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ABSTRACT

Preliminary measurements of the vertical and lateral velocity components of tunnel
turbulence were obtained in the Langley Transonic Dynamics Tunnel test section using a constant-
temperature anemometer equipped with a hot-film X-probe. For these tests air was the test
medium. Test conditions included tunnel velocities ranging from 100 to 500 fps at atmospheric
pressure. Standard deviations of turbulence velocities were determined and power spectra were
computed. Unconstrained optimization was employed to determine parameter values of a
general spectral model of a form similar to that used to describe atmospheric turbulence.

These parameters, and others (notably break frequency and integral scale length) were determined
at each test condition and compared with those of Dryden and Von Karman atmospheric turbulence
spectra. When data were discovered to be aliased, the spectral model was modified to account for
and "eliminate"” the aliasing.

INTRODUCTION

The Langley Transonic Dynamics Tunnel (TDT) is a closed-circuit, continuous-flow,
slotted-throat wind tunnel capable of testing in air or heavy gas at total or stagnation pressures
ranging from one atmosphere to near vacuum and over a Mach number range from near zero to
1.2. The test section of the TDT is 16 feet square and has cropped comers. This facility was
designed to fill the need for a transonic wind tunnel capable of testing dynamic models of a size
large enough to allow simulation of important structural properties of aircraft or spacecraft.
Aceroelastic research conducted in the TDT includes the study of flutter, aerodynamic loads, forced
response, and active controls (unpublished information contained in Langley Working Paper 799,
"The Langley Transonic Dynamics Tunnel,” dated September 23, 1969 with an updated reprint
dated April 1992). An important consideration in the study of forced response and active controls
is knowledge of the turbulence in the test section. Seven examples of wind-tunnel test programs
involving aeroelastic models with active controls are shown in figure 1. Six of the seven are
shown in the TDT and represent a cross-section of the variety and complexity of wind-tunnel
models which could have benefited from knowledge of the turbulence in the test section.

This paper describes the first phase of a program to define the turbulence in the TDT.
In this phase, vertical and lateral components of turbulence were measured in air at one total
pressure only (atmospheric) and for a limited number of Mach numbers. Later the same turbulence
components will be measured in air and in heavy gas at many combinations of total pressure and
Mach number. Power spectral density functions of the two components of turbulence, and related
statistical quantities, are computed from the measured data and "define the turbulence.” It is hoped



that the information contained herein will be useful to control-law design engineers as they design
control laws to be tested on active-controls models in the TDT.

A unique aspect of this program is the application of unconstrained optimization to
determine the values of parameters that mathematically define the power spectral density functions
of the velocity components at each test condition. One of the sections of this paper addresses the
use of an unconstrained optimization procedure and the appendix to this paper describes certain
aspects of a modified power spectral density function definition introduced after aliasing was
discovered in the digitized data.

SYMBOLS

frequency, Hz
break frequency, Hz

normalized break frequency

Nyquist frequency, Hz

summation index

integral scale length, ft

mean square ratio

spectral model denominator exponent

objective function

dynamic pressure, pV2/2, psf

correlation coefficient

tunnel velocity, fps

spectral model amplitude, (fps)2/Hz

spectral model numerator coefficient, sec2
nondimensional spectral model numerator coefficient
spectral model denominator coefficient, sec2
nondimensional spectral model denominator coefficient
unaliased turbulence spectrum, (fps)2/Hz

aliased turbulence spectrum, (fps)2/Hz

meas  measured turbulence spectrum, (fps)2/Hz

fluid density, slugs/ft3

standard deviation, fps
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APPARATUS
The apparatus consisted of the following components:
Transonic Dynamics Tunnel (TDT)

The features and characteristics of the TDT are described in detail in LWP-799. Figure 2
shows an aerial view of the TDT facility; figure 3 shows a plan view drawing. A sting, identified
in figure 12 of LWP-799 as "Sting 6," was used to support an X-probe on the centerline of the
TDT test section at longitudinal station 72, the position where the center-of-gravity of wind-tunnel
models is located for most tests. The sting could be inclined in pitch about its forward tip as
shown in the multiple-exposure photograph in figure 4. This feature was used in calibrating the
X-probe.



Tunnel Instrumentation

The following information was available from tunnel instrumentation: flow velocity,
Mach number, total temperature, sting pitch angle, and static, dynamic and total pressures.
Time-averaged values of these quantities, based on a sample rate of 4 samples per second over a
duration of 15 seconds, were available.

Anemometry System

Figure 5 shows the two major components of the anemometry system: an anémometer
console and a cross- or X-probe. The probe is shown greatly magnified. The probe contains two
filaments arranged in an X-pattern and separated by 0.04 inches. The filaments are mutually
perpendicular and each is aligned at 45° with respect to the axis of the probe. For durability, film
filaments, which are constructed by bonding a thin film of platinum onto the surface of a fused
quartz substrate, were chosen over wire filaments. The film filaments were about 0.08 inches long
and 0.002 inches in diameter. A view of the X-probe showing its actual size is presented in figure
6. In figure 7 the X-probe is shown in the TDT test section mounted at the end of Sting 6.

The X-probe was mounted on the sting in such a manner that it could be rotated about its axis.

The anemometer measured voltage variations, over a broad frequency range, from each
filament of the X-probe. A dummy probe was used to provide a measure of the cable resistance.
The characteristics of the electrical cables that connected the probes to the anemometer met
manufacturer's specifications. Voltages from the X-probe were calibrated to provide both
components of flow velocities in a plane that includes the probe axis. (The probe is insensitive to
flow normal to this plane.) The pair of anemometer voltage signals and their difference were.

sampled at 200 samples per second, yielding a Nyquist frequency of 100 Hz.
Other Instrumentation

In anticipation of possible sting motion due to vibrations, the sting was instrumented with
accelerometers. These possible sting motions, if large enough, could have contaminated the
readings from the anemometer since an anemometer cannot distinguish between voltages produced
by the passage of moving air over a stationary X-probe and voltages produced by the passage ofa
moving X-probe through stationary air. Accelerations of the sting give an indication of sting
motion and were used to determine if there was contamination. Such contamination would be
manifested as additional power in the spectral density functions at the vibrational frequencies.

The accelerations were sampled at 200 samples per second.

Overall System

The overall system, including instrumentation and data acquisition devices, is schematically
illustrated in figure 8. A dual-trace oscilloscope was used to monitor the anemometer signals and
the spectrum analyzer was used for on-line evaluation of the data measurements. All data were
passed through a 1000 Hz low-pass filter before being saved digitally (at the respective sample
rates noted above) on the MODCOMP data acquisition computer.

TEST PROCEDURE

A test procedure that minimized test time was employed. The procedure involved
systematically alternating between acquiring data that would later be used to calibrate the
anemometer (calibration data) and acquiring data that would later be reduced using the results from
calibration (test data). Data for the vertical component of tunnel turbulence which included



calibration data were acquired before those of the lateral component. There were eleven calibration
conditions and nine test conditions.

Figure 9 is a semilog plot of dynamic pressure as a function of Mach number and shows
the TDT operating boundary for air. The various arching curves are contours of constant total
pressure. The TDT operates along these contours as motor speed varies. All calibration and test
conditions were on the atmospheric total pressure curve (2200 psf). The calibration conditions
covered the range of tunnel velocities from 50 fps to 550 fps in increments of 50 fps. The test
conditions, shown in the figure by open circles, covered the range of tunnel velocities from 100
fps to 500 fps, also in 50 fps increments. Corresponding ranges for Mach number and dynamic
- pressure for the test conditions are from 0.09 to 0.44 and from 11 psf to 250 psf, respectively.

Acquiring Data

Calibration data were recorded in tests of 15-second duration and test data in tests of
3-minute duration. Time-averaged tunnel instrumentation values were provided at the initiation and
the termination of data tests to monitor the extent of value changes during tests. Calibration data
and test data consisted of voltage outputs from the two filaments of the X-probe. Calibration data
were acquired at known values of tunnel velocity and sting pitch angles over the angle range from
-5° to +5° in increments of 1°. This range of sting pitch angles is depicted in figure 4. When the
sting pitch angle was set to 0°, test data for the vertical component of tunnel turbulence were
acquired. Tunnel velocity was then changed and this process was repeated.

After all calibration data and test data were acquired for the vertical component of tunnel
turbulence, the X-probe was rotated 90° about its axis, the sting pitch angle was set to 0°, and,
without further calibration, test data for the lateral component of tunnel turbulence were acquired at
all tunnel velocities.

CALIBRATION

The mean tunnel flow at the location of the X-probe was assumed to be along the
centerline of the test section.

After data acquisition, the next task was to apply the calibration in the conversion of the
filament voltages to flow velocities. First, a grid of filament voltages for the calibration tunnel
velocities and sting pitch angles was constructed. Next, linear regression was applied to provide
smooth voltage variations with angle change at each velocity. Then, a table look-up procedure
similar to that of reference 1 was employed to interpolate or extrapolate the turbulence velocity
components from the measured voltage time histories (test data).

Figure 10 shows the linearized X-probe calibration results expressed in terms of a grid of
filament voltages. The filament-voltage scales are identified by their attitude angles with respect to
the probe axis. The figure shows a general increase in voltage for both filaments with velocity and
small regular, negatively-sloped changes in voltages due to pitch angle. At the higher velocities,
the slopes of the changes due to pitch angle become more negative.

The process of calibration was conducted in the vertical plane while the plane of response
of the X-probe was aligned vertically. The vertical calibration was also applied to the lateral
measurements since the probe was merely rotated for the lateral measurements. Thus, both the
velocity components were converted from voltages using the calibration relationships derived from
the vertical measurements.



DATA REDUCTION

Except for some on-line measurements which will be described next, all data reduction was
performed subsequent to testing.

On-Line Data Examination

At each test condition on-line measurements were made of power spectral density functions
of the difference in voltages between the two probe filaments. For an ideal X-probe, reference 2
shows that this voltage difference is proportional to the measured flow normal to the probe axis.
In addition, on-line measurements were made of power spectral density functions of the sting
accelerations. These spectra were characterized by prominent peaks at the frequencies of vibration
of the sting. The voltage-difference spectra were examined for peaks at these same frequencies,
but none were found. Had such peaks been found, the conclusion would have been made that the
motion of the sting was responsible for those peaks and that contamination existed. However,
because this condition did not exist, it was judged that no contamination existed.

Turbulence-Velocity Time Histories

Total-velocity time histories were determined from filament voltage time histories by
employing the calibration procedure discussed previously. Turbulence-velocity time histories were
then obtained from the total-velocity time histories by subtracting the mean from the velocity
components.

Standard deviations of each component of tunnel turbulence were computed from the
turbulence-velocity time histories. The turbulence levels, expressed as a percentage of tunnel
velocity, were computed by dividing the standard deviations by the corresponding tunnel
velocities.

Turbulence-Velocity Power Spectral Density Functions

Power spectral density functions of the vertical and lateral components of tunnel turbulence
were computed from the turbulence-velocity time histories using the Blackman-Tukey method
(ref. 3). In this method an estimate of the autocorrelation function for each time history is
computed first. These autocorrelation functions were chosen to have 512 lags. Next, for each
autocorrelation function, a Hanning lag window was employed and an estimate of the power
spectral density function was computed.

When the resulting power spectral density functions exhibited the characteristic inflections
in the spectra at frequencies approaching the Nyquist frequency, aliasing was determined to be
present in the digitized data.

Use of Unconstrained Optimization to Approximate Measured Spectra

An important objective of the program was to determine the values of parameters o, B, v,
and n within the following assumed simple analytical expression which approximates the measured
tunnel-turbulence power spectra at each test condition

1+pf?
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This expression was chosen because it is consistent with and has properties similar to the
familiar Dryden and Von K4rm4n forms of atmospheric-turbulence power spectra. In choosing
equation (1), the authors hoped to use their understanding of the familiar forms of atmospheric-
turbulence power spectra to interpret the characteristics of the tunnel-turbulence power spectra.

An important property of equation (1) is its asymptotic behavior. At low values of
frequency the value of ¢ asymptotically approaches a constant value, and at high values of
frequency the value of ¢ asymptotically approaches zero as the negative 2(n-1) power of
frequency. On a log-log plot, these low- and high-frequency asymptotes are straight lines with
slopes of zero and negative 2(n-1), respectively. At intermediate values of frequency there is a
transition between the low- and high-frequency asymptotes in the vicinity of a frequency which
will be referred to as the break frequency, fp. The quantity f}, is defined to be the frequency at
which the low- and high-frequency asymptotes intersect and is expressed as

1/2(0-1)
f, = (_Bn-) 2
Y

Before the presence of aliasing was detected, the authors had conceived a straightforward
procedure, which employed unconstrained optimization, to determine the parameters a, B, y, and
n. In this procedure these four parameters were the design variables and the objective function was
based on the difference between equation (1) and the measured power spectrum, over the
frequency range of zero to the Nyquist frequency. The procedure assumed that there was no
aliasing present in the measured data, therefore, ¢ in equation (1) is referred to as the unaliased
spectral model,

The objective function was the sum, over the frequency range from zero to the Nyquist
frequency, of the square of the differences of the logarithms of the unaliased spectral model and the
measured spectrum

Oj = 3 {108[ncas(1)] - log[(5)]} 3)

The difference in logarithms of spectra, rather than the difference of spectra, was chosen to
force the optimizer to work as hard in the high-frequency region as it does on other portions of the
spectrum. Because aliasing was discovered before optimization was performed, equation (3) was
never employed, but an alternate form, to be described next, was employed.

"Eliminating" Aliasing

After the presence of aliasing was detected, the spectral model was modified to reflect the
presence of aliasing. The design variables were the same but the objective function was based on
the difference between the analytical expression, as specified in equation (4), and the measured
power spectrum. The new analytical expression is referred to as the aliased spectral model and is
comprised of the sum of all unaliased spectral segments (each segment based on eq. (1)) between
zero and 1000 Hz, but "folded" about frequencies zero and the Nyquist frequency, fy (refs. 3 and

5).
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When aliasing is considered, the expression for ¢A(f) in equation (4) replaces ¢(f) in the
objective function yielding,

Ob.i=;{log[cpm(f)]—log[¢A(f)]}2 )

Parameters a, B, v, and n were obtained during the optimization procedure. The Appendix
to this paper describes the composition of equation (4) and provides an illustration of its validation
to turbulence spectra.

Quantities Which "Define" the Turbulence

o Equationr(l) may be rewritten in a form identical to the Dryden and Von Kirmén forms of
reference 4, in terms of quantities V (velocity), L (turbulence integral scale length), and ¢
(turbulence standard deviation). Both forms of atmospheric-turbulence power spectra may be

expressed in the following form
(27L\? ,
0'22L 1+B(——V ) f
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In comparing equations (1) and (6) term by term the following relationships are apparent:

o(f) = (6)
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Quantities B' and y are nondimensional. A nondimensional break frequency may be
defined as
= (LY. (p )0

ty, = Tth: F (11

Equations (1) and (6) both define the turbulence, but equation (6) will be used exclusively
for the remainder of this paper because it is identical in form to the Dryden and Von Kérmén
forms. Therefore, knowledge of quantities o, L, B', v, n, and Fh is required to define the
turbulence. These quantities are computed in the following manner: parameters o, B, v, and n are
determined using equation (5) as the objective function; quantity o is computed from the
turbulence-velocity time histories; and quantity V is known from the test conditions. With these



six quantities known, quantity L is computed using equation (7); quantities p' and y are computed
using equations (8) and (9), respectively; and f,, is computed using equations (2) and (11).

RESULTS AND DISCUSSION

Table 1 contains a summary of the results which are discussed in this section of the paper.
Also included in the table are the tab point, corresponding tunnel velocity, and dynamic pressure
for each entry. . *

Turbulence-Velocity Standard Deviations

The standard deviations, which are a measure of the intensity of tunnel turbulence, were
computed for the vertical and lateral components of tunnel turbulence. The vertical component is
plotted in figure 11(a) as a function of tunnel velocity and in figure 11(b) as a function of dynamic
pressure; the lateral component is similarly displayed in figure 12. As expected, the standard
deviations tended to increase with both tunnel velocity and dynamic pressure, although the
standard deviations of the vertical component were slightly greater than those of the lateral
component. The maximum standard deviation for the vertical component was about 3.5 fps; for
the lateral component, about 3.1 fps.

Some discrepancies in the data were noted. For the vertical component of tunnel turbulence
at a tunnel velocity of 500 fps three sample records were obtained, resulting in three significantly
different values of standard deviation. At a tunnel velocity of 300 fps there appears to be a
condition of low turbulence intensity for both components of tunnel turbulence. These discrep-
ancies were investigated but no apparent reason for them was found. These will be investigated
further in the next phase of the program.

Also plotted in figures 11 and 12 are the linear least squares estimates constrained to pass
through the origin. The correlation coefficient, r, of each estimate is indicated on the plot.
For both components of tunnel turbulence, the correlation coefficient is somewhat greater when the
data are plotted as a function of dynamic pressure, suggesting a slightly stronger linear relationship
with dynamic pressure than with velocity.

Tunnel turbulence is frequently expressed as a percent of tunnel velocity. The data of
figures 11 and 12 were normalized by tunnel velocity and then replotted in figures 13 and 14.
For the vertical component, the percentages ranged from about 0.2 % to about 0.8 % of tunnel
velocity. For the lateral component the percentages ranged from about 0.3 % to about 0.6 %.
The figures also include linear least squares estimates.

Turbulence-Velocity Power Spectral Density Functions

Figure 15 (a-k) contains eleven log-log plots of the power spectral density functions of the
vertical component of tunnel turbulence for the different tab points and tunnel velocities. Figure 16
(a-j) contains ten similar plots for the lateral component. To aid in comparing the power spectra the
scales on all 21 plots were kept identical.

Each plot contains the following:

(1) An estimate of the power spectral density function computed from the
turbulence-velocity time history.
The estimate is characterized by jaggedness and by aliasing.
It is labeled on the plot as "measured spectrum.”



(2) The aliased spectral model (eq. (4)), obtained by performing the optimization
procedure.

It is generally difficult to see this model representation on the plot because it
passes through the middle of the measured spectrum, an indication of the
success of the optimization procedure.

It is labeled on the plot as "aliased spectral model."

(3) The unaliased spectral model (egs.(1) and (6)), obtained by substituting into
equation (1) the optimized values of the parameters from the aliased spectral
model. -

This model is always below the corresponding aliased spectral model for all
frequencies.
It is labeled on the plot as "unaliased spectral model."

The measured spectra exhibit trends with increasing tunnel velocity consistent with
the corresponding trends for standard deviation. For instance, as tunnel velocity is
increased from 100 fps to 500 fps there is about an order-of-magnitude increase in the
standard deviation for both components of turbulence. There is also about an order-of-
magnitude increase in the low-frequency values of the measured spectra.

For the present application, an indication of the amount of aliasing present in a measured
spectrum is the difference in the magnitudes of the low-frequency asymptotes of the aliased and
unaliased spectral models. A relatively small difference, as in figures 15(a) and 16(a), indicates a
relatively small amount of aliasing. A relatively large difference, as in figures 15(j) and 16(g),
indicates a relatively large amount of aliasing. The mean square ratio (MSR) provides a
quantitative measure of the error present in the power spectra due to aliasing; the smaller the MSR,
the greater the error. The MSR is the ratio of the areas under the unaliased and aliased power
spectra from the lowest frequency to the Nyquist frequency. For the twenty one spectra obtained
in the present study, the ratios ranged from (.624 t0 0.861.

Quantities Which "Define'" the Turbulence

Figures 17 and 18 contain plots, as functions of tunnel velocity, of the quantities which
define the turbulence. Figure 17 displays the quantities for the vertical component of tunnel
turbulence; figure 18, the lateral component. The quantities plotted are a, B', ¥, the ratio p'/y, n,

L, and f,. Where appropriate, for comparison with atmospheric turbulence power spectra, the
values of the quantities from the Dryden and Von Kdrmén forms are indicated on the plot.
Each plot contains a least-squares line through the data.

Because the general trends in corresponding data in figures 17 and 18 are very similar, the
following discussion applies to both the vertical and lateral components of tunnel turbulence.

Amplitude a.- Figures 17(a) and 18(a) show variations of o with tunnel velocity,
variations which have a similar character to those of ¢ in figures 11(a) and 12(a). (From equation
(7). for a_given velocity and a given value of L, a is proportional to the square of 6.) The least-
squares line in these plots was constrained to pass through the origin.

Coefficient 8'.- Figures 17(b) and 18(b) show variations of ' with tunnel velocity.
The least-squares line has a very shallow positive slope, indicating that the value of B' is very
nearly constant with tunnel velocity. Corresponding values of B' from the Dryden and Von
Kérmén forms, 3 and 4.781, respectively, are about an order of magnitude larger than the values
of #' from tunnel turbulence. This discrepancy in B' may be related to the physical restraints that
the tunnel walls impose on the flow, restraints that are not present in the atmosphere.



.- Figures 17(c) and 18(c) show variations of ¥ with tunnel velocity. The
least-squares line here also has a very shallow positive slope, also indicating that the value of v is
very nearly constant with tunnel velocity. Corresponding values of y from the Dryden and Von
Kirmin forms, 1 and 1.793, respectively, are about two to four times larger than the values of v
from tunnel turbulence. This discrepancy in Y may also be related to the physical restraints that
the tunnel walls impose on the flow, restraints that are not present in the atmosphere,

io B' / ¥'.- Figures 17(d) and 18(d) show variations of the parameter ratio B'/y' with
tunnel velocity. The least-squares line again has a very shallow positive slope, indicating, again,
that the value of B'/y is very nearly constant with tunnel velocity. Corresponding values of B'/y
from the Dryden and Von Kérmé4n forms, 3 and 2.667, respectively, are about three times larger
than the values of B'/y from tunnel turbulence.

Exponent, n.- Figures 17(e) and 18(e) show variations of the exponent n with tunnel
velocity. The least-squares line is essentially horizontal, indicating that the value of n is constant
with tunnel velocity. Corresponding values of n from the Dryden and Von K4rmén forms, 2 and

1.833, respectively, are extremely close to the values of n from tunnel turbulence.

f,.- Figures 17(f) and 18(f) show variations of fy,
with tunnel velocity. The least-squares line again has a very shallow positive slope, indicating,
again, that the value of f, is very nearly constant with tunnel velocity. Corresponding values of

f p from the Dryden and Von K4rmé4n forms, 1.732 and 1.345, respectively, are extremely close to

the values of fb from tunnel turbulence. From equation (11), for a constant normalized break

frequency and a constant value of L, the (unnormalized) break frequency will be proportional to
tunnel velocity.

, .- Figures 17(g) and 18(g) show variations of L with tunnel
velocity. The least-squares line has a very shallow positive slope, indicating that the value of L is
very nearly constant with tunnel velocity. Typical values of L from the Dryden and Von Kdrmé4n
forms are 1000 and 2500, respectively. For atmospheric turbulence the quantity L is interpreted as
the average diameter of the largest eddies in the atmosphere (ref. 4). If a similar interpretation were
made for tunnel turbulence, the largest eddies could not be larger than the test section size.

For tunnel turbulence, as indicated in figures 17(g) and 18(g), the value of L was about 4 feet,
more than two orders of magnitude below the typical values for atmospheric turbulence, but, more
importantly, smaller than the 16-foot test section size and therefore consistent with the
interpretation of integral scale length and eddy size.

All of these so called "defining" quantities exhibit only small differences with measurement
direction, suggesting that the turbulence within the test section of the TDT may be isotropic, i.e.,
independent of direction.

CONCLUDING REMARKS

Preliminary measurements of the vertical and lateral velocity components of tunnel
turbulence were obtained in the Langley Transonic Dynamics Tunnel test section using a constant-
temperature anemometer equipped with a hot-film X-probe. For these tests air was the test -
medium. Test conditions included tunnel velocities ranging from 100 to 500 fps at atmospheric
pressure. Standard deviations of vertical and lateral turbulence velocity components were
determined and power spectra were computed. Both components of turbulence generally increased
with tunnel velocity. In terms of percentages of tunnel velocity, the intensity of the tunnel
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turbulence ranged from about 0.2% to 0.8% for the vertical component, and ranged from about
0.3% to about 0.6% for the lateral component. Unconstrained optimization was employed to
determine the values of parameters within simple analytical expressions for the power spectra.
When data were discovered to be aliased, the spectral model form was modified to account for and
"eliminate" the aliasing. Excellent agreement between the modified model and the measured
velocity spectra was achieved. The parameters completely define the power spectral density
function of turbulence for each component of turbulence at each tunnel velocity. From these
parameters break frequency and integral scale length were determined at each test condition.

These quantities were compared with those of Dryden and Von K4rmé4n atmospheric-turbulence
power spectra.
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APPENDIX

THE ALIASED SPECTRAL MODEL

This appendix offers more information about the aliased spectral model, equation (4) in the
main body of the paper. ) ' .

Aliased Spectrum Defined in Terms of Unaliased Spectrum

Assume that a random process exists whose (unaliased) power spectrum is expressed by
equation (1) from the main body of the paper, repeated here as equation (A1)

1+ pf?
(1+4%)’

The range of frequency, {, in equation (A1) is zero to infinity. When this equation is
plotted in a log-log format, it has a shape as shown by the unaliased spectrum of figure Al.

¢f)=a (A1)

Assume also that a sampled record of this random process (with Nyquist frequency, fN)
has been obtained and that a power spectrum has been computed from the sampled record.
Assume, further, that this computed power spectrum exhibits evidence of aliasing, notably a
"curling up" at frequencies approaching fn. This aliased spectrum has a shape as shown by the
aliased spectrum of figure Al

As shown in such references as 3 and 5, an aliased power spectrum, over its frequency
range of zero to fN_ contains all the power of the unaliased power spectrum, over its frequency
range of zero to infinity. The aliased power spectrum may be expressed as an infinite "folded"
sum of spectral segments of the unaliased power spectrum. Equation (4) from the main body of
the paper expresses this sum and is repeated here as equation (A2)

0. ®)=Ya 1+;3(f+2ka)z

©[Ley(E2kf, )] *2

fork=0,71,72,%3, ...
The range of frequency, f, in equation (A2) is zero to fN.

Figure A2 contains a sketch illustrating the composition of an aliased spectrum in terms of
the sum of the folded segments of its corresponding unaliased spectrum. For ease in visualizing a
sum, figure A2 is in linear-linear format. In the figure, the aliased and unaliased spectra are labeled
and the folded segments are seen folding back and forth between zero and fN. While the sum
actually includes an infinite number of segments, for purposes of illustration, only three segments
are shown in the figure, corresponding to k=0, k=-1, and k=+1 in equation (A2). Each segment
has a bandwidth, or frequency range, equal to fN. The contribution to the sum from each
successive segment becomes successively smaller. This fact raises the question: Recognizing that
the 1000 Hz low-pass filter imposes an upper limit of 10 segments, how many folded spectral
segments are required to converge to the measured spectrum?

12



Figure A3 illustrates the results from a study that was performed to determine the number
of folded spectral segments to include in the optimization procedure. Figure A3 is a magnified
view of the high-frequency portion of the power spectrum in figure 16(g), chosen because it
contains a significant amount of aliasing. The various dashed curves in the figure represent
increasing numbers of spectral segments included in equation (A2). The lowest dashed curve
corresponds to k=-1 in equation (A2) (or, the primary spectral segment plus one additional spectral
segment); the highest dashed curve corresponds to k=-5 (or, the primary plus nine additional
segments). These two extremes correspond to upper limits of frequency of 2fiy and 10fy,
respectively. The upper limit of 10fy is seen to give the best agreement between the aliased
spectral model and the measured spectrum, and for this reason, 10fN was chosen as the upper limit
for all optimizations. In figure A3 the smooth solid line below the lowest dashed line is the
unal(i)a}sed spectral model, corresponding to the aliased spectral model with upper limit of frequency
of 10fN.

Validation of Aliased Spectral Model

To validate the procedure for "eliminating” aliasing, a numerical test was performed on a
Dryden power spectral density function deliberately aliased by creating a sampled analytical
autocorrelation function. For a theoretical and unaliased Dryden power spectrum, expressed in the
form of equation (6), the values of B', ¥, and n are 3, 1, and 2, respectively. For this
numerical test, values of o, L and V were arbitrarily chosen to be 2, 4, and 400 respectively.
Therefore, from equations (7), (8), and (9), the values of «, B, and y were 0.0800, 0.01184, and
0.00395 respectively.

Using the optimization procedure on this deliberately aliased spectrum, the unconstrained
optimizer determined the values of «, B, v, and n to be 0.0802, 0.01210, 0.00406, and 1.98,
respectively. Because the largest difference between these values and the theoretical values was
only 3%, this numerical test was judged to successfully validate the procedure.
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Figure Al. Aliased and unaliased spectral
relationships. :
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Velocity spectrum, (fps) %/Hz
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