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ABSTRACT

An approach is proposed for computerizcd simulition of meshing of uligned wnd misaligned jwvolute helical gears. Algorithms for TCA (Tooth
Comta >t Analysis) computcr programs were developed. Influence of misalignment on the shift of the bearing contact and ransmussion errors has been
investigated. Numerical examples that illustrate the developed theory are provided.

NOMENCLATURE

o, parabota coefficient of function that represi:nts the tnoth pmfile of pinion rack-cutter (Fig. 10)
H, lead

may gear ratio

Mi; coordinate ransformation matrix (from s, 10S)

n‘,” (i=12) uait nuemal vector to surface 3, represenied in coordinate system S,

n(0)(i=1,2)  unit pormal to surface I,

. |

N, aormal vector to the rack-cutter surface X, (7 = c.f)
pli=12) screw pufumcter
Py lie 12 circulir pitch in ansverse section

‘oo, normal diametsal pitch

I, Trofewor, ASME Fellow:
‘Dr. ASME Member
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(= 12) radius of hase cylinder (Figs. A.1.1 and A.1.2)

iz 12) rudius of pitch circle of the pinion (gear)

)

Ji
r.fu.0)(i=12) position vector repeescated in S;

position vector of surface Zl- representad in coordinate «ystem S,

52 gear tooth thickness on the pitch cylinder
S conedinate system i

u.l(rsct Surface paramcters of I, (Figs 10 and A.S.1)

vy Refative velocity of surface I, paint with respect to surface I, point

W Pinion space width on the pitch cylinder

a, Profile angle of the involute profile at the point of intersection of the involute profile with the pitch citcle (Figs. A.1.1 and A.1.2)
B helix angle on the pinion (pear) piwch cylinder (Figs. 9 and A.S.1)

O.u(i=1.2) surface parameters (see 6 in Figs. A.1.1 and A.1.2)

M half of angular width on base cylinder (Fig. A.1.1)

do,, ervor of profile angle of normal section of pimon rack-curter
4, error of shuft angle (Fig. A.1.3)

Ay, error of pinson lead angie A,

ae, geir ransmission ervor (Fig. 3)

ns haif of woth thickness on base cylinder (Fig. A 1.2)

A, li= 1.2) lead angle on the hase cylindcr of radius 7,,

A, li=12) kead angle on the pitch cylinder of radius Tyt

I =12 pinion and gear tooth surfaces

Y, iraen rack-cutter surfaces

v,(1a 1) futstion angles of pinion and pear being in mesh with the rack-cutter I, (r = ¢1), respectively (Fig. A.8.2)
1. INTRODUCTION

Computerized simulation of meshing and contact (Tooth Contact Analysis - ‘TCA) was developed for apirat bevel ancd hypoid gear drives with tonth
surfaces are in porint contact, (1 ser's Manual, Litvin. F.L. snd Guiman. Y, 19R1. Litvin, F.L . et al.. 1995, und Stadifeld, 11.)., 1993.) There is s greai need
todevelop TCA computer programs for looth surfaces that are initially in ling contact that become point contisct due 1o misalignment. A ty pica) example
of such gear drives I the conventional invalule helical gear drive

An appronch is proposed that permits the iavestigation of the influence: of gear misslighment on the shift uf the benring contact aml wassmission
rrors Effective methods of crowning of geas tooth surfaces are proposed ‘The approach is complemented with 8 TCA computer program Numerica)
examples that iliuurate the develnped approach are provided.
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2. SHAULATION OF MESHING

Qenerpl Considerations
For simulation of mcshing. coordinate systems S, and S, that are rigidly connecued to pinion | and gear 2, respectively (Fig. A.1.3), are applicd. The
meshing. of the gear 100th surfaces is considered in the fixed coordinate system S, that is rigidly connected to the housing.
Coordinate system S, is an suxiliary fixed coordinate sysiem. Coordinaie system s. Is applied 10 simulaic misalignment (Fig. A.1.3). Gear woth susface
3, (i = 1.2) of u helical gear and the surface unit normal are represented in 5, by vector functions r (w, 6,) and 81 6,), respectively. where (u, 8,) are the

surface parameters (sec Appeadix 1). Uising coordinate transformation from S, to 5, we represent the conditions of continuous tangency of gear woth
surfaces by following vector Egs.(2-5).

r (.61, 4) =, 63.0)) = 0 0

(0. 0)-85'(6;.9) =0 @

Vector Eqs. (1) and (2) yield unly five independent equations

f(6,.0,.u2.0,.0) =0 f€C (i=12....5) 3

since

4y (pi1 .
B P
Equation system (3) contains six unknowns but one paxameter. say ¢, 1ns) be chosen as mput The continuous solution of equation system (3)is an

iterative process that is based on the following considerations:
(1) Assume that sysiem (3) of nonlincar equations is satisfied at a point

I,(O) = ‘“{0)' 0:"",#(".115“’.0(20’. .(0‘0) ()

and the Jacohian of the fifih order satisfies the requircreat

WA ALK, (T
a:l-a—oll—a“z FTETY 20 (l 1.5) \6;

(2) Then we can solve Eqs. (3) in the neighbnthood of P by functions

AS =

{n(0)6 () 52(0).0:(0). 0 (a)}ec'

(3) Isequality (6) is nhscrved when the gear tooth surfaces are in poim contact. In this case, using functions (7) we are able to obtain: (/) the peth
of contact on surface I, (i = 1.2} represented as

7(4;.6,) u,(0).6,(a) 8
and (i() the transmissin eaurs determined as
A9Y6) =y (0)- -gi—ﬁ 1))

‘The solution discussed abuve is found sumerically. A subrouting for solution of nonlinear equations is represented tn Uscr's Manual, 1919 The

spproach Jiscussed Is applied for simulation of meshing of misalgnes) helical gearn. As a reminder thut due (0 missligament the line contact of tooth
surfaces is turned out Into pning contact.
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Edge Coritact

Equations (1) and (2) describe continuous surface-to surface tangency. However. it is not excluded that duc to misalignment edge contact will occur
that means curve-in-surface tangency when the cdge of a surface of one gear (represented as a curve) will contact the surface of the mating gear.
Considering the case when the edge of the pinion is in mesh with the surfacc of the gear. we will use the following equations

(n(®).6.0)=rP(x; 00.0) (O

3 ()
%.,ffz’.o an

Equarians (10) and (11) represent a system of four nonlinear equations in four unkmowns (f] is considered as the input paramicr). The solution to the
system of Eqs. (10) and (11) allow to obtain functions

6,(9)). 6:(0)). u2{0). 2(0y) (12)

All three cases of meshing. such as surface-to surface with instantancous point contact. cdge conlact, and line contact (see below ), may exist in
meshing of involute helical gears when they are misaligned or aligned.

Simulation of Mashing of Alignacd Helica! Gesrs

In this case. the gear tooth surtaces arc in line ctonact and the Jacobinn Do (Eq (6)) becomes equal to 2ero. The T'CA is based on the algarithm
represented in Appendia 3. Two input parameters. say /; and »,. must be applied and then we will get that the matrix

A P
Jaqﬁgao‘;aq (i=19) 13)

will be of rank 4. THe 1nstantaneous line of contact on surface X, i =1.2) is the g—line of the vector functionr, (4 q,) This line is the 1angent to the helix
on the base cylinder of gear i (Fig. 1). Computitions confirm that the ransmission funciton is a linear one represented as

N
Q(QX)’ Wi‘ﬁ (14)

and the: transmission errors are 2e10.
Simuiatior of Meshing of Missligned iovoiute Hetical Gears

The TCA cornputer grogram developed was spplied 10 investigate of the following efrus: Dg—the shalt angle ervor (when the axes become
crossed), Du,, nonnal proifie angh: error of the rack-cutter that penersies the pinion, and i ,,~-pinion lead angle crror on the pitch cylinder.

The manufactaring of helical gears is based on application of twu imaginary rack cutters that like a molding complerwents & casting. The pinion and
the gear ar: generaied separately. dut the imaginary rack cotters have the same profilc angle o, "\ the normal section. Error Da,, means that 8, %a,,

Parameter a, does ..or exist directly in the surfact: and surface unit normal equations (see Appendix 1). Howewr, emror Duy, affects the design
puramaiers g,y 7, 8nd 1, s follows (see Appendix 2)

Ay, = Mgﬁ'ffil Aa, )
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Figure 1.—~Contact lines on tooth surfaces of &
helical gear.

A’bl = -'l"l sin a, Aa” an

Ia th: real process of manufacturing, esror DI, is caused duc 1o lewd error H,. Using the relationships between the design parameters (sex Appendix
2). the following is oblmined:

sin2) 1
’l = —rHl’—M' "s)

Equation (18) permits DI, to be obisined considering the lead error D#, is knowa.

Due 10 misalignment, the line contact of woth surfaces Is med into point costact. The TCA for point contact is based on the spplication of
equation system (3). The aigorithm for initial guess for the sotution of equation sysiem (3) it represented in Appendix 4.

mimwwcofmbg.ba,,.ndm’, was investigated in the following ways: (i) as the impect oy the separate action of each of the errors, and
(id) as the impact by action of the following combiaation of errors: Dy, D1, and De,, snd DI,

The neparste action of errors Dl and DI, causes s edge contact (Fig. 2) and 4 discontinuous, slmost Linear function of (ransmission errors (Fig. 3).
Error Da,; causes paths of contact shown ia Fig. 4 but doex nol cause transmission errors. The drawings shown in Figs. 210 4 are based on cormputation
for & gear drive with the following data: N) = 30, Ny = 100, 4, = 20°, £, = $(1An.). ) 0 60°. and L = | &(in.).

The combination of errors Dy and D1,,, when ﬁ'yl ¢ I.M ,1| causcs also an edge contact (H1g. 3). The function of transmission errors for one cycle
of meshing is & combinarion of two almost lincas functions with different valucs of siops (Pig. 6). The combination of cerors Dui,y and D, causes the
poth of comact on the edge of the wwoth (Fig. 7) and an simost linear fenction of ransmission errors (Fig. 8).

There is 4 particular case, when |A1| » ’,1. The meshing of gears may be considercd in such 8 case as meshing of cronsed involuie helical gears
which tonth surfaces ase in pount contact. The path of conlict on the (uth surface is showa in Fig. 9, the Tansmission function is & lineas one, and there

is 80 transmission erurs. Hawaever, the mashing of pear is not stable because even u small diffsrancy beiween |AY] # ;M. pi| will cause an edge contact
and transmission errors.

NASA T™M-1074%1 s
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Figure 8.--Function of tranamiasion errors caused by
Ay s 3arc min and Ahpl = ~4 arc min,

aAd2

13—
12t
11—

10

& ~w e o

gl 1 L1 1 1 lee
-30-26 -20-18-10 86 0 8 10 18
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3. GENERATION AND MODIFICATION OF TOOTH SURFACES

The derivation of 10nth surfaces is based on the imaginary process of generation of conjugate surfaces by application of two rack-cutters. The
genersting surfaces of the rack-cutlers are represenied respectively by plane X, and cylindrical surfacc I_ that differs slightly from plane I, (Fig. 10).
The rack-cutter surfaces §,_and X, arc rigidly connected each to other in the process of the imaginary generation. and they are in tangency along straight
line 0,2, (Fig. 10). This line and axes of the gears form angle b. that is cqual 1 the helix angle on the pinion (gear) pitch cylinder. Figure 11 shows the
nomma! acctions of the rack-cutters. Rack-cutter surface 3 generates the pinion tooth surface L. and a rack-cutier surface I, gencrates the gear tooth

surface X..
Appiied Coordinma Systems

Movable conrdinatc systems S, (r = .1, §, and S, are rippdly connected to the tonis (rack-cutters), the pinion and the gear. cespectively. The fixed

coordinate systems S and S, are rigidly connccted (o the frame of the cutting machine (Fig. A.5.2).

Generating Surface
The rack-cutter surface 3, (7 = ¢2) is represenied in §, by the cquation

e, =1,(u,. ’r)

where u,. { are the surface parameters
‘The normal 1o the rack-cutier surface is represented as

a, o,

N, -—*x

o), Odu,

7

Cquations (19) and (20) must he derived twice o represent the working surfaces of two rack-cutters that generate the pinion and the gear. respec-

tively (sce Appendia §).

Paraliol to gear axes

1,
Figure 10.--Rack-cutter surfaces.
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QGenetated Surfece

The gene.ated surface ¥, (i = 12), the pinion or the gear surface. is determined as the envelope 10 the family of rack-cutter surfaces. Surface I,
is determined in §; (sec Appendix 5) by the Eqs. (3) and (4).

"n("r-lr' Vr)’Ml‘r(Vl‘)rl(“r"r) 21

Nr"(rm -f(“r"r' Vi)=0 22)

Here: (w,. 1,) are the rack-cuttes surfacc paramcters; y, is the generalized parameter of motion in the process for gencration: N, is the normal o the
rack-cutier surface; v‘,") is the relative velocity in meshing of the rack-cutier and the generated surface. Equation (21) represents in S; the family of
rack-cutser surfaces. Equation (22) is the equation uf meshing that is the necessary condition of envelope exisience.

Equations (21) and (22) represent surface T, by three related paramaeters. Taking into account thal /, is a lincar parameter in equation of meshing,
it can be eliminated and surface 3, can be represented in two-parameter form. by parameners &, v; (see Appendix 5).

Simuistion of Meehing

Using the conditions of continunus tangency of geas woth surfaces (1) and (2). and solving the equazion vy stems (3), we can obtain the contact path
on pinion und gear tooth surfaces. respectively. Since the pinion tooth surface is modified and generated by cylindrical surface ¥ of the rack-cutter. the
pinion and gear touth surfaces are ia mesh in point coatsct. The contact path is direcied along the tooth length. Although the misalignment Dy occurs,
the contact path is still cluse 1o the mean line. Figures 12 and 13 show the TCA resuks for the case of Dg = 3 arc min. Figure 12 xhows that the contact
path is in the middLe of the pinion (gear) tooth surface and Fig. 13 shows that the function of ransmission errors is an almost kinear. The results of TCA
confirm that the lovalization of contact is & necessary bt not a sufficient condition of the improvement of meshing of helics) geass. Due to the shape of
wransmission errors shown i Fig. 13, the trunsfer of meshing o the neighboring pair of teeth will be accompanied with high acceleration and vibration.
This defect can be svoided by upplication of a predesigned parabolic function of transmission errors that is ablc to ahsarh the aimost linear function of
wansmission errors (Litvin, -L.. 1994). Various mcthnds of the predesign of a parabolic function of transmission errors were proposed in
Litvin. FL.. et al.. 1995,

A42
n —
Tio
16—
10—
Q@ ~® -0 0 O O 0~ 0-0- 0 - {
s
) Root ok
Tip -8
-0
-0 00 0-0-0-0-0-0-¢
-8 —
=20 __._1_-.i._' {.__L_! _;.__l_’ &1
® Moot -26-20 <1690 -8 0 8 10 18 20
Figure 12.=-Path of contact caused by Ay = 3 arc Figure 13.. =Function of tranemission efrors for
min: {a) modified pinion 100th surface, (b) geer tooth modified involute helicel gear drive when
surface. Ay = 3 arc min.
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4. CONCLUSION
Based oa the siudy coatained hervin the following conclusions can be drawn:

| Equations of gear twoth surfaces with localizcd bearing contact were developed.

2. Algorithms for TCA (Tooth Contact Analysis) of aligned and misaligned involute helical gear drives have been developed.

3 Numerical examples that illustrate the developud theory and permit one to determine the influence of crrots of alignment are presented. Lead
correction may he accompanied with edge contact (Fig. 2).
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APPENDIX 2.—RELATIONS BETWEEN THE DESIGN PARAMETERS

The input devign parametcrs are : Ny. Ny, P, @, and A,. For ideal gearing we have: @ = . 4, = Aoy Ay = Ay
The remaining design parumetcrs (sec the nomenclature) are determined as follows

snay = 3"—0""'- (i=12) (A2.D
sinA pi
n
i =3 A A22
P P,sinA ( )

W = k (assuming that the backlash is zero)r (A.2.3)
2

M) = &23' (A.24)
T ‘———h{' - (A2.8)
2Py sinA g
Ny = Tpj cus @y (A.2.6)
tan ).
tan dpy = —— (A2.7)
coso,;
Pi = mp; tandp = rp tandp, (A.2.8)
Hi =12y (A.2.9)

r,
a.m oM. (A210)
| ] 2 rp-}_ Nz

NASA TM-1074581 13




APPENNDIX 3.- -ALGORITHM OF TCA FOR ALIGNED QEARS
The TCA computer program requires the soluton of the system of Eq. (3). The algorithm developed is bused on computation by the following steps:

Step 1: In the case of aligned gears we have
lbl = ,nbz = 7.,, (A3l, .

Step 2. Considering “g) = nfj’ and ni}) = nf}'. we obuin the equation

&+ -9=0:-n240; (A32)
where £, is the input parameter.

Step 3: Considering .x‘,” = x‘f" and Egs. (A.3.1110 (A.1.2), we ohtain

(781 + 2 Jc0s(0) + pty ~ @) + 14y + w3)

(A3)3)
scosh, (0 + py - ) = E
Step 4: Considering y‘;’ = )",2' and Eqe. (A.3.1110 (A 1.2). we ohtain
+ 12 )sin(; + &) (1 tu
(1 + 2 )sin) + 1, @)+ (1 ¥ ws) (A3

xcos).y cos(6) + p1y ~ ;) =0
Step S: Considering z(f" - :',2’ and kq. (A.3.1), we obtain

(uy +u3)siniy - p10) - p20; =0 (A3S)

Step 6: Equations (A.3.31and (A.3.41 vield

0] =, 4-¢} - My (A.3.6)
Step 7: Fquations (A.3.4) and (A 3.5) yicld
( N )
6~ —-Ln).una, --ﬁlo‘ (A3
\N2 ) N,
Step 8: Equations (A.3.2) and (A.3.6) yield
¢ =1 -6, +a (A.18)
Step 9. Eguacian (AD.8) yields
L S . (A3Y) ;
COs Ay

Note: parameter u, 1 the wecond input paromcier. in skdition (0 6, . that 1s required for the ‘1CA for aligned gears

NASA T 167458 14
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APPENDIX 4.—~TCA ALGORITHM FOR MISALIGNED GEAR DRIVES

An initial guess is required for the solution of equation system (3) in the case of gear misalignment. The required set of parameters.
PO = (.60 6", u3". 05" 05"} can be obtained by the following derivations

2

Step 1: Using equation n:',’ = "d)' we obtain

o Sovhy —cosdy,; cos AY
sin l,,z sin A‘{ :

(®2=0,-m +)

cos ®;
(A4.l)

We consider that when pinion leadt angle error, Di,,. occurs, we have Ay # Ap) and A ) # A3 (sec Appendin 2).
Step 2: Using equation n{) = n'?) , we obtain
sin "l = .‘.“.‘—%l’l sin &2. (Ol - 0] -y - “) (A4.2)
sinApy

b Q

Step 3: Using equation X, = &¢ ! we obtain

cosApa sin®,

(E - nucosd, - x',”) (A4I)

Step &: Using cquation y‘,” = _\",3’. we oblain

. ! ) . .
b iy 5§/ + w2 sin ks sin Ay

= (masin®y —~ 43 cOsAyy cOs B, )cmAy] (A.4.4)

Sup §: Using equaton 'V = 202, we obtain
g9 f !

| Re]) .
6 ==z »uysinky,y 1A4S)
Step 6: L.quation (A.4.2) yickh
.l’ol -~ M -@ (A.4.6)
Step 7: Equations (A 4.1) and (A 4.2) ywid
6=d; -6,+m (AAT

Whan u, i chosen, the ouwr flve parameters may be determuned by [igs (A £.3) w (A 4.7). Parameter u, 13 telated with the magnitude =, of the
pusition vector of the Pimion cross section by the equation

NASA T™ 117451 13




2_.2
(] -
0 = M ‘A.“'S)
“lslu
where r, <1\ Tar

Equations (A.4.3) 10 (A 4.5) and (A.4.7) to (A.4.8) permit one to determine parameters PO as the initial gurss for the solution of the sysiem of Eg.
(3) considering that f, is given.

NASA TM.10748) (L]



APPENDIX §.—~SURPACES OF TOOTH RACK-CUTTERS

As a reminder. that two rack-cutiers arc applied for the separate generation of the gear and the pinion (Fig. 11(a)). The gear rack-cutter isa
conventional ot that is uscd for generation of iavoluie gears and its normal section is represcnied in S, (Fig. 11(c) a8

f 4, COsQt,, .!
ra) =Mz (sy) = | O 4 WA (AS.D

[ v
where (Fig. 11(ch

an =g nlw)=[w 001 (AS2)
n

The equations of the surface and the unit normal to the surface of gear rack-cutter I, ave representod in 5, as

A CNAL M, are2(u) (A3J)

gl.'zx

4 (AS.4)
dr
r)u,

1 0 0 0
0 cosp sinP I sinf
0

0)

where (Fig. A.8.1(b))

M= (A.5.9)

0 -sinf cosP Jcosnf
0 0 \

For the purpose of localization of contact, the norrual section of pinion rack-cutter deviates from the normal section of the gear rack cutter and is
represented in 8, as (Fig. 11(b)

N, LS, = n,a3 sina,
() =2 Mot (u ) =| ¥ sinat, - ‘f"3 cosa, ~u, | (A.5.6)
0

o

Figure A.5.1.=-To derivation of rack-cutier suriese.

NASATM 10745) 17




T
() = [~ue -aul 01] (AS.T)

where
The surface equatinn of pinion rack-cutter I_ is represented in S,
L1 (“l . 14 )" Mrrl'rl (“t] (A5.8)
where (Fig. A.5.1(a))
! (l) Op 0 8-t 0 B
;0 cosp -smP -/ sin
erl & 0- sinp msp l‘- COSB (A.Sg)
[0 0 0 ]
The umt normal to I, is represented in S, by equations
N dr. _ar,
-t N, = £ x4 AS5.10
BRI (A3.10)

[ =sin a, +2a.4,C05Q,
~(cosa, +2a.u. cosa, )cosP | (AS.11)

that yield

o, = - !
vI+4a:u | (cosa, +2a,u, cosa, )cosP

In the process for the generation, the two rigidly connected rack-cutters perforin translational motion. while the pinion and greas perform rotstional

Eauation of Mashing
The equation of nieshing betwecn surface ., (7 = ¢,1) of the rack cutter and the pinion (gear) tooth surface I, (1 21.2) can he reprecented a

mations as shown in Frg. A.5.2.

() '!
Yoo *"* " ‘l 4
: e
i"z;—',"—"l‘

Figure A.8.2 ~Ceneration of pinitn and gear by rack-cutters.

L]
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-

S(uy. by w,)=0 (A5.12)

where y, is the angle of rotation of the gear in the pracess for generation. The derivation of equation of meshing is based on the theorem that the common
normal to £, and I, must pass through the instantaneous axis of rotaton. Thus. we have

-5 Y-% _Z -2 (AS.13)
Ryp n)" ey

Here (Fig. A.5.2) we have
(i) (X, = 0, ¥, =7 5, in the case for gear genoration.
(i) 1X, =0, Y, =" 7,,¥) in the case for pinion generation.
After transformations. we obtain the following equations of meshing between X, and X and X, and L, respectively

f(uelo W) )= r W, = I sinP - ay, cosP

(A5.18)
uc‘l + lafuf)cosﬂ
+ . =0
sin oy, = 2a 4, CONLL,
Sl de W ) = 1 I, 5inP - a,, cosP
(A.5.15)
u, COS
o+ vl =0
sina,,

whese v, (i =1.2) 15 the angle of pinion and gear rmtion.
Iooth Burfaces
Piaios tooth surfuce £, Is scncrated by rack-cuser touth surface L. and is represented in §; by the cquations
Blug W) = MM (it ) f(n L .9y} =0 (AS.16)

where (Fig. A.5.2(2))

cosy, siny, 00
-S“IV| (:O‘Vl 00
o' o' yg| WD

L 0 o0 01

My, =

['00 fpg ]

0LO

= riv, S,

Mo =001 700 (A.S.18)
000 1 |

Cleas Woth surface I, is repnisented in 3, by the following envsuon

t(e.lwy) 2 My Mt (u.0,) Fu, b w3} =0 (ASID)
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where (Fig. A.5.2(b))

NASA T™ (07484

cosy, -sing; 00

My, = SiﬂoV2 movz ?g (A.3.20)
0 0 01
[l 00 7’2
010 -
M, Py tA.5.2)
mt "o 01 0 !
1000 1
X
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