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Introduction 

Most geometr ic  modeling s y s  tems u s e  e i t h e r  polynomial o r  r a t i o n a l  
f u n c t i o n s  t o  r e p r e s e n t  geometry. I n  such systems most comput- 
a t i o n a l  problems can  be formulated as  systems of polynomials i n  
one o r  more v a r i a b l e s .  C l a s s i c a l  e l i m i n a t i o n  theory  c a n  be used 
t o  s o l v e  such systems ( Refs. 1 ,2 ,3 ,4 ,5  ) . I n  t h i s  paper we 
summarize Cayley 's  method of e l i m i n a t i o n  and show how it can  b e s t  
be used t o  s o l v e  t h e  curve/curve i n t e r s e c t i o n  problem. 

Summary of Elimination Using Cayley ' s Method 
L e t  P (xl Y YX,) , Q (XI  Y . yxn) be polynomials i n  t h e  n v a r i a b l e s  
1 and  assume t h a t  both P a n d Q  a r e  of deg ree  m > O  i n x n .  
I f  we cons ider  P,Q a s  polynomials i n  t h e  one v a r i a b l e  x, , w i t h  
c o e f f i c i e n t s  which a r e  polynomials i n  xl , . . . ,xn- , t h e n  w e  can  
w r i t e  

rn 
k 

rn 
C m k 

P(xn) = k=o akxn Y Q (xn )  = k t O  bkxn t 

where t h e  akybk a r e  polynomials i n  X l y . .  . YX,-, . 
For 0 S i , j  sm-1 , ml=max(O,i+j-m+l) , and m2=min(i , j )  d e f i n e  : 

rn2 

The mat r ix  LcijJ is  c a l l e d  t h e  Cayley ( o r  Bezout ) m a t r i x  and  
de t [c .  - 1  is c a l l e d  t h e  r e s u l t a n t  of P and Q ( denoted by 
R ~ s ( P ' ? Q )  1 .  
Theorem : Res(P,Q) is a polynomial i n  X l $ - - * y  Xn-l . The fo l lowing  

t h r e e  c o n d i t i o n s  a r e  e q u i v a l e n t  : 
1. Res(P,Q) = 0 
2. P and  Q have a common r o o t  
3. The mxm system of l i n e a r  homogeneous equa t ions  

g iven  by [ j T = h a s  a s o l u t i o n .  c i j l  [ x n l  
Furthermore , t h e r e  ( u s u a l l y  ) e x i s t  polynomials 
F ( x , . .  , x . . . x 1  ) such t h a t  i f  R e s  (P,Q) 
= 0 f o r  some f i x e d  xl 9 . . ~x n- 1 t h e n  t h e  common r o o t  
of P and Q is g iven  by x = -F/G. The f u n c t i o n s  F 
and G a r e  de r ived  by ~ r a m k r ' s  r u l e  from t h e  system 
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Example, 

C l e a r l y  d e t [ c .  .] = 0  , and from 
1 J  

it fo l l ows  t h a t  -4+4x = 0  and  t h u s  x  = 1. 

Curve/Curve Intersection Using Elimination 

L e t  C ,  (s) = (x ,  (s) ,y ,  (s)  and  C, ( t )  = (x,  ( t )  ,YP ( t )  be two 
r a t i o n a l  p a r a m e t r i c  c u r v e s  , bo th  d e f i n e d  on [ 0 , 1 ] .  There  a re  two 
ways t o  u se  e l i m i n a t i o n  t o  f i n d  t h e  i n t e r s e c t i o n  p o i n t s  of C ,  and  
/. 

L 2  
Method 1. I m p l i c i t i z e  one of t h e  curves .  
S t e p s  : 
a. Use e l i m i n a t i o n  t o  c o n v e r t  C, (s) t o  i ts i m p l i c i t  r e p r e s e n t -  

a t i o n  P (x ,y )  = 0. I n  t h e  p r o c e s s  w e  o b t a i n  s = -F(x ,y) /G(x,y)  
T h i s  is a n  i n t e r e s t i n g  problem i n  i t s  own r i g h t .  

b. S u b s t i t u t e  x, ( t )  , y, ( t )  i n t o  P (x ,y )  = 0  t o  g e t  Q ( t )  = 0  . 
c. F ind  t h e  r o o t s  ti of Q ( t )  w i t h i n  t h e  range [O , l ] .  
d. For each ti , u s e  x, ( t )  , y, ( t )  t o  o b t a i n  t h e  cor responding  

p o i n t  (xi 9Yi) on  C,. 
e. Use (xi ,yi) a n d  s = -F/G t o  g e t  Si . If 'i is i n  [O, l ]  , t h e n  

Si , ti , (xi,yi) is a  s o l u t i o n  ( i n t e r s e c t i o n  p o i n t  ) .  

Example. 
L e t  C, (s) = ((1-s2)/(l+s2) , 2 s / ( l + s 2 )  ) and  C, ( t )  = ( t , t2) .  C ,  is  a  
c i r c u l a r  , C, a p a r a b o l i c  arc , bo th  i n  t h e  f i r s t  quadran t .  
a .  From x = ( l - s 2 ) / ( l + s 2 )  and  y = 2 s / ( l + s 2 )  , i t  f o l l o w s  t h a t  

f  ( x , y , s )  = ( x - l ) + ( x + l ) s 2  = 0  
g  ( x , y , s )  = y-2s+ys2 = 0  . El imina t i ng  s , w e  o b t a i n  : 

Expanding d e t I c i  j1 and s e t t i n g  i t  e q u a l  t o  z e r o  y i e l d s  P ( x , y )  
= x2+y2-1 = 0. And from (-2x+2)-2ys = 0  , w e  g e t  s = (1-x)/y. 

b. S u b s t i t u t i n g  ( t , t2)  i n t o  P (x ,y )  y i e l d s  Q ( t )  = t 4 + t 2 - 1  = 0. 
c. The on ly  r o o t  i n  [0 ,1 ]  is (approx.)  t = 0.786 . 
d. From C, ( t)  , w e  have x  = 0.786 , y  = 0.618 . 
e. From s = (1-x)/y w e  o b t a i n  s = 0.346 . 
Method 2. S u b t r a c t  t h e  c o o r d i n a t e  f u n c t i o n s .  
S t e p s  : 
a. Form P ( s , t )  = x,  ( s ) -x ,  ( t )  = 0  and  Q (s,t)  = y ,  (s ) -y ,  ( t)  = 0. 



b. E l imina te  one of t h e  v a r i a b l e s  , say  s , t o  g e t  Res(P,Q) = 
R ( t )  = 0 and s = - F ( t ) / G ( t ) .  

c. Find t h e  r o o t s  ti of R ( t )  i n  t h e  range [0 ,1] .  
d. For each ti , u s e  s = -F/G t o  g e t  S i .  I f  s i  is a l s o  i n  

[0,11 , u s e  ( x 2 ( t 1 , y 2  ( t ) )  t o  g e t  ( x i , . y i ) .  

Example. 
Same as  above. 
a. 0  = P ( s , t )  = ( 1 - s 2 ) / ( l + s 2 )  - t = ( 1 - t ) - ( l + t ) s 2  

0  = Q(s , t )  = 2 s / ( l + s 2 )  - t2 = - t 2 + 2 s - t 2 s 2  . 

And 2 ( 1 - t ) - 2 t 2 s  = 0 i m p l i e s  s = (1-t)/t2 . 
c. Solv ing  f o r  t y i e l d s  (approx.) t = 0.786 . 
d. S u b s t i t u t i n g  i n t o  s = (1-t)/t2 y i e l d s  s = 0.346 . 
Comparison of the Two Methods 

To our knowledge only method 1 h a s  been mentioned i n  t h e  CAD/CAM 
l i t e r a t u r e  ( Refs. 2,3 ) . But method 2  is a more s t r a i g h t -  
forward approach. Furthermore , it  is computa t iona l ly  s imp le r  , 
s i n c e  t h e  e lements  of t h e  Cayley mat r ix  a r e  one v a r i a b l e  i n s t e a d  
of two v a r i a b l e  polynomials. W e  implemented and t e s t e d  bo th  
methods and found method 2  t o  be more e f f i c i e n t .  W e  used s i x  
p a i r s  of cu rves  , r e p r e s e n t i n g  mix tu re s  of l i n e s  , c i r c l e s  , and  
cub ic  a r c s .  S e v e r a l  examples had m u l t i p l e  i n t e r s e c t i o n  p o i n t s .  
For a l l  s i x  c a s e s  method 2  r e q u i r e d  less CPU t i m e  t h a n  method 1. 
The average time r a t i o  of method 1 t o  method 2  was 3.13:l , t h e  
least  d i f f e r e n c e  was 2.33:l , and  t h e  most d ramat ic  was 6.25:l . 
Conclusion 

Both of t h e  above methods can  be extended t o  s o l v e  t h e  
s u r f a c e / s u r f a c e  i n t e r s e c t i o n  problem. That  is t h e  d i r e c t i o n  of 
our cur  r e n t  research .  
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