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Nonstationary Envelope Process and First
Excursion Probability

J.-N. Yang

Engineering Mechanics Division

A definition of the envelope of nonstationary random processes is proposed. The
establishment of the envelope definition makes it possible to simulate the nonstation-
ary random envelope directly. The envelope statistics, such as the den-‘ty function,
the joint density function, the moment function, and the level crossing rate, relevant
to the analyses of the caiastrophic failure, fatigue, and crack propagation of
structures, are derived. Applications of the envelope statistics to the prediction of
structural reliability under random loadings are demonstrated in detail.

Introduction

It is well kaown that loadings to structures, such as earthquakes,
oceanographical wave forces, strong gust loadings, aircraft impact loadings
during landing, spacecraft excitations resulting from booster engine ignition
or shutdown, etc., arc nonstationary random processes. Because of the
relative severity of such random excitations, the prediction of structural
safety or failure becomes an important task of structural analysis, design, and
test.

In stationary random vibratir~, the envelope process plays an important
role in the prediction of the catastrophic failure (e.g., References 1 and 2)
fatigue failure, and crack propagation (e.g., Reference 3). Similarly, the
nonstationary envelope process is expected to have important application to
the prediction of structural failure under nonstationary random excitations.

The purpose of this article is (1) to establish a definition of the envelope of
nonstationary randorn processes so that the nonstationary random envelope
processes can be simulated efficiently with the aid of a digital computer, and
(2) to derive relevant envelope statistics useful in the prediction of structural
reliability.

The definition of stationary random envelope proposed by Rice (Refer-
ence 4) and Cramer and Leadbetter (Reference 5) is extended herein to the
envelope of nonstationary random processes possessing evolutionary power
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spectral densities (e.g., References 6 and 7). The establishment of the
nonstationary random envelope makes it possible to simulate the envelope,
peaks, and troughs of a nonstationary random process directly (Reference 8).
Statistics of envelope processes, such as the density function, the joint
density function, the moment function, and the upcrossing rate of a barrier
level, relevant to the analyses of the catastrophic failure probability, fatigue,
and crack propagation, are derived. On the basis of these envelope statistics,
approximate solutions to the first excursion probability are obtained.

Sample functions of the structural response and envelope to strong gust
loadings or earthquake excitation are simulated, and applications to the
prediction of structural reliability are demonstrated in detail.

Nonstationary Envelope Processes

Consider a real nonstationary gaussian random process X(t) with mean
zero and an evolutionary power spectral density. Then, X(t) has a spectral
representation:

X(@) = [ A, w)e—iwtd)?(w) (1)

where A(t,w) is a deterministic function of time ¢ and frequency w, called the

oscillatory function. dX(w) is an orthegonal random process with mean zero
and

E [di(wl)df*(w2)]= 0, w, #w,

_ (2
E [ldX (w)P]= S(w)dw

in which the asterisk denotes the complex conjugate; S(w) is, in general, the
power spectral density of a suitable stationary random process X(t),

X0 = 1= e dX () 3

where e*tdX(w) is the elementary oscillation of X(z). It is further assumed
that X(¢) =0 for ¢t<0 so that A(t,w) =0 for ¢<0.
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Since X(t) is a real process, the real value autocorrelation function R,(¢),t,)
of X(t,) and X(t,) can be shown as

R (t,,1,)=J1A(r,, W)l A(2,, w)lcos [w(t, - ¢t,)

+8(t,, w) - 8(t,, w)] G(w)dw (4)

where G(w) is the one-sided spectral density of X(t) (Equation 3), i.e.,
G(w)=25(w) for >0, and

§(f, w) = tan"! [ImA(r, w)/Red(t, w)] (5)

in which ImA(t,0) and ReA(t,w) are the imaginary part and the real part of
A(t,w), respectively.

Furthermore, since X(¢) is real, Equation 1 can be written as (Reference 5)

X(0) = [ A, @)l {eos [wr +8(t, w)] dUW) ©
+sin [wr +8(r, w)] dV(w)}

where dU(w) and dV(w) are real orthogonal processes with mean zero, and
E [dU(w)?] =E [dV(w)®] = G(w)dw (7)

and dU(w) and dV(w) are mutually orthogonal.

Following Cramer and Leadbetter, the stationary random process X(t)
(Equation 3) is passed through a filter with gain glw),

L, w<o0
gw)={0, w=0 (8)
4, w>0

A -
to obtain a stationary process X(t) with elementary oscillation glw)e*'dX(w).
Then, one forms the nonstationary random process Q( t) as follows:

Xe)= 1=, At wiglw)e™ dX (w) )

T A T

»
TRLA NG e MM W

i " PG oy ARG <



N
Since X(t) is real, it follows from Equation 9 that X(#) is real, and it can be
written as

20)= (= U, w)lfsin [wt +8(, w)] dU)

(10)
~cos [wt +5(t, w)] d V(w)}
The envelope V(¢) of X(¢) is defined as
2 B2 112
Vi) = [X*(0) + X° @) (11)
| where it is clear that
L V() > X()!
S V(@)= X()!, whenX()=0
vl This definition of envelope (Equation 12) is originally due to Rice (Reference
4).
* Equation 6 states that the nonstationary random process X(¢) is a
ot superposition (in the frequency domain) at each time t of elementary
components
| @, w)l {cos [wt +8(t, w)] dU(w)
+sin [wt +6(1, w)] d V(w)}
. = F(t, w)cos [wt +8(t, w) + Y(w)]
A
z while Equation 10 states that X(¢) is a superposition of elementary
3 components
U@t w)l{sin [wt +5(t, w)] dU(w)
- cos [wt +8(t, w)] dV(w) }
=_"(t, w)sin [wt +8(1, w) + Y(w)]
/
g
A
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“Therefore, the envelope definition in Equation 11 can be appreciated by

noting that the elementary component of X(¢) is 90 deg out of phase with the
elementary component of X(t) and

lcos [wt +8(t, w) +Y(w)] =1

whenever

sin [wt +6(1, W)+ Y(w)] =0

N\
The autocorrelation function R(t;,t;) of X(t) (Equation 10) can easily be

shown to be equal to the autocorrelation function Ry¢,t,) of X(t) (Equation
4).

N A
The correlation function E[X(#)X(t;)] between X(t;) and X(¢;) can be

shown as

E[X(tz)Q(tl)] =Jy U, w) U, w)lsin [w(z, -1,)
(13)
+6(t,, w)-6(t,, w)] G(w)dw

N A
Therefore, the covariance matrix A of X(¢,), X(t), X(t,) and X(¢t,) can be
written as

’_(02)2 0 0,0,0 0102)\1
0 (0,)? -0,0,\ 0,0,p
2 172 192
A= (14)
0,00 -0,0,\ (0,) 0
¢ 2
|9,0,A 0,0,p 0 (0,)°_]

where o =0 (t}) and oy =0 (t,) are the standard deviations of X(t,) and X(t,),
respectively, and p and A are nondimensional quantities as follows:

p=(0,) (o) J5~ WU(t,, w) U, W) G(w) cos [w(t, - ,)
+8(tl,w)-8(t2,w)] dw a15)
A=(0,) (o, 5 U, W) A, w) G(w) sin [w(t, - t,)

+o(t,, w)-6(,, w)] dw
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With the aid of the definition of envelope given in Equation 11 and the
covariance matrix A given in Equation 14, the probability density function
f.x;ty) of V(¢t;) and the joint density function f (x.y;ist;) of V(t5) and V(t))
can be shown as

£,05:6)= [x/(0,)*] exp [-x*/2(0, ] (16)
yit.,t)= xy I xXyr
Fo® ity t) TR o[ 02(142)J

(17)

{ x*(0,)* +y2(02)’}
Xexp{-
20,)%(0,)*(1-1%)

where Iy[ D] is the zero-order modified Bessel function of the first kind and
r=[p? +22] 12 (18)

The moment function of V(¢;) and V(¢;) can be shown as

BV = 120011 1200101 +%)

\

(19)
n vV n....,2
XF(1+-2-)2F1 (--2.’-5,1”')

where I'(¢) and 4F)(+) denote the gamma function and the hypergeometric
function, respectively.

Furthermore, the envelope crossing rate N(t),a) of a barrier level a at
time ¢, can be shown as

2 2 2
Nt ,a)= _ava exp h AT, 1 ¢ YCar
\/72';(01 )2 2(0 1 )2A 2\/2?(0 1 )2
(20)

2,2
X exp Lo erf | - -
8(0,)%A 2V2A(o,)’

SNk St AT @ 0 el 18
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where

A=), - [(X,)*/(,)*] - [C*/4(0,)*] - Q

N =fy Ue, WPGXw +8Ydw,  j=1,2

8’ =08(r,, w)/or, (1)
C=2f" [U(t,, W) 3U(,, w)/3t, ] G(w)dw = 2E[X(t,)X(t,)]

Q= [3l4(t,, w)l/ot,]2G(w)dw
When A(t.w) is a slowly varying function of time ¢,

C*0,)} << A
Q<A
8’ << w

X [ )2 2
A=K, -[(K,)*(0,)%]
Therefore, Equation 20 becomes

A
N(tl,a)a—g-\/—--— exp [-2?/2(0,)?] (22)
V2n(o,)?

It can easily be shown that the nonstationary envelope process V(t)
defined in Equation 11 degenerates into the stationary envelope process of
Cramer and Leadbetter (Reference 5) when X(¢) is stationary; in which case,

A(t,w) = 1

t‘-tz =7
0,=0,=0

8(tl,w)= 0

and Equations 16, 17, 19, and 20 degenerate into the formulas associated
with the stationary random processes.

Consider a linear time-invariant system characterized by an impulse
response function h(t), or by a frequency response function H(w), under the
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excitation X(¢) given in Equation 1. The response process Y(¢) can also be
expressed as a spectral representation (e.g. Reference 7):

fwt __

Y(£)= 7 M@, w)e dX(w) (23)

T

M(t, w)= fo' h(r)A(@ - 7, w)e-iw dr (24)

where the assumption has been made that the system is at rest initially.

Therefore, the envelope Vy(t) of the response process Y(t) is as follows:
- 2 A2 112
V(0= 1Y30) + Y20 (25)

A
in which Y{¢) and Y{¢) are in the forms of Equations 6 and 10, respectively,
with A(t,w) replaced by M(t,w).

et
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First Excursion Probability and Nur:erical Example

LA
B The probability that the structural response exits the safe domain of
- performance for the first time within the time interval [0,T] is called the first
" “ excursion probability. The first excursion prebability of a structure under
random loadings has received considerable atteation amcng engineers
e because of its direct relation to the structural safe performance and design.
Y We shall discuss here the applic.tions of nonstationary envelope statistics
.i. derived previously to the prediction of the first excursion probability of

structures under random disturbances.

Let h(t.a) be the failure rate at time ¢ of a gaussian random struciural

response X(t) with mean zero ard threshold levels ta. The first excursion

, probability F{T,a) of the structure within the time interval [0,T] can be
e written as

F(T,a)=1-exp [-{T h(t,a)d!] (26)
‘ The simplest approximation, called the Poisson approximation, assumes
B that the events of crossings of the threshold level ure independent. Hence,
' h(t.a) ~2v'(t.a) (27)

in which v*(t,a) is the upcrossing rate of the level a at time ¢ by X(t). The
expression of ¥*(¢,a) has been given, for instance, in References 7 and 9.
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Another approximation is to replace the upcrossing rate v*(t,a) by the
envelope crossing rate N(t,o) and assume that the events of envelope
crossings are independent, i.e.,

h(t,a) ~N(t, &) (28)

where N(t,a) is given by Equation 20 or 22.

The approximation obtained in Reference 10 can be generalized to the
nonstationary random pr.-esses as follows:

h(t, @) ~v* (1, o) L= X [N 0)/ 2V (1, o) (29)
1- V', )V (2, 0)]

Furthermore, the approximations based on the extreme point process
(References 1 and 2) can also be generalized to the nonstationary random
processes, since the joint density function (Equation 17) of the envelope
process has been derived. It is noted that the establishment of nonstationary
envelope statistics (Equation 17) sheds considerable light on the difficult
problems of nonstationary first excursion probability. Further applications of
envelope statistics based on the extreme point process (References 1 and 2)
will be reported in the near future.

The structural response to strong gust loadings or earthquake excitations
discussed in Reference 9 is considered here. Using the definition of envelope
established previously (Equation 25) and the simulation method proposed in
Reference 8, the structural response X(¢) and its envelope V(¢) are simulated
on a digital computer. Sample functions of X(¢) and V() are given in Figure
L. It is observed from Figure 1 that the envelope practically passes through
all the peak values and the absolute values of all troughs of X(¢).

The first excursion probability based on (1) the independent level crossing
(Equation 27) of X(¢), (2) the independent envelope crossing (Equation 28),
and (3) the generalization of Reference 10 (L suation 29) are summarized in
Table 1 and plotted in Figure 2. Previous results obtained in References 11
and 12 are also given in Figure 2 for the purpose of comparison.

It is observed from Table 1 that the approximation based on envelope
crossing does produce a slight improvement over Equation 27 when the
threshold level a is not too high. For the high threshold level, however,
Equation 28 results in a worse approximation. This p.~nomenon is well
known in the stationary random process when the average clump size is
smaller than unity. It can be observed from Figure 2 that the approximation
of Equation 29 gives results close to the simulation results (Reference 11).
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e Table 1. Probability of failure

Barrier levels

: Approximation 0.38 cm 0.51 ¢m 0.64 cm 0.76 cm 0.89 cm
: * (0.15 in.} (0.20 in.) (0.25 in.) (0.30 in.) (0.35 in.)
Equation 27 0.9998 0.8958 0.3776 0.073 0.0091

Equation 28 0.9961 0.8551 0.3900 0.089 0.0128

Equation 29 0.9931 0.7496 0.2678 0.052 0.0069

Concluding Remarks

A definition of the envelope of nonstationary random processes possessing
evolutionary power spectra has been presentea. The envelope definition

envelope statistics, such as the moment function, the joint density function,
and the level crossing rate, relevant to the analysis of the first excursion
probability, fatigue, and crack propagation, have been derived. Based on the
envelope statistics, approximate solutions to the first excursion probability
- have been obtained.
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Nonequilibrium lonization Measurements in
Hydrogen-Helium Mixtures

L. P. Leibowitz

Environmental Sciences Division

Time-resolved emission measurements of several atomic line and continuum
radiation channels have been made behind the incident shock wave of the JPL
electric arc shock tube. Test times and nonequilibrium ionization times were
obtained for shock velocities up to 2.5 X 104 m/s in a 0.2 Hy - 0.8 He gas mixture.
The shock-heated test gas was found to be free from driver gas contamination, and
the test times were adequate to achieve steady-state conditions. An activation energy
of 4 eV was obtained from the nonequilibrium ionization time measurements.
Modifications to experimental technique to determine the effect of test gas impurity
level on ionization time measurements are discussed.

Introduction

The existence of nonequilibrium flow during Jupiter eniry could have a
considerable effect on entry vehicle heating. An atmospheric en*-, probe
sent to Jupiter must withstand very large aerodynamic heating upon
entering the Jupiter atmosphere. Heating rates based on the assumption that
the shock-heated gases are in chemical equilibrium cannot be relied upon
until the ionization kinetics of the shock-heated Jupiter atmospheric gases
are understood. By measuring in the shock tube the time that is required to
reach equilibrium behind shock waves in hydrogen-helium mixtures, the
thickness of the nonequilibrium shock layer surrounding a Jupiter entry
probe can be estimated. An electric arc shock tube built at JPL to simulate
Jupiter entry conditions has been described by W. A. Menard (Reference 1).
In the present investigation, the fluid flow produced in a hydrogen-helium
mixture by the electric arc shock tube was studied and nonequilibrium
relaxation times were measured. Measurements have been made of emission
intensities for atom lines and continuum radiation as a function of time
behind the incident shock wave. Characteristic ionization times and flow
test times have been obtained as a function of shock velocity and initial
pressure. These results are discussed and future plans are presented.

13
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Experimental Technique

The emitted radiation from important species present in the Hy~He test
gas and in the helium driver gas has been simultaneously measured as a
function of time behind the incident shock wave of the JPL electric arc
shock tube (Reference 1). Spectral intervals were selected in order to follow
the chemical reactions in the test gas, to determine the length of the slug of
test gas, and to determine whether there was any mixing between the test
gas and the driver gas. It was necessary to determine spectral intervals for
continuum measurements that were free from impurity radiation and to
identify the strongest radiators in the driver gas. Spectrograms of the time-
integrated emission from a shock-heated 0.2 H, - 0.8 He gas mixture were
obtained using a modified Baush and Lomb grating spectrograph with 2.0 X
10-6 (20 A/mm) dispersion. A series of spectrograms were taken over the
wavelength range 250 to 900 nm (2500 to 9000 A) using Polaroid Type 107
fiim for the shorter wavelengths and Polaroid Type 413 film for wavelengths
larger than 600 nm. Lines from hydrogen and helium were identified on the
spectrograms; however, the most intense radiation was from metal atom
lines due to impurities in the driver gas.

Time-resolved emission measurements were made of five spectral
intervals. Channels were selected to observe radiation from the H; line,
atomic hydrogen continuum, a helium line, a portion of a hydrogen
molecular band, and an atomic line from chromium, which is an impurity
introduced into the driver gas by the vaporization of a stainless-steel trigger
wire. Thc spectrometer was a Jarrell Ash Model 75-000 with a 0.75-m focal
length and a dispersion of approximately 1.0 X 106 (10 A/mm). The
spectral interval of each channel and a schematic drawing of the optical
system are shown in Figure 1. The five photomultipliers used were RCA
Type 1P28A, and the photomultipliers and electronic circuits were each
tested and found to have a response time of less than 0.2 us. The time
s 2solution of the optical system was less than the photomultiplier response
time for the shock velocities studied in this investigation.

The test gas was a 0.2 Hy - 0.8 He mixture of Prep grade gases prepared
by Matheson, Inc. The shock tube was pumped down to approximately 3.99
X 10-2 N/m2 (3 X 104 torr) before each run.

Results

Shock tube runs were made over the range of shock velocities, U, from
1.6 X 10% to 2.5 X 10* m/s and for initial pressure of 33.3 and 133 N/m?
(0.25 and 1.0 torr). The output signals from the five photomultipliers were
recorded on three Tektronix 555 oscilloscopes. Oscillograms obtained from a
typical shot are shown in Figure 2. The signals from ail channels reached a
maximum slope rapidly and then asymptotically approached an equiliv.it m
level without an intermediate overshoot. The He line channel and H,; band
channel produced intensity profiles siinilar to the H ccautinuum channel. It
was concluded that H continuum was the primary source of radiation for
these channels. The Cr signal profiles were similar to the continuum channel
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FOCUSING
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PHOTOMULTIPLIER CHANNELS

NEUTRAL DENSITY AND
ORDER SORTING FILTERS

JARREL ASH SPECTROMETER

SPECTRAL INTERVALS

CHANNEL | A, nm AX,nm | SPECIES
[ 425 4 0.5 Cr
2 47,1 0.5 He
3 462.8 1.0 Hq
4 486.1 0.5 HB
5 514.5 1.0 H* +e

Figure 1. Schematic diagram of optical system

until arrival of the contact surface, at which peint there was a rapid and
large increase in the signal level. The sudden rise in the Cr signal occurs at
the same time as the sudden decrease in the H, signal. This marks the
interface between the driver gas and the test gas. The decay of the H, sigual
over several microseconds indicates that there is a mixing region between
the driver and test gases. It was concluded from the Cr and H, signals that an
impurity-free slug of test gas with measurable test time was formed in the
JPL electric arc shock tube. Test times obtained for initial pressures p, =
33.3 N/m? and p; = 133 N/m? are shown in Figure 3. The curves in the
figure are for test times calculated assuming constant values for test slug
length I;; reasonable agreement between calculated and experimental data
can be seen. These test slug lengths are considerably smaller than the shock
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tube diameter of 0.152 m and are several times smaller than the slug lengths
that can be obtained from the test time measurements of Reference 1. This
may be due, in part, to the sensitivity of the Cr channel in resolving the
arrival of the driver gas.

Both the H continuum and the H, line signals showed similar rise times.
The rise time was defined as the time at which a line drawn through the
maximum slope of the signal intersected the plateau signal level. The
quantity (H,)° 7, is plotted as a function of 1/T; in Figure 4, where 7, is
the rise time of the continuum signal in shock fixed coordinates, (Hy)® is the
frozen molar concentration of Hy immediately behind the shock wave, and
T, is the corresponding temperature. A reasonable fit to the p; = 33.3 N/m?
data can be made by a straight line whose slope gives an activation energy of
4 eV. The values of 7;,, measured with p; = 133 N/m? were found to differ
from the values measured with p; = 33.3 N/m? by a factor approximately
equal to the ratio of the initial pressures. Thus, 7, was found to be
independent of the initial pressure.

SHOCK SPEED PHOTOTUBE [

ARRIVAL OF END OF
SHOCK WAVE TEST TIME

A=447.1 nm

A =462.8 nm

A=486.1 nm

A=514.5nm

py = 133 N/m?
U =1.72x 104 m/s

— | Fe—2us

TIME —»

Figure 2. Photomultiplier signals as a function of time for typical shot
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Conclusions

Time-resolved measurements of emission intensity of the H, line and Cr
line radiation have shown that a test slug free from driver gas impurities is
formed in the JPL electric arc shock tube. Test times which allow
nonequilibrium and steady-state measurements to be made were obtained
for shock velocities up to 2.5 X 104 m/s.

Both the low value for the activation energy and the insensitivity of the
ionization time to initial pressure indicate that the collisional ionization of
hydrogen is not the dominant process for the intensity profiles. Although the
activation energy for H, dissociation (4.5 eV) is close to the experimental
activation energy, the decomposition time is expected to be 100 times faster
than the measured ionization times. Comparisor with ionization processes
ir other gases leads one to expect activation energies closer to the 13-eV
ionization energy of hydrogen and 7, to be inversely proportional to initial
concentration. However, experimental measurements of ionization rates of
noble gases have been found to be sensitive to impurities in the part-per-
million range. In the runs of this experiment the impurity level in the initial
test gas was approximately 880 ppm. Therefore, the domination of
measured intensity profiles by impurity ionization processes is a definite
possibility.

Several modifications to the experiment:l technique are being made in
order to determine the effect of impurity level on ionization time
measurements. The pumping system is being modified so that a diffusion
pump and liquid nitrogen cold trap will be used at each end of the shock
tube. The test gas filling system will be changed to permit continuous
flushing of test gas down the shock tube, thus minimizing the effects of
absorption and desorption of gases on the shock tube wall. Finaily, a test gas
mixture made from ultra high purity grade gases and with an analysis of all
impurities is being obtained.

The measurement of 7;,, as a function of U, und p, will be repeated to
determine the effcct of the improved purity of the system. If these
measurements indicate that impurities are no longer a problem and that the
ionization times have not become larger than the available test time, an
improved spectroscopic technique is planned. By making both absolute and
relative continuum intensity measurements across the Balmer series limit,
the electron concentration and electron temperature can be obtained as a
function of time without the reliance on collisional equilibrium assumptions
required of other spectroscopic techniques.

Reference

1. Menard, W. A, “A Higher Performance Electric-Arc-Driven Shock
Tube,” in JPL Quarterly Technical Review, Vol. 1, No. 1, pp. 17-28.
Jet Propulsion Laboratory, Pasadena, Calif., Apr. 1971.
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On the Possibility of Earth Re-entry Simulation
of Shallow Angle Jupiter Entry

A. D. McRonaid

Environmental Sciences Division

Possible Earth re-entry simulation of shallow angle (3-30 deg) Jupiter entry has
been investigated in terms of four parameters of the bow shock layer ahead of a
blunt vehicle: peak (equilibrium) temperature, peak pressure, peak inward radiative
flux, and time-integrated radiative flux. The comparison shows that simulation
ranging from fair to good can be achieved, generally the easiest (lowest Earth re-
entry speed) at steep Earth re-entry, in the Earth entry speed range of 15-22 km/s,
for both the Jupiter “nominal” and “cool” atmospheres. Increasing Earth speed is
required, generally, for increasing Jupiter entry angle, and for temperature, radiative
flux, time-integrated flux and pressure, in that order. It appears that a meaningful
simulation test could be done using a launch vehicle with the speed and payload
capability of the Titan IIID/Centaur/BII.

Introduction

The possibility of simulating the major features of entry from near-
parabolic inertial entry speed into the atmosphere of Jupiter by means of an
Earth re-entry test is of considerable interest on two main accounts:

(1) As a “calibration” point for several aspects of Jupiter entry probe
design, including:

(a) Theories and models for the very high enthalpy hypersonic flow
field with strong coupling of intense radiation, convection, and
ablation.

(b) Ablation materials response when subject to high radiative flux

(of order of 100 kW/cm?), large gasdynamic mass flux over the
body, and large “inertia” forces due to violent deceleration.

(2) As a prior-to-launch validation of design of a prototype Jupiter entry
capsule, including trajectory, aerodynamic stability, structural
integrity, heat shield, communications, instruinent performance, etc.

19
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Analysis
Simplifying Assumptions

For this first analysis, vrious simplifying assumptions have been made,
including:

(1) The shock layer is in thermochemical equilibrium, is uniform in
composition, and is an isothermal parallel slab of uniform thickness
(presupposes a fairly large blunt vehicle and fairly nigh gas density:
good approximation near peak conditions during entry: facilitates
temnerature and radiative flux calculations).

(2) The shock layer thickness is constant during the entry (ignores change
in body (nose) radius due to ablation and change in gas density ratio
over the shock; facilitates radiative flux calculations).

(3) The shock layer pressure is py(V,)? - here p, is the undisturbed
atmospheric density, and V, is the speed of the vehicle relaiive to
the atmosphere.

(4) All other factors relating to the comparison of Jupiter cnd Earth
entry, e.g., diffusion, chemical reaction, and ablation, are eithe:
similar in effect or minor.

Trajectories

The trajectories considered for Jupiter entry were for a ballistic
coefficient! of 154 kg /m2, an inertial entry speed of 61 km/s (slightly
hyperbolic), entry angles of from 3 (near ballistic skip-out) to 30 deg, and a
“downwind” equatorial entry (giving V, at entry in range 48-50 km/s). For
Earth, similar entry at all entry angles, the same ballistic coefficient, and
inertial entry speeds of 12, 14, 16, 18, 20, and 22 km/s were evaluated. A
two-degree-of-freedom (motion in a piane) computer program was used to
calculate approximate trajectories.

Radiative Flux

Data on the emergent radiative flux from the parallel, isothermal slab of
hot gas of uniform thickness, as a function of slab pressure and temperature,
have been published (Reference 1 for air, Reference 2 for the Jupiter
nominal and cool atmospheres). The JPL thermochemistry program
(Reference 3) was used to calculate shock layer temperature, pressure, and
gas density ratio across the shock. The slab (shock layer) thickness 8 was
evaluated from the Lighthill formula:

! The value is one for which many prior trajectory calculations have been made by the author,
and corresponds to a 45-deg cone of base radius 1 m and an uverage specific gravity of %.
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where R is the vehicle nose radius, € = p,/p., and p, is the shock layer
density. For convenience of calculation, the & values for Jupiter gas and air
were taken as 5 cm and 3 cm, respectively; the body is sketched, and valnes
of R, 8, and py/p) are given in Figure 1.

Results

The absolute levels of peak shock layer pressure, temperature, inward
radiative flux, and integrated flux for the entry bodies considered are shown
in Figures 2, 3, 4, and 5, respectively. From these, the Earth entry speed and
angle to simulate a given Jupiter entry angle as regards the above four
parameters can be calculated. Figures 6 and 7 show Earth entry conditions

INWARD
RADIATIVE N\
FLUX

ISOTHERMAL
EQUILIBRIUM
SHOCK LAYER

BODY
GAS CIRECTION
DENSITY A P OF MOTION
SHOCK LAYER —
THICKNESS OR 3
STAND-OFF /\\%"\\)
DISTANCE 8 ) “Oge
INNER LAYER
JUPITER
OF ABLATION PARAMETER EAEmRY
PRODUCTS NOMINAL |COOL
R, em 60 74 é7
8 cm 3 5 5
P’/ A ~16 ~1 ~10

Figure 1. Type of blunt entry body considered in radiative flux calculations
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to simulate 10-, 20-, and 30-deg Jupiter entry into the nominal and cool
atmospheres, respectively. The 90-deg Earth entry speeds to simulate the
various parameters for 10-, 20-, and 30-deg entry into the Jupiter nominal
and cool atmospheres are shown in Table 1.

As a prelude to discussion of simulation, it is appropriate to comment on
performance of available launch vehicles. The feasibility of an Earth entry
test depends on launch-vehicle capability, which is outlined in Figure 8 (data
from Reference 4).
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Discussion

The comparison between Earth and Jupiter entry has been made for blunt
bodies of comparable size (about R = 66-cin nose radius) and one value of
ballistic coefficient m/CpA (154 kg/m2). The degree of simulation attainable
will vary with the R and m/ CpA values of both the Jupiter and Earth
vehicles.

The shock layer temperature is insensitive to R and m/CpA. The pressure
will vary about linearly with m/ CpA, which will in turn scale as R, if
proportions are preserved, The radiative 2 1x (per unit area, as calculated
here) will vary as R for the low gas density part of a trajectory, but may
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Figure 4. Peak inward radiative flux versus entry angle

approach constancy as increasing density brings the flux toward the black
body limit.

As regards the Jupiter entry angle to be simulated, it is noted that the
A pressure is very sensitive to angle, the peak radiative flux quite sensitive
i (particularly at low angles), and the integrated flux and temperature not very

o sensitive (low flux at low angle being compensated by longer entry flight
time).

The launch-vehicle payload capability is likely to impose serious restraints
on Earth re-entry vehicle mass, and hence on R and m/CpA. Similarly, entry
speed and weight appear to be limited, for practical reasons of cost, to about
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19 km/s and 50-kg payload, corresponding to a vehicle like the Titan IIID/
Centaur/BII. It may then be difficult to construct an Earth re-entry vehicle
with R = 60 cm and m/CpA = 154 kg/m? as calculated here, subject to a
50-kg mass, and there is clearly a trade-off between mass and speed for best
simulation. However, the conclusions below will be given in terms of an
Earth vehicle of comparable size to the Jupiter vehicle.

Conclusions

The following conclusions can be drawn from Figures 6, 7, and 8, as
regards Farth entry simulation of Jupiter entry.
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Figure 6. Simulation of 10-, 20-, and 30-deg Jupiter entry by Earth re-entry: Jupiter

nominal atmosphere

As the Jupiter entry becomes more shallow, less Earth entry speed is
required for simulation of the four parameters.

For a given simulation, less Earth entry speed is required at steep
Earth entry than at shallow.

Shock layer temperature is simulated most readily, requiring Earth
entry speeds in the range 15 to 17 km/s for the Jupiter nominal, and
18 to 19 km/s for the cool atmosphere, at Jupiter entry angle of 10 to
30 deg.

Inward radiative flux simulation can be achieved for 10-30-deg
Jupiter entry into the nominal atmosphere (Earth entry speeds of 15
to 18.6 km/s), but only for about a 10-deg entry into the cool
atmosphere (Earth entry speeds of 18.8 to 21.0 km/s for 10-30-deg
entry).

Time-integrated radiative flux can barely be simulated, requiring
Earth entry speeds of 19.2 to 20.3 km/s for 10-30-deg Jupiter entry
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Table 1. Earth re-entry speeds to simulate shallow Jupiter entry

Earth entry speed at 90 deg, km/s
' Parameter -
. , Nominal atmosphere Cool atmosphere

- 102 202 302 102 208 302

.

- Temperature 15.0 159 17.0 18.0 18.6 19.0
Pressure 12.4 19.3 23.0 18.0 24.0 -
Flux 15.1 17.4 18.6 18.8 20.2 21.0
Integrated flux 19.2 19.8 20.3 22.2 22.2 22.2

2 Jupiter entry angle, degrees.
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Figure 7. Simulation of 10-, 20-, and 30-deg Jupiter entry by Earth re-entry: Jupiter
cool atmosphere
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into thc nominal atmosphere, and about 22.2 km/s for similar entry
into the cool atmosphere.

(6) Shock layer pressure can be simulated for 10-20-deg entry into the
nominal atmosphere (Earth entry speeds of 12.4-19.3 km/s) and for

only about 10-deg entry into the cool atmosphere (Earth entry of 18.0
km/s for 10 deg, 24.0 for 20-deg entry).

(7) Prospects of simulating two, three, or four of these parameters
(temperature, pressure, flux, and integrated flux) for a specific case,
by proper choice of ballistic coefficient, nose radius, and Earth entry
angle and speed, are good for Jupiter entry in the range 10-20 deg for
the nominal atmosphere, and 10-15 deg for the cool atmosphere.

(8) A meaningful Earth re-entry simulation of shailow Jupiter entry
appears to be possible using a launch vehicle about the scale of the
Titan IIID/Centaur/BII (19 km/s at 50 kg, 16.5 km/s at 500 kg).
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Measurement of the Power Spectral Density of
Phase of the Hydrogen Maser

A. Sward

Telecommunications Civision

Hydrogen masers are being developed hy JPL to satisfy the needs of the Deep
Space Network for improved frequency standards in order to achieve better timing
accvracies, reduced doppler residuals, and lower phase noise in the tracking system.
Performance data for the JPL hydrogen musers is given in two forms: time-domain
performance, useful for analyzing time-keeping systems and doppler systems; and

‘ “ frequency-domain performance, useful for analyzing tracking systems. Particuiar
Y attention is given to trequency-domain performance, as obtained from both time-
_éi domain measurements and direct measurements.
X
-
T The power spectral density of phase for the JPL hydrogen masers
iy (References 1, 2, and 3) has recently been measured and found to be in close
e correlation with that which was calculated using time-domain stability
’;} measurements. This has allowed the 3-dB bandwidth of the hydrogen maser
R to be calculated as well as the frequencies at which the various types of

noise are predominant.

A plot of the measured standard deviation of the average fractional
frequency departure versus averaging time for the hydrogen maser is shown
in Figure 1. The flat region of the plot, which occurs for averaging times of
50 s and greater, is caused by a random noise called flicker-of-frequency
noise, and is characterized in the power spectral density of phase by a f-3
slope. The portion of Figure 1 that varies approximately as 1/ for
averaging times of less than 50 s is called flicker-of-phase noise. This neise
would have a spectral density of phase varying as f-1.

L A S A N
- o et T - . . .

Before describing the equations that are used to convert from the time-
stability plot to the power density spectrum of phase, it is important to
define several terms. First, the term o?(N,T,7) is a sample variance of N
measurements of the time-varying frequency, f(t), each of duration 7, spaced
every T units of time. The units of ¢3(N,T,7) are rad?/s?. The standard
deviation of the average frequency departure is divided by w, to obtain the
average fractional frequency departure. The variance of frequency fluctua-
tions for flicker of frequency exhibits a logarithmic divergence as the
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number of measurements increases. It is thus necessary to fix the number of
measurements in order to obtain meaningful data. A convenient measure,
called the Allen variance, is obtained by fixing N at 2, and by modifying the
usual sample-variance definition by the factor N/(V-1). It can be shown that
the optimum value (Reference 4) for .V is, in fact, very close to 2. Normally,
the mean sample variance for a large number of sample-variance measure-
ments is taken in order to reduce the uncertainty for such a low number of
measurements V.

In order to calculate the spectral density of phase. the following
relationships are needed: For flicker-of-frequency noise (Reference 5),

[0%(2,7,7)]

= 1
7 (em?*P21In2

where S, (/) 4 power spectral density of phase in rad?’Hz. For flicker-of-

phise noise (Reference 3),

[0%(2,7,7)]

S¢(f) - OB+ (rw))] -In 2} @)

where @, £ noise bandwidth in rad/s. An important point should be noted

here. In the time-domain plot, frequency stability varies as 1/+ for white
e P

phase noise, whereas the stability varies as -, In 7/7 for flicker-cf-phase

noise.

White phase noise (f° behavior in the frequency domain) produces a 1/7
behavior in the time-domain plot of o versus 7, while flicker-of-phase noise
(f! behavior in the frequency domain) produces a +/Ia 7/7 dependence
(Reference 5). These two types of noise are difficult to distinguish in the time
domain because of measurement dispersion. A direct measurement in the
frequency domain is often more useful to determine which type cf noise is
present. Suck measurements have, in fact, verified the exis.ence of flicker-of-
phase noise.

The time-domain plot of the average fracticnal frequency departure,
o(2,7,7)/wy versus averaging time 7 for the hydrogen maser, is shown in
Figuie 1. The power spectral phase density calculated from Figure 1 is
shown in Figure 2, with the measured values superimposed. Equating and
solving Equations 1 and 2 results in a solution for crossover frequency
between the two types of noise. This value is 1.59 X 10-2 Hz at a center
frequency of f, = 100 MHz. Direct measurements at the device 100-MHz
output have verified the validity of the spectral plct within 1.4 dB over the
frequency band 4 to 100 Hz on each side of the carrier. In addition, at the
10- and 1-MHz outputs, obtained by frequency division of the 100-MHz
signal, measurements have degradations of only about 1 dB in the power
density spectrum. It was found that at the 1-MHz output, white phase noise
became the predominant noise above 20 Hz from the carrier, which, if
extrapolated back to the 100-MHz output, corresponds to a crossover
frequency of about 200 kHz.
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The 3-dB bandwidth of the hydrogen maser at its output frequency of
1420 MHz was calculated by extrapolation to be 6.4 X 104 Hz from the
power spectral density plot.
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Reduction of Near-In Sidelobes Using Phase
Reversal Aperture Rings

W. F. Williams

Telecommunications Division

Spaccceraft anteunas having high gain and extremely low sidelobes will be needed
for communications satellites. Low sidelobe performance is needed to isolate beams
of multibeam systems using the same carrier frequency (frequency re-use). Because
of a limited allowable spectrum for transmission, frequency re-use may be necessary.
A technique for reducing near-in lobes by canceilation is described. This technique
takes a small porticn of the radiation from the antenna aperture and generates the
near-in lobes, which are are then fed ont-of-phase relative to the main signal. Results
of sample cases indicate that the first three lobes can be neurly eliminated at a 40%
reduction in aperture efficiency.

Introduction

A current NASA-sponsored work program has as its objective the
development of antenna techniques that may be useful in high-gain satellite
antennas used for Earth communications. One of the most important
characteristics of such future antennas will probably be extremely low
sidelobes. This is because of the expccted use of the same cairier frequency
channel simultaneously on several different antenna beams, each carrying
different information. To avoid interference, such beams should not overlap.
However, interference also exists when the sidelobe of one such beam
occurs within the main lobe of another. The power transmitted within this
sidelobe, as dictated by its gain, will determine whether it is detected by an
Earth station and cause interference.

Sidelobe size and structure are the result of the illumination function on
the antenna aperture. Uniformly illuminated circular apertures result in first
sidelobes of about -17 dB. When the illumination is reduced at the aperture
edge (tapering), sidelobes are reduced. Interfering structures in front of an
aperture (feeds and struts for a paraboloidal reflector) will change this
distribution and also raise sidelobes. A typical reflector antenna with 10-dB
taper and average blockage may have first sidelobes of about -20 dB. More
extreme tapers can be used, and, with careful attention to blockage, sidelobe
structure can be improved. But it is generally conceded to be doubtful that a
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-30-dB sic’2lobe level cou'd be reached by edge-taper schemes—probably a
-26-dB number is more likely.

A required level of sidelobe reduction has not been established for any
specific system as yet. However, there are indications (Reference 1) that the
levels mentioned above may not be adequate and that means other than
edge-taper might be needed to obtain even lower sidelobes.

The lobes of importance are only the first, second, and possibly the third,
since beyond that point the lobes will he looking into regions of no interest
for frequency re-use.

The following sections describe a technique for lowering near-in
sidelobes, 1.t al the expense of gain and an increase in the lobes that occur
at greater angles from the main beam.

Sidelobe Cancelling

~ An approach to this problem is to construct a second antenna whose
radiation pattern is similar to only the sidelobe structure of the main
antenna. If this second antenna is then excited out-of-phase relative to the
main unit and of proper magnitude, the sidelobes will be eliminated or
greatly reduced. The example chosen for the cancelling antenna for
discussion in this article is a selected ring or rings within a circular aperture.

Consider a circular aperture as the radiating source of the spacecraft
antcnna. It might be a circular paraboloid, or the face of a phased array,
horn, or lens antenna. As a parabola or lens, the illumination would normally
be tapered for 20-dB sidelobes; as an array, it could be uniform for 17-dB
first sidelobes. Further, consider this aperture to be made up of a complete
set of narrow adjacent concentric circular rings. Each ring may be assumed
to be uniformly excited, the intensity being a function of its radius and the
taper on the overall aperture. Each of these rings is then conside-.. - 1s a
separate radiating aperture. The illumination on this sub-aperture is uniform
around the periphery and zero throughout the rest of the area, which gives
rise to a multilobed interference type of pattern—the larger the ring radius,
the narrower these lobes will be. The sum of the patterns of all rings is the
total pattern of the aperture. This suggests the way to reduce the inner
sidelobes. A particular ring region will have its first interference lobe at the
same (or near) position as the first lobe of the total antenna pattern. If this
region of the aperture were then excited at 180-deg phase reversal, it would
tend to cancel this first main lobe. Magnitude would be set by choosing the
proper ring region and varying its width.

Sample Calculations

Figure 1 represeuts a coordinate system and the quantities that make up a
circular aperture consisting of rings of equal width. A good approximation to
a tapered illumination from a horn-type feed for either paraboloid or lens is
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Figure 1. Aperture coordinate system

0

P(r) = exp [-2a (;—)2] watts/cm? 1)

where 1, is the aperture radius, and a defines the taper magnitude at the

aperture edge. As a goes to zero, 100% efficient uniform illumination would
be obtained.

When the aperture is made up of many rings, each ring can be considered
as uniformly illuminated, at a value

2
-+

exp|-2a -X’l watts/cm? (2)

for the particular ring indexed by £. The far-field pattern of such a ring can

be considered as the sum of contributions from its smaller segments, AA,
identically excited:
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kg is chosen in this manner so that the segments that make up the rings will
be of nearly the same area throughout the aperture.

The total pattern is the sum of all rings,

To demonstrate the performance of such an antenna, a 50-wavelength
apcrture with 10-dB taper was assumed, and ring patterns were calculated
for the outer half. The inner rings have broad patterns and are not useful in
this cancelling technique. The total number of rings was set at 36; patterns
of some .of these are presented in Figure 2, which shows the relative
spacings of their lobes. Boresight is at 0 deg. The total aperture pattern is
then shown in Figure 3; the first, second, and third sidelobes are at 2.1, 3.25,
and 4.4 deg. Observation indicates that ring 24 (% of the distance to the
edge) generates a lobe in such a position as to cancel the first sidelobe.
However, it does not affect the second lobe, but increases the third lobe of
the main pattern. Further, ring 30 cancels the second lobe, while ring 31
cancels the third, but does not aid in cancelling the first sidelobe. Selective
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Figure 2. Ring radiation patterns

combinations must therefore be tried to obtain a proper combination to
reduce the first three lobes. Such a result is indicated in Figure 4. The first
three sidelobes of the main pattern are indicated (main lobe is not shown), as
well as the contributions of four selected rings. The result of reversing the
phase of the selected rings is near-cancellation of the sidelobes from 2 to 5
deg off boresight, with a lobe coming up beyond 5 deg. Figure 5 shows the
resulting radiation pattern, to be compared with that shown in Figure 3.
Sidelobe radiation lies below -37 dB out to about 5 deg, beyond which point
the lobes increase well above the normal pattern, but still remain below -28
dB. Other similar combinations can be chosen with slight variations in the
result.

Attempts to achieve significant sidelobe reduction using only a single ring
did not succeed. Although the first lobe was reduced, other lobes increased.

The technique described could be easily implemented with a waveguide

lens antenna by placing 180-deg phase shifters in selected ring areas about
the lens center.
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Figure 2. (contd)

Conclusion

Phase reversa! of selective aperture zones can effectively cancel given
sidelobes in the radiation pattern of a circular aperture far beyond the
sidelobe reduction obtainable by edge-taper techniques. The technique
necessarily reduces the on-axis antenna gain because of the reduced
illumination efficiency. In the example given, this gain was reduced by about
2.2 dB in cancelling the first three lobes.
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Development of a 20-W Solid-State S-Band Power
Amplifier
A. G. van der Capellen

Telecomraunications Division

As an alternative to the use of traveling-wave-tube amplifiers in spacecraft with
long-life mission requirements, JPL is developing a solid-state 20-W S-band power
amplifier. Traveling-wave-tube amplifiers have limited reliability because of the
relative short life of the cathode and the complexity of the power supply. A soiid-
state amplifier with an output of 20 W at 2295 MHz, a dc/RF efficiency cf 38%, and
a gain of 27 dB has been developed. This article describes the physical and electrical
performance of the solid-state amplifier.

Introduction

A solid-state 2295-MHz p.ototype power amplifier is being developed in
support of anticipated long-life missions such as the Outer Planet Grand
Tour missions and the Space Station program. Traveling-wave-tube (TWT)
amplifiers are not suitable because of their limited reliability and short life.
Presently available microwave power transistors make solid-state power
amplification at S-band feasible. The solid-state power amplifier is to be
designed to operate continuously for 12 yr. Design goals for this amplifier
are summarized in Table !.

Circuit Description

All circuitry is housed in one module. Figure 1 is a block diagram of the
power amplifie: and Figure 2 shows the module. The amplifie. consists of
three driver stages. The first two stages employ MSC 3000 transistors and
the third stage uses the MSC 3003. The final stage consists of four summed
MSC 3005 transistors. All stages except the first operate Class C in common
base configuration. The first stage is biased in Class A (common base). A
single-stage amplifier is shown in Figure 3 and a schematic in Figure 4.
Semilumped circuitry is employed in the amplifiers, consisting of two pairs
of Johanson Type 6453 capacitors (in a back-to-back configuration) forming
an L matching network. Interstage coupling is achieved by short pieces of
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Table 1. Design goals for the 20-W solid-state S-band power amplifier

Electrical:
RF power output 20 W
Frequency 2295 MHz
Efficiency 30% ninimum (goal 49%)
Bandwidth 220 MHz (1 dB)
Gain 28 dB
Spurious signal output 270 dB below rated output
Input impedance 50 Q0 nominal {VSWR to be determined
Load impedance 50 {1 nominal (open or short

circuit capability to be
determined)

Environmental:

Life (combined effect of 12 yr (confidence = 0.95,
radiation, aging, etc.) power degradation < 1 dB)
Temperature -40 to +65°C (power degradation

to be determined)

Baseplate 35°C (average tempe:ature
for reliability calcuiations)

Physical (exclusive of thermal

aseplate):
Weight 1.3 kg
Size 125 X 22 X 4.5 cm

50-0) microstrip lines on alumina substrates to fac:. ate testing. The power
splitter and summer are identical in design and consist of 50-01, 3-dB hybrids,
which provide a port-to-port isolation ot approximately 30 dB and input-to-
output insertion loss of 0.3 dB (for one splitter or summer). The final
summing point is connected to a drop-in type circulator (0.3-dB insertion
loss at 2.3 GHz), which serves as protection against inadvertent load
removal. All amplifier stages are voltage-derated and operate off a dc supply
voltage of 25 V.

Assuming thermal resistances for the transistors to be as stated by the
manufacturer, i.e.,

MSC 3005 = 8.5°C/W
MSC 3003 = 17°C/W
MSC 3000 = 45°C/W

the highest calculated junction temperature occurs in the MSC 3003 driver.
For an assumed baseplate temperature of 35°C, this transistor junction is
calculated to operate at 96°C. This is within the goal of 100°C n.aximum
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Table 2. Performance data for single-stage amplifier MSC 30052

Outpat Efficiency, Supply
power, W Gain, dB % voltage, V
6.8 9.3 42 25
6.4 9.0 50 25
5.0 5.6 54 25
5.0 4.8 55 25
8.0 7.3 45 28

2 Frequency = 2295 MHz: bandwidth =100 MHz (3 dB).

junction temperature set for this development. The MSC 3005 operates at a
junction temperature of 86°C (under the same assumptions).

Development Status

The power amplifier breadbeoard shown in Figurc 1 has been developed at
JPL. An output of 20 W at 38% dc/RF efficiency and 27-dB gain has been
achieved with a dc supply voltage of 25 V. Bandwidth is 35 MHz (3 dB), 25

MHz (1 dB). Data for the output stage (MSC 3005) are shown in Table 2.

Four MSC 3005 transistors were radiation-tested. Table 3 summarizes the
dose values that the transistors were exposed to (including background
radiation). The transistors were not operating during irradiation. They were
mounted in test fixtures where they remained throughout all RF and
radiation testing. This procedure was followed to avoid a shift in the data as
a result of displacement of the transistor relative to the circuit. All four MSC

3005 transistors survived the radiation test without observable (resolition 0.2
to 0.5 dB) degradation.

RF breakdown tests have been conducted on the final stage. No
breakdown of any kind was observed at pressures between 10.1 N/cm? and
4.0 X 10-7 N/cm* (760 torr and 3 X 10-3 torr). (Electron source was present.)

Table 3. Radiation dose values

Radiation Energy, Flux, Fluence,

type MeV particles/ cm2-s particles/ cm? Background
Electrons 2 3 X 1010 1.4 X 1013 None
Neutrons 1.3 14 X 1010 1.6 X 1643 4.3 X 103 rad

Protons 140 1.2 X 108 942 X 012 109 - 150 peutrons/cm2
5 X 10? rad
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Four MSC 3005 transistors in final stage configuration are presently

under life test; 1200 h have been accumulated without failure. Baseplate
temperature is held at 35°C.

Work has begun on the development of a microstrip version of the 20-W
power amplifier with plans to achieve a wider bandwidth (200 MHz, 3 dB

minimum). This amplifier will employ an RCA TA 7995, which has emitter
ballasting for better reliability.

Future plans inciude a trade study between efliciencv and other require-
ments such as bandwidth, life, and temperature. Radio frequency life testing
will continue to gather more data. Also, failure mechanisms in microwave
power transistors will be stndied along with a transistor RF circuit model.
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A Markov Chain Technique for Determining the
Acquisition Behavior of a Digital Tracking Loop

H. D. Chadwick

Telecommunications Divisicn

Tracking loops have two characteristic modes of operation: acquisition and
steady-state tracking. The steady-state behavior of such nonlinear tracking loops as
the phase-locked loop has been the subject of considerable analysis. The acquisition
behavior of a loop, the transition period between turning the loop on and the steady
state, has resisted analysis for all but the simplest configurations. An iterative
procedure is presented for determining the acquisition behavior of discrete or digital
implementations of the tracking loop. The technique is based on the theory of
Markov chains and provides the cumulative probability of acquisition in the loop as
a function of time in the presence of noise and a given set of initial coundition
probabilities. A digital second-order tracking loop to be used in the Viking command
receiver for continnous tracking of the command subcarrier phase has been analyzed
using this technique, and the results agree closely with experimental data. Possible
extensions of the technique include the analysis of continuous loops using discrete
approximations.

Introduction

A digital second-order servo loop is to be used in the Viking command
receiver for continuous tracking of the command subcarrier phase (Refer-
ence 1). An initial coarse estimate of the subcarrier phase is provided by a
separate circuit, and the tracking loop is expected to begin tracking with an
initial phase error as large as the maximum error of the coarse estimate and
a phase error rate of changs due to the doppler shift. The subcarrier loop
should be able to acquire lock and eliminate this initial error, thus yielding a
small steady-state average phase error. The behavior of this loop during this
initial acquisition is studied in this article. The cumulative probability of
acquisition as a function of time in the presence of noise has been calculated
for the loop by a Markov chain approach.

Tracking Loop Model

The subcarrier tracking loop being analyzed is illustrated in Figure 1. It is
a typical digital second-order loop which is complicated by the presence of
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the limiter in the error signal path. Figure 2 shows the same loop reduced to
its important details. The accumulate-and-dump circuit for the error signal
accumulates the values of 2M phase saniples and has the effect of only
improving the signal-to-noise ratio per 2M samgles. Otherwise it may be
ignored for analytical purposes. The effect of using the sign bit of this
accumulator is equivalent to that of a limiter circuit. The subcarrier
waveform, which is sampled in the phase detector, is basically a square
wave, with a small linear region in the vic'nity of the zero point. This
waveform is illustrated in Figure 3. The phase quantization level or “bump”
size is determined by the phase detector and the phase estimate accumula-
tor. Sampling in the phase detector can be performed twice per cycle with
appropriate sign reversal circuitry. This circuitry can also be ignored in the
analysis. The phase detector can thus be considered to provide a signal that
is linearly related to the phase error over a small region close to zero and
saturates to a constant level beyond the linear region. A new phase estimate
is provided once every M subcarrier cycles (one data bit period).

Discrete State Space

Using the model described in the previous section, there are two state
variables inherent to the tracking loop. These variables have been assigned
and labeled x) and x, in Figure 2, where x, is the phase error signal and x,
the loop accumulator output. The state space for the loop is thus two-
dimensional and discrete because movement from one point to another can
only take place in discrete jumps. The system is also discrete in time, and the
movement in the state space is describable by difference equations.

In the absence of noise, because of the nonlinearity presented by the
limiter, the state space must be analyzed in two regions: the region in which
x; > 0 and the limiter output is positive, and the region in which x; < 0 and
the limiter output is negative. In this noiseless case, the loop will follow a
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Figure 1. Subcarrier tracking loop
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Figure 3. Phase detector characteristic

deterministic path from a point representing a given set of initial conditions
to an equilibrium point.

When noise is present, however, the path becomes a random walk in the
x),Xg plane. At each point in the plane there are two possible subsequent
points. One such point is the same as the noiseless deterministic point and
will occur if the limiter input signal (phase error) plus noise has the same
polarity as the signal only. The other point may be considered the wrong
point and occurs if the noise biases the limiter input to a polarity opposite

that of the phase error. Thus, for every possible origin point in the piane,

there are two destination points, and the transition probabilities can be
computed from the noise probability density and the phase error amplitude.

51

A W TG BReTedl RE) RN ARBRS afelta Ty e e A T

LRt a  anz W M ANIN © MaE DR, ey .

I L TGS



R B
P el

PR U

6 L 3ed e

Transition Probability Matrix

The movement of the state of the tracking loop in the state plane can be
considered as a random walk or Markov chain. If the transition probabilities
from state to state are written in the transition probability matrix P, then, in
matrix notation,

pn+1 =Ppn (1)

where p, is the vector of state probabilities after n iterations of the loop.
Given the initial state probabilities p,, iterative application cf Equation 1
will provide the state probabilities for any time thereafter. The boundary
conditions for the state space are crucial to the application of this equation.
In a steady-state analysis, it does not matter which subcarrier cycle the loop
is presently tracking. For this purpose, the boundaries of the phase error
variable at t%4 cycle from the origin may be made reflecting. This is
equivalent to considering the phase error modulo 27, which is common in
phase-locked loop analyses. In this case a steady-staie solution to the state
probabilities can be obtained from the eigenvector equat: n

p=Pp (2)

where p is the vector of steady-state probabilities. For acquisition, however,
movement from one subcarrier cycle to another is considered failure to
acquire and this probability is of interest. (This definition of acquisition
without cycle slippiug was a requirement of the Viking mission.) The
boundary at x, = t'4 is, therefore, made absorbing, and the probability of
reaching this boundary is called the probability of failure to acquire. With
these boundary conditions, the steady-state probability vector is zero for all
stales except the boundary. The loop will eventually go out of lock with
probability one. For the purposes of studying the acquisition behavior, a
small region around the equilibrium point was defined as the lock region,
and the cumulative probability of reaching this region was calculated as a
function of the numt.er of iterations of the Markov chain equation.

Determination of Transition Probabilities

Examination of the system diagram in Figure 2 shov’s that the difference
equations for the transitions that can occur are:
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E(x,)=K, sgn [f(x,) +n] 3)

E(x )=E@)-x,-K, sgn [flx ) +n] 4)

where E is the forward difference operator, @ is the phase angle input, E(@) is
the change per time interval of the phasz angle, and n is the suin of 2M
gaussian noise samples. The function f{) is the phase detector characteristic
of Figure 3 multiptied by the accumulator gain of 2M. When

f(xl)+n>0

the signum function is +1 and

E(x,)=K, ()

E(x,)=E@)-x,-K, ©)

The probability of this occurrence is

pt(x,,x,) =-;— [1 +erf (v‘R(xl)/Z)] (7)

where

R(x,) = phase acc''mulator output signal-to-noise ratio

= f2(x,)/2MN B
N,/2 = two-ided noise spectral density
B = noise bandwidth

The probability of the complementary event that

fix,) +n <0
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and

E(x,)= K, @®)
E(x,)=E©)-x, +K, ©)

is
1-p+(xl,x2)=%erfcx/R—(;l-)/—2 (10)

These relations depend only on the values of x| and x; and the signal-to-noise

ratio R. The transition matrix can therefore be calculated exactly for any
specified signal-to-noise ratio.

Acquisition Behavior of the Viking Tracking Loop

A computer programa was written to calculate by the above method the
cumulative probability of acquisition for the Viking subcarrier tracking
loop. The specific values used in the Viking loop analysis are as follows:

M

16 cycles

1 phase increment = 1/512 cycles = w/256 rad

K, = 6 increments
K, = 1 increment
R = 4 dB in the saturated region of the phase
characteristic
E(6) = 6.5 increments/time unit

The linear region of the phase characteristic extends +16 increments irom
the zero point. The initial condition state vector p, was calculated from the
statistics of the coarse phase estimator by C. Tegnelia (see Figure 4).
Because of the large size of the transition matrix (for the above numbers the
matrix would be 262144 X 262144), the calculations were performed only in
a reduced area of the s‘ate plane. The area used for computation was the
region -175 < x; €75, --50 < xy <50 (25000 X 25000 transition matrix). The
degree of approximation induced by using this reduced area is small due to
the phase error rate and initial conditions that were used. The asymptotic
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value of the probability of acquisition is biased low, however, because the
reduced aresx causes the probability of absorption at the boundary to be
high. This asymptotic value was determined to be high enough to provide a
good lower bound for the Viking system.

The results of the calculation are shown in Figure 5, together with
experimental values taken from simulation runs. The difference between the
curve and the experimental values is probably due to a slight difference in
the definition of acquisition between the two cases. The analytical results
show that the probability of failure to acquire without cycle slipping within
75 bit periods is less than 10-5, a figure which could not be determined
experimentally in a reasonable amount of time. This result indicated that the
proposed design would be adequate for the Viking miszion.

Further Applications of the Technique

In the future tk - technique is expected to be used to determine the
behavior of the tracking loop during the bit synchroni.ation acquisition
phase, which follows the subcarrier acquisition phase in t*e command

0.04 T T I

0.03 n x2=0 -

PROBABILITY DENSITY p(x,)
o
S
!
|

0.0l

0.00 1 J 1\; L

-256 -128 0 128 256
PHASE ERROR Xy 2n/512 rod

Figure 4. Experimentaily determined initial condition stata probabilities
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Figure 5. Acouisition probability of loop

receiver. In this case the state prcbability vector can be used to determine
the probability density function of the phase error at the end of *t. bit
synchronization phase, during whici the effective signal-to-noise ratio in thc
loop is reduced.

The technique may also be used in the study of the acquisiticn behavior of
other tracking loop systems. While the Markov chain transition matrix is
inherently discrete in nature, it may be applicable to continuous systems
with saitable quantized approximations, although the matrix dimensions
may make this approach unfeasible.

Summary

A discrete Markov chain technique has been use.. to determine the
acquisition probability as a function of time for a digital tracking loop. The
technique has been applied to the Viking command receiver subcar:.er
tracking loop with results that agi-e very closely ‘o the experimental results,
and extend these restlts beyond those that can be achieved experimentally
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in a reasonable time. The technique is applicable to a wide range of tracking
loop problems.
Reference

1. Holmes, J., Performance of the Second Order All-Digital Command
System Subcarrier Timing Loop, Interoffice Memo 331-71-117, Mar.
24, 1971 (JPL internal document).
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Bias and Spread in Extreme Value Theory
Measurements of Probability of Error

J. G. Smith

Telecommunications Division

Performance tests of communication systems characterized by low bit rates and
high data reliability rcquirements frequently utilize classical Extreme Value Theory
(EVT) to avoid the excessive test times required by bit error rate (BER) tests. If the
underlying noise is gaussian or perturbed gaussian, EVT will produce results either
biased or with excessive spread, if an insufficient number of test samples are used.
This article examines EVT to explain the cause of the bias and spread, gives
experimental verification, and points out procedures that minimize these effects.
Even under these conditions, however, EVT test results are not particularly more
significant than BER tests.

Introduction

Classically, performance testing of a digital communication system
consists of counting the numbers of wrong outputs of the system in .esponse
to a sequence of known inputs. This so-called bit error rate (BER) test
procedure is known (Reference 1) to produce an estimator of the probability
of error which converges to the right answer eventually regardless of the
type of underlying noise; i.e., it is unbiased, consistent, and distribution-free.
But, the lower the probability of error of the system, the longer the
sequence length must be to generate a sufficient number of errors to
construct meaningful confidence intervals; and the lower the data rate of the
system, the longer the time required to generate this sufficient sequence.

As a time-saving alternate to BER testing of communication systems
characterized by low bit rate and low probability of error, classical Extreme
Value Theory (EVT) (References 1-9) has been utilized. Procedures based
on classicai EVT do not record the number of errors generated by the
system, but rather examine the noisy data input to the decision element of
the system, and attempt to measure probability of error from the statistics of
the noisiest data, i.e., the extremes of the data. Classical EVT is known
(Reference 2) to be asymptotically unbiased, consistent, and distribution-free
for a broad class of noise. Unfortunately, the rate of convergence of the EVT
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estimate to its asymptote is sensitive to the statistics of the underlying
noise—and particularly slow when that noise is gaussian (References 6-9),
Further, for a large class of noise, including gaussian noise, the estimator
suffers either excessive bias or excessive spread for finite sequence length.
These two features combine tc render classical EVT of questionable
advantage in a gaussian-noise type of environment for these communication

systems.

This article documents the bias and spread of EVT in the given test
environment and indicates how to minimize these effects. Specifically, for a
given number of test samples, the effects of the number of extremes and the
number of samples from which each extreme is drawn are examined.

Classical EVT

Suppose we have a set of n independent samples {data points) x;," - -,x,, of a
random variable X with unknown distribution function

F,(x)=Pr[X <x]

and we want to estimate

PriX>x,] =1-F,(x,)

for fixed threshold x,. The largest (the extreme) value, x, of this sample has a
distribution function

®, (x)=Prlall X, <x]

=ﬁ PriX, <x]

i=1
= (F, ' ()

If the random variable X can take on all values of x (that is, it is not limited
to some finite interval), and its distribution function Fx(x) is asymptotically
lower bounded by the exponential distribution, then for large enough n,
®,(x) has been shown to be of the asymptotic form (References 1 and 2)

@, (x)=exp{-exp [-a, (x -u,)]

where a, and u,, are unknown parameters. Thus, the procedure followed in
classical EVT is this: We take several (k) independent groups of data, each
group of size n, and from each group we record the largest (the extreme)
sample value. Then, using this block of extremes, we estimate a, and u,
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[using, for example, a maximum-likelihood criterion, a minimum distance

criterion, or possibly others (Reference 2)]. Then our estimate of probability
of error becomes

p=1-F,(x,)

=1- ((pn)l/n(xo)

) 1/n
=1- [exp %-exp [-ozn(xo- un)]’

Note that the total number (m) of samples required for the testis m = n o k.

Unfortunately, if n is too small, the estimate turns out to be biased. We
consider why for gaussian noise.

The Bias of EVT

We define a new random variable v, (the so-called reduced vari~te) as a
function of the underlying random variable X by

v, (x)=-log [ n(l -F X(x))]

This can be rewritten to obtain

F,(x)=1-exp ( -vn(x)) In

®,(x)=(F\)'(x)

= (1 - exp (-vn(x))/n)n

= exp ( -exp {-vn(x)])

Thus, the extremes of X have a distribution function ®,(x), which asymptoti-
cally in n has the double-negative exponential form characteristic of classical
EVT. Convergence to this asymptotic form will be fairly rapid. in terms of
increasing n, whenever v,(x) is relatively insensitive to changes in n.

Further, the development so far has left Fy unspecified (within the broad
class mentioned earlier).

However, the distribution function is in terms of the reduced variate
values v,(x), rather than the extreme values x themselves. Measured or
recorded extreme values x must be converted to values v,(x) before statistics
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can be computed. Because the relationship of v,(x) to x depends on the
unknown functional nature of Fy, the characteristics of ®,(x) need to be

further understood.

For example, if Fy were exponential, i.e.,

Fy(x)=1-exp (-ax)

then we could immediately solve for v,(x),

v (x)=a(x-u)
where the only n-dependence appears in the parameter

u, 4 (log n)/a

In such a case there would be a nice linear relationship between the
extremes x and the values v,(x) of the reduced variate, so that

d (x)=exp (-exp [-a(x - un)])

would hold for any reasonably large value of n.

But if the noise were gaussian (it suffices here to consider a zero-mean,
unit-variance process), then

1-F,(x)= wexp (-x2/2)dx

7
2r Jx
which can be expanded asymptoticaily as (Reference 1)

1-F, ()= exp (-x*/2) (1 -R(x))

x\/2n

where R(x) is positive, small, and falls off as 1/12. Defining
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and manipulating, we obtain a nonlinear relationship between x and v,(x):
0, (x)=p, (x-p, )+ (x-p,)*2 +1og (x/p,) + 8, +e€

However, since log y = y - 1 for y = 1, taen for values of x near p,, ie.,
when |x - p,,| << p,, we can neglect € and the quadratic term and obtain

vn(x) ~ afﬂ(x - un)

where

A
o, = p, *1lp,

u ép -R |

n n nn

Thus, for all x near p,, we have

®,(6) ~ exp (exp [-a;,(x - u,)])

Classical EVT thus draws a “best” linear fit to the log-log empiricai
distribution function. If we assume we have a sufficient number of extremes
so that the data “clusters” well around the empirical distribution function,
and at least a moderate sample size per extreme, then classical EVT also
draws a “best” linear fit through v, (x). The classical EVT estimate of
probability of error is a function only of the ordinate of the linear curve at
threshold (i.e., at xp). Thus, for classical EVT to yield accurate results, we
require a large enough n that v,(x) is reasonably linear near threshold; i.e.,
we require n such that

x-p,1<<p,
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for all x near threshold x, or, in particular, we might require
b, -0, <<p,

For example, if x, = 4 (i.e., xy = 40 with o = 1), and we require x, = p,,
then

n=exp [(x,)?/2] ~ 3000

Thus, we see the need for some minimal sample size n per extreme to
guarantee dominance of the linear portion of v,(x). For gaussian noise of
mean m and variance o2, a, is scaled by 1/0, u, is scaled by o~ and shifted
up by m, and the criterion for dominance of the linear term near threshold

becomes

Ao—m

g

- P, <<p

n

Furthermore, since 92v,(x)/ 0x2 is positive for all x greater than 1, classical
EVT places a linear curve through an upward-curved function [assuming we
have enough extremes that the data clusters around the curve v,(x)]. We
should point out that if the threshold x, exceeds u,, then the linear curve
must cross threshold at a lower value than v, (x), because most of the
recorded extremes used in making the best linear fit lie near u, and
probably none exceed x,. If we have a large number of extremes exceeding
threshold, our value of n is probably sufficiently large to permit classical bit
error testing. Thus, we can assume u,, < xo.

Recall now that the true probability of enor p is
p=1-exp ( -exp I-v,,(xo)]) o
while the classical EVT probability of error p’ is
p'=1- (expj-exp [-a, (rg -, ) "

Thus, since

%, (xo - un) <vn(xo)
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then p’ > p; that is, classical EVT estimates an excess probability of error,
and thus the bias b & p - p’ is negative. Clearly, the magnitude of the bias
will decrease as n is increased, since v,(x) becomes increasingly linear as n is
increased.

The Spread of EVT

Given a set of independent data {x)," - -,x;}, ordered so that

xl \xz\ \xk

with some distribution function ®,(x), we note that the fiaction of points
with value no greater than x; (for any i - 1,---k) is i/k. Thus, we could define
an empirical distribution function ef(x) by

Ax i
er. ()= 2_; EOZI(x -x;)

for then, in the limit, as k gets large, ej(x) would converge to ® (x), as
demanded by the law of large numbers.

To avoid problems with log-log functions of the ex(x) defined above,
however, it is conventional to modify the definition somewhat to

ne>

e, k(x)

ko
l
,-Z; TFr %> -x)

Again, there is ultimate convergence of e (x) to ®,(x).

We may then define the reduced empirical variate u,(x) by

s ) E-l0g [Hog e, ()]

so that if

@, (x) > exp (—exp [-v,,(x)})

-

(which it does for moderate n), th2n u,(x) also converges to v,(x). This
provides a qualitative measure of the number of extremes needed. We
require a sufficient number that the reduced empirical variate u,(x) clusters
well around the reduced variate v,(x). If k is too low, then the “best” linear
fit of the data will not necessarily “fit” well, no matter how linear v,(x) may
be. That is, an insufficient number of extremes will cause excessive spread of
the parameter estimates in any sequence of tests.
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Figure 1 shows the reduced variate v,(x), the reduced empirical variate
u(x), and the linear curve a,(x - u,) for a sample of 30 extremes, each
drawn from a block size of 100, with threshold x, = 4.

Experimental Evidence

We have pointed out that the number k of extremes used must be large
enough so that the reduced empirical variate clusters near the reduced
variate, and that the sample size n from which each extreme is drawn must
be large enough to minimize the bias (eftect of nonlinearity). For a given
total test size m, we must ask what apportioning values of n and k give a best
tradeoff between bias (n too low) and spread (k too low). Figures 2 and 3
compare the effects of various values of n and k as a function of test size m.
These results were obtained from examination of independent samples from
a gaussian source with known statistics, and a threshold x, of 4 sigma points.
Figure 3 summarizes the results at m = 3000, 12000, 30000, and 60000, for k
= 10, 20, 30, 50, and 100. As k increases, the spread decreases but moves
upward, reflecting the increased bias due to decreasing n.

As a reasonable compromise between the effects of bias and spread. 1 k of
30 (30 extremes/total test) was selected for this threshold of 40, and EVT
was compared with BER using the same gaussian source. The performance
curves are shown in Figure 4. The five solid EVT performance curves
include the 90% quantiles, the first sigma points, and the average. The two
dashed BER performance curves are the 90% confidence curve and the
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Figure 1. Typical reduced variables
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Figure 2. EVT average performance as a function of group number for gaussian
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Figure 4. Comparison of BET and EVT for gaussian noise

actual bit error count. Clearly, EVT holds no distinct edge over BER for this
data source. Comparable tests at other threshold values also bear out this

conclusion.

For noise with density function of the form
r)

for r >1, analysis again reveals a nonlinear form of v,(x) and a negative bias.
Experiments have shown the same tradeoffs between spread and bias, and

comparable performance.

fx)=a- exp(— E;

Summary

We have shown that bias and spread impose conflicting requirements in
the use of EVT for testing digital communication systems, bave inuicated
how to minimize the effects of these factors, and have compared EVT with
BER testing of a gaussian source. It seems apparent that under the best of
conditions EVT does not perform significantiy better than BER.
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On the Selection of an Optimum Design Point
for Phase-Coherent Receivers Employing Band-
Pass Limiters

M. K. Simon

Telecommunications Division

In the design of phase-coherent receivers employing band-pass limiters, it is
customary to specify system performance relative to its value at a fixed design point.
For a given design point, an optimum tradeoff can be found between the power
allocated to the carrier and the sideband signals. This article describes an attempt to
further improve the performance of such coherent carrier systems by optimizing the
design point based upon a given practical optimizing ciiterion. The single-channel
system is treated in detail and a brief discussion is given on how to extend the
techuigue to a two-channel system.

introduction

Over the years a great deal of interest has been demonstrated relative to
the problem of optimum power allocation in single-channel command, and
one- and two-channel telemetry coherent carrier systems for spacecraft
applications (References 1-4). One fact in comimon to all of the solutions
that have been suggested is that the system design point [i.e., the carrier
tracking loop signal-to-noise ratio (SNR) at “threshold”’] has been arbitrarily
fixed while the other system parameters are varied to achieve the optimum
tradeoffs. To date, very little consideration has been given to the question of
what is the optimum design point based upon a given practical optimization
criterion.

To answer this question, the problem must be posed in such a way that
the relation between an actual operating point and the design point is
clearly placed in evidence, thereby resulting in a solution of significant
importance to the practicing engineer. This article suggests a method for
doing so. The technique involved makes use of the up-to-date phase-locked
loop and band-pass limiter theories recently contributed in References 5 and

6.
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Statement of the Problem

There are two parts to the optimum powe. allocation problem associated
with the design of a phase-coherent receiver employing a band-pass limiter.
The first part (which is that most commonly considered in the literature) is
to fix either the system error probability or total transmitter energy-to-noise
ratio and minimize the other quantity by varying the system modulation
indices. This approach can be applied to either single- or two-channel

systems and implicitly assumes that the system design point is held fixed
during the optimization.

The second part of the problem considers, in effect, the locus of these
minima as the design point is varied, and this information is used to select an
optimum design poirt. This part of the optimum power allocation problem

has, to the author’s knowledge, not been considered and is the principal
motivation behind this article.

System Model

A functional diagram of a phase-coherent receiver preceded by a band-
pass limiter (BPL) is illustrated in Figure 1. The input signal (point 1) is
characterized by a carrier biphase modulated by a unit power digital data
modulation. The ioop phase detector, lcop filter, and voltage-controlled
oscillator (VCO) comprise a phase-locked loop (PLL) whose purpose it is to
establish from the amplified, band-pass limited input signal a coherent
reference for demodulating the data. In computing the error probability
performance of the data detector, several possibilities exist depending on

how the data signal is demodulated off the carrier. Specifically, the following
three cascs are of interest.

(1) The input IF filter passes the total modulation which is subsequently
transferred to the data detector directly from the PLL phase detector

PHASE @

™1 DETECTOR [ TODATA

DETECTOR

i (CASES (2)

AND (3))

TO DATA
@ DETECTOR

LOOP [CASE (1)]

IF BAND-PASS

~&= Tampuiper [ Lmier [ PHASE G

LOOP
VCO 1 "Lyl TeR [*

Figure 1. A phase-coherent receiver employing a band-pass limiter
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output (point 4 in Figure 1). This situation is typical of present and
past command transponders used in deep-space applications.

(2) The input IF filter passes the total modulation; however, the
modulated carrier is tapped off prior to entering the band-pass filter
and is demodulated by the PLL reference in a separate phase
detector (point 5). The output of this phase detector represents the
modulation to be recovered by the data detector. This case is typical
of present-day methods for recovery of ranging data and is of interest
in future command applications.

(3) The input IF filter completely filters out the modulation, wi'h the
modulation being recovered as in case (2). This situation would
correspond to the case where the data modulation is placed on a
subcarrier whose frequency is outside the IF bandwidth. This case is
typical of phase-coherent reception of telemetry data.

In cases (1) and (2), the BPL suppression factor, and hence the effective
loop SNR, is a function of the total power-to-noise ratio in the input
bandwidth. In case (3), the BPL loss is increased [relative to case (2)] because
it is now only a function of the carrier component of the total power-to-
noise ratio in the input bandwidth. Hence, with all other parameters
unchanged, the effective loop SNR is reduced and the noisy reference loss
increased. This effect produces a minor degradation in case (3) relative to
case (2).

Regardless of which case is applicable, an important parameter to
consider is the design point loop bandwidth-symbol time product. Ordinar-
ily, for command applications 8, = 1/(W4T) is sufficiently small (e.g., <
0.5) such that the phase error can be assumed to-vary rapidly over a symbol
interval T. In many low-to-medium rate telemetry systems, this assumption
still remains valid. Hence, to a good approximation, the data detector error
probability Pg is for all three cases described by

1 _
P, =§erfc (R cos ¢] (1)
where
R _SdT
d N_.
od 2)
cos ¢ 8 {cos ¢}

The parameters S, and, Nyg are the data signal and noise powers, respec-
tively; both depend upon which of the three cases is being considered. The
validity of the gaussian noise model is justified as follows. In cases (2) and (3),
the noise affecting the data detection process is clearly gaussian because it

71

- ey

PIEE. £ RO S

Ratie L

BN

R
g



has not been transmitted through the BPL. In case (1), the noise entering the
matched filter detector (i.e., the phase detector output at point 4 in Figure
1) is not gaussian, but, for small input signal-to-noise ratio, is approximately
zero mean. However, because the effective bandwidth of this noise is much
wider than 1/T, the integrate and dump action of the matched filter acts as a
narrow-band filter and the output statistic is approximately gaussian.

Optimization of Performance as a Function of Design
Point

In designing phase-coherent receivers preceded by band-pass limiters, it is
convenient to characterize loop performance at a given operating point
relative to its value at a fixed design point. In the past, it has been customary
to choose this design point to correspond to a carrier SNR in the design
point loop bandwidth Y, = 2P,/(NgW,,) of 3 dB, i.e., so-called “loop
threshold.” More recently, it has become apparent that the threshold effect
exhibited by the loop is a more complicated phenomenon than can be
expressed entirely in terms of a given carrier SNR. Hence, the original
motivation behind choosing Y, = 2 is, strictly speaking, no longer alid.
Rather, one should allow Y, to be chosen as that value that results in
optitnum receiver performance. Our first step, then, is to divide the power
between carrier and sideband to minimize the total energy-to-noise ratio,
PT/ Ny, at the transmitter for a fixed error probability, Ff, in the data channel
and a fixed ratio of data rate, 1/T, to design point loop bandwidth, W This
procedure enables the design engineer to constrain, a priori, the minimum
acceptable signal-to-noise ratio in the design point bandwidth, x,;,; this
minimum is based upon tracking performance considerations and, once
established, allows the engineer to seek the optimum power split subject to
that constraint. If the minimum total transmitted energy-to-noise ratio
occurs at a value of x = 2P/NyW /4 less than x.;,, the system designer
selects the value of PT/Ny at x,;,. As we shall see shortly, this additionl
constraint determines an optimum design point.

For a given Py, a fixed design point Y, and specified values of the ratio of
loop filter time constants, 75/7}, loop damping factor at the design point, 7
input IF filter bandwidth, W, and &, one can find an infinite set of paired
coordinate values (x, Ry). For each pair of values, the ratio of the total
energy per bit to noise density may be found from!

PT _ ),
=R+ @)
N, "d' 725,

For any of the three cases being considered, a plot of PT/ N, versus x exhibits
a minimum. As an example, consider a command application wherein the

! For case (1), Ry = Ryl p Whereas for cases (2) and (3), Ry = Ry. The parameter I'y, is the
limiter performance factor defined in Reference 6. Also, any symbol or subcarrier
synchronization and demodulation losses that might be present have been neglected.
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command data is obtained by demodulating the BPL input with the PLL
reference signal [case (2)]. Plotted in Figure 2 is PT/N, in dB versus x in dB
for P = 107> and parameter values 7,/7, = 0.002, ry = 2, Yy =2, W; =9
kHz, W, = 18 Hz, 1/T = 4 bps. The minimum value of PT/Nj, is observed
to occur at x = 5.8 dB, which is greater than Y. If Y, is now increased in
value (all other parameters held fixed), one finds that the minimum PT/Nj
together with the value of x at which it occurs both continue to decrease.
Thus, it appears, at least at first glance, that continued improvement in
perfermance (in the sense of minimvm PT/Ny) ~an be had simply by raising
the design point indefinitely. Of course, this carnot be true in practice, and
hence some additional constraint must be placed on the proble.n to
counteract this anomaly.

One practical consideration is that the value of x chosen for the final
system design must be greater than some minimum value x,;,, Where x,;, is
related to the design point by x,;,, = K¢Y, and where Y, increases, a poin.
is eventually reached at which the value of x at the minimum of PT/N,
becomes equal to x,;,. From that point on, the value of PT/Ny at x = x,;, is
selected as the best operating condition. Figure 3 illustrates a plot of (P17
No)min versus Y, for case (2) and the same parameters as those used in
arriving at Figure 2.2 Also assumed in Figure 3 is that x,;, is chosen at the
design point itself (i.e., Ko = 1). The physical significance of such a choice is
that the operating point loop bandwidth can never fall below its value at the
design point, i.e., W4 One notes from Figure 3 that an improvement of
0.41 dB can be obtained by allowing the design point, Y, to be increased
from its previously chosen value of 3 dB (i.e., 0 dB in 2B;,) to 5.8 dB, the
point at which the minimum value of (PT/ Ng) ., is achieved.

2 The results for case (1), where the data signal is derived directly from th. phase detector
output, are negligibly different from those of case (2). The difference is strictly due to the
effect of the BPL loss on Ry because the noisy reference loss (approximately 0.2 dB) is the
same for both. Hence, Figure 3 can also be thought to apply to case (1).

15.5 T T T T T T T T T
2
W = 0.002
15.0— o~ J
- To =
° W. =9 kHz
£ 145 i —
E WLO = ]8 Hl
1/T = 4 bps
14,0 .
13.5 ] 1 ] | | ] 1 1 |
0 ] 2 3 4 5 6 7 8 9 10
x, dB

Figure 2. Total power-to-noise ratio versus carrier signal-to-noise ratio in the design
point loop bandwidth for a fixed design point: parameters are typical of command
application
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Figure 3. Minimum total power-to-noise ratio as a function of design point:
parameters are typical of command application—case (2)

Assuming case (3), i.e., the single-data channel is on a subcarrier that is
outside the bandwidth of the input IF amplifier, Figures 4 and 5 illustrate
the choice of an optimum design point for two sets of parameters typical of
telemetry systems for Pz = 10-3. In both Figures 4 and 5, 7,/7; = 0.002, r,
= 2, W, = 4kHz, 1/T = 8'5 bps; in Figure 4, W, = 12 Hz; in Figure 5,

Indicated by dashed lines on Figures 3, 4, and 5 is the asymptotic behavior
of Equation 3 as x becomes large, corresponding to the case where the noisy
reference due to the RF carrier becomes negligible. This asymptote satisfies
the equation

KT
PT _ -1 2 Moo
N'o- = lerfc (ZPE) + —23—0— (4)

Application to Two-Channel Systems

This article is concluded with a brief discussion on how the optimization
technique presented here might be applied in a two-channel system. Of
particular interest in deep-space applications is the situation where both
channels are used for the transmission of telemetry information, e.g., the
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Figure 4. Minimum total power-to-noise ratio as a function of design point
parameters are typical of telemetry application—case (1)
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parameters are typical of telemetry application—case (2)
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science and engineering channels in the Mariner Mars 1969 mission.
Assuming that the two-channel telemetry model is classified as case (3), the
optimization equation analogous to Equation 3 is given by

Tl
pTl T1 X Rledz t
_N__=Rd1+ T— 12(12"!'25 + X (5)
0 2 01 e
2601

where the subscripts 1 and 2 now refer to channels 1 and 2, respectively. For
given error probabilities in the two channels, i.e.,, Pg; and Pgy, and fixed
parameter values for 7o/7), 1, T}, Ty, W;, Wy, 2, and Y, a plot of PT)/Nj
versus x once again exhibits a minimum. If, as before, Y, alone is now
allowed to vary subject to the constraint x > x,;,, then, as in the single-
channel case, there exists an optimum design point in the sense of minimum
PT,/N,. The practical significance of this optimum design point depends
upon the specific parameter values that characterize the system. The
asymptotic behavior of Equation 5 for large x satisfies an equation similar to
Equation 4, namely,

PT 2 [T , K.T
1 - -1 1 - 0°0
el ) o e 52
. 2 2 (T, (6)
[erfc' (ZPEI)] [erfc‘1 (2PE2)] T
2
+
KoTo
2,,
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Jupiter Trapped Radiation Belts
A. J. Beck

Project Engineering Division

Previously developed models for trapped electron radiation belts and trapped
proton radiation belts in the Jovian magnetosphere are described. The spatial
distribution of flux and the L-shell dependence of the characteristic energy are
displayed for both modeis. Based on these models, the fluence accumulated by a
Jupiter flyby spacecraft is given in terms of the equivalent 3-MeV fluence for
electrons and the equivalent 20-MeV proton fluence for protons. Finally, some
impacts of these fluences on outer-planet missions are described.

Introduction

The observed synchrotron radiation from jupiter implies the existence of
relativistic electrons trapped in the Jupiter magnetosphere (Reference 1).
Although no direct observational data exists to confirm the existence of a
trapped proton belt, both trapping theory and analogy with the Earth’s
radiation belts suggest that Jupiter should have an energetic trapped proton
belt as well. Based on the existing models for the trapped radiation
(References 1, 2, and 3), the number density flux and energy of the particles
are expected to be quite large compared to the Earth’s radiation belt.
Consequently, the radiation belts may have a strong impact on the design of
spacecraft which fly by or orbit Jupiter, and on the missions which are

designed to investigate Jupiter or investigate the outer planets using Jupiter
for gravity assist.

On July 13-15, 1971, a Jupiter Radiation Belt Workshop was conducted at
JPL. The workshop brought together scientisis and engineers from JPL,
NASA, various universities, and industry with the goal of establishing models
from which particle flux and fluence distributions of both electrons and
protons could be derived in forms suitable for use as space vehicle design
criteria. The workshop produced four models of Jupiter trapped radiation
belt: a nominal electron model, an upper limit electron model, a nominal
proton model, and an upper limit proton model. These models are referred
to as the workshop models. Divine (Reference 2) has described models from
which the early design requirements for the Thermoelectric Outer-Planets
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Spacecraft were derived. These models are referred to as the preworkshop
models.

Trapped Radiation Belt Electron Models

Electron models are based on the observed synchrotron radiation from
Jupiter. Understanding the synchrotron radiation requires a knowledge of
the magnetic field strength, which is taken as 10 gauss in the equatorial
plane at a distance of one planetary radius (R)) from the center of the : lanet.
In addition, in order to structure a spatial distribution in tk> model, radial
diffusion of solar wind electrons from the magnetosheath and conservation of
the first invariant (the zagnetic moment p) arc assumed. As a consequence
of these assumptions, the characieristic energy E, and the differential flux ¢
of the electrons both vary as L-3, where L is the magnetic shell parameter.

Assuming a value for the magnetic field strength, the characteristic energy
of the electrons in the synchrotron region at L = 2 can ve estimated from
the conservation of the magnetic moment. To make t}is estimate, the value
of the magnetic moment at L = 2 is set equal to the magnetic moment of
solar wind particles outside of the magnetosheath. This process leads to a
value for the electron characteristic energy which is of the same order of
magnitude as that required for electrons producing the observed synchro-
tron emission (Reference 1). Although this general agreement provides some
support for the assumed conservation of the magnetic moment, the electron
flux (2 X 107 electrons/cm?-s) and the characteristic energy (6 MeV) for the
nominal electron model have been derived at L = 2 from the observed
synchrotron emission.

Because of the estimated uncertainties in the magnetic field strength,
synchrotron beaming, and unfolding of the synchrotron data, the upper limit
mode! has both the electron flux and the electron energy larger than the
corresponding nominal model values by a factor of three.

Figure 1 shows models for the distribution of the electron flux in the
equatorial plane of Jupiter’s magnetosphere. The dashed lines are prework-
shop models (Reference 2), and the solid lines are workshop flux medels. The
horizontal axis is the L-shell parameter, while the vertical axis i- the flux of
omnidirectional electrons having energy greater than zero for the model.
However, fluxes of electrons having energy much less than the characteristic
energy may also be present, as. for example, in a thermal plasma. All the
models are constant for L < 2, but for L > 2, the fluxes are proportional to
L4, L=, L-3, and L-2 for the four lines, starting from the bottom. Although
this figure does not show the latitude dependence, the flux models are
assumed to be latitude dependent, having an e-folding value of about 30 deg
(Reference 3).

The variation of the characteristic energy is shown in Figure 2 for the
electron models. These electrons have been assumed to have a differential
energy spectrum, given by
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where E; is the local characteristic energy. The hoiizontal axis represents
the magnetic shell parameter, as evaluated either in or away from the
magnetic equatorial plane, and the vertical axis represents the local
characteristic kinetic energy of the electrons. The dashed lines represent the
preworkshop upper limit model, and the solid lines represent the workshop
models. All models’ energies are flat for L < 2, but for L > 2, the energies

are proportional to L-3, L-3, and L! for the three lines, starting from the
bottom.

Trapped Radiation Belt Proton Model

The workshop proton models are theoretical in nature. Furthermore, no
observational data exists to confirm the existence of a Jupiter trapped proton
radiation belt nor to limit the concentration of protons below the limit
imposed by the maximum concentration that the magnetic field can contain.

In the absence of any observational data, the same physical processes
which trap and accelerate electrons are assumed in formulating the nominal
proton model. Thus, the nominal proton model assumes many of the features
of the nominal electron model. It is assumed that the equatorial magnetic
field strength at 1 R; is 10 gauss, that radial diffusion transports protons from
the magnetosheath, that the first adiabatic invariant is conserved, and that
there are no losses, except those which occur at small L values. The number
density of protons at L = 2 is set equal to the corresponding electron
number density, and the proton energy at L = 2 is set equal to 10 times the
corresponding electron energy. It is assumed that the protons are able to
diffuse past the satellites of Jupiter without loss.

An upper limit model was also proposed. The proton flux is limited at
intermediate L values (L = 10) by ion-cyclotron wave instabilities. In
addition, a 10-gauss equatorial magnetic field, radial diffusion, conservation
of the first invariant, and losses only at small L values are assumed. The
assumption of the conservation of the first invariant again leads to the
characteristic energy varying as L-3.

Figure 3 shows models for the distribution of the proton flux in the
equatorial plane of Jupiter’s magnetosphere. The dashed lines are prework-
shop models (Reference 2), while the solid lines are workshop proton flux
models. The horizontal axis is the L-shell parameter, while the vertical axis is
the flux of omnidirectional protons having energy greater than zero for the
model. However, fluxes of protons having energy much less than the
characteristic energy may also ke present, as, for example, in a thermal
plasma. The preworkshop flux models (Reference 2) are flat out to L = 2
(nominal) and to L = 12.6 (upper limit); beyond these limits they are
proportional to L-55 and L-%, respectively. The workshop fluxe: are
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Figure 1. Jupiter electron models in the equatorial plane

proportional to L-3 for all L> 1. The nearly three orders of magnitude
difference between the workshop models reflects the uncertainty in this
environmental description. Although this figure does not show the latitude
dependence, the flux models are assumed to be latitude dependent, having
an e-folding value of about 30 deg (Reference 3).

The variation of the characteristic energy E, with L is shown in Figure 4
for the proton models. The protons have been assumed to have a differential

where E is the local characteristic energy. The horizontal axis represents
the magnetic shell parameter, as evaluated either in or away from the
magnetic equatorial plane, and the vertical axis represents the local
characteristic kinetic energy of the protons. The dashed lines represent the
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