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by A. J. Viterbi

I. INTRODUCTION

Phase-locked or APC loops have found increasing applications in
recent years as tracking filters, syhchronizing devices, and narrow-
band FM discriminators. Considerable work has been performed to
determine the noise-squelching properties of the loop when it is
operating in or near phase lock and is functioning as a linear
coherent detector (Refs. 1 and 2). However, insufficient consideration
vhas been devoted to the non-linear behavior of the loop when it is out
of lock and in the process of pulling in. Experimental evidence has
.indicated that there is a strong tendency for phase-locked loops to
achieve lock under most circumstances. However, the analysis which
has appeared in the literature (Refs. 3, 4, and 5) is limited to the
acquisition of a constant frequency reference signal with only one
phase-locked loop filter configuration.

This work represents an investigation of frequency acquisition
properties of phase-locked loops for a variety of reference-signal
behavior and loop configurations. Results are obtained concerning
the frequency pull-in and tracking behavior (for both constant and
linearly varying reference frequencies) of the following loop filter

transfer functions:

1This paper presents the results of one phase of research
carried out at the Jet Propulsion Laboratory, California Institute
of Technology, under Contract No. NASw-6, sponsored by the National
Aeronautics and Space Administration.
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l. K (a wide-band amplifier oi resistive pad)

2. K {; + a/p] (a single integration)

3. K[tp + a)/(p'+aﬂ(a simple passive RC filter or

imperfect integrator)
4. K [l + a/p + b/p2 ](a double integration)
The general approach involves solution of the non-linear

differential equation which describes the system behavior, using
analog and graphical methods. The terminology adopted in‘thé text

is the one in general use for closed loop systems and servomechanisms.

However, the application of phase-locked loops to the filtering of
gnoisy signals has generated an alternate terminology in which the loop
noise-bandwidth is the key parameter (Ref. 1). The results will be.

derived in terms of both sets of parameters and are summarized in

SeC. IX‘

II. BASIC OPERATION

Figure 1 represents the loop configuration. The frequency of
the input reference signal, ¢, may be either constant or time varying.
The frequency of the output of the voltage-controlled oscillator (vco)
consists of a constant equal to the center frequency of the oscillator,
®wc, plus a time-varying term proportional to the actuating signal.
The VCO output is 90 deg out of phase with. the input reference so
that the multiplier output is proportional to the sum of two sinusoids

of frequencies equal to the sum and difference of the two input

frequencies.
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Since the low-pass filter following the multiplier will not pass
the sum frequency term, the multiplier oﬁtput, ed» is proportional to
the sine of the difference phase, 9. The linear transfer function of
the loop filter shall be termed K;F(p) where F(0) = 1 and operational

notation is used throughout. Then

eq = Ky sing = Cﬁfz sin [}s(t) - wet - KOKlKiF(p) sin Q] (1)

Clearly, the proportionality constant, Ko, is one-half the product of
the input and return signal-amplitudes. Thus,

sin ¢ = sin [vs - ot - 55%21 sin w] (2)

where K = Ky K} Ko shall be defined as the loop gain. Differentiating
the arguments of both sides of Eq. (2) yields

9 + KF(p) sin o = ¢ - o, (3)

This then is the general equation for phase error of the phase-locked

loop. At this point the following approximation is generally invoked:
sin ¢ @ ¢ for ¢ < < 1 rad (4)

which permits linear analysis to be performed and particularly the
small-signal response of the system to noisy inputs to be éonsidered.
To determine the pull-in behavior of the loop, however, the non-linear

Eq. (3) must be solved.
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III. FIRST-ORDER LOOP WITH CONSTANT FREQUENCY INPUT

The first and most simple loop which shall be considered is one
in which the loop filter has no energy storage elements and thus
produces a constant transfer ratio (see Refs. 3 and 5). The reference
input shall be a constant frequency sinusoid. Thus Eq. (3) becomes
the first~order differential equation:

$=Q-Ksing (5)

where

Q=9 - o = constant

Figure 2 shows ¢ plotted against ¢. If the VCO is initially at its

i

center frequency, ¢(0) = Q and ?(0) = + n7r (where n is an integer).
I1f the frequency error ¢ is positive, the phase error ¢ tends to

=im:rease; for negative é, ¢ decreases. Heﬁce, if n is an even 1ntege#

_,and Q <K, the system will travel along the sinusoidal trajectory of

i

'Fig. 2 until it reaches the ¢ axis at ¢ = sin~l (QK) + mr. This is q
stable point ¢ can not bocome negative because ¢ would then tend to
decrease and return the system to the ¢ axis. If n is an odd integer,

the system will go through a larger part of the sinusoidal trajectory

- until it reaches a stable point at

- e

(n+ 1)r + sin‘l(%>

If Q >K, however, the trajectory never crosses the ¢ axis and a
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stable or phase-lock point is never reached. Thus the pull-in
frequency range of the loop is Qmaxvz K rad/sec. For the first-order
loop K is also equal to the closed-loop 3 db bandwidth.

When phase-lock does occur, the steady-state phase error is
shown to be sin‘lﬁﬂ/KL The linear analysis which follows from the
approximation (4) arrives at a steady-state error /K, which is
clearly an accurate estimate when Q/K< < 1.

Pull-in time may also be determined from Eq. (5). Since
P = dp/dt, this can be rewritten as

gt _ 1
&% Q -Ksing

o aad e

|whence the pull-in time is given by

Pfinal d
t = (6)
\ Q -Ksing

Pinitial

——— rn [ T T

SV et i——— i e e i e ettt

Pfina] Sannot be taken as sin~l (K) + nr since for this value the i

| P——

deaoninator becomes zero and the integral becomes infiaito. This {s
correct since, in fact, the time réquired to reach the steady state
‘is infinite. To get a meaningful result Pfinal ©€an be taken as
slightly less than the steady-state phase and the time required to
~ reach it can be evaluated. The integral is expressed in terms of
elementary functions in the standard tables.
Tﬁe conclusions to be drawn regarding the first-order loop are

that it will acquire lock within one cycle provided the initial
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frequency error is less than the 3 db loop bandwidth and that the
lock-in time is governed by the initial phase error.

IV. SECOND-ORDER LOOP WITH CONSTANT FREQUENCY INPUT

To overcome the limited pull-in range of the first order loop,

and to provide for tracking linearly varying frequencies with narrow

lbandwidths, an integrator is generally used in the loop filter. Then_

2
F(p) =1+ (7)
and Eq. (3).become$
PP + EE-E—SE (sing) = Q ~(8)

2

Letting aK = wp™ and K = 2 o, and differentiating, the second-order

differential equation which results is

Pop + Z anp (Sin?)+cnn2sin9=0 (9)

;Thc characteristic polynominal when the equation is linearized by

|
i approximation (4) becomes

p2 + 2 wpp + @p> = 0 (10)

In servo terminology w, is the undamped natural frequency and {

the damping factor for the linearized servo loop.
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Rewriting Eq. (9) without operational notatien:

d2

do 2
+ 20 w, COS @ + . sin¢g¢ =0 (11)
4t n dt n

.Making the substitution

t = 2ttwn - 12)

4{2 mn2 ﬁ;% + 4(2 wn2 cos Q~§% + mnz sin ¢ =0 (13)
Normalizing and letting

Rt B (14)

P +¢ cos p + zii sing =0 (15)

Thus one of the parameters has been eliminated by normalizing the
time parameter. It would now be of interest to construct a plot

of ¢ as a function of ¢ as was done in the previous Section. To this
aim let ¢ = x (the abscissa) and ¢ = y (the ordinate). ThisArequires
that y = x and § = y. Then Eq. (15) becomes

; + y cos x + ;%925 =0

or
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<o
"
X< o

=Y = | o5 x - 8in X ‘ (16)
dx 4( 2Y

which relates the slope of the system trajectories to the instantaneous
frequency and phase errors and permits their plotting. Certain
observations can be made based on Eq. (16):

1. For large y (which corresponds to large frequency
error) the second term on the right becomes small and
the trajectories become nearly sinuséidal.

2. For x = 0 (¢ = 0), the slope is always - 1. Hence the
y axis is the - 1 isocline (line of constant slope).
The overall pattern can be determined by finding other
isoclines which in general will not be straight lines.

3. The equation is beriodic in x with period 2mw; that is,
the slope of the trajectories is.the same at (xg, yg)
as it is at (xg + onr, Yo). Hence, to describe the
behavior it is only necessary to plot the trajectories
for - 1< x¢ TW. |

4, Aty =0, x =% nr (n an integer or zero) the slope
dy/dx is indeterminate since the second term on the
right becomes 0/0. These points are called singu-
larities and are either stable points of the system
or centers of instability as will be discussed more
fully below.

Tﬁe graphical procedure just.described for finding solutions of
the non-linear differential Eq. (15) is the so-called "phase-plane"
method (Refs. 6 and 7). The precedure of determining the isoclines
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and sketching the various trajectories 1s a long and tedious process,

however. On the other hand, Eq. (15) is easily programmed for an

analog computer as is shown in the simplified diagram of Fig. 3. The

voltage representing ¢ is used to actuate the x axis of a plotter and

that representing ¢ goes to the y axis.

This results in the plots of Figs. 4 through 7 for various values

of {. The 9 =

x axis extends from - m to + . The following obser-

vations may'be made from the figures:

l.

For large values of y (positive and negative) the
trajectories are practically sinusoids. The trajectories
are traversed from left to righf ih the upper half

plane and vice versa in the lower. For large positive

y a small decay may be noted as the trajectory traverses
the strip from 9 = - wand ¢ = w. The rate of decay
becomes greater as y decreases. Since the behavior

is periodic in each strip of width, 2w, the decay will
continue and increase in each successive strip until at
x = @ = nr (where n is some odd integer) the value of

y will be below the line A - A. At this point the
system will stop skipping cycles and the phase and
frequency error will decay in toward ¢ = 0, ¢ = (n + 1)w
and phase-lock will have been achieved. The same
behavior ensues when the initial frequency error 1s
negative except that the movement of the trajectories
is from right to left. The system may be said to be in

frequency-lock when the errors lie withih the lines

Page 9
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A - A in a particular strip since when this condition
exists the loop stops skipping cycles.

The singular points at x = # nw (n =0, 1, 2, ...) are
indeed points of stability or centers of instability
as mentioned above. When n is}even there are stable
points where the loop achieves phase-lock. These are ;
called nodes or foci depending upon whefher the system

is overdamped (Fig. 4) or underdamped (Figs. 6 and 7).

At odd multiples of 7 there is a center of instability

known as a saddle point. Near this point, no matter

what the direction of the tiajectories may. be, the

magnitude of the frequency error will decrease until

the saddle point is almost reached and then qulckly

increase again. Further properties of the singular

points méy be found in Refs. 6 and 7 on phase-plane
techniques, but these are not necessary for the |
discussion.

It can be seen by comparing the value of y for which

the line A - A crosses the point x = - 7w on fhe :
various figures that the region of frequency-lock is !
extended as { decreases. This, however, is a con-
sequence of the normalization of Eq. (12). Letiing
the true radian frequency dp/dt = o rad/sec, and using
Eq. (14) there results

o = 20 o, P = 2 .Y (17)

Figure 8 is a plot of the limiting value y and a/wy
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for frequency-leck as a function of { obtained using
the analog computer. Clearly, the more damped the
systeﬁ the wider is the region of frequency-lock for
a given loop natural frequency. |
The qualitative intuition obtained by examining the phase-plane
plots may be put on a somewhat more quantitative basis. First, it
will be shown that the pull-in range is theoretically ipfinite. Then
approximate expressions will be derived for the frequency error decay
per cycle and the pull-in time. |
" If both sides of Eq. (16) are multiplied by y and integrated

between the limits - 7 and + ¥ the result is

1 [y2(v) - Y2(—W)J = - J/;#‘Y cos x dx - Zéi J/>” sin x dx (18)
o -1

. The second term on the right is zero while the first may be
integrated by parts to yield:

N

é—[yz(w) - yz(-w)] = f " sin x dy (19)
- .

If the expression for dy from Eq. (16) is substituted into Eq. (19)

there results:

%[Yz(") - ﬂ(-vﬂ = -‘/:: sin x cos x dx - ?h/:”" sini X dx  (20)

Page 11
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The flrst term is clearly'zero and the second can be rewritten as

1 [Yz(") - yz(-ﬂ)] = - _iE Tl - cos 2x dx (21)
8y L4 Y

Clearly, for positive y the integrand is positive for all values of x

N

between the limits #r, making the right side of Eq. (2l) negative.
Therefore, during each cycle of width 2w, the value of y must decrease
for all initial valﬁes of y, which implies that the pull-in range is
infinite when a perfect integrator is used in the loop filter.

To determine approximately the decrease in y per cyéle of x it
may be assumed that for y above the line A - A the rate of decrease

per cycle ié constant. This approximation is,'of course, best for

large y. Then,

y(x) = y(-%) - sinx - B x (22)

for -m< x < w where P = dby/2w and dy is the decrease per cycle.
Substitution into Eq. (16) yields

g'x-'-"-C()‘.SX-' sin x

dx 2 (. _sin x _ __Bx
4" ylon) - o

If y(-w) >> 1

- by = y(m) - Y(-n)sz-——:i—*—— " (sin x + sin’x + B x sin x) dx
42 y(-7) | y(-m) y(-m)

g .

Page 12

e e



External Publication No. 673

Substituting Eq. (22) for y,assuming y(-w)> > 1 and>B < <1, and
preserving only the first and second order terms of the expansion

yields: ' -

2

bt o 1 Jf i 1+ 8inx . osin® x| o
2€ wy y(-m) J__ y(-m)  y2(-m)

o~ T 2 + 1
2G on | y(-m) Y3(-1t) (26)

If by is small (which is certainly the case for y >3) the ratio
bt/by_is a good estimate of the derivative of decay time with respect
to the magnitude of frequency error. Dividing Eq. (26) by Eq. (23)
yields:

91:2&[2,, ;l;;%:l (27)

Integrating between the limits Yo, the initial error, and Yp» the

value at the line A - A,.

~ 2 2 2 < > 1 1 .
1 &~ = - - ln — + - 28
on | YO T YA (28)

is an approximation of the time required for frequency-lock when the
initial frequency error is QO = 2 0. Yo rad/sec. Of course, the

derivative approximation becomes increasingly crude as y approaches
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Evaluation of the integral yields

w(l + 2B)
a2 y2(-w)

dy =

Substituting for B from Eq. (22):.

T ag? {y2?-w) - l] (23)

This expression checks rather well with analog results down to
y(-7r) = 3.

By similar methods.an»expression may be obtained for the time
required to achieve frequency-lock (defined ag the point at which
the trajectory dips below the line A - A). Since

. d
Y:Q:%:—d'—):-

orxr

T = '_/"ézs (24)

5T 1 ”
bt f -‘?yl o (2%)
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Ya. However, if Yo was large to begin with, terms of Eq. (28) are
small with respect to the first, and asymptotically the pull-in time

will be:

2 yp? _ 992

WOn 2(, Wn

t

3 seconds (29)

It should be noted that if the integrator in the loop filter is
not perfect the pull-in range of the loop is no longer infinite, but
is proportional to the finite time constant of the filter. This will

be shown in a later section.

V. SECOND-ORDER LOOP WITH LINEARLY VARYING FREQUENCY INPUT

When a phase-locked loop is used as a tracking filter or FM
discriminator it has to follow an input reference with variable
frequency. If this variation is due to a doppler shift it will be
almost linear over a large part of the tracking period. if it is due
to frequency modulation the maximum slope of the modulation will be
limited by its bandwidth. It follows that a loop which can follow
a frequency which varies linearly at this maximum rate can certainly
follow the modulation.

The input frequency to be considered is then wg + Dt. For a

second-order loop the general Eq. (3) becomes:

P
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- where Q is the initial frequenecy error which may be zero if the loop
was originally in lock when the linear variation Dt of the input began.
5ince the right-hand side of Eq. (30) is the difference between the
reference and VCO frequencies, the time-varying frequency may Jjust as-
well be that of the VCO, corresponding to a constant drift of the
oscillator. Following precisely the development and substitution of
Eq. (8) through (15) of the previous section there results:

6 + ¢ cos @ + ;Zi sin‘Q = ———2——5 (31)

4(2 Wn

Again let ¢ = x and é = 'y; the slope of the trajectories becomes

(—2§> - sin x
dy ®n :

-a-;(-"-COSX"‘ (32)

42:2Y

The singular points at which the slope becomes indeterminate are now:

R
-1 D
= 0, x = sin ( > + 2 nw
Y ;;ﬁ
and : v (n =0, 1, 2, ces)
- — . | D
y =0, x =7 - sin ( ——5) + 2 nw (33)
®n
J

It is interesting to note that if D, the slope of the excitation,
equals the square of the natural frequency of the loop, the two sets

of singularities come together; and if

D >w," (34)

no singular points exist.
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It will be shown that inequality (34) is the condition for

instability.

That is, if the doppler or modulation slope ever

,atisfies this condition not only can the loop never achieve lock,

but even if it was initially in lock it will immediately fall out of

lock when the excitation is applied.

The phase-plane plot can be obtained by analog methods using the

computer configuration of Fig. 3 with the addition of a constant bias

‘Dﬂnnz on the first integrator. Figures 9 through 13 were obtained by

thus mechanizing Eq. (3l1) for a damping factor { = 0.707 and various

levels of the ratio Dﬂwnz.

The following comments may be made concerning these graphs:

l.

The singular points are of the same nature with the
linear excitation as without it. The only difference
is that the stable point is displaced to the right by
sin-1 (D/(nnz) while the saddle point has moved to the
left by this amount, as was predicted; Since the
stable point represents phase-lock, it is seen that
the steady phase-error of a second-order loop with
linear excitation is

Eqg = sin=1 <;§§>
The linear approximation discussed in Sec. II predic;s
a steady-state error of D/wn2 which is valid only for
small values of the ratio.

The trajectories are decidedly asymmetric about the

x axis. For low values of Dﬂmnz (Fig. 9), in the upper
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half plane all trajectories above the line B~B are
divergent, slowly at first and more noticeably as the
rerror ¥requency increaseé. On the other hand, all
;trajectories below B-~B converge toward a stable
point either in the same strib or somé other strip to
the right or left depending on whether the trajectory
is in the upper or lower half plane. The line B-B
exhibits a periodic behavior (neither locking in nor
diverging) which is, however, unstable since the
slightest disturbance will tend to push the system
either into lock or into complete instability.

Figure 9 verifies the intuitive observation that
in order to acquire a positive doppler-shifted
frequency it is best to make the VCO frequency lead
the input reference (this corresponds to a negative
frequency error) and let the increasing doppler shift
decrease the error until lock is achieved.

3. As the ratio D/w,? is increased the line B-B which
establishes the limit between stability and instability
in the upper half plane descends until at DAwnz = 1/2
(Fig. 10) it practically coincides with the saddle
?point asymptotes A-A. Thus, when the ratio reéches
éthis value-all trajectories in the lower half plane
‘are drawn into lock, while in the upper Half plane lock
can never be achieved, unless achieved within the

original strip of width 2r.
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For yet larger values of nﬂnnz (Fig. 11) another
phenomenon becomes abparent. While most trajectories
which start in the lower half plane still achieve lock
in some strip, thére are some that do not. In
particular, any trajectory that passes within the
corridor whose lines of demarcatlion are the extensions
iof_the saddle peint asymptotes AﬁA.Nill be'whipped
ipast the x axis into the upper half plane. The width
of this corfidorvin tﬁé lower half plane is increased
as Dﬂwn2 increases (Fig. 12) and many more trajectories
become unstable. As the ratio becomes almost one

(Fig. 13) the corridor becomes so wide that only
trajectories which began in the immediate vicinity of
the stable singularity ever achieve lock.

Finally, when D/a)n2 >1 the singularities
disappear and no stable point exists. Thus a loop
which was originally in lock before the excitation was
applied will immediately lose lock. The conclusion
which may be drawn from these results is that a
second-order loop can acquire a noise-free doppler-
shifted or modulated signal with certainty only if the
ratio of frequency slope to the square of the natural
frequency is less than 1/2, and it can track the signal

once lock is achieved only until the ratio becomes

“unity.
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for small D/'cnn (line B-B in Fig. 9). If y is to be periodic
y(m) = y(-x). |

i Multiplication of Eq. (32) by y and integration between the
limits & ylelds:

m D
0=-%[Y2(w)-y(-w)]=- j:” YCOSXdX"W

Integrating by parts and making use of Eq. (32):

0 = " sin x |- cos x + —5—5 - “‘—') X T =5 3
J A e B

For small D and consequently large Yav of the periodic behavior this
leads to the approximation

Ow —5—— + —5—5 (3%)

or

o :

w
o~ AL

Yav

o

This can be taken as an approximate expression for pull-in range. 1In

texrms of Q, the condition becomes

Q <53°-— | (36)

it o Page. 20
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5” the case Qii&ﬁ n.which D/_cgﬁ Pm_l/éo , *Q-?OY, this predicts .
that Yoy 22.0. "It will be noted that t}iis 1574 fair ‘approximation.”

¥
!

’The approximation iuproves as D/'coh decreases but it is very poor as §

1D/'m approaches 1/2.

VI. SECOND-ORDER LOOP WITH IMPERFECT INTEGRATOR

If a passive RC loop filter? is used or if the integrator in a
second-order loop is not perfect, the loop filter has a transfer

function of the form:

SN

F(p) = 22 | (37)

p+a

Substitution of this function into Eq. (3) yields

+ a .
% + K (%—G) sin ¢ = ¢ - ®¢ (38)
Assuming the input frequency to be constant and letting Q = és - W¢
this may be written as '

d% , o - )y
2 + gt (@ +K) cos 9 + aK sin ¢ = @ (29)

To obtain the form of Eq. (9) which represents a second-order loop
2

‘Q}his was also investigated by Gruen (Ref. 3). Preston and
Tellier (Ref. 4) considered the simpler filter F(p) = a/(p + a), which
is a sub-class of this case.
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Then

'%+§(a+2&mncos¢)+wn2siny=¢9 (40)
If the time is again normalized, t = ©/(2{ wp), and the result is

$+(—Q—+cosq’ q3+—l‘-2-sin9=-—2-§g—3 (41)
®n 47 4C° wy

where

With the convention ¢ =y, 9 = x

(—%)v-sin X
d < w
a.¥=..(——-5-—2I:G‘m+cos x)+ "4<2Y (42)

This indicates that the singularities are at y = 0, x = sin-} (dz/mnz)
and x = - sin-l («n/mn?)which implies that for
' 2

g >%n _ | (43)
a

there is no stable point and hence the system can not achieve lock.
Condition (43) is the upper bound for phase lock; that is, if the
input frequency is more than mnz/a radians away from the VCO center,

frequency lock-on is impossible on the basis of the singular point

behavior.
However, for lesser Q pull-in may not occur even though a

stable point exists in the phase-plane. Examination of Figs. 14-18,

.. Page 22



External’ Publication K. 673

the analog computer selutlions ef Eq. 41, bears this out. In all cases
¢ =0.707 and a/2¢ o =0.1. The behavior varies with the value of Q.

Condition (43) requires aQ/wn2 < 1 for lock to occur. In Fig. 14
’ aQ/mn2 =0.4 and pull-in is quite apparent. It should be noted that

given o/Z o = 0.1 and { = 0.707 = 1/ /2 then Qg = 24/2. Thus, if
the VCD was initially at its center frequunty, then the initial valua‘
of Yy *¢ = Q2% oy = 2. On the other hand, if initially the VCO was

not at its center frequency because it had been fracking a signal of
another frequency, then the initial value of y is not restricted. It
seems apparent from Fig. 14 that pull-in occurs for all initial values
of y when Q/w, = 2 /2.
Figure 16 represents the solution for aQ/hn2 = Q.7 or Q/op =
7 J2/2. A limit cycle exists about y,, = 2.5 toward which all
higher trajectories converge. If the VCO is at o¢ initially then
initially y = Q/2Z wn = 3.5 and the system converges to the limit
cycle and exhibits a periodically varying frequency error as long as
the input frequency remains coenstant. If the initial frequency of the
VCO is not wc, ons of three situations may exist (see Fig. 19).
‘1., The initial VCO frequency (mg) lies further from the
signal frequency (os) than does the VCO center
frequency (wc). Then the initial value of y >/ o,
and the trajectory will converge to the limit cycle.l
2. wg lies nearer to og than does wg; then initially '
0< y< /2 o and the system will lock in if y is
sufficiently small, or otherwise converge to the limit
cycle. Figure 16, in fact, shows this behavior in form
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of an unstable limit cycle below the aforementioned
stable ohe. If y initially lies below this unstable
limit cycle, lock-in occurs. If it lies between the
limit cycles it will converge to the higher one.
(3) «p lies on the other side of wg from «w_; then initially
y is negative and the system seems to lock in always.
Figure 15 (aQ/mn2 =0.6 and Q/w, = 3 V2) represents a behavior
intermediate to those already consideréd. Pull-in occurs throughout
but the rate is slower near the region in which a limit cycle occurs
for the case of Fig. 16. Thus, it appears that if the VCO is initially

at w_, for { = 0.707 and a/2{ w, = 0.l the limit for pull-in lies in the

c’
region

3J/2¢< 5%<< % J2 (44)

Figures 17 and 18 represent the solution for Q/wp = 4 V2 and
9/2 V2. If the VCO is initially at wc, the initial values of y are at
4 and 4.5 respectively and pull-in does not occur, of course. The
stable limit cycle is again in evidence and furthermore, if y is
initially negative (case 3 above), lock-in is not assured since those
trajectories which pass through a strip determined by the asymptotes
of the saddle point will converge to the limit cycle.

An approximate analytical derivation of the pull-in range follows.
Returning to Eq. (40), letting the frequency error dp/dt = w and
dividing by o yields: '

aQ - w2 sin
S - (g +2¢ wp cos ¢) + °n ?

dp @
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Multiplication by o followed by integration from ¢ = -1 to +r yields

measure of the decay or rise in frequency error during one cycle.

Nt

[é2(w) - m2(-w{] = 2maQ - J[’w wla + 2{ o, cos 9) do (46)
n
-7

Integrating by parts using Eq. (45)

% ,;DQ(W) - mz(-n)] = 2mal - TTG[(D('IT) + m(-ﬁ)]

“

2
m : 0. < sin

+ j‘ (a@ + 2 wp sin 9) <-a - 2 o, cos ¢ + %? - _2_75__J2)
m

Making the assumption that the frequency error w is large compared
to wn, the terms in w in the integrand will not change appreciably
during one cycle, so that throughout the cycle w = w(-w) for -m<op<nw

Then:

2
[“’2(7") - m2(_v)]g 2w {aQ -a [w(—'tr)] - % (i‘(‘-;)cwn)}

- (e o ] va? (S )

The trajectories will alwayé decay when the right hand side of this

N[

(48)

equation is negative, which occurs for the following range of Q:3

Gruen's result for pull-in range was obtained by an empirical

technique for w,/a > > 1. It is more pessimistic than conditicn
(49) by a facto?/of v 2.
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o
Q<2‘°n\/—an+l (49)

For the cases investigated a/2¢ ®p = 0.1 so that the approximate

condition for pull-in when the VCO is initially at its center

frequency will be

L ¢ 2,8 = (3.46) /2

®n

This lies in the region determined on the analog computer (Eq. 44).

VII. THIRD-ORDER LOOP TRACKING BEHAVIOR

Section V has demonstrated the limitations of the second -order
loop in tracking frequency variable signals. It is of interest to
investigate the possibility of extending some of these limitations
by inserting a second integrator in the loop filter. It develops
that pull-in behavior is less stable for a third-order loop than for
one of second order but it will be shown that the tracking range :or
a loop initially in lock can be extended by means of the second
integrator. The loop filter transfer function is

F(p) =1 +2 +D (50)
p 2
p
and Eq. (3) becomes
K2+aK + bK . '
pp + —IL———;ﬁg—-——— (sin @) = Q + Dt (51)
Page 26
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letting K = 2¢ wn; aK = o,2 and differentiating

pzv*(% mnp+wn2+2Cpmnb>(sincp) =D (52)

Making the substitution

[as
]

and dropping the operational notation
®n

2 -
4(2 mn2 <§__%> + 4C2-mn2 cos @ (g%) + wn2 sin ¢ (53)
arv ~
+bfsincpd'c=D
Normalizing and letting g%‘= ?
$+q3cos¢+"%$in?+_7p"—§f51nq’dt=—T—jD 5 (54)
4z 4C° wp 4L“ wn

Conventional phase-plane techniques are not applicable to third-order
differential equations because there are three initial conditions
corresponding to each of the three dynamic variables to be considered:
phase, frequency, and frequency rate (or displacement, velocity, and
acceleration in mechanical systemé). In principle, the trajectories
of a third-order equation could be described in three dimensions..
However, an attempt to project these trajectories for a multitude of
initial conditions on a plane will generate such a confused diagram

that little of a general nature can be deduced.
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On the other hand, if aone limits oneself to a single set of
initial conditions, a meaningful projection of the trajectory onto the
@ - ¢ plane will result. The set of initial conditions of greatest:
interest is ¢ = dp/dt = O; dzv/dtz = D; that is, the loop is initially
in lock so that the frequency and phase errors are zero when the
reference frequency begins to change linearly.

The analog computer program of Fig. 3 can easily be modified to
include another integrator. Figure 20 represents a series of
trajectories projected on the ¢ - ¢ plane. In all cases ¢ = 0.707
and Dﬁmn2 = 1/2. In the hypothetical three dimensional "phase space"
&he trajectories initiate at § = p/ag? mhz and terminate on the
F axis (§ = § = 0). Figure 20 (a) shows the behavior of a second-
order loop (b = 0) with these initial conditions. The terminal or
%teady-state phase 1is sin~1 (DVbnz) as was pointed out in Sec. V.
.‘Addition of the seconduintegrafof causes the‘steady-state phase to
become zero with increasing rapidity as b/wn2 increases. The peak
phase error also diminishes for increasing values of b/'cnn2 at the
cost, however, of decreased system damping which results in increased
rms phase error (Figs. 20 (b) - 20 (£)). Finally, as b/wp? approaches
unity the loop becames unstable.

The advantages secured by increasing the order of the loop are
more evident in Fig. 2l. Here { = .707 again but D/con2 =1. It
was shown in Sec. V that for this and higher values of linear
frequency shift the loop was incapable of tracking. Figure 21(a)
(bﬁmn2 = 0) substantiates this fact. On the other hand, even the

smallest magnitude of thé second integrator produces zero steady-state
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phase error. The peakw~phase error is decreased by increasing b/ah2
but as b/'wn2 approaches unity the rms error increases until near
nanz = 1 the system is again unstable.

o Similar behavior 1is apparent in Figs. 22, 23, and 24 excépt that
as D/wn? increases an increasingly greater value of b/'mn2 is required
to keep the loop in lock. Finally, when D/w,? is near 2 a value of
b/wp? neaf unity is required. However, it is evident from Figs. 20(q)
to 24 (f) that for this value of b/w,2 the system is unstable. The
.range of values that b/mn2 may take on in order for the loop to remain
in lock is plotted as a function of D/wn2 in Fig. 25 - 27 for { = 0.707,
0.3, and 1 respectively. The cross-hatched area represents permissible
values of b/dnz. Clearly, for linear frequency shifts the third-order
loop has extended the tracking range tb approximafely twice that of
the second-order loop for a damping factor, {, of the latter equal to
0.707 and even further for higher values of C.. ‘ , |

A theoretical explanation of the oscillatory behavior for
b/'wn2 near or above unity is possible. The characteristic polynomial

of the loop (Eq. 52) can be rewritten as

[pB + (¢ mnp2 + mnzp + 2 mnb) i%‘l} ¢ =0 (5%)

The Routh-Hurwitz test on the polynomial yields the fact that for

b > sin @

(56)
w2 P |

~

the loop is unstable. This indicates that if in a particular tra-

jectory the phase error reaches such a value that condition (56) is
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satisfled the trajectory will become unstable. Clearly, if b/w,2 = 1
the condition is satisfied for all ¢ and the system is always unstable.
This fact is also borne out by the linear model which follows from
the approximation sin ¢ & . Application of the Routh-Hurwitz test
to the linear equation sets the instability criterion as b/wn2 > 1.
The tracking behavior of the third-order loop does not seem to
be much different than that of the second-order loop for D/wp2< 1.
For Dﬂmn2 > 1, the region for which the second-order loop can not
lock in, there is a limited range of D/bn2 for which the proper
choice of b/bn2 will secure lock. The pull-in behavior when the VCO
is not initially tracking the reference signal seems to be less stable
than for a second-order loop. However, generalizations can not be

made because of the complexity of the phase-space trajectories.

VIII. NOISE AND LOOP NOISE=BANDWIDTH

Some comments are in order on the effect of noise on the pull-in
and tracking behavior. A small amount of phase and frequency jitter
due to noise will not affect the phase-plane trajectories significantly;
it will result only in hash being superimposed on the trajectories.
However, the bias due to the signal frequency error is still the
dominating factor which causes the loop to pull in and a small jitter
on the trajectories will not affect the number of cycles required to
achieve lock. On the other hand, if the input noise is significant,
particularly when the initial frequency error is large, the disturbance
oen the trajectory may be su;h that a different number of cycles will be

required for the system to achieve lock.
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When the loop is in letk and tracking a nroisy signal it is
convenient to consider the linear model which results from the
approximation sin ¢ ~ @. This enables one to analyze the propagation
of nolse through the system and even to derive the form of the loop
filter which will result in a Wiener optimum linear system (see Ref. 1).
A key parameter which'results from the consideration of noise in the

system is the loop noise-bandwidth B defined as

" 2
=gt [ 7 ue)| P o (57)
, 203 o)-go

where H(p) is the transfer function of the linearized loop from input
phase to the output phase df'the VCO. The basis of this definition
lies in the fact that a flat noise spectral density of magnitude ¢
at the input of the linear system will pioduce at the outputﬂa noiée
power 2 $B;. Thus By is the bandwidth of the ideal square-cutoff
low-pass filter which produces the same amount of noise power at its
output as does the lingar system whose realizable transfer function
is H(p). |

With this definition, the loop noise-bandwidths of the various
filters may be considered. For the first-order loop the linearized
trgnsfér function follows from Eqs. (3) and (4).

9’6(P) - K
?s(p) P*+K

H(p) = (58)

where 945 = ¢, - @ is the output phase of the VCO and F(p) = 1.
Applying the definition (57) results in a loop noise-bandwidth for
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the first-order loop eof

B, = % (59)

Then the transfer function (58) can be expressed in terms of Br:

4 By

H 2 ame—u—
(p) p.+ 4 B

(60)
Rechtin has shown (Ref. 1) that to minimize the output noise

- power and simultaneously to maintain the rms phase errof due to a
step change in frequency within a given bound s the optimum linear
filter will be of second order and of the form

mnz +‘\/-é ©nP

H(p) = (61)
CDn2 +Vv/§ Opp * p2

From the denominator which is the characteristic polynomial it is
clear that the damping factor of this optimum loop is £ = 1/./2 = .707.
Application of Eq. (57) yields a ‘

n .
BL = 77 (62)
Then
3
l +
4B F
H(p) = (63)
3 -9 2
1+ +
4B, P 32p 2P

Page 32



External Publication No, 673

Also it is shown that to minimize the output noise power and

similtaneously to maintain the rms phase error due to a linearly

varying frequency input within a given bound, the optimum filter will

be of third order and its transfer function in terms of the loop noise

bandwidth is

25
1+ p?
3 B 18 By 2
H(p) = -
5 2% 5 i25 4
Le——p+—mp?+ —"p
3 B 18 By 216 By

A

The characteristic polynomial of the system is then

p3~-+%gBL p2+%§BL2p+1%gBL3

(64)

Comparison of this with that of Eq. (5%) for which the linearizing

assumption is made results in the following values for the C, wp, and

b parameters in terms of By.

-6Y2,
©n 5 L
c=-7¥52-=.707
=18 p 2
b =228
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Also

I

b .
5 (65)
®On

IX. SUMMARY OF RESULTS

The various conclusions relative to the filters and signals
considered are summarized in terms of both the notations which have
been introduced

1. First-Order lLoop (Sec. III.)

a. Pull-in range

Q0 < kX3 ,r g« 4p X
sec secC

b. Pull-in time for initial frequency error, Q

| Pfinal Pfinal .
t = # : - @
Q - K sing - Q - 4By sing

Pinitial Pinitial

The integral is evaluated in the standard tables.
~2. Second-(Order loop (Berfect Integrator); Constant Reference
Frequency (Sec. IV.)
a., Pull-in range is infinite

b. Pull-in time for large initial frequency erfor, Q
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t&—g-:-—se@

] 2

2 mna

A more accurate expression for smaller Q is given

by Eq. (28)
For optimum loop (using Eq. 62)

t = 27 22 sec
" 256 B3

3. Second-Order Loop (Perfect Integrator); Linearly Varying

Reference Frequency or Constant VCO Drift at Rate D rad/sec?

(Sec. V)
a. Approximate pull-in range for D/bn2 < 1/2

for optimum loop when D/BL2< 16/9

3

27 D sec

@ 4 . Q<

b, Maximum rate which can be tracked

rad

2
= -
D= on sec?

for optimum loop

D=‘3'2-32 rad

L
9 sec2
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4. Second-Ordsr Leep (Imperfeet Integrator) Constant Reference
Frequency (Sec. VI)
Pull-in range

Q<*2(:),“\/.Cff“*"lLa-f‘l

sec

where a is inverse time constant of filter.

For optimum loop

3 3a

seC

_E\

5. Third-Order Loop (Sec. VII)

Tracking range can be extended beyond Dﬂnnz = 1 by means of a
second integrator in the loop filter. Figure 25 indicates that if in
a second order leop, whose damping factor { =0.707, a second integrator
is iniroduced, the tracking range can be extended to D/'mn2 = 1.83 by
making the normalized value of the second integrator constant
b/wp2 = 0.63.

The'optimum third order loop in terms of the othér set of
parameters has { =0.707, op = 6 ~/2/5 B and b/wp2 = 1/4. Its

tracking range extends to

D D 75
—_— = 1.5 or —— = —=
on BL2 144

Page 36



i\

External Publication Ne. 673
The reason that nﬁmnz is chesen in this case to yleld a .aon-
saximm tracking range is that the Opiimum loop must strike a
compromise between tracking accuracy and output noise power, so that

optimizing 4 composite of the two 1s preferrable to optimizipg elther
one.
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7 AspS CsI Standard a)l.l x 10712 a)Al subsurface developed high None Discarded
F mum Al b)0.1 resistance despite step on LiF -
8 Sept 60 I.X window.
600 b)Semiconductor on target
limited to central area.
c)Voltages on image section
flanges: -15.00 KV, -1L.3 KV,
-1k.1 KvV.
d)Flange Diameters 2.753",
2.754", 2.74k", 2.761".
e)To Dage 22 Sept 60, Returned
12 Dec 60, To Elmira 14 Dec 60.
Window Cracked while in transport.
8 As,S CsI Standard No Data Image Section Tipoff Cracked None Salvage
19 Sept 60 F mww Pt during Cutoff of Tube
1.3
500
9 As,S CsI Standard a)5.7 x Ho-pu Tube broke while being inserted None Salvage
26 Sept 60 F mmm Al in the vibration mount 11 Oct 60
10 AssS [of 07 Standard a)2.8 x 10742 a)Very high resistance subsurface None Salvage
6 Oct 60 F wuw No. 3 Pt d)2.5% at 1600 A b)Ba from getter deposited on
1.0 p photosurface giving visible light
450 response.
c)Tube broke while being inserted
in vibration testing mount
28 Oct 60.
11l AspS CsI Standard No data High resistance of subsurface - None Salvage
26 Oct 60 F 368 No. 3 Pd faulty manufacturing
1.6 p
375
12 AspS CsI Standard a)1.25 x 1072 Potting sample Shipped to
3 Nov 60 F umm No. 3 Pd b)0.1 Dage 1 Dec 60
From tube No. 11 c)l3

d)2.5% at 1600 &




APPENDIX I

Uvicon Log

This appendix contains information about all of the tubes which have been deu.wom.aon during the
course of this contract. Information which cannot be readily conveyed in this table is included in the
following appendices.

All pretest gain measurements have been made with 50 volts on the target.

1.Tube 2.Target 3.Photosurface 4.vidicon 5.Tube Performance > 6.Comments 7.Suitable 8.Ultimate
Number a)Type a)Type a)Type a)Sensitivity amps/cm Application Disposition
Cutoff Dete b) Number b)Subsurface b)Number b)Time Constant - sec
c)Thickness c)Resolution TV lines/mm
d)Pretest gain d)Quantum Yield
3 Se None Standard Not Applicable Vibrated Laterally. Mechanical SAo
18 May 60 Target Survived. Model
2 Se CsI Standard No Data Target Inserted None Salvage
16 June 60 Al Backwards.
3 Se-5% P CsI Standard Marginal Operation Electron Lens Tilted - Electrical Air Armaments
11 July 60 Pt Crystal Spots in Model Inc.
Target Grew Rapidly 17 Aug 60
4 Se CsI Standard Marginal Operation Tube Gassy 1 Aug 60, None Salvage
18 July 60 Pt Window Seal Leaked
Rapid Crystal Spot
Growth in Target
S >mmmu CsI Standard No Data Tipoff Cracked on None Salvage
26 July 60 Pt night of 26 July 60
6 >mmmu CsI Standard No Data Target Broke During None Salvage
19 Aug 60 Pt Processing
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