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ABSTRACT

This document presents the mathematical specifications of
Release 4.0 of the Attitude Determination Error Analysis
System (ADEAS), which provides a general-purpose linear
error analysis capability for various spacecraft attitude
geometries and determination processes. The analytical
basis of the system is presented, and detailed equations are
provided for both three-axis-stabilized and spin-stabilized

attitude sensor models.
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SECTION 1 - INTRODUCTION

The Attitude Determination Error Analysis System (ADEAS)
provides a general-purpose linear error analysis capability
for various spacecraft attitude determination processes.
ADEAS does not process sensor data but simulates the atti-
tude determination logic and computes the resulting attitude
determination accuracy. The spacecraft attitude determina-
tion scenarios that can be analyzed by ADEAS are described

below:

° From low-altitude Earth orbits to International
Sun-Earth Explorer (ISEE)-3 type of Earth-Sun 1li-
bration point orbits

) Spin-stabilized or three-axis-stabilized spacecraft
attitudes

° Batch weighted-least-squares and sequential filter
attitude determination methods

® Sensor complements, which are subsets of Sun sen-

sors, Earth sensors, star sensors, gyros, and mag-

netometers.

These scenarios include most of the existing and anticipated
Earth satellite attitude determination systems. A posSible
exception is that attitude rate information is assumed
available for use in the propagation of satellite attitudes
in the multiframe method. The rate information is usually

provided by gyros.

The ADEAS system requirements are p:esented in Reference 1.
The detailed mathematical specifications for ADEAS are pre-
sented in this document. Section 2 presents the mathemati-
cal formulations of linear error analyses for batch and
sequential estimators. The formulations are general and not
limited only to attitude determination systems. Sections 3

1-1
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and 4 describe the attitude and sensor models included in

the program. Section 5 specifies the reference systems and

vectors used .u ADEAS.
Although many of the algorithms have been extensively re-

vised, this document is based in large part on Reference 2.
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SECTION 2 - FILTER SPECIFICATION

This section presents the specifications for error analysis
using batch and sequential filters. While ADEAS deals spe-
cifically with attitude determination, Section 2.1 presents

a widely applicable system model, and Sections 2.2, 2.3, and
2.4 derive general error analysis equations for batch and
Kalman filters. Sections 3 and 4 then deal with specializing
the general specifications to the cases of spin-stabilized
and three-axis-stabilized spacecraft.

2.1 SYSTEM MODEL

Let X be an N-dimensional vector that characterizes the sys-
tem under consideration. This state vector evolves in time

according to the following dynamic model:

x(t) = £(x(t), t) + u(t) (2.1-1)

where the dynamic noise u(t) is a Gaussian white noise proc-
ess with mean and covariance given by

E[u(t)]

]
o

E[E(t) GT(t')] Q, 8(t - t")

(E[...] denotes taking the expectation value.) X includes
all parameters of interest necessary to compute % even though
some parameters may have zero derivative. For spacecraft
attitude determination, X includes the spacecraft attitude
parameters and additional dynamic parameters such as gyro-
scope biases and alignments.

0450



The true value of the state vector is never exactly known
but is instead estimated by the state estimate vector, X,
This estimate evolves in time according to

i*(t) = £(x*(t), t) (2.1-2)

The state error vector given by

Ax(t) = x(t) - x*(t)

is assumed to always remain small, so linear error analysis

techniques may be used. To first order, then

Ax(t) = x(t) — x*(t)

F(x(t), t) - £(x*(t), t) + u(t)

— (2.1-3)
~ 8L (ry Ax(t) + u(t)
: ox
Integrating this formally gives
Ax(t) = &(t, t,) Ax(tg) + w(t, tg) (2.1-4)
where the state transition matrix ¢ is given by
oCe, ty) = 25y o, )
9x ' (2.1-5)
2-2
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and the random excitation vector ¥y by

t
w(t, ty) E_/r d(t, t') u(t') at' (2.1-6)

o

It follows from Equation (2.1-5) that ¢ obeys the group
property

Sty to) = &y, ty) ¢ty Ep) (2.1-7)
The random excitation vector satisfies the equation
Ylt, tg) = ¢(t, ty) wltg, ty) + w(t, &) (2.1-8)

A filter produces state estimates based on information ob-
tained from measurements made at discrete times. Let Y be

a measurement value obtained at time ti' In ADEAS, measure-
ments performed simultaneously are treated as independent
scalar measurements, so the times ti need not be distinct.
Measurements are related to the state vector by the following

measurement model: .

v, = 9;(x(t), B + vy (2.1-9)

0450



where P is a vector of measurement parameters and v, is a _
Gaussian white noise process with mean and covariance given

by

E[vi] =0
2] _ 2
E[\)i] = oi (2.1-10)
=0 for i # j

£[o;

Note that we will consider p to include the parameters neces-
sary for all possible measurements, not just those measure-
ments made at any specific time ti' For spacecraft attitude
determination, P would include all sensor alignments, biases,
scale factors, etc.

The functions g, are assumed to be known functions of impre-

cisely known arguments. Therefore, it is possible to com- ﬁ?;
pute expected measurement values by -
x = x* DX -
¥y} = g;(x*(t;), p*) (2.1-11)

where p* is a vector of estimated measurement parameters.
The measurement residual between the actual and computed

measurements is then

AYl = Yi - Y{ = gl(x(tl)l p) - gi(x*(ti)’ p*) + Vi
(2.1-12)
ag _ dg. _
i
z“'——'Ax(t:i) + — Ap + Vs
ox dp
2-4 i

0450



where AX and Ap = p - p* are both assumed small.

The function gi(i(ti), P) can be written as

g; (x(t;), P)

(1 + k.) h,(x(t.), p') + b, :
NS . 1 (2.1-13)

+

a; 51n(wi ti + wi)

where ki measurement scale factor error

sensor bias

o
]

aj = amplitude of orbit-related or other unknown
periodic error source

w. = frequency of periodic error source
y. = phase angle of periodic error source

The parameters ki' bi' a., w., and wi are assumed to depend

i i
only on the measurement type and not on the measurement time.
The frequencies w, and phases wi are assumed to be exactly

known.

The parameters ki' bi

measurement parameters; the vector p' contains the remaining

, and ai are a subset of the vector of

measurement parameters. The partial derivatives of the
measurement with respect to these parameters are especially
simple:

ag. _
g;i = h (X(t;), p') = g (2.1-14)
agi
3b. =1 - (2.1-15)
1
2-5
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9g.
5;% = sin (witi + wi) (2.1-16)

1l

The partial derivatives with respect to X and p' are derived
in Sections 3.3 and 4.3. 1In these sections, they are denoted
by 3F*/3X and 3¥*/8P rather than 3g/3% and 3g/3p.

2.2 ESTIMATION AND COVARIANCE ANALYSIS

It is usually not necessary to estimate all of the state
parameters. However, it is necessary to provide estimates
for those measurement parameters that are not exactly known.
Therefore, a filter should produce estimates for a set of
solve-for parameters including a subset of the state param-
eters and a subset of the measurement parameters. The re-
maining parameters are then consider parameters whose values
may contain errors that are not reduced during the estima-

tion process. —

The state error, measurement parameter error, and random
excitation vectors and the state transition matrix are thus
partitioned as follows:

Asx(t)
Ax(t) = |-————- ' (2.2-1a)
AB(t)
AEP
Ap = | -—- (2.2-1Db)
AY
2-6
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v (t, t)
\p(t’ to) = | memem————— (2.2—1C)
Walt, tg)
1
¢s(tl tO) : e(tl tO)
d(t, t)) = |---mm--- -%- --------- (2.2-14)
Asx(t)
where Ag(t) = | -—-——-- = solve-for parameter vector
As
P
AE(t) = dynamic consider parameter error vector
A? = measurement consider parameter error vector

The error equations (2.1-4) and (2.1-12)-c¢an then be re-

written as

As(t) = ®(t, £,) AE(to) + O(t, tg) AE(tO) + Y(t, £,)  (2.2-2)
AB(t) = Palt, t.) AE(tO) + EB(t, t,) (2.2-3)

Ayi = Gi As(ti) + Ti Ay + vy (2.2-4)

where

O(t, t ) = |——mmmmm i (2.2-5)

rz.“’-?‘ D
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' \l’s(tl tO) ~—
¥(t, t ) S| ----=m--- (2.2-6)
0]
o(t, to)
O(t, to) S e ——— (2.2-7)
i 0]
3g. pag. | 8g.
G, = — = — i —* (2.2-8) ¢
ds Lasx ! asp
agi
ri = — (2.2-9)
oY
9g. 3g. | -
4 = |10 (2.2-10) &
ax 8Sx : _
3g. dg. | dg.
- | = = (2.2-11)
dp Bsp ‘ oy

We have assumed that no measurements depend directly on any
dynamic parameter that is not a solve-for parameter. Fur-
ther, we have assumed that the time evolution of the dynamic
consider parameters does not depend on any of the dynamic

solve-for parameters.

The function of a full estimation system is to determine an
estimate s*(t) given measurements Y; - ADEAS, however, does
not actually compute an estimate but determines how good an

estimate would be if it were produced in a given situation.
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= , ADEAS does this by computing the estimation covariance ma-
trix defined by

P(t) = E[As(t) AST(t)] (2.2-12)

ADEAS thus performs linear covariance analysis for batch and
sequential filters. The covariance matrix P(t) then pro-
vides a statistical measure of how good an estimate could be
produced at time t of a given scenario.

The random excitation enters into this computation in the
form of the random excitation covariance matrix, which is
defined as

e ; (2.2-13)
v;‘s | ag(t, tg) | dgplt, o)
I CATER) ERORSY
s’ "0/} BT TO
where

RO TR N EHORN]
(2.2-14)
/-t | $(t, £
- sk, £y 1 oee, £ @ | —g——m—-- at
s T ,
t [ ] Y lett, £
0
a(t, tg) = E[vg(t, tg) THORN)
| /t o . (2.2-15)
o = 0 1 . (t, t-)] Q. |-z-——--- dt'
iy B u T .
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d q(ts tg) = E [Ip's(t, £,) Wa(t, to)]
t % ; (2.2-16)
= d (t, t') 1 O, t)| Q, |-g———-—-- at
[ [S( e )] P bglt, £)
0

2.3 BATCH FILTER

A batch filter produces an estimate E*(to) at an epoch time
to' based on a single batch of measurements y that may have

been made at various times. Thus,

— T
YE[Yl, ym] (2.3-1)

where each y, is a scalar measurement. Similarly,

-

— T
x * -
Yy {yl. y,;] (2.3-2)

and

Ay

[Ayl, ooy Aym]

The batch filter produces an estimate §*(t6) that gives yv*,

which minimizes the cost function

= oT . _*T —*
V = Ay~ WAy + AsA wA AsA (2.3-3)

0450
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>
(7]

*
i

u |
P

=
e

= positive-definite symmetric measurement weight

matrix

A s*(to)

—*-_ — — _ —
sx s(to) + s(to) s*(to)
= As(to) - AsA
a priori estimate of E*(to)

non-negative-definite symmetric a priori weight
matrix

2.3.1 ESTIMATION ERRORS

Since the batch filter determines E*(to), it is necessary to
relate AY to A§(t0). Substituting Equation (2.2-2) into

Equation (2.

2-4) gives

£ By, = Gi[®(t;, t)) AS(t)) + O(t;, t,) AB(t) + ¥(ty, ;)]

+ ri Ayi + V. (2.3-4)

1

Fi As(to) + Bi AB(to) + Fi Ayi + Ui + vy

where, using Equations (2.2-5) through (2.2-8)

F.
1

0450

= G. ¢(t t ) agicb(t )iagi (2.3-5)
- s ] = — ., t N 2.3-
1 1 (o] aS S 1 (o] : aS
X p
_ 8g;
Bi = Gi @(ti’ to) = —/— e(ti, to) (2.3-6)
ds
X
2-11
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_ 9g. _ -
b 4
Then,
Ay = FAE(to> + Ae

1 By
b R el B
L
T
U= [Ul, e UHJ
_ T
N =

(2.3-8)
I
~p-
m
(2.3-9)
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Substituting Equation (2.3-8) into Equation (2.3-3) for the
loss function then gives

V = [FAS(t.) + ae1T WIFAS(t ) + Ael
+ [asce )y - as, |T w [As(t ) - 8s,]
o A A 0 A
—-T T = =T T .. -
= As (to)(wA + F WF) As(to) + As (to)(F WAe - WAASA)
=T =T - “Tors . asTw As
+ (Ae WF - ASAWA) As(to) + Ae " Wie + ASAWAASA
- 1/..T ‘o - T -
= |As(t.) + W, (F WAe - W_As ﬂ W [As(t )
[ ° N AA N © (2.3-10)
~1({_T, . ,— -
+ WN (F WAe - wAAsAi] —-
( T As -\ _-1fT = <
- | F"WAe - WAASA) WN (F WAe - WAAsA)
—T. . .= -T -
+ Ae " WAe + AsAWAAsA
where
W. =W, + FTWF = normal matrix (2.3-11)

N A

The final equality in Equation (2.3-10) is valid as long as

WN is nonsingular. The sirgularity (or ill-conditioning)

of WN indicates a lack of observability of the solve-for

parameters from the measurements ¥.

0450



If WN is nonsingular and positive-definite, then it is clear
from the form of Equation (2.3-10) that V is minimized when

As(to) = -WN (F Wie - WAASA)
- —w- T 3 T LT . W - =) (2.3-12)
= -Wy 'F W[BAB(tO) + Ay + U + N] WAASA;
= Asn(to) + Asy(to) + AsB(to) + Asu(to)
where
As (t ) = wil (w,As, - FTWN) (2.3-13)
n*ro/ - N A™TA *
As (t ) = -wil FTWraAy B (2.3-14)
Yy o'~ N :
AS.(t ) = -wi' FIWBAB(t ) (2.3-15)
B* o’ ~ N o) *
Asu(to) = —WN F WU (2.3-16)

The batch filter produces an estimate E*(to) at the epoch
time to. This estimate may then be propagated to any other
time t using Equation (2.1-2). In doing this the estimation

0450
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errors As propagate according to Equation (2.2-2). Substi-
tuting Equation (2.3-12) for A§(to) into Equation (2.2-2)

gives
As(t) = &(t, to)[A§n<to) + AEY(to) + Bsg(t ) + AEu(to)]
+ O(t, t) AB(t)) + ¥(t, £.) (2.3-17)
= As_(t) + AEY(t) + Asp(t) + As (t)
where
As_(t) = ©(t, t) s (t) (2.3-18)
AEY(t) = o(t, t,) AEY(tO) o (2.3-19)
Asg(t) = ®(t, t) Asy (t)) + ©(t, t) AB(t.) (2.3-20)
As (£) = @(t, t) As (t ) + ¥(t, t) (2.3-21)

2.3.2 COVARIANCE

Equation (2.3-17) gives the estimation errors induced by the
systematic error sources AY and AE, the random error sources

U and N and the a priori error AEA. It is assumed that all

0450



these error sources are uncorrelated. The covariance matrix

P(t) is

P(t) = E[AS(t) As (t)] (2.3-22)

P,(£) + P () + Pa(t) + P, (K)

where

P (t) = E[as (t) Agg(t)] (2.3-23)
P (t) = E[As, (t) A§$(t>] (2.3-24)
Pa(t) = ElAsg(t) AEg(F)ﬁ' (2.3-25)
P (t) = El4s,(t) ASL(t)] (2.3-26)

The following subsections discuss, in turn, each of these

contributions to the overall covariance.

2.3.2.1 Data Noise Contribution

From Equations (2.3-18) and (2.3-23) we have
T
Pn(t) = ¢(t, to) Pn(to) P (t, to) (2.3-27)

where from Equation (2.3-13)

-1 T -
P (t)) = Wy (WAPAWA + F WRWF) Wy

1 (2.3-28)

0450
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with

= o[as AT
PA = E[AsA AsA]
(2.3-29)
- —T . 2 2
R = E[NN"] = diag (01 ’ ’ om)
The a priori weight matrix is given by
w =p.! (2.3-30a)
A A :
where the a priori covariance is
Paattitude | 0
Py = |--——=—=——- (2.3-30Db)
0 | P
[ Aother

with P being the a priori covariance of the atti-

Aattitude
tude error parameters, as given in Section 3.2 or 4.2.1, and
PAother being the a priori covarilance of other solve-for

parameters, assumed to be diagonal:

. 2 2
Aother = diag(o,,/ «c+-¢ @ )
. Al Another (2.3-30c)

P

W is assumed to be a diagonal matrix of the form

W = diag <wl, ey wm) (2.3-31)

0450



Equations (2.3-28) through (2.3-31) give _

m
-1 T 2 2 -1
P (t) = Wy (wA + E F; F, W’ oi) Wy (2.3-32)
i=1
where
m
T
WN = WA + Fi Fi W, (2.3-33)
i=1
with the row vector Fi given by Equation (2.3-5). For mini-
mum variance weighting, set W = R_1 so that Pn(to) assumes
its minimum value Pn(to) = Wﬁl. Note that this only

minimizes the data noise contribution to_the total covari-
ance. £
2.3.2.2 (Consider Parameter Contribution

It is assumed that all consider parameters are uncorrelated
so that

— —T . 2 2
E A = ’ LAY
(AyAy~] diag °Y1 an
(2.3-34)
= =T : . 2 2
E[}B(to) AB (to)] = diag aBI, -1 Op
g

0450



- . Using this with Equations (2.3-14), (2.3-15), (2.3-19),
(2.3-20), (2.3-24) and (2.3-25) gives

n
2 as T
P (E) = Ok, £) 0D oy {a (t 5}[87 (to)] oT(t, t.)
1=1 (2.3-35)
Og -
2 as .
Pa(t) = ) oﬂi[dut, eg) Bceg) o, to)] |
i=1 1 (2.3-36)

T
x {¢(t t)) aB (t ) + ©,(t, t )]

where, from Equations (2.3-14) and (2.3-15),

95
3y, (t )] (2.3-37)

m —_ .
3s -1 T as_
2(t,) = -W F.l.w. = [ () !.

-

m - -
;E(t ) = -wil :E: F1B.w, = [%%—(to) ... ags (to)] (2.3-28)
izl

with

@
”~~
ot
-

o

0
A
—

o(t, t,) =[@1(t. ty)
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ri, Fi' and Bi defined by Equations (2.2-9), (2.3-5), and ~

(2.3-6), respectively; and W, and WN as in Sec-
tion 2.3.2.1. The quantities Fi and Bi are row vectors of
dimensionality nY and g, respectively.

2.3.2.3 Dynamic Noise Contribution
From Equations (2.3-16), (2.3-21), and (2.3-26) we have

P (t) = D(t, t)) + ®(t, t)) P (t)) ol (t, t,)

(2.3-39)
-1_T = =T
- ¢(¢t, to) WN F™WE [U ¥ (t, toi
3 =T -1 4T
- E[?(t, ) T ] wew o (e, t)
where
~ T ds(t, to) E'O
'D(t, to) = E|¥(t, to) Y (t, to) = |————————— do——= (2.3-40)
0 1 0
with ds defined by Equation (2.2-14), and
S B Sy -1
Pu(to) = WN FWE[UU"] WFWN (2.3-41)
Using Equations (2.3-7), (2.3-9), and (2.3-31) gives
m .
T_. —
F'WU = E MGi y (ty, to) (2.3-42)
i=1
2-20
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S

where

9

g.
M, E FT —% w, (2.3-43)
. 1 as 1

1 x
with F, defined by Equation (2.3-5), and Bgilagx defined by

Equation (2.2-8).

The row vectors agi/8§x have dimensionality equal to the
number of dynamic solve-for parameters.

From Equation (2.3-42)

m m T
T —T . - -
F WUU WF = Z Mg w (s, t,) E Ms . ws(tj, t,)
i=l 1 j=l J
m -
— =T T
= z M, w_(t;, t ) y (kt;, £ ) M
&~ Gi s* 1 0 s 1 (o) Gi (2.3-44)
j-1
- -T T
+ MGi :E: q’s(t to) ws(tj' to) MG.
j=1 ]
i-1
-~ =T T
e Y g, Fcey v VECE £ | Mg
j=1 ? '
2-21
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Using this in Equation (2.3-41)
i-1
+ M da'(t., t.) MG (2.3-45)

where dS is defined by Equation (2.2-14) and for ti > tj

ai(ty, tg) = E[Gs(ti, t,) ws(t.l_toﬂ (2.3-46)

Using Equation (2.2-1lc), we see that this is the upper left-
hand corner of the partitioned form of the larger matrix

d'(ti, tj)

i
t
—r
€|
~
cr
[N
ct
(o}
~
€
~
ctr
-
t
(e)
~r
—_ )

(2.3-47)

*I

This can be written, using Equation (2.1-8) and the fact that

- -T
E[w(ti, tj) W (tj, toﬂ = 0 for ti > tj, as

d'(ti, tj)

(2.3-48)

-1
$lty, £5) $7H(EsL £ Alty, t)
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- The group property of ¢, Equation (2.1-7) has been used to obtain

the last equality. Then combining Equations (2.2-14),
(2.2-13), (2.3-47), and (2.3-48) gives

. — ! "l
ag(ty. tj) = (¢ (ty, t,) | O(ty, t,)] i € R D | =

()
(o}

(2.3-49)

Substituting Equation (2.3-49) into Equation (2.3-45) then

gives
m
-1 T . T.,,T -1
Palty) = Wy :E: [Mc.ds<ti' k) Mg, + Mg Q; ¢+ QiMG.] Y
: i i i i
i=1
(2.3-50)
Ko -
-
- where
i-1
d (t., t)
Q. = 6 L(e., t ) | -S--d-__2_ M (2.3-51)
1 3 o} T Gj
J=1 dSB(t]' tO)
and
|
MG = MG. [¢s(ti’ to) | e(ti’ to>]
i i
(2.3-52)
{39 l
= F; = bs(tyr B Byl Wy
asx i

where Bi ié defined by Equation (2.3-6), and Equa-
tion (2.3-43) has been used in the last step.
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From Equations (2.3-42), (2.3-46), (2.3-49), and (2.3-51) we _—
also have:

1l

. m

FT wz[ﬁ v, to)] =) M E [Esui. tg) Wa(t, to>]
i=1

=) mE [Esgti, t,) wa(t, to)]

1
m
+ Z MG_E[I;TS(ti, £,) e (t, to)](2.3—53)

i=k
k-1 m
IT L]
- Mg agT(E, ) ¢ > Mg, a5ty ©)
i=1 i=k
[ T - A2
(L, t )-' - da_(t, t.)
S| AR Y TR i CYRES) RN B
T T
Le (t, to)J da(t, ty)

where k is chosen so that t, _, <t < t, and

m :
Qi = :E: M" (2.3-54)

Then,

FTWE[G ¥ (¢, to)] - \:FTWE‘IG ifg(t, £ )

——

O} (2.3-55)

and Pu(t) can be computed by substituting Equations (2.3-40),
(2.3-45), and (2.3-55) into Equation (2.3-39).
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2.3.3 COMPUTATION

The analysis equations presented in the previous subsections
have been carefully derived to allow efficient evaluation.
This subsection outlines a procedure to efficiently perform
these computations. This procedure is only intended to show
the overall structure of the computations and does not neces-
sarily cover all microefficiency details. The procedure has
two stages: it first computes analysis results at the epoch
time to' and then uses these results to compute the various
covariance matrices at a set of "output times” Tyr =oes Tg-
It is assumed that to < tl < t2 < ... < tm and that to = Ty
< Ty eee < T

Stage 1: Compute Epoch Errors

The stage 1 procedure assumes that the following are avail-

able:

o See Equation (2.3-29)

Wor Wy See Equations (2.3-3) and (2.3-31)

agi/agx See Equation (2.2-8) and Sections 3.3 and
4.3

Fi See Equation (2.3-5)

Fi See Equation (2.2-9) and Sections 3.3 and
4.3

Bi See Equation (2.3-6)

D(ti, to) See Equation (2.3-40) and Sections 3.2 and
4.2

¢(ti, to) See Equation (2.2-5) and Sections 3.2 and
4.2

¢S(ti, t ) See Equation (2.2—1d} and Sections 3.2 and

4.2
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G(ti, t) See Equation (2.2-1d) and Sections 3.2 and
4.2

¢_1(t., t ) See Equations (2.1-5) and (2.1-7) and Sec-
" tions 3.2 and 4.2

The procedure produces the covariance matrices Pn and Pu and
the sensitivity matrices 93§/9Y and 395/8B, all at the epoch

time to’ and the intermediate matrices M} , PN’ Q., Q', and

i
i
QF' These results are accumulated during a single pass over

all the measurements.

1. Initialize Mn’ Mu’ MY' MB' Q°', QF' and Q1 to zero.
2. For i « 1 to m, do
T 2 2
a. Mn + Mn + Fi Fi wi oi
b. M_ <+ M + FL T, w, .
Y Y i "1 i
ag.
c. MG + Ff f:l wi
ds
X
T
d MF L Fi Fi w1
T
e. MB “ Fi Bi w1
f. Let M, = [MF ! Mg ] (with solve-for and con-
s ! p
. . : .
sider columns) in MG. + [MF : MB]
i s

T T . T

g. Mu + Mu + MG ds(ti' to) MG + MGi Qi + Qi MGi

h. MB + MB + MB
d_(t., t.)

. -1 st 1 (o] T

1. Qi+1 « Qi + ¢ '(ti' to) -} ----------- MG
dsB(ti' to)

k. Q' « Q' + Mé-

0450
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.
N
i

-1

PN : , for minimum variance
4, Pn + weighting
PN (wA + Mn) PN , otherwise

5. Pu + PN Mu PN

6. a%(to) « -p. M

oY N Y
7. a§(to) « -p, M,
on

Stage 2: Compute Error Analysis Results

In addition to the results of stage 1, the stage 2 procedure
assumes that the following are available:

See Equation (2.3-34)

Yi© By -
¢(ti, to) See Equation (2.2-5) and Sections 3.2 and 4.2
D(Ti, to) See Equation (2.3-40) and Sections 3.2 and 4.2
@(Ti, to) See Equation (2.2-7) and Sections 3.2 and 4.2

The procedure produces the covariance matrice Pn(ri),
PY(ti), PB(ti), Pu(ri), and P(Ti) for each output time Tt

1. Set k « 1

2. For i « 1 to 2, do
T
a. Pn('ti) * ¢(Til to) Pn N (til to)
3s 3s 3s | | _3s
b. Let 22 = &(1., t.) &(t) = . |
3y i o) 3y 0 aYl: : aan
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n
Y = =T
2 9s 3s_
PY(Ti) « Z on an an
j=1

3s _ 3s
Let .3 = ¢(ri, to) aE(to) + @(ri, to)
1t T
I
BBl! iaBnB
in
]
- =T
2 9s 9s_
Pa(Ty) * Z 9. 3@, 8B
21 j J j
j -
While tk < Ty do
(1) Q' « Q' - M.
Gy
(2) ke« k+1
T
¢ (t., t ), O
- T | s__1___O _.i___
Let P' = ¢(Ti, to) PN Qk T a
e ('ri, to) Y
_ d (t., t) | O
+ Q'T ¢ l(rl. to) B
at ¢ £y oo
splTir to’ !
in
Pu(Ti) = D(Til tO)
+ ®(Ti, to) Pu®T(ti, to) - P' - P'T



3

f. P(ti) « Pn(ri) + PY(ti) + PB(ti) + Pu(ti)
2.4 E NTIAL FILTER

A sequential filter produces an estimate s*(t) based on
measuréments taken at discrete times ti < t. Between
distinct measurement times, the state estimate X*(t) is pro-
pagated using Equation (2.1-2). For each measurement Y;o
the solve-for parameters are updated based on the pre-update
state xX*(i-) and the measurement. Typically, this update

has the following form:

s*(i+) = s*(i-) + K Ay, (2.4-1)

where s*(i+) and s*(i-) denote the estimate of solve-for
parameters immediately after and immediately before incor-
porating the information contained in the-measurement. This
notation must be distinguished from §*(ti), which denotes
the solve-for  parameter estimate incorporating the informa-
tion contained in all the measurements at ti’ which may
include measurements other than Y;- The gain matrix Ki
determines how much the propagated state is corrected, based
on the measurement residual Ayi; this is a column vector
with dimension equal to the number of solve-for parameters.

2.4.1 ESTIMATION ERRORS

The estimation error immediately after an update is

As(i+)

s(t) - s*(i+) = s(ty) - s*(i-) - KAy,
(2.4-2)

As(i-) - KiAYi’
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since the true state is continuous at ti' Substituting Equa-
tion (2.2-4) for Ayi gives

As(i+) = (I - K;G;) As(i-) - xi(riA§ +vy) (2.4-3)

We divide As(t) into separate contributions due to measure-
ment noise, measurement consider parameters, dynamic con-

sider parameters and dynamic noise:

As(t) = AEn(t) + AEY(t) + AEB(t) + AEu(t) (2.4-4)

These obey the update equations

AEn(i+) = (I - K;G;) A§n<i-) - Kyvy (2.4-5)
AEY(1+) = (I - K;G;) AEY(i—) - KT, Ay (2.4-6)
AEB(i+) = (I - I_<iGi) AEB(i—) (2.4-7)
As (i+) = (I - K;Gy) As  (i-) (2.4-8)

consistently with Equations (2.4-3) and (2.4-4). 1If ti=ti+
then As(i+) = As(i+l-), and similar relations hold for A§n,

ll
ASY' AsB, and Asu.

If ti # ti+l'
processed at ti’ AE(ti) is equal to As(i+), since it

which means that Ys is the last measurement

incorporates'the information contained in all the measure-
ments for times less than or equal to ti' Then from

2-30
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= . Equation (2.2-2), propagating the estimate E*(ti) will
result in an error for ti <t < ti+l given by

As(t) = ®(t, t;) AE(ti) + O(t, t;) Aﬁ(ti) + ¥(t, t.) (2.4-9)

The limit of AS(t) as t approaches ti+l is the estimate
error AE(ti+1—). Inserting Equations (2.2-3) and (2.4-4)
into Equation (2.4-9) gives the following propagation equa-

tions for the noise and consider components of the estimation

error

Asn(t) = ¢(t, ti) Asn(ti) (2.4-10)
o 85, (£) = O(t, t) As, (t7) (2.4-11)

ASB(t) = ¢(t, ti) ASB(ti) + O(t, ti) ¢B(ti, to) AB(to)
(2.4-12)

Asu(t) = ¢(t, ti> Asu(ti) + O(t, ti) wB(ti, to)
(2.4-13)

+ Y(t, ti)
The complete specification of A§n, AEY, AEB, and AEu requires
the initial conditions

s _(t,)) = Bs(ty) (2.4-14)

=

il
o

AEY(tO) = AEB(tO) = A§u<to) (2.4-15)

0450 2-31



2.4.2 COVARIANCE

Equation (2.4-4) gives the estimation errors induced by the
systematic error sources AY and AB and the random error
sources u and v, . It is-rassumed that all these error

sources are uncorrelated. The covariance matrix P(t) is then

_ - —T
P(t) = E[As(t) As ()] (2.4-16)

P () + PL(£) + Pglt) + P (k)

where

P_(t) = E[Agn(t) AEﬁ(tﬂ + D*(t, t,) (2.4-17)
P (t) = E[égY(t) Agi(ti‘. (2.4-18)
Pa(t) = E[Agﬁ(t) AE%(t)T (2.4-19)
P (t) = E[Agu(t) AEﬁ(t)] - D*(t, t) (2.4-20)

The matrix D*(t, to) represents an estimate of the dynamic
noise used to compute the gain matrix. It obeys the update

equation at measurement Yit

D*(i+, t ) = (I - K;G;) D*(i-, t ) (I - KiGi)T (2.4-21)
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D*(t,to) obeys the propagation equation for

T
D*(t, to) = ¢(t, ti) D*(ti, to) o (t, ti)

(2.4-223a)
+ D*(t, t.)
i
with
d;(t, tl)! 0
[ |
D*(t, tl) = 0 E 0 (2.4-22b)
and
‘ ' I S CTE
ax(t, t;) = f (¢ (£, t') ! ©(t, t*)] Q* | —5———=———~ dat’
> ’ t. ° l uleTct, tr)
* .4-22c)

QG is a diagonal matrix of estimates of the covariances of
the dynamic noise. The matrix D*(t, to) has the initial

* =
value D (to, to) 0.
The following subsections discuss each of these contributions
to the overall covariance. 1In each case, the propagation
step is unnecessary if ti = ti+1'
2.4.2.1 Noise-Induced Contribution

From Equations (2.4-10), (2.4-17), and (2.4-22) we have

P_(t) = ®(t, t;) P (t;) T (t, £;) + D*(E, t;)  (2.4-23)

0450



for ti <t < ti+1' From Equations (2.4-5), (2.4-17), and
(2.4-21), the covariance update is

. . T T
Pn(1+) = (I - KiGi) Pn(l—)(I - KiGi) + KiRiKi v (2.4-24)

with
R. = E [v? ].-. o2 (2.4-25)

The initial value Pn(to) is the a priori covariance PA,
given by Equation (2.3-30b).

For Kalman filtering, Ki is chosen to be the Kalman gain
defined by '

-1

K, = P_(i-) H [Gi P_(i-) G; + Ri] (2.4-26)

Note that a Kalman filter minimizes only the noise-induced
contribution to the overall covariance.

2.4.2.2 Consider Parameter Contribution

It is assumed that all consider parameters are (initially)

uncorrelated so that

E[AY AYT] = diag o$ , e, O (2.4-27)

E[Aﬁ(to) AET(tO>]= diag (o (2.4-28)

RN
=
-
-
Q
RN
o]
[v]
N——"
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Using this with Equations (2.4-18) and (2.4-19) and defining

35/8Y and 35/8B so that

then gives

where, from Equations (2.4-11)

0450

AsY(t) =

85ty ay

oy

AS(t) = i% (£) AB(E)

38 (e) = oce, t) 2B(ep) =

mlm
R |

ay

ot £ 22 (6) + OCE, £ $pley £

>
“ |

@
R

H

ay

[=b]

“ |

as
3y

T
o)
1

and (2.4-12),

o

(2

(2

(2

(2.

(2

.4-29)

.4-30)

.4-31)

.4-32)

4-33)

.4-34)



Using Equations (2.4-29) and (2.4-30) in Equations (2.4-6)

and (2.4-7) gives the following update equations:
85 (j4) = (I - K.G.) 28 (i-) - K,T, (2.4-35)
3y i~i 3y iti
8 (34) = (1 - K;6p) 2B (io (2.4-36)
af aB
Both these matrices are zero at the initial time to.
2.4.2.3 Residual Dynamic Noise Contribution
From Equations (2.4-13), (2.4-20), and (2.4-22) we have
B (E) = O(E, £;) P T(E, ;) + (E, £)) Pup(e;) O7LE, €y) |
s O(t, t) PLo(t,) ®T(E, ;) + 8k, £;) dglty, £,) eT(t, t;) (2.4-37) o
+ D(t, t;) - D*(t, t;)
where
- < —T
PuB(t) = E[Asu(t) wB(t, to)] (2.4-38)
and dB is defined by Equation (2.2-15).
It follows from Equations (2.1-8), (2.2-1lc), and (2.2-14d)
that
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Using this and Equation (2.4-13) in Equation (2.4-38) gives

T
PuB(t) = (D(t, t1> PUB(ti) ¢B<tr tl)

£ O(t, t) dglty, ) oglt, £5) (2.4-40)
+ D (s £y)
where
_ _ —r dsB(t' ti)
DSB(t' ti) = E[?(t, ti) wB(t, ti)] = ————6 ————— (2.4-41)

with dsB given by Equation (2.2-16).

Using Equation (2.4-39) in Equation (2.2-15) gives

T
dB(t, L) = ¢B(t, t;) dB(ti, t,) ¢B(t, t.) + dB(t, t:)
(2.4-42)

From Equations (2.4-8), (2.4-20), and (2.4-21), the
covariance updates for Pu and PuB are

P (i+) = (I - K;G;) P (i-) (I - KiGi)T
PuB(i+) = (I - KiGi) PuB(i—)

Both P and P are zero at the initial time t .
u ufl . o
2.4.3 COMPUTATION

The analysis equations presented in the previous subsections
have been carefully derived to allow efficient evaluation.

This subsection outlines a procedure to efficiently perform
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these computations. This procedure is only intended to show e
the overall structure of the computation and is not concerned
with all microefficiency details. The procedure propagates
an initial covariance PA to the output times-tl, REATY
performing measurement updates at times tl, ey tm. It is
assumed that to < ’c1 < t2 < ... = tm and that t0 = T) < T, <

eee < TQ.

The procedure assumes that the following are available:

PA See Equation (2.3-30) and Sections 3.2 and
4.2
o4 See Equation (2.4-25)
Gi See Equation (2.2-8) and Sections 3.3 and
4.3
ri See Equation (2.2-9) and Sections 3.3 and
4.3 - .
feaod
d(t, t') See Equation (2.2-5) and Sections 3.2 and _
4.2
O(t, t°*) See Equation (2.2-7) and Sections 3.2 and
4.2
d(t, t*) See Equation (2.1-5) and Sections 3.2 and
4.2
¢B(t, t') See Equation (2.2-1d) and Sections 3.2 and
4.2
D(t, t*) See Equation (2.3-40) and Sections 3.2 and
4.2
d(t, t*) See Equation (2.2-13) and Sections 3.2 and
4.2
dB(t' t') See Equation (2.2-15) and Sections 3.2 and
4.2
2-38
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- : DSB(t, t') See Equation (2.4-41) and Sections 3.2 and
4.2
D*(t, t') See Equation (2.4-21)

Y

o, g (to) See Equations (2.4-27) and (2.4-28)
i

The procedure produces the covariance matrices Pn(Ti),
PY(ti), PB(ti), Pu(ti), and P(ti) and the analysis matrices
¢(ti, Ti_l) and d(Ti, Ti_l) for each output time T,

1. Set Pn <« PA _
Initialize 95/3Yy, 8s/3B, P, PuB’ d, and dB to zero
Initialize ¢ to the N x N identity matrix
Set 1 « 1, k« 1, t' « to

2. While i < ¢ do:

5%3 Let t = min (Ti, tk) in -
7 a. If t #£ t' then:
(1) p_ <« ®t, t') P oT(t, t') + D*(t, t')
(2) 8 oo, vy 8
ay 3y
3y Lo, 9 Eoe, £ o (e, )
B an
. T .
(4) B, o« ®(t, t') P ®T(t, t)
+ d(t, t') P . OT(t, t')
r uB !

+

' T &7 '
B(t, £') Pyy ¢(t, t7)

+

o(t, t') dg @7(t, t*)

+ D(t, t') - D*(t, t')
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(5) By« Ok, t') By ¢k, t0) -

ufl

’ T v ’
+ O(t, £') dya(t, t') + D g(t, t')

(6) dy « dp(t, t') dpén(t, £') + dg(t, t°)
(7) ¢« d(t, £) ¢

(8) d <« (t, t') ddT(t, t') + dA(t, t')

b. If t = £, then:

k
Let
-1
T 2
K = Pn,Gk(Gk Pn Gk + ck )
M=1I - KGk
in e =

(1) P« MP, ML + K sz KT -

(2) 88 (88 _r
(3) 88y
3B 3B

(4) Pu « MPuM
(5) P

(6) k « k + 1
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- F— ! ' -
pee 8 - [} {2
ay Y14 } °Yn
i Y]
85 . \2a | 4
= ! i
an L 1 an
in
(1) Pn(ri) <« Pn
& s 3s ’
2 S oS
(2) PY(Ti) « cy. (ay.) (ay.)
<t i 3

n

K] — -
@ e« 2 o (3) (3)
(4) Pu (Ti) « Pu
(5) P(ri) « Pn(ri) + PY(ti) + PB(ti) + Pu(ti)

(7) d(ti, Ti—l) « d

(8) Reset d to zero and ¢ to the N x N

identity matrix
(9) i« i+ 1

d. £t' « t
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SECTION 3 - SPIN-STABILIZED SPACECRAFT MODELS

As Section 2 discussed estimation filtering in a general
sense, this section provides specific attitude and sensor
models for spinning spacecraft. These models provide the
basis for the construction of the state transition, measure-
ment partial derivative, and random excitation matrices used

in Section 2.

3.1 ATTITUDE GENERATION

For spin-stablized spacecraft,the attitude is determined by
the direction of the spin axis. The nominal spin axis is
assumed to be fixed in inertial space and is specified by
its right ascension o, and its declination 8 as shown in
Figure 3-1. The actual spin axis may drift from this iner-
tially fixed nominal position. ADEAS provides a model for
sinusoidal variations of the actual spim~axis about the nom-

inal axis:

a*(t) a + 3, sin [{ (t - to) + ba] (3.1-1)

n

s*(t) = 6_ + ag sin [T (& - tg) + byl (3.1-2)

n

where the amplitudes a, and ag are constant dynamic param-
eters, while the frequency { and the phases ba and b& are
assumed to be exactly known. The spin-axis attitude defined

by a* and 8§* is used in all sensor model computations.
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NOMINAL -
SPIN AXIS
|
]
|
5n !
, » Y
I =
| 2
a \ "5
n N -3
X 3

Figure 3-1. Right Ascension and Declination of the Nominal
Spin Axis

3.2 DYNAMIC ERROR MODEL D €<--
- o
If we define a state vector x by -
x =, (3.2-1)
a
as
then differentiating Equations (3.1-1) and (3.1-2) gives the
dynamic model for spin-stablized spacecraft in the form of
Equation (2.1-1):
a, { cos [{(t - to) + ba] ua(t)
. a. { cos [{(t - t£,) + b.] u.(t)
x(t) = | ° 0 S (3.2-2)
0
L . L g J
)
/
3-2
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— _ where u, and Ug are dynamic noise processes that induce
additional attitude variations.

From Equation (3.2-2), the state transition matrix, as de-
fined by Equation (2.1-5), is then

1 0 6, o0
0 1 0 ¢5
d(t, t') = (3.2-3a)
0
0 0 1l
L J
with
¢a = sin [Q(t - to) + ba] - sin [Q(t"' - to) + ba] (3.2-3b)
a and —
— ¢6 = sin [T(t - to) + bS] - sin [Q(t' - to) + bs] (3.2-3¢)

1 o b, 0
0 1 0 -$
6~ L(e, t') = § (3.2-4)
1 0
0 1

The a priori covariance of the attitude error parameters 1is

. 2 2
Pprattitude ~ diag (Ga ' 06) (3.2-5)

L
M
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Defining ¢ as in Equation (2.1-6) the random excitation

matrix is

a(t,

where

[Q

= E[@(t, £') ¥oo(t, t'):l =

L0

E[Ea(w Ez(t')] =g, 8(t - t)

E[Es(t) E'g(t-)] = Qg 8(t - t')

-y

oq

04

At

(3.2-6)

(3.2-7)

The partitioning of d in Equation (3.2-6) is not the same as
the partitioning in Equation (2.2-13); the two partitionings

are related by row and column interchanges depending on the

selection of dynamic solve-for and consider parameters.

3.3

For a spin-stabilized spacecraft,

SENSOR MODELS

The spin-axis sensors modeled by ADEAS are

IR horizon sensor
V-slit star scanner
V-slit Sun sensor

the primary attitude in-

formation is given by the spin-axis direction ﬁ, which is

0450
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expressible in terms of its right ascension « and declina-

tion § in GCI coordinates as

cos § cos a
U = cos § sin « (3.3-1)
sin §

The sensed data can be expressed in terms of a reference
vector ﬁ, which is the unit vector in the direction of a

sensed object.

Since the spin-angle itself is not of interest, the direc-
tion of the projection of the reference vector R in-the
spin-plane conveys no attitude 1nformat10n. Meaningful
measurements of any reference vector R give the following
form of the measurement function h(xX, p') of Equa-

tion (2.1-13): —

h(z, p') = h(C_, P") (3.3-2)

. where h is a sensor-specific function

and C is the projection of the unit reference vector ﬁ onto

the spacecraft spin axis, or cosine of the angle between ﬁI
and UI;
I , I . I .
C =R: cos § cos @« + R, cos § sin « + R_ sin § (3.3-3)
r p:4 v b4

where the superscript I denotes GCI coordinates.

For all spin-stablized spacecraft sensors, the functional
dependence of the measurement on the spacecraft attitude,
parameterized by the right ascension and declination of the
spin axis, is through the projection Cr' Since the attitude

errors are always a subset of the solved-for vector, the

3-5
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partial derivatives of the measurements with respect to the
attitude are computed as

ay* _3h %S  an
8~ 3C_ 3x - aC_

ERi cos § sin a + R; cos § cos a](3.3—4a)

iz*_ﬁh_a_c_r.
98§ ~ aCr 38
(3.3-4Db)
= %%—[}Ri sin § cos a - R; sin § sin ¢ + Ri cos %
r

The formulation of h and its partial derivatives with re-
spect to the projection Cr is thus a key to the sensor-
related error analysis computations. The expressions for
h(Cr, p') are given below for each sensqi as well as a com-
plete list of all partial derivatives for each sensor.

3.3.1 IR HORIZON SENSOR MEASUREMENT MODEL AND PARTIAL -
DERIVATIVES
The measurement model for the IR horizon sensor is shown in
Figure 3-2. This model describes both the conical scan IR
sensor, which has a fixed scan cone angle ¥y, and the pano-
ramic attitude sensor (PAS), which has a varying scan cone
angle. Since the scan cone angle of a PAS is constant for
each complete revolution of the spacecraft, the analysis can
be carried out for a fixed scan cone angle. The analyst
defines the parameters describing how the scan cone angle
changes per revolution. If a zero incremental change is
specified, the PAS will be identical to the conical scan IR
horizon sensor. If the increment is not zero, the scan cone
angle will increase each revolution until it reaches a user-
defined upper limit and then decrease by the same incremental
amount until it reaches the user-defined lower limit. This
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is the only ADEAS sensor model that uses the projections
onto the spacecraft spin axis of two external reference vec-
tors, i.e., the Sun vector and the Earth vector. The meas-
urements of the horizon sensor are the Sun to Earth-in
azimuth, Sun to Earth-out azimuth, Earth width, and Earth
azimuth with respect to the Sun. The measurements are cal-

culated as

y* = Earth width = h(Cg, Cp)
=9 =2 cos—l {ggﬁ_a_:_ggi_a_ggg_xl (3.3-5)

sin n sin ¥y j

y* = Earth azimuth = h(CS, CE)

- _ -1 - s o]
= QE = COS sin n sin B (3.3-6)

y* = Earth-in = h(Cg, Cp) = Ay = & - 1 2 (3.3-7)
1
x = - = = = - -
y* = Earth-out h(CS, CE) AOUT ¢E + 5 1 (3.3-8)
where Cg = projection of the unit Sun vector glAqnto the
spacecraft spin axis = cos B = 8I « QI

Cg = projection of the unit Earth vector ﬁI onto the
spacecraft spin axis = cos n = EI « (I

B = Sun angle, angle between the spin axis and
the Sun vector

n = Earth angle, angle between the spin axis and
the Earth vector

cos y = projection of the Sun vector on the Earth
vector
= ./§I
p = Earth angular radius
= sin~1 [(r + h{)/R]
r = Earth radius (km)
hy = IR tangent height (km)

3-8
0450



magnitude of the spacecraft position vector
(km)

y = sensor scan cone angle (deg)

R

Equation (3.3-6) does not uniquely determine ¢E; the sign

of the angle is not determined. To resolve this ambiguity
the sign of a vector product is used. Assume that the cos"l
function returns an angle in the range 0 < ¢E < 180.

AT Al a3i . .
If (U° x S°) e« E- > 0 then Equation (3.3-6) gives the cor-

rect range.

AT AT AT . .
If (U x S°) « E° < 0 then use the following equation,

_ o -1 ;cos Yy - COS n CoOS Bl
¢E = 360~ - cos l sin n sin B (3.3-9)

The measurement parameters, which the user may select as
either solved for or considered, for the IR horizon sensor

are
1. The scan cone angle (degqg)
2. The Earth angular radius (deg)
3. The distance from the Earth to the spacecraft (km)

4, The IR tangent height (km)

5. The Earth-in bias (deg)
6. The Earth-in scale factor
7. The amplitude of the Earth-in periodic measurement

error (deg)
8. The Earth-out bias (deg)
9. The Earth-out scale factor

10. The amplitude of the Earth-out periodic measurement

error (deg)
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12,

13.

14.

15.

16.

The Earth width bias (deg)

The Earth width scale factor

The amplitude of the Earth width periodic measure-

ment error (deg)

The

The Earth azimuth scale factor

Earth azimuth bias (deg)-

The amplitude of the Earth azimuth periodic meas-

urement error (deg)

In addition to specifying a name and uncertainty for each of

the measurement parameters designated as either solved for

or considered, the analyst must also provide the following:

1.

2.

The
The
The
The
The

The

initial sensor scan cone angle (deq)

incremental scan cone angle (deg)

minimum scan cone angle (deg)

maximum scan cone angle (deg)

IR tangent height (km)

frequency and phase angle

odic measurement error

The

frequency and phase angle

periodic measurement error

The

frequency and phase angle

periodic measurement error

The

frequency and phase angle

periodic measurement error .

of the

of the

of the

of the

Earth-in peri-

Earth-out

Earth width

Earth azimuth

When scheduling the IR horizon sensor the user may use one

or two of the sensor outputs for the error analysis computa-

tions.

Since all outputs have units of degrees, the user-

supplied value of the sensor white noise standard deviation
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for each measurement has units of degrees. The errors in the
Earth-in and Earth-out measurements are assumed to have equal
standard deviations Oa and to be uncorrelated with one
another. Then, it follows from Equations (3.3-7) and (3.3-8)
that the errors in the Earth-width and Earth azimuth measure-
ments are uncorrelated, and that their standard deviations

are

0¢E = oA/J7
(3.3-10)

Ng) T

%q

The correlations between the pairs (Q, AIN)' (Q, AOUT)’
(¢E, AIN)' and (9.,
selected.

AOUT) are ignored if any such pair 1s

Partial of the Earth azimuth wrt the projeéction of the Sun

vector S:

ad cos n - sin n cot B cos ¢E

E
BCS - sin n sin B sin ¢E (3.3-11)

Partial of the Earth azimuth wrt the projection of the Earth

ay
vector E:

ad cos B - cot n sin B cos ¢E

E
BCE - sin n sin B sin ¢E (3.3-12)

Partial of the Earth azimuth wrt the sensor scan cone angle:

= 0 (3.3-13)

3-11
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Partial of

Partial of

Partial of
spacecraft

Partial of

Partial of

6¢E

dk

the Earth

the Earth

the Earth
to Earth:

the Earth

the Earth

= h(CS, CE) = COS

azimuth wrt

% _
dp

azimuth wrt

azimuth wrt

2 .

3 =
azimuth wrt

-1 {co

the Earth angular radius:

0 (3.3-14)

the IR tangent height:

0 (3.3-15)

the distance from the

0 (3.3-16)
the bia;“b:

1 (3.3-17)
the scale factor k:

S Y — cos n cos BB (3

sin n sin B -3-18)

Partial of the Earth azimuth wrt the amplitude of the peri-

odic error:

0450
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5EE = sin (wt + y)
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Partial of the Earth width wrt the projection of the Sun

Pay
vector S:

Qs
r@]

|

=0 (3.3-20)

n

Partial of the Earth width wrt the projection of the Earth
vector E:

cos Yy - sin ¥y cos % cot n
ik _ 5 (3.3-21)

sin ¥ sin n sin %

>
o

@
(@]
(0]

Partial of the Earth width wrt the sensor: scan cone angle:

30 cos ¥ sin n cos % -~ sin-.y cos n
5— = 2 Q (3.3-22)
Y ‘ sin ¥ sin n sin 2

Partial of the Earth width wrt the Earth angular radius:

aa ., s10-0 (3.3-23)
dp . . .. Q
sin ¥y sin n sin

2

Partial of the Earth width wrt the IR tangent height:

aQ _ 80 |_1 A
3h, ~ 3p [R cos p} (3.3-24)

Partial of the Earth width wrt the distance from the space-
craft to Earth:

aa 3 tan p
3-13
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Partial of the Earth width wrt the

[ebR (e}
1
1
-

Partial of the Earth width wrt the

bias b:
(3.3-26)

scale factor k:

p — COS n COS ‘Yl

aa _ -1 fcos
3k =~ h(CS, CE) = 2 cos (

Partial of the Earth width wrt the
error:

3a = sin (wt

sin n sin ¥y (3.3-27)

amplitude of the periodic

+ ) (3.3-28)

Partial of the Earth-in angle wrt the projection of the Sun

N\
vector S:

3A ad

IN _
aC -~ ac

S

-y

(3.3-29)

Partial of the Earth-in angle wrt the projection of the

Earth vector ﬁ:

aAIN } 8¢E
8CE~ BCE

(3.3-30)

Partial of the Earth-in angle wrt the sensor scan cone angle:

aAIN

ay

N =

0450
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Partial of

Partial of

Partial of
spacecratt

Partial of

Partial of

Partial of

error:

0450

the Earth-in

the Earth-in

the Earth-in
to Earth:

the Earth-in

the Earth-in

aAIN

dk

angle wrt the

8Ary

a9
3

3ap

N -
el

angle wrt the

angle wrt the

angle wrt the

E

bias b:

scale factor k:

Earth angular radius:

(3.3-32)

‘IR tangent height:

(3.3-33)

distance from the

(3.3-34)

(3.3-35)

(3.3-36)

the Earth-in angle wrt the amplitude of periodic

= sin (wt + )

(3.3-37)



Partial of the Earth-out angle wrt the
vector §:

Poyr _ %
3Cg

Partial of the Earth-out angle wrt the
Earth vector E:

Boyr 3%

BCE ac

Partial of the Earth-out angle wrt the
angle:

Partial of the Earth-out angle wrt the

Mour 1 30
dp T2 3p

Partial of the Earth-out angle wrt the

Partial of the Earth-out angle wrt the
spacecraft to Earth:

3-16
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projection of the Sun

(3.3-38)

projection of the

+ %'——— (3.3-39)

(3.3-40)

Earth angular radius:

(3.3-41)

IR tangent height:

(3.3-42)

distance from the

(3.3-43)




N
I

Partial of the Earth-out angle wrt the bias b:

8Aqyr

db

=1 (3.3-44)
Partial of the Earth-out angle wrt the scale factor k:

325yt
ak

- & + % Q (3.3-45)

= h(CS, CE) E

Partial of the Earth-out angle wrt the amplitude of periodic

error.:

= sin (wt + y) (3.3-46)

3.3.2 V-SLIT STAR SENSOR MEASUREMENT MOBEL AND PARTIAL
DERIVATIVES
The V-slit star sensor contains two slits, one parallel to
the spin axis, the other at an oblique angle, as in Fig-
ure 3-3. The raw measurement is the time At between the
crossing of each slit by the star image focused by an op-
tical system. ADEAS uses as its preprocessed measurement y¥*
the rotation angle of the spacecraft between the star cross-
ings, given as wAt where w is the angular rotation rate of
the spacecraft. This measurement is a function of the cosine
of the star angle ¢ between the star vector §I and the

spin vector as

y* = M = rotation angle = h(Cs) (3.3-47)
- sin~ ! [tan (y - o) tan ] + A
3-17
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where Cg = projection of the unit Sun vect

SI onto the
spacecraft spin axis = cos 0 = .

or
81 « gI
o = star angle

v = mounting angle of the optical axis of the star
scanner

I = tilt of oblique slit
A = separation of center of slits, the angle between
the two lines perpendicular to the spin axis from
that axis to the intersections of the slits with
the plane scanned by the optical axis
Though this expression is exact only when the mounting angle
is 90 degrees and there is no rotation of the star scanner
about its optical axis, it is a good approximation when the

lengths of the slits are small, typically 10 degrees.

To determine the sensitivity of the measurement with respect
to a rotation of the slits about the optical axis, a differ-

ent measurement model is used.

y* = rotation angle = h(CS) = sin_l (tan (y - o) tan (L + ©)]

- sin~! [tan (y - ¢) tan 6] (3.3-48)

B + A -B
cos © (L - tan © tan L) cos ©

where © rotation of the slits about the optical axis

B angular distance between the optical axis and

the vertical slit

The last two terms of tﬁis model are based on plane geometry
(Figure 3-4).

The geometrical limitation on the visibility of the V-slit
star sensor requires that the star angle be between the min-

imum and maximum values of

o -y - % A (3.3-49)
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1 -
Onax = Y + 5 A (3.3-50)

where N\ is the length of the vertical slit.

The measurement parameters, which the user may select as
either solved for or considered, for the V-slit star sensor

are
1. The measurement bias (deg)
2. The measurement scale factor
3. The amplitude of the measurement periodic error
(deg)
4, The separation of the center of the slits (deg)

5. The tilt of the oblique slit (deg)

6. The rotation of the slits about the optical axis
= (deg) o

Even though the rotation of the slits about the optical axis
is always nominally 0 degrees, it may have a specified un-
certainty and hence be designated as an error parameter.

In addition to specifying a name and uncertainty for each of
the measurement parameters designated as either solved for
or considered, the analyst must also provide the following:

1. The frequency and phase angle of the periodic meas-
urement error

2. The separation of the center of the slits (degq)
3. The tilt of the oblique slit (deg)
4, The angular distance between the optical axis and

the vertical slit (deg)

5. The length of the vertical slit (deg)

0450



When scheduling the V-slit star scanner, the analyst does
not have a choice of measurements to use, since there is
only one. Since the rotation angle has units of degrees,
the sensor white noise standard deviation has units of
degrees.

Partial of the rotation angle M wrt the projection of the
star vector §;

M _ 1  aM
8CS ~ sin o 3y (3.3-51)

Partial of the rotation angle M wrt the separation of the
center of the slits:

M _
3A = 1 (3.3-52)

Partial of the rotation angle M wrt the tilt of the slit:

M _ tan (y - o) (3.3-53)

9L cos2 LI cos (M - A)

Partial of the rotation angle M wrt the mounting angle of
the optical axis:

M _ tan I . (3.3-54)

3y cos2 (Y - o) cos (M-A)

Partial of the rotation angle M wrt rotation of the slits
about the optical axis, from Equation (3.3-43):

aM

39 = (A - B) tan £ + tan (y - o) tan?

z (3.3-55)

0450
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in the limit © + 0 and vy - ¢ << 1.

Partial of the rotation angle M wrt the bias b:

il
=

=1 (3.3-56)

Partial of the rotation angle M wrt the scale factor k:

M

M ~h(cg) = A+ sin~! [tan (y - o) tan E]  (3.3-57)

g)
Partial of the rotation angle M wrt the amplitude of the

periodic error:

%g - sin (wt + ¥) (3.3-58)

3.3.3 V-SLIT SUN SENSOR MEASUREMENT MOI;I"J.L AND PARTIAL
DERIVATIVES
The V-slit Sun sensor contains two slits of equal length,
one parallel to the spin axis, the other at an oblique
angle, as in Figure 3-5, from which is determined the time
At between Sun crossings. ADEAS uses as its preprocessed
measurement y* the rotation angle of the spacecraft between
Sun crossings given as wAt where o is the angular rotation
rate of the spacecraft. This measurement is a functio? of
A
S

the cosine of the Sun angle B between the Sun vector and

the spin vector.

The rotation angle is given by

M = sin~! (cot B tan I) - sin~' (cot B tan ¥) + A (3.3-59)

3-23
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in the general case jllustrated in Figure 3-5. ADEAS only
models the special case of ¥ = O, in which case the measure-

ment equation is

y* = M = rotation angle = h(Cg) = sin—l (cot B tan L) + A
(3.3-60)

projection of the unit Sun vector SI onto the
spacecraft spin axis = cos B

I = tilt of the oblique slit

A = angle between the lines formed by the intersec-
tion of each slit with the x-¥y plane, the coor-
dinate frame being the spacecraft’s principal
axes, with the spin vector parallel to the z—-axis

where Cg

This is the same as the V-slit star sensor model, Equa-
tion (3.3-47), with y = /2 and o = B.

If the two slits have the same lengths, -as is assumed in
ADEAS, the slit with the greatest tilt (L) will define the
maximum and minimum B that.can be measured. Thus, the geo-
metrical limitation on the visibility of the V-slit Sun sen-
sor requires that the Sun angle B be between the minimum and

maximum values of

90 deg - sin-l (sin (A\/2) cos L) deg (3.3-61)

»
]

min

B 90 deg + sin‘l (sin (A/2) cos L) deg (3.3-62)

max

where \ is the length of the slits.

The measurement parameters, which the user may select as
either solved for or considered, for the V-slit Sun sensor

are
1. The measurement bias (deg)

2. The measurement scale factor

3-25
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3. The amplitude of the measurement periodic error

’ (deg)
4, The angle A between the lines formed by the inter-
section of each slit with the x-y plane (deg)
5. The tilt of the oblique slit (deg)
6. The tilt of the vertical slit (deg)
Note that even though the tilt of the vertical slit is
always nominally 0 degrees, it may have a specified uncer-
tainty and hence be designated as an error parameter.
In addition to specifying a name and uncertainty for each of
the measurement parameters designated as either solved for
or considered, the analyst must also provide the following:
1. The frequency and phase angle of the periodic
measurement error
2. The angle A between the lines formed by the inter- ey
section of each slit with the x-y plane (deg) Ql )

3. The tilt of the oblique slit (deg)
4. The length of the slits (deg)

When scheduling the V-slit Sun sensor, the analyst does not
have a choice of measurements to use, since there is only
one. Since the rotation angle has units of degrees, the
sensor white noise standard deviation has units of degrees.

Partial of the rotation angle M wrt the projection of the
’~

unit Sun vector'S:

oM _ tan I
aCs sin3 B cos (M - A)

(3.3-63)
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v
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Partial of the

Partial of the
slit:

Partial of the
slit:

Partial of the

Partial of the

oo
=
R

Partial of the

periodic error:

0450

rotation angle M wrt the angle between lines

- of slit intersection with the xy plane:

aM
3A

(3.3-64)

rotation angle M wrt the tilt of the tilted

)
=

_ cot B
L cos2 L cos (M - A)

(o]

(3.3-65)

rotation angle M wrt the tilt of the vertical

3y = -cot B

-y

rotation angle M wrt the bias b:

oo

s
1]
'—l

rotation angle M wrt the scale factor
h(CS) - A+ sin~t (cot B tan L)

rotation angle M wrt the amplitude of

5% = sin (wt + Y)

(3.3-66)

(3.3-67)

(3.3-68)

the

(3.3-69)
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SECTION 4 - THREE-AXIS STABILIZED SPACECRAFT MODELS

As Section 2 discussed estimation filtering in a general
sense, this section provides specific attitude and sensor
models for three-axis stabilized spacecraft. These models
provide the basis for the construction of the state transi-
tion, measurement partial derivative, and random excitation

matrices used in Section 2.

4.1 ATTITUDE GENERATION

For three-axis stabilized spacecraft, the attitude is defined
by the 3 x 3 orthogonal transformation matrix AB/R from some
reference coordinate system (see Section 5.1) to the space-
craft body coordinate system. The nominal spacecraft at-

titude Aé evolves over time based on the body components

/R

of the nominal spacecraft angular velocity relative to

YB/R

the reference coordinate system (see Section 16.1 of Refer-

ence 3):

AL p(t) = -85 p(t) Ag p(t) (4.1-1)
where Eé/R is the 3 x 3 antisymmetric matrix defined from
Wg,r PY:

0 ~g,Rz  “B/Ry
Y5,r = | “B/Rz 0 ~9B/Rx (4.1-2)

~95,rRy  YB/Rx 0

In addition, ADEAS models sinusoidal stabilization errors
about the nominal attitude:

AB/R(t) = ¢e(t) Aé/R(t) (4.1-3)

4-1
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where

2 ~

¢e(t) I Lgitll— [1 - cos lg(t)I] - —gitiT sin |E(t)|

(4.1-4)

and e is an antisymmetric matrix defined from a vector e
similar to Equation (4.1-2). The variation vector e is

given by

e; = a; sin [Ci (t - to) + Yi] i=1, 2, 3

(4.1-5)

where the amplitudes as, the frequencies Ci, and the phases

Y; are all constant. The attitude matrix

Ag,1 = Bg/r 2r/1

is used for all sensor model computations, where the

(4.1-6)

inertial-to-reference matrices AR/I for different reference

frames are found in Section 5.1.

For ADEAS, the nominal attitude Aé/R (t) is specified by an
initial attitude and a set of attitude rates. The initial
attitude Aé/R (to) may be specified by Euler angles or a
quaternion (see Reference 3, Section 12.1 and Appendix E).

The angular velocity Gé/R is specified between discrete times

ti in one of two ways. The first is as a set of constant

Euler angle rates, &, é, &. The Euler angles for

ti—l <t< ti are given by
$(t) = d(t; 1) + bi(t - o)
O(t) = O(t; ;) + ;(t - t; 1)
w(E) = wlty 1) + ¥t -t 1)

4-2
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If the initial attitude is specified by Euler angles and Eé/R
by Euler angle rates, the same Euler axis sequence is used
for both. If the initial attitude is specified by a
quaterion and Gé/R by Euler angle rates, the initial Euler
angles ¢(to), G(to), and w(to) are computed from the initial
attitude matrix Aé/R(to) using the equations in Table 4-1.
The correct quadrants for ¢ and y are determined by the fact
that the signs of the numerator and denominator of the argu-
ment of tan_l are the signs of the sine and cosine, respec-
tively, of the angle. If both the numerator and denominator
of the expression for tan ¢ are zero, ¢ is set to zero.

The second means of specifying Eé/R between the discrete times
ti is as a constant vector of components in the body frame.
When EélRis constant, the solution to Equation (4.1-1) is

By p(t) = &u(t, €5 1) Agp (&5 ) (4.1-8)

where Gé/R is constant for tj.1 < t < tj and

~' 2
w —
¢p(t, €5 ) ST+ i Iz [1 - cos |mé/R| (t - t5_ 1)1
B/R
“B/

- ] sin Imé/RI (t - t5_4)
B/R

4.2 DYNAMIC ERROR MODEL

Let AB/R be the true spacecraft attitude and Aﬁ/R be an es-
timate of the attitude. For all internal processing, ADEAS
represents the error in AalR by the first order error vec-
tor A6. The components of this vector represent the small
rotations needed about each of the spacecraft body axes to
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Table 4-1. Computation of Euler Angles From Attitude -
Matrix (1 of 3) —

i-i-k EULER ANGLES

-1
1-2-3 $ = tan [—A32/A33]

. =1
© = sin (A31)

tan-l [Al3 s%n ¢ + A,, cos ¢]
A23 sin ¢ + A22 cos ¢

1-3-2 é = tan [A23/A22:l

8 = sin (-A21)

-1 [Alz sin ¢ - A,, cos ¢ ]

y = tan ” :
A;, sin ¢ + A;, cos ¢ sy
-1
2-3-1 $ = tan ['A13/A11]
. =1
® = sin (Alz)
v~ tan-l A21 s?n ¢ + A23 cos ¢ ]
_531 sin ¢ + A33 cos ¢
2-1-3 ¢ = tan~t {a,. /A
31°°°33
-
S
@ = sin (1A32)
Y = tan" % I:A23 Su? b - 821 ©0° i J
—A13 sin ¢ + A11 cos ¢
AN
&
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Table 4-1. Computation of Euler Angles From Attitude
Matrix (2 of 3)
i-j-k EULER ANGLES
3-1-2 $ = tan‘l -A../A
2177722
6 = sin"t (A..)
23
v - tan—l A32 sin ¢ + A3l cos ¢
B Alz sin ¢ + A11 cos ¢
3-2-1 ¢ = tan~t [a /A
127711
0 = sin % (-A..)
13
v - can-1 Ay, sin ¢ - Ay, cos $
- —A21 sin ¢ + A22 cos ¢
1-2-1 6 = tan~} [A,./-A
[ 12 13
e = cos_1 (A ;)
11
v - can-l -A,; sin ¢ - Ay, cos $
A23 sin ¢ + A22 cos ¢
1-3-1 b = can~! [a,./a
137712

0450

8 = cos (All)

_1 [2,, sin ¢ + A, cos ¢]
-A32 sin 4 + A33 cos ¢




Table 4-1. Computation of Euler Angles From Attitude
Matrix (3 of 3)

i-j-k EULER ANGLES
2-1-2 ¢ = tan~t [AZI/Azs]
-1
9 = COS (Azz)
v - tan_l [—A33 sin ¢ + A31 cos ¢]
—A13 sin ¢ + A11 cos ¢
2-3-2 ¢ = tan?t [A23/—A21]

6 = cos (Azz)

_All sin ¢ - A13 cos ¢

y = tan : ]
[A3l sin ¢ + A33 cos ¢

-1
3-1-3 ¢ = tan [A3l/—A32]
_ -1
© = cos (A33)
v = tan~) -A,, §1n ¢ - A,; cos ¢]
Alz sin ¢ + All cos ¢
3-2-3 ¢ = tan t [A,./A
[32 34

® = cos (A33)

~1 [Ay; sin ¢ + A,, cos ¢]
-A,, sin ¢ + A,, cos ¢
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=

align them with the estimated body axes (see Figure 4-1).
The true and estimated attitudes are then related by

x
Ag/R

~ (I + A8) Ag o (4.2-1)
where the antisymmetric matrix A8 is defined similarly to
Equation (4.1-2).

4.2.1 ATTITUDE ERROR PARAMETERIZATION

While the error vector A8 is useful for internal computa-
tions, ADEAS provides two additional attitude error param-
eterizations for convenience of input and output: Euler
angle errors and quaternion errors.

Euler angle errors represent the difference in the Euler
angles between the Euler sequence rotating the reference
coordinate system to the true spacecraft body system and the
Euler sequence rotating the reference system to the estimated
body system. The explicit forms for the attitude matrix in
terms of the 12 possible Euler sequences are given in

Table E-1 of Reference 3. The relationship between the
attitude error vector and the Euler angle errors is analogous
to the relationship between the angular velocity vector and
the Euler angle rates. This analogy holds because the atti-
tude errors and the actual angular motion in an infinitesimal
time At are both infinitesimal. Therefore, the transforma-
tions between the components of the attitude error vector A8
and the Euler angle errors A¢, A8, Ay can be obtained from
the well known relations relating Euler angle rates and the
angular velocity components. The following table of trans-
formations (Table 4-2) for 12 different Euler sequences is
adapted from Reference 3.
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9497/83

Figure 4-1. Small Rotation From True Spacecraft Axes to
Estimated Spacecraft Axes

0450



m o anis  Asodens-] | [oLoohsos 6100 M NIS- t] £ 1 z z t z
3o hsoo  anshwis 4 NIS 4 50D 0 tletele]le] ¢
m L 0 6500 | | |09S2sS0D~ 805D NIS 0] Tl el et
o dnis- Msodens | |[e1006500- 01024 NIS- '] e v el e |ce

0 % s00 A NIS 6 NIS 4 NIS - 4 500 0 1 £ z z £ z

L 0 9S00 | | {60354 SO0 6ISD*hNIS 0] £ r4 l 1 z '
o 8 Nis -] 1 eNvidNis envihsod |l e | 1zl e 1] ¢
0500 HMNISES0D 0 4 502 NS - 1 z £ 1 4 £

0 " Nis- * 5000500 | | 0 6 235 H NiS 623shs0d | |zl e | v}z jfel

f 0 o NS | [ O NVLH NS 8 NVLA SO0~ z \ € z ! £

0 %500 hNISESOD- 0 + 509" NS t € z 1 € 4

0 ANIS 4 S026500 | | 0 803shNIS- g23shsod || £ ] z |t el e |t

L] { 1 A | oo ¢

NOILYWHOISNVYL 4y ‘97 ‘4v 0.1 67 "gv ‘av wous
ASHIANI NOILYWHOISNYHL SINTYA X3ONI uuz%zwﬂw mm_:oz,\

(tov ‘Cov ‘lgy) sexv Apog 3Inoqy uotrijejoy [iews pue (hy '@V ‘¢v)
satbuy 19(ng ul ssbuey) [rewsS ua9amlag uUOTIEWIOISURI] TeuoBOYIIOUON °Z-p O[qel

£ )




The three columns of the inverse transformation matrix rep-
resent the axes of Euler rotations expressed in the orthog-
onal body axes. It should be noted that the adjacent columns
are orthogonal. Similarly, the adjacent rows of the trans-

formation matrix are orthogonal. The Euler angles ¢, O, and

y are derived from the attitude matrix Az /R by the transfor-
mations in Table 4-1.

The quaternion errors represent the difference in the qua-
ternion describing the rotation from the reference coordi-
nate system to the true spacecraft body system and the
quaternion describing the rotation from the reference system
to the estimated body system (Section 12.1 of Reference 3).
As in the case of Euler angle errors, the relationship to
the attitude error vector is analogous to the relationship
between the angular velocity and the quaternion rates.
Multiplying the dynamic equations of motion for quaternions
by At gives (see Section 16.1 of Reference 3)

[, - —
. Ael
Aq q q -q
2y _ % 3 4 1 86, (4.2-2)
Aq, Y q; q4 A6
Aq4_ —ql -qz _q3 3

where the quaternion q = (ql, 95/ 93/ q4) is derived from

the attitude matrix a computed as in Section 4.1.

B/R
As stated previously, the error vector A8 is used for inter-
nal computations. Thus, the a priori covariance of the at-
titude error parameters is always given by

=Y aT
Paattitude = E [Ae(to)Ae (to)] (4.2-3a)
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The assumption is made in ADEAS, however, that the initial
uncertainties in the parameters used for input and output
are uncorrelated. Thus, the form of the a priori covariance
of the attitude error parameters depends on which parameteri-

zation is used for input and output.

If the attitude error vector is used for input and output,
then

. [2 2 2
Ppattitude - 9329 ("e ,» Og_» 093) (4.2-3b)

If Euler angle errors are used for input and output, then

PAattitude

= B [diag (og, oé, ai)] BT (4.2-3c)

where B is the appropriate matrix from the last column of
Table 4-2.

The situation is more complicated if quaternion errors are
used for input and output since the quaternion errors are
not independent but must obey the normalization condition

gt aq =0 (4.2-3d)
Thus, we assume that the quaternion errors are given by

Agq

(I - 9 30)6q (4.2-3e)

where the components of §q are assumed to be independent so
that '

E[SEGET] = diag 02 ’ 02 ’ 02 ’ 02 (4.2-3f)
9Q° 93 93 Y

4-11
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With the AqQ given by Equation (4.2-3e), Equation (4.2-34)

is satisfied automatically.

It would be inconsistent with

Equation (4.2-3d) to assume that E[AEAET] had the form of

the right side of Equation (4.2-3f).

tions (4.2-2), (4.

Pprattitude

2-33) ’

T

= 4B d
q

Now we find from Equa-

(4.2-3e), and (4.2-3f) that

2

: 2
iag (c , 95 , o
[ Q3 9

(4.2-3qg)

if quaternion errors are used for input and output, where

Bq is the 4 x 3 matrix appearing in Equation (4.2-2).

4.2.2 ATTITUDE ERROR PROPAGATION

The true attitude

A relative to inertial space, given by

B/I

Equation (4.1-6), evolves according to

where

AB/I(t) = -G, (t) Ag, (t) (4.2-4)

gl

B

* Wp/1

€l

/1 ~ "B/R

(4.2-5)

is the angular velocity of the spacecraft relative to iner-
tial space, with ER/I being the angular velocity of the ref-

erence coordinate system.-

All angular velocity components

in Equation (4.2-5) are in body coordinates. Similarly, the

estimated attitude

0450

AX

B/I = PB/R Br/1

(4.2-6)
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evolves according to

A];/I(t) = -WE () Af 1 (B) (4.2-7)

where 55/1 is the column vector of angular velocity compo-

nents in the body coordinate system derived using the gyro-
scope measurement model (see Section 4.3.1).

From Equation (4.2-1) and using Equations (4.1-6), (4.2-1),
and (4.2-4) through (4.2-7) we have

4 ,3_ 4 T _4a_ . T
ac 49 = dt(AE/R AB/R) = dt(AE/I AB/I)
. T .
- Ax _ A + A%, A
B/1 PB/I B/1 PB/I (4.2-8)
= -w% . A%,y Ag,1 * Aj, 1 Pp/1 YB/I
= -B%,; A48 + 8wy, - By, + Y1
Let
Awg 1 = WE,1 T Yp/I (4.2-9)
and assume that AEB/I is small. Then, to first order
d 3. T A8+ 88w, - A (4.2-10a)
at B/I B/1 B/I .
Or, in vector form
AB(t) = By, () AB(E) — Bwg, (£) (4.2-10b)

0450



According to the gyroscope model of Section 4.3.1

dwp 1 (L)

= Ab(t) + Q(t) Ak - @, () Ae - Ee(t) (4.2-11)

where Ab is the gyro bias error (a first-order Markov proc-
ess), Ak is the gyro scale factor error, At is the gyro

alignment error vector, ﬁe

Q(t)

diag [GB,I(t)]

is a white noise process and

(4.2-12)

The attitude error A® is nominally zero and thus can be in-
cluded with AE, AE, and Ae in a composite state error vector

A6 |
Ab

Ak

LAe

(4.2-13)

Combining Equations (4.2-10), (4.2-11), and (4.3-22) then

gives the following state error equation:

AX(t) =

—wg, 1 (£)

0
0
0

-I

-1/
0
0

-Q(t)

0
0
0

~

YB/1

where ﬁb(t) is a white noise process.

0450
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0
0

(t)]

A;(t) +

ENCE
uy (t)
0

L o -
(4.2-14)
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4.2.3 TRANSITION MATRIX COMPUTATION

Integrating Equation (4.2-14) then gives for the state tran-
sition matrix, as defined by Equation (2.1-5)

Cdp(t: ) 1 dgp(ts £1) 1 dgults €1) 1T - $gg(t: t1)]
] ! ]
o b (E, £') 0 ] o)
S(E, t') = | —mmmmmmmmm - A R | ommmemmmmmmme
o ___ Vo9 ____ T SR I o ______
L o i o i o i I _
(4.2-15)
where
dgglt, t') = -wg,(t) dgglt, t1) (4.2-16)

bgplt, £') = “dg () dgp(t, £') - Te —(E-t") /Ty 217

bgplts £') = -0, (£) bge(t, t) - ) (4.2-18)

bpp(ts £1) = re-(t-th)/x (4.2-19)

This partitioning of the transition matrix is different from
the partitioning of Equation (2.2-1d); the two partitionings
are related by row and column interchanges, depending on the
selection of dynamic solve-for and consider parameters.

Now Equation (4.2-16) has an identical form as Egqua-
tion (4.2-4) for the attitude AB/I'- Thus, ¢66 must also

act as a transition matrix for AB/I'

AB/I(t) = ¢ee(t, t*) AB/I(t') (4.2-20)
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or

' T ‘
¢ee(t, t') = AB/I(t) AB/I(t ) (4.2-21)

Given a solution for ¢9€’ Equations (4.2-17) and (4.2-18)
can be integrated to give

t
bgpt, t') = -/ bgott, t) e (ETTE/T qpn (4.2-22)
t.
£
o (t, t') = -/ bgglt, t7) Q(t") 4t (4.2-23)

t )

Substituting Equation (4.2-21) into these gives

'y = T " -(t"-t')s " ~
(o
(4.2-24)
T '
t
' - T " " "
¢ek(t, t') = -AB/I(t) AB/I(t ) Q(t") dt
(R
(4.2-25)
T '
= —AB/I(t) Ak(t, t")
Cﬁﬁ
4-16
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where

t

Ab(t, £') EJ/r AB/I(t') e
t [ ]

t
Ak(t' t*) EJ/f Q(t") AB/I(t") at”
t ]

-(t -t )/ at"

(4.2-26)

(4.2-27)

Over a small interval At such that IEB/II At << 1, the tran-
sition matrix ¢99 can be approximated, to first order in

ImB/Il At, by

~

e /T ~ 1 _ At/

Assuming also that At/t << 1, then, to first order:

(4.2-28)

(4.2-29)

Using Equations (4.2-28) and (4.2-29) in Equation (4.2-22)

gives

t
= - L -t ¢+ AL -
dgplts t - at) = - (1 - Gy, ()L ~ ¢ ))(1 - - )dt

t-at

t
= - / [(1 - ﬂ—‘—g—*—“ 1)- Sy, (0N - t')] at-

- -1ae s 3 [ﬁ I+ &‘B/I(t)] at?

Note that this result is still first order in laB/I‘

(4.2-30)

At and

At/t even though it is second order in At. Using Equa-

tions (4.2-28) and (4.2-29) again gives

1

dop(t, t - AE) = - 7 At [xe‘“” + bgglt, t - At)] (4.2-31)

2

4-17
0450



Or, by Equation (4.2-21)

~ _ 1 T -At/T
dgp(ts, t - At) = - 5 At AB/I(t)[AB/I(t) e

(4.2-32)
T
+ AB/I(t - Atﬂ

Then, from Equation (4.2-24)

~ 1 -At/T _ ]
A (t, t - At) = 5 At [AB/I(t) + Ag,r(t - At)

(4.2-33)

Substituting Equation (4.2-28) into Equation (4.2-23), and
taking Q to be approximately constant over the interval At,
gives

t

Poplt. t - At) = __J/r [ - EB/I(t)(t - 91 (t) at”
t-At

(4.2-34)

~ —{IAt - % Wy, () Atz] Qo (t)

where we have written Qave(t) to emphasize that this is

really the average Q over the time interval from t - At to t.

Using Equations (4.2-28) and (4.2-21) then gives

.~ - X
¢ek(t, t - At) = - 2[I + ¢ee(t, t - At)] Qave(t) At

- 3 Ag,(®) [Ag/z(t) (4.2-35)

T
+ AB/I(t - At)] Qave(t) At

o
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Then, from Equation (4.2-25)
~ 1 - -
Ak(t, t - At) 5 Qave(t) At[AB/I(t) + AB/I(t At)]l (4.2-36)

In many cases, it is necessary to propagate the covariance
over an interval t - t' that is large enough so that either
or both of Equations (4.2-28) and (4.2-29) would be violated
for At = t - t'. In this case, the full interval is broken

up into n equal steps of length:

At = (£ - t')/n (4.2-37)

where n = 1 + TRUNC{max[|p(t., t')|, (£ - t*)/T1/8}  (4.2-38)

§ is a user-specified tolerance, TRUNC is the truncation
function, i.e., TRUNC(x) is the largest integer less than or
equal to x, and p(t, t') is the net rotation of the space-
craft with respect to inertial space between times t' and t.
If gyro biases are neither solved-for nor considered, 1l/7

is set to zero, so that it does not affect the number of
steps. Equations (4.2-37) and (4.2-38) then guarantee that

max( |® |- At, At/T) < 6 (4.2-39)

ave

where the average angular velocity aave is related to
the total rotation by

plt, t') = o (t - t") (4.2-40)
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The vector p(t, t') is computed by using Equation (4.2-40)
and the analogs of Equations (4.1-7) and (4.1-8) for rota-
tions with respect to inertial space, which give

13134_;_11_
Ag,r(t) A ,(t) =TI+ 5[1 - cos le(t, )11

lpct, t)]?
(4.2-41)
Y GV L0 T b :
- == sin |p(t, t*)]
lp(t, t*)]
The trace of this equation gives
- » - -1 .l T u] - .]_-
[p(t,t")| = cos {2 tr [AB/I(t) Ag,r (E%) 2} (4.2-42)

Note that |p(t,t')| represents the rotation through the
smallest angle connecting the initial and final attitudes,
rather than the actual rotation performed in a maneuver.
For a complex maneuver, it may be that Iaavel At <<

lwlave At > 8.

The computations used in ADEAS will be accurate if either a
measurement or an output is processed between different arcs
of a complex maneuver.

The matrix Qave(t) At, which is needed in Equation (4.2-36),

is given, using Equation (4.2-12), by

Q_,o(t) At = diaglw, ,.(t) At] (4.2-43)

B/I

where BB/I(t) means the average angular velocity from t - At
to t.
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The nonzero elements of Qave(t)At are numerically equal to
three of the elements of the antisymmetric matrix GB/I(t)At,

which can be computed from AB/I(t) and AB/I(t - At) by taking

half of the antisymmetric part of Equation (4.2-41) with
t' = t - At:

T T }
3 [“a/x(t - At)AT (t) - g, p(t) A p(t Atﬂ

~

- T% sin |p(t.t - AE)] (4.2-44)

=~ f(t,t - At) = GB/I(t)At

The approximation is valid if |p(t.,t - At)| is small

enough so that [p(t,t - At)| =~ sin |p(t,t - at) |,

which is guaranteed by the choice of § to be at least as good
as other approximations made in the dynamic analysis.

Now the integrals for Ab and Ak in Equations (4.2-26) and
(4.2-27) can be approximated by the sum of the corresponding
values over each of the intervals At, as given by Equa-
tions (4.2-33) and (4.2-36). Thus, letting ti = t' + 1At:

n-1
o\ 2 : -iAt/x
Ab(t' t') = e Ab(ti-f-l' ti)
i=0
n-1
1 -iAt/T -At/T
3 At Z e [Aa/x(ti+1) e + AB/I(ti):I
i=0
(4.2-45)
- l ] _nAt/T
= At 2 [AB/I (e') + AB/I(t)e }
n-1
-iAt/T
+ Z Ag,r(tjde
i=1
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n-1
Ap(e, t') = }E: Aty &)
' i=0

(4.2-46)

n-1

~ L

=3 }E: Qve (Ei41) 8tlAg p(t; 1) + Ag 1 (t))]
i=0

The transition matrices ¢eb(t, t') and ¢ek(t, t')
can then be computed using Equations (4.2-24) and (4.2-25).

Since the submatrix ¢ee(t, t') is seen from Equa-
tion (4.2-21) to be orthogonal, the inverse of the full
state transition matrix is given by

[aZce, v | alce, v boptt. ) aplce, ey | aloce. ) aguces by |1 - algce. o0
e, vy - ° ol vy o ° (4.2-47)
o o 1 0
L o o -] I J
where
¢gé(t, £') = 1elt-t)/T (4.2-48)
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4.2.4 RANDOM EXCITATION COVARIANCE MATRIX COMPUTATION

Defining G as in Equation (2.1-6), then, based on Equa-
tions (4.2-14) and (4.2-15), the random excitation matrix is

a(t, t') = E[¥(t, t') ¥o(t, t*)]
t
=/ (t, £7) @ $T(t; £7) at”
vt
(4.2-49)
—dee(t, t') i dgp(t, t*) r_gw 0]
|
- dgb(t, £) | dpplt, £} 0 r 0
, o
0 | 0 0! o
- g I
L 0 ' 0 0 0 _
]
where
t
dgg(ts t") =J/f [?ee(t, £%) Qg dgglts t")
t'
(4.2-50)

b bgp(t, t0) o #% (t, £1)] atr

t
dg,(t, t*) =¢/[ bop(ts t") @y & (t, t") at"  (4.2-51)
t ]

t
dppts %) =J/f b plt, t7) Qy bpp(t, t7) dt” (4.2-52)
t ]
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with

-

Note that this partitioning of
titioning of Equation (2.2-13).

£[ug(t) ug(t")]

o —T \ 7
E_ub(t) ub(t l

-

d

Qe §(t - t*)

Qb §(t - t')

(4.2-53)

(4.2-54)

is different from the par-

The two partitionings are

related by row and column interchanges, depending on the
selection of dynamic solve-for and consider parameters.

Substituting Equations (4.2-19), (4.2-21), and (4.2-24) into

Equations (4.2-50), (4.2-51),

dee(t, t') =
deb(tl tl) =
% <[l - e—2(t—t')/t
d,..(t, t') =
bb '
where

t

and (4.2-52) gives

A, (t) din(t, t') AL _(t)
B/I ee' B/I
-Ag,p(t) dgp(t, t*)

] Qb. if 1/t £ 0

, 1f 1/7T

' ] = T " "
dgg(t, t') = J/f [AB/I<t ) Qg Ag, (")
b :

T " " "
+ Ab(t, t") Qb Ab(t, t )] dt

0450
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(4.2-56)

(4.2-57)

(4.2-58)
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t
ag,(t, t') = J/f Ag(t, gny e (E-ET)/T Q, at" (4.2-59)
t.

Over a small interval At, with IEB/II At << 1 and At/T << 1,
we can use the first order approximations of Equa-
tions (4.2-28) and (4.2-30) in Equation (4.2-50) to obtain

t
dgglt, t - AE) 'z,/ {Qe + [Qg Bg,q(t) - wp, () Qgl(t - €1
t-At

[ 2 l ~
~ 3
1 'y 3 '
- 2ot - t) } dt
1 ~ ~ 2
= Qg At + 31Qg G, p(E) - wg,r(E) Qgl AL
1

+§QbAt

3 1 ~ ~ 4
+ gloy Bg,(t) - By, () Q] At

at?

- 9 4x

z%’At[Qe + dgglt, t - At) Qg ¢ge(t, t - At)

v Lo at)? + % bt € - 8) Oy dgplts £ - at)
(4.2-60)
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Substituting Equations (4.2-21) and (4.2-24) into this gives

~ X T
dgglt, t - At) =5 At AB/I(t)[AB/I(t) Qg Ag/1(®)

T
+ AB/I(t - At) Qe AB/I(t - At)

1,T (4.2-61)
+ 6 Ppsr(t) 9 B/I<t)(At)
1 AT
AL(t, t - At) Q AL(t, t - At)] AL ()
Then, from Equation (4.2-55)
dr(t, t - At) = L at [}T (t) Q. A.,.(t)
oot 2 B/I o Pp/1
T
+ AL _(t - At) Qg Ag . (t - At)
(4.2-62)

l T
$ AL 1 (£) Q Ay, (t)(at)?

1

T
+ 5 Ab(t, t - At) Qb Ab(t, t - At)]
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Using the approximations of Equations (4.2-29) and (4.2-30)

in Equation (4.2-51) gives

deb(t, t - At) =~ {—I(t -t
-At

+ EB/I(t)](t -

t
_ [ {—I(t -t
-At

+ mB/I(t)](t - t')Z; Q, dt’

2

u

3

{— L I At2 + %

-1t [%-1 At - bgy(t, £ - At) e

Substituting Equation (4.2-24) into this gives

1 1,T
deb(t, t - At) = - 3 At AB/I(t)[2 AB/I(t) At

+ Ag(t, t - At) e

Then, from Equation (4.2-56),

v ~ _1_
deb(t' t - At) = 3 At[2

+ Ag(t, t - At) e

0450
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-At/T
Jos

T

ps1{t) At

-At/t
J e,

(4.2-63)

3 ~ 3
[t I + wB/I(t)] At i Qb

-At/t
o

(4.2-64)

(4.2-65)



ST
We divide the time interval from t' to t into n subintervals c
of length At = (t - t£')/n as before. Then, from Equa-
tions (2.1-8) and (2.2-13), with ti = t' + iAt

da(t t') = o(t ti) + d(t ti)

(4.2-66)

i+l’ i+’ i+l’

. T
"y €) dlty, ) #TCE

or, using the partitioning of Equations (4.2-15) and (4.2-49)

’ _ . T
dgglti,1r t') = bgglty i/ ty) dgglly, t') dga(t; 4. t;)

N I
+ bgelt t5) dgplty, t7) dgpltyLys t5)

i+1’

T . T
+ bgpltirr t3) dgplty, 1) dga(ty 40 t))

. T
* Pop(i1r £5) dppltyr £7) dgplty,y. £5)

+ dggltsgr ty) ' (4.2-67) ~

t')

dop(tiey- bogltiyrr t5) dgplty, t1) dpp(t; 0 ty)

+ dgp(t £i) dppltys £') dpp(t t;)

(4.2-68)

i+l’ i+l’

+ dgpltiyr &)
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Substituting Equations (4.2-19), (4.2-21), (4.2-24),
(4.2-55), and (4.2-56) into these gives

dhglty, g £') = dggltys t7) + dgplty, 1) Aty g0 ty)
T T
+ AT(E, ., £.) dh (t., £Y)
b i+l i eb' "1 (4.2-69)
+ Al (t £.) d., (t., t') A (t £.)
p{tis1r Ti) %pp'ti p{tis1r 4
+ A5ty g0 &)
T -At/T
dgp(ti,1r t1) = dgplty, £1) + Ap(t; . &) dpp(t;, t7) e
(4.2-70)
+ A4ty g ty)
s The matrices dée(t, t') and déb(t, t') can be computed by re-

o cursively applying Equations (4.2-69) and (4.2-70), starting
from zero and using Equations (4.2-33), (4.2-57), (4.2-62),
and (4.2-65) at each step. The matrices dee(t, t') and
deb(t, t') can then be computed using Equations (4.2-55)
and (4.2-56).

4.3 SENSOR MODELS

The three-axis sensor modeled by ADEAS are

Gyroscopes

IR horizon sensor
Three-axis magnetometer
Fixed-head star tracker
Gimbaled star tracker
Digital Sun sensor
Analog Sun sensor

Gimbaled Sun sensor
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For the three-axis stabilized spacecraft, ADEAS models the
measurement function h(X, p') of Equation (2.1-13) in the

following way:

where RS

h

n(x, p') = h(R

unit vector,

sensed object

(4.3-1)

expressed in sensor coordinates,
representing the known direction of an externally

sensor-specific function of the unit vector ﬁS

The functional dependence of the measurement on the space-
craft attitude and sensor alignment is through the unit ref-

AS
erence vector R .

Let A® be the vector of small rotation

angles representing the spacecraft attitude errors, and let
¢ be the vector of small rotation angles representing the
The following equations assume

sensor alignment errors.
that A6 and 3 are expressed in radians.
set of the solved-for vector, whereas the analyst may des-

AB is always a sub-

ignate any component(s) of ; to be either solved for,

considered,

or ignored.

The partial derivatives of the

measurements with respect to 46 and ¢ are given as

as
dy* _ ah_ 3R
3a8  oRS a8
ay* _ 3h 3R>
—_ AS -_—
3d 3R 3¢

(4.3-2)

(4.3-3)

~ .
ah/BRS is sensor and model dependent and is described for

each of the three-axis sensors in the subsequent sections;
aﬁs/aAé and 8ﬁ5/5$ are derived below.
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The unit reference vector in sensor coordinates can be ex-

pressed as

RS = [A A R = [a RP 4.3-4
R” = [Ag,pllAg, 1] R* = [RAg/p) (4.3-4)
where ﬁs = the unit reference vector expressed in sensor
coordinates
[Ag/p] = the body-to-sensor rotation matrix
[Ag,1] = the inertial-to-body rotation matrix
ﬁI = the unit reference vector expressed in GCI
coordinates
7\
RB = the unit reference vector expressed in body

frame coordinates

The sensor alignment errors $ are errors in [AS/B]' and the
spacecraft attitude errors AB® are errors in [AB/I]. Thus,
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considering only small errors in the attitude and sensor

A\

alignments, the error in Rs can be expressed as

0 ¢z —¢Y
AS Al
AR"=  |-¢, 0 é; |[As, gl [Ag,1] R
¢Y —4>x 0
0 Aez —AGY
o_|a,,.1 RE
+ [Ag gl [-28 0 A8 | [Ag,;
AS —Aex 0
0 ¢z —¢Y 0 AD
S
= —¢z 0 ¢x R"+ [AS/B] —Aez 0
¢Y _¢x AGY —Aex
B S s| B B
0 -R, R, ¢ 0 -R,
i S S B
= Rz 0 —Rx ¢Y + [AS/B] Rz 0
S S B B
L_-RY R, 0 | , _:Ry R_
The necessary partials are then
— B B | [
0 -R, Ry 0
A Fal
aRS _ (a...1| rB 0 _RB aR® _ RS
= S/B b4 X T z
A8 ad
-gB rB 0 -rS
LY x . s
4-32
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(4.3-5)
-AB
Y
A6 RB
X
0
B—— —
Ry | | 26,
B
—Rx AGY
0 A6
Z
-rS RS
z Y
0 -gS
X
S
R> 0
(4.3-6)




7

The partial derivatives 8h/6§s in Equations (4.3-2) and
(4.3-3) are evaluated assuming that the components of ﬁs can
be independently varied. This is not strictly true because
of the unit vector constraint Iﬁsl = 1; this constraint also
allows us alternate ways of expressing functions of‘ﬁs, for

instance

Any resulting ambiguity in the partlal derlvatlves ah/aR is
eliminated upon mu1t1p11cat10n by 8R /BAG or R /8¢, so the
partial derivatives ay/aAe and 8y/6¢ are unambiguous. The
evaluation of aﬁS/BAé is always performed because the atti-
tude error vector is always a subset of the solved-for vec-
tor, whereas aﬁS/a$ is computed only when one or more of the
sensor alignment angles have been designated as solved for
or considered. The formulation of h and its partial deriva-
tives with respect to ﬁs is thus a key to the sensor-related
error analysis computations. The expressions for h(ﬁs, p')
and a complete list of all partial derivatives for each

sensor are given below.

For all sensors the sensor boresight is along the Z-axis of
the sensor coordinate frame.

4.3.1 GYROSCOPES

Gyroscopes are modeled very differently from other sensors
in ADEAS since gyroscope errors are regarded as part of the
dynamic error model, as discussed in Section 4.2, rather
than as measurement errors. Another major difference is
that gyroscope data are assumed to be continuously available
for attitude propagation, rather than being scheduled like
other measurements. These differences can be summarized by
saying that gyroscope data are used in a "model replacement"
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mode since they replace a full dynamic model of the space-
craft motion incorporating environmental and control torques.

Thus, in distinction to other sensor models, no measurement
function h(x, p') will be derived for gyros. Rather, this
section will provide a derivation of Equations (4.2-11)
through (4.2-14).

The raw gyro measurement wg is assumed to be related to

the spacecraft angular velocity BB/I by

w. = M(w - b - Ee) (4.3-7)

S

where M is a matrix incorporating gyroscope alignments and
scale factors, B is a vector of gyro biases, and Ee(t) is a
white noise process. These quantities are not perfectly
known, so the attitude determination is based on these meas-
urements using a model

w. = M*(wX,_ - b¥) (4.3-8)

S B/1

where M* and b* contain estimates of the alignments, scale
factors, and biases. Thus, the estimate of the spacecraft
angular velocity is

wr _ = ML Ml

B/T b - ue] + b* (4.3-9)

The matrix M*_l M can be written as the sum of a symmetric
and an antisymmetric matrix.

M* " M = K + AF (4.3-10)

0450
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where K is symmetric and AT is skew-symmetric. It is assumed
that M* is a good estimate of M; so K is close to the iden-
tity matriz, and AT is small. If K = I, the matrix I + AT
represents a small rotation given by a rotation vector A€,
the vector of gyro alignment errors. In the general case,

we assume that A€ has this interpretation and that

K = I + diag[ak]l = I + diaglak,, Bk, Ak,] (4.3-11)

where Ak is a vector of gyro scale factor errors. Nonzero
off-diagonal elements of K would represent either higher-
order effects in Ae, which are negligible, or shear-type
misalignments of the gyro input axzes (as opposed to the rigid
misalignment of all input axes represented by At), which we

assume not to be present.

Inserting Equations (4.3-10) and (4.3-11) into Equa—
tion (4.3.9), and neglecting terms of order Akb Akue
Agb, and Aeue gives

“E/I = {I + diag[Ak] + AE} wp,r t+ b* - b - ug (4.3-12)

With Equation (4.2-9) written as

AmB/I = wg/I - g,y (4.3-13)
and with
Ab = b* - b (4.3-14)
4-35
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and

Q= dlag[wB/I] (4.3-15)
this can be written
AmB/I = Ab + Q Ak - ©p /1 Ae - Ug (4.3-16)

which is identical to Equation (4.2-11).

The remaining task is to specify the time dependence of the
gyro biases, scale factors, and misalignments. The scale
factor vector Ak and the misalignment vector Ae are assumed
to be constant, as reflected in Equation (4.2-14). The bias,
however, is assumed to obey the differential equation

(4.3-17)

where Tt is a correlation time and Gb(t) is another white
noise process. The processes ﬁe(t) and ﬁb(t) are assumed
to be independent so that

E[Ge(t) Gg(t-)] = Qg 8(t - t*) (4.3-18)
E{Gb(t) Eg(t')J = Q, 8(t - t') (4.3-19)
[Bete) e
E[ug(t) up(t ﬂ =0 (4.3-20)
4-36
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Equations (4.3-18) and (4.3-19) are identical to Equa-
tions (4.2-53) and (4.2-54). The bias estimate obeys

b* = -b*/t (4.3-21)

with the same correlation time as b. Thus, Ab obeys the

equation

Ab = -Ab/T + Gb (4.3-22)

which is used in Equation (4.2-14).

4.3.2 IR HORIZON SENSOR MEASUREMENT MODEL AND PARTIAL
DERIVATIVES

The measurement model for the IR horizon sensor is shown in
S

Figqures 4-2 and 4-3, where the reference unit vector % is
the Earth vector expressed in sensor coordinates. The out-
puts of the IR horizon sensor are the Earth-in azimuth,
Earth-out azimuth, Earth width, and Earth azimuth. Each
azimuth is measured with respect to a user-defined, fixed-
reference azimuth expressed in degrees from the X-axis of

the sensor frame. The Earth vector in sensor coordinates is

given by
_ES_
X sin n cos.(¢E + ¢0)
25 - |ES| = |sin n sin (O, + @) (4.3-23)
y E 0 '
cos n
ES X
e z-i
where cos n = ﬁs . ES = Ei and

sin n = /l - cos2 n >0 since 0 < n < 180°.

4-37
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Figure 4-2,
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Coordinate Geometry for Earth IR Horizon Sensor
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Thus the

measurements are calculated as

. ]
Earth width = h(E")

Y* =
(4.3-24)
= - -1)cos p - cos n cos ¥
=0 =2 cos sin n sin ¥
) AS. -
y* = Earth azimuth = h(E”) = ¢E
...l Es
= tan < 1]-9 (4.3-25)
S 0
X
y* = Earth-in = h(E>) Z A, =0_ - + 0 (4.3-26)
= 1IN E - 2 .
y* = Earth-out = h(E°) = A =0+ 20  (4.3-27)
= Sout E T 2 .

where E;, Ey, E, = X, ¥y, and z components of Earth vector ex-
b4 Y z

pressed in the sensor frame, the super-
script S being understood

®o9 = reference azimuth from X-axis of
sensor frame (deg)
p = Earth angular radius
= sin~l [(r + h¢)/R]
r = Earth radius (km)
hy = IR tangent height (km)

R = magnitude of the spacecraft position
vector (km)

Yy = sensor scan cone angle (deg)

n = angle between sensor boresight and Earth
vector (degqg)

The measurement model, in Equations (4.3-24) through

(4.3-27),
sensor.

describes a conventional wheel-mounted horizon
A very similar model describes the panoramic at-

titude sensor (PAS) in the planar mode. 1Its unit reference
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vector is also the Earth vector expressed in sensor
coordinates. The differences are as follows:

l. The sensor scan cone angle is 90 degrees.
2. Only the Earth-in and Earth-out signals are sensed.

3. The Earth-in and Earth-out azimuths are measured
with respect to the X-axis of the sensor frame,

i.e., the reference azimuth is 0 degrees.

4. The sensor does not rotate continuously in one
direction as does the sensor indexed scanner, but
instead scans back and forth across a user-defined

arc at a user-defined rate..

The direction of the scan is important for the computation
of the measurements and their partial derivatives. When the
sensor is scanning in the clockwise direction, the measure-

ments are computed as

Hi
o)
I
o
+
[Ny

. 28
y* = Earth-in h(E") Q (4.3-28)

y* = Earth-out

h(E>) = a - o - % Q  (4.3-29)

When the scanner is scanning counterclockwise, Equa-
tions (4.3-25) and (4.3-26) are used for the Earth-in and
Earth-out measurements, respectively.

The measurement parameters that the user may select as either
solved for or considered for the IR horizon sensor are

1. The x sensor misalignment angle (degq)
2. The y sensor misalignment angle (deg)
3. The z sensor misalignment angle (deq)
4, The Earth-in bias (deg)

5. The Earth-in scale factor

4-41
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6. The amplitude of the Earth-in periodic measurement _
error (deg)
7. The Earth-out bias (deg)
8. The Earth-out scale factor
9. The amplitude of the Earth-out periodic measurement
error (deg)
10. The Earth width bias (deg)
11. The Earth width scale factor
12, The amplitude of the Earth width periodic measure-
ment error (deg)
13. The Earth azimuth bias (deq)
14. The Earth azimuth scale factor
15. The amplitude of the Earth azimuth periodic meas-
urement error (deg) £
B
16. The sensor scan cone angle (deg) ~
17. The fixed reference azimuth (deg)
18. The IR tangent height (km)
19. The distance from the spacecraft to Earth center
(km)
20. The Earth angular radius (deg)
Note that even though the scan cone angle is always nomi-
nally 90 degrees and the reference azimuth is always nom-
inally 0 degrees for the PAS in the planar mode, both can
have a specified uncertainty about their nominal values and
hence can be designated as error parameters.
0
¢ 7

0450



In addition to specifying a name and uncertainty for each of
the measurement parameters designated as either solved for
or considered, the analyst must also provide the following:

1. The
ing
the

2. The

Euler rotation sequence and Euler angles defin-
the orientation of the sensor frame relative to

spacecraft body frame

frequency and phase angle of the Earth-in

periodic measurement error

3. The

frequency and phase angle of the Earth-out

periodic measurement error

4. The

frequency and phase angle of the Earth width

periodic measurement error

5. The

frequency and phase angle of the Earth azimuth

periodic measurement error

6. The reference azimuth measured from the x-axis of
the sensor frame (deqg)

7. The sensof scan cone angle (degq)

8. The IR tangent height (km)

9. The initial scan arc angle (deq)

10. The time rate of change of the scan arc angle
(deg/sec)

11. The minimum scan arc angle (deg)

12. The maximum scan arc angle (deq)

Note that some of these parameters are not used for the PAS,

and some are

only used for the PAS..

when scheduling the IR horizon sensor, the user may use one
or two of the sensor outputs for the error analysis compu-

tations. Since all outputs have units of degrees, the user-
supplied value of the sensor white noise standard deviation

for each measurement has units of degrees.

0450
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The errors in the Earth-in and Earth-out measurements are
assumed to have equal standard deviations o and to be un-
correlated with one anothei. Then, it follows from Equa-
tions (4.3-26) through (4.3-29) that the errors in the
Earth-width and Earth-azimuth measurements are uncorrelated
and that their standard deviations are '

°¢E = oA/J; (4.3-30)

oq = V2 o, (4.3-31)
The correlations between the pairs (Q, AIN)' (Q, AOUT)’

(¢E, AIN)' and (¢E, T) are ignored if any such pair is
selected.

Aou

Partial of the Earth azimuth wrt the unit Earth vector E:

.

8¢E ~-E
b 4 E” + E
b 4
ad E
E b4
= (4.3-33)
JdE EZ + Ez
b 4
L)
_E _ _
aEz = 0 (4.3-34)

3
—E _ o (4.3-35)
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4

Partial of the

Partial of the

Partial of the
from Earth:

Partial of the

Partial of the

Partial of the
odic error a:

0450

Earth azimuth wrt the Earth angular radius:

@| @
nlde

0 (4.3-36)

Earth azimuth wrt the IR tangent height:

o| @
5‘6-
ot

0 (4.3-37)

Earth azimuth wrt the spacecraft distance

0 (4.3-38)

Earth azimuth wrt the bias b:

1 (4.3-39)

Earth azimuth wrt the scale factor k:

ad
dk

A E
—E x h(E) = tan—l (_l> - ¢0

E (4.3-40)
x

Earth azimuth wrt the amplitude of the peri-

ad

E _ .
3a = Sin (wt + ¥)

(4.3-41)



Partial of the Earth width wrt

3E_
Z

Partial

Partial

Partial

Partial
Earth:

0450

d(cos n)

9

aEx

30 _

dE

Y

cos Yy - sin y cos % cot n

the unit Earth vector ﬁ;

=0 (4

= 2

sin y sin n sin %

Q
2

.3-42)

.3-43)

.3-44)

of the Earth width wrt the sensor scan cone angle:

a9
ay

of the

of the

of the

cos Y sin n cos

% - sin ¥y cos n

2
sin y

Earth width wrt

(4
sin n sin %

.3-45)

the Earth angular radius:

a _ ,
ap .
sin vy

Earth width wrt

3Q_ _ 99
aht T dp

Earth width wrt

sin n sin ¥

sSin o 3 (4
2

the IR tangent height:

—1 .
[R cos p] (4

.3-46)

.3-47)

the spacecraft distance from

9Q _ _ 99 tan p (4
3R ~-  3p R
4-46
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partial of the Earth width wrt the

a9

bias b:

3b = 1 (4.3-49)
Partial of the Earth width wrt the scale factor k:
3 .8y - -1 |cos p - cos ycos n _
3Kk = h(E) = 2 cos [ sin y sin n ] (4.3-50)

Partial of the Earth width wrt the

error a:

a0
da

sin (wt

In the following partial
for the c

for the PAS scanning in the counte

upper sign is to be used

while the lower sign is used for t

derivatives with a

amplitude of the periodic

+ ¥) (4.3-51)

+ sign, the
onventional IR scanner and
rclockwise direction,

he PAS scanning in the

clockwise direction in accordance with Equations (4.3-28)

and (4.3-29).

Partial of the Earth-in angle wrt

the unit Earth vector E:

3A 3o
IN E
= = (4.3-52)
X X
dA 3P
IN E
5t = 3E (4.3-53)
y
aa
el = (-1 38 (4.3-54)
Zz z
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Partial of the Earth-in angle wrt the sensor scan cone angle: tghv’
3A
IN _ _ 199 _
ay - + ( 2 3Y) (4.3-55)

Partial of the Earth-in angle wrt the Earth angular radius:

3a
BN _ 120
3p + (— > ap) (4.3-56)

Partial of the Earth-in angle wrt the IR tangent height:

9A
gﬁfu I (- % %%:) (4.3-57)

Partial of the Earth-in angle wrt the spacecraft distance

from Earth: . Gi:
%Ay 1 3@
3R "~ % (‘ 2 aR) (4.3-58)

Partial of the Earth-in angle wrt the bias b:

=1 (4.3-59)

Partial of the Earth-in angle wrt the scale factor k:

A

—IN (B = (L
3k ~h(E) = & + (2 Q) (4.3-60)

Partial of the Earth-in angle wrt the amplitude of the

3 = Sin (ot + y) (4.3-61)

periodic error a:
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Partial of the Earth-out angle wrt the unit Earth vector ﬁ:

3A 30
QuUT E
= (4.3—62)
3E_  OE,
gy B9 | s ey
3E 3E -
Y Y
kieious 190
3. - * (2 3E ) (4.3-64)
z Z

Partial of the Earth-out angle wrt the sensor scan cone

angle:

aA
—_QUT _ 13Q

Partial of the Earth-out angle wrt the Earth angular radius:

oA
—_ouT _ 1 3Q
3p = + <2 Bp) (4.3-66)

Partial of the Earth-out angle wrt the IR tangent height:

dA
__OQuT _ 199
T (2 aht) (4.3-67)

Partial of the Earth-out angle wrt the spacecraft distance
from Earth: ‘

dA
__QUT 1l 3Q
R (2 BR) (4.3-68)
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Partial of the Earth-out angle wrt the bias b:

=1 (4.3-69)

Partial of the Earth-out angle wrt the scale factor k:

—OQUT . n(E) = o + (% n) (4.3-70)

Partial of the Earth-out angle wrt the amplitude of the
periodic error a:

aA

—5—2511 = sin (wt + ¥) (4.3-71)

4.3.3 THREE-AXIS MAGNETOMETER MEASUREMENT MODEL AND PARTIAL
DERIVATIVES )
The three-axis magnetometer computes the three independent
components of the Earth's magnetic field at any time and
position, using the geomagnetic reference field updated to
epoch 1985.0. The measurement is the magnetic field vec-
tor M, which can be written M = Mﬁ, where M is.the magnitude
of the magnetic field, and 8 is a unit vector in the direc-
tion of the field. The external reference vector is the

. A
unit vector U:

y* = x component = h(a) = M_ = MU_ (4.3-72)

y* = y component = h(ﬁ) = Ms = MU? (4.3-73)

y* = z component = h(ﬁ) = Mi = MUi (4.3-74)
4-50
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- ‘ The measurement parameters, which the user may select as

either solved for or considered, for the three-axis magnetom-

eter are
1. The
2. The
3. The
4. The
5. The
6. The

X

X

sensor misalignment angle (deg)
sensor misalignment angle (deg)
sensor misalignment angle (deqg)
component bias (Teslas)

component scale factor

amplitude of the x component periodic measure-

ment error (Teslas)

7. The y component bias (Teslas)

8. The y component scale factor

9. The amplitude of the y component periodic measure-

e ment error (Teslas)

- 10. The z component bias (Teslas)

11. The z component scale factor

12. The amplitude of the z component periodic measure-

ment error (Teslas)

In addition to specifying a name and uncertainty for each of

the measurement parameters designated as either solved for

or considered, the analyst must also provide the following:

1. The
ing
the

2. The

Euler rotation sequence and Euler angles defin-

the orientation of the sensor frame relative to

spacecraft body frame

frequency and phase angle of the x-component

periodic measurement error

3. The frequency and phase angle of the y-component

periodic measurement error
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4. The frequency and phase angle of the z-component

periodic measurement error

When scheduling the three-axis magnetometer,

the analyst may

use any or all of the sensor outputs for the error analysis

computations.
magnetic field vector,

deviation for each measurement has units of Teslas.

Partial of
Fa
tor U:

Partial of

the x component wrt

the x component

wrt the bias b:

Partial of the x component wrt the scale factor k:
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Since all three outputs are components of a
the sensor white noise standard

the unit magnetic field vec-

(4.3-75)

(4.3-76)

(4.3-77)

(4.3-78)

(4.3-79)

s
2
N g

“T
N
e,



Partial of the x component

error a:

partial of the y component

F
tor U:

Partial of the y component

Partial of the ¥y coﬁponent

aM
R 4
dk

Partial of the y component

error a:

oM )
da

0450

wrt

sin

wrt

the amplitude of the periodic

(wt + W) (4.3-80)

the unit magnetic field vec-

=0 (4.3-81)
=M (4.3-82)
= 0 (4.3-83)

the bias b:

=1 (4.3-84)

the scale factor Kk:

~ h(0) = M (4.3-85)

wrt

sin

the amplitude of the periodic

(ot + ¢) (4.3-86)



TN,
Partial of the z component wrt the unit magnetic field vec- :

tor ﬁ:
oM
563 =0 (4.3-87)
b 4
8Mz
U = 0 (4.3-88)
Y
oM
5—5—3- =M (4.3-89)
z
Partial of the z component wrt the bias b:
M
—2Z _ -
T 1 (4.3-90)
&

Partial of the z component wrt the scale factor k:

—Z ~ h(U) = M (4.3-91)

Partial of the z component wrt the amplitude of the periodic

error a:

=2 = sin (wt + y) (4.3-92)

4.3.4 FIXED-HEAD STAR TRACKER MEAS&REMENT MODEL AND PARTIAL
DERIVATIVES

The fixed-head star tracker projects the x and y coordinates

of the reference unit star vector §S onto the U-V plane, as

0450



shown in Figure 4-4. The measurements are computed as fol-

(éi/éi) (4.3-93)

S /.S
- (Sy/éz) (4.3-94)

ADEAS allows the fixed-head star tracker to have either a
conical or pyramidal field of view. The star is visible to
the conical sensor only if the angle between the boresight
and §S is less than the user-specified conical half angle.
Similarly, the star is visible to the pyramidal star tracker

con? (5/:5) \

lows:

y* =U h(gs)

y* =V h(§s)

]
n

only if

Pyramidal x half angle >

and

Pyramidal y half angle >

-1 S /.S
tan (Sy/sz) |

The measurement parameters, which the user may select as
either solved for or considered, for the fixed-head star

tracker are

1. The x sensor misalignment angle (deg)

2. The y sensor misalignment angle (deg)

3. The z sensor misalignment angle (degq)

4. The U bias '

5. The U scale factor

6. The amplitude of the U periodic measurement error
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Figure 4-4. Fixed-Head Star Tracker Geometry



7. The V bias
8. The V scale factor
9. The amplitude of the V periodic measurement error

In addition to specifying a name and uncertainty for each of
the measurement parameters designated as either solved for
or considered, the analyst must also provide the following:

1. The Euler rotation sequence and Euler angles defin-
ing the orientation of the sensor frame relative to

the spacecraft body frame

2. The frequency and phase angle of the U periodic

measurement error

3. The frequency and phase angle of the V periodic

measurement error

4. The designation of the sensor field of view as
either conical or pyramidal

5. The conical half angle or the pyramidal x and y

half angles

When scheduling the fixed-head star tracker, the analyst may
use either or both of the sensor outputs for the error anal-
ysis computations. Since both outputs are dimensionless
projections of a unit vector, the sensor white noise
standard deviation has units of radians.

Partial of the U component wrt the unit star vector S:

U 1 (4.3-95)

0450



W _ (4.3-96)

BSY
au Ex
z Sz

Partial of the U component wrt the bias b:

QU _
5p = 1 (4.3-98)

Partial of the U component wrt the scale factor k:

-S
U . ,Qy _ —X
3k = h(8) = (4.3-99)

Partial of the U component wrt the amplitude of the periodic

error a:

%g = sin (wt + ) (4.3-100)

Partial of the V component wrt the unit star vector S:

%%— =0 (4.3-101)
X
%%— = - é— (4.3-102)
y z
av._ _ Sy
= (4.3-103)
z S
Z
4-58
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Partial of the V component wrt the bias b:

av _ _
L=l (4.3-104)

Partial of the V component wrt the scale factor k:

~ -s
IV . h(s) = =% (4.3-105)

Partial of the V component wrt the amplitude of the periodic

error a:

& . sin (at + ¥) (4.3-106)

4.3.5 GIMBALED STAR TRACKER MEASUREMENT MODEL AND PARTIAL
DERIVATIVES

The gimbaled star tracker uses azimuth (¢) and elevation (O)
gimbals to point a focal plane at a star. Thus, if the star
gFP

unit vector is gs in the sensor frame, it is in the focal

plane frame, where (see Figure 4-5)

fsin © 0 -cos © cos ¢ sin ¢ 0
sFP - 0 1 0 -sin ¢ cos ¢ 0 gs
| cos © 0 sin © 0 0 1
) (4.3-107)

sin 8 (cos ¢ Sx + sin ¢ Sy) - cos © Sz
= .cos ¢ Sy - 51n_¢ Sx

cos 6 (cos ¢ Sx + sin ¢ Sy) + sin © S,

L

The superscript S has been omitted on the right side for
convenience. A superscript S should be assumed where no

superscript appears.
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Figure 4-5. Gimbaled Star Tracker Geometry
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~ ‘ The gimbals are nominally controlled to center the star in the
focal plane, i.e., to make gFP = [0 O 1]T, and the gimbal
angles are the measurements. Thus, the measurements are

computed as
y* = azimuth = ¢ = h(gs) = tan"1 (S;/gi) (4.3-108)

aS

y* = elevation = & = h(8°) = sin~ 1 (si) (4.3-109)

The azimuth equation is to be interpreted as

2
cos ¢ = Sx Sx + SY (4.3-110)

e, . 2 2
S = S S 4,3-111
sin ¢ v Sy + ¥ (4.3 )

The field of‘view of the gimbaled star tracker is specified
by a minimum and maximum elevation and a range of azimuths.
The azimuth range is specified by its midpoint and full
width; if a width of more than 360 degrees is specified, the
field of view includes all azimuth values.

The sensor noise modeling must allow for imperfect centering
of the star image in the sensor focal plane. Thus, if we let

1

¢ = tan™ (5,/5,) + Ad (4.3-112)
o = sin~?t (s,) + 46 (4.3-113)
SN
4-61
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sFP . e (4.3-114)

Y

r
\
—
|
[y)
M M
|
m

we find, to first order in the small quantities A¢, 46,

e_, and €

x Y

2 2
Ad = —ey .Sx + SY (4.3-115)
A9 = €y (4.3-116)

To these gimbal errors due to focal plane centering errors,
we must add intrinsic errors in the gimbal readouts. We

take the mean squares of A¢ and AS, assuming equal variances o
2 ' '
°FP
different errors to be uncorrelated. This gives

in the x and y focal plane errors and assuming the : ‘ 3

A

variance in ¢ = og + oép/(si + S;) (4.3-117)
. . 2 2
variance in 0 = 99 *+ %p (4.3-118)

where oi and ag are the variances of the gimbal readout
errors and o¢, o9+ and opp are all given in degrees, the
units of the measurements.

The measurement parameters, which the user may select as
either solved for or considered, for the gimbaled star
tracker are

1. The x sensor misalignment angle (deg)
2. The y sensor misélignment angle (deg) SN
/
4-62
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The z sensor misalignment angle (deq)
The azimuth bias (degq)
The azimuth scale factor

The amplitude of the azimuth periodic measurement
error (deg)

The elevation bias (deg)
The elevation scale factor

The amplitude of the elevation periodic measurement
error (deq)

In addition to specifying a name and uncertainty for each of

the measurement parameters designated as either solved for

or considered, the analyst must also provide the following:

1.

4.

The Euler rotation sequence and Euler angles defin-
ing the orientation of the sensor frame relative to
the spacecraft body frame

The frequency and phase angle of the azimuth pe-
riodic measurement error

The frequency and phase angle of the elevation pe-
riodic measurement error

The minimum and maximum azimuth and elevation de-
fining the field of view

When scheduling the gimbaled star tracker, the analyst may

use either or both of the sensor outputs for the error

analysis computations.

Partial of the star azimuth ¢ wrt the unit star vector §;

0450

3¢ S
z - —T— (4.3-119)
as 2 2
x S + 8
X Y
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Partial of the

Partial of the

Partial of the
periodic error

Partial of the

0450

s
36 _ X (4.3-120)

39 =0 (4.3-121)

star azimuth wrt the bias b:

9% _
=1 (4.3-122)

star azimuth wrt the scale factor k:

. s
%ﬁ ~ h(8) = tan~! (55) (4.3~123)

star azimuth wrt the amplitude of the
a: '

%f = sin (mtA¥ ¥) (4.3-124)

star elevation © wrt the unit star vector S:

8 _
as_ = 0 (4.3-125)
X
©  _
3s_ = 0 (4.3-126)
Y
a0 1 1
38 = cos © = (4.3-127)
z SZ + S2
X Y
4-64
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ety

Partial of the star elevation wrt the bias b:

99 _
ap = 1 (4.3-128)

Partial of the star elevation wrt the scale factor k:

89 . pn(5) = sin’?t

3k (s,) (4.3-129)

Y

Partial of the star elevation wrt the amplitude of the per-

iodic error a:

%% - sin (wt + ¥) (4.3-130)

If Sz ~ 1, the quantity Si + Si should be given a small,

finite positive value to avoid division by zero.

4.3.6 DIGITAL SUN SENSOR MEASUREMENT MODEL AND PARTIAL
DERIVATIVES

The digital Sun sensor provides measurements of the angle «

between the sensor boresight and the projection of the unit

Sun vector gS in the Y-Z plane and the angle B between the

sensor boresight and the projection of the unit Sun vector

in the X-Z plane, as shown in Figure 4-6. The sensor out-

puts Na and NB are related to these angles by Equa-

tions (7-38) and (7-39) of Reference 3:

« = tan ! (sy/sz) = Ag + gan~1 [A] + A NS + Ag sin (A,N_
| (4.3-131)
+ AS) + A6 sin (A7Na + AB)]
B = tan~! (S_/S_) = By + tan~! [B. + B,N, + B, sin (B,N
x’ "z 9 1 2°B 3 4B
(4.3-132)
+ BS) B6 sin (B7NB + Ba)]
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Figure 4-6.

Digital Sun Sensor Geometry
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o

y* = N = n(ss, a

y*

where Al' ooy A9 and Bl' ey B9 are calibration constants

provided by the manufacturer, and where the superscript S is
to be understood on the components of the Sun unit vector

~where no superscript is shown.

The constants A3, A6' B3, and BG are very small. If A3 and

A. are neglected, Equation (4.3-131) gives

6
AZNa =n, = tan (o - Ag) - Al
_ (4.3-133)
_ Sv Sz tan §2 A
SY tan A9 + Sz 1

This expression for Na can be substituted into the sinusoidal

terms on the right side of Equation (4.3-131), and a similar

procedure can be used in Equation (4.3-132) to obtain meas- -
urement equations valid to first order in A3, A6, B3, and BG'
Thus, the measurements are computed as

A (4.3-134)

Lr weer Ag)

[na - A3 sin (A5 + A4 na/Az) - A6 sin (A8 + A7 na/Az)]/A2

N. = h(S%, By, +-es Bg) (4.3-135)

B

H

[nB - B, sin (B5 + B, nB/BZ) - Bg sin (B8 + B, nB/BZ)]/BZ

where n, is given by Equation (4.3-133) and

ng = tan (B - B9) - Bl
- (4.3—136)
_ Sx Sz tanE2 B
= S tan B, + S 1
X 9 z
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In ADEAS, it is assumed that the Sun sensor outputs are in
units of degrees.

ADEAS allows the Sun sensor to have either a conical or a
pyramidal field of view. The Sun is visible to the conical
sensor only if the angle between the boresight and §s is
less than the user-specified conical half angle. Similarly,

the Sun is visible to the pyramidal Sun sensor only if

Pyramidal x half angle > tan~! (Si/%:)

and

Pyramidal y half angle >

tan~1 (ss/ss)
y/°z

For either configuration, ADEAS also determines whether the
sensor is occulted by the Earth.

The measurement parameters, which the user may select as
either solved for or considered, for the two-axis digital
Sun sensor are

1. The x sensor misalignment angle (deg)

2. The y sensor misalignment angle (deg)

3. The z sensor misalignment angle (deg)

4. The Na calibration constants Al, A3, A4, A6' and A7
(dimensionless) )

5. The Na calibration constant AZ (deg-l), nominal
value w/180.

6. The Na calibration constants AS’ AB' and A9 (degqg)

7. The Na bias (deg)
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=

9.

10.

11.

12.
13.
14.

15.

The Na scale factor

The Na amplitude of the periodic measurement error
(deq)

The NB calibration constants Bl’ B3, B4, BG’ and B7
(dimensionless)

The NB calibration constant 32 (deg—l), nominal
value w/180.

The NB calibration constants BS' BB’ and B9 (deg)
The NB bias (degq)

The NB scale factor

The NB amplitude of the periodic measurement error
(deg)

In addition to specifying a name and uncertainty for each of

the measurement parameters designated as either solved for
or cons1dered the analyst must also provide the following:

l‘

The Euler rotation sequence and Euler angles defin-
ing the orientation of the sensor frame relative to

the spacecraft body frame

The frequency and phase angle of the a periodic
measurement error

The frequency and phase angle of the B periodic

measurement error

The designation of the sensor field of view as
either conical or pyramidal

The conical half angle or pyramidal x and y half

angles

when scheduling the two-axis Sun sensor, the user may use

either or both of the sensor outputs for the error analysis
computations. Since the outputs have units of degrees, the
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value of the sensor white noise standard deviation for each

measurement has units of degrees.

Partials of Na wrt the unit Sun vector §;

aNa/GSx =0 (4.3-137)
2 2
aNa/BSY = (aNa/ana) Sz(l + tan Ag)/(Sz + SY tan Ag)
(4.3-138)
2 2
aNa/aSz = (8Na/3na) Sy(l + tan Ag)/(Sz + SY tan Ag)
(4.3-139)
where
aNa/Gna = [A2 - A3A4 cos (A5 + A, na/Az)
(4.3-140)
2
- A6A7 cos (A8 + A7 na/Az)]/A2
Partials of Na wrt the calibration constants:
aNa/BAl = —aNa/Bna (4.3-141)

_ 2
3N_/3A, = -N_/A, + (na/Az)(l - A, 3N _/3n ) (4.3-142)

_.1 .
aNa/8A3 = —A2 sin (A5 + A4 na/Az) (4.3-143)
2
aN_/3A, = —(A3 na/Az) cos (Ag + A, n_/A)) (4.3-144)
8N,/3A; = -(A;/A,) cos (A + A, n_/A,) (4.3-145)

0450
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BNa/aA6 = —A2 sin (A8 + A7 na/Az) (4.3-146)
2
aNa/3A7 = _(AG na/Az) cos (A8 + A7 na/Az) (4.3-147)
aNa/aA8 = —(AG/Az) cos (A8 + A7 na/Az) (4.3-148)
N /3A. = —(3N_s3n_)(s2 + s2)(1 + tan® Ag) /(s, + S tan A y2
d 9 a o b z 9 z Y 9
(4.3-149)

Partial of N_wrt the bias b_:
o o

N /3b_ =1 (4
- M 4

Partial of Na wrt the scale factor ka:

ana/aka~, h(S

’ All R Ag) = Na (4

Partial of Na wrt the amplitude of the periodic error:
aNa/aaa = sin (wt + ¥) (4

Partials of NB wrt the unit Sun vector §:

8N,/3S_ = (3Ny/3np) Sz(l + tan? Bg>(sz + §_ tan 39)2

(4

B

aNB/asY =0 (4.

0450
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2

aNB

where

aNB/é)n[3 = [B2 - B3B4 cos (B5 + B4 nB/BZ)

2
- 3637 cos (B8 + B7 nB/Bz)]/Bz

Partials of N[3 wrt the calibration constants:

BNB/GB1 = -aNB/anB

8Ng/3B, = -Ng/B, + (nB/Bg)(l - B, 3N;/3n,)
dNy/8B, = -851 sin (Bg + B, ng/B,)
BNB/BB4 = -(B3 nB/B§) cos (B5 + 84 nB/BZ)
BNB/aB5 = —(Bs/Bz) cos (B5 + B4 nB/Bz)
dNg/3B, = —Bgl sin (Bg + B, ng/B,)
3N,/3B., = '(Bs nB/Bg) cos (Bg + B, ny/B,)
dNg/3Bg = -(B;/B,) cos (38 + By ng/B,)

2 2 2
aNB/GB9 = —(aNB/anB)(Sx + Sz)<1 + tan 39%/(sz + Sx

0450

/asz = -(aNB/anB) Sx(l + tan Bg) (Sz + Sx tan Bg)2

(4

(4.

(4.

(4

(4

(4.

(4

(4

(4

(4

.3-155)

3-156)

3-157)

.3-158)

.3-159)

3-160)

.3-161)

.3-162)

.3-163)

.3-164)

2
tan Bg)

(4

.3-165)

=

5
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Partial of NB wrt the bias bB:

Partial of NB wrt the scale factor kB:
/\S _ _
BNBIBRB ] h(S , Bl, ...,,Bg = NB (4.3 167)

Partial of NB wrt the amplitude of the periodic error

BNB/aaB = sin (wt + ) . (4.3-168)

4.3.7 ANALOG SUN SENSOR MEASUREMENT MODEL AND PARTIAL
DERIVATIVES
The geometry of the one-axis analog Sun sensor is shown in
Fiqure 4-7. The z-axis is chosen to be the boresight of the
sensor. The unit vector §S is the direction tg the Sun in
sensor coordinates. The one-axis CSS has two simple photo-
cell “eyes" whose outputs, f1 and fz, are proportional to
the cosine of the angle between the spacecraft to Sun vector
and the normal to the eye surface. The sensor output fCSS
is zero unless both eyes are ijlluminated, in which case the
output is the difference of the two eye outputs. Thus the

measurement is computed as:

_ as, _ S S _
y* = h(S ) = fCSS(Sx’ Sz) (4.3-169)
. ~S A "S. A
) fl - fz if S Ul’ > Cl and S U2 > C2
0 £ 8% .0, <c 85 . 6, <
i Ul' 1 or S U2 C2

0450



(

s
Sx
4 A
A PROJECTIONOF S S INTO
Uy X, Z PLANE
P
(s 4
> S
Sz
TN
o o C;i
=
A «Q
U2 :
5
o
)
<t
o

Figure 4-7. Analog Sun Sensor Geometry
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where

1 +0Db l1+Db
1t O s LG 2SS s )
f1 = 2 s ST e U1 = 5 s Sz cos a + Sx sin. a| (4.3-170)
1 +Db 1 +Db
_ 2 oS o 2[5 s .
f2 = > s S e U2 =2 5 (Sz cos a - Sx sin a) (4.3-171)
The parameters bl and b2 are scale factor errors; Cl and C
are the c051nes of user-supplied fields of view of the two
eyes, and U and U, are unit vectors specifying the normals
of the eye surfaces:
sin a«
A\
Ul = 0 (4.3-1723a)
cos a
!
h -sin a .
~— A
U2 = 0 (4.3-172b)
cos «
L
The calibration factor s is nominally equal to sin a.
Thus, with the Sun vector in sensor coordinates written as
cos © sin ¢
s .
s” = sin © (4.3-173)
cos © cos ¢
4 with b, = b_ =0, 8> « 0 > ass.qg, >
and wi 1 =Py =0 U1 > Cl, an U2 > Cz' the
sensor output is ’
fCSS = cos © sin ¢ (4.3-174)

SR
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This output is nominally equal to ¢ in radians if both ¢
and © are small angles, which is if the Sun is close to

the sensor boresight. Note that errors in s do not have to
be considered independently, since they are equivalent to
errors in the scale factor k.

The measurement parameters, which the user may select as
either solved for or considered, for the analog Sun sensor
are

1. The measurement bias (radians)
2. The measurement scale factor

3. The amplitude of the measurement periodic error
(radians)

4, The half-angle between the eye normals, a (deg)
5. The individual eye scale factor errors, bl and b2

In addition to specifying a name and uncertainty for each of
the measurement parameters designated as either solved for
or considered, the analyst must also provide the following:

1. The frequency and phase factor of the periodic
measurement error

2. The half-angle between the eye normals, a (deg)

3. The individual eye scale factor errors, b1 and b2

(nominally zero)

1 and C2

When scheduling the analog Sun sensor, the analyst does not

4, The cosines of the eye fields of view, C

have a choice of measurements to use because there is only
one. ‘

n computing the partial derivatives, s is set equal to
sin « after carrying out the differentiations. The values
given by Equations (4.3-175) through (4.3-183) are for the

0450
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case that both eyes are jlluminated. If either

AS o ~S a
S™ o Ul < C1 or 5™ ¢ U2 < C2’

identically zero.

the partial derivatives are all

Partial wrt the Sun vector S (superscript S to be under-

stood):
af:Ss ) 2 + b1 + b2
an 2
f
3css _
as
Y

af b, - b
e - AP ot e

Partial wrt the half angle a:

anSE _ 2 + b1 + b2 s oot « - b1 - b2 <
Jda 2 b4 2 Z

Partials wrt the scale factors b1 and b2

af
_CSSs _ 1
abl =3 (Sz cot a + Sx)
of
_CSS _ 1
ab2 = -5 (Sz cot a - Sx)

Partial wrt the bias b:

0450

(4.3-175)

(4.3-176)

(4.3-177)

(4.3-178)

(4.3-179)

(4.3-180)

(4.3-181)



Partial wrt the scale factor k:
—L338 _ ¢ (4.3-182)

Partial wrt the amplitude of the periodic error

af

—<58 - sin (ut + @) (4.3-183)

4.3.8 GIMBALED SUN SENSOR MEASUREMENT MODEL AND PARTIAL
DERIVATIVES

. The gimbaled Sun sensor measurement model and partial deriv-

atives are identical to those for the gimbaled star tracker,

described in Section 4.3.5, except that the Sun unit vector

is used in place of the star unit vector. The numerical

values of parameters in the models may differ, of course.
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SECTION 5

— REFERENCE SYSTEMS AND VECTORS

5.1 COORDINATE SYSTEMS
5.1.1 GEOCENTRIC INERTIAL (GCI) COORDINATE SYSTEM

The GCI coordinate system, {1lustrated in Figure 5-1, defines

a fixed set of axes

"
in inertial space. The ZI axis is paral-

lel to the Earth's spin vector or north pole. The ﬁI axis

is along the vernal
the Sun crosses the

equinox, the Earth to Sun direction when

equatorial plane. The QI axis is given

N
by the vector cross product QI X XI' In summary,
A .
XI = vernal equinox
2. =2 xR./]2. x | (5.1-1)
Ip = 21p ¥ 9171%1 I y
ZI = Earth spin vector
~ Zaa
F §
ECLIPTIC
NORTEOLEV>" | NORTH CELESTIAL
/
VERNAL
EQUINOX — Yact
=3 7 L LT
CELESTIAL EQUATOR

X get

LR

0214 b6

Figure 5-1. Definition of the GCI Coordinate System
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The GCI coordinate system can be true-of-date, mean-of-date,
or mean-of-epoch for some fixed epoch. Only mean-of-epoch
cooriinate systems are truly inertial, but the effects of
the motion of true-of-date and mean-of-date coordinate Sys—
tems are negligible for attitude error analysis computations.
For high accuracy applications, all reference vectors (stars,
Sun, Moon, spacecraft) should be expressed in the same iner-

tial coordinate system.
5.1.2 EARTH-CENTER POINTING COORDINATE SYSTEM

The Earth-center pointing coordinate system (ﬁE, Qﬁ, ﬁé) is
defined by the spacecraft orbital position and velocity.

These give two orthogonal axes: E = E/|E|, where E is the
spacecraft-to-Earth vector; ﬁ X ﬁ, where N is the orbit nor-
mal vector. The vector iﬁ can be chosen as one coordinate
axis of the Earth-center pointing system, and iﬁ x N as a
second axis. Then the third axis is defined to give a right-
hand orthogonal triad QE' QE' ﬁé.

The transformation matrix from GCI coordinates to Earth-
center pointing coordinates is

Fa )

(%

>

R/I

E
I
E

[

)T
( I)T (5.1-2)
(a)

I oI 1

Fal
where XE' YE, and ZE

components along the GCI axes of the vectors QE’ QE’ and
Fal

Z

are 3 x 1 column vectors containing the

E’ respectively.
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5.1.3 LOCAL VERTICAL POINTING COORDINATE SYSTEM

Ve
The local vertical pointing coordinate system (ﬁL, YL' QL)
is defined in terms of the local vertical pointing (@Lv) and
orbit normal (ﬁ) unit vectors. The local vertical pointing

unit vector components in GCI coordinates are given by

-cos ¢ cos T
@I = |- $ sin T ' (5.1-3)
v = cos .

-sin ¢

where T geodetic longitude
= arc tan [Ry/Ri] (5.1-4)

¢ = geodetic latitude

_ 2, [ -2 2
= afc tan Rz (1 - e7) Rx + RY

I

-1 (5.1-5)

is the Earth-to-

spacecraft vector resolved in GCI coordinates.

where e = Earth eccentricity and R = -E

A N iy

’ A
The user specifies which unit vector (-XL, +XL, -YL, +YL,
al

FaN

-EL’ +ZL) is defined as the pointing axis (PLV) and which
Fal

unit vector is defined as the axis PLV x ﬁ. The third axis

I A\ ~

is defined to give a right-hand orthogonal triad XL' YL’ ZL'

The transformation matrix from GCI coordinates to local ver-

tical pointing coordinates is

R/1

)
A, = (Q{)T » (5.1-6)
)
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) B |
where XL’ YL’

Fa
and Zi are 3 x 1 column vectors continuing the
A ~
components along the GCI axes of the vectors XL' QL' and ZL'

respectively.
5.1.4 SUN-POINTING COORDINATE SYSTEM

/\ /N
The Sun-pointing coordinate system (QS, YS' ZS) is defined
in terms of the following unit vectors:

S = Spacecraft-to-Sun Unit Vector

—

i Rgg ~ Ry (5.1-7)
|Rgg - Ryl
A A A
U=SxN (5.1-8)

Earth-to-Sun vector

where RES

V

I° Earth-to-spacecraft vector (= 4?5 :
A

E = GCI z-axis (North Pole)

A . » -
The vector +S is chosen as one coordinate axis of the Sun-

2> x

)
pointing system, and +¥ as a second axis. Then the third
axis is defined to give a right-hand orthogonal triad ﬁs,
a) ™
YS’ ZS.
The transformation matrix from GCI coordinates to Sun-
pointing coordinates is

Ay, = <§I> ' (5.1-9)
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T AT nI P
where X-, Y., and Z, are 3 x 1 column vectors containing the
S S S ~ ~

el
components along the GCI axes of the vectors XS, YS’ ZS’

respectively.

5.2 SPACECRAFT EPHEMERIS GENERATION

ADEAS has two options for spacecraft ephemeris generation:
internal ephemeris generation by numerical integration and

reading of an externally-generated ephemeris file.

5.2.1 NUMERICAL INTEGRATION

The Cartesian position T and velocity vV of the spacecraft in
an inertial coordinate system, obey the coupled ordinary
differential equations

dr/dt = v (5.2-1)

dv/dt a (5.2-2)

where 3 is the acceleration of the spacecraft. The next
three sections specify the algorithms for computing a.
Then, the last two sections present the numerical integra-

tion and interpolation algorithms.

5.2.1.1 Earth Potential Including J2 Term

The force per unit mass on the spacecraft due to the Earth's

gravity is

—ux/r3{1l - (3/2) JZ(R/r)Z [5(z/r)% - 11}  (5.2-3)

a =

X

a, = —uy/r3{1l - (3/2) JZ(R/r)Z [5(z/r)2 - 11}  (5.2-4)
a_ = —uz/r3{1 - (3/2) JZ(R/r)z [5(z/r)% - 31}  (5.2-5)
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where

U = 3.986005 x 10° kmS/s> (5.2-6)
is the default gravitational constant of the Earth
J, = 1.08263 x 10°3 (5.2-7)

2

is the default geopotential coefficient for the Earth's

oblateness,
R = 6378.140 km (5.2-8)

is the default equatorial radius of the Earth, and x, y, and
z are the GCI components of the spacecraft position vector.

TN

Higher order effects of the nonsphericity of the Earth are Gi
not modeled in ADEAS. If these terms are important for an '
application, an externally-generated spacecraft ephemeris

must be used.

On user option, the J2 terms can be omitted. The central

body term of the Earth, -pf/r3, is always included.

5.2.1.2 Atmospherig Drag Effects

Atmospheric drag acceleration is modeled as a drag force in
the direction of the relative wind vector acting on a satel-
lite of constant surface area. The velocity of the satel-
lite relative to the atmosphere is computed in the inertial
coordinate system by subtracting the motion of the atmos-
phere, assumed to rotate with the Earth, from that of the
satellite:

=r-wxr - (5.2-9) e
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The Earth's rotation vector, w, is directed along the
Earth's instantaneous spin axis with a magnitude equal to
the rotation rate of the Earth and components (ml, W, w3).

Ignoring the effects of precession and nutation, the Z-axis
is aligned with the north polar spin axis such that Wy and

w, are equal to zero, and w, = 7.29211585494 x 10> rad/sec
is constant. Therefore, in this approximation, Equa-
tion (4-12) reduces to
) &+ ugy
Vrel = |y : W3X (5.2-10)
z

For the case of a spherical satellite, the atmospheric drag
acceleration is computed as

C.A

— _L — —
ap T T2 m po(h) Vel Ivrel' (5.2-11)

where Cp = aerodynamic force coefficient, which is an ad-
justable parameter

A = cross-sectional area of the satellite
m = mass of the satellite
po(h) = altitude density function computed from the

atmospheric drag model

Nominally, for a spherical satellite, the aerodynamic force
D’ is equal to 2.0. In ADEAS, the altitude

density function, po(h), is modeled using a Harris-Priester
atmospheric model. Harris and Priester determined the phys-

coefficient, C

ical properties of the upper atmosphere theoretically by
solving the heat conduction equation under quasi—hydrostatic
conditions. Approximations for fluxes from the extreme
ultraviolet and corpuscular heat sources were included, but
the model averages the semiannual and seasonal-latitudinal

5-7
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variations and does not attempt to account for the extreme
ultraviolet 27-day effect.

The atmospheric model presented here is a modification of
the Harris-Priester concept. The modification attempts to
account for the diurnal bulge by including a cosine varia-
tion between a maximum density profile at the apex of the
diurnal bulge (which is located approximately 30 degrees
east of the subsolar point) and a minimum density profile at
the antapex of the diurnal bulge. Discrete values of the
maximum- and minimum-density altitude profiles, correspond-
ing to mean solar activity, are stored in tabular form as
pmax(hi) and Prin
minimum profiles are available for different levels of solar

(hi)' respectively. Different maximum and

activity. Exponential interpolation is used between entries;

i.e., the minimum and maximum densities, p and p

min max’

are given by

h. - h
1
Pmin(h) pmin(hi) exp (—ﬁ;;;_ )

(5.2-12)

(h)

Pmax pmax(hi) exp H
max

where (hi < h < hi+1) and the respective scale heights,

Hmin and Hmax' are given by
h. - h.
i i+1
H. = L2-
min = %nlp . (h;+1)/p - (h.)] (5.2-13)
By ~ by
H = (5.2-14)
max Q.n[pmax (hi+l)/pmax(hi)]
5-8
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A good approximation (neglecting polar motion) for the sat-
ellite height, h, is given by

h=r -R (5.2-15)

where RE is the mean radius of the Earth, given as

R (1L - £.)
R. = e E (5.2-16)

E
2 2
\/ - (2fE - fE) cos® §

and r = magnitude of the satellite position vector

R_ = equatorial radius of the Earth

fgp = Earth's flattening coefficient
= 1-(polar radius)/(equatorial radius)

§ = declination of the satellite (it is assumed that §
equals the geocentric latitude of the subsatellite
point)

If the density is assumed to be maximum at the apex of the
bulge, the cosine variation between the maximum and minimum

density profiles is
niy
po(h) = pmin(h) + [pmax(h) - pmin(h)] cos (2 ) (5.2-17)
where vy is the angle between the satellite position vector

and the apex of the diurnal bulge.

The cosine function in Equation (5.2-17) can be determined

directly as

- = an/2
n/2 r U
ny |1+ cos _ |1 B
cos” , = [ 5 ] = [2 + —ET?T—] (5.2-18)
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where T

Up

For ADEAS,

The vector

where GS
as

A

satellite position vector

unit vector directed toward the apex of the
diurnal bulge

n has been assigned the value of 6.

ﬁB has the following components:

UBx = cos SS cos(a.s + A) (5.2-19)
UBY = CoSs SS 51n(as + A) (5.2-20)
UBZ = sin SS (5.2-21)

declination of the Sun
right ascension of the Sun

(:}

lag angle between the Sun line and the apex of
the diurnal bulge = 30 degrees

5.2.1.3 Sun and Moon Perturbations

The perturbations on the spacecraft's orbit due to its

attraction

by a point mass Sun and/or Moon are optionally

included in ADEAS. The acceleration experienced by a sat-

ellite due
coordinate

where r

Hk

kp

0450

to the Sun and Moon, expressed in an inertial
system, is

=

2
Z . ? (5.2-22)

3
k=1 rkp

vector from the center of an inertial coordinate
system to the satellite

product of the universal gravitational constant
and the mass of the kth point mass

vector from the kth point mass to the satellite

5-10
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rkp = magnitude of the vector rkp
k = 1 for the Sun
k = 2 for the Moon

In ADEAS, the motion of the spacecraft is referenced to the
Earth's position. The desired form for the acceleration is
obtained by subtracting the acceleration acting on the ref-

erence body,

(5.2-23)

HL

)

k=1

R
xu%x
Hl

where ri = vector from the kth point mass to the reference
. body (the Earth)

magnitude of the vector Tk

Tk

from each side of Equation (4-25) to obtain

" |

2
Zk;_ :
k .2-24
g (5 )

3
Txp

o |
]
|
HP
H lt
W WiR

For the case in which the reference central body, i.e., the
center of the coordinate system, is the Earth, and the per-
turbing point masses are the Sun and the Moon, Equa-

tion (4-27) becomes

a, = ag + ay (5.2-25)
where
_ T - T T
ag = Mg — -3 - — 3 (5.2-26)
Irs_ r| Irsl
5-11
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(5.2-27)

The quantities Mg and My are the gravitational constants of
g and ?M are the
position vectors of the Sun and the Moon, referenced to the

Earth.

the Sun and the Moon, respectively, and T

5.2.1.4 R -K n ion

The orbital equations of motion can be written compactly in
terms of the 6-component vector

_ T
% = - (5.2-28)
v
as
dxX/dt = £ (X, t) (5.2-29)

The fourth-order Runge-Kutta numerical integration gives
values in of the vector at a sequence of times tn’ for n =
l, 2, ..., given the initial value

x0 = X(to) : (5.2-30)
The solution is advanced from time th to

t =t +h (5.2-31)

0450
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by

ne1 = Xp t (h/6) (£, + 4E5 + £,) (5.2-32)
where
£Z (X, £ (5.2-33)
£, = £(X, + h€,/4, t + §/4) (5.2-34)
£, = £(X, + hf,/2, t, + h/2) (5.2-35)
£, = £(X + h(f, - 2, + 2£,), ;n + h) (5.2-36)

The integration stepsize h is determined by accuracy consid-
erations. For ADEAS the stepsize is a user input.

5.2.1.5 Hermite Interpolation

The spacecraft position and velocity are typically required

at points other than the points 20’ il’ Xz' ... given by the
Runge-Kutta integration. For output at intermediate times,

a Hermite interpolation scheme is used.

Assume we have the spacecraft position and velocity ?i' v

at the n equally-spaced times tk+l’ Fk+2' o oas tk+n with
spacing h = ti+l - ti. Then, the n-point Hermite interpola-
tion for the time
t = tk+1 + sh (5.2-37)
5-13
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is

T(t)

v(t)

where

g, (i, 8)

Iy

with

n
= }E: [g, (i, 8) Ty, ; + 9 (i, 8) vi,i] (5.2-38)
i=1
n
= :E: (9, (i, 8) Ty,  + 9, (i, ) vi,i] (5.2-39)
i=1
g_ (i, s) = [1 - 2¢;(s) By]1 D (s)? (5.2-40)
9,.,(i, s) = C;(s) Di(s)2 h (5.2-41)

= (Z/h)[Ai(s) - 2Ai(s) Bi Ci(s) - Bi Di(s)] Di(s)
(5.2-42)

v(i, s) = [Di(s) + 2 Ai(s) Ci(s)] Di(s) (5.2-43)

n

n
A (s) Z :E: -7 'TT (s =k + 1)/7(1 - K (5 2_44)
k=1

0450

j=1
j#i K#i, j
n
B, S 2 (i - )7t (5.2-45)
j=1
3£i
5-14
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Ci(s) = s -1+1 (5.2-46)
n

D, (s) = ﬂ [(s - § + 1)7¢i - )] (5.2-47)
j=1
341

For the Runge-Kutta integration a four-point interpolator
(n = 4) is used. A six-point interpolator (n = 6) is used
for interpolating data from the ephemeris file, as described

in Section 5.2.2.
5.2.2 EPHEMERIS FILE

The position and velocity for a spacecraft at a specified
time may be evaluated by accessing a standard GTDS EPHEM
file (Reference 4).

5.3 GEOMAGNETIC FIELD VECTOR COMPUTATION

Whenever the analyst specifies a spacecraft using a magne-
tometer, the desired magnetic field order must be specified
between 2 and 10. The computation of the direction of the
Earth's magnetic field at any time and position is based on
the spherical harmonic model of Appendix H (Reference 3).
Specifically, the field is computed using Equations (H-12)
to (H-15) of that reference.

5.4 SUN AND MOON EPHEMERIS GENERATION

The following sections specify the computation of the Sun
and Moon vectors in an Earth-centered coordinate system.
The spacecraft-to-Sun and spacecraft-to-Moon vectors are
computed by subtracting the Earth—td-spacecraft vector from
the Earth-to-Sun and Earth-to-Moon vectors, respectively.

5.4.1 SLP FILE

SLP ephemeris data files are regularly created using a JPL
planetary ephemeris tape as a data source.

5-15
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The solar and lunar positions are calculated from

N e - ¢\ i-l
3z 2 : = m
X(t) = Ki<86400 ) (5.4-1)

i=1

where X(t) = desired position vector

K; = ephemeris polynomial coefficients from SLP
data file

t = time in seconds from beginning of ephemeris year

tm = time in seconds from beginning of ephemeris year
to the midpoint of the curve-fit interval, from
SLP data file

N = degree of polynomial plus one
for Moon, N = 9
for Sun, N = 5

5.4.2 ANALYTIC SUN EPHEMERIS COMPUTATION

The position of the Sun (Xs’ Ys’ ZS) in mean-of-date GCI co-
ordinates is determined by evaluating a series expansion in
the longitude of the Sun. The components of the Sun's posi-

tion are related to the solar orbital elements by

Xs = Iy (cos Ts) (5.4-2)
YS =g (cos £ sin Ts) (5.4-3)
Zs = Iy (sin £ sin ts) (5.4-4)

where € = mean obliquity of the ecliptic
solar longitude

A
]

Earth-to-Sun distance
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The mean obliquity of the ecliptic (¢) is defined as

e = 2394522940 - 090130125 T, (5.4-5)

where Tc represents the full Julian date of the current
time as the number of Julian centuries since 1900.00:

_ (Julian date of current time) - 2415020.0
Te = 36525.0 (5.4-6)

The solar longitude (Ts) in degrees is defined as

Tg = Gg + 25 + (3609/w) es sin (2s) (5.4-7)

where Gs = longitude of perigee of the solar orbit
- 2812220844 + 020000470684 AD
s = solar mean anomaly
- 3589475833 + 09985600267 AD
es eccentricity of the Earth's orbit about the Sun

0.01675104 - 0.11444 x 10-8 AD

and AD represents the full Julian date of the current time
as the number of days since 1900.00:

AD = 36525.0 Tc (5.4-8)

The Earth-to-Sun distance (rs) is defined as

=1+ e, cos (2s) (5.4-9)

d1b@
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where ds = mean solar geocentric distance

149597871.0 kilometers

5.4.3 ANALYTIC MOON EPHEMERIS COMPUTATION

The position of the Moon (Xm, b4

ml

Zm) in mean-of-date GCI

coordinates is determined by evaluating series expansions in

the latitude and longitude of the Moon. The components of

the Moon's position are related to the lunar orbital ele-

ments by
xm = I, (cos em cos tm) (5.4-10)
Ym =TI, (cos em sin T cos € - sin em sin ) (5.4-~-11)
Zm = I, (cos em sin Tt sin € + sin em cos €) (5.4-12)
where € = mean obliquity of the ecliptic
Ty = lunar ecliptic longitude
em = lunar ecliptic latitude
r, = Earth-to-Moon distance

The mean obliquity of the ecliptic (€) is defined by Equa-
tions (5.4-5) and (5.4-6).

The lunar ecliptic longitude (Tm) is defined as

Tm

where

0450

L

m + Series, (Dm, F

Lm=

, 2

- %) (5.4-13)

m’ *s

the mean longitude of the
Moon, measured in the eclip-
tic plane from the mean
equinox of date to the mean
ascending node of the lunar
orbit, and then along the
orbit

Ly
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e 270°26°'02.99 + (480960°0

o . " " 2
+ 307752 59.31)TC— 4,08 TC
a series expansion in the
angles Dy, Fm, %m, a@nd 2s
presented in Table 5-1

series; (Dm: Fm/ %ms 2%s)

The terms within the series expansion are defined as
D = mean elongation of the Moon from the Sun

- 3500441495 + (444960%0 + 307°06'51.18)T_  (5.4-14)

- 5.17 T2
Fm = argument of latitude of the Moon
7 - 11°15'03.20 + (48312070 + 82°o;'30754)TC (5.4-15)
o - 11056 TS
Qm = lunar mean anomaly
- 296°06'16.59 + (47700070 + 198050'56'.'79)1'c (5.4-16)
+ 33.09 T/
Qs = solar mean anomaly
- 358°28'33.00 + (35640°0 + 359002'59f10)TC (5.4-17)

The lunar ecliptic latitude is (em) is defined as

;L 2) (5.4-18)

em = series, (Dm, F o s

m
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Coefficient
{radians)

~0.000607
0.011490
~0.000267
-0.001996
~0.000801
-0.003238
-0.000118
0.000138
0.000716
0.000192
-0.000186
~0.022236
0.10976
0.000931
-0.000219
-0.000999
-0.000532
-0.000149
-0.001026
0.003728
0.000175

0450

Table 5-1. Series for Ay

sin
sin
sin
sin
sin
sin
sin
sin
sin
sin
sin
sin
sin
sin
sin
sin
sin
sin
sin
sin
sin

Argument Multiple of
2 F D 9

M M M S
0 0 0
0 0 0
0 2 -2 0
0 2 0 0
0 0 -2 1
0 0 0 1
0 0 1
1 0 -2 -1
1 0 -1
1 -2 0 0
1 0 -4 0
1 o -2 0
1 0 0 0
1 0 2 0
1 2 0 0
1 0 -2 1
1 0 0 1
2 0 -4 0
2 0 -2 0
2 0 0 0
3 0 0 0

R4

ST



where seriesy (Dp, Fm, %m. %s) = 3 series expansion in the
angles Dy, Fm, %m., and &g

presented in Table 5-2

The Earth-to-Moon distance (rm) is defined as

da
_m _ 3 : -
N = 1 + seriesg (Dm, Fm' Qm' QS) (5.4-19)
where dpn = mean lunar geocentric dis-
tance

= 384399.06 kilometers

a series expansion in the
angles Dp, Fm: %m. and 2s

seriesy (Dm, Fms %ms %s)

presented in Table 5-3

As noted previously, the series are summarized in Tables 5-1
through 5-3. These tables give the coefficients of each
trigonometric term and the angles that appear in that term.

The trigonometric terms contain only integer multiples of
the four angles. The first term in GM is

GM = 0.089503 sin (FM) radians
The formulas for the lunar position include the leading.
terms of Brown's lunar theory. All perturbation terms with
amplitudes greater than 50 kilometers are included (21 terms
in the ecliptic longitude, 11 terms in the ecliptic lati-
tude, and 11 terms in the distance); this achieves an over-
all positional accuracy of 1 arc-minute (0.005 radian or

200 kilometers).
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Table 5-2. Series for 6y

Argument Multiple of

Sesdioacy by Py Dy '
0.089503 sin 0 1 0
0.000569 sin 0 1 0

-0.003023 sin 0 1 -2 0
-0.000144 sin 0 1 -2 1
0.004897 sin 1 1 0 0
-0.000807 sin 1 1 -2 0
0.004847 sin 1 -1 0 0
-0.000967 sin 1 -1 -2 0
0.000301 sin 2 1 0
0.000154 sin 2 -1 0
0.000161 sin 1 -1 0

0450



Coefficient
{radians)

0.0082488
0.0005604
0.0003369
-0.0002086
0.0100247
0.0545008
0.0009017
0.0004219
-0.0002773
0.0029700
0.0001817

0450

Table 5-3. Series for ky
Argument Multiple of

QM Fu DM QS
cos 0 2
coSs 0 -2 1
cos 1 -1
cos 1 -2 0
(ofe) 1 0 -2 0
cos 1 0 0 0
cos 1 0 0
cos 1 0 -2 1
cos 1 0 1
cos - 2 0 0
cos 3 0 0



5.5 STAR CATALO

G_GENERATION

ADEAS will enabl
user input, by s
by specifying th
tribution.

5.5.1 SKYMAP FI

ADEAS will have
SKYMAP Run Star
star magnitudes
rectly from the
within the data

e the user to provide a star catalog through
pecifying a SKYMAP Run Star Catalog file, or
e internal generation of a uniform star dis-

LE

the capability to access a user-specified
Catalog data set (Reference 5) to retrieve
and positions (x, y, and z components) di-
data set. The information will be contained
set in a format as specified for the GRO Run

Star Catalog defined as

Word 1 INTEGER*4 SKYMAP ID number

Word 2 REAL*4 x-component of GCI vector, epoch
2000.0, proper motion to 19%0.0

Word 3 REAL*4 y-component of GCI vector, epoch
2000.0, proper motion to 1990.0

Word 4 REAL*4 z-component of GCI vector, epoch
2000.0, proper motion to 1990.0

Word 5 REAL*4 Visual magnitude

Word 6 REAL*4 ‘Not required

Word 7 REAL*4 Not required

Word 8 REAL*4 Not required

5.5.2 UNIFORM S

ADEAS will have
formly over the
The following me

The unit sphere
were allocated t

d

0450

TAR DISTRIBUTION

the capability to distribute n stars uni-
celestial sphere, where n is a user input.
thod is used to distribute the stars.

has an area of 4w, so if a square patch
0 each star, it would have a side of

= 4mw/n radians (5.5-1)

TN
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It is impossible to cover a sphere with nonoverlapping square
patches, but this equation should be a good approximation to

the star spacing for large n.

The uniform distribution algorithm puts the first star at
the north pole, the second star at the south pole, and any

remaining stars on m rings of constant latitude,

where-

m = TRUNC \/g (n - 1) (5.5-2)

TRUNC denotes truncation, i.e., TRUNC(X) is the largest in-
teger less than or equal to X. This function is chosen to
give a good distribution for small n ahd to tend to spacing
d for large n. The rings are at latitude,

A, o= (w/2)[1 (k + 1)/(m + 1)1 for ¥k =1, 3, 5, ... (5.5-3)

k

AL = —kk—l for k =2, 4, 6, ... (5.5-4)

where k runs up to m. This indexing is chosen so that the

rings move toward the equator for increasing k.

The algorithm is initialized for n > 2 by

Bremaining - ™~ 2 (5.5-5)
m :

%remaining ~ z : cos Ay (5.5-6)
k=1
5-25
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The quantity aremaining

is the total length around the rings

divided by 2w. Then, the following computations are per-

formed for k = 1 to m:

k

Set n, = ROUND (n

remaining o3

cos A
k ) (5.5-7)
remaining

where ROUND(X) is the closest integer to X.

Put n

k
for j =0, 1, ..., n, - 1.
nremaining
and
%remaining ~

= Q . .
remaining

Set

=n . .
remaining

5.6 LINE-OF-SIGHT SENSOR VISIBILITY

stars on the ring at latitude lk and longitude 21rj/nk

- Ccos Xk

Occultation and interference of all line-of-sight sensors

will be evaluated as requested by the user. Both computa-

tions may be independently enabled or disabled for each sen-

sor. When the occultation and interference computations

have been enabled for a sensor, the inte

will be evaluated first.

5.6.1 OCCULTATION

rference computation

The occultation of a sensor will be defined as the intersec-

tion of the line-of-sight vector from the spacecraft to the

observed object and the disk of the occulting object as de-

fined by that object's angular radius.

may be occulted by the Earth or Moon.
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Given the position vector of the occulting object (BB) in
body coordinates and the radius of this object (r), the an-
gular radius of this object (©) is computed as:

& = sin™} [ £ (5.6-1)
5, |

The sensor is occulted by this object when

(5.6-2)

N\
where Lg = line-of-sight unit vector from the spacecraft to
the observed object in body coordinates

5.6.2 INTERFERENCE

The interference of a sensor, excluding the V-slit and gimbaled
sensors, will be defined as the intersection of the sensor
boresight and the disk of the interfering object as defined

by the sum of that object's angular radius and an interfer-
ence angle associated with that object as defined by the

user. The V-slit and gimbaled sensor interference computa-
tions replace the sensor boresight with the line-of-sight
vector from the spacecraft to the observed star. Line-of-
sight sensors may be interfered with by the Earth, Sun, or
Moon.

Given the position vector of the interfering object (BB) in
body coordinates and the radius of this object (r), the angu-
lar radius of this object (©) is computed as defined in Equa-
tion (5.6-1). The sensor, excluding the V-slit and gimbaled
sensors, is interfered with by this object when

1 B

(6 + T) > cos (5.6-3)
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where B unit boresight vector in body coordinates

user defined interference angle for the interfering
object being evaluated

The V-slit and gimbaled sensors, similarly, are interfered

with by this object when

A —
[ ]
1| g * %p

(6 + T) > cos l_ (5.6-4)
o

g

where ﬁB = line-of-sight unit vector from the spacecraft to
the observed object in body coordinates
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