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s u m r y  -- 
This  paper presents an analysis of a guidance 

method which uses a reference t ra jectory.  
s t a t e  variables needed t o  prescribe the t ra jec tory  
a re  used as follows: Velocity i s  made the inde- 
pendent variable, and the errors  i n  the rate-of- 
climb, acceleration, and range variables away from 
t h e  reference are  used t o  govern the  lift. A l i n -  
earized form of the motion equations i s  used t o  
show t h a t  t h i s  represents a third-order control 
system. F i r s t -  and second-order control terms 
( r a t e  of climb and acceleration inputs) a re  shown 
t o  determine the entry corridor depth by stabiliz- 
ing the t ra jec tory  so tha t  the  vehicle does not 
skip back out of t h e  atmosphere o r  does not exceed 
a specified acceleration l i m i t .  The destabil izing 
e f fec t  t h a t  range input (the third-order control 
term) can have i s  i l l u s t r a t ed  and the results indi- 
cate  t ha t  a low value of range input gain must be 
used a t  the high superci:rcular veloci t ies  while 
la rger  values of range input gain can be used a t  
lower velocit ies.  

The four 

The usable corridor depth and range capabili ty 
with t h i s  guidance system are  demonstrated f o r  a 
l i f i i ng  capsule (L/D = 0.5). 
cations of t h i s  system are i l l u s t r a t ed  with a fixed 
trim configuration wherein r o l l  angle i s  used t o  
copnand the desired lift, The resu l t s  show tha t  
the  guidance system requj-res only one reference 
tra,jectory f o r  abort ent iy  conditions as w e l l  as 
f o r  entry conditions near the design values. 

The prac t ica l  appli- 

Tnt rod!uction 

Current and future n m e d  space f l i gh t  projects 
require t h e  development of entry guidance methods 
applicable t o  blunt-shaped vehicles entering the 
earth' s atmosphere a t  supercircular veloci t ies .  
These guidance systems must regulate small lift 
changes in such a manner tha t  constraints,  such as 
acceleration and heating, are  not exceeded and tha t  
the  vehicle arr ives  at a predetermined destination. 
Various entry guidance ard control methods which 
meet some o r  a l l  of these needs have been consid- 
eredl-13 and although these studies do present 
solutions t o  the problem, they do not analyze i n  
d e t a i l  t h e  control parameters which strongly influ- 
ence the  entry guidance system. It i s  the purpose 
of t h i s  paper t o  demonstrate, by means of control 
system analysis techniques, t h e  influence of vari- 
ous control parameters upon the  t ra jec tory  motion. 
A simple guidance method, using a reference t ra jec-  
tory, w i l l  be developed f r o m  these principles,  and 
a l inearized form of the entry motion equations 
w i l l  be used t o  describe mathematically the t ra jec-  
to ry  dynamics resul t ing f r o m  t h i s  guidance method. 

This guidance technique will be demonstrated 
f o r  en t r ies  of a l o w - l i f t  (L/D a0.3, W/CDS = 48 psf) 
vehicle W i t h  entrance conditions (a velocity of 
36,000 f t / sec  at  an a l t i t ude  of 400,000 f t )  t h a t  
are t o  be expected i n  the return f r o m  a lunar m i s -  
sion. A s  previously shown14,1-5 the entrance velo- 
c i t y  requires t h a t  lift be varied i n  such a manner 
t h a t  it does not l e t  the  vehicle skip out of the 
atmosphere or exceed a given acceleration limit. 
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The use of l i f t  variations t o  keep the  vehicle 
within these constraints w i l l  be studied and the  
manner i n  which range m u s t  be controlled t o  reach a 
desired endpoint w i l l  be considered. Finally,  as a 
prac t ica l  application, the control system i s  , i l lus -  
t ra ted  with a fixed-trim configuration i n  which 
r o l l  angle is used t o  control lift during entry. 
The guidance character is t ic  of t h i s  system is sham 
f o r  entr ies  from a lunar mission as well  as f o r  
en t r ies  a t  possible abort conditions. 

Control System Analysis 

Dynamics of &try Motion 

I n  order t o  study the  dynamics of entry motion 
a se t  of equations is  needed which not only 
describes the important aspects of the  motion but 
which also has simple analyt ical  solutions f o r  use 
with control system analysis techniques. 
t ions of motion i n  the  plane of the  t ra jectory i n  
t h e i r  standard form - two second-order nonlinear 
d i f f e ren t i a l  equations with time as the independent 
variable - can only be solved by a coxputer and 
they do not, as such, lend themselves t o  a general 
analyt ical  solution. 
these equations may be approximated by one second- 
order nonlinear d i f f e ren t i a l  equation w i t h  normal- 
ized velocity, ,, as the independent variable. 
Although h i s  equation does indicate the import,ant 
control aspects i n  entry motion, i t s  nonlinear 
nature does not allow the  use of standard control 
system analysis techniques,, 
equation can be used t o  analyze the  t ra jec tory  
motion, it must be linearized. The l inear izat ion 
given i n  the appendix w i l l  be used throughout t h i s  
paper t o  i l l u s t r a t e  the e f fec ts  of various t ra jec-  
to ry  parameters t ha t  might be used t o  govern l i f t  
variation. 

"he equa- 

Chapmanu has shown tha t  

Before the  Chapman 

Fig. l ( a )  shows a block diagram of the  
l inearized equation of motion derived in  the  appen- 
dix. The equation of motion i s  a second-order 
d i f f e ren t i a l  equation i n  e i the r  a l t i tude ,  accelera- 
t ion,  o r  temperature along the  t ra jectory.  However, 
when range i s  considered, the  equation becomes a 
third-order d i f f e ren t i a l  equation. To i l l u s t r a t e  
the dynamics graphically i n  terms of the  variation 
of t ra jectory parmeters  with velocity, u, a simpli- 
f ied  representation of t h e  motions a t  the  bottom of 
skip i s  shown i n  Fig. l(b). 
acceleration, and temperature are near a maximum 
(or  minimum) t h e i r  corresponding ra tes  of change 
must, of course, change sign. Also near t h i s  point,  
the  range curve has an inf lect ion point. The curves 
on Fig. l(b) indicate graphically the  integrations 
(l/s) s h m  i n  the block diagram. 

When the  altitude, 

It i s  interest ing t o  note t h e  loops inherent 
i n  the motion equation shorn i n  Fig. 1. The upper 
loop, (1 - C2)/A2, corresponds t o  the spring con- 
s tant  of t he  second-order d i f f e ren t i a l  equation, 
and, therefore, it determines the natural  frequency 
of the t ra jectory osci l la t ion.  This loop i s  stabi- 
l i z ing  when velocity, 6, i s  l e s s  than 1 ( loca l  c i r -  
cular velocity),  but it i s  destabil izing when 
velocity i s  greater than 1. 
a f i r s t -order  damping term t h a t  adds damping t o  the  
t ra jec tory  osci l la t ions.  

The lower loop, l/,, is 



This simplified representation of the  dynamics 
gives some insight into the  terms a lirt control 
system should incorporate. For instance, lift var- 
i a t ion  controlled by range measurements represents 
a third-order system. It can be reasoned tha t  th i s .  
third-order system, l i ke  any other c lass ica l  third-  
order control system, needs first- and second-order 
feedback terms f o r  sat isfactory dynamic response. 
The f i r s t -order  term i n  t h i s  case is  represented by 
the  ra te  of change of a l t i tude ,  acceleration, o r  
temperature and the  second-order term can be repre- 
sented by the value of a l t i tude ,  acceleration, or  
temperature. 
techniques can be conceived by consideration of 
these system dynamics. One method which w i l l  be 
demonstrated here i s  the  guidance about a stored 
reference trajectory.  The system chosen uses the 
difference i n  range from t h a t  of the reference tra- 
jectory as the third-order feedback term, with 
e r rors  i n  acceleration and i n  rate of c l M  used as 
second- and f i r s t -order  feedback terms. The com- 
mmd equation f o r  l i f t -drag  r a t i o  i s  

It appears t h a t  simple entry control 

L/D = ( L / D ) ~ ~ ~  + K& + K& + 
where (L/D)ref i s  the L / D  function used t o  
describe the Teference t ra jectory,  and the error  
quant i t ies ,  Ah, AA, and ,4R, are the  difference 
between measured variables and the  stored reference 
variables as a function of t he  velocity, 5 ,  along 
the  trajectory.  
system is  shown i n  Fig. 2. 

A block diagram of t h i s  control 

The t ra jec tory  dyna;mics associated with each 
of the feedback terms in t h i s  control system w i l l  
be sham.  
resul t ing f r o m  simulated controlled t ra jec tor ies  
w i l l  be-made with the  l inearized analf i ical  expres- 
sion of the motion taken from the appevdix. The 
use of f irst-  and second-order terms (h, A) t o  con- 
t r o l  the  t ra jec tory  and thus assure a sat isfactory 
corridor depth w i l l  f i r s t  be discussed. 
manner i n  which the third-order range term m u s t  be 
used w i l l  be demonstrated and the maximum value of 
damrange and crossrange available w i l l  be 
determined . 

Comparison of t he  t ra jec tory  motions 

Then the 

Design Reference Trajectory 

The reference t ra jec tory  t o  be used m u s t  be 
precomputed f o r  the  desi:red path through the atmos- 
phere t o  the  desired touchdown. The entrance con- 
d i t ions  f o r  t he  reference t ra jec tory  a re  limited t o  
those within the safe entry corridor. This corr i -  
dor, which can be defined in terms of possible 
i n i t i a l  entrance angles, i s  presented i n  Fig. 3 i n  
re la t ion  t o  the  overshoot boundary, where t h e  
vehicle w i l l  j u s t  s tay wlthin the  atmosphere, and 
the  undershoot boundary, where the  vehicle will 
reach a specified deceleration limit. The refer-  
ence t ra jectory is computed f o r  a prescribed L/D 
var ia t ion which gives the  desired path through t h e  
atmosphere. b this report  the  computed reference 
t ra jec tory  i s  expressed tts an L/D function 
proportional t o  rate of ~ l i n i b .  

Fig. 4 shows typica:l t r a j ec to r i e s  obtained 
when L/D is  controlled by a constant-gain 
(K1 = - O . O O l / f p s )  feedback f o r  various ini t ia l  
entry angles. With t h i s  program f o r  L/D the  max- 
imum value of L/D is ccmmmded f o r  the in i t ia l  
portion of the  entry; L/Il i s  then varied, as the  

function of r a t e  of climb, t o  s t ab i l i ze  the t ra jec-  
tory; and, f ina l ly ,  at  subcircular velocit ies,  
about half of the  maxFmum L/D available i s  com- 
mmded, thus giving a t ra jectory within t h e  center 
of the subcircular maneuvering capabill ty of t he  
vehicle. 
a par t icular  var ia t ion of rate of ellnib, accelera- 
t ion,  and range wlth respect t o  velocity which can 
be used f o r  the reference values i n  t h e  complete 
control equation 

The reference t r a j ec to r i e s  in Fig. 4 have 

The (L/D)ref i s  tha t  L/D used t o  describe the 
reference trajectory,  (L/D)ref = Krfiref. 
f icat ion caa be made i n  t h i s  equation by noting 
tha t  with t h i s  par t icu lar  reference t ra jec tory  

A slnrpli- 

so that the  equation reduces t o  

L/D = K ~ I ~  + GAA + 
Tmjectories,  a l so  shown in Fig. 4, represent 

l imiting values f o r  the constraints used i n  t h i s  
study. 
defines the  skipout Unit since the meximum nega- 
t ive lift, i n  t h i s  case L/D = -0.5, fails  t o  keep 
the  vehicle within the  atmosphere. 
entrance angle = -7 .5O sham l n  Fig. 4 is d e t e c  
mined by the  acceleration limit (-log) which i s  a 
function of the maximum acceleration force t h a t  can 
be tolerated by the  vehicle o r  crew. 
acceleration l imit  i s  shown17 t o  be a r e a l i s t i c  
value fo r  humans. The effect  of the permissible 
acceleration leve l  on the corridor boundary will 
be demonstrated. 

The overshoot t ra jec tory  (7r = -4.6O) 

The steepest 

The -lOg 

Control System With Acceleration anb Rate-of-CUdb 
Input s 

The ef fec ts  of the  various feedback quant i t ies  
upon the  entry t ra jec tory  can be sham by using the  
input quant i t ies  independently and i n  combination. 
The f i r s t  quantity t o  be considered i s  acceleration 
feedback which is used t o  control L/D in the  
following manner, 

L/D = (L/D)ref + w 
Fig. 5 shows t ra jec tor ies  f o r  various entry 
conditions where L/D was controlled only by the  
accelerstion error.  It can be seen i n  Fig. 5 t h a t  
t h e  resul t ing t r a j ec to r i e s  are very osc i l la tory  
about the reference t ra jectory.  
character of t h i s  control is t o  be expected because, 
as was pointed out ea r l i e r ,  the  acceleration feed- 
back is of second order and would thus modify the  
frequency, but not the  damping, i n  the  equation of 
motion. 

The osc i l la tory  

Since the  t r a j ec to r i e s  are highly osc i l la tory  
when only acceleration feedback is used, it would 
seem reasonable t h a t  the  addition of rate of climb, 
which i s  essent ia l ly  a f i r s t -order  feedback quan- 
t i t y ,  w i l l  damp the  motions. The conibined acceler- 
a t ion  and rate-of-cllnib t ra jec tory  control is 
specified by the  following equation 

L/D = (L/D)ref + K 1 d  + 
- .  

This method of control i s  i l l u s t r a t e d  i n  Fig. 6 
wherein the acceleration e r ror  &I i s  shown versus 



. 
veloci5y fo r  various coristant Kl gains i n  the 
t ra jec tory  control equation. The ef fec t  of the  
rate-of-climb control i s  par t icu lar ly  evident i n  
t h i s  figure because, as can be seen f r o m  the  curves, 
when t h e  K1 gain is increased, t he  resul t ing 
vehicle acceleration damps quite  rapidly t o  the  
acceleration p ro f i l e  of the reference trajectory.  
When rate-of-climb feedback gain is approximately 
-O.OOl/f'ps, the damping:, as can be seen i n  Fig. 6, 
i s  almost c r i t i c a l  and t he  vehicle acceleration 
reaches the  design t ra jec tory  acceleration with a 
s m a l l  amount of overshoot by the  time the vehicle 
veloci ty  has decreased l;o l oca l  c i rcu lar  velocity 
(5 .3 1). 

An approximate analyt ical  description of the  
t ra jec tory  dynamics f o r  t h i s  coxibined r a t e  of clinib 
and acceleration feedback can be obtained from the 
l inearized equations i n  t h e  appendix. From the  
appendix t h e  l inearized character is t ic  equation 
wi th  conibined rate of c:LM and acceleration 
feedback is  

from t h i s  equation 

2(w, = - 25,800K3, (radians/unit of iib; 
and 

If Kl and & are  se t  equal t o  zero, these expres- 
sions f o r  damping and frequency reduce t o  the val- 
ues inherent i n  equations of motion w i t h  no L/D 
variations.  It can be ~ e e n  tha t  i f  K1 and & are  
negative numbers, they w i l l  increase the damping 
and the frequency of the  t ra jec tory  osci l la t ions.  
If, f o r  example, we s e t  Ki - -O.OOl/f 'ps, 
Ko = -0.33/1 a t  = I, ,the computed d w i n g  factor  
is ( 0.7 . The corresponding curve of Fig. 6 
coqpares favorably with t h i s  resu l t .  The approxi- 
m t e  formulas f o r  d q i n g  and natural  frequency can 
be seen t o  give R quantitative as well as a quali- 
t a t i v e  insight in to  the e f fec t  o f  the  rate-of-climb 
and acceleration gains 'Qon the  vehicle t ra jectory.  

'pypical rate-of-cllrpb and acceleration- 
controlled t ra jec tor ies  are shown in Fig. 7 f o r  
various i n i t i a l  entry angles. 
fo r  the  usable range of entry angles, t he  vehicle 
t ra jec tory  demps t o  the  reference t ra jec tory  by the  
time the  vehicle velocity has decreased t o  
approximntely local circular velocity. 

It can be seen tha t  

Ueable Corridor Depth 

The limits of entrance angle within which a 
specif ic  vehicle will enter  the  atmosphere without 
violat ing timy of t h e  comtralntrr placed won i t a  
t ra jec tory  detennfne t h e  uadble corridor dupth, A 
c o ~ l p a s i s a  i n  made in Fig. 8 of the  urrable corridor 
depth for the  three aontrol conibinationr conridered 
thus far. From Fig. 8 it is men that with L /D 
var ia t ion controlled by camibfned accelewtion curd 
rate of cllnib, t he  wable corridor depth 18 ahmat  
equal t o  the  available corridor depth. When L/D 
variat ion is control ld  by soceleration errors, t h e  
usable corridor depth i e  ~roximate ly  10 miles 
less than the available corrldor depth regardleea 
of t h e  emelemtion canstmixt placed qpon the  

t ra jectory.  When L/D I s  controlled only by rate 
of clinib, t he  usable corridor depth is  about 
13 miles less than t h a t  available. 
Fig. 8 represent the  maximum usable corridor depths 
t o  be expected wi th  t h e  given K1 and K2 gains. 
The usable corridor is primarily a f'unction of t he  
first- and second-order feedback terms. Additional 
e f fec ts  of range, t he  third-order feedback term, 
upon the  t ra jec tory  character is t ics  will next be 
considered. 

The data i n  

Control System With Range Input 

A control system using range measurements i n  a 
fashion that w i l l  as8ure the  vehicle 's  a r r i v a l  a t  a 
desired destination at  the  end of t h e  reentry is 
prescribed in t he  following manner: 

L/D = (L/D)ref + Kl, + K& + IS&R 

or ,  f o r  the  par t icu lar  case considered herein, 

L/D = K l f i  + + K&R 

The range e r ror  term, AR, i s  the difference between 
range t o  the destination and range the reference 
t ra jec tory  w i l l  t raverse.  If t h i s  e r ror  i s  zero by 
t h e  end of t h e  t ra jectory,  then the  vehicle w i l l  
reach i t s  destination. The terms K& and IC& 
are  those described i n  the previous sections and 
are  used t o  give acceptable control of L/D. 

The effect  of rasge input gain, &, is shown 
i n  Fig. 9 fo r  a given initial range e r ror  about a 
given reference t ra jectory.  Using a low value of 
gain does not correct en t i re ly  the  range e r ro r  by 
the  end of the t ra jectory.  
large values of range input gain w i l l  overcontrol 
the  vehicle eJld can cause it t o  skip out aa s h m  
i n  the figure. I n  order t o  aain a b e t t e r  under- 
standing of t h e  problem, an approximate analyt ical  
expression f o r t h e  t ra jec tory  dyna,mice derived i n  
the  appendix can be used t o  assess the e f fec t  of 
range-error gain. 
nlotion equation a t  loca l  points along the  
t ra jec tory  can be stated: 

On the  other hand, 

From the appendix the  l inearized 

This is a l i nea r  third-order equation and the  stan- 
dard methods of control analysis can be used t o  
gala insight into the trddectory dypamics. One 
simple method of a n a l y s l e  I s  t o  detem&m the va;L- 
uee of rC; which make t h l e  equation stable.  From 
Routh's c r i t e r i a  f o r  s t a b i l l t y ,  rC; m u t  be 
posi t ive esla also 

The above q r e r s i o n  can be used t o  defermise the  
wper l i m i t  on & ( t e e D ,  the  upper llmit baaed on 
atelbil i ty oooleidera;tion) and cea be used t o  observe 
t h e  qualitative interact ion of Kr, &, &, and 6 
on t ra jec tory  etabiuty. Fran the  above eqwtion, 
increasing t h e  magultude of IC1 and & W i l l  allow 
t h e  w p e r  u t  on &, t o  increase and it is 



important t o  note tha t  tlne upper l i m i t  of K3 w i l l  
increase as 6 decreases. To maximize range capa- 
b i l i t y  and drive the range e r ror  t o  zero by the  end 
of the t ra jectory it i s  desirable t o  have a large 
value of range input gain, K3, but s t i l l  maintain a 
margin of system s t ab i l i t y .  This value of gain 
must be small, then, when u i s  large (i.e., u >1) 
and larger  values of gain can only be used when u 
i s  s m a  ( i .e. ,  ii < 1). 

-- 

The maneuvering longitudinal range capabili ty 
boundaries as a function of i n i t i a l  entry angle 
t h a t  r e su l t  from various range input techniques are  
presented i n  Fig. 10. In t h i s  f igure t h e  range of 
the  reference t ra jec tory  i s  3400 miles and rate-of- 
clinib feedback gain and acceleration feedback gain 
a re  held constant. The curves labeled range input 
from ti IL: 1 were obtained with K3 = 0 when u > 1 
and K3 = O.O06/mile when ?I 5 1, and the curves 
labeled "range input" from fi = 1.4 mean tha t  
Ks = O.O008/mile when fi > 1 and K3 = 0.006/mile 
when 6 5 1. It can be seen t h a t  i f  range control 
i s  exerted only when veloci ty  i s  l e s s  than loca l  
c i rcu lar  velocity, the vehicle has a range capabil- 
i t y  of approximately 2003 miles fo r  any entry angle 
within the usable entry eorridor. 
when two-step range input i s  used from = 1.4 the 
range capabili ty i s  increased 500 t o  2000 miles, 
depending upon the i n i t i ' a l  entry angle. However, 
f o r  shallow entry angles and f o r  f l i gh t  ranges 
greater  than the reference t ra jectory,  there i s  an 
approximate 6-mile reduction i n  the usable entry 
corridor. This i s  because, i f  f o r  shallow-entry 
angles an attempt i s  made t o  extend range when 
ii > 1, the range input w i l l  overpower the f i r s t -  
and second-order input terms and cause the  vehicle 
t o  skip out. Even though there i s  t h i s  s l igh t  loss 
i n  usable corridor depth, t h i s  use of a small range 
input gain a t  the higher velocity adds considerably 
more usable range. 

In contrast ,  

The at ta inable  ground area f o r  two different  
corridors i s  shown i n  Figs. l l ( a )  and l l ( b )  . The 
conics i n  these figures represent the vacuum tra- 
jector ies  f o r  the extreme entry angles at the 
boundaries of the corridor i n  each case and the 
shaded areas represent the ground area t h a t  can be 
reached from any entry angle within the corridor. 
I n  Fig. l l (a)  f o r  the 34-mile usable entry corridor 
depth between rl = -5.3' and 7= = -7.5' the  at ta in-  
able ground area i s  about 2200 miles of downrange 
capabi l i ty  and from *25O t o  *350 m i l e s  of .cross- 
range capability. In Fig. l l ( b )  f o r  the l l-mile 
usable entry corridor depth between 
and 7 = -6.5O the  at ta inable  ground area f o r  the 
vehicie i s  3900 miles downrange and f250 t o  
S550 miles crossrange. These data i l l u s t r a t e  the  
t rade off t h a t  m u s t  be considered between the 
specified corridor depth and attainable ground area. 
This demonstrates t h a t  the  largest  ground area can 
be attained i f  the  entry can be made within the 
smallest specified corridor. These data a lso show 
the  capabi l i t ies  t ha t  can be expected f o r  the 
supercircular entr ies .  The following section 
i l l u s t r a t e s  the application of these control- system 
principles  t o  a par t icular  vehicle. 

rl = - 5 . 8 O  

Control-System Application 

The control-system principles described i n  
t h i s  study will nuw be demonstrated by application 
t o  a par t icu lar  entry vehicle. The vehicle chosen 
i s  a l i f t i n g  capsule configuration trimmed by 
center-of-gravity posit ion t o  give a constant angle 

of attack tha t  produces a r a t i o  of 0.5 between the  
force normal t o  f l i g h t  path and the drag force 
along the f l i gh t  path. 
then used t o  control the  lift force i n  the  ve r t i ca l  
plane during en tq , ,  
w i l l  be i l l u s t r a t ed  f o r  en t r ies  from a lunar mis-  
sion, as well as f o r  en t r ies  from abort conditions. 

The vehicle roll angle i s  

This roll-angle command method. 

Roll-Angle Command 

The control method described i n  t h i s  study i s  
used merely t o  nu l l  errors  i n  the t ra jec tory  vari-  
ables. 
the f u l l  transformation tha t  r e l a t e s  r o l l  angle 
t o  L/D [ L/D = (L/D),, cos c p ]  need not be used i n  
the  command equation. Instead, the  following sim- 
p l i f i ed  c0-d equation, which w a s  found t o  be 
adequate, w i l l  be used. 

It i s  therefore reasonable t o  expect t ha t  

1cpI - w ~ = K ~ ~ + K & + K & A R  

The predetermined reference t ra jectory tha t  i s  
needed f o r  t h i s  control system i s  compute9 by con- 
t r o l l i n g  a t ra jec tory  with I cp I - 900 = Klh 
exactly a s  was done i n  the  previous section. 
During an entry, the Kih and K&U terms i n  the 
command equation cause the  vehicle t raJectory t o  
converge t o  the design trajectory; the  range input 
term, K&,R, can be used t o  nul l  the  range error  so 
t ha t  the vehicle reaches a prescribed destination. 
In the command equation a low value of range gain, 
K&, i s  used when vehicle velocity i s  greater than 
loca l  c i rcular  velocity.  
gain, compatible w i t h  the  previous s t a b i l i t y  con- 
siderations, are  used when vehicle velocity i s  l e s s  
than loca l  c i rcular  velocity. 

Larger values of range 

The command equation determines the magnitude 
of t he  roll angle, and the  sign of the  r o l l  angle 
i s  determined by crossrange. The method of deter- 
mining the sign of the commaad r o l l  angle by cross- 
range t o  the destination i s  shown i n  Fig. 12. The 
method i s  t o  l e t  the  vehicle f l y  t o  one side u n t i l  
the crossrange t o  the  destination exceeds a value 
specified by a design envelope a t  which time the  
sign of t he  roll-angle command i s  reversed. The 
allowable crossrange design envelope i s  made a 
function of ii2 which i s  shown18 t o  be a good 
approximation f o r  crossrange capabili ty of a 
vehicle, par t icular ly  when i t s  speed i s  l e s s  t h a n  
loca l  c i rcu lar  velocity. 
used here the crossrange t o  the  destination i s  
allowed t o  become equal t o  approximately one-half 
(100 E2, miles) the maximum crossrange capabili ty of 
the vehicle, a t  which time the sign of the r o l l -  
angle command i s  reversed. 
en ta i l s  a maximum of four t o  six r o l l  reversals 
during typ ica l  entry t ra jec tor ies .  

For t h e  control system 

This procedure usually 

&try From Lunar Trajectory 

Both automatic and pi loted control have been 
studied f o r  t h i s  type of roll-angle command system. 
Fig. 13 shuws a typical t ra jec tory  i n  which roll 
angle i s  controlled by the automatic system. It 
can be seen tha t  the  crossrange error becomes zero 
by the  end of the  t ra jectory,  and the  duwnrange 
error,  which i s  i n i t i a l l y  -1500 miles, converges t o  
zero at  the  end of t he  t ra jectory.  
ground area and usdble corridor depth obtained with 
t h i s  r o l l  command system is  essent ia l ly  the same as 
given by Fig. 10, where a similar 3400-mile design 
t ra jec tory  was used, It i s  faportant t o  note t h a t  
t h i s  range Capability i s  achieved with one design 

The at ta inable  



Not at  ion - 
fi  horizontal acce!leration, g uni ts  

CD 
D drag coefficient , 

(1/2) PPS 

D drag force, l b  

g 

h r a t e  of cllnib, f'ps 

l oca l  gravi ta t  i o w  acceleration, ft/ s ec2 

Kl,&,Ka gain constants 

L lift force, l b  

m mass of vehicle, slugs 

r distance frm planet center, ft 

R downrange value along a loca l  great c i r c l e  
route in space, miles 

S surface area, ft2 

U circumferential veloCity component normal. 
t o  radius vector, f p s  

- 
U dimensionless r a t io ,  

U - 'U 
circular  o rb i t a l  velocity' E 

V resultant velocity, f p s  

W weight of vehicle, l b  

P atmospheric density decay parameter, f t - l  

Y f l i gh t ' pa th  angle re la t ive  to  loca l  
horizontal; posit ive f o r  clirdb 

P atmosphere dens:lty, slugs/cu f t  

Cp r o l l  angle, deg 

5 damping fac tor  

w, radian 
unit  of ii natural frequency, 

Subscripts 

ref respect t o  reference t ra jectory 

1 initial value 
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The operator transform of equation (4) may be 
writ ten: (Note tha t  d: i n  eq. (1) i s  negative 
during solution of an entry trajectory.) 

The dynamics of t h i s  character is t ic  equation 
w i l l  be described f o r  var:Lous functions controlling 

= 

Rate-of-Clinib Input 

The expression f o r  r a t e  of climb i n  the Z 
li =m (a' - z), 0 s ;  function notation16 i s  

L/D i s  controlled by h errors  about the  refer- 
ence t ra jectory i n  the fo.llowing manner: 

This C(L/D) can be substi tuted into equation (4) 
t o  obtain the following result :  

Then a t  each loca l  point along the t ra jectory,  the 
damping and natural  frequency can be approximated 
by: 

- 
x 2 - K ~ G ,  radians/unit of u 

U 

From these approximate solutions 
of the  dynamics can be noted. The gain K 1  m u s t  
be negative t o  increase the damping of the t ra jec-  
to ry  and t h i s  i n  turn increases the natural  fre- 
quency. The increase in wn2 i s  very s l igh t ,  
however, f o r  the  K 1  large enough t o  give near 
c r i t i c a l  damping ( c  = 1); so then ra te  of c l M  i s  
essent ia l ly  a simple f i r s t -order  feedback term, 
tha t  is ,  affecting the damping only. In future 
derivations the K 1  contribution t o  natural  
frequency w i l l  be omitted.. 

important features 

Acceleration Input 

"he expression f o r  acceleration i n  the Z 
function notation- is A = - JP'F a, g.  Acceler- 
ation errors  control L/D about the reference t r a -  
jectory i n  the  following manner: 

This value A(L D) can be substituted in to  equa- 
t ion  (4) t o  obtain: 

s 2 + - ; s + P r  1 - K2) = 0 
U 

A t  each loca l  point along the t ra jectory,  the 
dynamics may be approximated by: 

wn2 :: P r  - K2) , (radians/unit of C)2 

It i s  apparent then t h a t  i f  K 2  i s  negative, the 
natural  frequency i s  increased and & w i l l  not 
affect t h e  damping. 

Range Input 

The expression f o r  range i n  the  Z function 
not a t  ion16 i s 

a1 
miles r 

5 2 8 0 f i  s2 - R =  

The L/D i s  controlled by range errors  about t he  
reference t ra jectory i n  the following manner: 

If AZ2 i s  neglected compared t o  Zgef t h i s  
becomes 

This value of 
t ion  (4) and the equation becomes 

A(L/D) may be s a s t i t u t e d  into equa- 

For t h i s  third-order equation not t o  have a posi- - 
t i v e  root, Ks must be greater than zero and u 
must be l e s s  than unity. An upper lhit f o r  & 
may be determined by using Routh'a c r i te r ion  for 
s tab i l i ty ;  that i s , - t h e  t ra jec tory  will be s table  
i f  

K s < ' - ' ~ (  7280 r )  
ii? 

As is shown in t he  t ex t ,  other inputs (i.e., accel- 
erations and rate-of-clinib control) w'lU add damping 
t o  the control system and permit a larger  value 
of & than the  one sham here f o r  range e r ror  
input alone 



t ra jectory.  
those shown i n  Fig. 10, another design t ra jec tory  
w i l l  have t o  be used. 
e s s e n t i a l l y t h e  same f o r  e i the r  automatic o r  
pil-oted control because under normal conditions the  
task  of following t h e  command roll angle can be 
accomplished by e i the r  w'lth nearly equal f a c i l i t y .  
However, the p i l o t  w i l l  strongly influence the  
success= completion of an entry mission when an 
emergency s i tuat ion occurs. For instance, simula- 
t i o n  studies with NASA t e s t  p i l o t s  indicate tha t  
t h i s  par t icular  roll-angle control task can be 
accomplished even when the short-period s t a b i l i t y  
augmentation system f a i l s .  

I f  greater ranges are  required than 

The range capabili ty is 

Ehtry From Abort Trajectories 

The poss ib i l i ty  of an abort during a lunar 
mission poses %he most stringent requirement t ha t  
can be placed upon a guidance system - t ha t  it be 
able t o  cope with those conditions which are 
extremely far from t h e  design t ra jectory.  
abort t ra jec tor ies  were flown using t h i s  r o l l  
commgmd guidance system and a re  sham i n  Fig. 14. 
These t ra jec tor ies  represent reentr ies  a t  
26,000 f t /sec and 32,000 f t /sec where the destina- 
t i o n  i s  1,500 miles from entry in to  the atmosphere. 
Many extreme abort conditions were investigated. 
The sensit ive s i tuat ion f o r  t h i s  guidance system, 
and one which would be d i f f i c u l t  f o r  most guidance 
methods, was found t o  be emergency entry i n  which 
the  vehicle a t  the  bottom of the  f irst  skip i s  near 
c i rcu lar  velocity and range extension is  needed 
from t h i s  point t o  reach the  destination. 
entry a t  26,000 0 s  i n  Fig. 1 4  i l l u s t r a t e s  such a 
sensi t ive si tuation. Although these entry condi- 
t ions  a re  qui te  d i f fe ren t  from the reference t r a -  
jectory,  the guidance system is able t o  govern the 
t ra jec tory  so tha t  the  vehicle reaches i t s  destina- 
t i o n  and none of the acceleration constraints a re  
violated. 

m i c a 1  

The 

The a b i l i t y  of t h i s  control system, which uses 
only one reference trajectory,  t o  handle these off-  
design entrance conditions i s  due primarily t o  the 
fac t  t h a t  t he  four s t a t e  variables needed t o  
describe the t ra jec tory  a re  contained i n  the guid- 
ance law.  This i s  equivalent t o  the fac t  t ha t  a l l  
three of the feedback loops a re  used i n  the  t h i r d -  
order control system described a s  a function of 
vel-ocity. 
damp out the osci l la t ions along the t ra jec tory  and 
guide the  vehicle t o  a desired end point. 

This control system therefore is  able t o  

- Conclusions 

It has been sham i n  t h i s  paper t h a t  reentry- 
t ra jec tory  control systems can be represented as a 
third-order control system described with respect 
t o  velocity. The first- and second-order feedback 
terms determine the  vehicle 's  usable corridor depth 
because they damp the  vehicle t ra jec tory  t o  the  
reference t ra jec tory  in such a way tha t  the vehicle 
does not skip out of the  atmosphere o r  exceed spec- 
i f i e d  acceleration limits. 
the  third-order term of the  control system, must 
have a high gain at ve loc i t ies  l e s s  t h a n  loca l  
cirecular velocity t o  insure tha t  range errors  a re  
zero by the end of the t ra jectory,  and the  feedback 
gai.n must be low a t  higher veloci t ies  t o  insure 
t ra jec tory  s t ab i l i t y .  

Range error  feedback, 

A system using one reference t ra jec tory  was 

The resu l t s  indicate 
investigated for a low L/D vehicle and. super- 
c i rcu lar  entry veloci t ies .  

t h a t  fo r  a 34-mile usable corridor depth, a t ta in-  
able duwnrange increment i s  on the  order of 
2200 miles, and f o r  an 11-mile usable corridor 
depth, a t ta inable  duwnrange increment i s  on the 
order of 3900 miles. 

This reference t ra jec tory  system was demon- 
s t ra ted  f o r  a l i f t i n g  capsule configuration where 
roll angle is varied t o  modulate l i f t .  
system using only one reference t ra jectory gives 
sat isfactory guidance fo r  en t r ies  from design super- 
c i rcular  veloci t ies  as well  as en t r ies  from abort 
o r  emergency conditions. 

The control 

Appendix 

An approximate equation t h a t  represents the  
dynamics of t he  equations of motion about a refer-  
ence t ra jec tory  can be derived by a l inear izat ion 
of the fo l la r ing  Chapman equationls 

where 

Z' and Z" a re  the  f i r s t  and second derivatives 
with respect t o  u. 

Let AZ", AZ' , and AZ denote the variations 
of the vehicle t ra jec tory  from a reference t ra jec-  
tory; then equation (1) can be writ ten i n  the 
following form: 

Now i f  t h i s  equation i s  l inearized by neglecting 
compared t o  ZFef,  it becomes: 

mis i s  a l i nea r  d i f f e ren t i a l  equation i n  AZ with 
variable coefficients.  The l e f t  side i s  the  "char- 
a c t e r i s t i c  equation'' t ha t  describes osci l la t ions of 
t h e  t ra jec tory  about the  reference t ra jectory 
defined by the  r igh t  s ide of equation (3) when 
L/D (L/D)ref. Then when L/D = (L/D)ref the  
r igh t  side of the equation i s  the  Chapmas equation, 
(l), fo r  t h e  reference t ra jec tory  and may be se t  
equal t o  zero. 

By noting tha t  -m a r e f  = Aref and t h a t  
1/G2 is  smll compared to (1 - ii2)/(u -2 G e f ) ,  2 
equation (3) may be written: 



17. Creer, Brent Y., SmedaJ., Harald A, ,  Capt. 
USN (MC) , and ’Wingme, Rodney C.; 
fuge Study of :P i lo t  Tolerance t o  Acceleration 
and t he  Effects of Acceleration on Pi lot  
Performance. XASA TN D-337, 1960, 

C e n t r i -  

I 

18. Slye, Robert E.i An Analytical Method for 
Studying the Lateral Motion of Atjlllosphere 

~ 

1 ’  
I Entry Vehicles. NASA TM D-325, 1960. 
I 



A 

I 
S 
- 

/ 

VARl AT I ON 

v 
ALTITUDE RATE ALTITUDE RANGE 

ACCELERATION RATE ACCELERATION 
TEMPE R ATUR E RAT E TEMP E RAT U RE 

(a )  Linearized form of entry motion. 

ALTITUDE RATE 
ACCELERATION RATE 
TEMPERATURE RATE 

I 

A LT I TU DE 
ACCELERATION 
TEMP E R AT U RE I 

I 
I 
I 
I 7 

RANGE 

VELOCITY, 

(b ) Typical dynamics i n  entry mot ion. 

Fig. 1. - Dynamics of entry motion. 
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Fig. 6.- Elffect of control gain on acceleration e r rors  about the reference 
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Fig. 12.- Method of crossrange control for lifting capsule . 
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Fig. 14.- Abort trajectories controlled by roll-angle commandj V~ = 26,000 
and 32,000 fpsj h~ = 300,000 feetj y~ = _4°j range to go = 1, 500 miles j 
design range to go = 3,400 miles at 36,000 fps. 
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Fig. 1.- Dynamics of entry motion. 
(b) Typical dynamics i n  entry motion. 

Fig. 2.- Block diagram of reference-trajectory control system. 

(a) Linearized form of entry motion. 

Fig. 3.- Definition of corridor depth. 

Fig. 4.- Entry t ra jec tor ies  controlled with rate-of-cllmb input; K1 = -O.OOl/fps. 

Fig. 5.- Acceleration input used f o r  control about the reference t ra jectory w i t h  
design of y1 = -6 .5O;  K2 = -0.33/g. 

Fig. 6.- Effect of control gain on acceleration errors  about the  reference 
t ra jec tory  w i t h  design 

Fig. 7.- Combined acceleration and rate-of-clhk inputs used f o r  control about 
the reference t ra jec tory  with design 

Fig. 8.- Usable corridor depth f o r  various methods of controll ing L/D; 

yl = -6.5'; rl = -7'. 

rl = -5 .7O;  K1 = -O.OOl/fps; K2 = -0.33/g. 

K1 = -0.OOl/fp~; K2 = -0.33/g. 

Fig. 9.- Effect of range input gain on the controlled t ra jec tory  with design 
range to go = 3400 miles; range t o  go = 2500 miles; rl = -5.70; ~1 = -o.O01/fps; 
Kg = -O.:j3/g; K3 = 0.0008 and 0.006/miie. 

Fig. 10.- Downrange capabili ty as a function of entrance angle f o r  the 3bO-mile 
design trajectory; K1 = -0.001/~s; K2 = -0.33/g; K3 = 0.0008 and 0.006/mile. 

Fig. 11.- Attainable ground area f o r  various combinations of entrance angle 
using the 3400-mile design reference t ra jectory,  (a) 7& = -5.3O and -7.5'; 
34-mile usable corridor depth. 
corridor depth. 

(b) rl = - 5 . 8 O  and -6.5 ; 11-mile usable 

Fig. l.2.- Method of crossrange control f o r  l lf 't ing capsule. 

Fig .  13.- Trajectory contrdlled by roll-angle command; V 1  = 36,000 f p s ;  
h1 = 400,000 feet ;  rl = - 5 . 8 O ;  range t o  go - 1,700 miles; design range 
t o  go = 3,400 dies. 

Fig. 14.- Abort t ra jec tor ies  controlled by roll-angle command; Vl = 26,000 and 
32,000 f p e ;  hl = 3OO,OOO feet;  rL - -4'; range t o  go = 1,500 miles; design 
range t o  go = 3,400 miles a t  36,000 as. (a) Altitude var ia t ion with velocity. 
(b) Downrange, crossrange, and roll-angle variations. 


