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Thecorrectionsforlift,drag,andmomentofa two-dimensionalair-
foilhavebeenanalyzed,omtheassumptionthattheairfoilistestedin
theworkingsectionofa supersonictunnelinwhichthepressurefield,
insteadofbeinguniform,ischaracterizedby @wiientsintheaxialand
transversedirections.

Thepressuregradientsofthetunnelaswellastheeffectofthe
airfoiltobe testedareregardedasperturbationsoftheoriginalrec-
tilinearflowfieldofgivenMachnumber.Thereforethevelocitypoten-
tialoftheflow,thenonlineardifferentialequationofmotion,andthe
boundaryconditionsareexpandedintodoubleseriesinpowersoftwo
parameters,onecharacterizingtheairfoilthichess 6 andtheother,
theinhomogeneityofthefieldb. Inthiswaythenonlinearproblem
is splitintoa systemoflinearboundary-valueproblems,corresponding
tothedifferentpowersof b and c.

Ineachoftheresultingproblemsthereappears,besidesthedif-
ferentialequationandboundarycondition,anadditionalconditionto
be stipulatedonthecharacteristicspassingthrough’theleadingedge.
Particularattentionhasbeenpaidtothecorrectformulationofthis
“characteristiccondition.”

Thesolutionprocedureiscarriedoutupto ordersbp, C2,and
~b inthevelocitypotential.Thismeansthat,forexample,thedrag
is computedupto ordersb2c, ~3,and 6%. Thephysicalmeaningof
theresultsisdiscussed.Thedragtermin eb representsthe
“horizontalbuoyancy”oftheairfoil,thetermproportionalto be2 iS
a consequenceoftheinteractionoftheairfoilfieldandtheinhomo-
geneouspressurefield,andthetermin b2C niaybe consideredasa
“second-orderbuoyancy.”Themeaningofthevariousliftandmoment
termsmaybe interpretedsimilarly.Theresultingexpressionshavebeen
derivedforarbitrarygivenpressuregradientsandgeneralprofileform.

Allsolutionsareobtainedinclosed,analyticformreadyforimme-
diateevaluation.Representativeexampleswith~aphsareincluded.
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INTRODUCTION

Reportsfromsupersonictunnelsindicatethatsometimesthereexist
intheworkingsectionundesiredstaticpressuregradientsdueto design
or constructionflaws,whicharedifficultto eliminate.As a consequence,
forcemeasurementsmadeuponmodelshavetobe correctedto agreewiththe
forcestobe expectedinrectilinearflow.

Forincompressibleflowthecorrectiontobe appliedto thedrag,
inthecaseofa longitudinalpressuregradientiswell-known(refer-
ence1). Becauseoftheoccurrenceofa “horizontalbuoyancy,”thecor-
rectionturnsouttobe equalto theproductofthepressuregradient
andthesumofvolumeand“apparentvolume”ofthetestbody;theappar-
entvolume,liketherealvolume,dependsonlyonthegeometricalshape.

Thepresentanalysisisanattemptto solvetheanalogousproblem
in supersonicflowunderthemostgeneralconditions,whichrequirecor-
rectionstobe appliedalsototheliftandmoment.A two-dimensional
pressure~adientinboththelongitudinalandtransversedirectionsis
considered,whichisequivalentto a stream-anglevariationalongthe
tunnelaxis.Inthefirstapproximationthecomputationsmustbe
expectedtoyielda superpositionofwell-knownresults.Hence,itis
importantto carrythecalculationsup tothesecondapproximation,
whichincludesa termcharacterizingtheinteractionbetweentheairfoil
fieldandthatofthegivenpressuregradient. .

ThisworkwasconductedatI?ewYorkUniversityunderthesponsorship
andwiththefinancialassistanceoftheNationalAdvisoryCommitteefor
Aeronautics.

SYMBOLS

b

c

co

k(x)

E(z)

Z“

parametercharacterizinginhomogeneity

localsoundspeed

soundspeedat ~

d-imensionlessairfoilprofilefunction
aboveflightdirection

profilefunctionmeasuredabovechord

chordlength

offield

measured
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M
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m(x),n(x)

P

PO

q

X,y

Suppose

localMachnumber

Machnumberofuniformfield

x- audy-componentsofvelocity,onaxes,dueto
inhomogeneityofflowfield(dimensionless)

0
local pressure

pressureat ~ ,

local velocity ,

dimensionlesscoordinates,axialandvertical
r

adiabaticexponent

airfoilthicknessparameter I

localangleofattack

angleofattackof chord

characteristiccoordinates

localdensity

densityat ~

dimensionlessvelocitypotential

velocity

velocity

ordinate

potentialofbasicflowfield

potentialduetoairfoildisturb&ce

of leading-edgecharacteristic

STATEWNT OFPROBLEM

PhysicalFormulation

3

thatinthetestsectionofa supersonictunnelthevelocity
field,insteadofbeinguniform,isrepresent~dbythevelocitytistribu~
tionalongthesxis y = O,asfollows:

———_ _. .. ——.. -—.-—
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At y=o:

(1)
~ = bn(x)

*

Here Mx = qx/co~d ~ = qy/co,where
y-componentsofthelocalvelocityofthe

q~ and qy arethex- and “
flowfield,co isthesound ‘

velocityina regionwheretheMachnumberis ~, x and y are
dimensionlesscoordinatesmeasuredinunitsofthelengthZ ofthetest
body,and b isa dimensionlessparametercharacterizingthemagnitude
oftheinhomogeneityoftheflowfieldandthepressuregradient.Under
actualconditionsb isa smallquantitysuchthat

1

bin(x)
<< ~ (2)

bn(x) .
.

where m(x) and n(x) aregivenarbitraryfunctionsalongtheaxis,
whichmaybe determinedby measurement.Withconditionsontheaxis
fixedtheflowfieldinthewholexy-planeisautomaticallyprescribed
by theequationsofsupersonicflow.Termsoftheorderb2 mayalso
be givenarbitrarilyontheaxisbutareassumedtobe zerointhe
presentcase.Thisdoesnotimply,however,thattermsoftheorderb2
donotappearinthefieldawayfromtheaxis.

Inthisvelocityfielda thinairfoilofgivenprofileform k(x)
andthicknessratio6 isinserted,whichmaybe regardedasanother
smallperturbationoftherectilinearflowfield~. Twokindsofdis-
turbancesthenexist,theoneproducedby thevelocityorpressuregra-
dientmeasuredby b and anotheroneproducedby theairfoiland
measuredby c. Therefore,itappearsappropriateto expandtheveloc-
itypotentialq),aswell-asthepotentialequationofsupersonicflow,
andtheboundaryconditionontheairfoilsurfaceintoa powerseriesin
powersofbothparametersb and e. I

Inthisway,thenonlinearproblemissplitintoa systemoflinear
boundary-valueproblemscorrespondingtothedifferentpowersof b
and e. In eachoftheresultingproblemsthereappesrs,besidesthe
differentialequationandboundarycondition,an additionalconditionto
be stipulatedonthecharacteristicspassingthroughtheleadingedge:
It istobe requiredthatthedisturbanceproducedby theairfoilvanish
alongthesecurvedlinesinordertomakethesolutionunique.Itmay

-,
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be notedthatthecharacteristicsofthecompletedifferentialequation
arecurved,whilethoseoftheresultinglinearequationsarestraight.
Itisshownlaterhowtheconditiononthecharacteristicscanbe for-
mulatedforeachlinearboundary-valueproblemseparately.

AnalyticFormulation

Becauseoftherelativelysmallthickne~softheairfoil,theshocks
at theleadingedgewillbeweakandtheentropychangesintheflow
negligible.Hence,thecompleteflowfieldwillbe describedby a veloc-
itypotentialwhichobeysthewell-known,nonlineardifferentialequation.
Introducinga nondimensionalquantityq, equaltothepotentialdivided
by Zco,thisequationmaybewritten:

(3)

wherethesubscriptsx and y indicatedifferentiation.

Thelocalsoundspeedc correspondingto thelocalvelocityq
isrelatedtothesoundspeed co by meansoftheenergyequation

co2-l==k’2-5)~
where

Substitutingequation(4),equation(3) canrewritten:

(k)

(5)

_-— — ——.— ——. .. ———. —
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Now, q mayhe expandedasa seriesinpowersoftheperturbation
*

parametersb and c,asfollows:

q).

The

.

p + bqO1+ b~02 + b~” + b2&1 + e+ + cb& + e2&4 (6)

potentialcoefficients

(7)

representthepotentialofthebasicinhomogeneousvelocityfieldbefore
anairfoilwasplacedinit.

Theterms

q’=bq#0+b2q#1+ 62~2+ eb&3 + e2q#4 , (8)

representthe
basicfield.

ItiSto
termsbq#O+’
ness (6=0).

perturbationpotentialproducedby theairfoilinthe

be notedthattheperturbationpotentialcontainqthe
b2& whichdonotvanishforanairfoilof zerothick-

A disturbanceforwhich e = O maybethoughtofasa verythin
flatplateplacedata givenangleintothebasicflowfield.Inorder
fortheinhomogeneousflowtofollowthesurfaceoftheplate,vertical
disturbancevelocitiesmustbe producedofsuchmagnitude(upordown-
ward)asto canceltheverticalvelocitycomponentsoftheinhomogeneous
flowfield,whichareproportionalto b or b2.

Thepotentialtermproportionalto cb isduetotheinteraction
betweenthebasicfieldandthatproducedby theairfoil.The e and ,
~2 termsrepresentthefirst-andsecond-orderpotentialsofanairfoil
ina homogeneousfield.

Finally,theanalyticproceduretobe followedinthisinvestigation,
willbe outlinedbriefly:

(1)Differentialequation:Substitutingseries(6) for p intothe
nonlinearequation(equatiqn(5))andsplittinginpowersof b and ‘e,
a setofhomogeneousornonhomogeneousequationsofthewavetypeis .
obtained.

——. -- — - -—-
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Thoseequationswhichareproportionalto b, e,and G2 are
homogeneous:

(%2-+xXik-%yik=0

7

(9)

. Theequationswhichareproportionalto b2 and ~b sreofthe
nonhomogeneoustype: .

(lo)

wherethefunctionsFfi canbe showntohe bown functionsof lower-

order cpZmwhichhavebeencomputedbefore.

(2)Boundarycondition:Insertseries(6) for q intotheusual
boundaryconditionstatingthattheflowiseverywheretangentialtothe
surfaceofthebody:

()zsurface

andexpandequation(11)abouty = O
on eachofthepotentialcoefficients

= ekl(x) (11)

inpowersof e. Thisimposes
~ik a conditionoftheform

(%)i’ ().Gtiqjzm
y=o

where,again,thefunctionsGti Can

lower-order~lm.

(3) “Characteristiccondition”:

(12)

be showntobe knownfunctionsof

As mentionedbefore,thepoten-
tial @ describingthevariousdisturbancesproducedby theairfoil
isrequiredto vanishontheleading-edgecharacteristicswhichmaybe
written:

y=v(x,b) ‘Vo(x)

sincetheformofthecharacteristics

+~l(x) +... (13)

is influencedby theinhomogeneityb.

———— -— —
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Itcanbe shown(seesection
“characteristic
relationstobe

Fortheorders

Fortheorders

“Characteristic
condition”for L@ isequivalent
imposedontheindividualq%

b, e,and e2

b2 and be

NACATN2849

Condition”)thatthe
tothefollowing

(14)

<

. .

—

F(x,vo)=*+)QZ*(X,V())

.
where,again,thecoefficientsqZm areknownlower-orderpotentials
and *O(X)and *JX)

characteristics.

At theendofthis

maybe computedbymeans

procedure-thesolutions

ofthetheoryof

&k willhavebeen
derivedinclosed,analyticform,andthepressuresatanypointcanbe
computed.Sincetheobjectiveisto computethecorrectionsforforces
andmoments,itiss~ficienttodeterminethevelocitiesandpressures
ontheairfoilsurfaceonly,thussimpliffigtheconsiderations.

BASICVELOCITYFIZIJl

DifferentialEquation
.

Theanalysiscanbe clarifiedby consideringfirstthebasicinhomo-
geneousfieldalone.Thentheseriesexpansionfor q reducesto:

(16)

“

~.

—- .—— ——— .— .
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Substitutingequation(1)intoequation(5)yields:
?

[l-Mo2- 1(
b(y+ 1)~~01 + . . .

)
b~”l- + b2~02 + . . . -

2(% +.. .)(b%O1+ . . .)(bqWO1 + . . .)+

~- b(, - l)M&O’+. . ~(b~01+b2q#2+ . . .)=0

9“

(17)

In derivi~equation(17) ~oo= %x has’beensubstituted~ eq~-

tion(5),since it isobviouslya solution;furthermore,allthoseterms
havebeenkeptwhichcouldpossiblycontributetotheclifferentialequa-
tionin b and b2. Splittingup inpowersof b, thefollowingequa-
tionsresult:

In b:

(%2- l)g’ -,/1=()

andin b2:

(%2- +-# - f+# . -% ~7 + 1)9.0%=01+ (7- l)~”%nol +

Z’?yo%w
1

01

y.

the

BoundsryCondition

Thevelocitydistribution(equation(1)),prescribedontheaxis
O,maybe consideredas a boundaryconditionforthepotentialof
basicflow.

t
.——-.——-—.—-.———-—— ——. _
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#

Substitutingequation(16) intoequation(1),itfollowsthat
v

and

Orderingterms
areobtained.

~ + b~O1(x,O)+ b2~02(x,0)= ~ + bin(X)1
bqyO1(x,O)+

inpowersof

b~02(x,o)= bdx) 1 (18)

b, a boundaryproblemin b andonein b2

Boundary-ValueProbleminOrderb

Theboundary-valueprobleminorderb consistsofthedifferential
equation

P2P=01- Pgl =o (lga)

where p2= %2 - 1,andtheboundhryconditions,at y = O,

pxO1(x,O)=m(x)

~O1(x,O)= n(x)
}

(lgb)

Thesolutionofdifferential

qO%%Y)

equation(lga)is

= f(x+ py)+ g(x- py) (20)

where f and g arearbitraryfunctionstobe determinedbyboundary
conditions(lgb).

Differentiatingequation(20)withregardto x and y andthen
puttingy = O yield:

C&O1(x;O)= f’(x)+ g’(x)= m(x)

fiO1(x,O)= ~~’(x)- g’(x] = n(x)
}

(21)

-,

where f’ and g’ indicatederivativeswithregardtothewholeargument. e
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lkromequations(21)therefollow:

f’(x)
[

$m(x)+ 1jn(x)
(22)

Sinceitcanbe seenfromequation(20)that f and g ortheir
derivativesareconstantalongtheirch~acteristicsx * ~y,itmaybe
concludedfromequations(22)that

and
[ 1f’(X+j3y)=~m(x+~y)+~ n(x+py)

1

(23)

g’(x-
[ 1W)=*m(x“-By)-~4X-W)

r

.

Differentiatingequation(20)andsubstitutingequations(23),the
velocitycomponentsoforderbl fortheentirefieldfollow:

qy(x, y)
[

=*m(x+~y)+~ 1n(x+ By)+ m(x- By)- ~n(x - py)

}

(24)
~O1(x,y)= ~~(x + j3y)+ ~ n(x+ Py)- m(x- By)+ ~ n(x- Pyl

Fromequations(24)theexpressionsfor ~ 01 01
~d ~xy whichappear

inthedifferentialequationsfor ~1 and @ maybe readilyderived.

Since,lateron,thevaluesofthevelocityandpressurefieldare
requiredonlyonthesurfaceofthebody,thatis,neartheaxis,e~res-
sions(24)maybe expandedabouttheaxis:

~O1~,ek(xfl= m(x)+ ek(x)n’(x). . . 1

1 (25)

~O1~,Ek(x~ = n(x)+ ek(x)~?n’(x). . .
,

.

I
. ..-. .._ —___ —_. — . . . .. —_— _ .—. .



12 NAC!ATN 284-9

Boundary-ValueProbleminOrderb2

Inorderb2 theboundary-valueproblemconsistsofthediffer-
entialequation

andtheboundaryconditions

~02(x, o) = o

}

(26b)
(#(x,o) = o

(26a)

9

Inordertodeterminethevelocityandpressurefieldontheairfoilsur-
face,no explicitsolutionof equations(26) isnecessary.~is canbe
seen:bythefollowingreasoning.

For y = Gk(x)thederivativesof @%,Y) maybe obtainedby
expandingabouttheaxis:

~02~,ek(xfl= ~02(x,0)+ ck(x)~@(x,O)+ . . . 1
~02~,Ck(xfl=

J

(27)

~02(x,0)+ ck(x)q)W02(x,0)+ . . .

Sinceaccordingto equation(I-6) cp02isoforderb2,thesecond-and
higher-ordertermsinequations(27)areoforderb2e, b2e2,. . .
andmaythusbe neglectedsothatinorderb2:

I

.

(28)

..i

●

�
� ����✍��✎ ✎ ✎ � � � ��
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Therefore,
airfoilsurface

13

thetotalvelocitycomponentsofthebasicfieldonthe
are:

~B=~+bm(x.) + Cbk(x)n’(x)+b20 . . . 1
I

}

(29)
qyB=bn(x)+ ebk(x)&n’(x)+ b20. . .

ItiSto
appearinthe

be notedthatthesecondderivativesq=02 ~d &02
..

differentialequationfor”&l- (seeequation(32c)j”and
henceitmayseemthattheboundary-valueproblem(equations(26))has
to be solvedafterall. However,thecombination

%02 = B2~02,
whichisrequiredin equation(32c),maybe expressedintermsofthe
knownlower-orderpotentialqO1,asdifferentialequation(26a)indi-
cates.Carryingouttheproperdifferentiationsandsubstitutions
yields:

1})E(E)‘%%’(’)-%
where E =x+pyand~ =x.- py arethe
oftheproblem.

characteristic

(30)

coordinates

—-.——__ .—.——— _________ __ _.
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VIZOCITYFIli”~OFAIRFOIL

DifferentialEquation

.4

.

Thenextobjectiveistodeterminetheperturbationpotentialpro-
ducedby anairfoilwhichisplacedintothe(inhomogeneous)basicfield
at anarbitrarysmallangleofattack,theleadingedgecoincidingwith
thecoordinateorigin.hsertingseries(6)for q intoequation(5),
thequantitiesqO1 and q02 maynowbe consideredasknownand
~lo &4, aslookedfor. . . . Keepingonlythosetermswhichmaypos-
siblycontributeto a differentialequationoftheorderb, ~, b2,
bc,or C2,(equation5)@elds:

{
[( 1}l-%2-*b%~xol+%lo)+cw&12● =. x

[(b &O1 + QJO) + 6%.J2 ( 02+ %11)+ b2 q)n + cb~,13 2 14 1+E&...- ‘,

Wyy 12+ b2
(%Y

02

Orderingtermsin
thefollowingset

In b:

1+ Q#) + ebj/3 + &p#4 . . . = o (31)

powersof b and ~,equation(31)willsplitinto
of linearequations:

.

#
(32a)

.
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In c:

In b2:

P%J1 - # =

u

15

1%’J2 - 9# = o (32b)

-%{K7 + 1)+ (7- l)pq(~ol + qlJo)(q# + q@ +

2(q#l+ q#o)(q#l + %’0)] + %02 - ‘2%’x02(32c)
*

q#(& + !lJojJ+ 2p2(ql.# +

(
~1201

~Y + Ty10w 1]

(&#)+

(32d)

In 62:

[
132~x14- %14 = -M.(7+ l)&2q@2 + (7- l)#2Q&2 +

12qy12q#

Wheneverthedifferentialequationis
turnsouttobe a functionofthelower-order
computedinan earlierstep.

Theusualboundary
wheretangentialtothe

(32e)

inhomogeneous,theright-handside

BoundaryCondition

solutionsw~ch havebeen

conditionthatthevelocityof
airfoilsurfacemaybewritten

theairis every-
asfollows:

— ——. — —
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At y= ~k(x)

~= ck’(x)qx (33)

As inthebasicfield,soalsoherethevaluesofthevariouspotential
coefficients@ ontheairfoilsurfacemaybe obtainedby expansion
abouty = O:

Makinguseof equations(34),substitutingequation(6)intoequa-
tion(33),andorderinginpowersof b and c,thefollowingsetof
boundaryconditionsresults:

In b:

~lO(x,O)=-~O1(x,O)=-n(x) (35a)

In e: .

#’(x,O) =k’(x)q)xoo=.k’(x)~ (35b)

In b2:

q#(x,o) = -qp(x, o) =0 (35C)

In cb:

q)yqx,o) =
[ ] - k(x)[~O’(x,O)+ filO(x,O]k’(x)~O1(x,O)+ ~lO(X,@

.

[ 1 k(x)~%n’(x)+ q#O(X,O)= k’(x)m(x)+ ~lO(x,O) - 1 (35d)

In 62:

14(x,0)= k’(x)q#2(x,0)- k(x)q#2(x,0)~y (35e)

Alsoinequations(35)theright-handsidesareknownafterthelower- )
orderproblemhasbeensolved.

.,

——— — — —
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CharacteristicCondition

17

.

;

1

Procedure.-Itmaybe notedthatforthecomputationofthebasic
flowfieldbothvelocitycomponentswereprescribed,separately,along
theaxis,whereasinthepresentproblemonlytheratioofthetwoveloc-
itiesisfixedby theairfoilcondition.Thus,anadditionalcondition
isrequired.

Fromthefundamental”lawsofsupersonicflowitisevidentthatno
perturbationofthebasicfieldcanexistupstreamofthetwocharacter-
isticspassingthroughtheleadingedgeina downstreamdirection.Exist-
encetheoremsforhyperbolicdifferentialequationsrequirethatthe
potentialbe continuouseverywhere.Hence,thepeti-&bationpotential
mustvanishallalongtheleading-edgecharacteristics.

To formulatethischaracteristicconditionanalytically,theequa-
tionofthecharacteristicshastobe known.Supposethedifferential
equationisgivenby:

.

where A, B, C,and F arelinearornonlinesr
andthefirstderivatives% ~d ~. Thenthe
acteristicsisasfollows:

= o (36)

functionsof x, y,
equationofthechar-

Ad&- ZNxdy+Cdx2=0 (37)

sothat

(38)

Thus,thecharacteristicsareseentodependonlyonthecoefficients
ofthesecond-orderderivativesinequation. Ingeneral,these
coefficientsarefunctionsnotonlyof x and y butalsoofthe
desiredfunctionp. Hence,ina rigoroustheorythecharacteristics
arenotknownbeforehandbutonlyafterthefunctionq isdetermined.

——-—.. — —.. —— — —-- ———
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By assuminga power-seriessolutionfor q,thisindeterminacyis
removed;thenonlinearequation,equation(36),isreplacedby a set
of lineardifferentialequationswhosesecond-orderderivativeshave
thesameconstantcoefficientsforeachequation.Inthisway,the
characteristicsof eachlinearequationofthesetturnouttobe the
samestraightMachlines,x t f3y= Constsxh,determinedby therecti-
linearcomponentofthebasicflowfield,whereasthetruecharacteris-
ticsarefunctionsoftheentireflowfield(includingtheperturbation
field q$)andhencetheyarecurved.Thisisanunsatisfactorystate
of affairs.

Itispossibleto improvethe,computationofthecharacteristics
somewhatby consideringoncemme nonlinearequation(5),beforeitis ‘
splitup,andbymerelydistinguishingbetweenthepotentialofthebasic
field ~, whichisknown,andthatofthedisturbancefield @, which
is lookedfor. Iftheorderofmagnitudeofthevariouspotentialcoef-
ficientspN is,forthemoment,leftoutof consideration,curved
characteristicscanbe obtainedalsoforlineardifferentialequations,
asthefollowingillustrationmayshow.

Substitutingthepotentialseries(6)intheform:

q)=cp’+q’ (39)

equation(5)becomes:

~+%+%’-(%’+’%’)w+x’+?x’)’}(%x’+%x’)-
‘(9X’+&)(#+ ~’)(’#+ q+/)+~+%p - (%’+%1)?-
y+l ( ‘+QY)}(12
2 )‘+%JO‘Y %

(40)

Since & hasbeendeterminedalreadyasa functionof x and y, equa-
tion(kO)maybe consideredasa differentialequationfortheunbown q$
onlyandmaythenbewritteninthefollowingway:

)Aq& + “q/ + Cm’ +~(x,y;~’,qy’= O (41)

.

.
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. Here ~ is,asbefore,a givenfunctionof x, y,andthefirstderiv-; atives9X’ and ~’. EachofthecoefficientsA, B, and C consists

. of onepartthatdependsonlyon @ anda secondpartwhichispropor-
tionalto ~’ or ~’:

1AB= }

TX’ f.2(@,@) .“
fJ&) + (%’

c ,
(42)

Sinceit istheprimepurposeofthisanalysisto determinetheinfluence
oftheinhomogeneousfielduponthepressuredistributionaroundtheair-
foilby meansof a lineartheory,it issufficientto approximatethe
equationforthecharacteristics,by neglectinginthecoefficientsA,
B, and C thatpartwhichdependson @, sothatnow:

.

..
Inthisway,thecharacteristicsofthetotalfieldaroundtheairfoil
areapproximatedby,thecharacteristicsofthebasicinhomogeneousfield.
Ontheotherhand,thelinesrepresentedby equation(38)whichresult
fromsucha procedurewillbe curved.Thus,theequationforthechar-
acteristicsbecomes:

(43)

(44)

where

@ ‘~x+bq01+b2q02

----—— .— ——. —— — —.
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.

Analyticforwlation.- Substittiingequation(~) intoequation(43)
andretainingonlytermsupto firstpowersin b, thecoefficientsof
equation(43)become:

‘1A= -~2+17’+l)~bq#l+ . . .

(45)

where ~01 and ~01 arefunctionsof m(x,y)and n(x,y)givenby
equations(24).

Insertingequations(45)intoequation(38)andkeepingconsistently
onlytermsupto firstpowersin b, theequationofthecharacteristics
becomes:

ax 132+(7+ l)~bqxol-
,

andafterexpandingtheright-handsideh powersof b:

(46)

Theupper(orlower)signisusedforthecharacteristics
theairfoil. ,,

Equation(47)maybe solvedby aniterationprocess,
firstapproximationisobviously

J

above(orbelow)

inwhichthe

‘g=*l “
ax F,

.

—— —.
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,

. ThisleadstotheMachlines:

y = kx/p (48) ~
.

wheretheconstantof.integrationhasbeensetequalto zerosoasto
yieldtheleading-edgecharacteristics.

Substitutingequation(~) fit~theright-~d sideof equation(47)
yieldsinthesecondapproximation:

.

Fromequations
theairfoil:

(49)

(24)substituteforthecharacteristicsabove(orbelow)

Insertingequations(50)intoequation
forthecharacteristics:

(49) andinte~atingyield

y= $-()(x)+Wl(x) . ● .

where
.

Vo(x)

1

v+)

Theupper(or
respectively.

= *x/p

%

,{

~ 1l-j+(7- 3)1’@JJx E(a) * *] ~ + (51)=+@ .

[ qj%2(7 + 1)m(o)T —

lower)signrefersto theupper(orlower)surface,

—— —.— —..
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Comingbacktothecharacteristicconditionindicatedinthesec-
“Procedure,”thefollowingrequirementhastobe fulfilled:For

Y=i@) + w+) + ● ● .

q)’=b&O+b~ll+ q#2+ eb@3 + #@4= ()

explicitly: o

Expanding@ aboutY = V()(x)inpowersof b yiel~s:

b~”(x,$o)+ b2@X)#O(X,$O) + # (x,~o]+ @’(x,%) +

(z)

(53)

Splittingequation(53) inpowersof b and e furnishesforeach
potentialcoefficient&k onecharacteristiccondition:

In b:

#O(%$J=o . (54a)”

In c:

In b2:

qlqx,$o)= o (54b)

(54=C)911(%$0) = -$JX)QYIO(%*J

.

.

.

—.— ——.
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In eb:

In e2:

23

(54d)

(54-e)

Whenevertherelationisinhomogeneous,theunlmownpotentialisexpressed
intermsoflmownlower-orderpotentials.

Eachoftheboundary-valueproblemsconsistingofa differential
equation,a boundarjcondition,anda characteristicconditionhasnow
beenformulatedandwillbe solvedintheappropriateorder.

.

COMPUTATIONOFPERTURBATIONPOTENTIALS

Inthefollowingdiscussio-n(seefig.1) k(x) denotestheordinate
oftheprofileabove(orbelow)thex-axis,whichisthedirectionofthe
relativewind ~. To distinguishbetweentheupperandlowersurfaces,
kU and kL areused; k(1) iszeroorunequalto zerodependingon
whethertheairfoilisat zerooratfiniteangleofattack.Ifthere
aretwosignsinfrontofa term,theuppersignreferstotheupper,
andthelowersign,tothelowersurface.

Computationof &o

Thatpartofthedisturbancepotentialwhichisproportionalto b,
namely,&O, obeysthefollowingequations:Thedifferentialequation:

B2’?J0- qjp =o

theboundarycondition:
1

10(x,O)= -n(x)
~Y

1’

(55)

andthecharacteristiccondition:

p(x,*x/p)= o J
*

-———.—.— —
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.
To obtaina solution,itisconvenientto introducethecharacteristic
coordinates:

!g=x+py

q=x - $Y

Then

(56)
~= P(’?,- !?$)

As thecharacteristicconditionisdifferentontheupperandlowersur-
faces,thetwosurfaceswillbe-treatedseparately.

Uppersurface.-”Incharacteristiccoordinatesequations(55)maybe
writtenasfollowsfortheu~er surface:Thedifferentialequation
becomes

4$%Eq10=0 1
theboundsrycondition, I

(P pEIO- 10~w=x = -n(x)d. }
(58)

andthecharacteristiccondition, I
q+”(~,o)=0 J

..

.
e

Integrationofthedifferentialequationyields:

qlO(E,q)=F(~)+G(q) (59)

wherethe
condition

srbitraryfunctionsF and G aredeterminedby theboundsry
andthecharacteristiccondition.

— —
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JIromthecharacteristicconditiontherefollows:

Therefore:

= -n(x)

Thentheboundaryconditionrequiresthat

Pp(u- G’(n~Ew=x= l@(x) - G’ (X]

Takingintoaccountequation(6o), it follow:that:

G’(x)=~n(x) 1
G’(rI)=~n(q) J

q 10(x,y) =~n(x - PY)

~lo(x,y)= -n(x- f3y)
}

To obtainthepressuresontheairfoilsurfacey =
maybe expanded:

25

(60)

(61)

(62)

(63)

ck(x),equations(24)

,;”l’+u(x~=,x1O(X,O)+ ckJx)ql.#o(x,o). . .

= ~ n(x)- ckU(x)n’(x)+ . . .

Pylol@fJ(JJ=-n(x)+ ePkU(x)n’(x)+ . . . I
J

.

(64)

Lowersurface.-Onthelowersurface,*same:

$(9E:O- h’-”)gw=x

theboundahyconditionisthe

= -n(x)

..- .. . ..— . . ———.—— — ———.— —.

.



MAC!.Am 284926

butthecharacteristicconditiondiffers:

,()
p ~,-;

Fromequation(65)therefollows:

Then,fromtheboundarycondition

J

=q)qo,ll)=0 (65)

qq(OYT)= G’(q) = O,forany ~.
therefollows:

PQE = W“ (E.)E=X= -dx)

sothat

Usingequations(42)

and

wlO(x,y)=-~dx + By)

. I
(66)

(67)

L%lO(x,y)= -n(x+ By)
J

Ontheairfoilsurface:

~lO~,ckL(x~ =-~ n(x)- ckL(x)n’(x). . .1
1 (68)

qfl~,~kL(x~ =-n(x)-$~kL(x)n’(x). . .

— ——
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Computationof qJ1
.

Forthepotential“@ whichisproportionalto b2jtheboundary-
valueproblemcanbe formulatedbymeansof equations(32c)~(35c)~
and(54-c): Thedifferentialequationis

2(w01+%’Ox~Y01+ ‘0 +% )}
theboundarycondition,

q)ll(x,o)= o
Y

andthecharacteristiccondition,

&l(x,*x/P)= -w@@(x,@)
.

.

.

)( )‘%x10 %01+%10

%02-P2~021+(69)

Uppersurface.-Insertingthevaluesfor qO1, &o, and

%02 - P2~ 02 fromequations(24),(64),and(30),fortheupper
surfaceproblem(69),incharacteristiccoordinates,isasfollows:
Thedifferentialequationbecomes

theboundarycondition,

andthecharacteristiccondition,

C/l(g,o)= vl(E, O)n(o)

(70)

(‘n)

(72)

.— --—. -—- .—. —. .— .-.— ——. —..——— ——— --- ——
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The rest
beingcarried

NACATN2849

●

oftheproceduremaybe indicatedherebriefly,thedetails
outinappendixA.

.

Uponintegratingequation(70)withregardto ~ and ~, respectively:

where G1 and G2 sre

n(q) and P1 and P2

u = Gl(m,n)+ P1’(~)
‘%

~11
n = G2(m,n)+ P2’(T) 1

knownfunctionsof m(g),m(q), n(g),and

areunlmownintegrationconstants.

(73)

Now,characteristic.condition(72),upondifferentiatingwithregsrd
to ~:
t

~~%,0) =w+,O)n(0) (74)

determinesP1’(~)bymesasof equations(73).

Thenboundarycondition(71),afterinsertionof equations(73),
fixesP2’(q).

With P1 and P2.determined,thetwovelocitycomponentscpxll(x,O)

and #(x,@ thatarenecessaryforthecomputationofthepressureon

theairfoilsurfacecanbedeterminedbymeansofequations(73)and(.56).

Lowersurface.-Forthelowersurfaceananalogousprocedurecanbe
csrriedthrough;notethatthecharacteristicconditionisnow:

s

—-



>

Theresultingvelocitycomponentson eitherairfoilsurfaceare
asfollows:

.

9X ( {[‘-&~Y-3)Mo2+~*~+ .’(X)*qx, o)=+

]J
n’(x) x n(q’)~qt
$()$. 1+2[, - ,)~p + gm(xyx) .

1 (75)

(#(xjo) =0 “

Computationof @’
.

Thatpartofthedisturbancepotentialwhichisproportionalto e,
$“’vust be expectedto eq~l theexpressionobtainedintheAckeret

.

Hence,thevelocitycomponentsabove(orbelow)theairfoilare:

(76)

By expandingabouty= O,thevelocitiesontheupper(orlower)
airfoilsurfaceare:

%gx12@(x~‘~~~(L)’(d + M@u(L)(x)ku(L)”(d . . .
1

}
(77)

J

.
.

-.—— . — — _________
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Computationof qJ3

Thepotentialq#3,whichisproportionalto cb,maybe considered
to originatefromsomekindof interactionbetweentheinhomogeneityof

. thebasicfieldandtheairfoildisturbance.Thebound~-valueproblem
for @3 canbe formulatedbymeansof equations(32d),(35d),~d (54d):
Thedifferentialequationis

#Q=13 - %13 = -M.{[7+1+(7: )1)!3qFX12(q)nol+ q)nlo+

(%x” Pxol+ % 10] + 2&2(w!. + ,=10)+

Txy%&+ c#jJ] “f

theboundarycondition,

gy13(x,@= kU(L)’(x)~’(x)+ @“(x,O~ -

andthecharacteristiccondition,

q113(x,tx/j3)= -vJx)qy%x,fx/P)

Uppersurface.-Thetreatmentofthe

Insertingfor &o and &2 expressions

-J

uppersurfaceisasfollows:

(63)and(77),problem(’78)

(78)

writtenin characteristiccoordinatesbecomes:

Thedifferentialequation:

.

“,

.

—- -— —————-. -
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Theboundarycondition:

31

(
pp - 13,g,w=~~) ““’(X)FX)‘a -“’”’x$’(x)‘*J’80)

,

Thecharacteristiccondition:

Therest
beingcarried

d3k”)=-T1(W)M#u’(”)(=“) (81)

of theproceduremaybe indicatedherebriefly,thedetails
outinappendixA.

Uponintegratingequation(79)withregardto ~ and ~,respectively:

(82a)TE13= Fl(m,n,k)+ J1’(~)

and

13
% ‘F2(%n,’) + J2’(v) (“b)

where F1 and F2 areknownfunctionsof k(~),m(~), n(~)~k(q))
m(q),and n(q) and J1 and J2 areunknownintegrationconstants.

Nowcharacteristiccondition(81)

determinesJ1’(~)bymeansof equations(82).ThefunctionF,
vanishesfor k(0)= O and k’”(0)= O,as
Alsoequation(81)vanishesinthatcase.

J1’(~)=0

canbe seenfromappendixA.
Thenitfollowssimplythat:

. Thissimplificationsuggestsmakingtheassumption,k’(0)= 0,whichis
anartificefrequentlyusedinlinearizedtheories.Theerrorintroduced.

.

-- .—— —



by thisdeviationfromthetruecontourislamwntoyieldsmallinac-
curaciesintheflowfieldina verythinstripadjacenttothetwo
characteristicspassingthroughtheleadingedge.Thereforethesim-
plificationispermissible.

Boundarycondition(8o),afterinsertionof equations(82), fixes
J2’ (TI) ● With J1 and J2 fixed,thetwovelocitycomponentsq#3(x,0)

and q#3(x,0) thatarenecessaryforthecomputationofthepressureon
theairfoilsurfacecanbedetermined’bymea ofequations(82) and (56).

Lowersurface.-Forthelowersurfaceananalogousprocedurecan
be carriedthrough.Notethatnowthecharacteristicconditionis
~(o,q)= o andthatdifferentexpressionsfor k(x),@o, and @2
havetobe inserted.

Theresultingvelocitycomponentsontheairfoilsurfaceme:

{[
:: ~2(7-1)+8 -@k L)’(X)qxl%x,o)=*—

1

~J ‘( F(x)’ w+

~2(Y- 3) +8+~q(.)(x)~(x) **
[ 1} (83)

\

~i3(x)0) = ‘U(Q’(X)E(X) ‘ WI-‘2ku(L$x)E’(x)*“F)]
.

Computationof @4

Thatpartofthedisturbancepotentialwhichisproportionalto 62,
thatis, &4 obeysequations(32e),(35e).,and(54e):Thedifferential)
equationis

P2~14 -#4 = -%~Y

theboundarycondition,

,

1+l)qJ2& + (y-l)#ql#2 +2%12%13

I
qy14(X,o),=@2(@k@Q’(x)- ~#2(@ku(@

andthecharacteristiccondition,.

&4(x,+x/p)= o 1(84)

*

—

.-

.——
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w.e.~’ ‘0’‘he“per‘m’’’”“e’‘Setiiw‘0’‘277 ~ Pr”blem (84)j mitten m characteristic coordinates,
is asfollows:Thedifferentialequationbecomes

theboundarycondition,

(85)

(86)

andthecharacteristiccondition,

&k(E,o) =0 . (87)

Inte~atingequation(85)withrespectto 5 and q, respectively:

where Ml and ~ havetobe determinedfromtheboundarycondition
andthecharacteristiccondition.

Fromcharacteristiccondition(87)therefollows:

which,bymeansof equations

tion k’(0)= O ismade,as

Thenboundarycondition
fixesM2’(q).

.. With Ml
surfacecanbe

‘?~14(E,O) = o (89)

(88), fixes Ml’ (~) = O if again the assure--

pinthecomputationof &3.

(86), afterinsertionof equations(88),

and M2 fixedthetwo
determinedby meansof

velocitycomponentsontheairfoil
equations(88)and(56).

.

— — -— -—
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have
Lowersurface.-

.
Afteranalogousconsiderationsforthelowersurface

beencsrriedout,thevelocitycomponentsonthetwosurfacesare:

%q)+x,o) = -— {[ 1(7+1) ~4-4(~2-1 ku(L)’2(x) +

%4

[?k4P u(L)(x)kU(L)
}

“ (x]

1

(90)

Ty14(X,O) =7 ; ‘U(L)‘2(x)f 13~kU(L)(x)kU(L)’‘(x) J
FORCESANDMOMENTSONAIRFOIL

CompleteVelocityFieldonAirfoilSurface

To obtainthepressuredistribution,thesquaresofthevelocity
componentsofthewholefieldsreneeded.By addingallofthecom-
ponents(uptothesecondorderin b and ~),thereresult:

.

9X2=

Py
2=

2cbq#2(qx10
[(+ q/l)+ .2(P;2)2+ ~. b @l + ~10) +

~2
(’% )

122+

Substitutingthe

t

(91)

‘2(%0’+%=0)2+“%12(%0’+%’0)J
expressionsderivedintheprecedingsections:

~x2=%2 + bAl+ c% + b2A3+ W14 + e2~

%2 = ~2%2kU(L)’2(x) 1(92)

-’

*

— -—.—— —
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..
Here:

,

;

,

I

.

[ 1n(x)A1=~2m(X)A2—
P

A3 =

.

.

M03
A4 = +—

4p3
{[

‘U(L)’ (x) 4M02(7- 1) + 8
-flbw+

8 + ZMO’(7- 3) + ~px) **]}ku(L)(d

(93)

.

PressureDistributiononAirfoilSurface

Thepressuredistributioncanbe obtainedfromthevelocityMstri-
butionbymeansoftheenerfgequation(reference2)which,indimemion-
lessform,isasfollows:

+&(%) - g =i~o’ -$)
(94)

.—— — —- .-
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Here PO, PO,and ~ sretakenfor
P) q,and C sre local quantities.
relation,equation(94)becomes:

. ‘N.ACATN2849

thehomogeneousflowfieldand p,
By useoftheisentropicp - p

+&’y=w-(#+%’]Y

.
andaftersubstitutingp =

relativepressureincrement

p. + Ap audexpandinginpowersofthe

‘~,whichissmallcomparedwith1:

Uponsubstitutingequations(92)for ~’ and ~’,

maybe solvedinsuccessiveapproximations.Inthefirst

()

AA 2 andSeco
rid-orderquantitiesinthevelocitiesare

YP()
Then:

(95)

(96) “ ~
●

equation(96)
approximation

neglected.

(97)

()Uponsubstitutingfromequation(97)for ~ andkeeping
poco’

second-orderquantitiesinthevelocitiesthroughoutequation(96),the
secondapproximationyields:

()
Ap ‘p= eP1+ bP2+ b2P3+ ebP4+ ~ 5

&oCo’

.

,
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,

.

, .

2(M$ -
}

l)2m2(x)* [%4(7 + 1) - 4(%2 - 11‘(x~(x)

P4=T ~~7 + 1)%4 - 4(M02-

[ 1}n!(x)
~ %(L)(X)m’(x)* —

.

.
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(98)

As showninappendixB, equations(98)forthepressuredistribti~on
ontheairfoilsurfacecanbe checkedina lititingcase,inwhichcom-
pleteagreementof equations(98)withan expressionderivedbyFerri
(reference2) isobtained. ,

DragForce

Inorderto obtainthedragforce,thecomponentofthepressure
whichispsrallelto theflightdirectionx hastobe integratedover

—— —. —— ..— ——— —. — —.
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theupperandlowersurfaces.Denoting,as infigure1,by cf3u(L)the
anglesubtendedby thelocaltangentofthesurfacewiththeflight
direction,thedragbecomes:

(99)

.

..

where dsu and dsL arethelineelementsoftheairfoilsurface.

Keepingonlytermsuptothirdordersin e, equation(99)becomes:

J1 J1
D%l APu~~’(x)dx - z A~e~’(x) b

o ,0

Hence,thedragcoefficientis:

D/co2 = ~ 1-N )1
CD. AP kUl-

$oMf2 %2 LPC20,200U 01AP— kL’ dx (loo),
12
&oco ~

For (Ap)uand (Ap),expressions(98)havetobe substitutedin

equation(100).

Inthecase
ku(x)= ‘~(x)=

-u

ofa symmetricalairfoilat zeroangleofattack
k(x).Then:

(%) = 62D1+ beD2+ Eb2D3+ e2bD4+#D5
%0

.

.
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Here:

,-

.

1, pl
m’(x)k(x)d.

.—‘3-%4
Y

1-!7 u- 3)M04+ &o’
~ &@)~j:+

1 “(x) k~(x
o

1
‘(q’ - 1)’~ m’(x)k’(x)d.

o “}

D4 = -~
{
[(7+ l)MO4- 4(W’ -

[
l] 2~1m(x)k’2(x)ax+

MOP3 o

r 11m’(x)k(x)k’(x)dx
o

.

{[
D5 =-$ (7+1)%4-4 (%2 - ~ ~’ k’3(x)dx} “

(101)

Inthecaseofa symmetricalairfoilata finiteangleofattack
thedecompositionof ~’(x) and kL’(x)ysuggestedinthesectionon
airfoilgeometry(appendixC),hastobe carriedout. Inotherwords:
ReplacekU’ in (AP)Uand kL’ ~ (AP)Lby:

1~’(x) = i(x)-6 “

and .

1

(102)
kL’(x)= -Z(X)-~

. .

. ——
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I

“

wherenow ~(~)% ~(x) isthecustomaryprofilefunction,forwhich
E’(l)= o.

.

Then,uponsubstitutingthemmiifiedexpressions(98)intoequa-
tion(1OO),thefollowinggeneralizationsofthecoefficientsOf CD .
havetobe noted:

1

D2’
J‘D2+& o n(x)~

1

8

c 1
D4’ =D4+ +(7+1)% (0

I{[J
4_4M 2-1 4 n(x) —t

MOP
k(x)dx+

o T

J1 1n’(x)-,
J 1

n’(X)~(x)~ +k(x)xdx+ —
o $ 0 P

p

1
F m’(x)xdx- 2

f 1}m(x)dx
o o“

D’=D55

(103)

.

.— —————
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Thephysicalmeaningofthevuioustermsinequatiopi(101)
or (103)maybe readilyinterpreted:Dl (or ~’) isthewavedrag
oftheairfoilwell-knownfromtheAckerettheory;D~ (or D5’) iS
thesecond-orderdraglmownfromtheBusemannapproximation(refer-
ence3); D2 representsthehorizontalbuoyancyactingontheairfoil;
D3 maybe denoted“second-orderbuoyancy”;and D4 isthetermcharac-
terizingtheinteractionbetweentheairfoilfieldandthegivenpres-
suregradientofthewindtunnel.

rnsofaras beD2 isconcerned,itistobe notedthattheintegral
istakenovertheproductofthelocalvolumeelementck(x)dx &d the
localpressure-gradientcoefficient~m~(x). Sincethepressuregra-

%
clientisvaryingfrompointtopoint,thisexpressionrepresents,indeed,
thegeneralizationoftheclassicalresultwhichisthusseentoholdnot
onlyforincompressiblebutalsoforsupersonicflow.

However,theothercorrectiontermforthedrag,whichcanbe derived
forincompressibleflow(see“Introduction”),doesno longerappearin
thesupersonicrange:Thesimpleconceptofthe“apparentmass”istobe
replacedbymorecomplicatedexpressions.

LiftForce

Inorderto obtainthelift,thecomponentofthepressurewhichis
perpendiculartotheflightdirectionhastobe integatedovertheupper
andlowersurfacesoftheairfoil.Thus:

L=-
J J
(AP)UCOSc eUdsU+ (Ap)LCOSe GLdsL

whichup to andincludingsecondordersin e becomes:

(104)

..

.

—.. — ——— —.
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Theliftcoefficientis:

For (@)U ~d

equation(105).

Inthecase
~(x) =-kL(x)=

NACATN2849

.

(@)L expressio~(98)havetobe substitutedin

ofa symmetricalairfoilat zeroangleofattack
k(x).Then:

()CL – = b% + b2~ + cbL3
e=o

Here:

.

(105)

I(106)

J
11

1~ k(x)d.x
o P

. J
Notethatequations(1o6)vanishfor m = n = O,astheyshould.

—. —.— —. .——— ——— — —— —
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In the case of a
after makingthe same
lowing changesin the

$t .~l

$’=k

L3’ F=L-—
3 M#3

pl

43

symmetricalairfoil at a finite angle of attack D,
modifications as in the case of the drag, the fol-
coefficients Li havetobe made:

1 xm’(x)till
do JJ J

Furthermore,a coefficient
43

cL4’= c—
P

appears.

ThecoefficientsL4’ and ~’ representtheliftexpressions
knownfromtheworkofAckeretandBusemann(seereference3), ~
and ~ areverticalforcesduemainlytotheverticalpressuregradient,
and L3 istheinteractionterm.

PitchingM3ment

Themomentabouttheleadingedgeisobtainedby integratingover
themomentsofthedifferentialliftforcesdL actingata distancex.
Thereforethemomentcoefficientbecomes:

Theinteg?alistobe takenovertheupperaswellast’helowersurface.

Sinceanupwardliftwhichistobe consideredpositiveproducesa
negative(diving)moment,thecontributionoftheuppersurfaceis:

()c _l r( )Ap xti
MU-GO 1

@oCo*u

. —--- .. — .. —. .—
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Thecontributionofthelowersurfaceis:

Hence:

‘=d[-)u-b%jx’
Inthecaseofa symmetricalairfoilat zeroangleofattack

kU(x)= -kL(x)= k(x).Then:

(dc ‘= bMl+ b2~ + GbM3
F=o

Here:

E
1M*%4(7+ 1)- *(MO*- 1)

}
m(x)% X dx

o

1

{
[ 1(7+ 1)%4 - 4(M02- 1)M3 = _—

I@

r 1]
“(x) xk(x)d’

o P

J1n(x)xkl(x)d’-:o~

(108)

(109)

.

*’

—————
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Inthecaseofa symmetricalairfoilata finiteangleofattack~
aftermakingthesamereplacementsasbefore:

Ml’= Ml

~t =M2

F

{
[ 1[

1

1“’

(110)
(7+ 1)%4 - 4(M02-M’ =M+—33 1) J Xm(x)b+

M#3 o

1

J 1]x%’(x)dx
o

Furthermore,twoadditionalcoefficientsappear:

and

ThecoefficientsM4’ and ~t representthemomentsknownfrom
theAckeretandBusemanncalculations,Ml and ~ arethemomentcor-
rectionsduetothepressuregradientsofthewindtunnel,and M3 is

theinteractionterm.

—..— -—— ———— ——-.——
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ApplicationofTheory

NACATN 284-9

As a simpleexampleoftheforegoinggeneralconsiderations,the
forcecorrectionswillbe givenfora symmetricalairfoilplacedat
zeroangleofattackintoa tunnelfield,forwhich

m(x)= n(x)= x

(i.e.,forwhichthepressuregradient
bpUm’(x)$ )islinearin x :

# -#[@37 - 17)+ 4(M04+ 4]11 xk(x)dx -
0

[
2 (y+ 1)%4 - 4(M02- l]~ xk’’(x)dxc’b—

M& o

11)-4(~2-’ -

- l]jl k(x)dx
o

+1)- 14(M$ - 2) +

- l~~lxk(x) dx
o

.

(111)

— —..—
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,.

.

For
formulas

a doublysymmetricdiamondprofileofvertexangle c these
reduceto:

~b

CM= -b

cb

Numerical

& [%4(7 + 1) - 4(& -

- 17) + 4(K4 + 4~ -

,.

11)

1- 4(M# - 2) -

11)

4 +b2
?Jf# [ 1+ %4(57 + 1) - 4(M02- 2)+

8~2P3

3
[—%4(7 + 1) - 4(M$ - 1] “

~oB4

(112)

e

resultsobtainedbymeansofequations(112)areplotted
infigures2 to9.forrepresentativevaluesof b and e. Infigure2
thecomponentsof CD whichareproportionalto ~2 ~b

J 9 c2bJand d)2
aregraphedseparatelyandinfigure3 thetotal CD isshownasa
functionoftheMachnumber~. Similarly,thecomponentsof CL and
CM whichareproportionalto bJ eb,and b2 areplottedseparately
infigures4 &d 6,respectivelywhilethetotal CL and CM areshown
asfunctionsof ~ infigures5 and7Jrespectively.Forthecaseof
a finite,smallangleofattackCP thebehavioroftheliftcoefficient
anditscomponentsisdemonstratedinfigures8 and9.

u
.

—. . .—— .. - — —— —.. —-
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Therelativeimportanceofthevarioustermsmaybe seenfromthe
plots;forexample,forthedragthefirst-?rderhorizontalbuoyancyis
themajorcorrectiontobe appliedandisontheorderof25percentof
thetruedrag.Nextinimportanceistheinteractiontermwhichamounts
to about10percentofthewavedrag.Thesecond-orderbuoyancyamounts
to about1 percent.

Thesamerelativemagnitudeofthecorrectiontermsexistsinthe
liftcoefficient,ifthecaseofanangleofattackisconsideredasin
figure8.

Fortheliftandmomentat zeroangleofattackthetermproportional
to b representsagainthelargestcorrection,whiletheremainderare
smallcomparedwithit.

NewYorkUniversity
NewYork,N. Y.,October17,1951

— ——
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APPENDIXA

COMPUTATIONOF~ION POTENI’IALS

&l, @3, AND &k

Computationof @

Thedetailsofthecomputationofthe
follows:

Uppersurface.-Fortheuppersurface
tions(73)aregivenby:

potential@~

thederivatives

are givenas

ine’&a-

p) .A#Iy$iJ).P;,,)

nf(q) E
J[ 11).‘(E’)d~fP m(~’)+—

$
+ P21(q)

49

,

.

. (Ala)

(Alb)

. -—-— -—- .— —————- —— —- ..——
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Equation(74)inexplicitformisasfollows:

‘TE=( E,O)=
{ [ -9+-4$ (7+1)(1+ 132)m(o)

.

c7+1+(7- 1]3)#@) +* n(0) (A2)

The constants of inte~ation sre found to be:

{

2 n2(0)+PI’(E)=5 (7+l)(l+f3 ) ~2
8p2

.

,.

p2(~)=%[7+1)(1+~2){*-m(’)~(’

[
7 +1+(7- wap’y~’ ~(,,+qd,, -

[ ]J
q n(q’)m’(q)+%

})
— dq’ (A4)

o P

.

.
——— -— --
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.

w
Lowersurface.- Forthelowersurfacethederivativescorresponding

to thoseinequations(73)me:
o

.
.

HA&’ I })n(q’)m(~’)- — dq‘
P

+ Pi’(E)

9 ( .(E) +ll=K, (7+ 1)(1+ ~2)m(5)~
8~2

E7 +1+(7- 3),q{@v) q*.+

[ ]1
nt(II)

})

~dEt) ~E,mf(q)-— —
$ P

Thecharacteristicconditioninexplicitformisasfollows:

{% ‘7+1)(1+’2)P0)+w+ll(M) =@%

[
7+1+(7- 1},3)E@) -* n(0)

(A5a)

(A6)

. . -— .- ———— _.—— -— ——.— . _ _
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“
Inthiscasetheintegrationconstantscomeout.

PI’(E)= .~~,+l,(1+p2){~@&

[ 1}n2(o) + ~(&f..l +
fj2

tobe:

1n(~)
$’

+mt(~)— -

#

{

% (7+ 1)(P2’(q)= - — 1 + $2)[1n2(0)+ --—
8~2 B2

[y+l+(7-
}

3)p~~(q) - ~]f” ~ d~’

(A7)

,

(A8)

>

Computationof &3

Theprocedureforcomputingthepotential‘ 3 isasfollows.For
8theuppersurfacethederivativesinequations( 2)aregivenby:

(Q>3=$(7+1)(’+‘2$(’)‘wk~(’) +

(A9a)
.

.

.
.

. — . –— —— —.
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[
7 +1+(7-

‘@{E(~)+w~(~)+

ku’‘(q)
E

Jr 1 1)n(~r)m(!.r)+—
P

d~1 + J,t(TI) (A9b)

Puttingk(0)= kl(0)= O,equation(A9a),togetherwithequa-
tion(81),yieldsJ1’(~)= O. Ontheotherhand,substitutingequa-
tions(A9a)and(A9b)intoequation(8o)yields:

5T( ,{pl)+yjwh),%2 (7+1) (1+P)J,t(q)=

Thelowersurfacecanbe treatedanalogously.

(A1O)

—.— — .——
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.Computation

Incomputingthepotential&4

NACA”TIV2849

of “&4

theuppersurfaceistreatedas
follows● Putti&inthefirstof”equations(88) k(0)= k’(0)= O,this
equation,togetherwithdifferentiatedequation(87),yieldsMl’(g)= O.
Ontheotherhand,substitutingequations(88)intoequation(86)yields:

.

4p4 1—kuh)ku”h)~04 (All)

Thelowersurfacecanbe treatedanalogously.

,
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APPENDIX B

CHECKOFEQUATIONS

DISTRIBUTIONIN

Ferri(reference2)represents
arbitrarysurface,whichisexposed
ber Ml)as a powerseriesinterms
Thus,

P-PI

(98) FORPRESEWRE

A LIMITINGCASE

thepressuredistributionoveran
to a uniformstreamofMachnum-
ofthelocalangleofattackq.

2+~-=~a,q+anq . . . (Bl)
Plcf &

where al and a2 aregivenfunctionsof ~, p isthelocalpressure,

~d Plythefree-streampressure.1

OnemaynotethatFerri’sresultcorrespondsto a limitingcaseof
thegeneralnonuniformfield,namely,tothecaseinwhichthebasic
flowischaracterizedalongthex-axisby anx-componentM.+ bm and
a y-componentbn,whereboth m and n areconstant.

TheagreementofthepresentresultwithFerri’scanbe seenas
follows.Expressions(24)for qxO1 and ~“l- indicatethatif m(x)
and n(x) areconstantalongtheaxis,theyarealsoconstantinthe
wholexy-plane.Thesameisno longertrueinorderb2,becausethe

02 is inhomogeneous.differentialequationfor q However,upto
orderb, thebasicfieldmaybe considereduniforminthislimiting
case.

Thel.@chnumberofthisuniformfieldis:

Theangleoftheflowd~ectionwith

q=~e’+

bm)2+ (bn)2 (B2)

thelocalsurfaceis

(B3)
~ :bm

lNotethatFerri’scoefficientisheremultipli.ed.withM12.
.

-. —. —. .. . ——— - —–– .———- — .——.
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where c9? and ~ ~bm aretheanglessubtendedby thex-axiswith

thelocalsurfaceandwiththestreamdirection,respectively.

Inapplyingequation(Bl)itshouldbe notedthatFerri’spressure
P- Pocoefficientistakenwithresp”ectto M,,whilethecoefficient~

inthisreportisbasedupon ~, whichis
tion(B2).Theconnectionbetweenthetwo
givenby therelation

poco=
relatedto Ml by equa-
pressurecoefficientsis

P- P1 cop

( )

- PO p. Po - P1 C12.—
P1C12 C12Poco2 ~+ P1C12cop

(B4)

Po - P1where , representingthepressuredifferencebetweenpoints
P@

wheretheMachnumbers=e ~ and Ml,aswellas P./P1 and cOlcl
maybe obtainedbytheisentropicenergyrelation.

SubstitutingFerri’sresult-forp - pl,with Ml
fromequations(B2)and(B3)andtheexpressionfor PO

fromtheener~relation,equation(B4)maybe expanded
of b andyields:

and q taken

,-Pl obtained

inpowers

2 (eq%$
G

[(7+ l)%4P2 14-4(&-1) -
.

whichincludestermsoforder C, b, eb,and 62 butnottermsof
orderb2.

.

— -. —. — -.
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ti”iheotherhand,equation(B5)canbeobtainedfromequation(98),
if m(x)= m, n(x)= n, and k’(x)= -e! aresubstitutedandthe
b2 termisdisregarded.Thus,inthelimitingcaseconsidered,Ferri’s
andthepresentresultsareidentical.

,

.

._.——.—-— — _. ——- .-
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APPENDIX c

AIRFOIL GEOMETRY

In order to showthat the considerations in the text pertain to
airfoils at both zero and finite angles of attack, the geometryof the
airfoil will be considered in detail.

Ifthechordoftheairfoilisat zeroangleofattack,thelocal
slopeisgivenby

(cl)

where y and k(x) arepositiveontheupper,andnegativeonthe
lowersurface(see$ig.l(a)).Iftheairfoilissymmetrical,then:

.

.

.

I
Figurel(b)mayillustratehow

incasethechordoftheairfoilis
theflightdirectionx.

(C2)

J

theserelationshavetobemodified
ata finiteangle cZirelativeto

Twocoordinate systemsmaybeused,onewhosex-axiscoincideswith
theflightdirectionandanotheronewhose%-axiscoincideswiththe
chord.Thentheslopeoftheprofileabovetheflightdirectionx is:

dy—= ck’(x)dx

=tan C(e-E)
,

23C((3- v) (C3)

— .—. —— —. . _ ——-.— .——.- —-——...
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where tanE(3istheslopeoftheprofileabovethechord.Ifthe
profilefunctionabove(orbelow)thechord,7 = e~(~),isintroduced,
then

,

andequation(C3)canbe rewritten:

Notethat ~> O ontheuppersurfaceand ~< O on
Then,at P infigurel(b),ee is_positivebecause
increasingZ. Fixingthesignof 19analogouslyto
thesketchispositiveandlsrgerthan 19,so.thatin

(C4) -

thelowersurface.
~ increases_with
thatof e, e dy
equation(C3) ~

comesoutnegative,as itshouldaccordingtothefigure.

Now,thebarredandunbarredcoordinatesystemsarerelated(neg-
lectingsecondordersin e) as-follows:

,

Then

[(EI?(Z) = .57?x 1 + 6292)-Fz(z)q

Therefore,equation(C4)maybewritten:

(C5)

.

——— - —
—. —.—— —
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(a) 5=0.

.

.(b)~#O.

Fi~e ,1.- Airfoilgeometry.
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