NASA TN D-1772

NA'SA TND-1772

/i, /() , //

ik @Q -,

TECHNICAL NOTE
o

STUDY OF INERTIAL NAVIGATION ERRORS DURING REENTRY
" TO THE EARTH'S ATMOSPHERE

By @. Marion Hansen, John S. White,
and Albert Y. K. Pang

Ames Research Center
Moffett Field, Calif.

NATIONAL AERONAUTICS AND SPACE ADMINISTRATION
WASHINGTON May 1963

/




SUMMARY .

INTRODUCTION

NOTATION

. . .

PROCEDURE .

General Method

TABLE OF CONTENTS

Equations for Actual and Indicated Motion .

Partial Derivative Equations for Linear Error Analysis

Trajectory Parameters and Vehicle Characteristics .

Initial Condition and Equipment Errors

RESULTS AND DISCUSSION

Range of Linearity

Use of Partial Derivatives for Estimating Final Errors
CONCLUDING REMARKS

APPENDIX - DERIVATION OF PARTTAL DERIVATIVES FOR AN ELLIPSE .

REFERENCES -

TABLES

FIGURES -

. . . .

B O\ e

1
13

13

14
16

19
20
23
2L




NATIONAL AERONAUTICS AND SPACE ADMINISTRATION

TECHNICAL NOTE D-1772

STUDY OF INERTIAL NAVIGATION ERRORS DURING REENTRY
TO THE EARTH'S ATMOSPHERE

By Q. Marion Hansen, John S. White,
and Albert Y. K. Pang

SUMMARY :
e v

The navigation errors in position and velocity which result from erroneous
initial conditions and imperfect inertial navigation equipment have been analyzed
for a space vehicle reentering the earth's atmosphere. The analysis has shown
that for realistic errors and reentry conditions a linear error analysis will
usually be valid; that is, the partial derivatives of final position and veloc-
ity with respect to initial conditions and equipment parameters may be treated
as constants. Also, the analysis has demonstrated that these partial deriva-
tives can be used to estimate the final errors which result from using various
combinations of initial condition and equipment errors with the inertial naviga-
tion process started at various times before reentry.

It was found that when the inertial navigation process is started just prior
to reentry the final errors resulting from initial condition errors predominate,
but when started well before reentry the final errors resulting from equipment
errors predominate. Initial altitude error is the most significant dnabn el fcon =
dition error, and accelerometer bias and gyro drift are the most significant
equipment errors. The final errors due to accelerometer bias may be greatly
reduced by treating the outputs of the accelerometers as zero above the
atmosphere.

INTRODUCTION

If a vehicle reentering the earth's atmosphere is to reach a particular
landing site, it is desirable to have continuous knowledge of position, velocity,
and attitude of the vehicle. To provide this information for a reentry vehicle,
especially one with a pilot, an inertial navigation system is generally consid-
ered essential, since continuous radio reception of ground data is very difficult
(if not impossible) and since it is very desirable, from a reliability standpoint,
to have an accurate, self-contained navigation system on board the vehicle.

In any inertial navigation system, navigation errors in instantaneous
position and velocity result from both erroneous initial conditions and imperfect




inertial navigation equipment. These navigation errors during reentry from a
circular orbit into the atmosphere of a spherical, rotating earth were studied in
reference 1. The present study extends the analysis of reference 1 to include
partial derivatives. The use of partial derivatives for predicting navigation
errors which result from only initial condition errors for nonatmospheric reentry
is fairly common (ref. 2, p. 736, for example). The present report uses partial
derivatives to examine the navigation errors in position and velocity which
result when an inertial navigation system is used during reentry into the atmos-
phere of a spherical rotating earth.

There are two main objectives of this report. The first is to determine the
range of values of initial condition and equipment errors over which a linear
error analysis is valid, that is, to determine the range over which partial deriv-
atives of final position and velocity with respect to initial conditions and
equipment parameters remain constant. The second objective is to demonstrate
within the linear range the use of these partial derivatives for estimating the
final errors which result from using various combinations of initial condition
and equipment errors with the inertial navigation system "started" at various
times before reentry.*

In this study, a lunar trajectory is used as an example; however, it will be
shown that a linear analysis should be valid for any realistic errors and reentry
conditions. Furthermore, the same error relationships should exist between the
relative effects of initial condition and equipment errors upon the final errors
for any realistic errors and reentry conditions.

NOTATTION
A reference area for aerodynamic force coefficients, km®
a semimajor axis of an ellipse, km
Cp drag coefficient
Egé vehicle constant relating drag per unit mass to airspeed and air density,
4.1x10~° km®/kg
D aerodynamic drag per unit mass, km/se02
E eccentric anomaly of an ellipse, radians
= eccentricity of an ellipse
i acceleration, or nongravitational force per unit mass, km/se02

1In this report the inertial navigation system is considered to be "started"
when the last set of initial conditions is put into the system, that is, when the
system is updated for the last time prior to reentry.




g ;%5, gravitational attraction of earth per unit mass at earth's surface,
9.798597x10™° km/sec?

H angular momentum per unit mass, km?/sec

h altitude above mean sea level, km

L aerodynamic lift per unit mass, km/sec2

m total mass of vehicle, kg

i radial distance to vehicle from center of earth, km

rp radius of the earth, 6378.1k km

n radius of perigee of an elliptical orbit, km

S accelerometer scale factor uncertainty, g/g

SF accelerometer scale factor, g/g

t time, measured positive after start time, min

timelior g vehiicler to. travel from. r to rp on an ellipse, min

i time after reentry, measured positive after reentry at h = 121.92 km
or 400,000 ft, min

U geeelleromecer  bias, g

i welloed tyrof wehiele in dnertial space, km/sec

Va velocity of vehicle relative to the air mass, km/sec

Y inertial flight-path angle, angle from true horizontal to V, positive up,
radians

A flight-path angle, angle from true horizontal to VA, positive up,
radians

] range angle, angle between T for h = 121.92 km and instantaneous r,
positive from west to east, radians

g2 accelerometer misalinement angle, angle between inertial reference axes
and accelerometer axes, radians

éE angular rate of earth's rotation, 7.29211x107° radian/sec

L gravitational constant for earth, 3.986135x105 kms/secz

@ atmosphere density, kg/km3
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Subscripts
instantaneous error, found by subtracting actual value from
indicated value
final value, at time final altitude of 30 km is reached
indicated value, given by inertial navigation system
start value, when initial conditions are put into system
value at reentry, where h = 121.92 km
value along the x, z, etc., axis
vector

time derivative
Matrices

final error matrix
partial derivative matrix

indGiaillMer start, error mabrix
Two-Dimensional Coordinates

earth-centered, polar
vehicle-centered, actual horizontal and vertical

accelerometer axes, which differ from inertial axes because of
misalinement

vehicle-centered, indicated horizontal and vertical

inertial reference axes, which are horizontal and vertical at start
- time

PROCEDURE
General Method

The general method used to study the navigation errors that result from the
inaccuracies of an inertial navigation system used during reentry was to solve
concurrently equations for the actual motion and for the indicated motion of the

vehicle.

n

Typical actual and indicated trajectories are shown in polar




coordinates in sketch (a), where the separation between the actual and indicated
trajectories has been exaggerated for illustrative purposes. The indicated
motion, given by the inertial navigation system, differs from the actual motion
because of inaccurate knowledge of initial position and velocity and also because
of imperfect inertial navigation equipment. The equations were solved with an
IBM 7090 computer, and the instantaneous errors were computed after each integra-
tion step by subtracting the actual values of position and velocity from the
indicated values. The final errors were taken as the errors in position and
velocity at a time corresponding to an actual final altitude of 30 km. This
final altitude was chosen because ground-based radio contact may easily be made
at this altitude, and also because it is anticipated that a parachute or other
landing device will be used at or near this altitude.

feq

Starting point

I
Indicated~”
7

8o =60+t
ActualyZ T <

1
(. .
—v¢ ;

Flnalialt=S0Tkmi:4 A" Note: © and 6i are neg-
: ative until reentry at

h = 121.92 km.

Force components represented in inertial,
accelerometer, indicated, and actual
coordinate systems.

Sketch (a)

The instantaneous errors in altitude and range angle, he and 6e, respec-
tively, are illustrated in sketch (a). Of primary interest in this report are
the final errors listed below.

Final Errors
hes Altitude error
Oef Range angle error
her Altitude rate error
éef Range angle rate error



The final errors were assumed to result from the following initial condition and
equipment errors.

Initial Condition Errors
heo Altitude error
Beo Range angle error
ﬁeo Altitude rate error
éeo Range angle rate error

Equipment Errors

Oago Accelerometer misalinement angle
a Gyro drift rate
Uxg > Uzg, Accelerometer biases

DSxg,08z,  Accelerometer scale factor uncertainties

The initial condition errors exist because of inaccurate knowledge of position
and velocity. For the equipment errors accelerometer misalinement angle repre-
sents the initial misalinement of the accelerometers relative to their reference
directions in inertial space. Gyro drift rate produces further accelerometer
misalinement and accelerometer biases and accelerometer scale factor uncertain-
ties cause the accelerometer output values to differ from their input values.

For simplicity the vehicle motion was restricted to the east direction in
the equatorial plane of a spherical earth with a rotating atmosphere. Crossrange
motion and crossrange errors were not considered for several reasons: first,
reentry trajectories are nearily planar; second, errors din crogsrange are largely
funetions of the particular scheme of crossrange control used; and third, for a
nearly planar trajectory, crossrange errors are stable and also independent of
altitude and downrange errors. Hence, the results of the analysis for errors in
altitude and downrange are unaffected by the absence of crossrange motion.

Also for simplicity the inertial reference coordinates shown in sketch (a)
were chosen as the horizontal and vertical axes at the starting point where the
initial conditions are put into the system. Also the accelerometer axes were
assumed to be alined with these axes, except for an accelerometer misalinement
gngle, Og. Hence, no attempt was made to obtain an optimum alinement of the
gyros or accelerometers in order to minimize the final errors. The accelerometer
misalinement angle, 05, was assumed to be composed of an initial term, 6gp, and a
time-increasing term, B5t. The time-increasing term was assumed to be entirely
due to gyro drift, so that éa is referred to as gyro drift rate.

Equations for Actual and Indicated Motion

The actual motion of the vehicle is described by the equations of motion for
one body moving around another. In polar coordinates, r and 6, illustrated in
sketeh (b), these equations are (ref. 3, p. 42):

U
et
(1)

fx

¥ - rg2

1l

r6 + 216




where p/rz is the gravitational attraction per unit mass at radius, r, and

fx and f, are the components of 1lift and drag (and thrust if used) per unit mass
in the horizontal and vertical directions, respectively. Sketch (c) may be used
to resolve 1ift and drag into

d e
fx = -D (cos 7, + p sin 7n)
(2)

fz = D (sin 7y, - % cos 7,)

where

1 CpA

Boris e (3)

Equations for 7a and VA may be written directly from sketch (@)

=i £

P S tan —m

()

v, J@z m r2(é N éE)Z

Equations (1) through (4) were used to solve for the actual motion of the vehicle.

Starting point

Final point
Note:
8=0 for h =12192 km
Reentry trajectory in polar coordi- Relationship of flight-path angle
nates showing 1ift, drag, gravity, to components of velocity and
velocity, and flight-path angle. force.

Sketch (Db) Sketch (c)



Since equations (1) describe the motion of the vehicle, they may also be
used by the on-board computer for the inertial navigation system. These equa-
tions are rewritten for the indicated trajectory using i subscripts for the
indicated position, velocity, and force components.

- r48;% = - =5 - £z,
Ll

(5)

I’lei e 2!‘191 = in

The indicated force components are those along the indicated horizontal and ver-
tical of the measured accelerometer forces. The measured force components differ
from the true values largely because of initial accelerometer misalinement, Oag>
gyro drift rate (which causes further accelerometer misalinement), 65, accelerom-
eter biases, Uyxy and Uzg, and accelerometer scale factor uncertainties, Sy, and
Sz With the help of sketch (a) it can be seen that the measured force compo-
nents given by the accelerometers may be determined for computing purposes by
first resolving the actual force components through -8 into the inertial coor-
dinate system, then resolving through 65 into the accelerometer coordinate
system, and then adding accelerometer biases and multiplying by accelerometer
scale factors with their uncertainties. The indicated vertical and horizontal
components are then obtained by resolving through 65. The components of actual
force along the accelerometer axes, found by resolving through -6 and 65, are

fx fX COS('@ + Oap + éat) + fy Sil’l( SOOI an r éat)

a,

(6)

fgo = -fx sin(-6 + 6ag + Oat) + £y cos(-6 + 0agy + at)

a
The measured force components given by the accelerometer outputs are
fXa(measured) = (fxa + 8Uxg)SFxq

fza(measured) = (£2g + 8Uzg)SFzg

where

SFXa = 1 + SXa
(8)

SFz, = 1 + Sz

When equations (6) and (8) are substituted into equations (7) and the measured
force components are then resolved through 65, the indicated force components
are found to be




in = cos Qi[fx COS('9 + Bap * éat) w
+ sin 6i[ -fx sin(-6 + 05, + bat)

o fZ COS('Q <= eao 5 éat) S gUZa](l o Sza)

(9)

£,. = - sin 64[fx cos(-6 + 65, + Hat)
+ £y sin(-6 + 0a, + Bat) + &Uxgl(1 + Sxp)

+ cos ;[ -fx sin(-6 + 6a5 + éat)

+ £z cos(-6 + Bag + bat) + gUz 1(1 + Sz,) 3

Position and velocity errors are computed by merely subtracting the actual
components of position and velocity from the indicated components. This is illus-
trated in sketch (a) for position components. The equations are

’
Te =ri - r =he =hy - h
O — 045 6
> (10)
1 S e S oV
ée:éi_
J

These equations are used in this form for instantaneous and final errors. The
initial errors and true values are usually specified and equations (10) are used
to compute the initial indicated values.

Partial Derivative Equations for Linear Error Analysis

The requirements for a linear error analysis to be valid can be understood
by examining the equations for the total differentials of the final position and
velocity components. In equation (11) the total differential of final altitude
is shown as an example.

PR R T PN TRl S TR I RO
o s, Y90 T SR, o T3, T dan T e

Johe ohs dohr ohe
i) b Y L el i
+ 50 dUx + U, au, + SeF dsFy + S5F, dsSFy, ( )




A linear error analysis is valid provided the partial derivatives may be treated
as constants when the differential quantities are replaced by incremental or
error quantities as shown in equation (12).

. ohy . ohg ohe ohe |, dhg ohe |,
£F T ang "7 " 8bp o0 T ot %0 T 3B, Y60 Tag,, Pro T 3, P

ahf ahf ahf ahf

e L 12
e S Y2 U5en = T 5aE, o o)

Under these conditions a final altitude error, for example, would be directly
proportional to any one of the initial condition or equipment errors, and the
final altitude error due to several initial condition and equipment errors would
be the superimposed sum of the final altitude errors due to each individual
initial condition or equipment error taken separately.

For the range of initial error quantities for which a linear error analysis
i1s valid, equations similar to equation (12) may be written for all of the final
error quantities. In matrix form these equations appear as
-1 - I
F;ef dhr Ohf Ohf Ohr Ohr Ohs Ohr Ohf Ohr Ohr | |Beo
dho 6o Ohpy 06 06ap 08y JUy OU, OSFx OSFz| [6eq

Oep e O6f 0 06f 06f 00f O8f OBp O6f J6f ﬁeo
dhy 08, Ohp 8o d6ap 08s OUx U, OSFx JSFz| |be,

=|_. 3 ; ) ’ 3 . i : h i

fep dhr Ohr Ohr Ohf Ohe Ohe Ohy Ohe Ohp Ohe | |%ag (13)

dhy 36, Ohy OB, Obay MBa OUy U, OSFy OSF,| |64

b dbp bf Jbr br dbr Jbr b J0p Jbr i
Oho 00y Ohy 0By gy 90a OUx OU, OSF, BSFﬂ Sx

s

De

S

Once the partial derivatives are evaluated, the final errors can be
determined as functions of the initial errors. From equation (13) it can be seen
that one way to evaluate the partial derivatives would be to use only one initial
condition or equipment error in each computer run, and to divide the final errors
by the initial condition or equipment error used to obtain one column in the
partial derivative matrix. For the initial condition and equipment errors being
considered, then, ten separate runs are required to obtain the complete partial
derivative matrix.

It is possible with matrix methods to calculate the partial derivative
matrix by using ten runs which merely have independent sets of initial condition
and equipment errors rather than only one error in each run. This process can be
explained by writing equation (13) once for each of the ten independent sets of
final errors that result from the ten independent sets of initial errors.

10




[Ruds = [Pldss] i
[F2] = [P] [S2]
(1k)
}
[Fio]l = [P] [S10] E
Equations (14) can be combined into
[Fy Fo ... Fiol = [P1[S1 S5 -.. Sio] (150

The partial derivative matrix may then be obtained by post multiplying the final
error matrix by the inverse initial error matrix

[P] = [Fy F2 ... F30l[81 S2 .. 810]7" (16)

It should be apparent that for a particular trajectory, the errors which
exist at any instant of time may be considered to be the initial errors which
cause the resulting final errors at any later instant of time. Once the instan-
taneous errors for ten runs, with each run having completely independent sets of
errors, have been obtained along a particular trajectory, then the ten sets of
errors at any point in time may be considered to be the initial or start errors
for the ten sets of errors at any later point in time. With equation (16), then,
the data from the ten runs are sufficient to calculate the partial derivative
matrix which relates the initial errors at any point in time to the final errors
at some later point in time. This process has been used in the present study to
calculate the partial derivative matrix between the final time, tf, which is
always taken at the nominal 30 km final altitude, and every preceding start time
along the trajectory.

Trajectory Parameters and Vehicle Characteristics

The trajectories considered deviated slightly from a typical circumlunar
trajectory and are described below in two phases: a space phase, which is
largely independent of vehicle characteristics, and a reentry phase, which is
very dependent upon vehicle characteristics. The atmosphere density, p, for the
reentry phase was obtained from reference 4. Both phases used earth constants of
L = 3.986135%x10° km®/secZ, rp = 6,397.1k km, and 6p = T7.29211x107° radian/sec.

The typical circumlunar trajectory representing the primary example for the
space phase has the following approximate elliptical parameters:

1l

2.025x105 km

0.9683

6.1423x10% km (17)
= 7.099x10* km?®/sec

a
&

r
H

14k




For an actual reentry vehicle, especilally one with a pilot, it may be
desirable to have completed the alinement of the inertial platform and to have
put precise initial conditions into the system (i.e., to have started the system)
as much as an hour before reentry in order to have time to establish confidence
in the system operation and to avoid last minute pilot procedures. To use avail-
able trajectory data it was necessary to choose a start time of 63.51 minutes
before reentry as the earliest time to be considered. For the typical lunar
trajectory considered the initial conditions at this start time were:

1l =0 :
to' = -63.51 min

rg0o = -12,010.33 ku
hy = -4.68508 km/sec
rpbo = 0.7329312 km/sec J

Il

The resulting values for 7ho and Vp, were

VAo = =77 - 44140
(19)
Va, = 4.79992 km/sec
For easy interpretation of range values, a reference of 6 = O for t' = O has

been chosen at the reentry altitude of 121.92 km, or 400,000 ft.

The reentry phase is very dependent upon the vehicle characteristics. For
the vehicle considered CpA/m = 4.1x107° km?/kg (or mg/CpA = 50.1 1b/ft®) and
(L/D)gax = *0.5. Constant and variable L/D trajectories were examined. For
the variable L/D trajectories L/D = -3.281 A for O < L/D < (L/D)yax (obtained
from ref. 5). The constant L/D trajectories were obtained for values of L/D
from 0.05 to 0.27, and the wvariable L/D trajectories were obtained by changing
the reentry flight-path angle (at 121.92 km) from -6.4795° to -5.8629° and vary-
ing L/D as just described. These represent a wide variety of reentry trajec-
tories, since the constant L/D entries have very high decelerations and the
variable L/D entries have rather low decelerations.

The specific trajectories considered are shown in figure 1, and some of
their more important parameters are shown in table I. The longest trajectory
considered has a range of about three-fourths of the circumference of the earth
(earth circumference = 40,000 km) and the final time after reentry is about
1 hour. The medium length trajectories, having reentry times near 20 minutes,
are more desirable from the standpoint of reentry time. Trajectory L4, which has
a medium range, low peak deceleration, and low skip altitude, will be emphasized
in the remainder of this report to illustrate the principles being discussed.

Time histories of the trajectory variables are given in figure 2 for trajectory L.

Curves for altitude, range, altitude rate, and range rate are shown in fig-
ure 2(a), and the corresponding curves for velocity, flight-path angle, and force
per unit mass are shown in figure 2(b).

12




Initial Condition and Equipment Errors

It is highly desirable to use a currently realistic set of values for
typical initial condition and equipment errors. Consequently, the following
initial condition errors were obtained from the results of a study of a midcourse
navigation system for a circumlunar mission.

heg = 5 km

roeeo = 0.5 km (20)
hey = 5%107* km/sec

roéeo = 2x107° km/sec

The correctness of the order of magnitude of these errors may be verified by
referring to the standard case in figure L4 of reference 6. These initial condi-
tion errors are roughly an order of magnitude larger than those present in radio
tracking data, provided the radio tracking system has been allowed sufficient
tracking time for filtering and smoothing its data.

The following conservative equipment errors were used as independent dis-
crete values in this study without regard to statistical variations:

an = 2x10~% radian 2 4O seconds of arc

0a = 1x107® radian/sec = 13 meru
Uxg = Up, = 1X107* g (21)
Sx, = Szgq = 1X107* g/g

RESULTS AND DISCUSSION

The navigation errors in position and velocity during reentry into the
earth's atmosphere were analyzed to establish the range of initial condition and
equipment errors over which a linear analysis is valid, that is, to establish the
range over which the partial derivatives of final position and velocity with
respect to initial conditions and equipment parameters may be treated as con-
stants. The results of this analysis were then used to demonstrate the use of
partial derivatives for estimating the final errors that result from various com-
binations of initial condition and equipment errors with the inertial navigation
process started at various times before reentry.

The results establishing the region of validity of a linear error analysis
will be presented as follows: First, the relationship between the final and
instantaneous errors will be illustrated using trajectory 4 as an example. Then
the final errors will be given for each of the seven trajectories in figure 1 so
that the validity of a linear error analysis can be examined for the magnitude of

13




errors given in equations (20) and (21). Finally, trajectory 4 will be used as
an example to demonstrate the range of linearity of final errors with respect to
initial condition and equipment errors.

The results of using partial derivatives for estimating final errors will be
presented as follows: Trajectory 4 will be used to present data for curves of
partial derivatives of final errors with respect to initial condition and equip-
ment errors as functions of start time. These curves will then be multiplied by
initial condition and equipment errors as functions of start time to give curves
of final errors wversus start time. The relative effects of initial condition and
equipment errors resulting from starting the system operating at various times
before reentry will be examined, and ways of reducing the resulting errors will
be discussed.

Range of Linearity

For trajectory 4 the time histories of errors in altitude, range angle,
altitude rate, and range angle rate are shown in figure 3(a), and corresponding
errors in velocity and flight-path angle are shown in figure 3(b). For these
curves all of the errors in equations (20) and (21) were used as the initial con-
dition and equipment errors. In figure 3(a) it is seen that the errors change
slowly and remain small for the first 30 minutes and then begin to change more
rapidly and to become large. The changing nature of these errors can be
explained if one considers the different behavior of inertial navigation errors,
in general, above and below circular velocity (ref. 7). It is known that when
r@ has been reduced below the required velocity for circular orbit at that alti-
tude, the altitude error, which is the most significant error, becomes unstable
and results in large errors after reentry is completed. This instability is not
entirely obvious for the medium range trajectory of figure 3, but it is rather
pronounced for longer range trajectories. It should be noted in figure 3(a) that
the altitude error as shown remains positive at all times; however, different
combinations of positive and negative initial condition and equipment errors
could have caused the altitude error to be more oscillatory in nature and to
become negative during part or all of the time.

The final errors in figure 3 exist where the error curves terminate. From
table I it is seen that the final time after reentry, t%, is 23.69 minutes, and
this occurs when the "actual" final altitude, hp, is 26.75 km. This value was
used instead of exactly 30 km (the nominal value) because it was the nearest time
availlable from the computer data after 30 km had been reached.

The final errors which result from applying each of the initial condition
and equipment errors of equations (20) and (21) to each of the seven trajectories
illustrated in figure 1 are shown in tables II(a) through (g). The results from
11 computer runs are shown in each table. For runs 1 through 10 the final errors
are shown which result from just the initial condition, I.C., or equipment, Equip.,
error indicated for each run with all other initial condition and equipment
errors set equal to zero. For example, in table II(d) for trajectory 4, computer
run 1, with an initial altitude error of 5 km and all other initial condition and
equipment errors set equal to zero, resulted in a final altitude error of 6.65 km

14




and a final range error of -19.54 km. The only other significant errors in this
table resulted from gyro drift rate and accelerometer biases (runs 6, 7, and 8).
When a linear error analysis is valid, the estimated value of the superimposed
effects of all the initial condition and equipment errors may be obtailned as the
algebraic sum for initial condition and equipment errors. The estimated values
of 9.79 km for altitude and -36.93 km for range may be compared with the results
of run 11, where all of the initial condition and equipment errors were used.

For run 11 the final errors of 9.71 for altitude and -37.03 for range compare
very well with the estimated final errors given as the algebraic sum for initial
condition and equipment errors. Hence, superposition of the errors ig"valdild here,
indicating that a linear error analysis is valid for the assumed errors. Similar
results for the other six trajectories are shown in the other parts of table II.

The worst possible condition would exist if all final errors had the same
sign. When the absolute magnitudes of the final errors in table II(d) are summed,
the resulting errors of 62.56 km for altitude and 72.75 km for range are seen to
be very large. These large errors are caused mostly by equipment, as shown by
the values of 5L4.72 km for altitude and 51.34 km for range due to equipment
errors only.

The absolute magnitudes of the final errors for all seven trajectories are
summarized in table ITIT. When these are plotted as functions of final range, the
curves shown in figure 4 are obtained. From these curves it is apparent that the
errors for high deceleration trajectories, illustrated by the constant L/D
curves, are somewhat larger than for the low deceleration trajectories, illus-
trated by the variable L/D curves. From figure L(a) it is also apparent that
the final range errors increase continuously with increases in final range. From
figure 4(b), however, it is seen that some of the curves for final altitude
errors reach maximum values and then decrease as the final range increases. From
this figure 1t ean be seen that eguipment errors, rather than the initisl con-
dition errors, are causing the decreasing final altitude errors.  Although a
satisfactory explanation of this decrease in final altitude errors is not known
to the authors, a study of longer range trajectories not included in this report
has shown that final attitude errors reach a minimum value for a final range
slightly greater than the longest ranges illustrated and then generally increase
with further increases in final range.

Since a linear error analysis appears to be valid for the errors in
equations (20) and (21), it is not surprising to find that the final errors in
table IV(a) for negative initial condition and equipment errors are the negatives
of those in table II(d) for positive initial condition and equipment errors of
the same magnitude. Furthermore, when initial condition and equipment errors
which are ten times larger than those in equations (20) and (21) are used, a
linear error analysis still appears to give approximately correct results, as
shown in table IV(b). 1In this table the algebraic sums of final errors dnreusil
through 10 agree fairly well with the final errors in run 1l. Furthermore,* a
comparison with table II(d) shows that the final errors (as well as the initial
condition and equipment errors) in table IV(b) are approximately ten times the
corresponding final errors in table EEed).

When initial condition and equipment errors 100 times as large as those in
equations (20) and (21) are used, however, a linear error analysis is no longer
valid, as shown in table IV(c).
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Although trajectory 4 has been used as an example in table IV, very similar

results are obtained for any of the seven representative trajectories in figure 1.

The range of errors for which a linear error analysis is valid can be more
clearly demonstrated if the final errors are plotted versus initial condition and
equipment errors. Again using trajectory 4 as an example, the ranges of linear-
ity for initial altitude errors and initial range errors are shown in parts (a)
and (b), respectively, of figure 5. Final altitude error is used here as an
example. The solid lines show the actual curves obtained and the broken lines
show the linear results. It is readily apparent that the initial altitude error
of 5 km and the initial range error of 0.5 km given in equation (20) are well
within the linear range of values. In fact, initial errors ten times these
values are still well within the linear range. Additional data, not included in
this report, have shown that the range of linearity for all of the initial condi-
tion and equipment errors extends beyond ten times the values in equations (20)
and (21). The errors chosen in equations (20) and (21) are conservative, so that
errors larger than ten times these values are unrealistic for sophisticated space
applications. Hence, it is conecluded that a linear error analysis for realistic
reentry conditions will usually be wvalid.

Use of Partial Derivatives for Estimating Final Errors

Now that the range of linearity has been demonstrated to include conserva-
tive errors for realistic reentry conditions, the use of the partial derivatives
for estimating the effects of starting the inertial navigation process at various
times before reentry will be demonstrated. Curves of partial derivatives versus
start time, obtained as outlined under the section entitled "Partial Derivative
Equations for Linear Error Analysis," will first be presented. With trajectory L4
as an example a set of these partial derivative curves is given in figures 6
through 9. As would be expected, the partial derivative of each final quantity
with respect to its initial value is equal to unity at the final time, and the
partial derivative of each final quantity with respect to every other initial
quantity is equal to zero at the final time. Most of the partial derivatives
decrease continuously to the final values of O or 1. Several of them change
signs, and some of them have abrupt changes when the atmosphere is reached.

As the start time is delayed, the partial derivatives with respect to alti-
tude increase, which means that if an identical initial altitude error were used
(with the other errors remaining zero), regardless of the start time, then
smaller final errors would result if the inertial navigation process were started
well before the atmosphere is reached, rather than just immediately before the
atmosphere is reached. 1In fact, the worst possible time to start with an alti-
tude error only would be just before the atmosphere is reached, since most of the
partial derivatives with respect to altitude peak in this vicinity. Although
this interesting result is contrary to the fairly common assumption made in iner-
tial navigation that the smallest final errors would occur if the start time is
delayed until the latest possible moment, it can be partially explained theoreti-
cally if elliptical equations for a nonatmospheric reentry are used and a perfect
inertial navigation system is assumed. When the equations of motion given by
equation (1) with fy = fy = O (for no atmosphere) are used, the vehicle follows
an elliptic trajectory in which radius of perigee is analogous to final altitude.
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The partial derivative of radius of perigee with respect to initial radius (or
altitude) has the shape shown in figure 10(a).2 Comparison of this curve with the
the curve for the partial derivative of final altitude with respect to initial
altitude in figure 6(a) shows that the curves have similar shapes. Figure 10(b)
shows some similarity to the partial derivative of final altitude with respect to
initial altitude rate shown in figure 6(a), and figure 10(c) shows very close sim-
ilarity to the partial derivative of final altitude with respect to initial range
angle rate shown in figure 6(a). The partial derivative of radius of perigee
with respect to initial range angle is zero, since the trajectory is merely
shifted through a small angle around the earth. However, as shown in figure 6(a),
the partial derivative of final altitude with respect to initial range angle is
not zero (although it is small enough to contribute only a very small final alti-
tude error), since an error in range angle causes a misalinement of the indicated
and actual horizontal and vertical axes so that the inertial navigation system
computes the wrong value of deceleration.

It is interesting to note that the start time for the maximum values of the
partial derivatives with respect to initial altitude varies depending upon the
particular choice of independent variables. When V, and y, are used as inde-
pendent varisbles instead of h and &, the curves shown in figures 11(a), (b),
and (c) are obtained for the partial derivative of radius of perigee with respect
to dnitial radius, wveloeity, and flight-path angle. The curve in Figure 11(a)
does not reach a peak before the atmosphere is reached, as does the corresponding
curve in figure 10(a), although it does increase in magnitude as the atmosphere
is approached (ref. 8). This difference in the curves of the partial derivatives
of radius of perigee with respect to initial radius does not imply that the use
of different coordinate systems would result in different answers. The results
for the two coordinate systems would be the same since, if one assumes statisti-
cally uncorrelated errors in one coordinate system, the coordinate transformation
will give correlated errors in the other coordinate system. The curves of fig-
ures 10 and 11 assume uncorrelated errors in each coordinate system.

For an actual inertial navigation system being used on a vehicle, no one
knows what the error correlation will be; however, it would seem desirable to
avoid any situation which might produce large errors. Since the effects of an
initial altitude error by itself may be rather large, as previously illustrated,
it would be wise to consider the possibility of reducing the effects of the
initial altitude error by putting the initial conditions into the system and
starting its operation at some time prior to that for which the partial deriva-
tives with respect to initial altitude reach maximum values.

The partial derivative curves shown in figures 6 and 7 will now be used to
estimate the position errors which result from starting the inertial navigation
process at different times before reentry. The estimation procedure will be
illustrated graphically. For illustration it will be assumed that the initial
condition and equipment errors in equations (20) and (21) are those at any start
time of the inertial navigation process, regardless of the initial time or alti-
tude. When the errors in equations (20) and (21) are multiplied by the appropri-
ate partial derivatives at each start time in figures 6 and 7, the final errors
shown by the solid lines in figures 12(a) and (b) are obtained. The final errors
for initial range angle error, initial altitude rate error, initial range angle

2The equations for figures 10 and 11 are derived in the appendix.
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rate error, initial misalinement angle, and accelerometer scale factor uncertain-
ties are too small to be shown. Hence, for the assumed errors the only signifi-
cant equipment errors are gyro drift rate and accelerometer biases. The sum of
the absolute final altitude error for all initial condition errors is approxi-
mately equal to the final error for initial altitude error only. The broken-line
curves in figure 12(a) represent the sum of the absolute values of final altitude
errors for equipment errors only and for initial condition and equipment errors
combined. It is significant that the final altitude errors due to equipment
errors decrease as the atmosphere is approached, while the final altitude errors
due to initial condition errors increase as the atmosphere is approached. From
figure 12(a) (top curve) it can be seen that it would be desirable, from an alti-
tude error standpoint, to start the inertial navigation system between 20 and

30 minutes before reentry.

To illustrate the accuracy of this estimation process, a set of estimated
final errors will be compared with a set of computed final errors at the partic-
ular start time of 3.58 minutes before reentry. The estimated errors obtained by
multiplying the partial derivatives by the initial condition and equipment errors
are shown in part (a) of table V. The computed errors cbtained from 10 separate
computer runs started at 3.58 minutes before reentry are shown in part (b) of
table V. Most of the values in the two tables agree very well with each other
but some of the values for accelerometer biases do not. As shown in figures 6(b),
7(b), 8(b), and 9(b), the partial derivatives with respect to U, and U, become
quite small at té = —3.58 minutes. Because of this, the partial derivatives
were determined with insufficient accuracy, which accounts for the discrepancies
between tables V(a) and V(b) for the errors in accelerometer biases.

Some consideration will now be given to the magnitude of the final errors
obtained. From figure 12 it is apparent that the final errors for combined
initial condition and equipment errors are fairly large, especially when it is
considered that the final altitude error is somewhat larger than the actual
final altitude of about 30 km and the final range error is much larger than the
value of several kilometers desired for convenient recovery of the vehicle.
Although trajectory 4 has been used as an example, figure L4 shows that the errors
for this trajectory are the same order of magnitude as the errors that would be
expected for any other reasonable trajectory.

It should be emphasized that the results presented in figure 12 are based on
the main assumption that the initial condition and equipment errors are the same
for any altitude before reentry. The same procedure may be used to estimate the
starting time effects for initial condition and equipment errors which change as
a function of altitude. Depending on the method used for obtaining the initial
conditions, the errors may or may not be significantly smaller near reentry than
an hour before reentry. From the example illustrated in figure 12 it is apparent
that if the initial altitude error is several times smaller near reentry than an
hour before reentry, the final errors in altitude and range will be reduced by
starting the inertial navigation system at a time less than about 20 minutes
before reentry.

When the inertial navigation process is started about an hour before reentry,
the final errors result predominantly from equipment errors, rather than initial
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condition errors. Accelerometer bias and gyro drift are the chief contributors.
Using the outputs of the accelerometers as zero above the atmosphere, so that the
biases are not integrated prior to reentry, can greatly reduce the effects of
accelerometer bias. The final errors for trajectory U4, calculated with initial
condition and equipment errors of equations (20) and (21) but with accelercmeter
outputs of zero above the atmosphere, are shown in table VI. Comparison of this
table with table II(d) shows that leaving the accelerometers off above the atmos-
phere produced much smaller errors due to accelerometer bias, but did not signif-
icantly affect the other individual final errors. Hence the sum of absolute
values for equipment errors and the sum of the absolute values for initial con-
dition and equipment errors are reduced correspondingly. Thus, leaving the
accelerometers off above the atmosphere helps to reduce the final errors.

CONCLUDING REMARKS

The final errors in position and velocity when an inertial navigation
system is used during reentry into the earth's atmosphere have been analyzed for
a given set of initial condition and equipment errors. The analysis has shown
that for realistic errors and reentry conditions a linear error analysis will
usually be valid; that is, the partial derivatives of final position and velocity
with respect to initial conditions and equipment parameters may be treated as
constants. Also, the analysis has demonstrated that these partial derivatives
can be used to estimate the final errors which result from using various combina-
tions of initial condition and equipment errors with the inertial navigation
process started at various times before reentry.

Some interesting error relationships were revealed by the analysis of a
specific reentry from a lunar trajectory. When the inertial navigation process
is started just prior to reentry, the final errors resulting from initial condi-
tion errors predominate, but when the process is started well before reentry
those from equipment errors predominate. Altitude error is the most significant
initial condition error, and accelerometer bias and gyro drift are the most sig-
nificant equipment errors. The final errors due to accelerometer bias may be
greatly reduced by treating the outputs of the accelerometers as zero above the
atmosphere.

Although a specific reentry trajectory terminating a flight path from the
moon has been used to a large extent in this report, sufficient consideration
has been given to other trajectories to indicate that these error relationships
should also exist for any realistic reentry trajectory.

Ames Research Center
National Aeronautics and Space Administration
Moffett Field, Calif., Feb. 21, 1963
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APPENDIX
DERIVATION OF PARTIAL DERIVATIVES FOR AN ELLIPSE

The general shapes of the partial derivative curves shown in figure 6(a) can
be partially explained if elliptical equations of a nonatmospheric reentry are
used and a perfect inertial navigation system is assumed. For these conditions,
differences between indicated and actual elliptical trajectories will result
from initial condition errors only. For such comparisons the radius of perigee
is analogous to final altitude and partial derivatives of radius of perigee are
analogous to partial derivatives of final altitude. Good analogies for the par-
tial derivatives of final range, final altitude rate, and final range rate are
much more difficult to obtain and will not be considered.

It should be noted that the partial derivatives of radius of perigee are
only analogous to the partial derivatives of final altitude, and they differ in
several respects. The most obvious differences result from the absence of atmos-
phere and the assumption of a perfect inertial navigation system. A less obvious
difference is that the partial derivatives of final altitude are found by taking
the difference between the indicated and actual altitude at some particular final
time, whereas the partial derivatives of radius of perigee are calculated as the
difference in radii of perigee for the actual and indicated elliptical trajec-
tories. This difference is not thought to be too significant, however, since the
elliptical paths are nearly parallel to the earth's surface and to each other in
the vieinity of the radius of perigee and since the time between the starting
point and the radius of perigee is nearly the same for the two elliptical
trajectories.

To obtain the appropriate partial derivatives, it is desired to find equa-
tions for rp in terms of both the r, 6, t, and 6 and the r, 6, V, and ¥
systems. For simplicity the derivation of rp Will.be madg in terms of the r,
6, V, and ¥ system, and the equation in the r, 6, r, and 6 system will then
be found merely by substituting the relationships

(22)

which are illustrated in sketch (d). It
should be observed that sketch (d) differs
slightly from sketch (c) because the rota-
tion of the earth is not considered in the
calculation of V and 7.

The equations for an orbit described
by an ellipse are well known. The follow-
— ing equation for rp will be used as a
ré starting point in the present derivation
(ref. 2, p. 2L).

Sketch (d)

20




e ¥

R §_T_T§V§7ﬁj{} 'dﬁl' rve i?sz i <é B rze>J (23)

This equation may be differentiated explicitly in this form to obtain the partial
derivatives of rp with respect to r, V, and 7, but the results are difficult
to simplify because of the presence of the radical. A simpler approach is first
to remove the radical by transferring everything except the radical to the left
side of the equation and then squaring both sides of the equation to obtain:

I 2 2\ 2 2 2 2
s _£.<é y zy;> ki EY;> _ a2 oty < . £K%> (21)
r u r m W u

Now, subtracting 1 from each side of this equation, then multiplying both sides

by wr2/[2 - (rV3/u)], and then transposing everything to the left side of the
equation gives:

2urer 4 POV cos® 7 + rp 300 - aVER =10 (25)

This equation is now in a simple form for implicit dlfferentlatlon, and equa-
tions (22) may be used to rewrite it in terms of r, r, and &

-2urpr + r°62 + rpg[Eu - r(r® + r3%2)] =0 (26)

When equation (26) is differentiated implicitly, the following partial deriva-
tives of rp with respect to r, r, and § are obtained:

Brp 2urp =S 492 + ¢ 2(r ST 92)

or -2ur + 2rpl2u - r(r2 + r252)]

oy rpzrf

dr | -ur + rplen = (r= % 2e02)] ? (27)
orp -r39 + rp2r3)

b~ -ur + rpl2u - r(r2 + r2f2)] )

Similarly from equation (25) the following partials of Tp with respeect tol ' r,
V., and ¥ fare cbtained:

orp 2urp = 3r®V2 cos® y + rp®Ve

or -2ur + 2rp(2p - rva)

drp -3V cos? vy + rpzrV g
OV -pr + rp(2y - rv2) > (28)
arP o4 r3v2 cos y sin y

oy -ur + rp(2p - rve) J
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For both systems the partial derivative of r, with respect to 6 1s zero,
since r is independent of 6 as shown by equation (23). It should also be
immediately recognized that the partial derivative of r_ with respect to r
is different in equations (27) and (28), since different quantities have been
assumed to remain constant during the differentiation processes.

To obtain plots of these partial derivatives versus time, several other
equations are required. Time is obtained by using Kepler's equation, which can
be written as

B R - e sin(E) (29)
where tp 1s the time to perigee and E 1is the eccentric anomaly, given by

e -1a - r
E = cos = (30)

The time at radius, r, on the ellipse can be obtained in terms of time after
reentry, t', by subtracting tp ait. ¥ from tp at an altitude of 121.92 km.
The other equations needed for an elliptical trajectory in addition to equa-
tions (22) and (27) through (30) are:

= 2 4
1 <¥ é>

H =1V cos ¥ = r°) = constant

(31)

Now, there are sufficient equations to obtain the plots shown in figures 10 and 11
using the values for a, e, and H in equations (17).
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TABLE I.- DATA FOR TRAJECTORIES

SHOWN IN FIGURE 1

Trajectory il 2 3 L 5 6 T
e o 1,510 3130 | 7,30 | 9,78 | 16,9%0 20,980 | 27,830
TRpbp, km
S 8 1 18.1 23.6 8 47.8 67.1
tg', min 3.07 9.13 17 3.69 39.63 T.01 717
Final altitude
(nominal 30 km), 27.62 29.50 2645k 26.775 29.57 28.31 26.22
he, km
L/D .05 -3.281 h .22 -3.281 h .25 -3.281 h =
Peak deceleration,
g 9.45 i 6.59 2.93 (Sl 2.97 6413
7y » deg =774k | -77.441) | -77.00A0 | -77.4070 [ -77.L4b1k -T7.4068 | -77.4k1k
(o]
YTags deg -6.4795 -6.4795 -6.4795 -5.8860 -6.4795 -5.8629 -6.4795
Vay km/sec 4.79992 4.79992 4.79992 L.79992 4.79992 4.79992 4.79992
Vag» km/sec 10.51436 | 10.51436 | 10.51436 | 10.51383 | 10.51436 205251541 = 10. 51136

Note: Except for changes in Ao for the variable L/D trajectories, the initial conditions

in equations (18) and (19) were used.

TABLE II.- FINAL ERRORS RESULTING FROM ERRORS ASSUMED IN EQUATIONS (20) AND (21)

(a) For trajectory 1

Final errors
Run Errors assumed Altitude, Range, Altitgde rate, Range rate,
hef, rEGef, hef, rEGef,
lm km 1072 xm/sec | 10-2 km/sec

il he, = 5.0 km 6.13 -14.61 14.2 -3.34
2 Initial [roe = 0.5 km —.02 .13 —. 21 ok

condition i -4
3 L e eo = 5.0X10™* km/sec i =092 1.91 -.21
L robe, = 2.0X107° km/sec alo) le) .1k -.08
5 (6a, = 2:0X107* radian -.21 0 -2.04 -.08
6 6, = 1.0x10-® radian/sec -4.08 -.06 -39.99 -1.hh

| -4

7 Equipment{ Uy, = 1.0x10-* g 9.97 -8.58 15.2L -8.0L4
8 errors Uy, = 1.0x10°% g .10 8.93 -2.92 1.25
9 Sxg = 150X10-*0g /g .05 =03 .9 -.30
10 | Bz, = 1.0xX10°% g/g =105 =0T, =45 -.69
& (Runs 1 through 10) 12.43 il shl —13.63 —12.92
bz [Runs 1 through k4| 6.69 1776 16.46 3.64
°s |Runs 5 through 10 | 14.46 17.67 61.13 31.89
% |Runs 1 through 10| 21.15 35.43 77.59 35.53
11 |Final errors from all initial condition|

et aclh rowte el 12.42 -17.30 -13.6k4 -13.01
%Algebraic sum of final errors from initial condition and equipment errors

Sum of absolute values of final errors from initial condition errors

d,

Sum of absolute values of final errors from equipment errors

Sum of absolute values of final errors from initial condition and equipment errors
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TABLE II.- FINAL ERRORS RESULTING FROM ERRORS ASSUMED IN EQUATIONS (20) AND (21) - Continued

(b) For trajectory 2

and equipment errors

Final errors
Run Errors assumed Altitude, Range, Altitgde rate, Range rate,
hef: rEeef’ thJ rEeef}
km km 1072 xm/sec | 1072 km/sec
X [he, = 5-0 km 8.02 -16.37 19.01 -0.10
2 Initial Jroeeo =105 km -.06 .13 -.24 -.01
diti . .
3 c:;lréréon he, = 5-0X107* km/sec -.46 2.91 2.15 6L
in \roéeo = 2.0x1075 km/sec .13 =L .22 -.06
5 (s, = 2.0X10™* radian -.62 .04 -2.34 -.08
6 g = 1.0x10-® radian/sec -12.29 -6 G eu] -1.93
=] . oxio=* s =130 2 =T
AP J Ux,, X10~* g 13.68 13.23 23.36 .58
8 errors | Ug, = 1.0x107* g 1.28 8.60 -1.h40 -2.02
9 Xn = 1.0x10"% g/g .1k =l .60 -.56
10 Sz, = 1:0X107* g/g -.16 -.1h =156 =37
&y (Runs 1 through 10) 10.58 -23.40 -6.55 Sio.0z
bE |Runs 1 through k4] 8.67 19.55 21.62 .81
% |Runs 5 through 10 | 28.17 22.91 75.61 12.49
4y |Runs 1 through 10| 36.84 42.46 97.23 13.30
1L inal errors from all initial condition
F‘and equipment errors 10.56 2339 =6:36 St
(c) For trajectory
1 he, = 5.0 km 8.29 -20.21 24.96 115
2 Initial |ry6e = 0.5 km -.11 .19 -.30 0L
aiti : Al
Bl E s |Be, = 5:0X107* kn/sec B -2.42 1.93 1.30
b robe, = 2:0X107° km/sec -15 -.25 .33 -.06
5 0a, = 2-0x107* radian -1.07 ¥ 2.9 2T
6 g = 1.0x10-° radian/sec -21.58 11.02 -63.6k4 6.15
L -4
T gt | Dy = BOXI0FE & 17.30 -25.80 35.24 -8.45
8 errors | Up = 1.0x10"* g 6.38 4.10 .ol -6.88
9 Sxg = 1.0x10-* g/g il il .26 =51
10 8y, = 1.0x10-% g/g -.38 .0k -.60 .16
&5 (Runs 1 through 10) 8.94 -33.07 cals -7.03
P5 [Runs 1 through 4| 8.7 23.07 27.52 2.55
€5 |Runs 5 through 10 | 146.82 41.85 107.65 22.82
%5 |Runs 1 through 10| 55.52 6l.92 135.17 25.37
11 rinal errors from all initial condition 8.92 =33:43 .18 -7-33

b

d

aAlgebra.ic sum of final errors from initial condition and equipment errors
Sum of absolute values of final errors from initial condition errors

Sum of absolute values of final errors from equipment errors
Sum of absolute values of final errors from initial condition and equipment errors
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TABLE II.- FINAL ERRORS RESULTING FROM ERRORS ASSUMED IN EQUATIONS (20) AND (21) - Continued

(d) For trajectory L
Final errors
Run Errors assumed Altitude, Range, Altitgde rate, Range rate,
hef, rEeef, hef: rEGef,
km km 1072 km/sec 1073 1m/sec
ik 'heo = 5.0 km 6.65 -19.5k 23.47 5.02
2 Initial rofeo = 0-5 Im =il w2l -.30 .02
diti . =
3 czgr:r;‘m he_ = 5.0X107* Iku/sec -3 -1.43 .52 1.89
L \rEéeo = 2.0x107° km/sec .15 Sio8 .36 0
5 (Bag ™ 2.0x10™% radian Sl .85 -2.99 Sl
6 g = 1.0x107® radian/sec -23.68 16.63 -67.21. 1.59
A L T 1.0x107% g ey 31918 39.72 -3.1k
8 errors ﬁ Ug, = 1.0x107% g 11.60 -2.1% 14.52 -9.84
9 S, = 1.0X107* g/g -.02 W30 -5 -.60
10 (Sz, = 1-0X107* g/g —52 .22 -.62 oAl
&% (Runs 1 through 10) 9.79 -36.93 732 liore
L |[Runs 1 through k4| 7.84 214, 2k.65 6.93
®% |Runs 5 through 10| 5L.72 51.3L 125.22 15.51
9% |Runs 1 through 10| 62.56 72.75 149.87 20,4l
11 |[Final errors from all initial condition
and equipment errors e -37-03 =31 -5-0k
(e) For trajectory 5
1 he, = 5.0 ku 12.20 -29.6.4 38.82 .6k
2 Initial Eoe = 0.5 km -.17 Lo - 47 .03
condition . % -4
3 Sal X he? = 5.0X10~* km/sec =053 435 1.00 .89
in \roeeo = 2.0x107° km/sec .18 A8 .55 {ont
5 reao = 2.0X10~%* radian -1.65 2.87 Shlal 82
6 6, = 1.0x10-® radian/sec -34.30 55.52 -107.00 3.88
7 J Uy, = 1.0X107* g 17.24 -52.70 55.29 1.59
Equipment =, -4
: errors L 15.55 -22.96 IRl -10.48
9 S, = 1-0X107* g/g =19 T -.10 .21
10 | Sz, = 1-0x107* g/g -1.09 18 3 -2.00 -.0k
%% (Runs 1 through 10) 7.4k -45.92 8.69 -2.95
i |Runs 1 through k4| 12.88 30.69 40.8L 1.5T7
€ |Runs 5 through 10| 70.02 135.59 196.42 16.52
dz |Runs 1 through 10 | 82.90 166.28 237.26 - 18.09
11 |Final errors from all initial condition
and equipment errors .23 -46.10 Bi8 555
%Algebraic sum of final errors from initial condition and equipment errors

Sum of absolute values
Sum of absolute values

dSum of absolute values
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TABLE II.- FINAL ERRORS RESULTING FROM ERRORS ASSUMED IN

EQUATIONS (20) AND (21) - Concluded

(f) For trajectory 6

Final errors
Fral e hra Altitude, Range, Altitude rate, Range rate,
hef: rEGef: hef; rEQef:
km km 1072 xm/sec |10~ km/sec
1 ’heo = 5.0 km 7.00 -18.79 27.36 4.83
2 Initial [roe, = 0.5 km =0 3. =20 -.08
diti . "
3 | CORTON )hg, = 5.0x107* km/sec -1.k0 2.67 -2.40 13
L rofey = 2.0x10-5 km/sec g =38 b9 10
5 il = 2.0xX10~* radian =55 1.76 —3.16 -.83
6 éa = 1.0x10~2 ra&ian/sec =167 33.90 -81.47 =50/:30
T e e = NEOXICE 8.73 -40.98 Lh.12 1k4.36
8 errors U = 1.0x10°* ¢ 19.97 -38.96 L. 76 25T
9 Sx, = 1.0X10°* g/g -.28 .18 -.06 .03
10 Sz, = 1.0x10"* g/g il U 2.15 sl .10
&3 (Runs 1 through 10) 15.18 -58.1h 25.98 50118
% |Runs 1 through k| 8.6 22.15 30.57 5.4k
®s |Runs 5 through 10| 47.88 117.93 176.92 39.19
4% |Runs 1 through 10| 56.48 140.08 207.49 4L.63
11 |Final errors from all initial condition
and equipment errors 14.90 ~5T7-94 2568 -5.64
(g) For trajectory T
i 'neo = 5.0 km 21.35 -51.06 66.07 2.
2 Tnitial J Tobe, = 0.5 km —=i3 =55 -.62 =S
condition §: ¥ -4
3 iemy heg = 5.0x10~* km/sec 1.4k -1.10 2.4k -1.11
L [ ToPe, = 2-0X107° km/sec .23 -.66 .8k .10
5 (6a, = 2.0x10~% radian ~1:.29 4.23 -6.24 Sl
6 b = 1.0x10~® radian/sec -30.03 80.92 -150.10 -30.39
e -4
Tl e, = 1007 & 11.55 | -53.88 65.83 18.13
8 errors ﬁ Uz, = 1.0x107% g 8.19 -4l 15 41.57 11.09
9 Sx, = 1:0X107* g/g -.56 .72 -1.06 -.46
10 Sz, = 1.0X10"% g/g =099 3.5l -3.89 =25
s (Runs 1 through 10) 9.46 -60.89 4.8l -1.90
s |Runs 1 through 4| 23.15 53.37 69.97 3.78
¢S |Runs 5 through 10| 52.90 187 . 44 268.69 61.64
O |Runs 1 through 10 | 76.05 240.81 338.66 65.42
11 |Final errors from all initial condition
and equipment errors Jaka +£0.53 1459 =

b

Coum of absolute values of final errors from equipment errors

dSum of absolute values of final errors from initial condition and equipment errors

a s . s o :
Algebraic sum of final errors from initial condition and equipment errors
Sum of absolute values of final errors from initial condition errors
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TABLE ITI.- SUMMARY OF MAXTMUM POSSIBLE ERRORS; THE SUM OF ABSOLUTE
VALUES OF FINAL ERRORS FROM TABLE IT

b Sum of absolute values of final errors from -
3 Fin A g
z;nal range, Initial condition errors | Equipment errors Inltla% e gl
Trajectory m?: 103720 equipment errors
e % | mtitude, | Range,  [Altitude,| Range, | Altitude,| Range,
km km km km km km
1 3.87 Ikl 6.69 17776 1446 17.67 20kal5 35.43
2 9.13 8813 8.67 19.55 28.17 22.91 36.8L Lo. 46
3 18.17 7.33 8.70 23.07 46.82 41.85 55.52 6L.92
in 23.69 9.78 T7.84 i)l S 51.34 62.56 T275
5 39.83 | 16.94 12.88 30.69 70.02. | 135.59 82.90 166.28
6 47.81 | 20.98 8.60 22.15 .88 197 g3 56.48 140.08
7 6717 | 27.83 23,15 53.37 52.90 | 187.4k 76.05 240.81
TABLE IV.- FINAL ERRORS FOR TRAJECTORY 4 WITH VARIOUS INITIAL ERRORS
(a) Initial errors which are negatives of those in equations (20) and (21)
Final errors
Run Errors assumed Altitude, Range, Altitgde rate, Range rate,
hef’ rEeef) hef; rEeefJ
km km 10-2 km/sec 1072 xm/sec
il he, = 5.0 km -6.61 19.54 -23.45 -k.99
2 Initial rofe, = 0.5 km Sl —o .30 -.02
condition - il -4
3 e he9 = -5.0X107* km/sec .93 1.43 T -1.89
L Tobe, = -2-0X107° Im/sec -.15 .29 -.36 0
5 (Oa, = -2.0x10~* radian 15502 -.85 2.99 Sl
6 g = -1.0X10~ radian/sec 23.77 -16.50 67.18 St
7 4 Ux, = -1.0X107% g -17.73 31.28 -39.81 3.27
Equipment - 4
81 “errors |Uzg = -1.0x107* g -11.59 2.14 -1k4.52 9.89
9 Sg, = — .0X10™* g/g .02 .32 .15 .60
10 Sz, = -1.0x10™* g/g .50 -.22 .62 ST
&% (Runs 1 through 10) -9.61 37.22 -7.42 5.3
bz |Runs 1 through k4| Ted 21.47 2L.63 6.9
©Z |Runs 5 through 10| 54.76 51.31 125.28 15.32
4% |Runs 1 through 10 | 62.56 T2.78 149.91 22.22
11 |Final errors from all initial condition
and equipment errors £2a05 Sl -T.h 350

aAlgebraic sum of final errors from initial condition and equipment errors

Sum of absolute values of final errors from initial condition errors

Sum of absolute values of final errors from equipment errors

dSum of absolute values of final errors from initial condition and equipment errors
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TABLE IV.- FINAL ERRORS FOR TRAJECTORY 4 WITH VARIOUS INITTIAL ERRORS - Concluded

(b) Initial errors ten times those in equations (20) and (21)

Final errors

e Frsors oS e Altitude, | Range, Altiqude rate, Rangg rate,
hef; rEeefJ hef: rEGEf}

km km 1073 xm/sec 1073 xm/sec
i 'heo = 5.0%10 km 67.99 | -195.35 235.38 51.24
2 Initial Jrofe, = 5.0 kum Sl 2. 1 £32 01 Sl

diti . -
3 | “errors | |Be = 5:0X107 lm/sec -9.27 -14.3k 5.27 19.01
L [Tobe, = 2-0X107* km/sec i35 -2.85 3.6k -.02
5 feao = 2.0x10~3 radian 6 8.53 -29.90 s
6 b, = 1.0x107> radian/sec -232.5h 172.13 -672.71 33.68
T, it 4 Ug, = 1.0x107° ¢ 179.30 -306.92 392.98 2o
8 errors Up, = 1.0x107° g 116.41 -21.21 144,60 -95.98
9 Sx, = 1.0x10°2 g/g 22 =3520 -1.50 -6.03
10 (Sz, = 1.0x107° g/g ~5895 Dl -6.24 1-75
8% (Runs 1 through 10) 105.67 | -316.44 68.51 -20.53
s |Runs 1 through 4| 79.91 | 21k.68 247.30 701k
®s |Runs 5 through 10| 541,88 51).20 1247.9k 165.33
45 |Runs 1 through 10| 624.79 728.80 149524 235.77
11 |Final errors from all initial condition

and equipment errors s -364+.58 68.h9 -52.63

(c) Initial errors one hundred times those in equations (20) and (21)

il he, = 5.0%102 km 801.61 |-1915.36 2328.24 588.21
2 Initial Tobe, = 5.0X10 km -11.23 SHITI -30.08 a5
diti . -
3 czgrérzon fie, = 5-0x1072 km/sec -86.24 | -149.89 63.87 193.49
L roéeo = 2.0X10 ™2 xm/sec 15.36 2080y 36.40 1l
5 0a, = 2.0x10~2 radian —110750 86.55 -298.82 21.09
6 0g = 1.0xX10™% radian/sec | -1658.57 2232.62 -5692.00 3004.98
= -2 I !
LR £ - Uy, = 1.0x107% g 1886.10 2618.51 3431.10 39.48
8 errors Uz = IOxa0=Slg 1GR3 -193.67 1387.22 -756.42
9 Sxy = 1.0X1072 g/g =0 St -32.02 -1k.67 -60.42
10 Sz = 1.0x10°2 g/g -52.58 22.3h -62.99 igyal
&5 (Runs 1 through 10) 1979.13  |-2575.00 1148.27 3049. 74
by |JRuns 1 through 4| 914.43 2115.13 2458.59 783.62
®s |Runs 5 through 10| 4907.27 | 5185.71 10886.80 3900.10
dz |Runs 1 through 10 | S8 T7300.84 13345.39 4683.72
11 |Final errors from all initial condition 1080.58 -3035.27 199.06 _618.11

and equipment errors

zAlgebraic sum of final

Sum of absolute values
Sum of absolute values
dSum of absolute values

errors from initial condition and equipment errors

of final errors from initial condition errors

of final errors from equipment errors

of final errors from initial condition and equipment errors
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TABLE V.- FINAL ERRORS FOR TRAJECTORY 4 WITH START TIME OF 3.58 MINUTES BEFORE REENTRY

(a) Estimated from partial derivatives

Final errors
Rih o R Altitude, | Range, Altitgde rate, Range rate,
hef, rEeef, hef: rEeef,
km km 102 km/sec | 1072 km/sec
- rheo = 5.0 km 35.50 -26.3k 63.40 -14.45
2 Initial Jry8e =0.5 km -.k0 .76 21O .06
diti . 1
3 CZEr;rgon he_ = 5.0x107* km/sec .46 =9 .99 -.20
L Lroéeo = 2.0X10™° km/sec .06 ~.03 .10 -.03
5 [fa, = 2.0x10~* radian 21312 .85 -2.99 Sk
6 6, = 1.0x10~® radian/sec -3.66 ST -13.63 -1.53
2 -4
77 Equipment< Uy, = 1.0x107* ¢ — 0L -1.09 hils) -.84
8 errors Up, = A0 2 2.05 =il 3.97 -1.10
9 Sk, = T.OX10F =g /g =202 =32 -.15 -.60
10 Sz, = 1.0x10°% g/g 52 .22 -.62 Sl
%% (Runs 1 through 10) 32.34 -26.32 49.87 -18.35
bz |Runs 1 through L| 36.Lk2 28.06 65.56 1h.7h
®s |Runs 5 through 10 | 7.38 .66 21.49 bl
dz |Runs 1 through 10 | 43.80 32.72 87.05 19,15
(b) Obtained from computer runs
il 'heo = 5.0 knm 36.11 -26.82 64.93 -1%.70
2 Initial [ry8e = 0.5 km -.lo ST -1.07 .06
diti . o
3 czgr;réon* ey = 5.0x10~* km/sec 45 Lop .97 il
L | Tofeo = 2.0X10° km/sec .06 —208 210 -.03
5 (Oag = 2.0x10™* radian Sl i .86 -2.99 ST
6 6, = 1.0x10™® radian/sec o 1.32 -13.64 =157
3y -4
T | Equipment ) Vxq = 1-0107% g 2.00 -.82 3.88 L ,113]
8 errors ﬁ Uz, = 1.0x107% g .02 117 .07 .89
9 S, = 1.0x107* g/g -.51 .23 -.60 .15
10 Lsza = 1.0x10~* g/g -.0k -.32 218 -.58
&s (Runs 1 through 10) 32.86 -2l 57 53.61 ~17.06
Ps |Runs 1 through L] 37.02 28.5) 67.07 14.98
®s |Runs 5 through 10 | 7.40 L.72 21.36 L.62
dz |Runs 1 through 10 | Ll b2 33.26 88.43 19.60

aAlgebraic sum of final
Sum of absolute values
Sum of absolute values
Sum of absolute values

d
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errors from initial condition and equipment errors
of final errors from initial condition errors

of final errors from equipment errors
of final errors from initial condition and equipment errors




TABLE VI.- FINAL, ERRORS FOR TRAJECTORY 4 WITH ZERO OUTPUT FROM ACCELEROMETERS ABOVE ATMOSPHERE |
Final errors
Rum Errors assumed Altitude, Range, Altitgde rate, Range rate,
hef’ I'Eeef; hef’ rEQef,
km km 1072 km/sec 102 km/sec
.
il e 5.0 km 6.70 -19:53 23.56 21318
2 Initial {roeeo = 0.5 km -.05 .23 -.21 =.01
condition : b -4
3 e heq = 5.0x10~* km/sec -.88 1.4 61 1.87
L [Tofe, = 2.0x107°% km/sec .21 -.27 L6 -.03
5 (6a, = 2.0x10"% radian -1.06 .87 -2.90 S5
6 6, = 1.0X10™° radian/sec -23.62 16.65 -67.12 .16
e -4
i{é Equipment Uxa = 1.0x10 g -.0k4 — o =8 -.87
8 errors ﬁ Uy, = 120X10= 2 1.45 =i 2.93 -.80
9 Sx, = 1.0x10"* g/g .0k =gl -.06 -.63
10 {5z, = 1-0x107* g/e -.46 .2 -.53 -15
@y (Runs 1 through 10) I L <l 60 434 2.40
F |Runs 1 through Ll 7.8k 214k 2l 8l k.32
g [Runs 5 through 10| 26.67 19.36 73.72 2.76
4% |Runs 1 through 10| 34.51 40.80 98.56 7.08
11 (Final errors from all initial condition -18.29 -5.00 4. 29 6.50
and equipment errors
iAlgebraic sum of final errors from initial condition and equipment errors
cSum of absolute values of final errors from initial condition errors
dSum of absolute values of final errors from equipment errors
Sum of absolute values of final errors from initial condition and equipment errors
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(a) With respect to initial radius and with initial velocity and flight-path
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