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DEVELOPMENT OF DESIGN STRENGTH LEVELS
FOR THE ELASTIC STABILITY OF
MONOCOQUE CONES UNDER AXIAL COMPRESSION
By A. H. Hausrath and F, A. Dittoe

General Dynamics/Astronautics
SUMMARY

Design relationships have been derived for the determination of
elastic buckling strength levels for unpressurized monocogue truncated
cones under axial compression. Theoretical implications have been con-
sidered in the establishment of a semi-empirical analysis leading to the
development of probability based design expressions. Data from 170
tests by various investigators were statistically evaluated for the ex-
pected mean, 90%, and 99% probability strength levels. Dispersion of
data was found to be slightly less than that of monocoque cylinders.
Non-linear effects of radius to thickness ratio or strength deteriora-
tion with length to radius ratio were not discernible,

INTRODUCTION

The elastic buckling of unpressurized monocoque right truncated cir-
sular cones under axial compression is analyzed statistically to establish
design strength levels. The resulting prediction equations were derived
from data in the ranges of semi-vertex angle from 2.87° to 75°, mid-
height radius of curvature to thickness ratios of 98 to 4160,and slant
height to mid-height radius of curvature ratios of 0.133 to L.L5. The
resulting equations are intended for the design of cones where appli-
cable in aerospace vehicles and other structures requiring high levels
of structural reliability.

SYMBOLS

A subscript indicating the wAY level,

mpt level that level which would be exceeded by at least 99% of the
entire population with 95% confidence; i.,e., the confidence
is 95% that at least 99% of the stability strengths of all
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cones in axial compression can be expected to exceed the
nA" level,

subscript indicating the "B" level,

that level which would be exceeded by at least 90% of the
entire population with 95% confidence; i.s., the confidence
is 95% that at least 90% of the stability strengths of all
cones in axial compression can be expected to exceed the
"B" level,

buckling coefficient; see eq. (2).

mean value of C; see eq., (7).

material modulus of elasticity in compression,

theoretical frequencies for intervals in grouped data.
subscript indicating ith value.

one-sided tolerance factor for the normal distribution; a
function of sample size, probability level, and confidence
level,

slant height of conical frustum,

number of intervals in grouped data.

nunber of data values in sample.

observed frequencies for intervals in grouped data,

axial compressive load, lbs., just prior to buckling.
expected mean value of P.. .

axisymmetric axial-buckling load of infinite cylinder with
constant-thickness walls,

radius of cylindrical shell,

radius at small end of conical shell, measured in plane
normal to axis of cone.

radius at large end of conical shell, measured in plane
normal to axis of cone,

sample standard deviation; see eq. (8),
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t shell thickness,
« semi-vertex angles of cone,
» mean value for a total population.
v Poisson's ratio.
] radius of curvature.
P radius of curvature of conical shell at mid-height.
g standard deviation for a total population.
x2 statistical parameter indicating goodness-of-fit of data

to a distribution function.
DISCUSSIONS

Justification for the Statistical Approach

Large variations in the actual buckling strengths of unpressurized
truncated cones can be expected due to the unstable nature of pre-buck-
ling load-deflection relationships for monocoque shells in compression,
Cylinders, for example, tend to follow the familiar peaked load-deflec-
tion curve toward the bifurcation point and then into the post-buckling
regime; however, to attain classical values of the buckling coefficient,
all conditions (imperfections, eccentricities, end conditions, etc.)
mist be ideal. Since actual shells are subject to less than ideal con-
ditions, the resulting buckling strengths will be not only significantly
lower than theoretically indicated, but also widely dispersed. Existing
data from cylinders are slightly more dispersed than from cones for
axial compression and the response of spherical shells under external
pressure shows similar scatter, probably for related reasons.

An examination of the test data presented in fig. 1 shows approxi-
mately equal scatter for all values of the semi-vertex angle. The cause
of such variations in test results is not currently quantitatively de-
fined. The high sensitivity to unmeasured or unmeasurable paramsters
makes an accurate analytical prediction of general instability strength
improbabls for the types of applied structure used in aerospace vehicles,
Thus, in order to guarantee a reliable structure, statistical methods are
used to establish practical design strength levels. These levels should
not be considered as final. Analysis will eventually reveal the gquanti-
tative relationships between the buckling load and the above discussed
conditions. This will permit a better evaluation of the test scatter and
new statistical analyses resulting in more accurate prediction equations,
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Designing at mean or typical strength levels acknowledges that 50%
of structures so designed would fail before reaching design ultimate loads.
A previous statistical analysis (ref. 1) indicates that 10% of cylinders
designed to mean strength levels would fail at 75% or less of design ulti-
mate strength in axial compression. A similar situation exists for cones.

Although the dispersion of test data for monocoque shells is gen-
erally recognized, mean expected strength levels are often erroneously
advocated for design, "Eyeball" estimates of a lower bound to test data
are also sometimes used, particularly when only a limited amount of test
data are available. Unfortunately, the lower bound approach does not
result in a quantitative evaluation of the reliability of the solution.
Statistical analyses result in strength level estimates at desired levels
of probability and confidence and thus make it possible to design to the
required level of structural reliability,

This study endeavors to establish practical design relationships
for the elastic stability of unpressurized monocoque cones urder axial
compression. The statistical levels adopted correspond to "A" and "B"
levels as defined in SYMBOLS,

Test Data

The total number of pertinent tests known to the authors is 17..
Refs. 2-6 contain data from 18 steel, 133 mylar, 15 nickel, and 8 alumi-
num cone tests, Although the preponderance of data are from the mylar
specimens of ref, 2, the remaining data with four exceptions, fit into
the mylar distribution satisfactorily, as may be seen in fig, 1. The
value of mylar as a material for model stability test specimens was treat-
ed in ref, 2 where it was concluded that mylar was quite attractive for
testing of this kind. A close scrutiny of the data reveals that the
mylar results tend to be slightly higher than those of the metal speci-
mens, Reasons for this may include experience gained in fabricating and
testing a large number of mylar specimens and the low probability for
local yielding of these specimemns prior to buckling. The metal specimens
were worked closer to their proportional limits and thus were more sus-
ceptible to failures precipitated by local yielding. In the cases of
one aluminum and three nickel specimens, early failures may be directly
attributed to local yielding. In the aluminum specimsn, the failure load
produced gross stresses in the cone wall above the material proportional
limit while in the nickel tests there were questionable-end-conditions,
These four tests were omitted from the statistical analysis but are
shown in figs. 1 and 3 for reference purposes.

Jhe remain%rg sample size of 170 consists of cones having
2.87 £ a £ 75, 98 < 5/t < 4160 and 0.133 < £/5 < 4.45.
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METHODS OF ANALYSIS

It is certainly to be recognized that from a statistiecian's point
of view the sample population is far from ideal. The experiments were
not statistically designed, there was no particular effort to randomize
the combinations of geometrical parameters, and there are several obvi-
ous sources of bias in the sample population; however, distribution
charts of 4/p and a vs. 5/t (tables 1 and 2) reveal some sampling in
many of the usual ranges of interest,

The plot of the buckling coefficient C vs. g/t shown in fig. 1
discloses the most interesting implication that C is independent of
p/t « This finding is contrary to the conclusions of refs. 2, 3, 4,
and 7 where functional relationships between C and some p/t were as-
sumed similar to that for cylinders,

The theoretical result for cones presented in ref. 7 and affirmed
in ref, 3 is

2
er = Pcylocos a (1)

which may be written

P C 2nEt2 cos2 a (2)

er
The well-known classical value for C is

C = —=Lt—o
V3(1-v2)

which, for v = 0.3, is 0,605. However, experimental results for cylin-
ders are such that 0.07 =C g 0.5 and that C is strongly dependent upon
radius/thickness ratios. The experimental evidence for cones is pres-
ently such that 0.194 S C 5 0.478 and that C is independent of radius/
thickness ratios, at least for the range of data available. Additional
influences of @ or length effects are not discernible from plots of
cone data.

(3)

An examination of the frequency distribution of C by means of a
histogram (fig. 2) indicates near normalcy. If the variations in C
could be attributed to eccentricities in loading and specimen geometry,
local irregularities, stc., and if each of these could be assumed to
occur in a random manner, then it can be shown that the values of C
would be expected to be normally distributed,

The normal or Gaussian distribution function is given by



f(x) = d;%? exp :igiglg] (4)
so that
-
f f(x)dx = probability that x > a (5)
a

In eq. (L), ¥ and © are respectively the mean value and standard de-
viation for a total (infinite) population. As is the usual case, only
estimates of 4 and ¢ are available. These are the sample mean, X ,
and the sample standard deviation, s, which were used to obtain the
fitted normal curve shown in fig. 2 for comparison with the histogram.

An analytical evaluation of the conformity ofzthe grouped data to
the normal distribution was conducted using the X test. This test,
discussed in mos} texts on basic statistics, consists of evaluating
the parameter x*“ from eq. &6) and comparing the result to tabulated
p%rcontage points for the y“ distribution. If the calculated value of
X< is less than the value tabulated for the applicable significance
level and number of degrees of freedom, then there is no reason to
reject the hypothesis that the data are from a normal population,

B (n -e.)z

2 —i i

X = z ei (6)
i=1

In eq. (6), m is the number of intervals over which the summation takes
place, nj are the observed frequencies in the intervals, and e4 are the
theoretical frequencies for the intervals from the fitted normal dis-
tribution.

The x2 goodness-of-fit test was conducted for the test data and
resulted in the conclusion that at the 5% level of significance, the
sample distribution is consistent with the hypothesis that the parent
diltrizbution is normal. The 5% level of significance, generally used
for X tests for normality, was generously exceeded by the data., For

the purposes of this paper, the values of C were thus assumed to be
normally distributed.

The mesan value of C and standard deviation were obtained from the
170'data values using eqs. (7) and (8). :
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(7)
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C = N

i=1
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N
s = {5 Z(E-ci)2 (8)
i=1

The "B" and "A" level estimates of C were then calculated from

(9)

1]
ol
[}
x
[

Ca B

CA =C-k,s (10)

where kg and k, are the proper probability tolerance factors. Values
of k have been calculatod using procedures outlined in chapter 1 of
ref. 8 and tabulated in ref. 9. The values of k were calculated for
the normal distribution such that the confidence is 95% that at least
the desired proportions will exceed the "B" and "A" levels. For 169
degrees of freedom, kg = 1.465 and k; = 2.5%2.

The results of calculations using eqs. (7) through (10) ares

C = 0.316 (11)
s = 0,06077 (12)
Cp = 0.227 (13)
cA = 0.158 (14)

Plots of the expected mean, "B", and "A" levels are shown in figs,
1, 2, and 3 for comparison with available data.

RECOMMENDATIONS

The "A" and "B" levels are recoamended for the practical design of
unpressurized monocoque cones critical in buckling due to axial compres-—
sion, The "A" level, eq. (1i), is recommended for use for those struc-
tures the single railure of which could result in catastrophic loss or
injury to personnel, The "B" level, eq. (13), may be used for struc-
tures not requiring the "A" level,



52

Application of eqs. (13) and (14) as coefficients for eg. (2)
should be limited to cones having the following approximate geometries:
100 < 5/t < 4000, 10° < a < 75, and 0.25 < £/F < 5. Table 1 and 2
may be consulted to determine the number of known tests for a desired
cone geomstry. The stress level at the small end of the cone should
be checked to preclude the possibility of an early failure precipitated
by inelastic stresses.

Structural substantiation tests should be conducted on cones de-
signed by the use of eqs. (2), (13), and (14) because of the influences
of fabrication techniques, size, and end conditions in each particular
design,

FUTURE RESEARCH

Additional testing of cones should be conducted in the sparsely
populated ranges of tables 1 and 2, Of particular interest would be
additional elastic tests in the high and low 5/t and small a groups.
These could permit a better understanding of the present expsrimentally
indicated independence of buckling coefficient with radius/thickness
ratio. The influence of end conditions on buckling of cones would seem
to be greater than for cylinders and, if adequately evaluated, might be
used to reduce the scatter of test data. Tests of larger and longer
specimens should indicate the effects of size and length which are not
discernible from existing data.

Accurate determinations of the compressive modulus of elasticity
of specimen materials should be reported in all future stability test
reports, Although difficult to obtain for thin gages, this information
is helpful in statistically evaluating test data and may, in fact, be
responsible for a significant amount of scatter in the existing data.

CONCIUDING REMARKS

For practical design purposes, reliable design buckling load levels
may be established if sufficient data exist. Recent shell stability test-
ing has greatly enhanced the fact that for unpressurized monocoque shells,
existing theoretical solutions are unrealistic for design. The use of
mean expected buckling strengths is also unconservative while lower bound
estimates are of unknown reliability. Statistically determined allowable
strength levels acknowledge the inevitable scatter of test data and per-
mit the estimation of strengths at desired levels of probability and con-
fidence. The application of statistics to other loading conditions and
shell configurations would be desirable when enough data are available,
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TABLE 1

DISTRIBUTION CHART P/t vs {/p
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TABLE 2

DISTRIBUTION CHART F/t VS «
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Figure l.- Experimental evidence of the independence of buckling coefficient
with respect to mean radlus of curvature/thickness ratio in tested region.
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Figure 2.- Histogram of cone data and fitted normal curve.
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Figure 3.- Non-dimensional comparison of cone data with statistical levels.




