomial coefficients by using a symbolic machine language so that 
families of curves can be approximated with no further integration. For general 
curves, numerical quadrature may be used, as in the implementation [Slwhere the Ronberg 
quadrature is applied. The coefficient functions C1(y) and C2(y) are expanded as 

polynomials in y, so that for given A(s) and B(s) the integrations need only be done 
once. 

The method was used to find optimal constrained parabolic approximation to a wide 
variety of given curves. Some examples from [61 were included in the numerical tests. 
A comprehensive discussion of the experimental results is contained in C41. The 
method yielded satisfactory approximations to the given curves for all the examples 
considered. 
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COMPARISON OF TWO ALGEBRAIC METHODS FOR CURVE/CURVE 
INTERSECT10 N 

Yves de  Montaudouin and Wayne T i l l e r  

S t r u c t u r a l  Dynamics Research Corpora t ion  
Mi.lford , Ohio 

Introduction 

Most geometr ic  modeling s y s  tems u s e  e i t h e r  polynomial o r  r a t i o n a l  
f u n c t i o n s  t o  r e p r e s e n t  geometry. I n  such systems most comput- 
a t i o n a l  problems can  be formulated as  systems of polynomials i n  
one o r  more v a r i a b l e s .  C l a s s i c a l  e l i m i n a t i o n  theory  c a n  be used 
t o  s o l v e  such systems ( Refs. 1 ,2 ,3 ,4 ,5  ) . I n  t h i s  paper we 
summarize Cayley 's  method of e l i m i n a t i o n  and show how it can  b e s t  
be used t o  s o l v e  t h e  curve/curve i n t e r s e c t i o n  problem. 

Summary of Elimination Using Cayley ' s Method 
L e t  P (xl Y YX,) , Q (XI  Y . yxn) be polynomials i n  t h e  n v a r i a b l e s  
1 and  assume t h a t  both P a n d Q  a r e  of deg ree  m > O  i n x n .  
I f  we cons ider  P,Q a s  polynomials i n  t h e  one v a r i a b l e  x, , w i t h  
c o e f f i c i e n t s  which a r e  polynomials i n  xl , . . . ,xn- , t h e n  w e  can  
w r i t e  

rn 
k 

rn 
C m k 

P(xn) = k=o akxn Y Q (xn )  = k t O  bkxn t 

where t h e  akybk a r e  polynomials i n  X l y . .  . YX,-, . 
For 0 S i , j  sm-1 , ml=max(O,i+j-m+l) , and m2=min(i , j )  d e f i n e  : 

rn2 

The mat r ix  LcijJ is  c a l l e d  t h e  Cayley ( o r  Bezout ) m a t r i x  and  
de t [c .  - 1  is c a l l e d  t h e  r e s u l t a n t  of P and Q ( denoted by 
R ~ s ( P ' ? Q )  1 .  
Theorem : Res(P,Q) is a polynomial i n  X l $ - - * y  Xn-l . The fo l lowing  

t h r e e  c o n d i t i o n s  a r e  e q u i v a l e n t  : 
1. Res(P,Q) = 0 
2. P and  Q have a common r o o t  
3. The mxm system of l i n e a r  homogeneous equa t ions  

g iven  by [ j T = h a s  a s o l u t i o n .  c i j l  [ x n l  
Furthermore , t h e r e  ( u s u a l l y  ) e x i s t  polynomials 
F ( x , . .  , x . . . x 1  ) such t h a t  i f  R e s  (P,Q) 
= 0 f o r  some f i x e d  xl 9 . . ~x n- 1 t h e n  t h e  common r o o t  
of P and Q is g iven  by x = -F/G. The f u n c t i o n s  F 
and G a r e  de r ived  by ~ r a m k r ' s  r u l e  from t h e  system 

2 T 



Example, 

C l e a r l y  d e t [ c .  .] = 0  , and from 
1 J  

it fo l l ows  t h a t  -4+4x = 0  and  t h u s  x  = 1. 

Curve/Curve Intersection Using Elimination 

L e t  C ,  (s) = (x ,  (s) ,y ,  (s)  and  C, ( t )  = (x,  ( t )  ,YP ( t )  be two 
r a t i o n a l  p a r a m e t r i c  c u r v e s  , bo th  d e f i n e d  on [ 0 , 1 ] .  There  a re  two 
ways t o  u se  e l i m i n a t i o n  t o  f i n d  t h e  i n t e r s e c t i o n  p o i n t s  of C ,  and  
/. 

L 2  
Method 1. I m p l i c i t i z e  one of t h e  curves .  
S t e p s  : 
a. Use e l i m i n a t i o n  t o  c o n v e r t  C, (s) t o  i ts i m p l i c i t  r e p r e s e n t -  

a t i o n  P (x ,y )  = 0. I n  t h e  p r o c e s s  w e  o b t a i n  s = -F(x ,y) /G(x,y)  
T h i s  is a n  i n t e r e s t i n g  problem i n  i t s  own r i g h t .  

b. S u b s t i t u t e  x, ( t )  , y, ( t )  i n t o  P (x ,y )  = 0  t o  g e t  Q ( t )  = 0  . 
c. F ind  t h e  r o o t s  ti of Q ( t )  w i t h i n  t h e  range [O , l ] .  
d. For each ti , u s e  x, ( t )  , y, ( t )  t o  o b t a i n  t h e  cor responding  

p o i n t  (xi 9Yi) on  C,. 
e. Use (xi ,yi) a n d  s = -F/G t o  g e t  Si . If 'i is i n  [O, l ]  , t h e n  

Si , ti , (xi,yi) is a  s o l u t i o n  ( i n t e r s e c t i o n  p o i n t  ) .  

Example. 
L e t  C, (s) = ((1-s2)/(l+s2) , 2 s / ( l + s 2 )  ) and  C, ( t )  = ( t , t2) .  C ,  is  a  
c i r c u l a r  , C, a p a r a b o l i c  arc , bo th  i n  t h e  f i r s t  quadran t .  
a .  From x = ( l - s 2 ) / ( l + s 2 )  and  y = 2 s / ( l + s 2 )  , i t  f o l l o w s  t h a t  

f  ( x , y , s )  = ( x - l ) + ( x + l ) s 2  = 0  
g  ( x , y , s )  = y-2s+ys2 = 0  . El imina t i ng  s , w e  o b t a i n  : 

Expanding d e t I c i  j1 and s e t t i n g  i t  e q u a l  t o  z e r o  y i e l d s  P ( x , y )  
= x2+y2-1 = 0. And from (-2x+2)-2ys = 0  , w e  g e t  s = (1-x)/y. 

b. S u b s t i t u t i n g  ( t , t2)  i n t o  P (x ,y )  y i e l d s  Q ( t )  = t 4 + t 2 - 1  = 0. 
c. The on ly  r o o t  i n  [0 ,1 ]  is (approx.)  t = 0.786 . 
d. From C, ( t)  , w e  have x  = 0.786 , y  = 0.618 . 
e. From s = (1-x)/y w e  o b t a i n  s = 0.346 . 
Method 2. S u b t r a c t  t h e  c o o r d i n a t e  f u n c t i o n s .  
S t e p s  : 
a. Form P ( s , t )  = x,  ( s ) -x ,  ( t )  = 0  and  Q (s,t)  = y ,  (s ) -y ,  ( t)  = 0. 



b. E l imina te  one of t h e  v a r i a b l e s  , say  s , t o  g e t  Res(P,Q) = 
R ( t )  = 0 and s = - F ( t ) / G ( t ) .  

c. Find t h e  r o o t s  ti of R ( t )  i n  t h e  range [0 ,1] .  
d. For each ti , u s e  s = -F/G t o  g e t  S i .  I f  s i  is a l s o  i n  

[0,11 , u s e  ( x 2 ( t 1 , y 2  ( t ) )  t o  g e t  ( x i , . y i ) .  

Example. 
Same as  above. 
a. 0  = P ( s , t )  = ( 1 - s 2 ) / ( l + s 2 )  - t = ( 1 - t ) - ( l + t ) s 2  

0  = Q(s , t )  = 2 s / ( l + s 2 )  - t2 = - t 2 + 2 s - t 2 s 2  . 

And 2 ( 1 - t ) - 2 t 2 s  = 0 i m p l i e s  s = (1-t)/t2 . 
c. Solv ing  f o r  t y i e l d s  (approx.) t = 0.786 . 
d. S u b s t i t u t i n g  i n t o  s = (1-t)/t2 y i e l d s  s = 0.346 . 
Comparison of the Two Methods 

To our knowledge only method 1 h a s  been mentioned i n  t h e  CAD/CAM 
l i t e r a t u r e  ( Refs. 2,3 ) . But method 2  is a more s t r a i g h t -  
forward approach. Furthermore , it  is computa t iona l ly  s imp le r  , 
s i n c e  t h e  e lements  of t h e  Cayley mat r ix  a r e  one v a r i a b l e  i n s t e a d  
of two v a r i a b l e  polynomials. W e  implemented and t e s t e d  bo th  
methods and found method 2  t o  be more e f f i c i e n t .  W e  used s i x  
p a i r s  of cu rves  , r e p r e s e n t i n g  mix tu re s  of l i n e s  , c i r c l e s  , and  
cub ic  a r c s .  S e v e r a l  examples had m u l t i p l e  i n t e r s e c t i o n  p o i n t s .  
For a l l  s i x  c a s e s  method 2  r e q u i r e d  less CPU t i m e  t h a n  method 1. 
The average time r a t i o  of method 1 t o  method 2  was 3.13:l , t h e  
least  d i f f e r e n c e  was 2.33:l , and  t h e  most d ramat ic  was 6.25:l . 
Conclusion 

Both of t h e  above methods can  be extended t o  s o l v e  t h e  
s u r f a c e / s u r f a c e  i n t e r s e c t i o n  problem. That  is t h e  d i r e c t i o n  of 
our cur  r e n t  research .  
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A Comparison of 
Three Curve Intersection Algorithms 

Thomas W. Sederberg 
Scott R. Parry 

Brigham Young University 
Provo, Utah 84602 

EXTENDED ABSTRACT 
An empirical comparison is made between three algorithms for computing 

the points of intersection of two planar Bezier curves. The algorithms compared 
are: 

Al.  The well known Bezier subdivision algorithm, which is discussed in [Lane180] 

A2. A subdivision algorithm based on interval analysis due to Koparkar and 
Mudur [Koparkar183] 

A3. An algorithm due to  Sederberg, Anderson and Goldman which reduces the 
problem to one of finding the roots of a univariate polynomial [Seder- 
berg'84). 

The details of these three algorithms are presented in their respective references. 
This abstract mentions major implementation choices, and assumes that the 
reader is familiar with the three algorithms. 

The execution times of A1 and A2 are highly sensitive to implementation. 
We observed that the decision on when to terminate the subdivision can effect 
execution speed by an order of magnitude. We based our termination criterion 
on a suggestion from [Wang'84] that a curve be subdivided until its deviation 
from a straight line segment is no larger than a value E .  If (xi,yi) i = O , l ,  ..., n are 
the control points of a degree n Bezier curve and 

then 

where ro is the number of times the curve must be subdivided in order for a 
curve segment to approximate a line segment to within a tolerance c. 



For A1 and A2, the convex hull was taken to  be a bounding rectangle. For 
Al ,  subdivision was performed using the geometric construction algorithm and 
the bounding rectangle was determined by the new Bezier control points. For 
A2, the polynomial equations were converted to standard power basis, and subdi- 
vision was performed by simply evaluating the curve segment at  its parametric 
midpoint, using Horner's algorithm. 

For A3, the implicitization procedure was performed using Bernstein polyno- 
mials. I t  was noted that standard polynomials introduced excessive roundoff 
error for curves of degree larger than three. A critical part of the implementation 
is a polynomial root finder which finds only real roots. We developed our own 
root finder for this purpose, which usually runs significantly faster than, for 
example, the standard IMSL root finder which finds all roots (real and complex) 
of a polynomial. 

We tested these three algorithms on pairs of Bezier curves of degree three, 
four, and five, with several different numbers of intersection points. Our goal was 
to compute the intersection points to five decimal places of accuracy, and we 
experimented to find the optimal value of ro for this purpose. 

Results: The tests were run on a VAX11/750, with floating point accelera- 
tor, under UNlX 4.2 BSD. Our test results indicate that for two cubic Bezier 
curves which intersect once, A3 is at  least twice as fast as the other two algo- 
rithms. For more than one intersection, A3 does even better -- if the two cubic 
curves intersect nine times, A3 is typically five or six times faster than the others. 

For curves of degree four, A2 and A3 are comparable, and A1 is the slowest. 
For curves of degree five, A2 is typically twice as fast as the other two algo- 
rithms. 

Multiple intersections were not thoroughly tested. Our implementation of 
A1 and A2 did not properly detect the presence of tangency. A3 handled 
tangency with no problem by reporting a multiple polynomial root. 
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software aspec ts .  The goa l  of t h e  conference was t o  provide a forum where research-  
e r s  and implementers from government, academia, and i n d u s t r y  could d i scuss  s ta te-of-  
the-ar t  developments and suggest  problems and d i r e c t i o n s  f o r  f u t u r e  research.  The 
conference was organized i n t o  s e s s i o n s  on t h e  fol lowing top ic s :  (1)  curves and shape 
con t ro l ,  ( 2 )  su r f aces ,  (3 )  g r i d  gene ra t ion  and contouring,  ( 4 )  s o l i d  modeling, and 
( 5 )  curve i n t e r s e c t i o n s .  These proceedings present  extended a b s t r a c t s  f o r  t he  papers  
presented a t  t he  conference, i nc lud ing  the  n ine  i n v i t e d  addresses .  
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