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CONSTRUCTION OF NEWCOMB OPERATORS 

ON A DIGITAL COMPUTER' 

by 
3 3 3 2 

I .G. Kzsak, J.M. Gera rd ,  R.  Efirnba, and M . P .  Barnett 

Introduction 

T h e  f i r s t  and most  obvious appiication of modern electronic coni- 
puters  to  problems of celestial  mechanics was straightforward numer - 
ical  integration of the equations d f  motion. Orbit  determination, dif- 
ferential  orbi t  improvement,  computation oi  special  perturbations o r  
of genera l  perturaations f rom given l i t e ra l  expressions a r e  today c a r -  
r ied out routinely at many computing centers ,  especially in connec- 
tion with space research .  A fur ther ,  highly des i rab le ,  s tep toward 

.automation of pract ical  celestial  mechanics would consist  in developing 
computer p rograms  that could produce the l i t e ra l  expressions for gen- 
e r a l  per turbat ions.  

It i s  well known that the a lgebra  of any se r ious  perturbation theory 
is forn9,idable. Our present  knowledge of motions in the solar sys t em is 
still based largely on the planetary and lunar theories  that were prod- 
ucts of the exceptional capabilities of Leve r r i e r ,  Delailnay, Hansen, 
Newcomb, Hill,  and Brown. In the noi very far future such analytical 
theories wiil certainiy have to be irnprovcd. 
,of doing th i s  is by progress  in  technology. 

T h e  only promising way 

T h e  analytica! development of the disturhing ( o r  perturbative) func- 
. tion is c lear ly  th.e beginning of the construction of a general  per tc rba-  

tion theory Indeed, the derivation of the f i rs t  -order  perturbations 
ei ther  iit orbital  elements o r  in coordinates amounts to  iittle more  than 

_I_- 

1 
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that. 
LaSaratory of the ?.?asEachusetts Institute of Technology and the Smith-  
sonian Astrophysical O b s  erwatc.ry w e  have recently investigated the 
possibility c f  using a digital computer for the complex algebraic ma- 
nipulations that lead to the ana1v:lcai development of the planetary d i s -  
turbing fLnction. 
formulation of the problem that could be coded in programming lail- 
guages now available. Accordingly, i n  part  1 of this repor t ,  we have 
writ ten a brief exposition of the developmznt of the planetary disturbing 
function that was adopted. based on the u s e  of Ne-wcomb c y e r a t s r s .  
P a r t  2 deals with a generalization of Newcomb operators  that are in- 
troduced he re  in connection with the problem of near  commensura-  
bilities in the res t r ic ted  problem of th ree  bodies. 
p rogram that was used on the IRM 709 of the Cooperative Computing 
Laboratory to produce Newcomb operators  relating to the mean anomAy 
of the inner planet up to the 12th degree in the orkita! eccentricity.  
P a r t  4 presents the resul ts  in polynomial form obtained by means of a 
photocomposition technique. 
this report  was prepared  a t  the SAO; for the th i rd  and fourth,at  MIT. 

Therefore in a joiilt project  between the Cooperative Computing 

Discussions soon silowed thc need for a s imple 

P a r t  3 descr ibes  the 

The mater ia l  for the first two pa r t s  of 

1. The analytical development of the planetary disturbing function 

The differential equations for the p1:rturbations in  the orb i ta l  ele- 
ments  o r  in the coordinates of a planet zontain the par t ia l  der ivat ives  
of the disturbing function 

where G is the universal  constant of gravitation; m' is the mass of the 
perturbing planet and r '  i t s  radius vector ;  r is the radius vector  of the 
perturbed planet; and ik stands for the angular distance between the 
planets as seen from thc Szn. The f i r s t  t e r m  in this  expression is 
called the principal,  the stncond the indirect ( o r  complementa: y) pa r t  
of the disturbing frrnction. Because the la t ter  is not symmetr ica l  in r 
and r' , one distinguishes two cases ,  according as the outer o r  inner  
planet is  the perturbing body. 
outer planet will be indicated by the subscr ipts  1 and 2 .  

turbing function for the perturbations of a n  inner planet by a n  outer  one 
appears  in the form 

Quantities pertaining t o  the inner  and 
Then the d i s -  



and the Sisturbing function for the perturbations of an oi’.er planet by an 
inner one is  

1 a a  - -  
R = Gml I( rl , + r2 - 2r; r B  cos 4 )  2 - rz rl-a cos 4 ] . 

The integrzrion of t3e cqdztions of motion by some method of suc -  
cessive approximatior,s is made poac-ible by the development of the d i s -  
turbing function into a inultiFle Fourier s e r i e s ,  the arguments  of which 
a r e  linea r combinations of the angular orbital  e lements .  Methods for 
the approximat= integration will not be discussed h e r e ,  but i t  is expe- 
d.:.i-nt to note that thc qvestion of the most appropriate perturbation 
method in a partic,.ilar case  is far  from being closed It happens too 
often that the most elegant methods are not used ?xcause of pract ical  
difficulties, and methods actually used in practi.cp. a r e  not sat isfactory 
from 2. theoret ical  point of view. 

The l i t e ra ture  of the analytical development of the planetary dis  - 
tcrbing function is very extensive; suffice it to refer to  the works of 
L e v e r r i e r  (18551, Tisserand  (1880), Boquet (188971, Newcomb (1895), 
Poincare‘(1907),  von Zeipel (1912, 1913), P lummer  (1918), Andoyer 
(1923)  and Sharaf (1955). 
conveniently in two steps. F i r s t  the orbits of the planets are consid- 
e red  to be c i rcu lar .  
developm-ent the complicated t e r m s  that account for the eccentr ic i t ies  
of the orbits by megns of the Newcomb opera tor= .  

F o r  c i rcu lar  orbits the disturbing function is 

W e  c a r r y  out the development in question 

In the second s tep  we generate f rom the result ing 

1 -. 
R o  = GrisazL [ ( l  +c? - 2?rcos  y ) - ~ - a c o s  y! , if a c a’ ( 1 )  

R~ = ~ n l ~ a z ’ C ( I + ~ - 2 c r c o s ~ ) - ~ - - - ” c o s ~ j ,  i f a > a ’  (21 

and 
1 

with CY = a1 ai1 < i and cos Y = cos 11 cos A2 + s in  11 s in  Az cos J , where 
A 1  = w1 + M I  and l2 = tM2 a r e  the mean longitudes of the planets 
reckoned f rom the asceiiding node of the inner orbit  on the outer one, 
and J !S the rmtual  inciination of the orbi ta l  planes. Using the notationt 

we can wri te  

z cos Y = p cos J I  + ‘ V  cos r, . t 3) 

- 3  - 



I n  the domain of interest  Rc is a regular analytic function of t he  
var iables  al , a2 ,  J, (r, cp, periodic and even in the arguments $, tp, 
and therefore  representable by a double Four ie r  s e r i e s  of the form 

a. co c o r n  

R 0 = B 00 t 2 p k o  cos k $  + 2 pol cos la, i 4 1 pke c o s  kJr cos J!O. (4 )  

1 1 1 1  

It is  advantageous to introduce the unimodular complcx variables 
5 = exp i$ ,  
s e r i e s  

= exp i~l, wherrrrFm Re bcbcomes the double Laurent-. 

i T h e  Coefficients in t h z  F o u z i e  expansion of the function 

bea r  the name of JacrJbr. 
( 0 )  and { 3;  gives the follrwing relations between the coefficients B 

Then comparison of equations ( l ) ,  ( Z ) ,  (5), 

kl 
Sild b ' kE 

-1 if a <a', Bl,o = B,I,~ = Gmza2 ( b l , o  -$CY) 

BO, 1 = Bo, -1 = Gmza2 (bo, 1 - zd 

Fk. 5 k, 

(7) 
-1 V 

= Grnzai l  b for all other indices ; and 

and B = GmlaiL b for z d l  other indices . 
k, 4 k, 

In the case  qC a small enough inclination J ,  that i s  for u <( 1 -a)'/4cy, 
the  Jacobi coefficients can be developed into a power s e r i e s  of the 
quantity V .  

the binomial expansion 
To this end put cos 't'= cos  JI + V (  COS tp - COS 4) and consider 

-4 - 



1 

(1 +.# -2acosY)- -5= ((1 +r!? - 2 a c o e  $) - 2un(coscp-cos +))-a 

The coefficients in the Fourier  expansion of the function 

a r e .  called he re  the Laplace coefficients; note that on the left s ide of this 
equation the symbol 5 t P means an exponent, but on the right just  an 
upper index. As to the other tr igonametric factor in equation (9), w e  
have 

n 
(2coe(p- 2cos f') = ( q +  q-l  - 5 -  p)n = ( 1  - sq)n(q-l 

k A  Now the Jacobi coefficient b belongs to  the t e r m  5 7 in the double 
Laurent  s e r i e s  obtained upon eubstitution of the expansions (10) and (11) 
into expression (9).  Recknse b = b pe r  definition, it is suffi- 
cient to deal with the case k, L 2 kL 0 .  I k l l ' l  Then the smailest value of 

Therefore  putting n = a + m  one gets 

kl! 

the index n for which a term wiii contain a part icular  factor  t is n = L. 

-5  - 



L 
m=o 

where 

l -  

The foregoing development of the Jacobi coefficients converges 
slowly, and becomes even meaningless for  the perturbations of severa l  
minor planets by Jupi te r .  Ariother development, conceived by Lever  - 
r i e r ,  and elaborated by Tisserand ,  is valid for  ail values of the in-  
clination J. 
taining to the upper index $ , and the evaluation of cer ta in  polynomials 
that  are functions of the quantities p and v.  

It. requires the computation of Laplace coefficients per- 

Consider the expansion 

1 1 r n l  

Recalling equation (3) .  the trigorrometric function cos(hY)can be r e p r e -  
sented by a finite sum of the  form 

h h h h  
t 21Q,h0 cos k$ + 2 a,”, cos c + kJc cos h p .  

h cos(h’;) = Q 
00 

1 1 1 1  

h 
kP, 

= 0 ,  i f  h -(k + $1 is a negative o r  odd integer. 
this s u m  into expansion (1  3) yiehls the infinite s e r i e s  

H e r e  the coefficientn $2 

standing that Q 
substitution of 

a r e  polynomials in p and v, with the under- 

Thus 
h 
kl 

1 W - 1 

b 00 = b z  0 + 2 E Q a j  00 o a  2 j  for k = d = 0, 

and 

rn 
k i d t z j  for all other indices. 

bk+A+aj 
j = o  

-6 - 



h 
Remarkably simple explicit expressions c,' the polynomials c! ( v ,  v) 

and the i r  derivatives with respect  to J were  found by Tisserand. ka H e  
has observed that the polynomials q a ( p ,  V) i n  the representaticrn 

2re of a m o r e  transparelit s t ruc ture  than the 4a . The identity 

s i n ( h  + 1)Y s i n ( h  - 1 ) Y  
s i n  Y 2COS(hY) =- - 

ahows that 

h 
so ttiat the evaluation of the polynomials E $ l  is equivalent t o  that of the 
Q ; ~  : clearly,  

Mol eover, the relation 

h h h h 
4d$l/dJ = h s i n J (  % , h l  + Rk, 1-1 - %+I, L - %-I, 1 

h 
kl is valid.  Regarding the polynomials R Tisserand has recognized 

that they a r e  expressible by the square  of a hypergeometric polyr~o- 
mial 

where  

The  development ( 5 )  of the disturbing function for circular  orbits 

Let 
with an a rb i t r a ry  inclination being fully determined, we now proceed to 
generate the t e r m s  that correspond to the orbi ta l  eccentricit ies.  
us adopt the notations v1 v2 and u1 = ry + VI , ua = cy + Va for the  

-7 - 



true anomalies and true kiigitudes of the two planeta, and introduce 
the complex variables 

x1 = expivl , X a  = expiva 

u1 = expiul  , u2 = expiu2 . 

Ln connection with the mean anomalies and mean longitudes we will u b  
the symbols 

z1 = exp  iM1 , Za = expiMa 

Since 5 = 51 / G a  and = cr G2 , the development (5) can be written as 

m m 

%.. ( 18) 

For  elliptical orbi ts ,  R i s  obviously the s a m e  function of the variables 
r l ,  r3, J ,  u1, u2 as Ro was found to be of the var iables  al a2:, J,  C1 
C a .  In other t e r m s ,  

then 

I 

The Four ie r  expansion of the radius vector and of the so-called equation 
of the center in terms of the meaii anomaly are known from the theory 
of Keplerian nioticn; in the complex form their  first t e r m s  are 

-8 * 



and - =  a r (1 tg) 
1 (5 :% t . . . ( z  + 7?) - - - -  3 -1 

T e - -  t . . .) z - ( e - ~ . e  + . ..)z [ 5: 

(-An important feature of these expansims is that the coefficient of zj 
contains e ' j  ' as a factor .  ) In order  t o  obtain the general  development 
of the disturbing kunction one  could u s e  the ahwe expansions directly 
for strLstitutiGn in equation (19).  This, however, woull  be an  extremely 
tedious task .  
has devised a symbolic method that achieves the required substitution in  
a most  appropriate  way. 
opera to r s ,  equivalent t o  t he  analytical expressions of the Hansen coef- 
f icients.  T h e  o;iginal presentation of this method by Newcomh has since 
been simplified on seve ra l  occasions. 

Perfecting the techniques of his  predecessors ,  Newcamb 

It depends on the use  of cer ta in  differential 

Before dealing with OUP actual problem, we consider first a simple 
C.vep the above Fourier expansion of r /a ,  let us seek that of 

The function r/a being 
example. 
an a rb i t r a ry  malyt ic  function f[r] = f[a.(r/a)]. 
of the f o r m  

r /a  = 1 t g ( e , z ) ,  with g(e ,z )  = O ( e )  , 

we imagine f[rl t o  be developed into the Taylor eer iea  

This expression is conveniently thought of a8 the differential operator  

act ing upon the function f[a>. 

D = a -we have, by inductiori 

In t e r m s  oi the differential operator  
d 
da 

-3 - 



- D ( D - l )  . . .  ( D - i r l )  .. d a da i di a - = D J  a - = D ( D - l ) ,  . . .  , r -- 
dai  da da 

so that the differential operator  (20) appears in the form 

We rear rangeth ie  eym'uolic aer ie8 according to the posi'ive and negative 
powers of the argument z, for  the expansion of the function f t r ]  is re- 
quired in the fo rm of a Lau7er.t E C ~ ~ Z S .  

power s e r i e s  in e with polynomial coefficients i n  D 
tained by putting D for n in the corresponding arrangement  of the bi-  
nemial series 

The cncff ir ientn of TJ w i l l  he 
which a r t  ob- 

0 

a ea 11 +;n+n ) - + . . . ] = 
4 

+ . . . ] (z +z") e e3 + ( 3n+n2 -n3) - 
16 
ea + [(-3n +na) -- + 
8 

+ - . . I  ( ~ ~ $ 2  ) t _... . 3 e3 + {(-17n+9na-n 1 - 
48 

+ [( -n) 

. . . ] ( z " + z ' ~ )  

-3 

For this reason, we write  symbolically 

D d 
f[a] , where D = a- da f[r1 = (r/a) 

0 

This formula already gives a better insight into the s t ruc ture  of the ex- 
pansior oi the function f[r]. Its pract ical  advantage results f r o m  the 
circumsiance that the coefficients of the various powers of the eccen- 
tricity in equation (21)  can be constructed by using relatively pimple: 
recur rence  relations.  

The general ixathn of formula (22) to the case of seve ra l  variables 
For the development of the disturbing function we have is immediate. 

-10- 



In analogy with equation (Zl), the expansion of the differential operator 

,rl /al)D1(xl / ~ 1 ) ~ ’  will be of the f o r m  

t h e  second summation comprising all indices ml , for  which ml - ljl 1 = 
, 0 , 2 , 4 , .  . . . The coefficient 

a polynomial in the symbols  D1 , D3 of degree m1, specified by the 
indices jl, ml , is called a Newcomb operator  relating to  the inner 
plaiiet. Similar ly  relating t o  the outer planet we write 

--here m;3 - lj2 1 = 0 , 2 , 4 , .  . . . 

turbing function (18) for  c i rcu lar  orb i t s .  
W e  consider next the eftect cf these  N e  vcomb operators  on the dis- 

The rule  of differentiation 

( h =  0,1,2, . . . )  h k+L h k+i  
D3 61 = (k+A) 6 ,  

. shows that the symbol D, can be replaced by k+L, that is in so far as a 
part icular  t e r m  of R is concerned, 

0 

Similarly , 

Fur thermore ,  R 
as, and so a r e  the coefficients BkA(al,ao, J). Hence by Euler ’s  formula 

is homogeneous and of degree -1 in the var iables  al, 
0 

-11- 



I 

A 

we have 

D1 Bkl t Da B ki = -BLIP that is Da = -D1 - 

Let us dencte the polynomial that beccmes af 

ny2a (Da 1 -k+A) upon thio substitution 

and introduce the combined Newcomb operators 

relating to both planets. 
the functions B we write 

For the result of applying these operators to 

ki 

In order to utilize the expressions (7), or ( 8 ) ,  we note that 

( h = O , 1 , 2 , .  . . ) -1 h 
= a, D (a,Bkl), 

-1 where D =  u b l b u ,  and u =  alaa - 
Thus 

-12- 



and for  all other indices. h -1 h 
DL Bka = Gmlaa bk.t 

The derivatives on the right sides of these formulas a r e  l inear com- 
binations of the corresponding derivatives of Laplace coefficients ,” a13 
shown both by equations ( 12) and ( 14). 

Finally, if for the sake of brevity we put 

then the general  development of the planetary disturbing function is the 
quadruple Four i e r  s e n e 8  

Here the coefficients contain 

as a factor, and ?he arguments can also be written in the form 

Our problem has therefore been completely reduced to  constructing 
the combined operators 

for the relevant values of the i r  arguments k and 1. 
deemed it advisable to express  the symbols ( 2 6 )  for fixed values of 

sti tute into these  algebraic expressions the required values of k. 
Zeipel pointed out, however, that this is much more  difficult than to 
construct only the constituent operatore 

Newcomb himself 

= 0,1,2, . . . as polynomials in the arguments Dl and k, and then sub- 
Von 

An IBM 7090 computer program has been written at  SAC to evaluate * 
the Laplace coefficients and their  Newcomb derivatives (Izsak and 
Benima, 1963). 

-13- 



. 

as  polynomial^ in the arguments D1 and k , substitute the required 
numerical  values of k+L and -k+L for k in the first and second opera torp  
and then ,multiply the polynomials in the single variable DS so obtained. 

He a l so  disclosed the equivalence of the Newcomb o p e r a t o r s n m ' (  I31 Ik) 
to the analytical expreseions of the Hansen coelficients, and 
established convenient recur rence  relations to construct them, which 
Andoyer subsequently somewhat modified. 

It ie  sufficient to t r ea t  the o p e r a t o r s n l ( D 1  tk) ,  because upon sub- 
stitution of -Dl - 1 for D1 and rearrangement according to  powers of Di 
they easily y i d d  the opera tors  

Ji 

Let  us define with Haneen the (real) coefficients Xn' kt e) by the ex- 
pa116 ion j 

6 

( r / 4  x =c.p.".j. (n,k = O , * l ,  t2,. . - )  

- m  

m or what is the same  thing, by 

Considering them functione not only of the eccentricity e, but also of the 
superscr ip ts  n and IC, their  exprereion in terms of the Newcomb opera- 
tors is .immediately seen  to be 

The conjugates of the unimodular complex var iables  x and z being equal 
to their  reciprocais ,  we have the relation of symmetry  

n, -k 
xj +k - j-k n , k  = x  , and consequently, 

- 1.4- 



The recur rence  relation8 of von Zeipel follow f r o m  the par t ia l  differ-  
ential equation 

ea ea n, k 
= [k [ l - ( l - ea )wa]  t (k -n) -  2 t (2k-n)ex  + ( k - n ) T x a ] X  

satisfied by the functions (321, the  derivation of which will not be @-;en 
here .  
veloping into powers of e ,  we can wri te  this differential equation as 

Eliminating the variable x by the substitution x = Z(X/Z) and de- 

To simplify indexing in the work with the r ecu r rence  relations we in- 
troduce the alternate mtat ion  

(35) 

.p k 
P I  Q 

Since the polynomials possess the symmetry 

p k  x”’ -k 
P *  0 a, P 

(37) 

only those with p 2 Q have to  be determined. 
into the differential equation (34 ) .  
responding t e r m s ,  we obtain the recur rence  relat ion 

Yow enter  the series (35) 
Comparing the coefficients of cor- 

n, k+a 
P, a p - l  , u p-a,  Q 

i (k-n) X 

n , k  
p - i  , 6-1 

4 p X n J k  = 42k-n)X n ,  k t ‘  

+(5p-o-4+4k-n)X 

-15- 



It is undorstood that in this equation the subscr ipts  cannot take negative 
values and therefore  the number of t e rms  on i ts  right side is never more  
than Z+rr.in( p,  cy), 
interchange the indices p and u, rev. r s e  the sign of the argument k, 
and make use  of the property (37) 

Another recurrence relatior! results f rom (38) i f  we 

na-mely 

then 

then 

then 

n. k - . _. . -A. k-r 

k n, k s t a r t s  with setting X 
P, os 0 

The construction of the polynomials 9' 
and continues in  the o rde r  

= I , 

p ,  k 
2 8 0  

9 

etc. 
column, and equation (-39) in all other cases .  

Equation (38 )  i e  used. to determine the  polynomials in the first 

The coefficients of these poi-ynomials a r e  rational numbers .  With 
the polynomials 

however, the work is  
recurrence relations 
definition (40) : 

,n,k - - J 
P, 0 

Jn.k  = 
P9 

confined to the r ea lm of integer ar i thmetic .  Their  
follow at once from equations (38) and ( 39)) and the 

n, k+a 
p-29 0 

+ (b-l ) (k-n)  J n,  k+1 
p - l !  Q 

(2k-n) J 

n, k-1 n ,k -a  - ( a - l ) ( k + n )  J 
p,  a-2 p9 u-1 

- ( 2 k + n ) J  - 



where c = ( p - l ) ( p - 2 ) .  . - (  p - T t 1 )  (0-1) (u-2) - .  . ( ~ - 7 + l ) c  8 
PUT 7 

with c =(-I) T ( 3 1 2  ) Z a T - l  = 3, 2, 3,  6 ,  14, 36, 99, . . .  , 
( 43) 

7 

the range of summation being T = 2, 3 ,  . . . , min( p, a) 

outer planet iip to the 8th dzgrcc i:: the eccerrtricities by a method of 
his cwm. He also gave the algebraic expressions fdr the combined 
operators relating to both planets up to the 7th degree in the eccen- 
tricities and 2nddegree in the inclination. L- a recent work on the 
theory of Pluto, Sharaf ( 195:: iound several of Newcomb’s 8th-degree 
operators relating to the outer planet in error and corrected them. 

of the inner planet are: 

Newcoinb (1895) computed the operators relating to the inner and 

The’firet few Newcomb operators pertaining to the mear anomaly 

‘ n : ( D , k )  = J D , k  = 1 

2 n i ( D l k )  = J D B k =  2 k - D  

8 n : ( D l k )  = .TDlk = (5k+4k2) - (3+4k)D + D2 

1 , O  

2 , o  

4 8 n z ( D l k )  = JDBk = (26k+30ka+Fk3) - (17+33k+12ka)D + (9+4k)Da - D3 
3 1  0 

1 6 n : ( D l k )  = JD’k = -(2k+10ka+8k3) + (3+5k+4ka)D + (1+2k)Da - D3 
a ,  i 

3 8 4 n 4 ( D I k )  = JDPk = (206k+283ka+120k3+16k4) - (142+330kt192kat32k3)D 
4 4 ’  0 

+ (95+102k+24ka)D2 - (18+ 8k)D3 4 ID’ 

9 6 n 4 ( ~ I k )  = J D s k  = - (22k+64k”+60k3+16k4) i (22t47k+48ka+16k3)D 
2 3 9  1 - ( l-3k)Da - ( 6+4k)D3 + D4 

6 4 * m i ( D l k )  = JDIk = - (9k2-16k4) + 21) - (l+8k2)Dz - 2Du i D’ . . . . 
2, a 

Here we took the liberty of writing k for Newcomb’s 4 . 

-17- 



2. Generalized Newcomb operators  

The Newcomb opera tors ,  as usually understood, a r e  connected . 
with the development of the planetary disturbing function in t e r m s  of 
the  Keplerian orbi ta l  e lements .  But nothing prevents us f rom con- 
s t ruct inz analogous differential operators  when this development is 
required In terms of some canonical var iables .  Such is the case in 
many theoretical  problems of celestial  mechanics. As a n  example, 
we choose the question of small divisors in the planetary res t r ic ted  
problem of t h r e e  bodies, the proper  understanding of which is a first 
step toward successful  orbi ta l  theories for minor planets having mean 
motions near ly  commensurable with that of Jupi te r .  

Le t  the units of length, mass, and time be, respectively,  the 
-mea= diztance of Jupi te r ,  the mass of the  Sun and 689.8817 ephemeris  
days.  
and the mass and mean motion of Jupiter are 

In these  units the gravitational constant G becomes equal to  1,  

L 
m =1/1047.355 and n = ( l + m J ) a =  1.000477 radians.  J J 

The minor planet of negligible mass moves in the orbital plane of 
Jupiter, while the orbit c r  the la t te r  is supposed t o  be c i rcu lar .  
t e r m s  of the Gelaunay var iables  

' 

In 

1 1 
L =  a:, G =  [a ( i - ea ) ]z ,  M ,  w (45) 

the moticr. of the  rninyr ?lar?et is dcscribeci by the canonical equations 

i = FM = Q, 6 = Fu = R -3 M = -1- = L -RL, & = -F = -RG (46) 
W '  L G 

associated with the Hamijtonian function 

F =  1/2La + R  , 

and the develcrment of the diaturbing €unction: 
1 

R = mJ { ( I  + ra - 2 r  cos Q)'; - r cos 4 )  

is of the form 
(47) 



Needless to say,  the quantity L-" = a-wa = n i n  the third of equations 
(46) is the (osculating) mean motion of the minor planet 

F o r  m = 0 ,  the Keplerian solutions to  the differential sys tem (46) 
are simply J 

L = L(O), G = G(O),  M = M ( 0 )  t E(@)t, w =  ~(0). 

If m # 0, but a smal l  parameter ,  various perturbation methods can be 
applied tu obtdn appioxi.%a?e solutions. 
ehows that planetary perturbations have twc n,(~?_litzti-.--~-* -_ 7 LXlerent corn- 
ponents. Observations made over a relatively shor t  i ~ t ~ r - ; ~ !  of timr 
reveal smzll, multiply periodic osciliations of the orbital elements. 
These  so-called short-periodic perturbations in t ~ r n  a r e  superposed 
on smooth and eieady variations of the mean elementp, reaching con- 
s iderable  amounts in the course of centuries.  It is the l z t t e r ,  long- 
periodic and secular  perturbations that cause ser ious mathematical  
difficulties in orbital  theories  valid for very extended t imes .  
going definitions" a r e  very  difficult, if not impossible, to formulate 
in a prec ise  way; there  is an almost continuous t ransi t ion between the 
perturbations of different kinds. 

the initial conditions of the problem. 

Indeed, let  us assume that the rzt io  of the mean motions of a minor 
planet and of Jupi ter  is close to that of two sma l l  coprime integers ,  say 

J Asi imomica l  experience 

The fore-  
H 

In addition, the nature  of the long- 
' r ange  perturbations may differ well f rom case to  case ,  depending on 

149) 
J 

Yhen the most sizable long-range perturbations of the minor  planet 
will originate f r o m  those t e rms  in the disturbing function (48) that have 
indicee 

The corresponding arguments  are 

j M + k $ =  

Q =  
where  

(j+k)M. + k(cu-n t) = h e  , J 
$4 4 (p+q)(to-n t) J 
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In the classical  p r o c e h ~  of formal  integration such termR give rise to  
secular  ( h  = 0) and long-periodic (h # 0) perturbations of the elements,  
the latter being la rge  becdure oi the small  divisors  h[pn-(p+q)n~],  the 
squares  of which appear in the perturbations of the mean anomaly M. 
The size of the long-periC,dic perturbations a l so  depends on the rank q 
ot the commensurability, because the coefficients -jk in the develop- 
ment (48) contain e l j l  as a factor ,  and l j  \ = lhlq in the cr i t ical  t e rms .  

This type of small-divisor problem 4s st i l l  chahng ing  the mathe- 
matician and i s  of great interest  to the as t ronomer ,  for  it bears on the 
s t ruc ture  of our so lar  system. 
mean motioos nearly commenburable with that of Jupi ter ,  they s e e m  to 
shun certain regions of commensurability. The distribution of minor  
planets according to  their mean motions is thus conspicuously unevev. 

Simi lar  conditions exist for some satell i tes of the major planets, and 
also for the ring of Saturc. A detailed description of the prevailing 
situation and ample references to the l i t e ra ture  of the subject were  
given rzrently in  Hagihara’s (1961) report. 

valuable insight into the nature of nearly commensurate motion as 
fd lows .  
18671, in each par t icular  case  we consider only the cr i t ical  terms of 
the disturbing fwxtion,  which therefore oimplifies to 

While numerous minor plane - have 

Notwithstanding the inherent mathematical difficulties, w e  can gain 

By what is traditionally called the method of Delaunay (1860, 

a, - - 
R = C ,  t 2 L C h c o s h @ ,  with C h - - ‘-hq, h(p+q)  - (50) 

1 

It is quite plausible then that the solutions to the “averaged” dynamical 
problem defined by equations (46) and F = 1/2La + 
essent ia l  propert ies  of the long-range perturbations in the original 
problern belonging to the corxiplete disturbing function (48). 
the integration of the averaged restrictsd problem of three  bodies can 
be  reduced to quadratures .  But this is not a pract ical  procedure; one 
preferably resorts to numerical integration, a device available in much 
more complicated cases  . 

care‘( 1893) and von Zeipel (1916), we merely remark  that oince the 
middle tk‘irties and under slightly different circumstances it has r e -  
ceived special attention in the modern theory of nonlinear oscillations. 
Le t  us refer to the work of Bogoliubov and Mitropolsky (1958). The 
concern here is with the t reatment  of the canonical system (46). 

will exhibit the 

In principle, 

As to  the justification of Dtlaunay’ a method, generalized by Pcin- 

I 
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Following PoincarC (1902) and Andoyer ( 1903) we per form two 
simple canonical t ransformations.  
dependence on t ime of the Hamiltonian F, we introduce first the angu- 
l a r  var iable  

In order  to eliminate the explicit 

x =  w - n j t  , 

whereupon the sys tem (46) becomes,  

i = H M ,  G = H  X , M = - H L .  ;(=-Hc‘ 

the new Ham it ,ozian being 

H = F + nJG = 1/2La + nJG + R , 

m l n  
and 

( L , G )  ~ 0 %  [(j +k)M + k ~ ]  . 
-aa - w  

Then H = const is the well-known integral  of Jacobi in  the res t r ic ted  
problem of three  bodies. A second canonical transformation 

~ = - L + G  e =  P M + ( l t q ) x ,  P 
9 

with the inverse 

P 
9 9 

M = ( 1 + - ) f - 8  L = A + - ~  P 

G = A + ( 1  + -)r P 
(54) 

x =  -!!f + e  
q q 

makes the submultiple 8 = @/q of the cr i t ical  argument one of the angular 
Variables and eliminates the inconvenience of using the Delaunay vdri-  
able G for  the description of moderately eccentric orbits.” The geo- 
met r i ca l  meaning of the var iables  A and r is eas ie r  t o  visualize i f  w e  
represent  them in the f o r m  

* The special  case  p =  0, q =  1, although meaningless in  relation to  corn- 
mensurabi l i t ies ,  is important in the theory of general  perturbations. 
Note that ( -2r)”2 s i n e ,  (-2r)l” cos 0 is a l so  a pair  of canonical e le-  
ments .  
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because the quantities 
I 

a r e  analogous to  the conventional semimajor axis and eccentricity of an 
ell ipse.  Really, comparison of the definitions (45), (54) and (55) yields 
the relations 

1 c[l -in+ z l e q :  1 

, e = -  # 157)  
ea 

2 (  1 - H62) 
1 

a a  a = a ( l - x e )  , ( 1 - e a ) 6 =  1 -  
1 - noa 

3 
.m- 

where we put n = 2. The quantity u = a a = 
analogous to  the 2q conventional mean motion. Expanding the coef- 
ficients cjk of the disturbing function in t e r n s  of the canonical elements 
A, r is clearly equivalent to that in te rms  of the auxiliary quantities a, 
e. W e  will show how the ia t te r  development can be ca r r i ed  out with the  
use of generalized Newcomb operators. 

= n( 1 - naa)3 is 

Now consider the averaged dynamical problem 

where 

and 
depend on the angular vasizble 
integral  A = const. 
nonical sys tem 

w a s  given by equation (50). Since the Hamiltonian H does not 
, besides H = conat,  we have h e r e  the 

Tterefore it  is sufficient t o  t rea t  the reduced ca-  

when this sys tem has beeii solved, the function f (t) follows by inte- 
grating the equation 

A detailed numerical  investigation of the canonical eystem (58),  (59 )  for 
various cases  of commensurabi!;ties is planned a t  the SAO. 
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Our present problem is to product the coefficients Gh in  equation 
( 5 0 )  as power s e r i e s  of the auxiliary eccentricity c. . 
begin with the famil iar  development 

Once again we 

k 
QD 1 

R~ = m ~ ( 1  + a a - t a c o s v ) - ~ - u c o s ~ ~  = C B ~ ( ~ ) S  , 
-Q) 

J 
1 

Bk(u) = ni b J ( a j  for all other indices, J k  

pertaining to c i rcu lar  orbi ts .  
elaborated in par t  1, the symbolic development of tL~.! disturbing func- 
tion (47) in t e rms  of the variables CT , u , z , 5 is 

By direct  application of the principles 

Anew we can se t  

but the expressions of the Nawccznb operators E Y ( D I k )  are different 
f r o m  the fo rmer  ones. 

? n p  by the expansion - p, 0 nomial coefficients 
In analogy with equations "( 35), we define poly- 

and the generalized Newcomb operators are 

It is alto ether ossible to find recur rence  relations satisfied by the 
polynomials R_ n, p, kp , similar to ,  h t  much more complicated than equa- 

t ions (38) and (39). An e a s i e r  approach to their  construction consists in  
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n,k the following. 
conventional eccentricity have already been obtained. 
tions ( 5 7 )  defines e as an analytic function of the auxiliary eccentricity 
(t , and generates the coefficients a in the power series 

We assume that the polynomials X p, ,., relating to the 
The last of equa- 

4 ,  A 

which are rational numbers depending on the adopted value of K . 
any exponent 6 0 we have 

For 

= : ;  moreover a = O ,  if ~ = l , 2 ,  ... . 
L , O  0 ,  A 
a 

The isentity 

furnishes the re c u r r  ence relations 
X 
r 

a = L a l , p  a 6 , X - p  ' 
l + l l A  p - 0  

c 

and the coefficitrds - 

x -1 a ' 1 ,  a = ( x - A / 4 ) ~  
2 J 0  21 x 

are k n ~ i m -  So the equations 

= ( X - X / 4 ) %  X - 1  a a  t 1 , p  1,x-CL p = O  

de t errnin e the c oe f f i  c ient s 

a = 3 x 2 / 8  - 3n/L6 - 1 /128  , 
1,s 

( 64) 

a = 5tt3/16 - l S ~ ~ / 6 4  - 5~/256 - 1/1024 

a =35~ ' /128 -  3 5 ~ ~ / 1 2 8 - 3 5 ~ ~ / 1 O i 2 4 - 7 X / 2 0 4 8  - 5/32768 I . . , 
1 9 3  

1 , 4  
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in succession, azd for A L 3 one can u s e  the relations (64). 

into powers of c , we 
L 

Ha:ring obtained the expansion (63) of e 
define the intermediary polynomials t n ,  by the rear rangement  

P,  Y 

0 0  

which gives 

On the other hand 

and according to  the f i r s t  of equations (57) we can write 

V 

Thus the expans ion (61) hccornes 

that  is 

In 

T 

conclusion, w e  summar ize  the formulas relating to  the canonical 
development of the disturbing function in the 2lanetary res t r ic ted  problem 
of t h r e e  bodies, and to the computation of the coefficients ch in part ic-  
u la r .  The complete disturbing function is 

= a ,  

R = 1 L C j k c o s  [ ( j+k)M+kXI  , (52) 
-OD - m  



I -  

with 

and 

m m  C = I C j k  e , (In - ljl = 0 , 2 , 4  ,... , 
jk 

m 

here the generalized Newcomb operators n Y ( D  I k )  and the functions 
Bk are defined by equations (62), ( 6 6 ) ,  (05), and ( 6 0 ) .  
near commensurability under consideration be characterized by the 
condition (49).  

Let the case of 

Then the  criticai part of the disturbing function is 

where 

- R = C, t 2 ~ C h c o s  hq0 

1 

Writing 

m m  
Ch = I C h  c , ( m  - hq = 0 , 2 , 4 ,  ... . ) 

m 

we have 

and 
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3. Programming methods 

3. 1. Introduction. - -  A s  mentioned in the Introduction to this repor t ,  
an IBM 709 computer has  been used to generate the polynomials J:: k, 
and,, p. 0 that  a re  defined in equations (40)  and (61) ,  for  a range of 
values of the indices p and 0. 
computer programs that were employed. These programs enabled the 
computer to per form tedious algebra,  albeit  of a r a the r  res t r ic ted  na-  
tu re ,  It is cer ta in  that computers have been ap$ed since the i r  rdvent 
to  comparable a lgebraic  problems that were  og :‘--rZce rn in individual 
scientific studies.  These  applications have been r a the r  few in number 
and have had ve ry  scant  reporting in t\e l i t e ra ture .  Perhaps the ear- 
l ies t  was the u s e  of EDSACI to generate  representat ions oi formulas  
far molecular integrals  that were needed in s o m e  calculations of theo- 
re t ical  ck:-T.is+Ty (Boys et al. , 1956). Boys deait with formulas that 
were  represented conveniently by a r r a y s  of numerical  coefficients. Sev- 
e r a l  l a te r  a lgebraic  applications of cornputers, including that descr ibed 
he re ,  come into the s a m e  general  category. Subr3utines that manipulate 
a r r a y s  of coefficients representing polynomials in.  one o r  more  var iables  
have been coded in severa l  laborator ies .  
being given to m o r e  symbolic processes .  
given of the ability of vilrious 
e ra t e  formulas in accordance with simple algori thms.  
plications of such prograr-la 7 3  Fhysicai problems have received l i t t le 
m-eriticn, however,  in the scientific l i terature .  T h e  iiscd tn manipulate 
l i t e ra l  a igebraic  and analytical expressions in theoret ical  chzmical 
studies has  led one of us (M.  P. B . )  t o  the development of some formal-  
isms and programs for symbol manipulation *.!;nose application to  m e c h -  
anized algebra is now under investigation in the Cooperative Computing 

-n,k 

This par t  of the r epor t  descr ibes  the 

. 

Increasing attention is now 
Demonstrations have been 

*e symbol manipulating” programs to  gen- 
Significant ap-  

. Laboratory.  

The  aspect  of the Newcomb operator  work that we wish to s t r e s s  
most  is the u t te r  simplicity of the programming techniques that were  
used. It s e e m s  likely that p rograms of equal simplicity couid deal  
with significant a lgebraic  problems in other fields,  for which this  pos- 

n , k  
P ,  9 

sibility has  not yet been explored. 
polynomials were  represented in the computer by a r r a y s  of coefficients. 
Trivial  subroutines were  coded to add, subtract ,  and multiply polyno- 
mials in this representat ion.  These  basic  subroutines were  cailed by 
fur ther  subrout ines ,  which embodied the r ecu r rence  procedures  defined 
mathematically in the ea r l i e r  par t s  of this report .  The sequential na-  
tu re  of mechanized computing requires  the production of resu l t s  in some 
definite sequence. 

and n,  k 
the JP, u Essentially,  

The sequence that is appropriate  ti; a par t icular  



pra'Llern dcfirics the over-al l  logical s t ruc ture ,  that is the major  loops 
and branches,  in the program used. The sequence in which i t  is con- 

venient to generate  the J,, a n d z  ,, polynomials determines the 
general  s t ruc ture  of our  programs.  
s e l v e s  cietermine s imple sequences of coding that call  the hasic poly- 
nomial manipulating subroutines.  

n, k f-n, k 

The r ecu r rence  formulas them- 

n , k  T n , k  
The programs that generate  the, coefficients in the J,, d ,  - ~, - .  - 

and other polynomials w e r e  coded in the FOXTRAN LI language. The 
programs construct  polynomia!s for  values of Q and r~ such  that P ;i: 0, 
and p + u takes  successive integer values f rom 0 to  a l imit  provided in 
the input data.  When the ; o , ,  polynomials are  constructed, the re-  
levant values of H must also be  provided in the input. The prec ise  fo r -  
m a t  of the iqput is under the control of a very simple portion of the 
program,  which can be  adapted to different operating circumstances 
without affecting the subroutines that incorporate the mathematical 
procedures .  
ments  by  changing some output statements and output Subroutines in a 
sirnple manner .  
sc r ibed  in p a r t  3 .  2. 
a re  described in part  3 .  3 .  

xer j iL t s  were printed in the manner conventionally used for computer 
output. 
into the code of the Fiioi~ri S-5GG photagraphic typesettisg unit. This 
unit and i ts  applications to the printing of computer resul ts  a re  de- 
scribed elsewhere (Barne t t ,  Moss, Luce and Kelley, 1963). A shor t  
program was used to t r a n s f o r m  the initial computer output to a form 
that could be processed  by the CARDPRINT sys tem to produce the codes 
that drive the Photon machine.  These codes were punched on pzper tape,  
and the tape was used to dr ive  the 5 - 5 6 0  unit  in the Cooperative Com- 
puting Laboratory.  The film that was exposed in the Photon unit to  the 
images of the appropriate  sequences of characters  ,tinder the control of 
the paper tape,  was developed aid used as the c;i-iginal f rom which pa r t  
4 of this repor t  was copied photolithographically. 

- 

The outpiit format  can a l so  be adapted to different requi re -  

The internal representation of the polynomials is de- 
T h e  basic polynomial manipulating subroutines 

The  higher-level subroutines +hat produce - n , k  
and & D, a polynomials are  descr ibed in par t  3 . 4 .  The n , k  

the J D ,  CY 

Some of the resu l t s  were a l so  t ransformed by fur ther  programs 

n , k  The coefficients in the J,,, polynomials a r e  integers,  those in the 
n,k 

The version of the pro-  - 0 , d  
grams that is in use at present  represents  all coefficients as double 
precis ion floating point numbers throughout, to  avoid excessive round- 
o f f .  If s o  des i r ed  the coeL'ficients in the Jn,  may be converted f rom 
this form to integer  representation for printed output. 

polynomials are rational numbers .  - 

I 
P ,  a 

The coefficients 
n , k  
P I  0 

in  the I-1 a r e  recorded in single precis ion floating point form. The 
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only details  of the program that a r e  specific to  the double precision na-  
t u re  of the operations a r e  the l imits  on the s izes  of a r r a y  that can be 
used to s t o r e  the coefficients, and the D codes in the ar i thmetic  s t a t e -  
ments .  

3 . 2 .  Internal  representat.ion. - - Simi lar  s torage conventions a r e  used - 
polynomials. These m a y  b.e ex- --:l,k for the Jnlk , Xn8 n 9 k  and& 

0 9 0  p , a . '  r5 P , D  - ,, P I  Q 
-1, n plained by reference to the  J p ,  polynoliii=ls. The  subscr ipts  p and 0 

a r e  s tored  as integer var iables  MA and MB. 
the present  version of the programs correspond to vers ions of the 
mathematical  notation that p recc led  those descr ibed in par ts  1 and 2 of 
this repor t ,  but this should cause no confusion. The  coefficients of the 

n , k  polynomial JMA, M B  a r e  s tored  in consecutive locations of a double 
precis ion a r r a y  AIC-M of dimension 3750, star t ing with the word 
AICM(N),  whose index N is s i s r e d  for reference in another a r r a y  IN.  

This  index is called t h e  pointer to JMA,  M R  - The a r r a y  IN is of di- 
mension 15x15 ,  and the pointer to J n t k  MA, MB 
X E  l ) .  The word AXCM(N) contains g + 1, where g is the o rde r  in 

n of J d A ,  M B .  The word M C M (  N + 1 ) contains h + 1, where h is the 
o r d e r  of the polynomial in k that is independent of n. The ccdf i r ien tz  
of increasing powers cf k in this polynomial are  s tored  as double pre-  
cision numbers i n  successive locations of AICM. The polynomial in k 
that multiplies n i s  s tored next, in a similar  fashion; then the polyno- 
mial in k that multiplies na and so on, up to the polynomial in k that 
multiplies ng. 

The mnemonics used in 

n, k 

i s  s tored  in IN(MA + 1, 

n k  

A s  an example, consider the polynomial 

3 Jn' = ( -2k  - 10k2 - 8k3) + ( 3  + 5k + 4k')n t ( 1  + 2 k ) ~ '  - n . 
2 D 1  

F o r  reasons  that a r e  explained shortly,  this i s  stored with its pointer 
N equal to 43 .  Accordingly, IN(2 + 1, 1 + 1) = 43,  and the contents of 
AICM(43) e t  seq.  are  as follows: -- 

INX AICM (INX) 

43 4 
44 4 
45 0 
46 - 2  
47 - 10 
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48 
49 
50 
51  
52 
53 
54 
55  
56 
57 

- 8  
3 
3 
5 
4 
2 
1 
2 
1 

- 1  

The mnemonicINX is usedabove to index the  AJCM array. This a r r a y  
is used to s tore  all the computed polynomials. A s imi la r  a r r a y ,  ATEMP, - n ,  k 

polynomials as they a r e  computed. is used to  s tore  the 5 ,,, and p,.o 
During the execution of the program it is  necessary  to  operate on the po-  
1ynorr.ials that have been formed and stored. 
to  be used, i t  is f i r s t  t ransfer red  from AICM into one of four temporary 
s t o r e s  MCT 1, AICT 2, AICT 3 .  AICT4. T h e s e  temporary s to re s  a r e  
16. X 16 arrays in which the double precision elernent with subscr ip ts  

n,k 

Whenever a polynomial is 

1-1 J-1 , (I, J) is the coefficient of n k in the polynomial , the element with 
subscr ip ts  {I,  16) is one greater than the o rde r  in k of the polynomizl 

coefficient of n 
thax the order  of the entire polynomial in n. 

1-1 
and the element with subscr ipts  (16,16) is one g rea t e r  

Thus i f  the polynomial 3 -  n’ IS t ransfer red  to A l G T  1,  the contents 
d , l  

of this ai-ray are as follows : 

AICT 

J* . 

1 2 3 4 
I 1 0 - 2  - 1 0  -8 
1 2 3 5 4 

3 1 2 
4 -1 

5 . . .  16 
4 
3 
2 
1 

16 

-30- . 

4 



3 .  3 .  Basic  polynomial manir>ulation subroutines.  - - Severa l  subrou-  
t ines a r e  used to opera te  on polynomials whose representat ions a r e  
s tored  in the 1 6 x 1 6  a r r a y s  AICT 1, AICT 2 ,  AICT 3 ,  ALCT4. These  
a r e  descr ibed by re ference  to the c a s e  where PJCT 1 and AiCT 2 a r e  
the arguments  in the calling sequence, but any of the four a r r a y s  ( o r  
any equivalent a r r a y )  can appear  where AICT 1 and AiCT 2 a r c  used 
below. 

C L E A R ( d C T  1) 
ADD ( 4ICT 1 ,  AlCT 2) .  
senta  ions a re  =tored  i n  N C T  1 and AICT 2 ,  and s to re s  the r e p r e .  
sentation of the resu l t  in M C T  2 .  

T h ’ ;  c lears  all words of AICT 1 to  zero.  
This  adds the polynomials whzce r e p r e -  

MPCONS ( A U U ,  AICT 1) .  
presentation is s to red  in N C T  1 by a constant, s to red  in  AMU, 
anri s t o r e s  the representat ion of the result ing polynomial in AiCT 1. 

hlPMC’ AMU, AICT 1,  AXCT 2) .  This  per forms the s a m e  operation 
a s  MP(;ONS, but s to re s  the resu l t  in AICT 2 ,  leaving the contents 
of AICT 1 unchanged. 

MPMK( M U ,  AlCT 1 ,  AICT 2) .  This  multiplies the polynomial 
whose representat ion i s  s tored  in AICT I by the l inear  factor ak, 
and s to re s  the representat ion of the resul t  in AJCT2. The l e t t e r  
a is used he re  to denore the numerical  value of a constant, s to red  
in A M U .  The second and third arguments  of this  subroutice m J s t  
not be the same. 

This  multiplies the polynomial whose r e  - 

MPMN(AMU, AICT 1 ,  AICT 2).  This multiplies the polynomial 
whose representat ion is s tored  in ALCT 1 by the l inear  factor an ,  
and stores the representat ion of the result in AICT 2. The le t te r  
a is used as it is in the explana t ion  of MPMK. 
third arguments  of this subroutine must not be the same. 

S U B S T  ( A M U ,  AICT 1) .  
k in the  polynomial whose representation is s to red  in AIGT 1. 
l e t te r  a is used as in the preceding paragraphs.  
uses  the binomial coefficients s tored in the COMMON a r r a y  APASC. 

PASCT (APASC) . 
COMMON a;.ray APASC. 

TRANS ( N ,  AlCT 1 ) .  This t r a n s f e r s  the polynomial whose pointer 
i s  N f rom the COMMON a r r a y  AlCM to the workixg a r r a y  MCT 1 
The nature  of AICM a n d  N was explained in p a r t  3 .  3 .  The value 
of N is unchanged by the subroutine.  

STORE(N,  AlCT 1 ) .  This copies the polynomial whose r ep resen -  

The second and 

This substi tutes the linear facto* (k 4 a) for  
The 

This  subroutine 

This forms Pasca l ’ s  t r iangle  in the 15 X 15 
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tation is s tored in  AICT 1 ,  into the AICM a r r a y ,  start ing at 
i U C M ( N ) .  The value sf N is  rese t  by the subroutine to the index 
of the word in AICM immediately following the las t  of the words 
required for the polyiomial. 
subroutine PRINT ( s e e  below). and 
~ " 1 '  polynomials in NCM. 

KE;EP(N, AICT1). This differs f rom STORE only in that it trar.s- 
rers the poiynomid i i c z i  the array f%.ici i to the  CriFiy 

and \-I polynomials..  It is used to  s to re  the 5 
PRINT(AICT 1). 
ca rd  so requests .  
intermediate resul ts  for program testing and correct ing.  
present  vers ion includes identifying data in the record  (polynomial 
name and o rde r ) .  

DIVIDE (MA, M B  , AICT I ) .  This divides the polynomial whose r e -  

Befcre exit the subroutine calls the 
It is used to s t o r e  the J:; 

D l  d 

%TEh<p. - n,k n l k  
0 . T  0 8 0  

This prints the contents of AICT 1 i f  the data 
An ea r l i e r  version of the subroutine printed 

The 

MA + Mi3 presentation is s tored in AICT 1 by 2 hlA!MB! I t  is used 

to convert 3 n, k i , k  
P ,  a 1 -  

t P  x, ~. 
The internal operation of these subroutines is very s imple.  Most 

of them use  the variables NORDP 1,  KOkLiP 1 ,  M N P  1 and MKP 1 in a 
uniform manner .  These variables  a r e  defined independently in each of 
the'subroutines that u s e  t'iern. The variable NORDPl is s e t  equal to 
a number that is one grea te r  than the o r d e r  in n of the polynomial on 
which zn operation is being performed. The variable MNPl i s  a 
rirnning index that a t  any t ime is one grea te r  than the power of n under 
attention. I t  takes values 1 to  N O R 3 P  1 in turn. The variable KORDP 1 
is se t  equal to a number o n e  grea te r  than the o r d e r  in k of the polyno- 
mial coefficient of the power of n that is under attention. The variable 
MKPl it a running index that a t  any t ime is one g rea t e r  than the power 
of k under attention. It takes values 1 to KORDP 1 in t u r n .  The vari- 
ables M N P l  and M K P 1  a r e  used a s  indices of two DO loops whose 
respective upper l imits  a r e  NORDP 1 and KORDP 1. The different low 
level subrou.tines perform different operations within this simple nest 
of DO loops. The subroutine CLEAR sets NORDP 1 and KORDP 1 both 
equal to 16 to c lear  the entire a r r ay ,  

. 

The subroutine PASCT constructs the binomial coefficients using 

The operation of SUEST corresponds to the summation that can be ex- 
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pres sed  as follows. 
m i d  c ( n , k )  , 

Let the contents of AICT 1 represent  the polyno- 

g h: 
A . .  

where  

Then 

i = o  j = o  

h where  

c .  * = c 
+ 2 Gila ai-' (L)  . 1, j 1, j 

I = j + &  

In the subroutine SUBST, the a r r a y  AITEMP s t o r e s  powers of the 
argument  A M U  ( i .  e .  a in the above equations). 

3 . 4 .  High-level programs.  - -  The mathematical  prc-cedures developed 
in  par t s  1 and 2 of this repor t  form tne basis  of r ive ma jo r  subroutines. 
These a r e  

GE'TJS , which constructs the Jn' polynomials defined in equa- 
tion (40) 

in equa- 
tion ( 3 5 )  

GETXS , 

con stant s in equa- 
tion ( 6 3 )  

a 

GETPSI , polynomials in equa- 
tion ( 5 5 )  

in equa- 
tion (61) 

A shor t  ma in  program is used to read data and to  cal l  this sys t em 

p.  CJ 
ti n 80 xnI D, 82 

0, d 

,, s9 I* 0 

a ,  A 

P ,  0 

GETAS 9 

I, #I *ns k 9, 

,a a ., ? n , k  ,, P, 
BIGPSI , u 

0 ,  u 

of subroutines.  
polynomials up to some limiting value of p + 0 . A data ca rd  may r e -  

quest  the calculation of & o, 
of p + 7 , and for some  value of n , Depending on the circumstances,  
the main program calls the subroutine GETXS, or  the subroutine 
BIGPSI, o r  both, before reading another data  card.  The subroiltine 
GETXS calls the subroutine GETJS which forms and r eco rds  the Jnt 

polynomials, The subroutine GETXS then converts the Jn*  polyno- 

A data ca rd  may request the calculation of the X:; - n,k polynomials up to some limiting value 

P I  Q 

P , D  
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n ,  k n o r r , k l s  to the X,, ~ polynomials and records these.  

BIGPSl calls the subroutme CETPSJ to form the 5 o: 

This in  turn cal ls  the subroutine GETAS to form the ak, 

T ~ ~ C P S S ~ T - :  for generating the 5 polynomials from ihe X p ,  polyno- 
Dl u 

mials previously coniplted. 

to form and record the \-I ,, , polynomials. 

i h e  subroutine 

polynomials. 
coefficients 

n, k nl k 

polynomials Then BIGPSI use5 the 5 P I  0 n, k 
n , k  

We will now describe the operdtions of the five majo-: subroutines: 

GETJSiAXCM. IMAPBMX). This subroutine gener&.tes r e p r e s e n -  

s to re s  these in Lhe a r r a y  AICM in the format which is described 
in part 3 .  2. 
structed from the expliclt formula, taken f rom 

tations of the polynomials J,, n*k C! s c + SMAPBMX, (7 5 p , arii: 

The representatlon of the firsL polynomial is con- 

T h e  recur rence  formulas a re  then applied using the following 
rnn emonic s 

- MA - 
MG - 
MGMAX = 

CABG = 

MBMAX = 

- 
P '  M B = u ,  MAPB = p t 0 

7 ( i n  the c 

the maximum value of 7 in the summation of equation (42),  

C 

the maximum value of u for the value of MAPB under 
cons ideration. 

of equation (42)  ) ,  
PUT 

expressed as a floating ;sin+ number, 
b C 7  

The subroutine cycles around an outer loop in the index MAPB, 

MAPB,  0 is 

which takes successive values 1 to MAPBMX, This loop s t a r t s  a t  
statement No .  50. In each cycle, the representation of Jn* 
constructed f i r s t ,  by a coding sequence that corresponds to  equa- 
tion (41), i n  which the second t e r m  is  by-passed if  MAPB = l .  An 
inner loop, which s t a r t s  a t  statement No.  210, then cycles through 
values of MB f rom 1 to MBMAX, constructing representations of 
the JMA,MB b;i a coding sequence that corresponds to equation (42) .  
The second t e r m  is by-passed i f  M B  5 1. The  third t e r m  is by- 
passed if MA = 0.  The summation over MG (that is 7 )  is omitted 
i f  MB = 1. When M B  > 1 ,  a DO loop with index MG, which s t a r t s  
at statement No. 315, constructs the sum 

n, k 
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7 = 2  

T h e  resul t  i s  then multiplied by p (  p - 0 i k). The coefficients cpoT 
a r e  evaluated by  a coding sequence that corresponds to equation 
( 4 3 ) .  Each t e r m  in the T summation is constructed in AlCT 1 and 
then added to AICT 2. polynomial i s  formed in AICT 4. 

. h i en  printed and s tored  in AICbl. The integer variable NNEXT is  
the  running pointer. to AICM; i t  i s  used as a n  argument of STORE. 

GETXS (AICM, MAPBMX ) .  This  subroutine tak3.s the r ep resen -  
tation of each polynomial f rom the XCM a r r a y  in turn,  con- 
v e r t s  i t  to the representation of the corresponding Xo; cJ , and o v e r -  

J ~ ,  k was wri te5 the resul t  in the AICM array fmm whicn thp 
taken. The subroutine DIVIDE is used to per form the conversion, 
which s imply entails division by 2"' p !  a! 

G E T A s ( A ,  A.NU, N).  as ele- 
' ments  of the two-dimensional array 4. The subscr ip ts .1  and J are 

used  in par t  of the subroutine to identify elements of the array in 
which c a s e  A(1. J) = aJ, I- 1. The subscr ipts  in the. p rogram are in 
r e v e r s e  o rde r  to those in the notation of par t  2 ,  as they correspond 
to  an ea r l i e r  vers ion cf the notation. The subscr ipts  I P 1  and L are  
u s e d  l a t e r  in the subroutine in place of I and J .  The  argument  ANU 
is the pa rame te r  H. When the subroutine is called by GETXS, the 
th i rd  argument  i s  MAPBMX. H e r e ,  for co:iciscness, we denote i t  
b y  N .  The  f i r s t  par t  of the subroutine evaluates the integral  par t  of 
(N/2), adds 1 .and places  the resul t  in M .  

Each  J:; 

n k  u, 2 

0, a 

This  subroutine constructs  the a L ,  

It then computes the 

2, I- 1) as 
A(1, J), A(1, 1) and  A ( I ,  2), (that is the aJ, 

I a l , I - l  and a 

A ( 1 , J )  = 1 . 0  for J = 1 to 2M 
1 1 

4 
A ( 2 , l )  = a ( "  - - )  

then for i taking v a l u e s  3 to  M 

A ( I , l )  = 
where  

APROD = 

(APROD - S U M ) / 2 . 0  

1 - 1  1-2 
( A N U - - ) A N U  4 

The  quantity S U M  is evaluated by a loop on t h e  index IH which takes 
values 2 to 1-1. Each cycle of this loop adds A(IH,  1) A(I t1  -IH, 1) 
to  the accumulating value of SUM fo r  the cur ren t  1. This  c o r r e -  
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sponds to the equation 
1 - 1  

which is 
by substiti-!cing 1 for h 

Next, the elements A ( I ,  2) a r e  constructed for I = 2 to M using 
the formula Q 

qtained from the second equation after eq. (64) on page 24, 
and transposing. 

1 ,o 

This corresponds to the equation on page 24, 

The subroutine then cycles through a loop on the index L, which 
takes 
the A’s. 
dex is found f r o m  

values from 3 to 2M-2; i t  is used as the second subscr ipt  of 
For each value of L, the l imit  IP 1 MAX of the first in- 

I P l M A X  = M - integer par t  of ( L ; l )  - . 
The subroutine then cycles through a loop on the index LP 1, which 

takes successive values 2 to  IP 1 MAX. 
i a  set  equal t o  A(IP 1 , L- l ) ,  and then an inner loop on the index 
IHP 1 is executed. This takes values 2 to  IP 1 .  Within t h i s  inner  
loop A ( I P 1 , L )  is increased by :  A ( I H P 1 , l )  X A ( I P 1  -1HP1 + 1 ,L-1 ) .  

Within this  loop A ( I P  1, L) 

In this way A ( I P l , L ) ,  i . e . ,  a L, IP 1 - 1 ’ is evaluated in accordance 
with equation (64 ) .  

GETPSI(AICM, MAPBMX, A W ) .  This subroutine uses  the r e p r e -  
sentations of the Xn* polynomials in the array AICM, to generate 

P, 0 
representations of the 5;: po:ynomials. I t  overwrites these in 
this s ame  a r r a y  immediately pr ior  to exit. 
0 S D +CT S MAPBMX, and for K = AiiPr. The subroutine calls GET& 
to form the a 
equation (65) in the form 

The  5 ; : :  are found for 

n k  in the a r r a y  A. It then evaluates the 5 p; using .e, x 
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A =  1 

Tilt: limit on the summation in (65) is  written as the l e s s e r  of the 
quantities o arid Q. 

a r e  constructed only for CJ S p.  
It can be written as CJ here  as the polynomials 

The following mnemonics are used:  

M A =  p M B  = u MAPB = p t u MBMAX = maximum u 
for clirrent 
p + Q value 

AMULT = a for  cur ren t  p ,  Q ,  1. 

ATEMP = working a r r a y  for < 
P*CJ-PX, ?L n , k  

P I  0 

The subroutine cycles through a major  loop on the index MAPB 
which takes value 1 to MAPBMX. This loop s t a r t s  at statement 
No .  50. Within this loop, the representation of 5"' is 

formed f i rs t .  
executed with the index MB taking values 1 to MBMAX. 

n,  k by t ransferr ing the representation of X"' to  the MA, MB !JP  Q 
forms 5 
a r r a y  AICT 2, and then executing the innermost loop on the index I 
which takes values 1 to MB. 
the product of A ( I + l ,  J), (1. e . ,  a ) and the X polynomial 

with pointer IN(MA+l- I ,MB+l- I ) ,  ( i . e . ,  X n S k  ) to the running 

sum. When the construction of a 5 is complete, it  is recorded 
and t ransfer red  to the ATEMP a r r a y  by the K E E P  subroutine. This 
subroutine automatically increases  the pointer NNEXT for u se  in 

have been formed and s tored in ATEMP, they a r e  t ransfer red  to 
the AlCM array by the loop that s t a r t s  a t  statement No. 600. 

BIGPSI(AICM, MAPBMX, ANU): This subroutine constructs r e -  
presentations of the polynoz-ials ~ J C  for  o p + MAPBMX, 
p 2 cr . The subroutine s to re s  these in the array AICM pr ior  to i t s  
conclusion. The argument ANU is the parameter  n. The subrou- 
tine calls GETPSI to form the polynomials 5"' in the a r r a y  
MCM. 
one by one in the a r r a y  AICT 2 .  

ATEMP af ter  it is formed. When all the have been formed, 

MAP3,O 
An inner loop that s t a r t s  a t  statement No.  .!lo is then 

This loop 

Each cycle of this innermost loop adds 

p + a - a X ,  X 

n , k  . 0 -  1, a-X 

0, Q 

storing the next 5 n p k  . When all the 5 n v  c .  cJ for  p + d g MAPBMX 
P a  Q 

P I  5 

0, d -n ,k  These a r e  used by BIGPSI to form the polynomials ; p ,  ,., - 
Each :;: is t ransfer red  to - n , k  

-37 - 



they a r e  t r ans fe r r ed  from the a r r a y  A T E M P  to the arralt AICM. - n , k  Each & ", (7 is constructed by  t i s e  of a simple tr8,nsformation 
of equation ( 6 b ) .  Put  

= -(2n - t + l ) x / t  
t 

then 

and 

The subroutine u s e s  the following mnemonics 

- MA - 
MBMAX -: 

. N 1  - 
L - 

B M L  = 

- 
- 

BiMLP1 = 

P MB = T MAPB = o + 0 MAMB = p - G 
maximum value of Q for c u r r e n t  p + u 

in AICM n,k 
O - Q , O  

pointer to 5 
E stored as an integer 

7 - R stored as a floating point number 

u - + 1 s tored as  a floating point number 

MAMBPL = o - 0 t I s tored as an integer 

COEFF = H / ( O  - R + i )  

in M G M  ;I, k 
= pointer to 5 

p - o + l ,  R N 2  

The subroutine cycles through a major  loop on MAPB, within 
which there  i:: a loop on MB. 
is cons:ructed. This  is  done by f i r s t  t ransfer r ing  the represen-  
tation of 5 n 3 k  t o A I C T 2 .  i f M B = 3 ( i . e .  0 = 0 ) ,  t h i s i s t r a n s -  
f e r r ed  to 
s ta r ted .  If M B  > 0 ,  the subroutine executes an inner loop on the 
index L. This takes valries 1 to MB. In each cycle, the contents 
of AICT 2 is multiplled by COEFF,  that is )C/ (a-A+l) .  
cycle, this i o  H / V ,  in the last cycle it i s  K. 
the product of -( Zn - t A )  and the polynomial represented in AICT 2 

7 n, k Within this loop a polynomial A 3, 

0-(7.0 - n , k  . 
ATEMP,  and the construction of the next; o, is 

In the f i r s t  
T h z  representation of 
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p ,  k 
3 P - & a ,  a is then formed and s tored  in AICT 2 .  

is then added. In the f i r s t  cycle this is 5 
cycle i t  is 5 
top of page ( 3 6 ) .  

The polynomial 

. h the las t  nl k 
P - S t l ,  1 

The loop thus corresponds io the equation on the n ,  k 
PI 0' 

-I-n, k 
P ,  5 

When the construction of a, polynomial is compl,ete, the 

subroutine K E F P  records  i t  and t ransfers  it to the a r r a y  A T E M P .  The 
pointer N N E X T  is r e se t  automatically by K E E P  for use  in storing the 

. When all the, n' for p t g  MAPBMX have been next L - 2  

stored in A'I'EMP, they a re  t ransfer red  to  AICM. 

r T n ,  k 
P, 5 P, a 

3 .  5 .  Output. - -  The listings of a sliglii irxprsvement of the programs 
' which were  used to  construct the coefficients in the polynomials follow. 

The subroutine PRINT wrote the output on magnetic tape in three a l t e r -  
native forms ,  under the control of option requests  in the data ca rd  and 
sense switch settings. The forms of output were: ( i )  bcd single p rec i -  
sion floating point representations of t h e  coefficients,  with captions and 
in a format  for printing on ofi-line IBM equipment. ( i i)  for the J ' s ,  the 
bcd integer representations of the coefficients, with captions and in a 
format for printing off-line, (ii) binary representations of the most  
.significant word of each pa i r  of words that were a l so  s tored  in the ATCM 
or ATEMP a r r a y s .  The subrcz'ine INTVAL was used in the production 
of (ii), to convert the dolible precision flaat;.ng point binary representa  - 
tion of an integer to  i t s  bcd integer represr ,&st ion.  This subroutine used 
some utility subroutines of the BCD Manipulation Package (M.2 .  Dai ley ,  
P; B .  Burleson, E. J. D. Carter,and K. L. Keliey, cooperat ive Computing 
Laboratory Technical Note No. 1 2 ,  MIT  1963). F o r  photocomposition, the 
output (iii) was read  back into core  stoi-age by a program which produced 
the p code represenLation of t h e  mater ia l  to be  printed ( see  M.P.  Barnett ,  - e t  ala, lY63 ) -  This was written on a magnetic tape, which was then used 
a s  the input tape for 
codes on a. magnetic 
Photon machine w a s  

the PC6 program. This wrote the requisite Photon 
tape, f r o m  which the paper idpe to control the 
punched. 
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3 . 6  Program listings 
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CCLEAR 
C CLEAR oCMPORAR1 SlORAGE 

D OIUENSION AICMI Y ? ¶ O I  .APAXl15.15l ~ A T L M ? l  3 n O l  ,AIS0.151 

D DIMENSION AICTI16~lb: 

WI-OUT I NE CLZARl A IC11 

DIMENSION I P R I N T I ~  I ?  IN1 l?,  151 

C w w l  A I C C . M A ~ ~ B ~ I J X P S I ~ I P R l N T ~ A P A S C . I 1 L Y P I L I  
10 DO 20 MIPl.la1b 

w 20 MKP1.1,15 
D 20 A I C l l N I P l ~ ~ ~ P 1 1 ~ 0 ~  

RETURN 
END 

C A W  
C 

D 

D 

D 
D 

0 

D 
D 

D 

D 5 0  

D 

c a c  
C I W L T l h V  OV CONSTANT AND TRANSFER 

SUBROUT I NE MPMC I AMU .A I CT 1 .A I CT2 I 
D DIMENSIOM A I C M l 3 7 ~ O I ~ A P A S C I I 5 r l 5 l ~ A T E * P I 3 1 ~ 0 1 ~ A l 3 O ~ I 5 ~  

DIMCIISION IPRINlICI~1NIl5~15I 
D O I M E M I I O N  A I C T l l l b ~ l 6 I ~ A l C l Z l l 6 ~ l 6 l  

C M Y I  A I C N . U . M O .  I JXPS 1 0 i PRl Nl *.PAX ,ATCNP.A. IN. AUU 
00 10 MNP1.l.lb 
DO 10 UKP1.lelb 

D 10 A lCT2 IMMC 1 rMCP1 1. A I  CT 1 I MMP 1 rMKP 1 I 
D CALL MPCONS I M U * *  IC12 I 

RETURN 
L I D  

D 

D 

D 
D 
0 

0 
D 

C MULTIPLY 8 Y  N 

0 
SU8ROUf ICE WLV( I AMU * A  1 CT 1. A I C 1  2 I 
DIMEMSIOM A I CM I 3150 I .*PA SC I I5 t 15 8 * A l C M P  1 3?50 I r A  I 30 15 I 

D 
D 

' 0  

D 
D 

D 50 

CALL CLEAR I A I C T 2  I 
YYIDPl~AICTlILb~lbI 
IIICT2116. 16 I.*MIDP 1*1 
Do s i l  MIPI.1.MoROP1 
KOIIDP L-AICT 1 I M P  1 v 1 b I 
AICT 2 I MMP I *  1 r16 I KORDP I 
W 50 MKP1 . 1.RORDPI 
~ l C l 2 l M M P l + l ~ M K P l l *  UIU~AIClIIMNPl.MKP11 
R E l W Y  
W. D 
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SMI 
0 DIMEMSIOM A I C Y I 3 ? 5 O I ~ A P A ~ C I 1 5 ~ 1  

D 

0 
D 5  

D IO 
' D  

D 

D 30 
LO 
1000 

I JPi WX 1 I P1- 1 
00 19 IJPl~ZvIJPlMK 
.DISCI 11Pl.I JPlI.ADASC1 11*1-1.1 JP1-1 l+APASCl I IPl-1. IJP11 

RETURN 

D 19 
20 COUTINUE 

CSTORE 
C TRAMSFECI FROY I E r P O R A R Y  TO M A I N  ARRAY 

SUBROUTINE STOREIM.AICTI 
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CKEEP 
C KEEPS GENERAIED PSIS IN *TEMP 

D DIM[NSION 4lCHl315G I.AP4SCI 15.151 .ATEMPI 3 7 5 0 1 ~ A l 3 0 ~ 1 5 1  

D D l M E N S I O N  4lCTl 16,161 

0 
D ATE-PINI*NORDPI 

20 DO 100 MNP!.I.NCRDPl 
0 LORD~I.AICll~NPI.16 I 
t A T E M O I ~ l ~ I C R @ P l  

30 DO ! D O  UKPl=I.KOR301 
0 AlEMPINl.4ICTIMNPI ,MKPlI 
IC0 N-Y+l 
D C A L L  PPlYllAlCTI ' 

SUBROUTINE K E E P I N I ~ I C T I  

DlUENSlON ! ~ R I N T I ~ I ~ I ' i I l 5 ~ l 5 I  

COMMON 4 I C Y . H A ~ ~ 0 r l J X P 5 1 . I P R I N T ~ 4 P 4 S C . A T E ~ P . A ~ l N ~ A N U  
NORDP I - 4 I C T  I 16.16 I 

NmN*i 

N.N" 

RETURN 
END 

C P R I N T  
C P R I N T  RESULTS 

3 5lMENSION AICMI 375C I .APA5C1151151 .ATEMPI 3 7 5 0 1  .A130.15) 
SUBROUllNE PRINTl4ICTI 

LJ 19 NOPDP1=4IClIl6~161 
NOk D.NGRDP 1 - 1 
1FIIJXPSI-2115.10*15 

00 1 2  UNPl~I.NOROP1 
D KORDP 1 = C IC1 IYYPl t 16 I 
D W R I T E  T A P E  12.AlCTiMNP1.16l 

DO 1 2  NK~l.LtKORDP1 
D URIIE I h P E  1Z~AIClIMNPl.MKPll 

IO W R ! : E  14Pi 12.4ICTI16.161 

12 CONTINUE 
15 Ifll~RINT(IJXPSII 120.100.20 

C 
20 

21 

262 
2 6 3  
2 7 1  
2711 

272 
2722 

2 7 3  
2733 

27b 
2744 
30 
301 

0' 

26 

25 

27 

29 
D 

0 

128 
117 

32 

EX11 IF lPRINTIIJXPSII*O 
palmi 211mn~ 
FORYAT12H //17t' ALPHA PLUS BETA*l21 
PRINT 2 6 2  
F O R U A l I 8 X ~ 3 H N ~ K l  
GO '0 1211r212.213.27hl.IJXPSI 
P R I N T  271! 
FORMAllbXe6MJ - 1  
GC -0 30 
P R I N T  2722 
FORMA1 I 6X,bHX * I  

GO 10 30 
PRlNT 2133 
F ~ Q M L l l b X ~ I I l K S I  - 1  
'.- TO 3c 
PRINT 274. 
FORPATI lX,lIl+B(BIUSI - 1  
PRIhT 3CId4A.YE 
FORMAT f 7 Y  I I2 t 1 H 1  I2 I 
DO 5 0  UNPI*l.NOR9PI 
MN**NPl-l 
LORDPI-A ICTIMNPl. 16 L 
00 26 l~I.UOROP1 
Y*lII.I-l 
I F I  IJIP.51-11 27.27.20 
IF!SENSE S W l T C U  61 20.29 
C4LL IhTV4LlFLTANSr lNT4NSl 
DO 127 MKPl-l.KOROP1 
FL T4hS. 4 I C T  I MNPl vMKP1 I 
OC iZ8 K - 1.16 

Sl CONTINUE 
G O T 0  100 

990 PRiNT 991.Y4.MB 
991 F O R M b T l 3 7 M  INTEGER 

2 b J H  DEPRESS SENSE 
991 IFISENSE S W I T C H  61 
I00 OETbRN 

END 

OUTPUT OVERFLOWS FOR AILPUA -12 .7n iBETA = 1 2 1  
SYITCH 6 TO CONTINUE PROGRAM) 
i e m 2  
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C I M T Y A L  
C 

0 
0 

so 
S I  

5 
0 

D 

80 
100 
2 

2 
D IO 

I 1  
1 2  
D 20 
D 2 2  
D 

D 

D 30 
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C 

0 

D 

D 
C 
5 
D 
D 
0 

60 
50 
C 
60 

C 
b5 
D 7 0  
0 
D 
D 
D 
0 3  
C 
90 
D 9 5  
D 
D 
D 
D 

CGEIJS 
SUBROUTINE TO GENERATE J-COEFFICIENTS 
SUBROUTINE GE:JSIAICM.MAPBMXI 
DIMENSION A l C M 1 3 ~ 5 J I ~ A P A S C l 1 5 . I ) ) . I I E * P (  3ISOIrAl>0.15I 
D I M E N S  ION 1 OR I N T I  L I * I N  115.15 I 
DIMENS 1Uh A I I I 18.16 I .AICT2 116r161 .AI C 1 3 1  16. l b  I .A I Clr 1 1 6 , l  6 I 

D CALL MPMCI-~.~AICl1~AICI4l 
0' CALL *?*~'-~.ILICT~.A~:T~I 
D CALL ADDIAICIZ~AICTLI 

I F ( M 0 - !  I 9999e250t23,d 
C GET S P C O W  TERM 

D 2 3 5  CALL TUAN51N2~Al<lli 
D CALL SU0STI-2.vAlC~ll 
0 CbLL Y P M ~ i l ~ ~ A I C l ! : * I C l 3 1  
D CALL M P W  I : . ~ A I C I I I A I C T ~  I 
D C A L L  AOD IAICTZ.AIC'3l 
D 1IM0.l-MB 
D C A L L  MCCGHSlAlMB.AlC131 
F CALL ADDIAlCl3.A:CT41 
L G E T  l r l R D  TERM 

2 $ 0  I F  IMA-lI 3b0.251,251 
t S l  N3.lMlMlrM81 

23G N2r.lNlMAPI.MB-lI 

D 2'15 C A L L  lRANSINY,AIC':I 
D A M S Y B r * M A - 5 * M 8 * 6  
D C A L L  UP*C(A*~MB4.lt:TI~11ClSI 
D CALL VPMK I z .  .A I c 1 : .  A I  crz I 

- 0  C l L L  !OClAlCT2~AlCi3' 
D CALL M~'UNII.rAICTltA!CT21 
0 CALL ADDIAICTZILICT~I 
D C W  --MA 
D C4LL MPCONLICMA.AICT31 
D CbLL ADDIAlCT3.AICT4I 
C GET G A W A  SI)Y 

330 MGMAX-MB 
IF I MGMA I -  I I 360 I 360.3 1 P 

D 310 CALL C L E A n I A I C T 2 1  
315 00 3sb MG=2.MGUAX 

r4uGPl -MA-MG+ I 
M R u W ! - * 9 - M G t l  
IF IMG-Zl9999.32G.125 

D 320 CaBG-)*i*~-il~l~B-li 
G 5  TO 3 3 0  

D Z25 C ~ B G - l F L D A T F : ~ ~ M ~ M G P ~ ~ M 0 M G P l * l 2 * M G - 5 l l ~ C A 0 G l / F L O A T F l ~ G l  
330 NG - INl*AMGPI.LBEGDiI 
G CALL 1RLNSING~AICllI 
D CALL YPCONSICA0GvAICT11 
D C A L L  ADDIAIClI.AICT21 
360 C O N I I u u C  
0 c * r = * r  
D CALL M P C O M ~ ~ C M A . A I C T ~ I  
o CALL Y P Y K I I . ~ A I C T ~ . A I C T ~ I  

IFrY.-r019P99.35~13~~ 
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0 350 SMAMEW4A-Ma 
0 CALL MPCOWSiSMAMB.AIC12I 
D C A L L  ADOIA1Cl2nAIClbl 
u 355 C ~ L L  AODIIIClI.AICTbI 

D C A L L  ~ l ~ Q E I U W I l ~ A I C T b l  
400 COMTlNUL 

500 CON’IUUE 
9999 PR 1 n 19900 

360 I m i  *.>I. UBI 1 :-wUExr 

9900 FORMAIIPLH J POLVNOMIALS COMPLETED1 
C A L L  C L O C ~ L Z I  
R E l U R U  
EN0 

0 

0 2  
C 

D 
0 

D 
D 
D 

D 3  
D b  
C 

D 
D 5  
C 

D 

1 IO 

A 1 I . J ) - 1 .  
C W U l E  F I R S T  POW 

1.i 
JI - !  
APROD-AMU-.Z5 
A ( I  .Jl#-APR00/2. 
DO b f.3.U 
sun-0. 
11.1 
APROO- AUL . (AI-1.111. I *  IAIU**i 1 - 2  I I 
IMi.I-1 
IPI.l*l 
Do 3 I r r . Z . I C I 1  
IPIW I P 1 -  :ti 
SUY.SU)I*bl1~~Jll~blIPM~~Jll 
A I I , J 1 I I A P R W  - W M  I 1 2 .  

42.2 
w 5 I.2.C 
A I . :  
h I I * J 2 I 

LUAK.Z*M-Z 
W 10 L*)*LMAX 
lP~MAX=M-lL-ll/2 
DO IO I P I ~ Z ~ I P l R A X  
A I I P I . L I . A l  IPI .L-1 I 
00 10 IHPI.2.l”l 
IN1 l.IP I- IHPI*l 
A I  IPI .LI.II IPI.Ll*Al IPlP:~ll~AlIWXltL-ll 
RErURN 
END 

C C W U l E  SECOMD ROW 

( AWU- I A I - 1. I 14 I I b hW* I I -2 I I 
C O t O U l E  OlUCR ROWS 

CGETPSI 
C GEI(EI(ATFS LllTLE PSIS 

D DI*ENSIOU LICMI 37501 a A P A 5 C I  15 .151 ~ A r E M P l 3 7 5 0 1 ~ A I 3 O e 1 ~ 1  
W B R O U T  I NE GETPSI I A I  CM .MAP BYX.ANV I 

DIMENSION IDPIUTlLl~lNll4.l~I 
D OIMEWSIOU A I C T l i ~ 6 ~ 1 6 1 ~ A . 1 C T 2 1 1 6 . 1 6 1  

D CALL GElASIA~AUU~MAP8MXl 
COY*ON A! CI .MA ME I J 1 D S  ! . I PR I h l  I APASC .AlEMP A s  I Ne AI IU 
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C 

40 lJXPSI .3  
50 00 900  N A P 0 ~ 1 ~ M A P B M X  
C 

NMEXT-4 

9998 F O R M A T I l 5 H  END OF PSlSl 
C A L L  CLOCKIZI 
RETURN 
END 

C l l l G P 3 1  
C SENERATES @It P S I S  

D 
D 

D 
C 

L O  
50 

0 

100 
D 
D 
0 
D 
D 
0 
0 

D 
D 
300 

C A L L  TRANSlN2~AICT1l 
C A L L  A D C I I A I C T l ~ A I C l Z ~  
COMTIMIIE 
MNEXl  - IN(MA+I.YB*II 

D 3YO C A L L  K E E P I I ) * E X l ~ A I C T 2 l  
-03 Tnftrl*UF 
5oc C O N I I M U E  

D 6OG IICMINI~ATEMPINI 
9900 P R I P 1 9 9 1 0  

DO600  M.1 rNNEXT 

<?IO FORMATII5M END OF B L G K S I S I  
C L L L  CLOCK121  
JEIURN 
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4 .  1 N e w c o r n b  opera tors  wi th  i n t e g e r  coef f ic ients  - 
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1l.L 

J o , o  
n. L 

J i  11 

n. L 

J ?  I) 

J I  I 

n. L 

J 1. I t  

n h 

J 2 .  I 

J 1.0 

n. L 

n. h 

n. L 

J I  I 

J ?  2 

J i  n 

n )  

n l  

J 1. I 

n l  

J s. 2 

n.L 
I 

b. U 

n k  

J i  I 

n L  

J I :  

1 

2h- II 
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4. 2 Newcomb operators with rational coefficients 
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,I L 
.S I  I = 

I, L 

XIU = 

I,. L 
X , "  = 

I, L 

X . , '  = 

" L  

x22 = 

" L  

x;o = 

I, L 

1 1 1  - 

" L  

9 1 2  = 

0.09999999\10 

0.09999990 \ I O  h-O.50MK)OOO~1 

0.62500 000 h +0.5OOOUO OUk' -H -0.375000004 300000OGk ):! c(, 12500000n2 

-0.0% 99S)Y9~IOh'+0.2~001WiOOn+O.25000000n' 

-0. I 2500000k-0.62500@00k2- 0.50000000h' 
$( 0.18~50000+031250000k +o .25000000k2)i 
4 0.62500000~ IO" 4. 12300QOC4)n2.0.62500000xI0 In' 

0.5364.5833k+O.i369i916 k 2 $ 0  .31 2SOOoOk3$0.41660666~10'1k4 
+( -0.369791(f, -0 8.5937500 k-0.50000000k~OS3333333xlO'k3) n 
-H 0.21739583+0.26i62500ki4.625011300d O"kZ)nf 
+( -0 . i6879OOxl  0~-0.20833333x10"k)n'+0.26011666x1~b4 

-0.229 16666h -0.66666 666 k2-0.62j00(10 G k3-0. 16666666 k' 
4 0.229 16666 -1-0 A8958333k +O .5M00000 k2 4.16666666k')n 
4 -0.104 16666~ 10 I +0.31250000x 10-lk )n' 
+( -0.62.MOOOOx I N'4.4 1666664~ 10 ' k)n'+O. 104 16666~10%' 

-0. 14062500k2 +O .25000000k' +O .312S~Oi)0xiO'n 
+( -0.1 562iiGOOx i 0 '-0.1 2COOOOOLZ~nz-0.31 250000~ 10"n3+0. 15625OOOxlO~' n' 

0.5; 135% I ik +o .8~SO0000k~ +O .4661.%S88k3 +O. I 0416666k'+O.83333333x1O2k' 
4 -0. i085937.4-0.10625000~10 k-0.ii994791k?-0.21875000k3 
-0.20833333~ I O"k')n 
+( 0.31 770833 +O .,%322916hr +0.171R7S00k2 +4 .20833333x10'k3)n' 
+( -0.79 127083x10 '-0.59895833~ 1iY1!~-0.104l6666x I O"L?)n3 
-ti 0.78 1 2.5000 x IO' +0 .2h04 l666x 1 02k ) nJ-0 .26O.% I666x 10%' 

-0 .:1~;93 7 . X h  -0 .R.l3;5000 k2-0.i994:9 I 6 kJ-0  .3 I 250000 k ' 4 . 4  1 66666hlO~' k5 
+( O.,5OOi812~ +0.71179166L $0.80338541 k' +0.38541666k3~.62500000x10"k')n 
+( -0.88511666~10 1-0.98Y58333x101k-0.78125000x10~'k' 
-0.20883333 x IO" h" n' 
+( -0.S3385.t I6x I O  '-0.~46875Ox lo" k-0.10416666~10~' k2)n3 
+( 0. I 8229 I66 x IO" 4 . 7 8  I2300  Y 1G'k ) ns-O.i302O833x 10" n' 

0.2604 l666x IO" k-0.3 1250000~10~~ kZ +O .67?08333x I O 1  k3 +O .20833333h' 
+O .83333333r 10'k" 
+( 0.78125~00x10~4.26041666x10'1 k-0.234375dOx10" kz-0.62j00000x10'k3 
-0.4 1666666% IO I k') n 
+( -0.20833333x10~'-0.31250000x10~' k-0.93750000x101k2 
-0.41666666x101kJ)n2 
+( -0.13020833~10'! +O .52083333xlO~*k i4 .2083333~~10 '  k2)n3 
+( 0.1 5 6 2 5 0 0 0 ~ 1 ~ ~  +O.S2083333r1O2k)n'-0~2601)I 666x 10%' 
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I, L 

Y h I  = 

, I  L 

I r ' l  = 

1I.L 

X " , ,  - 0.8624798.4h +0.15842676aIOk2+O . I  1626329~ I Ok3 +O.t1RSi I72k' 
+0.9912 lO94x 10.' k' i -0.  I265 1909~ 10.' hh +O .86805355n I O  "k' 
+0.248801.587x10"kn 
+( 4l.6.594052 t-0.20;036 1~4~ I Oh-0.2 1092t20x 10 k'-0. I 02827%~ 10 k' 
-0.2;21609.1k'-0:102i71711x!0 'k'-0.312.19999x102ko-0.99206349x IO-'k;)n 
$( 0.6638715$+0.12634195x10k 4l.879466.11 h?+0.29b59754k3 
+O .%331 I Kim IO' k '  4 ..$8177O82x IO'k' 4. I7361 I lox k"))n2 
4 -0.259 1 13~i-O.33263075h-Q16312663k'-0.37597656xl~ ' k3 
-0.1 1232638~ IO.'k'-O. I7361 I I O  a 10-3kS)n.' 
+( 0.16961127~10'~ +O.44433594xlO'k +0.l.(,;R5i96xlO"k'~.21 :T,28RSlli?'?k'' . : 

+O . I085069.1~ IO'k') n' 
+( -0.68285589~ I O  '-0.3 1385633~ 10"k-0.65 104166~10"k~ 
-0.434027i7x  IO.'^') ns 
+: 0.2?533636x IO"  + O .  I 1 121 9fi I x 103k +o . i 08S069.1~ 10"k2)nb 
+( -0.81 380208~ 10'-0. I 5500992x10Sk In' +O .9688 1200x 1O'n" 
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U . L  x : ,  = 
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n.L 

X I  1 

".L 

X 9 . 0  = 0.10329466~ 104 -to. 19i20044~10k~ 4 . I  5 3 x 7 2 3 ~  IOk3 +o .6485$.333k' 
+O .16339269k' +Q .25358073xIo' k6 +u .23799189x102k' 4. 12400793x103k8 
+O 2755731 ?x 10"kq 
Y -0.801 256i9-0.26190402xlOk-,.,8394803~ 10k2-0. 15 162732x'lOk" 
6.45855453k'-0.82535807~ 10~1kS-0.87709779~10~2k6-0.50843254~101k7 
-0.12400793~ IO'k') n 
+( 0.85298239 +O. I7303805x lOk +O . I  3214056~ I Okz +O .SI 280200k3 +O .11166721 k' 
+O.l38346Xix 1O"k; +O .91145833x103Lb +O .24801 587x104k')n2 
4 -0.34838222-0.50899386k-0.2857 I 890k2-0.80396863 x 10" k3 
-0. I21 07566~ 10" k'4~93315972x 10~'k'i).28935185x104k6)n3 
+! 0.73 I 5 13 13x IO' +O .3335077x IO'' k +I .3249 1 OQ8x Io'' kf +o .634W'168x 10*k3  
+O .59678818x 1O"k' +O .2 1701 388x I O'k') n' 
+( -0.87811282~ 10'?-0.69892035~l O'k-O.l9958495~10-~k~ 
-0.2441 1 0 6 3 ~  I O.?tJ-O. 10850694~ I O'kl)ns 
+4 n.62527126~ lO'+O.3~8l26Ux IO'k +o .62391493x10'k2 
-e0 3 6  I68981 x I Os&')  n" 

+i 0.581 2871 9x 1 0-a M.9688 1 2 0 0 ~  10.' k!n8-0.~38228f,8x1 Odn9 

= -0.12025763~ I0k-0.27948567~ I 0k2-0.27808429x 10k3-0.1 5336697~ 10k' 
-0.50973239k'-0.10428602k6-0.12825520x 1o"k~-0.86805555~1O~~k' 
-0.24801 587x IO'&' 
+f 0.10031 I 1  7 x  10 +O .32469966xlOk 10.4086521 lxlOk* +0.27398654x10k5 
+0.10798641 x IOk' +O .2.j6i I I 15k: +O .360%156~ 1 0 '  k6 +o.~7405754~lO"k~ 
-to .868055.5.11 :O.'kR)ri 

-0.3S661024x IO" k;-O.34288 I 94xI0~*kb-0.1 2400793x1 O 3  k') n2 
H 0.16459253+o.25444471 I, -to.18950805kz +0.78253851x10-'kJ 
4 .17S5099~x I O ' '  k' +O .19748264x102k'+0 .86805554x104k6)n' 
+ 0.1 7438422~ IO' 4.20267 <2.\ lo"k +OS038791 1 x 102k2-0.48149956x104k3 
-0.27 126735~ I O  'kI-0.2 1 701 3" I0'k')n' + -0.l0700480x 1 0"~).922444bo t ;fY2 k-0.26441786~ I O*kz 
-0.29839409x10"k34.10850694x10 'k4)nS 

a. IO850694x 1 O'k") nb 
4 -0.109185 I I x Io3-0.42O~6%40x 1o'k-0.38752480~ 10-'k*)n7 + 0.368 13856~ IO'" +4 h7816839x 1O6k)n84J.484405G9x 107n9 

4 -0.25996455~ 1 O'-0.91068327~ 1O5k-O.77504?i6Ox 1O"k')n' 

)i i:', 

. 

-- +! -0.816875 15-0.1 71~~I32~IOk-O.15636799~IOk*-0.78698~59k'-0.23034668k~ 

m 

0.1 S747070x +O.95751317~10~~k +I .I817491 3x 10Jk2 
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n.6 
XI0 = 0.1 2541 31 3~1Ok +O .24X8S38~10k'+0.20272344~ IOk' +G.91804938k4 

+O .25555501 k' +O .456S54O-%x 10.' k6 +O 52616825~ I0"k' *0.37874090x10"k8 
+0.15500992x 10'kP-t0.27557319xIObk'o 
+( -0.9850 I69 1-0.333 10774~ IOk-0.38008S64x10k2-0.2 1 R20702x IOk3 
-0.72998835 k'-0. I 5 I 42890 k'-O. I 978 I 72Ox I 0' k'-O. I 58575 I 5 x  I 0" k' 
-0.71304563xIO 'Ii'4. iSif8659x 10.'kqjn 
+( fi.!O99:266x I O  +0.235060l~x 1 0 k  4. 19323537x10k2 4 .83054125k3 
+A .208670xk' +O .3  181 5592x IO.' h5 +O .290 16565~ IWzk6 +O .14570932xiC'k' 
t 0.3 I 0 0  I984x 1 0' ka) n' 
4 -n 48009834-0.75606086k-0.4i06l253k'-0.1 5296009k3-0.28379086x10~' k' 
41.303O9&idx! Pz!i'-U. i iJ61 I l o x  10-'k6-0.4 1335978~ lO-'k') n' 
i( $9.1 I03339 +O. 13284361 k i-O.62912269~ 10.' ti2*. 1 j163562xIO-' k3 
+O.  i .??t.,P608x I Ozk' +O.I3292100x IO3k5+O 361 6898 I x 1 0-'k5) n' 
+( -9.1 49481 59x IO' -5. ! 37679931 10"k-d.48538207x I O-'kZ 
-0.fi2.44267 I x 1 0'3 k3-0, 678 I6839 x 1 O-*k44.2i 70 1389x 10.' kS ) n5 
-d 0.12526505~ IO-* M.861 89552xlo3k M . 2  1469681 x 10'k'~tO .23O57725x 104k3 
f0.90422453~ I0'k')n' 
4 -0.65499765~ 1 O'-O.3192235Sx 1 04k-0.50378224x 1 0-5k2 
-0.25834987xIO'k')X 
-14 0.20748723~ +0.64183795x104k M.48440599~ 10~'kg)n8 
4 -0.36330450~ IO'-O.53822888xIO'k )nQ+0.2691 1444~lO~~n'~ 

.. L 
X q I = -0.16346598~ lOk-0.3819l450x 1 0k2-0.38597079xI0 k3-O.22062662x 10k' 

-0.7835651 I ir'-0.17905024h6-0.26327401x 10'k'-0.2404720~x102k' 
-0.12400793~ 103k'-0.27557319x 105k'o 
+t 0. I 3637601~ 10 +0.458OO663x IO k +O .593!%889x 1 Okz +O .41395622x 10k' 
4. I74 I7270x IOk' +O .461 43663ks+0 .77287687rlO-' k6 +0.79220403xlO~*k' 
c0..%5262896x103k8+0.1 1022928~  IO-'^')^ 
4 4. I21 8064 I x IO-0.26939501 x 10k-0.25692941 ~lOk*-0.13728520~ 1 Ok' 
-O.W0065 1 k'-0.88248697~ I O 1  k'-O.l049O812xI 0 '  k~-0.ri8204364x10"k7 
5. I860 1 I9Ox IO.'k') nz 
4 0.31935651 +O.533871Y3k +0.40992217k2 +0.17838948k3+0.45581958x10' k' 
+O .669849SSx I O'k5 +O .52083333x 10%' i-4 . I  6534391 x 104k')n' 
-14 4.34294138~ 10'2~.57987919x 10"k-0. I0409545x IO-' k: 
-0.616B~120~x10'2k'-0.151139633x10~2k'4.17361 I 10x103ks 
-0.72337963xlO 'k')n' 
4 -0.12~9389~ I O ' - O .  I200697 1 x l0%0.3996i858x 10'*k2 
-0.552381 18~10'~k'-0.27126735xlO'k~jn~ 
+i 0.243.3S92x 10"+0 .I 7942075~ 10.'k +O .45991120x 10-3k2+0.488281 24x104k3 

. M.I8084490x 10'k')n6 
4 -0 2205 1 77 5 x I 03-0. I 1 59909~ 1 0-3 k-0. I 9376240 x I04k2 
-0.10333994x 10%') n' 
4 0.10673078~ IO" -14.35846043~ 105h +O .29064360x I 04k2)n' 
+( 4.26642329~ I 0'6-0.43058310x 1O'k )np+o .269 1 I444x lOdn" 
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t1.L 

X.: 3 -- -0.33461~75~10"k-O.14399801 k2-0.24342602k3-0.22804879k4-0.14070420ks 
. -O).87936;4Ox I O '  k6-G.31 8 x 9 3 ; ~  IO' k7-0.67336309x IO" k' 

-0.74404i61 x 103kP-0.33068i83x10Jk'o 
$( 0.357 101 51 x IO" +O . I  2827432k +O .2429429l k 2 + 0  ,241 31731 k 3 + 0  ,15108936 k' 
+0.82103588xIO~'k' $0.35698781x10~'k6+0.9420469~x102k' 
+O. 12648809~ I O-'k8 +O ,661 37566x10-'k9)n 
ii -0.10648661~i0'~-0.1 1802832x10~'k-0.1767823.ix10"k2 
+O . 90 7 208.47 x 1 0.' L3 +O -2 I 4 25 3 7.4 x I 0.' k' +O .7 7.4 73957 x I 0.' k5 
+O.29658561x 10"'kh-0.2232 1428~ 10~3k'-0.2.~801j8?xIOJks)nZ 
4 -0.52983682~ Io2-O.16 105078~ IO' k-0.130990 18x10''  k2 
-0.199734 I 5 x  10.' k3-0. i 5661 169x 101k'-0.50636573x I O.'k" 
-0.69444443~ 10 "kb-0.33068783~ IO'k' ) I?  
4 0.295 I 1 3 0 5 ~  10.2-0.20363 I36x 1 0%-0.73852539~ 1 O.*kZ-O. 15620478~ I0-*k3 
+O.96?5202S~1~~L'+0.34722222x1O~~k~+O.28935185xlO~k~)n~ 
$( -0.26016800x102+0.10357892x!0zk +O.30802108~10~~k~ 
+o. I 1049623~ 10"k3 -to. I O850694x I 0.3k')ns 
.+( 0.1 3163248x10 * +O .29613353~10~~k-0.29342086~ 10~3k2-0.976S62~9~10~k3 
-0.72337963~ I0"'k') n6 

-0.2952293 I x 10-'--0. IO 178985~ 10% +O .3 100 1 98~x1O5k' 
+O .2066?989x I O"k3) n .  
-ti 0.3 1 9 7 0 3 6 ~  10 ' +O .9106882:x IO'k +O ,38752480~ I0"k")h 
4 -0.16.WWO:Ix IO..'-0.2j8RQ987i1Odk )nY+O .3229:3733~10"n'~ 
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0.L 

X 0 8 = 0.J89728oOx I O"k-0. I361 2 1 %X I O '  kZ-O. I54 195 1 1 ~  lO.'k' +O .27002 I 79xlO-'k' 
+O .13950432x 1O-'h5-O.409 13899~ 1 02k' +O .26584201 x I O - ~ I L '  
+O .2 IO5OM7x I O-'k8 +O .65 IO4 166x 10.3kP +o .5:8;03iOx 10Jk" 
+i 0 .2X-Wwh I O ' " - O . R ~ ~ 3 8 5  12x10 ''k +O . I  7467i49r IO' k2-0.461M662x10"k' 
-0.2 I3 I I I W x  IO' '  k'-O.I8403229x 10zks +0.36946614x10ZkE 
+O .94039351~10"k'-0.:)9062499~ 1 0 3 k ' - 0 . 5 7 8 7 0 3 7 0 ~ 1 0 ~ ~ ~ ) ~ ~  
$4 -0. t6703 I97x lO'?-0.968 198-$2n IO%O. 15962049~ 10.' k2 
-0.1778i226x1O~k3+O.8791 1S34n10"h'-0.398?6302x1O3kS 
-0.25300203~ I O-?kb-0.65 104 1 6 6 ~  I O~'k ' -O.m027~x l o 4  k') n* 
+( 0.6770381 I x 1 U3 4. I m7833x 1 O'k +O . I21 90 19Ox IO" kZ-0.24640 I I 8x104k3 
-0.46718408~ 102k'-0.53530C93~10.3k5 +0.34722222~10'~k~ 
+0.57870370x10~'k~)n3 
+i 0.3363263 x IO~~-0 .612555~~10~k-O 59 I 3~-%14x10"k2--0.185931 I?x10'k3 
+O.l3~~95551x10'2h4+0.2~75Q339r1O3k5+O.72337%3rlO~sk~)d 
-14 ~ . 3 O 2 5 9 3 0 9 ~ l O ~ ~ + O  .4OX991 x104k +O .19541422x1O2k* 
+O .2?895326x IO''k3-O. 1 3563368~ 10-~k'-0.2 1701 388~13~k') ns 
+( 0. I229349.i~ 10~2+0.10522!Jl 2x 1 0 3 k - 0 . 3 4 3 7 1 8 3 5 x 1 0 3 k * ~ . ~ Z 3 ~ l ~ ~ ~ ~ 1 0 ~ k 3  
fO .  1808~1490x105k')n6 
+( -0.27 $771 22~10~~4.40464047~lO~'k $0.27126735x104k' 
+O .36 i 68981 x I 0'5k3h' 
+( 0.34247503~1 O4 +O S255805Ox 1oSL-0.6781 6839r 104k'!n' 
+( -0.22O40472x 10'5-0.22605613x 1 O4 k)n9 +O 5 6 5  14033~ 10-'nl' 

= 4).347:2135x 10.' kz+O 375895 17x1 0" k'-0.112112O8x~Q"k' 
+O. 1345486o~lO~~k*-O.69444444~10~k'~ 
# 0.27343749~ IO-* +0.10854763x IC' k '4 . l  5262519x101L' 
+O .36566840x 10"k64.26041666x10~3k')n 

4.1 83376% IO'ko 4 .8ci8oS5S4x 104k')nz + 0.579 I558 I x 10 '  4 . 1  1!"3 15x10' k26..42860242x10~k' 
+O .34:22222x I03kb)n3 
4 0.3447808 I x 10~*-0.60770670~1~~k* +o .11528862~10~k' 
-0.43402777x10~'k6)n' 
4 -0.30-10%80~ 10'  M.18330891 x 102k2-0.  16276041 x l  O't') ns 
-I4 0.12 1~U1030x10'2-0.33298068x1O'k*+O.10850694x104L')n6 
-H -O.270%9 I 9x IO-' +O .32552083x 1 0.' k') nL + 0.34586588~ I O"-O. 13563368~ 1 05k2)  n8-0.23735894x 1 OSd 
+O.678Ih840~10~'n'~ 

' 

n.b 
X :, j 

+( -O:t6Y72656~ IO-*-O. 1772 1896~1O~k* +O .11828952~10~'k' 

-67 -  



4. 3 Generalized Newcomb opera tors  for H = 0 
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I, i 
E o  0 9 0.09996999~10 

n k  
c = I o = 0.09999999x1Ok-0.50000000n 

c U ?. 

n. 
0.62500000k +0.500UOC)OOk'+( -0.37500000-0.50000000k)n+0.12500000n2 

n.L 
r c I .  I = -0.09999999xIOk? +O .25000000n +0.25000000n2 

n.L 
E1.  u = 0.54166666k +0.6250O000L2 t0.16666666k' 

+( -0.B~416666-0.688750000k-0.25000000h2) n +( O.l8?5OOOO +O .1250U000k)n2 
4 20833333x10~'n3 

n.L c U 2 I = -0.25000000k-G.62j00000k2-0.50000000k3 

+( 0.2S000~00 +O .31250000k SQ.25000000h')n 
-t( 0.62500000~ ! 9 ' 4 .  ! 2500nlmL !n2-0.62500000x10~1n' 

n.5 
E $. 0 = 8.5364.5838k +O.73697916k~+O.3l25O0Ok3 i-0.41666666xlO'k' 

4 -0.369791 6~0.8593~~00k-0.~0000~0k2-0.8~3333~3x IO-' k3) n 
+( 0.24739583 +O .26562500k +0.62500000x10~'k2)nZ 
+( -0.468iSOOOx 1 0 '-0.20833333 x I O '  k )n' +O .2@1 I 666x 1 0 '  n4 

n. k 
E 5. I = -0.38541666k-0.79166666k?-i~.62500000k3-0.16666666k' 

+( 0.3 229 1 6th -rO .6 I 458334 k -to .5OOOOOCO kz +O . I 6666666 k3) n 
+( -0.41 666666~ 10'' +O .3125OOOOx 10-1k)n2 
4 -0.62500000x10~1-0.~41666666x1 0' k)n3 +0.13416666x10'n4 

".L 
c. c?. 2 = 0.I0937S00k2+O.25000000k'-0.3125O000x10~'n 

+( -O.78125000x I 0''-0. 12500000k?) n'-0.31250000~ IO' n' +O .156250OOxlo1n' 
".L 

E ;  o = 0.57135117k ~.87~00000k2+0.46614583k3+0.10416666k'+0.83333333xllr2kS 
+( ~.408S9~i4-O.I062jOOO~ lOk-0.??99479 I kZ-0.2 1875000k3 
-0.20833333~10-~k')n 

. +( 0.31770833+0.43229166k $0.17187590k2+0.20833333x10"k')nZ 

+( 0.78 I25000x lo'' +O 2604 1666~ lO-'k )n'-0.26041666~ 10%' 
+( -0.79m083~ IO'-O.S989S833~ I O - '  k-0.10416666~ IO-' k*)n' 

n.L - c $. 1 - -0.53906250k-0.19781249~ 10k2-0.8619i91 6k3--0.312j0000k4 
-0.41666666xlO~'k" 
+( 0.4335!U75 +O .I Oo26041 x 1 Ok -to .89713541 k' +O .38541666k3 

-t( -0.15885416-0.14583333k-0.78125000x10" k2-Q.20833333xIO'k')n2 

-t( 0. I82291 66x 10.' +O. 78 I250OOxlO~' k ) n4-0. 1302Q833x 102ns 

+0.62500000x I O  ' it')" 

+( -0.45572916~ lO~'-O.55687500~ 10" k-0.104 16.566~ 101kz)ilJ 
. 

n.k 
E 3 . 2  - 0.65104166~10"k tQ.20312S00k2+0 .25520833k'+0.20833333k4 

+0.83333333x10'k5 
-tt -O.j8593?50x 10 '-0.1432291 6k-0.1 I 718750k2-0.62500000x10" k' 

+( -0.14270833~ 101-0.78!2j00(it io'' k-0.93750000~ IO1 kZ 
-0.41 666666x10-'k3)n2 
t( 0.10416666~ 10' +O.52083333~10% $0.20833333x101 k')n3 
+( 0.15625OOOx 1 0' +O .52083333x 10% ) n4-0 2604 1 666x IO' ns 

-0.41 666666~ 10'' k') II 
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1I.L 

Eb, I 1  

n.L 
zi.  I 

= 0.6369i916k +O. IO53:11 I9x I Ok' +0.6174609.:k" +.O .16793403k' 
+0.26011666xIO'k"+O.138888~r10'~h~ 
+( -0. I682291 6-0.1 3 I81027 x IOk-0.1 I20 I I i2x  I Ok2-0.Q0928819k3 
-U.67708333xIO~'k'-0.41666666~ I0'k')n 
4 0.~10568~76~.6.1095052k +O.B3300781 k2f0.70312500x10"k3 
+0.52083333xIO'k'~ -:? 

4 -0. I2 141 9 ~ ~ - 0 . 1 ? 0 0 0 8 6 8 k - O . 3 6 4 5 8 3 3 ~ ~ l ~ ' k ~ - ~ . 3 3 ; 2 2 2 2 2 ~  I0-'k3)n3 
4 0.16167XHx I O  I +O .91tO 10.41 x IO'?k +O. 13020833% 102k?)n' 
+i - O . W ~ X ? ~ O X  10':'-0.2604 I666x 10-:'k)nS i4.2170 1388x10 *nb 

- -0.73802083L-0.16867 1 8 7 ~  IOh'-0.12239583x1Ok3-0.5078) ;!50k'-O. IOQ16666k' 
-0.83333333~ I O"kh 
+( 0.58802083 +O. I530 lrb87rIOk -14 .I 191 536-t~IOk' +O .729 16666k' +O .17708333k' 
4 .16666666~ IO.' k')  I) 
+( -0.31 .i~333-0.42968:50k-0.26 106770kZ-0.83333333x 10'' it3 

-0.10-4 16666% IO' k')nz 
.ff -0.9i65625OxlO"-0.33854166~ 10"k-O.10~16666x10"k*)n3 
+( 0.2Z86658~ 10.' +o. 16927083~ 10.' k $0.260~1666~ I O  'k2)n' 
+( - 0 . 3 2 5 5 2 0 8 3 ~  IO ' -0.  IO I 16666~ I O"k ) n' +O .13@20833x I 0-3nb 

= 0.1 58854 l6 l i  +0.14S5-C68Rk2+0 .505j338jk3$0.339843:5k' +o .13020833k5 
+0.20833333xlO~' k" 
+( -0.13802083-0.356X083k-0.3798828 I k?-0.'730~68;5k3~.98958333x IO" k' 
-0.20833333~ IO" k')n 
+( -0.136i I87 1% lo1-O.33039895x 1O'k-8.8300i813~1O'k~ 
-0.44270833~ 10.' k'-0.52083333~ I O'?k') n' 
+( 0.32877601~ 10.' +U .42317i08~ 10'' b tO.36358383~ IO" k' 
+0.10~16666x10"k")nJ 
+( 0.81380209~ 10~?+0.553385?11 xIO~'k-0.13020833x10~*k2)n' 
4 -0.423 I 7 708 x IO'-O. 1 3020833 x I 0.2 k ) n3 +O ,32552083~ 1 0.' nb 

-0.43602XOx I O~2h:-0.39930SS6~ I O "  k'-O.i?77:~78x IO-' ic" 
+( -0.5206333 1 x 1 0 2 + 0 . 1 6 9 2 ~ 0 8 ~ ~  IO"k'-O.20833333xIO~' k')n 
+( -0.3~~'~'~?221xl0~'+O.22135116x10~'k?+0.20833333xlO~'k')n2 
+( 0.9 I I K i 8 3 . 1 ~  I O  ' +O .20833333x 10.' k2)n3 
+(: 0 .:Os8 I 9.13~ I O'?-O.5?08:n33 x I O'k' j n'-0.39062500 x I O-'n5 
+-9.13.l02;78xIO'"n" 

= 

n i 

s. .o 
- 

= 0.73277839h ~ . 1 2 8 ~ 6 ~ i 0 ~ 1 0 k ' $ - 0 . 8 7 3 ~ ~ 9 2 0 k 3 + 0 . ~ 9 9 3 7 0 6 S k '  
+O 55121 S 2 i x  I O  ' k'+Q .S2083333r IO ' k"+O . I  9841 269x I0"k' 
4 -0.5501 1077-0.16%66#7 I x IOh-0 .  I5S I2261 x 10k2-0.67J84118k3-0.1 4773645k' 
-4. I6 I $ 5 8 3 3 ~  I O  ' k '-6 .6944 t l t 3 ~  IO" k") n 
+( 0.5 1830.5 12 +ir .91026G k 10 ..i61035 16k2 -to. 15809461 k3 +o .20833333xIO ' k' 
+Of I O  1 I6666x IO 'k') n' 
4 -0. I7667 I01 -0.ZOi628O3k-0.833631Qfl~ IO" kZ-O. 143229 I ~ x  10 ' L3 
+I 0.28i00085~10'+"221609B8~10''h t0.55338541x102kZ 
4. t3#02;:8r 1 O"k')n' 
4 -0.23R7 152ix IO '-0. I 1393229~ I O  2k-0.13Q20833~103k2)n' 
+! 0.9i6362 19r I W'+o .21;0!388r l?'h )n6-0.1 5300992~ 1 G'n' 

-n ~ m n 5 s s . i  I n'% I 
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I, L - c I .I - -0.8572O I891 10~2h-Q.~I0798b10x IO"  k2-0.808K678x10" k' 
-0.82YWY98~ IO"  h'-0.51253472x I O "  k'-O.16O.I1666~ 10' li6 
-0.691 1 I1.t .tr I0''h: 
+( 0.6H901909~10? +O.ZY513889~10~'k ~ .~16603~~13x10~ 'k2+0 .31233930x10 'k3  
+0.6293 I0291 I O  "k '  M.2h0.1 1666~ IO"k'+O .31722222x 10'*kb)n 
-i4 0.5859:K.i2\10" +0.2:1871X8x10"k +0.31667969xIF'L2; (1..U)921.179x101k3 
+0.2083:W3x I0"k' +O..i2083:1:13~ 10'*ii')n2 
+( 0. t 1775 : ; ,534 I 0"-O. I 62;bO l2n IO" k +O .6022 1 3 3 4 ~  10.2k' +0. 13020833~ 10-2ti3 
-0.2604 I666x IO" h ' )  n" 
4 -0. I79036t6x IQ"-0.3i977-i:10~ 10'?k-0.683.i937~x102k2 
-0.130208~13xIO 'h. ' )n'  
4 -0.3 (9.i6S9ix l0%~8828l25x IU3h -to .65 1041 66x 10':rkZ)n' 
4 0.8 1380208~ 10." +O .I085069 Ix 10"k )n6-0.54253572x I O.'n' 

I,. L - c n = 0.8624198.4h 4.1 5842676~ I O  h' +O . I 1626329~ IOh'+O .4483'1 I72k' 
+0.99 l2lO9Ix I O ' L ;  4) .I265 IW9x IOi k" +O .868OS%5x 10"hk: 
+O .2 I80 I 581x IO.'h" 
+( -0.h593052.1-0.2070:)h I t x  l0k-0 .21092~0x IOk2-0.1028279hx I 0k3 
-0.279 1609,ik'-0. 10277778~  10 ' h'-0.3 12.49999~ I 0.'kb-0.99206349x 10~'k')n 
-tt 0.6638i15~~i.0.126~1~19SxIOh -t0.87946641 k2+0.29859i54k:' 
~ 0 . 5 3 3 3  I I63x IO-Ik' +O A8 177082~ IO.'k' +O .I 7361 1 I0x 10%') n' 
+( -0.2501 1377-0.33263073h-0.163 I 2663h2-0.37597656x10" k3 
-0.4 I 235638~ I 0"k'-0. I736 1 I 1 0 ~  I O'lh'') n' 
+( 0. 16961 1271 10 ' +O .&2 13359 1~ IO" li +O . I  M85796x 10.' kZ +0.21158854x 1OmZk:' 
+O. 1085069 l a  I0"'k') n' 
+( -0. 18283S89~ I O"-O.R I3R5633 x IQ"k- 0.65 104 I66x IO ' k2 

- 0.13 $027; 7 x I 0 h:' ) n' 
+( O.Zi.X;i6:t6x I O  " +O .I 1 12 I961 x IO'lk 4). 1085069;tx IO''kkZ)n6 
+i -0.8 1380208~ 10"-O.I51iOO992x 10': h ) n' +0 .9688 I200x 10"n' 

. -73-  





I, L - 
c I )  I = -0. I8U75i,tx I O  k-0.391893 I7x I O  k'-0.3545 I 1 9 3  I Ok3-0. 17956 190 x 10k' 

- 0.5579637 2 h ' 4 .  I 088433 1 k"-O . I 2999 1 3 2 ~  1 0' ' k'-O.868055j 5 Y 1 0-3 kR 
-0.2-180!587~ I O  'h" 
4 0. I 18.172 I ? \  1 0 4 .  $6878128~ IOk +O .5443844l x IOk' +0.33268510x10k3 
+0.12091774~ IOh'+O.~7OH:1875k'+O.366~1279~1t 10"kh+0.2i~40.i?51~IC'2k' 
+O .86805 S 5-t x 1 0" kR ) n 
.+( -0.12703921 x Ir)-0.2.510991~x10k-0.205~158.57x1Ok'-0.92531 738k3 
-0.218j7j8.~h'-0.:1'!575.18?, io 'kj-0.34288 19~4x102kh~.12400793x103k~) n* 
-t( 0.3191 7967 +0.-13hl I921k +0.26382668k'$0.90:86403x10-'k3 
+ O .  I83 105 1 7 ~  I O''k' 4. i 97.18264~ I 0.2 k'-t0.8680;;54~ 10%') n3 
+t -0.7674 1537x10.2 ~ . ~ l 3 7 ~ 1 2 2 i ~ l O ~ ~ h  .l9h66Pzx 103L2  
-0.86 I '71386 \ I O  k.'-0.27 I 2673.5 1 I 0.3 k'-0.2 1 io I 388x IO-'k? n' 
+( -0.861 17213- 10"-0.82?X390x I0"k-0.25302162~ 10'k' 
-0.29839409~ IO 'h"-0.1 0850694~ 1O'h';n" 
-t( 0. I .1892.577w 10.' +O .938585O6x I O  'k -ti,. i 8 i i49i  3x 10'Jk' 
+0.108j069.IxIO~'k')r~ 
4 -0. I 0 76 28 7 7 x I 0.'- 0..121)45480 x I 0.' k- 0.38i52180 x 1 0'" k2 ) n' 
-H 0.3681 1856t IO" +O .6;816839x 1O6k)ne-0.48440599x 10'nP 

I, L - .._ , , 2  
.- = 0.9.5208935 k 4 .?'W3;I62xld2 i-O.2X!$3061 x 10k3 +O. I 5815294xlOk' 

.+0.6;1 I35036h' + J .  I638 15 It&" +O .23736! ! O x  !F' h' ; C .2 $80 l j87x 10'2k8 
+O .9'?1!!6319x I O"kO 
4 -0.7998n4204) .247 1 I 377x I O  k-0.30987229~ 10 k2-0. 21 734415~ 10 k3 

4.23801 587x 1 03ke)n 
4 0 A5398395 +O .85692 I96k +O .7 1 1 62245k' +Ob 34965549k' 4 . 1  1 5831 I6k' 
+o .260.4 I666x 10.' Lr" +O .34i22222x 10.2k6 4 . I  984 1269x 103k')nz 
+( 0.1016B654~ i C '  +O .j782877SxlO1k +O.683200~1~ 1 0 ' k 2  +0.3423394Oi10~'k3 
+0.75954860x10~k'+0.60i63888x103kJ)n3 
+( -0.2895236~ lO'-O.4 i 3 18088~ 10.' k-0.2'7628580~10~' k2 
-0.94913575~ 1 02kR-0. 1 5 190972~ IO" k'-0.86805554x 10' ks)n' 
4 0.24.18 I88Ox Io'" +O .65T82336x103k +O .1 1?18756x102k2 +O .43402778x103k3 
+0 .43402 i~x  10'k')ns 
+( 0.12356228~10~~ +0.77311198x10~3k -t0.10850694x10"L2~n6 
+( -0.183 1 0 5 4 7 ~  1 03-0.E16B7 1 1 x 1 0"L-O.62W3968~10" k2) d 
N 0. I 0075644~ IO-' +0.19376240~10" k )n'-O.l9376244h l0"n' 

-0.9627i805ks-O.2795.i?29k' 0.5 1649303~ I O '  k6-0.54563491 x102k7 

-75- 



n.L - 
L 0 J - - O . l 2 i 9 3 3 ~ 6 k - O . 3 9 5 ~ 6 ~ ~ 6 k ~ - 0 . 5 5 2 6 ~ ~ ~ 5  k'-0.45S9513 I k'-O.247040Jik~ 

-0.92057291 ~IO"k~-O.2309U277~ I O  'k'-0.347922?2x IO.'ks 
-0.231 18 1.18~ I0"k' 
-t{ 0.102a91)93+0.359i52Oik +0.50252031 k'&.:&l 1:~9-1~8k"+O.~l88Ij~5h'  
+O .b2 I 10055~ IO'k"  CO .22800925x IO'Ik" +O . ) I  666666~ IO.$  k' 
+O . 3 3 2 2 2 2 2 ~  I O 3  k') n 
+( -0. I352539 1 XI 0"-0.2022i507~1 O.* k M.306627 06x10-'k2 

+O .10416666r 10'kb)t? 
+ 0.4 I 34 7.875 x I 0.' k3 +O .2 7289196~ IO'' k "4.876i36 I O X  1 O'k< 

-tt -O.20912226~ IO"-O.-(79~6~015~ 10~1k-0.453961$l x 1 0 ' k '  
-0.27235243~lO"~k~-O. I 157-107.I~ 101k'U.2b909i22~10~'k~ 
-0.23 1 48 1-18~ I O'lk") nR 
4 -0.20333333x10'~-0.3556~6'~~xiC1.2k-0.47061886x1O~k2 
-0.I.4829282 x I 0.' k3 +O .2 I 70 1399x I c).3 L- 14.86805554 x 1 0-'k ' ) n' 
+( 0.1050J823x10'~+0.2~f,~~~?O;C2xlO'k ~ . 2 2 3 0 6 6 8 : ~ ~ 1 0 ~ ~ k ' + O . 6 . i I O S 1 6 6 x l O ~ k ~  
+O A34027i;n 1O"k') nz 
M 0.61442056r I O 3  +O. I 6908998x103k-0. 13OZPS33x 1 0 3 k 2  
-0.28935 185.~ I 0. 'k3 ) n* 
+( 4 . I  858181 4 x  103-0.59678819xIO~'k)n' 
+( 0.162ih4 1 x IO-' 4 . 2 ? !  3 6 7 X x l O  'k )nn-0.4321 1226x10*nP 

0.1050~W29~ 1 O-'k +O .54416235xl0'*k2 -to .14 I 110-11 x 10-'k3 +O .2 153591 5'x lO-'k' 
+O .1958143J~ LO-'k' +o. I1697048xlO 'h* +o .51649305x 10-*k' 
+O .I7361 1 I O x  10.'ka +O .34;22222x 1 03kq 
+( -0.131 I 9  167~lG'~-O.46956382~ IO'* k-0.81610788~ 102k' 
-0.8494737 7 x 1 0' k3 -0.6650 29 1 8 x 1O:'k' -0. I 6 1 67 5 3 4 x  1 0-2 ks 
+O .97656219x 103kb +I. 17361 1 1 Ox 103k'-0. 1736 I 1 lox 10-'k8) n 
+( 6.523546 1 1 x 1 0'3-0.4226345h 1 02b-0.91 050889~ 10" k2 
-0.1031 629ix 1 O1k3-O.62 120!?26x1O2k'-0.W 117569~ 1 0 2 k 5  
-0.19965278~ 1 o2k6-O.34722222x 103k' )n2 
+( 0.69308808~ 103-0.93994 I box I O 3  k-0.53 I684 18x 10'' k2-0. 13970269x1 O"k3 
-O.Z2243923x 1O'k'-0.39062J99~10~~k~ +o .173611 IOn10'klrh)n3 
t( -0.65239802~ iO-'+-O .70665149x IO3k-0.3526~17S6x 10-'k2 
+4.80023871xl0"'k"rO .976h250x10Jk' +0.13020833~10~~k')n' 
4 -0.1 281 i'383x IO '+O .383P,433 Ix IC.'k .to. 1 I I X 5 2 5 x  IO"k2 
+O. I6276031 x I 03k3-0.65 1041 66x 1CJ"k') ns 
4 0.46325 IO841 10-3-0. 13563368~ 10%-0.22243923 x 10%' 
-0.2 I 70 i 3RSs 1 0 ' k 3 )  n6 
+( -0.1627605 I x I U3-0. 18988: 141  I O h  +o . I  0850694~ lo" k2 ) n7 
4 0.1 89887 I . l x  10.' +0.13~63368x10"k)ns-0.6~816839x10~bn9 

n k  - 
5 . 4  = 

-76- 



1I.L 
;to - = 0.12541313~ IOk +O.2~1738538~IOk'f0.202i2334~IOk~ -t0.91804938k' 

+O .25555jOI k' +O. 15655.10 1u IO' :  hb +0.52616825x 10-*k' +O .3787409Ox IO3k8 
+0.15500992x 10~'k0+0.Z7557319x JO%" 
-t( -0.98501 691-0 .333107~~ ! Oh-0.38008561~ 10 k'-O.:! I82OiOzx IOk' 
-O.Y2998835k'-O. I5 142390 h-'-O. 1978 172011 IO' k"-0. I58575 I5x I 0 2 k i  
-0.71306563~ 10'kB-0.13778659x IO- 'k 'Jr i  
4 0.10995266x10$0.23506019x I O k  +O .f9323537rIOk'-+0.830jJ125k3 
+O .2U86X;Sk' +O 3181 5592, I O "  k" +O 290 16565~ 1 O.*kb t.o.l45i0932xIO%' 
+0.3100198-~xIO~~kB)n' 
4 -O.489O9~ i-0.~5606086k-O.U06I 253 k'-O. 1 5296009k3-0.283i9086~l 0.' k' 
6.30309606;lO :'k'-O. I7361 1 lox 10"kb-0.41335978x 10-'k')n3 
-H 0.1 1033359 4.I82R1361 k 4.6291 2 2 6 9 ~  I O - '  ' * +O. 15163562nlOlk' 
+O . I  9768608~ I0"k' 4. I3292IOOx I 0-3k3 +O .36168981 x l  O.'kb)n' 
-e( 4 .1  4948 159x 10~'-0.13'i6~W3x IO.'k-O..t853820Yx I O ' '  k' 
-0.8244267 I x IO "k"-0.678 I6839 x I O-'k'-O .2 I70 I389x 10.' k') ns 
4 0.12526505~ IO-'o 0.86189552~10:'k $0.21 169681x10 'k' +0.230577.25r.!5'k3 
-+0.90422453xIO"k')nh 
4 -0.65199765~ I O  '-0.3 1922355~ lO"k-O.CO37822 I x IO"k' 

' -0.25834987x10"k3)n' 
-t( 0.20748723~ IO; So .61183795x 1 0 6 k  +O .-t8440599x IO'' k')n8 
+ -0.36330.45'0~ 1 O-'-O. 33822888 x 1 OR k )no i-0 269 1 I 444 x I O"nlo 

n i  - = o I = -0.2497 1 3 9 6 ~  IOk-0.54034126~ lOk'-0.50223409~IO k3-0.26~4637$h IOk' 
4.8826868 1 k'6.191Y02 1 5hb-0.27 195457~10 '~  k'-O.24295221 x IO2&' 
- 0 . 1 2 4 0 0 7 9 3 ~ l O ~ ~ k ~ - 0 . 2 7 ~ 7 3 1 9 ~  I O'jk'' + 0.20230656~ I O  +O .6650430?x 10k +O.80G I 310x10k2 +O S1678418x IOk3 
-M 201 41879~ 1 Ok' +OS017 I440k' +0.80412687~ lO-'h' +O .80212466x102k' 
+O.45262896~IO~~k~+O . I  1022928x10"kg~n 
-t4 -0.1881938T~ IO-0.3957369;~ I0k-0.3448760 ix10k2-0.167 14495~ 10k3 
-0.49733768k'6.93066~i06x 1O'k'-0.10664424~10 I kb-0.w3P043ti4xIOJk7 
6.1860 I 190; 10"k8) n' 
44 0.56950028+0.86650268k +O .57304879k'+O .21.5987 lJk3 +0.59705222xlO"k' 
+O .6872 I 0 6 h  IO'k" +O .52083333x 
f( -0.50390571 xl0"-0.50232385~ IO'k-0.252953~12x10~' k2 
-0.82793058~ 10 'k" -0 .1652~~~0~x10~~k ' -O . l7361  I 10x103ks 

f( 4.752083 IOx 10"-0.886810Rl x1O'h-0.33457-437x I 02k2  
-0.509078.11 x I 0 ' "k ' -0 .271267:~~x IO"k ' ) r~  
+( 0.21 600229~ I O "  +O . I  6829879~ IO'k +0.449060j1 xIC3 k' 4.488281 'Lax I O  'k3 
+O . I 808WN x IO'" k ' ) nb 

+O .16534391 x I04k')n' 

' -0.i233?963;10~"kh) n' 

+( -0.21237973~ lO"-O.  1 I 144899~ IO "k-0.19376230~ IW'k'! 
-0.1033399.1 x I 0 .' k ' ) r i' 
+( 0.10576 I98x l O " 4  .X846043x IO"k -to .29064360x10~6k2)n8 
+( -O.266.m39x 10'b-0.4B0583 l o x  IO' '  k)n9+0 .26911444x 10'8n'0 

-77- 



*I L 
c c: 8 2 Q 0.15432G7x 1 Oh +O .3;6688iOx lOA'+O..t06-~ 1 %8x IOk3 CO .2565O379x10k4 

+O .IO48 I38 I x I Oh" t-0 .28:45218kb +O .526X.t08xl 0'' k' +O .61802455xl O"ka 
+0..118526~8rIO~~kq+8.12~U0i93x18 'k'@ 
+( -0.12946428~ 10-0.41 71054ixlOk-O..53964563x IOk2-0.39002837x 10k3 
-O.l78974:11n:Ok'-O S.~8fiR1Q8k5-O.1 I 261664kb-0.14826699xIO'lk: 
-0.1 IZS3:20x 10~2kR-0.37202380x I O-'kP)n 
4 0.88705066 +O. 1823.5785~ IOk -to. 16494814~ 10kZ +O .a7781 762k3 tO.30782021 k' 
+O.i3-$090 I;x 10"k5 M. 1 I4339 I9x I O"lih +0.10323660x10~'k7 
+0.403025i9x 10.'ke)n2 
4 4.8459555 I x 10 '  -0.79962256~ IO' k-0.2036GOx IO" k' 
+0.16303228~ 10"k3 +O .678l6795x1OJk'-0.6~2~t:~O~~x I O  3 k 5  
-0. I7361 1 1 0 n  10 "kb-O. 12.100793~lO"k')n' 
-H -0.382772~~\-1O'-0.651889~5x1O~'k-0.43,R~t8962x1O1k' 
-0.16:1091 i a  I O  'k'-0.33261160x10"k'-0.3 1738281 x 10%' 
-0. I 0850694 x I 0' kh ) 111 

+O .20315052~ 10'3k' +o. 1 C850694x IO.'k')n' 
4 0.980546Xx 1 0.3 +O .7 I 12291 I x w 3 k  +O .R56 l8i j8x I04kz-0.1 i632D78.x I 04k3 
-0.27 126735~ I O"k')n6 
4 -0.26736789~ l o 3 - O . l  4653281 x IO'k-0.22088913~ I 04k' 
-0.7 7504960 x I 0" k" ) n' 
4 0.22839743x10~'+0.80290294~10'"k +0.629~2i8~u10dk2)ne 
+( -0.8j982065x 10'*-0.14532 l79x 10'bli !nq+O. 121 10150~ I0"n" 

ti G.S:~99~920x10~'+0.65836588~10Zk +O.42017618~1O~k~ +0.1367865:~iO%~ 

".L c - T j = -0.30049706k-0.8~61J863k?-0.1 l560290~IOk~-0.91 IZ0037ki-0.47678i3ik5 

-0 .1  7 3 W 2  I kh-0 .439887 I 5, I 0" k'-0.71280 7 53, 10'' ha-0 .? 440476 I x 1 0'3 k9 
-0.33068783~iO.'k'" 
4 0.26246797 +0.85527629k 4. 12066.~46x10k'+0.9966~033kJ+0.54149i3~k' 
-to .2O606191 li' +O .36332117x 1 0 ' k 6  +0.10809338w lO- 'k '  4.1 2648809x10~*k8 
+O ,661 3X66x 10"kq) n 
4 -0.fC2708.45~ lO'-O.I5401 746h-0.1 1012726k2-0.3783042x 10'lh3 
-U.331.52090~ IO-'li'+O .71611578x 103k3_0.39~R~8i9~13'3kh 
-0.22321-t28x k'-0.2-t801;iS'ix 1 O"kR)n2 
4 -O.31885499x1O1-0.8~128341 7.r 10~'k-0.871~5038aIO~'kZ 
-0.33502061 x 10~'k3-0.21 I ~J~ ,S~7~10"k ' -O .~~t108796x  10.'k' 
-0.6941.t443x I 0'3Lm-0.33068783x 1 O'k') n3 
-tt 0.50561652~ IO' +U .80819590x IO"h +(i.47-l089i 1xIO''k2 +O -2669x30~ 102k' 
+O .I401 5 W x  I O-'k' +O -31722222~ 1 O.'kk" +O .28935 18;ix I O 4  k') n' 
-H 0.221 331 561 10.' +O .3i213361 x 1 OZk -to .3O802408x IO'%' 4 . 1 0  181568~ 10Zk' 
+0.10850091xiO"k')n~ 
$( 0.141 ;3719xlO j-0.2 192T-~l~x10~3k-0.33682363x10~3 k2-0.97656249x1O4l3 

+( -0.19~3~306.~10'-0.80088459x1O~k+O.3100198~~1O'~k' 
+O .2066;989x 10%'' J n' 
-ti 0.292% 1221 I O"+O .9i O6832';x l0"h 4.38752480~ IOdkZ) ne 
+ -0.1 6.169803~ 1 O-'-O.2%3498ix IO-'k )nPM ,32293733~ 10 'n'' 

-0.72337963 I O-TI nb 

-78 - 



*I L . e ,, = 0.9465-t2??x IO'k +O ,38994685xiO' k'+0.72781712x10'k3+0.82432953x10'k4 

+O .62l Z S  I6x 10 I k' +O .325.IU555xlO'' k6+0. 12418620~10"k' 
+O .31939235x IO"kE +O.65101166x I O  3k9 t0.57870370~1O~'k'~ 
+( -0.8901 1868x l0"-0.32894786~ l0~'k-0.54654722xl0''k2 
-0.53165892~ 10.' k3-0.K9I 578xiO'k'-O. 15816017x10'k5 
-0.1638671 9 x  IO?k'-O. 12948495xIO2~'-3.3~962499~lO3k' 
.-O.Z8;037Ox 10-'hg)n 
-H -0.232928%~ 10~'-0.1147031~x lO'k-0.22~60259xlO' k2 
-0.247008 1 -$a IO" k3-G.16490965x IO"k'-0.8~7167%~IO'~b' 
-0.3224444i x I 0'2 k"4.65 1.61 I66x 10.' k7-0.434027i7x IO4 k') n2 
+( 0. I 8936T23x102 4 .37121333~ 10"k -to .48659714x10*k2 ~.2W50475x10~*k3 
+O 533192 30 x I 0'3 k' +O . 50636574~ 10" k5 +O .34 722222 x I 0*'k6 
+O.X870370x 10'k')n3 
4 0.39 I 52926~ io3 4 . 2 5 1  3800'ix i WZk tO.21~00258x 102k* M.20927 146x102k3 
4. 13395551 Y 10-2k'+o .28754339~10-~k~ +0.72337963x10~5k')n' 
~,0.86862069rlO" .to .2266997Yx '10% +O .6520589Ox 10-3kZ +O .185365W9x104k' 
- 0 . 1  3563368~ I 03k'-0.21 701388x104ks)n5 
+( 0.19445479~ IO-'-O. 119762 i8x :  W3 k-0.30031557~1 0'3k*-0.62391493x104k' 
-1-0. i 8O8M90x Io'; k') n6 
Y -0. iJ4.56289x103-0.i8762659x104k 4.27126735~ 10%' 
+O .36 I68981 x I O'"k3)n' 
4 0.28822 1 57x IO" +O 52558050~ 10~sk-0.67816839x 10' k2)n' 
-ti -0.22040472~ 105-0.2260561 3x 10% )nP+O .56514033x10'n'0 

-0.31830736~ 1 O3kZ +O .63612190x 10%4-0.10 1 15561 ~ 1 0 "  k6 
-0.~06250Ox 1O3k'-O.6941M44x 10'4k10 
$( -0. I9531 251 x 10"+0.3838433 1 x I O"kz-0.i22S8835x1 0"k' 
+O.I8446I ~9xl0~~'k"-0.26041666xlO~'k~)n 
.-H 0.266927 I SX 1 0'3-0.37-t34Ei I x tiZ +O . I  3037788~ IO-'k' 
-0.9i656242xiO~'kb+0.86805554x10'ke)nz 
-H 0.30788845~ 10''i-U .JY470587x 10'3t'-0.37Y?f4Z5x10'~k~ 
+0.3~;22222x10'.'k")n1 
+( -0.5-t66087 t x  1 0'3-0.S6X629x IO%* +O .5Q 18446 I x I O'k' 
-O..W02;77s 10'kh)n' 
-H 0 . 2 G 3  129x 10.' +O .53100585x 10~3kZ-0.16276041 x1O3k') n5 
4 0.25 180392~ 10'3-0.221113~3x IO" k2+0.i0850694x10'k') n6 
+( -0.13395550x10~3+0.32S52083x10Jk*)ni 
$( 0.2 I 023220 x I 0"-0. I 3563368 x I 0' k2 1 n8-0.23735894x 1 0' n9 
+O .678 1 6 8 4 0 ~  1 O.'n'' 

ILL 

Z 5 ,  j 5 
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4 . 4  - Generalized Newcomb operators  for 8 2: 1 / 2  
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. .  
,I L 

c L o  0 L c.6%9%%Sio 
. .  ., L - z = 0.09999999~10C-0.500OOOOOn 

i 2 .  = 0.62500000k +0.50000000k2~t( -0.3750Q000-0.50000000k)n+0.12500000~f 
n L  

I, L 
c 1 I , = -0.09999999~ IOk'-0.75000000n -to .2S000000n2 

c ;3 0 = 0.54166666h +0.62500000kZ+0.16666666k3 !I L 

+i -0.354 I ib66-O.68XOOOO k-0.25000000 k' 1 n + 0.18750000 -to .125000QOk )n2 
-0.20833333~ 10-'nJ 

n L  
z?. - , = -0.62500000k~-0.50900000k3 4 0.12500000-0.68750000k +0.25000000k2)n 

-14 0.56250000+0.12500000kin*-0.62500000x10''n3 
n L 

c 
z 4 0 = 0.53645833k +O .736V916k2 +O .3 I250000 k'i-0.4 1666666~ Io 'k'  

+( -0.36979 166-G.8553i500k-0.50000000k2-0.83333333x10"k3)n 
4 0.24739583 +O 26562500k 4 .62500000x1@'k2)n2 
4 4.13575000~ 10"-Q.20833333x10~'k)n3+0 .26041666x102n' 

c 2 3  I = -0.72916666~ 10" k-0.54166660k2-0.62500000k'-0.16666666k4 
n L  

+( 0.1358 1666-0.260-4 1666k +0.16666666k3) n 4 0.39583333 +O 531 25OOOk)n* 
+t -0. IR~500OO-O.ill666666~10" k )n'+O .10416666x10'n4 

n b  
I - .- = -0.39062500k'+O.95000000k'S( -0.15625000+0 .09999999x10kz)n 
I- - 

+( 0.2968?500-0. 12500000k~)n2-0.28125000n3+0 .15625000x101n' 

= 0.57 1354 I i k  10.87500000k' +U .iOoi4583k1 +O. 10416666k'+O.83333333~1o'~k~ 
-+(, -0.-1085937-1-0.1062500Ox1Ok-0.7i994791k2-0.21875000k3 
-0.20833333~ IO-'k') n 
+( 0.3 I Ti0833 +-(I A3229166k +-O .17187500k2 -to .20833333x10'k3)nz 
$( -0.7942i083x 10'-0.59895833~ 1 O-'k-0.10416666x10" k2)n3 
4 0.78 I 25000~ 10' +O .2604 1666~  10" k)n4-0.26041666x 1 O v  

n L  
I 

A -, 

. 

n.b z - 1.1  = -0 .1 328 I 250k-0.60937500k2-0.?3697916k3-0.3 l2~0000k'-0.41666666x10"k5 
+( 0.16736875-0.54687500xIO'k +0.84635416x10~1k2+0.21875000k3 
+O .62jOOOOOx 1O'k')n 
4 0.33593750+0.63541666k +O .17187500k2-0.20833333x1W'k3)n2 
i 4  -0.26869791-0.1 ~%8750k-0.10416666~1 O-'k2) n3 
'-14 0.39062399~ lo'' +O .78125000x lo'* k)n4-0. ~3020833~10%~ 

n.L - - .I. ? = -0.28645833~ 10~'k-0.265625Wk2-U.1 1979166k3 +O 20833333k' 
+O .83333333x 1O"k' 
+( 0.8203 I250~10~'-0.15885416k +0.69531250k2+0 .43750000k3 
-0.4 I 666666~ I O '  G.*)n 
+( 0.260 I1666x lo'* +O .203125oO k-0.34375000k2-0.41666666x101 k3)n2 
+( -0.34895833-0.1 19i9166k $0.20833333x10"kZ)n3 
+( 0.78 125000~ 10.' +O 52083333~ I 0~2k)n4-0.26041666x10~2n5 

"L  - 
L D = 0.636979 ! 6k i - O . 1 0 ~ 3 ~ 1  9x10k2 +O .64746094k3 +O ,18793403k' 

+O .2404l 666x 10.' k5+0.13888888x 102k6 

-0.67708333~ IO' k'-0.11666666~I02k')n 
+( 0..~05685?6$0.6409j0j2k +O .33300781 k2+0.70312500x10'ik3 
+O .52083333x10~*k')n2 
+( -0.1'21.41 927-0. 12000868k-0.36458333x10'k2-0.34722222x10~*k3)n3 
+( 0. I6 167584~ 10.' +O .9440 I041 x 10"k .+0.13020833x10~*k*)n4 
+( -0.97656250~ 1 0-3~.26041666x 103k)ns +O .21 i01388x 10Jn6 

+( -0.3682291 GO. 1 31 8.1027~ I Ok-0.11201172~ 10k2-0.40928819k3 



n.L 

cj.. I I 

n.L - = 4 ,  2 

n.h - - -  - .  0 

I,. h 
I 

Z h .  I 

= -0.20 1 56250k-0.74973959h2-0.9 1 I45853 h5-0.466 I 4j83k4-0. IO4 16666k' 
-0.83333333~ 10'k.6 
+( 0.2 18229 I i tq 1'3463541 k +O .P5455729k2 +O .33333334k3 +0.13541666k' 
-to. 16666666~ 10.' It') n 
-t( 0.30260416 +O.695312jOk 4 . 3 0 1  13229k~-0.10JI~66x101k4)n2 
-t( -0.30~103645.0.320312SOk-O.~2916666xI0"k~ in3 
.+( 0.722656~~ I O "  +O .37760416n 10"k 4.2641JI666x I0'k')n' 
-t( 3.58593i49~:Q ~-0.10416666xIO'~~n'+O.I3020833~10'~n~ 

= -O.703l2.198x IO'lk-0.23 I l'1979k2-0. 1 l9466l4k3 +O. 1731 X08k'M. I3020833k' 
3-0.20833333~ 10.' kb 
+( 0.9 I I 45831 x IO" +O .~19479163x 10 'L  -to .S678385k2 +C .S6119791 k3 
+O .67708333x 1 0~'li4-O.?0833333x 101k') n 
+( -0.65755208~10' +0.31106'. )xIO"k-0.33300781 k2-0.210Q3749b3 
-0. j2083333 x 1 0' k ' ) n2 
+( -0.269205i3-0;28059895k 4 .36458333x10"k2 +O .10416666xlO' k3)n3 
+( 0.14355468 +o .47200520x IO" k-0.1 3020833x10kkz)n' 
-t( -0.1 4648437x1 0 ' - 0 .  I ~ 2 0 8 3 3 x I o 2 k ) d  +0.32552083x 103n6 

. 

= -0.144%528k?+0.21006944k'-0.27777778xlO.'k~ 
+( -0.57291666xlO' +0.657SS208kz-0.27083333L()n 
+( 0.74652777~10"-0.~286458&'+0 .20833333x101k')n' 
+( -0.1 731 i708-4.1 45R3333kz)n3 4 0.17491 3 19-0.52083333~ 1O"k') c' 
4.19531 250x10'' n' +O .~3402778x103n6 

0.73277839k 4 . I  284657O~lOk~+0.8734592Ok'+O .29937065k' 
4 . 5 5  I2 1 5 2 7 ~  10" k' -to .52083333x102k6 +O .I9831 269x 10%' 
+( -0.55041 077-0.1646647 1 xl Ok-0.1551 2261 x I 0k2-0.67084418 k3-G.14778645k' 
-0.16145833x10'k5-0.69444443x10'kb)n 
t4 0.51830512 +O .91026475k i-0 .56103516k2 4.1S809461 k3 tO.20833333x1Oik' 
+O -1 04 I 6666x I 0.' I;) n' 
-t( -0. 17h67 IO 1 -O.ZO762803k-0.8.t364 I 4 8 ~  10.' k'4.143229 16~ IO' k' . 
-0.868OZijS x IO-' h') n3 
+( 0.28iO0086~lO" +O.22460938xlO-'k +0.55338541x1O'k2 
+0.43402778~10~~k~)n' 
+( -0.23871 S27x 10*-0.1 1393229~ I 02k-0.1 302Q833x1 03k2)n5 
+i 0.97656249~ 10" +O .2 I701 388x I O"k)nh-0.15500992x 1 0'5 n' 

= 

- -0.28921951 L-0.96104600k~-O.l 165321 I ~10k'-Q.6596137~1 k'-0.18793403k5 
,. -0.26041 666x IO" k"-O.l3888888x IO.'k' 

0.2892795 I +O .361252 17k -to 5 1  276040k2 +O .5266384Sk3 +O .24240451 k' 
+0.48J37499~IO'~kj+0.34722222~IO"k~j~ 
+( 0.2i42i300 +O . m 6 I  198k +O .39860026k2+0 252821 l8x 10-'k3 
-4.20833333~ IO' k'-U.31249W9x 1 0~2k5)n2 
+f 4.3638 1293-0.37 162543k-0.1 6:58897k2-0.1432291 6x 1 0 '  k3 
+0.86805555x IO"kkl)n3 
+( 0. I I 159939 +O .86IS4513x 1O'L +O .I660 1562xlO' kZ +O .43402778x103k3)n4 
+! -0. I361 7621 x10~1-0.56966145n I 0'2k-0.39062499x I 0 3 k 2 )  n' 
+( 0.68359374~ 1 0 '  +O .10850691x I 0-3k)n6-0.10850694x IO-*$ 

- 54- n 



..L 
Eiz I 

a.L =- - . . I  = 

-O.I04.%921 9k-0.2~375000k2-0.9'7 1351 I9x I O '  k3 +O .18261719k'+o. 16796875k' 
+O .46875000x 10" kb +O .4 1666666~ 1 O-?k' 
+ 0. I07 I 2890 +o. I H484584k +ci .SW)tf)Mlk' +O .62060M6k3 $0.1595852Ok' 
-0.16 145833~ I 0''ks-0.62499999x10'2k6)n 
4 -0.132 16l.%60.109 I I J.j8k-0..~3180338k'-0.33141 I 35k'-0.62500000x10'k4 
+O.IO.% I 6 6 6 6 ~  I O  'k') ri' 
-t! -0.225Qh510-0.3149JIJI k -;9.l 1393227r102k2 +0.42968749x10'k3 
M.26O.t I h66x 10 'k')nJ 
4 0 .  i 8050 I30 +O . I 236979 I k +O .5533854 I x 1o"k2-0. 18020833~ IO" k') n' 
-H -0.34667969~ IO '-0.10253906xlO" k-O.I3020833x IN3k2)nS 
-I-( 0.2050781 2x 4 .I953 1249~10'~k)r1~-0.32552083~1O~n~ 

6.53 I68803x I O"k-O.Y98611 lox  1 0 '  k2 +O .379?743Sx 10-2k3+0. 17762586k' 
+O .49FI 3 1 9 4 ~  I O '  k5-0.2604I 666x 10' k6-0.69444444x10~Zk' 
+( 0.3 1 304253~ I01-0.57:25695x 10"k +O .43918l 86k2 .to .20090060k3 
-0.2541 2326k1-0.80729166x1 0 '  k' -cO .34;22222x 102k6) n 
-t( -4.91796874~ IO ' +0.65538195x10~'k-0.52783203k2-0.20865885k3 
4.62499999~ 10'1k'+0.520t!3333x10'2k")n2 
M -0.92827690~ 10"-0.509440 l o x  10'k +O .25081380k2+0.42968749x10"k' 
-0.2604 I 666x 1 O"? k' ) n' 
+( 0.18440755 +O .60004339x I O'k-0.27669270~ 10'1 k2-0.13020833x10~2k3)d 
-t( -0.52625868~ 1 01-0.569661 45xlO"k +O .65 IO4 1 66x103k2)nS 
+( 0.3~117968~x10~~~.10850694x1O"lr)n6-0.54253472xIO~n' 

0.86247984k $0.15842676x10k2t0.1 1526329x10k3+0.44837172k4 
M.99 121094xlO'k' +o . I  265 ! 909x10'k6 +0.86805555x103k' 
+O .24801587x IO4k' 
+-( -0.65930524-0.20703644~ I Ok-0.2 1092420~ I Okf-O.  10282796x10k3 
-0.272 46094 k '-0.40277778 x I 0" kS-O .a 1 249999~ 1 O%"-O .WZO6349x I O4 k7) n 
4 0.66387454 +O.I2634195xlOk $0.87946641k2$0.29059754k3 
+O S333 I I63x IO'k'  +o A81 77082~ 1 0-'k5 +O -1 7361 110x10" k6) n' 
4 4.250 1%3;7-0.33263075k-O. I63 1 2663k2-O.37597rj56x1 0 '  L3 
-0.41 232638~ iO-'k'-O. 17361 I I OX 1 0-3 h5)n3 
4 0.46961 127x IO' M.44433594~ IO-'k +O -14885796~ 1O'h' +O .21158854~10~~k~ 
+O ,10850694~ I0"L') n' 
4 0.18285589~ IO"U.3 1385633xlO" k-0.65 1 0 4 1 6 6 ~ 1 0 ~ ~ k ~  
-0.43402777~ 10'k3)nS 
+( 0.27533636~ I 0' 4. I 1 1 2 196 1 x 103k +O.I0850694x 1 04k2) n6 
+( -0.8 1380208~ 1 0 ' 5 ~ .  15500992~ 1 05k)n7 4 .96881 200x1N'n8 

-0.4054 I 295 k -0. I 25909 Z 3 x  1 0 k24. 1 522 I 842 x I 0 k 3 4 .  9 1 838 1 08 k4-0.~240885ks 
-0.55 I 2 1 527 x 1 0 '  k6-0.52083333x 1 02t'-0. 19841 269x103k' 
4 0.38133259+0.66123513k +0.89233398k2+0.82714302k3+0.40494791k' 
+O . I O  I 736 1 1 k' +O . I  2499999~ I O '  k6 +O .59523808x 1 Q3k7) n 
4 0.23926246 M.75 ~ 4 2 9 k  i4.46227213 k2 +O .381 67317x10-'k3 
-0.36024305~ 10.' Lr4-0.%3541 65x I O 2  h5-0.69444443x103k6) n' 
+( -0.43142904-0.641 98h76k-0.291 17838k2-0.44813367x10'lk3 
+0.34722222n103k5)n3 
+( 0. I5962456 M.15462239k -tO .&762803x IO' k2 +O .42317708x102k3)n' 
+( -0.25 146484~ IO"-0. I 5597873~ I 0" k-0.2604 1 666x IO2k' 
4) .868055 54 x I 6" k3 ) n5 
+( 0.18934461 x I O - ~  +O .6673177Ox I0"k +4 .43402777x10"kz)n6 
+( -0.651 041 66x 1 O-'-0.9300595 1 x 1 05k)ni +O .77504960x 10*n' 
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n . l  - 
:..? = 

"l - - _  
I J. 3 = 

0.L 
I 

E 4 . 4  = 

..L - 
& + . a  = 

-0. I398654Sk-0.2701 2804k2-0.68842230~i~%3 1-0 -2292 1278k'-to .21842448k5 
+O. i~6909~2xIo '  kb+O .12152778x10"k7 +O.694~4443xIO3k' 
+( 0.12805989+0.31871744k t0.734483511i2+0.?1 i32314k3+0 .23133680k4 
-0.4 1666662~ 10"~-0.124W999x10" k6-0.1 3888888x10.*k7) n 
+( -0.2 12651 91-0.30752495k-0.616570kz-0.49W7287k34. 14127604k' 
-0.963W65x I0'C H.69444443~ 105kh)n2 
+( -0.1R402776-0.30665690k-O.Z766927O~lO~~~~+O.?S19533 I x J O ~ L ~  
# . I  6493055~ !@'k'.eB 34722222~ 1 03k5)n3 
+( 0.2 I269802 +O .19845920k to 31982422~ IO' k2-0.423 J.7708~ 1 02k3 
-0.43402778x10"k4)n4 
+( -0.573459 191 I Q'-0.3100~859~ 10%-0.2604 1666~ I02hZ 
-t4.86805554~IO'~k')n~ 
-t( 0.585394%~ IO" +O -15570746~ 1 02k +O ,43402777~ 104k') n* 
4. -0.22i86458x 1O3-O.2I 7O1388x 104 k )n' 4 . 2 7  126735~ 105n8 

-0 .I 644965 1 x lO-'k-0.29698350~ 10.' k2 +O .53705513x IO-' k3 +O .17463 107k' 
+o .;3893228x lO~'k'-O.l 7100694x10'tb-0.1 21 52778~ 10"k' 
-0.13888888~ 10. 'k' 
+( 0.2721 3540x IO-' +O .25347219xlO~'L +O .3062771 2kr M.  1970431hk3 
-0.2 I 050347k'-4.1 3S76388k5-0.1 2 4 ! ~ M ~ i  0-' k6 M.13888888~ lo-* k') n 
+( 4.1222547?-0.8!i5339970~ 1 0 '  t-0.46227213kZ-0.30894639k' 
+O.36024305~10" k'+O .28906249x10'ks+0 .69444443x iO"k6)n2 
-t( -0.2 I 175 130x IO-'-O. 178765 l 9 x  I O I L  +O -291 I 7838k2 4 . 1  3444010k3 
-0. I04 16666~ 102k') n' 
+( 0. I65549O4i-O. I 1078559k-0.4S762803r I 0~'kz--0.12695312x10~'k3)n4 
+( -0.80322261~ I o"-O.27772352~10" k +o .2604 1666x1 0-'k2 
.+0.26041666x10"k')n5 
+( 0.10780165~ 10'' +0.15570746x102k-0.43402777x10~4 k') n6 
+( -0.4SS72916x 1 03-0.21 701 388x1O4k )ni +O .542534?2x 1Osn8 

-0.50699868~10' k2 +O .l 3233IOok'h.362413 l9x I O '  kb +O .17361 I 1Ox lO-*k' 
-t( -0.32226563~10"+0.35229491 k2-0.30664062k4+0.31249999x10~'k6)n 

4 -0.36865234~10~~+0.33178710k~-0.24739583xIF~k')n~ 
4 0.131 0289~0.93736436~ I O '  k2 +O .65 104 I66x 1O'k')n' 
4 486588541 x IO' -to .65 1041 66x1 O2k2) n5 
4 0.13O88650x 10~'-0.10850694~ 1 0'3t2)n6-0.56Y66145x103ni 
+O .678 1 6840x 1 0-' no 

' 

+( 0.121 2565 1 x lU'O.525241 43k2 4 . 1  7.W975k4-0. 17?6.' 1 ! "7 !C"L+;~: 

0.1 0329466xlOk +O. 19720044x10k2 +O .15375723xl Ok' +O .64850803k4 
+O. 16339269k5 +O .25358073x 10" k6 +O 23799189~ 102k7 +O. 12400793x103k8 
+O .2755?3l ~ X I O - ~ ~ ~  
+( -O.80125679-0.26 190402x10k-0.28394803x IOkz-O.l 5 1 62732x10k3 
-0.45855453k4-0.825358O7x1Ct' kS-0.877097~9x102k6-0.50843254x10.3k' 
-0.1 2400793~ I04k*) n 
+( 0.85298239 +O .17303805x 1 Ok -to . I  3214056x10k2 +O .512802Wk' +Om 11 166721 k' 
+O . I  3834635~ IO-' kS +8 -91 145833xI@%* H.2480 1587x10Jk7) n' 
4 -O.34838222-0..5O899386k-0.2857 1 890L2-0.80396863~l 0-' k3 
-0.1 2107566xlO' k'-0.93315972x10~3k5-0.28935185x104k6)n3 
+f 0.73 151 3 J3x 1 0 '  +O .?9335C77x!U~'k $0.32491048~ JO-'k2 +0.634~168x1O2k3 
+O 596788 18x 10 'k' +O -21 701 38Sx 1O4kS) n' 
+( -0 .87844282~1O~-0 .69892035~1~~~k-0 .1995~95~10~~k~ 
-0.2441 4 0 6 3 ~  1 O - 3 k 3 ~ .  J 0850694x1 04k4)ns 
+( 0.62527126~1 O3 +O .34812644x1O3 k i4.62391493~ 104kz 
+O .36 1 6898 1 x I 0-'k3) nb 

+( 0.58 1287 19x 10' +o .9688 1 200 x 1 0" ) n8- 0.53822888~ 1 04$ 
+( -0.25996455~ 1d-0.9 1068327~ I o5k-0.775O496O~I Odk2) n' 
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a. k 

L E .  I 
w 

m.k 
L. 
L 7 . Z  

0.L 

Bb.1 

= -0.561 39527k-0.1670781; a 10 k'-0.2016~660xl Ok'-O.127 17203~ 1Ok' 
-0.461 50 105kL-0.W72873 I x lO'k'-O. 12651Wx k0' k'-0.86805555x10'kE 
-0.24801 5 8 7 ~ 1 0 ~  k' 
+( 0.521 50233 +0.107M020x10k 4.16145412~ lOk* +O. 127941?5x10k3 
+O -65 1 1 8036k' +U . 1 8746202k5 +O .302 191 84x1 0 '  k6 +O 2542 1 627x1U2k7 
+O .86805554x 1 O'k'jn 

-0.6433 1 0 5 5 ~  1 O'k'4.2 lh4H732x IO" k'6.27343749~ 1Ozk6 
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