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Abst rac t  

I 5 4 0 3  
When t h e  i n t e r n a l  tempera ture  of a s t a r  exceeds l o 9  "K 

t h e  evo lu t ion  is very r ap id .  The t i m e  scale is around 3000  

y e a r s .  Energy d i s s i p a t e d  by emission of n e u t r i n o s  is s e v e r a l  

o rde r s  of magnitude h igher  t han  t h a t  by o p t i c a l  r a d i a t i o n .  Neu- 
20 2 

t r i n o s  have exceedingly long  mean f r e e  pa th  ( N l O  g r a m / c m  ) 

and t h e y  w i l l  e scape  as soon as they  a r e  produced. The s t a r  

w i l l  c o n t r a c t  t o  release g r a v i t a t i o n a l  energy t o  make up t h e  

energy l o s t  t o  n e u t r i n o s  and t h e  i n t e r n a l  tempera ture  w i l l  

r i se  t o  comply wi th  t h e  v i r i a l  theorem. It is p o s s i b l e  i n  

t h i s  f a s t  evolu t ionary  phase, t o  neg lec t  o p t i c a l  r a d i a t i o n s  

a l l  t o g e t h e r  a s  compared wi th  t h e  n e u t r i n o  r a d i a t i o n .  A set  

of s t r u c t u r a l  equat ions  is t h u s  obta ined .  The envelope is 

rep laced  by boundary cond i t ions .  A s imple  model is cons t ruc-  

t e d  t o  i l l u s t r a t e  our approach. 
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I General Discussions and Out l ines  

I n  P a r t  I of t h i s  paper w e  have d iscussed  t h e  evo lu t ion  

of l a te  t y p e  stars i n  genera l  and poin ted  out  t h e  importance 

of n e u t r i n o  emission processes  i n  o ld  s t a r s .  I n  t h i s  paper 

w e  s h a l l  i n v e s t i g a t e  t h e  development of a very  l a t e  s t a r  

wi th  i n t e r n a l  tempera ture  exceeding 109"K (1 BK ) i n t o  a 

supernova. The gene ra l  importance of n e u t r i n o  emission 

processes  i n  va r ious  s t a g e s  of s t e l l a r  evo lu t ion  w i l l  appear 

i n  another  paper  which w i l l  be  publ i shed  elsewhere.  

When t h e  i n t e r n a l  temperature  T exceeds 1 BK n e u t r i n o  

emiss ion  from s t a r s  is exceedingly impor tan t .  The n e u t r i n o  

luminos i ty  ( L  

whi le  o p t i c a l  r a d i a t i o n  is  less  t h a n  105L0 i n  g e n e r a l .  

Neut r ino  has  exceedingly long mean f ree  pa th  ( 4 0  

i n  c o n t r a s t  t o  e lec t romagnet ic  r a d i a t i o n  whose mean f ree  

pa th  is around l g / c m 2 .  Therefore ,  once c r e a t e d  i n s i d e  

s t a r s ,  t h e  n e u t r i n o  w i l l  escape.  The n e u t r i n o  luminos i ty  

is t h e  same a s  i t s  product ion r a t e .  Under such c i rcumstances ,  

s t a r s  w i l l  have q u i t e  d i f f e r e n t  s t r u c t u r a l  c h a r a c t e r i s t i c s  

from t h o s e  i n  which e lec t romagnet ic  r a d i a t i o n  is  dominant. 

By v i r t u e  of t h e  V i r i a l  Theorem (see S e c t i o n  111), t h e  

r a t e  of e v o l u t i o n  of such stars is governed by t h e  n e u t r i n o  

) is g r e a t e r  t h a n  1 0  6 Lo i n  energy output  3 

20 
g/cm2) 
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emiss ion  r a t e  on ly .  The composition of t h e  s t a r  a t  around 

1 B K  is mainly S i28 .  Very  l i t t l e  energy is genera ted  when 

S i 2 8  undergoes nuc lear  t ransformat ions  t o  form FeS6 a t  

l , ~  3 B K  . The supply of nuc lear  energy is very sma l l .  Thus, 

energy can be supp l i ed  only by a g r a v i t a t i o n a l  c o n t r a c t i o n  

of t h e  s t a r .  The s t r u c t u r e  is mainly determined by two 

f a c t o r s :  t h e  g r a v i t a t i o n a l  c o n t r a c t i o n  and n e u t r i n o  

emiss ion .  When o p t i c a l  r a d i a t i o n  is  neglec ted  as  compared 

t o  n e u t r i n o  r a d i a t i o n ,  t h e  s t r u c t u r a l  equat ions  become 

s u f f i c i e n t l y  s i m p l i f i e d .  Although they  s t i l l  must be 

so lved  by numerical  methods i n  gene ra l ,  a s i m p l i f i e d  model 

admits  a n a l y t i c a l  s o l u t i o n .  

To summarize our approach, w e  assume t h e  fo l lowing  f o r  

pre-supernova s t a r s :  

(1) T >  1090, 

( 2 )  Nuclear energy s o u r c e s  a r e  l i m i t e d ,  and t o  t h e  

f i r s t  approximation, t h e y  a r e  neglec ted .  

U Y  
( 3 )  L y  >> L ( L  i s  the  e lec t romagnet ic  luminos i ty  of 

t h e  s t a r .  

( 4 )  The envelope has  no f e e d  back e f f e c t  on t h e  core ,  

i . e .  t h e  r a p i d  evolu t ion  of t h e  core  may change 

t h e  envelope but  t h e  evo lu t ion  of t h e  envelope has  
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no e f f e c t  on t h e  core .  

( 5 )  W e  cons ide r  only t h e  t y p e  of supernova caused by 

t h e  iron-helium t r a n s i t i o n  mechanism a s  proposed 

by Burbidge e t  a l .  2 

Each of t h e  above assumptions w i l l  be d i scussed  

s e p a r a t e l y  l a t e r .  

The scheme of t h i s  paper is a s  fo l lows:  W e  f irst  

p r e s e n t  o u t l i n e s  of t h e  phys ica l  p r o p e r t i e s  of m a t t e r  under 

t h e  c o n d i t i o n s  desc r ibed  above. They inc lude :  t h e  n e u t r i n o  

emission p rocesses  (Sec t .  11), t h e  v i r i a l  Theorem ( S e c t .  I I I ) ,  

m a t t e r  i n  s t a t i s t i c a l  equ i l ib r ium (Sec t .  I V ) ,  t h e  

h y d r o s t a b i l i t y  of a s t a r  (Sec t .  V ) .  I n  S e c t i o n  V I ,  w e  

d i s c u s s  an  approach t o  t h e  s t r u c t u r e  of pre-supernova s t a r s  

accord ing  t o  t h e  f i v e  assumptions above and d e r i v e  t h e  

d i f f e r e n t i a l  equa t ions  f o r  such s t a r s .  I n  S e c t .  V I 1  w e  s h a l l  

s i m p l i f y  and modify some of t h e  r e s u l t s  of S e c t i o n  I1 through 

S e c t i o n  V ,  and c o n s t r u c t  an a n a l y t i c a l l y  s o l u b l e  model t o  

i l l u s t r a t e  our  r e s u l t s  i n  Sec t ion  V I .  W e  do not  propose 

t h a t  t h i s  model r e p r e s e n t s  a p h y s i c a l  pre-supernova s t a r .  

It has  some resemblance t o  t h e  a c t u a l  s t a r ,  b u t  such 

resemblance should not  be t o o  s t r o n g l y  s t r e s s e d .  

A l is t  of symbols used th rough t  t h i s  paper  is provided 

below: 
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L 

A 

BJ( 

E 

EF 

E 
gr 

En 

Er 

d 4 P  

dt 

G 

Ir 

r L 

L s  

x 

mass number of a nucleus 

1 0 9 ° K  (one b i l l i o n  degrees) 

t h e  t , o t a l  i n t e r n a l  energy of a s t a r  ( i n  e r g s )  

F e r  s u r f a c e  energy 

t h e  t o t a l  g a v i t a t i o n a l  energy 

nuc lear  energy r e l eased  from T=O t o  t h e  temperature  T 

t h e  energy of an exc i ted  s t a t e  of a nucleus from i ts  

ground s t a t e  

s p e c i f i c  i n t e r n a l  energy of a gas  

t h e  s p e c i f i c  g r a v i t a t i o n a l  energy 

t h e  r a t e  of genera t ion  of g r a v i t a t i o n a l  energy 

r a t e  of*&rgy r e l e a s e  

g r a v i t a t i o n a l  constant  ( = 6 . 6 7 ~ 1 0 - ~  dyne c m 2  gm-2) 

The a d i a b a t i c  exponent. (The hea t  c a p a c i t y  r a t i o  Cp/Cv) 

Spin of an exc i t ed  s t a t e  of a nucleus 

e l  e c t  r omagnet i c  1 uminos it y ( t o t  a 1  e l  e c t  r omagne t i c  

energy f l u x  of a s t a r )  

n e u t r i n o  energy f l u x  from a s t a r  ( i n  L u n i t s  or 

ergs sec-1) 

s o l a r  luminos i ty  (=3.78x1033 ergs-sec)  

S h e l l  luminos i ty ,  t h e  energy f l - l x  t h a t  f lows through 

a s h e l l  of r a d i u s  r 

thermal  conduct iv i ty  

( i n  ergs-sec-'1 

0 
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M mass i n s i d e  a s h e l l  of r a d i u s  r 

m m a s s  of t h e  c o r e  of a s t a r  

Mn 

MP 

Mo 

mass of neu t rons  

mass of pro tons  

s o l a r  mass ( = 1 . 9 8 S x 1 0 ~ ~  g ) 

P 
n 

n(A, 2) 

"n 

n P 

37 

cl) 

P 

pd 

PF 

P r  

chemical p o t e n t i a l  ( e r g s )  

p o l y t r o p i c  index  

number d e n s i t y  of t h e  nuc leus  (A, 2 ) 

number d e n s i t y  of neut rons  

number d e n s i t y  f o r  pro tons  

t h e  a b s o l u t e  va lue  of t h e  r a t i o  of t h e  g r a v i t a t i o n a l  

energy t o  t h e  i n t e r n a l  energy of a s ta r  

s t a t i s t i c a l  weight 

P res  s u r  e 

extremely degenerate  f e r m i  gas  p r e s s u r e  i n  which t h e  

tempera ture  dependence is  neg lec t ed  

Fermi gas  p re s su re  

r a d i a t i o n  p r e s s u r e  

p r e s s u r e  of a r e l a t i v i s t i c  bu t  non degenera te  gas 

b ind ing  energy of a nuc leus  (measured from t h e  s t a t e  

of A f r ee  nucleons) 

P d e n s i t y  ( i n  g cm-3) 
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P, 
R 

S 

T 

T9 

TO 

z 

2 

i n i t i a l  va lue  

gas constant (=8.32xlO 7 ergs mole-'deg- 1 c )  

s p e c i f i c  entropy 

temperature ( i n  O K )  

T i n  u n i t s  of  BK 

i n i t i a l  va lues  of T 

t o t a l  energy of a s t a r  ( the  sum of t h e  g r a v i t a t i o n a l  

energy and t h e  in terna l  energy) 

energy d e n s i t y  ( i n  ergs ~ m - ~ )  

volume ( c m 3 )  

S p e c i f i c  volume (volume occupied by a u n i t  of mass, 

atomic number 
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11. Neutr ino Process  

S ince  p a r t  I of t h i s  paper was w r i t t e n ,  a number of 

n e u t r i n o  processes  have been i n v e s t i g a t e d .  The r e l a t i v e  

importance of t h e s e  processes  have been summarized i n  Ref.  

( 4 ) .  H e r e  w e  s h a l l  concern ourse lves  with t h e  a n n i h i l a t i o n  
3,%5 

process  of n e u t r i n o  production: 

L--fJL+ 4 ,, + 2 

which have been shown t o  be m o s t  important  i n  t h e  temperature  

regime 1 0  OK - 1 0  O K .  A d e t a i l e d  c a l c u l a t i o n  of (1) has 

been performed . 

9 10 

4 

I n  (1) t h e  e l e c t r o n  pos i t ron  p a i r  is c r e a t e d  i n  e q u i l i -  

brium with thermal  r a d i a t i o n .  Fig.  1 and Fig.  2 reproduce t h e  

r e s u l t  of Re f . (S ) .  

is approximately given a s  

dU 3 The r a t e  of energy l o s s  - dt ( i n  ergs/cm -sec) 

4 

A U  18 3 I 1.9 

rs - -  A +  = 5x10 T9 e ~ , ( -  - )  

T 
= ‘WK, T is t h e  temperature  and U i s  t h e  energy d e n s i t y .  where T 

9 

The e f f e c t  of degeneracy on ( 2 )  and (3)  is  complicated ( F i g .  2 ) .  

When T N  l o 9  O K ,  J” 1 0  g / c . c .  

( a l s o  see Fig .  2 ) .  

7 5 degeneracy may no t  be very important  
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111. The V i r i a l  Theorem 

The v i r i a l  theorem is an i n t e g r a l  theorem t h a t  r e l a t e s  

t h e  t o t a l  g r a v i t a t i o n a l  energy of a s t a r  t o  i t s  t o t a l  i n t e r n a l  

energy.  It does not  desc r ibe  t h e  d e t a i l s  of t h e  s t r u c t u r e  of 

a s t a r ,  bu t  by i ts  s imples t  a p p l i c a t i o n  one quick ly  ga ins  an  

i n s i g h t  t o  t h e  n a t u r e  of s t e l l a r  evo lu t ion .  

The v i r i a l  theorem may b e  der ived  from t h e  equat ions  of 

h y d r o s t a t i c  equi l ibr ium:  

where P is t h e  p re s su re ,  r t h e  r a d i u s  v e c t o r ,  M t h e  m a s s  i n s i d e  

t h e  sphe re  of r a d i u s  r ,  and G is t h e  g r a v i t a t i o n a l  cons t ,an t .  

Mul t ip ly ing  ( 4 )  by V = $" 1-3, one ob tp ins  

I n t e g r a t i n g  over t h e  s t a r  and p a r t i a l l y  i n t e g r a t i n g  one 

ob ta ins :  
= 3(pd\j  

( 7 )  

where Egr --(? = dM is t h e  t o t a l  g r a v i t a t i o n a l  energy of t h e  

s t a r .  

t h e  t o t a l  i n t e r n a l  energy of t h e  s t a r .  I n  t h e  case of a 

I n  gene ra l  (PdV i s  not e x p r e s s i b l e  i n  t e r m s  of JCfdV, 
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p o l y t r o p i c  gas  sphere  

i n  a s imple way. W e  have: 

fPdV is r e l a t e d  t o  t h e  i n t e r n a l  energy 

I n  gene ra l ,  

- €9. (11) 

The case 7 = 1 makes an uns t ab le  s i t u a t i o n  s i n c e  t h e  t o t a l  

energy of t h e  s t a r  ( g r a v i t a t i o n a l  p l u s  thermal )  w i l l  no t  be 

changed for an a r b i t r a r y  expansion or c o n t r a c t i o n  of t h e  s ta r .  

This case  is of p a r t i c u l a r  importance i n  t h e  t r ea tmen t  of stel- 

l a r  s t a b i l i t y  and w i l l  be considered l a t e r .  

I n  o rde r  to c a l c u l a t e  t h e  evo lu t ion  t r a c k  of a s t a r  one 

must know t h e  equat ion  of s t a t e  P = P (  p ,T) . When one u s e s  

t h a t  for a non-degenerate gas one over-est imates  t h e  tempera- 

t u r e  dependence of P.  When one u s e s  t h a t  f o r  an extremely de- 

gene ra t e  gas one underes t imates  t h e  tempera ture  dependence of 

P by a large margin.  I n  Table I w e  l ist t h e  exac t  va lue  of 

p r e s s u r e  PF for a F e r m i  gas  as compared wi th  t h a t  f o r  a p e r f e c t  

-10- 



gas  with r e l a t i v i s t . i c  c o r r e c t i o n  P , .  and t h a t  f o r  an ex- 

t remely  degenera te  gas (no temperature  dependence) P I n  
d o  

fact ,  f o r  k~ F (Zn EF where EF is t h e  F e r m i  energy) a s  large 

as 6 t h e  gas is still  e s s e n t i a l l y  p e r f e c t .  This corresponds 

t o  a d e n s i t y  of roughly 10  g/cm a t  T = 1 0  O K ,  and 1 0  a t  

T = 3x10’ OK, 10  a t  T = 5x10 OK. Now l e t  u s  examine whe- 

t h e r  t h e  cond i t ion  f o r  a pe r fec t  gas  holds  f o r  a s t a r  around 

6 3 9 a 
8 9 

1 3M@. 

Schwarzschild e t  a l .  have c a l c u l a t e d  a model f o r  red  

Before helium burning s t a r t s  
6 

3 0‘ g i a n t s  of m a s s  around 1 . 3 M  

t h e  c e n t r a l  d e n s i t y  is around 1 0  g/cm , and t h e  c e n t r a l  

t empera ture  around 1 0  OK. The gas  is i n  a very s e r i o u s  

6 

8 

s t a t e  of degeneracy. The helium burning s t a r t s  qu ick ly  and, 

because t h e  gas  is highly  degenerate ,  t empera ture  r ise could 

go very  f a r  without  u p s e t t i n g  t h e  equ i l ib r ium s t a t u s  of t h e  

s ta r .  Because of t h i s  r ap id  tempera ture  rise, helium burning 

is a c c e l e r a t e d .  This is known as  t h e  helium f l a s h  . F i n a l l y  7 

t h e  tempera ture  becomes so high t h a t  t h e  s t a t e  of degeneracy 

is no longer  maintained.  The c o r e  expands t o  r e a d j u s t  itself 

by a d i a b a t i c  coo l ing .  When t h e  c o r e  is f i n a l l y  s e t t l e d ,  t h e  

4 c e n t r a l  d e n s i t y  is around 1 0  g/cm3 and t h e  tempera ture  is 

around 1 . 5 ~ 1 0  OK. The core  is no longer  degene ra t e .  
8 
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The l a w  of evo lu t ion  f o r  a p e r f e c t  gas  sphere  is 

k 
where 

p o s s i b l e  t h a t  t h e  gas  w i l l  remain n e a r l y  p e r f e c t  a l l  t h e  t i m e ?  

and To a r e  t h e  i n i t i a l  va lues  f o r  9 and T . Is it 

To answer t h i s  ques t ion  i n  d e t a i l  would r e q u i r e  a complete 

knowledge of t h e  evo lu t ion  of s t a r s  beyond t h e  r ed  g i a n t  s t a g e  

which w e  do no t  have. L e t  us assume t h e  v a l i d i t y  of ( 1 2 )  and 

proceed t o  compute f' and T f o r  t h e  l a t e r  s t a g e s  of evo lu t ion .  

I f  t h e  r e s u l t i n g  f and T f a l l  s h o r t  of degeneracy w e  may jus-  

t i f y  ou r se lves  f o r  t h e  condi t ion  of be ing  n e a r l y  p e r f e c t .  

Even when t h e  r e s u l t i n g  f and T f a l l  c l o s e  t o  degeneracy, t h e  

"carbon f l a s h "  (which is expected t o  occur a t  around 7x10 " K )  
8 

may decrease  t h e  c e n t r a l  dens i ty  t o  a n e a r l y  non-degenerate 

s t a t e ,  j u s t  a s  t h e  helium f l a s h  does.  Cameron argued t h a t  
8 

carbon f l a s h  may explode t h e  s t a r ,  g iv ing  r ise  t o  supernova 

phenomenon. W e  s h a l l  assume t h a t  t h i s  i s  n o t  s o .  At present  

w e  assume t h a t  t h e  s t a r  may su rv ive  t h e  carbon f l a s h  s t a g e .  

I n  Table  I1 w e  l ist t h e  c e n t r a l  d e n s i t y  and tempera ture  

a s  computed from Eq. ( 1 2 )  and t h e  r e l e v a n t  n e u t r i n o  Iuminos i ty ,  

r e l a x t i o n  t i m e ,  s p e c i f i c  energy conten t  a t  each s t a g e  of evo- 

l u t i o n .  
9 

It is seen  t h a t  a t  T = 1 0  "K t h e  n e u t r i n o  luminos i ty  L3 

+t For d e r i v a t i o n ,  see, f o r  example, Reference (1). 
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6 is a l r eady  greater than  1 0  L e a  The s t a r  i s  s t i l l  q u i t e  s t a b l e .  

N o  s t a r s  have been observed with an o p t i c a l  1uminosity)lO Lg 

without  showing a r a p i d l y  expanding envelope c h a r a c t e r i s t i c  

of a nova or supernova erupt ion .  Even i n  t h e  case  of nova 

explos ion  such h igh  o p t i c a l  luminos i ty  ( -  1 0  L o  ) could not  

be maintained f o r  more t h a n  a few months. It is  very re- 

markable t h a t  Ly, may be  as high as  1013Le without  g i v i n g  rise 

t o  any apprec iab le  i n s t a b i l i t y  ( a t  l e a s t  i n  t h e  co re  r e g i o n ) .  

Thus) when T ?  1 0  O K  t h e  o p t i c a l  energy r a d i a t e d  i s  very smal l  

compared wi th  t h e  neutr inO energy r a d i a t e d .  

5 

6 

9 

9 When T ) 1 0  - O K  very l i t t l e  nuc lea r  energy is genera ted  
2s 

when Si undergoes f u r t h e r  nuc lear  processes  t o  approach t h e  

equ i l ib r ium s t a t e  of elements  2J15 (which w i l l  be  b r i e f l y  d i s -  

cussed i n  t h e  next  s e c t i o n ) .  Anyway, t h e  equi l ibr ium s t a t e  

of e lements  w i l l  be  reached a t  T N  2X109 O K .  

s t a r  is  e s s e n t i a l l y  devoid of a l l  energy sources  except  t h e  

g r a v i t a t i o n a l  sou rce .  The neu t r ino  process  w i l l  cont inue  t o  

d i s s i p a t e  e n e r a .  W i l l  t h e  s t a r  coo l  down? Only when t h e  

c e n t r a l  d e n s i t y  a l r eady  approaches t h a t  f o r  a white  dwarf of 

approximately t h e  s a m e  m a s s  a t  T = 0 ,  t h e  s t a r  w i l l  be  a b l e  

t o  coo l  down without  f u r t h e r  change. Otherwise t h e  v i r i a l  

theorem (11) must be observed a t  a l l  t i m e s ,  assuming h y d r o s t a t i c  

The c o r e  of t h e  
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equ i l ib r ium.  Therefore ,  t h e  s t a r  w i l l  c o n t r a c t .  The c e n t r a l  

t empera tu re  w i l l  rise ( a s  a r e s u l t  of t h e  i n c r e a s e  of fcj’ dV) . 
The amount of energy t h a t  i s  d i s s i p a t e d  i n t o  neu t r inos  w i l l  be  

Thus t h e  c e n t r a l  d e n s i t y  and t empera tu re  of a s t a r  w i l l  

r i se  i n d e f i n i t e l y  u n t i l  something s t o p s  it. A t  p r e sen t  w e  

s h a l l  only i n v e s t i g a t e  t h e  iron-helium phase change theo ry  

t h a t  has  been sugges ted  by h r l j i d g e  e t  a l .  and app l i ed  t o  

supernova problems by Fowler and Hoyle . 

2 

9 

- 1 4  - 



I V .  The ProDerty of Elements i n  S t a t i s t i c a l  Equi l ibr ium 

The equi l ibr ium among elements is t h e  s a m e  a s  a chemical 

equ i l ib r ium process .  A t  a given tempera ture ,  t h e  r e l a t i v e  

abundance of an element is determined by i t s  b inding  energy 

and t h e  number of s t a t i s t i c a l  s t a t e s  a v a i l a b l e .  For d e t a i l s  

of t h i s  process  t h e  o r i g i n a l  a r t i c l e  of Burbidge e t  a l .  is 
2 

recommended. H e r e  w e  s h a l l  only quote  t h e i r  result .  

Under cond i t ion  of  s t a t i s t i c a l  equ i l ib r ium t h e  number 

d e n s i t y  n(A,Z) of t h e  nucleus ( A , Z )  is  g iven  by-:$ 

where Ir is  t h e  s p i n ,  E, t h e  energy of t h e  e x c i t e d  s t a t e  

measured above t h e  ground l e v e l ,  Q ( A , Z )  is t h e  b ind ing  energy 

45 Unless  o therwise  s t a t e d ,  a l l  logar i thms have base  1 0 .  For 
base  e, w e  s h a l l  u se  t h e  no ta t ion  if* 
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of t h e  ground l e v e l  of t h e  nucleus ( A , Z ) .  M n y  Mp, M ( A , Z )  a r e  

t h e  m a s s e s  of t h e  f r e e  neutron, f r e e  pro ton ,  and nuc leus  ( A , Z )  

r e s p e c t i v e l y .  8ZO f o r  fN l o 7  and T N  3 x 1 0 ~  O K .  The j u s t i f i c a t i o n  

for n e g l e c t i n g  0 has been given i n  Reference ( 5 ) .  
9 

I n  t h e  t empera tu re  range 3x10 - 10" OK t h e  abundance of 

56 a l l  e lements  except  He4 and Fe  

s h a l l  n o t  cons ide r  t h e  c a s e  of T > l 0 l 0  O K  f o r  which nn and n 

are comparable t o  n(He ) and n(FeS6).  The i n c l u s i o n  of such 

may be neg lec t ed .  H e r e  w e  

P 
4 

t e r m s  a t  p re sen t  would only complicate  our a n a l y s i s .  Now w e  

wish only t o  o b t a i n  an i n s i g h t  i n t o  t h e  problem. 

Thus, a f t e r  p u t t i n g  i n t o  (13)  and (14)  a l l  r e l e v a n t  con- 
56 

s t a n t s  f o r  H e 4  and F e  , w e  have 

T - 3 i t . 6 1  = 3 2 ' 0 0 s  t 1-37 log 9 - 
T9 

given  se t  of f' and T . Writ ing 

I P t t  
/M ~ s L , ~ d j =  I O  

- 1 6  - 



t h e n  w e  have: 

E q .  (18)  may be solved by a g raph ica l  method. 

Judging from t h e  form of E q .  ( 1 8 ) ~  has a very s t r o n g  
56 

dependence on r a n d  T . Thus t h e  t r a n s i t i o n  between Fe and 

and H e  is  very r a p i d .  Fig.  3 reproduces t h e  abundance of Fe  4 56 

a s  a func t ion  of temperature .  The t r a n s i t i o n  temperature  r e g i m e  

is  around A T = 1. The va lues  of f and T for which P Fe = P H e  

i s  p l o t t e d  i n  F i g .  4. 

The hea t  of t r a n s i t i o n  is around 2 . 2  Mev per  nucleon. The 

thermal  energy is  around 0 . 3 - 0 . 5  Mev pe r  p a r t i c l e .  During t h e  

t r a n s i t i o n  process  a d r a s t i c  g r a v i t a t i o n a l  c o n t r a c t i o n  may t a k e  

p l ace .  This may cause i n s t a b i l i t y  i n s i d e  t h e  s t a r .  Burbidge 

-- e t  a l .  argued t h a t  t h i s  i n s t a b i l i t y  may t r i g g e r  a supernova . 
I n  t h e  next  s e c t i o n  w e  s h a l l  s tudy  t h e  problem of hydro- 

2 

s t a t i c  s t a b i l i t y .  It is  poss ib l e  t o  formula te  t h e  i n s t a b i l i t y  

caused by i ron-hel ium mathematical ly .  
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V .  Hydros ta t ic  S t a b i l i t y  of a S t a r  
10 

This problem has been widely t r e a t e d  . H e r e  w e  s h a l l  
11 

fo l low Dyson's approach . 
The equat ions  of h y d r o s t a t i c  equ i l ib r ium may be w r i t t e n  

as 

where 

dV - -  
d M - v  

M = mass enclosed i n s i d e  a 
sphere of r a d i u s  r 

v = s p e c i f i c  volume of a gram 
of mat ter  

The t o t a l  energy of a star Z is: 

where C is  t h e  s p e c i f i c  i n t e r n a l  energy, E is t h e  t o t a l  i n t e r n a l  

energy and E is t h e  g r a v i t a t i o n a l  energy. A sma l l  per turba-  

t i o n  of t h e  s t a r  is descr ibed by moving each mass-shel l  M r a d i a l l y  
gr 
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outward by a displacement  0 r; s u b j e c t  t o  t h e  r e s t r i c t i o n  

For an a d i a b a t i c  motion w e  have e x a c t l y  

Cr where '6: and is t h e  r a t i o  of s p e c i f i c  h e a t s  a t  cons t an t  

p r e s s u r e  c and cons tan t  volume C . Various forms of T w i l l  
be  der ived  i n  t h e  appendix. 

'" 
P 

W e  now c a l c u l a t e  t h e  change i n  t o t a l  energy T produced 

W e  f i n d  by t h e  displacement ,  up t o  t h e  second order  i n 6 u .  
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A f t e r  t h e  f i r s t  t e r m  is  i n t e g r a t e d  by p a r t s ,  6 ' t  vanishes  

i d e n t i c a l l y  by v i r t u e  of Eq. ( 19 ) .  This  is  expected s i n c e  

t h e  s t a r  is  i n  equi l ibr ium.  

To see whether t h e  equi l ibr ium is s t a b l e  w e  examine t h e  

second order  t e r m s .  W e  have 

2 

The s t a r  is  s t a b l e  i f  c r > o  f o r  every  g(V) and u n s t a b l e  i f  

6'2<0 f o r  some g(V) .  The  s t a r  is c e r t a i n l y  u n s t a b l e  i f  

f o r  a uniform c o n t r a c t i o n  with g = kV. Thus 

is  a s u f f i c i e n t  cond i t ion  for i n s t a b i l i t y .  To have s t a b i l i t y ,  

it is necessary  t o  have 6>7 i n  some reg ions  of t h e  s t a r .  
4 

Writ ing  g = Vf and i n t e g r a t i n g  t h e  f i rs t  p a r t  of ( 3 5 ) , '  

w e  have 

This  shows t h a t  it is necessary  f o r  i n s t a b i l i t y  t o  have 

i n  some p a r t  of t h e  s t a r .  

The i ron-hel ium t r ans fo rma t ion  has  an ym 1-13 .++ 

I n  t h e  next  s e c t i o n  we s h a l l  apply t h e  s t a b i l i t y  argu- 

ment ( 3 7 )  t o  pre-supernova stars. 

~ ~~ 

3:- See appendix 
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V I  Specula t ion  on t h e  S t r u c t u r e  of Pre-supernova S t a r s  

Ever s i n c e  t h e  f i r s t  supernova was recorded i n  human 

h i s t o r y  i n  1054 A . D . 1 2 ,  l ea rned  s c h o l a r s  could not  bu t  

wonder a t  t h e  imp l i ca t ions  of such g l o r i o u s  even t s  . 
Today w e  a r e  s t i l l  almost  a s  ignorant  as  our a n c e s t o r s  when 

such an  event  w a s  en t e red  i n t o  h i s t o r i c a l  records  merely as 

a gues t  s t a r .  W e  a r e  j u s t  beginning  t o  f e e l  w e  can 

r e c o n s t r u c t  such events  on a p i ece  of paper by reason  and 

by c o r r e l a t i n g  t h e  p r o p e r t i e s  of ma t t e r  w e  have l ea rned  

up-to-date.  W e  a r e  s t i l l  q u i t e  f a r  from t h e  d e t a i l e d  

knowledge of such e v e n t s .  

1 3  

Never the less ,  w e  look i n t o  t h i s  m a t t e r  wi th  almost t h e  

s a m e  p o i n t  of view as t h e  Chinese Ca lendr i ca l  Computer 

Royal45 who p red ic t ed  t h a t  t h e  appearance of t h i s  p a r t i c u l a r  

supernova w i l l  mean p len ty  of c rops  t o  t h e  people14. 

could be r i g h t  i f  supernovae a r e  what w e  t h i n k  they  a r e  

today .  They b r i n g  u s  a l l  t h e  heav ie r  e lements ,  i nc lud ing  

carbon,  n i t rogen  and oxygen which are  t h e  main chemical 

composition of c rops .  The Computer Royal w a s  wrong only 

i n  h i s  wording. The supernova (now t h e  c rab  Nebula) may 

b r i n g  c rops  t o  be ings ,  but no t  t o  t h e  people  on e a r t h ,  nor  

would h i s  p r e d i c t i o n  b e  t r u e  i n  any f o r s e e a b l e  f u t u r e .  The 

He 

+t H i s  name is Yang Wei-Te. Although h i s  du ty  w a s  t o  set up 
t h e  ca lendars ,  occas iona l ly  he  i n t e r p r e t e d  t h e  "symbols 
of Heavens" t o  g i v e  advice  t o  t h e  emperor. 
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dynas ty  he  served  had long s i n c e  been succeeded by o t h e r s ,  

and o t h e r s  by s t i l l  o t h e r s ,  and t h e  s o l a r  system i m p l i c i t l y  

promised by him is y e t  t o  come. 

W e  s t a r t  our i n v e s t i g a t i o n  by assuming: (1 )  a l l  

pre-supernova s t a r s  have i n t e r n a l  tempera ture  T > l o 9  O K ,  

( 2 )  energy produced i n  a l l  nuc lea r  p rocesses  is s m a l l  a s  

compared t o  t h e  thermal  energy, ( 3 )  g e n e r a l  r e l a t i v i s t i c  

effect  may be neg lec t ed ,  ( 4 )  h y d r o s t a t i c  e q u i l i b r i u m  is  

maintained a t  a l l  t i m e s .  

The assumption t h a t  T > l o9 , ,  i s  probably a l l  r i g h t .  

The s t r u c t u r e  and evo lu t ion  of s t a r s  up t o  2x108"K have 

been i n v e s t i g a t e d  and sucb s t a r s  could not  p o s s i b l y  

become supernovae. 8 Cameron8 sugges ted  t h a t  a t  T N  8x10 OK, 

when carbon burn ing  s t a r t s  a new i n s t a b i l i t y  very  s i m i l a r  

t o  t h e  "helium f l a ~ h ~ ~ ~ ~ ~ m a y  cause  a s t a r  t o  become a 

supernova. However, h i s  arguments do not  apply  t o  t h e  c a s e  

when t h e  c e n t e r  is only s l i g h t l y  degene ra t e .  Then t h e  

assumption t h a t  T > 109°K may be r e a l i z e d .  

The g e n e r a l  r e l a t i v i s t i c  effect  could be neg lec t ed  

s o  l o n g  as  f < l o l o  g / c m 3 .  The c o r r e c t i o n  due t o  g e n e r a l  

r e l a v i s t i c  effect  w i l l  b e  only  a f e w  p e r c e n t  even a t  

p=1o10g/cm3. 

The n u c l e a r  energy a v a i l a b l e  from t h e  t r a n s m u t a t i o n  of 
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S i 2 *  t o  Fe56 is only  0 . 1  mev p e r  nucleon.  l5 

i n t e r n a l  energy of e l e c t r o n s  under p r e v a i l i n g  cond i t ions  is 

around 0 . 3  mev pe r  e l e c t r o n ,  one may n e g l e c t  t h e  c o n t r i b u t i o n  

from S i 2 * +  FeS6 r e a c t i o n s .  I n  a more g e n e r a l  t r e a t m e n t  

w e  may wish a l s o  t o  inc lude  t h e  energy product ion  i n  such 

r e a c t  i o n s .  

S ince  t h e  

So f a r  w e  have considered t h e  c o r e  only.  I n  t h e  

o u t e r  envelope of t h e  s t a r  t h e  p o s s i b i l i t y  of nuc lea r  

p rocesses  l e a d i n g  t o  l a r g e  amount of energy product ion  

( e . g .  , 3 4 - r e a c t i o n  o r  even hydrogen burning)  may not  be 

excluded.  The e v o l u t i o n  of t h e  co re ,  a s  i s  seen  from 

Table  11, is  s u f f i c i e n t l y  r a p i d .  The t o t a l  energy t h a t  

may f low i n  and out  of t h e  c o r e  d u r i n g  t h e  e n t i r e  pe r iod  

of t h e  e v o l u t i o n  of t h e  c o r e  is s m a l l  compared wi th  e i t h e r  

t h e  t o t a l  energy l o s t  t o  n e u t r i n o s  o r  t h e  i n c r e a s e  of 

t he rma l  energy of t h e  core  due t o  c o n t r a c t i o n .  Thus t h e  

envelope w i l l  no t  produce a n o t i c e a b l e  effect  on t h e  c o r e .  

On t h e  o t h e r  hand, t h e  rap id  e v o l u t i o n  of t h e  co re  w i l l  

produce an  effect  on t h e  envelope t h a t  is  not  n e g l i g i b l e .  

This  effect  needs s p e c i a l  t r e a t m e n t ,  and w e  do not  propose 

t o  s t u d y  it now. I n  a l l ,  what w e  s h a l l  propose t o  s t u d y  

from t h e  c o r e  w i l l  shed us l i g h t  upon t h e  e v o l u t i o n  of 

t h e  envelope on t h e  one hand, and on t h e  o t h e r  hand such  
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s t u d y  may t e l l  u s  if FeS6+ H e 4  conversion is  s u f f i c i e n t  t o  

cause  a s t a r  t o  become a supernova. 

F i n a l l y ,  t h e  assumption of p e r f e c t  h y d r o s t a t i c  

e q u i l i b r i u m  is t h e  most f l a w l e s s  one. The c h a r a c t e r i s t i c  t i m e  

f o r  e v o l u t i o n  i n  no c a s e  f a l l s  s h o r t  of l o 4  
t h e  t i m e  f o r  f ree  f a l l  ( a  s t a t e  completely devoid of 

h y d r o s t a t i c  equ i l ib r ium)  is  less  t h a n  1 second. 

seconds,  and 

I n  t h e  fo l lowing  w e  s h a l l  d e r i v e  t h e  equa t ions  t h a t  

w i l l  govern t h e  e v o l u t i o n  of t h e  c o r e .  F i r s t  w e  examine 

t h e  f o u r  equa t ions  t h a t  govern t h e  g e n e r a l  s t r u c t u r e  of 

a s t a r :  

dT = - Lr - 
d r  477 r L  x 

where is t h e  energy generated p e r  u n i t  mass . Lr is 

t h e  r a d i a l  energy f l u x .  A is t h e  thermal  c o n d u c t i v i t y .  

P is supposed t o  be a known f u n c t i o n  of f and T .  

is  a l s o  supposed t o  be a known f u n c t i o n  of p and T .  

S u i t a b l e  boundary cond i t ions  have t o  be added in o r d e r  
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t h a t  Eqs. (39) - (42)  may y i e l d  a unique s o l u t i o n .  General  

d i s c u s s i o n s  of such boundary cond i t ions  may be found i n  

s t a n d a r d  textbooks16.  

Equation (39) m e r e l y  s t a t e s  t h e  c o n d i t i o n  f o r  hydro- 

s t a t i c  equ i l ib r ium and t h e r e f o r e  should remain as  it is. 

Eq (40)  a c t u a l l y  d e f i n e s  M a s  a f u n c t i o n  of f and r .  

Eq. (41)  and Eq. (42) r e q u i r e  s p e c i a l  a t t e n t i o n  i n  our case .  

I n  Eq. (41)  E assumes t h e  fo l lowing  form 

d t  

of energy loss due t o  n e u t r i n o  emission 
d t  

= i n t e r n a l  energy p e r  g r a m  of m a t t e r .  

That M=const. i n  (46) means w e  f o l low a s p e c i f i c  m a s s  e lement .  

I n  (45) w e  have neg lec t ed  a l l  n u c l e a r  p rocesses .  

ergs/grm-sec. 

fo l lows :  No s t a b l e  s t a r s  have been observed w i t h  a 

6 dU is  2 10 an 
The magnitude of dLr may be e s t ima ted  as  

aFT 

l uminos i ty  7 105L . T h e  maximum r a t e  of energy g e n e r a t i o n  

p e r  g r a m  of m a t t e r  may be s a f e l y  t aken  t o  be  less t h a n  

10sLO, l o 5  ergs/grm-sec. Thus dU .> dLr i n  g e n e r a l .  This  

means a € r > )  3 . A n a t u r a l  s i m p l i f i c a t i o n  f o r  Eq. ( 4 1 )  

is  t h e r e f o r e  t o  pu t  dLr= 0 .  

0 

apT 
d 6  

bpT 
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Thus 

[- ‘7s - dc  - - dU 
d t  ] McOonst. (47) 

- 
d t  

Equation (47) may not  be i n t e g r a t e d  wi th  r e s p e c t  t o  t ,  t h e  

t i m e  i n  g e n e r a l ,  s i n c e  - i s  an e x p l i c i t  f u n c t i o n  of 

and T .  Eq. (47 )  r e p l a c e s  Eq.  (41)  . 
dU 
d t  

Equation ( 4 2 )  is  t h e n  incomplete i n  t h e  s e n s e  t h a t  i n  

our approximation dLr = 0,Lrnay be t a k e n  a s  z e r o  throughout  

t h e  s t a r .  Eq. ( 4 2 )  r e l a t e s  t h e  tempera ture  g r a d i e n t  t o  t h e  

energy f l u x .  It t h u s  r e p r e s e n t s  an equa t ion  of cause  and 

effect .  A t  r + d r  t h e  va lue  of T i s  determined by i t s  value 

a t  r and t h e  energy f l u x  L r .  

e s s e n t i a l l y  i s o l a t e s  each poin t  from t h e  o t h e r  a s  f a r  a s  

Eq. (42)  is  concerned. Thus Eq. (42) should no t  be p r e s e n t .  

Eq. ( 3 9 ) ,  (4O) ,  and (47) p lus  s u i t a b l e  boundary c o n d i t i o n s  

shou ld  determine t h e  s t r u c t u r e  of t h e  s t a r  completely.  

aFT r 

The assumption dL - xr - O 

Is t h i s  l o g i c a l l y  p o s s i b l e ?  What w e  have done is t o  

assume t h a t  du r ing  t h e  e n t i r e  l i f e t i m e  of t h e  c o r e  

( a f t e r  T 

energy t h a t  f lows  i n  and out  of a mass element dM is  

n e g l i g i b l e  a s  compared wi th  its t o t a l  thermal  energy.  The 

energy t h a t  f lows  i n  and out of a g r a m  of m a t t e r  is  less t h a n  

109°K) -- around 3000 y e a r s  -- t h e  t o t a l  r a d i a t i o n  
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The 

- 1 O I 8  ergs/ge 

1 6  ( l o 4  ergs/grm-sec x 3000 years )  5 10 ergs/g, 

t o t a l  energy con ten t  is  i n  between 

Our assumption s e e m s  t o  be j u s t i f i e d .  Thus, a t  each mass 

p o i n t  t h e  thermal  energy conten t  is determined by i t s  p a s t  

h i s t o r y  only.  This  is  expressed i n  Eq. ( 4 7 )  with  t h e  

c o n s t r a i n t  se t  up by Eqs. ( 3 9 )  and ( 4 0 ) .  

Equation ( 4 7 )  may be f u r t h e r  s i m p l i f i e d .  S ince  

( 4 8 )  dS - -  - T- 
dtM=const. 

where s is t h e  entrophy,  w e  have 

where u (  /' , T )  = -- dU . 
dT 

The boundary cond i t ions  a r e :  

A t  t = 0, f = 90 (r), T = To (r) (50 )  

T = T  ( 5 1 )  m ~ = m ,  p = P ,  

where m is  t h e  m a s s  of t h e  core  which is no t  n e c e s s a r i l y  

c o n s t a n t  but  must be a known f u n c t i o n  of t .  

are  supposedly known func t ions  of m and t .  The boundary 

c o n d i t i o n s  ( S O ) ,  (51)  r ep lace  t h e  o u t e r  envelope of t h e  s t a r .  

I n  g e n e r a l  m is  not  a cons tan t  and may not  be a known 

f u n c t i o n  e i t h e r .  Y e t  i f  w e  assume d u r i n g  t h e  f e w  thousand 

f', and Tm 
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years of t h e  f i n a l  stage of s t e l l a r  e v o l u t i o n  t h e  a d d i t i o n  

of mass t o  t h e  c o r e  is n e g l i g i b l e ,  t h e n  m, fm, Tm may a l l  

be t a k e n  t o  be c o n s t a n t .  The boundary may be de f ined  such 

t h a t  Lr=Ls . 
A f t e r  p (r) and T ( r )  a r e  so lved  w e  may e l i m i n a t e  r 

and p l o t  J a g a i n s t  T .  

l i n e  segment i n  t h e  f -T plane.  A s  t i m e  e l a p s e s  t h i s  l i n e  

segment w i l l  move and w i l l  change i t s  shape i n  g e n e r a l .  This  

motion marks t h e  e v o l u t i o n  of t h e  co re .  Eq. ( 3 7 ) ,  

The c o r e  w i l l  be r ep resen ted  by a 

may be used t o  check t h e  h y d r o s t a b i l i t y  of t h e  s t a r .  The 

shape of t h e  l i n e  segment  w i l l  change once it e n t e r s  t h e  

i r o n  helium t r a n s i t i o n  regime. 

T o  summarize, t h e  s t r u c t u r e  of pre-supernova s t a r s  a s  

desc r ibed  i n  t h e  e a r l i e r  p a r t  of t h i s  s e c t i o n  i s  conta ined  

i n  t h e  fo l lowing  s e t  of d i f f e r e n t i a l  equa t ions  

t h e  boundary c o n d i t i o n s  are  

T=T, 

( 5 5 )  

( 5 6 )  
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when is t h e  r a t e  of  nuc lear  energy r e l e a s e .  
d t  

, Some g e n e r a l  r e s u l t s  may be obta ined  without  s o l v i n g  

E q s .  ( 3 9 ) ,  ( 4 0 )  and ( 4 9 ) .  We cons ide r  two cases :  

(i) The tempera ture  is t h e  same throughout  t h e  core ,  

i . e . ,  an i so the rma l  c o r e .  T h i s  i s  t h e  most u n s t a b l e  s i t u a t i o n .  

The s t r u c t u r a l  ciirve is a v e r t i c a l  l i n e  i n  t h e  f -T p lane .  

t h e  50 percent  ;re.-% curve i s  a l s o  very  s t e e p  (almost  a 

v e r t i c a l  l i n e )  a s  can be s e e n  from E q ,  ( 1 8 ) .  ( F i g .  4 ) .  

Thus t h e  c o r e  w i l l  have a r -  l O l 3 .  The i n t e g r a l  i n  E q .  ( 3 7 )  

is  c e r t a i n l y  n e g a t i v e .  

( i i )  The d e n s i t y  is  t h e  same throughout  t h e  co re .  I n  

o t h e r  words, t h e  c o r e  is  e n t i r e l y  suppor ted  by t h e  tempera ture  

g r a d i e n t .  This i s  t h e  most d e s i r a b l e  s i t u a t . i o n  for s t a b i l i t y  

a l though a c o r e  of t h i s  t y p e  does not  e x i s t .  Such a c o r e  is 

convec t ive ly  u n s t a b l e .  The s t r u c t u r a l  curve is  a h o r i z o n t a l  

l i n e  i n  t h e  p-T p l a n e .  The p o r t i o n  of h o r i z o n t a l  curve  

t h a t  w i l l  l i e  i n  t h e  rlV 1 . 1 3  zone is  of t h e  o r d e r  A T where 

AT is  t h e  i ron-hel ium t r a n s i t i o n  tempera ture  r e g i m e .  

The model w e  s h a l l  d i s c u s s  i n  t h e  next  s e c t i o n  corresponds 

roughly t o  t h i s  s i t u a t i o n .  
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V I 1  An A n a l y t i c a l l y  Soluble  Model 

I n  t h i s  s e c t i o n  w e  s h a l l  c o n s t r u c t  a model which is  

a n a l y t i c a l l y  s o l u b l e o  E q .  ( 4 9 )  may be i n t e g r a t e d  when 

when f ( s )  is an a r b i t r a r y  func t ion  of t h e  en t ropy  s .  Then, 

where C (I$) is  a f u n c t i o n  of M on ly .  ( I n  t h e  fo l lowing ,  w e  

s h a l l  u se  M a s  t h e  independent v a r i a b l e .  The reason  f o r  

t h i s  cho ice  is  obvious because of t h e  form of E q .  (48).) 

W e  now c o n s i d e r  t h e  c a s e  of a p e r f e c t  gas  sphe re ,  and l e t  

f ( s )  = uo, where uo i s  a cons t an t ,  t h e n  w e  have 

P =  P R T  R=gas c o n s t a n t  ( 5 9 )  

c = 3 R T  t ( 6 0 )  

f ( s )=  uo ( 6 1 )  

I n  o r d e r  t o  reduce C ( M )  t o  un i ty ,  w e  f u r t h e r  l e t  

f =T 3/2 a t  T = o 
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3/2 
t h e n  f o r  a r b i t r a r y  t p ( M )  = T ( M )  exp[2 (t - t o ) ]  ( 6 3 )  

is t h e  s o l u t i o n  of E q .  ( 4 7 ) .  Thus, from E q s .  ( 54 )  and ( 6 3 )  

The s t r u c t u r e  is desc r ibed  by t h a t  of  a p o l y t r o p i c  gas sphe re  

of i ndex  1.5.  

The s o l u t i o n s  a r e :  

where , f ( t 1  and a r e  f u n c t i o n s  of t only  Pc, f,, 
T~ a r e  va lues  of  P ,  T,  a t  r=o s i n c e  Q 3/2  (0)=1* @ 3 / 2  (X) 

is t h e  Lane-Emden f u n c t i o n  of p o l y t r o p i c  index  3 / 2 .  1h-L 

0 3 / 2  = o a t  r=r = 3 . 6 5 ~ ~ .  This  may be t aken  a s  t h e  n a t u r a l  
1 
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boundary of t h e  s t a r .  

It remains t o  determine t h e  forms of P c ( t ) , p c ( t )  

and T c ( t ) .  

must be used. I n  t h i s  p a r t i c u l a r  model w e  may r e p l a c e  t h e  

boundary cond i t ions  by t h e  l a w  of evo lu t ion  of a p e r f e c t  

To s o l v e  them, t h e  boundary cond i t ions  a t  M=m 

gas  sphere:  

Thus w e  ob ta in :  

The evo lu t ion  of t h i s  model s t a r  is now completely 

determined.  

p l ane  is a s t r a i g h t  l i n e  of s lope  3 / 2 .  

moves upwards along t h e  d i r e c t i o n  of s l o p e  3 .  (F igure  5 )  

The s t r u c t u r e  as  p l o t t e d  on t h e  l o g f - l o g  T 

The t o p  of  t h i s  l i n e  

When t h e  curve reaches  t h e  i ron-hel ium t r a n s i t i o n  regime 

t h e  s t r u c t u r e  of t h e  s t a r  w i l l  change. I n  f a c t ,  i f  it does 

no t  change, t h e  s t a r  w i l l  be s t a b l e  a g a i n s t  i ron-hel ium 

phase change. L e t  t h e  t r a n s i t i o n  regime extend over a 

tempera ture  range A T  = 1. 

change is  j u s t  about t o  f i n i s h  a t  t h e  c e n t e r ,  w e  have 

Take T9 = 8, t hen  when t h e  phase 
9 
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( t h e  i r o n  helium phase change occurs  i n s i d e  a sphere  of 

r a d i u s  Yz< U.) 

t 3 , =  r, Y,= 3.6s r o  f ~ r  Y, is t h e  n a t u r a l  boundary where $ =  < , 7. 0 

of t h e  s t a r  def ined  a s  83 ,2 ( r1 )=o .  

This  s t a r  is s t a b l e  a g a i n s t  t h e  phase change. The f a u l t ,  

dea r  Brutus,  is perhaps not  i n  our s t a r s ,  bu t  i n  ourse lves .  

For w e  have assumed t h a t  t h e  s t r u c t u r e  does not  change i n  

t h e  iron-helium t r a n s i t i o n  regime. 

The equat ions  of s t a t e  P ( y  , T )  and E ( p  , T )  depend on 

t h e  composition. The pressure  P is  inc reased  s i n c e  t h e  gas  

is  mainly composed of FeS6 which decomposes i n t o  13 He4+4n. 

The number of e l e c t r o n s  is not changed s u b s t a n t i a l l y .  Thus 

t h e  number of p a r t i c l e s  is increased  by around a f a c t o r  of 

2 i f  w e  main ta in  t h e  same j’ and T.  E a l s o  i n c r e a s e s  a s  t h e  

e q u i - p a r t i t i o n  energy p e r  p a r t i c l e  remains cons t an t  whi le  

t h e  number of p a r t i c l e s  is increased ,  and energy is requ i r ed  

t o  d i s s o c i a t e  FeS6. 

and € has  a l i n e a r  dependence on t h e  tempera ture .  These 

W e  assume P is no t  s u b s t a n t i a l l y  changed 
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assumptions a r e  not  p a r t i c u l a r l y  v a l i d ,  bu t  would do f o r  

our model. The l i n e a r  dependence of f on T is  used i n  

o r d e r  t h a t  an a n a l y t i c a l  s o l u t i o n  is p o s s i b l e .  Thus w e  

assume t h e  form of P (f' , T )  is  s k i l l  unekrtnged, but 

where C and D a r e  c o n s t a n t s  t o  be determined such t h a t  

E (P,T) i s  a cont inuous func t ion  a t  t h e  boundary of 

t r a n s i t i o n  zone. C and D may be determined i f  w e  know t h e  

width of t h e  t r a n s i t i o n  zone and t h e  va lue  of r' . W e  

assume 6' = 1 . 1 3  and A T  = 1. Then, 
9 

Thus 

-k = 1.13  C r =  
C = 7 . 6 7  R 

D = 6 . 1 7  RT 

= '  RT + 6 .17  ( T  - T o )  R 2 

= 7 . 6 7  RT - 6 . 1 7  RT 
0 

( 7 7 )  

( 7 8 )  

(791 

i n s i d e  t h e  t r a n s i t i o n  tempera ture  r e g i m e ,  and 

=:RT (81)  

o u t s i d e  t h e  t r a n s i t i o n s  tempera ture  regime. Then E q .  (47) 
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admits  t h e  fo l lowing  s o l u t i o n :  

s i n c e  is cont inuous a t  t h e  boundary. Combining E q .  ( 8 2 )  

w i th  P, w e  have 

i n s i d e  t h e  t r a n s i t i o n  regime. Thus, when t h e  c e n t e r  is  

i n s i d e  t h e  t r a n s i t i o n  regime, t h e  s t r u c t u r e  i s  t h a t  of a 

p o l y t r o p i c  g a s  sphere  of p o l y t r o p i c  index 7 . 6 7 .  Outside 

t h e  t r a n s i t i o n  zone t h e  s i m p l e  Lane-Emden f u n c t i o n  of index 

3/2 w i th  no s i n g u l a r i t y  a t  t h e  c e n t e r  is  no l o n g e r  v a l i d .  

For t h e  d e t a i l s  of such s o l u t i o n s ,  Emden's o r i g i n a l  

textbookl-7 and Chanchasekliar s tex tbook a r e  recommended. 

The a c t u a l  iron-helium t r a n s i t i o n  curve i n  t h e  l o g y  

I8 

- l o g  T p l ane  has  a s l o p e  /v 1 5 ,  The width is around 

T =I .  The s t r u c t u r a l  curve f o r  a gas  of n=7.67 has  
9 

a s l o p e  of 7 . 6 7  i n  t h e  log!-log T p l ane .  

geometr ica l  c o n s t r u c t i o n  of t h e  s t r u c t u r a l  curve i n s i d e  t h e  

A s imple  

t r a n s i t i o n  zone (assuming t h e  c e n t e r  j u s t  completes such 

t r a n s i t i o n )  g i v e s  u s  t h e  p a r t  of t h e  s t a r  t h a t  is i n s i d e  

t h e  t r a n s i t i o n  zone: 

A l o g P  % 

A i o 3 T  7 I 

A l a r g e  p o r t i o n  of t h e  core  (from t h e  c e n t e r  where 

t o  around y z  kpc ) l i e s  i n  t h e  "d =1.13  r e g i o n .  A 

9- pc 
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numerical  i n t e g r a t i o n  of E q .  ( 3 7 )  wi th  t h e  fo l lowing  form of 

g i v e s  a nega t ive  r e s u l t  al though wi th  a somewhat narrow 

margin.  I n  E q s  (84 )  and (85)  e n  is  t h e  Lane-Emden f u n c t i o n  

of p o l y t r o p i c  index  n. 

W e  n o t e  from F i g .  5 t h a t  our model s t a r  evolves  i n t o  

a supernova v i a  homologous t r ans fo rma t ions .  This  r e s u l t  is 

n o t  g e n e r a l .  W e  have assumed a form of n e u t r i n o  energy 

l o s s  f u n c t i o n  t h a t  makes t h e  en t ropy  i n c r e a s e  l i n e a r l y  wi th  

tempera ture .  I n  g e n e r a l  t h i s  is  not  t o  be expected.  

This  model i l l u s t r a t e s  t h e  method w e  propose t o  s t u d y  

t h e  s t r u c t u r e  of pre-supernova s t a r s .  Problems invo lv ing  

g r a v i t a t i o n a l  c o n t r a c t i o n  mus t  be  so lved  by numerical  

methods i n  g e n e r a l .  I n  this model because of t h e  s imple  

form of t h e  n e u t r i n o  emission f u n c t i o n  ( E q .  ( 5 7 )  and 

(61)  ) ,  t h e  e v o l u t i o n  i s  homologous. I n  t h i s  ca se  an 

a n a l y t i c a l  s o l u t i o n  is apparent .  
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T o  s tudy  t h e  g e n e r a l  case  a more d e t a i l e d  knowledge 

about  m a t t e r  under such extreme c o n d i t i o n s  a s  descr ibed  

ear l ie r  i n  t h i s  paper  i s  necessary.  Among them a r e :  t h e  

equa t ion  of s t a t e ,  t h e  a d i a b a t i c  exponent r , t h e  e q u i l i -  

brium s t a t e  of elements ,  t h e  equ i l ib r ium among neutrons and 

protons and e l e c t r o n s  under h igh  d e n s i t y  c o n d i t i o n s .  
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V I I I .  CONCLUSIONS 

I n  t h i s  paper w e  o u t l i n e d  t h e  g e n e r a l  p r o p e r t i e s  of 

m a t t e r  a t  extreme tempera tures .  From t h e s e  p r o p e r t i e s ,  w e  

a r r i v e  a t  t h e  fo l lowing  conclusions:  
9 

a) When T>10 O K  o p t i c a l  r a d i a t i o n  i n s i d e  s t a r s  i n  

gene ra l  may be neglec ted  a g a i n s t  n e u t r i n o  r a d i a t i o n  

Most of t h e  neu t r inos  come from t h e  a n n i h i l a t i o n  

process  of n e u t r i n o  product ion .  

b)  From t h e  v i r i a l  theorem ( S e c t .  111), s t a r s  can  

evolve only by r a d i a t i n g  energy.  I n  t h e  f i n a l  

stage of s t e l l a r  evo lu t ion  ( T  7 10 O K ) ,  t h e  r a t e  

of e v o l u t i o n  is only l i m i t e d  by n e u t r i n o  emission 

9 

process .  Therefore  t h e  c h a r a c t e r i s t i c  t i m e  f o r  

e v o l u t i o n  is t h e  same as t h e  r e l a x t i o n  t i m e  for 

c o o l i n g  by e m i t t i n g  n e u t r i n o s .  

c )  The s t e l l a r  s t r u c t u r a l  equa t ion  may be s i m p l i f i e d  

by n e g l e c t i n g  o p t i c a l  r a d i a t i o n  a l t o g e t h e r .  The 

s t a r  becomes a t r a n s p a r e n t  body: t h e  r a t e  of energy 

d i s s i p a t i o n  is t h e  s a m e  a s  t h e  n e u t r i n o  product ion 

r a t e .  A s imple  model i s  c o n s t r u c t e d  t o  i l l u s t r a t e  

t h e  e v o l u t i o n  of such s t a r s .  
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W e  have cons idered  only t h e  c a s e  i n  which t h e  hydro- 

s t a t i c  i n s t a b i l i t y  i s  due t o  t h e  i ron-hel ium phase change a t  

T N  8x10 O K .  No a t tempt  i s  made h e r e  t o  c o r r e l a t e  t h i s  

supernova mechanism t o  any of t h e  two t y p e s  of supernova 

observed.  
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Appendix+ 

By d e f i n i t i o n ,  5 is 

where t h e  s u b s c r i p t  "ad" means t h e  process  is a d i a b a t i c .  

L e t  t h e  two thermodynamic v a r i a b l e s  be x, y,  and w r i t e :  

P re s su re  : -p = -?w 3) 

S p e c i f i c  Volume: ,c = -dC $ 1  2 ) 

S p e c i f i c  energy: C 5 6 Cg, % ) 

t h e  a d i a b a t i c  cond i t ion  TAU + d c  = o  t h e n  g ives  

Combining E q s .  ( A - 2 1 ,  ( A - 3 1 ,  ( A - 5 )  w e  

(A-3) 

(-4-4 1 

(A-5) 

) 

Lave 

W a r t  of t h e  m a t e r i a l  has  been t aken  from Reference (11). 
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I n  p a r t i c u l a r ,  l e t  x = p ,  y = v,  w e  have 

Assuming € and?!are  funct ions  of temperature a l o n e .  Then 

Eq. ( A - 7 )  reduces t o  

Using t h e  numbers quoted i n  Reference ( 5 )  w e  f i n d  

\-I 
L I C ~ ) =  a - 5 3 x r o  

( A - 9 )  

- 41  - 



Refer en ces 

1. 

2 .  

3 .  

4 .  

5 .  

6 .  

7 .  

8 .  

9 .  

1 0 .  

11. 

1 2 .  

H .  Y. Chiu "Neutrino Emission Processes ,  S t e l l a r  Evolut ion 

and Supernova, P a r t  I". To be  publ i shed  i n  Annals of Phys ics .  

E .  M. Burbidge, G .  R .  Burbidge, W. A .  Fowler, and F .  Hoyle, 

Rev. Modern Phys., a, 547 (1957).  

H .  Y .  Chiu and P. Morrison, Phys. Rev. L e t t e r s ,  5 ,  573 (1960).  

H .  Y .  Chiu and R .  S t a b l e r ,  Phys. Rev. 122, 1317 (1961) .  

H .  Y Chiu, "The Ann ih i l a t ion  Process  of Neutr ino Product ion 

i n  S t a r s " ,  ( t o  be publ ished i n  Phys. Rev . ) .  

R Harm and M .  Schwarzschild,  P r i v a t e  Communication ( t o  be 

pub l i shed) .  

For d e s c r i p t i o n s  of "Helium Flash",  see f o r  example, Sky and 

Telescope, 2l, 275 (1961). A l s o ,  R .  Harm and Schwarzschi ld ,  

The Astronomical J .  66, 45  (1961) .  

A .  G .  W. Cameron, P r i v a t e  Communication ( t o  b e  p u b l i s h e d ) .  

W.  A .  Fowler and F .  Hoyle, Astrophys,  J .  m, 565 (1960) .  

See,  for example P.  Ledoux, ' IS t e l l a r  S t a b i l i t y " ,  Handbuch 

d e r  Physik,  Vol. L I ,  P .  605 (Spring-Verlag,  B e r l i n ,  1958) .  

F .  J .  Dyson, l lHydros ta t ic  I n s t a b i l i t y  of a S t a r " ,  unpubl ished.  

Sung Hui Yao (Hi s to ry  of t h e  Admin i s t r a t ive  S t a t u t e s  of t h e  

Sung Dynasty) Chap. 5 2 ,  P.  2B (compiled around 1300 A.D.). 

T r a n s l a t i o n  by J .  J .  L .  Duyvendak ("'The Guest S t a r  of 

- 4 2  - 



1054 A . D . ' ,  T'oung Pao (Archives concernant 1 ' H i s t o i r e  l e s  

Langues, l a  Geographie, 1 'E thrographie  e t  les A r t s  de  1 ' A s i e  

O r i e n t a l e ,  Leiden) 36, 174 (1942) .  T r a n s l a t i o n  is a l s o  

a v a i l a b l e  i n  J .  Needham's book: "Science and C i v i l i z a t i o n  

i n  China", Vol. 111, P.  427 (Cambridge Un ive r s i ty  P r e s s ,  1959) .  

1 3 .  See,  f o r  example, Tycho Brahe, " D e  Nova S t e l l a "  ( f i r s t  publ ished 

around 1573 A . D .  . Reprinted by t h e  Royal Danish S o c i e t y  i n  

l 9 O l  A.D.). I n  t h i s  paper he desc r ibed  h i s  obse rva t ions  of a 

supernova and s p e c u l a t e d  t h a t  perhaps t h e  heavens w e r e , n o t  

p e r f e c t ,  as desc r ibed  by t h e  t h e n  accepted A r i s t o t e l i a n ' s  

t h e o r y .  

1 4 .  J .  Needham, op. c i t .  P .  427 .  

1 5 .  A .  G.  W. Cameron ( t o  be  publ i shed)  

1 6 .  M. Schwarzschi ld ,  "S t ruc tu re  and Evolu t ion  of t h e  S t a r s "  

Chapter 4 ,  P r ince ton  Univ. P r e s s  (1958).  

1 7 .  V .  R .  Emden, "Gaskugeln" (1907) Chapter 111. (Out of p r i n t ) .  

A f u l l  d e s c r i p t i o n  of h i s  t h e o r y  may a l s o  be  found i n  Ref.  (18 ) .  

1 8 .  S .  Chandrasekhar, "An I n t r o d u c t i o n  t o  t h e  Study of S t e l l a r  

S t r u c t u r e " .  Chapter I V  (PP.  84-182), Dover P u b l i c a t i o n s ,  N e w  

York, New York. 

- 43 - 



Table Capt ions 

Table  I. Comparison among Pp, PF, and PD a t  va r ious  d e n s i t i e s  

and tempera tures .  

= Pressu re  of a perfect gas  without  r a d i a t i o n  p=l 

pF 

p re s su re  Pr .  

= Pressu re  of a Fermi gas  i n c l u d i n g  c o n t r i b u t i o n s  

from p a i r s .  

PD = Pressu re  of a completely degenera te  F e r m i  gas .  

ye = 6x10 g / c m  

The d iscrepancy  between PF and Pp a t  lower d e n s i t i e s  

is due t o  t h e  presence of p a i r s .  When t h e  d e n s i t y  i s  

6 3 

high  t h e  discrepancy is less. I n  t h i s  t a b l e  w e  demon- 

s t r a t e  t h a t  a t  6 t h e  assumption of a p e r f e c t  gas 

is no t  a very bad one. 

EF 

9 
Table  I I .Phys ica1  Q u a n t i t i e s  of an evolv ing  s t a r ,  T, = T / 1 0  O K .  E 

is t h e  s p e c i f i c  energy per  gram of m a t t e r .  

'cooling = E / -  
33 a 

?and T a r e  c a l c u l a t e d  from Eq. ( 1 2 ) .  L = 3 . 8 ~ 1 0  ergs/sec. 0 



Table I 

( O K  
T - 

9 
10 

3x10 

5x10 

- 17.1 I 3 4.04 I 4.03 

log 1>, 

- 2 . 7 2  

-0.82 

0 .24  



T a b l e  I1 

I I 1 I 



Figure Capt ions 

F i g .  1. The r a t e  of energy l o s s  due t o  t h e  a n n i h i l a t i o n  process  

is p l o t t e d  a g a i n s t  T f o r  d i f f e r e n t  dU 
( 1 ) , l o g  ( -  dt ) 
values  of l o g  No, where  N 

d e n s i t y  f o r  e l e c t r o n s  (Ref. ( 4 ) ) .  

t o  a d e n s i t y  of 3x10 pL 

is t h e  c h a r a c t e r i s t i c  number 
0 

l o g  No = o corresponds 
6 3 

g / c m  where /L& is t h e  molecular  

weight for e l e c t r o n s .  is  measured i n  u n i t s  of 
-2 Q 

ergs/cmJ-sec and T i n  u n i t s  of 10’  O K .  Numbers a t t ached  

t o  curves  a r e  va lues  of log N . 
0 

Fig .  2 .  The ra te  of energy loss of (1) as a func t ion  of d e n s i t y .  

’‘ is p l o t t e d  a g a i n s t  l o g  N f o r  d i f f e r e n t  va lues  l o g  (- z) 0 
9 of T9 . T is measured i n  1 0  O K  u n i t s .  

9 

is p l o t t e d  
56 56 

F i g  3 .  Fe j He4 phase change. The d e n s i t y  of Fe 

a s  a func t ion  of temperature .  The t o t a l  ma t t e r  d e n s i t y  

is 105  g / c . c .  

F i g .  4 .  The d e n s i t y  for which fFb= ffle is  p l o t t e d  a g a i n s t  T9 . 
To t h e  l e f t  of t h e  curve t h e  main composition of m a t t e r  

is mainly i r o n  and t o  t h e  r i g h t  hel ium. 



F i g .  5 .  The evo lu t ion  of t h e  model s t a r  ( S e c t .  V I I I ) .  The 

s t r u c t u r e s  of t h i s  s t a r  a t  

a s  shown. The cen te r  moves along t h e  d o t t e d  s t r a i g h t  

t = t , tl , .  . . ,t a r e  
0 n 

3 
l i n e ,  whose equat ion is p/p, =(T/ro). 
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