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Preface

This quarterly publication provides archival reports on developments in pro-
grams managed by JPL’s Office of Telecommunications and Data Acquisition
(TDA). In space communications, radio navigation, radio science, and ground-based
radio and radar astronomy, it reports on activities of the Deep Space Network (DSN)
in planning, in supporting research and technology, in implementation, and in op-
erations. Also included is standards activity at JPL for space data and information
systems and reimbursable DSN work performed for other space agencies through
NASA. The preceding work is all performed for NASA’s Office of Space Operations
(0S0). The TDA Office also peforms work funded by two other NASA program
offices through and with the cooperation of the Office of Space Operations. These
are the Orbital Debris Radar Program (with the Office of Space Station) and 21st
Century Communication Studies (with the Office of Aeronautics and Exploration
Technology).

In the search for extraterrestrial intelligence (SETT), The TDA Progress Report
reports on implementation and operations for searching the microwave spectrum.
In solar system radar, it reports on the uses of the Goldstone Solar System Radar
for scientific exploration of the planets, their rings and satellites, asteroids, and
comets. In radio astronomy, the areas of support include spectroscopy, very long
baseline interferometry, and astrometry. These three programs are performed for
NASA’s Office of Space Science and Applications (OSSA), with the Office of Space
Operations funding DSN operational support.

Finally, tasks funded under the JPL Director’s Discretionary Fund and the
Caltech President’s Fund that involve the TDA Office are included.

This and each succeeding issue of The TDA Progress Report will present ma-
terial in some, but not necessarily all, of the following categories:

OSO Tasks:
DSN Advanced Systems
Tracking and Ground-Based Navigation
Communications, Spacecraft-Ground
Station Control and System Technology
Network Data Processing and Productivity
DSN Systems Implementation
Capabilities for Existing Projects
Capabilities for New Projects
New Initiatives
Network Upgrade and Sustaining
DSN Operations
Network Operations and Operations Support
Mission Interface and Support
TDA Program Management and Analysis
Ground Communications Implementation and Operations
Data and Information Systems
Flight-Ground Advanced Engineering
Long-Range Program Planning

0SO Cooperative Tasks:
Orbital Debris Radar Program
21st Century Communication Studies



OSSA Tasks:
Search for Extraterrestrial Intelligence
Goldstone Solar System Radar
Radio Astronomy

Discretionary Funded Tasks
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A Receiver Design for the Superconducting

Cavity-Maser Oscillator

R. T. Wang and G. J. Dick
Communications Systems Research Section

A new frequency standard has been demonstrated with the aid of a double phase-
locked loop (PLL) receiver. A superconducting cavity-maser oscillator (SCMO)
and a hydrogen maser are combined to show the medium-term performance of the
hydrogen maser together with improved short-term performance made possible by
the SCMO. The receiver, which generates a 100-MHz signal with reduced noise,
is phase-locked to (and may be used in place of) the 100-MHz hydrogen-maser
output. The maser signal, 2.69xxx-GHz SCMO output, and a 100-MHz quartz-
crystal oscillator are optimally combined by the receiver. A measured two-source
fractional frequency stability of 2 x 10~ 14 was obtained for a measdring time of
7 =1sec, and 1 x 10-15 at + = 1,000 sec. The 1-sec value is approximately 10
times lower than that for hydrogen masers, while the 1,000-sec value is identical
to hydrogen-maser performance. The design is based on phase-noise models for
the hydrogen maser, the SCMO, and quartz-crystal oscillators for offset frequencies

down to 1 x 1076 Ha.

I. SCMO Operation

The superconducting cavity-maser oscillator (SCMO)
is an all-cryogenic, helium-cooled oscillator with superior
stability at short measuring times [1-4]. It differs {rom
other superconducting cavity-stabilized oscillator (SCSO)
designs [5-7] in its use of a very rigid (Q ~ 10°) sapphire-
filled stabilizing cavity and in its all-cryogenic design, with
excitation provided by an ultralow-noise cryogenic ruby
maser.

The three-cavity oscillator, which consists of a ruby
maser, coupling cavity, and a high-Q lead-on-sapphire cav-
ity, has been discussed previously [2]. Oscillation at a
frequency of 2.69xxx GHz results from maser amplifica-
tion in the ruby material, where a population inversion is

generated by a 13.1-GHz pump signal. A match between
ruby and resonator frequencies is effected by application to
the ruby of an approximately 500-gauss bias field. Output
power of the oscillator is > 10~? W, more than 1,000 times
larger than that of the hydrogen maser, which makes pos-
sible /1000 ~ 30 times higher stability at short measuring

times.

The SCMO was recently modified to allow its frequency
to be actively adjusted to match that of the hydrogen
maser. A coil has been installed on the ruby housing to
modify the magnetic bias field by application of a DC cur-
rent. The coil produces a tuning sensitivity of 7 x 10712
per mA, with a range of approximately 10~ 19 without sig-
nificant heating. This range, although only 1/1000 that
of a quartz-crystal voltage-controlled oscillator (VCO),



is suflicient to accommodate the typical SCMOQ drift of
4 x 10713 /day in long-term operation.

Il. Loop Design and Oscillator Noise Models

A double phase-locked loop (PLL) was designed to op-
timally combine SCMO and hydrogen-maser stabilities.
Figure 1 shows a block diagram of that design. Here,
one loop locks the phase of a quartz-crystal VCO to the
SCMO, while the second loop locks the SCMO/VCO com-
bination to a hydrogen maser through the tuning coil in the
SCMO. Design goals are to preserve SCMO short-term sta-
bility through the first PLL and optimize the second PLL
so that long-term performance of the hydrogen maser is
preserved without significantly degrading SCMO perfor-
mance at v = | sec measuring time. The VCO-SCMO
loop characteristics, with a bandwidth of approximately
1,000 Hz, do not significantly impact stability performance
when 7 > 1 sec. MHowever, the SCMO-hydrogen-maser
loop does, and so deserves more attention.

While most measurements of the stability of frequency
standards are expressed as an Allan deviation oy,(7) in
the time domain, the results do not directly apply to loop
design. This is because the stability (for any measuring
time 7) of a source that combines several standards will
depend on performance of the contributing standards at
every T.

However, the performance of any standard can also be
expressed in the frequency domain as a spectral density
of phase fluctuations S4(f), and the spectral densities for
the various standards at any frequency f simply add, with
multiplicative constants determined by loop characteris-
tics at that frequency. Roughly speaking, the unity-gain
frequency for the loop will match the crossover frequency
between the spectral densities for any two standards being
combined.

Although stability measurement data are abundantly
available for the DSN hydrogen masers, there existed no
measurement of close-in phase noise (f < 1 Hz) when the
authors undertook their receiver design. Thus, they cre-
ated a phase-noise model for which the calculated Allan
deviation oy(T) matches in detail the results of stability
measurements in JPL’s frequency standards test facility
(FSTF).

Details of this model appear in Table 1. Included
for three separate noise components are: noise type, the
Fourier frequency window for which the component is dom-
inant, Allan deviation, and phase spectral density. The

authors’ calculation methodology for generating the Al-
lan deviation corresponding to any phase-noise model is
described in the Appendix.

Figure 2 shows a comparison of this model with the re-
sults of a very recent calculation of hydrogen-maser close-
in phase noise using the same raw data from which Allan
deviations were calculated. These data consist of measure-
ments of the time for zero-crossings of a 1-Hz difference
frequency using a 100-MHz + 1-Hz reference. The differ-
ence between the model and the measured data is within
3 dB for the region from 1 x 1074 to 1 x 10~1.

Measurements of the spectral density of phase fluctu-
ations were available for the other two frequency sources.
The authors had previously made measurements of the
phase noise for the SCMO/SCSO combination for offset
frequencies down to 0.01 Hz, and in the absence of any bet-
ter information, they ascribed half of the measured noise
to the SCMQ. Other tests of the SCMO with a hydro-
gen maser as reference indicate a somewhat lower value
for offsets below 0.01 Hz. Information for the 100-MHz
quartz-crystal oscillator was obtained from the manufac-
turer.

Figure 3 shows a plot of the phase noises, measured
and inferred, for the three oscillators. A smaller contri-
bution due to input noise for the operational amplifier in
loop no. 2 is also shown. Crossover frequencies of approx-
imately 0.04 Hz and approximately 1,000 Hz are readily
identifiable.

lil. Loop-Parameter Optimization

As shown by the dotted line in Fig. 3, calculated per-
formance for the combined source closely approximates
the best of the three sources at every frequency. How-
ever, deviations from “ideal” performance are significant,
as Fig. 4 shows in expanded form, for second-order loops
with various loop bandwidths and damping factors. Pa-
rameter optimization requires a measure of “goodness” for
loop action. It is often the case that performance is op-
timized for a time period which is much longer than that
associated with action of the loop. In this case such an
optimization measure can be, for example, rms deviation
of the phase error of the following oscillator from the one
being followed. In the case at hand, such a single high- or
low-frequency measure is not useful because frequencies of
concern lie both above and below the crossover frequency.

As shown in Fig. 4, performance deviates significantly
from the ideal for frequencies above and below the cross-



over frequency itself. Some applications of the com-
bined source will, for example, emphasize high- over low-
frequency performance (or short-term stability for a com-
bined source at the expense of long-term stability). The
authors have chosen instead a balanced optimization crite-
rion, which both equalizes and minimizes peak deviations
on either side of the crossover.

Successive steps approaching this optimized condition
are shown in Fig. 4. A first guess—matching the loop
bandwidth to the crossover frequency (0.04 Hz) with a
damping factor of 1/ 2—resulted in a large low-frequency
peak, substantially worse than any shown in the figure.
Equivalent high- and low-frequency performances can be
observed in the examples on a diagonal from upper right to
lower left. Optimized performance, as shown at the lower
left, results primarily from an increased damping factor.

The authors’ calculations show continuing small im-
provement (< 0.2 dB) as the damping factor is further
increased. This indicates that on the basis of this cri-
terion alone, an infinite damping factor, corresponding
to a first-order loop, would be preferable. However, the
larger frequency drift rate of the SCMO, as compared with
the hydrogen-maser, necessitates the use of a second-order
loop to prevent a slow buildup of phase error, which cor-
responds to a frequency offset, between the sources. The
value of 3 for the damping factor is chosen to give good
noise performance and drift immunity combined with rel-
atively rapid loop response.

While spectral densities give a complete representation
of performance of the standard, performance in the time
domain is a more familiar and widely used measure of per-
formance. Figure 5 shows a calculated Allan deviation for
the composite spectral density for the combined sources.
It is surprising that stability near the crossover point here
is a little better than that of either source, while it closely
follows the SCMO and the hydrogen maser at short and
longer times, respectively. The slight improvement at the
crossover occurs because the Allan deviation for either
component standard depends significantly on frequencies
both above and below the crossover frequency, and the
composite has the advantages of both at the crossover it-
self.

The calculated combined source shows a stability of
1 x 10~14 at 1 sec and 1 x 107** from 1,000 sec onward.
The Allan deviation of the combined source follows very
closely the best source in the time window of 1-10,000 sec.

IV. Measurements

To confirm the stability of the combined source, a sec-
ond identical system will be needed. Presently available
are hydrogen-masers to test performance at longer measur-
ing times and the SCSO for short-term characterization
[5]. Figure 6 shows measurements that demonstrate the
short-term stability of the combined source at a test fre-
quency of 100 MHz using the SCSO as a reference. During
this test, the poor long-term stability of the SCSO refer-
ence substantially degraded the measured values for times
r > 30 sec. However, results at shorter times are as much
as 10 times lower than for two hydrogen masers in a similar
test. The slight increase for 7 < 3 sec has previously been
identified as characteristic of the SCSO reference [6], which
indicates performance for the authors’ combined source of
oy(1) < 1x 1071 at =1 sec.

Figure 7 shows the Allan deviation of fractional fre-
qiency fluctuations for the SCMO locked to a hydrogen
maser, using a second hydrogen maser as reference. A
special feature is the stability of 6 x 1014 at 1 sec, a value
that is one maser’s stability. The transition from “one-
maser” noise below T = 30 sec and “two-maser” noise for
longer times causes the slight kink shown in the figure.

V. Conclusions

The authors have designed, built, and demonstrated a
receiver that enables the SCMO to operate in conjunc-
tion with a hydrogen maser to form a new standard, one
which combines their complementary performance over the
range of measuring times from 1 to 10,000 sec. Calcu-
lated performance for the combined source shows spectral
performance Sg(f) within 1.4 dB of the best of the two
sources over the frequency range 10-¢ Hz < f < 10* Hz.
Allen deviation is calculated to be within 7 percent of the
best of the two sources for measuring times of 1 sec <
r < 10% sec, and somewhat surprisingly, slightly better
than either standard at their crossover. Performance for
the combined standard was demonstrated in separate ex-
periments using different ultrastable frequency sources to
be at least as good as 2 x 10~1* at 1-sec measuring times
and 1 x 10~15 at 1,000 sec. Significant aspects of this ex-
periment are a new time window for scientific experiments
and a unique demonstration that combines two different
types of ultrastable microwave oscillators,

The combined SCMO/hydrogen-maser source under-
went a field test at Goldstone Deep Space Communica-
tions Complex for 72 days (May-July 1991). The perfor-
mance was the same as reported above. This exercise was
to prepare the SCMO for a gravitational wave detection
experiment in connection with Galileo in 1992.
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Table 1. Contributions to the total noise of the DSN hydrogen maser used for loop design

Noise type Fourier frequency window Allan deviation Phase spectral density
Flicker frequency 1x 1076 to4x 1074 1 x 10-15 7.5 x 1015/ 3
White frequency 4 x 107* to 4.5 x 1077 3x 10~ 14 /7172 18 x 10711/ 2

Flicker phase 45x 1072 to 1 x 107! 2x1071%)/r 4x10710/%
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Fig. 1. Schematic of SCMO double-loop recelver at 100 MHz. The two loops are VCO/SCMO and SCMO/hydrogen
maser. The required input is the 100-MHz hydrogen-maser signal, and the output has four different frequencies:
100, 10, 5, and 0.1 MHz.



MODEL OF A SINGLE HYDROGEN MASER
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Fig. 2. A close-in phase-noise plot. The solid line shows the model of a single hydrogen
maser; two sets of measured pait-data were shown. The difference Is within 3 dB for the

region from 1x10~% to 1x10~ 1 Hz.

20+
—122/f3 SUPERCONDUCTING CAVITY-
- MASER OSCILLATOR
(o] o
-20f s
58/t VOLTAGE-CONTROLLED
- OSCILLATOR
—40
T | —141/f3 HYDROGEN
3 MASER
° 80
@& |-
-0}
- OPERATIONAL ™-.._
ook AMPLIFIER ...
-120 -
- N D : 133
-140 | I 1 L 1 1 1 ] L o~
-5 -3 -1 1 3

OFFSET FREQUENCY, LOG

Fig. 3. Phase-noise plot of the three oscillators at 100 MHz. Calculated recelver performance,
shown by the dotted line, closely follows the lowest noise of the three osclllators In the Fourler
frequency window of 1x10~5 10 10% Hz. Noise due to the operational amplitier In loop no. 2
is shown to be much lower than oscillator nolse contributions.
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Fig. 4. Optimization of the loop parameters Is accomplished by minimizing calculated excess
phase noise at the receiver output compared with the best of the constituent oscillators at
any given offset frequency. Bandwidths for the various graphs increase from left to right
and dampling factor Increases from top to bottom. Horizontal and vertical scales are Identical
for each subgraph. Best overall performance, as shown at the lower left, corresponds to a
bandwidth of 0.04 Hz (a value equal to the SCMO-hydrogen-maser crossover frequency) and
a relatively large damping factor.
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Fig. 7. Two sample Allan deviations of the SCMO locked to one
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from “one-maser” noise below 7 = 30 sec and “two-maser”
noise for longer times causes the slight kink shown in the figure.



Appendix

Calculation of the Allan Deviation

The Allan deviation of variation of fractional frequency
o2(r) for any radio frequency (RF) signal can be derived
from its spectral density of phase noise Sy(f) by using [8]

ol(r) = /Ow C(r) x Sg(f) x sin*(nrf)df

where
2
w2r2y2 '

C(r)=

and vy is the RF frequency. In order to use the numerical
integration routines in a popular mathematics program [9]
to evaluate this relatively straightforward integral, it is
necessary to “condition” the problem in two ways.

First, because significant contributions to the integral
are due to frequency components that vary by many orders
of magnitude, a change in variable is required, which re-
sults in an effectively logarithmic frequency scale. Second,
calculation at high frequencies, as compared with 1/7, is
hampered by rapid variation in the sin? term, which should
be replaced by its average value (3/8) as the frequency is
raised. It is important for the function that does the re-
placement to show very complete elimination of the aver-
age term as the argument 77 f goes to zero so as not to
dominate the (77 f)* dependence of the sin* term.

The change of variable required is straightforward, re-

placing the frequency f with e and the differential df
with e?dg. Lower and upper limits to the integration were

10

typically —61In(10) and 41n(10), which corresponds to an
integration over frequencies from 10~% Hz to 104 Hz.

Elimination of rapid variation is accomplished by re-
placing

sin*(wr f)

by

Dk [Tn—f} x [sin"(wf) - g.] +3

where n represents the number of cycles of variation in the
sin® term that are to be explicitly integrated, and Dk is a
decay function defined by

Dk(l‘) - e—-zln(z)
for > 1, and

Dk(z)=1-¢ (%zz)

for ¢ < 1. Features of this decay function are extremely
rapid approach to 1 for small z, rapid approach to 0 for
large z, and continuous first derivative at the crossover
point z = 1. The authors found n = 3 cycles sufficient to
reduce fractional errors to less than 10~4.

Taken together, these substitutions allow a difficult in-
tegral to be accurately evaluated by means of “canned”
integration routines.



1]

(8]
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Suppressed Carrier Full-Spectrum Combining

D. H. Rogstad
Tracking Systems and Applications Section

A technique to accomplish full-spectrum arraying where all the telemetry power
is put into the subcarrier sidebands (suppressed carrier) is described. The matched
filter needed in each antenna prior to cross-correlation for deriving the coherence
delay and phase offsets is an open-loop version of the telemetry phase-lock loop
provided in the Advanced Digital Receiver. In analogy with a Costas-loop teleme-
try receiver, a “squaring loss” is derived, and a signal-to-noise ratio for the cross-

correlation loop phase is presented.

l. Introduction

Normally, as a spacecraft travels farther from Earth
and the telemetry signal-to-noise ratio (SNR) gets poorer,
two system parameter trade-offs come into play. First,
the telemetry modulation index is usually increased so
more transmitter power is moved from the carrier to the
telemetry signal, thereby improving telemetry SNR. This,
of course, may result in a carrier signal that is significantly
harder to acquire and track. The limit for this trade-off
is full modulation where no carrier power is present. In
this case, the carrier signal frequency must be acquired
and tracked using a less-than-optimal Costas phase-lock-
loop technique. The capability to Costas-loop track is not
presently available in the DSN, but is planned as part of
the new Block V receivers.

The second trade-off that comes into play is the rate
at which telemetry data are transmitted back to Earth;
this rate can be reduced, resulting in an improved SNR
per telemetry bit. This has the unfortunate consequence
of also reducing the total amount of data that can be re-
turned during the critical encounter phase of a mission.

A technique often applied within the DSN to overcome
these constraints (short of building larger antennas, even
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lower noise receivers, or employing more advanced data
encoding/decoding methods) is antenna arraying to en-
hance the SNR of the received telemetry [1]. Perhaps the
most recent major applications of antenna arraying oc-
curred during the Voyager 2 encounter with Uranus and
the Voyager 2 encounter with Neptune. In each case, ar-
raying provided adequate telemetry SNR employing data
rates higher than would have been possible otherwise.

At least four different techniques, which depend on the
details of the observing circumstance, have been used for
arraying or combining the signals from several antennas.
These include symbol-stream combining, baseband array-
ing, carrier arraying (or more correctly, carrier aiding),
and full spectrum combining. In the various discussions
of these techniques, the terms arraying and combining are
usually used interchangeably.

The first technique, symbol-stream combining, works
well when each ground-based antenna/receiver is capable
of locking on the spacecraft telemetry stream and demodu-
lating it down to the soft symbol stream (the raw telemetry
data before the decision of whether a given bit is 1 or 0
is made). Each stream must then be delayed to line up



symbols, followed by weighting and combining. One major
advantage of this technique is that the data stream from
each antenna arrives at only the telemetry rate (typically
on the order of 100 kbaud), facilitating its transmission to
the combining location, either in real time or through a
recording medium. The International Cometary Explorer
(ICE) mission successfully used symbol-stream combining
in a primary mode to gain approximately 2 dB in SNR
[2]. A short time later, this combining technique was used
on Voyager 2 to gain slightly less than 3 dB improvement
[3]. More recently, symbol-stream combining was used as
a backup for baseband arraying during the Voyager 2 en-
counter with Neptune [4].

The second technique, baseband arraying, works when
the telemetry SNR is high enough to permit locking on
and tracking of the carrier signal at each antenna, but
too low to reliably maintain subcarrier lock and symbol
sync. In this case, the baseband signal obtained after
carrier demodulation is delayed, weighted, and added to
a corresponding baseband signal from the other antenna.
Then subcarrier demodulation and symbol sync are ac-
complished on the combined stream. The baseband band-
width is on the order of 3 MHz and therefore somewhat
more difficult to transmit or record for combining. During
the Voyager 2 encounter with Uranus, this technique was
used effectively with the Parkes Radio Astronomy antenna
in Australia [5].

The third technique, carrier aiding, is useful when one
antenna in the array can acquire and maintain carrier lock,
but the other antennas cannot, either because they are
smaller or have higher noise receivers. If the antennas to
be arrayed are in proximity, the lock signal from the more
sensitive antenna can be sent to the other antennas in real
time and used to aid their locking on the telemetry carrier.
The resulting baseband signals are then treated as they
are in baseband arraying. This technique has been used
quite recently to successfully array a 70-m antenna and a
34-m antenna at Goldstone while looking at the Pioneer 11
spacecraft.!

Finally, full-spectrum combining of an open-loop space-
craft telemetry signal can be used when the carrier is too
weak to track, or when it is not convenient to track, at
any single antenna. One form of this technique was used
to coherently add the signal from all the antennas of the
Very Large Array (VLA) during the Voyager 2 Neptune

IT. Peng, “Carrier Array Demonstration at Goldstone with Pio-
neer 11,” JPL Interoffice Memorandum 3393-90-62 (internal docu-
ment), Jet Propulsion Laboratory, Pasadena, California, May 11,
1990.

encounter [6]. Following is a description of a significantly
improved version of full-spectrum combining, with com-
ments on how it differs from the original.

By way of introduction, note that the telemetry signal
transmitted from a spacecraft can be represented by the
equation [7]

S[t] = V2P{cos A sin [Qt] + d[t] sin ATs[t]}
where each term in the summation (odd k from 1 to o) is
sk[t] = (2/m)(1/k){gur sin [(Qe + kQse)t]

— gk sin [(Q — kQ,c)t]}

corresponding to the subcarrier sidebands. The amplitude
corresponds to a signal total power of P. Figure 1 is a
graph of this signal.
In these expressions,
t = time
Q). = the transmitter carrier frequency
Q,. = the telemetry subcarrier frequency
A = the modulation irdex of the subcarrier
k = the subcarrier harmonic number
d[t] = the telemetry modulation
guk = the upper sideband gain at frequency
gix = the lower sideband gain at frequency —k
P = the signal total average power
For simplicity, assume the modulation index is 90 deg,
so that only the suppressed carrier case is treated (this will
likely be true when full-spectrum combining is used to put
all possible power into the telemetry). Also, assume the
gain factors are all unity so the summation over k can be

treated as a square wave (the effects of this on the end
result are minor). The signal then becomes

S[t] = V2Pd]t] cos [Q:t]S[Q1] (1)

where the outlined S represents a square wave with zero
crossings coincident with a sine wave of the same argu-
ment.
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The spacecraft signal in Eq. (1) is received by several
antennas, located at various delays, 7, from the spacecraft.
These delays include geometric as well as nondispersive
media and instrument components (as well as a large com-
ponent corresponding to the distance from the spacecraft
to the center of the Earth and common to all antennas,
which will be ignored because it differences out in the fi-
nal results). In addition, each antenna’s receiver down-
converts the signal to a carrier intermediate frequency,
iy = (e — o), using a local oscillator frequency, Q.
The combined effect on the signal received at the mth an-
tenna is

Smlt] = \/gl—Jd[t — Tm] cos[Qigt — QT + Oom]
X S[Qc(t — )] + Nim (2)

where 6, i8 an unknown, slowly varying (its change in a
tune equal to the difference in the delays between the var-
ious antennas is negligible) residual phase due to various
dispersive media and instrument effects. N,, is the noise
of variance ¢, in the bandpass containing the signal.

The goal of the combining technique is to coherently
add this signal from several antennas to obtain an im-
‘proved SNR for telemetry extraction. To achieve this goal,
the received signals must be delayed and phase shifted to
correct for the relative effects between the various antennas
that are represented in Eq. (2) before they can be added.
In the following analysis, assume the signal (plus noise)
modeled in Eq. (2) is digitally sampled at the Nyquist rate
and processed with accuracy sufficient to ignore quantiza-
tion and round-off effects.

Il. Delay and Phase Shift

Following the steps outlined in Fig. 2, begin by delaying
the signal received at the mth antenna by 7/, based on a
best a priori model, 7/,, of the antenna/spacecraft system
(the caret on this delay signifies a quantized version of the
model delay; the prime indicates a model delay). From
this,

Sult] = V2PA[t = A] cos [y (t+ 7)) — QT + Oom]
x S[Qe(t - A)] (3)

where the quantity A,; = 7 — 7, is the residual between
the actual delay and the value used in data processing.
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The delay operation is followed by a phase shift that
involves first the generation of a quadrature version of
Eq. (3) using a hybrid and then a complex multiplication
by an expression of the form

Epmlt] = exp [j6pm] (4)

The final signal becomes
Smlt] = V2Pdlt — Am]exp [{Qis (t + 71,) = QeTm + 6m}]
X 8[Que(t ~ Am)] (5)

where 0, = 0, — Opm is the resulting phase offset of the
signal. Note that the signal is now a complex quantity,
having both in-phase and quadrature-phase components.

By adjusting £, and 6., it is possible to bring the
signals from each antenna into coherence for combining.
An error signal will be generated by comparing the sig-
nal in Eq. (5) between pairs of antennas and then using
this signal to control the delay and phase adjustment of
the telemetry streams from these antennas relative to each
other.

Ill. Matched Filter

The first step toward obtaining an error signal is to
perform a matched filtering operation on the signal. When
implementing full spectrum arraying with the VLA during
the Voyager Neptune encounter, this “matched” filtering
consisted simply of narrowing the VLA receiver bandpass
from its nominal 50 MHz down to about 8 MHz with base-
band filters. While hardly optimal, such a procedure is ac-
ceptable if the SNR at each antenna is reasonable, as was
the case for Voyager. However, in general one needs a more
optimal approach. A true matched filtering (providing a
better power SNR by as much as a factor of 8 MHz/43 kHz,
or ~ 180 in this case) is properly accomplished through the
implementation of two procedures: (1) carrier demodula-
tion followed by (2) subcarrier demodulation.

A. Carrier Demodulation

Carrier demodulation is accomplished by coherently de-
tecting the signal at the carrier intermediate frequency
with a locally generated signal of the form

Eem[t] = exp [={Q;(t + 7,) - Urn + 0em}] (6)



where the primed quantities are the best guesses for their
unprimed counterparts, and ., is an unknown arbitrary
phase. The result of this process is a signal with real
and imaginary parts representing the in-phase (I) and
quadrature-phase (Q) components of the demodulated car-
rier. After low-pass filtering,

< Lm > = (1/2)V2Pd[t — Am) cos [Bem]S[Qc(t — Am)]
(7)

< Qem > = (1/2)V2Pd]t = Ap] sin [@erm]S{Quc(t — Am)]
(8)

where
Bom = (@ = Q) = Qe + LA, + 0 — o (9)

is the residual carrier demodulation phase and, with good
modeling, is only a slowly varying function of time. In
Eq. (9), the quantity A, = 7,, — T, is the model residual
delay.

B. Subcarrier Demodulation

Subcarrier demodulation is accomplished by coherently
detecting the signals in Egs. (7) and (8) at the subcarrier
frequency using

Eymlt] = JE[-H{Qc(t ~ ) +0sm}] (10)

where ), is the best guess of the subcarrier-oscillator fre-
quency, 8,m is an unknown arbitrary phase, and the out-
lined E represents a complex square wave with components
C + jS. Again, the results of this process are signals with
real and imaginary parts representing the in-phase and
quadrature-phase components of this subcarrier demodu-
lation. After filtering, there are four components:

< InIym > = (1/2)V2Pd[t = Ap)
x ¢08 [@em]CY [®sm) + Nrtm  (11)
< QemIym > = (/2)VZPA]t - Ay]

x sin [@em]CH [®sm) + Norm  (12)

< Ich,n; > = (1/2)V2Pd[t — Am]
x ¢05 [®cm|St[®sm] + Nrgm (13)
< QemQam > = (1/2)V2Pd[t — Ap]
x 8in [® e |ST [@sm] + Nogm (14)
where
By = (Ve = U = Qe + A, —bsm (15)

is the residual (slowly varying) subcarrier demodulation
phase. Specifically, the real component of Eq. (10) when
mixed with Egs. (7) and (8) and then filtered gives
Egs. (11) and (12); the imaginary component of Eq. (10)
when mixed with Eqs. (7) and (8) and then filtered gives
Egs. (13) and (14). The outlined C* and S* quanti-
ties represent the convolution of appropriate square waves
(sine or cosine) as a function of their offset in phase; these
waves have been lowpass filtered. They are, in fact, trian-
gle waves as a function of this phase argument, with peak
amplitude 1. The four independent noises, Nrrm, Norm,
Nigm, and Nggm, have been included explicitly at this
point, each having a mean square variance of

om = (1/9)07m/na (16)

In this equation, recall that om is the noise deviation
per data point (noise coherence interval) as represented
by N, in Eq. (2), while the 1/4 factor is due to averaging
over the IF cycles and n, is the number of data points
over which the lowpass filters average. It is desirable that
the value of n, correspond to a length of time equivalent
to a telemetry bit interval (the largest it can be when the
telemetry, represented by the function d(t), is unknown).
The goal of the delay and phase modeling is to minimize
the changes in residual delay and phase so this integration
can be as long as possible before the cross-correlation is
performed. Note that to achieve an n, corresponding to
a full telemetry bit interval, the symbol-sync on each of
the data streams must be obtained independently. This
is possible in the face of low SNR, since one can integrate
over many telemetry bits to acquire sync.

IV. Cross-Correlation

The final step in the detection process requires the
“squaring” of the signal to eliminate the telemetry data,

15



d[t], which has an amplitude of £1 but an unknown code.
This is accomplished by cross-multiplying, or correlating,
the signals from pairs of antennas. Unfortunately, this is a
noisy process because of the multiplying of noise by noise,
and noise by signal that comes about when generating the
desired signal-by-signal product. If the SNR; of the incom-
ing data is low (<1), then the SNR, of the outgoing signal
will be a function of the square of SNR;, which deterio-
rates rapidly with decreasing SNR;. The loss of SNR due
to this effect in a Costas loop is usually called “squaring
loss.” Here it more appropriately should be called “cross-
correlation loss.”

By taking some of the possible products (traceable from
their names) of Egs. (11) through (14) pair-wise for two
antennas (the mth and the nth), for the signal-by-signal
part, ’ ’

<nQln > = (P/2)d" [|Am — Anl] cos[®cm]
x sin [®.,] CY [®,,,] C* [®,,] (17)

< QIniIL, > = (P/2)d* [|Am — An]] sin [@cp]
x c0s[@cn] CF [@4m] C* [8,]  (18)

<IQmQQn > = (P/2)d* [|[Am — Anl] cos [® ]
x sin[®cn] 81 [®,m] ST [®,,] (19)

< QQmIQn > = (P/2)d* [|Am — Anl] sin [Bep]
x 008 [®cn] 87 [®sm] 8¥ [@,0] (20)

where

d¥ [[Am — Al = <dft— ALt — An] > (21)

is the time average of a convolution of the telemetry data
as a function of the delay residuals. This function has a
maximum value of 1 at the origin, and drops linearly to
zero at an absolute delay difference of one telemetry bit
length, assuming d[t] takes on values of +1, and successive
data bits are uncorrelated.

If Eq. (17) is subtracted from Eq. (18), and Eq. (19) is
subtracted from Eq. (20),
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Qoc = (P/2)d* [|Am — Anl] sin [Bem — Pen]
x Ct [®,,] Ct [®,,]
Qg = (P/2)d* [[Am — An[] sin [Pem — Pen]
x 8* [#,,] St [®.,]
When these two expressions are added,
Qe = (P/2)d* [|Am — Au] sin [@cm — Den]

X C+ {q)sm - q)sn] (22)

In this expression, C+ &, — ®,n] is the time average of
the sum of C*[®,,,]C*[®,,] and S*[®,,,]S*[®,,] and is
simply a function of the difference of ®,,, and ®,,,. In fact,
this function is a slightly smoothed version of the triangle
function represented by Ct[®] (hence, the caret on cH
with a maximum value of 2/3 at ® = 0.

By taking all other possible products of Egs. (17)
through (20) for two antennas and combining these in a
fashion analogous to that used to derive Eq. (22),

Ié = (P/Q)d+ “Am - An” cos [q>cm - ®cn]

A+

xC' [®ym — Pyn] (23)
Qg = (P/2)d* [|Ap — A,]] sin [$, — B.,]
X $+ [Bsm — Psn) (24)

Ig = (P/2)d* [|Am — Anl] cos [Berm — ®en]
x 8§ [@ym — @,0] (25)

The total cross-correlation noise on each of the compo-
nents given in Eqs. (22) through (25) is due to the sum
of the products of the various signals and noises explicitly
shown in Eqgs. (11) through (14). It is straightforward, but
tedious, to show that these cross-correlation noise compo-
nents are all independent of each other, have zero mean



value, and all have the same maximum mean square vari-
ance of

o2 = 40%(P/6+c?)/n, (26)

In Eq. (26), P is the power in the original telemetry signal,
o2 is the mean square noise variance per telemetry bit for
the two uncorrelated signals making up this cross product
from Eq. (186),

o? = (a2, +02)/2 (27)

and n, is the number of telemetry bits over which the
cross-correlation sum is averaged.

V. Residual Delay and Phase Estimation

Following the practice used in very long baseline inter-
ferometry (VLBI) cross-correlation, each of these signals
can be determined for several delay lags (i.e., for several
values of |A,, — A,| around the best a priori estimate).
Then, based on the signal amplitudes in each lag, the cor-
rect delay difference can be determined and used to adjust
the delay of one of the data streams relative to the other
to maintain data stream delay coherency. In actual fact,
when the telemetry bits are many microseconds in length,
the delay difference can be estimated a priori to a small
fraction of this bit length, eliminating the need for multilag
correlation.

The phase differences in Egs. (22) through (25) can be
written explicitly as

Bem — Ben = (A — AL) = Q(Am — Ai)
+0om — on — bpm
+ 0pn = Ocm + Oen (28)
and
Dy — Bon = Lo(B7 = A7) = Qoe(Am — Bn)

- gsm + gsn (29)

where Ay = 7 — 7, and A} = 7{ — 7 are the residual
delay and the model residual delay for the kth antenna.

Assuming (1) the frequencies can be specified to within
a few hertz, (2) the rate-of-change of the delay differen-
tials is no greater than a few picoseconds per hour (quite
easily obtained, based on VLBI experience), and (3) the
instrument phases are indeed slowy varying (a few tens of
millihertz), it is possible to estimate these phase differences
and feed them back to the appropriate phase mixers in one
of the antenna data streams to maintain data stream phase
coherency. Note that for the carrier phase in Eq. (28), this
correction can be accomplished in any one of three phase
mixers, while for the subcarrier phase in Eq. (29), it must
be performed in the subcarrier demodulation mixer.

In actual practice, the subcarrier phase residual in
Eq. (29) can be kept small. This is because the delay resid-
uals and the antenna clock offsets can usually be main-
tained at less than 25 nsec, which, for a subcarrier fre-
quency on the order of 1 MHz, will result in no more than
10 deg of phase error. Therefore, the only residual that
need be estimated is that for the carrier phase.

V1. Signal-to-Noise Ratio

Estimating the noise in measuring the cross-correlation
phase, as represented in Eq. (28), is completely analo-
gous to determining the same quantity for a Costas phase-
lock loop when tracking telemetry. As noted above, the
Costas-loop algorithm involves the multiplying of quadra-
ture signal components from a single antenna, while cross-
correlation involves multiplying analogous signal compo-
nents, but crosswise {from a pair of antennas.

Using the quantities given in Egs. (11) and (12) from
the same (e.g., mth) antenna, the Costas-loop equivalent
of Eq. (22) can be derived:

Qg = (P/4)d*[0] sin[20cm]) CF [®m]  (30)

In an analogy with Eq. (26), the mean square variance for
this Costas component is

o2 = JEH(P/Q-FO'?,I)/T“ (31)

From these two equations, the signal-to-noise ratio for
measuring the carrier phase can be derived:

SNR. = p/{1 + 1/(2Ra)} = pSt. (32)

where p = 2P n, n;/a? is the equivalent SNR in the final
loop bandwidth, Rg = P ny/o? is the data (symbol) SNR,
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and Sg. is the squaring loss as a function of Ry due to
multiplication of signal by noise, and noise by noise, in
the Costas-loop process:

Sre[Ra) = 1/{1 + 1/(2R4)} (33)

Following an analogous procedure using Eqgs. (22) and (26),
the SNR for measuring the cross-correlation phase can be
derived:

SNRe = p (1/3)[1/{1 + 1/(2Ra/3)}] = pSLz  (34)

The squaring loss here is the same as that for the Costas
loop, except for scaling:

Spz[Ra] = (1/3)SLc[(1/3)R4) (35)

The larger loss in the cross-correlation case is due to the

fact that the function &' in Eq. (22) has a peak value of
2/3, while the function C* in Eq. (30) has a peak value
of 1. The only way to overcome this loss is by making
n¢, the number of symbols over which integration takes
place, larger. This is analogous to making the Costas loop
bandwidth narrower.

Figure 3 presents plots of these two squaring losses as
a function of Ry. It is evident that to obtain an SNR, for
the cross-correlation phase equal to that for the Costas-
loop phase, integration must be at least eight times longer
when Ry is less than 1.
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Because of instability in the frequency of the spacecraft
transmitter, increasing the integration time (or equiva-
lently, narrowing the loop bandwidth) of the Costas-loop
case beyond about 1 sec is not possible without serious
SNR loss. But for the cross-correlation case, this insta-
bility largely “common-modes out” from one antenna to
the other, and therefore integration periods up to 100 sec
are easily obtained with only slight SNR degradation. The
limit on this integration time is set by the differential tro-
pospheric effects between the two antennas.

VI. Conclusions

A technique has been outlined for performing full-
spectrum combining of telemetry signals. It is possible
to implement a device to accomplish this type of array-
ing by using the DSN Advanced Receiver (ARX). ARX
components would serve as the matched filters while new
hardware would have to be added to provide the incoming
delay and phase rotation. The real practicality for the use
of full-spectrum combining in the DSN ultimately rests on
the difficulty and expense of implementing these matched
filters. It is expected that continued advancement in VLSI
technology will easily provide inexpensive solutions in the
near future.

An alternative approach for a demonstration of the ba-
sic ideas would be to record telemetry data with the DSN
wide channel bandwidth (WCB) VLBI system and use the
Block II VLBI correlator to accomplish the combining.
Only a slight modification in hardware together with some
software upgrades would be needed to test the technique.
The one-bit sampling of this system, however, would limit
its value as a combiner in any real application.
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Fig. 1. Spacecraft telemetry signal.
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A Comparison of the Fractal and JPEG Algorithms

K.-M. Cheung and M. Shahshahani
Communications Systems Research Section

A proprietary fractal image-compression algorithm and the Joint Photographic
Experts Group (JPEG) industry standard algorithm for image compression are
compared. In every case, the JPEG algorithm was superior to the fractal method
at a given compression ratio according to a root-mean-square criterion and a peak

signal-to-noise criterion.

l. Introduction

Fractal image compression has attracted much public-
ity in recent years. It has been suggested that one can
achieve compression ratios of the order of thousands to
one by the application of fractal algorithms. Some re-
searchers successfully generated certain images, with very
small databases, by using fractal algorithms. These im-
ages generally consisted of natural objects, and the mem-
ory requirement for, e.g., a realistic looking tree, was about
120 bytes. However, the applicability of these methods to
general image compression and the achievement of the phe-
nomenal compression ratios of thousands to one have been
viewed with general skepticism. In order to make a com-
parative study of the fractal versus Joint Photographic Ex-
perts Group (JPEG) standard algorithms, the authors sent
ten images to a vendor, Iterated Systems Inc., Norcross,
Georgia. These images were compressed by their propri-
etary fractal algorithms, and reconstructed using their de-
compression package. The compression ratios were from
about five to one to twenty to one. The mean square er-
rors and peak signal-to-noise ratio (SNR) were compared
" to the corresponding ones for the JPEG algorithms at the
same compression ratios. The latter approach proved to
be superior in every case according to these criteria.

The theoretical foundation and the practical implemen-
tation of the fractal method for image generation is de-
scribed in Section II. The relevant portion of the JPEG
algorithm is briefly described in Section III, and finally in
Section IV the results of the comparative study are given.

Il. Fractals

There are various ways of defining fractals. The frame-
work proposed by J. Mutchinson [1] has been the most
successful approach for the study of fractals. To describe
this method let § = {S1,---,Sn} be a finite set of affine
transformations of R?. This means that if z € RY, then
the effect of S; = (Ai,vi) on z is given by

S,(.I) = A,(l‘) + v;

where A; is a linear transformation of RY and v; € R 1t
will be assumed that A;’s are nonsingular and S;’s are con-
tracting, i.e., ||Si(z) = Si(w)l| < ||z — yl} for all z,y € RY.
Then the affine transformation Sj, - - - Si, is also contract-
ing and, therefore, has a unique fixed point that will be
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denoted by Fj, ...,
is, by definition,

i, The fractal set F(S) associated to §

F(S) = closure({Fy, ... 5, | all 0.5 i, gk <n
and £ =1,2,3,---})

F(S) is a compact subset of R?. The self-similarity prop-
erty of fractals is expressed by the fundamental equation

ﬂm:U&Vm]

i=]

In fact,

Theorem 1. From [1], F(S8) is the unique compact set
K C R? with the property ’

K:O&m) (1)

i=1

Notice that each 5;(K) is a replica of K, so that Eq. (1)
does indeed express the self-similarity property of fractals.
This characterization of fractals is also important in prac-
tical applications.

Example 1. Let K be a convex polygon in R? with ver-
tices vy, --,v,, and let Sy,..-, 5, be the affine transfor-
mations Si(z) = v; + oz — v;), where 0 < a; < 1. If
the a;’s are not too small, then | JS;(K) = K and, con-
sequently, F(S) = K by Theorem 1 of fractal sets. Thus,
every convex polygon can be realized as an F(S) for some
S. On the other hand, it is not hard to see that the bound-
ary 0K of the convex polygon K cannot be realized as a
fractal set.

To generate a fractal image, one starts with a set
S = {S1,---,8n} of affine transformations. For every
product S; ---5;,5;, = S = (A,v) of length | < k, for
some pre-assigned value k, one computes its unique fixed
point Fy,---, F;, = F = (I — A)~!(v). Note that since S
is contracting, I — A is invertible. The coordinates F; and
F of F are multiplied by a normalizing factor N, and then
quantized to the nearest integer to obtain a point p with
integral coordinates (py,p2) € Z2. A point ¢ = (q1,¢2)
on the screen is white (black) as it is (or is not) of form
{(p1,p2), as described above,

The fractal set F(S), thus constructed, corresponds to
a black-and-white image. In order to introduce grey levels
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into F(S), one would like to use the density of the points
{Fi,, -, F;,} as a measure of the brightness of the pixels.
To do so, it is convenient to regard the procedure for the
generation of a fractal set as a random process. In fact, let
D1, ", Pn be positive real numbers such that ¥p; = 1, and
z € RY. Consider the random process X where z — Si(z)
with probability p;. This process has a unique stationary
distribution u. The stationarity condition is expressed by
the equation

# =X piSiv() (2)

where S;. (1) is the transform of the measure i under the
affine transformation S;. Note that Eq. (2) is a more
precise version of the fundamental self-similarity prop-
erty expressed by Theorem 1. The measure u is the
mathematical representation of a grey-scale image on the
screen. The support of the measure pu is the fractal set
F(S), and is independent of the choice of positive num-
bers p;. Furthermore, if £ denotes the discrete probabil-
ity measure naturally assigned to the set {F;,, -, F;,] I <
kand all 4;,--+,4}, then

& — . weakly

ifall p; = 1/n.

By introducing an alternative method for generating
the fractal set F(S), one can take advantage of the prob-
abilities {p;} in actual image generation. Consider a
realization of the random process X. This can be in-
terpreted as follows: Using a random-number generator,
one generates a sequence of integers {iy,i, -}, where
1 € i¢ < n and the integer j is chosen with probability
Pj- A realization of the process X' is then the sequence of
points S;,(z), 5:,5:,(2), - --. Let M;. be the discrete prob-
ability measure assigned to the set {S;,(z),5;,5;,(2), -,
Siy +++5i,5i,(2)}. Then, one can show by standard argu-
ments that

Theorem 2. With probability 1, M} — u weakly.

After possibly multiplying by a factor N and quantiz-
ing, one can regard a point S, -+ - 5;,5;,(z) in a realization
of the process A" as the point g;,,...;, = q = (q1,92) € Z2.
One can make a histogram of the number of times the
points of the integer lattice Z? are generated in this fash-
lon. Grey levels are accordingly assigned to the points so
that the points generated more often have higher intensity
(are whiter) than those generated fewer times. The addi-
tional input consisting of the positive numbers {p;,---,pn}



allows one to have better control over the density of the
points, i.e., the grey levels.

In order for any procedure to have practical applica-
tions, it must be stable relative to the variation of the
parameters. In the case of fractals, one would like the fun-
damental property of self-similarity, as expressed by The-
orem 1, to have the necessary stability. This means that
if the transformations S; are such that | Ji-; Si(K) is ap-
proximately identical with K, then the fractal set F(S) is
also approximately identical with K. It is not difficult to
establish, in a quantitative sense, the validity of this sta-
bility, which yields a slight generalization of Theorem 1.
Tt is this mild generalization of Hutchinson’s theorem that
has been widely publicized by M. Barnsley as the Collage
Theorem [2].

Just as in Example 1, where Theorem 1 was used to
generate convex polygons as fractal sets, other natural-
looking objects were generated by appealing to the ap-
proximate version and the experimental insight into the
effects of the variation of the parameters on u. In actual
applications, it is also convenient to decompose the matrix
A; as a product

A= 1 a b 0O cosf —sind
P01 0 Vo sinf cosf

where |bb’| = 1 and 0 < a < 1. The advantage of using
this decomposition is that the effects of the parameters
can be more readily understood. The matrix

cos® —sinf
sind cos#

is a rotation through angle #. The matrix

b O
0 ba

represents scaling by factors b and-b'ar, and

(6 1)

can be regarded as a twist. The numbers b, b, and a should
be chosen such that |ba|, |b’a] < 1. By specializing the
parameters b, b, andato 1, 1,and 0, respectively, one can

already generate a number of very complex and natural-
looking images. The interested reader should view these
points as hints or general guidelines for experimentation
with fractal image generation.

Using the fractal method, a number of images were gen-
erated by one of the authors and others (see, e.g., [2] and
[3]). Fractal methods have been used recently at JPL for
computer simulation of certain images. Since these im-
ages were generated by storing only the parameters of a
few affine transformations, one would like to believe that
the fractal method can be used for efficient data, or more
specifically, image compression. The systematization of
the fractal method so that it becomes applicable to gen-
eral image compression has been attempted by a num-
ber of researchers. One approach is to try to find a set
S = {S1,--,8n} of affine transformations and positive
numbers {p;} such that the corresponding stationary dis-
tribution is a good approximation to a given image. While
in theory this is possible, the number of the affine transfor-
mations may be so large that the result will have no practi-
cal value. Furthermore, since most objects do not exhibit,
even remotely, the self-similarity property that is an es-
sential feature of fractals, this direct approach is probably
a futile one. By segmentation of an image, one will have
better control over the choice of the affine transformations.
However, the startling compression ratios of thousands to
one will not be achievable. The most successful attempt of
the application of fractals to image compression has been
by Iterated Systems Inc. While their methodology is a
well-guarded trade secret, the authors have tested the te-
sults of their fractal compression scheme against the JPEG
baseline algorithm. This will be discussed in more detail
in Section IV.

Ill. JPEG Algorithms

With the advent of multi-media services offered by the
64-Kbit/sec Integrated Services Digital Networks (ISDN),
there is a strong urge to define a standard for applica-
tions as diverse as photo-videotex, desktop publishing,
graphic arts, color facsimile, photojournalism, medical sys-
tems, and many others. The JPEG was formed under
the joint auspices of the International Standards Organi-
zation (ISO) and the Comité Consultatif International de
Téléphone et Télécommunication (CCITT) at the end of
1986 for the purpose of developing an international stan-
dard for the compression and decompression of continuous-
tone, still-frame, monochrome, and color images.

The JPEG-proposed algorithm has three major com-
ponents. The first is a baseline system that provides a
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simple and efficient algorithm that is adequate for most
image-coding applications. The second is a set of extended
system features that allows the baseline system to satisfy a
broader range of applications. Among these optional fea-
tures are 12-bit/pixel input, progressive sequential and hi-
erarchical build-up, and arithmetic coding. The third is an
independent, differential, pulse-code modulation (DPCM)
scheme for applications that require lossless compression.
The following is a brief description of the JPEG baseline
system only. The reader is referred to the JPEG proposal
[4] for a complete description of the components and the
algorithms.

The JPEG baseline system is a transform-based algo-
rithm consisting of three stages. The first stage is a dis-
crete cosine transform (DCT). The output of the DCT is
then quantized and in the final stage the quantized output
is encoded by variable length codes. The original image is
partitioned into 8 x 8 pixel blocks and each block is inde-
pendently transformed by the DCT. The transform coeffi-
cients are then quantized using a user-defined quantization
template that is fixed for all blocks. Each component of
the quantization template is an 8-bit integer and is passed
to the receiver as part of the header information that is re-
quired for every image. Up to four different quantization
templates can be specified; for example, different quan-
tization templates may be used for the different compo-
nents of a color image. The JPEG baseline system supplies
two default quantization templates: one for the luminance
component (the Y-component) and the other for the two
chrominance components (the I and Q components). The
top-left coefficient in the two-dimensional DCT block [i.e.,
the (0, 0) coefficient] is the DC coefficient and is propor-
tional to the average brightness of the spatial block. The
remaining coefficients are called the AC coefficients. After
quantization, the DC coefficient is encoded with a lossless
DPCM scheme using the quantized DC coefficient from
the previous block as a one-dimensional predictor. For the
baseline system, up to two separate Huflman tables for
encoding the resulting differential signal can be specified
in the header information. A default Huffman table for
DC encoding is given in the JPEG proposal. The encod-
ing of the quantized AC coefficients uses a combination
of runlength and Huffman coding techniques. There are
many zeros in the quantized AC coeflicients, especially in
the high frequencies. The AC coefficients that are close
(respectively, far) in location to (0, 0) are the low (respec-
tively, high) frequencies. Typically, high frequencies have
low energies. The two-dimensional block of quantized coef-
ficients is transformed into a one-dimensional vector using
a zigzag reordering so that the coefficients are arranged
in approximately decreasing order of their average energy.
This creates a combination of nonzero values at the begin-
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ning of the vector and long runs of zeros thereafter. To
encode the AC coefficients, each nonzero coefficient is first
described by a composite 8-bit value, denoted by I, of the
form (in binary notation)

I=NNNNSSSS

The four least significant bits, $SSS, define a category
for the coefficient amplitude. The values in category k
are in the range (28-1,2% — 1) or (=2% 4 1, ~2%~1), where
1 < k £ 10. Given a category, it is necessary to send
an additional k bits to completely specify the sign and
magnitude of a coefficient within that category. The four
most significant bits in the composite value, i.e., NNNN,
give the position of the current coefficient relative to the
previous nonzero coefficients. The runlengths specified by
NNNN can range from 0 to 15, and a separate symbol
I = 11110000 = 240 is defined to represent a runlength
of 16 zeros. In addition, a special symbol, I = 0, is used
to code the end of a block (EOB), which signals that all
the remaining coefficients in the block are zero. Therefore,
the total symbol set contains 162 members (10 categories
X 16 runlength values + 2 additional symbols). The out-
put symbols for each block are then Huffman coded and
are followed by the additional bits required to specify the
sign and exact magnitude of the coefficient in each of the
categories. Up to two separate Huffman tables for the AC
coefficients can be specified in the baseline system. A de-
fault runlength/Huffman table for AC encoding is given in
the JPEG proposal.

IV. The Comparison

" For the comparison of the fractal and the JPEG algo-
rithms, a set of ten 320 x 200 8-bit grey-scale images in
Sun raster format was sent to Iterated Systems Inc. Some
of these images are often used for image-compression ex-
periments, and others are planetary images. The complete
list is (1) an air scene, (2) baboons, (3) a couple in a room,
(4) Lena (portrait of a young woman often used in image
compression tests), (5) peppers, (6) light effects pattern,
(7) the moon, (8) Miranda, and (9) and (10) two images
of the planet Saturn. Fach of the images was compressed
to eleven files of sizes ranging from 3 to 13.5 Kbytes.
The reconstruction was done by the decompression soft-
ware P.OEM™ Developers’ Kit—Grayscale Still devel-
oped by Iterated Systems Inc. for this purpose and the
format conversion developed by one of the authors. The
recopstructed images were then compared to the original
to obtain the mean-square-error (MSE) and the peak-SNR



values versus the number of bits per pixel (i.e., compres-
sion ratio). Peak SNR is defined as 101og,,(255)?/MSE,
and is measured in dB’s. Similar curves were obtained for
the JPEG baseline algorithm as implemented at JPL [5].
The results are given in Figs. 1 and 2 for images (5) and
(8). Tt is clear from the figures that the JPEG algorithm is
superior to the fractal algorithm by as much as 6 dB at low
compression ratios and 2 dB at high compression ratios.
The curves presented in this article contain the range of
compression ratios obtained by Tterated Systems Inc. for
the ten images referred to earlier. It should be pointed out
that no conclusion regarding the effectiveness of the fractal
method at higher compression ratios is warranted at this
time. Qualitatively, at high compression ratios of about
16:1 to 20:1, the fractal scheme exhibits solar flare, while
the JPEG baseline algorithm suffers from the tiling effect.

No post-processing was done with the application of the
JPEG algorithm. The authors are unaware of any post-
processing in the fractal algorithm. The tiling effect can
be somewhat alleviated by the application of certain filters
which involve weighted averages of nearby neighbors. The
authors know of no method for dealing with the solar flare
effect.

V. Conclusion

A comparative study of the JPEG baseline algorithm
and the fractal method was conducted by the authors. In
terms of the mean square error and peak SNR, the JPEG
algorithm was superior in every case.
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This article describes new signal processing techniques for DSN radios and
presents a proposed receiver architecture, as well as experimental results on this
new receiver’s analog front end. The receiver’s design employs direct downcon-
version rather than high speed digitization, and it is just as suitable for use as a
space-based probe relay receiver as it is for installation at a ground antenna. The
advantages of having an inexpensive, shoe-box-size receiver, which could be carried
around to antennas of opportunity, used for spacecraft testing or installed in the
base of every antenna in a large array are the force behind this project.

I. Introduction

This article reports on research in progress into the de-
sign of a smaller, cheaper, and more reliable receiver for
the Deep Space Network. Here, a receiver is defined as
everything in the chain between the output of the first
noise-floor-setting amplifier stage (the maser in the DSN)
and the input to the telemetry detection and decoding
equipment. The hardest link to forge in this chain is the
receiver’s analog front end, where the rf signal is downcon-
verted and filtered before it is digitized. Therefore, this
article concentrates on the basic signal processing scheme
and analog hardware of the receiver, but not on the com-
plex mixer to process the digitized outputs from the re-
ceiver’s analog front end. The design presented exactly
corrects amplitude and phase mismatch at one frequency,
the carrier, or a calibration frequency; digital equalization
can then eliminate phase and amplitude irregularities over
the whole passband.

1 Work performed under a contract between JPL and Johns Hopkins
University through the TDA Office.

The proposed receiver architecture is a departure from
the conventional approach to high-performance digital re-
ceiver design. Most designs push the point at which the
signal is digitized closer and closer to the rf carrier fre-
quency, grabbing each new advance in the speed of analog-
to-digital conversion and digital signal-processing equip-
ment, and exchange analog mixers and filters for their
digital counterparts. Well-founded faith in the ability of
digital electronics to process signals without degradation
steers people in this direction. All such designs will, how-
ever, be limited by their sample-and-hold circuits. In fact,
analog-to-digital converters are never really the limitation,
since if sufficiently fast sample-and-hold circuits are avail-
able, they can simply be paralleled in order to capture
higher bandwidth signals. For example, today’s fastest
digital oscilloscopes use four sample-and-hold amplifiers,
which are fired in cascade. A sample and hold is very sim-
ilar to a mixer, yet harder to build. Both operations can
be implemented with a switch that opens and closes repet-
itively. However, the duty cycle of the switch in the mixer
is 50 percent, whereas that in the sample and hold has to
be made as short as possible.
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The design outlined below replaces a high-speed sam-
ple and hold with a pair of mixers in a direct downconver-
sion configuration. Preliminary results show that 80 dB of
spurious-free dynamic range, far more than is necessary to
cope with all except the very purest sources of interference,
is achievable.

ll. Receivers

The task of a receiver is in effect to apply a matched
filter to each symbol of the transmitted data stream. If the
communications link is operating without coding, then the
output of this filter will be a 1 or a 0 if the transmitter
alphabet has only two letters and will represent one bit
of information transmitted. For a larger transmitter al-
phabet, the output of the matched filter will be the index
of the signal that was most likely sent. When the link
uses coding, the receiver may benefit from not discarding
so much of the analog information available about the sig-
nal. For example, for a binary signal set, the output of the
matched filter should be a quantized version of the proba-
bility that a 1 was more likely sent than a 0, or something
directly related to it. Binary phase-shift keying (BPSK)
is one of the simplest forms of modulation used and is
usually the choice for a communications system in which
bandwidth is of little consequence, such as the link from a
deep-space probe to the Earth. The signal structure and
matched filter for BPSK in the presence of Gaussian noise
appear in Fig. 1.

Each symbol is correlated with the transmitter’s car-
rier. The result of this correlation is directly related to
the probability that the symbol sent was a 1, e.g., if the
voltage is positive then a 1 was more likely sent than a 0.

The block diagram of the matched filter in Fig. 1 is
appealingly simple, and this article presents some experi-
mental investigations into how closely a real receiver can
approach Fig. 1’s simplicity. Inasmuch as a balanced mixer
is an analog multiplier, one might be tempted to try im-
plementing the block diagram directly. The flaw with this
scheme is the requirement that the mixer and subsequent
very high-gain amplifier perform well at DC, where 1/f
noise causes difficulties. That is, many data patterns will
place significant energy very close to the carrier. This
dilemma can be solved by proper coding; however, the
remaining problem of carrier tracking, i.e., producing a
replica of the transmitter’s carrier at the receiver, is ex-
tremely hard to solve, since the problems of shielding and
component nonidealities are close to intractable.

The superheterodyne receiver shown in Fig. 2 is the tra-
ditional solution. This receiver isolates a piece of the ra-
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dio frequency spectrum, which contains the desired signal
and converts it down in frequency while also amplifying
it. The staged downconversion and amplification elimi-
nate the hazard of feedback and raise the signal level suf-
ficiently so that, by the time its frequency gets close to
DC, 1/f amplitude noise in the mixer diodes and the fol-
lowing amplifiers is no longer important. Unfortunately,
each stage of conversion is not only expensive, but also
degrades the signal because the multiplications are imper-
fect. The sharpness of the available filters determines how
many stages are necessary to drop from the rf carrier fre-
quency to baseband. Thus, either higher Q filters or a
higher digitizing rate are necessary to simplify the analog
electronics in Fig. 2. The narrower an analog filter is, the
harder it is to make it linear phase, i.e., to make it behave
like a uniform delay for all frequencies in its passband. If
this distortion were constant, it would not pose a prob-
lem since no information is lost, and, in theory, a digital
equalizer could be used to correct the phase distortions
of the analog filter. Unfortunately, high-Q analog filters
change with temperature and are not uniform over their
passbands. Thus, even if the filter were in a thermostati-
cally controlled oven, the equalizer would have to change
every time the receiver was tuned to a different frequency.

lli. New Approaches

This section presents a receiver design in which only
low-Q, low-pass filters are needed, and most of the am-
plification takes place at a low enough frequency so that
oscillation caused by feedback is not a problem. Only an
extremely small amount of the incoming signal energy will
appear close to DC. Even this loss could be eliminated
by proper shaping of the transmitted signal. (For exam-
ple, the pinned state convolutional codes described in [1],
which the Galileo Big Viterbi Decoder is already able to
decode, have this spectrum shaping capability.) The basic
block diagram appears in Fig. 3.

The incoming signal is split in two and each half is
mixed with one of two carriers which have the same fre-
quency, but are as close to 90 deg out of phase as possible.
The outputs from these two mixers are amplified, low-pass
filtered, and drigiiti_zed. The only filters necessary are the
anti-aliasing filters for the analog-to-digital converters, and
as each mixer sees only half the incoming power, dynamic
range requirements are eased. If # = 0, then the two low-
pass filtered signals are merely the two components of the
Hadamard transform of the input signal and can be pro-
cessed as shown in Fig. 4 to recover the spectrum one filter
width to either side of the local oscillator.



This processing scheme is simply that of the image re-
jection mixer which has been around since the 1950s (2,3]
and has been well studied. Researchers have constructed
whole receivers based on this idea [4,5]. The most recent
and successful design is in [6].? These designs, however,
were all limited to fairly low frequencies (<70 MHz) and to
applications where keeping costs low was more important
than achieving the ultimate in performance. The crucial
difficulty was that of making accurate quadrature power
splitters—i.e., keeping 3, the offset from perfect quadra-
ture, very close to zero. These designs did not recognize
the capability of a change in low-frequency signal pro-
cessing to compensate for imperfections in the quadrature
power splitter. When the quadrature power splitter is im-
perfect, all of the information in the original signal is still
present, but the axes of the coordinate system in which
the signal is viewed are no longer the usual orthogonal X
and Y.

Figure 5 shows a simple geometric way of viewing the
signal in its skewed reference frame. Both X and P are
the outputs of the two receiver channels. For clarity, Fig. 5
shows the complement of 3, called a. Here 74 deg is greater
than the worst skew that might occur in practice. Elemen-
tary trigonometry demonstrates that Y, the output of a
channel in perfect quadrature, can be obtained easily as a
linear combination of the two measured quantities X and
Y.

These straightforward results prove that proper base-
band processing can eliminate the effects of small phase er-
rors in the in-phase and quadrature local oscillators. Am-
plitude mismatches are of course even easier to deal with,
as a simple rescaling is all that is required. Figure 6 shows
the exceptionally simple baseband processing scheme nec-
essary to eliminate both amplitude and phase mismatches,
leaving a perfect in-phase and quadrature pair ready to
feed into a complex mixer. Figure 3 envisions that all this
processing will be done digitally; however, there 18 no rea-
son why equivalent analog techniques would not work.

Unfortunately, the gain and phase mismatches will
probably not remain constant over a reasonable operat-
ing temperature range and certainly not remain constant
as the receiver is tuned. Thus, the constants in Fig. 6
really experience small variations with time scales on the
order of a minute, and the remaining challenge is figuring
out what these mismatches are in real time. One possi-
bility is to switch periodically the input of the receiver

2 Amplification of this reference by a personal communication from
Polly Estabrook in the Communications Systems Research Section,
Jet Propulsion Laboratory, Pasadena, California is acknowledged.

over to a calibration oscillator. This oscillator would have
no stringent stability requirements since only the relative
phases and amplitudes of the two channels are important.
A more elegant solution, however, is to synchronously de-
tect a continuously modulated tone. The amplitude of the
tone will be low enough so that it can be subtracted out
digitally without degrading the information-bearing sig-
nal, and the synchronous detector will ignore interference.
Thus, calibration and reception can proceed simultane-
ously. Exactly the same technique can be used to calibrate
the delay through the whole receiver system.

The two anti-aliasing filters ahead of the analog-to-
digital converters will, of course, not be absolutely the
same. These manufacturing imperfections will introduce,
between the channels, a phase shift which varies over the
filters’ passband. Digital equalization can, however, com-
pensate for these imperfections. The reason is that, just as
with channel-to-channel phase mismatch, the phase shift
does not cause any loss of information. Although digital
equalization could, in principle, be used in any receiver, the
direct downconversion architecture makes it completely
practical, since the filters are low Q and thus stable with
time and temperature. Also, the equalizer does not have
to change as the receiver is tuned. One way to adjust this
equalizer is to sweep the calibration tone.

V. Hardware

Elementary trigonometry demonstrates the soundness
of the correction shown in Fig. 5. However, these new ideas
concern radio frequency circuits where poorly modeled ef-
fects can be very important. Thus, it is not obvious that
machinery that implements the different block diagrams
can in fact be built. Some sort of experimental verification
is necessary. All sorts of mundane but thorny engineering
complexities presented themselves in the construction of
a prototype. The proposcd design requires the low-noise,
Jow-distortion amplification of signals ranging from audio
to a few megahertz in the presence of rf local oscillator
feed-through from the mixer, which is more than 100 dB
stronger. Similarly, the diode quads used in the mixers
must perform reasonably close to DC. The extremely rapid
plunge in frequency has, however, some advantages that
ease requirements on the mixers and amplifiers. Certain
distortion products that plague multi-stage superhetero-
dyne designs, especially those which use a stage of upcon-
version to improve image rejection, are completely absent
in this direct downconversion approach. Most of the am-
plification takes place at sufficiently low frequencies so that
substantial amounts of feedback can be used to reduce dis-
tortion. A great deal of effort has gone into the design of
such amplifiers for transcontinental coaxial cables [7,8].
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Construction of one of the two channels shown in Fig. 3
began in late 1990 in order to evaluate the following: the
susceptibility of the mixers to second-order intermodula-
tion products caused by radio frequency interference, the
phase and amplitude stability of the mixers and filters, and
the intricacies of the detailed design of the impedance-
matching network and low-noise amplifier following the
mixer. The design used a diode quad driven by a 1.8-volt
local oscillator as the mixer. It was tested at both 100
and 500 MHz. These frequencies were chosen because of
test equipment limitations, rather than because of any in-
trinsic circuit limitations. Without improvement, the de-
vice should work well above 1 GHz, but will still require
an initial stage of downconversion in order to operate at
X-band (8.5 GHz). Going directly from X-band to base-
band would have its fascinations, but would also require
that the receiver sit right on the back of the maser, as
cabling losses are too great to transmit the signal any dis-
tance. If the low-noise amplifier has a temperature of 20 K,
then 40 dB of amplification is necessary before the signal
enters the mixer in order to override the attenuation of
the mixer and the noise of the subsequent low-frequency
amplifiers. With more effort, the noise figure at the mixer
input could be reduced by 13 dB; the amount of amplifica-
tion necessary would then drop by a similar amount. Such
an improvement would be useful for a spacecraft command
or probe relay receiver, but would not be of much use to

the ground-based DSN.

The construction of the device presented many sticky
problems in analog electrical engineering, though none was
sufficiently interesting to report on. Figure 7 shows the dis-
concerting first view of the baseband spectrum. Power line
pickup by the impedance-matching network following the
mixer caused the spikes. Many iterations later, the same
spectrum analyzer produced Fig. 8, which shows 80 dB of
clear two-tone dynamic range. Two pure tones were fed
into the mixer through a power combiner. The harmonics
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were produced by the test sources themselves, not by the
mixer or amplifier.

Figure 9 demonstrates the design’s freedom from
second-order intermodulation. The mass of tones on the
right is a 90-percent AM-modulated carrier. The single
peak on the left comes from a second signal generator,
which was set 70 dB down in order to check for overload
in the spectrum analyzer. Figure 10 shows the first of the
dual-channel tests and demonstrates the amplitude track-
ing of the pair of low-pass filters. Their tracking relatjve
to one another, the important criterion when digital equal-
ization is used, is even better. The difference varied by less
than 0.005 dB, the limit of measurement, while the tem-
perature of the two filters cycled over a 10-deg C range.
When a similar plot for phase is available, the performance
of the complete receiver can be predicted with confidence.,

V. Conclusion

This article has presented a new way of digitally dealing
with the imperfections of the analog hardware in a commu-
nications receiver, and has presented sufficient measure-
ments to afford reasonable confidence that the overall ar-
chitecture has no disastrous flaws. The design is unique in
its incorporation of self calibration. The correction for un-
known cable transmission delays between the receiver and
antenna can also be handled by the same techniques used
to measure the phase shift through the pair of low-pass
filters. Cutting the number of analog filters in the design
to the bare minimum and placing these at a point where
the signal frequency does not change with receiver tuning
gives the receiver great stability. All of the first-order (i.e.,
not time varying) imperfections in the two analog filters
can be equalized out digitally, leaving only gradual second-
order drifts to contend with. The great intrinsic stability
of this receiver architecture makes it also suitable for use
as a radio science receiver.
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A determinate-state convolutional code is formed from a conventional convolu-
tional code by pruning away some of the possible state transitions in the decoding
trellis, The type of staged power transfer used in determinate-state convolutional
codes proves to be an extremely efficient way of enhancing the performance of a
concatenated coding system. This article analyzes the decoder complexity and
free distances of these new codes and provides extensive simulation results of their
performance at the low signal-to-noise ratios where a real communications system
would operate. The article concludes with concise, practical examples.

l. Introduction

In a determinate-state convolutional code, some of the
possible branches of the trellis are pruned away, usually
by employing an outer algebraic code, and the remain-
ing paths in the convolutional code’s trellis gain power
from these “pinned” state transitions. The beauty of this
technique is that it allows a concatenated coding system’s
performance to approach more closely the power of the
concatenated code viewed as a single entity, while the de-
coding complexity remains comparable to the traditional
sequential approach. This article will concentrate on con-
volutional rate 1/N inner codes, but trellis codes, block
codes suitable for soft decoding, or more complex state
machine-based codes can all use the same technique. The
examples in this article, with one exception, will use al-
gebraic outer codes for the conventional reason, i.e., the

! Work supported in part by a contract between Johns Hopkins Uni-
versity and JPL through the TDA Office, and by a grant from the
National Science Foundation.
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existence of decoding algorithms whose computational ef-
fort is only a polynomial in the error-correcting capability
of the code. A short illustration in the next section de-
fines the basic concept of determinate-state convolutional
codes; the article then goes on to explore the decoding
complexity of these new codes and their free distances.
The article also presents design techniques and practical
illustrations. Simulation is the only way to explore codes
at the very low signal-to-noise ratios at which the inner
codes in high- performance concatenated systems operate.
Hence, extensive figures appear at the end of the article;
these data can be used to design coding systems beyond
what the article presents. The Appendix explains how the
simulations were performed.

Il. The Elements of Power Transfer

Figure 1 shows what happens to the trellis of a con-
straint length-3 convolutional code when one of the bits
going into the encoder is known to be zero.



This known bit could come from the successful decoding
of an outer code or from something much simpler, such as
a synchronization pattern. The example of an interleaved
synchronization pattern provides a quick introduction to
the idea of determinate-state convolutional codes and is
an extreme case of a whole continuum of different degrees
of certainty which the decoder may have about the infor-
mation bits. As an interesting aside, most of the simpler
varieties of such outside information, such as the different
letter frequencies in ASCII encoded text or the statistics of
pixel differences in a binary image, are easy to incorporate
in the decoding procedure.

Suppose, for instance, that every eighth bit of data go-
ing in a (7,1/2) convolutional encoder is part of a synchro-
nization word and that the code is operating at an Ey/Ng
of 1.2 dB. Figure A-1 shows that the bit error rate out
of the decoder will be 2.7 percent. After having acquired
synchronization, one can incorporate the knowledge of ev-
ery eighth bit into the decoding procedure. Figure A-5
gives the bit error rates of the remaining bits when one
out of every eight is known and shows that the error rate
of the remaining 7/8 of the bits drops after incorporating
this information to a little under 0.92 percent. However,
the power used in sending these known bits must be ac-
counted for. The proper adjustment to the bottom axis of
Fig. A-5, to allow direct power comparison with Fig. A-1,
is 10 log (7/8), which is 0.58 dB. Looking back to Fig. A-1
at the 1.8-dB point, there is an error rate of 0.89 percent.
Thus, almost all of the power from the known bits has
transferred to those that remain, ie., 1.8 — 1.2 = 0.6. The
overall effect is almost the same as sending a signal back
to the encoder, stopping the transmission from framing
information.

The successful decoding of an outer code can provide
the same certainty as knowledge of a synchronization pat-
tern. If every eighth bit in the data stream going into the
(7,1/2) code discussed above is a symbol in an outer bi-
nary code, and the parameters of this code are such that
it always decodes with extremely high probability when
the error rate is 2.7 percent, then a second soft decoding
operation gives those bits which are not doubly protected
just the same error rate they had when every eighth bit
was part of a synchronization pattern. The information
bits of the outer code have, in effect, been sent for free.
A moderately complex code will require about twice the
minimum possible redundancy of H(0.027) = 0.18 at the
2.7-percent error rate. This simple example incorporates
the essence of the article.

It is the concept of power transfer that makes deter-
minate-state convolutional codes work. The idea of reini-

tializing (essentially an extreme form of state pinning) a
constraint length-7 decoder by using the bytes from an
8-bit interleaved Reed-Solomon (RS) code word has been
tested before in [1-3] with varying degrees of success. Per-
formance gains were either not any larger than other eas-
ier decoder improvements, such as increasing the trunca-
tion depth, or required many decoding trials of the Reed-
Solomon code, with different positions erased. Adjusting
the rates of the different code words in a block of in-
terleaved Reed-Solomon codes will significantly improve
the performance of a system using decoder reinitializa-
tion, but, as this article goes on to show, when the pinned
symbol size is greater than the constraint length, power
transfer is always inefficient. The article proceeds with an
analysis of the properties of both determinate-state con-
volutional codes and their decoders.

lil. Decoding Complexity and
Implementation

Figure 2 demonstrates what happens as known bits per-
colate through an encoder shift register. The checkered
circles represent zeros or ones that are known in advance
and the box follows the shift register window of a con-
straint length-3 convolutional encoder. No additional ar-
gument is required to show that the total number of en-
coder states is cut in half for every known bit in the shift
register.

The situation is, however, slightly more complex for the
decoder since it performs one computational step for every
possible state transition of the encoder rather than for ev-
ery state, and thus the real measure of computational cost
is the number of branches in the trellis. A return to the
pruned trellis diagram in Fig. 1 confirms that the correct
measure of complexity for a determinate decoding opera-
tion is just the average of 2K' where K' is the effective
constraint length of the pruned code, i.e., the number of
unknown bits in the shift register. In fact, considering the
trellis, it is possible to collapse the row of states immedi-
ately preceding a known bit so that if a known bit comes
along once every K +1 bits, the peak decoder memory can
be halved, and if a known bit comes along once in every
K bits, the state diagram could look just like that of a
K — 1 code.

The decoder for a convolutional code in which some of
the bits are known is straightforward to construct since
it is identical to the decoder for a time-varying code of
lower constraint length. This result derives from the ca-
pacity to represent the encoder for a determinate-state
convolutional code as a conventional convolutional encoder
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with time-varying generator polynomials whose constraint
length is the effective constraint length of the determinate
code, i.e., the number of unknown bits in the shift register.
The output from each of the encoder’s generator polyno-
mials is either inverted or not depending on the known bits
in the shift register. Figure 3 shows a rate 1/2, K = 12
encoder with four known bits.

The two constants in Fig. 3 can be computed using

Eq. (1)
(Fi k) ® ri=r (1)

where k is the vector of information bits that are known
to be one, §; is the i¢th generator polynomial, and r; is the
bit which will be sent over the channel as the ¢th symbol.
The clocking of the shift register is stopped as known bits
enter.

This unusual view of the encoder can be used to con-
struct an efficient decoder by using Eq. (1) to modify the
signs of the received symbols, i.e., r; is the bit that indi-
cates whether the received symbol is a zero or a one and 7}
is the sign bit fed to the decoder. Since the two exclusive-
or operations will cancel each other out, this preprocessing
step will eliminate any requirement that determinate bits
must be fed into the decoder itself. Only the need to recir-
culate the accumulated state metrics, i.e., to update them
without exchanging them in order to handle the pauses in
the Fig. 3 encoder, distinguishes the determinate decoder
from a conventional Viterbi decoder of reduced K.

Equipping a conventional decoder to perform a max-
imum likelithood estimate when some bits are known is
also straightforward. The only necessary additions are two
wires that make it possible to force all the states to choose
either the zero branch or the one branch, thus overriding
the normal selection of the lower of the two incoming met-
rics. The DSN constraint length-15 decoder, described in
[4], incorporates precisely this feature. The forcing lines
also simplify the testing of the decoder since they allow
error bursts to be inserted artificially. This decoder was

demonstrated in early 1991.

IV. Determinate Code Properties

Another way of mechanizing the decoding process
where subsets of the data stream are known is to give
infinite weight to those branches that are not part of a
possible path through the trellis. Since the shortest path
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between two points in a graph will remain the shortest
when any line not on this path is lengthened,

Si | {SaySp, Sy, -} =S; (2)

where S; is the value of the ith symbol in the maxi-
mum likelihood estimate of the decoded data stream, and
Si | {Sa,S5,Sy,---} is the estimate repeated with the
knowledge that the bits in positions a, 3, v, etc. are cor-
rect. Thus, side information, e.g., known bits, is beneficial
only if it requires a change in the estimate of the trans-
mitted data stream. Similarly, if a sequence of k known
symbols is sufficient to specify the encoder state, then

S,' '{S;_k_;,Sg_k,S,'_k.{.h"',Si—l}:Si l{Q} (3)

Si [{Si41,Si42, Sivar o S} = Si [{Q'}  (4)
where {@} is any subset of S; through S;_, that includes
Si—k—1 through S;_;, and {Q'} is any subset of S;, where
J > &, that includes Sj;; through S;y;. Thus, if at
any point in the decoding process enough side informa-
tion is available to specify the encoder state, then the fu-
ture decoding operations are no longer coupled to the past
through the encoder memory. If the length of the sequence
of known bits is shorter than that required to specify the
encoder state fully, then the coupling will be decreased,
but not eliminated, so re-decoding can relieve interleaving
requirements. Equations (3) and (4) also show that there
is intrinsic inefficiency in using 8-bit symbols witha K =7
code, since pinning more than K bits in a row produces
no additional power transfer.

The free distance of a determinate-state convolutional
code can be obtained by making the same slight modifica-
tions to a decoder that are used to find the free distance of
an ordinary convolutional code. While being fed all zero
symbols, the decoder is forced out of the all-zero state
into the state with all zeros and a single one. The to-
tal amount of distance that accumulates on the shortest
path which brings the decoder back to the all-zero state
is the free distance. Now, however, the decoder has to
work with a pruned trellis, and so not all of the possi-
ble departure times from the all-zero state are equivalent;
potentially, they may all have to be explored to find the
free distance. When the information bit sequence that
produces the minimum-weight burst is short, however, the
problem of free-distance determination is trivial. If the run
of unknown bits is longer than a sequence of information
bits that produces a minimum-weight burst, the free dis-
tance of the root convolutional code cannot change as the



result of state pinning. In particular, if a single isolated
one produces a minimum-weight burst, as it does for the
NASA (7,1/2) code, then the free distance cannot increase
no matter how many known bits there are. Even if a sin-
gle bit remains unfixed, the minimum burst producing one
will slide into that position.

V. First Example

The first example will replace a set of identical inter-
leaved Reed-Solomon codes with a collection of different
codes, which together have the same redundancy as the
original set, but allow an overall gain of 0.5 dB over the
old coding arrangement at its design error rate of 1076
bit error rate (BER). The new system will actually have a
lower error rate than 1 in a million. The inner code is the
NASA (15,1/4) code used on the Galileo spacecraft. This
is the (15,1/4) code whose performance is graphed and
tabulated at the end of this article. The outer code used
on the spacecraft to send compressed images is a (255,223)
8-bit Reed-Solomon code. The new outer codes will also
be 8-bit Reed-Solomon codes, but with different amounts
of redundancy. This example is chosen because an easily
understood, very routine approach to code construction
yields substantial improvements. For symbol errors within
one Reed-Solomon code word to be almost independent of
one another, they must be interleaved to a depth of 8,
and to gain half a decibel, the redundancy will simply
be shifted among the eight code words of an interleaving
block, while keeping the average number of parity check
symbols per code word fixed at 32. Since the redundancy
of the outer code will remain constant, the energy gain
will come from a lowering of the operating point on the
inner code. The operating point of the inner code in the
conventional systemn is 0.33 dB; in the proposed system, it
is —0.2 dB.

In order to upper-bound the decoded bit error rate re-
liably, assume that if any Reed-Solomon code fails to de-
code, then all of its bits as well as the bits of any other
undecoded Reed-Solomon code words in the frame expe-
rience a 50-percent error rate. Any concerns over frame-
to-frame error propagation can be eliminated by inserting
a sequence of 15 known bits after each frame; the frames
are long enough so that the power penalty is negligible.
Although this bound will be quite far above the actual
error rate of the code, the difference measured in informa-
tion bit energy will be small; i.e., little additional effort is
required to lower the error rate of a coding system from
one in a million to one in a billion. Figure A-10 shows
how the 8-bit symbol error rate of the (15,1/4) code drops
as additional side information becomes available. Table 1

shows the symbol error rates for each decoding operation
and the contribution of the different Reed-Solomon code
words to the average redundancy.

The decoder complexity of the new code design will be
slightly less than three times the decoder complexity of the
root constraint length-15 code; the last decoding step has
complexity equal to that of a constraint length-7 code, and
the second and third steps have complexity slightly below
that of the first.

VI. Second Example

The second example, which has its source in the orig-
inal Voyager communications system, addresses those sit-
uations where the outer code must be very simple, either
because the encoder needs to be small, e.g., taking up
only a small fraction of a chip, or because the short de-
coding delays characteristic of convolutional codes must
be preserved; e.g., a compressed voice circuit operating at
2.5 Kbps should not have a coding delay of more than
250 bits. This example also shows how a communications
system can be improved without changing the encoder.
Voyager used a (7,1/2) convolutional code to send uncom-
pressed images back to Earth at a bit error rate of 5x 1073
Decoding errors, which very seldom affected more than two
adjacent 8-bit pixels, were corrected either by low-pass fil-
tering of the image or manually. A fraction of the data,
however, came from other instruments that demanded no
more than one error in a million bits, and these data were
encoded first by a Golay code and then combined with the
imaging data and sent to the convolutional encoder. For
this example, one out of every eight bits will be covered
with a Golay code, which is slightly larger than the frac-
tion on Voyager. The bursts produced by a K =7 code
are short enough so that the bits of a Golay code word will
experience independent errors when they are spaced 8 bits
apart in the data stream.

A re-decoding operation using the information from a
successful decoding of the (24,12) Golay code will cut the
error rate of the (7,1/2) convolutional code by a factor of 3.
The probability of five or more errors in a Golay code word
is so small that incorrect decodings have a negligible eflect
on the error rate of the bits following a second decoding.
The errors produced by an incorrect Golay decoding can
be upper-bounded by assuming that an error burst covers
all those bits intermixed with the Golay code word, plus
the bits for several constraint lengths on either side. The
convolutional code’s constraint length would have to be in-
creased to 9 in order to achieve the same improvement. If
a similar interleaved Golay code was used on the (15,1/4)
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convolutional code, the error rate would drop by a factor
of 5. The second decoding operation increases the decod-
ing complexity by a little more than a quarter since one
determinate bit is always in the shift register, and two are
in the shift register 7/8 of the time. Increasing the convo-
lutional code’s constraint length in order to achieve similar
gains would raise the decoding complexity by a factor of
32.

In this example, the energy per information bit mea-
sured at an error rate of 10~2 does not decrease; instead,
the second decoding step allows the error rate of 1/8 of the
bits to be reduced to 107¢ without any increase in Ey/Ng
and with only an extremely small increase in encoder com-
plexity. Variations on this scheme might be very useful for
certain types of data compression systems that transmit
both the parameters of a predictor and the differences be-
tween the predictor and the source; these differences can
tolerate a much larger error rate,

VII. Third Example

The third example will give a constraint length-11 con-
volutional code the same performance as the constraint
length-15 code put aboard Galileo. The outer code will
remain an 8-bit Reed-Solomon code, and the average num-
ber of redundant symbols per 255 symbol code word will
stay fixed at 32. For a constraint length-11 code, an in-
terleaving depth of four is sufficient to achieve symbol in-
dependence, and the re-decoding operation will take place
after one code word of an interleaving block has decoded
and every fourth 8-bit symbol is thus known. Only a sin-
gle determinate decoding operation is necessary to increase
the performance of a constraint length-11 code to a little
better than that of the constraint length-15 code.

The operating point of the X = 11 code is 0.3 dB, giv-
ing an 8-bit symbol error rate of 4.92 percent, and 68 parity
check symbols will bring the probability of Reed-Solomon
decoder failure below 7 x 103, After the pinned decoding
operation, the average error rate of the remaining symbols
will drop to 1.25 percent. Twenty redundant symbols on
each of the three remaining Reed-Solomon code words will
reduce the bit error rate to 1075, Of course, if the first
Reed-Solomon code fails to decode, then a determinate de-
coding operation will not be possible. The three remain-
ing, much less powerful, code words will be left to cope
with a symbol error rate, which will usually be worse than
the average symbol error rate before a determinate decod-
ing operation. Thus, when the first code fails, there is very
little point in trying to decode any of the other three, and
the decoder will just pass the bits from the convolutional
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encoder out without further processing. Simulation results
show that the average bit error rate over a failed block is
3.2 percent. The effect of the primary Reed-Solomon code
failure on the error rate of the bits in the other three code
words is thus an increase of less than 0.22 percent. Ref-
erence [5] shows that Reed-Solomon decoder errors are so
infrequent they can be ignored. The superior error rate of
the bits in the primary code word will bring the aggregate
system error performance below 1 in a million.

The average number of redundant symbols per code
word is thus 1/4 x 68 + 3/4 x 20 = 32, the same as the
NASA standard outer code. The operating point of the in-
ner convolutional code on Galileo is 0.33 dB, so the state
pinned system is not only 1/8 as complex as the conven-
tional, but performs slightly better. A second soft decod-
ing operation could even improve the performance of the
constraint length-11 code well beyond that of the Galileo
code.

VIIl. Summary

This article has examined what happens to a convolu-
tional code when some of the state transitions are prede-
termined, usually by the successful decoding of an outer
code. This type of technique has to justify itself by being
more efficient than other methods, such as increasing the
convolutional code’s constraint length or passing erasure
information to the outer code. The examples were there-
fore constructed to demonstrate improved performance lu-
cidly, without the ambiguities that varying the overall code
rate would introduce. The examples were not constructed
to present an optimal system. Such a coding system would
require codes between BCH and RS codes, i.e., with a sym-
bol size of 4 or 5 bits and 100 or more symbols in a code
word. The hybridized Reed-Solomon codes descnbed in
[4] can fulfill these requirements.

The results in this article show that in a concatenated
coding system, a determinate decoding operation is a more
efficient way to expend computational resources than an
increase of the constraint length by 1. A second and
third determinate decoding operation can often be justi-
fied. Other types of coupling between the inner and outer
codes do not approach the gains possible with determinate
decoding. Even perfect erasure declaration, which would
cut the redundancy in the outer code by half, would not
achieve the performance gains demonstrated.

Determinate decoding is an especially useful technique
where the encoder must be extraordinarily simple or where
all of the information bits do not require equal error pro-



tection. Many types of compressors produce such out-
puts. The bits coming out of a determinate decoding op-
eration may have a low enough error rate so that no outer
code is needed to cover them. Furthermore, techniques
presented in this article offer an especially efficient way

of using surplus speed in a Viterbi decoder or of trading
decoding speed for performance; e.g., the same machine
might be used for deep-space probes which demand the
highest possible coding gains and for near-Farth satellites
which demand high data rates.
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Table 1. Symbol error rates

Symbols known

None

Every eighth
Every fourth
Every second

Total

Error rate, percent R/S redundancy Average
10.4 104 x 1/8 = 13
6.25 68 X 1/8 = 8.5
1.13 26 x 1/4 = 6.5
0.106 8 x 1/2 = 4
32
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Fig. 1. Constraint length-3 convolutional code trellis.
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Fig. 3. A rate 1/2, K = 12 encoder with four known bits.
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Appendix

The simulations in this article were performed by en-
coding sequences of pseudo-randomly generated informa-
tion bits, adding white Gaussian noise for a specified
signal-to-noise ratio, quantizing the resulting noisy sym-
bols into 8-bit symbols, and decoding the result. The
use of pseudo-random information bits rather than all ze-
ros or all ones eliminated the possibility that a program-
ming error would produce a higher than normal perfor-
marnce.

Random number generators for both the information
bits and the noise were adapted from Numerical Recipes
in C [6). The pseudo-random bit generator employs the
algorithm irbit2 [6] with a primitive polynomial modulo 2
of order 32 with nonzero coefficients (32, 7, 5, 3, 2, 1, 0).
Hence, the resulting sequence of pseudo-random bits does
not repeat for more than 4,000,000,000 bits. The white
Gaussian noise generator uses gasdev [6] with the routine
ranl [6]. Again, the resulting sequence has a virtually
infinite period for simulation purposes.

The noisy encoded symbols are quantized before de-
coding into 8-bit symbols based on the desired signal-to-
noise ratio, so that the expected quantizer saturation rate
is 0.1 percent. The decoder employs the Viterbi algo-
rithm modified to do trace-backs rather than entire path
updates as in [4]. This saves a tremendous amount of
computer time and makes simulation of codes with con-
straint lengths as high as 15 feasible on available worksta-
tions. Decoding is done on blocks of 170 bits after a 170-bit
trace back through the trellis. For a detailed description of
the algorithm, as well as its hardware implementation, see
[4]. The decoding algorithm used is a direct translation of
the one given there. Free distances and related computa-
tion can be performed by employing this decoding algo-
rithm in conjunction with a forced starting state. Such
free distances will then always include the effects of state
pinning.
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Each code has been simulated for a set of signal-to-
noise ratios likely to produce the most relevant range of
error rates. The number of bits decoded for each signal-to-
noise ratio run is 2,000,000 for constraint length-15 codes,
3,000,000 for constraint length-13 codes, and 4,000,000 for
all other codes. In each case, a signal-to-noise ratio run
consists of two runs with half the total number of bits
and different seeds for random number generators. The
95-percent confidence interval for the simulation results,
based on applying counting statistics to the error bursts,
is not larger than 0.11 dB in the worst case, and is typically
much smaller.

A subset of the simulation runs have been presented as
figures. Figures A-1 to A-4, showing symbol error rate,
are used to design coding systems with Reed-Solomon or
other similar outer codes. Figures A-5 to A-7 showing bit
error rates, are useful for comparing the effectiveness of
power transfer for different patterns of forced bits, i.e., for
exploring the differences between having the determinate
bits spread out and having them occur in bunches. Fig-
ures A-8 to A-10 show how the effective signal-to-noise
ratio of the inner code changes as different numbers of
symbols are forced; thus, they allow an easy evaluation
of the benefits of multiple re-decoding operations. The
data from all of the simulation runs appear in Tables A-1
through A-12.

The (7,1/2) code was used on Voyager, and the (15,1/4)
is now flying on Galileo. The (11,1/4) code was made up
at the computer keyboard by one of the authors. Tables
are available from the authors containing a title bar with
the code name, free distance of the code, the generating
polynomial of the code, and the known symbol frequency
(with the resulting power added in decibels). Bit error
rates (BER) and symbol error rates (SER) are presented
for 1-bit, 4-bit and 8-bit symbols as a function of signal-to-
noise ratio (SNR) in each table. SER @ n stands for sym-
bol error rate for the nth symbol after the known symbol.
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Table A-1. No symbol known to the decoder, (7, 1/2) NASA code

CODE FREE GENERATING
DISTANCE POLYNOMIAL No symbol knownm
(7, 1/2) to the decoder.
NASA 10 TIETAR] (dB added = 0.00)
Code
SYMBOL
SIZE SNR (dB) 0.5 1.0 1.2 15 1.7 1.9
1-Bit SER 8.65e-02 | 3.95e-02 | 2.72e-02 | 1.53e-02 1.00e-02 | 6.00e-03
4-Bit SER 1.66e-01 | 7.77e-02 | 5.41e-02 | 3.08e-02 2.04e-02 | 1.24e-02
8-Bit SER 1.91e-01 | 9.15e-02 6.46e-02 | 3.75e-02 | 2.51e-02 | 1.55e-02
Table A-2. Every eighth symbol known to the decoder, (7, 1/2) NASA code
FREE GENERATING .
CODE | nisTaNcE POLYNOMIAL Every eighth
) symbol known
N’ASA 10 1111001 to the decoder.
1011011 (dB added = 0.58)
Code - __ ﬂ
SYMBOL
SIZE SNR (dB) 0.5 1.0 1.2 1.5 1.7 1.9
BER 3.03e-02 | 1.32e-02 | 9.26e-03 | 5.01e-03 | 3.36e-03 | 2.09e-03
SER@ 1 3.00e-02 | 1.31e-02 | 9.30e-03 | 4.90e-03 | 3.33e-03 | 2.15e-03
SER@ 2 3.20e-02 | 1.41e-02 | 9.75e-03 | 5.35e-03 | 3.59e-03 | 2.22e-03
1-Bit SER@ 3 3.17e-02 | 1.39e-02 | 9.72e-03 | 5.29e-03 | 3.57e-03 | 2.18e-03
SER @ 4 2.43e-02 | 1.04e-02 | 7.49e-03 | 4.02e-03 | 2.73e-03 | 1.69e-03
SER@5 3.01e-02 | 1.31e-02 | 9.16e-03 | 4.99e-03 | 3.27e-03 | 2.10e-03
SER@ 6 3.23e-02 | 1.42e-02 | 9.84e-03 | 5.38e-03 | 3.62e-03 2.18e-03
SER@ 7 3.15e-02 | 1.36e-02 | 9.56e-03 | 5.12e-03 | 3.42e-03 | 2.08e-03
BER 3.42e-02 | 1.59e-02 | 1.14e-02 | 6.66e-03 | 4.59e-03 | 2.95e-03
SER@ 1 4.68e-02 | 2.15¢-02 | 1.55e-02 | 8.64e-03 | 5.62e-03 | 3.83e-03
SER@ 2 7.00e-02 | 3.35e-02 | 2.44e-02 | 1.43e-02 | 9.98e-03 | 6.42e-03
4-Bit SER @ 3 8.31e-02 | 4.03e-02 | 2.94e-02 | 1.74e-02 | 1.22e-02 | 7.86e-03
SER @ 4 8.66e-02 | 4.26e-02 | 3.06e-02 | 1.82e-02 | 1.30e-02 8.66e-03
SER@ 5 8.35e-02 | 4.03e-02 | 2.86e-02 | 1.74e-02 | 1.20e-02 | 7.95e-03
SER@ 6 7.11e-02 | 3.38e-02 | 2.38¢-02 | 1.47e-02 | 9.70e-03 | 6.35e-03
SER@ 7 4.79e-02 | 2.13e-02 | 1.53e-02 | 8.94e-03 | 5.76e-03 | 3.52e-03
BER 5. 14e-02 | 2.45e-02 | 1.72e-02 | 1.00e-02 | 6.93e-03 | 4.22e-03
SER@ 1 %7 91e-02 | 3.62e-02 | 2.75¢-02 | 1.64e-02 | 1.12e-02 | 6.78e-03
SER@ 2 1.27e-01 | 6.10e-02 | 4.52e-02 | 2.76e-02 | 1.87e-02 | 1.14e-02
8-Bit SER@ 3 1.48¢-01 | 7.36e-02 | 5.24e-02 | 3.27e-02 | 2.18e-02 | 1.32e-02
SER@ 4 1.55e-01 | 7.76e-02 | 5.57e-02 | 3.27e-02 | 2.32e-02 | 1.42e-02
SER@ 5 1.46e-01 | 7.43e-02 | 5.26e-02 | 3.09¢-02 | 2.28e-02 | 1.43e-02
SER@ 6 1.25¢-01 | 6.31e-02 | 4.41e-02 | 2.62e-02 | 1.91e-02 | 1.28e-02
SER@ 7 7.91e-02 | 3.84e-02 | 2.61e-02 | 1.58e-02 | 1.13e-02 | 6.9 le-03
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Table A-3. Every fourth symbol known to the decoder, (7, 1/2) NASA code

FREE GENERATING
CODE | prsrance POLYNOMIAL Every fourth
symbol known
(1, 12) 1111001 to the decoder.
NASA 10 1011011 (dB added = 1.25)
Code
SYMBOL
SIZE SNR (dB) 0.5 1.0 1.2 1.5 1.7 1.8
BER 1.56e-02 | 6.74e-03 | 4.99e-03 | 2.71e-03 | 1.88e-03 | 1.15e-03
1-Bit SER@1 1.48e-02 | 6.31e-03 | 4.68e-03 | 2.54e-03 | 1.70e-03 | 1.11e-03
SER @ 2 1.54e-02 | 6.77e-03 | 5.05e-03 | 2.76e-03 | 1.93e-03 | 1.14e-03
SER@ 3 1.66e-02 | 7.14e-03 | 5.23e-03 | 2.83e-03 | 2.01e-03 | 1.20e-03
BER 1.36e-02 | 6.25e-03 | 4.67e-03 | 2.62e-03 | 1.86e-03 | 1.18e-03
4.Bit SER@ 1 2.60e-02 | 1.20e-02 | 8.93e-03 | 5.09e-03 | 3.60e-03 | 2.40e-03
SER@ 2 3.42e¢-02 | 1.61e-02 | 1.21e-02 | 7.18e-03 | 5.00e-03 | 3.29e-03
SER@ 3 2.62e-02 | 1.22e-02 | 9.22e-03 | 5.30e-03 | 3.53e-03 | 2.26e-03
) BER 2.53e-02 | 1.22e¢-02 | 8.96e-03 | 5.37e-03 | 3.85e-03 | 2.47e-03
8-Bit SER@ 1 5.94e-02 | 2.94e-02 | 2.18e-02 | 1.32e-02 | 9.74e-03 | 6.25e-03
SER@ 2 8.23e-02 | 4.10e-02 | 3.08e-02 | 1.88e-02 | 1.36e-02 | 9.18e-03
SER@ 3 6.02e-02 | 2.92e-02 | 2.15e-02 | 1.36e-02 | 9.11e-03 | 6.13e-03
Table A-4. Every other symbol known to the decoder, (7, 1/2) NASA code
FREE GENERATING
CODE | preTancE POLYNOMIAL Every other
) symbol known
N:ASA 10 1111001 to the decoder.
1011011 (dB added = 3.01)
Code .
SYMBOL
SIZE SNR (dB) 0.5 1.0 1.2 15 1.7 19
1.8 || BER 3.11e-03 | 1.30e-03 | 1.01e-03 | 5.376-04 | 3.466-04 | 2.55¢-04
SER@1 | 3.11e-03 | 1.30e-03 | 1.01e-03 | 5.37e-04 | 3.45¢-04 | 2.55¢-04
4-Bit BER 2.41e-03 | 1.02e-03 | 8.78e-04 | 4.87e-04 | 3.32e-04 | 2.04e-04
SER@ 1 4.68e-03 | 2.06e-03 | 1.74e-03 | 9.78e-04 | 6.52e-04 | 4.26e-04
s.5i || BER 6.05e-03 | 2.90e-03 | 2.25e-03 | 1.37e-03 | 9.52¢-04 | 5.776-04
SER@1 | 1.65e-02 | 7.95¢-03 | 6.36e-03 | 3.94e-03 | 2.64e-03 | 1.70e-03




Table A-5. No symbol known to the decoder, (11, 1/4) first code

CODE FREE GENERATING
DISTANCE POLYNOMIAL No symbol known

(11, v4) igggigiégéi to the decoder.

st -

aase 23 10110101001 (dB added = 0.00)

11000100101

SYMBOL

SIZE SNR (dB) 0.0 0.3 0.5 0.7 0.9
1-Bit SER 4.07e-02 | 2.09e-02 1.24e-02 | 7.25e-03 | 3.84e-03
4-Bit SER 8.03e-02 | 4.17e-02 | 2.52e-02 | 1.49e-02 7.92e-03
8-Bit SER 9.30e-02 | 4.92e-02 | 3.00e-02 | 1.82e-02 9.77e-03

Table A-6. Every eighth symbol known to the decoder, (11, 1/4) first code

CODE FREE GENERATING ]
DISTANCE POLYNOMIAL Every eighth
(11, v4) 10001011011 symbol known
First 23 11101010001 to the decoder.
Code 10110101001 (dB added = 0.58)
11000100101
SYMBOL
SIZE SNR (dB) 0.0 0.3 0.5 0.7 0.9
BER 1.24e-02 | 6.05e-03 | 3.72e-03 | 2.21e-03 | 1.24e-03
SER@ 1 1.18e-02 | 5.89e-03 | 3.68e-03 | 2.08e-03 | 1.20e-03
SER @ 2 1.26e-02 | 6.08¢-03 | 3.77e-03 | 2.21e-03 | 1.30e-03
1-Bit SER@ 3 1.27e-02 | 6.11e-03 | 3.85e-03 | 2.26e-03 | 1.25e-03
SER @ 4 1.21e-02 | 5.80e-03 | 3.57e-03 | 2.11e-03 | 1.27e-03
SER@ 5 1.24e-02 | 6.24e-03 | 3.69e-03 | 2.33e-03 | 1.24e-03
SER @ 6 1.27e-02 | 6.21e-03 | 3.75e-03 | 2.27e-03 | 1.23e-03
SER@ 7 1.23e-02 | 6.05e-03 | 3.69e-03 | 2.22e-03 | 1.20e-03
BER 1.42e-02 | 7.18e-03 | 4.29e-03 | 2.87e-03 | 1.59e-03
SER@ 1 2.29¢-02 | 1.15e-02 | 6.42e-03 | 4.47e-03 | 2.26e-03
SER @ 2 2.93e-02 | 1.54e-02 | 9.21e-03 | 6.26e-03 | 3.38e-03
4-Bit SER@ 3 3.30e-02 | 1.72e-02 | 1.08e-02 | 7.38e-03 | 3.98e-03
SER @ 4 3.46e-02 | 1.80e-02 | 1.10e-02 | 7.58e-03 | 4.14e-03
SER@ 5 3.34e-02 | 1.71e-02 | 1.05e-02 | 7.50e-03 | 4.10e-03
SER@ 6 2.93e-02 | 1.50e-02 | 9.04e-03 | 6.20e-03 | 3.61e-03
SER@ 7 2.30e-02 | 1.14e-02 | 6.78e-03 | 4.37e-03 | 2.51e-03
BER 1.986-02 | 1.07e-02 | 6.82e-03 | 4.10e-03 | 2.36e-03
SER@1 | 3.04e-02 | 1.68e-02 | 1.10e-02 | 7.04e-03 | 4.19e-03
SER@2 | 4.95e-02 | 2.78¢-02 | 1.72e-02 | 1.10e-02 | 6.94e-03
s.pir | SER@3 | 6.00e02 | 3.38e-02 | 2.16e-02 1.32e-02 | 8.13e-03
SER@4 | 6.25¢-02 | 3.58¢-02 | 2.31e-02 | 1.37e-02 | 8.03e-03
SER@5 | 5.96e-02 | 3.36e-02 | 2.19e-02 | 1.28e-02 | 7.39e-03
SER@6 | 4.95e-02 | 2.72¢-02 | 1.78e-02 | 1.15e-02 | 6.02e-03
SER@7 | 3.08e-02 | 1.72e-02 | 1.10e-02 | 7.18e-03 | 4.02¢-03
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Table A-7. Every fourth symbol known to the decoder, (11, 1/4) first code

FREE GENERATING
F_CODE DISTANCE POLYNOMIAL Every fourth
a1, U4 10001011011 symbol known
First 23 11101010001 to the decoder.
Code 10110101001 (dB added = 1.25)
11000100101
SYMBOL
SI7E SNR (dB) 0.0 0.3 0.5 0.7 0.9
BER 4.34e-03 | 2.20e-03 | 1.34e-03 | 9.42e-04 | 4.63e-04
7.8t |SER@1 | 4.17e-03 | 2.15e-03 | 127e-03 | 9.81e-04 | 4.39¢-04
> SER@2 | 4.47e-03 | 2.28¢-03 | 1.40e-03 | 9.31e-04 | 4.94e-04
SER@3 | 4.36e-03 | 2.16e-03 | 1.35¢-03 | 9.15e-04 | 4.56e-04
BER 4.71e-03 | 2.54e-03 | 1.61e-03 | 9.556-04 | 6.12e-04
4B | SER@! 9.96e-03 | 5.41e-03 | 3.40e-03 | 2.09e-03 | 1.34e-03 ||
SER @ 2 1.15¢-02 | 6.40e-03 | 4.13e-03 | 2.47¢-03 | 1.66e-03
SER@3 | 9.86e-03 | 5.37e-03 | 3.54e-03 | 2.10e-03 | 1.33e-03
BER 8.05e-03 | 4.35e-03 | 2.90e-03 | 1.91e-03 | 1.21e-03
o.Bis | SER@1 | 2.00e-02 | 112e-02 | 7.83e-03 | 5.21e-03 | 3.16e-03
SER@2 | 2.66e-02 | 1.49e¢-02 | 1.00e-02 | 6.90e-03 | 4.28¢-03
SER@3 | 2.01e-02 | 1.13e-02 | 7.52¢-03 | 5.32e-03 | 3.33e-03
Table A-8. Every other symbol known to the decoder, (11, 1/4) first code
CODE FREE GENERATING
DISTANCE POLYNOMIAL Every other
(11, U4) 10001011011 symbol known
First 23 11101010001 to the decoder.
Code 10110101001 (dB added = 3.01)
11000100101
SYMBOL
SIZE SNR (dB) 0.0 0.3 0.5 0.7 0.9
1.Bit BER 8.40e-04 | 4.83e-04 | 3.42e-04 | 2.82e-04 | 1.27e-04
SER@1 | 8.40e-04 | 4.83e-04 | 3.42e-04 | 2.82e-04 | 1.27¢-04
4B | BER 7.54e-04 | 4.64e-04 | 2.98e-04 | 2.25e-04 | 1.33e-04
SER@1 | 2.16e-03 | 1.36e-03 | 8.92e-04 | 7.10e-04 | 4.20e-04
o.ir | BER 1.41e-03 | 8.30e-04 | 5.86e-04 | 3.76e-04 | 2.79e-04
SER@1 | 5.10e-03 | 3.26e-03 | 2.32e-03 | 1.55e-03 | 1.10e-03




Table A-9. No symbol known to the decoder, (15, 1/4) NASA code

CODE FREE GENERATING
DISTANCE POLYNOMIAL No symbol known

15, U4) T000TOITO0TI00T |  to the decoder.
NASA 100111010100101 -

Code 35 137011011110011 | (4B added =0.00)

101110101000111

SYMBOL

PO || SNR (@) 0.2 0.0 0.3 0.5
T.Biz || SER 48802 | 2.80e-02 | 1.09¢-02 | 5.37e-03
ZBit || SER 536002 | 541602 | 2.116-02 | 1.05e-02
SBir || SER 104601 | 6.076.02 | 2.40e-02 | 1.22e-02

Table A-10. Every eighth symbol known to the decoder, (15, 1/4) NASA code

CODE FREE GENERATING .
DISTANCE POLYNOMIAL Every eighth
(15, 1/4) 100010110011001 | Symbol known
NASA 35 100111010100101 to the decoder.
Code 111011011110011 (dB added = 0.58)
101110101000111
SYMBOL
s SNR (dB) 0.2 0.0 0.3 0.5
BER 9.77¢-03 | 5.24e-03 | 1.87e-03 | 9.48e-04
SER@1 | 9.46e-03 | 5.20e-03 | 2.06e-03 | 9.96e-04
SER@2 | 9.60e-03 | 5.32¢-03 | 1.78e-03 | 9.52e-04
1Bt || SER@3 | 98503 5.346-03 | 1.93e-03 | 9.76e-04
SER@4 | 9.89e-03 | 5.14e-03 | 1.81e-03 | 9.08e-04
SER@5 | 9.86e-03 | 5.34e-03 | 1.84e-03 | 9.80e-04
SER@6 | 9.88e-03 | 5.23e-03 | 1.84e-03 | 9.60e-04
SER@7 | 9.78¢-03 | 5.10e-03 | 1.80e-03 | 8.64e-04
BER 111602 | 6.126-03 | 2.53¢-03 | 1.06e-03
SER@1 | 1.88e-02 | 1.00e-02 | 4.05e-03 | 1.50e-03
SER@2 | 2.18e-02 | 1.26e-02 | 5.10e-03 | 2.05e-03
4Byt | SER@3 | 2.40e-02 1.32e-02 | 5.57e-03 | 2.61e-03
SER@4 | 2.38e-02 | 1.39e-02 | 5.71e-03 | 2.54e-03
SER@5 | 2.34e-02 | 1.33e-02 | 6.00e-03 | 2.50e-03
SER@6 | 2.15e-02 | 1.22e-02 | 5.30e-03 | 2.21e-03
SER@7 | 1.80e-02 | 9.68e-03 | 4.18¢-03 | 1.71e-03
BER 150e-02 | 8.80e-03 | 3.80e-03 | 2.13e-03
SER@1 | 2.29e-02 | 1.38e-02 | 4.61e-03 | 3.33e-03
SER@2 | 3.40e-02 | 2.04e-02 | 8.38¢-03 | 5.06e-03
g.Bit | SER@3 | 4.05e02 2.46e-02 | 1.10e-02 | 6.59¢-03
SER@4 | 4.29e-02 | 2.54e-02 | 1.16e-02 | 6.69e-03
SER@5 | 4.12e-02 | 2.47e-02 | 1.15e-02 | 6.27e-03
SER@6 | 3.47e02 | 1.98¢-02 | 9.82¢-03 | 4.83e-03
SER@7 | 2.27e-02 | 1.27e-02 | 6.18¢-03 | 3.10e-03
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Table A-11. Every fourth symbol known to the decoder, (15, 1/4) NASA code

[ E FREE GENERATING
cop DISTANCE POLYNOMIAL Every fourth
(15, 14) 100010110011001 | Symbol known
NASA 35 100111010100101 to the decoder.
Code 111011011110011 (dB added = 1.25)
101110101000111
SYMBOL \

SIZE SNR (dB) -0.2 0.0 0.3
BER 2.11e-03 | 1.19¢-03 | 4.13e-04

7.8 | SER@1 | 214e-03 | 1.24e-03 | 3.92-04
SER@2 | 2.09e-03 | 1.14e-03 | 4.12¢-04
SER@3 | 2.10e-03 | 1.18e-03 | 4.34e-04
BER 2.28¢-03 | 1.37e-03 | 5.70e-04

4Bt || SER@1 | 4.48e-03 | 2.66e-03 | 1.14e-03
SER@2 | 4.98¢-03 | 3.19¢-03 | 1.27¢-03
SER@3 | 4.38e-03 | 2.62e-03 | 1.15¢-03
BER 3.97e-03 | 2.50e-03 | 1.16e-03

8.Bir || SER@1 | 9.23¢-03 | 5.71e-03 | 2.58¢-03
SER@2 | 1.13e-02 | 7.14e-03 | 3.63e-03

__ISER@3 | 8.86e-03 | 5.62-03 | 2.74e-03 i

Table A-12. Every other symbol known to the decoder, (15, 1/4) NASA code
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CODE FREE GENERATING
DISTANCE POLYNOMIAL Every other
(15, 1/4) 100010110011001 symbol known
NASA 35 100111010100101 to the decoder.
Code 111011011110011 (dB added = 3.01)
101110101000111
SYMBOL
SIZE SNR (dB) -0.2 0.0 0.3
1.8 || BER 1.69¢-04 | 8.10e-05 | 2.80e-05
SER@1 | 1.69¢-04 | 8.10e-05 | 2.80e-05
2Bir | BER 2.39e-04 | 9.50e-05 | 5.40e-05
SER@1 | 4.92e-04 | 1.96e-04 | 1.36e-04
8.8z | BER 4.03e-04 | 2.39¢-04 | 1.18e-04
SER@1 | 1.06e-03 | 6.80e-04 | 3.28e-04
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This article presents the results of a study of a class of error-correcting codes
called partial-unit-memory convolutional codes, or PUM codes for short. This class
of codes, though not entirely new, has until now remained relatively unexplored.
This article shows that it is possible to use the well-developed theory of block codes

to construct a large family of promisin
article the performances of several speci

g PUM codes.
fic PUM codes are compared with that of

Indeed, at the end of the

the Voyager standard (2,1, 6) convolutional code. It was found that these codes can
outperform the Voyager code with little or no increase in decoder complexity. This
suggests that there may very well be PUM codes that can be used for deep-space
telemetry that offer both increased performance and decreased implementational

complexity over current coding systems.

l. Introduction

This article gives a general construction for, and sev-
eral interesting examples of, partial-unit-memory (PUM)
convolutional codes. First, some definitions and notation
are established.

A convolutional code C of length n and dimension &
over a field F is defined by an encoder

G(D)=G0+G,D+---+GMDM (1)

1 Consultant to the Communications Systems Research Section from
the California Insitute of Technology.

2 Independent consultant to the Communications Systems Research
Section.

where Go,G1,...,Gpm are k x n matrices with entries
from F.3 The ratio R = k/n is called the rate of the
code, and M is the code’s memory. If uw(D) = wo + w1 D
+uyD? + --- is the input to the encoder (where the u;’s
are elements of F, and D is an indeterminate), then
z(D) = u(D)G(D) is the output, which is also called a
codeword. The encoder is said to be noncatastrophic if
no infinite-weight input produces a finite-weight output.
The free distance, diree, Of 2 convolutional code C is de-
fined to be the minimum weight of any nonzero codeword
z(D) € C. If the encoder G(D) is noncatastrophic, then
dree is the minimum weight of all codewords u(D)G(D)
generated by inputs u(D) of finite weight. All other things
being equal, it is generally desirable to have the quantity

3 In this article, it is always assumed that F = GF(2), but most or
all of the results generalize easily to other finite fields.
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@ = Rdpree as large as possible, since @ is the asymptotic
coding gain of the code, which is a good measure of the
communications improvement afforded by the use of the
code.

A convolutional code C has state complexity m if the
sum of the maximum degrees of the rows of G(D) is m.
This terminology reflects the fact that a physical encoder
for C based on G(D) has 2™ states. It is desirable to have
mm as small as possible, since the computational complexity
of the Viterbi decoding algorithm for C is proportional to
m.

The notation “[n,k,m,d] code” is introduced to de-
scribe a convolutional code of length n, dimension k,
state complexity m, and free distance d. The notation
“(n,k,m)” code is sometimes used to describe the same
code without explicitly referring to its free distance. For
example, in this notation, an [n, k, d] block code, which can
be viewed as a convolutional code with A = 0, is both an
[n,%,0,d] and an (n, k,0) convolutional code. For a given
n, k, and m, a code for which dpe. is as large as possible
is said to be an optimal (more properly, distance optimal)
code.

A convolutional code with M = 0 is just a block
code. A convolutional code with M = 1 is called a unit-
memory convolutional code. Unit-memory codes seem to
form a class that lies halfway between block and con-
volutional codes. They were first studied seriously by
Lee [5], who found a number of interesting examples of
unit-memory convolutional codes. Thommesen and Juste-
sen [10] have obtained bounds on the performance of unit-
memory codes, and Justesen, Paaske, and Ballan [3] have
constructed a class of unit-memory codes which they call
quasi-cyclic codes. This article studies another subclass of
unit-memory codes called partial-unit-memory codes.

For a unit-memory convolutional code, the state com-
plexity is just the number of nonzero rows of Gy. If some
of the rows of G are zero, ie., if m < k, then it is said
that_the code is a partial-unit-memory (PUM) convolu-
tional code. Partial-unit-memory codes were introduced
by Lauer [4], who constructed several optimal PUM codes.
Some general constructions and further examples of PUM
codes (under the name finite-state codes) were given in [7]
and [8]. This article should be viewed as a continuation
of these earlier studies, in which, among other things, it
is shown that many of these earlier results follow from the
authors’ methods. (For example, Lauer’s equidistant PUM
codes appear in Example 2 in Section III of this article,
and the general construction of Theorem 5 in [7] appears
as Corollary 4 in Section I1.)
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Here is a summary of this article. Section II gives a
general construction for PUM codes based on the exis-
tence of certain block codes. Roughly speaking, the main
result is that if there exist two distinct [n,k, do] block
codes with a common [n, k*, d*] subcode, then there ex-
ists a noncatastrophic [n,k,k — k*,d] PUM code with
d 2> min(d*,2dp). (As a point of comparison, Theo-
rem 5 in [7] shows that if there exists a single In, k,do)
block code with an [n,k*,d*] subcode, then there exists
a noncatastrophic [n,k — 1,k — k* — 1,d] PUM code with
d > min(d*,2dp).) Since there is a huge existing cata-
log of block codes, what this means is that it is possi-
ble to construct a very large number of interesting PUM
codes. This is illustrated in Section III with several ex-
amples called Hamming, Reed-Muller, and Golay PUM
codes. While these examples are possibly interesting and
potentially important, the authors believe that they have
only scratched the surface, and hope that future authors,
using these techniques, or ones of their own devising, will
unearth many more examples.

Il. Main Results

Theorem 1. Suppose that C; is an [n, k,do] lin-
ear block code, €, is an [n,k,d;] linear block code, and
Co # C1. Suppose further that Cy and C; contain a common
subcode C*, which is an [n, k*,d*] code. Then there ex-
ists a noncatastrophic [n, k, m, d] PUM convolutional code,
withm=4k—%* and d > min(d*, dp + d;).

Proof: Begin by choosing k x n generator matrices Gy
and G for Cy and C; of the form

R
GO - [1(0]

where K* is a k* x n generator matrix for C*. Note that
both Ky and K, are m x n matrices; for future reference,
let C5 and C} be the corresponding codes, i.e.,

6= 5] @

Co = (Ko) (3)
Ci = (Ky) (4)

Next, define the matrix GY as

6t=5] 6)



where O is a k* x n matrix of 0’s. Then define a k x n
polynomial matrix G(D) as follows:

G(D) = Go + GID (6)

Plainly, G(D) is the generator matrix for an (n, k, m) PUM
code. The proof will be complete when the following
two things are shown: (1) diee > min(d*,do + dy), and
(2) G(D) is noncatastrophic. Begin with the assertion
about diree-

Assume that u(D) = up + vy D + ugD* + - - is a finite
nonzero input sequence, where ug # 0 and each u; is a
k-dimensional row vector. Then the corresponding output
sequence is z(D) = w(D)G(D) = zo + ;D + 22D% + -+,

where

zo = uoGho

} (™M
fori>1

If u = (p1,42,..., 4k) is @ k-dimensional vector, ul (the
left part of u) and uF (the right part of u) are defined as
follows:

—_— 0
z; = u;Go + ui-1Gj,

uL.—_(pl,...

)I“k‘)
b
u® = (pregr,. .-, Be)

Then [see Eq. (2)], for any vector u, one has
uGo = uF K* + uf Ko, uGY = uf' K, 9

After combining Eq. (8) with Eq. (6), one has

} (10)
fori>1

Now, either [uF,uf ;] = 0 for all i > 1, or not. It will be
shown that weight (z(D)) > d* in the first case, and that
weight (z(D)) > do + d; in the second case.

zo = ub K* + ul Ky

z; = u'RKg + [u,‘Ls“g—I]Gl’

If [uf,uR,] = 0 for all i > 1, then by Eq. (6) and
Eq. (9), one has

z(D) = uoGop = uf K* (11)

which means that z(D) is a nonzero vector in the rows-
pace of K*, i.e., a nonzero codeword in C*, and so weight
(z(D)) > d* in this case.

If, on the other hand, [uf,uf ] # 0 for some i
let M denote the largest such index. Then, uf, = 0, and
Eq. (9) implies

> 1,

z(D) = uoGo + - -+ + [uky, uby _,]G1 DM (12)

But uoGp is a nonzero word from Cg, and so has weight
> do, and [ul, ufy_,]G) is a nonzero word from C;, and
so has weight > dy; thus, weight (z(D)) > do +d, in this
case, which proves the assertion about dfree-

It remains to be shown that G(D) can be chosen non-
catastrophically. Lemma 1, which follows, tells, in princi-
ple, whether a given G(D) is catastrophic or not. Lemma 2
then tells that it is always possible to choose the matrices
Go and G, so that G(D) is noncatastrophic.

Lemma 1. Let the linear transformation T : Cy — Cy
be defined by uGo — uG;. Then G(D) is noncatastrophic
if and only if every subspace of Cg fixed by T'is a subspace
of C*.

Proof: Denote the rows of K* by (z,,zy,... , Tk ), the
rows of Ko by (¥1,%1,.-+,Ym), and the rows of K, by
(z1,22,---,2m). Then T is completely characterized by
the k values

Tz; = z;, fori=1,2,...,k" (13)

Ty; = z, fori=1,2,...,m (14)

Note that Eq. (13) says that T not only fixes C*, it fixes
C* pointwise.

It is first assumed that every T-fixed subspace of Co
is a subspace of C*, and then shown that G(D) is non-
catastrophic. Let u(D) be a nonzero input such that the
corresponding output z(D) is finite, ie., z; = 0 for i > ig.
If one defines

a; =ufK*ecC (15)
b = ul Ky € Cy (16)

one has, by Eq. (9),
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Ti=a;+b; +Th;_y, fori>1 (17

Thus, since it is assumed that z; = 0 for i > iy, it follows
that (recall that the codes are binary)

Toiwq = b; + a;, fori> 1y (18)

so that (b,o,b,o.,_l,... } + C* is a T-fixed subspace of Cg.
However, it is assumed that all T-fixed subspaces of C are
subspaces of C*, and so b; € C* for all ¢ > iy. But since
the rows of Kp are linearly independent of the rows of K*,
this means that b; = 0, and so u = 0 for all i > ;. But
then, by Eq. (17), a; = 0, and so uf = 0, for all i > i;.

Thus, the input u(D) is necessarily ﬁmte and so G(D) is
noncatastrophic.

Conversely, suppose that B is a nonzero T-fixed sub-
space of Cp that properly contains C*. Choose a; € C*
and by € B — Cj arbitrarily. Now, since B is T-fixed, Tb,
is also in B, and so it can be decomposed uniquely into
the sum of an element of C*, which is called a;, and an
element of Cj, which is called 4;. Note that since by # 0,
then b; # 0 also, for otherwise T would map the k* + 1
dimensional space C* + (by) into the k*-dimensional space
C*. This process is continued inductively by constructing
an infinite sequence of pairs (a;,b;), with a; € C , b € C§,
b; # 0, such that

Tb; = ai41 + biy1, fori>0 (19)

Now for each i > 1, define the vector u; as follows:
‘U,-LK* = a; (20)
ul Ko =b; (21)

Since b; # 0, then by Eq. (20), u; # 0, and so the sequence
(u;) is an infinite sequence of nonzero elements. It will now
be shown that, if (1;) is the input, then the corresponding
output is finite. One has

Th; = T(uFKy)
= T([0, u{]Go)
= [0’ ui}rszlr

by definition of T

=U'RK1
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and so by Eq. (9), for i > 1,

zi = uF K™ + uf' Ko+l K, by Eq. (9)

=a;+b;+Tb;_;, by Egs. (19) and (20)

=0, by Eq. (18)

Thus, the infinite input sequence (u;) produces a finite
output sequence (z;), and so G(D) is catastrophic, as was
asserted. a

Corollary 1. If (o N €, = C*, then any generator
matrix of the form Eq. (6) is noncatastrophic.

Proof: If B is a T-fixed subspace of T, then since
T :Cy — C and B = T(B), B is a subspace of both (g
and C;. Thus, B C ;N C; = C*, and so by Lemma 1,
G(D) is noncatastrophic. O

Lemma 1 allows one to tell, in principle, whether or
not a given G(D) is catastrophic. Corollary 1 assures that
if Cp N Cy = C*, then nothing can go wrong. However, if
CoN €y D C*, more work is necessary to find a noncatas-
trophic generator matrix. Lemma 2, which follows, gives
an explicit construction for a noncatastrophic G(D) in the
general case,

Lemma 2. Suppose that Co and C; are subspaces
of V,(F), the n-dimensional vector space over F, with
Co # C1 but dim(Co) = dim(C;) = &, and that C* is a
subspace of both Cy and C;, with dim(C*) = k*. Then, if
(u1,u2,...,ux+) is a basis for C*, there exist bases for (g
and C; of the form

(Co) = (u1,--., ke, a1,...,0m)
. (22)
(Cl) = (uli“"uk.!ﬂll"'7ﬂm)
such that the linear transformation T : €y — C; defined
by
Tu.- =  uy, fOl'i:l,...,k‘
(23)
Te; = B, fori=1,...,m

fixes no subspace of Cy larger than C*.

Proof: Begin by constructing two descending se-
quences of subspaces (A;) and (B;):



Co=AgDA D - DANu1 =C"
Ci=ByD>B1D --V~DBN+1 =
such that .
dim(A;) = dim(B;),
Aip1 = Ain By,

Figure 1 illustrates the construction of Lemma 2. This
construction can be done inductively as follows. Assume
that Ao, Ay,..., A and Bo,Bi,...,B;i have already been
constructed. (For i = 0, this simply requires setting Ap =
CQ and Bo = Cl) Let .A,'+1 = A,‘ﬂB{. If .A,'+1 = C*, define
Biy1 = C*, N = i, and stop. Otherwise, one has C* C
Ai41 C B;, and so by Lemma A2 in Appendix A, there
exists a subspace Biyy # A1 such that C* C Biy1 C B;,
with dim Bi41 = dimA.-+1.

Now define integers kq,...,kn by ki = dim(A;) — E*,
so that

kN<kN_1<"'<k0=m

Next, using Lemma Al in Appendix A, choose bases
(uy, ..., uks, Q1,...,0am) for Co and (ug,. . ure, Bryeees
Bm) for Cy such that

(ula"':uk" Cl]_,...,ak') =A'.
(24)
(ul,...,Uk°, ﬂlv---xﬁk.‘) =B;
for i = 1,2,...,N. Now define the transformation T' as

in Eq. (22). Plainly, T fixes C* pointwise, and also, from
Eq. (23),
T:A; — B, fori=0,1,...,N (25)
If now D is a subspace of Cg fixed by T, then D C Co =
Ag,and D = T(D) c T(Co) =y = By, so that D C Ag N
By = Ay. Also, D = T(D) C T(A1) = By, using Eq. (24),
so that D C A; N By = A,. Continuing inductively, one
finds that in fact P C As,..., D € Ang1 = C*. Thus,

a linear transformation 7T is constructed such that any 7-
fixed subspace of Cq is a subspace of C*.

Lemma 2 tells how to construct noncatastrophic gen-
erator matrices Gy and Gp: Just let the rows of Go be

the vectors (uy,..., U, a1,...,am), and let the rows of
G, be the vectors (uy,..., Uk, B1,... ,Bm) in Eq. (21).
Then, the mapping T : Cop — C, defined by uGe — uG}
is the same as the mapping described in Lemma 2, and so
the resulting G(D) is noncatastrophic. This completes the
proof of Theorem 1. O

~ Corollary 2. Suppose that Cp is an [n, k,do] linear
block code, and that C* is an [n,k*,d*] code, which is a
subcode of Co. If the automorphism group of C* contains
a permutation that does not fix Co, then there exists an
[n, k,m,d] PUM convolutional code, with m = k—k* and
d > min(d*, 2do).

Proof: Let 7 be an automorphism of C* that does not
fix Co, and let C; = C. Then, C, is an [n,k, do] code not
equal to Co. Now apply Theorem 1. O

Corollary 3. If Cg is an [n, k,dg] linear block code that
contains the all-ones vector, and if k¥ # 1,n — 1,n, then
there exists an (n,k,k — 1) PUM code with dfree 2 2dg.

Proof: Here, Corollary 2 is applied, with C* being
the [n,1,n] code consisting of the two vectors [00--]
and [11---1]. Clearly C* is fixed by all permutations of
{1,2,...,n}. Furthermore, the only binary linear codes
that are fixed by all permutations of {1,2,..., n} have di-
mensions 0, 1, n — 1, or n, so there must be an automor-
phism of C* that doesn’t fix.Co. Thus, by Corollary 2, there
exists an (n,k, k — 1) PUM code with dgree 2 min(2dy, n).
However, since k > 2, the mimimum distance do of Co must
be < n; and since Cy contains the all-ones vector, there
must be a word of weight n — do. Hence, n —do < do, and
so do < n/2. Hence, min(2do,n) = 2do, so that in fact
dicee > 2do. 0

Corollary 4. (Same as Theorem 5 in [7]). Suppose
that Co is an [n, k, do] linear block code, C* is an [n, k*, d)
code that is a subcode of Cy, and k — k*2. Then, for
every integer i in the range 1 < i < k— k" — 1, there is
a noncatastrophic [n, k — i,k — i — k*,d] PUM code with
§ > min(d*, 2d).

Proof: Let C} be any (n, k — 1) subcode of Co that con-
tains C*. (The conditions on i guarantee that dimC*z <
dim C) < dim Cy, so this is possible.) By Lemma A2, there
exists a subcode C} not equal to Cj but having the same
dimension, and also lying between Co and C*. Thus, (g
and C| are both [n,k — 7,d] block codes, with d' > do.
By applying Theorem 1'to the codes Cg, Cy, and C*, one
obtains a noncatastrophic [n, k—i,k—i—k*,d] PUM code
with § > min(d*,2d’) > min(d*, 2do)-
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lil. Examples

In this section, four examples of PUM codes are pre-
sented, that were constructed with ‘the help of the results
in Section II. Example 1 describes a Hamming [8,4, 3, 8]
PUM code, which was originally discovered by Lauer [4].
Example 2 gives a generalization of Example 1 to a class
of Reed-Muller [v2%, u + 1, 4, v¥2#] PUM codes, one code
for each pair of positive integers (u,v) except (1,1) and
(2,1). (The code of Example 1 corresponds to the pair
(3,1).) The codes in Example 2 were also found, using
different methods, by Lauer. Finally, in Examples 3 and 4,
two new PUM Golay codes, with parameters [24,12,7,12)
and [24,12,10, 16), are presented.

Example 1 (a Hamming PUM Code). Let C} be
the [7,4,3] binary cyclic code with generator polynomial
go(2) = 1+ z + 23, and let C] be the [7,4, 3] binary cyclic
code with generator polynomial g;(z) = 14 22 + 23, Take
as a generator matrix for Cj the 4 x 7 binary matrix Gj,
whose rows are g)(z)go(z), go(x), zgo(x), and z2go(z),
and for C{ the 4 x 7 binary matrix G}, whose rows are
go(x)91(z), g1(z), zg1(z), and z2g,(z), i.e.,

1111111
G =[1 101000
°"10 11010 0
0011010
1 1 1
1+D 1+D 1
G(D)_1+D01+D
14D 0 0

generates a noncatastrophic [8, 4, 3,8 PUM code. Further-
more, from [4] (Formula (3) with L = 0) or [7] (Corollary 1

to Theorem 1, with L = 1), any (8, 4, 3) convolutional code

must have diree < 8, 50 this code is optimal.4 a

Example 2 (Some Reed-Muller PUM Codes).
Let 4 and v > 1 be positive integers. Let A, be the
[2#, 4 + 1,2#~1] first-order Reed-Muller code, and let B,

4 This code first appeared in the literature in [4], Table 1. It is ap-
parently used by the Soviets in their Regatta space communication
system.
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1111111
o101 1000
110101100

0010110

Now, if each code is extended to length 8 by appending
an overall parity-check, one obtains codes C; and (i,
both of which are binary [8,4,4] codes with generator
matrices

1 1111111
Gy = 11101000
10110100
10011010
11111111
Gy = 11011000
1 01 01100
10010110

Since €5 N €] is the binary [7,1,7] repetition code, it
follows that Co N C; is the binary [8, 1, 8] repetition code.
Thus, in Theorem 1, C* can be taken to be the [8,1,8]
repetition code with the 1 x 8 generator matrix

K'=(1 111111 1)

It follows from Corollary 1 that the matrix

=T e B e Y

be the [2#,1, 2] zeroth-order Reed-Muller code (a repeti-
tion code), which is a subcode of A,.5 Now let Co(u, v)
be the [12¥, 4 + 1,12#~1] code obtained by repeating A,
v times, and let C* (g, v) be the [¥2#,1,2#] code obtained
by repeating B, v times. Then, according to Corollary 3,
unless (4,v) = (1,1) or (2,1), there exists a noncatas-
trophic [¥2#, 4 + 1, 4,02¥] PUM code. These codes are
all optimal by the above-cited bounds in [4] or [7]. (This
family of codes was originally constructed by Lauer [4], us-
ing a different approach. He called them equidistant PUM

5 MacWilliams and Sloane [6], Chapter 13, is a good reference for
Reed-Muller codes.



codes. A similar family of [24, u, u — 1,2%] codes was con-
structed in [7], Example 4.) d

Example 3 (the [24,12,7,12] Golay PUM Code).
It is well known that there exists a [24, 12, 8] binary linear
code; viz., the famous Golay code. It turns out that there
are two isomorphic copies of the Golay code that contain
a common (24, 5, 12] subcode, so that by Theorem 1, there
exists a noncatastrophic [24,12,7,12] PUM convolutional
code. In this example, the construction of this code is
detailed.

Define, for A4, B,C, D, E, F € GF(8), the following two

functions:
faBc(z,y) = Tr(Azy) + Tr((B + Cy):cs) (26)
9p.5.7(2,y) = Tr((Dy + E)z) + Te((Fy)z®)  (27)

where Tr(z) = z+22+2* is the trace mapping from GF(8)
to GF(2). Then, if § is a fixed nonzero element of trace
0 in GF(8), the following set of 2!> length-24 vectors is a
[24,12,8] Golay code, which is called Ao:

Ao =[fapc(z,B)+ eolfa,B,c(z,8%) +al
X fA,B,C(x’ﬁ‘l) + 62] 7€ GF(8) (28)

In Eq. (28), the parameters 4, B, and C assume all values
in GF(8), and the parameters €, €1, and e; assume all
values in GF(2). The proof that Ao is indeed a [24, 12, 8]
code appears in Appendix B as Lemma B5.

Similarly, the following set of 2!2 length-24 vectors is
another [24, 12, 8] Golay code, which is called By:

By = [9p,e.r(2,8) + bol9p &,F(, B
+ 61 lgD,E,F(z’ 184) + 62]:&01"(8) (29)

In Eq. (29), the parameters D, E, and F assume all values
in GF(8), and the parameters §q, 61, and 8, assume all
values in GF(2). The proof that Bo is indeed a [24, 12, 8]
code appears in Appendix B as Lemma B6.

In Appendix B (Lemma B10), it is shown that AN Bo
is a [24, 9, 8] code consisting of the following set of vectors:

A =[fao.c(z,B) + €olfa,c(z, B) + e

x fanc(®: 8 + al.core (30

The code A, in turn, contains a [24,5, 12] subcode con-
sisting of the following set of vectors:

Az = [foo,c(z,8) + eolfoo,c(z,B%) + el

x foo.c(z,B%) + e+ 1] z€GF(8) (31)

(sce Lemma B8 in Appendix B). Finally, A3 contains a
[24,2,16] subcode Aq4:

Ay = [eolerleo + e1)cear(®) (32)

(see Lemma B9). It follows from Theorem 1 that there
exists both a [24,12,7,12] code and a [24,12, 10, 16] code,
and by the bounds in [4] and [7], they are optimal.6 To
actually construct noncatastrophic generator matrices for
these two codes, however, more work is necessary. Here
are the needed intermediate subspaces (see Fig. 2):

Bi = [90,e,F(x,8) + bolgo,e,F(2, B%) + 41|

x go,,r(z,8%) + 52];50;‘(3) (33)

Az =[foo.c(z,B) + eolfo0,c(z, B?) + €1

x fO,O,C(Iyﬁ4) + ez]rEGF(S) (34)

By = [g0,e,0(,8) + b0190,e,0(z,8%) + &1

X go,e0(z,B8Y) + 52]:EGF(8) (35)

In Eq. (35), e assumes only the two values 0 and 1.

8 In [8), [24, 5,12] and [24, 2,16] subcodes of a [24,12,8] Golay code
were found, which led, via Corollary 4, to the construction of both
[24,11,6,12] and (24,11,9,16] PUM codes.
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In order to show that the subspaces in Fig. 2 behave as
depicted, the following must be proved:

AoN By = A (36)
Al N 31 = A2 (37)
AN By = Az (38)

These relationships are proved in Appendix B in Lem-
mas B10, B11, and B12.

It thus follows that for the [24,12,7,12] code, a non-
catastrophic choice for Gy and G is as follows:

[ foo1r ] [ Joo1 ]
foos foo;a
foops foop3
011 011
101 101

_ | 100 _ | go10
Go = Sio0 Cr= 100
fﬁoo gopo

fb?oo Jogo

foro 4100

fopo gpoo

L fogao - 93200 4

Here, f4,5,c denotes the length-24 vector obtained by tak-
Ing €g = €; = €3 = 0 in Eq. (28), and ga,B,c denotes the
length-24 vector obtained by taking 6§, = 6, = 6, = 0 in

Eq. (29). The first five rows of Go and G are identical,

and they generate the [24, 5, 12] subcode referred to above.
In binary, these two matrices are as follows:

00111010
10011100
01001110
11111111
00000000
00000000
01011100
10111000
01110010
11101000
01110100
00111010

010011107
10100110
11010010
11111111
11111111
00000000
01110010
11100100
11001010
11101000
01110100
00111010

(01110100
00111010
10011100
00000000
11111111
11111111
00101110
01011100
10111000
11101000
01110100
1 00111010

Go=
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010011107
10100110
11010010
11111111
11111111
10010110
00000000
00101110
01011100
01110010
11100100
11001010 ]

00111010
10011100
01001110
11111111
00000000
10010110
00000000
00101110
01011100
01011100
10111000
01110010

(01110100
00111010
10011100
00000000
11111111
10010110
11111111
00101110
01011100
00101110
01011100
10111000

Gy

g

Example 4 (the [24,12,10,16] Golay PUM
Code). The [24,5,12] binary linear code of Example 3
contains a [24, 2,16] subcode, so that by Theorem 1, there
exists a noncatastrophic [24, 12,10, 16] PUM convolutional
code. In this example, the construction of this code is de-
tailed. The subspaces Ay, By, A, B, Ay, and A4 defined
in Example 3 are used. Additionally, subspaces B, A5,
and Bj are defined as follows:

B = [g0,£,0(,8) + bolgo,£.0(z,8%) + b1l90,5,0(x, B%)

+ 52]zear(s) (39)
A; = [eolar]e2]reor(s) (40)
B3 = [g0,e,0(z,8) + b0lg0,e,0(z, B%) + 61190, 0(z, B)

+60 +61]IEGF(8) (41)

In Eq. (41), e assumes only the two values 0 and 1.

The proof that the subspaces behave as depicted in
Fig. 3, ie., that AN B} = A and Ay N B = Ay, is
given in Appendix B, Lemmas B13 and B14.

Now one can see that a noncatastrophic choice for Gy
and G| for this code is as follows:



r 011 1
101
100
Joo1
}%oﬁ
_ 0042
G0 = | “Fin0
fpoo
fp200
foro
fogo

L fopa0

G,

In binary, these matrices are

- 00000000
11111111
11111111
01110100
00111010
10011100
00101110
01011100
10111000
11101000
01110100
| 00111010

Go

11111111
00000000
00000000
00111010
10011100
01001110
01011100
10111000
01110010
11101000
01110100
00111010

r 011 7
101
go10
100
Jopo
Jop2o0
foo1
foos
Joops
f1o00

fao0

_fpaoo.

111111117
11111111
00000000
01001110
10100110
11010010
01110010
11100100
11001010
11101000
01110100

00111010

r00000000 11111111 111111117
11111111 00000000 11111111
10010110 10010110 10010110
11111111 00000000 00000000
00101110 00101110 00101110
01011100 01011100 01011100
01110100 00111010 01001110
00111010 10011100 10100110
10011100 01001110 11010010
00101110 01011100 01110010
01011100 10111000 11100100
| 10111000 01110010 11001010

Gy

a

The codes in Examples 1, 3, and 4 are quite interest-
ing as combinatorial objects, but they have potential for
applications. To illustrate, Fig. 4 shows a plot of the per-
formance of these three codes and the NASA standard
[2,1,6,10] (non-PUM) code on an additive white Gaussian
channel. Figure 4 shows that the low-complexity Ham-
ming [8,4,3,8] code is only a bit weaker than the NASA
code, while the two Golay codes are both a bit stronger.
Since the state complexity of the [24,12,7,12] Golay code
is only 1 greater than that of the NASA code, it may be
that there is a relatively low-complexity decoding algo-
rithm for this code, whose performance will significantly
exceed that of the NASA code. In any case, these perfor-
mance curves certainly justify a serious study of efficient
decoding algorithms for these and other PUM codes.
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Fig. 4. Performance curves for three PUM codes, compared with
the NASA standard [2,1,6,10] code, on an additive white
Gausslan channel.
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Appendix A

Two Results From Linear Algebra

In this Appendix, two simple results from linear algebra
are provided that are needed in the proof of Lemma 2.

Lemma Al, If{(0) = Ay C A1 C - CAn =V
is an ascending chain of subspaces of an n-dimensional
vector space V, with dim A; = k;, then there exists a basis
(a1, ..., an) for V such that

{ay,...,on,) = A, fori=1,...,m (A-1)

Proof: One proceeds recursively, as follows. Choose a
basis {ay,..., ok, ) for Ay, If m = 1, one is done. Oth-
erwise, by using a standard result in linear algebra [2,
Lemma 4.2.5], the basis {@1,...,0,) for A; can be ex-
tended to a basis {(a1,...,ak,, ..., 0k,) of Az, ete. O

Lemma A2. Suppose that V is an n-dimensional vec-
tor space over F, and S and T are subspaces of V with
S € T C V. Then there exists a subspace 7’ # T such
that dim7T' = dim7T and SC 7' C V.

Proof: Suppose that dim$§ = k and dim7 = k + j,
where j > 0. By Lemma Al, it is possible to find a basis
for V of the form

(V) = (alv"'1ak!ﬁ1)”'1ﬂjv7lx-")7'1)
where k +j+ h =n, and

{a,...,o) =8
(@1, .., ax,01,...,6;) =T

If h > j, define T’ as follows:
T ={a1,..., 06,71, 7))

If, on the other hand, h < j, define 7" as follows:

T’: (al,...,ak,'n,...,'y;,,ﬂl,...,ﬁj_,,)
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Appendix B

Proofs Needed in Examples 3 and 4

In this Appendix, the assertions made in Section III
about the subspaces Ao, Ay, Ay, A3z, A5, A4, By, By, B»,
Bj, and B of Vo4(2) are proved.

Lemma B1. Let A and B be elements of GF(8) such
that Tr(Az + Bz®) = 0 for all z € GF(8). Then A= B =
0.

Proof: Since Tr(y) = y + y? + y* and y® = y for all
y € GF(8), it follows that

Tr(Az + Bz®) = Az + A%2? + A% + B2® + B%:% + BY?
(B-1)

for all z € GF(8). Thus, the equation Tr(Az + Bz%) =0
is a polynomial equation of sixth degree with 8 roots in
GF(8), and hence, the coefficients of the polynomial must
be zero, i.e., A = B = 0, as asserted. )

Lemma B2. Let f4 5 c(z,y) be defined as in Eq. (26),
and suppose there exists a nonzero element y* in GF(8)
such that

faBc(z,y')=0, for all z € GF(8) (B-2)

Then, A = 0 and B = Cy*. Further, if Eq. (B-2) holds and
if f4,B,c(z,y) is not identically zero, then for any y # y*,
the number of solutions z € GF(8) to faBc(z,y)=0is
exactly four.

Proof: If Eq. (B-2) holds, then by Eq. (26), one has

for all z € GF(8)
(B-3)

Tr((Ay*)z + (B + Cy*)z8) =0,

Then, since y* # 0, Lemma Bl implies that A = 0 and
B+Cy* = 0,i.e., B= Cy*. This proves the first statement
of the Lemma. To prove the second statement, assume
that Eq. (B-2) holds and f4 pc(z,y) is not identically
zero. Then, since it is already known that A = 0 and
B = Cy*, it must be true that C' # 0, so that the equation
fa,B,c(z,y) = 0 becomes

T ((Cy* +Cy)z®) =0 (B-4)
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Since C' # 0 and y # y*, it follows that Cy* + Cy #
0, so that Eq. (B-4) has the form Tr(Dz%) = 0, with
D # 0. But since for z € GF(8), Tr(z) = 0 has ex-
actly four solutions, viz., z = 0, 8, 82, 37, it follows that
Eq. (B-4) has exactly four solutions. d

Lemma B3. Let gp g r(z,y) be defined as in Eq. (27),
and suppose there exists a nonzero element y* in GF(8)
such that

gp.er(z,y") =0, for all z € GF(8) (B-5)

Then, F = 0 and E = Dy*. Further, if Eq. (B-5) holds and
if gp,g,r(z,y) is not identically zero, then for any y # y*,
the number of solutions £ € GF(8) to gp g r(z,y) =0 is
exactly four.

Proof: The proof of Lemma B3 is similar to the proof
of Lemma B2 and is omitted. 0

Lemma B4. Let A, B, C, D, E, and F be elements
of GF(8) such that

faBc(z,y)=gp.er(zy) (B-6)

for all z € GF(8), for two distinct values of y, say, y =
and y=y;. Then, A=D,C=F,and B=F = 0.

Proof: In view of the definitions in Eq. (26) and
Eq. (27) of f and g, the given conditions are equivalent
to

Te((Ay + Dy + E)z

+ (B + Cy+ Fy)z®) =0, for all z € GF(8)

(B-7)

for y = y1,y2. Thus, according to Lemma B1, Ay + Dy
+E=0and B+ Cy+ Fy=0for y = y;,y;. The two
equations Ay; +Dy;+ E = 0 imply that A= D and E = 0,
and the two equations Cy;+ Fy;+B = Oimply that C = F
and B = 0. a

Lemma B35. The code Ay defined in Eq. (28) is a
[24, 12, 8] code.



Proof: The mapping from 6-tuples [4, B, C, €0, €1, €2)
to codewords in Ag is linear. The kernel of this mapping is
the set of 6-tuples such that the corresponding codeword
is 0, i.e.,

fapczB¥)+a=0 fori=0,1,2 (B8

for all z € GF(8). By substituting z = 0 into these equa-
tions, one finds that ¢; = 0 for i =0, 1,2, so that in fact

(B-9)

fA,B,C(l',ﬂzi) =0, fori=0,1,2

for all z € GF(8). It then follows from Lemma B2 that
A =B =C =0. Thus, the kernel of the mapping contains
only the 6-tuple [0,0,0,0,0,0], and so the mapping is one-
to-one. But since the set of 6-tuples is 12-dimensional,
it follows that the code is also 12-dimensional. Thus, Aq
is a (24,12) code. It remains to prove that its minimum
distance is 8.

To show that the minimum distance is 8, first consider
the (24,9) code Af defined by Eq. (28) with €0 = €1 =
€3 = 0. Each word in Aj has three 8-bit segments, viz.,
the 8 bits corresponding to the function fa B,c(z,y) for
y = 3, #?, and #*. Since in each segment the bit corre-
sponding to z = 0 is 0, each segment may in fact be viewed
as a 7-bit codeword with components indexed by the con-
secutive powers of a primitive root of GF(8). Thus, for the
“A,B,C” codeword in Ay, the y-segment’s ith component
is given by fA‘B,c(ﬂi,y), where

fapcl(z,y)=Te(Ayz + (B + Cy)z®)
= (Ay)z + (A% + (B + Cly*)?

+ (A%t + (B? + C2yP)2® + (B + Cy)z®
(B-10)

It follows that each 7-bit segment is a codeword in the
(7,6) binary cyclic code with generator polynomial g(z) =
¢ — 1. In particular, each segment has even weight. The
value of the weights modulo 4 can be computed by a
theorem of McEliece-Solomon [9, Theorem 1] or [1, The-
orem 16.33], which says that if an even-weight binary
vector a = (ag,...,an-1) is described by its Mattson-
Solomon (MS) polynomial (discrete Fourier transform)
Alz) =Ag+ -+ Ap1z" ) e, if

n—-1
a=Y  ApY (B-11)
=0

)

where 3 is a primitive nth root of unity, and if Ty(a) =
T2 4 A,_j, then w(a) = 2T2(a) (mod 4). The MS
poiynomials for the 7-bit segments are given by Eq. (B-10),
and so the value of T’ for the y-segment is

Ts(y) = (Ay)(B + Cy) + (A2*)(B® + C*v?)
+(B* + CHy*) (A
= (AB + A*CYy + (A2B® + AC)y?
+(A'B* + A2C?y?

= Tr((AB + A'C*)y) (B-12)

If the three segments are combined into one 21-bit word,
the overall weight is still even, and the overall weight mod 4
is determined by the sum of the I'ss, viz.,

T, = I3(8) + T2(87) + To(8%)
= Tr((AB + A*'C*) (8 + B° + B%))

= Tr(0) = 0 (B-13)

Thus, each 7-bit segment has weight 0, 2, 4, or 6, and the
overall weight is divisible by four. Furthermore, if one of
the segments has weight zero, then by Lemma B2 either
the other two segments are both zero, or else the other two
segments have weight 4. Tt follows that the weights in the
(24,9) code are 0, 8, 12, and 16. Now the original code Ag
is obtained from A} by complementing some or all of the
segments, i.e., by replacing a segment of weight w with one
of weight 8 — w. Thus, in Ag, the segments have weight 0,
2,4, 6, or 8. But since 8 —w =w (mod 4), the weights
in Ap must also be divisible by four, and so in Ag the only
weights that can occur are 0, 4, 8, 12, 16, 20, and 24. The
weight 4 can only occur as 04+ 0 +4 and 0+ 2+ 2. Both
of these cases can be eliminated by observing that since a
zero-weight segment can only occur in an uncomplemented
segment, and Lemma B2 says that if a codeword in Ag lias
a zero-weight segment, then either the other two segments
both have weight 8, or both have weight 4. Weight 20 is
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ruled out by observing that the complement of a word of
weight 20 is a word of weight 4. a

Lemma B5 says that the code Aq is a [24, 12, 8] binary
linear code. According to MacWilliams and Sloane [6, Sec-
tion 20.6], such a code must be equivalent to the Golay
code. The next Lemma indicates that the code By defined
in Eq. (29) is also equivalent to the Golay code.

Lemma B6. The code By defined in Eq. (29) is a
[24,12, 8] code.

Proof: The proof is virtually the same as the proof
of Lemma B5. The key difference is that in place of
Eq. (B-10), one has for the code By

90,6,F(%,9) = Tt((Dy + E)z + (Fy)z®)
= (Dy + E)z + (D*y? + E?)z?
+ (F4y4)33 + (D4y4 + E4).’C4
+ (F?y%)z® + (Fy)z® (B-14)
so that in place of Eq. (B-12) one has
T2(y) = (Dy + E)(Fy) + (D** + E*)(F*y?)
+ (Fiy*)(D'* + EY)
= (EF + D*FY)y + (E?*F? + DF)y?

+ (E4F4 + D2F2)y4

= Tr((EF + D*F*)y) (B-15)
and in place of Eq. (B-13) one has
Ty = T(8) + T2(8%) + T'2(6")
=Te((EF + D*F*)(8 + 8% + %))
=Tr{0)=0 (B-16)
Further details are omitted here. a
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Lemma B7. The code A; defined in Eq. (30) is a
[24,9, 8] code.

Proof: Just as in the proof of Lemma B3, the mapping
from 6-tuples [A,0,C, €g, €1, €2] to codewords in A, is a lin-
ear, one-to-one mapping, which implies that A, is a (24, 9)
code. Since A; is a subcode of Ay, its minimum distance
must be > 8. There are, however, many codewords in A,
of weight 8, e.g., that obtained by taking 4 = C = 0,
ep=1,and ¢; = €3 = 0. 0

Lemma B8. The code Aj defined in Eq. (31) is a
(24,5, 12] code.

Proof: Using the formula Eq. (26) for fa p,c(z,y),
one finds that any codeword in Az can be represented as
follows:

[TY(CBz8) + €0] TH(CH%2®) + €| Tr(CB%z®)

+(eo+ )] ecrs (B-17)

Two cases are considered: C =0 and C # 0. If C = 0,
then the codeword in Eq. (B-17) becomes [egle;]eg + €;],
which is either identically zero or has weight 16. If C # 0,
then since there are exactly 4 elements in GF(8) with trace
0, the codeword in Eq. (B-17) has weight 12. Thus, the
only weights that occur in A3 are 0, 12, and 16, and so Aj
is a [24, 5, 12] code, as asserted. 0

Lemma B9. The code A4 defined in Eq. (32) is a
(24,2, 16] code.

Proof: According to the definition in Eq. (32), each
codeword in A4 has three 8-bit segments. Either all three
segments are identically zero, or else one segment is zero
and the other two have weight 8. Thus, in A4 the only
weights that occur are 0 and 16, so that A4 is a [24, 2, 16]
code, as asserted. i)

Lemma B10. Ao n Bo = A}.

Proof: Note that from Eq. (26) and Eq. (27),
fa0,c(z,y) = ga0,c(z,y). Thus, the code Ay N By con-
tains the code A; as defined in Eq. (30). To prove the
opposite inclusion, note that by the definitions Eq. (28)
and Eq. (29) of 4y and By, any word in the intersection
will produce an equation of the form fA,B,C(:r,ﬂz') +¢ =
gp.E,F(2,0%) + 6 for all z € GF(8), for i = 0,1,2. By
substituting = 0 on both sides of this equation, one gets
€ = 6;, so that in fact, fa ,c(z,%) = g9p £ r(z,8%) for



all z € GF(8), for i = 0,1,2. By Lemma B4, 4 = D,
C=F,E =0, and B = 0, so that a word in the inter-
section must be of the form Eq. (30), i.e., it must lie in

Ap. a
Lemma B1l. A; N B; = Aj.

Proof: Given the definitions in Eq. (30) and Eq. (33)
of A; and Bj, any word in the intersection A; N B, will
produce an equation of the form faoc(z, )+ & =
go,E,p(:z:,ﬁT) +6;, for all z € GF(8) and ¢ = 0,1,2.
By substituting z = 0 on both sides of these equations,
one gets ¢ = §;, so that in fact one has fA,(],C(;L','HT) =
gO’E’p(x,ﬂT). By Lemma B4, this implies A = E = 0 and
C = F. Thus, the intersection A4, N By is exactly the same
as Ag, as defined in Eq. (34).

Lemma B12. A; N By = As.

Proof: Given Lemma B4 and the definitions Eq. (34)
and Eq. (35) of A2 and By, this result is immediate. 0

Lemma B13. AN Bj) = Aj.

Proof: If a word in A,, as defined in Eq. (34), is the
same as a word in B, as defined in Eq. (39), then by
setting = = 0, one finds that ¢g = 6o, €1 = 81, and ¢ = 63.
Thus, also foo,c(z,¥) = go.p0(z,y) for all z € GF(8)
and y = 8,6% 8% It then follows from Lemma B4 that
C = E = 0, and so a word in the intersection A2 N By
must be of the form described in Eq. (40). O

Lemma B14. AN B = Ag.

Proof: If a word in A}, as defined in Eq. (40), is the
same as a word in Bj, as defined in Eq. (41), then by
setting = = 0, one finds that ¢g = bg, €1 = 61, and €2 =
6o + 8. Thus, also fo,00(2,¥) = go,eo(z,y) for all z €
GF(8) and y = B,58%, B*. It then follows from Lemma B4
that e = 0, and so a word in the intersection A3 N B must
be of the form described in Eq. (32).
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A Portable Ku-Band Front-End Test Package for Beam-
Waveguide Antenna Performance Evaluation

T, Y. Otoshi, S. R. Stewart, and M. M. Franco
Ground Antennas and Facilities Engineering Section

This article presents the design of a Ku-band test package for the new beam-
waveguide (BWG) antenna at 11.7-12.2 GHz. Results of linear polarization mea-
surements with the test package on the ground are also presented. This report Is
the fifth in a series of articles concerned with test-package design and performance.

I. Introduction

A new 34-m beam-waveguide (BWG) antenna has been
built at Deep Space Station 13 (DSS 13) in the Goldstone
Deep Space Communications Complex near Barstow, Cal-
ifornia. This antenna is designed to be efficient at X-, Ku-,
and Ka-bands, and it is the first NASA tracking antenna
to use a BWG design. The antenna’s focal points for the
center-pass mode are shown in Fig. 1.

The unique methodology used to test the new BWG
antenna included making measurements at the Cassegrain
focal point and then at the final focal point in the pedestal
room. Measurements made at the Cassegrain focal point
F1 give information concerning panel settings, subreflec-
tor defocus, and far-field antenna patterns. Measurements
made at the pedestal room focal point F3 provide am-
plitude and phase information on the entire BWG sys-
tem, which includes the main reflector, subreflector, and
six BWG mirrors. Degradations caused by the BWG mir-
ror systems are determined by comparing the measured
parameters at the two focal points. Previous articles [1-
4] describe the successful employment of X- and Ka-band

test packages for the new DSS 13 BWG antenna at 8.45
and 32 GHz.

This is the fifth article in a series of reports on the de-
sign and performance of X-, Ka-, and Ku-band test pack-
ages that were developed specifically for testing the BWG
antenna. The Ku-band test package is used primarily for
making holo