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Abstract
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When the internal temperature of a star exceeds 10° °K
the evolution is very rapid. The‘time scale is around 3000
years. Energy dissipated by emission of neutrinos is several
orders of»magnitude higher than that by optical radiation. Neu-
trinos have exceedingly long mean‘free path (fVlO20 gram/cmz)
and they will escape as soon as they are produced. The star
will contract to rélease gravitational energy to make up the
energy lost to neutrinos and the internal temperature will
rise to comply with the virial theorem. It is possible in
this fast evolutionary phase, to neglect optical radiations
all together as compared with the neutrino radiation. A set
of structural equations is thus obtained. The envelope is

replaced by boundary conditions. A simple model is construc-

ted to illustrate our approach.



I General Discussions and OQutlines

In Part I of this paper we have discussed the evolution
of late type stars in general and pointed out the importance
of neutrino emission processes in old stars. In this paper
we shall investigate the development of a very late star
with internal temperature exceeding 109k (1 BK ) into a
supernova. The general importance of neutrino emission
processes in various stages of stellar evolution will appear
in another paper which will be published elsewhere.

When the internal temperature T exceeds 1 BK neutrino
emission from stars is exceedingly important. The neutrino
luminosity (Lp ) is greater than 106LO in energy output
while optical radiation is less than 105L® in general.
Neutrino has exceedingly long mean free path 04020 g/cmz)

in contrast to electromagnetic radiation whose mean free

path is around lg/cm?. Therefore, once created inside
stars, the neutrino will escape. The neutrino luminosity
is the same as its production rate. Under such circumstances,

stars will have quite different structural characteristics
from those in which electromagnetic radiation is dominant.
By virtue of the Virial Theorem (see Section III), the

rate of evolution of such stars is governed by the neutrino



emission rate only. The composition of the star at around
1 BK is mainly Si28. Very little energy is generated when
5128 undergoes nuclear transformations to form Fes6 at
1~ 3 BK . The supply of nuclear energy is very small. Thus,
energy can be suppliéd only by a gravitational contraction
of the star. The structure is mainly determined by two
factors: the gravitational contraction and neutrino
emission. When optical radiation is neglected as compared
to neutrino radiation, the structural equations become
sufficiently simplified. Although they still must be
solved by numerical methods in general, a simplified model
admits analytical solution.

To summarize our approach, we assume the following for
pre-supernova stars:

(1) > 107k

(2) Nuclear energy sources are limited, and to the
first approximation, they are neglected.

(3) Lv‘>§, L((ins the electromagnetic luminosity of

the star.
(4) The envelope has no feed back effect on the core,
i.e. the rapid evolution of the core may change

the envelope but the evolution of the envelope has



no effect on the core.

(5) We consider only the type of supernova caused by
the iron-helium transition mechanism as proposed
by Burbidge et al.2

Each of the above assumptions will be discussed
separately later.

The scheme of this paper is as follows: We first
present outlines of the physical properties of matter under
the conditions described above. They include: the neutrino
emission processes (Sect. II), the virial Theorem (Sect. III),
matter in statistical equilibrium (Sect. IV), the
hydrostability of a star (Sect. V). 1In Section VI, we
discuss an approach to the structure of pre-supernova stars
according to the five assumptions above and derive the
differential equations for such stars. In Sect. VII we shall
simplify and modify some of the results of Section II through
Section V, and construct an analytically soluble model to
illustrate our results in Section VI. We do not propose
that this model represents a physical pre-supernova star.

It has some resemblance to the actual star, but such
resemblance should not be too strongly stressed.

A list of symbols used throught this paper is provided

below:



° £

mass number of a nucleus

109°K (one billion degrees)

the total internal energy of a star (in ergs)

Fer surface energy

the total gavitational energy

nuclear energy released from T=0 to the temperature T
the energy of an excited state of a nucleus from its
ground state

specific internal energy of a gas

the specific gravitational energy

the rate of generation of gravitational energy

met
rate of /energy release

gravitational constant (=6.67x10-8 dyne cm? gm-z)

The adiabatic exponent. (The heat capacity ratio Cp/Cv)
Spin of an excited state of a nucleus

electromagnetic luminosity (total electromagnetic
energy flux of a star) (in ergs—sec-l)

neutrino energy flux from a star (in LO units or

ergs sec™1)

solar luminosity (=3.78x1033 ergs-sec)

Shell luminosity, the energy flux that flows through

a shell of radius r

thermal conductivity




mass

mass

mass

mass

inside a shell of radius r
of the core of a star
of neutrons

of protons

solar mass (=l.985x1033 g )

chemical potential (ergs)

polytropic index

number density of the nucleus (A, Z )

number density of neutrons

number density for protons

the absolute value of the ratio of the gravitational

energy to the internal energy of a star

statistical weight

Pressure

extremely degenerate fermi gas pressure in which the

temperature dependence is neglected

Fermi gas pressure

radiation pressure

pressure of a relativistic but non degenerate gas

binding energy of a nucleus (measured from the state

of A free nucleons)

density (in g cm~3)
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= n =»

initial value

_lc)

gas constant (=8.32x107ergs mole_ldeg

specific entropy

temperature (in °K)

T in units of BK

initial values of T

total energy of a star (the sum of the gravitational

energy and the internal energy)

energy density (in ergs cm'3)

volume (cm3)

Specific volume (volume occupied by a unit of mass,
t 1)

= — (in cm3g”

£

atomic number



II. Neutrino Process

Since part I of this paper was written, a number of
neutrino processes have been investigated. The relative
importance of these processes have been summarized in Ref.
(4). Here we shall concern ourselves with the annihilation

3,45

process of neutrino production:

lf-sz —> Y+ P

(1)
which have been shown to be most important in the temperature
regime 109 °K - 1010 °K. A detailed calculation of (1) has
been perforﬁed .
In (1) the electron positron pair is created in equili-
brium with thermal radiation. Fig. 1 and Fig. 2 reproduce the .

result of Ref.(5). The rate of energy loss - %% (in ergs/cmS-sec)

is approximately given as4
d Y ‘gTz‘ex ( -2 V<< b
_. 4V 15 9
AL T axio T, To>> b (3

where T9 = I%?TK, T is the temperature and U is the energy density.

The effect of degeneracy on (2) and (3) is complicated (Fig. 2).

9

When T~ 10 °K,fA1107g/c.c. degeneracy may not be very importants

(also see Fig. 2).



ITY. The Virial Theorem

The virial theorem is an integral theorem that relates
the total gravitational energy of a star to its total internal
energy. It does not describe the details of the structure of
a star, but by its simplest application one quickly'gains an
insight to the nature of stellar evolution.

The virial theorem may be derived from the equations of

hydrostatic equilibrium:

4P G M
ar = § == (4)
aM 2
Ax c 4me S (5)

where P is the pressure, r the radius vector, M the mass inside
the sphere of radius r, and G is the gravitational constant.

Multiplying (4) by V = %ﬂ'r3, one obtains

'k = 4 eM > = L GM_

NP = ?f_\?—q’ﬁr Ay 3 ¢ A M (6)
Integrating over the star and partially integrating f&d?,one
obtains: -

M
{€am = 3{pav
Y (7)
GM . . .
where Egr ="y dM is the total gravitational energy of the

star. In general gPdV is not expressible in terms of Séfdv,

the total internal energy of the star. In the case of a



polytropic gas sphere (PdV is related to the internal energy

in a simple way. We have:

f?o(fofl?TO(V:—;fefa( V¥ Perfect gas

-Egr=&féde (9)

fpdv= £ [esdV

Polytropic gas of index n.
(10)

n

- Egy —,,3:/5}’0“/

In general,

- E, - 7fef0’l/, whew 2 7z 2 (11)
The case 7 = 1 makes an unstable situation since the total
energy of the star (gravitational plus thermal) will not be
changed for an arbitrary expansion or contraction of the star.
This case is of particular importance in the treatment of stel-
lar stability and will be considered later.

In order to calculate the evolution track of a star one
must know the equation of state P = P(f’,T). When one uses
that for a non-degenerate gas one over-estimates the tempera-
ture dependence of P. When one uses that for an extremely de-
generate gas one underestimates the temperature dependence of
P by a large margin. In Table I we list the exact value of

pressure PF for a Fermi gas as compared with that for a perfect

-10-



gas with relativistic correction P, and that for an ex-
tremely degenerate gas (no temperature dependence) Pd° In
fact, for é% (Q:E% where E_ is the Fermi energy) as large
as 6 the gas is still essentially perfect. This corresponds
to a density of roughly 106g/cm3 at T = 109 °K, and 107 at

T = 3x109 °K, 108 at T = 5x109 °K. . Now 1et us examine whe-

ther the condition for a perfect gas holds for a star around

1.3MO.
Schwarzschild et al. have calculated a model for red
giants of mass around 1.3M_. Before helium burning starts

©
3
the central density is around 106g/cm , and the central

temperature around 10 °K. The gas is in a very serious
state of degeneracy. The helium burning starts quickly and,
because the gas is highly degenerate, temperature rise could
go very far without upsetting the equilibrium status of the
star. Because of this rapid temperature rise, helium burning
is accelerated. This is known as the helium flash7. Finally
the temperature becomes so high that the state of degeneracy
is no longer maintained. The core expands to readjust itself
by adiabatic cooling. When the core is finally settled, the

3

central density is around 104g/cm and the temperature is

around 1.5x10 °K. The core is no longer degenerate.

-11-




The law of evolution for a perfect gas sphere is
3
7. (%) 12)

where_K and T0 are the initial values for f and T .& Is it
possible that the gas will remain nearly perfect all the time?
To answer this question in detail would require a complete
knowledge of the evolution of stars beyond the red giant stage
which we do not have. Let us assume the validity of (12) and
proceed to compute f and T for the later stages of evolution.
If the resulting f and T fall short of degeneracy we may jus-
tify ourselves for the condition of being nearly perfect.
Even when the resulting § and T fall close to degeneracy, the
"carbon flash" (which is expected to occur at around 7x10 °K)
may decrease the central density to a nearly non-degenerate
state, just as the helium flash does. Cameron8 argued that
carbon flash may explode the star, giving rise to supernova
phenomenon. We shall assume that this is not so. At present
we assume that the star may survive the carbon flash stage.

In Table II1 we list the central density and temperature
as computed from Eq. (12) and the relevant neutrino luminosity,
relaxtion time, specific energy content at each stage of evo-

9 . . .
lution. It is seen that at T = 10  °K the neutrino luminosity Lv

* For derivation, see, for example, Reference (1).

- 12 -




is already greater than 106L®, The star is still quite stable.

No stars have been observed with an optical luminosityd>1l0 L@
without showing a rapidly expanding envelope characteristic
of a nova or supernova eruption. Even in the case of nova
explosion such high optical luminosity (~'106L@ ) could not
be maintained for more than a few months. It is very re-
markable that LV may be as high as 1013L6 with;ut giving rise
to any appreciable instability (at least in the core region).
Thus/when T2 109 °K the optical energy radiated is very small
compared with the neutrino energy radiated.

When TZ_lO9 °K very little nuclear energy is generated
when Sﬁzg undergoes further nuclear processes to approach the
equilibrium state of elements?’1> (which will be briefly dis-
cussed in the next section). Anyway, the equilibrium state
of elements will be reached at T~ 2x109 °K. The core of the
star is essentially devoid of all energy sources except the
gravitational source. The neutrino process will continue to
dissipate energy. Will the star cool down? Only when the
central density already approaches that for a white dwarf of
approximately the same mass at T = 0, the star will be able

to cool down without further change. Otherwise the virial

theorem (11) must be observed at all times, assuming hydrostatic

- 13 -




equilibrium. Therefore, the star will contract. The central
temperature will rise (as a result of the increase of_féf dv).

The amount of energy that is dissipated into neutrinos will be

S[-E,-(esav] = S]m-fesdV],

Thus the central density and temperature of a star will
rise indefinitely until something stops it. At present we
shall only investigate the iron-helium phase change theory
that has been suggested by Burbidge et al.2 and applied to

supernova problems by Fowler and Hoyle

- 14 -



IV. The Property of Elements in Statistical Equilibrium

The equilibrium among elements is the same as a chemical
equilibrium process. At a given temperature, the relative
abundance of an element is determined by its binding energy
and the number of statistical states available. For details
of this process the original article of Burbidge et al. is
recommended. Here we shall only quote their result.

Under condition of statistical equilibrium the number

density n(A,Z) of the nucleus (A,Z) is given by

+ 5—?—’ QALY + Allog M -34.0T - 2leqT, )
9

+ Lo (13)

T MALIM(ATZ)+ MM o+ MM = P (14)
A2

where

WAZ) = ZOI e rxp]- B et ]
Q(AT)- L CA-L)IM + 7 Mp - IM(A 7)) ]
0 tog (")

where Ir is the spin, E, the energy of the excited state

measured above the ground level, Q(A,Z) is the binding energy

#* Unless otherwise stated, all logarithms have base 10. For
base e, we shall use the notation fin

- 15 -




of the ground level of the nucleus (A,Z%.Mn, Mp, M(A,Z) are

the masses of the free neutron, free proton, and nucleus (A,7Z)

respectively. 820 for ﬂ-107 and T~3x109 °K. The justification

for neglecting & has been given in Reference (5).

10

In the temperature range 3x109 - 10 °K the abundance of

4

6
all elements except He™ and Fe5 may be neglected. Here we

shall not consider the case of T35101° °K for which n; and n,
4 6

are comparable to n(He ) and n(Fe5 ). The inclusion of such

terms at present would only complicate our analysis. Now we

wish only to obtain an insight into the problem.

Thus, after putting into (13) and (14) all relevant con=-
4

6
stants for He and Fe5 , we have

|oﬁ M (4,2) - ﬁ (o9 (56, 26)

4.6 2
=t 32.68 +1.39 \osTg - 31+’T’
2 (15)
M (4 M42) + m(5b 2L) M rE) + M M, - £ (16)
Mm/’?l(‘r,z) = q%B

Eqs. (15) and (16) may be solved for n(4,2) and n(56,26) for a

given set of f and T . Writing

. o 2 ¥ttt
m (56,26)= o

f-’ﬁ‘x(oj

C(Ty)= 32:08 +1.39 logl, - (17)

w
Bk

FTy0= el —2nel - B jog(io.16y)

fe Te - log (101 £

O o

- 16 -




then we have:
io 4)': - v (18)
Eq. (18) may be solved by a graphical method.
Judging from the form of Eq. (18) ~ has a very strong
56

dependence on f and T . Thus the transition between Fe and
and He is very rapid. Fig. 3 reproduces the abundance of Fes6
as a function of temperature. The transition temperature regime
is around AT = 1. The values of f and T for which ‘ﬁFe =f)He
is plotted in Fig. 4.

The heat of transition is around 2.2 Mev per nucleon. The
thermal energy is around 0.3-0.5 Mev per particle. During the
transition process a drastic gravitational contraction may take
place. This may cause instability inside the star. Burbidge
et al. argued that this instability may trigger a supernova

In the next section we shall study the problem of hydro-

static stability. It is possible to formulate the instability

caused by iron-helium mathematically.

- 17 -



V. Hyvdrostatic Stability of a Star

10
This problem has been widely treated . Here we shall

11
follow Dyson's approach

The equations of hydrostatic equilibrium may be written

as

dv

M-V (19)
where V = %Er3 (21)

M = mass enclosed inside a
sphere of radius r

v = specific volume of a gram
of matter

The total energy of a star T is:

~ .8 +E
C 9 (22)
_fva
g} etmdm
M y (23)
B _Gjo r(M] MaM
(24)

where ¢ is the specific internal energy, E is the total internal
energy and Egr is the gravitational energy. A small perturba-

tion of the star is described by moving each mass-shell M radially

- 18 -



outward by a displacement § r; subject to the restriction
€r =0 at M = 0 (25)

For an adiabatic motion we have exactly

a€ -
e N (26)
d’e 4P Py
(—A_-UT>>A¢L: —(N)AA: — (27)
Co . . o
where Y- — and is the ratio of specific heats at constant
LV
pressure c? and constant volume (v. Various forms of T will

be derived in the appendix.
We now calculate the change in total energy T produced

by the displacement, up to the second order in $¥. We find

(28)
W
- P
{Er(aAM{”(I“ + ;;(C»’)z:‘ (29)
SEpc Of mam[ L5 - €0y (30)
fo= L (SV) (31)
AdM

§V - Ha(r: e + v(61)%) (32)
sy . §7 + 8% (33)

e
] od feny® &M ¢
¢l [» dM[ 7m(qrrarr)f— = Y] (34)

- 19 -



After the first term is integrated by parts, ght vanishes
identically by virtue of Eq. (19). This is expected since
the star is in equilibrium.

To see whether the equilibrium is stable we examine the

second order terms. We have

2 d
’t= L{av[% \‘7‘2%?} +T'(g€,)zJ (35)
?c € V= gnr’syr (36)

2
The star is stable if 7 >0 for every g(V) and unstable if
§%Z<ofor some g(V). The star is certainly unstable if

for a uniform contraction with g = kV. Thus
(¥-5%> Paveo (37)

is a sufficient condition for instability. To have stability,

L. 4 . .

it is necessary to have (7”5 in some regions of the star.
Writing g = Vf and integrating the first part of (35), "

we have

i N 2 dg 2
o't = L frav V(R 0 -3) Gy) 1 6o

This shows that it is necessary for instability to have
in some part of the star.
The iron-helium traﬁsformation has an YUVIJS ¥
In the next section we shall apply the stability argu-

ment (37) to pre-supernova stars.

* See appendix
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VI Speculation on the Structure of Pre-supernova Stars

Ever since the first supernova was recorded in human
history in 1054 A.D.lz, learned scholars could not but
wonder at the implications of such glorious eventslg.

Today we are still almost as ignorant as our ancestors when
such an event was entered into historical records merely as
a guest star. We are just beginning to feel we can
reconstruct such events on a piece of paper by reason and
by correlating the properties of matter we have learned
up-to-date. We are still quite far from the detailed
knowledge of such events.

Nevertheless, we look into this matter with almost the
same point of view as the Chinese Calendrical Computer
Royal* who predicted that the appearance of this particular
supernova will mean plenty of crops to the people14. He
could be right if supernovae are what we think they are
today. They bring us all the heavier elements, including
carbon, nitrogen and oxygen which are the main chemical
composition of crops. The Computer Royal was wrong only
in his wording. The supernova (now the crab Nebula) may
bring crops to beings, but not to the people on earth, nor

would his prediction be true in any forseeable future. The

3% His name is Yang Wei-Te. Although his duty was to set up
the calendars, occasionally he interpreted the "symbols
of Heavens" to give advice to the emperor.

- 21 -



dynasty he served had long since been succeeded by others,
and others by still others, and the solar system implicitly
promised by him is yet to come.

We start our investigation by assuming: (1) all

9.k,

pre-supernova stars have internal temperature T = 10
(2) energy produced in all nuclear processes is small as
compared to the thermal energy, (3) general relativistic
effect may be neglected, (4) hydrostatic equilibrium is
maintained at all times.

The assumption that T:>-109°K is probably all right.
8

The structure and evolution of stars up to 2x10~°K have

been investigated and such stars could not possibly
become supernovae. Cameron8 suggested that at T~ 8x108°K,
when carbon burning starts a new instability very similar‘
to the "helium flash"6’7may cause a star to become a
supernova. However, his arguments do not apply to the case
when the center is only slightly degenerate. Then the
assumption that T > 109°K may be realized.

The general relativistic effect could be neglected
so long as f < 1010 g/cms. The correction due to general
relavistic effect will be only a few percent even at
P=1010g/cm3.

The nuclear energy available from the transmutation of

- 22 -



Si28 to Fe56 is only 0.1 mev per nucleon.l5 Since the
internal energy of electrons under prevailing conditions is
around 0.3 mev per electron, one may neglect the contribution
from 5128-—9 Fe56 reactions. In a more general treatment
we may wish also to include the energy production in such
reactions.

So far we have considered the core only. In the
outer envelope of the star the possibility of nuclear
processes leading to large amount of energy production
(e.g. , 3d-reaction or even hydrogen burning) may not be
excluded. The evolution of the core, as is seen from
Table II, is sufficiently rapid. The total energy that
may flow in and out of the core during the entire period
of the evolution of the core is small compared with either
the total energy lost to neutrinos or the increase of
thermal energy of the core due to contraction. Thus the
envelope will not produce a noticeable effect on the core.
On the other hand, the rapid evolution of the core will
produce an effect on the envelope that is not negligible.
This effect needs special treatment, and we do not propose
to study it now. In all, what we shall propose to study
from the core will shed us light upon the evolution of

the envelope on the one hand, and on the other hand such



4

study may tell us if Fe56-_) He™ conversion is sufficient to
cause a star to become a supernova.

Finally, the assumption of perfect hydrostatic
equilibrium is the most flawless one. The characteristic time
for evolution in no case falls short of 104 seconds, and
the time for free fall (a state completely devoid of
hydrostatic equilibrium) is less than 1 second.

In the following we shall derive the equations that

will govern the evolution of the core. First we examine

the four equations that govern the general structure of

a star:
dp_ _ , oM
dr 2 (39)
dM 2 (40)
ar = amety
dLp.
o - b (41)
dr _ - Lr (42)
dr 4w-rZA

where 5 is the energy generated per unit mass , L, is

the radial energy flux. X is the thermal conductivity.
P is supposed to be a known function of f and T. éi

is also supposed to be a known function of f and T.

—P:?(f,'l') (43)
£ =65 T) (44)

Suitable boundary conditions have to be added in order

- 24 -



that Eqs. (39)-(42) may yield a unique solution. General
discussions of such boundary conditions may be found in
standard textbooksl0.

Equation (39) merely states the condition for hydro-
static equilibrium and therefore should remain as it is.
Eq (40) actually defines M as a function of §¢ and r.
Eq. (41) and Eq. (42) require special attention in our case.

In Eq. (41) ¢ assumes the following form

= dEg, dU
gr £
& " *todt (45)
dt

(46)

_t —
A ar d JH?CM
o
dU _ frate of energy loss due to neutrino emission
dt
¢ = internal energy per gram of matter.

That M=const. in (46) means we follow a specific mass element.

In (45) we have neglected all nuclear processes. %% is 7106

ergs/grm-sec. The magnitude of dL,. may be estimated as
follows: No stable stars have been observed with a
luminosity >'105LO . The maximum rate of energy generation

per gram of matter may be safely taken to be less than

dlr 5, general. This

1051‘0,, 109 ergs/grm-sec. Thus (Hi%>>
©
means 2§%£g>> g;z . A natural simplification for Eq. (41)

is therefore to t dle= 0.
PUY anr—




Thus

I_‘Pdv - dé - du 1=0
dt dt dt M=const. (47)

Equation (47) may not be integrated with respect to t, the

time in general, since dU ;5 an explicit function of

dt
and T. Eq. (47) replaces Eq. (41)

Equation (42) is then incomplete in the sense that in

dLp.

the star. Eq. (42) relates the temperature gradient to the

our approximation = O,L?ay be taken as zero throughout
energy flux. It thus represents an equation of cause and
effect. At r + dr the value of T is determined by its value
at r and the energy flux L,.. The assumption gﬁr =0
essentially isolates each point from the other as far as
Eq. (42) is concerned. Thus Eq. (42) should not be present.
Eq. (39), (40), and (47) plus suitable boundary conditions
should determine the structure of the star completely.

Is this logically possible? What we have done is to
assume that during the entire lifetime of the core
(after T 109°K) -- around 3000 years -- the total radiation
energy that flows in and out of a mass element dM is
negligible as compared with its total thermal energy. The

energy that flows in and out of a gram of matter is less than

- 26 -



(104 ergs/grm-sec x 3000 years) ~ 1016 ergs/g, The

total energy content is in between 1017 - 1018

ergs/g,

Our assumption seems to be justified. Thus, at each mass
point the thermal energy content is determined by its past
history only. This is expressed in Eq. (47) with the
constraint set up by Eqs. (39) and (40).

Equation (47) may be further simplified. Since

[. pdd %f = - 13 (48)
M=const. M=const.
where s is the entrophy, we have
d
Tqe = u(§ ,T) (49)
M
_ _dU
where u(f ,T) = T
The boundary conditions are:
At t=o0, S=72 (r), T=1T, (r) (50)

where m is the mass of the core which is not necessarily
constant but must be a known function of t. j’m and Ty

are supposedly known functions of m and t. The boundary

conditions (50), (51) replace the outer envelope of the star.

In general m is not a constant and may not be a known

function either. Yet if we assume during the few thousand
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years of the final stage of stellar evolution the addition
of mass to the core is negligible, then m, f,, T, may all
be taken to be constant. The boundary may be defined such
that L =L,

After f (r) and T (r) are solved we may eliminate r
and plot_f against T. The core will be represented by a

line segment in the f -T plane. As time elapses this line

segment will move and will change its shape in general. This
motion marks the evolution of the core. Eq. (37),
fovx -4y rav g o (37)

may be used to check the hydrostability of the star. The
shape of the line segment will change once it enters the
iron helium transition regime.

To summarize, the structure of pre-supernova stars as
described in the earlier part of this section is contained

in the following set of differential equations

dP = - p GM (52)
dr f r
aM _ 4 e (53)
dr
(Té‘\'r"" B_E) - c_lg__ d Ea (54)
2 2t M dt EZ‘
the boundary conditions are
A=o , f =Po (r) T=T, (r) (55)
M=m, f.p. . I=T, (56)



when dEn is the rate of nuclear energy release.
dt

' Some general results may be obtained without solving

Eds, (39), (40) and (49). We consider two cases:
(i) The temperature is the same throughout the core,

i.e., an isothermal core. This is the most unstable situation.
The structural curve is a vertical line in the § -T plane.
the 50 percent /rew curve is also very steep (almost a
vertical line) as can be seen from Eq. (18). (Fig. 4).
Thus the core will have a Y~ 1.13. The integral in Eq. (37)
is certainly negative.

(ii) The density is the same throughout the core. 1In
other words, the core is entirely supported by the temperature
gradient. This is the most desirable situation for stability
although a core of this type does not exist. Such a core is
convectively unstable. The structural curve is a horizontal
line in the p-T plane. The portion of horizontal curve
that will lie in the Y~ 1.13 zone is of the order A T where
AT is the iron-helium transition temperature regime.

The model we shall discuss in the next section corresponds

roughly to this situation.



VII An Analytically Soluble Model

In this section we shall construct a model which is

analytically soluble. Eq. (49) may be integrated when

u(p,T) =T f(s) (57)

when f(s) is an arbitrary function of the entropy s. Then,

ds _
where C (M) is a function of M only. (In the following, we
shall use M as the independent variable. The reason for

this choice is obvious because of the form of Eq. (48).)

We now consider the case of a perfect gas sphere, and let

f(s) = u, where u, is a constant, then we have
P = PRT R=gas constant (59)
€ -3
> RT (60)
f(s)= u, (61)

In order to reduce C (M) to unity, we further let

f =T at T = o (62)
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_ ~ 3/2
then for arbitrary t f7(M) =T (M) eXP[’EQ (t - to)l (63)

is the solution of Eq. (47). Thus, from Egs. (54) and (63)

Poc g 5/3

The structure is described by that of a polytropic gas sphere

of index 1.5.

The solutions are:

5'/1
-P:: ?cd-) [93/1‘&)] (65)
s 3A
F= faer[ 05,0%)] (66)
1o Tc(t) 93/1({:) (67)

where Ti&)’~£&7 and‘Eﬁ)are functions of t only. P, fc’
T, are values of P, T, at r=o since 0 3/2 (o)=1. 93/2 (x)

is the Lane-Emden function of polytropic index 3/2. /hd
I 5/ R } Va
Yo "1 %me e’ (68)

/
Also 93/2 (o) =1, 93/2 (o) = o.
For .« C, 6 3/2 may be expanded as

2

. v _ 3/, L‘*
93/1.(%0): i~ -t(“}:) + TZ’:(‘( ) - (69)

-]

€)3/2 = o at r=r, = 3.65r,. This may be taken as the natural
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boundary of the star.

It remains to determine the forms of Pc(t),f’c(t)
and Tc(t). To solve them, the boundary conditions at M=m
must be used. In this particular model we may replace the
boundary conditions by the law of evolution of a perfect

gas sphere:

L T & (2
i) T, ] (70)
Thus we obtain:
T Us
‘Pt(k) = 1. rxp [-3" E(k—t.)} (71)
fc\.t)—' 5, vxp I 1’% (k-%,) ] (72)
2 Ue h
Tc(ﬁ) =T, »p [ 3T R (+-%.0]3 (73)

The evolution of this model star is now completely
determined. The structure as plotted on the logf -log T
plane is a straight line of slope 3/2. The top of this line
moves upwards along the direction of slope 3. (Figure 5)

When the curve reaches the iron-helium transition regime
the structure of the star will change. In fact, if it does
not change, the star will be stable against iron-helium
phase change. Let the transition regime extend over a
temperature range 4 T, = 1. Take T9 = 8, then when the phase

9

change is just about to finish at the center, we have
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(the iron helium phase change occurs inside a sphere of

radius fzfﬁ)

7 — aT
V) 3/2 () = A.T;i = 1/8 (74)
Th 4 4 5 5
en fr-$sPav=un R) (-G -119) [ (%,) ¢*4%
' /2
+3 f; (6,) s 4t ] >0 (75)
x p .
where 'i = }: , §.= A 345 Y . Y=Y, is the natural boundary
of the star defined as 93/2(r1)=o.

This star is stable against the phase change. The fault,
dear Brutus, is perhaps not in our stars, but in ourselves.
For we have assumed that the structure does not change in
the iron-helium transition regime.

The equations of state P(P ,T) and ¢ (f’,T) depend on
the composition. The pressure P is increased since the gas
is mainly composed of Fe56 which decomposes into 13 Hed+4n.
The number of electrons is not changed substantially. Thus
the number of particles is increased by around a factor of
2 if we maintain the same £ and T. € also increases as the
equi-partition energy per particle remains constant while
the number of particles is increased, and energy is required
56

to dissociate Fe We assume P is not substantially changed

and € has a linear dependence on the temperature. These
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assumptions are not particularly valid, but would do for
our model. The linear dependence of f on T is used in
order that an analytical solution is possible. Thus we

assume the form of P (f ,T) is still unchanged, but
€)= 3
€, CT+tD (76)

where C and D are constants to be determined such that

¢ (P,T) is a continuous function at the boundary of
transition zone. C and D may be determined if we know the
width of the transition zone and the value of ¥ . We

assume ¥ = 1.13 and 13T9 = 1. Then,

| - Bz_c = 1.13 (77)
C=7.67R (78)
D =6.17 RT (79)

Thus
¢ - % RT + 6.17 (T - T ) R (80)

= 7.67 RT - 6.17 RT
o

inside the transition temperature regime, and
€ =< ke (81)

outside the transitions temperature regime. Then Eq. (47)



admits the following solution:

16T __ 6T .
Fev T, enp [ %(T~T:)J (82)

sinceAf is continuous at the boundary. Combining Eq. (82)

with P, we have

L+ 1)
P f 7.67
inside the transition regime. Thus, when the center is
inside the transition regime, the structure is that of a
polytropic gas sphere of polytropic index 7.67. Outside
the transition zone the simple Lane-Emden function of index
3/2 with no singularity at the center is no longer valid.
For the details of such solutions, Emden's original
textbookl’7 and Chanchasekliar's textbooknzre recommended.
The actual iron-helium transition curve in the 10gf

-log T plane has a slope ~ 15 The width is around

A T3 =|. The structural curve for a gas of n=7.67 has
a slope of 7.67 in the log ?—log T plane. A simple
geometrical construction of the structural curve inside the
transition zone (assuming the center just completes such

transition) gives us the part of the star that is inside

the transition zone:
.A‘ogf ~ |\
slog T & (83)

A large portion of the core (from the center where f = 5.

to around f;: {:j’c ) lies in the ¥ =1.13 region. A

- 35 -



numerical integration of Eq. (37) with the following form of

structure:

Jm s 4o thy tram bion 3o~z

> €61
P= P>, )

N
Pxfgr(8,,) (84)

T T (91-L1)
Cuksids He tromsition zome
The same (buk widh o ck- e oKX T~ lo0c ) (85)

gives a negative result although with a somewhat narrow
margin. In Eqs (84) and (85) © o is the Lane-Emden function
of polytropic index n.

We note from Fig. 5 that our model star evolves into
a supernova via homologous transformations. This result is
not general. We have assumed a form of neutrino energy
loss function that makes the entropy increase linearly with
temperature. In general this is not to be expected.

This model illustrates the method we propose to study
the structure of pre-supernova stars. Problems involving
gravitational contraction must be solved by numerical
methods in general. In this model because of the simple
form of the neutrino emission function (Eq. (57) and
(61) ), the evolution is homologous. In this case an

analytical solution is apparent.
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To study the general case a more detailed knowledge
about matter under such extreme conditions as described
earlier in this paper is necessary. Among them are: the
equation of state, the adiabatic exponent Y , the equili-
brium state of elements, the equilibrium among neutrons and

protons and electrons under high density conditions.
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VIII. CONCLUSIONS

In this paper we outlined the general propérties of
matter at extreme temperatures. From these properties, we
arrive at the following conclusions:

a) When T>'109 °K optical radiation inside stars in

general may be neglected against neutrino radiation
Most of the neutrinos come from the annihilation
process of neutrino production.

b) From the virial theorem (Sect. III), stars can
evolve only by radiating energy. In the final
stage of stellar evolution (T > 109 °K), the rate
of evolution is only limited by neutrino emission
process. Therefore the characteristic time for
evolution is the same as the relaxtion time for
cooling by emitting neutrinos.

c) The stellar structural equation may be simplified
by neglecting optical radiation altogether. The
star becomes a transparent body: the rate of energy
dissipation is the same as the neutrino production
rate. A simple model is constructed to illustrate

the evolution of such stars.
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We have considered only the case in which the hydro-
static instability is due to the iron-helium phase change at
T ~ 8x109 °K. No attempt is made here to correlate this
supernova mechanism to any of the two types of supernova

observed.
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Appendix?*

By definition,kx is

v 4P
X‘: '-‘"5 d\V As (A-l)

where the subscript "ad" means the process is adiabatic.

Let the two thermodynamic variables be x, y, and write:

Pressure: P= P&, %)
Specific Volume: ~ = AT (%)

Specific energy: € = € (%%

Then AP = B Ax +?~&A‘} (A-2)
Av = T, X+ A, Ay
g L (A-3)
the adiabatic condition Pdv +déeé=o then gives
Eydrr e dy= -7 (Fdxs 2y dn ) (A-1)
AY é‘+"\70’,
S = - (A-5)
A% \Ao\ C’\3+ ?U’a
Combining Egqs. (A-2), (A-3), (A-5) we have
- A-6
/f— _ c)'— (?(C‘\a‘ex’iig—)‘rfp(?x\yn'?'aui) ( )
- P

S, €y o J\ae,l

#*Part of the material has been taken from Reference (11).
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In particular, let x Z'P, y = v, we have
€
Y < Ps v 5S¢
D€
T2

Assuming € and P~ are functions of temperature alone. Then

(A~7)

Eq. (A-7) reduces to

Y= It

A(PS)
el Ao
Using the numbers quoted in Reference (5) we find

A (Pv) = 9‘53)(!0”%/}

A € = (q~gxle‘-‘.ﬂﬁﬁr/g
(A-9)
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Table I.

Table Captions

Comparison among

and temperatures.

P .= Pressure of
vel

pressure Pr'

P_ = Pressure of
from pairs.

PD = Pressure of

$o = 6x106 g/cm3

The discrepancy between PF and PP at lower densities
is due to the presence of pairs.

high the discrepancy is less.

PP’ Pp, and PD at various densities

a perfect gas without radiation

a Fermi gas including contributions

a completely degenerate Fermi gas.

When the density is

In this table we demon-

E
strate that at E%gz 6 the assumption of a perfect gas

is not a very bad one.

Table II.Physical Quantities of an evolving star, T; = T/10

is the specific energy per gram of matter.

(0 ud
“cooling = e/c-if

33
f’and T are calculated from Eq. (12). L_= 3.8x10

S

°K. €

ergs/sec.



Table I

T( R %’ (z.i_ﬁ,) log(8/f) | 1log Trel log 't | 1og P> log I7
3.6 -2 -2.28 -2.29
6.12 -1 -1.28 -1.25 -1.6
10 10.2 0 -0.28 -0.024 | -0.08 -2.72
19.4 1 +0.72 1.34 1.30
0.4 -1 -0.81 -0.38
2.3 {0 0.19 0.24 -0.08
| 3x10°7 6 1 1.19 1.41 1.30 -0.82
13.28 2 2.19 2.71 2.67
28.8 3 3.19 4.04 4.03
0.61 0 0.42 0.71 -0.08
| 3.02 1 1.42 1.51 1.30
5x107 7.8 2 2.42 2.74 2.67 0.24
17.1 3 3.42 4.04 4.03




Table II1

T (BK) 1 2 3 5
3 6 7 8 8
£ (g/cm’) 6x1C 5x10 1.7x10 7x10
_4€ 9 10 13
st (ergs/g-sec) 1.67x10 2x10 2x10 1.5x10
1 1 1
€ (ergs/g-sec) |10 7 2x10 7 2x10 7 5x10
Ly /y 6
L"/Le 10 109 1010 1013
T (ee0) 10 B 7 4
coolin 6x10 10 1.5x10 2x10
o Isec) .
L collapse ~ 1 ~1 ~ 1 ~ 1




Fig. 1.
Fig. 2.
Fig 3.
Fig. 4.

Figure Captions

The rate of energy loss due to the annihilation process
(1), log L—%E% is plotted against T for different
values of log No’ where N0 is the characteristic number
density for electrons (Ref. (4)). 1log NO = o corresponds
to a density of 3x106P1 g/cm3 where [t, is the molecular
weight for electrons. %% is measured in units of
ergs/cm3-sec and T in units of 10 °K. Numbers attached

to curves are values of log N
o

The rate of energy loss of (1) as a function of density.

log:G-ﬁg) is plotted against log No for different values

. of 1; . T; is measured in 109 °K units.

6
F656—9 He4 phase change. The density of Fes is plotted

as a function of temperature. The total matter density

is 105 g/c.c.

The density for which .ﬂiz ﬂh is plotted against T

To the left of the curve the main composition of matter

is mainly iron and to the right helium.



Fig. 5. The evolution of the model star (Sect. VIII). The

..., are
1’ ’>“n

as shown. The center moves along the dotted straight

structures of this star at t =¢t , t
o

line, whose equation is £/, :(,T/To)s'
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