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Preface

This quarterly publication provides archival reports on developments in programs
managed by JPL’s Office of Telecommunications and Data Acquisition (TDA). In space
communications, radio navigation, radio science, and ground-based radio and radar astron-
omy, it reports on activities of the Deep Space Network (DSN) and its associated Ground
Communications Facility (GCF) in planning, in supporting research and technology, in
implementation, and in operations. Also included is TDA-funded activity at JPL on data
and information systems and reimbursable DSN work performed for other space agen-
cies through NASA. The preceding work is all performed for NASA’s Office of Space
Operations (0SQ). The TDA Office also performs work funded by two other NASA
program offices through and with the cooperation of the Office of Space Operations.
These are the Orbital Debris Radar Program (with the Office of Space Station) and 21st
Century Communication Studies (with the Office of Exploration).

In the search for extraterrestrial intelligence (SETI), the TDA Progress Report reports
on implementation and operations for searching the microwave spectrum. In solar system
radar, it reports on the uses of the Goldstone Solar System Radar for scientific explora-
tion of the planets, their rings and satellites, asteroids, and comets. In radio astronomy,
the areas of support include spectroscopy, very long baseline interferometry, and astrom-
etry. These three programs are performed for NASA’s Office of Space Science and
Applications (OSSA), with support by the Office of Space Operations for the station
support time.

Finally, tasks funded under the JPL Director’s Discretionary Fund and the Caltech
President’s Fund which involve the TDA Office are included.

This and each succeeding issue of the TDA Progress Report will present material in
some, but not necessarily all, of the following categories:

OSO Tasks:
DSN Advanced Systems
Tracking and Ground-Based Navigation
Communications, Spacecraft-Ground
Station Control and System Technology
Network Data Processing and Productivity
DSN Systems Implementation
Capabilities for Existing Projects
Capabilities for New Projects
New Initiatives
Network Upgrade and Sustaining
DSN Operations
Network Operations and Operations Support
Mission Interface and Support
TDA Program Management and Analysis
Communications Implementation and Operations
Data and Information Systems
Flight-Ground Advanced Engineering

0OSO Cooperative Tasks:
Orbital Debris Radar Program
21st Century Communication Studies



OSSA Tasks:
Search for Extraterrestrial Intelligence
Goldstone Solar System Radar
Radio Astronomy

Discretionary Funded Tasks
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Deriving a Geocentric Reference Frame for
Satellite Positioning and Navigation

R. P. Mallat
S.-C. Wu
Tracking Systems and Application Section

With the advent of Earth-orbiting goedetic satellites, nongeocentric datums or reference
frames have become things of the past. Accurate geocentric three-dimensional positioning
is now possible and is of great importance for various geodetic and oceanographic applica-
tions. While relative positioning accuracy of a few centimeters has become a reality using
very-long-baseline interferometry (VLBI), the uncertainty in the offset of the adopted
coordinate system origin from the geocenter is still believed to be on the order of 1 meter.
Satellite laser ranging (SLR), however, is capable of determining this offset to better than
10 c¢cm, but this is possible only after years of measurements. Global Positioning System
(GPS) measurements provide a powerful tool for an accurate determination of this origin
offset. Two strategies are discussed in this article. The first strategy utilizes the precise
relative positions that have been predetermined by VLBI to fix the frame orientation and
the absolute scaling, while the offset from the geocenter is determined from GPS measure-
ments. Three different cases are presented under this strategy. The reference frame thus
adopted will be consistent with the VLBI coordinate system. The second strategy estab-
lishes a reference frame by holding only the longitude of one of the tracking sites fixed.
The absolute scaling is determined by the adopted gravitational constant (GM) of Earth;
and the latitude is inferred from the time signature of Earth rotation in the GPS measure-
ments. The coordinate system thus defined will be a geocentric Earth-fixed coordinate
system. A covariance analysis shows that geocentric positioning to an accuracy of a few
centimeters can be achieved with just one day of precise GPS pseudorange and carrier
phase data.

l. Introduction

The fully operational Global Positioning System (GPS) will
consist of at least 18 satellites distributed in six orbital planes
[1]. This system will allow a user, anywhere on the Earth or
in a low Earth orbit, to view at least five satellites most of the

tMember of Professional Staff, Sterling Software, Pasadena, CA.

time. Two precision data types can be derived from the GPS
transmitted signals: P-code pseudorange and carrier phase at
two L-band frequencies [2]. These precision data types pro-
vide the opportunity to produce geodetic measurements accu-
rate to the centimeter level [3] and orbit determination of low
Earth orbiters to the subdecimeter level [4] . The ephemerides
for the GPS satellites, as distributed by Naval Surface Weapon
Center (NSWC), are based upon the World Geodetic System



(WGS 84) [5], and their accuracy is on the order of 10 meters
[6]. In applications where high precision is essential, the GPS
satellite orbits need to be adjusted to a much higher precision,
along with all the other parameters in the network [3], [4].
The GPS satellites can be simultaneously observed from several
sites in a geodetic network. Within such a network a few fidu-
cial tracking sites are included [7]. The relative positions of
these fiducial sites are known to a higher level of precision,
typically a few centimeters, as a result of repeated measure-
ments of the baselines using very-long-baseline interferometry
(VLBI) [8]. Based upon these highly precise relative positions
of the fiducial sites, filter strategies can be designed to adjust
the satellite orbits to enhance their accuracy to far better than
10 meters [9]. The ephemerides thus adjusted now refer to
the same coordinate frame in which the fiducial baselines are
known. It is generally believed that the best VLBI coordinate
system origin approximates the geocenter to about 1 meter.
The satellite laser ranging (SLR) technique is capable of realiz-
ing the geocenter offset to better than 10 cm, but this is possi-
ble only after years of observations.

Although absolute positioning is of less interest for geody-
namic applications, it can be an important factor when track-
ing deep space vehicles, and it is essential for orbit determina-
tion of Earth-observing satellites, such as NASA’s Ocean
Topography Experiment (TOPEX), to be launched in late
1991 [10]. This article investigates two strategies for pre-
cise determination of the geocenter, thus establishing a geo-
centric coordinate frame for GPS measurements. In the first
strategy, GPS P-code pseudorange and carrier phase measure-
ments are made from a set of globally distributed tracking
stations. A network consisting of six stations appears to be
appropriate. Of these, three are the fiducial sites whose relative
location has been well determined by VLBI. Since it is the
relative location, rather than the absolute location, of the
fiducial sites that is well determined by VLBI, only baseline
coordinates should be fixed to define the orientation and
absolute scaling of the reference frame. The geocenter posi-
tion and the coordinates of other, nonfiducial sites are to be
adjusted together with the GPS orbits. The coordinate frame
thus defined is consistent with the VLBI frame, with improved
geocenter offset. Three different cases are discussed under
this strategy.

An alternate strategy is to simultaneously adjust the GPS
orbits and geodetic station coordinates with respect to one
reference site in the network whose longitude is held fixed.
The absolute scaling is determined by the adopted gravita-
tional constant GM of Earth; the station heights are inferred
from the adjusted periods of GPS orbits and the pseudorange
measurements; and the latitude is inferred from the time
signature of Earth rotation in the GPS measurements. The
coordinate system thus defined will be an Earth-centered,

Earth-fixed (ECEF) coordinate frame. The solution is free
from any a priori uncertainty of site positions, and the inferred
reference frame is strictly self-contained. This type of tech-
nique has been adopted by the satellite laser ranging (SLR)
and lunar laser ranging (LLR) communities [11]. The coor-
dinate origin offset from the geocenter is given by the weighted
mean coordinate offsets of all stations in the network.

A covariance analysis was performed estimating the accuracy
with which the geocenter position can be determined using the
two strategies. This analysis indicates that the geocenter posi-
tion can be determined to an accuracy of a few centimeters
with just one day of precision pseudorange and carrier phase
data. Such precise knowledge of absolute position of the coor-
dinate system origin is essential to the orbit determination of
TOPEX, which requires an altitude accuracy of 13 c¢m or better.

Il. Coordinate Reference Frame

A rectangular coordinate system is defined such that the
Z axis coincides with the mean spin axis of the Earth as de-
fined by the CIO pole; the X axis lies in the mean equatorial
plane, which is perpendicular to the Z axis, and passes through
the mean Greenwich astronomic meridian as defined by the
BIH; the Y axis completes the right-handed Earth-fixed car-
tesian system. The origin of the coordinate system may be
defined as the center of mass of the Earth. But the imperfect
knowledge of the geocenter location limits the precise location
of this origin.

Figure 1 gives the definition of the World Geodetic System
84 (WGS 84). The almanac and the ephemerides of GPS satel-
lites are given in this coordinate system [6]. The coordinates
of the ground stations derived by observing the GPS measure-
ments will also be in the WGS 84 reference frame. But it
should be noted that the absolute accuracy of any geocentric
position determination depends upon the knowledge of the
location of the geocenter relative to the assumed origin. The
coordinate system thus defined is an ECEF coordinate system
which rotates at a constant mean rate around a mean astro-
nomic pole. Such a system is also called a conventional terres-
trial system (CTS). However, events occur in an instantaneous
real world, which is in a coordinate system different from the
CTS. Therefore it is required to mathematically relate CTS to
an instantaneous terrestrial system (ITS). This relationship is a
transformation through a wobble [W] and a spin [S]:

Xits = [S] [W] Xc1s ¢}
where the X’s are position vectors. The wobble [W] is given by

W] = R (-7,)R (x,) )



where R,(p) denotes a matrix of rotation, by an amount p
about the 7 axis; X, and y,, define the pole motion. The sign
convention used is in accordance with the BIH convention.

The spin is given by
[S] = R,(-GAST) 3)

where GAST is the Greenwich Apparent Sidereal Time given
by

GAST = GMST*" VT + 65z, .+ UT1 - UTC)
+ AWV cose “)

GMSTOhR UT 5 the Greenwich Mean Sidereal Time at 0 hour
UT, which is obtained from Newcomb’s equation adjusted
with respect to J2000 [12], & is the mean rate of advance of
the GMST per day, and tqy is the day fraction in UTC of time
of observation. The last term in Eq. (4) is commonly known as
the equation of the equinoxes, where AW refers to the nuta-
tion in longitude and € is the true obliquity of the ecliptic of
date.

In general, celestial bodies are expressed in the Conven-
tional Inertial System (CIS). Position vectors in this system
can be transformed into ITS through a nutation [N] and a
precession [P] [13]:

Xcrs = [P1IN) Xppg )
The nutation [N] is given by
[N] = R (¢ )R (-AV)R (¢, +4e)  (6)

where € is the mean obliquity of date; the nutation angles
AW and Ae are computed from IAU 1980 nutation series {12]
expressed with respect to J2000. The precession [P] isgiven by

[P] = R, (X )R (-0,)R.(z) (7

where §,, 0,, and z, are the standard precession rotation angles
[14]. Therefore, the position vectors in the reference frame
WGS 84, which is one of the CTS, can be expressed with re-
spect to the CIS using the above transformations.

The SLR system has matured enough to establish its own
independent coordinate system. The dynamic technique used
to establish such a system depends heavily upon a precise
definition of the coordinate frame adopted by the tracking
network. This includes the definition of polar motion and the
Earth’s fundamental constants, such as the gravitational con-
stant (GM), the dynamical form factor (J,), and the speed of
light. Because satellite (LAGEOS, STARLETTE, etc.) position

vectors are described in an inertial frame while ground station
vectors are described in an ECEF frame, they need to be re-
lated by the above coordinate transformations. Processing of
SLR long-arc data has been successful in simultaneously solv-
ing for station vectors, satellite orbits, and earth orientation
parameters to precisions of few centimeters.

lil. Strategies to Determine the Origin
Offset from the Geocenter

For the past several years the fundamental concept behind
accurate GPS orbital adjustment has been that of the fiducial
network [7]. A fiducial network consists of three or more
tracking stations whose (relative) positions have been deter-
mined in an Earth-fixed coordinate frame to a very high
accuracy, usually by VLBI. Several receivers at other, less
accurately known, stations also observe simultaneously the
GPS satellites along with the fiducial network. The data are
then brought together to simultaneously adjust the GPS satel-
lite orbits and the positions of the nonfiducial sites. Thus the
fiducial stations established by VLBI provide a self-consistent
Earth-fixed coordinate system with respect to which the
improved GPS satellite orbits and the nonfiducial stations can
be expressed to a greater accuracy. At the same time the coor-
dinate frame origin offset from the geocenter can also be
estimated using the same set of data. Experience in this area
has indicated that an over-constrained network, where more
baselines or sites than necessary are fixed, can in fact produce
a degraded solution. This is because in an over-constrained net-
work the a priori uncertainty in the fixed parameters that are
more than necessary will result in a suboptimal filter weight-
ing. The solution will then be highly influenced by the mis-
modeling of these parameters.

In the first strategy proposed, the fiducial baselines are
treated in three different ways:

(A) Fix two fiducial baselines.
(B) Constrain two fiducial baselines by a priori weighting.

(C) Fix only one fiducial baseline.

The baselines define the orientation of the adopted coor-
dinate frame. The absolute scaling can be fixed either by the
length of these baselines or by the Earth’s gravitational con-
stant, GM. Both are known to an accuracy of about one part
in 108, The baseline length is used to define the absolute
scaling so that the resulting coordinate frame will be consis-
tent with the VLBI frame defined by the fiducial baselines.
For the case with two baselines fixed, it is rather convenient
to select one of the fiducial stations common to both fixed
baselines as the reference site. The filter process is so designed
that the baselines between the reference site and all other



nonfiducial sites are adjusted along with the Earth Orientation
Parameters (EOP), namely polar motion (xp, y,) and UT1-
UTC rate, the GPS satellite orbits, and the absolute coordi-
nates of the reference site, which in turn infer the adjustment
of the geocenter position coordinates. The Earth’s GM is also
adjusted, although the data strength may not be great enough
to improve the value of GM appreciably.

In the second strategy, the same GPS tracking network of
globally distributed stations is used. However, only the longi-
tude of a reference site is held fixed; all other site coordinates
are adjusted simultaneously with the GPS orbits. Here, the GM
of Earth provides the absolute scaling. The station heights can
be derived from the adjusted periods of GPS orbits and pseu-
dorange measurements. The time signature of the measure-
ments defines the latitude. Figure 2 graphically demonstrates
the time signature of the measurements for two hypothetical
cases. The first graph shows the periodic signature generated
by the pseudorange (o) measurements to an orbiting GPS
from a stationary receiver. The period is equal to the GPS or-
bit period, which is nearly 12 hours, and the amplitude is pro-
portional to the geocentric position vector of the receiver
projected onto the orbital plane. The second graph shows the
case when a stationary GPS satellite is above the equator of a
spinning Earth. The period is now 24 hours, and the ampli-
tude is proportional to the cosine of the receiver latitude. The
variation of the signature with respect to the receiver latitude
is depicted in the sketch. Because of the difference in period,
the effects due to the rotation of the receiver can be separated
from the GPS orbiting signature and the latitude can unam-
biguously be solved.

A simple mathematical model can be written out for the
estimate of geocenter offset. This offset is expressed as the
weighted mean of the position offsets of all stations. The equa-
tions corresponding to the geocenter offset AG are represented
as

AGx+Axi+vi =0, XYy, 2z, (8)

i=1,2,...,n

where Ax; is the x component of the ith geocentric station
position offset and v, is the error associated with Ax;. The cor-
responding error covariance of the geocenter offset can be
expressed as

Var (AG) = [ATWA]™! 9)
3X 3
where
AT = [-I-1...-1]
3 X 3n

and W is a (3n X 3n) weight matrix which is the inverted co-
variance matrix of the station position estimates.

IV. Covariance Analysis

A covariance analysis was carried out to assess the accuracy
with which the geocenter offset from the origin of the adopted
coordinate frame can be determined with each of the approaches
proposed in previous sections. A full constellation of 18 GPS
satellites distributed in six orbital planes was assumed. A data
arc spanning over 34 hours from a network of six globally
distributed tracking stations was also assumed. The three fidu-
cial sites are the three NASA Deep Space Network (DSN)
tracking sites (Fig. 3) at Goldstone, California; Canberra,
Australia; and Madrid, Spain. The remaining sites in Japan,
Brazil, and South Africa are nonfiducial sites. Simultaneous
GPS P-code pseudorange and carrier phase measurements are
made at all of these stations. The relative positions of the three
DSN sites have been measured repeatedly by VLBI over many
years and are known to an accuracy of about 3 cm. Goldstone
was selected to be the reference site because of its common
VLBI visibility with the other two DSN sites at Canberra and
Madrid. P-code pseudorange and carrier phase data noise were
assumed to be 5 cm and 0.5 cm, respectively, when integrated
over 30 minutes and corrected for ionospheric effects by dual-
frequency combination.

Carrier phase biases were adjusted with a large a priori
uncertainty. Table 1 lists the error sources assumed for the
first strategy. The robustness of the GPS measurements allows
all the GPS and station clocks to be treated as white-noise
processes and adjusted [3], [4] to remove their effects on the
solutions. Also adjusted are the zenith tropospheric delays at
all ground sites, which were treated as random-walk param-
eters to model the temporal change. Such models have been
proved to be effective in removing their errors without ser-
iously depleting the data strength [9].

The GPS covariance and simulation analysis software sys-
tem, OASIS [15], recently developed at JPL, was used to
carry out the study. In OASIS, partial derivatives with respect
to cartesian components of site locations and the geocenter
are readily produced. It is shown in the Appendix that base-
line partials are related to site location partials as follows.

(1) The partial derivative with respect to a cartesian com-
ponent of the reference site is the sum of all partial
derivatives with respect to the same component of all
sites forming the baselines. Note that this is also the
partial derivative with respect to the same component
of the geocenter position.



(2) The partial derivative with respect to a baseline carte-
sian component is the same as the partial derivative
with respect to the same component of the nonrefer-
ence site forming the baseline.

Hence, the site location coordinate partials can readily be used
in place of the baseline coordinate partials, and the geocenter
offset coordinate partials in place of the reference site abso-
lute coordinate partials.

The second strategy assumes the same network of six track-
ing sites. The estimated quantities are the coordinates of all
six sites except the longitude of the reference site (Goldstone),
together with the GPS satellite states, white-noise clocks,
random-walk troposphere parameters, and carrier phase biases.
Because the longitude of Goldstone is held fixed, the position
components need to be given in a geodetic ccordinate system,
viz., longitude, latitude, and height. Table 2 lists the assump-
tion variations that apply to this strategy. Other assumptions
are kept the same as in Table 1. With this strategy, the error
covariance matrix of geocenter offset is given by Eq. (9) in the
previous section.

V. Results of Covariance Analysis

In the covariance analyses for both strategies, data arcs of
various lengths were used to study the solution convergence.
In all cases the station at Goldstone was considered to be the
reference site, although in the second strategy any of the
ground sites can be a reference site where the only fixed com-
ponent is the longitude.

Table 3 indicates the a priori error associated with the fidu-
cial baselines, Goldstone-Canberra and Goldstone-Madrid, in
all three cases of Strategy 1. The value of GM was adjusted,
although it was found that the data strength of the GPS mea-
surements is not great enough to improve on its a priori value.
It should be noted that adjusting Earth’s GM makes GPS
satellite states consistent with the absolute scaling as implied
by the baselines.

Figure 4 shows the total error of the origin offset as the
length of the data span increases from 6 hours to 34 hours for
Case A. At the end of 34 hours the origin offset error is 4.0 cm
(rms of all three components). The bar chart shows a rapid
reduction of error in origin offset between 6 and 12 hours.
The result continues to improve after 12 hours but not at a
very high rate. The reason for this can be seen in Fig. 5. After
12 hours the origin offset error has come down to the level of
baseline error; data gathered thereafter only gradually reduces
the effects of data noise. At the end of 34 hours the effect of
data noise is reduced to 3.4 cm and would continue to reduce
as the arc length increases. The contribution of the baseline

error, however, dropped to about 2.5 cm after 12 hours and
remained virtually unchanged thereafter. This indicates that
the geocenter can be determined only up to the a priori
accuracy of the fiducial baselines. Therefore, with this strategy,
any improvement on the baseline accuracy can improve the
accuracy of the origin offset from the geocenter. For instance,
it is customary to find baselines reported with a higher accu-
racy in length than in the other two components. When a
smaller error of 1 cm is assumed for the fiducial baseline
length, along with 3 ¢m for the transverse and vertical com-
ponents, the rms error on the origin offset from the geocen-
ter reduces to 3.5 cm with a 34-hour arc of GPS measure-
ments. Figure 6 shows the origin offset error for Case B, where
the baseline vectors constrained to their a priori error are also
estimated. The geocenter offset error after 34 hours reduces to
3.8 cm. Note that the error involved here is mainly due to data
noise alone. Results from Case C, where the Goldstone-Madrid
baseline is the only baseline fixed, are plotted in Figs. 7 and 8.
The geocenter offset error after 34 hours is 4.4 cm, which is
slightly worse than the previous cases. In Fig. 8, however, the
effect due to the fixed baseline reduces to 2 c¢m after 12 hours
and settles at 1.7 cm after 18 hours. The effect due to the
data noise will continue to decrease for longer data arc, but
the baseline effect will remain unchanged, as shown by Figs. 5
and 8. When the EQP are not estimated, the geocenter offset
error after 34 hours is found to be 4.1 cm. This slight improve-
ment is due to reduced data noise effect when fewer param-
eters are estimated.

In the second strategy no tracking site coordinates, except
the longitude of the site at Goldstone, were held fixed. Here,
as before, simultaneous adjustment of all GPS satellite states,
tracking site coordinates, carrier phase biases, and zenith
tropospheric corrections were carried out for various arc
lengths ranging between 6 and 34 hours. Figure 9 plots the
variation of the rms error of the origin offset from the geo-
center with respect to the data arc length. The errors affect-
ing the origin offset from the geocenter in this strategy are the
data noise and the GM of Earth, which defines the absolute
scaling. At the end of 6 hours the rms error of the origin off-
set is 143.7 ¢cm, which reduces to 8 cm at the end of 12 hours.
This indicates that the control on the absolute scaling and the
orientation in latitude is greatly improved after all the GPS
satellites have been tracked by the globally distributed sites
for a complete orbit cycle. At the end of 34 hours the rms
error reduces to 2.1 cm. The graph shows a strong trend of
decreasing rms error as the arc length increases. This indicates
that the origin offset determination is limited only by the data
noise. This result can be compared with Case C of Strategy 1
when EQOP are not estimated; there is about a 50% improve-
ment in the geocenter offset error with this method. The
Earth’s GM is known accurately enough so that its effect is
on the order of 0.2 cm after 12 hours and is 0.1 cm at the end
of 34 hours.



In the analysis of Strategy 2, the effects of polar motion
and UT1-UTC have not been included. However, GPS mea-
surements are insensitive to any constant UT1-UTC bias error.
The analyses done with different cases of Strategy 1 have indi-
cated that a constant bias for polar motion and a UT1-UTC
rate can be included in the filter as additional adjusted param-
eters without significantly degrading the performance.

VI. Effect of Coordinate Frame Origin Offset
on Orbit Determination of Low Earth-
Orbiting Satellite

To gain further insight into the significance of accurate
definition of geocenter, the effect on the radial position of a
low Earth-orbiting satellite, in particular TOPEX, was studied.
The error assumptions used are the same as given in Table 1
except for those parameters listed in Table 4. The result pre-
sented by Case C of Strategy 1 shows that the origin offset
accuracy is 4.4 cm (Fig. 7) with only one baseline fixed and a
data arc of 34 hours. This value is the most pessimistic of all
the results presented. Here, the origin offset was assumed to
have an error of 4 cm in each component and left unadjusted.
A reduced dynamic tracking technique [16] was implemented
in the study where a fictitious 3-D force on TOPEX was
adjusted as process nois¢ with constrained a priori uncertainty.
Figure 10 plots the error in the radial component of TOPEX
caused by various sources. The total error in TOPEX altitude
over the 2-hour arc has an rms value of 9.7 cm. Figure 11
shows the altitude error variation with time, along with the
part contributed by a 4-cm geocenter uncertainty, over the
2-hour arc. Without the refinement with GPS measurements,
the geocenter position uncertainty would be greater than
10 ¢m, and the TOPEX altitude determination error would
be greater than 14 cm.

VIl. Summary and Conclusions

A geocentric coordinate frame provides a practical global
reference system with a physically meaningful and unambigu-

ous definition of the coordinate origin. Two basic strategies
for establishing a geocentric coordinate frame for GPS mea-
surements have been investigated. All three cases of the first
strategy make use of the precise relative positions which have
been predetermined by VLBI to fix the frame orientation and
the absolute scaling, while the offset from the geocenter is
determined from GPS measurements. The reference frame thus
adopted is consistent with the VLBI coordinate system. The
second strategy establishes a reference frame by holding only
the longitude of one of the tracking sites fixed. The absolute
scaling is inferred by the adopted gravitational constant (GM)
of Earth; the orientation in latitude is inferred from the time
signature of Earth rotation in the GPS measurements. The
coordinate system thus defined is a geocentric Earth-fixed
coordinate system. The covariance analysis has shown that
geocentric positioning to an accuracy of a few centimeters can
be achieved with just a one-day arc of precise GPS pseudo-
range and carrier phase data.

Each of the two strategies has its advantages in different
applications. The first strategy should be adopted in applica-
tions requiring a coordinate frame consistent with the VLBI
reference frame. Among these applications are the monitoring
of crustal motions in areas which have been investigated by
VLBI observations and the determination of the Earth rota-
tion parameters, viz., polar motion and variation of UT1-UTC.
The second strategy, which holds the longitude at a reference
site fixed, strictly limits itself in an ECEF frame established
by the adopted values for the fixed longitude and the GM of
Earth, and by GPS measurements. This method provides a
superior result as long as the precise applications are within
the same ECEF frame. Applications in which such an ECEF
coordinate frame can be adopted include datum definition and
network densification in an area where ECEF coordinates are
appropriate. Various topographic and oceanographic surveys
and prospecting surveys can benefit from its simplicity. In
TOPEX orbit determination, this method can also be very
convenient if a CTS frame such as WGS 84 is adopted.
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Table 2. Variations of assumptions from Table 1 for Strategy 2
(fixing only one longitude)

Reference site:  Goldstone

10 m (latitude)
0 m (longitude)
10 m (height)

Reference site coordinates:

Table 1. Error sources and other assumptions for Strategy 1 (adjusted)

(fixing baselines)

Other site coordinates:
(adjusted)

10 m each component

‘ Reference site:  Goldstone

Other fiducial sites:  Canberra, Madrid

Nonfiducial sites:  Brazil, Japan, South Africa

GPS constellation: 18 satellites in 6 orbital planes

Cutoff elevation: 10 degrees

Table 3. Fiducial baselines in Strategy 1

‘ Data type: P-code pseudorange; carrier phase
Data span:  6-34 hours
P Case Baselines Adjusted a priori
Data interval: 30 minutes
| Data noise: 5 cm—pseudorange; 0.5 cm—carrier A Goldstone-Canberra ne 3cm
phase Goldstone-Madrid no 3cem
Carrier phase bias: 10 km (adjusted) B Goldstone-Canberra yes 3cm
1dstone-Madrid
; Clock bias: 3 usec—white noise (adjusted) Goldstone-Madri yes 3 cm
| ] . C Goldstone-Canberra yes 10 em
GPS epoch state: 10 m; 1 mm/sec (adjusted) Goldstone-Madrid no 3 em

Geocenter position: 10 m each component (adjusted)

Baseline coordinates: 3 c¢m each component—fiducial;
10 ¢cm each component—nonfiducial

(adjusted)

Random walk parameter (adjusted):
20 cm bias; 1.3 cm batch to batch

Zenith troposphere: Table 4. Variations of assumptions from Table 1 for TOPEX

orbit determination

Earth’s GM:  One part in 108
Solar pressure:  10% Data span: 2 hours
(UT1-UTC) rate: 10 m/day (adjusted) Data interval: 5 minutes

Polar motion (xp, yp):

10 m (adjusted)

TOPEX epoch state:
3-D force on TOPEX:

1 km; 1 m/sec (adjusted)
Process-noise (adjusted):
0.50 um/s? bias;

0.35 um/s2 batch to batch

Gravity:  50% of current uncertainty
(20 X 20 lumped)
Geocenter: 4 ¢cm each component
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Fig. 2. Time signature of GPS measurements.
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Appendix

Measurement Partial Derivatives with Respect to Baseline Components

Let the cartesian coordinates of the set of NV tracking sites

be (x,,¥,2,), (X3, ¥5,25), ..., (X, Yy, Zy)- We can form
the following baseline components:

b, . =x.-x,

- .
X, f j 1 X2,z

(A1)
Jj=2,3...,N

where site 1 has been selected as the reference site with which
all baselines are formed. For completeness, we also define

x>y, z (A-2)

for the reference site. For simplicity, but without loss of
generality, partial derivatives with respect to only the x-com-
ponent of baselines will be derived. The relation for the other
two components follows directly. These equations can be
rearranged as

I (A-3)
bi+b,, j=23,...,N

_ 7= (A-4)

x,J o, j=273 ... ,N

where §,; is the Kronecker delta. The partial derivative of a
measurement R with respect to the baseline components b;
can be expressed in terms of those with respect to the site
coordinates x; by the following chain rule:

3R _oR i R ¥, R %y
8, %, 95, ' ax, 3, 3x, 95,
(A-5)

which, with the substitution of Eq. (A-4), becomes

i a_R =1
3R ) n=1
ob
xi  JoR _
W 5 I = 2’3a . ,N

(A-6)

Hence, the partial derivative of the measurement with respect
to a cartesian component of a baseline is the same as that with
respect to the same component of the nonreference site form-
ing the baseline; and the partial derivative with respect to a
component of the reference site is the sum of all partial deriva-
tives with respect to the same component of all sites forming
the baselines.
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Orbits for satellites of the Global Positioning System {GPS) have been determined with
submeter accuracy. Tests used to assess orbit accuracy include orbit comparisons from
independent data sets, orbit prediction, ground baseline determination, and formal errors.
One satellite tracked for 8 hours each day shows rms errors below 1 m even when predicted
more than 3 days outside of a 1-week data arc. Differential tracking of the GPS satellites
in high Earth orbit provides a powerful relative positioning capability, even when a rela-
tively small continental U. S. fiducial tracking network is used with less than one-third of
the full GPS constellation. To demonstrate this capability, baselines of up to 2000 km in
North America were also determined with the GPS orbits. The 2000-km baselines show
rms daily repeatability of 0.3 to 2 parts in 108 and agree with very-long-baseline inter-
ferometry (VLBI) solutions at the level of 1.5 parts in 108. This GPS demonstration pro-
vides an opportunity to test different techniques for high-accuracy orbit determination
for high Earth orbiters. The best GPS orbit strategies included data arcs of at least 1 week,
process noise models for tropospheric fluctuations, estimation of GPS solar pressure co-
efficients, and combined processing of GPS carrier phase and pseudorange data. For data
arcs of 2 weeks, constrained process noise models for GPS dynamic parameters signifi-

cantly improved the solutions.

i. Introduction

The Global Positioning System (GPS), expected to be fully
operational by the early 1990s, will consist of 24 satellites
evenly spaced in six orbit planes at an altitude of about
20,000 km. Knowledge of GPS orbits will provide the basis
for highly accurate ground and satellite user positioning. A
wide variety of users will benefit from this positioning capa-
bility. GPS will be used at NASA’s Deep Space Network (DSN)
stations in conjunction with very-long-baseline interferometry
(VLBI) radiotelescopes for atmospheric calibrations, precise
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ground station position determination, monitoring of Earth
orientation changes on time scales of less than one day [1],
and possibly time synchronization at the nanosecond level.
Differential GPS-based accuracies for high Earth orbiters are
expected at the several-meter level for altitudes of 5,000 to
40,000 km [2]. Spacecraft maneuvering near and docking
with the Space Station will carry GPS receivers and will use
GPS signals for real-time and near-real-time navigation and
guidance. Low Earth orbiting spacecraft such as TOPEX/
Poseidon [3] and the Earth Observing System platforms will
have orbit determination available in post-real time to an



accuracy of better than 10 cm with kinematic smoothing
techniques using advanced receivers to track GPS satellites
simultaneously with a worldwide GPS ground tracking net-
work. The relatively low cost and convenience of GPS ground
receivers have created many new opportunities to monitor
cm-level crustal motions in geologically active regions. Very
dense ground networks may achieve accuracies equaling or
surpassing those available from other generally more restric-
tive techniques such as VLBI or satellite laser ranging.

The GPS applications with the most stringent requirements
include the DSN applications, subdecimeter low Earth orbit
determination, cm-level measurements of Earth crustal motion,
and cm-level monitoring of changes in Earth orientation. To
reach these goals, GPS orbits will have to be determined to
better than 50-cm accuracy. The Jet Propulsion Laboratory
has been developing and testing GPS orbit estimation software
and techniques for several years with the goal of demonstrat-
ing the capability for high-accuracy orbit determination. GPS
data from several field experiments in 1985 and 1986 have
been used to determine precise GPS orbits. Although only
seven developmental GPS satellites were operational and the
ground fiducial tracking network was limited to sites in the
continental United States, covariance studies indicated that
with currently available GPS receivers and antennas it should
be possible to produce orbits for well-tracked GPS satellites
accurate to 1 m. Achieving this 1-m accuracy capability is a
major milestone on the road to ultrahigh-precision GPS
applications.

In this article we present results demonstrating submeter
accuracy for the GPS orbits determined from these field tests.
Ground station coordinates were estimated simultaneously
along with the orbit parameters. Accuracy of better than 3 cm
has been achieved over baselines up to 2000 km, proving that
GPS is already a very powerful technique for precise position-
ing over continental distances.

ll. Data Acquisition and Processing

A series of GPS field experiments took place i=. March and
November 1985, June 1986, and January 1988. These experi-
ments were organized by JPL and were cooperative ventures
with several different organizations participating. In the
March 1985 experiment, data were collected for about 1 week
at ground sites in the continental United States only. In
November 1985, the tracking network also included three
sites in Mexico, and the experiment lasted for about 2 weeks.
The June 1986 experiment covered a 3-week period and in-
cluded sites in the Caribbean region as well as a dense network
of stations in Southern California. The data from the experi-
ments up through 1986 has been processed, with the January
1988 data expected to be distributed shortly. This article re-

ports analysis based on the data collected during the November
1985 and June 1986 experiments. Results from the March
1985 experiment have been reported earlier [4], [5].

A. The November 1985 and June 1986 Data Sets

The November 1985 GPS experiment took place from
November 12 through November 24. The June 1986 experi-
ment spanned about 3 weeks; the results presented in this
article are based on the first part of the experiment from June 2
to June 10. Figure 1 shows the locations of the ground track-
ing sites, which represent a subset of the total number that
participated in the experiments. TI 4100 GPS receivers [6]
were operated at most of the sites. SERIES-X(7) receivers!?
built at JPL were used at Mojave and at Owens Valley Radio
Observatory (OVRO). In November 1985, water vapor radiom-
eters (WVRs) were available for wet tropospheric delay cali-
brations at OVRO, at the Mexican sites, and at Mojave for part
of the experiment. In June 1986, WVRs were used at Haystack,
Mojave, and some of the Caribbean sites. Dry tropospheric
delay calibrations were computed from surface measurements
of barometric pressure. For receivers located at sites where
WVRs were not available, wet tropospheric delay corrections
were computed from surface meteorology data. Single-day-arc
baseline and GPS orbit solutions were generated for examina-
tion of residuals and to check the quality of the data. Novem-
ber 12 and 17 were excluded because of data outages and other
difficulties at some of the fiducial sites. For multiday-arc solu-
tions, the November 1985 data set, covering 12 days, was
divided first into two arcs of 7 and 5 days (November 13-19
and November 20-24). This was necessary due to a maneuver
of more than 100 km which took place on November 20 during
which Navstar 4 was moved to a new orbit. Eventually, we
modeled and solved for the maneuver as described below, and
a single long data arc covering November 13-24 was constructed.
During these GPS experiments, periods of common ground
visibility lasted about 6 to 8 hours. Most satellites were visible
continuously from a given ground station for only about 3hours,
so several times during the tracking period the receivers switched
to a new combination. Navstar 8 was unusual in that it was
visible for up to 8 hours from most of the ground sites.

Because of the short tracking periods (relative to the GPS
orbital period of 12 hours) from a limited network of ground
sites, orbits determined from single-day passes in the 1985 and
1986 field tests were significantly weaker than those deter-
mined from multiday arcs. The additional strength from the
multiday arcs derives mainly from the visibility of the satel-

IR. B. Crow, F. R. Bletzacker, R. J. Najarian, G. H. Purcell, J. I. Statman,
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lites from the ground during multiple orbit revolutions. With
observations over more than one revolution, the orbital periods
are more accurately determined and therefore the positions of
the orbital nodes are more precise. The down-track satellite
components benefit especially from the multiday arcs, as is
sometimes manifested by a corresponding improvement in
the eastern component baseline accuracy [5]. A second advan-
tage of multiday-arc solutions is the /7 improvement in pre-
cision, where n is the number of measurements, which can
apply to any orbital or baseline component. As more satellites
are launched and the tracking network expands geographi-
cally, shorter arcs will achieve the same level of orbit accuracy.

B. Data Collection and Processing

Both GPS carrier phase and pseudorange data were received
at all the sites equipped with TI receivers. Carrier phase only
was used from the Series-X receivers, which are codeless. The
carrier signals at L1 and L2 bands (1.227 and 1.575 GHz) are
modulated by a pseudorandom noise code called the P code,
which operates at 10.23 MHz. Continuously tracked GPS
carrier phase provides a very precise measure of range change,
while the P code provides a measure of absolute range. The
pseudorange is considerably noisier than the carrier phase data
type, and in this experiment the pseudorange was corrupted
by errors due to multipath signals. The GPS observables at the
two L-band frequencies are linearly combined to remove the
portion of ionospheric delay which varies as the inverse square
of the frequency. For more details about the characteristics
of the GPS signals, see [7] and [8]. Hereafter, the terms
“carrier phase” and “pseudorange” refer to these linear com-
binations of L1, L2 and P1, P2. The GPS data were processed
with the GPS Inferred Positioning SYstem (GIPSY) orbit
determination and baseline estimation software, which was
completed and tested at JPL shortly after the data were
collected for the 1985 experiments.

lll. Orbit Determination Approach

The JPL orbit determination software utilizes a pseudoepoch-
state U-D factorized Kalman filter2 [9]. The filter works as a
batch sequential program with the option to model parameters
as first-order exponentially correlated process noise, also com-
monly called colored noise. The GIPSY software uses the
J2000 reference system with observation partials for param-
eters computed relative to the satellite epoch states [10].

For the November 1985 data set, the nominal GPS ephem-
erides were obtained by using broadcast orbits as initial values

25 C. Wu, W. 1. Bertiger, J. S. Border, S. M. Lichten, R. F. Sunseri,
B. G. Williams, P. J. Wolff, and J. T. Wu, “OASIS Mathematical
Description, v. 1.0,” JPL Internal Document D-3139, Jet Propulsion
Laboratory, Pasadena, California, 1986.
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and iterating to improve those orbits (and remove large unde-
sired offsets resulting from different coordinate frame conven-
tions) with a small subset of the data. During the iteration,
GPS solar radiation pressure coefficients were also determined
and these coefficients and the new orbits were used as nominal
values for the more comprehensive precise orbit filter runs.
In June 1986, the hybrid postfit ephemeris from the Naval
Surface Weapons Center (NSWC) was used for nominal trajec-
tories and a similar iteration was performed prior to the final
filter solutions.

The high-precision orbit determination strategy used with
the November 1985 and June 1986 GPS data was based on
previous experience with the March 1985 GPS experiment
[S]. A key aspect of the orbit estimation process is the fidu-
cial concept, where three or four receivers with well-known
coordinates in a consistent reference frame are held fixed
while all other parameters, including orbital states and coor-
dinates of the nonfiducial sites, are estimated simultaneously
in the filter. Reference 5 and the references therein discuss the
fiducial concept as well as alternative approaches. The fiducial
receivers for the experiments discussed in this article were
collocated at VLBI sites. Haystack, Richmond, and Fort Davis
were generally treated as fiducials. In some runs OVRO was
held fixed, and in others Hat Creek was used as a fiducial so
that one of the normally fixed receivers could be estimated
using the GPS data in order to test the internal consistency. As
more GPS satellites are launched and the ground tracking net-
work is expanded from North America to include stations on
other continents, we expect that fewer fiducial constraints
will need to be applied and more station location parameters
will be determined from the GPS data.

A. Clock and Bias Parameters

The results presented here are based on estimation of sta-
tion and GPS clocks as white process noise. At each measure-
ment epoch, each active clock is assumed to have a value un-
correlated to its value at other epochs. Although some station
clocks were running off hydrogen masers and most of the GPS
clocks have well-characterized behavior typical of rubidium
and cesium atomic standards, this extra information was not
used. The white noise clocks were estimated simultaneously
with the other parameters in the filter. When the process noise
model for clocks is white noise, the results are virtually the
same as would be achieved with double differencing [11] for
clock elimination.

The GPS carrier phase, when continuously tracked, pro-
vides a very precise measure of range change from measure-
ment epoch to measurement epoch. The absolute phase, how-
ever, and hence the absolute range from transmitter to receiver,
is ambiguous by an integral number of wavelengths. For each
station-satellite tracking pass, a carrier phase bias parameter is




estimated, along with the other adjusted parameters, ignoring
the integer constraint on its value. Over a period of hours, the
signature of the range change precisely measured with the car-
rier phase enables'the orbit to be determined. The pseudorange,
on the other hand, provides a more direct range determina-
tion but is much noisier and more susceptible to multipath
errors than the carrier phase data type. The ultimate accuracy
would be reached if carrier range were available. Carrier range
is a range determined from carrier phase with the bias ambi-
guities all resolved; it has the best features of both carrier
phase (low noise, low multipath) and pseudorange (absolute
range measure and geometric strength). Successful carrier
phase ambiguity resolution has been reported over baselines of
up to 2000 km with bias fixing or bias optimizing techniques
applied to single-day arcs [12], [13]. The results reported
here were achieved by estimation of the white noise clock and
carrier phase bias parameters with a very large a priori uncer-
tainty, so that their sclutions were basically unconstrained. Bias
fixing was not used to resolve the carrier phase ambiguities.

B. Tropospheric Delay Fluctuations

The troposphere was modeled as a spherical shell which
adds a delay along the GPS signal path:

p = 0, RyO)+p, R,6) (1)

where p, is the zenith tropospheric path delay and R is an ana-
lytic mapping function [14] to map zenith delays to line-of-
sight path delays at elevation 8. There are two components to
the tropospheric delay—~the wet and the dry, denoted here
with subscripts w and d. The dry component can be deter-
mined under the assumption of hydrostatic equilibrium using
the ideal gas law for dry air to better than 1 ¢cm [15]. The wet
delay component, although considerably smaller than the dry,
exhibits greater time and spatial variation and is much more
difficult to determine accurately.

WVRs were operated at some of the GPS tracking sites
alongside the GPS receivers. WVR calibrations are believed
accurate to 2 c¢cm or better for determination of the wet zenith
path delay [15]. The algorithm described in [16] was used to
determine these calibrations. At the other sites, surface meteo-
rology (SM) measurements (temperature, air pressure, and rela-
tive humidity) were used for the wet zenith delay calibration
[17]. The SM calibration is much less reliable than the WVR
calibration because the surface meteorological conditions are
not always well correlated with the total atmospheric water
vapor content [15].

Wet zenith delay corrections to the calibrations (WVR or
SM) were estimated with the GPS data for all GPS tracking
sites. For most sites with WVRs, a constant wet zenith delay

parameter with an a priori constraint of 3 cm was estimated
for each 8-hour tracking day. For sites using SM calibrations,
the wet zenith delay was estimated daily with a 20-cm a priori
constraint. In addition, stochastic residual delays were esti-
mated for SM sites in order to remove signatures which could
result from temporal variations in the troposphere, time-
varying errors in the SM calibrations, errors in the mapping
function, or spatial inhomogeneities due to azimuthal asym-
metry in the water vapor content. In some cases, tightly con-
strained process noise troposphere residual delay parameters
were also estimated for the WVR sites.

C. Troposphere Process Noise Models

The stochastic model in the GIPSY filter is for a first-order
exponentially correlated process noise [9]. The measurements
are processed in discrete time segments, known as batches. In
each batch, process noise parameters are modeled as piecewise
constants. At the end of a batch, a process noise time update
adds noise to the covariance matrix and thus causes the time-
varying behavior of the stochastic parameters. The process
noise time update for the jth batch maps the estimates and
covariance for the stochastic parameters into batchj + 1:

Py = Mp;t W, @
where p; is a vector of estimates for the stochastic parameters
and M is a diagonal process noise mapping matrix. The process
noise w; is a random process with zero mean and

Elwwy) = Q5 3)

where Q is the covariance matrix diagonal and &, is the
Kronecker delta function [9]. The diagonal entries of M are
given by

m,'j = e&xp [—(t].+1 - t]')/Tij] (4)
where 1, is the start time for the jth batch and 7;; is the time
constant for the ith stochastic parameter at the jth batch. The
corresponding diagonal entry in the matrix Q is

4 = (l —m?].) UI?SS ()
where o, ,, the steady-state sigma for the ith stochastic param-
eter, is the noise level that would be reached if the system
were left undisturbed for a time much greater than 7. The
process noise model for each parameter is fully specified by
o, and 7, which can also vary with time, although the sub-

script j has been left off o, for simplicity of notation. There
are two special limiting cases: white process noise, and a ran-
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dom walk. For white process noise, 7 = 0, m = 0, and, as can
be seen in Eq. (2), the a priori covariance for the process noise
parameters, p, is completely reset at the end of each batch,
including zeroing of off-diagonal terms and inserting q for the
variance on the diagonal. For white noise, the process at each
time step is independent and uncorrelated with the process at
other time steps. The opposite case is the random walk. Here
both o, and 7 are unbounded, since a steady state is never
reached and 7 = o0. For the random walk, however, ¢ is still
defined by Eq. (2), where M is now equal to the identity
matrix. The Allan variance [18], o3 (Af), which is often used
to characterize clock and atmospheric fluctuations [19], is
directly related to the random walk q:

Uj (At) = q/A¢*  (random walk) 6)

A wide range of process noise models has been tested on
the March and November 1985 and June 1986 GPS data sets
[5}, [15], [20]. The random walk zenith tropospheric delay
models with v/ in the range 2 to 4 X 10~7 km+s~1/2 (for SM
sites) produced the best daily baseline repeatability, agreement
with VLBI, and orbit repeatability. When only constant zenith
delay parameters were estimated, orbit and baseline accuracies
were worse by about a factor of 2. The value of \/¢ adopted
for most of the November 1985 and June 1986 analyses was
2 X 10-7 kmes~1/2, corresponding to about 6 cm variation
over a 24-hr period. There is evidence from VLBI residuals
{19], [21] that tropospheric delay and delay-rate fluctuations
can be well modeled as random walks for Ar greater than a few
hundred seconds. Since the GPS data were compressed to
300-sec intervals, the use of random walk tropospheric fluc-
tuation models for GPS is consistent with the VLBI findings.
As discussed in [5], however, the GPS process noise param-
eters were used to estimate a fluctuating residual correction to
calibrated data (WVR or SM), and it is not clear that this
quantity will have the same stochastic characteristics as the
tropospheric fluctuations themselves. It was assumed that the
spectral characteristics of both the tropospheric fluctuations
and the residuals after calibration would be similar.

D. Solar Radiation Pressure and Other
Nongravitational Forces

Multiday arcs covering 1 to 2 weeks were used to achieve
the highest GPS orbit accuracy. With a global tracking system
equipped with high-performance GPS receivers and a full
24-satellite GPS constellation, covariance analysis predicts
GPS orbit accuracy well below 1 m after just several hours of
tracking [22]. However, as can be seen from Fig. 1, the
ground tracking network during 1985 and 1986 was limited,
with fiducials in North America only. The seven GPS satellites
that were operating at that time by design tend to converge
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over the southwest United States. This further limited com-
mon ground visibility to less than 8 hours per day and reduced
the geometrical strength of the system. In addition, the pseu-
dorange available from the TI receivers that were used in
1985 and 1986 was highly contaminated by ground multipath,
thereby raising the effective measurement noise. Because of
these factors, multiday arcs were necessary to achieve the
desired improvement in ephemeris accuracy.

With single-day (8-hour) orbit solutions, there is very little
sensitivity to errors in the GPS solar radiation pressure coeffi-
cients [4]. However, for multiday arcs with multiple orbit
revolutions, the orbital period is much more accurately deter-
mined and therefore the results become sensitive to down-
track errors resulting from integration of accelerations due to
solar radiation forces acting on the GPS satellites, mismodeled
solar radiation, or unmodeled forces such as thermal radiation
from the spacecraft body. The GPS Block I ROCK4 model was
used to represent accelerations resulting from solar radiation
pressure. As described in [5] and references therein, ROCK4
models 13 surfaces on the satellites according to their size,
curvature, reflectivity, specularity, and absorption character-
istics. The model as implemented in GIPSY allows for adjust-
ment of three parameters: G,, G, and G,. G, and G, are
scaling factors in the local spacecraft x and z directions, where
the z axis is positive along the antenna toward the center of
the Earth, the y axis is along the solar panel support beam
normal to the spacecraft-Sun-Earth plane, and the x axis com-
pletes a right-handed coordinate system. G, represents a con-
stant acceleration in the y-axis direction, often referred to as
the y-bias parameter [23].

In principle, the G, and G, parameters should have the
same value if the spacecraft were perfectly aligned and the
mode] were correct. GPS orbits have been determined in the
past with estimation of only G,, and one parameter (desig-
nated here as G, ,) to represent both G, and G, [24], [25].
For the multiday arcs determined with the March 1985 data
(5], G, G, and G, were estimated independently as con-
stants for each satellite with the intention of adding an extra
degree of freedom (G, # G,) to absorb unmodeled accelera-
tions and known deficiencies in the ROCK4 model, which are
thought to amount to as much as 4 m error over a 14-day pre-
diction interval [23]. This strategy was successful for data
arcs up to about 1 week long. However, for longer arcs of up
to 2 weeks, a noticeable and systematic degradation in daily
baseline repeatability occurred with the three-parameter con-
stant solar coefficient approach. A new approach was adopted
in which two constant solar pressure coefficients were esti-
mated, Gy and G,,, along with two tightly constrained pro-
cess noise parameters, G, and G,. With this approach, daily
baseline repeatability continued to improve as the arc was
lengthened.



As an alternative to the use of process noise on G, and G,,
small colored noise accelerations were introduced for the long
November 13-24 arcs. These consisted of three parameters
representing a constant thrust in the directions of down-track,
cross-track, and altitude.

Both stochastic solar pressure parameters and stochastic
thrust parameters gave similar repeatability results for the
2-week data arc, Fig. 2. The results were insensitive to the time
constant, 7, as long as the value of ¢ was held about constant
(see Egs. 4 and $5). For G, and G,, 7 was varied from 1 to 28
days with ¢ ~ 9.3 X 10-6, and the repeatability results were
essentially the same. The results for the thrust parameters were
more sensitive to the time constant. The best results were not
obtained until the time constant was made less than 2 days
and the value of ¢ & 2 X 10-28 km?2/sec*. Similar results were
obtained when the time constant for the thrust parameters
was made as short as 0.5 day. A single stochastic thrust in the
direction of the satellite long track also yielded good repeat-
ability. With the present data, which consists of relatively
short arcs at the same time each day, one cannot determine
whether the effects are due to solar pressure mismodeling or
other random or systematic accelerations acting on the GPS
spacecraft. One possibility is that a solar pressure stochastic
model is physically the correct approach but the stochastic
fictitious thrust model works as well, as long as the thrust time
constant is short enough to absorb the daily variations implicit
in the solar radiation pressure signature. Note that another
approach to this problem has been proposed in which ficti-
tious force parameters with 24-hr resonances are estimated to
remove solar pressure, gravity, and other dynamic errors
which tend to repeat daily [28]. It is hoped that the sources
of these forces can be isolated when more data and global
tracking are available. This may be possible with the CASA
UNO data set [29].

E. GPS 4 Maneuver

A maneuver was performed on GPS 4 (SV 8) at approxi-
mately UT 0320 November 20, 1985. In a few hours the space-
craft state was changed by over 100 km and it was moved to a
slightly different orbit. This time was in the middle of the
experiment but outside the data collection interval, which was
from about UT 1100-1900 each day. In order to perform con-
tinuous orbit determination over the entire experiment inter-
val (November 13-24) for all the satellites simultaneously, we
had to model and estimate the maneuver. The NSWC param-
eterized the maneuver as a constant thrust over 5 minutes. We
used a four-parameter model with three instantaneous velocity
changes and a time-of-burn parameter, which we refer to as an
impulsive motor burn. The impulsive motor burn allows for an
instantaneous change in position and velocity while leaving the
acceleration unchanged. Let AV be the vector velocity incre-
ment, with three components AV, AV, and AV, , where

subscripts H, C, and L refer to the local spacecraft coordinates
of altitude, cross-track, and down-track. Let AT, denote the
time of burn, e.g., the interval over which the burn is applied.
Then the vector change in position is

1AVT =4

Ar = 5 B iaATg )]

The acceleration, a, defined by AV and AT, is the equivalent
constant acceleration that would be experienced over the
interval AT 5. The solution for the maneuver parameters AV,
AV, AV, and AT, was obtained by iterating over a data arc
spanning November 18-22. The maneuver solution converged
after three iterations and showed meter-level agreement with a
separate solution for the GPS 4 position using only data col-
lected after the maneuver (November 20-24). This nominal
representation for the maneuver was further refined in later
longer-arc high-precision GPS orbit solutions. It is interesting
to note that the maneuver solution did not converge initially
unless we constrained G, = G, for GPS 4.

IV. Assessment of Orbit Accuracy

Five criteria were used to assess the accuracy of the GPS or-
bits determined from multiday arcs in November 1985 and June
1986: (1) orbit repeatability; (2) orbit prediction; (3) daily
baseline repeatability; (4) agreement between GPS and VLBI-
determined baselines; and (5) formal errors from the orbit
filter.

A. Orbit Repeatability

Orbit repeatability indicates the precision and, to some
extent, the accuracy of the GPS orbits. Figure 3 illustrates
how orbit repeatability was computed for the November 1985
experiment. The purpose of orbit repeatability is to compare
orbits determined independently without any common mea-
surements and then compute the rms difference over a time
interval during which no data were used for either of the two
solutions. Figure 4 shows the mean of the rms computed for
all seven GPS satellites over a 6-hr interval on November 17.
Figure 4 also shows the significant improvement attained when
pseudorange is processed with the carrier phase and stochastic
tropospheric delay models are used. From the formal errors, it
appears that the pseudorange contributed little geometric
strength to the orbit solutions, since the rms scatter of indi-
vidual measurements was 100 to 300 cm for 6-minute mea-
surement intervals, due mostly to ground multipath. However,
when the pseudorange and carrier phase are processed together
and a common clock is estimated, the pseudorange provides
a priori knowledge of the clock and carrier phase bias param-
eters at the several-nanosecond (100-300 cm) level, signifi-
cantly improving the orbits.
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GPS 6 and 8, the two satellites with the most data and best
ground viewing geometry, had formal errors below 1 m for
most of the November experiment and had significantly lower
orbit repeatability rms than the other satellites. Figure 5 shows
the repeatability computed over a 24-hr interval on Novem-
ber 17 when no measurements were used for either orbit solu-
tion. Since the two solutions being compared were determined
from independent data sets (Fig. 3), it is concluded that sub-
meter orbit precision has been demonstrated for these two
satellites.

B. Orbit Prediction

Orbit prediction is a stringent test of orbit accuracy, since
the estimated spacecraft position and velocity are mapped out-
side of the measurement interval to give a predicted satellite
state. Orbit errors tend to be magnified in this mapping pro-
cess. The accuracy of the orbit models used for mapping are
also tested by the orbit prediction test, in addition to the
accuracy of the satellite ephemerides. Figure 6 shows the pre-
diction test we applied to our November 1985 multiday-arc
orbits. The average rms errors for four of the satellites were
0.7 m, 0.8 m, and 1.7 m in altitude, cross-track, and down-
track components. GPS 8, which was tracked longer than any
of the other satellites, had a prediction rms error well below
1 m, even when mapped more than 3 days into the second arc.
For the first 6 hours of the prediction interval, the rms error
was 50 cm or less for all three position components. These
results are shown in Figs. 7 and 8.

C. Daily Baseline Repeatability and Agreement
Between GPS and VLBI Solutions

To further assess the GPS orbit accuracy determined with
multiday arcs, we have examined daily baseline repeatability as
well as agreement with independent VLBI baseline measure-
ments over continental distances (1000 to 2000 km). For the
November 1985 experiment, we examined baselines between
Hat Creek, CA and Fort Davis, TX (1933 km); Mojave, CA and
Fort Davis, TX (1314 km); and Richmond, FL and Haystack,
MA (2046 km). Daily repeatability was computed as the rms
about the weighted mean of the daily baseline solutions deter-
mined simultaneously with one multiday-arc orbit solution.
For these baselines in North America with good common visi-
bility of the GPS, the rms scatter was 0.3 to 2 parts in 108 of
baseline length for all vector components. Agreement with
VLBI was 0.3 to 1.5 parts in 108 for baselines with the same
type of GPS antenna at both ends. Figures 9 and 10 show the
results for the 2000-km baselines.

For determination of the Hat Creek—Fort Davis baseline,
Fort Davis, Richmond, and Haystack were held fixed as fidu-
cial stations. For the Richmond—Haystack baseline solution,
a separate filter run was made with Hat Creek, Fort Davis, and
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Haystack fixed as the fiducial reference points. Note that in
the case of the Richmond—Haystack baseline the Hat Creek
fiducial does not have data in the second half of the 2-week
data arc, reducing the number of fiducials to two for the
second half. The data from the first half has already deter-
mined the GPS positions sufficiently that the lack of a third
fiducial does not degrade the quality of the solution. Although
high-quality orbits are a prerequisite for good precision and
accuracy over long baseline distances, there are other factors
that can affect baseline accuracy aside from GPS orbits. For
example, local site vectors between the GPS and VLBI an-
tennas sometimes are inaccurate by several cm. One such local
survey error was recently discovered at OVRO, leading to a
5-cm discrepancy between the GPS and VLBI Mojave—OVRO
baseline until it was corrected [26] . Therefore, while the daily
baseline repeatability provides a measure of consistency for
orbits determined from multiday arcs, agreement with VLBI
is a measure of overall system accuracy, which depends on a
number of factors in addition to orbit accuracy.

When different GPS antennas were used at the ends of a
baseline, although daily repeatability was excellent, agreement
with VLBI was worse by 1 to 7 cm, with no apparent depen-
dence on baseline length. This was noticed in both the Novem-
ber 1985 and June 1986 experiments. However, baselines with
the same type of GPS antennas showed good agreement with
VLBI. Since ephemeris errors tend to scale with baseline
length, it was hypothesized that these discrepancies were due
to local phenomena rather than orbital effects. Attention has
been directed at phase center variations in the antennas, since
the TI antennas are designed so that in operation the phase
center variations nearly cancel out between sites that are not
more than a few thousand km apart [6]. However, the Series-X
antennas do not have the same phase center characteristics as
the TI antennas, and the signatures resulting from the several-
cm phase center variations that have been measured [27]
could corrupt baseline measurements between unlike antennas.
Therefore we qualify our high-precision results with the warn-
ing that measurements between different GPS antennas may
be much less reliable and may be affected by unpredictable
effects.

D. Baseline Repeatability Outside the
Fiducial Network

The baselines in North America are fairly well determined
because they are either inside or near the fiducial network and
because the current limited GPS constellation by design is op-
timized for North America, especially the southwest United
States. The formal errors from the filter are consistent with
the results in Figs. 7, 8, and 9, predicting precision of 1to4cm
over these 2000-km baselines. To further test the robustness
of the multiday-arc GPS orbits, we have determined baselines
between Richmond and several sites in the Caribbean Sea



region occupied during the June 1986 experiment. Figure 10
shows daily baseline repeatability for Richmond--Grand Turk
(1049 km) and Richmond—Isabela (1582 km) determined
from an 8-day orbit fit for June 2-10, 1986. Because the
Caribbean sites are far to the southeast of both the fiducial
network and the optimal region for the GPS constellation, the
formal errors for these baselines are typically 2 to 7 cm, some-
what worse than those of the North American baselines. De-
spite the degraded geometry and reduced common visibility,
the baselines to the Caribbean sites show precision of 1 to 4
parts in 108. Some of the Caribbean sites were equipped with
WVRs; for these as well as the sites without WVRs, residual
tropospheric corrections determined from the GPS data were
critical in achieving these levels of baseline precision. Since the
Caribbean sites are considerably more humid than most of the
North American sites, various strategies for reducing system-
atic errors due to uncertainties in the wet troposphere cor-
rection are being studied with this data set.

V. Conclusions

It has been demonstrated that submeter GPS orbits can be
determined using multiday arc solutions with the current GPS
constellation subset visible for about 8 hours each day from
North America. Submeter orbit accuracy was shown through
orbit repeatability and orbit prediction. North American base-
lines of 1000 to 2000 km in length can be estimated simul-
taneously with the GPS orbits to an accuracy of better than
1.5 parts in 10® (3 ¢cm over a 2000-cm distance) with a daily
precision of 2 parts in 108 or better. The most reliable baseline
solutions are obtained using the same type of receivers and
antennas at each end of the baseline. Baselines longer than

1000 km between Florida and sites in the Caribbean region
have also been determined with daily precision of 1 to 4 parts
in 108. The Caribbean sites are located well outside the fidu-
cial tracking network and the region of optimal GPS common
visibility, so these results further demonstrate the robustness
of the multiday-arc GPS orbit solutions.

Process noise models have been used in the orbit determina-
tion filter to minimize systematic errors which can seriously
affect ephemeris and baseline accuracy. These systematic
effects include tropospheric delay fluctuations and small, un-
modeled spacecraft accelerations. The process noise tropo-
sphere models improved all orbit and baseline solutions, re-
gardless of length of data arc. Tightly constrained process
noise representation for part of the solar pressure model sig-
nificantly improved baseline repeatability for arcs longer than
1 week; however, an equally effective technique had fictitious
thrusts estimated stochastically for each GPS satellite. Because
of the limited ground visibility with the current constellation,
it is not yet possible to determine whether the accelerations
are genuinely related to solar radiation pressure or are due to
other random or systematic forces acting on the spacecraft.

This demonstration of several-cm accuracy over distances
of a few thousand km, despite a limited ground tracking net-
work and a constellation of only seven satellites, proves that
GPS provides a very powerful relative positioning capability.
It shows that GPS techniques have the intrinsic data strength
and robustness needed for DSN high-precision applications,
as well as low Earth orbiter tracking and crustal motion
studies.
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Fig. 1. Locations of ground tracking sites used in the analysis of
GPS data from the November 1985 and June 1986 experiments.
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Fig. 9. Daily GPS baseline repeatability and agreement with VLBI
for the Hat Creek-Fort Davis 1933-km baseline determined with a
muitiday orbit fit from Nov. 13-24, 1985.
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Fig. 10. Daily GPS baseline repeatability and agreement with VLBI
for the Richmond-Haystack 2046-km baseline determined with a
multiday orbit fit from Nov. 13-24, 1985.
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This report considers two-way coherent Doppler error resulting from phase scintilla-
tions induced on the uplink by the solar corona. It is shown that this error can be esti-
mated by taking statistics on the differential Doppler measurements. Typical estimates
for the error are given for four Sun-Earth-probe angles and for integration times ranging
from 1 second to 1 minute. These results are based on data collected during the 1985

Voyager 2 solar conjunction.

I. Introduction

When a spacecraft is in the same area of the sky as the Sun
and beyond it, the radio beams to and from that spacecraft
experience phase scintillations due to passage through the solar
corona. These scintillations will dominate all other sources of
error for two-way coherent Doppler measurement when the
Sun-Earth-probe angle is small. Thus, for those missions that
feature numerous or long-lasting solar conjunctions, especially
inner planetary missions, it is important to characterize this
source of Doppler error. Unfortunately, the relevant param-
eters of the solar corona are highly variable, and adequate
statistical characterizations do not exist. It has, however, been
possible to measure the phase scintillations induced on 2.3-
and 8.4-GHz downlinks by the solar corona. It is in fact possi-
ble to make this measurement using any Sun-encountering
spacecraft with two downlinks of different but related fre-
quencies. The phase scintillations induced on the downlinks,
once measured, can be removed from the Doppler phase
record. The phase scintillations induced on the uplink, on the
other hand, remain. These cannot be measured or removed
unless two simultaneous uplinks are available.

This report considers two-way coherent Doppler error
resulting from phase scintillations induced on the uplink by
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the solar corona. This error is estimated by taking statistics
on phase scintillations induced on the downlinks of Voyager 2
during a 1985 solar conjunction.

ll. Measuring Phase Scintillations Induced
on the Downlinks

Whenever a two-way coherent Doppler measurement is
being performed, the downlink frequencies f; and f, are
related to the uplink frequency f, by the transponding ratios
G, and G, and the relative velocity of the spacecraft and the
deep space station. In addition, there are noise terms that
represent the phase scintillations picked up in transit through
the solar corona. These frequency relationships may be ex-
pressed by

) G, Vuz V;
[ = Gy (1 =-2p/c)+ — +——=

7 fG; i=1,2 @@
0 o Vi

The nonrelativistic Doppler shift has been indicated here; it is
proportional to the ratio of the range rate p to the speed of
light, c.



The parameter »2, in units of Hz?2, represents the level of
phase scintillations induced on the uplink by the solar corona.
It depends only on the physical properties of that part of the
corona through which the uplink radio beam passes. It is an
implicit function of time. By taking the integral of the square
of the local plasma frequency along the uplink ray path, then
taking a time derivative and dividing by twice the speed of
light, one could calculate Vuz. Unfortunately, the local plasma
frequency is generally not known. The parameter »? is the
downlink analog of »?2.

Using Eq. (1), we can obtain an expression for Vd2:

v =Gy [1 '(Gl/Gz){|_l [f; - (G}/Gy) 1] (2)

The phase scintillations induced on the downlinks contribute
a frequency noise term that can be identified if the differential
Dopper shift, f; - (G,/G,) f,, is measured. Once identified,
this frequency noise term is easily subtracted out of the Dop-
pler record. At this point, the only error due to solar corona
remaining in the Doppler record is the term involving »2. The
Doppler error €, in velocity units, is

4 2
e = —— (v°) (3)
2f02 u'T

The brackets ¢-), indicate a time average over an integration
time 7.

The statistics of »2 and v? are the same. This is in fact the
key to being able to estimate the error e. In the writing of
standard deviations o(), then, the subscripts u and d may be
ignored.

c
=_— o({v?),.) 4)
o(€) 2f02 o(v?),

As suggested by Eq. (2), the required coronal statistics can be
obtained by taking a statistical measure of the differential
Doppler shift, viz.,

2 - 2|71
o(WD,) = G, f, [1 —(GI/G2)] o({f, = (G, /G f)r)
Q)

The required coronal statistics can also be obtained from a
pair of one-way downlinks of different but related frequencies.
This is, in fact, how the data appearing in this report were ob-
tained. In this case, Eqs. (4) and (5) still hold, but some terms
in Eq. (5) need proper interpretation. The term G, f, is the
frequency of the first downlink, and the term G, /G, is the
ratio of the downlink frequencies.

lll. Voyager 2 Results

During the 1985 solar conjunction for Voyager 2, differen-
tial Doppler data were collected from a pair of one-way down-
links. The downlinks originated with an ultrastable oscillator
aboard the spacecraft, and the 64-m subnet was used for recep-
tion. Estimates were made of what the observed level of phase
scintillations would do to a two-way coherent Doppler mea-
surement. These estimates were obtained by applying the dif-
ferential Doppler statistics to Eqgs. (4) and (5). The frequency
of the first downlink was approximately 2296 MHz. The ratio
of the downlink frequencies, G, /G, , was 3/11.

The standard deviation of the two-way coherent Doppler
error, as expressed in Eq. (4) and based on Voyager 2 differen-
tial Doppler measurements, has been compiled in Table 1 and
plotted in Fig. 1. The statistics have been calculated for inte-
gration times ranging from 1 second to 1 minute. For the
longer integration times, the error is less. Four example Sun-
Earth-probe angles have been included. It must be understood
that the properties of the solar corona are highly variable and
that the results shown in Table 1 and Fig. 1 do not represent
a characterization of the error as a function of Sun-Earth-
probe angle. Such a characterization must be based on a larger
set of data. :

The Doppler error due to solar corona can be reduced by
using a higher frequency on the uplink. For 7.2-GHz and
34.3-GHz uplinks, the errors shown in Table 1 and Fig. 1 are
divided by 11.5 and 263, respectively. For some missions, this
is an important advantage for the higher frequencies.

IV. Conclusions

This report has explained how phase scintillations induced
on the downlinks can be measured. It has been shown that
taking statistics on these measured phase scintillations leads to
estimates of the Doppler error due to uplink phase scintilla-
tions. Typical estimates for the error have been calculated
based on differential Doppler data collected during the 1985
Voyager 2 solar conjunction.
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Table 1. Two-way coherent Doppler error for 2.1-GHz uplink and
dual-frequency calibrated downlink*

Doppler error (mm/sec) for several

Integration Sun-Earth-probe angles
time, sec
1.3° 1.7° 2.1° 2.5°
172.0 137.2 99.4 41.3
5 161.7 98.2 65.7 31.2
10 152.6 78.1 54.2 27.2
15 142.7 67.1 47.9 24.3
20 137.1 64.7 45.3 23.2
25 131.7 57.9 40.2 22.8
30 127.7 53.5 41.1 21.7
35 123.9 52.9 37.9 21.3
40 122.3 515 37.2 194
45 117.7 48.7 33.9 19.6
50 117.9 47.6 34.0 20.5
55 116.5 45.9 34.1 19.2
60 112.4 43.5 334 184

*These results are based on phase scintillation measurements made
using the Voyager 2 spacecraft during its 1985 solar conjunction.
The time and place at which the measurements were made are
indicated below.

1.3°: 2030 to 2135 on 12-8-85 at Goldstone
1.7°: 0440 to 0640 on 12-12-85 at Canberra
2.1°: 0435 to 0545 on 12-8-85 at Canberra
2.5°: 2015 to 2120 on 12-12-85 at Goldstone
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Fig. 1. Doppler error due to solar corona for various
Sun-Earth-probe angles.
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Dynamic models for the various functional elements of the 70-m antenna axis servos
are described. The models representing the digital position controller, the linear and
nonlinear properties of the physical hardware, and the dynamics of the flexible antenna
structure are encoded in six major function blocks. The general modular structure of the
function blocks facilitates their adaptation to a variety of dynamic simulation studies.
Model parameter values were calculated from component specifications and design data.
A simulation using the models to predict limit cycle behavior produced results in excel-
lent agreement with field test data from the DSS 14 70-m antenna.

l. Introduction

The recent acquisition of a microcomputer workstation and
a software package for modern control system analysis and
simulation has enabled combining the linear dynamics of the
antenna structure, the nonlinearities of friction, and the quan-
tized, sampled data properties of the control algorithm in a
single simulation model. The dynamic simulation program pro-
vides a building block approach to modeling complex systems
such as the 70-m antenna axis servos. The models described
here were developed from previous linear models [1], [2] in
generalized building block forms. The form of the modularity
was chosen to maintain generality and to facilitate future
expansion or simplification of models for selected parts of the
system.

The 70-m servo models described here are organized accord-
ing to function into six major blocks which are shown (Fig. 1)
interconnected to represent the overall axis-position servo. The
overall model includes the salient properties of the control
algorithm, the digital-to-analog converter, the electronic con-
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trol amplifier, the hydraulic servovalve, the hydraulic motor
with associated friction, the antenna structure and pedestal,
and the axis encoder.

Il. Dynamic Model Development
A. Position Loop Control Algorithm

The structure of the control algorithm is discussed in detail
in [1]. The estimator and gain equations for the computer
mode from [1] are repeated here to illustrate the development
of the discrete system equations representing the algorithm
block.

E(n+1) = ®E(n)+TUn)+LY (n+1) (1a)
for £, through £, and

E,(n+1) = E,(n)+E,(n) - R(n) (1b)



Un+1l)= -KE(n+1)+NR(n+1) )

where E(n + 1) is the state estimate column vector of [1],
[E, E, E5...E¢] corresponding to time interval n + 1. In
[1] the R(n) term in the equation for the integral error esti-
mate, £ , was omitted in error.

In practice, the antenna servo controller evaluates Eq. (1a)
in two steps in order to minimize the computation delay
within the servo loop, and implements Eq. (1b) to simplify
the computation of £, and conserve computing time. Eq. (1b)
is equivalent to Eq. (1a) for the special case where the first
row of @ is [110000], the first elements of I' and L are
zero, and R(n) is subtracted. Eq. (1a) can thus be extended to
the more general form to include £,

E(n+1) = ®E(n)+TU(n) + LY, (n +1)+MR(n)  (3)

where M is the column vector [®; , 00000].
Next, substituting
Y(n+1) = Y(n+1)-H(®E(n)+T'U(n))
and
U(n) = -KE(n)+NR(n)
into Eq. (3) yields the familiar form for the estimator
E(n+1) = [1-LH][®-TK]Em)+LY(n+1)

+ [I1~ LH]TNR(n) + MR (n) “4)
With the use of Eq. (4), the controller output U and the posi-
tion estimate £, can be expressed in a compact state space
form for a system having three inputs and two outputs defined
by Eqgs. (2) and (3)

(E(n+1)] A B[ Em ]

Y(n+1)
Un+1)|=| C D 5)
R(n)

E(n+1)| |HA HB|[R(n+1)

where

A = [(1-LH)(®- TK)]

B=[L (I-LH)TN+M 0]

C = -KA

D=[-KB+[0 0 N]]

Figure 2 illustrates the control algorithm block with inputs
which are the encoder output, Y, and the current position
command, R; its outputs are the rate command, U, and the
encoder position estimate, £,. The two blocks shown are
standard building blocks provided by the simulation program.
The previous rate command, R (k), is derived from the unit
delay. The discrete time equations represented by the A, B, C,
and D matrices are evaluated at 50-msec intervals by the State
Space block.

B. Electronic Component Models

The digital-to-analog converter in Fig. 1 is represented by a
standard building block which quantizes a continuous input
function.

The axis encoder is modeled by a standard quantizer build-
ing block from the simulation program catalog as shown in
Fig. 1. The quantization level corresponds to 360 degrees per
220 encoder increments.

The amplifier model block shown in Fig. 3 represents the
dynamics of the hardware rate and acceleration limiters, the
rate loop compensation networks, and the valve driver ampli-
fier. Inputs are the rate command from the digital-to-analog
converter and the motor rate, and the outputs are the current
to the hydraulic valve and the voltage at the average tachom-
eter circuit node. Parameter values are calculated from the
component values in the schematic diagram,! and the proper-
ties of the valve coil. Details of these calculations are included
in the Appendix.

C. Hydromechanical Component Models

The hydraulic valve model block is shown in Fig. 4 where
the input is valve coil current and the output is no-load volu-
metric flow. The flow reduction due to the hydraulic pressure
of the load is incorporated in the damping term of the motor
model. This form of modeling simplifies the block intercon-
nections by eliminating a pressure feedback path from the
motor block to the valve block. The valve flow versus current
is modeled by a simple dynamic lag followed by a hysteresis
function and a deadzone. The deadzone corresponds to the
underlapped condition of the valve spool face and the hystere-

lipL Drawing J9479871D, Schematic Diagram, Analog D.W.B., (inter-
nal document), Jet Propulsion Laboratory, Pasadena, California, 1987.
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sis results from friction associated with the spool motion. The
resulting flow characteristic of this model, shown in Fig. 5,
compares well with those from actual valve tests performed by
the manufacturer.

Figure 6 shows the model of the hydraulic motor where the
inputs are the no-load hydraulic flow and the load torque at
the antenna bullgear. The outputs are the rate at the bullgear,
the rate at the motor shaft, and the differential hydraulic pres-
sure. The model incorporates the performance equations
described in [2] and a more accurate model [3] for the fric-
tion associated with the motor and the gear reducer.

D. Flexible Structure Dynamics

A block diagram of the structure dynamic model is shown
in Fig. 7. The model includes the gearbox stiffness, the residual
structure inertia, axis damping and Coulomb friction, and state
space models for the flexible modes of the structure and the
antenna pedestal. The residual inertia represents that part of
the total axis inertia that is not associated with any of the
flexible modes. The inputs correspond to the hydraulic motor
rate and an external disturbance torque. The first three out-
puts correspond to the angular positions at the bullgear, the
axis encoder, and the intermediate reference assembly (IRA),
respectively. The fourth and fifth outputs correspond to the
axis reaction torque which is reflected back to the motor, and
the encoder rate. It should be recognized that the bullgear and
IRA positions are in absolute, or inertial, coordinates while the
encoder position and rate are measured relative to the pedestal
displacement.

The model is based on the equations of motion described in
[2] with the addition of axis damping, friction, and pedestal
dynamics. A block diagram representation of the structure
flexible mode dynamics is shown in Fig. 8(a) where the input
is the bullgear angle and the outputs are the IRA angle and the
net reaction torque reflected to the bullgear. The correspond-
ing state space equations are given by Eq. (6). The flexible
alidade structure model, for the elevation axis, is shown in the
block diagram of Fig. 8(b) and the corresponding state space
equations are given by Eq. (7). The pedestal dynamic equa-
tions have the same form as those of the alidade structure used
in the elevation model in Eq. (7). Numerical values of the
structure parameter are listed in Table 1.

X A B X
Ora| = (6)
Te c Dbl |e,
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where

[0 1 ] [ 0]
Kl Kl
-7 0 T
1 1
0 1 0
5, %
A= 3, B=|T,
0 1 0
Ky Ky
o 0 I
— N - - N-

-al 0 a, 0o ... ay 0 a,

C = D=| &
K;

-K, 0 -K, 0 K, 0 1

and where x represents the state vector and X its time deriva-
tive, and

N = number of flexible modes

N
a, =1- Za’.
! Q)
X A B X
@A C D TAR
where
0 1 0 0] [ 0]
Ky K. 1
5 0 T 0 T
Al Al Al
A= B =
0 0 0 1 0
& _(ISM +KA2) 0
R T2 1 -




C= [o 1 0 o] D=[o]
with

Ky = Jy @i

Ky =1y @iy

E. Friction

The axis friction representation shown in Fig. 7 is subject
to the limitations described in [3]. At this stage in the model
development the total friction is lumped at the motor shaft as
the actual distribution between motor shaft and antenna axis
is unknown. Presumably, the distribution of friction to both
sides of the gearbox stiffness could have a noticeable effect on
dynamic behavior.

lll. Model Tests and Applications to
Simulations

The model was tested by using a feature of the simulation
program that produces the linear system matrices representing
the linearized model. The linear system matrices provide for a
convenient cross check with other linear analysis methods thus
assuring proper interconnect, feedback polarity, and parameter
values. The Eigenvalues of the rate loop portion of the model
of Fig. 1 were thus computed and results compared to three
decimal place accuracy with those listed in [2]. Due to numeri-
cal condition deficiencies of the linear system matrix produced
by the program, attempts to determine the transfer function
zeros led to unreasonable results. This condition deficiency
was overcome by scaling the relevant inertia and stiffness
parameters according to the square of the gear ratio (see
Fig. 6), and zeros in good agreement with [2] were thus ob-
tained. The condition deficiency will be seen to affect only the

derived linear system matrix and will not impair accuracy of
simulation runs. Following this cross check process the model
was restored to the unnormalized form shown in Figs. 6 and 7.

A simulation of position loop limit cycle behavior was
performed to compare the performance of the overall model
including the new friction model with results from tests on the
actual antenna. Results from the simulation shown in Fig. 9
are remarkably similar to those from the antenna test of Fig.
10. In both the simulation and the hardware test, the limit
cycle was initiated by a small (3 encoder bits) position input
step change. The simulation was performed at a stage prior to
the development of the latest models for the discrete time con-
trol algorithm, the amplifier, and the hydraulic valve, so linear
dynamic equivalents were substituted. For the algorithm, the
proportional-plus-integral-plus-derivative (PID) linear feedback
equivalent was used. The model structure and parameter values
were otherwise identical to those described above.

IV. Summary and Conclusions

Modular dynamic models for the 70-m antenna axis servos
have been described. Numerical cross checks of Eigenvalues
and transfer function zeros indicate a consistency between the
model and previous linear analysis methods. Comparisons of
model-based simulation results with actual field test results
indicate excellent modeling accuracy.

The small discrepancies between the simulation and field
test results are most likely the result of differences between
the modeled and actual friction parameter values, and the
presence of a small (150 psi) bias torque effect in the actual
antenna. In future work the model and the simulation program
should be extremely useful in two ways: (1) as an adjunct to
the design of more robust systems, and (2) as a hardware diag-
nostic aid that relates specific hardware out-of-tolerance condi-
tions to abnormal field test measurements.
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Table 1. Parameters for 70-m AZ and EL axis servos

FLEXIBLE MODES? GEARBOX STIFFNESS, K, ft-1b/rad
Stiffness, K, ft-lb/rad Kg AZ = 2.1654E11
K AZ=[2.238 4.516 3.651 1.233 0.564]T - 1.E09 Kg EL = 3.0759E11
K EL = [22.61 6.564 1.566 3.406 0.699]1T - 1.E09 JBINV AZ = 1/Jg AZ
Squared natural frequencies, w, (rad/sec)2 JBINV EL = 1/JB EL
wAZ=[ 6347 69.09 97.81 189.0 285.68] AXIS DAMPING, ft-1b/radian/sec, (equiv 1000 psi/deg/sec)
w EL =[218.77 313.04 411.12 476.72 656.85] 2.13E08
Transformation coefficients, a dimensionless GEAR RATIO (MOTOR:AXIS)
a AZ = [0.1331 0.2767 0.1169 0.0099 0.0376]T = 28730 (BOTH AXES)
- T
aEL =[0.2939 0.0977 0.0266 0.0309 0.0050] MOTOR DISPLACEMENT (total 4 motors), V, in.3/rad
ALIDADE STRUCTURE, ELEVATION AXIS ONLY V=1528
Inert}a mo—mentgs’,]ét—l;)-sec , referred to the EL axis VALVE GAIN, Ky, in.3/s/mA
Al=1.1 0 Ky = 38.3

JA2 = 1.098E08
HYD COMPRESSIBILITY, C, in.3/psi

Squared natural frequencies, w, (rad/sec)? C= 00314
wAl =4600
A2 = 1026 VALVE DAMPING RATIO, D/C, sec™1
D = 0.60
PEDESTAL STRUCTURE, AZIMUTH AXIS ONLY )
Inertia moments, ft-Ib-sec?, referred to the AZ-axis MOTOR INERTIA (total 4 motors), Iy, ft-lb-sec
JP1 = 2.105E08 Ty AZ =1.00
JP2 =1.74E08 JM EL = 0.664

FRICTION, INERTIA, SAMPLE INTERVALS FOR FRICTION
BLOCK, FRICTION EQUIVALENT TO 350 psi OF AP, STATIC
FRICTION EQUIVALENT TO 420 psi

Squared natural frequencies, w, (rad/sec)?
w P1=3.093E04
w P2 =4.063E04

FRC =44.57
BULLGEAR RESIDUAL INERTIA, J, ft-lb-sec? STC = 53.48
Jp AZ = 1.4965E08 JMFT = [Jy AZFRC 0.005]
Jp EL = 8.7989E07 FRCS = [FRC STC]

3Calculated from [2], Table § using K| = (Ji/Jb) wi2 T N2 with gear ratio N = 28730 for either axis.
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Fig. 2. Control algorithm simulation diagram.
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Fig. 3. Rate loop amplifier simulation diagram.
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Fig. 4. Hydraulic valve simuiation diagram.
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Appendix

Derivation of Electronic Circuit Transfer Functions

This appendix describes the analytical methods and detailed
calculations used to derive the dynamic transfer functions of
the electronic circuit portions of the 70-m axis servo loops. A
number of simplifying approximations employed in the origi-
nal design and network synthesis process are also described.
The transfer functions are described in terms of a group of
function blocks representing simplified equivalent circuits of
portions of the analog circuit board and the external rate-
meter. The basic blocks consist of a tachometer combining
network and filter, a tachometer lead network, a compensa-
tion amplifier, a valve driver amplifier, and a rate and accelera-
tion limiter.

. Tachometer Combining Network and
Filter

The tachometer network and filter properties are derived
from the schematic diagram (see Footnote 1) and the external
ratemeter components. The applicable part of the schematic
and the ratemeter is shown in Fig. A-1(a). The four tachometer
voltage divider networks, R34, R35, C17, etc. are omitted
from Fig. A-1(a) because by virtue of their high impedance
relative to the tachometer source resistances, these networks
have negligible effect on the overall transfer functions. The
V,r symbol designates the “average tachometer” circuit node
voltage, a significant node because it serves as a calibration
reference for transfer function calculations. The ratemeter
adjust potentiometer is adjusted in the field to compensate for
disconnection of one or more tachometers, and also for scale
factor variations among individual tachometers. Because this
adjustment is in a shunt circuit path, it simultaneously corrects
the rate loop gain and the voltage at V, 1, with adjustment of
the high and low rate ranges of the meter circuit.

The voltage scale factor at V.. to satisfy the calibration
condition is calculated from the known full scale meter cur-
rent, (50 pA), the meter circuit resistance consisting of fixed
resistor R60 and the meter coil resistance R,,, and the full
scale rate (0.25 deg/sec). The average tachometer circuit node
voltage constant is thus

) (R60 + Rm) IFSM
AT RateF

S

With R60 = 121 kQ, R, =660 Q

_ (121 +0.660) .05
AT 0.25

24.33 volts/degree/sec axis rate

0.04852 volts/rad/sec of motor rate

This value is as accurate as the combined accuracy of the R60
resistor (1 percent), the meter movement calibration (2 per-
cent), and the field calibration process (estimated 3 percent)
which is sufficient for the present purpose. A small error
(4.9 percent) in the low rate range calibration results from the
difference of the ratio of (R60 + 660)/(R61 + 660) from the
desired 10:1. This error could be diminished by padding R61
with 220 k2.

The network of Fig. A-1(a) is reduced to the equivalent of
Fig. A-1(b) by replacing the four inputs with the single equiva-
lent voltage source V., replacing the R54, R57, R58, R59,
R62 combination with the series resistor Rgr, and replacing
the meter circuit with the shunt resistor R,,. Calculation of
the shunt resistor R,, requires a knowledge of the setting of
the 100 K ratemeter adjustment potentiometer. This is accom-
plished indirectly through use of the known value of V, ;. de-
rived from the ratemeter adjustment criteria described above
and the tachometer scale factors. Thus, representing the sum
of the shunt conductances by Ggg and with Gy = Rl

VT
Gy = Ggr v -1

which leads to

-1]) -(R63 + R64)™ —(R65 + R66)7!

where
Ry =(R56™! +R577! + RS8™! + R59™)~! + R62

With V. = 187.5 and 222 volts/deg/sec for azimuth and
elevation, respectively, and with

R56 = R57 = R58 = RS9 = 8.25kQ2

R62 = 56.2kQ2

R63

40.0kQ2

45



R64 = 51.1kQ2
R65 = 909 k2
R66 = 51.1k{2

The equivalent meter circuit resistance becomes

R

" 9.73 k2 for azimuth

R

M 7.847 kX2 for elevation

The 56.2 K resistor R14 provides part of the additional shunt
conductance required for elevation.

R, +R63 + R64 - R64

- R64 R64 + (sC40)~1

-R63

where R, = (Rg? + Ry')y™! and ¥, = Vo Ry (Ryp + Ry
Expansion of the determinant yields the following quadratic
equation in s:

s>+ [(R7' +R6371) C4171 + (R637! + R6471) C4071 s

+ (R, +R63 + R64) (R, R63 R64 C41 C40)™! = 0

the roots of which are the circuit poles. Expansion of the nu-
merator cofactor yields the single zero

Z1 = - (R637! +R647 1) C40™!

Numerical evaluation for the azimuth axis results in

Z1 = =297
P1 = -258
P2 = -1006

The transfer function relating the average tachometer node
voltage to the motor rate in radians/sec becomes

Var _ -0.4852P2 _ _ 4881
0, (s -P2) (s +1006)

- (sC40)7? R63

The network poles and zero are calculated from general
expressions derived from the circuit loop equations using
Cramer’s method with expansion of the determinants. The
computation is simplified to a two-pole, single-zero determina-
tion by partitioning the circuit to delete C42, R65, and R66
from the circuit. This approximation is justified since the
response zeros correspond to the parallel resonance of R65
and C42 and to the series resonance of the R63, R64, C40
branch and are thus unaffected by the partitioning. The effect
of partitioning on the response poles is small because of the
large ratio of R66 to R,,. The exact location of the tachom-
eter filter poles is also of secondary importance to control
dynamics analysis. The circuit equations may be derived from
any consistent set of loop currents or node voltages. A typical
set of loop current equations is

- R63 i 4
- (sC40)™! | = |0

+(sC40)~! + sC41YY| i,

Because of the near cancellation of Z1 and Pl, they are
omitted from the model and the circuit is approximated by
the single pole, P2. As an alternative to the quadratic solution
above, a convenient approximation for the poles may be em-
ployed whereby

P1

-(R637! + R6471) C40™!

P2 = -(R[' +R637T) C417!

This approximation yields -297 and -967 for P1 and P2.

il. Tachometer Lead Network

The calculation of the tachometer lead network pole and
zero is simplified by partitioning the circuit and replacing the
tachometer network by an equivalent source resistance, Rg.
The lead pole and zero frequencies thus become

PL1 = - (Rg +R65 + R66) [(R, + R66) R65 C42] 7

ZL1 = - (R65C42)7!

where RS = [RS‘T} + R&l + (R63 + R64)—1 ] -1 .



Numerical results are

PL1 = -82.38 for azimuth
PL1 = -84.01 for elevation
ZL1 = -5.00 for both axes

lll. Rate Loop Compensation Amplifier

The simplified schematic circuit diagram of the rate loop
amplifier and the tachometer lead network is shown in Fig. A-2
where Rg is the network source resistance discussed earlier.
Using the infinite summing junction gain approximation, the
high frequency voltage gain of the circuit is the ratio of feed-
back to input impedances where the reactances of the capaci-
tors are zero. This high frequency gain is subsequently cascaded
with the zero/pole ratios of the input and feedback networks
to derive an overall transfer function. Thus

VRA - R53
IQT (RS + R66)

The circuit pole and zero corresponding to the feedback net-
work are derived using Cramers method of solution of the
circuit loop equations applicable to the infinite gain approxi-
mation. Solution of the equations yields for the pole and zero
frequencies

R50
R51

PR1 = -C31~! [ R50 + R52 (1 +

ZR1 = -C317! [R53~! + (R52 + R50 R51) (R50 + R51)] ~*

Numerical results are

PR1 = -0.238 57!

ZR1 = -4.47s7!

The voltage transfer function of the tachometer lead network
and the loop compensation amplifier thus becomes

VRa _  =R53(s—ZL1)(s - ZR1)
R, * R66) G - PL) (s - PRT)

)

_ =761 (s +50) (s + 4.47)
+0238) (s +82.4)

IV. Valve Driver Ampilifier

The equivalent circuit of the valve driver amplifier is shown
in Fig. A-3 where V¥, is the input voltage from the rate ampli-
fier and I;, is the output current in the hydraulic valve load.
The Q1, Q2 complementary transistor emitter followers are
represented by the unity voltage gain block. Using the infinite
gain approximation for the operational amplifier, neglecting
the gain-bandwidth product, and including the phase inver-
sion of the op-amp, the circuit transconductance becomes

Lo -1 _ 1217
V., (RISRA3CI8G-PVI) G +303)

where PV1 = (R36 C18)~! = -303.

V. Rate and Acceleration Limiters

The equivalent circuits of the rate and acceleration limiters
are shown in Fig. A-4 where Vg, represents the rate input
command voltage from the external digital to analog converter
in the antenna servo controller and Vg, represents the limiter
output.

The voltage scale factor at Vg is derived from the equi-
librium condition where a Vg, input command is opposed by
a tachometer input, V, . (see Figs. A-1 and A-2) such that their
difference results in a value of ¥V, sufficient to produce the
desired rate. This difference is inversely proportional to the
negative loop gain of the rate loop at DC, K. Thus, using
R38/R23 as an approximation to the DC transfer function of
the limiter circuit,

AT DC "AT

(R65 + R66) (R23R15)  (R65 + R66)

vV, —VRCRBS _ -K__V

from which
—1~ (RI5 R23
el x50y (RIS R3)
RC (R65 + R66)

with the loop gain K, = 40 and V. = 19.48 volts/deg/sec.
Normal variations of the rate loop gain about the typical
value of 40 will result in errors of negligible proportion relative

to the uncertainties of tachometer and hydraulic valve gains.

The acceleration amplifier U7 with feedback network R32
and R33 is equivalent to a voltage gain with a single real
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pole resulting from the gain-bandwidth product of the LF356
operational amplifier. Neglecting terms in the operational
amplifier gain, 1/A, the closed-loop voltage gain and pole fre-
quency become

Yo L R33
Vec R32
R32

A RS ¥5))

With R32=1.0K, R33=1.0 M, and GBW = 1.0 MHz

v
VLL = 1001
RC

P, = -6280

The acceleration voltage limiter threshold, ¥, ; 1, is the sum
of the forward and zener voltages (0.7 + 6.8) of the IN5526
Zener diodes, CR1 and CR2.

The action of the rate limiter is represented in Fig. A-4 by
the limiter block in parallel with capacitor C24. Typical set-
tings of the adjustable limiter correspond to a rate limit of
0.25 deg/sec which, using 19.48 volts/deg/sec, equals a 4.87
volt limit at V. The actual setting of the acceleration limit
adjustment R37 can be calculated from the nominal compo-
nent values and an assumed adjustment to 0.20 degrees/sec?.
Using the equation for the integrator transfer function
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where R, is the actual input resistance, R39 plus the adjusted
value of R37

R, .=V

d -1
N AL (C24——V )

dt RL

Substituting the acceleration limit threshold voltage, 7.50, for
V, ., 19.48 volts/sec per deg/sec multiplied by 0.2 deg/sec? for
d/dt Vg, ,

R, = 750(19.48-02 C24)"! = 1.925 MQ

from which the center value of R36 is 325 k{2 for an accelera-
tion limit of 0.2 deg/sec?.

Neglecting the high frequency pole, £, , the transfer func-
tion from the rate command to ¥, becomes
L

R38 R33
Vi _ 19.48 ((R23 ¥ R38)> (1 * @)

) R38 R33
RC W= ittt -1
T+ ((R23 n R38)) (1 ¥ R32) Ry C245)

which, due to the high value of loop gain, can be approxi-
mated by

Var

5 " 1948R,, C24s = 38.50 volts/degree/sec?
RC
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A New Algorithm for Modeling Friction in
Dynamic Mechanical Systems

R. E. Hill

Ground Antenna and Facilities Engineering Section

A new method of modeling friction forces that impede the motion of parts of dynamic
mechanical systems is described. Conventional methods in which the friction effect is
assumed a constant force, or torque, in a direction opposite to the relative motion, are
applicable only to those cases where applied forces are large in comparison to the fric-
tion, and where there is little interest in system behavior close to the times of transitions
through zero velocity. This article describes a new algorithm that provides accurate deter-
mination of friction forces over a wide range of applied force and velocity conditions.
The method avoids the simulation errors resulting from a finite integration interval used
in connection with a conventional friction model, as is the case in many digital computer-
based simulations. The new algorithm incorporates a predictive calculation based on ini-
tial conditions of motion, externally applied forces, inertia, and integration step size. The
predictive calculation in connection with an external integration process provides an accu-
rate determination of both static and Coulomb friction forces and resulting motions in
dynamic simulations. Accuracy of the results is improved over that obtained with conven-
tional methods and a relatively large integration step size is permitted. A function block
for incorporation in a specific simulation program is described. The general form of the
algorithm facilitates implementation with various programming languages such as Fortran
or C, as well as with other simulation programs.

July-September 1988

l. Introduction

Recent interest in certain limit cycle oscillatory modes of
operation of the 70-m antenna at DSS 14 has intensified the
need for dynamic analysis and simulation of the axis servos.
Limit cycle oscillations of phyiscal positioning systems, such
as the antenna axis servos, result from nonlinearities associated
with the position sensors and the control actuation devices. To
support limit cycle investigations it is necessary to model and
simulate all the identified nonlinearities in the system. Because

of the large magnitude of axis friction, which equals roughly
20 percent of the maximum available control effort, accurate
modeling of friction effects is of critical importance.

The basic physical laws of friction are discussed in numer-
ous textbooks on mechanics and are briefly summarized here.
First, the friction force between two bodies lies in the tangent
plane of the contact point between the bodies. In the absence
of relative motion, its magnitude is less than or equal to the
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product of the normal force between the bodies and a con-
stant coefficient of static friction. Relative tangent plane
motion between the bodies cannot commence until an exter-
nally applied force exceeds the maximum magnitude of the
friction force. Second, the Coulomb (as opposed to viscous)
friction in the presence of relative motion between the two
bodies, the friction force equals the product of the normal
force and a coefficient of friction which may be different from
the static coefficient and is in a direction opposite to the
relative motion.

In those applications where the normal force is constant
and static friction forces are of no great concern, the friction
force can be modeled by a constant force directed opposite
the relative motion. This conventional model combined with
an inertia is illustrated in transfer function form in Fig. 1
where motion is restricted to a single coordinate. The non-
linear function block in Fig. 1 has three possible outputs: a
unit amplitude with algebraic sign the same as that of the
velocity; x, (when x is nonzero); and zero output for zero x.
The constant of multiplication, F, in the constant block is
the product of the normal force and the friction coefficient.
The net input force to the integration block is thus equal to
the difference between the applied force and the friction
force.

By inference, the behavior of the model of Fig. 1 can be
predicted for a number of simple cases. First, when the applied
force is zero and the initial rate of motion is nonzero, the
motion will decay to zero under the influence of friction.
Next, when the applied force exceeds the magnitude of the
friction, the motion will accelerate in direct proportion to the
difference between the applied and friction forces. For these
two cases the model is seen to provide a reasonable representa-
tion of motion in the presence of friction. Examining next the
case where the applied force is less in magnitude than the fric-
tion and the initial rate is zero, the model is seen to deviate
from the physical law because the modeled friction force is
zero for the zero rate condition and an erroneous acceleration
of the inertia results.

Assuming the conventional model is evaluated using fixed
step size numerical integration, the zero rate case above pro-
duces a friction force which, because it exceeds the applied
force, causes a rate reversal and leads to a sustained oscillatory
process. While the amplitude of the rate excursions can be
reduced through a reduction of integration step size, it will be
seen that regardless of step size, the rate oscillates about a non-
zero mean due to the nonzero input applied force. A special
computation is thus necessary to determine a step size suffi-
ciently small to control both the mean and amplitude of rate
error, In the 70-m antenna axis servos the ratio of friction to
inertia is 102 millidegrees/sec? (1.77 milliradians/sec?) for the
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azimuth axis and roughly 1.5 times that ratio for elevation. It
can be shown that controlling the above rate errors to less than
0.1 mdeg/sec requires a step size of roughly 1.0 msec, which is
unreasonably small and leads to excessive computation time
and data storage for small computer-based simulations.

ll. Derivation of Equations for Modeling
Friction

From the foregoing discussion it is evident that accurate
computer modeling of motion involving friction is based on
knowledge of both the applied force and the velocity of the
body influenced by the friction. The velocity determination
is thus an essential adjunct of any friction model. When that
velocity is determined by a finite step size integration process,
the effects of friction reversals resulting from mid-integration-
step zero crossings of velocity must be considered. The model-
ing problem thus becomes the determination of net effective
impulse such that the velocity change resulting from the finite
step integration is reasonably accurate.

The derivation of the equations for modeling friction is
equally applicable to translational or rotational systems. For
rotation, the derivation assumes a slowly varying externally
applied torque to a constant inertia body in the presence of
both static and invariant Coulomb friction and a known,
fixed integration interval. The following conditions are con-
sidered separately.

(1) The applied torque is greater than the static friction
torque and the inertia is initially at rest.

(2) The applied torque and initial rate are such that the
rate of motion will not reach zero within the next inte-
gration interval.

(3) The applied torque is less than the static friction and
the initial rate of motion is such that the rate will reach
zero within the integration interval.

(4) The applied torque is greater than the static friction
and the initial rate of motion is such that the rate will
reach zero within the integration interval.

For Condition (1) above, the net torque acting on the inertia is
simply the applied torque diminished in magnitude by the
Coulomb friction torque. The effective friction torque, Ty isa
constant with direction opposite to the applied torque

Tf = - F -sign (Tap) 8
for 6 = 0and IT,,|> F, where F, is the Coulomb friction tor-
que, the sign function is unit amplitude with the algebraic sign
of its argument, T, is the applied torque, and 6 is the rate of



motion. The use of the Coulomb rather than the static value in
this case is based on the assumption of an instantaneous transi-
tion from the static to the sliding friction case. It will be seen
that this assumption results in a minimum net torque equal to
the difference between the static and Coulomb values. The
resulting rate impulse can be adjusted to better comply with
known physical behavior by selection of the integration step
size.

The necessary condition for (2) above is determined from
the equation of motion in the presence of friction

6(r) = 6(0)+ (17) (T, + Tt @)

where for rotational motion, J is the inertia moment, é(t) is
the rate at time 7, T, is the applied torque and T, the fric-
tion torque. Substituting -F, - sign(9) for the friction, T},
solving for 8(¢,,) = 0, and dividing by the integration step
size, t;, yields

> 5 fs

L -J 6(0)
3 T,,-F,. sign [6(0)]

1 a

(3

Negative values of ¢,./t; imply a level of applied torque in
excess of the friction and in the same direction as the rate.
Positive values imply an applied torque either in a direction
opposite the rate, or having a magnitude less than the fric-
tion, or both. A negative or unity or greater than unity value
of t,.[t; is a necessary and sufficient condition for Condition
(2) above. The net torque in this case is the algebraic differ-
ence between the applied and friction torques where the fric-
tion is opposite in direction to the rate.

T, = -F, - sign(6) 4

fort, /t;<0or ¢, /t;=1.

In Condition (3) above, the rate will reach zero at some
time within the integration interval and the applied torque
will be insufficient to produce a rate in the reversed direction.
Because the net torque acts on the inertia for the full interval,
it must then decelerate the inertia to precisely zero rate at the
end of the interval. The required net torque and necessary con-
ditions are thus

Tpop = —— (5)

for (T, <F,and 0 <1, /t;<1.

In Condition (4) above, the applied torque is sufficient
to overcome the static friction level and reverse the rate within
the integration interval. The actual friction torque in the
physical system will thus reverse coincidental with the rate
reversal. The effective friction torque is obtained by averaging
the instantaneous friction torque over the integration interval.
Thus

~
It

t

13

A [toc - (tz' - Z‘oc)]
P -F, sign(@) | ——F—

(6)

~
1

t
-— . ol N - oc
f F_ +sign®) [1-2 (T)

i
for lTapI >F and 0<¢,./t;<1.

If the initial rate is zero and Condition (1) above is not
satisfied, the friction equals the applied torque and the net
torque becomes zero. Further, since Conditions (1) through
(4) encompass all possible torque and rate conditions of
interest, Eqs. (1) through (6) together with their conditions of
applicability form the basis for defining effective friction
torque and the net torque.

lil. Application to Practice

A function block incorporating the logic and equalities of
Egs. (1) through (6) was developed for incorporation into a
dynamic simulation model of the 70-m azimuth axis servo
using MATRIXx, a copyrighted software program from Inte-
grated Systems, Inc. for simulation of dynamic systems. The
friction model utilizes four general equation building blocks
and one standard function block from the MATRIXx utilities.
Because the simulation program does not facilitate conditional
branching in function blocks, it was necessary to structure the
algorithm to employ eight logical variables whose one/zero
values define Conditions (1) through (4) discussed in relation
to Egs. (1) through (6). The logical variables are then used in
one equation for the net torque.

The algorithm inputs are U1, applied torque, U2, output
rate from an adjoint integration process, and U3, a unit vari-
able with the algebraic sign of U2. The output is Y22, the
net torque to the integrator. Parameters are the static and
Coulomb friction levels, F; and F_, the inertia moment, J,
and the integration interval ¢;.

The computations are grouped in function blocks as shown
in Fig. 2 to avoid intermixing relational and arithmetic opera-
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tors. The logical assignments use the convention where the
lefthand variable is true (one) if the righthand condition is
satisified, and false (zero) otherwise. A listing of variables and
equations is provided below.

Friction logical variables

YY1 = U1>F,
YY2 = U1<-F,
YY3 = U2>0
YY4 = U2< 0

YYS = Ul>F andnot(YY3or YY4)
YY6 = Ul <~F_ and not (YY3or YY4)

YY7 = YYlorYY2

Numeric variables, YV1 = critical torque, YN2 = ¢, /¢,

i

YN1 = U2 L
L
_ YN
YN2 = U3F, -U1
Logical variable

YY10 = YN2>0and YN2<1

Algebraic friction equation

Y21 = 2+ YN2-1)F,

Y22 = [YY3 (Ul - Y21)+ YY4 (UL +Y21)] YY7 - YY10

+[YY3(UL-F)+YY4(U1 +F,)] (1-YY10)

+YYS (Ul -F)+ YY6 (U1 +F)

—-(1-YY7T)YY10 - YN1
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IV. Simulation Test Resuits

Performance of the conventional friction model of Fig. 1
and the new model of Fig. 2 was compared in a dynamic simu-
lation of the 70-m azimuth axis position servo. To simplify the
simulation results, the flexible dynamics of the antenna struc-
ture were replaced with equivalent rigid-body parameters,
thereby reducing the dynamic system to eighth order. The sim-
ulations are otherwise representative of actual system perform-
ance. The system excitation was a small (1.0 millidegree) posi-
tion step transient. The control torque, measured in units of
psi of hydraulic differential pressure, and axis rate in milli-
degrees/sec were recorded for comparison. The simulation was
run for a total time of 5.0 sec with a 10 msec integration step
size for both friction models. Results for the conventional
model are shown in Fig. 3 and for the new model in Fig. 4.

The position loop dynamics simulated are such that the
control torque changes slowly in response to the small tran-
sient applied here. The oscillatory behavior of the conventional
friction model is evident during the intervals when the applied
torque is less than the friction. The nonzero mean rate during
these intervals is erroneous as the rate should be zero until the
applied torque exceeds the 400 psi friction threshold. The
irregularities on the rising and descending portions of the tor-
que graph appear to be the spurious result of the oscillations
coupling back through the rate loop.

The new friction model produces smooth torque transitions
and zero rate in the intervals between the static friction levels
(425 psi) in conformance with expectations based on the
physical laws of friction. The ripple in the rate result is most
likely the 7.0-Hz mode of the gear actuator stiffness included
in the model.

V. Summary and Conclusions

An improved method for modeling dynamic motion in the
presence of friction has been described. Simulation test results
demonstrated that the anomalies of more conventional meth-
ods are corrected without increasing computer processing
time. While the new algorithm is based on an external Euler
integration, it should be capable of extension to incorporate a
trapezoid- or possibly a polynomial-based integration method.
The increased complexity of the predictive calculation with a
polynomial integration may, however, negate any advantage
to be gained with the more efficient integration methods.
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This report presents the computational results of a comparison of maser materials for
a 32-GHz maser amplifier. The search for a better maser material is prompted by the rela-
tively large amount of pump power required to sustain a population inversion in ruby at
frequencies on the order of 30 GHz and above. The general requirements of a maser
material and the specific problems with ruby are outlined. The spin Hamiltonian is used
to calculate energy levels and transition probabilities for ruby and twelve other materials.
A table is compiled of several attractive operating points for each of the materials ana-
lyzed. All the materials analyzed possess operating points that could be superior to ruby.
To complete the evaluation of the materials, measurements of inversion ratio and pump
power requirements must be made in the future.

|. Introduction

This report describes the results of a theoretical evaluation
of several paramagnetic materials being considered for use in a
32-GHz maser amplifier. Previously, ruby has been very suc-
cessfully employed in 2.3- and 8.4-GHz masers [1], and in an
18- to 26-GHz tunable maser [2]. However, due to a mono-
tonically decreasing inversion ratio above 12 GHz for ruby (for
push-pull pumping) ruby becomes less favorable at higher fre-
quencies. The inversion ratio is defined as the ratio of the
inverted-spin population difference with the pump on to the
thermal-equilibrium population difference with the pump off,
and is determined experimentally by the ratio of gain (dB)
with the pump on, to absorption (dB) with the pump off.
Moore and Neff {3] and Shell (private communication) mea-
sured an inversion ratio of 1.1 at 32 GHz. In a recently com-
pleted reflected-wave maser [5], the inversion ratio was esti-
mated to be 0.7 to 0.8. This low inversion ratio was a contrib-
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uting factor to the reduced gain-bandwidth of the maser com-
pared to a similar 22-GHz maser [31] in which the inversion
ratio was at least 1.6. Theoretical calculations of spin-lattice
relaxation rates [29] suggest that the low inversion ratio
(I = 1) is inherent in ruby at this operating point (‘operat-
ing point’ refers to a given dc field strength, crystal orienta-
tion, and pumping scheme). Hence, other paramagnetic
materials, as well as other operating points of ruby, are inves-
tigated as a first step toward finding the best maser material
at 32 GHz.

Before proceeding with the materials evaluation, two points
should be made. First, the inversion ratio in the 32-GHz re-
flected-wave maser (RWM) could probably be improved by
either using more pump power or by using a maser structure
with a higher Q at the pump frequency. In the former case,
heating of the maser due to microwave losses will degrade the



gain and noise temperature performance, but to what extent
is unknown. In the latter case, the resonant structure would
significantly reduce the tunability of the RWM, but would
improve the pump power coupling over a still useful instanta-
neous bandwidth. However, even with these engineering
improvements, the inversion ratio would still only approach
unity.

The second point is that the inversion ratio, even though
central to the evaluation of a maser material, cannot be
accurately addressed by the methods presented here. It is
believed that the low inversion ratio of ruby at the 32-GHz
RWM operating point is a result of an unfavorable set of spin-
lattice relaxation rates. These relaxation rates and the corre-
sponding inversion ratios have been calculated, but, due to the
complexity of the calculations, will be presented in a future
report.

In Section II the requirements of a maser material are dis-
cussed, including the difficulties with ruby. A list is provided
of the materials evaluated. In Section III the use of the spin
Hamiltonian to calculate energy levels and transition proba-
bilities is outlined. In addition, limits on the inversion ratio
and a material figure-of-merit are discussed and the method of
computation is reviewed. In Section IV a table of several
promising operating points is presented for each of the mate-
rials analyzed. The conclusions are presented in Section V.
The Appendix contains a table of measured relaxation times
obtained from the literature for several materials of interest.

il. Maser Material Considerations

The choice of a maser material is the single most important
factor in maser design. The maser material consists of a non-
magnetic crystalline lattice lightly doped (0.01-0.1 pereent)
with paramagnetic ions. Detailed discussions of suitable para-
magnetic ions and host crystals are given elsewhere [6], [7].
Here, only an outline of the necessary and desirable material
properties is given.

The most common paramagnetic ions are transition metals
and rare earths, because of their unfilled 3d and 4f electron
shells. To operate in CW mode, the ion should possess an orbi-
tal ground state with three or more spin levels. This eliminates
most of the rare earths. The additional requirement of a negli-
gible nuclear magnetic moment (a source of inhomogenous
broadening) reduces the possible jons to Cr3+, Fe3*, Ni2*, and
Gd3*. (Actually, it is not clear that such broadening would
adversely affect a maser with an inhomogenous applied field.)
Only Cr and Fe are considered here, as they are by far the
most common choices of active jons. The electronic configura-
tions of Cr3* and Fe3* are 3d3 and 343, respectively. The cor-

responding free-ion ground states are 4F 32 and 6S3 2 Hence,
Cr3* has four spin levels and Fe3* has six.

The host crystal must be non-magnetic, non-metallic, and
available in large single crystals of a high degree of perfection.
The material should have a sufficiently high thermal conduc-
tivity and small loss tangent at liquid helium temperatures and
microwave frequencies to minimize heating of the lattice. To
facilitate the microwave engineering, the crystal should possess
a relatively isotropic and temperature-independent dielectric
constant. Finally, the material should be machinable and
chemically stable, and be able to withstand thermal cycling
between liquid helium and room temperatures.

The active ion substitutes for one of the metal ions in the
crystal lattice. The local crystal electric field seen by the
ion splits the highly degenerate orbital ground state into de-
generate pairs (assuming the number of spin levels is even).
This splitting of spin levels due to the crystalline electric field
is termed the zero-field splitting (ZFS). The ZFS must be large
enough to permit pump-induced transitions between non-
adjacent spin levels. As a rule-of-thumb, the ZFS should be of
the same order of magnitude as the signal frequency.

Another very important material parameter is the spin-
lattice relaxation time, which describes how long spins remain
in an excited state before returning to thermal equilibrium
with the lattice. At microwave frequencies, spin-lattice inter-
action is the dominant spin relaxation mechanism. For rela-
tively low concentrations of paramagnetic ions (<0.05 percent)
and at liquid helium temperatures, the most significant spin-
lattice interaction is thought to be the Kronig-Van Vleck
mechanism [8], in which lattice vibrations induce transitions
between spin states, and spin-spin interactions are neglected.
The spin-lattice relaxation times of the various transitions
must be long enough (3 msec) to permit saturation of the
pumped levels with a reasonable amount of pump power.
Impurities, ion clustering, and dislocations (all of which are a
function of the crystal growth procedure) can shorten relaxa-
tion times, so pure, defect-free crystals are preferable.

Another material parameter is the (unbroadened) linewidth
Af; of the material. At liquid helium temperatures, Af; is
determined primarily by spin-spin interactions and is inversely
proportional to the spin-spin relaxation time, which is the
average length of time between random dephasing “collisions”
of neighboring spins [9]. The linewidth is usually within the
range of 10-100 MHz for solid-state maser materials. For linear
stagger-tuned masers of bandwidth > Af] | Af; can be shown
to have no first-order influence on the gain-bandwidth proper-
ties of the maser (see Section III). However, if the taper is
along the length of the material, a material with a smaller Af;
may exhibit a larger noise temperature at one end of its band-
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pass [9]. At present, it is not understood how Af; impacts
pump power requirements.

Finally, many materials possess two or more magnetically
inequivalent sites (i.e., sites having different spectra) for the
active ions to occupy, thus decreasing the density of useful
ions. (Gain in dB is proportional to spin density.) In most
materials, certain orientations exist for which these sites be-
come equivalent. For such materials, only these orientations
will be analyzed.

As mentioned in Section I, difficulties were experienced
using ruby at 32 GHz. A relatively low inversion ratio was ob-
tained for the orientation employed in the 32-GHz RWM. The
pump transitions in ruby at this orientation are quite weak,
making it difficult to saturate the levels. This is a result of the
small zero-field splitting (ZFS) of ruby: ZFS =11.4 GHz, which
is only about one-third of the signal frequency. To obtain
sufficient separation between spin levels for amplification at
32 GHz, a relatively large magnetic field (11.8 kG) must be
applied. This field becomes the dominant influence on the
spins, far exceeding the effects of the local crystal field. Under
such conditions, the spins in the lattice assume nearly pure-
spin characteristics, as if the Cr ions existed freely in the
magnetic field. The selection rules of quantum mechanics
allow transitions only between adjacent pure-spin states [10],
thus leading to a small stimulated transition probability for
the pump transitions in ruby. A material with a larger ZFS will
in general have stronger pump transitions and will therefore
better absorb the pump power, all other factors remaining
the same.

The materials analyzed in this work are listed below. Details
of the crystal structure, orientation of magnetic axes, spin
Hamiltonian, and site equivalence are given in the references.

Ruby (Al,04:Cr) [11]
Emerald (Be;Al, Si;0,4:Cr) [12]
Spinel:Cr (MgAl, O, :Cr) [13]
YAG:Cr (Y,Al;0,,:Cr) [14]
YGG:Cr (Y,Ga 0,,:Cr) [14]
Rutile:Cr (TiO,:Cr) [15]
Zinc Tungstate:Cr (ZnWO, :Cr) [16]
Andalusite:Cr (Al,SiO4:Cr) [17]
Yttrium Oxide:Cr (Y,0,:Cr) 18]
Rutile:Fe (TiO, :Fe) [19]
Zinc Tungstate:Fe (ZnWO, :Fe) [20]
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Andalusite:Fe (Al,SiO4:Fe) [21]
Sapphire:Fe (Al,O;:Fe) [22]

lil. Evaluation of the Spin Hamiltonian and
Associated Parameters

The spin Hamiltonian H_ describes the interaction of the
electron spin of the paramagnetic ion with the local crystal
field and with the applied magnetic field. Evaluation of H
allows calculation of the energy levels and transition probabili-
ties for the spin system of a singlet orbital ground state ion in
a radiation field. Detailed discussions of the spin Hamiltonians
may be found in the literature [8], [23]. Berwin [24] givesa
detailed derivation of the spin Hamiltonian based on the for-
mulation of Bleaney and Stevens [23] for ruby. In [25],
Berwin discusses the spin Hamiltonians for several of the
materials listed in Section II.

For most materials of interest, the assumption of an “inter-
mediate” crystal field is made, meaning that the interaction
energy of the crystal field with the ion falls between the
Coulomb and spin-orbit interaction terms. In deriving H, the
spin-orbit and Zeeman terms are treated together as a pertur-
bation on the singlet orbital ground state. The absence of
orbital degeneracy is sufficient for quenching of the orbital
angular momentum L [8]. That is, to first-order, L is equal to
zero, so the jon behaves in a pure-spin-like manner. Up to a
second-order perturbation, the spin-orbit coupling admixes the
singlet ground state with higher-lying orbitals, restoring some
of the orbital angular momentum. This second-order effect is
the source of the ZFS.

For ruby, the spin Hamiltonian has the form [11]
= pAR . O 2
H_ = gBB-S+DS; 0]

where the spectroscopic splitting-factor is g~ 2 (g=12.0023
for pure spin), 8 is the Bohr magneton, B is the applied dc
magnetic field, and

§=5%8 +75,+78, )

is a vector of spin operators. The spin operators describe the
observable properties of the paramagnetic ion spin states and
may be conveniently written in matrix form [10]. The Carte-
sian directions are along the principal axes of the magnetic
complexes. These axes, usually expressed in terms of the crys-
tallographic axes, are used to describe the symmetry of the
magnetic resonance spectrum. The orientation of B is ex-
pressed by the usual azimuthal and polar angles, ¢ and 8. The
constant D determines the ZFS and reflects, in principle, the



extent of admixing with higher lying orbitals. This spin Hamil-
tonian exhibits axial symmetry about the magnetic z-axis and
has a ZFS = 2| D|.

For magnetic complexes of lower symmetry, additional
spin operator terms may be needed to accurately specify the
resonance spectrum; e.g., (S2 - S2) and (S + S§ +57), the
so-called orthorhombic and cubic terms [26] . The form of the
required spin operator terms can sometimes be determined
from crystal field theory through the use of equivalent oper-
ators, as discussed in [24] . However, the crystal field approach
usually assumes ionic bonding and neglects covalency effects.
The fact that the coefficients of H, and quite often the form
of H , must be determined experimentally (by fitting to EPR
data) is quite likely a result of this assumption.

Given an H_, one can solve for the spin energy levels and
eigenstates by solving:

H 1Y) = E 1y i=1,2,...,25+1

(3

where | ¢,) is usually written as a linear combination of pure-
spin states,

19,) = alS) + bJS-1)+ ... +r]-S) @

and where £ is the energy of the ith level, and S is the spin of
the ion. The labeling of the pure-spin states is identical to the
labeling of states for a large applied field. Equation (3) is most
easily solved by expressing it in matrix form and using the
usual matrix methods to solve for the eigenvalues and eigen-
vectors of H. Note that H is Hermitian.

Knowing the eigenstates, one may then calculate the rate of
stimulated transitions due to an RF magnetic field & 1- Apply-
ing Fermi’s golden rule, the probability of a transition between
states / and j is [9]:

!
W, =g

Yg(f) 1<y,\gBS - H 1y} ()
where v = gfu,/h, and g(f) is the line shape (as a function of
frequency) for the transition. The term sandwiched in the
matrix element is the magnetic dipole interaction energy.
Since non-spin operators may be removed from the matrix
element in Eq. (5), it is convenient to define the vector
quantity

0, = WIS 1Y) ®)

The vector components are defined by the relation:

0,.].

(@ X+, 7 +7,2) M

l\)l»—-‘

where a, §, and v are in general complex numbers. Noting
Eq. (4), a, 8, and 7y are easily evaluated for any number of spin
levels; in [24] the results for a 4-level spin system are given.

As a means of comparing the relative strength of transitions,
Siegman [9] has defined the quantity
B3 H
0" = (®)
|H 12

The stimulated transition probability can then be written as:

_1 2 2 2
W, =7 e)IH 1"} )]

EN|

The absolute maximum value of ¢2 is obtained by using RF
fields that are polarized such that H, is paralled to o. This
value of o2 is given by the trace of 0™ [9], which has the
value:

(P = (1P + 1817 + 71 (10)

This expression will be used to compare transition strengths.
This formulation does not consider whether or not the pre-
scribed polarization of H, is achievable in a given microwave
circuit.

The gain of the maser is obviously of central importance
and involves several important material parameters. The gain
in dB of an unbroadened RWM or TWM [9] is

_ sf
Gup = 273@; (11)

where s is the slowing factor, £ is the maser length in free-space
wavelengths, and Q,,, is the magnetic Q of the maser material.
The magnetic Q is defined as

energy stored in material
energy emitted per cycle by material

0, =
(12)
Assuming 2L << 1 (2% ~ 1/3 for f = 32 GHz, T = 4.2 K), the

reciprocal of Q,,, may be expressed as [9]

1 R W Iotm, N 13)
0, ™, kT Af, no.oflevels
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where 7 is the inversion ratio, n is the filling factor, and &V is
the spin density. The filling factor accounts for the fraction of
RF field in the material and the degree to which the field is
optimally polarized; its value varies between O and 1. The spin
density is determined by the concentration of paramagnetic
ions; for 0.05 percent Cr concentration in ruby, N=2.35X 1019
spins/cm3. From Egs. (11) and (13), we may express G4p in
terms of material parameters as:

Ia®*N
GdB ¢ AfL * no. of levels (14)

The inversion ratio is defined as

I= AN” (1s)
ji

where AV;; = N; - N, is the thermal-equilibrium population
density-difference, and An;; is the population-density differ-
ence under pumped conditions. To determine [ for the signal
transition of a multi-level spin system, one must solve a set of
rate equations that accounts for both stimulated transitions
and spin relaxation [9]. These rate equations may be simpli-
fied by assuming steady-state conditions and saturated pump
levels, and by neglecting the influence of the incoming signal.
Since the relaxation rates are not known (this issue will be
addressed in the aforementioned future report), the rate
equations cannot be solved for the actual inversion ratio.
Instead, assumptions are made about the relaxation rates and
the corresponding / is determined. In one case, all relaxation
rates are assumed to be equal and the inversion ratio is defined
as Ioqyuq; An upper limit can be put on I by assuming an
optimum set of relaxation rates exist [9]. This is defined as
Iop,. Note that the actual inversion ratio may be less than
both Iop, and quua,, but for pumping schemes employing two
pumps, the actual inversion ratio often lies between /,,,, and
I, quar- Expressions for I, ,, and I, o, ., are easily derived from

e
the rate equations but will not be given here.

A maser material “figure-of-merit,” indicating the gain-
bandwidth potential of the material, was proposed [27] to be
Af;/Q,, - From Eq. (13), and considering only material param-
eters, we find that

AfL o Ig®N
0,, no. of levels

(16)

Hence, the figure-of-merit optimizes the product Gyg * Af; .
For the case of a linear stagger-tuned maser with bandwidth
Af >> Af; , one can show that the quantity on the right-hand
side of Eq. (16) optimizes the product G4 * Af.
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The computer analysis was performed on the JPL UNIVAC
(F-system) with a modified version of an existing Fortran code
[25] originally written for the analysis of ruby. The JPL
Fortran subprogram HERMQR! was used to compute the
eigenvalues and eigenvectors of H . The existing code was
modified to include the spin Hamiltonians of the other mate-
rials. Other small modifications were also made.

The inputs to the program are as follows:
(1) material

(2) range of 8 and 8-increment

(3) asingle value of ¢

(4) range of B and B-increment

(S) signal frequency window f; , fi;

(6) minimum allowed value for max (e, 8, ) for signal

transition, ¢,,;,
The code is run for a given material at a given ¢. Typical values
are & = 0 to 90 deg, A9 = 10 deg, 0 deg < ¢ < 90 deg, and
B =0 to 15 kG, AB = 0.5 kG. For a 32-GHz signal frequency,
the window was usually f; , = 31 GHz and f;; = 33 GHz. For
transitions falling within this range, o,,,;, = 1.0 was chosen.
The signal frequency window and o,,;, are used to pre-select
operating points, thus decreasing computer output.

The program outputs are the following:
(1) energy levels and eigenstates

(2) transition probabilities (both a, 38, y and ¢2)
Afp

afs

and figure-of-merit

Afg
(3) local values forﬁ and

(4) Iopt’quuab

Because of the large number of possible pumping schemes
(especially for the 6-level systems), the following guidelines
were employed in choosing schemes:

(1) signal transition is between adjacent levels
(2) use two pumps, when possible

(3) pumps can skip one level at most

These guidelines limit the pumping schemes to the usual ones
employed. Many other schemes are possible [9] .

LyPL Fortran vV Subprogram Directory, Fifth Edition, JPL Publication
D-829 (internal document), Jet Propulsion Laboratory, Pasadena,
California, July 1982.



IV. Results and Discussion

Table 1 compares several of the more promising operating
points of each of the materials analyzed, starting with ruby.
The materials are arranged in order of increasing ZFS; for
materials with S = 5/2, the ZFS of the lower degenerate states
is used. Across the top of the table is the material name and
operating point number. The first row of the table shows the
paramagnetic ion used. The second row gives the ZFS. Note
that all the materials have a ZFS larger than ruby. The third
row indicates the number of magnetically non-equivalent ionic
sites in the lattice; a “1” means that all sites are equivalent.
The fourth row gives the orientation of B in terms of the polar
and azimuthal angles, § and ¢, measured with respect to the
axes of the magnetic complex. If a value for ¢ is not given,
then the Hamiltonian is axially symmetric. For materials with
non-equivalent sites, 8 and ¢ are restricted to values for which
the sites are equivalent. The fifth row of the table gives the
magnitude of B. The fields do not exceed 14 kG for the oper-
ating points shown.

Rows 6, 7, and 8 list the signal and pump frequencies with
the corresponding transition levels shown in parentheses. The
signal frequency is always 32.0 GHz. The pump frequencies
vary roughly between 50 and 90 GHz. Larger pump frequencies
will in general yield larger values of /,,, and [, 4,4 On the
other hand, copper and dielectric losses increase at higher fre-
quencies, with the result that heating of the maser structure
may restrict the use of high pump power levels at high fre-
quencies for some materials. Note also that pump frequencies
within the same waveguide band simplify engineering issues.

Row 9 gives the value of Af,/AB evaluated near the operat-
ing point. For a maser tunable over a wide range, Af,/AB
should be of the same sign and of similar magnitude for the
maser material and the isolator material. Rows 10 and 11 give
values of Af,/Af (actually, Af,/AB - AB/Af,) for both
pumps. This parameter is indicative of the pump bandwidth
required for a given signal bandwidth, so it is preferable for
|Afp/Afs| to be as small as possible. For most of the operating
points Afp/Afs ~ 2, but several have values <1. Note that
Af/AB is evaluated as a simple two-point difference, with the
second point arbitrarily located 200 G from the operating
point. For strongly curved energy levels, these values may not
be accurate across the desired band.

Rows 12, 13, and 14 give g2 for the signal and pump transi-
tions for optimum elliptically polarized fields according to
Eq. (10). Recall from Eqs. (14) and (16) that G4p and the
figure-of-merit are proportional to ¢2, so as large a value of 0?2
as possible is desired. In general, 62 is a factor of 2- to 3-times
larger for the 6-level spin systems. Similarly, a large value of
012, is preferred, since the pump power required for saturation

is inversely proportional to 02. According to [29], the pump
power required for saturation will satisfy

fP ) AfP

Poump * ~a a7

where 7, is the effective pump relaxation time; 7, is not iden-
tical to the measured pump relaxation time. The values of 012,

in Table 1 span nearly two orders of magnitude.

Rows 15 and 16 show the inversion ratios for equal and
optimum relaxation times. The values of I, ,; and I, ,, are
similar for the various operating points, except when only one
pump is employed.

Finally, row 17 gives the material’s figure-of-merit, com-
puted in units of MHz, as

)
af, ) 561,,," 9, (18)

Qm no. of levels

This follows from Eq. (13) evaluated at f=32 GHz, T=4.2K,
n=0.5, and N = 2.35 X 10'? spins/cm3. Since the true inver-
sion ratio for a given operating point may be as much as a
factor of 3 or more smaller than Iopt, a detailed comparison
of figure-of-merits could be misleading.

Table 1 is by no means complete in the sense that one may
confidently select the best maser material from it. Two very
important parameters are missing: the actual inversion ratio
and the pump power, P, ., required to maintain that inver-
sion ratio. At present, both of these parameters must be
measured.

Since both [ and P,,,,, depend critically on relaxation
times, a table of relaxation times, located in the Appendix and
labeled Table A, was compiled from data found in the litera-
ture. Ionic concentration, frequency, orientation, and transi-
tion information is included. Because these parameters do not
coincide with pump operating-points of interest to us, and
because of the dependence of relaxation times on measure-
ment technique and crystal growth procedures [30], the data
in Table A could easily be an order of magnitude or more
different from what would be measured for the materials in
Table 1. Hence, the relaxation times in Table A are not used in
any calculations in this work, even though they are the best
values available to us at the present time.

Before discussing the many materials in Table 1, consider
the operating point in which ruby is presently being used at
32 GHz (first column of table, Ruby No. 1). The ruby is
oriented at the double-pump angle (6 = 54.7 deg) and pumped
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in the push-pull mode, so the pump frequencies are equal.
Scanning down the column, two potential problems can be
seen with this operating point. First, the pump bandwidths
are nearly twice the signal bandwidths, so if 500 MHz of
signal bandwidth is desired at 32 GHz, 1-GHz bandwidth must
be pumped at 66 GHz. To pump such a large bandwidth, the
pumps must be swept across the band, effectively reducing the
pump power at a given frequency. How detrimental this is
depends on the relaxation times of the pump transitions.

The second problem with ruby at this operating point is
the weak pump transitions: ¢Z, = 0.05 and 02, = 0.04 com-
pared to 02 = 1.92. For this reason, high levels of pump power
are used in the 32-GHz RWM, although the pumped levels are
still not saturated. Note that a small og does not preclude
good maser performance, as demonstrated by the 18- to
26-GHz maser of Moore and Clauss [2], [31] for which
ogl =0.07 and 0,2;2 =0.11.

The most significant problem with ruby, the low inversion
ratio, is not indicated by the table. Measured values of / for
the case of saturated pump transitions have been approxi-
mately 1.1 ([3], and J. Shell, private communication). (The
similarity to I, ,, = 1.1 does not necessarily mean that the
relaxation times are equal.) In the 18- to 26-GHz range, mea-

sured values of 7 have been in the range of 1.6 to 1.8 [2],

[31, [31].

Finally, from Table A it can be seen that ruby has long
relaxation times compared to the other materials. Hence, even
though 02 is small, the denominator of Eq. (17) remains large
enough for ruby to require large but manageable pump power.

Consider several other operating points in Table 1. Since
ruby has worked so well in the past, ruby at another orienta-
tion is an obvious candidate for a maser material. The second
column of the table, Ruby No. 2, shows ruby at § = 90 deg
and with a push-push pumping scheme. Even though o2 and
02, are weaker and the values for loquaqr and/,,, are less than
for Ruby No. 1, if the actual inversion ratio is >1.5, Ruby
No. 2 could yield a higher gain-bandwidth product. Some
investigators [4] claim Ruby No. 2 to be superior to Ruby
No. 1 at millimeter wavelengths because of a higher inversion
ratio and less critical orientation (less spreading of pump
power due to c-axis wander).

The sapphire host has many desirable properties, so Fe-
doped sapphire is a logical choice. For Sapphire No. 1, 03 is
2- to S-times stronger than that of Ruby No. 1 and 62 is 2- to
3-times that of Ruby No. 1. However, according to Table A,
the pump relaxation times may be an order of magnitude
shorter, implying that Sapphire No. 1 could require several
times the pump power of Ruby No. 1. Other investigators
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[28] suggest that the relaxation times of Fe-doped sapphire
are similar to those of ruby. If this is true, then Sapphire No. 1
could require several times less pump power than Ruby No. 1.
Measurements of the relaxation times and pump power re-
quired must be made to determine which scenario is correct.

Emerald has some similarity to ruby, having the same spin
Hamiltonian and potentially long relaxation times. If the
inversion ratio for Emerald No. 1 is 22, then this operating
point would be very attractive. A problem with emerald is the
difficulty of its growth, which may not allow the high degree
of crystal perfection necessary.

Zinc tungstate has a complicated H, large ZFS values, and
may have short relaxation times, making it quite different
from ruby. Cr-doped zinc tungstate has several promising oper-
ating points. In particular, ZnWO, No. 1 is attractive, assum-
ingl ~1 opt Fe-doped zinc tungstate exhibits a large number
of excellent operating points. For ZnWO, No. 3, 03 is 2- to
3-times greater than that of Ruby No. 1 and o2 is 100 times
that of Ruby No. 1. This large value of o2 raises the question

of whether it is preferable to have largpe 012, and small 7,
(ZnWOQ, No. 3) or small 012, and large 7,, (Ruby No. 1). Assum-
ing the product 0}, * 7, is constant, the pump power require-
ments will be similar, but in the former case more energy
would be transferred to the lattice. This could raise the tem-
perature of the maser material, thereby decreasing the gain;
however, this possibility has not been considered in detail.
Harmonic cross relaxation may be a problem for several of the
better operating points for ZnWO,:Fe. One similarity zinc
tungstate has with ruby is that it can be grown by the Czoch-

ralski method.

The rutiles appear promising, but the large, anisotropic,
temperature-dependent dielectric constant of rutile makes it
unattractive from an engineering standpoint.

One can easily see from Table 1 that many of the other
materials analyzed may make excellent maser materials, but
the lack of information on inversion ratios, pump power
requirements, relaxation times, etc., makes them difficult to
evaluate.

Another possibility, not addressed in Table 1, is to use
standard ruby doped with a fast-relaxing impurity. This addi-
tional impurity may be added in the melt or created in the
finished ruby by exposure to X-rays (so-called orange-ruby
[9]). A properly chosen impurity can shorten certain relax-
ation times, which, by making the times more optimal, can
increase the inversion ratio. However, the impurity would not
alter the ZFS, so the pump transitions would still be weak.

We hope to eventuaily make measurements of inversion
ratios, pump power requirements, and relaxation times at



32 GHz and around 60 GHz on several of the materials in
Table 1.

Other materials we would like to analyze but for which
we do not have the spin Hamiltonians are spinel:Fe and
chrysoberyl:Cr, Fe.

V. Conclusions and Future Work

Any of the materials analyzed in this work may yield better
maser performance than does ruby at 32 GHz at the double-
pump angle. However, several key parameters related to pump
power requirements may eliminate some or all of these mate-
rials. Based on results from the analysis of the spin Hamil-
tonians and on scanty (and unreliable) relaxation time data,
several materials show particular promise (e.g., Fe-doped zinc
tungstate).

To complete the materials evaluation, it will be necessary to
measure the inversion ratio and pump power required for
saturation for each operating-point of interest. Barring cross-
relaxation and other concentration-dependent effects, know-
ledge of the relaxation-times would be sufficient to calculate
both I and P, ymp- However, the subtlety of measuring
relaxation-times will most likely require that I and P, ., be
measured.

Better understanding of the low inversion ratio of ruby is
needed. By accounting for the spin-phonon interaction, one
can calculate the relaxation rates of the transitions for low
spin concentrations [29]. With these relaxation rates, the
inversion ratios and pump power requirements can be calcu-
lated for each operating-point of interest and for various
physical temperatures.
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Table 1. Promising 32-GHz operating points for ruby and other materials. The materiais are

arranged in order of increasing ZFS.

Material
Operating
Point Ruby Ruby Ruby Sapphire Sapphire YAG
No. 1 No.2 No. 3 No.1 No. 2 No. 1
Ion Cr Cr Cr Fe Fe Cr
ZFS,GH:z 114 114 114 12.1,19.1 12.1,19.1 15.7
No. of ionic sites 1 1 1 2 2 1
6, ¢, deg 54.74 90 90 90,45 60, 30 54.74
B, kG 11.81 13.50 11.20 9.50 12.44 13.27
/s GHz 32.0(32) 32.0(21) 32.0(32) 32.0(32) 32.0(54) 32.0(32)
fp1 66.2(13) 70.3(13) 57.6(13) 68.6(13) 77.3(13) 76.2(13)
fp2 66.2(24) 433(34) 689(24) 59924 66.1(35) 76.2(24)
Af/aB, MHz/G 29 28 2.7 2.8 3.0 2.9
Afpl/Afs 1.9 20 2.0 2.0 1.8 1.8
Afp;,/Afs 1.9 1.0 2.0 2.0 2.0 1.8
o2 1.92 1.51 1.97 6.87 5.64 1.62
agl 0.05 0.02 0.03 0.08 0.09 0.13
o2, 0.04 1.51 0.02 0.17 0.28 0.31
Iopt 3.1 22 2.8 3.0 438 3.7
qu“a, 1.1 0.7 0.9 1.0 20 14
Af; Q. MHz 83 4.7 1.7 19.2 253 8.4
Material
Operating
Point YAG YGG YGG Spinel Andalusite Andalusite
No. 2 No. 1 No. 2 No. 1 No. 1 No. 2
Ion Cr Cr Cr Cr Cr Cr
ZFS,GHz 15.7 20.9 20.9 29.7 32.0 320
No. of ionic sites 1 1 1 4 2 2
6,¢,deg 70 54.74 70 54.74 55,0 70,0
B, kG 13.40 13.96 13.35 13.15 12.94 13.00
[y GHz 320(43) 32.0(32) 32.0(43) 32.0(32) 3200332 32.0 43)
o 49.6 (12) 81.8(13) 53.3(12) 753(13) 74.2(13) 47.0(12)
fp2 69.7(24) 81.8(24) 70.7(24) 75.3(24) 75.8(24) 69.4 (24)
Af /AB, MHz/G 2.4 2.7 22 29 2.8 24
Afpl/Afs 1.2 1.9 1.3 1.8 1.9 1.1
Afp2 lafg 2.1 1.9 2.1 1.8 1.9 2.1
62 1.25 1.50 1.01 1.66 1.63 1.27
o2 1.52 0.16 1.54 0.28 0.15 1.53
o2y 031 047 0.55 0.13 0.31 0.31
Iopt 36 4.0 3.9 3.6 36 3.5
lequal 1.5 1.6 1.6 14 14 1.4
Afy 1Qy,, MHz 6.3 8.4 $.5 8.4 82 6.2




Table 1 (contd)
Material
Operating
Point Rutile Rutile Rutile Rutile ZnWQ, ZnWO,
No. 1 No.2 No.3 No. 4 No. 1 No.2
Ton Cr Cr Fe Fe Cr Cr
ZFS, GHz 43.3 433 433,813 433,813 51.6 51.6
No. of ionic sites 2 2 2 2 1 1
9,0, deg 45,0 54.74,45  52.55,40 71.12,70 40, 90 50,90
B, kG 12.78 14.06 9.35 11.71 9.78 13.10
fo, GHz 32.0(43) 32.0(32) 32.0(32) 32.0(43) 32.0(21) 32.0(32)
fp1 56.0 (12) 82.6 (13) 78.9 (13) 71.8(12) 54.1(13) 75.1 (13)
T2 654 (24) 826(24) 73324 81.4(24) 549(334) 884024
Afg/AB, MHz/G 2.0 26 28 3.7 2.3 1.9
Afpl/Afs 1.5 1.9 2.1 0.9 1.1 2.2
afp,/af; 2.2 1.9 2.1 2.1 1.8 26
o2 1.57 1.37 3.80 3.57 1.68 1.37
ok 1.18 0.48 0.67 3.31 0.53 0.31
o2, 0.37 0.30 1.55 1.01 0.57 0.61
Iopt 3.7 4.1 3.7 5.7 2.1 3.8
Loequar 1.4 1.6 14 26 0.5 1.5
Afy /Q,, MHz 8.1 7.9 13.1 19.0 4.9 7.3
Material
Operating
Point Emerald  Emerald ZnWO, ZnW0, Y,05 Andalusite
No. 1 No. 2 No. 3 No. 4 No. 1 No. 3

Ion Cr Cr Fe Fe Cr Fe
ZFS, GHz 535 53.5 61.0,76.9 61.0,76.9 72.7 112.6,225.2
No. of ionic sites 1 1 1 1 4 2
8, ¢, deg 40,0 54.74 90, 45 90, 45 40 30,0
B, kG 7.95 14.04 8.59 5.28 9.14 6.63
f.. GHz 32.0(43) 32.0(32) 32.0 (54) 32.0 (54) 32021 32.0 (21)
fp1 48.4(12) 86.1(13) 66.0(13) 67.9(13) 69.1(13) 107.3(13)
fp2 50.8 (24) 86.1(24) 67.4 (35) 57.6 (35) 88.3 (24) —
Afs/AB, MHz/G 35 2.2 2.1 =27 -3.32 4.78
afp, 18f; 15 2.2 -0.1 04 -0.16 -0.07
Afp2 /Af_v 0.3 2.2 2.1 -0.5 -0.72 -
o2 1.54 1.38 5.52 3.24 0.76 3.55
a2 0.13 0.66 3.01 3.17 0.73 2.32
o2, 0.59 0.19 291 3.51 131 -
Iops 26 43 43 3.8 36 2.0
equat 0.8 1.7 1.8 1.5 1.4 0.5
Afy 1Q, MHz 56 8.3 222 11.5 38 6.6
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Appendix
Table of Relaxation Times

This Appendix contains a table of relaxation times (T',) for ~ process or the relaxation time measurement technique, both of
various materials at 4.2 K. The paramagnetic ion concentra-  which may significantly alter the reported relaxations times.
tion, transition frequency, transition, and orientation are also ~ Hence, these relaxation times could easily be an order of mag-
shown. In addition, the literature references are included. Note  nitude or more different from what one might measure, and
that the table does not mention either the crystal growth  should not be used in calculations unless verified.

Table A-1. Measured relaxation times, T , for various materials at physical temperature T=4.2°K

Tonic Orientation, de;
Material concentration, Frequency, GHz . 0 »aeg Transition Tl, msec Reference
atomic percent ’
Ruby 0.03 346 90 3-4 21 [32]
2-3 16
1-2 22
2-4 54
1-3 56
0.013 35 90 2-3 15.5 [33]
0.052 2-3 17.5
Sapphire: Fe 0.03 346 90,0 4-5 1.8 [34]
‘ 3-4 1.6
| 2-3 1.5
\ 1-2 2.0
Emerald 4.9 x 1019 ions/cm3 9.3 0 3-4 9 [35]
90 1-2 8
3-4 11
ZnW0O,: Cr 0.005-0.3 9.2 90,90 1-2 =1.5 [36]
0.018-0.72 33 90, 90 1-2 ~0.5
0.08 X-band ? 5-6 ~0.3 a
1-2 ~1
Rutile: Cr 0.07 34.6 90, oY 1-2 . 4.5 [34]
3.4 } Site A 25
2-3 . 2.5
24 } Site B 21
Rutile: Fe 0.01-0.02 9.4 0,0 - ~2 [37]

1-2
3-4 =2

8)_ Orton, private communication with K. Standley and R. Vaughan.
bFor this orientation the jonic sites are inequivalent.
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The cryogenic noise temperature performance of a two-stage and a three-stage 32-GHz
HEMT amplifier has been evaluated. The amplifiers employ 0.25-um conventional AlGaAs/
GaAs HEMT devices, hybrid matching input and output microstrip circuits, and a cryo-
genically stable dc biasing network. The noise temperature measurements were performed
in the frequency range of 31 to 33 GHz over a physical temperature range of 300 K down
to 12 K. Across the measurement band, the amplifiers displayed a broadband response,
and the noise temperature was observed to decrease by a factor of 10 in cooling from
300 K to 15 K. The lowest noise temperature measured for the two-stage amplifier at
32 GHz was 35 K with an associated gain of 16.5 dB, while the three-stage amplifier
measured 39 K with an associated gdin of 26 dB. It was further observed that both ampli-

fiers were insensitive to light.

l. Introduction

Traditionally, the extraordinarily sensitive receiver systems
operated by the Jet Propulsion Laboratory’s Deep Space Net-
work (DSN) have employed ruby masers as the low-noise
front-end amplifiers. The rapid advances recently achieved by
cryogenically cooled high-electron-mobility transistor (HEMT)
low-noise amplifiers (LNAs) in the 1- to 10-GHz range are
approaching maser amplifier performance [1], [2]. In order to
address its future spacecraft navigation, telemetry, radar, and
radio science needs, the DSN is investigating both maser [3]
and HEMT amplifiers for its 32-GHz downlink capability.
This report describes the noise temperature performance of
the 32-GHz HEMT LNAs.

il. HEMT Device

Since one of the primary functions of the LNA is to mini-
mize the receiver system noise temperature, the characteriza-
tion and selection of HEMT devices is critical to the LNA’s
performance. The selection of the 0.25-um gate length con-
ventional AlGaAs/GaAs HEMTs was based on their previously
demonstrated reliability and exceptionally high gain and low
noise characteristics [4], [5].

The devices were fabricated on selectively doped AlGaAs/
GaAs heterostructures grown by molecular beam epitaxy
(MBE) with a Varian GEN II system on a 3-inch-diameter
GaAs substrate. The details of the material growth conditions
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are discussed elsewhere [6]. Figure 1 schematically illustrates
the cross section of the HEMT device. The HEMT wafer
exhibited a sheet carrier density of 8.1 X 1012/cm? with a
mobility of more than 75,000 cm?/V+sec at 77 K. All levels
were defined by electron beam lithography, and the T-shape
gates were fabricated using the PMMA/P(MMA-MMA)/PMMA
tri-layer resist technique [7] to achieve a low series gate
resistance.

For low-noise performance at cryogenic temperatures, the
HEMT device must exhibit good pinch-off characteristics and
high transconductance, g, . Good pinch-off characteristics are
achieved by strong confinement of the charge carriers to the
channel region with a sharp interface of high quality and a
large conduction band discontinuity. An enhanced g, at the
operating bias is obtained by a judicious choice of doping
concentration and space layer thickness [8]. An Al mole
fraction of approximately 30% is required for a large conduc-
tion band discontinuity, while the high g is achieved with a
4-nm spacer layer and a doping concentration of approxi-
mately 2 X 1018 dopant atoms/cm3. Although these values
will result in a high-performance room-temperature device,
at physical temperatures below 150 K the device will suffer
from I-V collapse [9] and exhibit the persistent photocon-
ductivity effect associated with the presence of deep donor
traps (called DX centers). In order to obtain excellent device
performance at cryogenic temperatures and to eliminate light
sensitivity, previous work [1], [8] has demonstrated that the
Al composition must not exceed 23% and the doping concen-
tration must be approximately 1018/cm3.

The data shown in Table 1, comparing two HEMTs with the
same Al mole fraction (23%) but different doping concentra-
tions in the n-AlGaAs layer, serves to illustrate the difference
between low-temperature and room-temperature device opti-
mization. Device A has an n-AlGaAs doping concentration of
1018/cm3, while that of B is twice as high. As expected,
device B exhibited a higher g, and associated gain than device
A, with approximately the same noise figure for both devices
at 300 K. However, at 13 K and 8.5 GHz, device B exhibited
a minimum noise temperature of 13.1 K, while device A
yielded a value of 5.3 K.

iil. Amplifier Design and Circuit

Both LNAs were designed to achieve the best room-temper-
ature low-noise performance based on the measured room-
temperature device parameters. Following construction and
room-temperature optimization, the LNAs are then biased for
lowest noise performance at cryogenic temperatures.

The device gate width of 75 um selected for this work was
determined by the tradeoffs associated with optimum impe-
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dance matching, circuit bandwidth, intermodulation distor-
tion, power handling capability, and power dissipation. Figure 2
shows a photograph of the 32-GHz hybrid two-stage HEMT
LNA package. The input and output ports utilize a broadband
WR28-to-stepped ridge waveguide-to-microstrip transition.
Figure 3 shows the insertion loss and return loss of a stepped
ridge fixture that consists of two stepped-ridge transitions
connected back-to-back with a microstrip 50-ohm line 0.5 in.
long. The input and output matching networks were designed
based on the device equivalent circuit values obtained from
fitting measured S-parameters at the low-noise bias condition
to the model from 2 to 20 GHz. Figure 4 shows the topology
used for the 0.25-um HEMT equivalent circuit model. Input,
output, and interstage matching circuits were designed on
10-mil quartz substrate with TaN thin-film resistors and
TiWAu metallization. A schematic diagram of the two-stage
hybrid HEMT LNA is shown in Fig. 5. The edge-coupled
symmetric microstrip dc blocking transmission line also served
as a bandpass filter, improving the out-of-band stability. As
shown in Fig. 6, the three-stage LNA is constructed from the
two-stage LNA by the insertion of another interstage match-
ing circuit.

The LNA fixture (OFHC copper) and dc bias circuits [10]
are designed for operation at cryogenic temperatures. Diode
protection was included in both the gate and drain bias cir-
cuits. LEDs were mounted on the cover of the fixture above
each of the HEMTs for the purpose of examining their light
sensitivity at cryogenic temperatures. All of the stages use
devices from the same wafer.

IV. Measurement Results

The LNAs were first measured at room temperature with
the devices biased for lowest noise at room temperature and
then biased for lowest noise performance at cryogenic tem-
peratures. The LNA room-temperature broadband noise fig-
ure and gain for the two- and three-stage LNAs are shown in
Figs. 7 and 8, respectively. Both LNAs exhibited an average
noise figure of approximately 2 dB from 28 to 36 GHz. From
29 to 34 GHz, the gain measured approximately 17 dB and
24 dB for the two-stage and three-stage LNA, respectively.
The addition of an external isolator only slightly degraded the
gain and noise figure by 0.3 dB.

With the devices biased for lowest noise at cryogenic tem-
perature (12 K), the noise temperature (referenced at the
room-temperature input waveguide flange) of both LNAs was
observed to decrease nearly quadratically as a function of
physical temperature as they cooled from 300K to 12 K.
(See Fig. 9 for a diagram of the closed-cycle refrigerator and
measurement system.) The noise temperature of the two-
stage LNA decreased from 350K at ambient to 35K at



14.5 K, while the three-stage LNA decreased from 400K to
41 K at 12.5 K (Figs. 10 and 11). Figures 12 and 13 show the
cryogenic noise temperature and gain response from 31 to
33 GHz, along with bias settings for the two-stage and three-
stage LNA, respectively. At 32 GHz, the two-stage LNA noise
temperature measured 35 K, with an associated gain of 16.5 dB,
at a physical temperature of 14 K, while the three-stage LNA
yielded a value of 41 K with a 26.0-dB associated gain. It is
also noted that the three-stage LNA displayed an almost
flat noise temperature response across the measurement band,
with a minimum noise temperature of 39 K at 32 GHz, while
the two-stage LNA displayed a noise temperature response
decreasing monotonically from 31 to 33 GHz, with a mini-
mum noise temperature of 31 K at 33 GHz.

It was further observed that both amplifiers did not show a
persistent photoconductivity effect. That is, it was found that
these devices can be cooled with or without illumination
and/or dc bias, without any observable effect on the cryogenic
low-noise performance.

V. Conclusion

Cryogenic coolable state-of-the-art 32-GHz HEMT LNAs
have been demonstrated using 0.25-um AlGaAs/GaAs HEMTs.
The results clearly demonstrate their potential to meet the
future need for extremely low-noise receivers for applications
such as the DSN. Further advances in HEMT technology
[12] promise to lead to improved performance at all frequen-
cies and make possible the development of amplifiers operat-
ing at frequencies up to 94 GHz.

Currently, the DSN relies on maser amplifiers in order to
provide the best possible telemetry support for deep space
missions. These systems require a complex and expensive
cryogenic system operating at 4.5 K. Since HEMT LNAs
require less cooling power and operate at a higher physical
temperature (12 K), they can be operated at less cost with a
more reliable refrigeration system. The lower cost of HEMT
LNAs will lead to greater frequency coverage and the eco-
nomic realization of multiple-element cryogenic array feed
systems.
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Table 1. Performance comparison of two types of conventional AiGaAs/GaAs HEMTs

Ambient Freq., Performance Type A Type B
Temp., K GHz parameter (1018/cm3) (2 x 1018/cm3)
300 gy (mS/mm) 380 450
300 8 Noise figure (dB) 0.4 -
300 8 Associated gain (dB) 15.2 -
300 18 Noise figure (dB) 0.7 0.7
300 18 Assoc. gain (dB) 11.5 15.0
300 32 Noise figure (dB) 1.3 1.2
300 32 Assoc. gain (dB) 7.5 10.0
13 8.5 Noise temp. (K) 53 13.1
13 8.5 Assoc. gain (dB) 13.9 14.5
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This report describes modeling of cross-guide couplers based on the theory of equiva-
lent electric and magnetic dipoles of an aperture. Additional correction factors due to
nonzero wall thickness and large aperture are also included in this analysis. Comparisons
of the measured and calculated results are presented for cross-guide couplers with circular
or cross-shaped coupling apertures. A cross-guide coupler was designed as a component of
the C-band feed to support the Phobos mission.

I. Introduction

In this article, the performance of a directional coupler is
specified by two parameters: coupling and directivity [1]. The
circular aperture and cross-shaped aperture are chosen because
the circular aperture is the most well-studied aperture shape
and the cross-shaped aperture is frequently used for cross-guide
couplers.

A program was developed to calculate the coupling and the
directivity of circular or cross-shaped aperture couplers. Either
one aperture (Fig. 1) or two symmetrically spaced apertures
(Fig. 2) may be used for directional coupling. The angle between
two waveguides is arbitrary for one-aperture couplers, but it is
90 degrees for two-aperture couplers. The apertures may be
moved along the diagonal line in the common broad wall of
the waveguides. Also, the distance between two apertures
located on the diagonal line varies. The coupling and the direc-
tivity for directional couplers may be calculated over a band of
frequencies.

il. Theory
A. Basic Formulas

The formulas for cross-guide couplers with off-centered
apertures are derived in the Appendix. The radiation ampli-
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tude in the secondary waveguide for the coupled port (B*) and
the isolated port (B™) for the coupler of Fig. 1 is given by

B*(p,m.d6) = B, (p.d)+ B,(m,d)cos6 + G(m,d)sin8

B™(p/m,d0) = B,(p,d) + B,(m,d)cos6

where @ is the angle between two waveguides, d is the distance
from the center of the aperture to the waveguide wall, and p
and m are the electric polarizability and magnetic polariza-
bility of the aperture.

D =pO-FE°TANE

m =m0-FM-TANM

Here, p, and m, are the electric polarizability and magnetic
polarizability of a small aperture with zero wall thickness.
They are constants that depend on the shape and the size of
the aperture. For a circular aperture, p, = %r3, my = -‘;—r3,
where 7 is the radius of the aperture. Values for p, and m,, for
a cross-shaped aperture are given in [2]. FE, FM, TANE, and
TANM are defined below.



B. Wall Thickness Factor

The finite wall thickness of an aperture has the effect of
reducing the coupling. The effect of finite thickness is taken
into account by treating the aperture as a finite length of wave-
guide beyond cutoff. FE(z) and FM(t) represent the electric
attenuation and magnetic attenuation in the aperture of thick-
ness ¢ and are given by [3]

) 12 1 1/2
FE() = e "[()\_cl) '72] teAE

Y. (—1)2——1— 1ﬂr-AM
() = ¢ " |\%a) Tn2

where A, = the cutoff wavelength of TM,,, mode of aperture
waveguide, A, = the cutoff wavelength of TE',, mode of aper-
ture waveguide, A, = 2.6127r, A, = 3.4126r for a circular
waveguide, while A, and A, of a cross-shaped waveguide are
given in [4] and [5].

The additional factors AE and AM are effective wall thick-
ness coefficients. For a circular aperture with radius » and
thickness ¢ [6], [7]

AE = 1.0103 + 0.0579-;—
tir > 0.2
AM = 10064 + 0.0819%

AE = 1.1091 —0.0082268%
tir< 0.2
AM = 1.4273 —0.0023284%

The AE and AM of a cross-shaped aperture are determined
experimentally.

C. Large Aperture Factor

An infinitely thin aperture actually has an unlimited num-
ber of resonances. For a large aperture, the following frequency
correction factors are needed [8]:

2, 01 nf

TANE = _‘ﬂ-f— taﬂ—z—f;
02 nf

TANM = ——— tan ——
7 an me

r\
(4

The resonant frequency is approximately equal to the cutoff
frequency of a waveguide having the same cross-sectional
shape and size as the aperture. Therefore, f,; may be replaced
by f,, and f,, may be replaced by f,,.

=L

fo xcl
4

f‘ =-_
c2 )\02

IIl. Results

A. One-Circular-Aperture Coupler
with 6 = 45 Degrees

An off-centered circular-aperture coupler with adjustable 6
has been fabricated. The dimensions of the WR112 coupler are
0.17-inch aperture radius, 0.128-inch thickness, and 0.283-inch
distance from center of aperture to waveguide wall. For § = 45
degrees, the calculated and the measured coupling and direc-
tivity at frequencies from 7 to 9 GHz are shown in Figs. 3 and
4, respectively. The calculated coupling is 0.5 to 0.7 dB higher
and the directivity is 0.9 to 1.1 dB lower than measured. The
results show good agreement between the coupler model and
the experiment.

B. Two-Circular-Aperture Cross-Guide Coupler

A two-aperture cross-guide coupler using circular aper-
tures was designed based on the preceding theory. The final
coupler design had the following dimensions: WR125,0.13-inch
aperture radius, 0.05-inch thickness, and 0.3125-inch distance
from center of aperture to waveguide wall. The measured
coupling is 0.2 to 0.6 dB lower than calculated, while the
directivity is 1.0 to 1.4 dB higher than expected at frequen-
cies from 7 to 9 GHz (Figs. 5 and 6). In this case, and in
general, the coupling is predicted more accurately than the
directivity. The coupler computer program provides a pessi-
mistic value of directivity.

C. Two-Cross-Shaped-Aperture Cross-Guide
Coupler

As an example of a design using cross-shaped apertures, a
C-band coupler meeting the following requirements was
designed.

Coupling: -30x1dB
Directivity: 20 dB minimum
Waveguide: WR187
Frequency: 4.96-5.06 GHz
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The final design uses two symmetric cross-shaped apertures
of 0.662-inch length, 0.115-inch width, 0.05-inch thickness,
and located at a 0.468-inch distance from center of aperture to
waveguide wall (Fig. 7). AE = 1.36 and AM = 1.53 were deter-
mined from a previous WR125 30-dB coupler experiment.
The coupler is expected to have approximately -30-dB cou-
pling and 25.6-dB directivity according to the coupler com-
puter program.

The measured and computed results are shown in Figs. 8
and 9. <ns1:XMLFault xmlns:ns1="http://cxf.apache.org/bindings/xformat"><ns1:faultstring xmlns:ns1="http://cxf.apache.org/bindings/xformat">java.lang.OutOfMemoryError: Java heap space</ns1:faultstring></ns1:XMLFault>