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Ex_erimsntal and tJmorotlcal s_adies nave been carried out to

investigate the stability of rin:_-st_-ffcned cylinders ard hezi_phe c-

ical shells under hydrost.Atic preszure. _ue use of acc_Lra_ely
machined models ham been found eztremel:" vaiuabl_ Ln ir_rovLn_ the

quality of e_merimental data, thereby permLttLng a more c_rufA1

examination of theory. As a result, the effect_ of bo_n -dar_

conditions and other factors -,_sually mas'_d by the _nflae,_ce of

stz.lctur---Iimperfections have been cl-_rifiCdo

So far these studiss h_ve csmse_ the invest'luators to re6-.url

classical small-deflection theory with _nercaair_ confidence.

INTRODUCTION

As the ms4or structural element in a submersible, the rL_-

stiffened cylinder has long been of prime interest to the naval

archltec_. It is Itkml_ that future vehicles attaining _rcater

operational depths may _lso m_ extensive _se of spherical sLells

for the maLn pressure hull as _ll as for term_catLn_ closures.

_ais paper is concerned _th recent s tudiss of the bu 'ckli-g char-

acteristics exhibited by t_hese two smell types "_hen subjcctel to

.h_stat£c press'are.

RING-STI_ CYLINDERS

_ae basic _uckling confi_n_ration to oe considered is the

antisy,_mmtric or lobar mode. It has been conveuz_nt to " _ _ _

separately two distinct classes: g_ner-_l znst_ility. _a_rein both

rings and shell deflect ra_iaily (figure 1), and _ell tmst_il£tv,

in which the rlr_s d_ not deflect radially and bu_F_les _fpear bct_ee_

them (fi_.._ 2).

General lnstab ility

Considerable _mrk has been directed toward 8m e_erimentai
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ev_-l'_tion of Kendric='s small-deflection solutlo._ (reference I,

second sglution) for ?3_.eelastle instab_!ity of a cjl'.nd_r uith

simpl---suFported ends. i_ests of a rarzety of s,2ail, externr.lly-

utlffened cylinders ma_.hlned from hi_h-strergth ste_l t_bing b_-ve

revealed that bu _ckling pressures can be obt_-ined with rem.%r;--_-bl.._

accuracy usin_ Southwellls nonde-.tructi_e tee/Inique (r,:f._rences 2

__nd 3). It has also been esta'olis_ed that varL_tions in end

restraint, even for cylinders as long as five di-_neters, can h.%v.2

-_._nrociable irIluerce or buc/:llng strength (reference 4).

As am example of the investi@v_tlons being conducted, a recent

stu_ by W.F. 31um_nberg is cited. The objective uus to obta_.n

buc/!ing pressures by Sout._well's method a_ a function of cjlinder

length with _oundar.: conditions held constant. The test mmrsmCenert

is shown in fi_-ure 3. The length of the central test section was

vazied by re_rr_u_g the _airs of movable discs _ose rounded ed_cs

_ere in contact wlth the inner wall of the ._tlinder. The outer discs

we ce maintaine_ at one fr,_me space from the inner ones as 8m _2Pro-_c/_
to isolatLng the central section from variations in conditions of

support result_n_ from che.nges in the lengths of the end sections.

T_m __:i__am test pressure attained aver_-cd about 98 per cent of the

Southweil Imcklin_ pressure. The maximum messured stress ":r_sabout

_8,000 psl compared ._th a value of 85,000 psi for the yield strcr4_th.

Since it was not expected that this arrangement would closely

_pprozim_te the condition of si_le support, it was not s-arprising

that the experimentel _ressures w_re somewhat hig_r than those gzven

by "_endrick,s _olutlon. He,aver, a plot of the results is instructive.

In figure 4 the circles represent the experimental pressures ar.d the
solid carve is Kendrick's solution for a nomLual Young's modulus of

30:106 psi. i_ne _bsc_ssa is }', the number of frame spames separating

the inner dis_s. These re_alt3 _gest the possibili_ that, so far

us bucklLn_, is concerned, a cylinder of length L (N frame spaces)

whose ends are arbitrarily restrained behaves as if its lengt_h _rc

Lef f (Nef f frame spaces) and its ends si=_ly-supported, wherc

L., --tL (N., = _:,_') (1)

k is a constant whose value depends on t_he degree of restraint -

being less than uni_ _zhere the restraint is more restrictive than

s_le support and greater than unity _here _he opposite is true.

This :muld mean that for a given cylinder any degree of restraint

can be reprcsented on a single plot of bucklin_ pressure versus Leff

or Nef f _nd that the transition from one circumferential mode to
_n_,th_r _st occur at the same urcssure regariless of _m boundary



553

conditions.

In fi6-ure l_ the slight difference between the theoretical and

experimental pressures for the transition from 2 lobes to 3 could
easily result from a small disparity between the actual _and assumed
values of Youngts _odulus. If the correspond_-ng transition values
for N are substituted into equation (1) the resulting value for k is

0.725. Using this number the experimental points -_ere replotted _tith

Nef f as the new abscissa and with the _ppro_riate sdjustment in

Young's modulus. _hese points are the trismgles in figure 4.

_is s_proach has been used with data from a variety of tests
to obtain values of k rsmging from 0.71 to 0.94, and corresponding

pressure variations of as much as 65 per cent. Be results to date
have strengthened the investLgators _ belief that Eend_ickts solutinn
will give reliable predictions when aplEopriate adjustments are ms_le

for the degree of restraint.

Shell Lust abilitF

To summarize very briefly, small-deflection solutions for
elastic shell instability have not been entirely satisfactory when

s_plled to shells with closely-s._aced stiffeners° Ton Mises'

solution (reference 5), for exa_ple, does not account for the effect
of the stiffeners on buckling strength, hence is not strictly

spplicable. Von Sanden and Tg_Ak_ (reference 6) considered the stiff-
eners as they affect the deflectious prior to buckling, but neglected

theLr influence on the buckling deformations. Experimental results

in many cases ha_e not been particularly illuminating. _ecs_we of

inadequate yield strengths and f&brication i_erfections, elastic

shell instability has seldom been observed with closely-spaced

stiffeners. Xn cases _here %he Yon Mioes pressure has not been

attained "sns_-th_u_h" buckling has sometimes been offered as the
explanation.

A small-deflection solution recently developed by the _thor
accounts for the influence of the stiffeners on deformations occurLng

both before and during buc]_ing by e:cpressing all deflections as
trigonometric series. _he solution is obtained using t_m Ritz

procedltre and L_cludes the res_stm_ce of the stiffeners to deforms.

tions in and out of their planes. To eval'_te this _olution data

are available from collapse tests of four machined cylinders where

again elastic buckling was achieve_ through the use of higa-strength

steel tubing. Two of these tests are reported in reference 7- _he

results are shown in table I. It sppears that the performances of

the cylinders are adequately explaJ-ned by the new small-deflection



solution. Sis is suyported by the fact that the _acklir_ strength
in one case was accurately determiue_ using 3outhwellls method, which

is only successful _here small-deflection theory s_plies. Xt is
further in_icate_, by compari_ the Yon Mises pressures with the

collapse pressures, that the influence of the stiffeners csm be

a_rpreciable. It is only partially accounted for by the solution of
Fen Sanden ana Toalks.

SPHERICAL St_ILS

In spite of a long history of investi_ation it appears that the
buckling of spherical shells is not yet properly understood. _e
elastic _racklin= _ pressure given by the classical smell-deflect!on
analysis of Zoelly (reference 8) is far in excess of anythi_ that

.has been observed experimentally, and various attempts to expleiu
these vast discrepancies on the bssis of finite deflection theory
have been less than satisfactorF (reference 9). l_trthermore, _Dst

work has been devoted to the study of shallow spherical caps _hereas

the interest of the pressure vessel designer is in deep ancl complete

spherical shells.

Erenzks (reference I0) has recently completed tests of a series

of mac_Inel hemispherical shells about 1.6 inches in _iameter which

were designed to study both elastic end inelastic buckling. One

g_oup of shells was machined from 6061-T6 aluminum (yield strength

of #3,ooo psi), another from 7075-_6 alu.-_mu_ (8o,o00 psi). Xae._
hemisphere was terminated by a stiffened cylinder which, in all but
three cases, was desi_ne_ so that no bendin_ stresses could develop

in the hemisphere prior to bucklL_. _e three exceptions were cases
in which the cylinders ha_ to be made somewhat more rigid to provi_le

them with adequate buckling strength. Accurate machinin_ ass-_re_

nearly perfect sphericity in all cases.

Figure 5 shows a few of the observed failures, be throe shells

having the more ri_lel boundaries _wkled well within the elastic

ramie. It _ppeare_ that the buckling strengths of these _helle were

not sdvenmly a_fected by the boundary conditions since, in each case,

the portion immediately ad_oL_inG the cylinder was un_ams_ed. _eLr

_,cklL-_ pressures are compared in table 2 with the theoretical values

g,_ven by the small-deflection solution of Zoelly=

_- = 1.01E 'or P = 0.3,

(2)

-#here E is Young's modulus. _, is Poisson's ratio, h is the shell
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thlc4mess and R is the mean rs_iUSo _he ratios of experimental

pressures to Pe' altO.ugh less than one. are ,nach latimer than have
been observed for shells formed from flat plates, indicatLng the

sensitivity of bucklir_ strength to Imperfections and residual

stresses. The tests also show_that-the-m__ressu_es

deflne& by lar_e-deFlection theory can be greatly exceeded. Yrom

the results of table 2 Erenz_e ha_ proposed _u empirical bucklL_

formula for the elastic range:

= o.84g for _= O.S, (3)

where the use of the outer radius, Re, is dictated by si=ple lo_i
equilibrium.

_e rest of the shells coll_psed in %he yield region at pressures

rangin_ from 6 to 46 per cent of Pe- For this rsmge L_enzlcB has

suggested the following formula to represent Pc. the inelastic collspse

pro 8sure:

I s and X t are _he secant and tsngent mod_li which can be determined
from the stress-strain d/agram for the material under uniaxial loa_i_o

_he _u_ntity under the radical which nnLltipliss Pe I is a slmpl£fied
plasticity reduction factor based on theoretical studies by Bi_lanr_

and Ger_ (references II and 12)o In t_ elastic range equation (4)

reduces to equation (3) o Figure 6 show= how well this formula fits

V2ne experimental data. _e abscissa is _he ratio of p_ to Pn' the
elastic bucklln_ pressure accor_lin_ to equation (2). e_d the-or_-nate

is the ratio of the experimental pressure, Perp, to Pe"

Despite the consistency of these results it is not necessarily

conclusive that they represent the _axinum buckling strength attain-
_ble. Each of the shells had small deviations _n thickness which

presumably ha_ some wesk_ning effects. _uture st_les will lucluds

tests of larger machined shells in which such deviations can be

further reduced. Other tests are presently underw_ with spun and

pressed hemispheres and with machined spherical shells having central

an_les greater than as well as less thsn 180 ° . _m benefits of

stiffening are also beL_ stu_isd.
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Table 1 - Results of Elamtic S:_II 3uckling S._udies

I

_h

Ylexib ility
Parsee ter

4

LI
R2A2

o.418 4.13

0.526 4.?5

°650 5°26

_oz28 6.8o

Experimental
Bu#kl_.g
._ressure, psi

803(I_,)*

725(13)

633(11)**

_aeoreticsl Bucklir_ Prez_ures,

psi

_ew

Solution
yon Sauden

(fez. 6)

693(:_6)

6650._,)

3_(16)

599C_)

?_(13)

_o(_)

633(n)

_9(z5)

69(_)

387(_)

_o(zo)

*Number of circttmferenti_.l lobes in parentheses
"*Southwell method gave 637 psi

Af = cross-sectiona_ area of stiffener Lf = stiffener spacing

h = shell thickness R = mesm r_lius

All cylinders h_ external rectangular stLffeners

'l_ble 2 - Comparison of Coll_pse Pressures frcm the

Classical _heory with E._erimental Values

h
I

R

0.0095

0.0096

0.01ZD

Buckling Pressures, psi

8OO

830

12j"0

Eciu_tion (2),

Pe

1180

1210

1875

l_exp

iDe

0.68

0.69

0.66
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Figure I.- General instability type of collapse.

Figure 2.- Shell instability type of collapse.
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Figure 3.- General instability test arrangement.

°I
_°° I

-_o

_400

1

3OO

25O

200

k\ RADIUS

•_- KENBRICK_J SOLUTION (REF I) • /n-2 _t_\

_ = NUMBER OF CIRCUMFERENTIAL _ "_

LOBES _ --\
n= S 2 _ "_"

0 • EXPERIMENTAL VALUES

I I I I I I I I I I _
IZ 14 16 18 20 22 24 26 28 30 32

N (FRAME SPACES)

Figure _.- Stiffened cylinder - elastzc general instability results.
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Figure _.- Examples of collapsed hemispheres.
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Figure 6.- Buckling data for hemispheres.


