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STATISIWWLEKELMMTONOFSPONTANEOUSFREEZING

OFWATERDROI’IEI’S

ByJosephLevine

A statisticaltheorybasedonthepresenoeofsmallcrystalliz-
ationnucleisuspmdedinwaterisdevelopxltoexplainexperimental.
res~tsshowingthatontheaveragesm+lldropletscanbe supercooled
to lowertemperaturesthanlargeones.Smallnuoleiofcrystalliza-
tionexeassumedresponsibleforcausingsupercooledwaterto freeze
spontaneously.

Theaveragebehaviorofsupercooled-dropletsisreproducedonthe
basisofprobabilityy t4eorywithanassumeddistributionofcrystalli-
zationnucleiwithrespecttothetemperaturesatwhichthenuclei
causefreezing.Themostprobabledistributioncurvesof
freezingtemperaturesforwaterdropletsofvarioussizes
sizerangefoundincloudsareobtained.

INTRODUCTION

spontaneous
withinthe

.

Theprolongedoperationofunprotectedaircraftinsu~rcooled
cloudshasbeenfoundtobe a hazard.11’ortheicinghazardtobe over-
come,the@ysical conditionsunderwhichsupercooledcloudsexistmast
bemdersto~. Thephysicsofsupercoolingandfreezingisincompletely
understood,as shownby conflictingopinionsexpressed-inthelitera-
ture. Thefollowingfactorshavebeendescribedas causesoffreezing
insupercooled.watersamples:(1)intrcduotionofioeorystal;(2)mech-
anicalshook,suchas vibration,8oratchingofsolidsurfacestogether
inwatersample,andsoundwaves;(3)lengthoft- waterhasexisted
insupercooledstate;(4)impurities;and(5)dropletsize.

Investigatorsseemtoagreethatan icecrystalintroducedintoa
sempleofsupercooledwaterwillcausethewaterto freeze.Recent
experimentsbyDorsey(reference1) hdioatethatmechanicalshock>

. however,isoflittleimportanceinfreezingofsupercooledwater;li.ke-
wise~timeapparentlyisnota faotor.I&cmtheextensiveinvestigation
ofreference1, itisconcludedtkt smallsolidpartiolessuspendedin
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thewaterorirregularities
oooledwatertofreezeata
tiolesareoalledmotesarxi
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onthecontainersurfaaecausethesuper-
giventempenzture.These~otheticalpar-
thetemperatureatwhiuha samplefreezes

.

.

tithoutanyapparent-xtemal.stimuiiiscalledthesponta&ousfreezing
temperature.Thespontaneousf~ezingtemperaturewasfWnd inmost
casestobea characteristicofeachsaniple,Whichledtothemote-
hypothesis.

Theobservationsdescribedinreference1 have”beensu@tantiated
somewhatinreferenoe2 inwhicha statisticalinvestigationofwater-
dropletsizeasa faotorindeterminingthespontaneousfreezingtem-
peraturesofthedropletsispresented.By observationofa largenumber
ofdroplets,thefollowingresultswereobtained:(1)Thefrequency-
distributhncurvetith respectito spontaneousfreezingtemperatureofa
givendropletsizewasfoundto havea markedpeakormcde;and(2)the
averagespontaneousfreezingtemperatureofeaohsizegroupdecreased
withdecreasingdropletsize.

Inreference3,the6onclU&ion.s&- jnadefrom~bse~ationofa “-
numberofdropletsthattm Spontaneousfreezingtempezdureofdroplets
from400mioron&“d&nto approximately50micronsrapidlydecreasedwith
sizeandthatdropletslargerthan400mioronshada practicallyoonstant
freezingtemperature.Theresultsofreference3 arequalitatively
verifiedinreference2 butonlytotheextentthattheaveragefreezing
temperaturefora givensizewasfoundtobe a functionofthesize.

Similarresultsofa qualitativenaturehavebeenobtainedwith
substancesotherthanwater.In reference4,thepossibledegreeof
supercoolinginsulphurdropletswasfoundto increasewithdecreasing
dropletdiameter.Inaddition,itwasfoundmorediffioultto super-
cool sulphurdropletsona metalsurfaoe,suchasbrassoraluminum,
thanona glasssurface.Theeffectofdropletsizeonspontaneous
freezingtemperaturewasascri~edtothefact-thatsmallerdropletsare
lesssusceptibletoexternalinfluence~thanlargerdroplets.Thesur-
facewasthoizghtto havean influenceonthecrystallizingforceswithin
thesupercooleddroplet.Substmcessuchas gold,platinum,rhdium,
meroury, andotherm?talshavebeensu~rcooledtoa greaterextentin -
theformofsmallpartiolesthaninbulk(referen@5). Theeffectof
dropletsizeonspontaneousfreezingtemperatureIsascribedinrefer-
ence5 tothepresenceofsmallparticlesofimpwityintheliquid.
Whentheliquidisbrokenup intosmalldroplets.theforeignparticles
areisolatedina fewdropsallowingtheremainderto superoooltothe
temperat~atwhichmoleculesoftheliqui&combinetoformcrystals
witbouttheaidofmotes.
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Thehypothesisofreference5 combinedwiththemoteconceptof
reference1 indicatesa wayofexplainingthestatisticalresultspre-
sentedinreference2. A stati~ticaltheorythataccountsforthetwo
Conclusionof

m causingnuclei
$ laboratoryand4

referenoe2 onthebasisofmotesoranyotheragent
ofcrystalgrowthtoformwasdevelopd.attheNACALewis
ispresentedherein.

THEORY

An assumptionismilethata largenumberofmotesarepresentin
liquidwater.Also,eachmoteisassumedtobe associatedwitha defi-
nitespontaneousfreezingtemperature.Thefreezingtemperatureofa
watersampleisgovernedbythemoteinthesamplethatisassociated
withthehighestfreezingtemperature.

In theexperimentreportedinreference2,waterwascondensed
fromtheatmosphereintheformoffrostona polis”hedmetalsurface“
by loweringitstemperaturetoapproximately-350C. Thefrostwassub-
sequentlymeltedanddroplets.fornA onthesurface.Re~atedapplica-
tionofthisproceduremadea largenumberofdropletsofvarioussizes
availablefordeterminingspontaneousfreezingtemperatures.Because
thewatercondensedfromtheatmospherewasa verysmll fractionof
thetotalemountofwateravailableinthefozmofvapor,theprocess
waspracticallythesameasdrawingmall samplesofvolumeAT frcm
a largereservoirofliquidwaterofvolumeV. Becausemotesofall
kindsareassumedtobe presenteverywhere,it isreasonableto con-
siderthemtobe presentinthesamerelativeproportionsinthehypo-
theticalvolumeofliquidwater V.

Theproblemtobe solvedIsthedeterminationofthemostprobable
frequenoy-distributionctie ofspontaneousfreezingtemperaturessub-
jecttothefollowingconditions:

(1)There- No,Nl,N2,N3, . . .NT, . . .motesofkinds
0,1, 2,3, . .. T...., respectively,presentinthevolumeV,
whereT istheabsolutevalueofthetemperaturein‘Catwhich
themoteofkind T causeswaterto freeze.

(2)Thesmellvolms thataretlmwnfrom V areofvolumeAV,
andthetotalnumberofvolumesAV obtainablefrom V is V/AV= p.

(3)Thenumberofdrawsineachsetof~ws from V isso small
that w ispracticallyunchangedwhilea setisbeingdrawn.



4

Firstthemotesofkind T are
availablefordistributionamongthe
maybe divided.Thetotalnumberof
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considered.Thereare NT motes
~ smallVolms AV,intowhichV
waysofdistributing~ objects

among u ce3.2sis WNT.Eachwayofdistribu~ingN; objectsmaybe 2
calleda complexion.Next,regardingthegroupof.allpossiblecom- +A

plexions,thereare w cellsineachcomplexionandthereforeVNT+l
cellsinallthecomplexions.Theprobabilityofhatinga smallvolume

inonedrawwithnomotesofkind T initis —~:+1’
where Q isthe

N@numberofcellsthat-eamngthe v cellsinallthepossiblecomplexi-
ons containnomotes.Theprobabilityofdrawinga smallVOIU contaln-

hlg

TWO

Qoneormorematesis l-— NT+~“
v

A simpleexampleshouldsefietomaketheforegoinglogicclearer.
motesaresupposed.toexistina volm ofwaterV. From V a

vohme AV = *V istobe dmmm. Theprobabilitiesthatina shgle
drawoneormoremoteswillbe inthehalfvolumsdrawnorthatnomotes
willbe containedinitaretobedetermined.Forsolutionoftheprob-
lem,thevolumeV my be schematicallyrepresentedbytwosquaresof
equalareasideby side.Thus,ifthemotesarenumbered1 and2
foridentification,thecomplexionsmaybepicturedasfollows:

Thenunberofpossiblecomplexionsis VNT= 22= 4 andthetotalnumber
NT+l. 23ofvolumsorcellsinallthecomplexionsis w = 8. Thenum-

berofcel.lscontainingnomotesistwoandthenumbercontainingoneor
moremotesisSIX. Theprobabilityofdrawinga ceXlwithnomotesinit

Istherefore Q
+= i andwithoneormoremotesin itl 1 - — .NT+l

P

In theprecedingexamplea particularcasehasbeenevaluated.
Generalexpressionsfortheprobabilitiesnuzstnowbe obtainedinterms
of ,W and %. As inthepreviousemzuple,cellsareMnedup sideby
sidenumberedfrom1 to v. In a givencomplexionthereare NT,l}
Nq,2,. . .NT,V motesinthecells122, . . .Wjrespectivelywhere

.

.

—

$“

●
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thesecondsubscriptIsthecellnumberand NT,i isthenumberofmotes
intheithcell:

12 3 4 5 i w

‘T IINT 21%,31 NT,41NT,5r.m::::~
Thetotalnumberof

NT

Thetotal.&unberof
bedauseNT objectsarerestrictedtodisi%ibutionamong v-1 cells

bytheconditionNT ~=0. Likewise,thereareY (v-l)NTcomplexio~.

.

motescausingfreezingata temperatureof JTOC is

= NT,l+ NT,2+ . . .+NT,V
NT

complexionshavingNTO1 equalto O is (u-1),

subjecttoeachoftheconditionsNT 2=0,. . .NT L=O,. . .NT,W=O,
Y

respectively.Thus,therearealtogetherLL(w-1)‘T‘ ceus amongthe
NT ,. NT+l
v complexionsthatcontainnomotes.Butthereisa totalof L
cells inallthepossiblecomplexions.Theprobabilityofdrawinga cell

()

‘T
withnomotesinitistherefore@ andtheprobabilityofdrawi~

v , !%
onewithoneormoremotesinit is 1 - ()

~’.
!J

In orderto completethesolutionoftheproblemwithallkindsof
motepresent,theprobabilityP(T,w)ofdrawinga cellwithoneormore
motescausingfreezingata giventempemtureandnonecausingfreezing
ata highertemperaturemustbe found.Theprobabilityofdrawinga
cellthatwouldfreezeata temperatureof -TOC isequalt“otheprcduct
oftheprobabilityofdrawinga cellwithno particlesofkinds
0,1, ● . .T-1 andtheprobabilityofdrawinga cellwithoneormore
particlesofkid T, thatis,

H
NO+N1+N2+. .“.+ NT-l

[()]

NT
● F(T,j.L)= ~1 1- &

v

Themos-tprobable
temperaturefora

L d

frequency-dlstributiopcurveofspontaneousfreezing
givenvalueof v isgivenbyequation(l).

(1)
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Becausethequantityv = V/AV containsboth AV and V, the
questionarisesastothepossibledependenceof 2~T,v)on V aswe~
aO AV. It oanbe shownthatfor AV/V mall enoughsothattermsof

—

thesecondorhigherordermaybeneglected,thefunotionP(T,P) is
independentof Q. SamplesofvohzmeAV a@ dxaw fromtwol~ge
volumesV and V’ suchthat AV/V and AV/V’areverysmall.The ~
motedensities(numbersperunitvolume) ofvarimuskindsarethesane
inbothvolumes,namelyPO) Pl, P2, . . . PT. Thecorrespondingexpres-
sionsfor P(T,w) are

() (P()+P1+P2+. ● ● + P-f-l)v
21-+$= pp$q,

—
and

Withonlythefirsttwotermsinthebinominalexpansionof
Av (po+p~+pz+● ● . + f@v() Av %V

lv -— ()and l-~, itisfoundthat

p=p’

whichprovesP(T,v) tobe independentoftheohoiceof V prOVided
AV/V issmallenough.Eventhehigher-orderterm exepractically
independentof V iftheexponentsarelargecomparedto1. (Seethe
appendix.)

Withtheexpressionfor P(T,v) forxmdatedIn.equation(1),a mote-
densityfunotionoffreezingtemperaturemustbe foundsuchthatthe
resulti~probabilityflmotionagreesatleastin its generalclmraoter-
isticswiththedistributioncurvespresentedinreferenoe2. The
(T+l)thtermofthegeometricprogression

a,ar,a#, . .. a.’,...

where a isthenumberofmotesinthevolumeV causing freezing at
0° C and r isan arbitraryconstant,wasfoundtobe a suitableDote
frequency-distributionfunotion.Thusthesumofallmotesoausing
freezingbetween0°C andJI’”C in”T“ is

.“

●
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‘$, =~ar,..&-l)
o

Thefollowingformofequation(1)is obtainedby substitutionof -
foregoingeqn-ession:

P(T,., .(’l’la(+$[-(.)=l
because

The

No+N1+N2+N3+. . .“+NT-l

natureofequation(2)Isevidentin
pending to particularvaluesof w and
areplotted.Theprobabilitycurvesall
whatunsymmetrical.Furthermore,as r

()=‘ $-1
=

figure1 wherecurvescorres-
Po andvaricusvaluesof r
havea maximumandaresome-
Increasesthemaximumvalue

(2)

of P increasesandthepeakof-thecurvebecomesnarrower.Thecurves
offigure1 arecomparableinformtothefrequency-distributioncurves
ofreference2.

In orderto fitthee~rimentalaveragefreezingtemperature-
dropletsizecurvewtththetheoreticalcurve,themode(or’max-) of
P(T,v)isfoundby takingtiiederivativedP(T,w)/dTandsolving the
equation

%2LEL=0m
for T. Themcdeorthemaximumoftheprobabilitycurve,whichis
almostsymmetrical,iscloseenoughto theaveragesothatthayxmybe
consideredequal(tableI).

By performingtheforegoingoperations,thefol.ltingequationfor
them~e ~ asa functionof w,a,andr isobtained:

log (logr) - log(log+) - loga
‘M = logr (3)

. .



%

EquatioD(3)isnowreducedtoa simpleapproximateform.
ismuchlargerthan AV, secmnd-orhigher-otiertermsin
neglectedwiththeresultthat

log.& log(1+ +) =0.4343q

NACAZl!l2234 .

BecauseV .
AV/T are

(5)

Intheexperimentalcurveofreference2, ~ isplottedasa function
ofthediameterD ofa hemisphericaldropofvol~ AV 8.othatfor
conprisonoftheorywithexperimentequation(4)becmnes

*=+.
1 fiD
-E

or

(6)

.

Furthermore,themote-density,functionis ~ . ~rT, andthemote-

&ensLtyconstant58 pO= ~ . Thus,by substitutionofequatiod(6)in
equation(3) -

log(logr)
8.78

-31@+10g~TM=
logr

(7)

isobtained.As a resultoftheassum?dmote+ensityfunction,TM iS

thereforetothefirstorderofapproximationa linearfunctionoflogD.
ThelinearrelationbetweenTM andlogD Isa basiconethatcanreadily c
be comparedwiththeexperimmhaldataofreference2.

,. .
.
—.
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Theslopeofthelinearequation(7)is

T2,M%,M 3.—
10g D2”-10&JD1 = logr (8)

b
wherethesubscri@ 1 and2 indicatetwodistinctval’uesof ~ corres-
pondingtotwodroplet’sizesD1 and D2,respectively.TheconstantPO
isfoundfromequation(7),aftersettingTM = O,tobe .

8.78logr
PO=

D03
(9)

whereDo isthevalueof D when ~ = O. I?romequation(8),tineslope
ofequation(7)isapparentlya functionof r“alone,and po according
toequation(9)determinestheintercept.Equations(8)and(9)willbe
subsequentlyusefulinevaluatingtheconstantsr and po frcmthe
slopeandtheinterceptoftheexperimentalaverage.tem~rature-logD
curve.ThenwiththeconstantsPO and r known,thetheoretical ,
probabilitycurvesmaybe computedfrom”equation(2)andcomparedwith
theexperimentalfrequency-distributioncurvesofreference2.

Inadditiontoequations(8)and(9)definingthemodeandtheinter-
cept,anapproximatetransformationequationisderivedintheappendix.
Withthistransformation,a probabilitycurveforonesetofvaluesof
theparametersPO and AV canbe transformedstiplytoa curvecorres-
pondingto anothersetofvalues.If r iskeptconstantanditis
desiredtotransformfroma distributioncurvefora volumeAT1 and
mote~ensityconstantFIO,Itoanotherfor AVP and.P0,2,thenfora
givenvalueoftheproba%llityP thevalueofthefreezingtemperature
T2 correspondingto AV2 ani.p0,2 isrelatedto T1 corresponding
to AV1 and PO,l by

()lAV1/Po,2
T2 =Tl+

logr
(10)

Thistransformationispossible,becausethefamilyofcurvescorrespondi-
ng to allvaluesof AV and PO areidenticalinsizeandshapebut
aredisplaoedinthe T coordinate.(Seetheappendix.)
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A methodoftransformationfroma ourvefor rl toanotherfor r2, .
keepingPO and AV constant,isunavailable,Buta setofcurves
forvariousvaluesof r isgiveninfigure1 fromwhiohcurvesfor
othexvaluesof AT and PO maybe computedusingtheprecedingtrans-
formations. -. 2

2

RESULTSANDDISCUSSION

Forcomparisonofthetheoryofthisreportwiththeexperimental
resultsofreferenoe2,thedataofrc’ference2 fortheaveragefreezing
temperature-sizecurvearereplottedonsemilogpaper,andan irregular
curvethatcanb=fittedreasonablywellwitha straightlfneisobtained
(fig.2). Thisresultagreeswiththelinearrelationbetween~ and
logD indicatedby equation(7).Theslopeofthestraightline,as
drawninfigure2, is -7.21andthevalueof Do is24 (cm).Fromthe
slope,thevaluer isfoundbyequation(8)b be 2.60and,fromthe
interceptDO an&equation(9), PO.haEthevelue_2.64X10-4(cm-3).
Thelinearequationthatbestfitsthedataofreference2 istherefore

~ = -9.95-7.21logD ..

Withtheconstantsr and PO nowknown,itispossibleto com- ;
yutetheprobabilitycurvesforvariousdropletsizes.A comparison
betweenthesecurvesandthecorrespondingexperimentedfrequency-
distributioncurvesofreference2 isgiveninfigure3 wherehistograms .
oftheexperimentaldataarereduoed.t-otheprobabilityscale.Fig-
ures3(b)to 3(d)representtheresultsobtainedforthedropletsizes
withthegreatestamountofexperimentaldata,andfigures3(a)and3(e)
represent
wherethe
ourvesof
Thevalue
with AV.

theresultsfor-theextremesoftheeizerangeinvestigated
datawerelimited.In thecomputationoftheprobability
figure3,a convenientvalueof V = 105(cm3)wasassumed.
of V doesnotinfluencethecurvesif.itislargecompared

Theagreementbetweenthetheoreticalandexperimentalourvesin
figure3 isqualitativelyverygood,butthefollowingdifferencesin
detailexist.Themalesofthetheoreticalcmrvesdifferfromthoseof
theexperimentalcurvescorrespondingtothedeviationofexperhental
pointsfromthestraightli~ drawnthroughthem’in”-f~ 2. The
experimentalprobabilitycurvesarelnmaderandhavelesspronounced
peaksthanthetheoreticalcurves.!!&standarddeviations(rootmean
squares ofthedeviationsfromthemeanfreezingtemperature)ofthe
theoreticalcurvesareconstantandequalto1.380C,butthestandard .

.
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deviationsoftheexperimentalourvesarebetween2 and4 timesas great
andareroughlyconstantinthesizerangebelow100”microns(fig.4).
Above100micronsthereisa sharpinoreaeeinthestandarddeviationof
theexperimentaldatatoa higherapproximatelyconstantvalueof3.8.K

G Theforegoingdifferencebetweentheexperimentalandtheoretical
curvescannotbe asoribedto thefactthattheexperimentaldataare
groupedintonarrowdroplet-sizerangesto providethefreezing-
temperaturedistributioncurvesfora givenaveragedropletsize.A
compositetheoreticalcurveformedby combiningtheoreticalcurvesfrom
themiddleandthetwoextremesoftheexperimental-sizegroupdiffered
verylittlefromtheunmcd.ifiedtheoreticalcurve,as showninfig-
ure3(c).

Betteragreementbetweentheoryandexperimentisobtainedif
severaldifferentmote-densityfunctionsarepostulatedandthecorres-
pondingtheoreticalcurvescombined..Thisproceduremaybe justified,
becausetheexperimentaldataweretakenonseveraldaysdistributed
overa pericdofthreemonths.Datatakeneachdaycoveredalmostthe
entirerangeofdropletsizesinvestigated.If impuritieswerethe
activeagent,themote-densityfunctioncouldchangefromdaytoday
duringthattime.Thus,thecombinationofdatatakenatdifferent
timescouldeasilybroadentheexperimentaldistributioncurvesas ccm-
paredtothetheoreticalourves.Changesin r and PO couldmmlify
theslopeandtheintercept,respectively,ofthe ~ - kgD curve
(fig.2).

Themodesofthetheoreticaldistributioncurvesmaybe shifted
tithoutchangingtheslopeofthe ~ -logD curvebyvaryingthe
constantP()*Theweightedcombinationofseveral.curvescorresponding
to valuesof po betweenlCI-5and10-3(cm-3)(seetableII)results
intheoreticalcurvesthatfittheexperi~ntslcurvesmzchbetterthan
theunmodifiedtheory,as showninfigure3. Themodifiedtheoretical
curves,however,havea constantstandarddeviationequal.to 2.12°C,
whichstilldoesnotagreewiththestandarddeviationsoftheexperi-
mentalcurves,as showninfigure4. Betteragreementmighthavebeen
obtainedby var@ngthevaluesof r aswellas of PO;butthe
a~itiond workinvolvedinVEU@ng r WaSIIOtCOIISideredWortbmk ~ .
becausethevariationof PO wasonlypostulatedto demonstratethe
plausibilityy ofthehypothesisconcerningthebehavioroftheexperi-
mentalstandarddeviations.Thegoodagreementobtainedbetweentheory
andexperimentindicatesthatvariationofthemote-densityfunction
amongseveralgroupsofccmbineddatacanaccountforthediscrepancyy
betweenthsoryandexperiment.
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Deviationsfromthemostprobablecurvestiyby chanceoccurinthe
observeddistributioncurves,butdeviationsofa givenmagnitudebecome

.

lessprobable-asthenumberofobservationsincrea8eti.Thispfinciple ~
isillustratedby thegreaterregularityofdistributioncurvesbasedon
a largenumberofobserveddropletsas compared.withthosebasedonR small

4

numberofdroplets.Forexample,thecurvesi.nfi~res3(a)and3(e)
forwhich39and35droplets,”“reEp&ctlvely,wereobserveda~quite

—

irregularas comparedwiththecurveiqfigure3(c),forwhich692drop-
letswereobserved.

CONCLUDINGREMARKS

Inthederivationoftheforegoingstatistical-theory,emphasi=@s
beenplacedonthemotehypothesisofDorsey,butthetheoryisalso
applicableto homogeneousnucleationasdescribedbyVolmer(reference6).
Accordingtorefetinde6,therandczmsmall-scalef%zctuationeinan
impurity-f~esupercooledMqufdmay causecrystal’nuclejtoform,result-
ingincrystalgrowthfrcmthemotherliquid.Tlx”presenceofmotesin”
theliquid”woti”dfiskthe””homogeneous,nucleation.If itwerepossible

—

toremoveallforeignnuclei,thenthemoti”diktr~b-utionf~nctlonNT-
—

wouldmerelybereixmedthehomoge”newsnucleusdis=tribu$ionfunction- —
andthelogicofthetheoryinthisreportwtildafilya= inthecase
ofthemotesexceptthat NT wouldnow-bea“ffinctfonincreasingwith

.._.

time.Thus,a containerofliquidkeptat a constanttemperatureof
supercoolingshouldfreezeaftera period~ftime.Butitheexperience
thatDorsey(reference1)hadinmaintainingthreetesttubesata tem-

.

peraturebetween-8.Ooand-10.3°C for312daysmightseemto invalidate
thehomogeneous-nucleationtheory.Theapparentinconsistencythat -
existsbetweentheresultsofreference1 andthoseexpectedfrm the
homogeneous-nucleationt%eorymaypossiblyberesol%dby-t-hefollowl~
logic. .Thetemperaturerarqjeinwhichtheexperi~ntofreference1
wasperformedmaybe oneoflownucleus-fomtionprobabilityevenover
a periodof312days.But”iftheprobabilityofnucleusformation
increasesveryrapidlyat-sanetemperaturemzchlow& than-10°C, the
mostprobablelengthof-thet~t a givenwater”s~-@ecanre~in ata
lowconstanttemperatureofsupercoolingmaybe sufficientlyreducedto
makemaintenanceof”thewatersampleinthesupercooledstatefora very
longtimepracticallyimpossible.

—

Ifthespontaneousfreezingtempe~turesofti’opletsareprinci-
.-

pallydeterminedbythepresenceofmotes,theresultsofthisreport
canbe extendedto supercooledclouds,becaisethere”shouldbeno
essentialdifferencebetween-thedropletssupported”ona surfaceand’the
dropletssuspendedintheatmosphereezceptforpossiblevariationsin .
themotedistributioncurvesasa functionoftimeandplace.The

-.
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resultsofthisreportindicatethatnowell-definedtemperatureexists
atwhichsupercooledclouddropletsaretransformed.intoiceparticlea.
As thetemperatureIsdecreasedina givencloud,moreandmoredroplets

m wiU tendto freezeuntila pointisreachedatwhichveryfewdropletsA4 areleftunfrozen.Forexample,ina cloudofuniformdropletsized withhemisphericaldiameterJ) of34.5micronsoranactualspherical
dropletdiameterof27.4micronswhichisfairlycdmmoninclouds,prac-
ticallyallthedropletswouldbe frozenata tempemturecf -340C.
Ontheoth& hand,practicallyallthedropletsinthecloudwould
remainunfrozendowntoa temperatureof -180C andonlyabouthdf
wouldbe frozenata temperatureof -280C. In cloudswitha droplet
sizeof5 micronsorgreater,therefore,veryfewsupercooleddroplets
existattemperatureslowerthan-35°C andtheexistenceofan icing
cloudat suchlowtemperatures“isprobablyanunusueJoccurrence.

Therelativeproportionsoffrozenandsupercooleddropletsina
cloudareimportantindeterminingthestabilityofthecloud.A cloud
isconsideredtobe stableiffactorscausing rapiddissipationofthe
cloudareabsent.Oneofthefactorsthat=y causea supercooled
cloudtobecomeunstableistheexistenceoficeparticlesinthecloud.
Iceparticlesina supercooledcloudhavea lowervaporpressurethan
thesurroundingsupercooleddrops.As a resultofthevapor-pressure
gradientexistingbetweentheliquiddropletsandiceparticles,water
tendsto evaporatefrahthedropletsandcondenseontheiceparticles.
‘Ihus,if iceparticlesarepresentintificientnumberdistributed
evenlythroughoutthecloud,theiceparticleswillgrowattheexpense.
ofthesupercooleddropsuntiltheyfalloutofthecloudintheform
ofprecipitation(reference7). If toofewiceparticlesappearina
supercooledcloud,theywillgrowandfelloutoftheclcudleavingit
practicallyintact.On theotherhand,iftoomanyiceparticlesappear,
thecloudismerelytransfo~dto an iae-particlecloud.Thepresence
oficecrystalsinsupercooledcloudsisconsideredtobe theprincipal
factorinitiatingprecipitation.

Determinationofwhetherthestatisticsoffreezingareaffected
by changeofenvironmentrequiresfurtherinvestigation.Forexample,
if impuritiesarethecauseoffreezinginsupercooledwater,thenthe
averagefreezingtemperatureofa giventiopletsizeshouldbe depressed
bymaintainingas.higha degreeofcleanlinessaspossible.In addition,
ifcleanlinessisfoundto havethe anticipatedinfluence,theeffect
ofaddingfinel~dividedmaterialsof@own constitutiontowatercanbe
investigated.Zn theexperimentsonsupercooledwaterthathavebeen
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oonductedup tothepresentt3me,thewaterhasalwaysbeenincontact
witha containeror suppofi..h tier tOattainoo@ftio~t~t ap~~ch
thoseInclouds,a methodof Investigatingthefreezing-temperature
statisticsof unsupported.dropletsmustbefound.

~WiS Flight_OpUISiOnLaboratory,
NationalAdvisoryCommitteeforAeronautics,

Cleveland.,Ohio,l@y3, 1950. —

.

.

.
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APPENDIX-DERIVATIONOFTRANSFORMATIONEQUATIONS

Equation(10)fortra~fo~tion ofa probabilitycurm
correspondingto onesetofvaluesoftbepemuuetersAT and

‘P anothersetofvsluesiiderivedfrcmequation(2)writtenin
.EU.

( )’@$[-(. -!#=q
P(T,AV,Po,r)= 1 -~

Equation(12)mustfirsthe expandedina seriesto obtainan

15

Po to
thefomm

(12)

approxi-
mateexpression,whichisusedto showthedepqndengeof P on--AVand

Po. Themembersofequation(12),

arewrittenina binomialexpansionas follows:

()A’‘v1’-— = ~-mV + nV(n~-1)A@ - nV(nV-l)(nV-2)AN -
2. —+...‘2 - 3: ‘3

(1-)?+-1where n representsp.~ ol?PFT, Because”V isveryLarge,
nV ingeneralissolargethat nV-1,nV-2,. . . arepracticallyequal
to nV sothatthebincznialexpansionmaybewrittenas

(13)

By substitutioninequation

P(T,AV,pO,r)~P&’AV+

(12) ofseries

&Av2 .
2

intheformof equation(13),

()
N-1 *’2.Po2# ~
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isobtained.When T
termoftheseriesin
termsofhigherorder
equalto rT,beoause
forebe rewrittenas

..

P(T,AV,pO,r)g

NACATN 2234 .

iscloseto zero,# issmallandonlythefirst .

equation(14)needbeused.As T increases,the
mustbe consideredand @’-l becomes
r isgreaterthanl. Equation(14)

%+)’ Av,- %@’)2 :V2p~TAV - ~
r-1

3u-3P03 # 0~03 3Y3 Q_f’03 3? A$
T (r-1)3

AV3+ ~ rl AV3+~
(r-l)z ● “ “

morenearly
maythere- 2

5

+

(15)

Thefirststepinthederivationofequation(10]istheproof
that pM, themodevalueof P correspondingto TM foroneset
ofvaluesoftheparametersPO and AV,isequalto PM corresponding
toanothersetofvalues.Twosetsofvaluesof P. and AV are
indicatedby addingthesubscripts1 and 2,andthecorresponding
variablesaresimilarlyindicated.Withequation(3)inthsform

log(logr) - logp@V - log0.4343
TM z logr (M)

withvalues
Po,2 ofthe

AV1 and AV2 oftheparameterAV,withvaluesPO,l and
param3terPo> andwith r maintainedconstant,theequation

‘l)kf T~,M
r Po,lAV~ = r P~,2AV2

.-
isobtained.by subtractionoftheequationfor T2,M
Themodeprobabilitiesby equation(15)are

(17)
. - .-:- =

frcantht for T1,M.

‘l,MSrTljMpo,lAV1- w (“OJ ‘VI)’-Q (“”J “’)2” “ “
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and

() 2
~ ~T&M” ~T2,M

‘2,M P0,2AT2- ~

Therefore,by equation(17),the2*r-i ad p2,M areequaland

.

.

.

17

(p0,2‘~~2 - ~# (Po,zAV2)2.. .

separatetermsintheseriesfor ‘l,M

Because
sameforalJ
fromzeroto
probability

%,M=‘2J4
fora givenvalueof r themcde~ohability~ isthe
~lues of p. and AV,theprobabilityfunctionP ranges
~ fOrdl valuesof p. and AV. To thevalueofthe
P1 correspondingtothevaluesPO,ljAVl,andT1j there

arevaluesP0,2J AV2,andT2 suchthat

PI = P2

Fromequation(15)seriesexpansionsfor PI andP2 sreobtainedand
substitutedinthisequationsothat

p
rT12

U_
T2

rT1Po,l AV1- 1rT2P0,2AV2=2(pO,lAV1)2- ’22 (Po z AV2)2 +J

p
T2 ($rT 2

1
:-; (Po,~ AV1)2- r-l (P0,2 AV2)2 . . . (18)

Forvaluesof T closeto zero,theprobabilitiesPI a@p2 aregiven
toa gotiapproximationby thefirsttermoftheseriesinequation(15),
andtheright-handmemberofequation(18)is,thereforenegligible.As T ,
increases,thetermsofsecondandhigherorderinequation(15)become
appreciable,andtheindividualtermsontheright-handsideofequa-
tion(18)arenolongernegligible.Butas T approachesTM,the
bracketeiidifferencesontheright-bandsideofeq~tion(18)approaoh
zeroaccordingtoequation(17).Thedifferenceson.theright-handside

.

.
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ofequation(18)arethereforenegligibleintherangeof T from O .“
to a valuesomewhatgreaterthan TM. Therefore,becauseP becomes
negligiblefor T just--littlegreaterthan TM (seefig.3)>the
equation 0).+

s
T1 T2

~r
r PO,lAV1 ‘o, 2*V2 (19)

isa goodapproximationintherangeof T whereP is oFappreciable
magnitude.If thelog”ofequation(19)istaken,thisequationmeybe
rewrittenasa transformationequation,whichyieldsthedisplacement
of a probabilitycurve:.nth6 T coordinatees

log(Po 1 q~o,2 AV2)
‘2 ‘Tl +.... ..logr

(N)

Calculationsof P forvariousvaluesof P. and AV fromequa- -
tion(2)confirmtheapproximatevalidityofequation(10).

1.

2.

3.

4.

5.

6.

7.

REFERENCES

Dorsey,N.Ernest:TheFre6zingofSupercooledWater.Trems.Am.
Phil.Sot.,vol.38,pt.3,newser.,Nov.1948,pp.247-326.

Dorsch,RobertG.,andEach-r,PaulT.: PhotomicrographicInvestig-
ation ofSpontaneousFreezingTemperaturesofSuper_cOoledWater
Droplets.NACA‘IN2142,1950.

.,

Eeverly,J.Ross:SupercoolingandCrystallization.Trans.Am.
Geophys.Union,vol.30;no.2,April1949,pp.205-210.

Des,S.R.,andDaaGupta,K.: X-RayDiffractionbySupercooled
LiquidSulphur.,Nature,vol.143,no.3617,Feb.25,1939,p. 332.

lhurnbull”,D.”:”““PrinciplesofSolidification.Themnodynemicsin
PhysicalMetallurgypub.byAm.Sot.Metals(Cleveland),1950,
pp.282-3CK. ----

Volmer,Max: KinetikderPhasenbildung.Theodor.Steinkopff
(DresdenundLeipzig),1939.

Bergeron,Tor: TheProblemofArtificialControlofRainfallon
theGlobe.Tellus,Quart.Jour.ofGeophys.,vol.1,no.1,
Feb.1949,pp.32-43.

-.



“NACATN 2234

. TK8LEI- COMPARISONOFMO- ANDAVZRA~ OF

FREQUENCY-DISTRIBUTIONC’URVE8

.

.

.

.

DiameterMode Averege(Mbde)-(average~
ofhemi4 (“c) (Oc) (Oc)
spherical
drops
(microns)

lEx~erimenteJ.Ivalues.
805 -16.6 -17.4 0.8 ,
161 -23.3-24.2 .9 - .
69 -25.5 -25.2 3
34.5. -24.4 -26.2 ~:8
8.75 -32.2 -32.1 -.1

Theoreticalvelues
1564 ‘, -15.8-15.2 -0.6
156.4 -23.0 -22.6 -.4
72.6 -25.5 -24.9 -.6
33.70 -27.7 -27.3 -.4
7.26 -32.7 -32.1 -.6

%la.tafromreference2.

TABLEII - v~ OF p. AND(20~PONDINGWEIGHTS

UWIDIN MAKINGCOMFOSITECUIWZ

‘o
(cm-3)

1.0 x 10-3

2.64X 10-4
1.05 x 10-4
5.7 x 10-5
3.7 x 10-5

2.6 X 10-5

21
4
2
2
2
1 II .

19
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