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Chapter 2 

Time 

, , I. imc: is the primary ixldc:pendtrnt \r;j.ria.ble ~ I I  GMKI'. 
'l'irne is ilsetl in inf;eg~iit;ing tihe equi3tions of motion, isxttl 
calculating planetary epliemeiiiles; the orientations of plan- 
ets and moons, and atmospheric density amorg others. 
G%tAT uses three t,ypes of time syst.cmns depending on 
the type of calctilations being gerfc)rrcced: imiversal time 
systems based on the Earth's rotation with respect to the 
Slm; dynmnic tirr~e systexns t.t~at, ;3xt? bil~t:tl on t,he dy- 
na~nic: mot,ion of t.be sol;j,r syst,em im(j. t43,kt: kd;o :3.c:co1ml 
relativistic effects; and atomic time systems based on the 
oscillation of t,he cesium i1,tom. Each of these t.ime sys- 
tems has specific uses and is dbcussc?d below. In addition, 
~iniversal, clynamic, and atonljc tirne systems can be ex- 
pressed in different time formats. The two time formats 
used in CiMAT are the Modified Julia1 Date (MJD) for- 
md,, and t.he Gregorii~n Datt: (GD) fc)rmi:,t. In t.he next. 
seciioo, we'll take a look at  the lirr~e sgster~~s used in 
GM-AT, iind when GMAT uses eacli time system. Then 
we'll look at  the different time fi,rm:its. 

2.1..3. A.toxnic Time: TAI and A.1. 

Ai,oxnic tinlc: (AT) is 2% highly ;ic(?llrit.t,i: time system -nl~ic:b 
is indepenilerrt of the rotation of the Ear1:h.'- Therefore, 
AT is a nztural system for integrating a spacecraft's ecpia- 
tior~s of motion. AT is defined in terms of the oscillaiior~ 
c ~ f  the c:esi~mi atom at rtl.ean sea, level. The tluration of 
the SI second is defined to be 9,192,631,770 oscillations of 
t.he cesi~illm nuclide 133Cle. T w  t~tomic times syst,ems are 
;.irt: ilsc:tl in GMA'II: A.1 , and intc:rns.tioni:.l iito~lic: tixr~e 
[TAI). A.1 is in atlvance oE T A T  by 0.1)343817 seconds. 

where 
1 '4  1 = IT'l'C + A.47' (2.2) 

alid AAl' is the mxniber of leap seconds, adilecl since 1972, 
needed to kcv:p j UTC - IJ'I'I. 15 0.9se~:. GMAI' rf:;tds 
4 A T  from the file named Ici-utc.dot. For ti~nes t.bat, ap- 
pear before the first epoch on the file, GMA'T uses the 
first wlue found in the He. For tirnes t.hat. appear aft,er 
t.he last cq~och, GMKI? uses the 1;3st value c:ont,ijioed in the 
file. C~rrrently, GMAT uses A.l tirne as the illdependent 
variable in t,he eipations of motion. TAI is used as a time 
syst,em for defining spacecraft state inforrnst.ion. 

Now lei's 1001; ar, the rcrliversal time system. 
2.3. Time Systen~s 

2.1.2 Universal T h e :  UTC and TJTl 

GMAT uses several dimeretct tirne sgst;ern:s in physical 
olodels ancl spa.cec:raft, dynarnics oloilelling. The choice 
of time system for a particular calc~ilztion is deternlined 
by which time syst,em is most nitt~lritl and convenient, 
its well as the accllriLcy required. In general, for det.er- 
mining Earth's orientation at  a given epoch, --ve use one 
of several forms of Universal 'I'ime (Li'I'), bec;mse ?mi- 
vt:rsa,l tirnt: is 1)itqc:cj on t.be Ei~rtih's rot;ittion with rexpect, 
to t>be Snn. Planetary epllernericles a.re ~ls~liilly provided 
with time in a dynamic time system, because dynamic 
tinie is the independent variable in the dynan?ic t,heories 
and ephemerides. l'he independent vi~riable in spacecraft 
eqi~at.ions of motion in GMAT is tirne expressecl in a.n 
iltton~ic time syst,em. Let's look at. each of t.hese tlxee 
sysi;c:n~s, st:ivtjr~g with at,omic ti~ne!. 

All of the rcriiversal tiirrce (UT) scales are based ori the 
Earth's rot.ation wit,h respect to a fixed point (sidereal 
t.ime) or with respect to the Sun (sdar time). ?'he ob- 
servt:d ~~nivt?r.si~l t,irx~t: (UII'O) is dt:tt:rrninetl fi.0~11 ot)st:rvi~- 
tions of stellar trimsits to determine mea.r~ local tiidereiil 
time. UT1 is UTO corrected for t,he Earth's polar mo- 
tion a.nd is used when the instantaneo~ls orientat,ion of the 
Earih is neetlecj. TTTC is the basis for all civil tirne stan- 
dards. It is also kaou~n as Greenwich mean tinie (GMT) 
and Zadu tinit: (Z). The UTC tiirne unit is defined to be 
im SJ second, but U'I'C is ktq)i; within 0.9 sc:contls of U'l'l 
by occ:it*iorliil lea,p sec:oscil at~just,ments. The eqiiai:ion re- 
lating UTC and TTTl is 



In GMAT, AL"1'1 is read froril bhe file enpcU~.E2-no.u.j pro- 
vided by t,he Intc:rnitt8ional Earth Rotittion and Reference 
Systems Service (IERS). The file cor~taining the latest 
meisuirenlents and predictions can be foi.md at. 
h.tt~:,$/u'ww.ic:~~s~ o~g\, ‘E'er times past, the last epoch con- 
tajx~ed in  the file: GMAT -uses the 1 : ~ t  vi~lr~e c!f AUTI 
contained in the file. GMAT uses UTC as a tirne systenl 
to define spacecra,R sta.te information. UT1 is used to 
determine the Greenwich. holr iinglf: and for the sidereal 
tirtle portion of FIG redlictiorl. 

2.1.3 Dyrla~nie Time: TT, TDB ar~d TCB 

Dyna~r~ical t,i~ne is the intiependent vitriable in the cly- 
nraiical theuries and eplienierirles. This class of time 
scales contains terrestrial time (T'I'), Bimycent.ric Dynitm- 
ical time (TDB), amrid Barycentric Coordina,te Time (TCR). 
TDB is tlie Ilidepenilent variable in the equations of mo- 
tion referred to the solar system barycenter. I t  is also th(:! 
coordinai.t: time in t.tle tht:ot.y of general rc:lii.ti.vit,y. De- 
q~itt :  the fact thiit tlie Jei. Proplilsiua 1,i~bora.tury (JPT,) 
J2000.0 ephemerides are referred to in TDB, TT is fre- 
quently used. This is because T T  and TDB czl'cvi'~ys differ 
by less than 0.002 see:. As higher ac:c:nr;;,cy or rtlore sensi- 
tive niissions are planned, the difference may need t.o be 
distinguished. In t,his sect.ion ule'll d isc~~ss  how to calc11- 
late 'I"(', 'I'T)B i~ncl 'I"CB, ii.nti d isc~~ss  where t:;j.c:h is iist:tl 
in GMAT. 

TT is t.he independent variable in t,he eqnat,ions of 
motion referred to the Ei~rth's center. It is ti,lso the proper 
l.irr~e in the ttleory of general relativii:~. The irnit O F  T T  is 
a day of 86400 SI seconds at nlean sea level. In GhlAT? 
I- l r  , 
.[ 1; is -rrst:d in FK5 rc:duct.ion, >3,1ltl i3.s iLn i.ntt:rrxic:dii~t~! tixne 
syst;f:n~ in t.ht! ci~lculii.tion of 'I'1)B a,xitl 'TCB. 'TI:' cim be 
cslcul;;,ted born the fc)llowirig ecl~lation: 

Y"1' = ?'A] + 32.184 sec (2.4) 

Calc~~le,ting 7'DB exactly is a cornplicsi.ed process that 
involves iteratively solving a tra.rlsc:entientizl ec~ i~~t ic ;~ i .  R)r 
t,hk reason, it is convenient t,o use the following approxi- 
rna1;ion 

1lni1:s of seconcls 
(2.5) 

No t.e that. the t.erlr~ in the unc1er'r)riic:e hss units of seco~~cls, 
and depending upon the units of Y7'1', which is usually 
in days: a conversion of t,he t.erm may be necessary b e  
fcm: perfomling the acltiit.ion wit.h Y'rL'. Ads is the E,a.rth's 
mean a~omaly  with respect to  tlie si.in and is given ap- 
proximately as 
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where ' lkr is the time in T T  expressed in the Julian Cen- 
tury formi1,t. .t,.kT catn be ci~,lculiit.t,ed from 

J L T T  --- 3,451;545.0 :[ ;.1. - ............................................ (2.7) 
3ti,525 

where JDrr  is the time in T T  expressed in the Jdiitn 
Dzte fi~rmial:. For a. rnore complete disclesioi~ of the TDR 
time system, see Valladol (pp. 195-198) and Seidelmann2 
(pp. 41-48). GMLW Ilses 'I'DB izs the defanlt time system 
in t,he JPL ephernenldes files. Tbete is at1 c)pt.ioxl to rise TT 
ill  the ephert~erities ~ l s i r~g  the UxeTTForEphemeris nag. 

The last dynzmic tinre systeni GMAT wes is Bmycen- 
tic Coordinate 'I'irne. In 1092, t.he TAU ii.dopted t.llis sys- 
tem and clarified the relationships between space-time co- 
ordinates."n general, calcnlating TCB reyires a four- 
dimensional space-time transformat.ion thilt is well h a  
yond tlit: scopt? of t.hB disc~lssion. I-Iowever, 'I'CB c;in be 
approximateil rising the folluwi og ecii~atioli: 

TCB - Y'UB :::: L p ( J L )  - 2443144.5)86400 (2.8) 

The present est,ima.te of the value of iiB is ?.550505~10--" 
(-+-/ --- 1 ~ 1 0 - ~ " )  (Eilkushimn et, izl., Celestial Mechi~Gcs, 
38, 215, 7 986). T t  is important to nole that, t;he main clif- 
f~c:nce b13twtx:n 'l'DB irrltl 'l?C!B is :.I, secilli3.r drift;, ancl t,t~at, 
as of the 52000 Epoch, tlie difference was approximately 
11.25 seconds and growing."GMAT uses time in the 
TCB system to ewll~iit.te the IAU di~tii. for the spi11 iwres 
and prinie meridian locations of sll planets anti rnoons ex- 
cept for E a ~ t , h . ~  Note that Seidelmalm" mistakenly scys 
t,liij;tm tixt~e in 'X'CB s l~odd  be ~wt:d hl the eq!u~,tions given 
for tht: pole i ~ n t l  rnt!ridi;irl 10cat.ions of tbt? ~)li~,nf:t.s. 'X'ht? 
correct tiole 1.0 rise is TDB, mil GMAT uses this tirt~t: 
syst.em. 

2.2 Time Formats 

There are two l.inle k~rnlats t:bat GMAT uses to repre- 
se~it  time in the systems dkc~issed above. These formats 
are cillled the Gregoriiln Date (GD), and t,he J?dii~n Dat.e 
[JD). The diEc!rence bet me ex^ t,be GD i~nd  J D  tbrrnat,~ is 
t~uw they represent 1:be Year, Mcrntli: Day, Hours, Min- 
utes, and Seconils of a given date. The GD forniat is 
well linown, ii,~id the 52000 epoch is expressed iE, 01 Jitn 
2000 12:00:00.000 TT. 'The reference epot:b fbr t,he GD 
calendar is the beginning of the Christian Epoch. The 
.ID format represents an epoch iLs a contimio~zr; number 
cont i~, i~l i~~g the di~y ii,rnl the frac:t.ion of rii3.y. 

The 32000 epoch is commonly used in atstrodynainics 
as a reference epoch for pli~netary and other datz. The 
52000 t:pot:h occ:iirred at  01 Jan 2000 12:00:00.000 T.1'. 
The tirne syst,em? TT, is inlport.ani. for precise applic:a,- 
t,ionsl While the JZOOO epoch is a specific instant in time, 
t,l~(: m1rrlc:rica.l ~i~111(: (:hiingc:s dc:pt:nding upon which tirr~e 



syst,em you express it in. JVe can make an analogy wit.h minutes, and seconds respectively. This e q ~ ~ i ~ t i o n  is valid 
vector algebra where we h:tve a.n abstract. q~li~,nt,ity thiit, for t.he time period 01 Mar. 1900 t,o 28 Feh. 2100. 
is a vector: amcl can't write down a set. of mmihers r e p  
resenting the vector until we a coorclinate system. For n~merical reasons it is often convenient to work in 

Simil;-Lrrl;y, t,he J2000 epoch cim he written in my of thr3 a Modified Julia1 Da-t.e (MJD) forrnat to ensure we can 

tligefercnt tirrle sysl,e,xls a,rld forxnal,s. All of tfic following capi,uire en!,ugh si.gnifxc.:>.nt. figures using tlouble precisjon 

are equjvaleut definitions of the J200O Epoch: cornp~~ters. In GMAT the hMJD system is defiried as 

24.51545.0 y'y: M J D  = JU - 2,430,000.0 (2.iOj 

2451544.9996274998411 T.AI 
where the reference epoch expressed in the GD format is 

2451544.9992571294708 CFTC 05 Jan 1941 12:00:00.000. IIowever, we m~ist  he careful 
2451544.9999'399990686 Y'UU in calculaiing the Modifietl Julian Datx:, or we rvill lose 

the precision we ere trying to gain. GhlAT calc~~lates the 

01 Jan 2000 12 : 00 : 00.000 'IZT 
hlJD 21s f o l l o ~ ~ ~ :  

01 Jim 2000 11 : 59 : 27.815986276 'FA1 
[7 ( Y  + I~~{Y))  1 01 Jan 2000 11 : 59 56.815986276 TJTC JDw =36371/ - [rLt ................................................... + 

01 Jan 2000 11 : 59 : 59.99991'3534 'I'DB 

In the next two seciions weYl look a t  how to cor~vert + 1) + 1,721, 013..5 - 2, 430,000.0 
an epoch in a given time system from the GD format to 
t.he JD format, and vice versit. (2.11) 

S - + VL 
2.2.1 Julian Date and Modified Julia1 Date 60 4- 

Pa,rtoDa,y = 60 (2. :? 2) 
?,I - - 

Thc~ Jl~lian date is a time formzt in which we can express a 
tirr~e knciwri in any of the Atotrric, Universal or D:maolic: klJD - (JTIay - 2,430,000.0) + Pwtofni~y (2.13) 

time systems. The Jnlim Date is composed of the Ju- The important subtlety is that we must subtract the hIJD 
lim day number and the decimal fraction of the cnrrent reference from the JD. before we acld the fraction of day, 
day. );.eid(:lmixnn7 (pp. 55-56) siLys "'l'he J r i l i : ~ ~  day nlrrxl- 

1 o iivoid losing precision in the hlJD. 
her repreaeots the iiclrnber uf days i h d  has elapseti. at. 
Greenwich noon on the day designated, since ... the epoch 
noon Jan 1 4713 I3.C. in the 3nli;:n proleptic c;tlendar. 
The Jllian date (JD) corresp~nding to any instant is, hy 
simple extension t,o this concept, the Jnlian day number 
followed by the fract.ion of the day elapsed since the pre- 
cc:tling nooxi" . 

The hmda~nental epoch for moat astrot1yn;trnic calcu- 
lations is the 32000.0 epoch.' This epoch is GD 01 Jan 
2000 12:00:00.000 m Ihe '1'T tirntt system :>rid is expressed 
aa JD 2451545.0 TT. To cor~veri heiweer~ Jlllian Diite k)r- 
mat ancl Gregorian Date format, GhlAT useb Algorithm 
14 from Vallado' 

2.2.2 Gregorian Date 

The Gregorian Date format is primarily used ;.A a time 
system in which to enter state information in GMAT. GD 
is xlot ii convt:nient time format for mosl rx~:tthematical 
c:aI~:~lIat,ions. Herice, GblAT often t&s inpllr, in the GD 
format and converts it to a MJD format for w e  internally. 
'The iilgorithxn for c:onvcbrt,ing from GD to MJD is i:skc:n 
frorn 'C7rzllatlo1 end reproc111ced hew vt:rbi~l,ixn. 

( T  (Y + (y))) i/;'JO0 = Jfl  --- 365.25 2,415,019.5 

J U  = 367Y - 1nt + 
I 'ear = 1900 + TR.UiYC('i;9,~o) 

(2.9) 
S 

- + m  Le,o,pYrs = TR,UNC((Y ear - 1900 - lji0.25)) 
nt (27;M) + H  

-$- U -1- 1,721,013.5 -1- 60 
24 U ~ y s  = (JU --- 2,415,019.5)--- 

( (Year - 1900)(365.1)) + LeupYrs) 
where Y  is the four di$t year, 1n.t signfic?s real trun- 
ci~tion, and M ,  I ) ,  H ,  m anti s an: n~onth, day, hour, IFUccys < 1.0 THEN 
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Year = Year  - i 

If (Ykci' Mod 4) = 0 Then 

In this chapt.er we looked at t.hree time syst,ems thiit 
GMAT uses to perforn~ interna.1 c:a.l(:lllations: iit,c;mjc time: 
liniversill time, and dynamic time. At,omic t , b e  is used 
t,o integrate spacecraft eq~latioas of motion, while univer- 
sal t,imt: is useti to tlet.errxlint: t.be sitlt:rt:itl tirnr: and grt:sn- 
which hour angle for -use In FK5 reduc:tjun. Dgrra.rnic tirnt: 
systems are used in the JPL ephemerides and in the IAIT 
planetary orisnti~tion datit. 'l'ime, in a.ny of t,hese t.irne 
systemls, aae represented in iiwo k~rolats: the Greguria.0 
Diite, anif Jtilian Date. We looked at liow to convert b e  
t,nveen diflerent t,ime systerns, and between dilferent, tirne 
forrna1.s. 



Chapter 3 

Coordinate Systems 

There are nilmerolls cc;ordinai.e systems wed in spar:e 
mission analysis, that when used appropriately can greatly 
simplify t,he work iind yield insight that is not, obviolls 
ol;he~.wke. Sorr~e c:ximlpl(:s are eq1liit;oriiil anti t:cliptic: sys- 
tenis, and rotating coortfinai.e syster~is baaed on t.he rel- 
ative motion of two bodies such as the Earth and I'vIoon. 
GMAT has the capability to calculate many part~meters 
in different coordinate systems, and these parameters can 
then be used in plots, reports, solvers, cont,rol flow state- 
ments iind stopping condit.ions t.o name ii few. 

Ttl this chapter wt: invt:st,igat.e how GMA'Z' pc:rfot.ms 
coordinate system transformations, and how different. co- 
ordinat.e syst.ems are defined. We begin by defining some 
notat,ion. Next, we look i~,t how to tr~.nsform e vect.or and 
jts first derivative frotr~ one coordinate system to <another 
when the coordinate systems :*re translat,ing and rotating 
wit.h respect to  one another. Findly, we look at each co- 
c)rdiniitt? sysi.ern tiefirled in GMAT arid discuss how t . ~  find 
its rotation matrix and the &st derivative of the rotation 
mat,rix to rotate to the 52000 coordinate system. 

3.1. General Coordi.nate System 
-Transformations 

GMAT has the capability to take a position an? veloc- 
ity vector in one coordinate system, anrl convert them to 
ixn<tthc:r coordinate syst,t:rc~ that mily bt: both tri~nslittinp, 
a11c1 rotating with respect to the original sy,stetn. In thib 
section we derive the erpatiu~m governing coordinate sys- 
tem transfc.rrn:ttlons i~nd  describe the algorithm GMLYI' 
uses to transform position and velocity vectors. 

Let's st,art by defining some nota,tion. In Fig. 3.1, 
wt: sc:t: itn illristrat.icm of iz point o drz~,wn with respect to 
two coordinate systenu Fi amcl F f .  The vector r: is lht: 
position vector of point o with respect tu frame Fi. The 
vector r; is the position vect.or of point o with respect, to 
.'Ff r f i  is t,ht: vector from the origin of Ti to F f .  I:c:t.'s 
define the rotation matrix that rotates from .F; i.o Ff ;;.s 
R f i .  Finallj; let's define the czngula,r velocity wf,; its the 
i m g ~ l x  vc:locit,y of F< with rc:sp(:ct to .Tf '1:b sinlplify 

the notaiion, we assrirrle that a vector is expressed in the 
fraine ilenoted by the right-most subscript. If we need 
t.o express a vect.or in iinot.her coordinat.~ system, we use 
clirly b~.isckc:l;s. As ii.rl t:xi~mple, jr,y)i is the position of 
point, o, with respect t.o frxr~ie Fi , expressed i r ~  fra;mie .Ff . 
In summary, we have 

r: Positicil~ ve(:tor of poir~t o w/r/t frame Fi 
expressed in Fi 

{r!)! Position vect,or of point o w/r/t frame Fi 
expressed in Ff 

rfi Positi~xn vector fronl origin of Fi tc, origin 
of Ff expressed in Ff 

RFi Rotat,ior~ mit,ttrjx Froxn kan~t: Fi tt.o Ff 
~ f i  Angillitr ve:loc:ity of fratnc: Fi wjr/t F f ,  

expressed in frame Fi 
{w f i )  dngdar  velocity of frame Fi w/r/t F f ,  

exprt:ssed in fritnic: Ff 

'1.0 further si~nplify t,he notz,tion, let's drop t,he sn- 
persc:ripi: "om Lrolr~ rz ar~d r;. Then, from inspection of 
Figure 3.1 ure can write 

Eq11atic111 [3.1) i s  i:he eecl~natior~ ilsetl to c:ooveri a vector 
known in frame Fi tto a vector in frame 3;r, where both a 
rotation and a translation are required. The iirst. term in 
Ecb (3.1.) is tht: terrt~ that. perforum t,he rotii,tion portion of 
the t.rar~sfortrtation. Here, ri is t,he position vector w/r,/i. 
to Fi and is expressed in 3i. Rfi is t,he rotation matrix 
thi~t  rotates from Xi tt.o F f .  rif is the wctor thiit goes 
from the origin of .Ff tio the origic~ c:.f Fi, zrltl is expressed 
in F f .  

We also neeti to bt: able? to c1c:terrnlne the t~rnt: ratr 
of change of a vector in fralr~c: Ff if a.r krlow the tirne 
rate of change of the wctor in Fq. To cleterrnine the 
equation that describes the transform~tion. we nxiot take 
the derivative of Eq. (3.1) with respect to tinlt:. 
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Let's use a single dot above a variable to denote the first 
iierivi~tive of that v~iritible with respect to time. Then, we 
can expand Ibis to obtain 

r f  z:: R j ir i  -t- Rpi f i  + f a /  . 
-'-%--' 

(3.8) 
Rot.  Trans. 

We choose betwen Gqs. (3.61, (3.7)' or (3.8j depending 
rf  - Rfiri + R . % ?  f.i. + r.  2.r (3'3) on the type of informiition we have, m d  which fiarne is " - 

most convenient to express the angiliz,r vdocity wpi in. In Eq. (3.3) we set: a term that contains the time deriva- 
1x1 gexic:rd, wt! know ri ;mcl ri. 'To perform the transfor- t i w  of the rotat.ion matrix from Ti to T j .  \Ye can write 
.[nation we neeil to deterrrrr~inr R, R., and f i f  anti these the time derivative of  R,fi as 
q~iant~ities depend on Fi and Ff. 

wbere wpi ia the aagiilar ve1or:ity of Fi witill respec:t to 
T f  expressed in Ti. The skew syninietric matrix, w", is 
tlefined as 

Tn Sll?TlTTliLTy, ~isi~~ing, Eq, (3.4) to t ri~nsform a det.ivative 
vector frorn ;T, to .Ff we can use any or the tollowing 
three ec411ationb: 

Or~e of thi? dificulties in ixnylerr~enting coordir~at,ct sys- 
lien1 tra~wforrnat.iom in C>hlAT is that we often ciiii't cal- 
culF.te Rfi iind directly. For example; it is nontrivial 
t.o directly citlc~liit(> the rotatmion m;tt.riu from the Eitrth 
Bxctl fr:txne to the Moon Bxetl .fra.3,rne. Flt:ni:i:, we need to 
choose a convenient imterxnedi.at.e coordinate syster:rn. FVe 
choose tlre axis system defined b37 Earth's mean equilios 
ztnd meiin eq~iator itt the J2000 epoch, denoted F,T,,, as 
the inierrnetIia,te refsrence fr'me for all trat~sforrnaf.ioos 
tliat require an intermediate triinsformiition. This choice 
is motivated by the fact. that most of the d>itit needed to 
~i~Ic11liitt3 R. i~nti R is given so that it. is fitst. ;i.ncl i:onvc:ni~:nt. 
to calculiit!: RJ,,,i, artti R..l,,.i. 

The steps taken t,o perform a general mordinat.e t,ram- 
fcol.nuttion in GM.W described beli~mr i~.nd ilhrstrrttsd 
jn Fig. 3.2. We start with a vector and its first derivative 
known in frame F,:, and wish to determine the wetor and 
i t s  f rst derivat.ive with respect to frame F f .  Ho-xt?wr, we 
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assume thiit the ttransformation to go directly from Fi to However, the velocit,~ conversion eq~iations change be- 
FJ is not known. cituse we neglect. the terms t.h;tt. centmi-zin R. f i r  pseudo- 

rotaiing coortiinzte systerns t.br velocity trxnsforrnat.ions 
The first step in t,he process is to perform a rotation sliown in E ~ ~ .  (3.~01 aild (3.15) become 

from J i  to J,,,. PTi? cjefme this intermediate system as 
.FI. No t.riir~slation is ~~erF{~rrnc:c~ in step one. Usitlag only drc { = ,J2k.qi ..;-. 
the rota ti ox^ portiuns of fronl Eqs. (3.1) a,r~tl (3.8) we see (3. i6) 

1 at 
that 

{ri)l = R.rak.iri (3.9) and 

{+ill = R . ~ ~ ~ , i r i  + R.;2k7ii.i (3.iOj 9 - R j. { v : ) ~  
d t  

(3.17) 

The second step is to perhrm a transli~tion from t,he origin 
of Fi Tilo the origin of F r .  1% define this secoocf inl,ertne- 
cliate system mi .F2. F2 hit5 t.he s m ~ e  origin its Ff  but 
the same axes as FA, . Fkom inspection of Fig.3.2 we can 
see that 

iri)J. = { r f ~ i ) . J 2 b  + i r f n )  J2, + I r f  1% (3.i1 j 

Solving for 1-J we obtain 

i r d 2  ' {rdl - { r ~ i ) , ; , ~  - { r f ~ ) . ~ 2 k  (3.12) 

'Ii, perfrfcrm the tritnsformritions describe in t.he l i ~ t  
few sections, we r~eecl t,o be able to calc~llate the rotatior1 
matrix between any coordinate system and 3 . ~ ~ ~  , and the 
derivative of the rotation matrix. In the following sec- 
tioxls wt: ~a1~11liil.c: these ~1l i l I : l . i~~~ for the: syst,ems 1lst:ti 
'111 GMAT. We ;tssll-rne thxt we want the i:rzr~fcortrr~tition 
from some generic frerne Fi to FJz, which is the Earth 
h,Ieiin 52000 Eqlliitorial (MJ2000Eq) syst,e~n. The rot:3,- 
i.ion nlatrix from Fj,, to Fa can be fovmncl by thr simple 
relationship. 

where {rh!i}<l,, is the vector frorn the cirigirt of 3;. to t,be T RJ,, = RJ;,,~ = Rjlk.i (3. :? ~j 
origin of FR expressed in F.,z~. Similarly { r / ~ ) ~ , ,  is the 
vector from the origin of FE to the origin of Ff expressed :ind 
in F,;2k. Bec:t~~se t,he vect,or { r f }% is expressed in i!n iner- R.. . - a--,l sf - JAk,i = fG,,.i (3. i 9 )  
tial system we can we call take the derivative of Eq .(3. i2j 
t,o obt,t\in 

{ I - f  \ i f ) 2  ' { v c ) ~  - { v ~ i  ).;,, - { V J R )  j2; (3.1~3) 

where {vjii),J2k is the ve1ocit:y of the urigin uF .FR w/r/t, 
the origin of Fi' Simila.rly: ( v f P , )  Jzk is the velocity of the 
origin of FJ w/r/t t , l~s origin of FR. Fini~lly, we perforrt~ il 
rotation horn F.;,, to Ff zk~ij~it the origin oc Fj. ilo cibiair~ 
tlie desired quantities. 

r f  - R2j+.rZk {vj}? (3.14) 

r f  = RJ..!,, { r j jZ  + Rf..;zk { v ~ ) ~  (3.15) 

3.2 Pseudo-R,otating Coordinate 

111 niksion analysis, sometimes it is ~~sefu l  to consider a ro- 
t,ating coordinate system to be inert,ial at. a given inst ant 
in i.irne. In this caw, we ignore t.he effects of roi.a.tion 
on the \relocity. Let's call sgsterm where we neglect ihe 
rotational effects on velocity pseudo-rotating coordinate 
syst.ems. 

To perform transfor~na~tions to a psrr~do-rotating coor- 
din~tte system, the eq~ii~tions to convert. ;i posit,ion vect.or 
do not chii~lg~: :3,11d are: giver1 by Eqs. (3.9j i~ncl (3.14). 

3.3 The Fj?, Inertial System and 
FK5 ~educ t ion  

It is well know thilt Newton's Iiiws must be i~pp'lied in an 
iner t.ia,l systc~n. 'T'tie st,ruggle t,o dt:tc:m~ioe ii t,nlly iner tiii.1 
sysi,eirl has c:onti~metl since Newton's tiirne. In reality, ihe 
best we call do is approxinlate a trlily inertial systeni in 
which to apply Newton's laws. In GMAT that system is 
the FK5 system, bere c:iilled Fj,,. The FJ,, syst.em is 
referenceti to t.tle Ea,rthls eclirntor and the Earth's orbit 
tlho~lt the sun. Becii~~se neither of t,hese two pliines itre 
:fixed in space, we tnr~st pick an epoch and define axi irl- 
ert,i;ll system basecl iIT1 the geornetry ill; t,hat epoch. This 
epoch is co~nrnonly chosen es the 52000 epoch. 111 this 
section, we present the definition of the FJ,, system, and 
disc~iss the transformi~tion from F,j,, to the Eitrth Fixed 
systeol. This trar~sforrn'tic~n is calbtl FK5 retlr~ction. We 
begin with a concept.~id discussion of how the Earth's 
spi-rt axis roovc:s with respect. t,o inertid spiLce. 1% cost- 
diltle t.bis sc;.c:ction wit,h a prt:a:nt,iit.ion of t.hc: ~ni~l;hernii.ticii~I 
theurg of FK5 reduc:titrn. 

3.3.1 Overview of FK5 Reduction 

The inert,iiil syst.em most, commonly used in i\strodptxm- 
ic:s a,s of this writing is the FK5 systern. Wc: call t.his 
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J 
Figlire 3.2: General Coordinate Syste 

syste~n .FJzr;. The .FJZ4 ~ Y S ~ M I I  is ~ised .for riiaily calcu- 
lations in GMAT. The t m  most irfiportant are for inte- 
grating equations of motion, and i s  im inter1nediat.e sys- 
tem for coortlinzte systern t,ransf(,rnlatiot~. .F1,, is rised 
tlirongho~it the astrodynamics commllnity the coordi- 
nate syst.c:.m to represent t,ime varying ditt,a s~ich as plimne- 
t,ary ephemerides iind [~li:.nt:t:n-y pdf: ri.ritl prime rnt:ricljtm 
locations. 

The r ig~rous nlathematical definition of F,T,, is com- 
plex. So, let's stixrt with ri, sirnplc: qri.;.dit,t~tive explrtne,- 
1:iun. The nondnal z-axis o:f F.;,, is riorrnal tc! the Ea,rth's 
equatorial plane. The nominal :-+-;;xis points along the 
Line formed by t,he intersection of the Earth's eq~latorial 
pltme md t l ~ :  ec:liptic: pli3,nt!, i n  the tlirection of Aries. 
The noroind y-ssis c:ornpIetes the right-t-)-ta.nded spstern. 
Both the ecl11iitori;tl and eclipt,ic planes move slowly wit.h 
respect to inr?rtial space. The rigorous definitiorl of FK5 
uses t,lle rneai~ planes of the ecliptic: and eqrlator, at the 
J2000 epoch. We'll take a closer look at the lnathematicel 
definitions of t,he n.lecan ecliptic a,nd equator Felov,~. 

FK5 rech~ction is t,he i.ransfurtnation ihat: rotales :i 
vector expressed in the F.;z, system to the Earth Fixed 
coordinate syst.em. ,To perform this transformation obvi- 
i~lisly requires il,n nncierst;e,rliling of how t.hc: Ei~.rl.h's ori- 
entation changes with respect to F.,,, . The time varying 
ori~ntitt,ion of the Earth is complex and is h e  to com- 
plic:tt,ed irll:f:ritct.ions betwc:en the E;u t.h imtJ i t,'s cxtc:rni:l 
rnvironroent and cornplic:iit,eI irtt.ertla1 dyrtwl-riic:s. In fact, 
the dynid~nic orientation of the Earth is so coinplicated 
tha,t we can't model it completely and F'K5 redriction is 

bm Transformation Approacli in GMAT 

i - ~  (:or~lbi r ~ a t i o ~ ~  of (iyrta.x~~ics rnodels and ernpir.ica,l ol-ser- 
vatiom that are ~~pclated daily. 

\Ye describe the orient~it~ion of tshe Earth iising three 
types of m o t i ~ a .  'The first type, including precession and 
nutation: describes how the Earth's principal moinent of 
inertmiam moves with respect to inc:rtial ']?he motion 
i s  il111sl;risi;ed in Fig. 3.3. ']?he principill mo~n.c!nt of int:rl:ia 
is defined as the Celestial Ephemeris Pole, and due to the 
fwt  t h ~ , t  Earth's mass dist,rib~ition changes wit.h time, the 
Celestiiil Ephemeris Pole is not constiint wit,ll rc:spect to 
the Earth's sul-face. Precession is the coning rrtotic:.11 that 
t,he Celest,ial Ephemeris Pole makes aro~incl t,lie ecliptic 
nort,h pole. 'I'he other principal component, (of t.he mo- 
tion of t h :  C!t:lestid Epht:rneris Pole is c:oninionly ct~1lc:tJ 
rnuiatjon ancl is the osc:illatior~ irr the ailgle bst.ween ihe 
Celestial Ephemeris Pole iind the north ecliptic pole. The 
theory of Precession t~nti Nni,istion come from dynamics 
models of the Easth's moi:ion. The second type of rc~ot.ion 
is called sidereal t,ime, ancl represents a rotation about the 
Cfelest,ial Ephemeris Pole. The sidereal time model is a 
cornhiniltion of tbtlory iitl  observi:.tion. 'The third motion 
.is that of the Earth's iixjtailtaneous spin a,xjs with resj~ect, 
to the Earth's sllrfece. As, we'll see below, the Eerth's 
spin :%xis is not. cor~5t;tnt with respect t,o the E.~,rth's cr~ist 
amd it's rnot,iort is called Polar Motjuri. A portion of pol;;.s 
motion is due to complicated dynamics, and a portion is 
d1.w to rinnlodellc:.d errors in n~it,astion. Polar nmt,ion is 
detcrrni~~ncl from ol)st:r'c,tsl;ior1. Now t,bat. v,re'\rc hilt1 ;t brief 
intrutiuction to precession, mll.atic;n? sidt..real tirrte; artti 
polar motion: let's look at  each in nlore detail. 
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3.3.2 Precession Calculations 

3.3.3 Nutation Calculations 

GMAT has the abi1it.y to  use (lither the 1980 IAU Theory 
O F  Nnt,al:ion, or t,he Tl3R.S '1!)96 'I'heory of Kuitation. There 
a,re sorne ca,lc:irlations t,hat are c:urnmon t.o both, so lei.'s 
look at, them iirst. The rrlean obliquity of the ecliptic at. 
t,hi: .I2000 epoch, c, is giver1 1)y 
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Figure 3.4: 1nterrnediliat.e 'Ii.ansform;ttions imd Coorrlinate System in FK5 Ibdllct,ion 

As we mentioned previollsly, Eart.h's n~ltiition is ca~lsed 1980 Nutation Theory 
by the coml~inttd gravitat.iona.1 effect of the Mooo and Sun. 
So, we wodd expect to see the time dependent location of 
t,he Moon ;md Sun ippear in t,he eqnat,ions for Earth nn- 106 

t,at.iom. '('he thc:ories of n~lt,izt.ion descril~ed below tiike into A'Jllsso = (Ai + Bi'l+r,Bj sir, aI, (3.32) 
ac:t:uri:nt uf the Moon a;nd Sri n position by rnucjelling rnean i=l 
anomdies of the Moon ;mif Sun, 1 and i1 respectively; the 

105 
mean ergnment of 1at.it11de of the Moon, P, the dserence A c . ~ ~ ~ ~  ;::: ) (Ci -+ Ui.l+DB) cos np . . (3.33) 
between the nleitn longitl~de of the Sun and Moon, D, and (..-I 
tihe mlriin longif.ilde of the xsc:ending rlotle of the Rilc~on's 
orbit, R. The eqtiat.ions used to det,errnine these values o,? ::= n li l -k a>; i' + + D + a5; (2 (3.34) 

31.8792'1$,, + 0.05163.j'l$,, - 0.00024471)%$,,)" 
(3.27) 1996 Nutation Theory 

The 1996 theory of m~tiit~ion pliblished by the IERS is a 
higher fidelity inodel of Earth nutat.ion. There are two 
primary d-iiferences behVeen the 1008 IAU t,heory and the 
1.996 TERS t,beciry. Th: first. diRe~.ence is the 1.99ii the- 
ory uses a 263 term series expansion for the effects of the 
Earth mil Moon. The 1980 theory ilses a 106 term series. 
The second diRererlce is that. the 1996 theory has a sec- 
or13 series expansion to account for t;he efT(?cts of niltat ion 
caused by l.he iriore nlassive pliir~ets. The pl~ic~etarg series 
exp;tnsion is 118 term series. Let,'s hegin with the equtL- 
tiox~s for t.he Earth and Moon's effect; cin Earth rlr~ tat,ion, 
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itccording to the 1996 IERS theory: 3.3.4 Sidereal Time Calculatiolis 

263 To calc~ililte the sidere'l time of the Eart,h, we need the 
4*19$)5 = ( ~ i  + &'l!i.uuj sinup + h'i cosuP !3.361 tinle whic;ll ja Ilae!i to detmline the Green- 

i--1 wich Mean Sidereal Time (GMST) and the eqiztion of 
t.he eq1finoxc:ls. GMST is calc~dated using: 

283 

up = U:I~,M, + c12;i\do + a:3,;umo + aei /lo 4- uj,flo (3.38) (3.46) 

'The t:al(:illat,ion of tht: eqilii.tion of the t:qliinoxes is tie- 
To cnlcula,te tile planet.wy effects on nut,ation, vfe be- penderrt upon the tirrre. If 1:he 311.li;%[1 (late falls after 

gin by calculating the mean heliocentric longit,llde of the 2450449.5, then use 
planets. Only the effects of Venus(\?, Mars(M), .lupiterJ); EQ,,,i,,, = A?lr cos e + 0.00264': sin 11 + 0.000063" sin 2 0  
and Sat~rri:(Sj are inchrded in the theory. !Are rec4~fire the (3.47) 
E~r th ' s  (E) Xrl.eitn Iongitiide ialso. ' I l l e  mean longitiicjes Tf tht: J11liii.n dsbe f;i.lls cm or before 2450449.5 lve use 
;-ire ci3l(:irliited r~sing: 

The generi~l precesbion in longit.ricle, pa: is calc~llaied 11s- 3.3.5 Polcar Motion Calculations 
iilg 

Finally, the planetzry terms are calc~ilatecl using: 

118 3.4 Deriving- RJ2,, and R,,, for 
a@pL - ;A, + ~ I $ Y : ~ D ~ )  sina,~ (3.39) Various Coordinate Systenis 

11% 
111 GMAT, t.here are nliinerous coordinate systems that 
can be wed t,o doline variables, s t.opping condi t,icjns, space- 

= (Ci + ljiYbnB) cou n.,l (3.40) 
i=l ~ :~ i i f t  ~t.id;f:~, i!~ld other qiiisnI.ities. Sfimc: examples incliltft? 

the Ea.rth centered rnean ecliptic: cif 52000 syst;e~n, the 
Earth-hed system, the Mars equator system, slid the 

chpl -- aliXv -1- cZiAE -t- aQiXA4 .f. n.Bi>.l + ngiXS f Earth-Moon rotitting system. 

n6ipn + uZl) + asil1 + a.9il + uloiR (3.41) 
In the folk~wing s\:l)sectioris, we t1etenr~itl.e bow R,lz1;. 

and R,;2,,i are calc~ilated in GMAT for all of the coordi- 
h'JI = -?S.@lgg~ f AQpl 

v 
(3.42) nzte systems available in GMAT. Let,'s begin by looking 

optional at coordinate sys~err~s ddened by the equator of a celestial 
body. 

At- = Aelses + Aepl (3.43) 
w 

optio.; ial 3.4.1 Equator System 
t=2-+ae (3.44; 

The Equator axis system hits the following nomini11 con- 
In GMA'l', the planetary t,erms are optional. If the user iig?lra,tion: 
h m  sc:lc:t:l;t:ti to inclixle the pI~netii;ry terms, the 

0 Z-&xis: Along the line fornlcxl by the int,ersection of 
N = R.1(-t)R:3(-APjR.1 (C) (3.45) t.he hodjt!s eqi~ii.tor ;tnd t,be t:cliptic: pla.rrc:. 
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Figlure 3.5: IAU Definition of Pole and Meridian Locations for Planets and Moons 

t ,  is a constant vizlue for the TOEEq system. For a giwn fixed for a h/lOEEq system, the derivati~e of Rli is the 
to, the matrices associated with the TOEEcl system only zero matrix. 
need t,o be ev;3~lriai:ed once i d  ciin be reusetl l;i.tia nrhi:n 0.0 0.0 0.0 
necessary. P(t,) amrid N(t,>) art? part of the FK5 retlnc- (3.63: 
tion algorithm and are explained in detzil in Sec. 3.3.3 0.0 11.0 0.0 
and 3.3.2 . U P C ~ L I ~ S ~  to is h e d  for a TOEEq sys t,ern, the 
derivi3,tivi: of H.Ii is idt:nt,ic:;dly eq11e.l to the zt:ro mat.rix. 

3.4.5 True of Date Equator (TODEq) 
0.0 0.0 0.0 

!3.61) R.Ia and k r i  for the TODEq sgsterr~ cwt be calc~llai.etI 
0.0 0.0 0.0 using the following equations Vallado Fig. 3-29). 

R - ... ~ ~ ( t ~ j ~ : ~  (to j (3.64) 
3.4.4 ilkan of Epoch Equator (MOEEq) 

where t ,  is the epoch. Ur~like the TOEEq syteirr, fur the 

rrlie M~~~ of ~~~~h muator axis system is defined a TODEq system t, is a vilrii-zble and ~sn;;Lly comes from 

follows: t.hc: epoc:h of thr: ot)je:t:i; whose stat,e wt: wish to convc:rt. 
P(t,) imd N(t,) arc: p;tr t of tht: FK5 redliction i3,lgor itbm 
and czn be follncl in Vallado pgs. 214 - 219. Because t, 

z-axis: Along the rrlean ecl~limux at the chosen epoch. is not fixed for a TODEq system the derivative of RIi 
The axis points in the direction of the first point of 

is non-zero. TIomver, we will iEsrime its derivative is 
Aries. 

negligibly snra.11 so t.hai. 

z-axis: Normal to the Ei~rth's mean eq~i~tor ia l  plzne 
at the chosen Epoch. 

The hlOEEcl is an intermediate system in FK5 redliction 
itnd RI, itnd RI, for the MOEEq sysi err1 can Ir)c c;Jcrll;~ted 
rising the following eclnations 

where to is the epoch defined in the coordinat.e system 
description provided by the user in the epoch iield. I-Ience 
to is a c:onst;t.rd. vah~t: for the MOEEq sysl;c:m. For a given 
to, i,be matrices associated with the RIOEEq system1 ooly 
need to be ev>il~i;it,c+d once and can be reused later when 
necessiiry. P(l,j is tltsc:ribc:d in Sec. 3.3.2. Bt!(:ii.llse to is 

3.4.6 N1ea.n of Date Equator (WIODEq) 

RIIz and R,rz for tbt: hfODEq s y ~ t c ~ n  <:iin ht: ~i~1~1~1alt:d 
usirlg the fdlowimg ec41istio1lb 

I V ~ I ~ C  [, is the epoch. thiliki: 1 he MOEEq syt em, for the 
hlODEq systsn~ t, is a variable anti us~ially cornes from 
the epoch of the object whose state we wish to convert. 
P ( t , )  i d  N(f,) art: psrt of the FK5 red~~ction slgoribhm 
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ttnd can be found in C';211adoL pgs. 214 - 219. Becal~se 
t, is 1101. fixed for a MODEq systern, {;he deri.vat;ive of 
Rri is non-zero. However? we will a.ssrrrne its derivative 
is negligibly small so that. 

3.4.7 Mean of Date Ecliptic (NIODEc) 

RIi and ftIi for the MODEc system c2i.n be ~aIcldi~1,f:tl 
11sir1g the f(~llcuwing eqiii i . t io~ 

where 1, is the epodi. For ihe t:MODEc sysl.erri t ,  is a 
variable and lis~lally comes from the epoch of the object 
whose stat,e we wish to convert,. P(t,) c m e s  froin the 
FK5 n:tlucbion :dgorithrn and c23,ri be li)iintl in V::;rlli~di~l 
pgs. 21.4 -. 21 9.  Z is given 1)y \'iillarfo,' Eq. (3-52). For 
ii more complet,e disc~lssion, yo11 call dso refer to Seidel- 
miinn,' pgs. 114 - 115. Becalm t ,  is not f l e d  for it 

M O D E  s~eitern~ tihe deriviitive of RIi is nori-zero. How- 
ever, we will assnme its deriwtive is negligibly snlall so 

3.4.8 True of Date Ecliptic (TODEc) 

RIi and kIi for the TODEc system can be calc~~lated 
11sir1g the following eclili~tions 

whert? t ,  is the epoch. Unlike the 'I'OEEc syt,em, for the 
TODEc systeni t, is a vari;;.,ble and lis~lally ct)mes frr~lri 
t,he epoch of the object whose state we wish t.o convert,. 
P(t,jis pert of t.he FK5 red1rt:i;ion algorithni ii.ntl can be 
found in Valla!lo pgs. 214 - 21.0. Z is givt!n by \7allatio,1 
Eq. (3-52). AID is given by Eq.(3-62) in Vallado."or 
a nrore cornp1et.e discl~ssion, yo11 can iil~o refer to Seidel- 
n~:tnn,"gs. 114 - 115. Beca~se 1, is t~ot. fixed :for 21 

MODEq sgstern, the tlerivat,ive of Rrc is riori-zero. How- 
ever, we will asslime its r1eriv;itive is negligibly sniall so 
t.h:tt. 

0.0 0.0 0.0' 
(3,711 

0.0 0.0 0.0 

3.4.9 Celestial Body Fixed 

The body fixed coordinate system is referenced to the 
botJy c:qual.or :tnd the pdrne o~c:riclian of the: bcitiy. The 

body fixed system for Earth is found by using FK5 reduc- 
tion tc) tihe I'I'TIF system as dtlscribed by Vallado. The 
ITRF system js the earth &xed system. 

Vttllado denotes t,he four rotttt.ion seqlences required 
t.o t ra~~sforrr~ from the T'1'ItF to the FK6 systt:n~ ii.s [PM], 
the polar rnc!tiun, [ST], the sitlerea.1 tirnrl [NT?TJ, the ml- 
t&ion, and [PR.EC] the precession. GMAT calc~ilates 
these four rotation rnat,rices ;IS described in Vallitdo. The 
~otat ion matrix frorn 1TR.F to FI<5 can be writl.en as fol- 
lows. 

R~~ - p T ~ " s ~ ' r p ~ l - '  (3.72) 

GMAT assames t,hat. the the only intermediat,e rotation 
that hiis a significant t.irrit: derivative is t.be sidereal t.initt, 
[ST]. So, we caai write 

where ST is given by- 

arltl we is given by 

Note that the 2nd eclitioil of Valladol has inconsistencies 
in Eqs, (3.72) and (3.73) ttnd they are discllssed in the 
errata, to i,he 2nd c!dit;iot~. i% have rx~odified eque.tic)ns 
Eqs. (3.72) a~icl (3.73) accorciir~g to the erra1.a. 

E?ur bodies other than the earth, t,he IAU gives the 
spin axis direction as i L  fimction of time with respect to 
l.he h~ltJ2000Eq systern W I ~  rot.atic;n of the prime rnerid- 
itm in t,he MJ200FEq ~ysteni. This ditt,a for all of the 
1)Janel.s aritl maaijr rxioons can bt: fcmnd in ':Fkport, of the 
TAl?/TAG Working Group on Cart.ogrwphit: Coorc1inat.r~ 
alid Rotational Elements of the Plariets and Satellites: 
2000" Seidelmimn4 et.al. Figlire 1 in this doc~ment  ex- 
plains the three vitriiibles, a,, o',, and W ,  that are liserl 
to define the body spin axis arid prirne meridian location 
w/r!t ,J2000. The values of a,, 6,, and W for the nine 
pl>~nf:t.s a11d t,he E a r t b ' ~  rrloon iLTf3 fol~nd (111 pgs. 8 imd 9. 

TTsir~g the riotet ion formd in the reference we can write 

Fur the derivat,ive ure ttssunie that 

d 0.0 0.0 0.0 
- dt (~ . : (90"  ' + a,)) = (3.77) 

,o.o 0.0 0.0 
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The reslilt is ii rotation matrix: t,h;tt, is time inwrimt: for 
e;tch celestit~l body. The individnal matrices are shown 

0.0 below. 
(3.79) 

where )/i/ is the time derivative of W for the giv(=!n bod~r. For the Snn - 
Kate. St~itlt:Irnann"th)es not provitlc~ the \rallies for lk' so 
we inclutle ther:~ in Table 3.1. T n  silcnmary 

3.4.1.0 Body Inertial 

,, 1 ht: RodyTnerti.a'l. axis syst.c!rx~ is an ine!rti;3.l systsrn baseti H.,.? = 0,1223534934723278 

on 1.11t: eclriai.or of the celestial body chosen iis the origin of H,223 - -0.4230720836476433 
the systani. The origin of a BodyInertial system must R33 = 0.8977971010607901 (3.851 
be a celest.ia1 body, and cannot be a spacecraft, libration 
point etc. The ,axes are defined as follom-s (except for For Mc!rci*ry 
Earth): 

ft:(l ::: 0.9315938660446788 

e 2-13uis: Along {,he line fornlcd by the intcrse,ci,ion ctf = 0.1 90L)dO31&73:326!)6 
the ltotlies ecplator and the x-y plar~e uf the FK5 R?-,1 = 0 
system, at  the J2000 epoch. ftI2 ::: .- 0.1677571842642237 

z-axis: Along the bodies imtantaneous spin ;;xis lZ32 = 0.4779254910806334 

direction at. the 52000 epoch. ftlS ::: 0.09127436261733374 

For Earth: the BodyInertial axis system is the FK5 
syst,em. For all other bodies, the BodyInertial axis s y s  
l.c:n~ is btssed lipon the bodies t?qlitttor and spin axis i ~ t  the 
52000 e ~ ~ u t l ~ .  So, Body Inertial is esseriliially a. trire-elf- 
epoch system referenced to the chosen central body. The 
'body (~rienti~,tion i~ t  the J2000 epoch is calcnlated from the 
TAIJ DI~. t,a in Sc!jrlt:lrnan~i"or the Snn, M~:rc~iry, Vt:n~ls, 
Mars, .Tiq)itert Salrirrt, Tlranns, Nept.nxie, and Pluto. Fur 
the Moon, the orientiition iit t,he 52000 epoch comes from 
the DE405 files. Because the BodyInertial syst,ern is tin 
inertial sysiern, the derivative of the rotfation rnatrix is 
alwq-s zero: 

For Venls 

Tbe rotation ~na~trix, Itli, is different for each celestial Fur the Earth 

body. Mil: begin by calcnlatilg the angles cu and E ~~sec l  KI1 - 1 
t,o define the bodies orient,at,ion wit.h respect t,o t.he FK5 
sysl;c:m: R12 = 0 

(Y = a. ('1 32000) (3.82) 1Ll3 = 0 

6 - 60 ('l>zooo) (3.83) 

Where 'I:J2a0r, -- 2451544.1)99999!)990686 '['JIB imd the 
rquationc, for rw, and 6, sre given t)y Seitlelrniz~ln* 
rapruduead in T2ble 3.1. Finally, the rotation mstrix is 
c:alc:lilated using 



For the Moon 

For Slars 

For Jupiter 

Fur Sat~lrn 

For Uranlls 

For Neptune 

(3.90) Fur. PllltO 

(3.91 ) 3.4.11 Object Referenced 

An object referenced system is a coordinate system =host: 
&x,ui:s are defined by the rnot,ion of one object with respect 
to a.nother object. GMAT allows the user b define many 
different types of Object Referenced system. In Fig. 3.6 
we see a diagram that defines t,hs directions a user can 
t:l~oose from i n  (:restling an Object. R6:ft:rencetJ. mordir~;it,e 
bystern. There a,rt: six tlirec:tiol:s. One is the relative 110- 

sition, denoted here by r, of the secondary object with 
respect to the prinrary object: expressed in an inertial 
frame. 'l'he second is the: the relative velocityl denoted 
here by v, uf the seccincjitry cihjeci, with respeci, r.o the 
primary, expressed in tm inertial frame. 'I'he third direc- 

(3.92) t,ion is tlit! vect.or 1~0tmi~1 t ~ )  tht: direc:i.ion of rx~ot~ion vv11ic:b 
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F i g ~ ~ r e  3.6: Diagram of an Object Referenced Coordinate Sybtert~ 

is denoted by n and is c:ak:~d;ited from n = r x  v. The 
remaining three drections are the negative of of the first 
three. 

To GMAAII', ii. r~ser (:;in rise tht: dire~t~ionu describetl 
above to define an gbject Referenced coordinate system. 
In doing so, t,he user c m  choose t\w of t.he avtilable di- 
recticms, and define which of the three axes, 2, y, isnd z ,  

they desire the direction io be a.lignec1 with. Giveti this 
information, GMAT aritomatically constructs an ort.11og- 
onal coordin;tt.e syst,em. 'E'er exim?ple, if user chooses the 
x-iixiu t,o ht: in t.he dirc:ct.ion of r and the z-itxis t.o be in 
the direc:t.io [I of n, the GMAT cumple1;es the right-ha.ndetl 
set by setting the y-axis in the direction of n x r. Obvi- 
ously t.hert: ii.re some choices thit,t not. yield an orthogonal 
systexn, or thai yield a left, ha.rlt-le!l. syst.err1. GMAT docs 
not allow the user to select these pairs of axes iilld tlirows 
an cmor message. 

In general; given the unit vectors that define the axes 
system of the Object Referenced system, but expressed 
in t.he inertial frame: GMA4T uses the follov~ing eq~iatiorfi 
l:o determine Rli and R I ~ .  

Tbcitll thi~t, the 116t:T choc>sc:s two HX~:S to i!n Ol~ject, 
Refere11r:etl bystern arrlong the following choices: 2, i r ,  fl, 
-r, -+, ant1 -I&. Iri general, one of the axes chosen by 
the user must he either 13, or -ii. 

and . . 
r t = k x j . + f  x ?  (3.99) 

If  he user defines the y-axis and z-axis, then GNAT de- 
termines the z ;xis ~lsing 

and . . 
? = j . x z + j . x i  (3.101) 

And finsll~~, if the user defines the x-axis and z-axis t,hen 
GMAT det.ermnines the z axis 1~5:sing 

Depetldirlg on the users r:hlc~ice of axes for an Object. 
Referenced coorclinate sybteni, GhI-AT will need to calcri- 
late i., +, 13, i., +, and A. 'These we given by: 

r x v  n=- 
/$r x vli 

a +., 
If the user defines the z-axis w.r~tl y-axis [.hen GklAT v =  ... - ... (v.a\ (3.1 08) 

c 7:. ' 
determines the z axis ~rsing 

I r x a  n n=---  (r  x a. 8)  
8 - 2 x 9  (3.109) 

(3.98) 76 TL 
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3.4.12 Geocentric. Solar Ecliptic (GSE) 
Ad = 70.-1' 'CV (3.i 19) 

The Geocentric Solar Eelipt,ic sgst,em is a time varying 
axis syst.ern often nsetl t,o dc:sr:ri bc:1 imd i~,niil~;~t: t,hc: Eti,rth's +a = 75.6" N (3.120) 
rnngnetic field. The coordinate system is defined such 
that, The dipole vect.or in the Earth Fixed system is sinlply 

.. rsun x=- 
:; :I (3.110) jjrs!~~li/ 

where r,,, B the vect.or frcxn t,he Esrt,h to t,lle Sun i n  the (3.121) 

PvIJ2OOOEcl x i s  sysi.e~r~. The z-axis is defined to be the 
ecliptic pole. To emure we have an orthogonal system, 
we c;-dclrlate z using Tf flIF is t,he rot;jtion m;~.trix from the Ei~1.h Fixed 

6.a;me to MJ2000Eq at the currerlt. epoc11, then we call rsu7~ x  W-Z,UT& z  = ( 3 . 1  write the vector that describes the dipole direction in the 
1 / r s w r  x  sun 1 1  inertial kame t ~ s  

Finally, the y-axis conlpletes the right-handed set {ra) 1 = H;F{~~}F (3.122) 
. . , . , .  y ::T: Z x X (3.112) Then: the y-axis is defined a5 

We can const,r~rct the rot.ation matrix t,hij.t goes from the 
GSE axis syst.err1 t<i t,be h.fJ20OOErl axis system as 

1% zlso need to comp~ite the clerivatiw of the rotation 
matrix. We &art by compnting 

where v,sv,,, the velocity of the slln with to the '7'0 cii.lc:ulirte the ~lerivi~tiw! of the rotiztion tn;i.trix, we 

Earth in t,he X.132000Eq system. We can ~i,pproximitt.c:! the know that 
dc:riv;itive of t1~t: z axis osing 

dx  v,,, - - - - - 2 ( 2 . ~ )  (3.126) 
tit d t  - (3.1 15) r,5'71,7, 

M 0 
dt 

Let's define 
dj. A dk - ...... z x  ...... - (3.116) y = ( R ~ ~ . { r d ) ~ ; ' j  x x (3.1 27) 
dt d t  

3.4.13 Geocerrtric Solar Mag-nelic (GShq) dy 2 
= = { r )  x i + ( r  x  (3.129) 

clt clt 

.. r,,,, X -- ............... (3.118) Now we can write 
jlrs?Ln;; 

(3.130) 
Let's define the siheric:il coordiniites of the Eertll's 

dipole in the Earth fixed fi.nnie to be Ad zncl &. The 
locatio11 uf thl: dipole actually changes with time. Also, Fin'i"J'7 . . 
the dipole does not actlli~lly pass t,hro~igl~ t.he center of & = x x y i x x y  (3.1311 
thr: Earth. I-Iowe-~c:r, GMKI' c~~rrt:ntly iLsElJSl3C!8i t.hat. the 
(lipole (iret:tion is ccmst,ant,, anti passes direct,ly tkuo~lgh and 

t,he cent,er of the Earth. If this a,pproxirna,t.ion is not suifi- d sli. dz (3.132) 
cient, for. filt.nre s t,l~ctic.s, the model will tlavt: to be rq)da,t,ed. 
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. aG a a  v v . a '  3.5 Appendix 1: Derivatives of Ob- .... . .  - 1  .. - :. j (3.i47) 

jectReferenced Unit Vectors at at v I? \ 2j 

which can be rewritten a 

>- 1 
.[ he darivii.tions of t,lle i~.bcmc: cpa,~;ntities are shown ht:low. I ... ... . . a +  ; - - (+ a) 1 (3.148) 
W-e start by deriving lwc, deriva.tives with rt.spe(:l to n, v v 

------------------- 
where 11 is given by: 

Finelly, 
n = r x v  (3.133) 

d r x a  xi 
11 = - lnn-l - - 

tit' ) = n  n3 
(r x a .  n)  (3.149) 

ViTe neeti t o  deterrnime two derivatives of n. First 

so we know that  

The liest lisefril derivative is 

So we can write 

The folloxving two derivatives are a.ho risefir1 

i d r  v . r  
i d t  r 

so wt: <:>in write 

!- 7 
.[ hc: t,imt: tfc:ri~riit.i\rc:s eat! dt:rivf:i-l s s  follows. 

which can be rewritien LS 
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Table 3.1: Reconmlended Values for Pole and Prime B4eridisn Locations 9f the Slm and P1anet,s4 
....................................................................................................................................................................... ...................... 

Narnr Viilues 
Sun a, = 266.13" ideg) 

ii, = 63.87' /<leg) 
=: 84.10' -i- 14.'1844000°d (deg) 

G V  = 14.1844000" (deg/sj 

Mercury a,--281.01---0.033'1' 
6, - 61..45 - 0.005'1' 
14' = 329.548 + 6.1385025d 
t.41 = 6.1385025 

E;:,r.rth a, - 0.Oi) - 0.641'1; 
is, = 90.00 - 0.557'1' 
tV = 190.147 + 360.9856235d 
iz/ - 360.9856235 
Er~rtii Data IS included for cov~pl,leteness only, GMAT uses FK5 raduclic~r,.  
for the Ewth 

Mars a, ;.. 31.7.68143 - 0.1061'1' 
6, = 52.88650 - 0.0609~1' 
W -: 176.630 4- 350.89198226d 
1b' - 350.89198226 

Jupiter a, :::: 268.05 0.00N' 
6, - 64.49 + 0.003'1' 
W = 284.95 + 870.5366420d 
W ;::: 870.5366420 

Neptune a, = 299.36 + 0.70 sin N 
6, :::: 43.46 - 0.51 COSN 
In/ - 253.7.8 + 536.3128492d - 0.48sin I'V 
t;t' = 536.3128492 - 0.48!qcos~ 
N -::: 357.85 + 52.31G'11 
I$ = 6.0551. x 10-"jtittg/diiy) 
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?';~hle 3.2: Recommended Wilh~es for Pole and Prime Meridian Locations of L l~na '~  
Nt~nlt? Vt1111es 

a,, - 269.9949 +0.0031'1' -3.8787sin hi1 -0.2 204sin E2 
+0.0700hi11b!3 -0.0172sin h;4 t0.0072 air1 E6 
-0.0052 su1El0 -0.0043 s ing13 

6, = 66.5392 +0.0130'1' +1.5419 cos~5'1 +0.0239 cosb2 
-0.0278 cos.b;3 f0.0068 cr,s1$4 -0.00292 cos E6 
+0.0009 cos.H7 +.O008 cos h;lU -0.0009 cosk;13 

a' = +13.17635815 -2.8 x l0-]-"d -.I8870 cosEl  
.--..0'1280 cc j~E2  ----,835 cos E 3  -t-,211 cosb;4 
+.I1248 c:os .l$5 -.I. 7 cc)s /!;ti -.061. (:(IS E7 
-.0015cosE8 +.0049cos.h~9 -.00083(:osk~lO 
+.00001 cosE11 +.00031 cos B12 -.057coeE13 

where 



Figure 3.7: Cuortlinwte Sybtem Transformation Algorithm 

" Scc Sec. 3.2 for Tre;~tmcnt of Pseudo-Ro tating Coordinate Systerrls 



Chapter 4 

Calculation Objects 

GMAT has the abil i1:y i.o calc~ilai;e numerous cylitnti- 
Bies that are dependent upon the ststes of objects, co- 
ordini~te syst.ems, and the mission sequence. These cal- 
c~lli~tion  object.^ citn ra,rlge froxn tht: spi3.~e<;ri!.ft, state, to 
the local atmospheric clertsity, to r.be posit,ions of c:elesti~.I 
bodies with respect to spacecraft, or other celestizl bod- 
ies. In chzpter, we present. how GMAT performs these 
r:alr:~~laiions by showing the rnat.herrratica1 algorithrrts. 

The chapter begins by disc~issing difierent orbit 3tat.e 
reprc3sex11;;3,tions. Eiich of 1:h.e orbit si;a.tc: rtr~)resenl;r3.tions 
available i c ~  GMAT axe defined. Next we present the a l p  
rithms used to convert between different state represen- 
tations. These include the Keplerian elements! modified 
ICepleritin elements, Cart,esi;tn strite, spherical state, and 
the eqninoc:tid elements. In the secotld section v~e  present 
how GMAT calculates 511 calculation pmanleters. Exanl- 
ples inchlde t,he orbit period, percent shadow, and energy. 
The it,lgorii;h~ns to cil.l(:~lla,te all pari~,n~eters are inclutietl 
am1 clescriberl in detail. We c:onclndt: this chaptar with i i  

present.ation of the dgorit,hn= used to calc1ilat.e libration 
point anti barycenter locations. 

Keplerian elernents are dertotetf ci, e,  i, w! R, and v. They 
are defined in detail in 'Fable 4.2 and illustrat.ed in Fig. 
4.1. Sections 4.1.2 rind 4.1.3 show the algorithms t,hzt, 
CiMA'I? rises to convert t)c:tv~ec:n t.he Kt:plc:riiu~ elsrritml,~ 
and the cartesiao stake. 

The cart,esiitn stat,e is another common state repre- 
sen~i~tition tznd is oftc:n nseti in the numerical integratiim 
of the ec~~~iitions of nlotion. The cartesian state with re- 
spect, to ti given coordinate systeni is described in det,tzil 
in Ta1)1c: 4.1.. 

The eclninoc:tial e1e:nlents axe a set of noo-sing-cdar el- 
ements that can be wed to describe the state of a space- 
criift. Because they are non;.ing~~lilr, they ice ~isehil for 
expressing the ecl~xidjons of motion in Variation of Pii- 
rameters (VOP) form. The elements can be ~mnintuitive 
t,o use hourever. The ec~i.linoctii1 elements we described 
in dt:i;ii.il in 'Table 4.4. 

'The modified Keplerian elenieiits are sinlilar to the 
Icepleriitn elements except a and e are replaced with the 
rridius of perirlpsis r,, i~altl t,he ratfir~s of ripoitp~is T,. T, 

and r, are ofteri rrlore cotlvenient wi(1. intliiti-ie for describ- 
ing the dimensions of a Kepleri;.~n orbit t.han a and e. 'I'lle 

4.1 spacecraft state ~ ~ ~ ~ ~ ~ ~ ~ t ~ -  cno.lifie(l Keplenm elemr:nt are defined in detarl is Tiible 
4.6. Note that both the Keplerian :~nd mlotlil'ietl Kcbple- 

tions rian elements are undefined for parabolic orbits because 
the st?n~irnajor ,axis is infinite. Currently, GMAT does not 
slipport. parilbolic orbit,s for this reason. Let's begin by There are several state represental.ions {.hat ciir~ he rised 
lookix~g a,t how GMAT c:orlvrrtes from the Cariesian stmate in GMAT to define the state of a spacecraft object. 'I'hese 
to the Keplerian elements. inchide the Keplerian elen~ents, Clart,esiiin st,ate, eq~~inoc- 

txal elemer~i s. spl~erlcal elernt?nl,s, :u~tl the rnotl tfied Kt?!!- 
lerii511 elements. In the following sul~t,ec:iiut~s, we tlisclrst, 
the definitions of these states types, and sl~ow how GMKF 4.1.2 <:artesian State to Keplerian Ele- 
converts between the different state representations ment s 

The conversion frorr~ the Ca.rtesian sta,te to ihe Keplerian 
4.1.1 Definitions elements has four special cases: elliptic inclined, circ~ilx 

inclined, ellipt.ic er411at.oria1, and circular equittorial. Cer- 
'l31e Ktlpleririn e1ement.s iirt: one: of the most con~rnonly ta.in orbital elernents are nndefined f ~ r  some of tbe cases. 
~rsed stfate repre~er~f,~tici~is. They provide a. wa.y to cfe- For exzn~ple, the righi: asc:ension of the a.scenc1ing nutie, 
fine t.hs spacecraft st.ate in way h a t  proxrides an intuit,ive I], is undefined for equa,t,orial orbits. However, con.iput,er 
~~ntlerst,itntfir~g of t.hc: mot,ior~ of spac:c:craft in orbit. 'The sysl;erxls don't, h:nndle ixndefined valries gracefully. Irk tbis 
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Figure 4.1 : The Keplerian Elements 

section, we'll see Iiow tlie orbital elelrlents are defined for Rsca1.l tha,t fur pa.ral)olic: orbit.s? the selrdrnajor axis is 
each of the special cases, and how GMAT calculates the infinite and the energy is zero. GMNT checks to see if 
orbit,al elements for each case. the orhit is near parizbolic and returri an error message 

jri this case. The fullc!wing error c:het:k avoitis the possi- 
Given: r, v, and ,c bility of a clivide by zero: 

Find: a, r ,  t .  w ,  R ,  and v if 17 - el > 10 -", then 

Vtk begin by calculating the specific angular rnoi-nen- 
tuin and its magnitude. 

(4.1) otherwbc. rcport error i:nd return. The error rc2ported is: 
"Warning: GhlA'T' does not support pari~bolic orbit,h in 

(4.2) conversion frorr~ carteniari tu Keplerian htat,e". 

A vector pointing in the direction of the line of nodes is If the orbit is not parabolic according to the above 
tlefirli t,iori, then we cont,inuie ant3 i:ali:ulai,c! the inclination. 

n = [ O  0 1 I T x h  (4.3) ,. , 

The orbit. eccentricity and energy are calcldated wing , . 1 here are four special cases for R, (L), ar~ti v ar~d  ea.clri 

T = IIrII (4.5) case is tre:ii,r:d diflerently. 

Special Cfasr: 1: ,\Ti):r,-i;1:~rr:~~(1ar, I:~cl?:n.ed Orhit 
I: = [lvll (4.6) 

if (e > lo-") and (C > lO-]'), then 
- !.!(.jr - jT' . V)V 

r '  e =  (4.7) 12 zzz i:os-l [%) (4.12') 
iJ , 5: / 

0 ,  ,, e = iieii 
, ,  ,, (4.8) Fix quadrant. for IZ: if n, < 0,  then iZ == 2.x .--. 12 
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Table 4.1: The Cartesian State ..................................................................................................... 

Syrrhol Descripl.ion 
..................................................................................................... 

z x-component: of posit,ion 
V y-corr~por~erti, u f pcisiticin 
z a-component of position 
i 3;-c:omponr!nt of vt:loc:it,y 

Table 4.2: The Keplerian Elements (also see Fig. 4.1) 
Sylnbol Name Description 
u semirnajor axis The sexmirnsjor contains inforrnation on the type and size 

of :an orbit. If a > 0 t,he orbit is elliptic. If a < 0 the orbit 
is hyperbolic. a -- for g~,;trid>olic: orbits. 

c:cctml:r ici t,y , ,  1 hr: ec:cer~l;ricity c:ontdns infonnat.ion on tht: sb;.zpt: of ;t.n 
c~rbit.. If e = 0, iheo tlie orhit: is circ:i~lw. If 0 < e < I the 
orbit, is elliptical. If e ::: 1 t,he orbit. is parabolic. If e > 1 
then I,he orbit is h~rperbolic. 
The inclination is 1 he angle between the ir axis and the 
orbit normal direction h. If z < 90' then the orbit is 
progritde. If i > '30' then the orbit is retrograde. - - 

i~rgllrr~(:l~i, of pt:riapsis 'I'ht: iirg~lxnent OF pc:riy)sis is bht? i~nglt? ht:tween a ~rect~or 
puintilig at periapbis and a vector poir~t irtg in the direction 
of the line of nodes The argument of per iaps~  is undefined 
for circ~ilitr orbits. 

right ascension of the as- R b defined w the angle between k: and N cneLs~n.etl c:o1in- 
cending node terclockwise. N is defined as the vector pointing from 

the cent,er of t,he central hodg to the spztcecraft, when 
tbt: spscr:craft; crosst:s tht: bodies ecliiatorial nlane from the 
southern to the ~iortlirrn hemisphere. R 1s undefined for 
eq~iatorial orbits. 

v true ancjrnaly The true anomaly is defined 8,s the angle between a vector 
pointirlg ab periiipsis and a vector pointing at. the space- 
craft. The true anomaly is undefined for circular orbits. 

'~ablt: 4.3: Kepleria,~~ Elements for Specid Cases 
Orbit PJD~ N~ln~erical Threshold Descriotion 

Elliptic Inclined e 2 li)-"> i 2 10-lL R is tihe angle hetv,~een the x-iI,xis and the line of 
nocles. w is the i~ng1.t: 1)etwr:t:n t,ht: lint: of rlodes ancl 
the ec:c:ent.rit:it,y vector, v is the angle k)etween the ec- 
centricity vector and the spacecraft position vector. 

El1ipt.i~ Eq~lat~orial e - > 10-", i < 10-l' I2 --:I 0; w is t,he i~ngle between the x-&xis %nd the 
t:ccerlt;ricity vect.or, v is the >~nglc! bt:twt:en the eccerl- 
i,ric:i.ty vector aocl the spwcecraft, posit,ior~ vectur.. 

Circii1;tr Inclined e < 10-": i > I@-" R is the angle betv,.een the x-axis and the line of 
r~odes, w - 0, 11 is the angle bet.wt:cr?x~ t . 1 ~  lint: of nodes 
and the spa.cec:ra.fi, posit.ior~ vector. 

Circular Erl~latorial e < 1OPii, i < 10-'-' R = 0, IJ = 0: z/ is the angle between the x-axis and 
the spacecreft position vector. 
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Figure 4.2: The Spherical Elemnts 

Fix rl~l;hlri~nt. for w: if e, < 0, then w 27i - w if ( e  < 11)-''1 and (i < 10--I1), t b e ~  

' e  . r R = O  (4.21) 
v - cos th) (4.14) 

w = 0  (4.22) 
Fix c411adrant for I / :  if r . v < 0 ,  then v .::: 2w - v 

[I  = (:()s- :1 (: ) (4.23) 

Special Case 2: Non-~irc71.ln.r; Equatr/r<nl Orhit Fix clnatlrarrt for v: if ;ry .< 0, ibec~ v = 27 - I/ 

if ( e  2 10-")and (i < 10-L i ) ,  then In the next section, we loo&; ilt how to perfornr the 

(-1 .... 0 inverse tri~nsformi~tion and convert from Keplerian el* 
.... (4'151 11-lents to the Clartesia,~~ st,itt;e vector.. 

I: 

Fix cpiadratlt € ~ r  LL!: if ell < 0, t llerl L, = 31: - LL! 
4.1.3 Keplerian Elements to Cartesian 

State 

(4.17) 
The transforrr~ai~ioo froin llle Kepleriai~ elernenis to the 

Fix (piadrant f ~ r  v: if r . v < 0. t,hen i/ = 27r - v 
cartesian state is one of the most coimnun state traixfor- 
matior~s in astrodpamics. 1% previously defined both 

Special Case 3: C'i.rc7~,lar, Inclined Orbit stat.r: types imtl rt:h:r yo11 to 'Tables 4.1 iind 4.2 fol. t,I~c:ir 
defirtitions. Below we show the algorithm that GMM' 

if ( e  < 1 . 1 ) - - ~ ~ )  and (i 2 1 0 - - ~ ~ ) ,  then uses to coilvert from the Keplerim elements to t,he Carte- 
sian state. 

n = cos-' (%) (4. i 8) 
Give: cc? E ,  i ,  ( I ,  W ,  V, end p 

Fix qiradrant, for R :  if 71, < 0, then I! = 2;r - 12 Find: r s.rltl v 

w=O ( 4 . 9 )  TjV, begin l)y (liec:kitlg that the ~r~a.gi~it~lcle uf the ptr 
sition vector is not infinite. This awids the possibility of 

(4.20) a division by zero. 

Fix quadrant for v: if 7-, < 0 ,  then I' = 2~ - v if (1 + e cos v < le-30), the11 display error and return: 
"Warning: Radius is near irlfinite in kt?plerian to c a r t e ~ i ~ m  

5'~)f:cial Cf(~qe $: C7ircz1~la7; Eqtiat,orial 0 ~ b i t  conv(:rsion" 
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If their is not a divide by zero issue we contin~le by cal- We begin by using t.he mean longit~~de, A: t,o find the 
culating the semilat,ns rectrlm, tmd the radi~zs. true longitude 14 . .  The eqrat,ion reIat,ing t.he two is t,ran- 

sc:enclental: 
p = a j l  - e2); (4.24) X = b'+ h c o s p -  ksinb' (4.32) 

P Sir,: 11se t,hc: Newi;or~-R:3,pliso~l mt?t,hod to solvt! for h', ~rsing 
+. --- ..................... 
I - .  1 + ecosv 

(4.25) X as the initial guess. SVe iteriiie on tihe following e<p~a.tio~i 
11ntil + I) - F(i)j < lo-". 

The position components of t.he ciirtesi;m stete vect,or are 
ci~lculsted l~sir~g the following threc: equ r-~t,ions. f I b') 

&(i + 1) = b'(i) - * (4.33) 
f '(k') 

z = r (cos (W + V) CGS R - c0s.i sin (lv. + v) sin i2) (4.26) 
where 

y = r (COS (CJ + 2) sin (2 -+ cosi sin (w + ZJ) cos $2) (4.27) 
f (b') = 1' + hcos(b') - k sin(F) - X (4.34) 

z = r (sin (w + v) sirli) (4.28) f f (&')  :::: 1 - h sin(jf') - k cos(b') (4.35) 

Refore calc~~lating the ve1ocit.j cornponer~t s we check 
to ensure the urbit is not parabolic. This avoick another 
possible riivision by zero. 

if (11p11 < l e  - 30); thea error and ret rirr~: '.biTat.ning: 
GbL4" does not s ~ ~ p p o r t  parabolic orbits in conversion 
froxn Irtsplerian l,o c:ijrtesiari e1c:nlents". 

Tf tbe orbit ir, no1 parat~olic, we c:ontir~ne ar~tl c:al(:irlate 
the velocity coniponeilts ~lsiiig 

G 
i ---- /L (cos v + e )  (- sin w cos fl - cos i sir). R cos w )  - ' -1 P 

I--. 

IL sin v (cos w sin R -1- cos i cos I? sin wj) v; 

Once the true longitucle is calculiiteil, we coiitinue 
with 

1 

ij' = 1. 

(4.36) 
- l .+ J1 -h"kk" 

7na 
n, - - (4.37) 

a3 

;p = a (1 - ic cos P' - h si.n f )  (4.38) 

The cartesian components expressed in the equinoctial 
coordinrtte syst,t?nl can he cztlcizl:tt.ed ~lsing. 

Y = a [(l --- h,") cos f/' -1- h.kP sin 1' --- k ]  (4.39) 

Yl - a [(I - k2Pj sin B' + hkpcos t.' - h] (4.40) 

. no2 
Y- = -------. ThkP cos P' - (1 - h"P) sir] b'] (4.41) - I T '  " 
. q a 2 .  

y; - I ( -  ! - k2,[?j cos F - hkP sin F ]  (4.42) 
r - 

'I'ht: triinsforn~at~iox~ from the eqi~inorti:~l hystc:m to t.hc 
inertial Cartesian systelrl is given by 

5. 
i. = 1 - I (cos 1, + ej sin i cos tc - sin v sin i sin w ]  (4.31) :::: XI i -b yl e (4.43) 

t p -  
v =  kli'+i.;g (4.44) 

Now lei's look at, ht)w to ct~lc~lli~l f: thc: cartesiztn stiite 
where 

given the eq~linoctid elements. [i "1; 1 
1 +p"iy" Q (4.451 

and 
4.1..4 Equin.octia1 Elernerlts to Cartesian 

State 1 p' -I- ?2 2 ~ q ~ '  
Q =  2py (1 +y" -2)  j -2y 

- '> ,' ( aP./ 2~ The t:clt~it~.oc:tial elernex~t:~ rised in GMAT are det'ined in 
Table 4.4. The i~lgorithrn to  convert f'rotn equinoc:t,ia,l el- (4.46) 

ements to the stiite wihs t,;zken from the a11d j = 1 for direct orbits j O < i < 90' ) 

Mi~themi~tici~l ' l ? b e ~ r ~ . ~  j :;: -1 for retrograde orbits ( YO < i 5 180' ) 

Given: it, h, X-; y, q,  .A, and ,p 

Find: r ii,xltl v 
Now l ~ t ' s  b o k  at  how to cdculat,e the certesian stitt,c:! 

givt:n the c:cj,~~ix~oct.iitl t:l(:rnwts. 



CHAPTER 4. CAALCT.iF,ATION OBJECTS 

'l';:blca 4.1: 'I'he Eqr~inoctifil Elrbrnt:nts 

Symbol Description 
u The brtnirnajc,r cont airis i~~futmatitr~i un tllr type and size of a n  (xi&. If a > 0 tl-~e 

or'bii, is elliptic. If cc. < 0 the orbit is hyperbolic. 
h The projection of the eccent.ricitj~ vector onto the ;)?--,:, axis. 
k The projectjcm of t:be ecc:ent,ric:ity vec:l:or orit.o the x,, a,xis. 

p The projection uf N onto the +,, &fib. 

P The projection of N onto i,he xeP ;&s. 
X ,- 1 I hc! 11leiisl longit;llc]e. 

4.1.5 Cartesian State to Equinoctial k = e .  f  (4.57) 
Elements h, 

13 = - (4.58) 
1 + /v: 

The equinoctial elements used in (::MAT are defined in 
'Ifilhle: 4.4. 'I'ht: rilgorit;I~m to  conm:rt. frorn t.he ciir1;c:- h, "-- (4.59) si;;,r~ stste to the ecplinoctial ele3r~ent.s was taken frorr~ t2he 
GTDS Mathemstical  heo or^.^ 

The final elenie~it t~ calculate is the mean longitude, 
Given: r, v, and p A. VC'e begin by coinpnting the true loiigit~ide, 1', using 

Fine: u, h, k ,  p,  q, X,  i~lld p XI ::;: r . f (4.60) 

Wt: 1)c:gin by cr,lcx~Iat.ing tho sc!rnirnxjor i~xis end the 
ec:(:t:nt.rit:i.t.y vt:ct:tor. 

r = lirll (4.47) ;tn,j 

---  
T I - :  

sin F - h. + ( I  - h2,8P) Y: - hk,8XI 
(4.63) 

( r s v j s v  u J I  - h2 - k2 
p --- -- - , - (4.50) 

T ii (4.64) 
r 1 I he mglmlar nloment-imni vc:?ct,or is cos b' , 

- I'xv h :zz: - 
Ijr X vll 

The unit vectors that define the equinoctial coordinate X = F + h c o s  f - ksiili.' (4.65) 

systein can be calculated using 
Now let's look a t  transfomst,ions i~lvolving the sphtlr- 

ti$ 
& = I - -  (4.52) ical eletnents. 

i + h', 
h, h,  f --- . ?! (4.53) 4.1.6 Cartesian State to Spherical AZFPA 1 + State 

f z  = - h.; (4.54) 
1- 1 

where j is rlc:scril~ecJ in Sec:t,ion 4.1..4. I he spher.ic:;i,l st;j,ts, with :j,zinnlt.h, at! and flight path 
imgle, ?!I, k dsscri1)ed in 'l';i.ble 4.5 and Fig. 4.2. '1?11c: id- . 

.\ * 

k = h s f  (4.55; goriihrn 1)alow sllows huxv GblAT converts from the carte- 
sian stat,e to the spherical state with azln~uth and flight 

14%: now have the nc:i:c:ssary informat.ion to c;~lc~llit,te p"'" "ngle' 
the eIernetits h ,  k, p, iir~tl q r~sing the following relation- ~ i ~ ~ ~ :  I' and 
ships. 

h , - e . g  (4.56) Find: r ,  A, 6 ,  v, ?fi, "nd a! 



4.1. SPACECRAFT STATE REPRESl3NTATIO3-S 

'Tfiblf: 4.5: 'I'ht. Spheric:d Els~nents 
Symbol Name Description 
r I Ma.gllit:r~de of the position vector, lirll 
X Right Ascension The bet.wen the projection of r into t,he x -- y imd the 

x-axis. R?Iei~+~lred co~interclockwise. 
b r)ec:lination The angle between r and t.he 3; - y plane ~ i e ~ ~ l r e d  in the 

plane forined hy r anrl i . 
71 11 Magnitude of t.he velocity vector, llvll 
41 Vertical flight, pa.th angle The angle measured from a plxne XLO~CTI~RI  to r t,o the! vc+ 

1ocit:g vec:to:r v? rneasrlrecl ill t.ht: plane forrned by r ar~cl 
v 

"f Flight path azirnl1t.h ']?he ilngle meas~lretl from irc:ct,or pt!rpentlicidi!.rr r i~nd  
pointing nciri.h, to the projed:ion of v ir1t:o a plane oor- 
inal to r. 

We begin by cr,lcrilating the right ascension A, and the 
declination 6. 

,r = lirl/ (4.66) 

A = t,an;-' ( y, x) (4.67) 

g - .  . - - l , Z \  

- s" \T! (4.68) 

8- , [he n*i~g~it~llilf: of the velocit<y v(:ct,or is sinlply 

We calculate the vertical flight path angle, psi, using 

'7'0 calculi~l,e the itzim~lth :3.~1gl(:, a,?, wt: begin by calt:~~- 
1;i.ting the roteftion rna,trix &om the Erarnc: in which ihe 
cartesian state is expressed in, Fi,  to a local frame, Fl, 
where i is a unit vector that points north. The basis 
vectors of expressed in Ti Citn be calcl~lat.etl using 

Slr, car] write the tramforirlation n ~ a t  rix t h d  goes from F, 
to Fil, RP,, as 

Itez - [ 2 5- 2 I r  (4.74) 

The velocity in  be local frame. v', can he writ,ten as 

Finiillj; we r;.zlc~rlate the azim~it~h angle using 

Now that we have looker1 a t  how to convert froin the 
Cartesian state to the spherical state, let's look i~ t  the 
inverse t.ransfarm~ation that converts from the s~~hr r ics l  
state (with and cuf) to the cartesian state. 

4.1.7 SphericalAZFPA State to Cartesian 
State 

In this section we present the algorit,hm used to convert 
froir~ the spherical st zte (with + and a f )  to tjhe cartesiaal 
state. 

The components of the position vector are ci~lc~ilated 
using 

x = ;r cos 6 cab A (4.77) 

y = r cosdsinX (4.78) 

z - r sin b (4.70) 

V\i, C P I  write the velocity vector in terms of v, $, ;tad 
(Yf as: 

v - 71 [cos(4:jk + +sin(+) sin(*; )y + sin($) cos(cuf )i] 
(4.80) 

where, x, 9, and 2 are given in Eqs. (4.7i), (4.72), and 
(4.73) respect,ively. Breaking down Eq. (4.80) int,o com- 
ponents gives 11s 

11% - 11 [COS ?Ij cos b cos A- sin $(sin of sin X 
(4.81) + cos af sin d c:os X j] 

.v, = I ~ ~ C O S  $, cos 5 sin A+ sin $(sin r r j  cos .A 
(4.82) 

- cos cuf sin bsin X j j  

i), ::: v[cos @sin 6 + sin + cos a cosb] (4.83) 
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4.1.8 Cartesian State to SphericalRADEC the radius of periqsis, T~,, to describe the size t~nd shi~pe 
State of ;m whit. The remaining eltments, i ,  il? w ,  and v, arc: 

the same for both the Keplerian arid mc-idified Keplerinx 

'I'he conversion form the Cartesian stiite to the sphericd elements. The modified Keplerian  element,^, liks tile Ke- 

st,;tte with mcemion of velocity, At,, :311 declination plerian elerner~ts, are undefined for parabolic orbits. Let's 

of velocity, 6,, is wry similar to t.he t.ransformation shown loo]< a.t how GM AT calculat,es tho tnodified 
in Sec:. 4.1 .6. 'I'IIc: algorithni to cislcnlistc: A, imtl 5, is ~ i ~ . ~ ~  a: e, i: w, R, and r,, or r, v, and kL 
shown below. 

Find: T~ and r, 
Giwn: r and v 

If we are given the Cartesian state, we first calculate 
Fjr~d: r.? A. 5: .r:, A,, a r~d  &, t,he c~rbitii,l elements Itsing the algorithm in Sec. 4.1.3. 

cdnllate r ,  A, 6, :tnd a, we lEe Eqs. (4,66), j4.67.i, Kn~wing the: Kep1e:riij.n t:lerm:nt,s, mrci c;i.lr:~il;tte r, and r, 

[4.68), a n t i  (4.69) rc:spc:c:t;ivt:ly. The right iw:t:risioo of "sirlg 
vt:loc:ityl A,,, and clc:cline.tion of m:loc:i t,y, 6,: arc: ~alc~lllat;c:(l r, = u( l  + e )  (4.89) 
using 

Xox 1et':t'b look at  tht: Inverse trmsform~tion. 
In the next section, n7e show the the transfurmation 

from t hc. sphtlrical bti:te wil h right, ascension of vt:locil y, 
Xu, a r ~ d  declination of velocity, 6,,, to the cartesinn state. 

4.1.11 Modified Keplerian Elements to Ke- 
plerian Elements 

4.1.9 SphericalRADEC State to Cartesican 
Stid2 The convc:rsion from modified Xephian  dements to the 

Kepledi~n elertier~ts is cliscrissed below. To perforrn the 
>- 1 .[his tr;t~~sfom~irt.ion is sin~iliir to the convc:rsion prt:sc:rll.etl convc>rsion, we use rc:.lat.ionships that allow 11s t,o right, the 
irr See 4.1.7. The prinu3,ry difference is how the ~~!Ii>cit;l sernimitjor axis, a,  ancl the ec:c:ent,ric:i t,y, e, in berms of r, 
is represented. and r,. 

Given: r ,  A, 6? v, anci fi,Q Given: T,, r,, .i, w, 0,  and P 

Find: r and v Find: a iind e 

,> ].he position cornponent.s amre c:j,lcillat,ecl risit~g Eqs. We begin by calc~ilating the eccentricity using 
(4.771, (4.78), and (4.79). The w:loc:it,y c:ornponents itre 
c;tlc~ilated -1lsii1g , , - . T~ . -.- 

uZ = v sin 6 (4.88) The satiiirliajur asis is calculizleti using 

In the Isst. few s~tbsectiom, we hi~ve looked at, tritn* a ::: TI) (4.92) 
forxnizi.ions involving the: sph.e:t.ical elernt:nt,s. Now let's 1 - e  
look at trar~sforniations involvirig the modified Kepleriarr 
elements. This conchtdes onr disc~fision of  statte trtinsformittions. 

Tn i,ho last fc:w mlb,.:c:c:t;ions we: prcsc:nbed the s,lgoril,hm~ 
used to convert between different orbit st ate represerrta-. 

4.1.11) Keplerian or Cartesian, to Modi- tiom Ilsed in GMLkT, These cartesian state, 
fied Keplerian Elernents the Tieplerian elements, the modified Kepleria,n elements, 

itnd two sphericii,l sstate piirameterizations. In the next 
The modified Kepleriau elements, described in 'l'able 4.6, section, we preserii, the algorithrris 11setl 1.0 c;tlcril;;..te Imp- 
are similar to t.he classicit1 Icepleriwn elc2ment.s. The modi- erties such as orhit period, beta itngle, and mean motion 
tied Kep1eri:r.r~ elerrients use thi? radii= of agi~apsis, r,, imtJ t,o niitne: R f i : ~ .  



Tablt: 3.6: The Modified Keplerian Wernents 
Symbol N m e  Description 
TP ratlius of periaj~sis The radilrs of peria.psis is ithe radius at the spac:ecrafts clos- 

est a,pproacfi to the cent,ral body. The radius of periapsis 
must. be greater than zero, p~,rrabolic orbits Itre not cur- 
rently s~lpportecl. 

I'o radius of apoapsis For an elliptic orbit r ,  is t,he radins at the spacecrafts far- 
t,hest distance from the cc;.ntrid body and r,  > r,. For 
1~y~)erholic orl)it.s, r ,  < rp i:.ntX r,  < O 

I, inc:lination The incliniitiion is tbe angle between the ir axis and the 
orbit normal direct,ion 11. If i < YO" then the orbit is 
progride. If i > 90:' then the orbit is rct.rograd.e. 

(u' argurneiit o F periapsis The argulrlent of periapsis is the angle between a, vector 
pointing at periapsis, %, and a vector point,hg at the 
spacecraft. The argument, of periapsis is undefined for cir- 
ctilw orbits. 

9 nght ascexalon of the as- R ~s defined as the angle between xl antf N nleasnred co~ln- 
cending node terclockwise. N is defined as the vector pornting from 

the center of the central body to the spacecrilft, when 
the sphcecraft crosses the boclies ecluiaiorial plarrt: fron~ the 
southern to the northern hemisphere. R is undefined for 
ec41.1iit.orial orbits. 

v true :ulomid g The [(rue anornaly 1s defined as the :i-r~gle hetwt?em a vt:o 
tor pointing at periapsis, x,, and a vec:tor pointing at the 
spacecraft The true anomaly is undefined for circular or- 
bits. 

4.2 Simple Parameters 4.2.1. A.1.Gregorian 

Description.: AlGregorian is the epoch of an object, in 
Simple pzr;tmeters, which ure will abbreviate as simply t,he t,ime system, given in the Grewrian di1,te fCJrmat. 
"pwametersi', iire propert,ies of spiicecriift or other ob- 
.ic:cts 1.h J; itrt: only tfependerd. ~rpon one: of t,he following: D e l t u l ~ d ~ ~ ( ; ~ :  

Coonlin;tt&ystern~ Ce~itrirlRody~ or None. An exa.rnplr The A l  date, in modified Julia,n date format is the 
of a simple parameter is the magr~tuile of a spacecrafts current. independent variable for time in GMAI'. There- 
velocity vector. The spacecrafts ve1ocit.y vector is depen- fore; if. is not nec:ess;iry to convert the (late to another 
(lent upon the coorctins.t.e system in which it. is txpressed. 

system for this parameter. The only calculation required 
Once we have specified n coordinate system, it is trivial to 

for this parameter is to use t , h ~  algorit,hm in Sec. '?? to 
ci~lculiite t,he velocit,y vwtor, and therefore it,s magnitude, 

convert from Modified Juli:, .~ date €ornrat t.o Gregorian 
in that coortlinii.te systc:xn. 

cliite forrnat.. 

In GMAT, the syntax to hpecify a simple parxneter 
is 

So, to calculate the magnitude of the velocity, of a space- 
cri~ft ni .~~~(:d Sat, i r ~  tht: E;irth Fixed fm~nt:, we woultl rise Df.:.scr<r1fio7~: A1.ModJulj.a.n is tht! e!poch of ;in object, in 

the A1 t,irne syst,em, given i n  the mo!lifietl Julian cl:,.te 
forrnat:. 

GMAT has the ability to calculat,e mimy paritmeters in ~ ~ ~ ~ d ~ ~ ~ :  N ~ ~ ~ .  
:iddition to WAG. TI] t,hc: followi~ig silbsect,ior~s, wc: present 
the algurit.hms used to calc111at:e a,l1 p:iritrrleters in GMAT. The Al. date, in modified Juliari date format is the 
We begin each subsection wit,h a description of the param- current independent vixiable fix time in GMA'1'. There 
t!t.er, rmtl then give the t.ypc: of dt:pt:ndt!ncy. iITt: no c;tlcllli~tions rt:qriirt:tl for t.his pitratnei;er. 
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4.2.3 Altitude u .::: l l v l /  

Description: Altitude is the distance bet,ween a spec* 
craR a,r1<3 H plane taliger~i t,c) tbe surfiice of the l>ody at 
tlie sub-satellite point. GMAT asslimes t,he body is an 

e = llejj 
ellipsoid. 'The equat.oria1 radius, and properties of the el- 
lipsoicl d(:p(:nd Ilpcjn the [)iZr t,i(:iil~r k~ody c:h~)se!n k ) ~  fhe! SJjt:(;iQ1 CfcI,Se: Cci~(:'IL1cLT Orhit 
user. if e < 10-'] then, w = 0.0 and retlrrn 

Dependency: Cent.ral Body. Otherwise contin~ie, 

Giveo: r jxl F1 h ::;. r x v 

Find: 13 

Definitions: 

TI is the coordini3,t.e system in  which GGMA'l? origi- 
nally knows r Special Co,se: Eil+pt.i,c, Fqccjto~r.icl,l U ~ h i l ;  . FF is body fixed system of the central body selected if i < :LO-:'" t.11en7 
by t,hc: 11ser.. 

w = oos-' (F) (4.96) 
f is the hodies flattenilig coefficient 

where e, is the first component of the eccentricity vector. R is t.he bodies mean ecl~iiitoriii,l radius 
Fix quadri~nt, for w:  if e, < li, then w = 27r --- w 

4,d is the geocledic latitude of the spacecraft in the 
0tht:rwisc: corllim~e bc,dy Axecl fialrte. 

Special &se: Eiizptic, fnclkned Orbit * h is the Altitude pararneter 

Firsi \ye calcr~late +g?yd tising the w.lgorit.111n jn Sec. 
4.2.21. However: to calc~ilzte h: GMAT does not convert 
t.o degrees, or m e  the mod~llo function. 

-- -- -- -- . 
r,, - t/z2 + y2 

Fix quadrant for IJ: if e, < 0, then w = 27r - w. 
Fini~lly, uj is converted to degrees. 

e"2f-  f" (4.94) 4.2.5 Apoapsis 

4.2.4 AOP 

Description: AOP is the argument, of periapsis of ;t spectL 
craft. 'I'he argument. of periapsis is the imgle hetween 
the eccentricity vector and a vector in the (Erection of 
t.he right ;tscension of the ascending node. See below for 
t,rsi~trr#:nt. of cjrcr11il.r and t?<]lli:.t~['iid orbits. 'This d g t r  
rit,hrn js a,doptecl from Vallado.' 

Dependency: Coordinate System. 

Description : Apoapsis is the parameter used in stopping 
contlil.ious to isl_low the stopping condi t.ion s,lgol.ithrn to lo- 
ci~tt: t,he tirrle wh.er~ 11, sj);xcecr;~ft is ;:I; it,poi~p"i" Apoapsis 
is defined as a point, dong an orbital path, when tlie com- 
ponent of velocity, in t.he spacecraft position vect,or direc- 
tion, chiinges from positive to negative. The Apoapsis 
parameter is defined as the dot product of the position 
and velocity vectors. 

Df;pentden.cy: Ce~~i.ri~.l Body. 

Given: r, v in -TI 

Find: A 

Definitions: 
Given: r and .v 

Find: u, Fl is the coordinate systenr in which GG'hflYI' ori,gi- 
nalIy kkr~ows r and v 



F2 is a system with t.he MJ2OOOEq mes, centered UR is the dot product, of B and 
at the cent.ra1 body selected by the l~ser. 

UT is the dot. prodllct of B i~rld T 
A is the Apoapsis parameter 

if the select,ed coordinzte system does not have a ce- 
if (.TI f F2) convert r and v to 'Iihen, lest.i;lJ body i~ it,s origin, then exit and throw iin error 

4 - t . . v  (4.c)71 message. 

4.2.6 AZI 

Description: A Z I  is the azinilith angle of a spacecraft, 2:s 
showm in Fig. 4.1 llsiiig tbe synll)c,l a f .  

Find: a! 

AZI is calclllated using the i i lgori tb  shov~n in Sec. 
4.1.6. There js little benefit wing a routine that calculates 
only af and not $7. 

4.2.7 BdotT and BdotR 

Z - > L X ~  of FB 

Central Body 

rcy-plane of 3 s  'y,, 

8 . R  

Desr:r$-~tio.r~: The "R?' vet:l.or, B, is only defined ~ O I *  hy-- Fignrc: 4.3: Geometry of tht: B-fJlant? as Seen Fronl 21 

perbolic orbits ;.ad is the vector from the center of mass Viewpc!jr~t. PeVendicrilar to the R-Plane 
of the central body, to the incoming hy-peroblic risyEmp 
tote, suich thitt the length of 3 is it minim~rm. inother 
way to say this is that B is perpendicrilar to the inconling 
asyr~ptot,e. Let's define S iis a unit vector in the direc- 
t.ion of lhe incoming ii.sympt,ol.t:. 'Them, 7' is il  mil; vt:ctor 
psry)endicnlizr to S, that lies in the xy-plane of the coor- 
dinzte system, FB, chosen by the riser. R is a unit vector 
perpendic~ilar to both S and T. Finally, BdotT is the dot 
product of B isnd 'I', i~nd RdotR is t,he dot product of R 
aod R. Tile rrrethocl below w&s adc,pt,ed from work by Central Body -. 
Kizner ." --. .. -,. 
Dqvendcn.c.:y: Coordiniit.e System. 

Given: r, v, and defiiiit,ion of .FB 

Rnd: Bli and B i r ,  

Definitions: 

o Fl is the: coorcjini~t,t: systt:m in which GMAT origj- 
nally knows r and v 

FB is the coordinate system in which to perform B- / 
plane citlcriliitions. GhfAT will place T in the zy- 
plane of F ~ .  F~ m,lsl, a grairit;,tioniL1 botijr Figure 4.4: The 3-Vector as Sean From a Viewpoint Per- 

its origin. pendiclilar to Orbit Flane 

o p i s  the g~avit~tioliiil parameter of thc central body 
i i t  the origin of FB if .TI # .FB c;on\r~rt r ilnd v frwn Fl 1 o .Tg 
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4.2.8 BetaAngle 
r -- llrll 

T I  - llvl\ Delinit,ion: The Beta arigie, p, is defined as the angle 
between the orliit rlclrmal vrcior, a.rltl the vector. from the 

Cslc~llate eccentricity relai,ed informat.ion celestial body to the ~1x1. 

Tf e < I. t.hen the mc.thot1 fail< imd returns. 

Now let's calc~ilate t.he :<ngillar rrionleot~~iri sntl orbit. . ra: positioll vector of spacecraft respect to 
nornial vectors. celestid body, in the E;.zrthn.IJ2000Eq system. 

h :::: r x v 
vis: Velocity vect,or of spiicecr;~,fi, wit.h respect t,o h, - Ilr x vli 
celest,iid body, in the Eartld:IJ2000Eq system. 

h 
h " ~  rse: Posit.ion wctor from celestial body, to the sun. 

A ~ m i t  wctor nc~rn~i3l tci both the eccx:ntrit:ity vt:ctor 
and the orbit nornlal vector 1s defir~ed as: 4.2.9 I3 VectorAngle and BVectorMag 

f i = h x &  To avoid code red~lplicstion, the magnitude and angle of 

'I'he fallowing relations are only tnlr: for hyperholic cjrbits: the B vector, 1 1  B 1 1  and FIB respectively, iire cii,lculated from 

Tbe serniminor tixis, 6 ,  (:;in be cZlc:rila.ted rlsir~g l.he o ~ l t ~ x ~ t s  of the B-Plme c:uordina.tes algoritl-mi. The 
eq1iations for j i  B lj and Bf, are 

!j ::: 
h2 

p,JFX 1 ~ 1 1 ; -  Jp + ~2 T R (4.100) 

The incoming asymptote is defined using 

Tlie remaining vectors, T slid R are foril~d lisiiig 

, , / S  - S  O Y r  I - ......"I .............? ........ i... ................ 

4s; + s; 

R . = S x T  

Finelly, the desired cp~a,ritities are fo~mncl iwing 

B r = B . T  

HR - R . R. 

if ;F! # F2 , cconvrt r and 11 to F2 

A=r:v (4.98) 

which is implemented wing ato,n2(UR, UT) 

Find: C3 

Comment: cc. is ciilcllliited from the satellite cartesian 
ststc: as stlown in Sacticin 4.': .2, and is tassoc:iat.ecj *with 
thi: specified central body. 

4.2.11 DEC 

Description.: DEC is the cjec:lic~atiori of s q):icec:ra,R, HS 
shown in Fig. 4.2 using the synibol 6. 



Giwn: r ,  v and 3 Given: r ,  v, and coordinate system F. 

Begin by converting r and v to 3 if necessary. Then, Begin by converting r ;ind v to 3 if necessary. 'I'hen, 

4.2.12 DECV 
Given: I/, e 

Desrrzption: DECV is the declination af wlocity of a r-,pzc'-ce- Find: 13 
critft . 

Dependency: Coordinate System. If e > ( 1 - le-'I ) then i3 = G ,  ret~rrn. 

Begin by convert,ing r and v t,o F if necesswy. Then, sin(JC) - \I"TT? sin({,) (4.111) 
'1 + e cos v 

e + COS v 
co,s(E) = 

I + ecosv 
h! = atan2(sinE,cosEj (4.113) 

4.2.1.3 ECC 

Dt:.sc~+t-lo.n: ECC is the eccen1.r.ici.ky of en orbit it,nd nnlst. 4.2.16 
be greeier t.bizn or eci~lal. to zero. The ec:cer~tiricity contains 
illformation on the shape of an orbit. If ECC is zero the11 Descripticm: Energy is the orbit energy. 
the orbit is circdar. If ECC is greater t h m  zero, but less 
thin one, the orbit, is elliptic. If ECC eq~uals ant:, the weI'endency: "jdy' 

orbit is parabolic. Findly, if ECC is greater than one, G~~ r, v, central body. 
the orbit is hyperbolic. The algorithm lified in Gn'IAI' to 
cil1cul;ite SMA is sclop ted fr‘rorr~ Vidl;,do.' Find: [ 

Dq~t~nde,ncy: Central Body. 

Given: r, v, and 11, (Cent.ral Body) 

Find: e 

Regir, by ,!:converting r :ind v l o  a c:oortlillate syateml 
with the origin equal to the central body defined by the 
iiser, find the hIJ20OOE(~ iixis r-,ystc:m. 'l'llcm, 

4.2.14 FPA 
De.sc~~~)tiora: HYAG is the ~r~agnitilde uf tihe orbil. angular 
mornenturn. 

Dqnendency: Cent,rd Body. 
Desc~'?:p;tiorc: FPA is the orbit vertical Fligl-lt Pa,th Angle 
as as shown in Fig. 4.2 llsiilg the synlbol $I. Given: r ,  v ,  and central body. 

Dependenr:y: Coordiri;it,e Sjrsrstert~. Find: h, 
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Begin by conserting r iind v t,o a coordinate system 
with the origin equal to the central body defined by the 
user! mti the NJ2000Eq axis systern. Then; 

h = r x v  (4.117) 

(4.118) 
4.2.21 Latitude 

4.2.18 HX,HY7 c ~ d  HZ Desc~iption.: Latitude is the geodetic latitude of z space- 
crafi. The geodedic latit~lde is defined as the the angle 

Description: HX,HY, 2nd HZ ;ire the cu~ponel l ts  of the &,,.,, as shown i n  Fig. j j, when: the sub-sat.tr:llite point, 
orbit ;ingular nlomentuun vect.or. is defined by the interscectioi~ of a line drawn from the 

spacecraft and perpei~dic~~lar to a, plane tangent to the 
Dqwde,~cy: Cooriliriatt: Systern. surface of t,he body. GPvlh'T asswin~es the hody is an ellip 

Given: r, v, and coordinate syst.em J. 

Find: t~, ,  h,, a,rd h, 

soici. 'l'hc: ecliliitoria,l rt~(iiiis, and p r q ~ e r t i t : ~  of the t:llipsaid 
depend upon the p;.irtic~i'iar body clmsen by the user. The 
algorit.hn1 in CiMh'l' is t,;l;ken from Vallt~do.] 

Begin by converting r iind v to J if necessary. 'I'llen, I 

Description.: HA is t,he orbit Hyperbolic Anomaly anil is 
only deihled for hyperbolic orbits. Fnr non-liyperbolic 
orbits, Hi! ret,l~rns iz vi:;!hle of zero. 

Dependency: Cent.rd Borl;~. Given: v, e 

Find: 1-1 

Otherwise, 
------ Figure 4.5: Geocentric anil Geoiletic Latit,nde 

sin(vlJe2 - 1 sirthj A) = .............................. (4.1 20) 
1 + ecos:) Dq)en"Ee,~cy: Cerll:ra3 Roily. 

e + cos v 
cosh(H) = (4.1 21 ) 

1 $- e cos Y Giwn: r in Fl 
simhH 

H = t,anh- (- ) (4.122) Fiod: 4',4',rl, 
cosh fi 

4.2.20 INC . F1 is t.he coordinate syst,ein in which GMAT origi- 
Descr.iptiorr: IXG is the inc:li nation of an orbit in i.he chi> na.11~~ knows r 
sen coordinate system. 

FF is hotly fixed sysi.em of thr: central hody selected 
Dq~enden.r:y: Coorrlix~a.t,e Systern. by the i~.;er.. 

Given: r, v, and cc!ordit~at.e syst.elr~ ~ n a t h a , l F .  e f is the bodies flattening coefficient 

Find: e 
K is the budies mean eq~iatorial radius 

Regirl by converting r arid v to muthculF if ne!:ess;rtg. 
Then, dgd is the geodedic liititlrde of the spitcecraft in the;? 

h - r x v  (4.1 23) btidg fixed fratno. 
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if .Fl 5g .FF convert r from TI to FP. Then; Depe-/?.dency: C!ent.rid Body. 

rmlJ = \/z2 + y2 (4.1 26) Givei~: r, ti jepcich of spiic:et:raft i n  int,er.nal time systetn), 
and central body 

Calclllate the geocentric latitude to rise its an init,ittl guess 
to Iirld [,he geodetic liititude Find: OrsT 

e" -zf - zf 2 (4.1 28) TI equatorial inertit~l system (as described in Sec. 
3.4.1) of selected cent.ra1 body. 

Set 6 6:: '1.0 to  init,iiilize the loop, then, 

While ( 6 > l1)--' ) 
;L'F is the central body's fixed system (as described 
im Sec:. 3.4.9) 

4' = ; ,gd (4.129) is t,he longitnde of the object in 3~ 

( 0) . %t,t~n2 + , 
Re%in"gd 

. .yd .t/l - c h i n  aigd BLMsr is the mean sidt?rei~l t,ime of the central body's 

(4.1 31) prime nieri(1izn. 6 - - 4'1 

EndWhile ti (epoch of spacecraft in internal time system) 

After convergerlce, 4gd is cor~verted to tlegrees, arid 
convel-ted to fall hetween -90" znd +9@" degreeb. 

4.2.22 Longitude 

Description: Longitude is the Iongit~~ile of an object, in 
the body fixed frar~ie of the central body chosen by the 
user. 

1)ependen.cy: Central Body. 

Givca~: r, t:t:nt,ri~I hody. 

Find: 4 

Begin by converting r to the body fixed system of the 
central body defined by the user. Then, 

4 - t s r ~ z ' ( ~ ,  2); (4.1 32)  

The celc~di~t~ion is (:onlplet,ed by convertir~g to degrees anti 
tsettiwg the vahie to such that -180 < 4 < 180. Figure 4.t;: Local Sidereill Tirtle Georrretry 

We begin t)y c:alt:~llating X r~sii~g the algorithm de- 
4.2.23 LST scriheil in Sec. 4.2.22. The meal1 sidereal tinle #fif.rs.r 

is calculated differently for Eari,h t,fia;n for ot,her centra.1 

~)e,scrip~on: LST is the local si&real time of ;in object, t)odit:s. Tf the centr;d  bod^ k E;i~t,h, them we use the 
with respec:[, to the select c:d cc:ntral 1)otJ;y. 'I'hc: l ~ c ; ~ ]  sit&:- f(>ll"wirig ec411d:iona to t:al(:ld:ite #,vs~. 
real. time is the sum of the longitude in the bodies fixed 
frame, and the mean sidereal time. This is illustrated in 
Fig. 4.6: where FI is the body's equatorial inertial sys- 
tem (as described irk Sec. 3.4.1), Tij, is the body's k ~ e d  
system (as !iesc:rik,eil i n  Sec. 3.3.9). X is the longit~lde 
of the object, in this citse a spacecrdt, and tIMsr is the 
meiin ssic1erc:ii.l tirrlt! o f  1.11.e prin~e meridiii.n. 

First. convert t,, which is the spacecraft epoch in the 
interal time system (A1 Modlfieied Julian Date), to Ilkrl, 
wh1t.h is the rulriil~er elepsetl Jillian cent nries fronl the 
J2000 epoch. 
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QMST =67310.54841sf C h e n t :  a and e are cale~xlated fiom the sat.el1it.e carte- 
3600s sisn st;tt,e i~ shown in Sect.ion 4.1.2, e,nd p is associ;tted 

(87660()<.---..1h.) .+ 8640184.8 12866)Y bi:+ 
with the specified central body 

4.2.24 344 Given: a: and p 

Given: I/, t. 

Find: M 

Find: Y' 

If a < 0, then 7'  = 0: return. 

If e < ( 1 - le-I' then c:alcl~la,te bd lrsing algorithm ill Otf~erv~ise; 
Sec. 4.2.15. Then M is calc~datecl wing 12 7 '  -- 2 r d  

(4.135) (4.140) 
M = E - e sin 

Not,e: E must be expressed in radiitns in the above eqn;l- 
Co?wjnr.rl.t: iz is ca,lculated fri~~ni the sai.ellite cartesian -tion, aad res1~1l.s in M in ritdii~ns. 
stzte as shown in Section 4.1.2, and is associated with 

A 

~f > ( 1  + le-= ) then calculate H using algorithm in the specified central body. 
See. 4.2.19. Then is calclllated using 

M = esirt11H - H !3.136) 4.2.28 Percent Shadow 

Notme: H must. he expressed in radians in the above e q a -  
The PercentShadcv parxrneter ccalc~~btes the percentage t.ion, ;l,nd rc!s111t.s i n  .M in radii~ns. (3MA'I' ollt.puts MA in 
of the apparent solar disk that is in view from the per- clegrees. 
spective of a spacecraft. The algorithm 1 x 4  in GMAT 

If nei%her of {,he above con&t,ions are satisfied, -::- 0, was adwptt!d from Montenbnlck7 pgs. 80-83. 
ttnd olltpiit "Wiirning: Orbit iq near par;3,bolic in mean 
anornwl y c;;,lcr~la.tion. Setting MA = 0". 

Given: a;  e, and p 

Find: n 

The orbit is considered either circnlar or elliptic ( both 
orbit t,ypes use t.he same eq1.1;ttion to cale1i1at.e nj) if e < 
I. - le-l'. In this case the mt:i:n mcit;ion, TL, is ~~1{:111iit.t:d 
usi cr g - 

The orbit is coixidered hyperbolic if e > 1 + le-". In 
1 his ciisc: Ihc nletLn motion, n, is calciilated xising 

Figure 4.7: ShatIov~ Geomrt,ry - 

e Ho = R ; i i l i ~ ~  of the Srin 
If neither of the above two conditions ;ire met, the rnertn 
motion is calculateil using 0 lLB .::: R;idi~~s of oeclilting body 



H i j  .=:: Apparent radius of occl~lting body 

r, - Vector from central body to Sun 

rg :::: V d o r  from centrzl body ta  occ~dting body 

e r - Vect,or from cantriil body t,o s/c 

1% begin by calcnlatiiig the vector from the occulting 
body to the spacecraft, s ,  wing 

s = I. - I.,:$ (4.1411 

Figlire 4.8: Occrlltat idn Geometry in Cal(:iilation (sf Per- 
arid the vector from the occ:dtimg body to the bun, so. cent Shadow 
11si:ig 

SO :-- ~ + o  - I‘B (4.142) 
The perce~lt shadow CBII be ~ a l ~ ~ i l a t e d  I I S ~ I I ~  

(Not,e t,bst. when the occ111t.ing body is the sii.rrle as the 
central body, s = r, arld so = re j 

Wext we calculate t,he apprxent radius of the Slm and 

lb If the condition IRh - Hh I < U' < R& + RiI is not 
Ri = sin -- 11 r~ .--. r!i ,, (4.143) satisfied, then the eclipse is annular and vie use 

We can calculate the apparent separation of the two bod- 
ies: L)', using 

4.2.29 RA 
F)i ::: cos-- 1 -sT ( ro  - r )  ) (4.145) 

sllro - rli , Description: RA is the right sscension c.f a spe.cec:risft, iis 
s1:ow:m in Fig. 4.2 using the sy t~:l)ol .A. 

If 1)' 2 )[b + llL! then t,he spacecrcift is not in the l)ependen.cy: Coordinat,e System. 
body's shaciow a.rul. 

1.' = 0; (4.146) Given: r, v ailcl 7 

Fink ,\ 
JF 1)' < tt& - R',, then the spi~cect.i~ft is in fi~ll shi~tk~w 

a ~ ~ d  Regtn by converting r and v to 3 if necessary. Tkren. 
p = 100; (-1.147) 

\ = t i :n~ ' (~ :  x) (4.153) 

If neit,her of t,he a.bove contiitions are met.: t,hc: spiiCt+ 
craft is in partial shadow. 

If I H',--- 1LL ', < U1 < K~-+l-l~j,  then U ~ P  ciin calclilat,e the 
4.2.30 ' RL4V 

percentage of sbatlov~ by cdc~dat,ing the iWt:ij, of o'c'cerlap, 
A, of ihe two sppkrent tlisks as  shovrn in Fig. 4.8. Df:scripl.ima: RAV is the right. astx:r~sii>u of velocity i ) E  a 

spi'tc:ec:r;tFt, as shown in Fig. 4.2 11sing the syrri.bol A,. 
ct ' ! 

---. ] + 11; CoS-- 1 (');;kc') -. U1c2 Depmdency: Coordinnte System. 
I<', , 

(4.1481 Given: r, v and ;F 

... . --- t.an:,- ' (v, v, ) 
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4.2.31 RAAN 
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4.2.34 RMAG 

Description: RALN is the right ascension of the ascending Description: RPfAG is t,he magnit,llde of t.he spacecraft's 
node as sb~icvn in Fig. 4.1 using the synlbol R.  position vector. 

1)ependen.cy: Coordinai,e Syst,em. 1)ependen.cy: Centrid Body. 

Ciivt:r~: r, v, entl cciordinatc: syst.erx~ F. 

Find: e 

C3t-(:I[: r izntf c:c:nt r;!l body. 

Find: r 

Begin by convert,ing s and v t,o 3 if necessixrjr. Then, Begin by converting r to $3, coordinii.te system with the 
origin equal to the central body defined by the user, and 

h - r x v  (4.155: t,he MJ2000Eq axis system. Then, 

(4.159) Description: SemilatusRectilm is the orbit ser:rnila,tus rec- 
t,~lni, which is the magnitude of the position vect,or, when 

if (i > l!)F1'): t,h(:n >kt tt.r?ie ;?noma$ of 90G. 

'% Dq)entdency: Central Roily. 
R : C O S - ~  (,, --) (4.160) 

Given: r ,  v, and p (central body). 
Fix quadrant f ~ r  12: if n ,  < 0, then R --- 27r - R 

Rod: y 

if (i < 10-11), then 
r1 - 0 

4.2.32 RadApo 

Ucegin by converting r and v to a. coordinii,te sysi,:t.em 
l 6  with t,lie origin equal to the central body defined 1 4  i.11.e 

11st:r, and the MJ2000Eq axis systc:x~. 'Then: 

h ::: llh[i Given: a; and e 
h2 

F nil: r., P'- 
l L  

if 1 --- e < 10-'%hen 7-, = 0. Note, this means that for 
~)xi~,bolicx, i ~ n t l  11j~pt:rl)olic orbi t.s, GMAT out.piit.s a. v;i.lrie 
of zero for RadApo. Otherwise, 4.2.36 SMA 

r,  = u(:l + e) (3.162) Desc~iption: SYA is the semimajor ;;xis of orbit. 'The 
SMA contains infi~rmation on t,he size and type of an 
orbit;. Tf the SMA is posit.iw!, t.l~e orbit is elliptic. If C0'in:inenl: a ~ . r ~ d  e are calcnliiteil froin the satiellilie cartie- 
the SMA is negative the orhit is h;ll)erl)oljc. The SMA siiin stat,e as shown in Section 4.1.2. 
is undefined for parabolic orbits. Tlre alcoriihm used in 

Given: U ,  and e 

Find: r, 

C'opmment: cc and e are calclllated from the sixtellite c a r t t ~  
SliiJL state iis shotvn i n  Section 4.1.2. 

- 
GMAT to calcri1at.e SMA is adopted from Valiado.' 

Deper~dencly: Central Bi>(j.~. 

Given: r ,  v, iind p (Central Body) 

Fiild: o. 
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11 a = -- 
26 

!4'171) Description: TAIModJulim k t,he epoch in the T.41 t,ime 
system, expressed in the modified Julian date format. See 

otht:rwise, report. error ilnd return. Error: "\V>+rning: Or- Sec. 2.1.1 ancl 2.2.1 for Inore details. 
bit is near parabolic a t ~ d  Sh.fA. is undefined:' . 

nepende7l.r:~: Nont:. 

4.2.37 T-4  giver^: A1 (epuc:b irk the interrral, A1 tirne system). 

Find: TrlI 
L)~scrzphon: TA is thc orbit tnw anomaly ils shown in 
Fig. 4.1 iwing thc~ symn1,ol v. To convert frorn A l  to TAT we rise 1 he following etltia- 

Dqjer~der~cy: Central Body. 

Gil-en: r ,  v ,  i-md coordinate system 3. 

Fi:mrl: u 

Begin by converting r 2nd v to 3 if necessary. 'rhen, ~ ~ ~ ~ ~ i ~ ~ i ~ ~ :  TTModJulian is the epoc:h in the TT irne 

I n - r s v  (4.172) system, expressed in the modified Julia11 dat,e format. See 
Sec. 2.1.3 and 2.2.1 for more details. 

h -  llhi\ (4.3 73) 
Dq>ende,~cy: None. 

n - [ O  0 I . ] " x h  (4.3 74) 

7~ -- I l n / l  (4.1 7.5) Given: A1 (epoch in the internal, A1 time syst.em). 

r - lirll (4.176) Find: %'Y' 
t I  = llvll (4.7 77) 'h conwrt from A1 to TT we rise the following equ;-L- 

(.1,2 (r . v)\7 %ion 
e =  ' r (4.178) 

I lr i 

P 1 1 = A1 - 0.0343817sec + 32.184sec (4.185) 

There are three special cases, and they itre treated differ- ~ ~ : ~ ~ ! ~ i ~ , k i ~ ~ ~ :  T T G ~ ~ ~ ~ ~ ~ . ~  is tht: t:pot:ll in the tixrle 
t:ntly. s~stenl ,  exprc3ssed in the Gregoriixn da.tc: formii.t. See St:(:. 

2.i.3 and 2.2.2 for Inore details. Special Case 1: Elltptic O,rbit 

if (e 2 11)-~~), t,11en Dependency: None. 

e . r  Given: A1 (epoch in the internal, A1 time system). 
u = C(,S-~ [-) (4.381) 

\ er Find: Y'Y' 
FLY qliitdrant for I / :  if r . v < 0, then v ::: 27~ -- v 

To c:otiver~ frorn A3 to TT we use Eq. (4.185). Then, 
Special Case 2: C'irc~ilar, Friclzned Orhit kilowing the epoch m the 'IT time system in the modified 

if (e < 10-"1 and (i 2 10- '~) ,  then Jnlian date format, we use the algoritlml in Sec. 2.2.1 to 
obtain the Gregorian date. . n . r  

I, - cos- (,) (4.3 82) 

Fix qilacirar~r, for v: if I; < 0, t.hrn v = 2-71 - v 4.2.41 Umbra and Penurnbra 

Special Case 3: Circulmr, Equcztorial Orbit The U~nbra anil Penuinbra parameters are used to  de- 

if [e < 10--l1) iird <i < 10--l1), then termine if a ~ p a c e c r ~ f t  is in t,he shadow of a celestial 
hocly. Tht? ijlgorithm used in C+k1.Kr is i~dij;r)i.eti frem 

v = c o s l  (2) (4.183) Mol~tenhr~lck' pgs. 80-81. For both f~~nc:tiom, if the vitllle 
\ 7- is less thi&n 1, then the body is in shitdow, if the function 

Fix qilililrirnt for v: if r, < 0, t.ht:t~ 1. - 27~ - u is grc:e.t13r thtm 3 , ther~ tlie 1)ody is nc,t, in shirtlow. 
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Penrirnbra, (Annnl;~.r Eclipse:) 

au 

Figure 4.9: C+eorr~t:l,ry of Ihnbr;j, and Pen11mhr;i Regions 

Far defir~ltiotls of sec Sei: 4 2.28 4.2.42 UTChlodJulian 

(4.186) ikscr-iption: UTCModJulianis ibe epoch in t,be UTC time 
system, expressed in t,he modified Julia11 dat,e format. See 
Sec. 2.1.2 ii.ntl 2.2.1 for more details. 

(4.187) 
D q w r r d u ~ c y :  None. 

N, + IZB 
sin ap = (4.185j Given: A1 (epoch in the internal, Al time system). 

sp 
Find: U7'C 

Ic, ic, 
sirla, = (4.189) 'I'o convert, from A1 to UTC we nse the following eqlitl- " (3 t.ion 

'l'he radii of the umbra i~nd  penlimbrij cones, r, and r,, 
a t  (list ante k, a,re respectively UTC = A1 - 0.034381 7ser - AAT (4. i 96) 

(4.790: The default is to read AAT from the file named to;i-- 
utc.dnt. AAT is the ;tccninlllated leitp seconds since Jan. 
1961. 

ti, - d - r, (4.1 92) 
Given: a: e,  and p 

If 2 > 0 d,, < 0 ;mcl r., < 0, the11 the object is irr the tot.al ~f , 1 ( 1 - l e - 1  2 ) t,hen = 0. 
umbra1 eclipse re,' "1011. 
If e > 0 du < 0 and r,, 2 0, then t,he object is in the Otherwise; 
:tnnuliir urnt~rztl eclips: region. 
If e < 0, then the ot)jec:t is on the day side of the occrilting (4.197) 
'body and is not, in shadow ;tnd 

d, = id --- r 
pi (4.194) Cwrxrierit: a ar~ti e a,re c:a.lci~lat,ed from the sa.tellite c:a.rte- 

si;m st,t~,te shown in Section 4.1.2, and i~ is ;rssociated 
d, = Id - [ r ,  1 1  (4.195) with the spei:ified cent.rel body. 
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Giwn: a;  e, and A!. 

Find: up 

14 ErL -1- e sin EyL 
Iierste On: h;v;,,.t.l = ETL + . 

i - e c o s L  

Finally we convert the eccentric anomaly to the true anomaly 
using the algorithm given in sec. 4.3.2 

Hyperl)oli!l:c Orhit Case 
(4.198) 

If e > 1 then w e  the following algorithm: 

FVe t)egin by choosing the initial guess fur the lyper- 
C?ornrnent: u 2nd e are calculated from the satellite carte- 

bolic znornaly. The initial gliess depenck on the ~izhle of ~iisn sti~1.c: iis show11 irk S ~ ~ C ~ ~ C ) I I  4.1.2, /.L is ;wbnc:ialetl 
the mean momaly and the eccentricity: 

with the specified central bocly 

Else 
Llescription: VpXC is the mi'gnitude of t.he spacecraft's ve- H = M -f- e 
locity vc:ctot, when tht! velocity is espresa?tl in tht: t:host:n Znd 
c:oordinate system. 

Else 
Depcn.dency: Coordinate System. 

IE(e < 3.6 Si ILWI > T )  
Given: v ;;~~tl coordimate systern F. H = M - sign(M)e 

Else 
Find: G T J - +  

e ... 

Regin by convt:rting v to coortlini~te sgstc:m 3 if nt:c:- Entl 
rssary. Then? End 

.... (4.19'3 It.er;;,te 1.0 determine t,l~e Hjrperbolic Anomaly: 

4.3 Other Calculations 

,l/i .$- li,, --- e sinh H ,  
Iterste On: H,,.,.l = H ,  + 

ecosh H ,  - I 

Convert the hyperolic anomaly to the true anomaly using 
the dgorithm giwn in see. 4.3.3 

De.sc:7.1.1r,t.ior~: This algoritl-1x1 nl-~ows how t~ c:al(:date v 
given rZ/1 and e and is t.aken from Vi~lla,do. ' 

4.3.2 EA to TA 
Given: M a,nd e. 

Find: v Dcsr:ri,l~t.ion: 'This algoritkmi shows how l,o c:ii,lc:~ll;~ke v 
given E a id  e and is taken from Vallaclo.' 

The algoorithtr~ is different for elljptjc and l~ypetboljc 
orbits. Let's first look at what happens for elliptic orbits. Gim,n: k; e. 

Bl.ipiptic Orbit Case Find: I /  

If e <= 1 then use the following algorithm: 

Determine initial guess for the Eccent.ric i~nomaly 
If ( - K < i2.1 < 0 ) or Ad > T 

b; = 1L4 - e 
Else 

fi ;:; M + 6 

End 

sin (.I:;) 
sin v = (4.200) 

1 -- e cos t?: 

Iterate to determine the eccentric anomaly: 
v = a,tan2(sin v, cos v) (4.202) 
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4.3.3 HA to TA This coordinat,es system is ilhistriited in Fig. 4.1'1. 
The lociitions of the librat,ion points in t.he rot;it,ing coor- 

D ~ , ~ ~ ~ ~ ~ ~ ~ ~ ~ :   hi^ algorjtl-lnl shows flow to r:alclla,te din;;.,te syst,ern c:&n he fgiiricl by c:a.l(:llla.tit~g t,he v;tl.r~es uF 

given 1-1 and e and is taken from Vi~lliido. y that solve the following ecpations: 

Giver]: H arlil e. 

Find: v 

7! - (3 - y: + (3 - j 7; - p*-,;% 
(4.206) + 2pX-/1 - p* = 0 (For L1j 

v = atall2jsin v j  cos v j  (4.205) where 

p* ::: ma 
(4.209) 

ml + n ~ 2  

4.4 Libration Poin.ts 

'8% begin k!y ass~rtr~ing thiit the pl;i,r~ets rntive i t ]  c:ircu- 
l a  orbits about t,he sun, and the mass of a spacecraft is 
negligible cornpa.red to the mass of the planets. For il- 
11rsl;ri~tim: jmrposes7 lets consid~:r the Eirrth anti its orbit 
ahout the Snn. 1rr i,his cme, the libratioo points are I!)- 
cations in space where a spacecraft will stay &xed with 
respect to t,he Eitr.%h and Sun. Figxre 4.10 sllows s sixr~plt? 
ilhlstr;,,t,ion. We see the Sun, t.he E i ~ r t h ' ~  posit,iorl with 
respect to the Sun, and the Libration points L1 and La 
a,t t-fir0 different epochs. Notice that a.t tl., the points L,]. 
:tnd La are on the Eitrth-Siln line. At a later time, La, 
alibongh {,he Eaath has nioved witti respect to the sun? 
L1 anil La still lie on the Earth-Slm line. 

r 7 1. lit: pr<:ceciin.g c:xii;rnple gives ti k~rief qll~lit,iLti\~t: 4~:- 
scrip ti or^ of t,~vo of the Eartli-Slin libratior~ points. 111 
general, tliere are five libration points for a given three 
body system. T'o dei,ermine the lociiiions of t,he libration 
poit~ts, i i  is conveoient to work in a rotating coc;rtiinate 
systeni rather than the inertial system shown in Fig. 4.10. 
The system we use is consi,r~lcted ils follows: 

Equations (4.206)-(4.208) do ~ i o t  have exact analytic 
solntions.Szebeheiy8 notes thilt they are n~ost. ei~sily ~(~lvei l  
~ising ;,;n ite!rii,tivc: xnet,t~otl with t.he fcbl1owin.g ss  the irli t.iii,l 
guesses: 

GMKI' rises the Newton-lbphson method to solve for 
t,hc: roo1.s of t.hs c:clilii,ticms by iterating on 

until the the digererice /?(i + 1) - y(i,)j < 10-% The 
ilerivativr: .lJf (-f) for each 1ibrid.ion point is shown below. 

b"r-i) \ 1 = 5-y; - 4 (3 - + 3 (3 - 2p*) yf 
(4.213) 

- 2p*y1 + Sp* (For I, 1) 

L"(1') = 5-4 + 4 (3 - p*Iy; + 3 (3 - 2p*) y; 
(4.214) 

- 2p*y., - 2;1* (For L2) 

Define the priniary as the heavier of the two bodies, p'(-/) = sy: + 4 (2 + j -/: + + (1 + 2;(*1 7; 
the secondmy as the light,er. 54.216) 

-- 2 (1 -- p * )  ~3 -- 2 (1 -- !A*) (For L..) 

0 Define the coordinate systeni x-axis as the axis point- 
ing from the primary to the second;ry. 

r Define the y-axis to be orthogoxud to tbe x-ax~6 m 
the plane of the bec:oridnry's tnotion about tl-it: pri- 
mary, pointing in the ilirectlon the secondary nioves 
abcat tht: primi~ry. 

13efiue the z-axis or~.bogonaj to cbe x and y ,axes cc, 
form a right-h:%nded system. 

We now need to rei1imension;ilize the results found 
in the rotating system, and perform the necessary trans- 
Forrnat.ions to oht.id-rl the reslllts irk the MJSOOO systt:m. 
T,ei,'s ass~lrne tha.t r, , v,, ant1 a, sre t.be posit.ion, veluc:- 
ity, and acceleration vectors respectively of the secondary 
body, with rc:spect. to tht: primary 'r~oiiy, expressc:d in the 
FIG systexn. Then, the posiiiori c:.f t:hr it" libration point 
can be expressed in the rotat,ing system with the origin 
cent,ered on t,he primary body ;is 
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Figure 4.10: Geometry of Libration Points 

and 
Table 4.7: Location of Libration Points in R.LP Frame, . . .  
with the Origin ;it tbc Prirnriry Body 

(4.220) 
Point z-Position y-Position 

0 I, 7 1-71 

where 

where 

i d  
The velocity of the it" libration point can be expressed . . . * vs 1-s ,.. 
in i,he rotating system wit,h the origin centered on the x .ZZZ rs .:=: - - - krs . vSj (4.224) 

rs  r, 
primary body z t s  

. . 
1Yow we have the redimensionalizecl position and velocity ~ = i x k + i x x  (4.226) 
vectors of t,he librrttion point in the rotating coordinate 
system defined by tlle moi,ion of the secondary body with GMAT c:urrently assirmrs that the terms r, x as ere zero. 

respect i,o t,he primary body. To determine the position finally at the posit,ion of the? ~ i h ~ ~ l ; i ~ ~  point 
and vf:foc:ity vt:ctors i n  tht: FK5 syst.f:rx~, with t.be origin j,, tile F K ~  systerrl wjtll the orjgjrl at, the I),.j by I,er- 
loci~t,t:d ;j,t the p rirn;iry body, nrc~? need to dc t,crnlinc! t.ht: forifing t,he calcufiatiolLs: 
rotation metrix and its derivative as follows: 
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X 
L4 

Figrre 4.11: Location of Librat.ion Points 

':fir: hisryc:ent.el. of 2% syst,ern of )>oint masses> r b ,  is d s 0  

called the center of mass. If ~e have a, system of 7~ bodies, 
:md we know the position of t,he it" body with respect, to 
ai common reference system, then we can ci~lcl~l~~tlte the 

Sindlasly, we cam c:atl(:ill;tt.e the wlocity of the barycenter 
using the following eqwtiun 



Chapter 5 

Dynamics Modelling 

One of the f~~rldm~ental  capabilities of GMAT is io 
model the motion of spacecraft in many different flight ci2r 7 4  

U 
------- ....... regirnes. The flight. regimes, such as low Earth, or Li- ........ -- ~ ; . r + ~ + z ~ + ~ v m ~  - 

dl" TJ L kzl (;i ;;) bration  point.^, izn: cIet,ernlinc:tl by which :Forces ant1 per- 
kf f 

turbatiuils doir~inate ihe dynsrnics. 111 this c:hapt.er vJe 
7% 

present how GMAT nloilels the dynamics of spacecraft in + )': ( v s ~ ,  + V$zj) + r& -- dr (5.3) 
mo Lion. We discuss how GMAT calculates many different 

k=1 
nz d t  

types uf forces iocyhrdiog nnllitiple non-spherical gravit.y k+ j 

perturbations, third-body effects, and atmospheric drag 1 , CdA- ~'s&Jz& A 

2Lmong others. Ure being by looking :it, the general form - - p r e ~ - v v e i  + 
2 

 SO 
m s  n1.9 

of the eq~~e,tions of rr~otion. 
...................................................................................................................... 

Descrjution Term 

Ceni,ral Body Point Mass --- - I\ 
,3 

C{:ntral Body Direct Nonsph:ri- V+& 
5.1 Equations of Mot ion C S ~  

5.1.1 Orbit State Equations 
71 b 

Direct Third Body Point Mass G x rnk (%.) 
h=l ~ 2 . ~  .. 

Let's begin by defining the position and velocity of a 11 b 

spacecraft with respect, to t:h~ centrid body of integ~iltion ~ ~ ~ l k ~ ~ t  Third ~~d~ poilit .Irn (: (-!%) as ranti v. R.cm Newto~~'s Sf:c:ond TAW ,at? knew that, k=i 
kf j 

(5.1 'Ibircl Uutiy Direct Uonspheiird 2 ('Vqbgs) 

which siiys thilt the miss, times the ;rccelrration, is eqlmal ~ h i ~ , j  ~~d~ ~ ~ ~ d i ~ ~ ~ t  ~ ~ ~ ~ ~ h ~ ~ i -  ~ 2 ;  j V Y j )  
to the sum of the forces. Solving for the acceleration gives cal k~ ~3 . \ 
us the second order dilferent,ia,l equation 

(5.2) 
Atmospheric Drag 

GMAT has i,he capabi1it.y t,o model ma,ny different types 1kRCRAo, Solsr R ~ l i ~ t i o n  Presslire O F  iic:celc:r;ttions tlxperienced by sl~i~cscri~ft in orbit,. If we m,<  SO 
iriclride &I1 of i.he possible forces GMAT c.m-1 model in the 
s~~mmation on t,he left. hand side of Eq. (5.2): then we 
tvoltld have Tn genf:ra.l, Eq. ( 5 . 3 )  does not have a[] i~nii.lyti~ sohlticin 
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so GMAT uses n~mn~erical integration to find approxxinlate, 5.1.3 Multiple Spacecraft Propgation and 
al~lthough very accurate: solutions. GMAT uses first order Coupled Propagation of the Equa- 
nnrtleric:a,l iiltegra,tors, so we nnist tdie the three secor~d tions of hllotion 
order differential equations in Eq. (5 .3 )  and convert, than 
t,o six first order equations, So, vre define a new variable 
x mt:h th&i; 5.2 'Force NIodel.ling 

. 7  T x = / r T  v7']T=b y z 2j zj (5.4) 
5.2.1 Non-Spherical Gravity 

t,hc:x~ ti~lring t,he tk:riv;d;ive we rurivt: a t  
GMA'I? integri~~tes all spa.cecr;i,ft ecple.tions of sr~ol~ion 11s- , = [i.' v7'lT ;.. ,i 5 i 2 ij i]? (5.5) ing the Exth 's  Mean 32000 asis system. However, the 
user can choose central bodies other than t.he Earth zs 
the origin of the coorc1initt.e system of i~ltegriition. Grav- 

5.1.2 State 'fiansition ilIatrix Equations itat,io~~al forc:es are cot~serva~tive a t ~ d  only ii fiinction of 
position. To calcnlate the gr;tvitational force due to a 
non-spheric:al body, wt: need i o tlt:terrx~ix~t: the positioxl of 
the $pacecraft in tht? body Axed frarr~e FF. Howevt:r, t.he 

&lt, t,) = A@(L 1,) (5 .6 )  ecl~la,tior~s of rnotior~ are expreshed in terrrls of the positio~l 
of the spacecraft in the inertial frame. 

We ktww frcllri ~lyrla.mic:s t h d  the acceleriition in an - "1 (a. ( 1  inertial frame can be calculated 11sing 

wlhject t,o the initial conditions a,$ = Vli (5.16) 

@(to,  t o )  = 1fjX6 where U is the gravitational potent,ial. The potel:tial for 
21 nonspherical body comes from the sohit,ion to Laplace's 

Jf we de6-ne x its t:q11 i i  t .  lon: 
~ " j  - C) (5.17) 

then 

Now we can write A a,s 

For conve~lience, lets rise the following not,ation 

(5.9) 
The bolrltion to this eq~ia~ion is ~ r ~ o s t  e*ily expressetl in 
splierical, body-fixed coorcliiiates becalltuse IT: allows for a 
collvenient separation of variables. 

(.5.10) In ~pherical c:oordinates the gratlierrt of the gravita,- 
tional potential is 

(5.11) 
!Arc: set: that there are two singllJ.wities is1 F,cb (5.18). The 
first is when r = 0, wkdch is a t~onphysical ca,se itnd v ~ e  
will not rliscuss it further. The second singnlarity occurs 
when d, :::: f 90'. Pines2 developed a uniform expression 
of the gravite-tional pot,ential thiik iivoids the sing~rl:irity 
a,t i:he pules: (5.12) - /& 7L vL 

c I ----; [ 1+T , j - ) A?,,, (s) [C ,,,, cos(mh) c o p  ) 
(5. i 3) n=1 ~n =I? 

Examining this form of the potent.iiil it, is easy that t'here (5.15) , 

1s J L O ~  ii, sinqdarity 2.t t,hc: poles when t.i?king the gratlit:nt, 
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in sphericzl coordinat.es. Pines rewrites Lq. (5.19) as The derived Legendre polynomials are normalized wing 

\ n 11. ; w 
- 

\ ,  ALnl.  = flTimAnTn (5.27)  
o -I" 7' !I. ' + C (+) 1 f in ,n( l , ! ;C ,,,.,& rrn(s ,  t )  

n..-i I ~ L = O  (5.20)  where A,, a,re the norrnabized T,egec~clre pc!lynornials. 

, - 1  ~undhrg" )  showed that there me several recrlrsive al- -+ s n m i E [ s ,  t)] gorithm? to comp~ite A,,, - but t,hat only t,wo are stable. 
G&IryI' rises the following ;tlgorithm to rl:cl~rsively C ~ ~ C I I -  

where C:,,,,, and &,,, are the gravitational coeffliciellts, 3, late tt,, (jerivecl Ilegentfre polyr1ornica,ls 
t, and u. are g ixn  by 

t~nd rTn(.s, t )  isnd i , , , (s,  t j  arc! calcidated ~is ir~g the recllrsive [ ( 2 2 + 1 ) ( ? 2 - - n b -  l ) ( n+?n  -l)ll!"- - # relationships L ( 2 r ~  - 3 j (n  + m) ( r ~  - m) j i 14,15--2;1n 

r n = 1 ,  r 1 - . 5 ,  i n - - [ ) ,  i l - t  (5 .28)  

~ . , , = s r , - ~ - t i ~ ~ - ~ ~  I l ' , = ~ C ~ - ~ + t r , - :  The rec~~rsive algoribhm is st.arted using 

The coefficients AZm(u) are celled "derived" Legendre 
fiinctions and fire given by 

where we know from Rorlrig~~es"-~ formillit that 

ancl 
d'" 

7 = 1 - U ~ ) ~ ~ - ? , L  (5 .23)  
clum 

For nuinerical reasons it. is iisefill to normalize some 
of t,hc: terms in the potential fimct.ion, U .  By nornial- 
king the spherical coefEcii?ni.s and the dctrived 1,egendre 
pulyno~nials we can irrlprove the stability of recl~rsivt. iil- 
gorithms used to calculate the Legendre polynomials and 
improved nimierical problems. We iise the nondimen~ion- 
;tlization approach and described by by,~mtlbt:rg.'~ Llmd- 
berg chooses the normalizat,ion factor so t,hat the nornml- 
ized spherical hitrmonics c,L7E, and ,$,, will hiivc? a mean 
sclixi~t: ~ i ~ l i ~ :  i ~ f  one  ox^ the uxdt sphere. The norxndizt:d 
T,rgendre fr~rnctiors~ I-',,,, are defined so that the product 
of the spherical harmonic coefficients and the correspond- 
ing Legendre functions remain consttlnt; or 

- - 
P n,r,& CGrn - k)rLInCnrrl > 7 

-Pn?rL swrri - -t ,,mhmn 
(5.24)  

GNAT wses the normalization factor I V ~ , , ~  given by 

The ~bove  eq~iations are normalized using Eq. (5.27) ancl 
used in 

The acceleration due to nouspherical gravity can be 
written as 

To simplify the partial derivatives in Eq. (5.311, Pines 
defines sornt: int.ermediate variables as follows 

Yo = p l r  

P I  = PPo (5 .32)  
Pn = pp,,.. 1 for TZ > 1 

TJsixlg T,imdberg's ~~ondinls~~sion:~,Iiziztii)~~ appronth, wc: c:3.n 
writ(. 

r 7 
The partial clerivatiws in Eq. (5 .31)  can be vrritten as 

1 he lion-dn~ensional spherical harmonic coefficients and 
Legendre f~mdions ;\re 3~ 3~ tau u 3 ~ 1  - - -- - -- - -- - 

as at ~ Z L  c?,, AyTvl;l 71 (5 .34)  ,Ymm = - rn 
n = n i n  c*m = - 

.$;,L',,,n f ~ l - + i  
f l 7 , v n  - ~n+l,n.+1~v;,+l,7n+1fiT>,~~~ 

(5 .26)  n=O nz=O 
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I!" 
w h ~ r e  C ,  is a syniniet,ric matrix wit,h components giwn 

(7l)Tr~k;r~~ (5.35) 
r 8 s  1n=O by 

wherrre 
Note that 

I /% C,~, .~ ,~+I  = [(n. - m)(n, -+ m + 111 i3u a[/ t au t L a ~ r  a4 ;::: - - - - -- - -- 
(n+m+2j(n+ m.+l) I 

j.5.54) 
3.r r 3s r at r 371. 

c~i.+i,m+l = (2n. t 3) (2.71 + 2) and is given in Eq. (5.34). 

To calculate the nonzero portion of the sensitivity ma- 
trix, we begin by ealclnting the following 9 ternis: 5.2.2 YL-Body Point Mass Gravity 

a? 7;. 

Pn+2 - - The gravitational perturbation d~ie  t,o 3 point masses is 
: = c x h-- 1).4.mGn"n (5.38) 

n=O PX-0 
well 1it10~. I-Iowevi?r, we sill derive t.he governing difler- 

'~;i T L  eniia,l ecl~~ation bare, ;;,s well a.s the c:orriponenerd:ss of the 

a,l2 = 1 &E nl(m - l)A,,B, (5.39) sensit,illty matrix L,et,'s begln by defining some notation 
n=() 

12; 
m=O referr; mg t u  Fig.5.1. Assn~nt: the jith body is the c:eritrzl 

'Y: n 
Pn,+% body of the integraiion. 

a13 - L_ C nc7~ ,n~+ lb ,m+1bLm (5.40) 
n=O @ v'=o 

Cemtra.1 Body 
kt" Body 

X TL 

P7l-1-2 
a14 = - ---5-- n ~ ~ , , + i ; ~ + : t A , +  ~ . ~ + 1 . 2 & , 4 1 )  

TJ,=O 'b vn=o 
X? 

Pn+2 a23 -- ): - x ni.~~.7n~;-:AlL.,,l.tt1~n1n (5.42) I I 

n<=o %3 ,::=O I I 

30 n I I 

cb24 L x L!Y!k2. 17%Cn+l,lR+l A",,+] ,m+ [ &5,,43) 
7,=0 1% Tn,=,, 

CU n 5-7 PC t 2 
i /' 

I - )7 ~ - ~ , ~ + : ! A ~ ~ , ~ + a l j ? ~  (5.44) ass = , RL 
n=O 8 m,=(l 

i // I ' 

X II / t 

Q4 .::: pn+3 / 5% 
- ): 7 GL_I-I,~~+-ZA,L-/-~;~~L+Z~~?':&~.~~ 

,rL=O 'a ~n=o / 
3C) T I  

Pn 4-2 
a44 = ~ ~ + 2 , ~ + 2 k + 2 , m + % i ' ~ i ~ n  (5.46) 

"LxO m=o / 1% 
i 

where 
Figure 5.1: N-Body Illustrat,ion 

0 F, is the pobition uf the spacecraft with respect a 
hjrpo thesized inertiiil fr~nlc:. 

fl is the! positk)n of thr: cerd;rel botly with respect. 
it hypothesizecl irtertial friuile. 

F k  is t,he position of the k"!" gritvit;tt.ional body with 
rc:spt!(:t. il 'hypc)t,hesizcd inc:rl.i:i,l G;3,xtie. 
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r is the position of the spscecraR with respect to We call break down the acceleration in the equation above 
the cent,ral body of int.egrat.ion ( j t h  body). into three physical categories The first term is the ac- 

r k  is tht: position of the kt" gr:3.vitat,ior1:3~ hody with 
respect to the c:eni.ral body. 

We need the governing differenti a1 equation that de-- 
scribes the motion of the spacecraft with respect to the 
centriil body. I-Ioviever, wt? know that wt? must applv New- 
ton's 2nd Law in an inertial fran1.e. So, ~ 7 e  begin by defio- 
ing t,he relative position of the spixecrsft with respect to 
t.he central hody. E'ronl inspection of Fig.5.1 we see that 

By reort-lering :i~;ncl t,;.~lring the: second (krivat ive with re- 
spect to tirne we obtair~ 

celeration on the spacec:r;;,ft rille to a point n~ass  c:entral 
body. The second type of ternis are called direct terms. 
They sccollnt. for t.he force of t.he lcth body on the space- 
crt~ft,. '['he t,t~it.d type of l.t:rn~s :we ci~lled inctjrect.. '['hey 
accoriot for the force of ihe kth body on t.he central borly. 

Let.'s look st t.he contrib~itionis to the sensit,ivity ma- 
trix t3~;n.e Lo pcjinl. miiss pertcirk>atior~s. We notice that apnL 
is iiot a fuiiction of velocity. So, 

A p n ,  = Dyrrb = 0 3  x3 (5.63) 

We  SO know thi~i. 

.. .. ., - - r = rs - r j  !5.56; This l e w s  CpTn as the only nun-trivid term for point 
mass gravitational effects. Let,'s look first at the deriw- 

We can apply Nen~~on's 2ncl Law to the spacecraft and tives of the point rr~ass term. rt7e cam use i.he vwc:t.or iden- 
obt ain t,ity in Erl. (12.4) t,o arrive at 

where ( r k  - r )  is a vector from the spacecraft to  the kth, Similarly, applying Eq. (13.4) to the direct termns we 
body, m, is the mas6 of the sp;tcccraft, and m k  is the thiit 
~rii~ss of the kth body. (:an writ.e gs as simply 

/ \ 

.n 
We can apply Newton's 2nd L.aw to the j" body and -- ,pk 

obtain /irk - rl13 
k = l  

IL k f j  .k#j 
:: G n ~ ; m j  WL ' N L ~  m . r .  - .--..--...------. r -I- G)' ----: -------- r 

3 3 -- p3 k (5.59) (5.66) 
/ ~ r k l l : ~  

k=l  

k+ j Finally, the der.iv.iitive of (.he indi.rect. terms are zercj s r ~ d  
we have 

\:liere rhe first term IS the Influence of the spacecr,& on 
the central body, and the second term is the influence of I-'.- rrT 

C,, = - -I3 + 31" - the I% point m i ~ s  pev i t a i i~nd  bodies. We can write f ,  T3  r b 

aa sjr[~ply - 
I 

Gm 7;. 
m k  71 

rj - 2 ~ + G X - r k  (5.60) - 
~3 

k=l  
[iric113 

k + j  
- r )  / I 5  

k+:j k f j  
/ Suhst,itut,ing Eq. (5.58) and (5.60) into (5.56) we get \ 

+, 

2 

IL n (5.67) 

Clonil)ining sirnilar terms v,rt? can c:xj,ress the reslilt. its 

Finally, cullect,ing t,rrrrrs yirltB 

k f j  



5.2.3 Atlnospheric Drag 

where 
VTSj = v  - 01x1 X 1' 

The rmer can provide z p value for l1se in the sohition 
of the ecliii~tions of motion. 

(5.69) The body sholild store the users originill input fur thf:! 
stsic: iiattl epoch, in1 tht: 5te.t.e tmcl epcbi:h c:al(:irl;j,t.ed st 
the last request fwr statie ir~forina~tior~. Then, when ibt: 

(5.70) next request is nlsrle for st&e informztion; the epoch and 
~ t i ~ t e  from the last rec41.1est are used as the inpnt st.ate for where w~ is the Earth's angular ve1ot:ity vectcir iri the 
next. cslcdat.ion. FK5 system. 

GMA'I' tiotls not crirrentlv slipport. cislct~l;!.ting [,he SZ'M 
r~si-ng drag. The c:o-m~ponents of the sertsitivity rnat.rix A 5.3.3 A.tm.os~heric Derlsit~ 
contain derivatives of the atinospl~eiie density with re- 
spect to position. These derivat.ives are non trivial for 
most density mocl.els aod sre not current:ly included in 2YK, + 0 . 0 3 e K p  = A, + 100 (1 - e(-0.08"p)' 

GMAT. \ 
(5.77) 

5.3.4 Jacchia Roberts 
5.2.4 Solar 'Radiation Pressure 

MSISESO 

CflAg as :=:: -- pq - 5 . 7 )  A. E. Hedin, Ext.ension of the MSIS 'I'hermospheric Model 
'Ti'&, into the h.litld k: and Lowex .Atmosphere, J.  Gc:ophys. Rc:s. 

where B is s nr~itbeti vector pointing from ihe spa.crcra,fi ytj, 1159, .~r~91.. 
to the sun 

s = r s - r  (5.72) I)isc~ms o'bserved vs. adjusted for F10.7 values, also 
URSI Series D 

where r, is the Sun's position vector s r ~ d  r  is the t i p ~ ~ e -  
crafts position vector. For testing http://n~sdc.gsfc.nasa.gov/space/model:/models/mr~is 

h.ttp://www.i~,gi~.~~rg/jo11rnals:'ja/ja.0212/2i)O2JAOif9430/ 
A ... D ... 

S---- ~ - - - 0 3 ~ 3  (5.73) go to aixxillarg rnsterial on the kft  side rrleriir and ope11 
the tables-d;it;t%ets.doc 

R - (5.74) ~, 

Other ~lsefill niodels http://r~~:ssdc.gsfc.nasa,.gov/spacx:/mnod~:l/ 

where Exponential Atmosphere 

(5.76) 
Solar Ratlliation Prsssure 

5.2.5 Spacecraft Thrrrst 

5.3 Environment Modelling 

5.3.1. Celestial E3od.y Ephemeris 

5.3.2 Analytic Ephemeris Model 

For a ncw body, the user must inpwt the central 
l~ody hy choosing €ram the 0 P1anrt.s or the SIIKL. 

0 The riser n l i . ~ t  provide the lc(:!plerian elenlents, in 
t.he cc:~ll;r;tl boc1-y cf:nt,t:recl, MJ200OEq itxis systc:m. 



Chapter 6 

Attitude 

The ai, t-it.ndc of a sp:u:ec raft can btt defined qn ali ta- TAet,'s begin 11y loolting i~,t tht! i11tt:rn;l.l at t.it.nt1c: st;a,te rsp- 
tivc:ly ;3,s how tht: spi~cc:?crwft. is orient.ed i11 inertial spiu:e, reser~tatiox~ and hocv the user can dctfime initial corcd:it,i!>t~s. 
and how that orientation changes in time. GhIAT has 
the ability to model the orientation and rate of rotation 
OF a spacecraft usrng several difTerent rnathe~~atical rnod- 
sb.  Clirrsrttly, GhIAT assclrnes that a spiic*ec:raH is a rigid 
Lody. 

r ,  I here are nlariy ways t , ~  qxti2xit,ita tively d(:scrll)e the 
oriex~tatiox~ and rate of rotat iom of it spac:ecraft, jilht like 
there are many ways we can cpiantitatively describe an 
orbit state Let's define any set of numbers that can 
urslquely define the spacecraft attltude as an attltude pn- 
rameterization. GM-41 allows the users to 1ise several 
conmron attitude p>~riinretcrizatio~ inchtding q~liitmiions, 
Errler iinglca, the Dirt:ction C:osln e Matrix (DCM) , E11lt.r. 
angle rates, ant3 the angular velocity vector. Givem an 
iilitial attitride stdte. GhlAT can propagite tlie a t t i t~~de  
using one of severai kinematic attitude propagation mod- 
el s. 

In this chapter, we discuss the attitude pmameteriza- 
t,ions supported in Gh~lA'l', i~nd how t.o convt:rt. between 
the different by-pes. 1% discuss the internal stat.e parant- 
et,eri;sst,ion that GMAT uses. Nest we investigate i.he 
types of atttitulde nrodes in GMAT and discuss in detail 
how GhlkYl'r propt~gates the spacecraft rittit~tde in all of 
the Kinenlatic attiiude ~nocles. We conc:hlde the cl-~a~pter 
with a discussion of how GMKY converts between differ- 
ent iittit,nde p;;sim?etc.riziitions. 

6.1. Attitude Propagation 

Given a set of initial conditions that define the attitude, 
GMA'l'r c;m propagat,e the i:ttit.i.tde using several met.hods. 
C!ilrrently, CGMA'I:' only s>xpport,"i liinemi~tic ibttit~ltlc: prop- 
agation. Jn Kinenlatic mode, the attitude is defined by- 
describing tlie desired orientation with respect to other 
objects such as spacecraft or celest,ial 'bodies. With this 
irifom~iit~ion, Gh.IiVl' ciLn ce.lc~lle,t,e t.hs rtlqliired ~it,tit,t~de 
to satisfy the desired geometrical configuration. This sec- 
t,ion presents the different. Kinematic a.t,t,itude modes, and 
IIOW GMA'I' calc1tlat.e~ the i~ttitilcle stilt!: in mode. 

6.1.1 Internal State Representation and 
Attitude Initial Condit;ions 

Certain at.tit.11de pararileterizai,ioos are more rlsefrll for 
attitude propagation, while other attitilde psrameteriza- 
t.ions are morc: intilitim? for prcvvidi~ing at.t.itridc: initid coxt- 
ditions or out;pnt. GMA'T' uses differeat internal pa.:ca~x~- 
eterizations of the attitude orientation depending lipon 
the attitude mode. The type of parameterization is cho- 
sen to malit? the i~ttitnde propiigitt,ion algorit.hms natural 
and c:o:mvenient. For the kinemaiic: motles: GMAT uses 
the DCM that represents the rotation from the inertial 
system to the body >axes its the iittitlide orientat,ion pa- 
rizmt:tt:rizittion. In t.he fnt-r~re, when ti degret: of €rt:c:clorn 
attitirde modelling is irny)le[neiited, GMAT will me ihe 
quaternion that represents the rotat.ion kom the inertial 
sys t,eni to the body axes. GMM? usc:s t,hc: inglilar velocity 
of t,he body with respect; to the inerl.ial €raniel eq~ressed 
in the Lody frame; as tlie rate portion of the 
st,ate vector. 

For convertittnce, the user can c:lioose a r:oortlinate sys- 
ten1 in which to define the initial attitude state. Let's 
call this system Ji. The user can define the initial at.- 
titude orientation with respect t.o Fi using Eriler ~ngles, 
the DCM, or quaternions. %'be user can define the body 
rate with respect, to F$ by defining t.he angular velocity 
in Xi, ( ~ 1 ~ ~ } ~ ,  or by def n ing the Euler a.ngle rat;es. No-te 
thiit rnot all :ittitude nlodes reclirire l.hese three pieces of 
information. ?'Ire speciiic inputs for each attitude mode 
are discussed below: along with details abouit how atti- 
i:~ide propa.gation is pt?rforncc:d in each mode. 

6.1.2 Kinematic -Attitude I'ropagation 

The Kinematic attitude mode allovrs a user t,o ilefine a 
geometrical conGgur.i~I:ion based on the relative posit.ion 
of ' spacecraft with respect to other spacec:ra.ft. or celes- 
t.isl bodies, and wit.h respect to different. coordinate sys- 
t,e~ns. In Kix~c:nlat.ic: mode, Ghtf~Z'(' dot:s not: intc:gri!.tc: the 



;it,titllde equations of mot,ion, bnt rattler calclllates the 
attitude based nn the geemetrical tlefinit,ior~ provided by 
the user. There are severzl Kinenlatic nlcdes 1.0 choose 
froin. The different n~odes allow tlie user to conveniently 
clefine the spacecraft at,t,itude depending on t.he type of 
al;I:it~de profile need-ed for a specilic rx~issic!n. To begin, 
let's look at ]low GMAT calculates ihe al.i.itilc1e statme ill 

the C'oordinate System Fked attitude (CSFixed). 

where IZai is known from riser input, and RBi is known 
from Eq. (6.1) . GMrYI' knovrs how to calc~ilatc: for 
all sllowiible F1 ;;at1 tietamils are c:ontaJned in Ch. 3. 

In wimmtiry, in CS%hed mode, Eq.(6.1) is used to 
~i~I.cl~liit(: RBI i!nd Eq. (6.6) is 11sc:d to c:al(:lilat.e { w I ~ ) ~  
If another at1:itutie pararr~eterization is reclrlirecl, GkIAT 
uses the algorithms in Sec. 6.2 to tranqform from RBI 
and { w ~ ~ ) ~  to the recpured paran~et.erizat,ion. Now let's 
look at the spinning spacecraft mode. 

Coordinate System Fixed Mode 

Spinning Spacecraft Mode 
In t.1~: CSFixed r!,ttitudc! mock:, the Iiser snr~plies t,wo piecx:s -. 
of information. %'hey first specify a coordinate eystenl in 
which to fix the at,t,itude, F,. Fi can be any of t,he de- In spinmling spacecraft mode, GMAT propagates the at- 

€:),ul t coordinat,e sgsti?rt~s or :Lrq user &:fined coc,rdir~ate titude by assuming the spin axis direction is fixed in in- 
ertial spiice. The spiicecr;l,ft. at.t,itiide at. some time, 1, is system. Se!contll~: the user specifies how the body axis 

system: F-c is orielited with respect to Fi by defining deterinined from the atiitlitfe initial condii.ior~s, the angrl- 

RBi or an equivalent, parameterization. Wit,h this infor- lm velocity vector, ;ind the elapsed time from the uiit,ial 

m:~,t,ion, GMKl' c;zlcrrlates the rotii,tion frorn the inertial spacecraft epoch. Let's t,ake a closer look at the ciilc~~ltk- 

to the body axes and the angular ireloci1.y of the boc1y t,ions. 

with respect to t,he inertia1 frame, expressed in the body 1, the spinning spacecraft mode, the user 
€r;3,111.e, { w ~ ~ ) ~  three pieces of inforn~at,ion. They first choose a coordi- 

GMAT calculates the rotation r~latrix frorn Fi to Fs ,  niite systern, Fi ,  in which to define the initial conditions. 

RBi, from the initial conditions provided by the user. Fur Secondly, they define the initial orientation vrith respect. 
t,o Fi by providing RB4 or an eqliivrilent. pt~ramet,erzation CSFixed mode, RBc is constant is st.ored fbr me  in 

the ecpiiitio~ls below. Knowing RSui, we car] r:alcldaie the t*hitt is f.ht?t~ convartsd i,o the DCM. 'The! wer idso pro- 

rotation mai,rix fro111 the inertial frarne to t,he body framel .virles tlie ang11l;x velocity of  the body axes with respect 

RBI, rising the following eqritition to the inertial axes expressed in 3,: (wIBj i  

'li, ci~lcliliitte R B l ( t )  where t is :in iirbitr;iry epoch, we 
RdBI - RB.iR.iI 

begin by c:ulculating RipOK where R.B,; = R. fgr( to) .  MTe 

Rir is the rothtitjon ma,triu fronl 31 to Fi  and GMAT calclilate Riz,; rising 

h w s  how to calc~ilate this niatrix for all allowable 3,. RBGI - RB.iRiI (to) (6.7) 
For details on t,he c~lc~ilat.ion of this mat,rix for i~ll coor- 
tiiniite systerm in GMAT see Ch. 3. where RBi comes from riser provided ilata, and Rir(to) 

r l 
is calc~dated by GMfW and is dependent ripon Fi.  See 

l o  cilcdat,e ( i ~ ~ ~ ) ~ ,  we start from Elders? equation: ~ h .  3 fCIr dtlt,Rjls how GMR'J; ca~cllla,tes R~~ for 
allotva.blr coordinate syst,rtns in GMAT. 

RBI - - ( w ~ ~ ~ ) ~ F { , ~ ~  (6.2) 
Uefore c;tlc~ilat~ing R r ( t )  we mnst determine the spin 

where axis in tbt! body frinne!, { W I B ) ~  '1:lb~ 1w:r provides (w? y ) i  
--WQ W 2  In spinr~iilg rrlutle we assirme l,he sj)in mis ilirect,ior~ is con- 

( u ~ ~ ~ ) ~ : :  ( 2 3  4 -;l) (6.3) sti~nt in inertial space iind in the body frame so [wi i i je ( t )  
- 0% - { ~ ~ ~ ) ~ ( t , )  - { o ~ ~ ) ~ .  kt?? can find thr: spin axis in 

a,o(j {W1,3)lj.  is the rot,at,io[l of & respect to .fi? the body frarne lisjrlg RCui iis ~oI~<!ws 
expressed in Fi3. Solving Eq. 6.2 for ( W ~ ? ~ ) ~  we obtain 

( W J B ) R  == R R ~ { w I R ) ~  (6.8) 

{ u X I B  j B  :::: --kBInT B I  (6.4) once c:a.I(:~~I:ited, GMAT saves R . ~ , ~  irnrl ( U I B ) ~  fix nse 
ill calcdating the attitude orientation anif rate at other 

'ra.ki~,g the tlerivative of Ecl. (6.1) with respect to t,ime epoclls. 
vields 

kecr = R ~ , ~ R ~ ~  ( 6 . 5 )  GbT AT calc-~rlalies RBI ( t )  using the Euler iixis:'angle 
rotation algorit,hm in Sec. 6.2. The Eliler axis is simply 

because by definition, for the CSFjxed nlode, R.fTi = 0. 
t,he llnit,ized i n g ~ ~ l t ~ r  velocit.y vector or, 

Snhstit~iting Ec4. (6.5) into Eq. (6.4) we obtain 



where 

WID - I / ( ~ I B ) B ~ ~  (6.10) 

The Enler angle ($ is calc~ilat,ed 11eing 

where t  is the current epoch, and to is t,he spacecraft's 
initial epoch. T,et?s define the rotation matrix that results 
fiom the Elder axisjangle rotation using a and 4(t),  as 
RRR,, ( t ) .  Uie cit,n calc~ditte RSI ( t )  using 

6.2.2 Conversion: DCNI to Quaternions 

Given: R 

Find: q, q 4  

Define foliovJing vector 

v = lRll Rz2 R33 trizce(R)] (5.17) 

Define i,, its t,he index of the n~axim~lni component of v 

if i, = 1 

RBI ( t )  = RE:*, j t ) R ~ , l  ((3.12) 2ui_ + 1 - trace(R) 
H1.a + &I (6.1 8) 

'I'G summarize, in spi~ining mode the wt:r provides 1123 - fi32 
RBi and ( i ~ r r 3 ) . i . .  GMAT iissutnes tha,t that the spin 
axis direction is const.iznt., tind rises the Elder i:.xis/tingle if ivn - 2 

metbod to propagate the! al.t,il;ude to j?nd RBI. 1i21 + l t12 

2va, + 1 - trace(R) 
Now let's look &t how GNAT perforxns conversions 

between the different attitude parameterizations . 

6.2 Attitude Paraneterizations 
and Conversions 

if i., = 4 
This sect,ion det.ails how (:MAT converts behieen differ- 
tmt iittitl~tle p~~.rtmtt:tt:rizii~tic~ns. Wr each conversii~n type, 
arly singnlasities titat may occ:ur are xci.dressec1. The ori- (6.21) 

entat.ion piirameterizstions in GMAT inchlde the DCM, 1 + trece(Rj 
El~ler h g k s ,  q~xi~~terrdons, iind Eill.lr:r iixis/izngIe. 'I'he 
botiy r;%te p;-~ranleterizst,ions i~lclride Eder arlgle r;$es ;inti We Cf llsing 

anguil~x velocity. We begin with tht: algorithm to trans- 
form from the quilternions to the DCM. / 4'/ 

9 = p j -  (5.22) 
114 11 

Rnl.,lly, 
6.2.1 Conversion: Quaternions to DCM q = [ q :  9: dlT (6.23) 

Name: To C'os-in.e?/fa t ri 6.2.8 Conversion: DCM to Euler 
Axis/Angle 

-4 q2 Find: a, 6 
(6.14) 



1 -HZ3 - H32 The approach is similsr for the remaining 11 Elder 
R:<: - £213 

= - ( 2 ;ingle seqticnces. Ri~ther t,h;in derilre the DC.11 mat,rices 2 sin 4 12 
12 - 1221 fer the retnaioiog 11 seclllences, we present tlten~ in Table 

If 11 sin < 10- 14, then nre ass~ in~e  6.1. 

a = [  1 0 0lir  (6.28) 

Not,e thilt if 11 sin $I/ < l0-'" then cos 6 G 1 and we arrive 6.2.6 Conversion: DCNI to Euler An.gles 
at a DCM of 1s. 

Given: Seqllsnce order ( i.e. 123, 121 . .. . 313), R, 

6.2.4 Conversion: Euler Axis/Aagle to Find: 81, B2, 63 

D C ~ I  TVe'll givc: an t:xiirnple fcor 23. 321 ro.t,i~l.ion, e;ntl then 
present res~xlts for t.be telr~adr~ing 11 Erller angle secplences. 

C3vc:n: a, 4 Examining, Eq. (6.351, we see that 

Find: R Kzl cos $2 sin Oi 
--. ... (6.36) 

Rll cos 82 cos 01 

Frorn this nrc can sec: t.hat. 

(6.29) B21. o1 - tfi,n-l - (6.37) 
H11 

R = cot; &I3 + (1 - cos 4)aaT - sin dax (6.30) h r t h e r  inspection of Eq. (6.351 shows 11s that 

6.2.5 Conversion: Euler Arlgles to DCwI At. first glmce, lve may choose to cdculate Q3 1 ~ i n g  Q3 = 
tiin-! (&23!;&,73). Hovrever, in t,he chse th8t Oz ::: 90"; this 

Given: Seq~itmce orc1t:r ( i.t:. 1.23, 121, .... 313), 0:, 02, Q3 wcnll(J rt:stdt in the intieterrnina6e ci-e, 83 -- tan--'(fQs/R3s) 
= tan-'(0/0). An irnproveil method, fonnd in the ADEAS 

Finrl: R mathematical specifications document, is to deterrnirle By 

!%'I1 give an t:xii~tlple for a. 321. rot,i~t.ion, ;j ,Tl t l  then ""j"g 

present reslxlts for t.he re~nainiog :L 1. Euler angle secperlc:es. sin 0,. - h!s2 cos 191 
First, let's define R 3 ( Q ~ ) ,  RZ(Q2), and RI.(0s). -Kzl sin 81 + ttxz cos Bl ) , (6.39) 

Suhst.ituting vihies from Eq. (6.35) int,o Eq. (6.391, and 
i6.31) 11sing at~t)reviat.ecj nol;a.t,ion, nre see thi~i; 

0 .--. /s l  (sjsl + C ~ S ~ C ]  j - c1(-sscI c c3s2sl) 
0 - sine2 3 - tilll-] I \ s:, (c:3s1 - s:$s%c:,) + cI(c:<c1 + s:$s?.s:,) 

(6.32) (6.40) 
sinQz 0 cos 62 Now: if 02 -::: SOg, and we s1rbstit11t.e cz :::: 0 and s2 :::: 1 

1 0  in1.o the above eql;it,ion, we set: we get ;I, del.ernlirlat,e form. 

0 cos61.3 sin O3 (6.33) R.e~i1li.s for all twelve Elller Seq~le~ices are shown in Table 
0 - sin$:, cos Bs 6.3. 

Now we can write Not,e: All l i~,n--l  11st: s cptaclrsnt check ( sqr~aivalent to 

Rjll :::: R1. (03)RZ(02)123 (01 ) ::: atan2 ) to o:alcr sure the the correct cpla,drat~t is chosen. 

6.2.7 Conversion: Angular Velocity to 
0 1 

Euler Angles Rates 
(6.34) 

tvhc:rt: c: = cosQ1, sl - sixiQl c?%c. TVe ciln rewrite R,:321 C:ivc:n: Seql;lc!nc:e ( i.e. 1.23, 121, .... 313), Qz, O3 w 
as 

Find: 8,, d2, #3 
c2c1 Q.51 - S 2  

-c:%sl + s:lsac: c3cl f S : ~ S ~ S ~  s3e2 
, s:3s1 -3- Cy.SzC1 .--.S3'31 -4- CgS251 C3C2 (6.41) 

(6.35) 



6.3. APPENDIX I 

S-I (Qa, B3) is dependent upon tlie Eliler sequence. Table 
6.2 contains che &Berent expressiorl:+ for S - ' (02, U3) for 
each of the 12 llrdcllle Enler secpuences. 

Note: Each of the forms of S-' have it possible singw 
li3rit;qr th~e to t8he i~p~)ei~r;j,~lce of c:it,hc.r sin Bz or c:osBz in 
the t-lenornit~iti.or. If GhhIAT erlcunn1;ers a sing~~hrity,  it11 

error message is thrown, mcl the zero vector is retlirned. 

6.2.8 Conversion: Euler Angles Rates to 
Angular Velocity 

S (Q2, 03) is dependent ilpon the Enler sequence. Table 6.2 
C O ~ L ~ , ~ ~ I I ~ S  the different r?xpresslc,ns €or S-'(02. 09) for each 
of the 1 2  ~roiclr~e Euler sequences. 

6.2.9 Conversion: Quaternions to Euler 
Angles 

Find: 01, 6'2, ;,.nd 09 

There i t  not a direct transformation to col~wrt from 
the quaternlors to the Euler Angles GMAT fist converts 
from the qlli~i ernlon to the DCM u$ing 1 he idgorithm in 
Sec. 6.2.2. Tlie DCb1 is th r r~  i~sscl to cxlculat e the Eo- 
lar Angles for the giveii Eliler amble seq~ielce wing the 
i ~ l ~ o r l t l ~ n ~  in Sc:c. 6.2.6. 

6.2.10 Conversion: Euler Angles to Quater- 
nions 

Given: d l ,  192; and B3, E~iler Seqlience 

r ,  I ht:re is not x direct t,raonforxniii;ion to convc:rl from 
E,l~ler Angles to qust,ernions. GMAT first converts from 
the Eliler Angles to tlie DCM iising the algorithm in Sec. 
6.2.5. The DCM is  the11 lisc:?d t.o calc~llittu the qlwtemions 
ilsiiig t.he algorjtl-ta~ in Sec:. 6.2.2. 

6.3 Appendix 1 
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CHA4PTER. 6. ATTITUDE 

Table 6 3 :  Computat.ion of Euikr Angles frr.)rt~ DCM .......... ...... 

l3rilt:r Seqilencx: En1t:r Angle Clonlpld;e,tions 
............................................................................................................................................................................................................................................................ 

sin -t. 1<12 cos ' 
R.3 (03)Rz f02)R1 (0,) Q1 = tan---' (- H32,iR33) $2 = ~ i l l - ' ( K ~ ~ )  

$3 = dar~-- ' H23 sill O:, + cos 6'1 , ) 
1 ................................................... 

sin Q1 - li13 cos Ql 
R.z(03)Rs (Q2)Rl (el) 0' -- t.an---' (R.23jR.22) o2 -- sin- (- nzl) , 1 

-&32 sin 9: + cos B1 

RZ1 sin Ql -t. 1323 cus 01 
R.1 (Q3)R3(Q2)R2(Ol j O1 - t*iin-.l(- R13/Rll) 

H3; sin Ol + "33 cos HI ) 
Q2 = sin-' , 

1Z2:3 sin 01 - lhl cos Q1 
R.3 (03)R1(02)R2 (@I) 81 = t,iin---' (&I i&3) . (-RS2) 0 3 - - t ~ x ~ - - 1  -Hl3 sin 0: + K1 1 cos B1 

1232 sin Ql -t 141 cos 01 ' 
R.2 (Q3)R1 (B2)R3 (01 1 O1 = t,iin--- ' (- RZ1 ,/ RZ2) o2 - sin-' ( R ~ 3 )  03 - t:31~-- H.,% sin 6, + R:: cos 81 , 

lI3: sin01 - 1<:12 cosQ1 
R.1 (03)R2 (o2)R3 (01) Q1 = t,iin.--l jRll)  O2 -- sin-' (-  !Il3) O3 --  tax^-- l 

-R3:3 sin 01 - RR2 cas dl. 

-Kzl. sir] 9: + Haa ccs O1 , 

R.l (03)R2(Qz)RI (Bl j Ol - t,an---' (Klzj(-l<13)) , . .  0 = s '( . i l l)  O3 = t:3,~1-- ' 
Ra3 sii~.Br + Kzz cos dl 

Q -RZ2 sin 81 + "23 CQS 9,. 
... R.1 (03)R3 (02)RI (01) B1 = t , ~ n - ~ ( l < . ~ ~ j ( l i . ~ ~ ) )  2 - cos-l(1Lll) O3 -- l;i311-l 

- K:rz sin 9: + cos B1 

0 - ... COS- 1 ( &I o3 -- liax1- 1 -R33 sin 81 + R3 I cos 81. 
R.2(03)R1 (Bz)R2 (01) 0 1 - --- t , i i ~  I /' 1) 

-Kl3 S ~ I I  $1 + H,.l cos O1 

sin 61 - £213 cos GI. - t . i ~ n - ~ ( ~ ~ ~ / ( - H ~ ~ j )  O2 = c o ~ - ' ( [ i ~ ~ )  O3 -- taxl--l R.2 (03)R3 (Oz)R2 (01) 0 --- 
H.31 sir~ $1 + K3:; cos O1 

-RZa sill 0: - EZ1 cos dl 
R.3(@3)R1 (Q2)R3(O11 O1 -- t.an-l (Itsl / ( - ~ < ~ ~ j )  O2 -- COS- (.ti33) 83 -- ~ B . T I -  , fi12 hi11 $1 + Kll cos tJ1 , 

sin 61 + E12 cos B1 
................................................... R.3(03)R2(02)R3(Ol j O1 -- t,i~n-~(1<.32j(Ji.3l)) o2 COS-1(-[i33) o3 -- tg ,~~- l  
-KZl sir1 $1 + HZ2 c0s Q1 



Chapter 7 

Numerical Integrators 

7.1 Runge-Kutt a Integrators estirnat.e of the aacc~lrsc:y of the st.ep; a sec:ond set of c:uef- 
ficients corresponding to this second integration scheme 
citn be used to obtain a soh~tion 

The R~mge-Kutta integration scherne is a single step metlioil 
used to solve differential eq~.~at.ions for n coupled vari;tbbs 

(The sl~perscript in this d i sc~~s ion  refers to the vari- 
ables; hence f i  is the itiL variable, and r(") refers to all 
rr, variables.) The method t a k a  a11 iit~tegrstiticm st.ep, h? 
by breaking the interval into several stages (uwlally of 
smaller size) and calc~~lating estin~a,t,es of the integriit,ion 
remiit i~t: ei3.ct1 stage. 'I'hc: lat.t!r st,ages I I ~ :  the rc:sl~ll:s of 
the earlier stages. The cumulative effect of the i.ntegra-. 
tion is an approximate to td  step St, accurate to s ,' "lsTeii 
order in the series expansion of t.he differentid equation, 
for t,hc: st iJ;e varirtbles ra (1 + 61) givnn the stat.e ri (t) .  

The t,ime increment for a given stage is given as a 
rmdt,ipie ai of the t,ot:3l time fit.ep c1c:sirc:tl; thus for. t.he 
;th, I, stilge the interv;il 11sed for the cii,lcilli3,tion is czi6t; [.he 
estimate of the integrated state at this stage is giwn by 

l a n e s  

With ci3se7 t.11.e st,i~ge t?fit,irni3t~ k j  and Icj' can be se- 
1ec:teil so tbst t,he;y ste t.11.e ssrne; in that case, ttle estinlate 
of t,he error in tlie integration can be written 

(The diflerence between the coefiicient.~ q - c: is the 
array of error estimate coefficients (eel in tllis code.) 

(Inre the estimated error has been calc~dated, the size 
of the intc:grii.tion step cim I-)(: a.cls.ptec2 l o  it size more iip- 
pro[)rii~ttl;c: to t,hc: desirt:d > L < : c I I ~ ~ ~ , c ~  of the: integri~tion. Tf 
the step results in ;2 sohstion that is not accurate enough, 
the step neeck t,o be recitlc~~littted with :L smaller step size. 
Labeling the desired accuracy rr and the ohtitined accrl- 
ra,cy t (calculsted, for instaoce, as the largest elerner~t 
of the array A), the new step used by the Pbunge-Kutta 
integra.tor is 

where b,;, contains a set of coeficients specific t,o tlie a I / ( v r ; . -  I.) 
;St,,,,, = o6t - 

.R~mge-l(litta instimce being calc111;-zted. Given the results ( 6 j  
of t,t~c: stage ~ i t l ~ ~ b l ; i ~ ~ ~ ,  the total i111;c:g~i~tion step can 
he calculated using another set of coefficients? g am] t.he where nc is the cjrtier of t.rr~nc:atior~ of the series ex- 
formulit pansion of the differentid equations being solved. ?'he 

fact,or a is ii safety ft1,ctor incorporated int.o t,he calc~~lit- 
t.ion to avoid llnT1c:cessiLry iterat.ic~1 over at, t,enq)tc:d st.q)s. 

stage,? 
:I,) Conlnion ~)rsc:i:ice is to set this fixtor to O.!): i,biit is t.he 

rin) jt + 6t) = r("J ( t )  + cik; default vahle lisecl in this impleniesltztion. 
J-1 

Similarly, if the step tekcm does not result. in the d e  
The error control for these propa.gaturs is jroplenlented sired ac:cutscy, you may warti, i,o increase the step size 

by cornpartring the result,s of tv~o difierent orders of inte- pariimeter for the next. int.egr;tt,ion step. The new est,i- 
gr:>.tion. Tbe diEc:rence between t.he t,wo steps provides an rni~te: for the? dc:sire:tl stc:psize is giirer~ 11-y 



CHAPTER 7. NCLWERICAL 1NTEGRATOR.S 

set of first order d~flerential ecluatlons The algorltlm 1s 
fc~md at http: //chemical. caeds . eng.unl . e&l/onlinec/white/m: 
or in Riite. Mileller and Whii e. pp. 31 5-417. 

Sometimes you do not want to increase the stepsize The predictor step ext.rappoli-ztes the next state ri+l of 
in this manner; for exitmple, jroil miqr want t,a keep the t.hc: \r;.,rii3l)les 11sing tht: the d(:rivi~,t,ivc: ioforrxli3;t,ion ( f )  at, 
m,minlurn step taken at some fixed value. This irnplenlen- the current sl.;ite and three previons states of tlle vzri- 
tation provides a mechanism for specifying a maximllm ables, by applying the er41iatioil 
i~llowt!(I step. 

Sometimes it h c:ot~ve~lier~t to reqnest steps uf a sprc- h . 0 

ified size, regardless of the stepsize control algorithm or rq*;]. - T; + -- 24 [ 6 5 ~  - 59fi-,. + ~ 7 . f : ~ ~  - 9/~-,1 the czlclllation of the "best step7' described above. This 
irnplemelitaiior~ i-rc:compl isbes that tiisk by tiakir~g nnllti- 

error colItrolled steps is liecessary to st,e., across the The corrector uses derivat,ive information e~rahiated 

rerp.~ested interval. for this state, ak)og wii.h the deriviitive informatioli at 
t,he original state and two preceding st,ates, to ti.ine tliis 

Buih of these fea.t-clres are irnplenirnted ~ls i r~g the E)ooleiirrstate, giving the fha.1, corrected state: 
flags described in the base class for the integrators. See 
the doc~lnlent;'tion for the Integrator (p. ??) class for 
more information about; these flags. h r  . , 

d+]. 4 + - ; < # f * j  23 .. . , L + l + ~ ~ ) ~ ~ - 5 f ~ . _ l + 1 f ~ . - 2 /  

l 1  & Destructor Dc'cl''nerl" Rate, hlnslhir and &?lit t: give thr est inlatrd acc;ur>ic:y 
tat ion of this bcilutioo to be 

RungeKutta::RungeKutta (iilt st, int order) 

Pruvides the greatebt relative error in the state vector. 

, , Method used t.cj fire the step refinement (the corrector I. his method takes (.he s1;itke vect,cjr and c:s.lci~lit.tes t.hc 
phase). 

errcir in each cornponerd;. The error is tlleli ciivided by 
the change in the component. The functioi~ r e t u r s  the 
largest of the resulting relative errors. 

7.4 Bulirsch-St oer 
Overririe this ~ r~e thod  if you warkt a different error es- 

t,imate for the stepsize control. For example, we are ~lsing 

7.5 Stopping Condition Algorithrr~ 

Another pcq~r11;is approiit:h is to rlivicle the estimated 
error Ai by t,he norm of the corresponding 3-vector; for 
inst,iznce, divide the c:rror in x by t,tit: r t~iig~~it~ldt:  of t.he 
dkpbi:c:xnent in position for t.f~(: st.ep. 

7.2 Prince-Dormand Integrators 

Implementation of the ildams-Bashford-hIo1dton Predictor- 
C~r~.e(:td r. 

7.6 Integrator Coefficierlts 

Thk code implen~ents a fourth-order Adams-Biishford 
preclict.or Adivns-R~loi11t;m correct80r pitir t,o int,egr;~.t.c! ;a 
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3.053
1372

50949
71500
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23375
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2
81

615
1372
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5561
2376
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54
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55

35
11
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Table 7.1: Prince-Dormand 45 Coefficients

0

9	 9

1
3	 1 

±
2 	 4	 o

9	 324	 198	 81	 o

2	 83	 13	 (11	 9	 03	 330	 22	 66	 110

1	 19	 9	 i	 27	 22	 o28	 4	 7	 7	 7

1	 19	 3	 243	 33	 7
200	 5	 400	 40	 80

19	 3	 _243	 33	 oc3	 2-30	 40'.)	 40	 80
19	 431	 3 333243	 7857	 33	 957	 7	 193e9	 2005000	 5500	 400 __ 10000	 401ö	 802000	 50

Table 72: Prince-Dormand 56 Coefficients (Vrning: There is an error in the original source for these and we have
not found the correct coefficients yet!!)

ai j

0

4998	 11
17875

	

24206	 338

	

37125	 495

	

899983	 5225

	

200772	 1.836

	5610201	 42432

61 0	 98415	 16807	 1375	 1375	 37	 1
864	 321776	 146016	 7344	 5408	 1120	 10

61	 821	 9641519683	 16807	 175273	 1375	 395	 1375	 785	 37	 3	 1.
864	 10800	 321776	 71825	 146016	 912600	 7344 3672	 5408	 2704	 1120	 50	 10

0

3925
4056

0



CHAPTER 7. NUMERICAL INTEGRAT0R.S 

Table 7.3: Rungt?-Ku tta-Ft?k~Il:kt?rg 56 Coefficirnts 
ai 6 . .  ---__ 1 22- ------------------------------ 
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Chapter 8 

Mathematics in GMAT Scripting 

8.1 Basic Operators the same length. dotp is the scslitr protfuct. 

8.2 .M.at h Ebx~ct ions 

8.2.6 cross 
8.2.1 max 

[crosspl = cross(vecl  ,vec2) 

x is all nxrn maxX is a lxnL row vector cont;thl- The cross function caIc11latns the cross product of 

ing the m ~ x i r n ~ ~ m  vah~e in each col~imn of X. two vectors. vecl and vec2 rn~lht both be vectors with 
the same length. crossp is the cross prodrict. 

[minX] = min(Xi 8.2.7 norm 
X is rtn nxm ixrriiy. minx is a ?xm ixrily containing the 

rrlimlmoro v~hre corlt abed in each cow of X. Cnormvl = norm(vec> 

8.2.3 abs 

[absX] = abs(X> 

The norm f~lnc:tic)n calcirla1,es the 2-norm1 uf a vector. 
vec nmst both be a vector. nomv ib the root-bum-sq~lare 
of the components of vec. 

X is an nxrn array. absX is ;;, r~xrr~ i;,rriiy where each 
component is the absoh~te v;il~le of the corresponding 
component of X. 8.2.8 det 

'I'ht: de t  fimt:l,ion c:al,lcxdat,es the dt:tc:rr~inimt, of a ~1li-1- 

trix. X is arL ,nxrL arra,y. detX is {.he detenninat~t of X. 

X is ixn nxm RITB,~.  meanX is 13. Ixm, row vector (:on- 
tair~ing tllr rilean of eact~ c:uhlrnn of X. 

8.2.5 dot 8.2.9 i~ lv  

[dotp] = dot (vecl ,vec2) [invX] = inv(X) 

The dot filnct,ion calculat,es the dot (scalar) product The inv f~mction ret1-s t.he in>-erse of ii, n~at.rix. X 
of two \rect,ors. vecl a;md veci! n~ixit both be vt:ct.ors with nllrst, be a sqrliLrC: mii.trix. 
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8.2.10 eig 

8.2.11 sin, cos, tan 

asin, acos, atan, atan2 

sinh, cosh, tanh 

,winh? acosh, atanh 

transpose 

DegToRad 

RadToIIeg 

log 

log10 

8.2.20 exp 



Chapter 9 

Solvers 

9.1 Differential Correction 

9.2 Broyden's Method 

9.3 Newton's Method 

r l  I he user first creaks a solver and names it. An example 
is 

Create fminconOptimizer SPqfmincon 

The user creates an optimization sequence by ibsning 
:in optimize command, followed by the name of t,he opti- 
mizer to use 

Optimize SQPfnincon 

9.5 The Vary Con~rnand 

The user defines the independent variables by the vary 
r:ornrniintl, 

Table 9.1: -4vailable Cornlands in an fmincon L.oop 

Xi Vary 
Upper Bound on Xi Vary 
Lower Bound on Xi Vary 
Nonctirr~t?~~sioni~lizs.t,ion Vary 
l?tc:tor 1 
Nonrlimensionalization Vary 
Putor 2 
Nonlinear cons1;ri~jnl; NonLinearConstrai.nt 

Linear constraint fimc- Linearconstraint 
tion 
Cost Frirlc:ticr~l 0ptimizerll'arne.Cost = 
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Chapter 10 

Event Functions 

Event f11xlc:tjons in CUKI? allow a llser to di:ti:rn~ine 
when difft?rexlt; t.ypes c!f events occur such as station con- 
tacts, eclipse eveilts, or spacecraft-to-spacecraft line of 
sight. In general, t,hese events a,re dependent. upon the 
orbit st,;.ite ilnd other time dt:pentlent pariimeters, and 
t l~ re fore  cat1 only be determined ch.lrring or after orbit 
propagation. The implen~elltation of Event F'unctions re- 
cluires GMAT to find the root,s of a pari~metric fr~r~ctiotl of 
t.ime. The roots of the pari~nlc:tric c:qllei;ion axe the: t!vt:nt 
tirr~es. 

In this chapter, we'll look at  how GhI111' calc~rlates 
the root$ of' Everkt l3lnctionb. For the irx~plenlent~it u,n 

in GhIAfS, t h ~  includes two subproblems Tile first IS 

determining if 2% root. hits occurred dnring it propagat.ion 
step. 'I'ht: sttcorid, is tit:tt:rrt~ining t.he nnnltsric:;.,l v~3J1lc: of 
the root. There is a trade between rub-rlstness and perfor- 
malice! so we'll look at severid options provideil in GMAT 
that aliovr the user to select between a more robust yet 
slower i~pproach, or a fwst t~ilt  less roblist, approach. 1,el;'s 
begin my looking at  t,he mathematical definit,ion of an 
event funct.ion in GMA'l'. 

t,o Pi>ss t)at:k a vt:cl:or of fimct.ion ve.111es in the: or~tpilt. 
p;.,riamc:ter f ,  wht:rt: tht: c:omponent,s of f art: simply the 
values of the different functions f ,  or 

The output pa,ralneter d allows the user to define which 
type of roots for GhiIAT t,o calculate. For example, in 
some caws we might only be interested in roots t,hat oc- 
cur when tht: Rlt~.c t,iox~ changt:~ frorn i3. t~.eg;it,ivc: v;tlitt: to 13, 

positive valrle. hi ot.her sitnations we may only be inter- 
ested in roots thttt occur when the filnction passes from 
positive t.o negative. Finally, we may be interwted in bot,h 
types of roots. d is a vector thwt has the satre rnlml~er of' 
elements as f ,  and the first element of d corresponck to 
t.he first, element of f and so on. Table 10.1 srmm;.~rizes 
t,he itIlO~ii,k)k3 chOj.ce:s for (:O~fl.pOn.e~lt~ of d i~nd  thf: i-lction 
GMAT will take tlependit~g upon iht: selection. 

Tiihle 10.1: Allowrtble VaI~ies for d in Event Eiinctir~n 
O11l;pu t 

Vahie Action 
. - ............... - - ... -- - -. . . . -  - ....... - 

d = 1 Firlil roots wher;-ihL filnctior~ is 111vvirlg in 

1.0.1. Event Function &/lathemati- the positive direction. 
d - -1 Find roots when the fimction is moving in 

cal Definitioii the negative direction. 
d = 2 Find both types of roots 

An Evt:nt. F~~ncticin in CiMKI' his thn:t: out,pilt,s. 'I'he 
general forrn of an Event Fi~nctiorl is 

where t is the clurent. time, x( t )  is s vector of timt: de- 
pendent parzmeters such zs spacecraft states, zntl C is a 
vector of constants. f is vector of function valnes at  t ,  d 
is a vector describing the or sign change we wish to track 
that, occurs ill, tihe roc!l:, and p is a vt:ct.or that t.t:lls C:MA'l' 
whether a root is possible or not.. T,et.'s t.alk a.bvr~t sorot: 
of the o ~ ~ t p t i t  variables in more detail. 

Rlr efficiency arid conveniencct, the user can calculate 
several different filrlction values, j ,  itlside of a single event 
fimct,ion, F. This is usefiil when sever i'l functions require 
simili~r yet, t:xpe:nsivc: c:sl(:~~l;j.tions. Gh.lAT aliows t,ht? ~~qtrr 

'I'ht: liast olitpri t va,rii~bli: in t.hs Everit Frlxlction out,ptit, 
1)' is a flag that allows the user to tell GMAT whether or 
not a root is possible. If a coi-nponent of p is zero, then 
GMAT will not, attempt to try to find a root of t,he corre- 
sponding function in f .  This flag is inchlded lo irnprove 
the efficiency of the algorithm. It is often possible to per- 
form il few simple ci:~lclilittions t , ~  determine if a root. is 
possibli: or 11 o 1.. For t:xiimple, It: 1,'s ilssllmft 811. t:vc:nt hlnc; 
tion is written to i.rai:li Ei~rtll sha.dow c:rossixlgs aail that 
the function is positive u4len a spacecraft is not in Earth's 
shadow, and negative when it is in E h t h  shadow. It is a 
re1ilt:ivt:ly simple c:j,lcille.t,ion t,o determine if ii spizcecraft 
is o.n the day-side of Earth by taking the (lot protiud of' 
t.he S1.m vector and t.he spacecraft's position vect,or. If the 
qlii!.nt.ity is posil.ivc:, t,hc:re is oc) nec:d to continut: ca1c11Ii~t- 



(XAP'TER 10. EVENT F 1.~h7(~TIOIVS 

ing the act~ial function va,l~ie. we can do a accept~ably good job determining when zero- . - - 
crossiilgs occnr. Once a. zero-crossing is identified, there 

Now that we''ve looked at the definitiorls of the inputs ,,, well kIlowrl ways ti, ca~ct l la te  t,he a,cillal root 
and o-iltputs of an Event F~mction, let's look at  some dif- 
ferent approa,clchcs to finding the roots of an everit fimc- 
t ion. F - F(1, x(tj ,  C )  (10.3) 

we want r,o find all t so& that 

10.2 Xssrles in Locating Zero Cross- F jt, x(t), C )  .-- 0 (10.4) 
ings 

Before discussing the practical issues in finding roots of 
Ev(3Tlt; R'rmc:tions, le.t,'s ti3,kt: iL looli ab $3, hypotht:i;ici~l fun(:- 
t,ion to ii11~sl:ri~te somt: of the: issrie~ t;hd; rmisl; be r d -  
dressed. Figure 10.1 shows a sanlple event function. The 
smooth line represents the loc~is of point,s of the fimction 
itself, and the large "X" marks represent t,he funct,ion 
:~:ihles at, the i rltegratiot~ time steps. The smaller tick 
inarks indicate the function values at  t,he int.ernal inte- 
gra.tor stages, which rx~iiy he: a;v;.aili!.ble i f  we: rise iL tle:nse 
oilt,p~d; ~11lme~jciLl int:f:grator. 

In generid, we don't have contin~lous time espressions 
for the inplits t,o ewnt filnctiors. ?fie only know the in- 
prits i.o Event F11nc:tiolx-i at  discrete points in tirile, so we 
only know the Event Function vahles a t  discrete points 
in time. Since these discret,e times come from t,he n1.1- 
rnerical iotegrakbn of' a diRererltia1 eecjriatic~n, we ca,n only 
calcul&te Event: F11nc:tion va.lnes at  t.he ir~t~egratiori tjrne 
steps, or at  the internal stages if the inforination is avail- 
able. This fact can cause a significant problem Ev PC zuse an 
Event Rmct.ion may va,ry rapidly and the: discrete times 
at  which we know the Ewnt  F~inction may not giw an 
acc11r;tte picture of the f~mct~ion. 

1:t:t's c:o tlsicler a f e : ~  wiL)LJ'S in which we ciin c1c:tc:rrrline 
if a root his  occiirred, given a set of titnes a:nil F,.verrt 
T;imct,ion wh~es .  The most obvious met:hc>d is t.o sim- 
ply look for sign ch:.ra~ges in the fixnctii)~ m11it:s. If the 
funt:l:ioa chitt~ges sign, tfl~en we know tve hwsre t>rac:keteti 
a root. This approach will incorrectly concl~ide that a 
zero crossing did not occi.~,  if there is iLn even number 
of zc:ro crossings ht:t,wc:c~l t17.r~) f11nc:l;ion vtslric3s. Anot.her. 
approach is to fit a polynomial tl~rongh the data; and see 
if the polynomial has ally real roots. While this approacll 
mity be more accurate than looking for sign cllanges in 
sorile cases, i i  still does :not, gliarat~tee a zero crossing is 
missed. A third approach might be to force the integra- 
tor to select step siz(:!s based on t,he rate of ch~nge  of 
t,t~c: Event l31x~ction. We: will not inm:stig:~.te t.his mc:t,hot3 
fiirtber here thorjg11. 

In short, there is no way to guarant,ee that a root 
crossing is missed. Elowc3ver, l)y having :in urlilerstw.ntling 
!IF the Ever~t Frir~t:tior~, having cc~ntrol over the iria,xirn-cir[i 
int,egr:tt,ion step size: a.nd having access t,o the internal 
integra.tor sbages whe:n l~sirlg i~ tienst: ol~l;j)l~t int;t:griJ;or, 

10.3 Root Finding Options in GM-4T 

In implernentirrg a root finding approacll,  ye need to bal-. 
aiice accuracy and the need to find every root, with speed 
itnd performance. One way to do t,his is to dlow the lrser 
to select bettween different approaches depending upon 
tlie accuracy needed for a partic~rlar application. The user 
hzs several cont.rols to tell C:MAYr how t,o det,ermine if a 
zero crossing bit? occlrrrc:tl, imt3 hornr t,o (:>3J~~1lli~,t(~ the: ml- 
nlericd value uf it root if one has been clet,ectetI. IletZs look 
at the choices implemented in GMAT, and iliscuss some 
options that can he inchlded if a more roh~ist method is 
requireti. 

The first group of cont,rols available to the imer are 
relij,tc:!d to bow or if GhilKl? t,rk:s t.o tic:l;c:rn~ir~c: if a root. 
llas occurretl. Tilt? user can provide a flag in the ontpixt. 
of an Event Function that tells GMAT whether it is pos- 
sible that ia root has occrirred during the Iitst integration 
st.ep. This fla.g is r~otat,ed as p imd is discrissed in sect.ion 
10.:. If a,n elerner~t of  p is zero, then GMAT will not use 
more sophisticated and therefore more computationally 
intc!~~sim: mc:l;horls t,o det,srn~ine! if a ztro crossix~g for lhe 
part.ic:illi3.r ;r:(cnnpont:nt of the t!vent. filnction hi3,s occurrecl. 
11 CXLI be either zero or one, anti call c:ha.rige value tl~~ri:mg 
propagation. If p changes from zero to one, GRIIL4T be- 
gins rising a root, checking nlethod specified by the riser 
to tletermine iF 2, zero c:rossing has oc:c:llrreti, 2,1i!i begins 
staring fhct ion ilata in case it is needed to  interpolate a 
root. locat,ion. 

The ser:ond c:oritrol thht tietertrtines if i i  zero crossing 
hm occurred is called RootL2ieckMethod in the GMAT 
script language. There are several ItcjotCheclMethod 
options at7iWI~ble i~nd the user can ciirrently select b e  

Functionsipchange and PolynonialFit .  If the 
user sel(r.ct,s FunctionSi@;slCkLmge, then GMAT looks fir 
sign chi3,~ngt:s in t.be hmc:t;ion oiitplit -to dc:tt:rl-nine if :3, ::t:ro 
crossing bas ot:c:urreti. If the riser sehc:t.s ?olynomialFit, 
then GMKI' fits a polyiiomial to tlie Event Function dat.a, 
and checlis t.o see if the polynomial h a  any real roots. 
If the polynornis,l has ree.1 roots, then a zero crossing 
h;is crcclirred. The type of polynomial GMAT uses in 
RootCaeckMethodis the same tts it uses in RootFindingMethod 
and is t3isc:ilssc!d in more ilc:t.rsil k~elottr. 
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Figure 10.1: Sample Event E'rmct,ion Ouitpnt, 

If a zero crossing is detected, there are many ways 
to determine t.he mimerical vahie of the root.. The user 
can select between the digereat tnetbo!b by using the 
RootSolvingMethod option. The t,wo nlethods clirrentlp 
implemc5nted in G'hlh'I' are ckzlbd ~adraticPolynomia1 
;~,ncl Cub i cSpl.ine in the C+MK1? sc:ript I ang~liigt:. .As tbt! ......~+~~~..~~~.~~....~~~~fi&!~~..~~..~~~n~..~~~~~~~~n.~~.~~~~~~~~.. 
name s~~ggt~sts,  if the ust:r selects Quadrat i cPol ynomi al a Defi:flitiorl 

...................................................................................................................... 
then GMAT uses the last three flinction values to ere- .%. Number of dat.:i, point,s required t.o nst: tbt: 
at.e a q~idra t ic  polynomial. Then, the qliadriitic erpa- requested RootSolvingMethod option 
tion is used to determine the root locitt,ions. Similarlj~, if n, Number of data points required to rise the 
the user se1eci.s CuSicSpline, GMAT constrrlcts s c:ubic reqnested RootCheckMethod option 
spline an? then uses interpolation to find the root, value. f A wc:tor of fiinc:t;ion va.lt1.e~ provided 1)y 

Allowing the options ;il-)ove recllrjres that. care is 1:;~b:n 1v 
in designing an algorithm l:o track events. Tn the next 
section u7e dismiss some of the isslies that must be ad- 
dressed in t,he Event Fhnction algorit.hm, and present a d 
flow chart that describes the algorithm irk detail 

the user defined Event Phction 
The length off, which is the nrimber fi~nc- 
tion tri!hl(>s contair~ed irk the o11tp11t of iL 

user defined Everrt Rmction. 
A vector of flags (length Nj that defines 
which type of roots to treck. (negative to 
positive, positive tio negai.ive, or boih) 

P A vector of flags (length N j  that ttells 
1.0.4 Algorithm. for Event Funct.i.ons whether or not a zero crossing is possi- 

ble. A coroponent of 1) is one i f  :I, root is 
possit)le, otherwise it is zero. 

Startup A .rector of flags of leiight A;. The compc- 
nents of Startup correspond to the com- 
ponents off.  A component of Startup is 
one, if thert: is less than mex(n,,n,) dada 
points saved for use in root iinding. Oth- 
erwise, c:omponent, of Startup is ztm. 
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F5gure 10.2: Initializatiori~ for the Event Loct~tion Algorithm 
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10.5 Appendix 1: Root Findiilg Al- where the vi~lues for z,; il,re linovrn from the inputs. 

gorithms r 7 l o  calc~ilate the coefficielits ai, ci ,  and di we st;zrt 
by calc~~lating the eiglit qclzntities 

3.0.6 Quadrati.~ Polynomial hi = L.. '-+I - (10.15) 

A, = ""l-yi (1 0.16) 
We are given t,hree data points defiried bj7 a vect,or of hi 
intlepenclent vasi&rles 

Next we solve t.he following system of 1ine;ir equations 
1 T 

X = [ 5 1  IC2 2 3  : (110.5) 
AS = B (10.17) 

and s vector of correspunding dependent variables 
where the conrponentc;. of A ere given by 

y.: : :[y:y . 2  $61 z- (10.6) 
All = 2h2 + hl (10.18) 

we wish to Bnt3 a quadrirtic polyx~onrie.1 that Elts the thta  Ala = 2hl + h2 (I0.iS) 
sllckl that 

= A ~ ~ + B Z + C  (10.7) Als - 0 (10.20) 
A21 = (! (10.21) 

TYe begin by forming the sp tem of linear ecl~latiolls 
A22 = h.3 -1- 2h4 (lcj.22) 

\Ire can solve for the coefficients using As, = 
hl h2 h3h4 

(hi + t ~ )  + 2(h2 + 113) + 3 1 0 . 2 5 )  'h- + h4 

A 3 3  = hz (I 0.26) 
h3 + h4 

(10.5) 
the conq)olirnts of B are 

(10.10) i d  S - [ Sl S3 S5 ]I' . Wt: c:;iri solve for 1 he corxlpont:nt.s 
of S ridng Crsoirr's Rlde as foll~v~b 

10.7 Cubic Spline (Not-a-Knot) I A i l  Eli A1:3 
I A21 &I 

We are given fi-~-e data pciints defined b,y a vector of iade- / A31 &31 A33 s:< = ' pendent varizbles /A1 (10.31) 

T 
Y = j Y1 Vz Y:3 Y4 Y5 I (lO.13) 

we wish to find the four cubic polynomials, i = I ,  2,:3,4, 
snch that 



10.7. CT-TDIC? SPLINE (hTOT-A-IWOT) 

Finally, [,he ccjefficients for t.he it" cubic polynomial 
:ire give11 by 





Chapter 11 

Spacecraft Model 

11.1 Orbit 

1.1 "3 Ba1.list.i~~ and Mass 

3.1..4 Actuators 

11.4.1 Thrust and Impulse Models 

GMAT uses polynmnid exprc:ssions for tbe t:hrlist and 
specific inlpulse imparted to the spacecrak by tlin~sters 
attached to the spacecrdt. Both thrust and specific im- 
pdse are expressed as f~mctions of pressure m d  temper- 
i~tl~rt!. .T"ne prc!sslire entl tr:xopt:rst,l~re iise vitlnes o11t;tinetl 
fro111 hlel t,anks cont.aini.ng (.be file]. All me;is~n.erner~t.s 
in GMAT are expressed in metric units. The thrnst, in 
Newtons, applied by s spiicecritft engine is given hjr 

Pressures are expressed in kiiopacals, and tempera- 
t.ures in degrees centigrade. The coeflicients C1 - C14 
are set, by the user. Each coeficiexlt is expressetl it] ixt~it,s 
cornrniserate with the final expression ~ I I  Newtons; for ex- 
ample, C1 is expressed in Newtons, C2 in Newtons per 
kiloptlscal, itnd so forth. 

Specific Impulse, measured in m/s (or, eqmvaleatly, 
Newton Seconds/kilogran~) is expressed using a similar 
cc41uition: 
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Table 11 1 shows the default wlues for these coeffi- 
cients. 

11.5 Sensors 

1.1..6 Tanks 

Rl;tss is depleted horn the file1 tmks wing equation 

where the thrw t and specific impulse are given by ?'! and 
11.4.1. 

This niass depletion is integizted along with the other 
parameters during propagiltion. 

The tank rnoclel in GRIAT maniiges the fuel mass xod 
the input variables for tlie thrust and specific ~mpulsc. 
po1gnorni;ds. The t i ~ ~ k  can bc r1m in either il blow-clown 
or prt:ssure rrg.lllatec1 n~odc. In presswe rsg1llatc:cl mode, 
the pressure m the polynorrdal ~s held at a &xed va111e hl 
blow-clown mude, the pratsnre clecrezses as file1 1s med, 
following the ideal gas law: 

T n  GMAT's I)low-t3ov~n nlcrdel, the ternperat r~r r  7 ar~d 
the nllinber of pressllrant ~nolecldes n m the tank are held 
constant, so the right side of tfils equation is constant. 
'l'he gas vo111rne i~vxilable In the tank grows 21s fuel is con- 
sum~d.  an13 the pressire decreases acc~ordingly. The gss 
-rolume VG in the tank is computed from the total tank 
volnnlt>, VT,  tbt: mass of the h:r:l, MF,  a r ~ d  the tlensity of 
the fi~t:I. p: 

T'nhle 11.2: Defar~lt Fuel Tank Parameters 

Tal~le 2 shourn llle defmlt vi~llirs for [,be ta,nk piwain- 
eters. 

Pizrameter 

Fixelhlass 
Presslire 

............................................. 

Tetnperht~~re 
FtePl'ernperxt.~lre 

L701urne 
'F\~elDe~lsity 

PressureRes11li~tL.d 

Default 'CTahie / Tinits 

756 I kg 1 
1500 1 kPs  1 

.....----------------.~............ + .................. 

20 ! G I  
2 0 / C /  

10.75 / rn" 
-+ 

1260 I lSLg/& I 
tnle 1 



Table 11.1: Default Thri~st and Specific Inlpillse  coefficient.^ 

/ Thrust Coefficient, 

c; 
cz 
c3 

c4 
k 

C5 
Ce 

I 

(=7 
I 

C8 
C9 
clo 
c11 1 c12 
CIS 

I- 
t ? : ~ ~  

Defsdt 

500 
0 
0 
0 
0 
0 
0 
0 
0 
0 
1 

........................................................................................... 

o 
O 
0 

Unii,s Impulse Coefficient 

N 1 KI 
N/kPa 1 K2 
N/kPs2 / .K:L 

~ / k p ~ C ! ;  / K4 
none j K5 

N/kPaC7 / KG 
none / K7 

N/kPaC" / K* 
nor~e A's 

N / Klo 
none 1 1(:1 

: 
l jkPa  / K12 

+ 

none 1 1(13 
l /kPa / K:4 L-----------------------------------------------------------------------------L-------------- 

Defalilt 1 U ~ t s  

2150 1 m/s 
0 1 ml/(s.  kPaj 
0 1 m/(s . k h L )  
0 1 m/(s - k p P 5 )  
0 j none 
0 1 m/(s.kF'nK7) 
0 none 
0 / ~ n / ( s .  kpsK') 
0 I L U I I ~  

0 rt~/s 
none 

.................................................................................................... : I l /kRi.  
---------- ----------------- 

0 i none 
0 i I j k P s  



CHAPTER 1 1 .  SPA(!ECR_AFT ATCIDEL 



Chapter 12 

Mat hSpecAppendices 

12.1 Vector Identities 
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y-axis: Conlplet,ss the right-handed set. Finally, for the Ei~rth,  t,he Equator axis system a true 
of date equator system and is calcdat.ed using the iilgo- 

z-axis: Nornlal te:. the eqna1,orial plane. rithln tfesc-rihed im Sec:. 3.4..5. 

'The Ecp~i~tor systen~ in GMAT is ij, tnle c:cprat.or of dat,e 
axis system. The equatorial coordinate system is defined 3.4.2 R4J2000 Ecliptic (M32000Ec) 
only for celestial bodies. For a particular body, the erpa- 
toriai syst;enl k defined by the bodies equatorial plane rrlre MJ2cOO Ecliptic axis system is defined as follours: 
;tnd it,s ir~t.e~.sect~ion with the ecli~tic: dane. i:,t tt.ht: cxlrrent 

A .  

epoch. The Earth and Moon have highly accrirate mod- * z-iixis: Alor~g the lint: ft~rrnod by i.he jnl.c:rs<:ction 
els for i,heir eqliatorial systems and and iire t,rei~,ted a t  the 

of the Ei~rth's rnean ecl~ratitc,r and i.he roean ~:lj.ptic 
end of this secl.ion. Fcjr tbt: rerniiining t)otJit:s in the solar 

plane, a t  the J2000 epoch. The axis points in the 
sysi.en1, the ecpa.tur.ia.1 coordit~at~e ~ys l . e~n  is calcrilated in direction of the first point. of Aries. 
GLIAT using data pnblished by the Internationd Astro- 
nonlical Union (111U).4 The IAU pr~blishes data that gives 
the spin tixis direction and prime meridian location of :ill 
the planets and rr~zjor moots as a filnctior~ of tirne. For 
t.he Earth, GMiYl' rises FK.5 reduction for the Er411at,or 
syst;em. For the RSoou, GMA'X' can ust: eii;ht:r t.he TAU 
data, or Eulet angles provided in t.h!: JPL, DE405 files. 

Let's look more closely at  the data provided by the 
TAU. Figure 3.5 contiii~ix ;in ill-c1str:3,t,ion of the t h e e  visrj- 
ables, a,, 6,: and IY? that are used to define a body's spin 
axis and prime meridian 1ociii.ion w/r/t MJ2OOOEq. a,> 
and 6, a.re used to define a body's spin axis clirection. CV 
is the t)otlyls sirlc:rt:al t,irne. 'X'hc! e<jixi:.tjons for u.,, ti,, ii.ntl 
W fi~r the nine planets iir~tl the Eart:h's nic:.ot~ are Fo-~rntI 
in Tcbles 3 . i  ancl 3.2. From inspection of Fig. 3.5 we see 
that 

cr;, i d  5, vary slowly with t,irnc:, so we can il,ssllme tlhe 
derivative of Ri,: for ihe Eq~lator sysierrr is the ::era ma- 
trix. 

0.0 0.0 0.0 
(3.53) 

0.0 0.0 0.0 

If the user chooses to use the IIE:405 files to deterrr~ine 
t,he Moon's orientat,ion, then GMAT' gets a set of Elder 
angles and rat.es from the Dl3405 files. ?1'e tllen use the 
Fo~o~vir~g t:c~~li~tiions tJo tk:t.c:rmint: R,T,,.i and R.i3,:.t. 

where 

0.0 0.0 0.6 
(3.56) 

0.0 -02 cos Qz -Ha sinB2, 

and 

y-axis: Comp1et;c:s t,hc: right-h;mdt:d set. 

z-&is: Normal to  the Ei~rth's mean eq~letorial p l i ~ e  
at. the J2000 E,poch. 

The matrix to rotate from hIJ2000 Ecllptic (MJ2000Ec) 
1 o hIJ2000 Eq11;ttorial (MJ2000Eq) is 23 rotation :itout the 
x-axis throi~gh the ok)licpdty of the ecliptic: at  the J200O 
epoch which is 23.439291': 

GM_krY uses niore significant digits than included here. 
The rot.ation mat.rix is constant by redefinition so its time 
derivt~tive is identically the zero mistrix. 

3.4.3 l l u e  of Epoch Equator (TOEEq) 

The 'l'rue of Epoch Equator axis syst,em is defined as fol- 
lows: 

x-axis: Along the true equinox at the chosen epoch. 
'The axis point,s in t,he ilirection of t,he iirst, point, ctf 

Aries. 

y-axis: Conip1et.e~ the right-handed set,. 

The 'I'OEEq axis syst.em is i'n intermediate system in 
FK5 redlrction. RJIi arid for {.be 'I'OEEq sgstc:xr~ ;3,rt? 
calciilaterl rlsirlg the followit~g ecluaticj~z.; 

where t,  is the epoch defined in -the coordinate syst,em de- 
scril)t,iox~ provided by the user in the el~och field. Tlence, 


