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Abstract

The restricted Three-Body-Problem considers
the motion of an infinitesimal mass under the gravi-
tational attraction of two finite masses, which
revolve about their common center of gravity in
coplanar circles. It is well known that Euler's
problem of two fixed centers, consisting of the
motion of an infinitesimal mass under the gravi-
tational attraction of two finite masses fixed in
space, can be solved by elliptic functions.

The idea presented here is to take the solution
of Euler's problem as the solution of the restricted
Three-Body-Problem by allowing the initial values
to be functions of time now. Differential equations
for the perturbed initial values are established.
These equations can be given in closed form by
using the fact that the transformation to the per-
turbed initial values of Euler's problem is canoni-
cal. Thus, an approximation can be obtained for
the solution of the restricted Three~Body-Problem.
The method can also be used to represent classes
of neighboring trajectories for guidance purposes.

Notations

dot: differentiation with respect to time t, e.g.

%, = dx,/dt, x = dx/dt

small circle: partial differentiation with respect
to time t, e.g. ® = 0x/ot

X1 x10] 3y SH/3x,
4-vectors: e.g., X =|Xz|, X5 = |X20| » = - OH/Ox
X3 X350, OH/dx
Xgq X40i BH/BX
0 0 1
with the matrix J =0 0 0 1| a canonical
-1 0O 0 O
0 -1 0 O
system }'{1 = BH/BX;,, }‘(2 = aH/aX4, }'{3 ="' BH/axl,
%4 = - OH/Ox- is written as % = J(OH/Ox).
Introduction

For the purpose of guidance of lunar vehicles
it would be useful and convenient to possess
analytical expressions that give position and
velocity at a certain time as functions of position
and velocity at an earlier time; in addition, the
formulas should be as simple as possible and of
sufficient accuracy. This general problem was one
of the incentives to a study that shall be outlined
in its basic ideas in this paper. Only the simplest
case of the problem of motion and guidance in the
real earth-moon space has been attacked so far,
idealizing as much as possible. Accordingly, in
the following the restricted three-body problem in
a plane will be considered, treated as a perturba-
tion problem of Euler's problem of two fixed centers,
which can be solved in closed form by elliptic
functions.
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Ihe procedure of
following: Represent

attacking the problem is the
the restricted three-body
problem in a rotating coordinate system in which
the two finite masses are at rest. Then the
Hamiltonian H of the restricted problem can be
written as the sum of two terms, H = H; + Hz, one
of which, say Hy, is exactly the Hamiltonian of
Euler's problem. Solve Euler's problem - this can
be done in principle - and consider the initial
values of the solution of Euler's problem as the
new variables of the restricted problem. It can be
shown that this transformation of the dependent
variables is canonical, and that the new variables
satisfy canonical differential equations, such that
the Hamiltonian of this system is the other term
He of the Hamiltonian H = H; + Hz of the restricted
problem. This process is applied once more to

He, = Hz + Hy, and the problem is reduced to the
soiution of a system of canonical differential
equations with the Hamiltonian Hg. The solutions
of this last system of equations are slowly varying
functions for not too large intervals of time.

The object of this study is not so much the
approximation of the true trajectory by another
simpler trajectory - mathematically usually an
initial value problem -,but the development of
methods towards the solution of the above-mentioned
prediction problem - mathematically closer to a
boundary value problem.

Theorem on Canonical Initial Values

The following theorem will be used essentially
in the subsequent developments; it will be formu-
lated here without proof. As already mentioned,
it states that in certain cases the initial values
of the solution of a system of canonical differential
equations are canonical variables for another canoni-
cal system.

Let & = J(OH/OO) be a canonical system
with the Hamiltonian H = H(t, Q)
and initial values tg,, 0.

Theorem:

Let H = H; + Hp and let B = B(t, By) be
a solution of the canonical system
B = J(OH,/0p) with the Hamiltonian
Hy = H;(t, B) = Hi(t, B) and initial
values tgy, Bg-

Define functions y = I'(t, 8) = B(t, B)
and determine the functions
5 = A(t, 8p) so that the I' are a
solution of the (original) canonical
system ¥ = Jﬁaﬁ/ay) with the
Hamiltonian H = fi(t, y) = H(t, 7)
and initial values tgy, Yo = Qp,

Then the functions A(t, Bp) are a solution
of the canonical system & = J(OH%/08)
with the Hamiltonian HY = HE(t, 8) =
Ho(t,I(t,d)) and initial values ®o=Cp.




The Restricted Three-Body Problem in the Plane

Y2
X2
A
mz, »X1
o, ¥
» Y2
m
(ygl), y: (1))

Let y;, yz be cartesian, barycentric, and
space fixed coordinates in the plane of motion; let

the finite masses m; and mp revolve in circles about
their common center of mass with angular velocity n.

The differential equations of motion of a particle
with mass zero and position (yi, y2) in the gravi-
tational field of m; and my read

1 2
. Yl'}'§. ) YI'YZ(L )
y1 = - 3 = ymgz 3
PT p2
1 . 2
. Yz'yg ) Y2-yg )
y2 = - -z T —
p? 02
where

Py = %3’1'}’9'))2 + (ye-yEh?

The specific kinetic energy is
~ 1 . .
T =35 G%+y8),
the specific potential
v oom L m L
e 2 pz’
and the Lagrangian
L=T-V.
The equations of motion can also be written as
Lo . W
yi 5;;: ¥z 5;; .

Introduce new coordinates X;, X by the
rotation

y1 cos n(t - t ) + yz sin n(t - tg)

Xp = - y1 sin n(t - t5) + yo cos n(t - to)
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so thatlghe coordinates of m; and my are constant
and xl( , 0 and x> , 0. 1In this new coordinate
system we get:

specific kinetic energy

1,. . . .
T = E(xf + x2)2 + 3 n2(x§ + x3) + n(x1X2 = X1Xp)
1. .. .
= f[(xl - nx2)? + (k2 + nx;)%],
specific potential
1 1
V=V(X, Xg) == ym; — - ymz =,
3 r3
1 2
where
i
ry =\ - x)2 e xg

the Lagrangian
L=T-=-1V,

and the differential equations of motion

. . 2 ov

X; - 2nXp -~ n°Xx; = - 5;;

§2+2m'(1-n2x2=-gz—.
2

For the following we will write the differential

equations of motion in canonical form; introduce in
the usual manner the generalized momenta X and X4
by

oL

oL .
0 x4=r*2=x2+nxl

1{3=$dL

X, - NXp,
and the Hamiltonian

H

= H(x) = H(X;, Xz, X3, X4) = XzK, + XoXg4 =
. . 1
L(xls X2, X1, X2) = E(xg + xz) +

n(xzxs - X1X4) + V(x;, X2).

The canonical equations of motion read

%, = e, =SB L o __ QM . __oH

1 é-x;: 2 E’ 3 &1'3"4- X2’
. - . OH

or in matrix form x = J %

Let the initial values be ty, Xg-

Euler's Problem of Two Fixed Centers

Write H = H; + Hp,

where H; = %(x% + x5) + V(x1, X2)

and Hz = n(xXzxs ~ X1X4);

H, is the Hamiltonian for Euler's problem of two
fixed genters, as can be derived directly or from



the fact that H; = H(n = 0). Introduce new coordi-
nates w instead of x for the (formal) soluEion of
Euler's problem, and define a Hamiltonian H; by

Hy = Hy(w) = Hi(x).

The differential equations of motion are
OH,

IS
and denote the initial values by t,, w,.
Let w = W(t, w ) be the solution of this system of
differential equatlons, i.e. of Euler's problem;
it follows from the theory of differential equations
that the W;(t, W) are holomorphic functions of the
variables w1 in a sufficiently small neighborhood

of the point Wy = wo. Since W(t,, W) = W, one finds,
expanding W in a power series of t - t,:

W(t, &) =@ + S_D (t = tg) + ...
to

and therefore

Sy

and this holds especially for ¥ = w,.
Perturbation

Introduce functions Qj, j =

il
it

eees 4, by
= Q(t, §) = W(t, g)

and determine the functions §; = _j(t, X,) in such
a way that w is the solution of the original
restricted problem, i.e. that

o
S0

°
w=J

A A
with the Hamiltonian H = H(W)
values tgy, Wy = Xg-

= H(w) and initial

According to the theorem formulated at the
beginning one finds that the functions
Ej = =.(t, xo) are determined by the canonical
system

§ =J 5—— )

with the Hamiltonian Hz = Ha(t, &) = Ha(a(t, £))
and initial values to, £g = Xo-

New Expression for ﬁg

Let us derive another explicit expression for
the Hamiltonian Ho(t, &) in order to be able to
split Ho into the sum of two terms and to apply this
perturbation procedure once more. From the
definition of Ho it follows that
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Ho = n(wzwz - wiwe), Wy

= W(t, £).

The . are the solution of Euler's problem
and consequgntly satisfy the following set of
equations:

o o
Wy = W3z, Wo = W4
(¢9)
o OV(wy, wz) ) wy-0y wq-wlP
3 T ow, M s Mz T3
° aV(wls wz) Wo wo
m = - = - -
4 ""5;;7“ ymy ;g ymz ;g s
where wgl), 0 is the fixed position of mj, and

=\JQw1 - wgl))z + w3 .
It follows that

BHZ ° o [} o
ST = n(waks Lz - Wiws - Wiks)

o o
= n(Was + Wz - WsWs - Wikg)

o -]
= n(was - W1We)

W, w
1 2 2 2
= n[?ﬁllwg ) ';g + méﬂg ) ;g]

_ (1) 1 1
= nymuw; "W \ 7T T T
i 2
since

(1)

mywy (2)

+mzw; =0

in the used barycentric coordinate system.
o

Integration of Ho with respect to time t (the &
are considered as constants) yields

t
flz(t, €) = Ha(to, €) + nmw&”fu;(%s - ls> at;
1 rs

%o

for ﬁz(to, £) we find, since Q(t,, E) = ¢&:
ﬁz(to, £) = n(Ezts - €18a).

Second Perturbation

Write Ho(t, €) = Hx + Ha,

where Hs = n(E2ts - £164)

t -
1 [1 1
nymlwg )fw2<;§ - ;g) dt,
t

r,(t, £).

and i,

and wp 2(t, £), ri =




As in the first perturbation process, we will solve
the canonical system with the Hamiltonian 3 and
introduce the initial values of the solution as
new variables into the full canonical system with
the Hamiltonian Hp.

Iqtroduce new variables g;, g2, 83, 84 and
solve the canonical system

. OHS
87 3¢

with the Hamiltonian
HE = BX(g) = H3(2) = n(gzg3 - g184)

and initial values t,, g,. The solution g = G(t,go)
can be given explicitly as the simple rotation

cosn(t-t,) sinn(t-t,) 0- 0
sinn(t-t,) cosn(t-to) 0 0
g 0 0 cosn(t-to) sinn(t-t,) &

0 0 -sinn(t-t,) cosn(t-t,)

or
g-= R(t)g,.

Now introduce functions 7§ = s(E,N) = Gj(t,l)
and determine the functions Aj"= Ajit,xo) so that
the functions I'y are solutions of the full canoni-
cal system with Hp, i.e. of

. Mz
7 =I5

with the Hamiltonian HZ = Hg(t,y) = ﬁg(t,y) and
initial values tg, Ag.

Again it follows by the theorem formulated in
the beginning, that the functions A = A(t,x,) are
determined by the canonical system

*
3 OHg
M=Is
with the Hamiltonian H: = Hi(t,%) = Ha(t,D(t,N))

and initial values to, Ag = X,. The Hamiltonian
Hqe can be written also as

t
HE(E,0) = nymyd) f w2 (%s . 1—)“’
1 rs
to

where w and rj have to be expressed as functions of
t and A (A is a constant for the integration).

Concluding Remarks

By the foregoing developments the restricted
three-body problem has been reduced principally to
the computation of the functions Aj; = (t,x,) as
the solutions of a system of canonical differential
equations.

One can try, for instance, to expand A(t,xo)

in a power series of t-t, or in a series of suitably
chosen polynomials in t. It is easily seen that

therefore the power series reads

1 2 A(t,xo
ME,xp) = x + 3 > A (t-t )% + ...,
(o]

i.e., the linear term vanishes. This indicates
that A = x, is a good approximation in some neighbor-
hood of t,.

The coordinates x of the restricted three=-
body problem can now be written as

x = x(t,%) = W(E,R(EA(t,x )
and, solved for A,

N = AM(t,%0) = R(-t)W(-t,x(t,x;)).

The formulas for the coordinates x in the
restricted problem show - as one expects of course
from the construction -, that x is represented by
the solution W of Euler's problem with varying
initial values. Thus, the trajectory of the
restricted problem is not approximated in the usual
manner by one solution of Euler's problems with the
same fixed initial values, but by a one-dimensional
point set of a one parameter family of solutions of
Euler's problem.

The differential equation for A is of a very
complicated form and it has not been tried yet to
approximate its solution analytically. However,
the last formula can be used - and it has been
used extensively -~ to compute A numerically and to
fit it then by suitably chosen functions. The
results are very promising so far, and the numeri~
cal computations show clearly that A is a slowly
varying function of time for the first half (out-
bound leg) of a circumlunar trajectory; A is also
a slowly varying function for small changes in the
initial values, so that families of trajectories
can be represented by one expression for A,
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