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ST_ PI_BL_ IN MISSILE STRUCTURES

By Richard O. Sylvester

The Catholic University of America

A number of specific buckling problems relating to Missile pro-
pellant tanks and transition sections are en_,erated. In some cases
approximate techniques used by missile designers to determine stability
are mentioned. The inadequacies of these approximate methods and the

unavailability of appropriate usable information is stressed.

Furthermore, the mathematical complexities of nonlinear buckling
problems are considered. Scae possibly fruitful areas of mathematics to
si_plif_ these complexities are discussed with the hope that research in

these areas will provide a batter means through vhich the analyst may
euppl_ the designer with more realistic and accurate theoretical data.

INTBODUCTIDN

The desire to reduce structural weight in missiles and space
vehicles in order to increase paTload has resulted in thin-welled shell

construction subject to elastic and inelastic buckling as one primary
mode of failure. In men_ instances an adequate buckling analysis, or
method of analTsie, or experiaental information is not available. Con-

sequentl_V,vetT crude but hopef_ conservative approximations or ideal-
isations are employud for ana_s of the design. Often designers even
avoid entire_v particular lightweight configurations because of the

complete lack of experimental or theoretical information on potential
instability problems. The results of the above situations may he either
the choice of a design which may not be near optimnm or, perhaps even
worse, a vary expensive static test or flight test failure resulting in

costly delayu and vahicle modifications.

This paper discusses a nueber of missile shell stability problems
which can be categorised among tb_se which cause difficult7 for designers.
The specific probleas are considered under the classifications of tank
dame problems, tank barrel problems, or transition section probleRs.
Many of these stabilit7 problems may be formulated as boundary value
problems in nonlinear partial or ordinary differential equations; how-
ever, the solutions of these equations are extremely difficult to obtain

or to approximate.
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Three d2stinot set8 of ideas are entertained in regard to siuplify-
ing the nothods of 8slutish for these problens. The first idoas are in
regard to higb-_.ad digital cceqmtar naans of detersining parmeter_
resulting f_m ELts-typo nathod8 used with stationary enor_ principles.
The second set of notion8 eonooFnm the bohrwior of appn_ton to
intek_11 equation for_ations of shell buekl_ng problms rather than to
differential oquation foneulat2ons. The last group of idoa8 explore in
a Tart prelininar7 fashion the poesib_.ity of eonvertir_ the bom_bu7
value problems of sholl 8_b£_tty into initial value probleu8 by ne_ls
siuilar to those of _ or those of .invariant imbedding" used
in tawnsport those. Perhaps then an initial value problems 8i_ler
nathod8 nay be fo_d to determine stability or multiplicity of solutions.

STABILITY OF TANK DO_S

Elliptic1 Donas Under Internal Pm88um

The thin-u_Aod elliptical 8boLl (heni-ellipsoidal 8boll of revolu-
tion) whose ratio of lm_th of naJor to len&_h of minor axis is _T-i8
of_n chosen as a niseilo tmak dram p_ on the premise that suoh
d_mo8 [lws the 8_8t rise and bonoo n_b_se transition section
longth and welght without introducing t_ poseib_tty of dome eireun-
ferontial bucklinK. Ratt2n_r has cloa_7 shown by ex_ent that flatter
elliptical d_nag w£11 buckle under internal pressure.

Without ente_ the idea that such buekli_ night not be an
adverse phonomonon, teo iwportent asmmptions underlio the eholeo of a
"root-fro w el_£pt2eal d_. The first is that _ nenbrane 8nalTsis
tells al_ that the dosiKner nsed8 to know. This _om that the d_-
plaemnt_ of the dome under load and the effect of edge restraints have
little be_ on the d_e stresses or 8tab_Lty. The second assumption
i8 that the loading is a constant internal pre8sure.

Within the fr_e_rk of linear nenbraue theory Baltrukoni8 has
shown that for Wroot-_. elliptical donee under axisy_etric internal
_ost_tie pressm_ compres_ve cir_unfemntial 8trosses do arise. Those
stresses appear in the neighborhood of the attacbmnt _oint8 of the domoj
the extent to vh_eh they continue into the dame depond8 upon the pressure
gradient in relation to the total pressure. The fact that a great nunber
of nissLlo8 with Uroot-two. dcue8 which ha_o been flight tested and ha_e
not sxpor_oncod doteo%ablo bueklinK due to th_s effect nay i_pl7 an_ of
the followi_t

1. the donee ha_o euff_ctent stiffness to withetm_ the
c_upreesiyo stress without buckling, or
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o the pressure gradient in relation to the m_ pressure
is sufficientl7 small so that the compressive region is
confined to the shell boundaries where attachments provide

restraint against buckling, or

o the displacaent8 of the 8hell are large enough to change
substantially shell curvatures and thus invalidate linear
theory.

The nonlinear behavior of very thin elliptical domes under internal

pressure is still a quantitative _nknovn. Tests indicate bursting pres-
sures of 20% to kO_ over that vhich linear nembrane theory predicts. This
phenamnon seems to be due to large curvature changes in domes under high

pressure. These observations are offered as part Justification for the
third reason given above.

The snoceeees of past designs of given geometry, thickness, and

"1_reeeuregradient-_ pressure" relations unha_ily do not insure
the nccees of f_ture designs vhich may incorporate variable thickness
"root.-two" dales of larger than conventional diameters and with different
relationships heCmen pressure gradient and m_Lmm pressure. Ca_se-
quen_, the probleu of _mekling of elliptical domes under axis_etric
internal b_irostatio pressure still remains an open question.

When a propellant tank is in the horizontal position and containing
a propellant, Baltrukonis has again shown membrane hoop compression under
the nonaxisymmtric hydrostatic pressure. Here again is the source of
a significant stabilit7 problem.

Shallov Spherical Domes Under Internal Pressure

In order to decrease the total length of a missile, decrease its
structural weight, and raise its fundamental frequency of lateral vibra-
tion one tries to shorten as much as practical transition sections between
propellant tanks. To accomplish this shortening some designers have con-
sidered using ehal_ov _herlcal shells for tank donee. Reasoning from
linear nembrane theory they conclude that the lateral ocuponent of the
longitudinal mmbrane stress at the dome-tank Jwacture must be resisted
by a sufficiently stiff ring frmne so that buckling of the tank wells and
daue is avoided. The ring frane is _ designed with a stiffness
eufficient to prevent first ]node ,out-of-roundness" buckling were the ring
free and under a wmlfora17 distributed line load in the plane of the ring.
The intensity of this line load le detemined from the lateral component
of the membrane stress in the dome. Consequently, the increased weight
due to the heavy ring required under the above assumptions does not give
the 8hallov s_herical dome design a decided advantage over the elliptical

done design.



The author is not at all certain that for a shanow dome without a
ring frms buc_ wi_ occur as f_st _ out-of-roundness, Most
certa_Ll_v large non3Anur local bending effects _ occur as internal
pressure is _creased. The dc_ and tank wall curvatures will change
_asurably before buckling occurs. The defomed shape m_r tend to approach
that of a shallow ellipse for which the mode of buckling is not in general
first _ode out of roundness. The presence of • ring freme m_r tend to
reduce the mount of di_laceRent at the edge of the dome, but the mode
of buckling would _ to be dependent upon the stiffness of the ring
fr_e. Hence, the nature of the stability of • shall_ spherical shell
_nder internal pressure and attached to a cylindrical tank wall with or
without a ring frm of given stifi*aess is still an _nrssolved problem.

It seem heuristical_V reasonable that for sufficientl_ stiff rings
1out-of-roandnese" f_rst mode buckling is _ost IAkely to govern the ring
design. A pertinent suggestion has been to stabil_ze the ring against
such buckling by a series of lightweight tension rods much like the spokes
on a bieyele. It is believed that these rods would inhibit first _ode
buckling by providing restrain against outward motion of the ring. If
such stabi_sation is possible, then a lighter ring my be used designed
against buckling at some higher mode. Perhaps • weight-saving may be
realized. Thus, the probles of the stability of • shallow spherical dam
attached to a cylindrical shall edged by a ring frue which itself is
stabilised by tension rods (perhaps prsstressed) providss a
and usef_ area of investigation for the shell analyst. Further, weight
optimisati_ including the ring and tension rod weights with stabilAty
as the failure criterion would be Boer useful.

Dcms for Sepentod Tanks

In order to reduce the circ_ferentisl stress in propellant tar_
barrels the supented tank, whose cross-section roNmbles the shape of
• scalloped round doily, was devised. Do_s for such tanks pose •
stability probl_ for the ana_V_. For relatively flat domes a
rediu_ of em_aturs is required at the transition _ the dam to
se_nts of the barrel, hence one _sy legiti_atelT anticipate clr_aferentisl

co_ression in these areas when the tank is subjected to internal pressure.
Yhese transition se_nents are not shells of revolution but mors closely
resemble Nctione of a footba_. A c_tational ¢c_lexity is thus
encountered in determlning the linear mesbrsne stresses as well as the
buckling behavior of these football segments. Certain_, the solution
of this _roblon w_uld be useful to designers.



Dams Under Static External Pressure

Several envirormental and test conditions introduce the occurrence

of static or quasistatic external pressures on domes. Such mishaps as
rapid emptying of propellant tanks during sidle hydrostatic testing
withou_ proper vent valve opening, air transport of tanks from higher to
lower altitudes with lnopened vent valves, and geysering of cryogenics
during tank filling have all inadvertentl7 caused situations of external
pressures on domes. The frequency of buckling failures due to such mlshaps
have prc_ted designers to consider using various "failsafe s valves,
which would permit rapid pressure equalization under such conditions. The
design of such valves requires the knowledge of the buckling pressure of
the d_es. The problem of static external pressure on domes arises also
in regard to recoverable boosters and in missile tanks in which a ccmnon
dome separates two varieties of propellant.

Under scum of the conditions mentioned above buckling occurs without
r_ure of the dame but with plastic deformations. Internal pressure

may be used to "pop. the domes back into shape. Whether or not such a
procedure is harmful to the intefrlty of the dome has not yet been
determined.

Thus, _ buckling _nder external prem is a significant large
deflection problem c_licated by the fact that in practice domes are not
always shallow. Judging frc_ the discussions in the literature on the
nonlAnear solution of the shallow spherical shell problem one nay say
with assmsnce that the buckling of dooper dams provides an extrmm
challenge. Perhaps different nathenatical and new n_erical schemes are
necessary to eek out the solutions to such problens.

D_s_nderDTmm_ExternalPressure

In a nmaber of appllcations tank domes are subjected to rapidly
a_lied exterual pressures. For example, in-flight ignition c_ a higher
stage engine in the neighborhood of a lower stage tank dome causs8 a

sudden d_ic blast to impinge on the dome below. In order to prevent
damage to the lo_er stage which may be intended to be recovered or which
might, if damaged, explode and cause a dictation of the higher stage
the dome must be able to withstand the dynamic load. As the outstanding
work of Ezra and Feral of the Martin Company in Denver has shown, for

blast loads of short duration a peak external pressure considerably
greater than the static buckling pressure can be withstood before permanent
buckling i8 experienced. However, high speed motion pictures by Feral
show considerable motion and large displacements due to high pressure
iw_ulsss. An understanding of the dynamic response under such loads and
the relation of this d_m_tc recponss to the permanent buckling or tearing



of the shell is not at all apparent. Jumt what stability roans under
such _namic conditions is not at all clear. Here again is a complicated
nonlinear problel to test the acuity of the _.

Co_eentratsd Loads on Domes

The wight of ma_ missile components is often supported by rela-
tivoly heavy trusses in the transition section areas. These trusses are
usually fastened to ring frames in the walls of the transition sections.

Should these components be mounted directl_v on domes in the transition
areas, truss weights could be saved. This practical consideration leads
one to be concerned with the effects of coneentrated loads on domes.

Zn testing of some sha_ domes nnder single concentrated loads
one of two different types of hehevior is usual_ observed. For thicker
doms plastic yielding in a significant neighborhood around the concen-

trated load is observed. For thinner domes no noticeable plastic yielding
takes place; hoover, the concentrated load causes snepthrough or ot.l
canning. Aside fran desiring to know the load which causes snapthrough
either local or general on shallow or deep d_mes, one should also like to

know the values of those physical parameters which mark the separation
point between the teo different pbenomena; i.e., elastic snapthro_h or
local yielding.

Explosivel7 Formed D_s

Explosl_ly forming fran flat sheets large dimtsr deRes for missile

application has been suggested as a useful and economical manufacturing
scheme. Tests _ mall scale models show that for sufficientl_ thin
sheets of material used in explosively foraing domes, wrinkles or buckles
can form in the neighborhood of the apex of the _ and also aronnd the

_pporting edge of the dome. Although _ethods for preventing these wrinkles
are being devised, better mderntanding of the forming of these wrinkles
vould oartatnl_-be useful.

STAB_.,ZTI" PI_BL_S I_IATING TO TANKBARRELS

Problems of Barrel Design

The cholee of the type of barrel design to be used in missile pro-
pellant tanks is deterained by several important considerations. Pri-
maril_V the function of the tank barrel is to oontein the propellant;
thus, it aunt he able to _ithstsnd the internal pressures caused by the
propellant and the tank pressurisation system. Another function relegated
to the tank barrel is transmitting the axial thrust of the engines to the
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payloadj thus, the barrel must be able to withstand the compressions
developed. It is the resistance of this compressive loading that often

leads to varieties of barrel designs.

A popular choice is the cylindrical tank with integral longitudinal

stringers and hoop frmmes flexibly fastened to the stringe_an_ .....
The stringers are usually designed to some sort of column buckling and

crippling criterion which in the hands of a good analyst appears adequate.

Whether or not the interior hoop frames provide an aid to stability is

an _nanswered question. On the basis of a variety of tests with internal

pressure the presence of the frames and whether they are attached to the

shell or the stringers does not seem to affect the buckling load signi-

ficantly. A more adequate resolution of this problem is desirable.

For larger diameter rockets requiring relatively less internal

pressure honeycomb construction for tank barrels will reduce tank weights.

Honeycomb, however, in its customary design is adversely affected by
thermal stresses. When the outer skin is heated and the inner skin

cooled, the core material is placed under tension stresses which bring

about separation between the core and the face sheets. A design which

permits periodically spaced creases or ripples in the inner face sheet

of a sandwich construction will tend to permit contraction of the inner
face and expansion of the outer face without extremely high core ten-

sions. The rifles will merely be pulled flat. The problem of the
stability of honeycomb cylinders with such ripple inner face sheets has

not at all been examined. Here, too, is a fruitful area of research for

the structural analyst in the area of nonlinear buckling of sandwich

cylinders.

Concentrated Load on Tank Barrels

Among the causes of concentrated loads on tank barrels one can
include

I. struts and straps used in fastening booster rockets in

cluster configurations,

2. handling loads in transport of missiles.

Significant problems in shell stability arise from these concentrated

loads. Internally pressurized thin shells with identical longitudinal

struts of varying cross section equally spaced about the circumference

and supporting concentrated loads pose a problem of stability. Not only

the behavior of these struts under longitudinal loads, but also under

concentrated normal loads is significant. Study of the stability and

deformation of such design with two, four, or six longerons would be
most useful.



Straps or linkages which may be used to hold clusters of booster
rockets together impose concentrated loads. Usually the strength of the
barrel shell is ignored in the direct carrying of these loads and interior
rings or support structures are ase_ed to carry the loads. If the degree
to which the shell can resist concentrated tangential loads is better

assessed, the internal support structure can be lightened or perhaps even
eliminated.

The interior hoop frames mentioned in the section entitled, Problems

__ are use_ in pre_nt_ tank colla_so due to handl_ngto what degree they are useful is not known. They

are customarily designed by no really rational method. Knowing how these

rings interact with the shell structure and meintaln stability would be
useful.

Dyr_ic Loads on Tank Barrels

Rapi_lly applied dy_c loads on tank barrels may arise from three

i_rtant sources; the launch of a rocket vehicle from an underground

silo, a nearby detonation, or a nearby _per-stage ignition. As in the

case of dynmmic loads on demes Just what structural stability means and
whether it should be considered in analysis under such loads is still
an open question.

STAB_TTY PROBL_qS IN TRANSIT_3N SZCT_NS

Longerens in Transition Sections

The tremendous thrusts of rocket engines in liquid propellant
missiles are usual_ resisted by heavy longerons which distribute these
thrusts to cylindrical panels by means of shearing action. The required

length of longeron is dictated by the buckling strength of the attachedd
panels. This bucklAng strength is usually assessed as that of a flat

plate of approximately the sine dimensions as the curved panel. An
adequate stability anal_sis of curved p_nels with variable section

longerons does not seem to be available.

In order to save weight and shorten transition sections, some

designers run the 1ongerons into the tank barrel area. The stability
behavior of a longeroned "transition section" and ,tank barrel" ensemble

is indeed co_lex and even good a_roximations to this behavior have not

been forthcoming although certain designs employing this principle have
been successful.



Should the longeron be made in two sections spliced in some way at
the "tank-transition section" Junction a noticeable decrease in bending

stiffness of the longeron may be realized at this splice. This reduction

in bending stiffness will tend to make the configuration more susceptible

to buckling. The effect on stability of such a splice should be studied.

Other Transition Section Problems

Transition sections between tanks and between missile and payload

must transmit high compressive forces and are designed entirely on

stability considerations. To complicate the analysis of such sections

is the presence of access doors. The stability of the section often

depends strongly on the fastening and load-carrying capability of these

doors, cc_licated by other loading envlrom_ents such as transonic

buffeting.

Still another interesting problem relating to transition sections

is that of local elastic buckling on the compressive side of a laterally

vibrating missile. The _ount of bending stiffness reduction in the mis-

sile cross section due to local buckling is not well known. Determining

this would enable the analTst to determine the decrease in the fundamental

structural frequency of the missile due to such local elastic buckling
during _ lateral vibrations.

SOME AREAS OF MATHEMATICAL RESEARCH

With Donn_ idea that the buckling of a cylindrical shell under

axial load is essentially a nonlinear phenomenon and with the clear con-

firsation of this notion by Von Kannan and Tsisn the shell analyst is

for_ed into a _atheMtical discipline which is both very complicated and

still in its infancy. Many shell stability problems can be considered

as boundax7 value problems in the theory of nonlinear partial differential

equations. This author would like to mention three different mathematical

areas in which he feels research would be of bern fit to the shell analyst.

Extrs_sing Nonlinear Functions

In the work of Von Karman and Tsien and more recently of Keener
concerning the postbuckling behavior of thin cylindrical shells the
method of approx,,sate solution of the nonlinear problem stems from the
Principle of Stationary Potential Energy. Ignoring the important question

of existence of a solution, analysts often e._lo 7 a Ritz-type procedure.
An approximate displacement function containing a nmeber of arbitrary
parameters is generated_ ccmpatibilit_ in terms of this function is
satisfied. The remaining task is to determine the values of the parsmeters
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I_tch minimise or at lea_ make s_tiona_7 _ potential energy function.

Research to determine adequately convergent mmerical schemes ap-
plicable to high-speed digital computers to minimize or extre_se non-
linear functions of many par_eters vould certainly be fruitful to the
shell analyst. Methods of steepest descent seem most promising and shou_
be investigated further.

Integral Equation Yoremlations

Budiansky appears to be the only author to have e_ployed the dis-
cipline of integral equations to shell buckling. His formulation of

the shallow shell problem under uniform pressure led to nonlinear Hm-
merstein-lihe integral equations defined over a finite domain with a
rather complicated kernel of Kelvin functions with singularities at its
boundaries. An equivalent formulation with linear kernels but an infinite
domain is also possible.

Since general_ speaking the boundary oonditions of the problem
are already incorporated into the integral equation £orlmlations, such
questions as existence and __lqnsnsss of solutions or nmubere of non-
unique solutions should be simpler for integral equation formulations than
for differ_tial equation formulations. Also, the raptd.l,y developing
field of f_nctional analFeis should provide _ powerful theorems useful
in the stud 7 of integral equations. Since nonsingular linear problems in

integral equations lend themselves to nmmrical_T better behaved approxi-
mate solutions than do the equivalent differential equation formulations,
one might hope for the same advantage in s_, DozLllm_sr problems.

For all then reasons the author vould like to eneo_aga the aathemattcally
inclined shell analyst to bec_m interested in and do some research in
nonlinear integral equations.

_.wLaut Iabedding

_ecent work by Belllmn, Kalaha, and Wing in the mthu_tics of
transport theory, has led to a method of solving boundary value problems
called "invariant imbedding, vhich is an extension of the work of
Ambar_an. A pri_ar7 objective of the method is the conversion of

boundary value problems to initial value problems which seem to be well
suited to high-speed dAgital cce_utetion. Although this method has not
been applied to shell theory, preliminary investigations indicate that
it has good potential. The invariant imbedding technique may be very

useful in determining shell stability and should be examined more carefully.


