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SUMMARY
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This paper contains progress reports of NASA-sponsored studies in
the areas of space flight theory and guidance theory. The studies are
carried on by several universities and industrial companies. This
progress report covers the period from December 1, 1961 to June 15, 1962.
The technical supervisor of the contracts is W.E. Miner, Deputy Chief
of the Future Projects Branch of Aercballistics Division, George C.
Marshall Space Flight Center (MSFC).

INTRODUCTION

Compiled in this paper are 1l progress papers from 7 of the agencies
working under contract to MSFC in the areas of guidance theory and space
flight theory.

This is the second paper of the '"Progress Reports' and covers the
period from December 1, 1961 to June 15, 1962. Extensive references are
made to "Progress Report No. l." This second progress report is
referred to as '"report'" and "Progress Report No. 1" will be referred to
as the "first report" in this introduction. Information given in the
first report is not repeated herein.,

The reports of the various contractors will be referred to by index
number as papers.

There are two parallel series of publications covering the over-all
activities at MSFC in the areas of guidance theory and space flight
theory. One is the series of progress reports of which this paper is
the second in the series. The other is the series of
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"Status Reports on Theory of Space Flight and Adaptive Guidance.'" These
series,along with a few other special reports, give a complete picture
of the immediate objectives, accomplishments, and final goals of Aero-
ballistics Division and associated contractors in the field of space
flight theory and adaptive guidance.

Five additions to the contractor support of this effort have been
made after the first report was published. The University of Alabama
has completed its contract and is no longer associated.

The five additions and their fields of major interest are:

Field of Study Instution or Company

Calculus of Variation Vanderbilt University
General Electric Corporation

Celestial Mechanics Republic Aviation Corporation
General Electric Corporation

Large Computer Explcitation Northeastern Louisiana College

Impulse Orbital Transfer North American Aviation, Incorporated

Each of the contractor's contributions are reviewed. This review
shows the particular contribution in the over-all goal of advancing
space flight and space vehicle guidance.

The first three papers of this report concern work done by Grumman
Aircraft Engineering Company, and are an extension of the work
presented in the first report. The first paper, by Hans K. Hinz and
H. Cardner Moyer, extends the gradient scheme into three dimensions where
Ephemeris data are incorporated into the deck. Earth-to-Mars trajectories
are used for an application. The second paper, by Gordon Pinkham, ex-
plores a method of establishing equations upon which an Encke or varia-
tion-of-parameters computation method may be based. The third paper, by
Hans K. Hinz, carries out an analysis on a simplified system model in
order to better understand low-thrust maneuvers in the neighborhood of
a large attracting body. Two areas of study are being explored in these
papers. The first is that of refining and extending the use of the
gradient method. The application of the work done in the first paperis
equally applicable to high-thrust trajectories. Indeed, this work may
be defined as high-thrust trajectory analysis. The =se.ond two papers
attack the true low-thrust problem directly. Both attack the problem
under special conditions which may or may not have future utility. The

‘present state-of-the-art for low-thrust trajectory calculations is far

from being advanced, and the above work will cont*inue.



The fourth paper in the report, by Carlos Cavoti of General Electric
Corporation, was primarily developed under company sponsorship and
presents a review of calculus of variations from a classical viewpoint.
Tt brings into focus certain of the concepts of calculus of variations
and may be used as a basis for establishing methods and procedures for
avoiding pitfalls and for interpreting results.

These papers conclude the work presented in the calculus of vari-
ations. The effort in this field will continue during the coming period
along with those of certain in-house activities in this direction.

The fifth paper of this repori, by Mary Payne and Samuel Pines of
Republic Aviation Corporation, is directed toward performance work of
lunar or space trajectories and toward mission criteria formulation for
guidance. The paper extends former work done as listed in Reference 6
of this paper. It gives a more complete formulation of the restricted
three-body problem in general perturbation theory. The directions of
future work and their potentials are given in the conclusions of the
paper. A successful solution to a particular class of trajectories would
constitute a major advance in the field. Therefore, it is expected that
each of the proposed extensions will eventually be explored.

The sixth paper of this report extends the work done by the University
of Kentucky team of W.S. Krogdahl, T.J. Pignani, J.B. Wells, and J.C.
Eaves to special views of the restricted three-body problem. This work
is aimed at establishing background for an attempted solution of the
restricted problem (even in particular cases) by direct mathematical
means. This approach varies from that of the former paper in that a
mathematical point of view is taken, while in the former, a classical
astronomy view is taken.

These two papers conclude the contractor's presentations in celestial
mechanics. Work in this field is primarily directed toward eventual
mission criteria formulation.

The remaining papers of the report are on large computer exploitation.
The first paper of this group is by R.J. Vance of Chrysier Corporation.
It describes the system of orthonormal polynomials used for approximating
the steering function and time-to-cutoff function. Comments are made on
the selection of data points for the best fit of a multivariant functional
approximation. Appendix II of this paper gives an extended list of
references on :he theoretical and practical aspects of approximating
functions of mmany variables. The work will continue at Chrysler Corpora-
tion on developing methods for muitivariant functional approximations.
The next paper, by Sylvia M. Hubbard and Shigemichi Seyuki of the University
of North Carolina, extends the work reported in the first report in appli-
cation of linear programming to the approximation of the steering equation
as used in the adaptive guidance mode. Practical steering e¢juations are
being generated at the present time by least-squares methods as discussed



by Vance. This method gives results which compare favorably with instru-
ment and thrust decay errors. However, future advances in instrumentation
and propulsion systems dictate that further control of the mathematical
errors will be required. Continued work needs to be done in linear
programming for this reason.

The tenth paper proposes a study of the numerical properties of
functions of more than one independent variable. This proposal is made
by James W. Hanson and Richard J. Painter of the University of North
GCarclina. The quotation with which this paper is introduced gives an
expert's estimate of the state-of-the-art in multivariant functional
approximations. Among the points proposed in this paper for further
study, some have been followed through MSFC in-house activities. Aside
from these, the points propcsed should be considered.

The eleventh paper is by Daniel E. Dupree of Northeastern Louisiana
State College. This paper presents sufficiency conditions for the exist-
ence of multivariable least-squares approximating functions. The theorem
developed shows that there exists a least-squares solution except in
very special cases. It is felt that no numerical procedure need be de-
veloped at present to chect results for the satisfaction of the suf-
ficiency conditions.

The last paper of this report is by James W. Hanson of the University
of North Carolina. This paper extends workvreported in the first report
on "Analytical Differentiation by Computer.' The extensions made to the
‘original differentiation program are given along with proposed improve-
ments and final objectives.

These papers counclude the work done in the field of large computer
exploitation.

The work done by the contractors during the last € months has pro-
ceeded in an orderly manner toward the final objectives.

" In conclusion, it may be noted that in spite of the formidable
difficulties encountered in most of the problems attacke !, the progress
made within the limited time of the 1life cf the contracts, together wich

. the results brought about by in-house activities, laid the foundation

for the application of the adaptive guidance made in the Saturn vehicle
flights. '
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SYMBOLS
elements of the transformation matrices
transformation matrices

semimajor axes of the earth's and target
planet's orbit

 semiminor axes of the earth's and target

planet's orbit

‘rocket exhaust velocity

d/10,000

eccentricities of the earth's and target
planet's orbit

eccentric anomalies of the earth and
target planet

differential ~orrection of the earth's
eccentric anomaly

inclination of the target planet's
orbital plane with respect to the
ecliptic

constants for computation of ephemeris
data such that angular measures are

expressed in degrees

positive penalty constants
mass of the vehicle

mean anomalies of the earth and target

planet, in degrees
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vehicle's position components with
respect to ecliptic coordinate system

(Fig. 2)

earth's position components with respect
to a coordinate system for which the

Xg ~ Yg axes are in the ecliptic plane
and the positive xg-axis passes through

the perihelion of the earth's orbit

target planet's position components with
respect to the target planet's coordinate
system

ahgle between the thrust vector and the
orbital plane of the target planet

(Fig. 1)

angle between the vehicle's velocity vec-
tor and the ecliptic plane (Fig. 2)

angle between the projection of the vehi-

cle's velocity vector on the ecliptic

- plane and the normal to the radius vector

(Fig. 2)

angle between the thrust vector and the
ecliptic plane

angle between the projection of the vehi-
cle's position vector on the ecliptic
plane and the vernal equinox (Fig. 2)

throttle control variable

angle between the projection of the
thrust vector on the ecliptic plane and
the x-axis of target planet's coordi-
nate system (Fig. 1)
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L

mean anomaly of the earth, in radians

an integer used in the computation of
(<]

Mt and MT such that these angles are

limited to values between 0 and 360 de-
grees.

mean orbital frequency of the earth, in
radians per unit time

mean orbital frequency of the target
planet, in degrees per unit time

modified function composed of terminal
values to be minimized and penalty terms
- to be made zero

distance of the vehicle from the Sun
time

thrust of vehicle in the equations of
motion and transformation equatiocns

d/36,525 in the equations used to compute
the planetary orbital elements

time of perihelion passage of the target
planet

vehicle's velocity components with
respect to the target planet's coordinate
system

vehicle's velocity with respect to any
heliocentric-inertial coordinate system

vehlcle's pesition components with .. _
respect to the target planet's coordlnate
system (Flg. 1)
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Superscripts

)

gravitational parameter of the Sun

angle between vehicle's position vector
and the target planet's orbital plane
(Fig. 1)

angle between the projection of the
thrust vector on the ecliptic plane and
the normal to the radius vector (Fig. 2)

angle between the projection of the vehi-
cle's position vector on the target
planet's orbital plane and the positive
s-axis of the target planet's coordinate
system

aﬁgument of perihelion of the earth's

- orbit, measured from the vernal equinox,

in degrees

argument of perihelion of the target
planet's orbit, measured from its ascend-

'ing node, in degrees

longitude of perihelion of the target
planet's orbit, measured from the vernal
equinox along the ecliptic to the ascend-
ing node, and then along the orbit from
the node to the perihelion, in degrees

longitude of the ascending node of the
target planet, measured from the vernal
equinox, in degrees ‘

pfescribed values of the constraints on
the terminal conditions of the state var-
iables
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Subscripts

E

E)» By

X, ¥, 2
X z
s’ Yy’ K

angle measured in degrees

derivative with respect to time

‘second derivative with respect to time

earth

first and second approximations of the
mean or eccentric anomaly of the earth

términal values

nth interval of time
initial value
ecliptic system

target planet

cOmponenté of a vector in the directions
of the target planet's coordinate axes

(Fig. 1)

components of a vector in the directions
of the ecliptic coordinate axes (Fig. 2)

~ initial condition
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THREE-DIMENSIONAL LOW-THRUST
INTERPLANETARY TRAJECTORY OPTIMIZATION

by

Hans K. Hinz
H. Gardner Moyer

Summary /%’é/

A successive approximation technlque has been used to
compute three-dimensional optimal low-thrust interplanetary
 trajectories. For this purpose two IBM 7090 computer pro-
- grams have been developed — one for constant thrust ap-

- plications, and the other for variable thrust problems.
‘The computer programs generate and store the planetary
ephemeris, and automatically optimize the trajectories for
missions such as rendezvous and intercept. The 'penalty
function' technique is used to handle constraints on the
position and velocity components and the fuel weight at the
terminal point.

| Optimum low-thrust Earth-to-Mars rendezvous and inter-
cept trajectories have been numerically computed for two

~ synodic periods from January 1965 to July 1969. Imitial

results, when compared with previous coplanar studies, in-

~dicate that there are no highly significant differences

~ between two- and three-dimensional optimum low-thrust



interplanetary trajectories. This tentative conclusion,
based upon limited results, should not be generally accep-
ted until additional numerical studies are carried out.
The result appears to be associated with the small (1.85
degree) inclination of Mars' orbit to the ecliptic.

INTRODUCTION

The problem of optimizing the trajectory of a low-
thrust space vehicle has been attacked by the classical
variational method with only limited success. The main
difficulties are associated with the two-pcint boundary
value problem arising in numerical solution of the Euler-
Lagrange equations of optimal flight, and with the inequal-
ity constraints impcsed on control variables. It is be-
lieved that these difficulties present major obstacles to
solution of the more realistic three-dimensional problems
by the classical technique.

The use of successive approximation methods, classed
among the direct methods of the calculus of variations, has
been explored at Grumman in an attempt to circumvent the
two-point boundary value difficulty. Indications from
earlier work with this technique were sufficiently encour-
aging to exploit the gradient scheme further for more com-
plex problems. More recent efforts utilizing this approach
have provided a clear indication of the practlcal useful -
ness of this class of methods when employed in conjunction
with high-speed d1g1ta1 computation.

The goal of the Low-Thrust Trajectory Optimization
Project is the development of techniques and computer pro-
grams for determination of minimum time/minimum fuel tra-
jectories for both geocentric orbital transfers and inter-
"planetary rendezvous and fly-by operations. This report
describes only the interplanetary phase of the project. We
focus attention upon nominal trajectory determination and,
for the present, place no emphasis upon guidance considera-
tions, perturbation effects, or error analysis.
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The first year of effort has been devoted to: appli-
cation of the existing method to optimum coplanar
rendezvous with Mars, further development of optimization
techniques, and development of an IBM 7090 program for gen-
erating realistic three-dimensional optimum low-thrust tra-
jectories. | |

In order to gain experience with the newly developed
'penalty function? technique for handling equality con-
straints on terminal conditions, an experimental computer
program was prepared. The target planet's orbit for this
program is idealized as circular and coplanar with that of
the vehicle. Optimization is based upon determination of a
thrust steering schedule for which the time of flight from
Earth to rendezvous with Mars is minimized. Since rocket
thrust for this problem is taken to be constant and contin-
uous, minimizing time is equivalent to minimizing fuel ex-
penditure. For a thrust/weight ratio of 8.47 x 1072 the
minimum transfer time varies from 197 to about 385 days,
the latter corresponding to launch conditions for which the
planets are in the most unfavorable relative positions.

Further development efforts have resulted in three
related successive approximation schemes for treating vari-
ational problems that have inequality constraints on con-
trol variables. The three methods have been compared using
as an illustration a planar Earth-Mars transfer with rocket
thrust variable between zero and some specified maximum
- value. .

‘ In contrast to the two-dimensional investigation aimed
primarily at technique development, a subsequent three-~

dimensional effort has as its goal realism sufficient to be

~useful in studies of actual missions. Thus the orbits of
the planets of departure and destination are taken as
elliptic and noncoplanar. It is this program, together
with some preliminary numerical results for Mars rendezvous
and intercept missions, which is described in this report.
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COMPUTER FPROGRAMS

Two computer programs have been developed and are now
operational for determining optimum three-dimensional low-
thrust interplanetary trajectories. One of these programs

is specialized to constant thrust, while the other deals

with variable, but limited, thrust engines. With this ex-
ception the two computer programs are identical.

System Model

Although the computer program is capable of dealing
with missions initiated from any position in the solar sys-
tem it will ordinarily be assumed that the vehicles has been
launched £rom some planet of departure and boosted to a
velocity sufficient for escape from that planet. Thus the
initial components of position and velocity of the vehicle
with respect to the heliocentric-inertial system are taken
to be identical with those of the planet of departure.

It is assumed that the entire flight is undar the
effects of solar gravity only. It is felt that because the
vehicle has been boosted to escape conditions the gravita-
tional attraction of any near planet is a local effect,
insignificant as far as performance is concerned. If it
becomes significant, as in a planetary fly-by and return
to earth, the gravity effects could be accounted for by an
instantaneous rotation of the velocity vector with respect
to the near planet, at the point of nearest approach. The
deflection angle, easily derivable from a two-body analy-
sis, would be a function of both the approach velocity, and
the approach distance.

The orbits of the planets of departure and destination
are taken as elliptic and noncoplanar. For each trajectory
to be optimized the planetary orbital elements are computed
for the date of departure, using ephemeris information
(Ref. 1), and taken as constant throughout the flight.

Thus sufficient realism is obtained without resorting to
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tape-stored data or other lengthy computational procedures.

The low-thrust rocket engine employed f£cr this inves-
tigation is assumed to have a constant exhaust velocity
{constant specific impulse) and a thrust magnitude which is
constant in the first case or variable between fixed limits
in the second. Consequently, the mass of the vehicle de-
creases at a rate proportional to the thrust. The optimal
thrust program within limits 0 < T < T, 1is sought via
successive approximation simultaneously with the two opti-
mal steering angle programs.

Optimization for all trajectories is based upon mini-
mizing the time to complete a particular mission, such as
rendezvous or intercept. For the constant thrust applica-
tion, the fuel expended is net limited, and minimizing time
is equivalent to minimizing fuel. For the variable thrust
case the total propellant allocated is less than that re-
quired for the corresponding constant thrust example.
Therefore one may expect to obtain coasting arcs or T < Tp
for the variable thrust cases.

System Equations

For computational efficiency we orient our heliocen-
tric-inertial coordinate system such that the x-y plane
contains the target planet's orbit, and the positive x=-axis
includes the perihelion of the planet. This simplifies
description of the planetary motion by reducing the compu-
tations associated with the orbital elements and related
transformations. Although this choice requires separate
computer routines for calculating initial conditions from
- planetary ephemerides, and for transforming the position
and velocity components of the final optimized trajectory
to an ecliptic reference system, the total number of com-
putations are reduced, and in addition the coordinates
which describe the vehicle's motion are available in both
the ecliptic and the target planet's coordinates.

The equations of motion in Cartesian coordinates
(Fig. 1) and the equation governing change in mass are as
follows: | |
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a = (T/m)cos o cos 6 - u.x/R3
v = (T/m)cos a sin €6 - uy/R3
w = (T/m)sin o - uz/R3

% =u |

y =v

zZ =W

m = - T/c

T = nTm

R2 = x2 + y2 + 22

where p 1is the gravitational parameter of the sun, T,

is the maximum value of thrust, ¢ 1is the constant exhaust
velocity, and 1 1is the throttle control variable limited
.0 values between zero and one. The three control varia-
bles are: ¢ and a (the thrust steering angles measured
with respect to the target planet's coordinate system -
Fig. 1), and 7. - |

- The successive approximation technique, including the
equations and associated logic has been described in con-
siderable detail in Refs. 2 and 3, and need not be reported
in this report. One of these equations which defines P',
the function to be minimized, is worthy of further discus-
sion:

- 1 = 32 i v o Y2 41 2
P = tf + gKl(xf Xf) + 2K2(}'f' yf) + 2K3(Zf) '

= 2 - 1 - 2
+ %K4(uf-uf) + %I(S(Vf--vf):Z + %Ké(wf)z + ~§—K7(mf-mf)
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where tf 1is the final time; K; through K; are posi-
tive penalty constants; mg 1is the prescribed limit of
propellant to be consumed; Xg ... V§ are the target plan-

et's position and velocity components at final time, and
Xf +o» mg are the final values of the state variables.

For the general variable thrust rendezvous mission ail
penalty constants are nonzero. Although the program could
be utilized to optimize a constant thrust trajectory bv
setting K7 equal to zero, it is more efficient to employ
the specialized program in which all variable thrust fea-
tures are eliminated and the order of integration reduced

by two.

When K4, K5, and Kg are set equal to zero, the

computer program is converted to solution of the problem of
intercept trajectory optimization.

Initial Condition Prqg;am

| Since the target planet's coordinate system is used to
compute the trajectories, it is necessary to determine the
initial conditions of the vehicle (which are assumed the

- same as those of the earth) in terms of these coordinates.
A short separate program not only computes these initial
conditions but also determines the current orb1ta1 elements
of the terminal planet. :

Defining d as the number of Julian days since Jan-
‘uary 0.5, 1900, the conventional orbital elements of the
target planet (Ref. 1) are:

o 2

0 =k, + K.T + kT? + ko3
T = K4 T Kg 6 2

% = k. + K-T + k. .T? + k.. T3
T = kg * k, 0Ttk
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° ' nl 3
MT - klZ + k13d‘+ kl4D + leD

2

- 360 n

(+] (o] =]

wT = wT - QT

Ty = k21(360 - M’T)/nT

where D _,= d4/10,000; T = d/36,525; n 1is an integer which
limits Mp to an angle between 0O and 360 degrees, and kj;
is a conversion factor for computing the time of perihelion
passage, Tp, in the des‘red units of time. Superscript
zero indicates that the angl: is numerically expressed in
degrees. The values of k; through kjg and np are
given in Ref. 1 for the inner planets (Mercury tc Mars).

It should be mentioned that if the target is one of the
outer planets {(Jupiter to Pluto) a slightly different pro-
cedure would be preferred.

Similar equations apply to the earth's orbital ele-
ments: ‘

_ 2
e k. +k._.d+k.D>+k. D - 360n
Mp = Ky T Ky 28 29
o =k +k.d+k. D2+k. D3
g = kg + kg 32 33

After conversion from degrees to radians the eccentric
anomaly, Eg,; 1s determined by a differential corrections
method (Ref. 4): |

3
0
=

0
(1
1
(D
n
[
=)
x
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The last three equations are recomputed iteratively once or
twice in order to achieve an accuracy of eight significant
figures.

The earth's position and velocity are then determined
in a coordinate system where the xgp-yg plane 1is the
ecliptic and the xg-axis pas.es through the perihelion of
the earth's orbit:

"
"

E aE(cos EE - eE)

Yg = bE sin EE

E - aEEE sin EE

e
i

Yg = bEEE cos EE

where ap 1s the semimajor axis of the earth's orbit and:

JImTTm————Y
/

' "2
g=3 v 1-ep

o
]

| E. = nE/(l - e_ coOs EE)

E

The constant ng is the mean orbital frequency of the
earth. |

The vehicle's position and velocity, assumed eQual to
the earth's, is then computed with respect to the target



planet's coordinate system. In matrix notation:

[x(0) y(0) 2(0)] = [xg y;1(B](A]

[£(0) §(0) 2(0)] = [k ¥,}[BI(A]

where

‘a = cos QT cos wT - sin QT‘s1n mT cos lT

b = sin QT cos wT + cos QT sin wT cos lT
d = - sin QT‘COS<QT cos lT - cos QT sin wT
e = Ccos QT cos wT cos lT - sin QT sin wT
g = sin QT sin»i.T

h = - cos QT sin lT

k = cos W

L = sin wE



Target Planet Motion

The target planet is assumed to move in a two-body
orbit with orbital elements determined by the date of de-
parture. Prior to trajectory optimization an ephemeris is

computed, stored, and used repeatedly for each trajectory
solution.

The eccentric anomaly, Eg, is computed by the same
differential correction method described for the initial
condition program, with the exception that instead of set-
ting the initial guess for ETl equal to My advantage

is taken of the results of the previous iteration cycle by
using a Taylor series extrapolation:

ETl( n+1) = ET(t ) + E(t )At + —E(t )At

where

éT(tn) = ﬁT/[l - e, COs ET(tn)]

T
ET(tn) = ﬁT(tn)z[MT(tn) - ET(tn)]/[l - e COS‘ET(ﬁn)]

With the iterated values of Er, ET, and ET, the -

position, welocity, and acceleratlon of the planet are de-
termlned ftom

X, = aT(cos Ep - el)

Yp = bT sin ET

T - aTET sin ET

M-
i

Yp = bTET cos ET‘

21
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- P . ‘ .2
xr = aT(ET sin ET~+ ET cos ET)

Yp = bT(ET,cos ET - ET sin ET)

where
The two components of acceleration are utlllzed to deter-

mine the second derivative of the function P', which in
turn determines the terminal time criterion.

‘Transformation to Eclggtic Coordinates

A short subroutine has been programmed for transform-
ing the vector components of position, velocity, and thrust
from the target planet reference system to more conven-
tioaal ecliptic coordinates, and for computing, in addition,
the more descriptive angles that orient the above three
vectors.

The vector transformations in matrix notation are, of
course, all the same:
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where

- icl = abec
de £
h 3
¢ = sin w; sin 1,
f = cos wT sin lT‘
Ji = cos i,
Ix = cOS o cos 6
T = cos a sin 6
y S
T = sin a
b

and a, b, d, e, g, and h have been previously defined
for the initial condition program. The vector components
on the right side of the above equations are with respect
tc the target planet's coordinate system, and the trans-
formed components on the left are with respect to the
ecliptic system.

In order to describe the vehicle's motion and optimum
' thrust program more effectively some auxiliary angles
(Figs. 1 and 2) are computed by the subroutine:

¢ = arctan (xs'rx +»y*T )I(x - y T, )]
; s Vs s

6 = arcsin|T
L

v = arctan.(xsxs + ysxs)/(xsys "Yéxs)}

B = arcsin|z /v]
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¥ = arctan{y/x]
€ = arcsin[z/R]

£ = arctan[ys/xs]

where

V= /u2+v2+w2

\J

NUMERICAL DATA

Ephemeris Data

| All numerical data pertaining to the solar system are
‘taken from Ref. 1. The constants given below are for Mars,
the target planet of the present investigationms.

Kk = 1.8503333 ki = 9.33129 x 1072
k. = =6.75 x 102 k.. = 9.2064 x 10>
Kk, . 17 =9
k. = 1.2611111 x 10> k.o = -7.7 x 10°8

3 . 18 .
k, =4.8786442 x 10 Kk, = 8.64 x 10°

A 21
kg = 7.7099167 x 107" k,, = 1.675104 x 107
kg = -1.3888889 x 1070 ky, = -1.1444 x 1072

6 9 -

k., =-5.3333333 x 100 k.. = -9.4 x 10
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k. = 3.3462182 x 10 k.. = 3.5847584 x 102

8 | 26
kg = 1.8407583 ky, = 9.8560027 x 10"
k.. = 1.2986111 x 1074 k.. = -1.17 x 1072
10 = 1 28 -1
k.. = 1.1944444 x 10°° k.. = -7 x 10”8
1 =1 29
_ 2 ~ 2
Ky, = 3.1952942 x 10 ko = 1.0122083 x 10
a1 - -5
kyq = 5.2402077 x 107~ k4 = 4.70684 x 10
k., = 1.3553 x 10> k.. = 3.39 x 107>
14 = 1 , 32 = 3 |
~ -8 ~ -8
kys = 2.5x10° kyy = 7 x 10
11 .
ap = 7.4738897 x 10" ft
n, = 5.2403295 x 107! deg/J.D.
) 11
ag = 4.9051201 x 10" ft
n. = 1.9909866 x 10~/ rad/sec

W = 4.6782736 x 1021 £e3/sec?

Awhere ko1 1is a conversion factor (seconds per Julian

day), agd»a%l other k's have units such that the quanti-
. . o (] o] (<] )

ties iy, Q, mT,VMT, M;, and « are expressed in de-

grees. ,
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Vehiéle Parameters

In order to compare the significant differences be-
tween two- and three-dimensional optimum trajectories, the
same vehicle parameters used for the previous coplanar
studies were used in the present investigation.

‘Maximum Thrust, T - 0.127 1b

Exhaust Velocity, c | - 1.8306952 x 105 ft/sec
Initial Mass, m(0) 46 .583851 slug

Initial Weight 1500 1b

Thrust/Weight - | 8.467 x 10.“S
Propellant Consumption Rate 1.$3 1b/day

Specific Impulse 5685 sec

SOME COMPUTATIONAL RESULTS

~ Mars Rendezvous

Optlmum Earth-to-Mars rendezvous trajectories have
been computed for a series of departure dates from January
1, 1965 to July 1, 1969 for intervals of every three
months. These 19 launch dates cover a range of two synodic
periods (the synodic period of Mars is about 780 days,
or 2.135 years). For this initial phase of the investiga-
tion, the thrust magnitude is considered constant and con-
tinuous.

Eight of these optimized trajectories, for succeeding
launch dates, are presented in Figs. 3 to 10. Because of
the low inclination of Mars' orbit (1.85 deg.) the zg-
component of distance is usually quite small and is there-
fore not shown. Instead, dashed lines are used to lndlcate
that the vehicle's path is below the ec11pt1c.
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Wnen comparing Fig. 3 with Figs. 4 through 10, an
abrupt change in the characteristics of the vehicle's
flight path is noted. The vehicle, for Fig. 3, flies out
past the Martian orbit and "waits" for the planet to over-
take it. In Fig. 4 the vehicle "decides" that rather than
wait for Mars it is more "profitable" in terms of time and
fuel to increase its angular velocity, by passing close to
the Sun, and eventually catching up with the planet. Al-
though the transfer angle is about 360 degrees larger, the
transfer time is less. The following sequence of figures
(5 through 10) shows that the same scheme is employed, and
that for each succeeding launch date the vehicle's closest
approach to the Sun at first decreases and then increases.
Eventually, in Fig. 10, the entire trajectory lies within
the orbits of Earth and Mars. It is in this latter class
of solutions that the minimum minimorum of the minimum time
rendezvous trajectories can be found. For the following
synodic period the same cycle repeats itself. |

, It is interesting to note these characteristics are
identical to those observed for the coplanar solutions. In
fact, all of the results so far indicate that there are no
distinct or highly significant differences between two- and
three-dimensional optimum low-thrust trajectories. The
perceptible differences that do exist, appear to be asso-
ciated more with the eccentricity of the planets and show
up as a random-type phase shift rather than a significant
change in performance. The minimum and maximum transfer
times are 202 and 382 days, and differ only slightly from
the extremes of 197 and 385 days cbtained from the coplanar
studies (see Fig. 12). These conclusions are preliminary
and should not be generally accepted until additional solu-
tions are carried out, particularly near the two extremer
of the performance curves.

Time histories for the two thrust steering angles are
shown in Fig. 11. The angle ¢, which is the angle be-
tween the projection of the thrust vector on the ecliiptic
and the iocal horizontal of the Sun (Fig. 2), is shown to
vary in a manner that is typical of other steering pro-
grams, and in particular is quite similar to the optimum
solutions obtained from our linearized near-circular orbit
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analysis. Usually about half-way in transit the thrust
direction will reverse itself in a relatively short period
of time.

The angle a, which is the angle between the thrust
vector and the orbital plane of Mars, is also shown in
Fig. 11 and is generally quite small. This may be expected
sinc2 it is this control component which must change the
small inclination of the vehicie's orbital plane by 1.85
degrees without unduly penalizing the in-plane energy-
producing component of the thrust vector.

Why o drops to -14 degrees is presently not known.
It is probably due to incomplete convergence since it
~occurs in the same region where ¢ is changing abruptly
from about 70 to 250 degrees.

Mars Intercept

Also plotted in Fig. 12 are the performance results of
some typical optimum intercept trajectories. For these
examples the thrust magnitude is assumed constant. Because
of the removal of the constraints upon the terminal values
of the velocity components, there is an appreciable savings
'in transfer time — as much as 86 days. Whether or not
there is a proportional savings in fuel consumed for the
corresponding fly-by-and-return mission could be determined
only by detailed analysis of the round-trip case.

With the exception of the significant reduction in
transfer time, the intercept trajectories are characteris-
tically quite similar to those for rendezvous. Fig. 13 is
a comparison of the two types of trajectories, each
launched on the same date. For most of the flight the two
paths almost coincide, and only near the end is there a
very noticeable divergence. This is typlcal of missions
launched at other times as well.,
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Variable Thrust Rendezvous

At present optimum rendezvous missions with variable
thrust engines have been examined for only one launch date.
The date selected, January 1, 1967, is close to that for
which the optimum rendezvous missions with constant thrust
have a performance minimum with respect to launch date.

As in the previous constant thrust case, the results
indicate a similarity between two- and three-dimensional
trajectory solutions. The fcllowing table briefly sum-
marizes the significant reduction in fuel requirements that
may be achieved for a 1500 pound vehicle if the transfer
time is permitted to be slightly longer: |

Final Weight (1b) 1095 15248 1298
-Tfansfer Time (days) 210 226 242
First Thrust Period (days) - 52 | 48‘
Coast Period (days) - 44 136
Final Thrust Period (days) | - 80 58
Final Weight/Initial Weight 730 .832  .865
% Decreased in Consumed Fuel - $7.3 450.1

I

As in the coplanar studies, the thrust ﬁagnitude pro-
gram converged to clearly defined regionms of{full thrust

and coast. :

|
f
]
Ig
|
|
f
|
f‘
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FIG. | TARGET PLANET COORDINATE SYSTEM

NOTES . X AND Y AXES ARE IN THE TARGET

PLANET'S ORBITAL PLANE — PERIHELION OF

PLANET'S ORBIT IS ON POSITIVE X AXIS
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FIG. 2 ECLIPTIC COORDINATE SYSTEM

Xs \ |
VERNAL %
EQUINOX Txg

NOTES: Xg AND Y, AXES ARE IN THE
ECLIPTIC PLANE — VERNAL EQUINOX DEFINES

POSITIVE Xg AXIS.
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" FIG. 3 OPTIMUM RENDEZVOUS TRAJECTORY
DEPARTURE DATE :  APR | 1965

TRANSFER TIME :@ 382 DAYS
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FIG. 4 OPTIMUM
DEPARTURE
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RENDEZVOUS TRAJEQTORY
DATE JUL | 1965
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FIG. 6 OPTIMUM RENDEZVOUS  TRAJECTORY

- DEPARTURE DATE JAN | 1966

TRANSFER TIME 318 DAYS

ASCENDING
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MARS
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OF MARS
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VERNAL ABOVE  ECLIPTIC
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FIG. 5 OPTIMUM RENDEZVOUS  TRAJECTORY

DEPARTURE DATE :  OCT | 1965
TRANSFER TIME : 320 DAYS
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{to) X'

ASCENDING
NODE OF
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FIG. 7 OPTIMUM RENDEZVOUS  TRAJECTORY

DEPARTURE DATE APR | 1966
TRANSFER TIME - 314 DAYS
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FIG. 8 OPTIMUM  RENDEZVOUS  TRAJECTORY

DEPARTURE DATE JUL | 1966

TRANSFER TIME 302 DAYS
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~FIG. 9

OPTIMUM

DEPARTURE
TRANSFER

PERIHELION
OF MARS

RENDEZVOUS =~ TRAJECTORY

DATE OCT | 1966
TIME © 268 DAYS

ASCENDING
NODE OF
MARS

VER' VEHICLE TRAJECTORY
NAL ABOVE  ECLIPTIC -
EQuinox BELOW  ECLIPTIC — — —
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FIG. 10 OPTIMUM RENDEZVOUS TRAJECTORY
DEPARTURE DATE :  JAN | 1967 |
TRANSFER TIME :@ 20 DAYS
MARS

(to)

MARS
(ty)

ASCENDING

NODE OF
. MARS
PERIMELION
OF MARS
Y "~ VEHICLE  TRAJECTORY
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FIG. Il OPTIMUM THRUST

STEERING  PROGRAM
JAN | 1967
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TIME — DAYS

TRANSFER

TIMES FOR OPTIMUM RENDCZVOUS

FIG. 12 TRANSFER
~AND INTERCEPT TRAJECTORIES — THRUST CO_NSTANT
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FIG. 13 COMPARSION OF OPTIMUM RENDEZVOUS 43

~ AND OPTIMUM INTERCEPT TRAJECTORIES

DEPARTURE DATE : APR | 1968
TRANSFER TIMES: RENDEZVOUS: 326 DAYS
INTERCEPT. 240 DAYS

MARS . MARS “f’x
(t ,)
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SYMBOLS )
arbitrary constant determining the initial
magnitude of f and g
base for natural logarithms

eccentricity of a two-body orbit

radial components of perturbing acceleration

circumferential components of perturbing
acceleration

gravitational constant of central body
constants associated with the perturbed solution

semilatus rectum of a two-body orbit

‘e cos w

radius from central body
e sin ©
time

radial component of velocity, positive in the
direction of increasing r

circumferential component of velocity, positive
in the direction of motion

total velocity magnitude
angle in the plane of the trajectory, measured
from a fixed line and positive in the direction

of motion

angle of pericenter of a two-body orbit
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RESEARCH DEPARTMENT

GRUMMAN AIRCRAFT ENGINEERING CORPORATION
BETHPAGE, NEW YORK

A REFERENCE SOLUTION FOR
LOW-THRUST TRAJECTORIES

by

Gordon Pinkham

Jaet!

‘Summary

This report presents an analytical solution to the
trajectory equations for a low-thrust rocket when the
thrust is tangential and varies nearly inversely with the
square of the radius from the central body. The variation
in the thrust magnitude has been so chosen that the solu-
tion possesses as many arbitrary constants as the order of
the system of differential equations governing the motion.
Thus an Encke or variation-of-parameters analys1s of neigh-
boring trajectories is practicable.

- INTRODUCTION

The original impetus for the work described in this
paper was a desire to write a variation-of-parameters or
Encke scheme for integrating two-dimensional geocentric
low-thrust trajectories. This trajectory problem pre-
sents many difficulties because of the large number of rev-
olutions involved and the unacceptable accumulation of |
errors encountered with straightforward integration methods.
A more sophisticated integration routine based on a spiral
trajectory is an attractive device for eliminating some of



47

~ these problems. But the reference spiral must be expressed
analytically to be of use, and at present only a very few
are known. Among these are the logarithmic spiral and the
solution for constant radial thrust. Both proved unsuita-
ble after a preliminary examination — the first because it
is not a general solution to the trajectory equations and
the seccnd because it does not closely approximate the tra-
jectories we wish to integrate. A literature search failed
to uncover any other usable solution, so an attempt was
"made to integrate the equations of motion with a suitable

- thrust program. Two such thrust programs seemed particu-
larly interesting — constant circumferential thrust and
constant tangential thrust; but every attempt to integrate
them failed. It was noted, however, that the equations
took on a very convenient and symmetric form when the
thrust was assumed tangential; and allowing the thrust tc
vary in magnitude made them integrable. The resulting so-
lution is more satisfactory in many ways than the logarith-
mic spiral. It is a general solution — possessing a suf-
ficient number of arbitrary constants; and it reaches ;
escape speed after a finite number of revolutions — some=-
thing the logarithmic spiral never does. In additiomn, it
is easily expressed as a function of sines, cosines, and
exponentials. The following pages describe this solution,
and a variation-of-parameters scheme based upon it is par-
tially derived.

DERIVATION OF SOLUTION

The basic equations governing the planar motion of a
body in a perturbed central force field are:

d_
dt

du v: K
dt T 2

]
]
+

| A (1)
dv uv |
dt

"
'

I
+
09

dt

o
M i<

B i BT e, b A s



In Eg3. (1) r is the radius; u and v are the radial
and circumferential components, respectively, of the veloc-
ity; © 1is the angle in the plane of the orbit; f and g
are the radial and circumferential components of the per-
turbing acceleration, and K is the gravitational constant
of the central body. When f and g are zero the solu-
tion is a conic section expressible as a function of p, q,
S, and ¢ where p 1is the semilatus rectum, q = € cos W,
s = e sin w, e 1is the eccentricity, and w 1is the angle
of pericenter. The derivation of our perturbed solution
proceeds from the variation-of-parameters equations for the
quantities p, q, and s. These parameters may be ex-
pressed as functions of the radlus and velocity components
in the follow1ng manner:

r2v2
P = K
rv2 ' ruv
q=(—K—-1)COSG+TS].n9 (2)
rv2 | ruv
s = —Ej -‘ )sin 6 = —ET cos 6

Differentiating Eqs. (2) with respect to the time and sub-
stituting Eqs. (1) on the right, we derive the time deriva-
tives of p, q, and s. Multiplying by r/v, we change
the independent variable to 6, and we have

d _ [,
e -~ |“ K|
2 o 2 2 |
%% = (%E sin G)f +‘(%;E sin 6 +-2§— cos Q)g (3)
ds 2r r2u
H-E-; -—l-<—51n6~k-‘-,—c089) (—-—cose)f.

Substituting the expressions for r, u, and v as func~-
tions of p, q, s, and 6, the right-hand sides of

[ L Nt i S



Egs. (3) become functions solely of p, q, s, and 6. If
we now set :

Na e
| (4)
g = a \/_Rp—|v/2r2 ’
where a is an arbitrary constant, then the perturbing

force is tangential and varies as V ./ Vr and the fol-
lowing differertial equations result:

de ~ @P

== = a(q + cos 0) | (5)

a{s + sin 6)

2lp
7]
0

These equations have the solution

p = 4
q= —Eiifz(sin 6 - a cos 6) + meae (6)
a

= —E:Q——(cos'e + a sin 9) + neae
a“ +1

v

The quantities £, m, n are constants tc be determined by
the initial conditions, and it should be noted that there
are as many of these as there are equations in Eqs. (5).

As mentioned previously, when Eqs. (6) are substituted into
the expressions for r, u, and v, a trajectory results
which does not revolve indefinitely but reaches hyperbolic

49
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velocity after a number of revolutions, the number depend-
ing on the magnitude of a. The expression for the radius
is: : |

r = zeae ,// j——---:L’——+ eae(m cos 9 + n sin 9)} (7)

1&2 + 1

" The denominator has many zeros, but only the first has

physical significance. This occurs when ea® m¢ + n
approaches the magnitude of 1/(a2 + 1); therefore in this
region the radius becomes infinite. This behavior might
have been conjectured from the fact that the assumed per-
turbing force is larger at pericenter and smaller at apo-
center than a thrust which varies simply as 1/rZ,

| With the solution of Eqs. (5) now available to us, we
may seek information on those problems in which the per-
turbing forces differ by only a small amount from those
assumed in Eqs. (4). To this end we derive the equations
for the derivatives of the parameters /4, m, and n with
respect to 5, The derivation proceeds exactly as for the
time derivatives of p, q, and s; so there is no need to
repeat the steps here. The resulting equations are similar
to Eqs. (3).

-‘l@ = {2 ﬁ 'eoae
K 18

dé
2 ¢ 2 2
dm | . i =ab ru . . 2r 1 =36
rT; x](j{ SLn.Q)f e +~(E;— sin 6 +'—E- cos G)g e (8)

2 | 2 2 |
dn _ [2x_ _. .ru 'omald _ X ' -a6
i ( % sin o Ke COS B)g e ( K cos e)f e

W e s e e - ol ok tie. s -
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Here we have set

£ = £ - a( VB u/2cD)

: ) 9)
g =g - a(y/ Bp'v/2r) |
If f' and g' are very small, Eqs. (8) should prove
useful in integrating the trajectory numerically.

No attempt has been made here to integrate the time as
a function of 6 or vice versa; and the indications are
- that this is a formidable task. Equations (8) may be used;
nevertheless, in a variaticn-of -parameters scheme by chang-
ing the independent variable to the time and adding the
differencial equation for 6. A comparison of this scheme
with another based on a two-body orbit is planned. The
variable 6 1is not, of course, a parameier of the undis-
turbed motion; but experience indicates that in most appli-
cations it is a sufficiently smooth function of time so
that its integration does not slow the computation of a
trajectory. Moreover, the iterative solution of Kepler's
equation or one like it is avoided.

It is hoped that the solution, Eqs. (6), may be of
interest to some and that Eqs. (8) will have value in
approximating or computing low-thrust trajectories.
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'geqﬁ’ Summary

Optimum low~-thrust transfers between neighboring cir-
cular orbits have been studied for a simplified system
model. Small deviations from an original circular orbit
motion are assumed and the thrust acceleration is taken to
be constant. Within the limits of these assumptions, the
numerical results are sufficient to describe in general
the optimum thrust steering program and performance capa-
bility of a vehicle in terms of its thrust/weight ratio,
orbital frequency, and thrust duration. For values of
thrust duration equal to an integral multiple of the orbi-

‘tal period, the optimum thrust direction is continuously

circumferential.

INTRODUCTION

In order to better understand the problems which may
be encountered in geocentric low-thrust maneuvers and to

gain insight into the character of optimal maneuvers, an
analysis for a simplified system model has been carried out.
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The equations of motion employed for the analysis are
expressed in coordinates of a rotating axis system, with
the origin moving in a circular orbit about the earth. By
assuming that the vehicle's thrust/mass ratio is constant,
and that the motion is always near this origin, the equa-
tions become linear with constant coefficients.

This system model is particularly suited to the geo-
centric low-thrust case because the relatively large grav-
itational forces prevent tine vehicle from deviating signif-
icantly from its original circular orbit motion, even after
many revolutions.

Equations of Motion

The equations of motion are those employed by Clohessy
and Wiltshire, in a satellite rendezvous analysis (Ref. 1).
The motion is referred to a rotating axis system whose ori-
gin moves in a circular orbit about the earth, as shown in
Fig. 1. The positive y=axis points away from the gravi-
tational center and the x=~axis 1is oriented along the tan-
gent to the circular orbit with the positive direction
opposite to that.of the orbital velocity vector. Only the
planar motion case is analyzed. If the displacement of the
vehicle from the origin is assumed small, the equations
simplify to the following on linearization:

mx = T cos v + 2mwy | | :

my = T sin - - 2mox + 3mm2y

Here T 1is the thrust, m 1is the mass of the vehicle, and
w 1is the angular frequency of the origin's circular orbit
motion. Dots indicate differentiation with respect to time.

‘These equations simplify further by transformation to
a new independent variable,

R
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The variable <t 1is nondimensional and may be interpreted
physically as the orbital angle between the rotating origin
and some inertial reference (Fig. 1). The equations of
motion may be written in first order form as:

u =P cos v + 2v (1)

v =P sinc - 2u+ 3y | (2)
x' =u | | | (3)
1 : .

'y =v - (@)

where the prime indicates differentiation with respect to
the new variable t, and ‘ '

P =

|. .
=2
N

TS

If P 1is assumed constant and the thrust steering

angle, ', 1is a function of 71 only, then the solution of
the system (1) to (4) is ‘

~u(71)‘= 2[2uo - 3yo]cos T, + 2vo sin T, + 6yo
.1
- 3u +P [4 cos (74 - t) = 3]cos ¢

+ 2 sin(r1 - T)sin u} dt

B At e B Y
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v(1)). = v, cos 1, + [3y_ - 2uo]sin T,

T
. 1
+ P

J

o

—

- 2 sin('r1 - T)cos 9

+ cos('r1 - 7)sin 8}-d¢

X(Tl) = 2(2uo - 3yo)sin T, " ?vo cos Ty

+ (6y0 - 3uo)"r1 + (x0 + 2vo)

1

+ P

f
|
I

{[4 sin(TI - 1) - 3(T1 - T)]COS v

+ 2[1 - cos (Tl - 1) ]sin 9} dt
‘ J
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y('tl) - (21.1o - 3y°)cos T, + v, sin L + 4yo

1

- 2uO + P {Z[cos('rl = 1) = l]cos 6

o
+ si.n('r]f - T)sin 9} dt

where 1 is arbitrary and ug, Vg, Xg, Yo are initial
conditions. The free-fall (P=0) part of the above solu-
tion was first 1ntroduced by Wheelon (Ref. 2) and Anthony
(Ref. 1). .

Prior to maneuvering, the vehicle is considered to be
in a circular orbit and coincident with the origin of the
reference system. Hence, all initial conditions are zero.

The equations for the final velocity and position compo-
nents reduce to

= P {[4 cos('rf - 1) - 3]cos 6

C

+ 2 ’sin('rf - T)sin _9} dt | . (5)

T O I WL T LI+ T o] T B A
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. £
Ve = P | {- 2 sin('r;f - T)cos V
“o
+ COS(Tf - T)sin a} dr (6)
B
- Sta sin(v . - =y - -y .
Xe = P i 1[4 51n('rf T) 3(Tf ,)]cps J
o
+ 2[1 - cos(Tf - 7) ]Jsin u} dt ()

T

r f
Yf‘= P j {z[éos(wf - T).' l]lcos v

fo)

TFrona TS T

+ sin(rf = T7)sin J} dt | (8)

Variational Treatment

A class of optimal maneuvers of considerable general-
ity is that in which some function of the terminal values
ug, Vg, Ygs Xf and the terminal value of the time parame-
ter is a minimum. If Lagrange multipliers .43, = =, A4
are introduced in the usual way, the vanishing of the first
variation of the expression




J = Aluf + szf + A3xf'+ Ahyf

provides a necessary condition for a minimum. In the pres-
ent problem the multipliers employed are constants since
the terminal values of the state variables are represented
in terms of definite integrals. The multipliers A; are

the terminal values of the multiplier functions A;(t)
which would be introduced in a treatment based upon the
differential equations (1)-(4).

If F is the (collected) integrand of the integrals
appearing in J |

F = Aja; cos @ + Ayb; sin © + ha, cos & + A2b2 sin O

+ Aja, cos U + Ab, sin ¢ + Aja, cos 6 + Ab, sin 0 ,

373 373 4
where
al‘='4 cos (T "T) -3 by =2 sin(re = 1)
az = - 2 sin(Tf - T) | b2 = cos('rf - T)
aj = 4»sin(rf - T)N’ 3(va- T) b3 =2 - 2 cos('rf - T)
a, = 2 COS(Tf -T) - 2 b4A= sin(Tf f T)

the vanishing of the first variation of J implies

oF
36 = 0

b e ek oA .
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which leads to

where

A= Albl +

B = Alal +

The Legendre-Clebsch

resolves the ambiguity of
yielding

tan v =

™ 13>

Azbz + A3b3 + L4b4

Azaz + A3a3 <+ A4a4

condition

>2F

ov

N

>0

quadrant for the angle v,

. , -A | -B
sin ¢ = oS U = ———
/A2+Bz | A% + 8

We wish to study transfers between neighboring circu-

lar orbits which are optimal in the sense of maximizing *he

terminal values of vy,

the increase in radius. Hence

Also, because no specification is to be imposed upon the
final value of xy (unlike the case of rendezvous maneu- -

vers)

=
[ I
o

ERER ST PP SR



With these values of .3 and A4 the optimum thrust

steering formula, including resolution of quadrant ambigu-
ity (Legendre-Clebsch condition), reduces to

'(1-2A1)sin(ff-f) - AZ COS(Tf'T)

tan v = . ' 9
ne 2A2 Sln(Tf’T) + 2(1-2A1)cos(rf-7) + 3A1-2 &)
sin v = AC cos o =
/;12+D2 . CZ+D2_
wheré

c=( - ZAl)sin»("r[f - 1) = A GOS(Tf '.T)

2
D = 2A2 sin(Tf - 1) + 2(1 - 2Al)cos('rf - 1) + (3A1 - 2)

Values of the two remaining constants /i and Ay

are sought for which the terminal velocity components sat-
isfy circular orbit conditions. For the present linear
analysis the final velocity components should be

ug 3yf/2 - (10)

Ve 0 ' | | (11)

k - Computer Program

The IBM 7090 computer was programmed to integrate
numerically the equations of motion, generating solutions
for prescribed values of Ay, Ly, and Tg. A systematic
: survey was made by varying Ay and 04y, for a given value
~ of 171g, until the terminal constraints were satisfied.

61
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The computer program was modified to automatically "home-
in" on those constants. To repeat this procedure for other
values of 71§ would have been uneconomical and hence a
perturbation scheme was employed to generate solutions for
each succeeding value of tf by extrapolating the results
of previously iterated solutions. Newton's formula for
backward interpolation (Ref. 3) is ideally suited to this
purpose and becomes quite simple for constant 7tg¢ inter-
vals. ‘

Computational Results

Seventy-two iterated solutions covering four orbital
periods were computed on the IBM 7090 in less than twenty-
five minutes. ¥igs. 2 through 8 summarize these results.
An examinationi of the optimum orbit transfer maneuvers
reveals several interesting characteristics.

It is noted (Fig. 2) that the time wvariation of the
thrust steering angle is antisymmetrical with respect to
the midpoint. Similarly, time histories of the two compo-
nents of velocity and acceleration also have this "exactly"
symmetrical or antisymmetrical property. "Exactly" refers

‘to an accuracy of six significant figui'es for the numeri-

cally integrated results, and suggests that the symmetry
property would be exact if the integration were error-free.

Figure 3 shows the trajectories of the vehicle with
respect to the rotating axis system for thrust programs
shown in Fig. 2.

| Thrust steering angles for longer transfer times are
shown in Fig. 4. Although the same antisymmetrical proper-
ties are displayed, it is of interest to note that the v
motion has a mean of ¢ = 180° (circumferential thrust)
whereas the corresponding motion for the short term maneu-
vers (Fig. 2) takes place about a mean of ¢ = 0 (opposite
to circumferential thrust). -

This abrupt change in character of the optimum steer-
ing program has been made more evident in Fig. 5 by rescal-
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ing the time of each solution so that a comparison may be
made on a common normalized time scale. When this is done,
it becomes obvious that between 7tg¢ = T and Tg = 47/3

the time variation becomes more abrupt. A closer examina-
tion reveals that there exists a discontinuous solution at
T¢ = 1.21637 for which case ¢ changes instantaneously

from 90° to =-90° at the midpoint of the maneuver. The
instantaneous change could also be interpreted to be from
90° to 270°. This has been the only discontinuous solu-
tion encountered for circle-to-circle orbital transfer.

Also shown in Figs. 4 and 5 is the thrust steering
angle for tf = 2w. For this solution, which corresponds

to an orbital transfer of just one revolution's duration,

6 remains constant at 180°. In fact, whenever the dura-
tion of powered flight is some integral multiple of the
orbital period, the optimum thrust direction is circumfer-
ential and the vehicle passes through a higher energy cir-
cular orbit condition at the end of each revolution. The
possibility that the optimal thrust direction program may
be circumferential for a circle-tc-circle orbital transfer
involving many revolutions should offer an exploitation
pcssibility in connection with the guidance problem. In
general, for the longer duration maneuvers, © oscillates
at the orbital frequency. This is shown in Fig. 6 for
maneuver durations of 1%, 24, and 33 revolutions. It is
interesting to note that, as this angle (or final nondimen-
sional time) increases, the amplitude of the oscillation
decreases and a steady-state circumferential thrust program
is approached for maneuvers of very long duration. |

Because the equations of motion are linear and contain
only the single parameter P, it is possible to plot a
"miles-per-gallon" parameter as a function of the nondimern-
sional transfer time. This very general type of plot is
presented in Fig. 7. Given the thrust/weight ratio of the
vehicle and the frequency of the reference orbit, the in-
crease in circular-orbit radius may be determined from
Fig. 7 for any value of the orbital transfer angle.



It may be conjectured that the parameter P could be
utilized as a basis of comparison for vehicles with differ-
ent performance abilities and in dissimilar gravity envi-
‘ronments, i.e., the ratio P 1is a measure of the relative
influence of the thrust/force field. '

Further Analytical Investigation

With the insight gained, it is of interest to consider

the possibility of analytical solutions.

If the three integral solutions (5), (6), (8) are sub-
stituted into the equations for terminal circular orbit re-
quirements, (10) and (11), the following integrais must
vanish: | I

T
r f

? [2 cos('rf - T)cos ¢ + sin(Tf - 1)sin 6] dt = 0 (12)
J ~ |

o

T‘f

[COS(Tf - 1)sin & - 2 sin('rf - 7)cos ¢] dt = 0  (13)

o

I the circumferential thrust program is inserted in
(12) and (13), the integrals are easily evaluated and,
indeed, both vanish as expected.

A fruitful result of the numerical study is the anti-

' symmetry property which implies that tan 0 in (9) is zero
at the midpoint in time. This leads to the explicit rela-

tionship between A} and Ag9:

e th IA s oA WA o 0 e

Jp—
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| ry=(Q - 2A1)tan(rf/2)

The problem now reduces to a search for a one-parameter
family of solutions which must be made to satisfy circular
orbit terminal conditions. The resulting equations and
integrals to be evaluated are still quite formidable, and
as yet have not "yielded to analytical treatmeiit.
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FIG. 5 NORMALIZED TIME HISTORIES OF THRUST
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FIG. 7 VARIATION OF ALTITUDE GAIN PARAMETER WITH
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- SUMMARY 13677
o,

The present wo@k is an attempt to present a general unified study
of the first necessary conditions for an optimum trajectory with special
emphasis on the geometrical interpretation of some of these conditions.
In’ this study the pertinent necessary conditions are derived in a simple
manﬁer, although trying to preserve the necessary rigorousness of formu-
lation. The introduction of the generalized canonical transformation
presented is shown to be of importance’ in deriving the '"Maximality
Principle" and graphically interpreting-this principle and other necessary
conditions. The corner point conditions are also analyzed and their
geometrical interpretation is included.

In this paper the author is therefore suggesting the application
of interesting numerical-geometrical techniques of analysis for the
treatment of complicated problems in trajectory optimization studies.

In the study presented here the derivations uéhaily available in
the literature on the Calculus of Variations (e.g., Refs, 1,2,4), for
problems of the Lagrangian form, are now performed for a generalized
Mayer formulation which ~tcounts for the occurrence of control variables
in the side conditions, c.ne latter being assumed of a géneral form. The
following comments on the contents and contributions given in this work
are in order.

INTRODUCT ION L
A. SECTION I

In this section the original Mayer problem is expressed as one of
the Bolza form and the first necessary conditions are therefore derived
in a general manner obtaining the natural end-conditions and Euler
equations from a single equation of variation. The Transversality
Condition is given in different forms [Eqs. (10), (ll), (12)]. 1In
particular, its expression in terms of the constant Lagrange multipliers
is of theorectical as well as practical interest in defining the normality
conditions. This aspect, not previcusly presented in the literature on
trajectory optimization, has also been introduced and applied by this
author in Ref. 18. |

The variational problem is formulated in non-parametric and para-
metric forms. For an admissible one-parameter family having corners
located on a "line of corncrs'" is shown that the parametric form offers
the advantage of giving the complete set of Erdmann-Weierstrass vertex
conditions in addition to the natural end-conditions (Transversality
condition) and equations of variations (Euler equations). It is well
to mention here that this formulation is the basis of the important
Weierstrass's theory on parametric problewms, developed originally by
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Weierstrass in his lectures (1872), and considered of fundamental value
for the study of geometrical variational problems.

Topics not usually found in the applied literature, as the conditions
for non-singularity and normality of the extremals, are also considered.

The necessary Weierstrass condition is derived by considering arcs
of three adjacent families properly defined in adjoining intervals. The
Legendre condition, as generalized by Clebsch and Mayer, is obtained
from a Taylor expansion of the Weierstrass condition in a close neighbor-
hood of a point on the extremal,

B. SECTION II

Here a gencralized canonical transformation of the variational
problem is introduced. Within the necessary rigorousness of formulation
the concept of slopes and multipliers of a field is applied leading,
through the application of the Legendre transformation of the variational
problem, to the canonical differential equations of the extremals. The
equivalence between the necessary conditions in canonical form and the
necessary conditions derived in Section I is pointed out.

The analysis presented in this Section is essentially based on the
original work of Hamilton and Lagrange where they introduce the canonical
variables., More recent treatments by Bliss, Courant and Hilbert, and
Pontryagin have also served as valuable reference. In this Section we
have tried to extend previous work by including control variables in the
constraints, applying the concept of a field and assuming a general form
for the side conditions. Also the author has tried to present these
topics following a didactically orderly derivation showing the corre-
spondence of the results obtained with previous results of the Mayer
problem. To this extent the work of Bliss in his book (Ref. 1) has
undoubtedly been of relevant value.

G. SECTION TIII

To the extent of introducing the case where bounded control variables
are present in the side conditions, the problem with admissible one-
sided control variations is here formulated. Applying the Mayer formu-
lation of Sec.ion I some inequalities, not previously derived in the
literature, are obtained as necessary conditions. The study follows
similar lines as [For the case of one-sided admissible variations in the
state variables studied by Bliss and Underhill (Ref. 13) for problems
of the Lagrangian form. In this area of studies it is ot extreme value
the work by Bliss on sufficient conditions in Ref. 27. He [inds that
with suitably strengthened inequalities as necessary conditions, the
extremal in common with the boundary is a minimum (absolute minimum)
when compared with any other extremal of the field having one-sided
variations, :
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D. SECTION IV

The so-called Pontryagin's Maximum Principle is here obtained as
the canonical expression of the Weierstrass condition. This is done
by applying the general canonical transformation introduced in previous
Sections and writing the Weierstrass expression in terms of canonical
variables. The case of bounded control variables is treated by assuming
one-sided variations. Thus, a set of necessary conditions in the form
of inequalities and equivalent to those previously derived in Section
I1TI, are found. The inequalities obtained in this Section are expressed
in terms of the Hamiltonian H-function instead of the Euler-Lagrange
sum 1T as before. These developments are of theoretical importance in
showing the perfect correspondence of the necessary conditions in both
formulations.

Finally, some corner conditions, to be considered in addition to
the Erdmann-Weierstrass corner continuity req¥irements, are discussed.

E. SECTION V

The equations of constraint are now specialized into a form which,
in general, is analogous to that occurring in problems of the dynamics
of flight. This is therefore a particular case of the general develop-
ments in previous Sections.

The Euler equations and the canonical differential equations of
the extremals are derived applying the necessary conditions deduced in
the preceding Sections.

The characteristic line and the H-line are analyzed and their
properties, inasmuch as the graphical representation of the necessary
conditions for an extremal is concerned, discussed.

The geometrical interpretation is based on the work originally
performed by Zermelo, Caratheodory and more recently by Cicala (Ref. 3).

Here, several extensions to the geometrical interpretation of the
necessary conditions are offered. 1In fact, the Weierstrass condition
for cases of multiple control, time-dependent characteristics and H-
lines, corners with continuous and discontinuous control, graphical
representation of the conditions for admissible corner with control
jump and the H-function along the extremal for the case where H does
not contain the independent variable explicitly are some examples.

The case of problems with bounded control variables is also studied
and geometrically interpreted using the characteristic line and the H-
line.

REE < r e
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F. SECTION VI

The work is concluded by presenting some applications of interest
in the study of discontinuous solutions. Our interest is in showing
the geometrical interpretation of some necessary conditions, the form
of the characteristic lines and H-lines, and the application of the
necessary conditions discussed throughout the preceding sections. Here
no emphasis is made on the physical problem or on its engineering
implications. A more detailed analysis of these aspects is available
in the references included.



DEFINITION OF SYMBOLS

o Speed of sound (ft/sec.)
CD Zero-lift pressure drag coefficient
o}
CD Drag coefficient
, 2 " .
C =K C Induced drag coefficient
Dy L
C Corner point

Admissible comparison arc

D Aerodynamic drag (1lb.)
= ﬁ% Non-dimensional drag.
E Extremal arc
F Euler-Lagrange sum in parametric form; field of

extremals or enlarged integrand

g Acceleration of gravity
H Hamiltonian
h Flight altitude (ft.)
. hy . ) , s
b - " Vi Won-dimensional altitude
R
J Funiction to be minimized
aCD , |
K = x, Induced drag factor
3(C, ")
L Lifting force (1b.)
L 3 . . « . -
= == Non-dimensional lift
mg

Mach number
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1. Ve

A

o

=1

Density <:lb.sec. \

generalized coordinate
Time (sec.)

canonical variable
Flight velocity (ft/sec.)
Weierstrass condition

Range (ft.)

Non-dimensional flight velocity

Parameter

Non-dimens® nal range, (and indicates also admissible
variation of the independent variable at the end-points).

Admissible variation of the generalized coordinate,
(also used to indicate density ratio p/p ).
R

Angle of attitude [ ¢ = sin 0; » (@) = cos 0 ]

Constant Lagrange multiplier

Functional to be minimized

Variable Lagrange multiplier

Independent variable lor parametric formulation

Euler-Lagrange sum in non-parametric form

£t /
Non~-dimensional time or independent variable

Constraints

Characteristic line



® Equations of variation of the constraints

v End-conditions

(¥ Equations of variation of the end-conditions
Superscripts

(....) = Optimum value or index-value

Subscripts

I Initial point
F Final point

R Reference value
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84 DISCUSSION

A. FIRST NECESSARY CONDITION“ FOR AN EXTREMAL

In this section some considerations on the first necessary con-

ditions for an extremal will be made,

The proposed problem, of the Mayer form, is stated as that
of "finding in the class of arcs

A

satisfying a set of differential constraints

14 .
(f)i(qj ,qj ,T)=gbi(q'l,..,.,q'm,ql,....,qm,r)=0,:=1; ..... yn<m
one minimizing a function of the terminal conditions

A(q, - ]

while the end-constraints

‘f}p (qn y qj

<
]I ’Qflvrp) 9P=1, ....... ,l‘=2m+1

F

are made to wvanish,'

Some remarks are here in order, The constraints (2Z), may
include some holonomic conditions, viz,, for some i’s

I, ) ig, .
B T P

Each of the non-holonomic constraints appearing in (2) does not
necessarily include all the q.’, The following derivations hold in
any case, The end-constraints (4) for r<2m+1 give what is
known as a ''variable end-point problem!', For r=2m+1,a fixed
end-point problem is formulated, If n<m the problem is said to
have m -n '"degrees of freedom'', or degrees of indetermination,
For the particular case m=n (zero degree of freedom) the
problem is said to be determined, The variational problem may

(1)

(2)

(3)

(4)
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degenerate then into an ordinary extremum associated with the
"optimization of the boundary conditions', The latter occurrence
depends on the boundary conditions (4) imposed and on the form
of Eq, (2).

The summation convention of tensorial analysis will be freely
used throughcat, Also, for simplicity of nomenclature, whenever
possible it will be understood that q=(q1, ..... , qm). Subindexes
will be used to indicate particular points or partial differentiation,

To derive the first necessary conditions for an extremal of
the problem formulated by Eqgs, (1) to (4) the family of admissible
arcs is imbedded in a one-parameter f{amily q, (r, €), 1, ) 7S T (e,
containing the normal extremal I for ¢ = 0. it is assumc,d that K
is an admissible arc with a set of admissible variations

dg; (r, dr, (e)
n () = ) ! A dr (€)

) 0e

L
i}

de

€0 de ¢=0 €=0 (5)

with which it satisfies the equations of variation &. (y 7% 7) =20

and Y (771 g €5 €) =0 For other hypotheses on the arc

whose minimizing properties are considered [e,g., normality rela-
tive to the end conditions, continuity of the state functions q; and
piecewise continuity of ¢’ between corners, existence and properties
of the partial derivatives’ of ¢, in the neighborhood of the elements
(q ,q),r)(h, existence and pr operhes of the partial derivatives

of A and ¢ _in the neighborhood of the end values(q o % Tp F,ﬂ«]
the reader is referred to the available literature on the theory of
the Calculus of Variations (Refs, 1 to 6),

The developments to follow are aimed to obtain the first neces=-
sary conditions for an extremal in a simple manner, preserving the
necessary rigorousness of formulation while providing an organized
analysis and fast reference for the reader,

The first necessary conditions for a minimum of the function A
may be derived by writing the minimal problem in the formally
non-parametric Bolza form

('
. - 4 ' s
J :Ao A+ )\p(llp + J I (qj ’ an [l-i’ f) dr = min

‘rl

(6)
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where Il is the Euler-Lagrange sum #) (1) ¢+ ... i, (Db, ()

is a set of variable Lagrange multipliers and A, /\p, p=1, ... cr S 2mal,
is a set of constant multipliers, For the one-parameter admissible
family 9, e, 1), 7 © £r5 e (@ Eq, (6) gives

J (&) = )\O A{ 9 [71 (e), (J . a4 [TF (e), c] . 1y e, s (e)}

(7)

where ¢l is assumed sufficiently small so that all the members of
the admissible family q;{r,¢) lie in an arbitrarily small neighbor-

hood of the extremal q; (). Thus, J(¢ must have a minimum for
e=0 relative to all values of ¢ in the neighborhood of ¢=0. Then,
the necessary condition for a minimum is
dJ (e)
de =0
€= 0 (8)

The minimal requirement in Egq, (6) is meaningful even if some
of the aj functions [assuming they do not appear differentiated in
Eq, (2) ] experience finite jumps, Admissible functions g, of this
type lead to problems called with ''discontinuous control', The
solution in the q(r) state variables is then called a ''broken solution'
and the extremal is composed of sub-arcs between the terminal
points,
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From Eqs, (7) and (8) it is then obtained

dJ (e
de

dJ

de=A (A dq o +A, &
°<q1,F AL “)

€=20 €=0

+ A (¢ dq + ¢ dr +
p ( ql,F I,F rl,F I,F)

F F
+|:Hq’ dq + (H -q Hq,) dr ] - J [H] q 8qdr=0
1 4

where for simplicity of notation the following replacements have
been introduced:

dA
A dg . =A dg. + A dq A = —
I . . ’
qlvF F q]l Il q)F IF 4 aq
aA
A d = d d , A, = —
LE np =N dpo+ A drp r Py
. oIl
1Iq, dq = Hq; dq) = ﬂq,l dql + eennn + Hq;n dqm » nq, = aq,
ad
l?/j = e _E_ , @ =l or [
9a aqa
F _| I._
Y I
_ d J [ l _ d ! ..... ]
dr dq' dq
q
qu =€ T’j , € (](

de ) [dqj - dr] , a=lork.

(9)
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Due to the arbitrariness of the variations §q consistent with
the equations of variation ®, (8q,8q",7)=0 and of the varia-
tions dq; , dqgp , drp , drp, after simple considerations it is seen that
the first necessary conditions for an extremal, from Eq., (9), require

a) along the extremal arc E the variational derivatives [ll]q
must vanizsh, according to the fundamental lemma of the

Calculus of Variations,

b) at the terminal points the [(r+ 1) x (2m + 2)] - matrix

\ oA \ dA A A oA
— - B, — B, A — = A — + Ap
° dq; % aqp v ° o, o
daq, 9q dry or g (10)
must have rank R<r+ 1. In the matrix (10),
Bja= nq]’ and Aa= [ﬂ—q)' Hq; ] , (1=I or F-
a
a

Eq, (10) is the matrix form of the '"Transversality Condition'',

From Eq, (9) it can be seen that the Transversality Condition
in its expanded form may be also written

F

A ! : -l ¢ = 0
A dA + [.ﬂq,‘ dqj + (H a; ﬂq,‘> 17’]
J ] [ (1 1)

for any admissible set of differentials dq,dqq, drf,drp satisfying
the equations of variation on k

‘ 'l’p (dq], qu" drl , drF ) = 0.

Therefore, for a minimizing arc F there must exist n functions g, (r)
not all identically zero in the interval rl§ rs re satisfying the
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condition that the variational derivatives [“] ’ vanish along I© and
making all determinants of order r+1 of the matrix (10) vanish,
The preceding statement is equivalent to saying that there must
exist n functions p (r) not all identically zero in the interval

s PP e satisfying the equations [11] ¢= 0 on . and r+l
constants A ,,\p not all zero satisfying the equations

A - B, -
OAqI By + A Yq =0

A + B. =
OAqF +BJF+/\P l,[lqp 0

}\ A 1 T ] A =O
. ( ) qu\,]) [y + A, («//ql q +x//rl)

)\0 (/\q ap + A, ) + "F +)\p (lqup G + ,’grp) - 0

F F
(12)
An admissible arc [viz, an arc satisfying Egs, (2) and (4)] in the
interval r, Srs v With a set of constants A, A, ... ' AL ;E 0,0, ....,0
and a sum [=p (D¢  with multipliers [y O e ey ONF I , 0]

and satisfying the Euler equations and Eq, (12) with these constants
and multipliers is said to satisfy the Multiplier Rule,

If the one-parameter family q(r,e), for €=0, contains the
extremal arc having a corner at r=rs_, then other necessary con-
ditions must be added to the previous ones, However, if the same
one -parameter family is applied to derive necessary conditions at a
corner it will be seen that the necessary vertex conditions may be
only partially obtained due to the discontinuity in the slope 4; at
such point, In other words, along the so-called 'line of corners"
of the family g; (r,e) defined by 4. = q [7, (@, 6] in general,
dq  r_ = 0)$ dq_ (-, +0) Therefore, it is convenient to write
the minimal requirement of Eq. (6) in a formally parametric
Bolza form, To this extent a parametric representation r=r )
is introduced, The derivative i=dr ' dv is taken # > 0 for any v,

< <
not to alter the sense of traversal on the extremal, ‘/

=V

o

4

F
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The admissible family taken now is 4q;=q,(v,¢ and it con-

tains the extremal for e¢=0. The functions q are continuous in

the interval v Svs ve  while the functions q may be piecewise

continuous, Assume first that there are no corners in v = v S Ve -
Eq, {18) is now written in parametric form as follows
YF o
J=)\0A+Ap(‘bp+ / F(#i,qj,qj,r,r)dv |
v, | (13)

The functions 95 [dj , 9 , 7T, r] have continuous partial derivatives

of the first three orders in a neighborhood of the values (q » 4 , P, T)
on E The functions d;p [q v, 9j wp), r v, r(vF)] have con-

tinuous partial derivatives of the first two orders in a neighborhood
of the end values (q iy " %ig n:7¢). In Eq, (13) the integrand

F=Il7r is homogeneous of order one in the derivatives dj,'r.

Then, the variational problem leads to an extremal solution inde-
pendent of the choice of parameter since #>0 and F is homogeneous
(Ref, 2),

For the para.metnc admissible family 9 = g v, ,r=r(v, o
adopted, the variations are

dq, or
aqj € 86_ = -——}' € 81‘ = — €
qu i b e de| . _o
a( €=0 ) B e=0
where ¢ de. The absolute value |¢| is assumed sufficiently small
sc all the members of the admissible family q; (v, ¢) lie in an ar-
bitrarily small neighborhood of the extremal q; (., It is now as-
sumed that at the terminal points
dv dv
—_ = -] = 0
de de
L F

From Eq. (8) is now obtained
| J (VIY,VF,E)zl\ A [qj (v, e),qj(vF,c),r(uI,c),r(vF,c)]

+)\ l/f [q (v, €, qj (vF,e) r(ul,c) r(vF,,c)]

Vi

+b f F [(;j (v, €), q (v,e),rlv,e,r (‘V,“(‘)] dv

v
I

(14)
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Then, by hypothesis, for given v, and ve» J vy, v . €) must have
a minimum for ¢=0 relative to ail values of ¢ in the neighborhood
of e=0. = The necessary condition for a minimum is consequently

dl] l(vl ' Vs €)

a‘ €=O (15)

After performing operations, from Eqs, (14) and (15) is found
that the differential of J on the external (e=0) 1leads to

X L ‘ ,
o [Aql.F S * /‘t'_l.F arl'F] T '\p [¢ql,F %1,k +, (/l’l.F jsr"'?]

I

| | VP . YF
. [Fq sq*F;Bi‘,F _ j-[[«“]q dqdv ~ f [p]r&dv:o
Y1 "1

(16)

Now the symbol [] « indicates the variational derivative

The rest of the notation in Eq, (16) has been explained before,

Note now that F is homogeneous of degree one in the deriva-
tives qj and r, thus

—F=0 " (17)

dq o
Moreover, it may be found that

F'=n ;, F'::I]— q’. '], 'F“:rl.‘
B ' A B B

[F] - [“]q'} el - 5:— (n- o Ty )= )
; j d ) |

, qj
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thus, replacing in Eq, (16) the iollowing is obtained

o) = A, [ Aql,F dgp ¢+ Arl o dr b ]

+Ap | U dq + U dr
[ i r ILF r['F IL,LF

+ [nq; dqj + <Il—q'j Hq,.> er - / [H] r 6q] dv
) qj
S 1
Lo VI
y o
F d L
— — n_“ " . — f 5 -
/ o ( qj nqj) HT rdv=0
1
(18)
dVI dV
. F
where, since - - =0 , then dq,=8q, and dr, =87, , a=lorF,
de €

Due to the arbitrariness of the variations 5q ,0r  (satisfying the
equations of variation (b =0) and the a.rb1tr.:1r1ness of the differ-
entials dq1 ror 4 F the same necessary conditions for an ex-
tremal are 1mmed1atb1y obtained as before, i,e,, as for the
non-parametric problem previously considered, These conditions
are given by the Euler equations []I]q = 0 along E, and the Trans-
versality Condition in the matrix (10), However, one rmore im-
portant equation is obtained from the last integral on the right-
hand side of Eq, (18) as a benefit of the parametric representa-
tion applied, All previous considerations on the necessary conditions
for an extremal hold here consequently, and in addition it is re-

quired that along E for r S7Sr., the equation

F!
d
E—(H-—q’jﬂq.j)-—ﬂr= 0 (19)

must be satisfied,

Assume now that there exists a corner on E. That is, the q; (v)
are continuous on F while some or all of the q (v) are piecewise
continuous on F. Since # > 0 and continuous on I. the previous
considerations similarly apply to the corresponding q; () and q ()
The line of corners on the admissible family, satisfiés the con-
dition dv_/de=0. The admissible families assumed, for the parametric

and non-parametric cases are represented in Figs, (la) and (lb),
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- By means of simple replacements it may be found from Egs,
(1{4;) and (15) that, for the case of broken extremals, Eq, (16) has
a similar form but where the last two terms in the first member
are replaced by (here is assumed only one corner, the extension
follows immediately) l

i
i ;
V., -0 vV, -0

C ~ 0 i C [
[F(i %q +F; 8'] cto _ f [F] 8q dv - f [F] i or dv
f vy VI
vp' '!/F‘
J - [, e
Vo + 0 T e o ' i (20)

< I

In Eq, (20), c¢—0 and c+0 indicate limiting values for v approach-
ing v, from v<v_  and v>v_ respectively, Eq., (16) with the last
two terms in the first membe; replaced by those given in Eq, (20)
leads, after the usual considerations on the variations, to the follow-
ing conditions along E and at ¢

. - < b < < ' :
[F] qj =0 , for vp S V=V o—o and vo+ o = v = Ve (21)
[R],-: 0 , for v = S v, — o and VC+O§ v = Vi (22)

c-o ¢ = o
‘ <Fq ) . dg =0 , (Ff) o =0 R (;,,3.?)

c+o c+o0
At the end points I and F the same Transversality Condition as
before is also obtained, To derivz Eq., (23) account has been taken

of the fact that dv

-d—c—~0 dq 8qc,drc=87C ‘
and the variations are co’iitinuous at ¢. While some of the neces-
sary conditions may be derived using the non-parametric formula-
tion, the parametric form used here offers the advantage of giving,
in addition to Eq, (’22), viz, ,

T dr i ’

the complete set of the so-called Erd‘rnann-'Weier strass vertex condi-
tions, given by ' '
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1,
q.
) c+ o0

in view of the arbitrariness of dqc and drC iniEq. (23).

- 11,
q!

c -0 j

(24)

. (25)

Summarizing, from prev1ous developments it is concluded that
the first necessary conditions for an extremal in the class of arcs
9 (r), ;—757}? satistying a set of equations of the form (2), (4)
are that the Euler-Lagrange sum Il (q}, qj,pi,f)=}1.i(f) ¢, satisfies the
equations

T

(1] =0 , -0, ¢, = f Hr dr + const. (26)

,TI

along every sub-arc composing the external arc,with a set of n

non-simultaneously vanishing multipliers 4 (r) on 77y  such that
the associated matrix (10) is of rank R <r+ 1, and satisfying at
junctions of different sub-arcs the vertex conditions (24) and (25),

1. Non-Singularity ahd Normality.

The first necessary conditions prevmusly derived apply to an
extremal arc E composed of sub-arcs kL E% ..., E" on each of
which q] is continuous and qj (7 and u, (1) have at least first
order derivatives with respect to r Such an arc is then said to
be non=-singular, viz,, along each sub-arc the functional determinant

, .
- j i, B =

j’e = 17 ------- y M ‘ |

i
Pt
=

is different from zero and at corners the Erdmann-Weierstrass
conditions are satisfied, Condition (27) is an important necessary
requirement in the study of sufficiency conditions, Furthermore,
it is also necessary that there is no set of constants A =0, A
p=1,....,rS2m+1 with which Eqs, (12) are satisfied, Thus, the‘
arc F is required to be non-singular and moreover pnormal, viz,.,
the rank of the matrix '
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- B, B. =11 Il
]l ]F 1 F
I R 2 PR
(28)
must be R=r+ 1L For a normal arc the sets of constant multi-
pliers A, ,A, and variable multipliers #; () are unique, Therefore,

accounting for the homogeneity of Eq, (26) in the ps and from
Eq, (12) it is seen that the unique set of constant multipliers may
be always reduced, for a normal non-singular extremal, to one of
the form (A ' A ) = (1, M) where A is the ratio A, /A, with a

Correspondlng u:m.que set of functions u’i" (n where ueo= oy SN

2. The Weierstrass, Legendre and Clebsch-Mav~r Necessary Condit ions.

As indicated by Bliss in Ref, 1, Weierstrass noticed that
not all variations have the property that their derivative tends to
zero with the variations themselves when the parameter approaches
zero, The type of variations approaching zero with their deriva-
tives when ¢+ 0 has been assumed in deriving the first necessary
conditions in the preceding paragraphs The type of Weierstrassian
variations will be applied now in deriving the local Weierstrass
necessary condition, To give a simple example of the latter type
of variations consider 7n-variations of the form

n =0, rS -0
7 w,n =-Aq |1- L Tre0 S S e
v
7 =0 r2 4 v
Theén, in the interval 7% S 737 + v it is 7 (% = - A¢, where Ad
indicates a difference of slopes q —-q¢* atr =r*. Also, in the

Aq,/ 1
written in terms of a two-parameter family

same interval ' (r*) = . The associated varied functions may be

qle v, 1= q*'(‘r) +enly, 1)
qlev.d=qgd*D+en (1
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where the 8§ —variations are 8q=¢7,8q =¢7n’, e>de. Note that
when ¢ tends to zero with v [e.g. , €e=€e=v ,] the variations
give at r=r* the following values

Lim Lim -e.ﬁ' - A
v -0 T

Thus the 8q' variations do not approach zero with the variations &q
when the parameter ¢ approaches zerol™) Similar variations, of the
Weierstrassian type, will be implied in the following developments,
As schematically shown in Fig, 2 the arcs considered are assumed
to be composed of sub-arcs of three different adjacent families,

a) qlfr, ¢,,r(,),rfr ,5 ~one-parameter admissible fa.mily in
the nelghborhood of the extremalF, (¢ arbitrarily small),
containing the piece IC of the normal extremal E(IF)

for ¢ =0,

A

b) Q0,7 f§fc*+ v, one-para%neter family near C
containing the differentiable admissible®arc € for e =10,
(and point C on E for =0, v=0).

c) alnew),r +u—r—r (), two-parameter admissible
family of arcs l‘,' joining points of the arc € (points of (
in a neighborhood of E, viz,, v 1is arbitrarily small)
with the end line 7 (9, such that for ¢=0, v=0,
contains the piece CF of the normal extremal F (IF). .

When the above functions are substituted in the sum J, [given
in Eq, (6)] then the two-parameter sum may be written

(**) Other interesting examples of Weierstrassian, or ''strong'varia-
tions, are given by Bolza in Ref, 4,
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J (e, v) = A, A {q; —rF‘ (€), ¢, v] , q |70, (] v e, e (c)} +

|

+ Ap Yrp- ’qpf (&), e,v| ,qln(de ;r(e),f (c).l -
L F | 1 F j

rc o+ v
+ f ﬂ[r,q(r, e, q’ (r, e)] dr + f | [r, Q, Q’] dr +
o e
g (O
+.f N {rqbey) a0, 6] d
r v o (29)

The normal extremal arc F has therefore been imbedded in a special
family of arcs containing E(F) for =0, v=0. Assuming a
dependence e=¢{r) such that €¢+0 for v.0, the admissible

family of adjacent arcs, defined in the adjoining intervals

(rpr) s G yr +0)i G +vrp) will give for the sum J(ev) =] [e@), ]

the derivative

1) = — ] = J (0,0 €(0) + ], (0,0
dv - ¢ v :
V.—_.O (30) .
de ' ) )
where (0) =e—| > 0. Since ], by hypothesis, affords a relative
dv _—
v=0 '

minimum for e=0,v=0, then the value of the sum J for any v
in the nelghborhood of »=0 must not decrease when v increases
from v=0. ' Note that v is assumed arbitrarily small but must be
v<0 the arcs would have three points on

uio, since for values
each coordinate of the interval 7 +v <r<r . Then, from previous
considerations is deduced that it must be d i > 0

v {0

From Eq. (29) performmg operations and a.ccountmg for the
cond1t1ons obtaingd in previous paragraphs it may be found that
the requirement J(0) 2 0 leads to
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0w 7Q,Q) | ~M 7 ad) ~1 G g ) 7O 20
TC ] TC TC (31)
dq (7, €, V) .
where (r) = Jane = n(r, 0,0)
: dv .
V= O

Now, at any point D of the admissible family (Fig, 2) it is
Q(fc+u,e)—q(rc+v,c,u)=0 (32)

fon E,v=0,0(_,0 =q(r,00)] and then the derivatives at v=0 (r- r),
i,e, on E satisfy

Q¢ )+Q,(r ,0 6 0) - ¢’ (r) —q.(r ,0,0) €(0) - 7(r)=0 (33)

Also, at any point C of the admissible family, Q(_,€&) ~q(r,, =0,
and therefore on E (v =0)

Q (751 0) = g (7., 0) =0 (34)
Then, from Eqs, (31) to (34) is obtained
Oy, 7, q, QY=g 7, qd)=-(Q -q" M (w7 g, 97) 20 (35)

at the time =7 on the normal extremal E,

Eq. (35) is the local Weierstrass necessary condition to be
satisfied by any normal extremal arc E in addition to the first
necessary conditions analyzed previously, Expanding the first two
terms in the left hand side of Eq. (35) in Taylor series in a close
neighborhood of the values (u,7,q9,¢")¢F  and for increments Q' - ¢’ =8¢’
such that powers higher than the first are negligible, it is easily
found

q.

; > i, k=1, ieiiy
ﬂJ,qk,(u,f,q,q')(Q}-—q;)(QL-—qL)=0,] | "

(36)
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which is the necessary condition to be satisfied at any given r on
. as originally derived by Legendre, The condition in Eq. (36)
as generalized by Clebsch and Mavyer states that at each element
(g, 7,q, q)) of 2 normal external arc the inequality

0, , (7 aq q) 8 8q 2
q g B q') 8q 8qj = 0

i Tk (37)
must be satisfied by every set (8q) +# (0) consistent with the
equations of variation :
=g e -0, RN
qj - i=1, ... , m ‘ ' (38)

The Clebsch condition may be written in its generalized form
by considering that some controll variables ¢ (non-differentiated
q's) may be present in II, In such case, the Clebsch condition
requires that at each element( K, 7, 9 95 % ) of a normal extremal
arc the inequality

Il (w,r q q") qu qu + 11

’ r Ty Qs ,)5 6,- +
%, g, 0" 8y 8q,

qul

' ’ 4 go
+ﬂq.j @' (g, 7,00 89’ 8q" = 0

must be satisfied by every set (Sq; , Oqp) # (0,0) consistent with the
equations of variations

i=1; 2; ;0
‘(pi = (f)i qu e (’bi , 5‘('; =0 , f=m+1,..,s
Q{' q j j = },, ey M

(40)
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B. LEGENDRE TRANSFORMATION OF THE VARIATIONAL PROBLEM I“’TO A
GENERALIZED CANONICAL FORM ‘

For the sake of generality of formulation, it will be here
assumed that the Mayer problem formulated in Section 1l is expressed
in the class of arcs

qe(r),ﬂ-—-.-m-t-l, ...... , 8

satisfying a set of differential constraints

1 = l; ..... + N |
. > .
¢, (r, q; » q’j ' o Y= @, (1 Qe O q'l, ..... P P FRE e vq )=0,i=1, ... ymen (a1)
: f=m+1, , 8 :

and terminal conditions as given by Eq, (4)., The argument func-
tions 9; (7 are called state variables and the functions qp(r) are
called control variables, It is simple to see that the first neces-
sary conditions for an extremal derived in Section 1 and paragraphs
1,1 and 1,2 will remain formally the same, Evidently, the Euler
equations associated with the variations of the control functions
are to be added to the set derived in Section 1, These equations
will be considered in the sequel a

In the developments to ne considered in this Section, use will
be made of the general variational principle that says (Ref, 2):
"If a functmnal J is stationary for an admissible set of functions
q; (n satisfying certain subsidiary cowd1t1ons(¢ =0, Yo 0), then
J remains stationary for the arc 9; () when the- subs1d1ary con-
ditions are enlarged to include any further relation already satisfied
by the functions q; (7). The lLagrange mult1p11er method leads to |
the transformatwn considered in the following, thus allowing, in -
general, to express the extremal in terms of a set of first order
differential equations instead of the second order Euler differential
equations,
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To this extent the so-called canonical variables( 7, dj» g Vi)
‘related to the variables (r,q;,d,,q.#) by the equations

"j‘”q} rapa’yrap o) 0= 0 apdy s ap) (42)

are introduced, where M=p ¢, (r, a5 q} ., ¢) as defined before,

The extremal arc E is assumed to be composed of extremal

| sub-arcsEl. F_‘,z, ..... ,E® to be normal viz,, satisfies ('bi:O and the

 Euler equations Eqs, (26) with a unique set of multipliers A =1,

o () ] to be mnon-singular in each sub-arc [Viz., q} () and u, (7)

~ have continuous derivatives between corners] along which q (r)

~and ¢’y () are continuous, and satisfying at the terminal points

~ the conditions E//b=0 and condition (11), (the functions 9; are

continuous in 7 7p  and the slopes 4 are continuous on each
sub-arc), Thus along FE, accounting for the vertex conditions

~ Egs, (24) and the previous considerations, Eqs, (42) define func-

~tions v, (r) continuous in (71'7¢) and having continuous deriva-

 tives v; (r) between corners, By implicit function theorems

- (Ref, 1) there exists a neighborhood N of (T,qj,q{,,vj)eﬁ in

- which Eqs, (42) have solutions |

q3=q,j (7: ijqg ’Vj) , #iz:ﬁi (T’qjsqe ’V]') (43)
- which reduce to q; (n, i (r) for [r, q, (N, ap (r), v; (T):l ek,

It is assumed that Eqgs, (42) define a one-to-one correspond-
ence between a region M of interior points (7, q q}, 4. 1) and
the region N of points (7, q;» s vj). Then, in view of previous
considerations, iqs, (42) have single-valued solutions of the form
given by Egqs, (43), except possibly at corners, The generalized
canonical transformation described is represented in Fig, 3,

According to the general principle thekintegr‘and function I is
. now enlarged to form the following function |

dqi >
F=N+U, | — -3
,+ [q‘ dr K

J
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which, with obvious transformations, is written

F(T,qj,qe,vj)-—_*vj-z: - H (44)

“The Hamiltonian function H is (Refs, 1, 2, 8)

H(T,Qj,qe,vj.)=\{i. aj'_n(r’ qj’qﬂyq’j’pi) ‘ (45)

which is also written

H = ' [ P " . ) : (46
[qjﬂq} n(ﬁqj,qe,q),#‘)] )
The derivatives of the Hamiltonian H -function are readily found

to be

H - ’. y M, H = - y 4. !‘,.': y P
q qu roapap @ m) s 1 &y a5 ap - 5 7 )
qu= B _Hqg gy ap, T F) ;’vaj = g lnap,a,v) (47)

Now, for the functional F(r, a9 vj) the corrésponding
equations of variation are (assuming unrestricted variations)

=v - (48
[F‘]qj _vj+qu_0 )
F], =H_ =0 (49)
[Fl,, W
[F]"""iwz - ij =0 (50)
where [-], “indicates the variational derivative d/dr [( ..... ) ] = ()
The extremal arc q (1), q (1), v, (s}, must satisfy the end-conditions
j,bp - 0 and the Transversality condition (canonical form)

| dq. - =0
dA(rl,rF,qjl,qu) + [vj da; — H dr ] (51)
; : |
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to be terminally admissible, KEq, (51) provides the so-called nat-
ural end-conditions for some or all of the Vj’s and for H.
The set of equations (48) to (50) is called canomnical ec)i__u“ations
of the extremals, From the canonical Eq, (50),
dq.
]
*—(-l;-lzllvj(r,qj,qg ,v].) ,
is seen that at corners, where a finite discontinuity in some or all
of the controls 9, may occur, the states gq; are continuous but
some or all of the slopes ¢ are discontinuous, In addition to
Eqs, (48) to (50) the following relation may be obtained

d
- s . = - ] y. ’ H , -
- H [rq (0,9, &, v,0] IL»-qu% *l%g‘W #Hy Y
which, accounting for Eqgs, (48) to (50), leads to
dH
~—=H (r,q.,q_ ,V)
r j i
dr £ (52)

along the extremal arc,

Evidently, from Eq, (52), for H, = 0, H =const. and a first
integral is obtained, Eq, (52) is the equivalent of Eq, (19), as
is immediately verified using Eqs, {46) and (47), The canonical
equations ‘

dvj ' dH
_— Hq. (T’qj’qg ,vj)-—-O ; "":“—HT(T,q}.,qg , vj)=0 (53)

dr j 7
indicate that at corners of sub-arcs satisfying Eqs, (53) the
functions v, are continuous as well as Ii, though H; and H may
be discontinuous, These are the Erdmann-Weierstrass vertex
conditions derived in Section 1, Eqs, (24) and (25),

The canonical equatio,hs of the extremals, Egs, (48)‘,. '(749)‘,
(50) and (52) have been derived making use of the Legendre
transformation /

V, = n ’ s V.’q’. -»I—I:I'I ’ ’
j @', i |

' avd

s AL
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whose inverse is given by

ij=qj L ovqy-H=1

From Eqs, (48) to (50) the Euler equations derived in Section 1
may be readily obtained, using the relation v = Hq‘. and Egs,
(47)0 ' ! J

The transformation previously developed thus, leads to two
equivalent problems for which the following §sta.tement applies:
"Every extzfema,l arc in the state variables q (7 and control
variables qp OB rl§ rS re, defines by means of the constraints
¢, =0 and canonical variables v, = Hq? an admissible solution
G0 a, O, v 0 ’

of the canonical equations

— -H , =t =-H ,H -o

dr Vj : dr : qj ! qp B
Conversely, for every admissible solution of the canonical equa-
tions of the extremals, the state variables g () and control

variables q,(7 belong to an extremal",

1. The Hamilton-Jacobi Equation and Caratheodory's Curves
of Quickest Descent.

Some brief comments will be made now in connection with the
Hamilton-Jacobi equation, canonical variables and the Carath€odory
intefpretation of the extremals as curves of quickest descent, Con-
sider the hypersurface

W(r,qj ’q2)= p = const,

Such hypersurface is said to be transversal to the direction I:q;
if

- q . e | o 54
(1t anq;)dr+11q.j dq; = 0 (54)

for any set dr, qu. »dgp satisfying

W d o+ W dg = ' | (55
,dr+ijdql+WqF dqz. 0 _ v (55)
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Now, in a field F of extremals, the Hilbert integral (Ref, 1)

'9q]-vw

J* = f [H—q)ﬂq.)] dr + Uq.‘ dq)

)
T 4vq. »q R

formed with the slope functions of the field, is independent of
the path, Then from a fixed point (r, q .qgo) to a variable point
(r, q;, qy) inF,the values of the integral in°Eq, (56) define a single-
valued function W (r, 9 qg)whose derivatives are

WT = Il - ql nqoj (57)
W =1,

o009 (58)
Wq? =0 (59)

The previous equations follow after considering that since the
value J*is independent of the path in I',then J* must be the in-
tegral of an exact differential dV Then, at any point (7, q,, q))

of the field and from Egs, (54), (55), (57) to (59), the hypersurface
W (r, q., q) = p = const, will cut transversally the extremal of the field
passing through that point,

According to previous developments in Section 2 and from
Eq, (58), it is now introduced the canonical variables (r, q;+ 9> “q‘)
related to the variables(r, q; _.q’j ,qg ;;i)by the equations }

Wy, = Moy g aiogp o) o 0= lrogpay,ap) (60)
By implicit function theorems (Ref, 1), there exists a neighborhood
N of (r, %, qp Wq ) e, in which Eqs, (60) have solutions
. i
q).::O)(r' QJ .q(: s “q ) § ﬂi‘z,“i(f,qj‘,q‘, , W ) (61)

j " 95
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reducing to q; (n), p(r) for [r, q; (r), qg(r), Wq %(r)]c F.. Then with the canonical

3%
variables introduced the Hamiltonian functional, with the slopes and
multipliers of the field, is written

| B _ oM
ll(r,qj,qg,wqj>_wqj Q-Mr g9 Q) M) (62)

Consequently, from Eqs, (57) and (62) is obtained

Wr+H(r,qj,qg ,ij):O.“ _ (63)
Eq. (63) is the so-called Hamilton-Jacobi partial differential
equation, * The extremals are shown to be the characteristic
curves of said partial differential equation of first order, Cara-
theodory (Refs, 10, 11) has studied geometric properties ot the
extremals, based on previous developments, leading to very inter-
esting interpretations of variational problems, He identifies the
extremals with what he calls ''curves of quickest descent''. For
that, it is required that there exist a representation W {(r, q;. gy )=
p= const, (viz,, a one-parameter family of hypersurfaces) for
the family of transversal surfaces, with which W satisfies the
Hamilton-Jacobi partial differential equation, Should such family
exist, the curves of quickest descent are all extremals of the
field F. In recent years, researches working in optimization
problems have applied direct methods (e, 8. Ref 12) based on ideas
similar to those exposed in this paragraph

The work of Carathéodor‘y is intimately related to the theory
of fields and their relationship with the partial differential equation
of Hamiltoniand Jacobi, If the family W(r, a5 qg)= p exists, and
satisfies Egq, (63), the curves of quickest descent are extremals
and the surfaces form a family of so-cal’ed geodesically equi-

distant surfaces,

!

* Equation introduced by Hamilton for plf-d»lcf)le;:m,‘gj of mechanics in
1835 (Ref. 8)., The original introduction of canonical variables
for variational problems associated with mechanics is attributed
also to Hamilton, (Ref, 8), while Lagrange already used differ-
ential equations of canonical form in his theory of perturbations
(Ref, 9).



107

C. NECESSARY CONDITIONS FOR THE CASE OF RESTRICTED
OR ONE-SIDED VARIATIONS

In previous sections the necessary conditions for a minimum
of an arc 9 @, qp () have been analyzed tac1t1y assuming arbi-
trary admlssnble variations qu%O and qugo on E. Some
restrictions will be imposed now on the variations to the extent
of studying the necessary conditions to be satisfied by a broken
extremal arc E when a piece, or sub-arc of it, is in common
with the boundaries of the region of admissible control,

Assume there exist a normal extremaloid E (i,e.,, of class D',
or piecewise C'; Refs, 1 and 4) affording a relative minimum for
the function A(qj AR ) in the class of admissible arcs

P

< _ <
q; (n), QQ('), T =T=Tp» satisfying the differential constraints
¢, =0, and end- constraints ¥p = 0, and such that the control

variable is qp(r) = qe(r) 1, S rSr  where g (r) 2 qp () 2 % ),

<< s 1

n=r=r, defines a reglon D of admissible control,

F
The normal minimizing extremal E assumed is pictured in Figs,

4(a) and 4(b), The nomenclature and range of the subindices has
‘been defined in previous sections, thus it will not be repeated,

Due to the 'mormality' property and assuming that
51 ’fr ; (r} v mp ) is a set of admissible variations W1th whmch F‘
satlsfles the equations of variation & ()7 . 'ng*") =

W (‘fl'fr 77 ’TI )=0 then from the Funaamental Imbedchng

Lemma (Ref 1), a one-parameter family of arcs 9 (r, ¢), q (r, e
containing E for the value e=e¢  and having §.¢p, n; (1) mp ()
as its variations on E can be detelmmed The varied functions

of the family are

q; (r, & = 9 (r,e,) + (e—¢) n; ()
ap 9= q,6e) + (e=) 7, O
Ts (f) | = 75 (Co) + (C_ (o) é‘:s y S ’=I or I¥ (64)

and its variations on FE (c:co) are then
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aqj (T, t')
de =7 )
€=¢
-0
aqe (T, t') 1
= 7 ()
Oe
€=¢€
o
drs(()
———— = E s S = l or F
de 8 (65)
€=¢€_ ;

In the family (64), le—¢, | is taken arbitrarily small, i,e,, ¢
is taken so close to ¢ that |e~¢ | »|de]. Thus, the 8-
variations are 8qi= (e—¢,) o By = (e —¢)np

Forming the J sum in similar manner as was done in previous
sections, and extending the integrals between corners [see Figs,
4(a) and 4(b)] , the following derivative is found on E

dJ (e

= - [AO (AqF 9p + A’F‘) + HF + '\p (l//qF q'F + ',b,F )] ‘fF‘

+ [Ao (l\ql Q' + A'l) - Tl + '\p (-llql qy + slf,l):] &

: | - Ay |
FA 'x’qp)"ip +(Ao Ag = Tgf * psbql)n"
' 1 _

|

A .
+ < = qu + "qv
: F

wf(n  —n ¢ +(n _m ¢ +(n, -1, .
<°1"° °1+°>'1 ("2‘0 °2+°> €q (qcl—() ‘1'c1+0>"’cl

RSNG| L P BT P e
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ey - 0
R
+ ( I 'c _o I oc v 0 ) n)c -— f [n] n] dr
2 2 2 qj
N
rcil-— 0 rcz -0 rc2 -0
+ f ﬂqE n dr — - f [II] n, dr + f qu np dr
rl rcl +0 rcl + 0

e o
f [H] n; dr +
q.
, j
Cy +0

02+0 (66)

In taking the preceding derivative account is taken for the fact
that the 7, variations satisfy similar continuity properties than the
f functions, Then, at junctions of different sub-arcs the
variations must be continuous, i,e,, " =1 ! = ,

cy =0 c‘l+0 ¢y =0 o+0
while some or all of the 7 functions may have finite discon-
tinuities, A graphical interpretation of the total differential

dqjs at a corner C of Fle=¢)as pe,rtainirig to each sub=-arc

e=€
joining at C is gwen in Fig, 5, This figure takes account of the
most general situation where E is imbedded in a class of admissible
arcs q; (r, ¢) whose corners (' define a ''line of corners"

9% [, €], rold=r () +(e—e )&, , containing that of Efor(—t |

From the transversahty condxtmn Eq, (12), the Erdmann-
Weierstrass corner conditions Eq, (24), and since along each sub-
arc of the minimizing extremal E where variations 8q 20, 8q€ 20

are admissible (viz,, it may be taken e-¢ 2 0) the Euler
equations [ﬂ] =0, [[]] = 0 , (Sections 1 and. 2), must be.
q, - ~q
J



110

satisfied, then the derivative (66) on E may be written

-0
dJ (e f27 7
oma—— = - H ﬂg dT .
de ./r i
| =€
0 701 <0 ., v (_67)

Note now that due to the boundary qf’ () imposed, [see Fig, 4(b))
the only admissible var1at1ons in control a.long the sub-arc
(rcl 7, ) are qu_A(c—eo)nez Q.Then for g (r,eo)_ 0,

2
< < o
o= 77 e, »l€—€¢) must be taken positive, This means that, as
shown in F1g. 4(d), now it can no longer be inferred that
dJ(e) ‘o
e = 0 as is the case when ¢ - e, May be taken positive
€ =€

or negative[F‘ig. 4(c)]in a close neighborhood of the minimizing
extremal E(e=¢,) . Since¢ - ¢ may only be taken positive now,
and E minimizes J(¢) for ¢=¢, then we may only infer that

dJ(e) >

—————

0, [Fig, 4(d)] . To the left of ¢=¢_,in Fig.
de ' S -

=€ B _
- e
4(d), there is a forbidden zone where, ‘if values (=€ )< 0 !
were perm1ss1b1e[1 e,, if there were no boundary g (r)] J (e
could yet attain a value J(e,) < ](c \) for a control

ap (f)—~q2 (r)+ Bag (r), Sqp< 0,7 S¢Sy . Of course, to the right of
b 0:3l - 02 %

e=¢ and in a close. neighborhood e~¢ Sp,p>0, there is no

admlsmble arc g (r, o), q (r, ) for whmh ](6)(]({ )

because by hypothesxs q {7, ¢} » Gp (r, €,)is a minimizing extremal

(relative minimum), Thus, from the derivative (67) and previous

discussion is obtained,

;8 ; ' (68)

B RO T

s F RN
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as a necessary condition for a minimum ‘associated with the control
variables following the boundary of the region D of admissible control
(i.e,, for one-sided admissible control 5qz 20 qQ (n is called a

"lower' bound), If the adrrnsmble control variation 1s qu= 0

the associated condltlon is similar to that in Eq, (68), but where
the 1nequa‘11ty sign is reversed, (e.g., case of ''upper' control
bound qe (r) (r) ' 7y $,S 712)

In some cases, in correspondence w1th admms:.ble control

variations 8ag >0 , 7, $rs r. , only admissible state variations
1 2

qu > 0, may be permissible, Then, similarly as before

9] L (69)

is obtained as a necessary condition for a minimum associated
with state vé.riables! following a lower bound, Other cases may be
considered in a similar manner, Condition (69) has been previously
derwed by Bolza (Ref. 4) and by Bliss and Underhill (Ref, 13),

The admissible displacements must be carefully analyzed when
applying the previous conditions to particular cases,
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D. PONTRYAGIN'S MAXIMUM PRINCIPLE AND THE WEIERSTRASS CONDITION

If an extremal arc F is locally compared with a differentiable
admissible arc ¢ in the (r, qj » 9.v;,) - space, having with F pro-
jections of common coordinates (r,q., v.) and such that for the
control variable increment Aqp = qp —]qe* , (gp* = optimum control on

F; control on ()it is Aq - R * _
q? ) q] q)(", qJ que’ \]) qj(f, quqZQV])* 09 Aql 09

then at such point the necessary Weierstrass condition

W= 11 (r,qJ ) gV )-11(r, a;, q'é 'Y )»- (q'j - q;f) Vi 20 (70)

must be satisﬁed At (r, g , qp* ,vl)cF] correspond values,
o= m (r g ,qg,v )andq -q (r q; . a} , v; ) of the multipliers and

slopes of the f1eld on F‘ A graphmal representation of the incre-
- ments Av'j $0, Aq'j* 0, Avj =0 , qu =« 0 with respect to the values on F,

and for a control increment Agy is shown in Figs, 6(a) and (b),

From Eqgs, (45) or (46) and (70) we see that the Weierstrass
condition in terms of the Hamiltonian H or, in other words, the
canonical expression of the Weierstrass condition may be written as

= - (0 g% 8 0
AW=l(raq ,q,v)-H{q.q" v)g (71)

for any admissible q. Eq, (71) must be satisfied at any point
(r, q; » QQv ) on the extremal ¥ i, e.,,, ‘at any point along an
admissible solution of the canomcal equations of the extremals,
Assume now that the minimizing extremal arc E (relative
minimum), represented in Figs, 4(a) and (b),  is expressed in
terms of the canomcal variables q (r) ) (#),v.(r) . Then, fol-
- lowing an analogous derivation and with similar considerations as
were made in Section 3, it can be shown that for one-sided varia-
tions ng=flg(hf)(¢-f)=0 i ')'0"c‘+o$"'c vle-e)> 0,
le—e | »|def, we obtain the necessary cclmdltlon 2-0

SRR T U L A e . :
e R T B e e i e e



113

| r
2‘--‘O e, -0

D
&

: 1 >
d J (t’) ' - : qu Bq‘; dr=~- f qu Sqe dr = 0
r

e+ 0 o 01+,Q {(72)
~for J(e) to be a minimum with respect to any other value J(e),
0<(e-¢,)<p,and with p>0 defining an arbitrarily close neighbor-
hood of ¢, . Consequently, Eq, (72) requires

<
H_ [ra, @, ), v, ] £ o

¢ (73)

A

< . .
= 7 ’Cr,_o, and for '3qe(r,eo)i— 0, as a

~at any time r,fcl+0~ .

- necessary condition for a minimum along sub-arcs where the control
q (r) is in common with a lower bound g (r) = g () of the
b

~admissible domain D of control, Similarly,

: >
Ny, [n a0 g0, v 6] 2 0 (74)

~ for qu(r, 60)5 0, 1is a necessary condition for a minimum along
~ sub-arcs where the control g (r) is in common with an upper
bound [q () = apy (r)] of the admissible domain D of control,

- In case the control g (r) belongs to the interior of D [Fig., 4(b),
- sub-arcs IC’1 and C'2 F]the,n control variations qui 0 are admis-
sible and Eq, (49) must hold, | <

« Note that in the previous considerations the most general
~ situation of time-dependent control boundaries has been assumed,
It is then concluded that “

aH (z, . g, V) ~
— 0 for admissible qu% 0

5qz

0 for admissible 5qe__<_ 0

3a,
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oll (=, q. .
( q) ,Q(;, VJ)

0 for admissible Sq‘3 > 0

Jd
" (75)

- * - ——<_
A}[_[{(‘r,qj,qe +Aqg’vl) Tl(r,qj,qf*,vj) 0

(76)
%* = control on FE, at any given time r = % r S 1,
with .4,V JeE, constitute a set of necessary and sufficient con-
ditions defmmg the optimum control qe—qg , in the bounded interval
qP (r*) S -—<- gp (), as the q — value maximizing Hir,gq % v ).

Note that “the concept of 'point by point variation" wiuch as stated
by Bolza (Ref, 4), played an important role in the early studies of
the calculus of variations, is applied here, In fact, at a given value
r=r*, 8q=8q(*.e ), 1is the admissible variation Jq at a '"point'
of q%() on E [see Fig, 4(b) point M]. The maximizing property
of the optimum control q’; in connection with the Hamiltonian
H(r,q1q,v;) is also called "Pontryagin's Maximum Principle"
[Eq, (76)] In terms of this maximality the optimum control at
r=r* on kK is also expressed by [qj (r"')=qj * . Y (r"‘)=vj *J

\‘ﬂx. ” (7*, q? ] Vl; y W)

qph (%) g @ < qpu ()

b

Note that for a normal extfemal E, at a junction (r=rc)
of two extremal sub-arcs, from Eq, (52) is obtained [e,g., see
Fig. 4(b) at the cornerr = 1., ]

H [fc,qj(r s g (7 —O)v(r)] —H[ (r). qp* (r, +O)v(r)] (77)
and thus, from Eqgs, (45) or (46), (70) and (77), follows that the

Weierstrass condition

W(’c, U Vi W _ W ) -0 (78)

1
2
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at the corner C (and consequently also AH|_ =0). Eq, (78) states
that at junctions of extremal sub-arcs, forming the extremal arc
F., the Weierstrass condition vanishes, A graphical interpretation
of the important condition given by Eq. (77), at junctions of ex-
tremal sub-arcs, is shown in Fig, 7(b) where some possible situa-
tions that may arise are pictured, Fig, 7(a) represents the opti-
mum control identified by points of the H- line satisfying the con-
ditions given by Eqs, (75) and (76),

The relation between Pontryagin's Maximum Principle and the

Weierstrass condition has been also considered in Refs, 14, 16

and 17, The drawings corresponding to conditions (75) and (76)
have been simplified in Fig, 7(a) adopting a two-dimensional
representation, However, it is easy to imagine the corresponding
condition represented in higher dimensional spaces (case of multiple
control), Assuming two control variables, q ., andgq_, ., for
example, the optimum c:ontrols a1 andq* | ,at given values

(r,q,v;)eF, are the coordinates of the maximum point on the sur-

face Il = H(r, 94 Vi 9m 4+ 10 9m+2) in the interior or on the boundaries

of the domain D of admissible control (see Fig, 8).
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E. PROBLEMS WITH PARTICULAR FORM OF THE DIFFERENTIAL CONSTRAIN‘I‘S |

The Mayer problem formulated in Sections 1 and 2, will be now
considered in the class of arcs

qj (r) o QE (T) ’ rI = 7 7F\ ’ j= 1, ....... , M

satisfying differential constraints of the form

¢'j§q’j'—fj(ql’ ..... ,qm,qe,r)z_-O , i=12 ....5m (80)

where gy is a control variable, The terminal conditions are

‘ X _ _ <
lllp [qj (rF),qj,(rl) » Tp TI] =0, p=1,... ,r=2m+1 (81)

and the function to be minimized 1is

=1\[q ) qQ rl),rF,rI:l

The control variable (r) ma.y or may not be bounded
E{gb (r) S q (1) S q, (7). ThlS will be opportunely considered in the
following discussion, Also, it will be assumed that

fl (q] ’ qe s T) =¢1 (q) ’ qH ’ f") ’ f2 (qJ ’ qK ) 1’) = (pi (q, , r) qe
and 9 |
S

aqE
With the preceding assumptions a mathematical model repre-
senting the type of constraints most generally found in problems of
the mechanics of flight of airplanes, glide vehicles, terrestrial and
extra-terrastrial rocket propelled vehicles, has been defined, Ex-
tensions of the followmg considerations to cases of multiple control
will be considered "in situ', For the variational problem of mini-
mizing A(q- ,anF 1) in the class of arcs 4 (9} , qp (r) satisfying
constramts (80) and (81), similar necessafy"conditidns as previously
derived in Sections 1, 2 and 3 apply, Thus, this will not be done
again here; it is a simple matter only requiring easy specializations
of previous developmen.s, The same applies, of course, in regard
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byt

‘ t‘o imbedding considerations, continuity and differentiability conditions.
5 The previous general analysis underiaken in Sections 1 to 5 will be
here particularly applied, with the object oi presenting to the reader
the "characteristic line® construction (Zermelo's line, or so=called
"indicatrix line® by Cicala, Ref. 3) and some other geometrical intera=
~ pretations of interest for problems with bounded and unbounded control.

| Forming the Euler-Lagrange sum M-y and from Egs.

(80) and (42), it is seen that now the canomcal variables v = ﬂ ;

are identical with the multipliers K - Thus, for the type of dxfier- ,
ential constraints assumed, the canonical transformation (see

Section 2) degenerates into a trivial form, This fact, however,

does not impair the validity of the application of previous consid-
erations to the case studied here, Therefore, the Legendre trans-
formation of the wvariational problem (see Section 2) will be formally
introduced and the canonical notation kept for the sake of referring |
and applying previous conditions derived using the generalized canoni-
cal form, -

The canonica' variables (r, 9. 9 Y ) are related to the variables
(r, 9, 45 g , #i) by the equatmns

ﬁ*"ﬁ”‘ﬁ ' 0'%‘4ﬂﬁ'm”qm'%'” (82)
The properties of these variables, (continuity, etc) may be denved
from considerations in the preceding sections. Eq. (82), m a
neighborhood N of (r, q;.q,v;)¢E have solutions

q.j - q‘o (ql’ cese s Qv Gps vj 1) -1; (ql veesss s Gpo n ., K = f[, (ql, vee s Qe Ggs T vj) -v‘ |
(83)

reducmg to q (r) , K (r), for l_q (v}, q (1), Vi (n, ] «E. Following similar
Idt-\mlopments as mdxcated in Eqs, (44) to (47) it is found that the
'e'q;;ations of variation, in terms of the canonical variables intro-
~duced, are
[F] = 20un anquep =0

] + O P » ¥V -
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[ dq.
(Fl -J_y4 ¢, v.)= 0 |
Vi ‘dr Vi ’ q)z WY | (85)
The previous equations, using Eqs, (47) and (82), are readily
reduced to the corresponding differential set, (equations of con-

- straint and Euler equations of the Mayer Problem)

dpj of,
—— N -—-——=O y i=1; ------ ;m,i=1, ...... , m (86)
+ Ji. .
dr Fi aqj
dq.
J
D T, fj (ql 9 seve qrﬂ P qg 1] r) = 0 L) . . (87)

expressed in the (7, q; ,q'}-', qap #j) variables. Eqs, (84) to (87), giving
the first necessary conditions for an extremal in the (r, 9, @ "j)
and (r, 9 » q’j ,dp» ;) systems, (except for one equation to be consid-
ered in the following), evidently correspond with Eqs, (6), (13),
(14) and (15) of Bcltyanskii, Gamkrelidze and Pontryagin in Ref, 15,
According to previous considerations in Sections 2, 3 and 4 the
following equation, associated with the variation of the control
variable g (s), must be added to Eqs, (84) and (85), [ see Eqs, (49),

(73) and (74)] |

dH afj S

— i y, == = 0 , for admissible 8qe 50 onFE ,

oy O (88a)
JH of, < N

— = v, == = 0, for admissible 3q{, £ 0 onE ‘
dap ! dq, (88b)
ol M. :
—= l. 2 0 , for admissible Sqe < 0onE. (88¢)
aqe aqE -;

Thus, the canonical differential equations of the extremals given"

by Eqs, (84), (85) and either one among Eqs, (88a), (88b) and (88c),
(according to the permissible control variations on the extremal),
define a determined system of 2m+1 differential equations in the
2m+1 variables q; (r), v; ), gp(n) . Because of similar reasons,
either one of the equations (see Section 3)

om - 9 | ',
— -~ p=— = 0, for admissible 8qy3 Oon F (884)

£

AR R T A e T el
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all of.

)
— e ) — 2 0 , for admissible 8q 2 Oon F
P i ¢ (88¢)
qE q[’ ‘
all 3, |
= ‘ ' v i 1 8 S O R (l
-~ n 0, for admissible &gy = Oon K (881)
aq€ aqﬂ

must be added to the system of Eqs, (86) and (87), thus obtaining a
set of 2m + 1 differential equations in the 2m+ 1 variables q, (n, B (r) ,qp (7).
Im:ldentally, note that the Legendre transformation of the Mayer
problem in Section 2 (and consequently also here) into the canonical
form is of an 1nvolutory character in as much as the constraints of
one problem go over into the natural conditions of the other,

The transformation introduced in the present case [Eq. (82)]
does not operate in reality any ''mapping'' between the regions N
and M defined in Section 2 (see Fig, 3) since any interior point,
P’ (r, G+ 9p + Y Y= P, 9 q'j » ap o K ), (the one-to-one correspondence 1is
transformed into an identity),

1. The Characteristic Line, t11e H-Line and Their Properties.

For thé specific set of constraints [Eq. (80)] being cbnesidered,
the Weierstrass condition is written [ Section 4, Eq. (70)]

W= - . »* - 2
— '[fl. Qo gy af + 89 )= flay g q?’ ')] =0 (89)

since 1l vamshes 1dent1ca11y along any adm:ss1b1e arc., Eq. (89),
accounting for the particular form assumed for the functions
f) (F,qp s v gy qg)m Section 6, is now rewritten as

. | o
W(T,qj-,qg’qﬂ*,vj)‘i - A Pl VI;—GP‘Z (qj")Aquz = 0 (90)

where

Avl =¢1 (ql ’~.‘.. "qm , qe‘ + Aqe ,7’) —— ¢1 (q]_ . 55 3 qm , qz* , 1’)‘ .

Similéfly, | from Egq, (7;9),, the Weierstrass condition may be written
in the variables (r, G » q » g 1 B )as ,

w‘,,_,.»m ' )= - - ¢ 20
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The Hamiltonian H is
H (T, qj ,qe,Vj)= Vj f] (ql y see 9qqu€y7)=
v ‘Pl(qj'qﬂ")“*vzﬂ%(‘qj'”“E* ..... +vmfm(qj,r) (92)

From Eqs, (39) and (40) is seen that the Legendre-Clebsch
condition is now expressed by
2
0" ‘Pl (q], q[l ) T)

(y )75 9 s q » qp) (qu) == g (SQQ)Z 20 (93)
4

qu

at any point (7, q,, 4", qg, ,u) on the extremal and for any adm1ssxb1e
8qgp (r) . Finally, from Eqs (90) and (92), it is clearly seen that
the canonical expression of the Weierstrass condition leads to the
Maximum Principle |

||/\

AH=H( a5, q,v)=HG,q, g, v)==Nrq, q. qf,v (94)

for any given set (r, q; » ap* 'V ) belonging to an extremal of the
Mayer field,

The function ¥; (q »qp, r) will be called 'characteristic functlon .
For a given set (r q. ) ¢ E , the function ® in terms of ¢ defines .
a 'characteristic line", which for each adm1s<%1b1e given value of ‘
the control in the interval %, ("< q (r) £ 9,(r)  defines a corre-
sponding ''characteristic value” The geometrical interpretation of
the relation between the Weierstrass condition and the Legendre-
Clebsch condition with analogous lines was first introduced by
Zermelo (see, e,g.,, Ref, 19), for problems of the Lagrangian
form, Then Cicala in recent years (e,g., see Ref, 3) applied a
similar device to represent geometrically szid necessary condi- .
tions for problems of the Mayer form, Cicala called "indicatrix
line'' the lines which the geometrical construction was based on,
Incidentally, this name was also used previously by Carathéodory
(Ref, 20) to designate with a similar construction of particular
interest in studying broken extremals and necessary conditions,

The characteristic lines here applied correspond with that used
by Cicala (indicatrix line), Let us assume, for the sake of dis-
cussion, that at any given values (r, q) the curvature of the char-
acteristic lme ¢y (7, q; qg) is such that
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<0 ‘
aq?‘? . -~ (95)
for any admissible control Therefore, assuming that along the ex-
tremal,u) (1) >0, 1 < r_rP , the Legendre condition (93) will be sat-

isfied in its strengthened form at any point (7, aj, qJ » g By ) e E. This
assumption is a necessary requisite for the analysw of accessory
problems (Ref, 1), as well as for the geometrical interpretation of
the necessary conditions here studied and its justification will be-
come apparent to the reader later on, First considered will be the
case of unbounded control g (7). | Thus this implies that Eq, (88d)
must be in force, since for any %" on the extremal, 5qg 0 will be
admissible, Consequently, from Eqs, (80) and (88d) is derived

de,

M +ug @y lria;) =0, o 1 (96)

aq?

as the necessary condition assoc1ated with the variation of the con-'
trol variable, From Eq. (91) and the requirement x,>0 is seen
that the Weierstrass condition may be rewritten as

W

* (97)
Ho : : :
where p* =, (r, q; yis Cicala's: “-1ndex—ya1ue" (Ref, 3).
oy :
Egs, (96) and (97) permit a graphical representatlon of the
Weierstrass condition as indicated in Figure 10. Note that at any

point on the characterlstm line (e g., P or Q) due to conditions (95)
and u;>0, the Weierstrass condition Eq., (97) is satisfied in its
strengthened form (W/p, > 0) for any admissible control increment

Aqe 20. At point P in Flgule 10 the Weierstrass cond1t10n in Eq, (91)
is wr1tten

W(f,q.,q v Gp o )= =A@ - A s > 0
R PR 1, =92 A9 o

(98)
i _ _ R O . l\¢ - v o _ ‘ .
for a control increment Ady qES. qu (\ and ! 1.~ % From
~Eq. (80), the slopes @ = f C TR ,')lf;"may be determined,

ip
Also, from the angular cuefhcwnt of the tangent to the characteristic
line at P the index-value pd = po/py @al and therefore the ratio of

multipliers “:/“1' pmay be found, Consequently, since there are
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values (rp , % * q’jp A #jp) satisfying the Weierstrass condition at P

for any admissible increment Ag, we may determine the values Yip
with which at (7, , qu) Eq. (94) is satisfied for a control g = qu,
In our case, due to the simple canonical transformation applied

evidently the previous statement is readily verified from Eqs, (90)

to (92).

Note that since #y >0 then vi> 0 and the modified Hamiltonian
[from Eq, (92)]

—-——=H=‘P1+V2‘P2QE+ ..... +mem (99)

may be used in our reasoning, In this case then

- W
AH:-—-"""‘-<='O

1 (100)

is the ‘necessary requirement for optirmum control, equivalent to
Eq. (94).

Corresponding to (r q; . a9 F‘dp there is, according to pre-
vious considerations, a point ("qj v g Vj1 p satisfying with this set
of values the Weierstrass condition Eq, (90) and thus Eq, (94)., The
control variable qu may be therefore determined by drawing the
H-line [Eq. (9’2)] for given (7, qj » Vj) lp and finding the control %,
for which AH=H(r,q,,q,v)=H(r, q, W, v) < 0. The graphical repre-
sentation is shown in Figure 9, At point P in Figure 9 evidently
,qu=0 since variations 8“2% 0 are admissible,

Figures 9 and 10 point out certain basic geometrical charac-
teristics, While the maximality principle [Figure 9 | |
refers to function values, the Weierstrass device F‘ighré 10 ]‘em-’””‘
- phasizes on function curvature, Thus the latter construction re- ‘
quires that the characteristic line lies entirely on the same side b
with respect to the slope at a given point, in order that the W-test
be satisfied for any increment Aq,. Moreover, there must not be v i

I
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any inflexion point on the characteristic line otherwise in some
interval the Weierstrass condition will not be satisfied, This
follows from Eq, (93) since a reversal of the inequality

3% 82“’1
—1 >0 5 = 0 , inflexion point
9ap” dap

will cause that the Legendre condition will no longer be satisfied
with ¢, > 0.

In this respect an interesting case, though perhaps of purely
theoretical value, may be analyzed, Considelj*, as shown in

Fig. 11(b), that the characteristic line has the two asymptotes
indicated with m and n and the two inflexion points M and N. One
can immediately see that the Weierstrass condition then will not
be satisfied at any_poix}t P on the characteristic for arbitrarily
chosen A g . However, if the control is now permitted to be

< <
""naturally bounded", viz,, qEM =G = qEN

interval the W —i:e st is satisfied for admissible values Ag. To
(r, q q'] v dg s by) l:PC‘orresponds' a canonical set satisfying,

, then within the specified

for given (r, qjg, v; )| . the condition A HS 0 with Qp = qep and for any

A

adtﬁissible Aqp, g ap s QgN . The H-line representing the latter
SR W

condition at P is shown in Fig, 11(a). As derived from Figs 11(a)
and 11(b), we could extend in many detailed considerations in re- -
gard to the configuration of the lines, characteristics, piece-wise
admissibility, etc, However, for brevity, this will be left to the
reader, The problem considered is of theoretical, and perhaps
practical, value and may be synthesized in that class of 'problems
which having no optimum solution for unbounded control may be
transformed into another having an optimum solution for naturally
bound=d control',

Another ixg_terésting case, which will be only mentioned here
is that of a characteristic line having one inflexion point and only
one asymptote, ‘

lt is iﬁ't'eresting“;to poinﬁ out that the considerations already -
made, concerning the graphical interpretation of the Weierstrass
condition and maximality condition, may be readily extended to -
cases of multiple control, To show this we consider Eq, (80) to
be of the following form ‘
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¢, q'.—f.(ql,,...,q v Gp Gy »7)=0
AR A m’ e, (101)

where qgl (r) and q (), Srsy are now two control variables, It
2 .

F ’
is assumed that

fl = ‘pl (q} y qel ' q‘_)?.s T) 4 f2 = ¢P2 (q] ’ T) qu H f3 = ‘P3 (q] ’ T) qu
dfs ofs
= w—=0; s=4;.... ;m
dq dq
f, ¢,

For unbounded control the firsf necessary conditions, Egs, (84)
or (86) remain formally the same while the equations associated with
the variation of the control variables are H = H =0 or Il = Il =

p ap L
1 2 1 2
From the latter equations is obtained

a«:l
,n= 0
Hy 3q, L PRC IR
1
de
1
I‘L ome——— + #3‘p (Qa T) = 0
L9 3 (102)

‘)
2
Also, consider that the Legendre condition

2

9* ¢ e, 2% ¢,
- Py ; (Sc;p )24 2T aqp 5q‘, + (aqp )2 >0
1 1 = 2
is satisfied in the preceding strengthened form withu, () >0, = < m b

Thus the bracketed term in Eq, (103) is less than zero for any ad-
missible set of variations 8qy ,8q satisfying @ (qu.&v O ,7) =0.
1 2 1 2

The Weierstrass condition is written

\V:—pl[A¢l+y"‘L\qgl + ;;’A(WDJ 2 0
(104)

where

Ao =¢k(',"‘*£\,4vq,‘+‘j\q -T)""‘P(‘!q,‘l ,q“,T)
1= 95, %, LR 0, A R
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and (q? » *) indicate the control on the extremal at timer.
2
In cond1t10n (104), the values
Ho ¥q (qj ) 7)

P"= + #: =
Ky # (105)

Ha ¥ (qj 'y 7)

are the '"index-values' on the extremal,

From previous considerations it is seen that the Weierstrass
condition admits now a gra.ph1ca1 interpretation as shown in Fig, 12,
The characteristic line of Fig, 10(b) and Fig, '11(b) is now replaced
'by a '"'characteristic surface" To satisfy Eq. (104) for any set of
lcontrol 1ncrements(Aqg Aq? )such that qg p* +Aq? ‘ qg =g, *+Aqg

are admxssxble [v1z., each pomt P(qp  ap, ) belongs to the mtermr or

the boundaries of the region D of admwmble control in Fig, 12]15
necessary that the characteristic surface be entirely in one side
w1th respect to the tangent plane T to the surface at any point P
consn:le,red on it, In Fig, 12 is reprobented the case where every
point on the surface,corresponding to controls dp,, 9o in the admis-

‘sible domain D, satisfy Eq, (104). At the point P on the character-
istic surface, the geometrical representation may be reduced to the
two-dimensional cases already studied by assuming admissible con-
trol increments Aqe 0 (plane %, = co_g’,st.‘),, /\,qezf 0 or viceversa,

Again as before, several cases of characteristic surface con-
fzguratwns may be reachly imagined, This will not be discussed
here, '

Fmally, note that thh similar considerations as before we can
see that the correspcnding condition

1 . o ) p P < .
AH =11 (r, q » q&l , qu 'Y ) = H{(r, q; qgl ) qzz , vj) s 0 , for (r, a4 . Y )

gat P is represented by the point of maximum I on the surface
H, 4.V q . 9 )yas was already shown in Fig, 8.
: 1 2

2. The Charaéteristic Line and the H-Line for the Case of
. Bounded Control.

, For the case of bounded control the characteristic line and the
'H-line remain the same as for the case of unbounded control,
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The Weierstrass condition still applies when the control is gn the
boundary, (i,e., for one-sided admissible variations Sg), as well

as the maximality condition. This fact has been also pointed out
in Ref, 17 by Kopp and previously by Cicala in Ref, 3, However,
in Section 8 of Ref, 15 is stated that for boundary points of the
admissible region of control the Weierstrass condition W20, in
general, cease to be valid, Thus, this point will be reviewed

here in some basic aspects and a geometrical interpretation will

be presented (see also Refs, 3 and 17), Here, it will be again
considered the case of one control variable qp(r) for simplicity of
presentation, Along a sub-arc of the extremal (see Fig, 4) where
the control variable is in common with the boundary, of course, o
Eq, (88a) or the equivalent Eq, (88d) must be abandoned,_ Assume

the control variable follows a time-dependent upper bound g (7).
max.

Then, at any time r on said sub-arc, the admissible control wvaria-
tion is 5qg§ 0 and therefore Eqs, (88c) or (88f) must be satisfied,
The characteristic line is now drawn as indicated in Fig, 13(b),

For a control value qﬂ"qﬂm“ Eq, (88f) requires
uo 2 _(i“.’.l.)
aqe (106)
Ho ¥y la;, ) |

where u* is the index-value , {up > 0) , then

Ky
this indicates that at R [Fig. 13 (b)] instead of referring the
Weierstrass condition with respect to the slope n it must now be
used the line n’ of angular coefficient-p*. From the Weierstrass
condition Eq, (97) and Fig, 13(b), it is seen that then, for any Agp < 0
with respect to ® = %__  the Weierstrass condition is satisfied
and is proportional to the segment between the characteristic line
and the line n’. The arrows pointing upwards in Fig, 13(b) indi-
cate positive values of the Weiersirass condition, From the draw-~
ing in Fig, 13(b) we may also clearly see that, if the Weierstrass
condition is satisfied for a value - ¢,
g = 3ap |
R

’

as required for the case of unbounded control, it surely will be
satisfied for ) ae, ‘

“‘R)' T
c?qf,

>

R
as the case of bounded control! requires,
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. <9

Following similar considerations the index-value o= dq

indicates, for the case when tlrjie}cgntrol is in common with a time-
dependent (or fixed) lower bound, that the Weierstrass condition has
to be referred to the line m’ of angular coefficient —u* [Fig., 13(b)]
instead of the slope m at ¢y=qp . Then again, as indicated in the
drawing, the W-test is satisfied for any admissible Aq; >0 with
respect to q = qp_, . Note that in Fig, 13(b) at most the linesm’
andwn’ may coincide with the slopes m and n, For a control 9 =9
since the admissible varia‘*ions are 8¢S 0 then Eq, (96) applies:

and the W-test must be referred to the slope b [Fig. 13(b)],

All these considerations may be graphically summarized in
what is called '"Cicala's pointer' construction, Such construction
is indicated in Fig, 13(c), The angle between the pointer and the
horizontal corre5pond to values (u, ‘PQ/# \along the extremal, The

hne at the boundar1es qz qe . qe“Qg - . When the pointer is in

the interior of the shadowed ¢ circular 'sector in Fig, 13(c), (e.g.,

position b drawn) it indicates that the control is ¥ <g<g - This cir-

min m .
cular sector may change its angle in time, of course, if ¥he character-

istic line ¢, {r a4 . qp) changes its form along the extremal and/or the
boundaries are ‘time - -dependent, For values = (g ‘P2/ )correspondmg to

directions of the pomter as indicated with m’ or 0o’ in F1g. 13(c), the
control operation is at the boundaries as shown in the picture, The
case of control at the boundary ¢ usmg the H-line repre‘aentatlon

is shown in Fig, 13(a), Since for g = W ax only variations qu < 0 are
admissible then Eq, (88c) applies, Thi‘"é"ls shown at point R in Fig, |
13(a) where t fl> 0. At point R in Fig, 13(b) assume the Weierstrass
condition is satisfied with « 9 %1 and for any admissible one-sided

d
increment A g, < 0. The condition fat R [Flg. 13(b) line n" Jthat W> 0,
corresponds with the condition H > 0 at R in Fig, 13(a), At most n’

may coincide with n [F1g. 13(b)] and then in such case we would
have |qu = 0 for gp= g . o
This limiting situation corresponds with the condition at point R’
in Fig, 13(a), The sequence of H-line: in Fig, 13(a) has been drawn
to present an example of how it would look a ''smooth transition' or
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"junction of sub-arcs without corners', considering time-dependent
H- lines at different times along the extremal, The time r=r_
indicates the time at the junction. At the time r - Ar assume the
control is Mmin.< W ©%max, and then the corresponding H-line
will look as shown in Fig, 13(a), At the time 7=7, the control
is Wp, "% max. and at 7=7_+A7 the control continues on the
boundary % max. - Since at r=1 ., qlr,-0)= g (rc+0) ., then
the slopes q} (r) are continuous at the corner and the transition
occurs without a vertex on the extremal, Evidently, here it has
been assumed a time varying H-line and fixed boundaries, Points
P and M on the H-line at time 7,+A7 represent operating con-
ditions satisfying qu = 0 but discardables because they do not
satisfy AlS 0 for all admissible Aqy.

3. Graphical Interpretation of the Corner Point Condit ions.

In this paragraph the case of a transition between extremal
sub-arcs with a control jump Agqy, will be considered, Since the
necessary conditions at corners of the extremal arc have been
analyzed in previous developments, here it will only be made a
summary of such requirements to the extent of their graphical
interpretation, From Eq, (24) is seen that at corners of the ex-
tremal arc and for the specific type of constraints being considered,
[ Eq, (’80)], the canonical variables v. and multipliers H must be
continuous, Thus, the index-value #.zf‘z “3 qj"') must be

continuous, Eq, (25) indicates that the W‘jslier strass condition
vanish at corners, This was previously considered in Section 4,
Consequently, from Eqs, (24), (25) and previous considerations we
may conclude that a corner point, with a control jump Ag, may
exist if

a, The characteristic line has two points on it with a com-
mon tangent, i,e,, a bitangent, This case is pictured in
Fig, 14, Note that the controls ¥, and %, correspond
to the points of contact between the bitangent b and the
characteristic line, The controls qf’n and %, may be
interior to the interval of admissible control or either
one of them (or even both) may be on the boundary,
Points P and R have the same index-value p* and the
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Weier strass condition with respect to either one of them
vanish at the other, for the increment Aqg~‘1g "qu or
Agp=qp — qp according to the point taken,

: P R

b, The tangent to the characteristic line at a point whose
control is interior to the interval (g .o . ) inter sects
max. min.

the characteristic line again at a point whose control is on
the boundary, This case is shown in Fig, 15(b) and was

also presented in Fig, 7(b), Note that in Fig, 15(b), point
P satisfies the Weierstrass condition with “p"‘a*Pl/aoeL P
since at P , «Sq? 2 0. At}pomt R the Weierstrass condition
is satisfied with i < .y ¢1/aq€‘ ,viz,, it is referred to the

»

line m' since the admissible control variation is now

8¢y2 0. Again, the Weierstrass condition vanish at P or
R when taken with respect to R or P respectively, The
continuity of the index-value, (viz., uf = pg ), is satisfied,

| The corresponding situation may be represented applying the H-
lines, From Eq, (52) we find that at a corner C of the extremal
arc, H(C—O) - H (r +0) = 0, which is also found from Eq., (77).
Consequently, at P and R it must be AH< 0, that is Ho=Hg

The case is shown in Fig, 15(a) Since 9, is interior to! the in-
terval (qe . , g ) then bqﬂ 0 are admissible and thus

pax. min,
Haqp 0 holde.v However at R, since only 8qe 0 are admis-

sible and m' is not coincident with m in Fig, 15(b), then qu <0
holds, Note that also the condition Hy =Hp is satisfied. R

Finally, since it has been assumed that the extremal arc has a
corner C at r=r_, the broken extremal gq;(r) is shown in Fig.
15(c). Typical configuratxons of the characterlstlc lme and of the
H- lines at different times r along the extremal E are shown in Figs,
15(a), (b} and (c). Since the drawings are felt to be self-explana-
tory other considerations are left to the reader,

| To conclude th1s graphlcal mterpretat:.on of the necessary con-
ditions along the extrema] arc we should mention the case most
frequently found in problems of the mechanics of flight of airplanes,
gliders, and rocket vehicles, i,e,, the case avhere aH 0. In

such case and from Eq, (52) c ER
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[H T, q (r), g (r) v; (r):l = const. (107)

along the extremal. Therefore, assuming a sub-arc along which
the control qp() satisfies qy ' (r) <qp (N< qQ ) [bee Fig. 16(b) ]

min
the condition (107) will be satisfied along the ‘extremal as indicated

in Fig. 16(a) at the points P, Q,R on the corresponding H-lines at
r. . The previous points satisfy the conditions -

times Tty Ty
H,=H,=H_, and y at each one of them, . For

P Q

L4

qu 0, qgmin < ¢ < W max.,
cases of control on the boundary of course Hg must satisfy Egs.
88(b) or (c). In Fig. 16(a) it has been assumed that at points P, Q,
and R the Weierstrass condition is satisfied in its strengthened

form.

e R T

o g
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F. DISCONTINUOUS SOLUTIONS - APPLICATIONS

| In this section some applications of the previous developments
will be considered in connection with some interesting problems of
the mechanics of flight, The following problems constitute inter-
esting examples of discontinuous extremal solutions.

1. Example I. Optimum Glide Trajectories in -an Uniform
Gravitational Field.

This problem has been considered by this author in Ref. 21. In
the light of the hypotheses introduced in Ref. 21, the equations of
constraint are written (glide trajectory with shallow angle of descent
and centripetal acceleration negligible) "

¢2E[z'+9(z,ﬁ)]7,+ﬁ'=o (109)
¢ =h-za=0 -~ (110)

3

The problem is to determine the optimum solution £(n), Z (1), h(r) a ()
m1mmlz1ng A= A(f Zg hF, g £ . 7, 'hl") and satisfying a given set

of end~conditions (Ref 21), The nomenclature is explained in the
list of symbols. The control variable a(r) is bounded, 15a5+1
and ¢ (q) ..0 so as to assure a monotonically increasing non-dimen-
sional range £(n . The characteristic line is obtained from the

Weierstrass condition

W=-—2Zy, [¢-(P*“+p‘(a-—a"')] 20 (111)

- ¢
where u* is the index-value p* - -3  and the Euler equations
#

; de-
p' =0 , g — +p =0 (112)
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The characteristic line, defined by the function ®{@=(Q -—a2) y’is

shown in Fig. 17. It may be shown that the Legendre condition
leads to the requirement

dzw
- p'l dﬂ2

v

0 (113)

Since d’¢/ da2 = -(¢ 2 + a2) /¢3<0, then Eq. (113) requires that "y 2 0.
Note that the characteristic line in this case is mnot time-dependent;
thus, it may be drawn once for all and be used at any given time r.

Now assume that point P in Fig. 17 represents the point on the
characteristic line corresponding to the conditions at (r, q).») on an
extremal arc. Since we assume (r, q; )_(r,:, 7 ,h ) given, then from
Eqgs. (108) to (110) the slopes (q ) = , 7' )F) may be determined at
P for the control value a = ap. Also, the slope (de/ da) is determin-
ing the index-value p*p. The Legendre condition is assumed satisfied
in its strengthened form g, >0.

If the Weierstrass condition Eq. (111) is applied at point P, for
arbitrary control increments Aa it may be seen that W>0 in any
case (e.g., see at points P’ and P” in Fig. 17). However, if point
R on the characteristic line were assumed as representing the con-
ditions at (7, q) on the extremal, it may be verified that the Weier-
strass condltlon is also satisfied for any admissible Aa assumed.
Of course, now the slopes and multipliers (q] ,;L])R differ from the
set (q, ,p)P A similar situation will be encountered at any other
point on the characteristic line. Thus, at ’qj) = (r,&,7,h) on the
extremal, there are sets (q’, ’#) (&,72,h,p Ly By ) with which
the Weierstrass condition is sausfled for control values qp = a, and
for any admissible control increment ’\qg_ Aa. -

The Hamiltonian function H, in our case is written

H (7, qj, a, vj) =14 7. ¢ la) -V, [a + (7, h)] 4 Ve Za (114)

_whebre the canonical variables vy (r), (r) Vg (r) are relatcu to the multi-
pliers by the transformation -



=H2t Hg

From Eqgs. (48), (49) and (114) is obtained

vz’ =’—g—};=-: —vltp(a) + v2ﬂ7 - Vg @
Vg' = i}-'i= v, By
g-g = ‘vl Z‘.g_‘f.—v2 + vy L = 0, (for 3a Oadmlssd)le)

“l. =0 8
#2'2 =““lll¢(a) + fy ) + VA) Z) ~p3 a
o' + g’ = ny ZDy

, de : <
By gt K3 = 0, (for 8a==\0 admissible)

' Egs. (108) to (110):

The Hamiltonian H may be rewritten as
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which are the canonical differential equations of the extremals.
From Eqgs. (116) to (119) and relations (115) is obtained.

(115)

(116)
(117)
(118)

(119)

(120)
(121)

(122)

(123)

which are the Euler dif.erential equatxons of the set of constramts



H(r,qj,a,vj)=v12 [@(a)+v“a—v2 Tv(?),l‘))] (124)

Vo L —V
In Eq. (124) the term v* = il ; 2 is the canonical expression of
v, 7
the index-value. As a matter of fact, from Eqgs. (115) is obtained

V32"V2 (#2+#3)Z—#274 }13
V*z o= :____:I_l_‘

Now, the II-function for the set of constraints [Eqs. (108) to (110)]
considered is written

n (q’j, qj, #i’ ) = #1 [f’—— 7, qo(a)] + uz {[Z’ + P (Z,};)} 7 +

+h’} + #8 (W = Za)

Then, from Eq. (19), since II,=0, it follows

m-4q I = M = const
] q'j
and therefore
M o

Consider now the minimum tlme problem (brachistochronic problem)
with unspecified range., From the Transversality Condition, Eq (11),
and assuming a normal extremal (A =1) , it follows

dA ['l”F’qj(rl)’ 9 (rF)] + [;‘zldf + po Zd7 + ("2 + pg) dh +

F
FMdr] =0
I

which is to be satisfied for any admissible set of variations
(dq’l , drI l~) #(0, 0) consistent with the equations of variation on T},
P ,F ¥
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Assume that the following boundary conditions [ ;/;p =0, p=1,..,r% 7]
are imposed |

<«
]

-
[
o

'/’4"

i
=
!
=
i

(=

Yy = Zl__al=0 '/’SEhF_.bF=0 al'aF’bl'bF = const.

Since the minimum time problem is being considered, the func-
tional to be minimized is written

A [fl, rF"qj[ , qu]E TR =Ty

Therefore from the Transversality Condition and the bouandary condi-
tions assumed the following sub-conditions may be dewrived

(1 +'M drF =G , drp £ 0 then M = 1 = sonst.

Hy dfp= o ., dfF-~~¢f 0 then By = Kl, = 0 = conat,

Coiﬁsequently, since p;=K;=0, from Eq. (123) iz obtained p;=0
=const. As may be seen, the index-value u*=p,/, for this problem
is undetermined. However, the optimum control operation may be
determined from the Euler equations, as will be shown in the fol-
lowing,

The first integral, Eq. (125), leads now to (4; =pu,=0)

1

o = = e
27 729z, h)

From the previous equation and Eqs. (108) to (110) the following
derivative may be obtained .

' — [Ba+ 9@+ 29,)] . B=9+29

2 ¢y
Mo =~ 2°9;

7 =
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Also, from Eq. (121) and for py=p3=0,
K2
Hy' = @ + 29,)

Consequently, ‘Vequating the right hand side members of previous
equations is derived

“2 (fD + ZfDZ) + 1

P27
which, accounting for po==1/2 ¢ leads to

[Ba + D (3) + z‘DZ)] -0

and thus

Ba

a., e

| 1

Since the aerodynamic drag 940 and f‘2=-7—3§ # 0, the preceding
equation is indicating that the extremal arc tay be discontinuous
and composed of sub-arcs

a‘) ﬁ(Z,ix)=fD+ZfDZ -szl;:o ’ a#O

b) a=‘0 | f oy 51‘40

_Since the discontinuous extremal solution has been obtained in
closed-form expression the sub-arcs forming part of the extremal
arc _may be determined after drawing the sub-arc ﬁ(Z,}.,)=v0 in the
(Z, h) -plane and locating the boundary values (boundary value problem)

I (Zl, hl) = I (8[, bl) ’ Z‘ > ZF ’

F(Zgp,hg) = Flap, bp) , hpvhp
The sub-arcs a=0 correspond with h=const.” sub-arcs, [from Eq.
(110)], along which 2'<0, [from Eq. (109)]. Typical cases of
discontinuous solutions, for the problem discussed, are shown sche-
matically in Figure 18, A more detailed analysis of this type of
problem has been offered by this author in Ref, 21. The arrows
in Fig. 18 indicate the sense of displacement along the extremal.
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Fig. 18 shows the solution to different boundary value problems.
Note that according to the boundary values assigned the number of
sub-arcs forming the discontinuous extremal may change and the
solution may be continuous or discontinuous.

2, Example II. Optimum Trajectories in a Central Gravitational
Field. ' o

This example will present a so-called ""degenerate'' case, where
the characteristic lines are linear, A detailed analysis of this case
has been undertaken by this author in Ref. 18, where sufficiency
conditions based on the Jacobi Theorem on Conjugate points have
been developed. |

In the light of the hypotheses made in Ref, 18, (equilibrium
glide trajectories about a planet), the equations of motion are written
I H

Pr=&-2=0 (126)
¢, =h —20=0 a2y
¢ = 2"+ D (Z, 0,9 =0 (128)
b, = 8 e _ (1 -7 )— o o a29)

The present problem is that of fmdmg the opt1mum solution &(r), h(r).

2(r), £(r),0(r) minimizing a functional A = A(EF. Fr2po ree €y hl v Zp 1)

and satisfying a set of given end conditions w (q X QG S Tesn)=0,p=14, ...,
i F*

rs7, (see Ref, 18),

From Eq. (39) is readily seen that the Legendre condition, for
the set of constraints Eqs. (126) to (129), is written

rPge 0. O (130)

Since for a quadratm drag function 9 = D_(Z, h) + D, (z, h) 22, fDﬂg
sz (2, h) >0, then condition (130) 1equ1res

Hg( 2 0 | 2 | | (131)
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along the extremals. The Weierstrass condition is written
Ne—py2(6-6920 . (132)

Now the characteristic line is defmed by ¢(6)—#2 76, and is
drawn in Fig. 19(a) for different values of ko- Each characteristic
line corresponds to a value of the multiplier y,. However, for
each given value p,#0, and for unrestricted admissible variations
503 50, it may be seen that the Weierstrass condition is not satis-
fied [see points P’ and P” in Fig. (19a)J For example, for

up > 0 [see Fig. 19(a) ] at point P’ the W-test is not satisfied

for control increments A6>0

The Hamiltonian is written (notice that now the canonical varia-
ble vy=Ilg is introduced)

H(",qj,e,vj)= V229+ VIZ-Va .(D(Z,i:l,‘s?)—v4¢)4 (133)
where the canonical variables v; are related to the multipliers by
Vl = #1 V3 == '1,3

Vo=He V4= Hy (134)

ANV

Thus, the H-lines, corresponding to v, 5 0 (i.e., u, % 0) may be
drawn at given (r, q;) as shown in Fig. 19(b). From Figs. 19{(a)
and (b) it may be readily seen that the Weierstrass condition (W2 0)
and the Maximality Principle AHS0, for unrestricted admissible
variations 8§ = 0 , may only be satisfied in the form w=0, AH=0
for pe=0 and vy=0 respectively., The optimum control operation
o* (r) apparently is undetermined, '

However, for the problem in consideration the control value 6*
may be derived from the differential equations of the extremals as
will be shown. In fact from Eqs. (48), (49), (129) and (133) is
obtained ' '
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vy - - .gg. -0 | (135)
- (136)
vy' = ,,-g%-:-vzo v+ D, 4 2v, 2 (137)
%% - vy Dp - vy = 0 (138)

and since 89%0, ar'e_‘ admissible, then

T

g - 27 | | (139)

D

The preceding equations are the canonical differential equations
of the extremals., Using relations (134), and from the previous
equations is immediately obtained

m = Ky - const, (140)
R i
“.3 = - #2‘ 0 ~ By + 43 SDZ + 2[14 Z (142)
0 = ugNp + iy | (143)
N * o (e

which are the Euler equations of the set of constraints given by
Eqs. (126) to (129), (see Ref. 18), Finally, for py(0=0 from the
condition (13i} and Eq. (141) is obtained

D (Z, h,0) =0, (145)
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As shown in Ref. 18, from the expi'ession of the non-dimensional
drag 9 (zZ,h, £), Eq. (145) and Eq. (129) the extremal sub-arc
(145) may be explicitly written | D

1/2
- dcp, am N\ Y -
dn 7 o —_—
CDo d}: (‘1\11 | dh :
v 72 , : -1 =
f(Z,h)= 2 kn 5 = A +1 1=0
| a T dh

(146)

Therefore, from Eqs. (126) to (129) and (146) the optimum control
may be obtained as

£ L (147)

Then for any given admissible set (r,& 2, on the extremal, the
control value ¢+ _[Eq. (147)] may be directly determined, thus
avoiding the problem of integrating the multipliers or canonical
variables v;, since they have been eliminated. It is to be-;'noted
that according to the assumptions in Ref. 18 it is required that
|91§90 <<1, (of course f_is not prescribed). This is to be veri-
fied in each application ''a posteriori', to assert the compliance of
the extremal with the physical assumptions. In Ref, 18, in effect
is shown that along the extremal the angle 6 is very small and
thus consistent with the hypotheses made,.

To conclude, it may be shown that the extremal arc may be
composed of sub-arcs #=0 and sub-arcs 6= variable., The com-
bination or number of sub-arcs forming the extremal arc depends
on the boundary conditions imposed. A more detailed analysis of
these aspects is offered in Ref., 18, |

The admissibility of the discontinuous solution may be readily
detected, In fact, from Eq. (52) and Eq. (133) is derived (v,=0)
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dH o, -
T2+ vZ - vyyD-v, 0,2 + Dy + Dp®)

= vy D - vy D2 0 =0

| and therefore

viD;20 =0 , (vy>0,Z2>0) | (148)

Eq. (148) shows that the extremal arc may be discontinuous and
- composed of sub-arcs

a) .‘D; [Z, h, £ (Z)] =0 , 0 =. variable.
b) 0 =0 = const. , ".i); £ 0 (149)

- The discontinuous extremal solution (149) physically means that the

- optimum transfer may be composed of circular lifting orbits(6=0),

| sub-arcs and lifting transfer (D -.0) sub-arc. The number of sub-
arcs forming the extremal depends on the boundary conditions imposed

 (boundary value problem) in the (Z-h) -plane. Several typical

"~ boundary value problems involving different optimum transfers are
shown in Fig. 20.
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FIGURE 2.
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CASE OF MULTIPLE CONTROL VARIABLES

H(T, q-]'vj-’ Qmﬂam#Z) ( T, q]}f’ )‘E

— e .
se— S —
— ———

Hy <Hy - N
- +1 qm*réo ,/\'
________ - l
|
<7 P l
// \\ N B l
/ | \ qmﬂ
/ — | >
| A | Yone
- 7=\ <,
A A VA W
— __‘:_.\__.._. /, b /
//) \\‘—-—""/ //
/> 7

D =REGION OF ADMISSIBLE CONTROL
FIGURE §.  MAXTMALITY PRINGIPLE FOR THE CASE OF MULTIPLE CONTROL.
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H (vi'qi'ql‘r)
[}

(T.ql,vi) given

H=_H (9.9 mpﬂ'H max.

'
}

Y =CANON ICAL VARIABLES
q’l =STATE VARIABLES
ql =CONTROL VARIABLE

FIGURE 9. 'I'HE H-LINE FOR THE CABLE OF UNBOUNDED
CONTROL.
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Y1 (q;q7)

(v, q,) given
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FIGURE 10. THE CHARACTERISTIC LINE FOR THE GASE OF UNBOUNDED CONTROL.
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H(vj, %, Y0 7)
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m;n ASYMPTOTES

(a)

FIGURE 11. CASES OF NATURALLY BOUNDED CONTROL.
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FIGURE 11. CASES OF NATURALLY BOUNDED CONTROL (Cont'd)
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095,92, 9,7

CHARACTERISTIC SURFACE
‘ »*
. H,

) ATy >
/’_’/:-s' -u-,\ ‘ >

D = BOUNDED DOMAIN OF ADMISSIBLE CONTROL
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FIGURE 12. T[HE CHARACTERISTIC SURFACE FOR THE CASE OF MULTIPLE
CONTROL AND THE WEIERSTRASS CONDILITON.
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[r,qj(r).vj(r)] given
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FIGURE 13. THE H-LINE AND THE CHARACTERISTIC LINE FOR CASES OF CON-
TROL ON THE BOUNDARY. CICALA'S POINTER REPRESENTATION.
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(t’,g_]) given o
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gx\ ,

7, \\

‘ N\

7 7

g % -

‘%S' % . t‘1‘?' ‘Imox.
' TER ,
(CICALA'S POINTER) s 9, |

()

FIGURE 13. THE H-LINE AND THE CHARACTERISTIC LINE FOR CASES OF CON-
‘ TROL ON THE BOUNDARY. CICALA'S POINYER REPRESENTATION., (Cont'd)
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FIGURE 14. CORNER POINT WITH DISCONTINUOUS CONTROL
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FIGURE 16. H-LINE AT DIFFERENT TIMES ALONG A
= 0.

(c)

- EXTREMAL FOR THE CASE

P T T I T Ly I T EP U R

o Rk e Al milsarsapiaia G o



162

ML

As <0 : A >

—’“
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DEFINITION OF SYMBOLS

Position vector of the vehicle relative to the barycenter in a coordinate
system fixed in space

Position vector of the vehicle relative to the earth
Position vector of the vehicle relative to the moon
Position vector of the vehicle relative to the barycenter in a rotating

system :

Position vector of the vehicle relative to the midpoint of the earth-
moon line »

Magnitude of 131
Magnitude of R

2
Angular velocity vector of earth-moon sysfem
Magnitude of w .
Grevitational. constant times mass of the earth
Gravitational constant times mass of the moon
Lagrangian function |
Momentum vector
Hamiltonian function
Generalized coordinates conjugate fo P;
Generalized coordinates conjugate to Pi
Generalized momehta conjugate to q;

Generalized momenta conjugate to Qi
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DEFINITION OF SYMBOLS (Cont'd)

lbl Time-dependent generating function
t Time
H1 Integrable part of the Hamiltonian
H, Disturbing functién
h Energy constant for H1
w Time-independent generating function
Ji Action variables
w, Angle variables
v Frequencies for two fixed center problem‘
9 ) Elliptic coordinates )
dy ) ) prolate spheroidal
) coordinates
0 ~ Angle measured around x -axis ) ‘
c Half the distance between earth and moon
Pp) |
P2 ) Momenta conjugate tc prolate sphgroidal coordinates
P
© )
x ) Rectangular coordinates in a system with earth at (¢, o, o), mcon
3; ; at (-c, o, o)and £ in the z direction
a Angular momentum about the line of centers in the two fixed
center problem
B Third dynamical constani of motion of the two fixed center problem

Rz(ql) Fundamental quartic associated with q,

Sz(q.z) Fundamental quartic associated with q,,
u - Parameter in terms of which coordinates and time of the two fixed

center problem are given



DEFINITION OF SYMBOLS (Cont'd)

Roots of Rz(ql) =0
2 -
Roots of S (q2) =0

Coefficient of linear term in q; contribution to time as a function
of u

Coefficient of linear term in q; contribution to ¢ as a function .
of u

Periodic¢ term in time due to q,

Peri;)dic term in ¢ due to q;

Quarter period of q, elliptic functions
Quarter period of 9, elliptic functions
Coordinate conjugate to h

Coordinate conjugate to «

Coordinate conjugate to B8
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|
"THE HAMILTON-JACOBI FORMULATION OF
THE RESTRICTED THREE BODY PROBLEM
IN TERMS OF THE TWO FIXED CENTER PROBLEM
| Mary Payne

Samuel Pines

9 k1 1 Summary
e . This report contains a development of the classical Hamilton-Jacobi

permrbatlon techmques applying the known solution of the Two Fixed Center
Problem to the Restricted Three Body Ploblem

SECTION 1. . ’INTR‘ODUCTION

This report contams an outline of the development of a perturbation
procedure for solving the 1est11cted three body problem, using the solution
of the two fixed center problem as an intermediate orbit. In the restricted
problem, it is assumed that the two primary bodies move in circles about
their center of mass, the barycenter. The primary bodies will be fixed in a
coordmate system rotating with theirangular velocity, so that Lhe use of the
_i'two fixed center problem is 1mmcdntelv suggested. The two fL\ed center
problem was first treated by Euler. who discovered that its equations of
[ niotion are separable in prolate spheriodial coordinates. A very complete

discussion of the two fixed centex problem has been given by Charher( ), .

- This treatment covers some.of the same gmund as this report. Itis from the
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Hamiltonian point of view and includes a discussion of the action and angle
variables, and the way in which the two fixed center problem would be used |
as a basis for a perturbation theory for the restricted problem. The only
thing missing {rom Charljer's treatment is an explicit solution of the two
fixed center problem, which \\%Ould be necessary for the acfual application to
the restricted problem. Formal expressions for the action and angle variables
are obtained from a more moderr point of view by Buchheim(?"). Bricf o
discussions of the two fixed center problem are given in many standard text
hooks such as Whittaker(?’) . Landau and Lifschitz(4) angi Wintner(s). The
explicit solution of the two fixed center problem has beén obtained by Pines

(©)

and Payne In the present report, this solution will be combined with a -

Hamiltonian development of the problem to show how perturbation equations
for the restricted problem may be obtained. A different development has been ‘
c:ai*r‘ied out recently by Davidson and Schulz —Arenstorff('?)‘ In this theory,

the initial conditions of a two fixed center problem are used as parameters
“and a first order correction for the restricted problem is obtained in closed
form. Second-order corrections are obtained by a numerical curve-fitting
‘ scheme. ‘ | | | |

In this report, Section II will contain a discussion of the restricted

prol)iehl, and the way in which the two fixed center probiem will be used. In
Section III, the solution of the two fixed center problem will be outlined in
suffiéient detail for the determination of the action and angle variables, which
is carried out in Sections IV and V. Finally m‘ Section VI a summary will -
be given of the essential steps still necessary to obtain the solution of the

restricted problem.
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SECTION II - THE RESTRICTED PROBLEM

The equations of motion of the restricied problem are

R, R, |
- W —3— | 4 (1)
r Ty

R - -y

whére R is the position vector of the vehicle in a coordinate system fixed m |
space, —Bl and R2 are respecti\?er the position vectors of the vehicle froni
~earth and moon (with magnitudes ry and rg), and ¢ and y' are the gravita-
tional constant times mass of the earth and moon, respectively. Since the
barycenter (center of mass of earth and hi"Obxn) may be regarded as a point
fixéd-in space, the vector R will henceforth be regarded as relative to a
system fixed in space with origin at the barycentér The earth and moon are
taken as moving in circles about the barycenter with angular \olouty ve(,tm
§. To use the two fixed center problem as an approxlmatwn to the mstmcl(,d
problem it is necessary to write the equations of motion in a coordinate
system in which ihe earth and moon are fixed. Such a system is onc rotating
about the barycenter with angular velocity relative to the fixed system,
Denoting' the position vector in the rotating system by R', the equations of

motion (1) become

.e .B'.‘. _I_{_h) : . . ‘ o
R =-p—5 - = -2QXR'-Q X QXR) @
1‘1 r.) .

at _ %R,Z + p» R' X RV %. @ A Rv) + ' 4 2 (3)

e el HeE,

- e e
- T

. P
i :



177

and hence the momentum vector conjugate to the position vector l_}' is given
by ‘

P =gradp =R +2 xR (4)

and the Hamiltonian for the problém is

H::I).i{’-at:%pz-,.R,"xp-}_‘_-ﬁ, 6)
| - S B
and the Hamiltonian equations are
1 | Bl ’ B2
P=-gradpH=-0G XP-U—5-i—5 (6)
| o T
and
R’ =grad, H=P-G xR @)

It will be noted that Eq. (7) is equivalent to Eq. (4), and that if P is replaced using |
Eq. (4), then Eq (6) will yield the equations of motion (2).

The solution of the restricted problem will be carried ouf by making use of
a transformation theorem (Reference 1, Chapter 11 and Reference 12, pp 237 to
246) which states that if the Hamiltonian of a system is H (qi,"pi, t) with q; and
P; canonically 'conjugate coordinates so that the Hamilton equations

qf =2= | p. o=- %— ) | (8)

‘.are satisfied and if Y (qi, Pi’ t) is ainy function, then the variables Qi and Pi
defined by

Q-2 -q Pt b epap Pyt O
ST A M T A e |

-~ are canonical variables for a new Hamiltonian

He-n+ L | . (10)



regarded as a function of Q;, P, and t, so that

< =] I

= aﬁ“ _ 3 |
Q=37 - PiT3q (11)
i i
Now let the Hamiltonian be separated into two terms
(12)

with H1 independent df the time and such that fhe partial differential equation

| 6&1 5$i ) | |
- H @ 3q, )+ 3¢ 0 = (13)

possesses a solution for ¢ 1" It is seen that if the function ¢ 1 is used in the trans-

for_ination theorem then the Hamilton equations become

. Bibl |
. _O(H1+H2+T) 3 aﬂz_ ,
4T, T3P,
. ‘ aa;’)l . (14)
. 0@, +Hy =) 2Hy
Pi= 73, 79,

by virtue of the defining Eq. (13) for apl . =Fuvrther, from Eq. (13), it is evident

that, since H1 is independent of time,
¥y = -ht +Wig; Pi)’ ’ | - (15)

with

5W o
Hl(qi’-&f;) -—h=20

and the momenta Pi must be identified with the constants of integration of Eq.

(16) and h, the separation constant for the time. This is not to be interpreted as.
mé,aning that the Pi are constants of the motion for thé Hamiltonian H. If this
were so, the right-hand sides of Eq. (14) would have to vanish. What the solution

of Eq. (16) for W does is to specify a function of qi and three new variables Pi.'

o NN duote TR ¢ e o B SR e s e o el o

0 | . | (16)

AU e L e i e s Ak

DR S N

maﬂmm,s Sy L

o s

H N S —————"c L

b it
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This function may be used to invert Egs. (9)k to obtain qi and P, in terms of the
new variables Pi and three others Qi’ These expressions for q; and p; may now
ke inserted in H, for use in Eqs. (14) from which Q; and Pi may now be obtained
-as functions of time. The solution of the problem associated with H will then be -
gwen by substituting the solutions Q and P of Egs. (14) in the expressmn for

-4 and p;- ' ' ' |

- To actually carry out the inversion of Eqs. (9) it must be noted that the

functional form of ¢ 1 does not depend on the disturbing function hltimately to
. be used. It depends rather on how the identification of the P, is made with the

‘integration constants arising in Eq. (16). The conventional procedure. is to re- .
gard H, as the Hamiltonian of a new prdblem and idéntify the P, with the action
varlables J of this new problem The action variables are always three inde-
pePaent functlons of the integration constants and hence are themselves constant
for the problem associated with H Once the functional relation between the
Pii and the integration constants is determined, by identifying the Pi with the
action variables J i of Hl’ the cor;jugate coordinates Qi are defined by Eq. (9).
It will always happen that P. and Qi so defined are constant if the Hamilpnian
is H because from Eq. (13) -

> iy
- _ 2% e )
Q; = 3P, =9
(17)
39,
| Lo oM, 7)o
Ji - Pi - = " \Ql | :0

Otlice the functionalvrelation between q; and P; and Qi and Ji is established,

; h(?wever, the problem associated with Hl is no longer of ipterest. The disturbing
B fu’nctioﬂrrlr}l2 is expressed in terms of Q, and J; and the solution of the problem

~ associated with H is obtained by integrating- Egs. (14).

| A slightly different formulation of the problem is obtamed if the time inde-
‘ pendent function W of Eq. (15) is used as the generatmg function of the trans-
formation rather than ¥ 1 The variables wi con)ugate to the action variables
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J ; are the angle variables of the problem associated with Hl' The relations

between the w, and the Qi are given by

_aw 26 +ht)

P-1 U
Wi =37 a3 TQittyy Vit (18)
. ‘ i i i o |
with
_ _a_-l}_ =
vy =+ 33, (19

being functions of the action variables. The perturbation equations for these
variables will be given, according to the trahsformationy theorem, by

| dW |
_o@; +Hy, +—5—)  oH, .

W, = . - |
i 3d, ,aJiv‘ 1
| 20)
W | (
; _ oM, +Hy v 3y) oM
°f XA A

since W is independent of time and I*I1 = h depends only on the action variables

and not on the angle variables. The advantage of using the angle variables rather

than the Q, is that it will always be possible to expand H, ina multiple Fourier
‘series in the angle variables and eliminate its explicit dependence on time. N

To use the two fixed center problem to solve the restricted problein, the
Hamiltonian (5) for the restricted problem may be separated into terms H, and

H, as follows:

1 2 ] U
H. =5p -— - = 21 .
o2 1 T T
Hy=-G-R'xP ey i
If H 1 is regarded as a ’Hamiitonian; ‘the associated Hamilton equations are
(23)

.y
7}5- - gkradP.H1 =P

EL R RN R

L L e T

P S




and

R Ry

=
3'“r3
1 T

P = - grad =R’ | @9

R r

’ Hl = - f,‘
These last equations are jusi the equations of motion for the two fixed center prob-
lem, so that Hl is the Hamiltonian of the two fixed center problem. Thus the pro-
cedure will be first fo find the action and angle variables of the two fixed center

problem and then express the disturbing function

xp e

in terms of these variables.

¢

Before proceeding with the details of'this procedure, it is desirable to make
two further transformation of the coordinates. The first will be to a coordinate
siys‘tem with the origin at the midpoint of the earth-moon line with the earth and

n!xoon on the x-axis at (¢,0,0) and (-c,0,0) respectively. The distance between
| tl:xe earth and moon is thus 2c. The z-axis will be taken in the direction of 3.
~ The only term in the Hamiltonian affected by this transformation is the & - R'xXP
term in which R ‘ is measured from the barycenter. From Figure I it is evident

Vehicle

I

' Barycenter Earth

131
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2 . . ‘
ag"f‘ﬁ"'-. 0, 0) the position vectors of the

vehicle relative to the midpoint are related by

that, since the barycenter is at the point (c

I__:—_.,_Il"; : '
_3 R ico—a | (26)

where i is the unit vector in the x-direction. Thu,é the distnrbing function

becomes

‘BxPrewt=5 G-P) @7

,l“

where j is a unit vector in the y direction.

The second transformation will be from rectangular to prolate ellipsoidal
coordinates, in which the Hamilton-Jacobi equation for the two fixed center prob-
lem is separable. This transformation may be effected by the generating function

F = | cq,q P | + c\/'( 2-_1)(1; 2) cos@ P +c‘~*’r( 2-1)(.1 - 2) sino P
(28)

with the new coordinates q,, q,, ©, P;, Py, and Py related to the old ones x,y,
z, P, P,andP_ by | |
x’ Ty z

X = =5 P, = 3o
an 1 aql
SF _ 3F »
. y = S p, = 29)
3P, 2 34, |
_3FE o _ _F
2737 Po © o
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From the equations for x, y, and z it is seen that

X = cq‘lqz

y = ¢ Y@@, %~ 1)1 - 0,%) cos ¢ | @30)

z = ¢ V@, >~ (1 -g,)) sin @

In this system the surfaces q = const = 1 are ellipsoids of revolution about the
x-axis confocal about the earth and moon. The limiting surface q, =1 is the |
portion of the x-axis between the earth and moon, and the ellipsoids increase in
size with increasing q;- The surfaces -1 < Q9 = const < 1 are hyperboloids of
revolution about the x-axis, confocal about the earth and moon. The limiting
surfaces qy = 1 and.q2 = -1 are the portions of the x-axis to the right of the
earth and to the left of the moon, respectively. The surface Qg = 0 is the y-z
plane and surfaces corresponding to positive values of q, are hyperboloids con-
cave towards the earth while those corresponding to negative values of q, are
concave towards the moon. The angle ¢ is measured in the y-z plane about the
x-axis and is zero in the portion of the x-y plane for which y > 0. From Eq. (30),
it is easy to show that ry -and T, which appear in the Hamilt‘onian'(S) are given

I =c@ -9

SRR (31)
Iy =¢C (q]. + Q2) :
The equations for pl, pz, p‘p are
e cq,(1~q )005<P cq,(1-q )smqp
pl-cqu ¥ 2 P + 1 C 2
o Yefmase? AaE ok
- ©2)
2 2 .
cqy(q, -1)cosp. cqy(q; -1)sing
P daina-oh | YaZ-na-a)
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-c ‘/(ﬁlz" 1)1 'qzz) sin @ Py + c\[(qlz- 1){1- 2% cosp P,

‘ -
0

('
(32)
Inverting these equations to obtain P, P, and P, in terms of p,, p, and p, one
obtains for Hl |
y 4
H=zP - - %
T 2
2 2 2 2 _
@;: 1) P, 1l-95,)py =
= [ -+ - + ‘P ; ] (33) Y
2 2 _ 2 2_ 2 -1 . 2
9 q2 : q;, “9 (ql qz
) u ) “' |
Y (ql,’"" q2) Y (q1+Q2)4
and for the disturbing function
2 v . .
{*/(q1 -1d -qzz) | [ w-p «
H, =& 35 €08 @ |Pydp ~Paly *yyr P19 ~Pp dp) ]
q; -9, 2 ‘ ‘
34)
p52 sin ¢
2 1)t -a,) -
This completes the preliminary discussion of the problem. The following sections
contain the solution of the two fixed center problem which will be useful in the sub- ;

sequent determination of the generating function W from Eq. (16) and the action
and angle variables for the two fixed center problem which will be the w, and J of ! v

the perturbation Eqs. (19).
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SECTION IIl - SOLUTION OF THE TWO FIXED CENTER PROBLEM

The Hamiltonian for the two fixed center problem, obtained in the last sec-

tion is
2 2 2
-1 (l-q,) P
19 2 2 ) 2 ~
=2l 2__2P " 2__2P " 2 1_,2}
c q; -9y 9 -9 @ -1)d-q;) |
| , (35)
“_ B

B c (q] = qZ)- c (ql +q2)‘

The generating function W(ql, 49> @, P Pz, P, ), which will ultimately be used
to obtam the LA and P1 for the perturbatmn equations is also a very convenient
~device for obtaining a direct solution to the two fixed center problem. Recalling

that for the transformatio_n to be canonical, one must have |

p - S0
Py = 5o, @6)
Pp = ai:%
f‘and | |
Qi:=§+‘§— @37)

‘,; i
_ Replacement of Py» Py and p‘p by the partials of W with respect to 9> 99 and o,

respectlvely, in Eq. (35) gives a partial differential equatlon for W which is sepa-
rable. That is, a solutlon of the form ‘
W =W, @ P) +W, @4 P)+W, @, P,) N

| exists. Itisa fa'i'rly simple matter to verify that
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dw - |
1N d 2 2¢ 2
a5 =(53-) =p' = R® )
qul ( aq1> 1 “112 12 1
2 2 |
dw 2
2\ _/73WN _ 2 __ 2¢ | SN
<d 6,/ ~\3q, J =P (_1 '__922 252_(‘12) 39)

where
‘ ¢ 2 - ?
Rz (ql) =(q12 ""1) (hq12+'“_;-E_q1'B)";-x'c_§ - ‘ (40) '
& @) = (1-a.2) (-h 2, pou' g o 41)
8§ @) = 1-9y) (vhgy + = q ﬁ)-z,éz (41)

In Ei:quations (40) and (41), h is the constant energy of the two fixed center problem
and is to be identified with the constant h of Equation (15) in the previous section.

The separation constants are o« and B . It is easily shown that o is the x-component
of angular momenhim about the line of centers. The constant 8 has no such simple |

interpretation.

At this stage everything necessary for the solution of the two fixed center prob-
lem is available; further discussion of the génerating function will be deferred to

the next section.

The Haniiltbn equations for the two fixed center problem give the time de-

rivatives of q, qé and ¢ as

°H, » 9 -1

“2)

e 2
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3H Po ‘
P = —p— . (42)
e @l-1)@-q,0

Combination of these equations vuth Equatxon (39) yields

S @y) | o
a2 22 | - (43)

(p =
® @2-1@-g)

A preferable form for these equations is the following in which s parameter
‘u is introduced which completes the separation of the variables:

dq dq | ‘ |
1 _ %%
= =5 - du ‘_ (44)
> 2 2 ‘ , '
 dt =—= (q,".-q,°) du | | (45)
| Jz 1 72
o 1. 1 | ..
do = [ 5+ 15 ]vdu S “e)

e 2 qu-l 1--(172 '

. From Equation (44), which leads to elliptic integrals of the first kind, q,
N 9f.nd q, turn out to be expressible as elliptic functions of u. Using these expressions
:j for q, and q, in Equations (45) and (46), it is then possible to obtain t and ¢ as

functlons of u. The integration of Equations (45) and (46) involves elliptic integrals

| of the second and thlrd kinds.

; The form of solutlon of Equation (44) depends on the nature of the roots of
the quartic expressions R and s2 These roots are uniquely determmed by the
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three dynamical constants h, & and 8. It is shown in Reference 6 that if

h <o, R2 must have four real roots, two of which exceed unity and the other
two lie in the interval (+1). Further, R2 is positive between the largest roots
and also between the smallest. Since, however, ql must exceed unity, it
follows that q is constrained between the largest roots. Thus, if the roots of
R2 in order of decreasing magnitude are denoted by r 1, r2, Iy, T, it .aay be

gaid that

-1<r,<r <1<r-~<qi<r (47)

4 3 2 1

This conclusion may be stated a little differendy- the bounds r, and Iy On q,
represent iwo. e111p501ds (the larger correspondmg to rl) which bound the region-

in space in which the vehicle may move.

The corresponding results for the quartic S2 are more complicated: none

| of the roots exceed unity and at least two lie in the interval (+1). The other two
{’:' . may also lie in this interval, may be real and both less than -1, or may be com-
: - plex. ‘The quartic is positive between the two largest roois and between the two
“I o snjlallest, if they are real.. Since Gy must lie in the interval (& 1) it follo'ws that
the orbit is constrained between the two largest roots or between the two smallest
if they also lie in the (+1) interval. If all four roots of 52 are in (+1j, knowledge
of the position of one point of the orbit specifies whether Ao is constrained between
the largest or the smallest roots; transitions from one band to the other cannot :
occur, since if 32 becomes negative, ('12 becomes imaginary. The roots of 82 .
in the interval (x1) correspond to hyperboloids bounding the motion in space.

i ~ Summarizing the above results for negative energy, two poésibilities for
bounds on the orbit occur. These are shown in Flgures I and II where the shaded
areas are reglons in whlch motion may occur. ‘ '
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s-1<r4< r3<1<._,r2<q1<1'1

| | ~ (either sg, 5, < - 1
'1<82<'q2<'sl<1{ , |
“ | or sg, 8, complex

Figure 11

<gy<s <l

2

\_, <
‘ 1<‘s4<s3 8

-1< 84( q2< s3<,.,_.s.2j< sl< 1

el <rgRlsmsg tn

= 'Figure i1
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If one thinks of h, o and 8, which determine all the roots of R> and S° as
being three dynamical specifications of a two fixed center orbit, it is clear that
any remaining specifications must not violate the bounds on the region in which
the motion can occur. That is, these bounds impose constraints on any further
speéiﬁcations. Actually, not even h, o and B can be arbitrarily selected: they
must lead to roots of R2 satisfying Equation (47) and roots of sz satisfying one

or the other of the following:
@ ".l,‘ "2‘81‘1 andeither 83» 8, < lor 83- 84 complex (48)
b -1s 345 335 szsslsl

If the energy is positive, it may be shown that Rz has one root, say r, ex-
oeeding unity and is positive for q; exceeding r;. The other roots are all less
than 1. The quartic S2 has two roots Sg < 8y in the interval (x1), and one on each
side of this interval. It is positive for Sg < Qy < Sy Thus in this case the motion
must take place in the unbounded region shown in Figure IV. ’

ah e
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‘ As noted above, q, and q, are expressible in terms of elliptic functions
of u. The particular elliptic function occurring depends on the nature of the roots.
In all cases, see Reference &,

A (o (urB)+ By

C,f(a(u+ Bi” -1
; 'fhe Ai’ Bi, o, are constants depending only on the roots and hence on h, a and

B. The constants Bi depend on h, oo and £ as well as whatever additional spec-
iffications are made to select a particular orbit. For s the function f is an sn

| o;r dn function according as h is negative or positive. For s h<o, fisan

j sn or cn function according as all four or only two of the roots are real and if

: h > o0, f is a dn function. It is evident, of course, that CH and qp are individually
: perlodlc in the variable u. The periods of 9 and q, are, however, in general

:‘ r}on-commensurable, so that the motion in space of the vehicle will, in general ‘be

| ’!;ionp'eriodic. The quarter periods of qy ‘and q, are usually denoted by Kl and Kz,
| li‘es’pectively, and :izt may be shown that these quarter periods depend only on the

; roots of R and S°, respectively, and hence only on h, & and 8. From the way

m which the B occur in Equation (49), it is evident that they represent a phase.

- ln fact, it is assumed in Equation (49) that u = o corresponds to some point on

the orbit, say the mltlal point, and the B represent the variation in u required

: to get from this pomt to one of the extreme values of 9 - that is, to a point of

j tangency with one of the boundmg ellipsoids for ql, and thh one of the bounding

| hyperbolonds for Q- ‘

The integration of the equations for time and ¢ leads in all cases to the
| followmg forms (consult Reference 6)

=, - nz) u O
Q= (ml + m2) u + Gl(u) + Gz(u) | - (51)
ﬁere n

1 and m, are constants depending on the roots of Rz, and "2 and m, depend
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on the roots of 82 . For negative h, the functions Fl(u) and Gl(u) are
-periodic functions of u with period 2K,, while F,(u) and G,(u) are periodic
with period 2K,. For positive h, the functions F; and G; become logarithmic.

R S

P el PR B M .5 s

e i it RSN R R S

S HBNBD I A ik Y
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SECTION IV. DETERMINATION OF THE GENERATING FUNCTION

The differential equations for the generating function, Egs. (39), may be

written

dw )
= £ R
dql aql q12._.1 |
dW, _aw _2¢ e )
dq, dq, ., .2 O | (52)
G2 %% 1-q, ; JAN
aWy 5w w
do 3

These are ordinary differential equations, and integration again leads %o elliptic

i‘ﬁteg'rals Before carrying out the integration, however, some discussion of the '

limits on the integrals is necessary. It will be recalled that the generating functlon
- was to be a functlon of six variables. : T ' -

:fmd the differential equations (52) give only three of the six partial derivatives of
YI. Now the dependence of W on q;> 9y and ¢ can be carried by the upper limits of

- thé integrals resulting from Egs. (52). These upper limits should be simply Qs

q2, and ¢, respectively. Recalling further that the momenta P are supposed to

| 'ue constants, and noting that three independent constaants h, « and B already are

exphcltly in Eq. (52), it is evident that these three constants or some three in-
dependent functions of them must be identified with Pi. It is convenient at present
to identify h, o and B themselves with Pi and defer to a later stage in the develop-
ment any more complicated identification. If this is done, it now becomes obvious

- that the lower limits on the integrals must be either functions of h, & and 8 or
~absolutc constants. This is so first because W is a function only of q,, q,, ©
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- occur in the x-y plane.

and the Pi’ -and, since the integrals will be functions of their limits, 'on'ly these
quantities and absolute constants may be included in the limits. Secondly, the

v’upper limits have already been taken as Q> Go» and ¢, and recalling that the

partials of W with respect to 95 4y and ¢ must be Py» Py and p(p, no further

dependence of W on 9. 9 and ¢ can be allowed without modifying the p's from
which the equations (52) for W were obtained in the first place. The only remain-

| ing problem, then, is to select lower limits which depend only on h, @ and 8. For

the integral for W . the variable is 9 which has bounds on its variation. The
bounds depend on h, « and B,‘ and since r,isa bound whether the energy is
positive or negative, it is a satisfactory lower limit. For W2 the bounds vary
with the particular conditions of the problem. However, for orbits approaching
both Earth and Moon, the bound Sy always occurs, and will be selected as the
lower limit., For W3 the 81tuat10n is a little different. The variable is ¢, and
reference to Eq. (43) shows that ¢ has the sign of o and is thus monotone. Hence
any absolute constant is acceptable as a lower limit and 0 will be selected. The
generating functio may now be written: | |

§

’ _R e 8 \

1 9 -1 2 l-q2

an essential difference between this generating function and the corresponding

| function for the Kepler problem. The upper limits in the integral occurring ih

both generating functions may be regarded as the coordinates of a point on the orbi-

| Invthe Kepler problem, the lower limits correspond to the perigee distance for the

radial integral and to zero for the two angle integrals. " This may be regarded as a
point on any orbit, since the angles may just be measured from the perigee point. !
fn the two fixed center problem however, the lower limits Ty, So and 0 may be

regarded as a point only on a very spec1a1 orbit -- namely, one which is mmultane
ously tangent to the ellipsoid ry and the hvperboloxd 8os and this tangency must

5

§ .

[
d

”
B

H

~ where W, is integrable directly. It might be remarked at this stage that there is : '
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To complete the canonical transformation generated by W, the Pi will be
- identified with h, a and B as follows:

Pl = Ph =h
P,-Pg=8 ©5)
Py =Py =0

The conjugate coordinates Qi then become

Q-g-2W_c % UM o 2B
1 *h 30 2 ! R f2 .8 S
adw_ e N Y o A Ty
Q=WP=3g "2l R T 3 (56)
r 8y
1 2
o L3W _ J2e w99y J2o %2 99
P=QQ=Fa " "¢ 2 e l : 3. ¥
r, (@ -LR s, (1-q,)8

In differentiating the integrals in W there are really three terms for each integral:
~one is the integral of the derivative of the integrand and the other two are obtained |
- by evaluating the integrand at the limits and multiplying by the derivatives of the |
limits. The terms corresponding to the limits vanish, because the upper limits ;
are not functions of h, @ and B, the integrands for the q, and q, integrals vanish

'at the lower limits, and the lower limit of the ¢ integral is an absolute constant.

| It will be noted that all the integrals occurring in Eq. (56) have forms
identical with one or another of those occurring in Eqs. (44), (45) and (46) for
: ~ the determination of Q)5 9y t and ¢ as functions of u. The only difference is that :
in reference 6, where the inte_gration of Eqgs. (44), (45) and (46) is carried out
in all detail, the lower limit on u was taken as zero. Here the lower limits are

2 2 s R ,
roots of R and S
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Of the three Qi’ Q B has a relatively simiple interpretation if one replaces dq1
and dg, by du in accordance with Eq. (44). Then Q 8 becomes
, | _ !

. we) ua,)
Qﬁ=-[7°é' I I d“]

u(r) u(s,)

(57)

= 2 @) -ulsy)
since the upper limits correspond to a point on the orbit and therefore represent
the same value of u. Thus QB appears proportional to the variation in u associated
with a transit from tangency with a hyperboloid to tangency with anellipsoid. Since
the drbit is not, in general, periodic this statement does not yet uniquely define
Qp To arrive at such a definition, it may be noted that in terms of the canonical
vanables P and Q the Ham1ltoman becomes

H=h= P1 o (58)
so that the Hainilton eq‘uaticms in these variables are:
P1=P2'P —h a B 0 ‘ (59)
) and , _ .
Q=Qg=0, Q=1 | B | (60)
therefore o

- Qyand Q g are constants and

Q =t+const=t+C - (61)

The valves of h, @ and B may be obtained from a set of initial conditions. The
values of Q., Qﬁ and C may be obtained from the initial conditions also, pro-

vided it is agreed that the q; =T, and q2 = s, are to be associated, say, with the
tangencies to the ellipsoid r and the hyperbolmd s, closest to the initial point.

Other identifications of q = r‘I-' and Gp = Sg will léad to Q's differing from those

‘just defined by multiples of the periods K1 and;_K,‘.



If one applies the same analysis to Qh and Qa as used for QB (replacing
dq1 and dq2 by u), the following expressions are obtained: ’
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| c |.0 | 2 e 5
Q =t+ i q, du- q, du (62)
h Tt 2 utey b J wepy 2 ]
or , i .
C =—% ""'*0 . q 2 qu -!0 | q2 du | (63)
72 utey) 1 “u(s,) 2 o
and o | . |
= T — (64)
) SO .[J wep) g -1 Cuisy -y ]

bl R g e kel Sa R g b g

ik aEit
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SECTION V. ACTION AND ANGLE VARIABLES

The action and angle variables are conventionally defined only
for conditionally periodic systems, which means that for the two fixed
center problem, the development can be made only for h <0. The
action variables are defined in terms of the generating function W, as

follows:
| S Rdgq
; oW 1
5= § W aq - aee§
1 oq, 1 . 2
|
5w' ' Sdq i
J2 = éi- dq, = «/2'(! § g (69)
2 1 -q2 ‘
2 W 4o -
J3_g§‘0 q $=27Ta

where the integral for J | is taken over a complete cycle of variation

of ql -i.e. from rtor, and back to ry,

complete cycle of J o from s, t0's, and back to s,. These integrals

 can, for the most part, be reduced to the forms already encountered

while that for J 9 is over a

as follows:
| . Rdg R dg=
= 1 R 11
= § o= ke G b
- 9 - - 9 - | (66)

41(1”‘
0

= e
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|
A complete cycle of variation q corresponds to a variation in u of
4 K Now the first term in this integral has the form of the dependence
of the time on 9, and, referring to Eq. (50) it is seen that the periodic
part F will vanish and hence the contribution of the first term to the
integral lsbhn K Similarly the last term has the form of the q
part of the ¢ mtegral Eq. (51), and will contribute - ¢ - 4m Is The
B term contributes just -.,2c g - 4 K1 The only new mtegral to evalu-
ate is o
[ 1 q du | | A
| 0 |
' 'i“his integral, too, turns out to be expressible as a linear term inu
plus a periodic one, so that for the limits given, it contributes a term
J2 (u+ ') £,* 4K, where £, is the coefficient of the l:near term. Thus,
finally,

J1’= Shpl K, + 4.2 (u+ ) £, K, - 4,2¢ B'Kl -4am K, (68)

In an_}i;exactly sirhilar fashion

Jy=-8hny Ky + 4./2 (u- i) 4, Ky + 4.2 ¢ BK, - 4amy K,  (69)

To obtain the angle variables conjugate to the action variables, it is
necessary to recall that the original condition 'i'mposed on the Pi was only
that they be constants. Identification of the P; with h, ¢, and g is only one |
possibility; any three independent functions of h, «, and 8 would serve as
7 _wéll and, in particular, it is now desirable to identify P with J;. Now
| the generating function W is given in Eq. (54) in terms of 45 q2, o, h,0,B,
and ry and 85. The roots r, and 82 are, however, functions of h, o and
8. Now if Eqs. (68) and (69) together with the third of Eqs. (65) be inverted
to express h, o, and § in terms of J J2, and J 3 it will be possible to
} substitute for h, ¢, and B in W to obtam W as a funchon of 45> 95 0, J
J 9 and J It should be remarked that the inversion to obtain h, a, and 8

ot e B A R B i e F

o

i
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in terms of J 1 ..2 and J3 is not an easy task sin.e the coefficients n,, ny, ‘1

2, m, are very complicated functions of h, & and 8. Nevertheless the
procedure is possible in principle and the angle variables w, conjugate to the
J's are given by the partxal derivatives of the generating function W with re-
spect to the J's:

- W |

Yi = 37 . a0
i

One may obtain expressions for the w, without actually performing the inversion,

by writing the derivatives of W with respect to J, in terms of its derivatives with

respect to h, a, and 8:
d3W _ 3W 3dh AW da . W

33 - 3bh 37 " 3a 23J. ' 3B 34,
1 _‘1 1l

=

i BT S0 TR, T

W, =
1

G-c

1)
b ‘ | _ 3h da
A "% 3y, "% 33, "9 E

from Egs. (56) defining the variables conjugate to ‘h, o and £. Or, recalling |
Eq. (62) for Qp, | | o
dh

= (t + C) aJ +QB§%'+Qa ——aa: | - (12)

where C, Q o and Qﬁ are constaﬁ_ts.~.~,

_ The derivatives of h, a and 8 may be expressed in terms of the n's, m's,
2's and K's occurring in Eqs. (68) and (69) by first obtaining the partials of the
J's with respect to h, o and B from Egqs. (65), and then inverting their Jacobian

matrix. The results of this calculation for fthe Jacobian are

.

3,353, in K '2*/,_2—; °K 4m1K1
J\h'B ¥ -4 nzl‘(2 , 242 cl(2 | '-4m2K2 | I (k)
| 0 | 0 2n |




and its inverse is

1 | 1
4-K1(n1 -n,) 4K2(n1—n2)
1
Jhﬁ'a\ | ﬁnz 'fz—nl
~J1J2J3/ T| deK i ny)  ToKy{a;ng)
0 o
so that, _finaily
t+C /2 ny Qg

1 4Ki (nl- —"n2)

W = t+C
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m, +my

2n (n1 -n,)

4cK, (n; -ny)

/2 n Qg

-+

2 4K2 (n, - né)

_ (£+C) (m; +my)

4cK, (n, -n2)"

NE3 (n,m, -m,n,)

W3 = ‘217 (nl’ - n,)

are the angle variables.

V2 Qg (0, my +myny) Q
2m7c (n1 = nz) |

1
2 |
(')
_____ @)
*or
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SECTION VI. CONCLUSION

To complete the solution of the restricted problem, it is now necessary to

e:f:press the disturbing function H2 in terms of the action and angle variables.

T’his is a formidable problem. The disturbing function is given in terms of 9,

gy, © and their conjugate momenta in Eq. (34). The momenta are given in terms
o{ Q> 4y, @5 h, @ and B by Egs. (39) so that H, may readily be written in
te‘rms of these variables. Starting from the other end, the action variables J
and J2 are given in terms of complicated functions of h, @, and B [ Egs. (68)
and (69) ] while Jg is just 27 & [ Egs. (65)]. The angle variables W, are |

Y glven by Eq. (75) as linear functions of Qh’ Q , and Q 8 with coefflclents which
are functions of h, «, and B similar to those occurring for J And Qh’ Q
and QB are related to 45 s @ and h, a, and B by Egs. (56). Thus, the followmg

procedure would yield the information necessary to write Hy W, d):

1. Express Kl’ K2 I’l’ z 9! nl, n,, ml, m, as tunctlons of

h, a, and B.
2l
—2m

Invert Eqs. (68) and (69) usmg the results of step 1 to obtam

h(J i and B(J, NE
3. Express Kl’ Kz;~£1, zz,,_nl, n,, m;, m, which are functions
of h, a and B in terms of J.-
4. Invert Egs. (75) to obtain Q, =t + ¢, Q  and Q g 28 functions

of the angle varlab}es ‘w, and Kl’ Ko, zl, 22,’-1‘1’ nz’k m,,

~ ‘X and mz .
5. Use step 1 to obtain Qh’ Q, and Q g 28 funetions of w,
and J 1 Co

. S

RPLT LR R R

L T oe ;
»

3o kbl g
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6. m\rert Eqs. (56) to obtain Qs Gys and ¢ as functions of
 Q, Q,r Qge by, andB.

1. Il‘} the expressions for ), 9y and ¢ obtained in step 6
replace Qh’ Q » and Qp using step 5 and h, o, and [
: usmg step 2 to obtam qy5 Gy» and ¢ in terms of w,
asd J i
8. lxilthe disturbing function Hz (6;11, a4, P h, o, B), re-
p"leee’ q;» 9y and ¢ from step 7 and h, a, and 8 from
step 2 to obtain, finally, H2 (wi, Ji)‘

~ Steps 1, 2, and 6 are the difficult ones in this procedure. It is relatively
easy to write Kl’ Kz, 1’1’ 12, n,, ny, my, and m, as functions of the roots of
the quartics and two intermediate parameters which are related to the roots of the
qﬁsx"tics by transcendental equations. The roots of the quartics are, of course,
functlons of h, o, and B, but it is not easy to write out these functions exphcltly
Thus, even step 1 is quite difficult, and to perform the inversion required in step
2 in closed form appears nearly impossible.

It should be remarked, however, that, at least for certain types of orbits,
it should be possible to get fairly good approximations of these steps. For a lunar
orbit which starts from the earth closely circles the moon and returns to the earth,
it may be shown that « /2c is very small. This is so because such an orbit has
very close approaches to the line of centers, and recalling that a is the angular
'momentum about the line of eenters, it follows that & must be small. If o were
~zero, two of the roots of the quartics vould be +1 and the other two are obtained
in terms of h and B by solving quadratics [see Eqs. (40) and (41) ]. Now it is
?jpbssible to obtain the roots of the quartics for small ¢« in terms of those for zero
@ in a series of powers of a. Thus for small a, it is easy to obtain fairly simple
approxunate expressmns for the roots in terms of h, &, and 8. Further, it turns
out that the transcendental equations to be inverted for the intermediate parameters
are very well approximated by just two terms of an expansion. Thus, it is feasible,
for lunar orbits, to obtain a good appraximation to steps 1 and 2. |
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‘The complete elliptic integrals’

' \ - dq |
§ a,” du, 5';;‘{17 Squl

his model for the oblate earth. Vinti used oblate spheroidal coordinates for his
model and the close connection between his development and that given in this
report for the two fixed center problem was first pointed out by Pines(g). The
Vinti integrals have recently been evaluated approximately by Izsak(m) using a
technique developed by sommerfeld! 12) for evaluating certain contour integrals
of functions with branch points. The method is to expand the integrals in terms of
a quadratic function and evaluate the series of resulting integrals about contours

~ and similar ones for o> have forms very similar to those obtained by thl(s)

~ enclosing the roots of the quadratic. The values of the integrals so obtained are

explicitly in terms of the coefficients of the quartics. For the methdd to be valid,

- the _expansiori must converge over both the original and the final contours. This
- condition is satisfied for Izsak's expansion of the Vinti integrals. However, none

of the obvious expansions for the two fixed center integfals converge over the final

contour.

The greatest difficulty in following the procedure for obtaining‘ H2 is in step
6. Eqgs. (56) relating Qh’ Q and Q 8 with 9y, 9y and ¢ are transcendental
equations and it is hard to say how well their inversion could be approxlmated by
some apprommatlon procedure such as the Lagrange inversion theorem.

It should be remarked that it would be possible to write H2 in terms of Qh;
Qa . Q[} h, o, and B rather than in terms of W, and J This is not done in the
Kepler problem because the relation between the orxgmal coordinates and time is
best achieved by a Fourier expansion in the mean anomaly rather than in time.
An expansion in time would involve far more complicated coefficients. Which set
of variables will turn out to be better for the two fnxed center problem is hard to-

predict at this stage

: o 5o SN UGN

ey

3w s
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3 § SUMMARY

l

 Representative zero-velocity cg:;sfes for the ;esfricted |
' thré,“eﬁ-“body‘ problc'm have begn c'alcrulated in bipoiaf-and éldsely
. rel_étéd regul&riz;ed Thiele coordinates. This development has
| been the primary interest of Dr. Krogdahl. Dr. Wells and
. Dr. Pignani have devoted most of their attention to a study of the‘ ‘

Euler problem through a graphical analysis as a prelimihary

approach to the study of this probiem by the use of the W.eierstrass |

P-Functions.
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" THE SURFACES OF ZERO VELOCITY IN REGULARIZED
COORDINATES

The equatiohs; of the surfaces of zero ;relocity' in the restricted

three-body problem aie" given by the eq\iation

(1) (1 "‘l‘-)r -F;_J E"Z + %]

in a asystem of bipolar ¢°°l-‘d_i!iate_s. | 1,2%

Here vp is the distance
of an inﬁnitesifné‘l' fnass frdm a major mss, ‘(Vl - ), and ¢ is
its ‘d_i‘rstance from fhe second major mass, p. (see Figure 1). The
constant C is the parameter of the 4fam’ily of cu'r‘ves and has the

range (3, oo).

e " ' Figurel.

Equation (1), because of its simplicity, is advantageous in
¢omputing the curves of the family. The bipolar coordinate
system is also of interest because of its close relation to certain

Bf the sys tems of regularized cootdinatei. 3 Thus the Thiele

*Superscripts refer to bibliograp’hy'g'iven at the end of paper '
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txi-ansformation to coordinates (u,v) relates (u,v) to (p, o)

by the equations

p+0 = cosh ‘v =!

cos u =2

and to Cartesian coordinates (x,y) by the equations

(2)

p-C

X = (p,- -12) - -1-coshv cos u,
(3) A 2
y = %sinhv sin u

The zero velocity curves are well known in Cartesian coordinates;
it is our purpose to determine them inhipdlar and Thiele coordin-
ate systems.

ﬁy means of the triangular inequalities in the triangle EPM it is

simple to show that 1 < g = p+ 0o andthat -1< Q:p-u_(_l.

The region of interest is thus a rectangular semi-iﬁﬁnite strip in

fhe (5 ,7 ) -plané. It becomes a corresponding rectangular strip

in the (p, o)-plane by a 45° - rotation and contraction by a factor
N2 . The curves are therefore qualitatively similar in the (p, v)-
or (S ,)L)-planés. They are shown in Figure 2 for g = 1/80.
The curves CZ' 4
RZ' Rlv and’ R3’

separatrices. The curve C, separates members of the farhily

 which intersect the line § =1 ( the segment of the earth-moon

line between E and M ), from those which do not. The curve C,

C,, and C¢, passing through three critical points

respectively, divide the region in the manner of =

Rl S P -'L B e
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separates members of the family which intersect the line ? = 4l

( the segment of the earth-m_ooﬁ line beyond M ) from those \i}hich

do not. And the curve Cg se;a rate s”m.(.e‘mbers’:;f. the family which
intexj.gect the line 7l = -1'((ithe segment of fhe earth-moon line
Beyond E) from thoé‘e whic,‘r,-‘,; do not. Other, non-critical curves

are also shoyn. The curve Cg is the singl;e‘ point R,, the Lagrano
.gian'point p =1 = o and its vmi‘rr‘dr"i;nage Rg , at which C achieves
itst minimum value of 3. The curves are thus arranged in the order

<cC

of values of .C as 3 = C'8 <C7 {,Cb <.C5 < C4 < CZ < C1

0"

( ﬂlo curve C3 is given since curves C, and ,Cz lie so clcse to-

| 4
gelthér.). 'i'iéese :c”urves are to bé compared directly with those gtiﬂVen
‘ in;Ca’rftesian coordinates by Szebehely, reproduced here as ‘F‘ig”urte 3.
The labelling of points and figures in Figure 2 has been made to

correspond to those of Figure 3. Egquations (2) permit the employ-

'

|

ment of either the (§,7 ) variables or the (u,v) variables according -
to the scale chosen along each axis. At the same time, axes in the

( p,o ) system have been indicated on the same figure.
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INVESTIGATIONS OF THE EULER PROBLEM
BY GRAPHICAL ANALYSIS

The representation of the Euler Problem in the bipolar coordinate
system is now well known. The equations of motion in this

© coordinate system are

d ) 2 1 -
(1) —"('E—' = 4¢ + "# + a-w [,362+az-p2]
dt B ’ g3 v ‘ :
42,2 S T
d L
(; ) = 4¢ + Z“ v“) + £ [ 3p2 +'az - g2 ]

v{rhere p and o are the distances from the two fixed bodies E
a’nd M (of mass p and (I - u) respectively ) to the moving
" body of negligible mass, a is the constant distance between E

and M;and the constant ¢ is energy given by

= Lop(dsy e, ]

where

‘ PR
ds _ n d/ i do (da) -,
dt = sin a L - 2(cos a) dp '\

m is mass, and a is the included angle between p and o¢. For '

the problem at hand ¢ is bounded by -1.2 < ¢ < 0. The above
system, (1), rewritten in a (;,)’1 ) coordinai: system, where

E = 'l;(P'tc). 'and.22 .li(p- o), and with a =2, 'y‘feld..




218

8[dt)” _ ___ 4§ ]2 |
s’ _"l'z]z [!z -1eglr g - v1

(2)

[d ?Z ‘
[ “n ‘i N T2z p -1)2+ i
where vy is a constant of integration. With the comhtxon that
-1.2 < e < 0 the bounds §n y are given by ! .‘
0 <e + Z(Zu’-l)f_ysegf + z§1
where gl is ther largest‘value which § is permitted to assume.
The region of interést‘is given in Figure 1. ‘ ‘
The above system of differential equations has been studied
in certain inataﬁces by the use of the Jacobi Elli'ptic ’F\.m’ctions to
reveal some properties of the trajectories which this system
répfesents. 'fhe Primary objective of cur;énf inve‘s‘ti‘ga»tions is
to examing this‘ system through the, use of the Weierstrass P- |
Function m order to obtain properties of the irajectorie's whiCh
have not been determined by the use of the Jacobi Elliptic Functionsé
A graphical analysis should render possible general trends of the |
trajectdries which will aid in the future analytic scrufinization.
The first two members of (2); are transformed into the (u, v)

coordinate system by using

s 6(c - y4 2) e 6(e-y + 4p - 2)
gy 1+lZv+(y--5e-6) ! 2 = ‘l+12u+ [_y-5e-6(29.-1)]

This transformation on (2) yields

L T .

] : . :
Tl 1 i Wiy e 1o 1
Il
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: dv '
1/2 =
e+y —”- z 2(¢+ (e |
S ey
. : du /Z ‘
[a- ety 1, 2 2ty (4 U7
{l_u 6 | |_‘4“2 PT3ud3e - 8
where 61 = eytl and 62 = ?y + (Zp.-‘l)z . |

Each of the cubics which appear in the radicand of each memBe‘r
of this differential equatiOn is of the form p(z) = 423 + gZz,+ g, -
For z = u, then

= ] - ety (e+v)2 ]
g2 |18 ,."52_]' 83= -7¢ | 736 ‘52_|

e Tle4v)e e c+v)2 | -
o ![—_-L;%)— * 51} 83 ='?[( 3?) '51:']

The roots of these cubics can readily be obtained.

For the case z = u, we get

]
o~ -
-
]
=
+
.
[\
ted

and in the case of z = v, we have

Vl‘:z ‘—%J ’ Vz = .IE.I'VI - JST], V3 = ‘z [...vl:+ 'le- ]

" Here, and throughout, the restriction 6, > 0 is made.
{ Note that since 0 < b <1, then § > 62 .) With this assump-

tion the cubics have three real roots. Since g, < 0 , then, from

Descartes ' Rule of Signs, the cubic has two positive and one
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‘negative root if g3 > 0. The reverse situation prevails for

83 € 0. The general shape o1 these curves is given in Figure 2.

Frcm the values of the roots it follows that u; < uj and that
vy ‘< e Additional anumptioni and restrictions help to isolate

other prdpertiea of the roots.

- Since the denominators of the differential equations of interest

,contain"Jp(z) , then it is desirable to study‘ Np(z) against z .

The géneral form of Np(z) sketched against z , and for g, >0,

-is given in Figure 3.

A still further graphical analysis can be made if each member

of the last give‘n equation is equated to dT. ' Thus,

4T = Z'J-i dt

>

R T R

Furthermore, dT > 0 for S >1and -1 <‘)2 < 1. The curve

~yields

dépicted in Figure 3 may now be interpreted és the slope of the
curve in the u, T- or v, T-phase plane. An ‘analysis of the Behavior

of these slopes can be obtained from Figure 3. 'The results of this

A analysis‘yields curves of the general form given in Figure 4.,

The purpose of this study is to examine the trajectory mthe
u, v- phase plane thrbugh a graphical analysis. This is accomplished

in the u, v- coordinate systems in either of two ways. First, j,ive



o
N
R

consider curves which represent the slopes 92 and 9Y  as

| : | dT dT
indicated in Figure 3 to obtain -g-:-: . This is to be followed by

an ahalysis of the curve of these slobés to obtain the general

form of the trajectory in the u, v- plane. The second me thod is

to eliminate the ’pé.rameter T from the function u, and v as dis-

ﬁlayed in Figuré 4, to obtain the general form of the trajectory in’

the u, v-plane. Both of these methods prove to be too unruly to

obtain specific and definite results. This seems to be due to the

choice of the coordinate system which is used and n‘ot"p'articularly

‘to the methods puraued." A t;ew‘ coordinate system is béing sd\g ht

- with which one may extract simpler and more exact analyses.

St i g e g
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A system of orthonormal polynomials for approximating two control
functions is described. Properties that are useful in formulating computa- 3}
tional methods are also given. Theorems of functional analysis that :
are relevant to the selection of data points are stated. | |

§
3
i

INTRODUCTION

The implementation of the Adaptive Guidance Mode requires the de-
velopment of two control functions for a specific mission by & space
vehicle. Numerical methods offer a direct way of obtainming polynomial
or rational approximants of these functions from tabulated data of
minimum fuel trajectories. Many criteria are available to measure the
"goodness" of the approximation. Corresponding to each error criterion
are one or more methods of approximation. For example, normal equations
or orthogonal polynomials may be used to obtain at least squares approxi-
mation, while linear programming or spec1a1 algorithms may be used to

~achieve a Tchebychev approximation.

However, in the special application to the Adaptive Guidance Mode,
other criteria are superimposed. The most important of these is the
consumption of fuel in excess of the minimum in order to complete the
mission in the presence of various perturbations during the flight of the
vehicle. There is no simply expressed relation between this fuel error
and the error of approximation, but decreasing the error of the approxi-
mation will decrease the excess of fuel used. If the approximants to. the
control functions have high accuracy, then the minimum fuel characterlstlc
of the flight path will follow '
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There are two basic problems in the approximation of function of
many var13b1es* :

(i) The se1ect1on of the '"best" modeL as an approximant to
the function in question.

(ii) The selection of the '"best" set of tabulated data for
use in the numerical approximating procedure.

The first problem is handled well in the present application when

- a linear combination of orthonormal polynomials is used as a least squares
approximant. The uniqueness and existence of solutions, and a multitude
of other questions, have been answered very well during the past seventy
years. Questions concerning the selection of data points seem to be

more resistant to direct methods and call for more powerful tools such

as functional analysis, combinatorial topology, and the theory of func-
tions of many variables. During the past ten years, & few theorems have
been formulated and proved which point the way for the solution of this
problem.‘w.

A, Description of the Problem

E For a specific mission (end point or final state of the vehicle)

and given initial conditions, a minimum fuel trajectory may be generated
by applying the calculus of variations. A convenient way to achieve this
is through a numerical solution to the calculus of variations problem
*ia a digital compuler program. The optimum values of the steering and
futoff functions at regular time intervals along this path are then ‘
given. By developing a number of such trajectories, representing all
possible disturbances wiiich can affect vehicles of the Saturn class and
still result in the achievement of the specific mission, the values of
the path parameters, to be used in the approximation, are tabulated (see
Appendix I for a list of the parameters and units used). Then, the
control functions to be approxlmated can be thought of as 8- tuples, €.8.

X, t, S, Y, y, X, X, u5 for the steerlng functlon X and cutoff functxon
Ty .

Since the range of values which can be assumed by the 8 parameters

is finite, we may think of the functions as a mapping from a 7-dimension-

al interval in euclidean space (the domain D of (t, 5; Y, ¥, X, X, gb)

to a segment of tha real line ( the range of X or of T,). Now consider
the linear space of F of all continuous functions of these 7 parameters

arnd the subspace P of all polynomials of a given degree in the parameters"

~defined on the same domain D. Now X or T, are in F but not necessarily
in P. The fuctions f ¢ F may be thought of as points in F.

ANE el o r b
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The problem of approximating X or T, is one of finding a set of
points {?J € P, which is closest to the point X or T., respectively,
in terms oI some metric or "measure of error." 1If the L 2) norm (least
squares approximation) is used as the metric, then there is a unique
point P; € P which is closest to the point X or T,. However, if the
Tchebycﬂev Norm (max [X - P; [ over domain D) is used as a metric, then
there may be many points which are '"closest" to X or T.. One might say
that we have an uncountable convex set of best approxxmat1ons.

B. ORTHONGONAL POLYNOMIALS AND’APPROXIMATION

The use of a system of orthogonal polynemials simplifies the ap-
proximation of a function while controlllng errors introduced by com-
putations. Moreover, there is a large amount of literature concerning
this subject and its relations with convergent series, linear spaces,
unique approximations, projection operators, Hilbert Space, convex sets
and other mathematical objects relevant to approximation theory. This
makes it possible to obtain much 1nformat10n w1th a minimumn of compu-
tation. : s o

For approx1mat1ng the control functions, X and T., we are given
the following:

’1; A selected set S and n data.points. This set will var§

with the function to be approzimated and the approximants used. If s;eS,

. F, . . s m ,
thep si is of the form s; = (Xi, ty, (;) L, Xi, Xi»y ¥i» Yi» (;)i)_whete

| :
the subscript i indicates the 8-tuple is evaluated at the ith data point.

2. A set B of basis functions b; used in a linear (or perhaps
non-linear) combination as approximants td X or T.. 1If a polymomial
approximation is the desired goal then the basis tunctlons would be
monomials-or polynomials in the last 7 components of s. In any case, ‘the
values of the basis functlons can be determined from the values of the
: components :

Before proceeding, the fbllowing”definitions-are citedfv

(1) The inner product (b » by) of two functions’is defined by

o ‘ :(bj;“bk)_? > o 7i bji‘bki
Lol
o , coi=1 01 ‘ -
_where i indicates the value of the function at the ith data point. 74
is a weight associated with the point i. The wéights assigned to data
points will be discussed in Section C. :

R B L R
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| (ii) Two functions bj, b (j # k) are said to be orthogonal
if (by, by) = 0. | T

.7(iii) A function bj‘is said to;be normalized if (b bj) = 1.

)}1
(iv) A system of functions b; is said to be orthonormal if

if (ii) is true for every member with respect to every other member and

if (iii) is true for every member. To form an orthonormal system ‘[qj]

of polynomials, step by step, from a set of basis functions {b:}, we

begin by letting by = 1, where the bar under the 1 indicates a” function 1

- which is constant (= 1) over all the n data points. Normalizing by, we

obtain 9

b , 1
ql = 1 ) = —
n_ Jn
| SO
. ; n ‘ 1
. 1. i
(g, q)=z = .- = 1.
o | R | A
’ ' 1 'w__ﬁl‘l v n
| .
; ,
We will assume here that y7; = 1 for all i. -
 Now, let b2-='§ and form a polynomial Py orthogonal to 2 - .
I n

n._ ‘ n
;p2=x-lzxi.__11_ ='}x--i—- 2 %
. Tmh L Jn =1
Gpdos o) [mocE ) w]
I o N ST =1

:I -
| ;
',-.“P:%
»
.

i=1 =1
i a n
_ 1 ( - -\ =
= = 2 xi Z xl) =0

q, is obtéihed‘by normalizing Py
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q ‘_ —-;I:g——p-l
2,' (pza pz)é

A convenient way of generating polynomlals orthogonal over the data
is given by adjoining a row and column to Gram's determinant. Let Ph+l
be the (h+i)th orthogonal polynomial generated by usxng the basis function

l RE then
(blx bl) k(bla b2) . . . (§1ibh+1)
( 2: 1) (b29 2) . . . (bzybh+1)
. |
% h+l ~ * o * : o .
: Py by L  Punr

This determinant is easily expanded by its last row of basis functions:
since all other rows consist of numbers. pt*z is seen to be orthogonal
to every basis function b, (j = 1, 2, . , ., I since taking the inner
product (pp.1)> bJ) is equivalent to forning & ‘determinant whose last
row is identical to its jth row. ph+1 i then orthagonal to any linear
combination of the bj and therefore, to every pj and q; (J < h+l). By
normalizing, we have

= ; P
Y1 =

1

(ph+1’ ph+1)

Using the above system of orthonormal polynomials, the functlons X and
T,y may be. expanded in the form ~
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The cj's and cj's are Generalized Fourier Coefficients, relative to the

system {qj], of X and T, respectively:

S ;]
¢, = (X . c, = T .
3= 9y < (T,» ;)
This orthonormal system and the expansion of the guidance functions by
it have many useful properties. We list a few:

(i) The system {q:;} is complete: i.e., any continuous function
~u can be approximated in thé mean (least squares) to any desired degree
of accuracy by choosing a sufficient number of orthonormal polynomials
to expand u. We actually have much stronger conditions that assure us
of more than just approximation in the mear, The generalized Stone-
Wierstrass Theorem states that there is uniform approximation by poly-.
nomials. ' - -

(ii) Bessel's inequality is true

n - r |
E: X, > Ez c?.'

i = ]
i=1 =1

From this we see the magnitude of the c¢; is an indication of the impor-
tance of q. and, therefore, of bj in the expansion of X. This is clear
if we remefmber that |qj | < 1 for~all j and that ch | >0 as jo» o As

a result, the partial sums Sr = cj qj becomes asymptotically dependent

as r - », 1

If normal equations are used in obtaining an approximation, the
matrix formed becomes ill-conditioned when sufficient terms are used.
However, the matrix usually becomes ill-conditioned or singular from
‘rounding during computations before this. In practice, if any of the -
c:'s are of the order of magnitude of the roundoff errors, then the teims
in the expansion containing them are deleted.

L | o r e

(iii) The approximation X = }Z cj qj-is a leaSt squares
| j=1 |
| o

‘approximation. An outline of the proof is as follows (see reference 1
for an extensive account): | - :

Suppose

R TR e L
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. r
m X E: 1, =
' = c.q, =V
~ 397
‘ =1
with the c.'s obtained as above. If any other set of coefficients d;
is used, the approximation will be ‘ '
. r , ‘
(2) 2=\ 4. q
'Z i 9% Y
j=1

where d c5 for at least oﬂe j=1,2, . . ., r. Then we may take the
‘ squares of the differences ’
% | n
% R TR LN R RS
3 =1 ' C
E .
:3‘ ' ’ , = (X - ‘Vrk- i(wr-vr), X —’vr-(wr-vr).
% (3) = (X -vp, X -vr) +2(X -vr,vr-wr)
i v e ’?:f_(vr-wr’ vr-wr)" .

Bessel's inequality can now be used’

N . | o2
Y 4.V \ - 3 -2 =
X, Xp = % Ki 52, (Vr’vr)w,* > cj
LA
i=1 ' 1

or under certain conditions Parseval's formula
(s o]

X0 =) el

1

We can see from the definition of inner product and Bessel's inequality

(3) above is minimized only when w, = v,..
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(iv) The expansion coefficients c; are unique by the Reisz-
Fischer Theorem which states (ref. 1, pp. 15 18):

Let [q ] denote an arbltrary orthonormal system and {c;} a sequence of
real numbers. A necessary and sufficient condition that {cj} be the
sequence of expansion coefficients of an L(2) 7 -integral ( Lebesgue
square integral with measure 7) function X, is

s 2o

l , :
The partial sums Sn of the expansion of X then converge to X in the

sense of the 1(2) 7 -metric, i.e., lim
n =y 0 «

= ‘ 2 —L
./ (X -Sn)“d 7 %2 = 0.

(v) Many authors speak of the coefficients c; as the coordinates
of the function X in a Hilbert space with a countable orthonormal basis
[q }. As an immediate consequence, we have that any set of the ortho-
normal polynomials with their expan51on coefficients of a glven function
X is an approximation.

L If a polynomial approximation of X is desired, having only spec1f1ed
basis functions, then one adds only those terms in the,expanSLon of X
which contain the specified basis functions.

, | (vi) The approximation of a function X by a ratio of polynomials
may be accomplished by the use of an orthonormal system. Suppose, we
wish an approximation of the form- '

X =~ Xx +dy ,

a x2 + bmyz + h ; : (1)

Transforming this into a linéa:;féiatibn, we have ,
. . " I, .

- 2 2 ‘ XY,
i‘- ax“+by +h+d (.K ) 2

Des1gnat1ng X as the function to be approxxmated and x2, yz, 1, and

;; as the basis functions, a first approxlmation results by division
and multiplication of terms in (2)

E g TR Nt T EITE | P oL T
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x+dyy

X = - — -
a, x¢ + by yé + h,

A better approximation is insured if one more step is taken. Let

X +d1 ¥ pe the new function to be approximated by the basis functions

‘xz, yz, and 1. This will be in the form
x+d1y =~ap,x?+b,y? +h,.
X ' |
Finally, we have i
' _ X + d1 y
X =

a2x2+b2y2+h2

" The process may be repeated several times for the determination of co-
~efficients in both the numerator and denominator.

C. THE SELECTION OF DATA POINTS

Wy peaa 0 sTETE SR A A g,
Bt g

Consider the functions we»q;e approximating as Qrdered (r + 2)-tuples

u = (%, 1, b, byy oo, b Y)

where i = 1, 2, . . ., n' and n' is the total number of data points
generated. bjj is the jth basis function evaluated at the ith point.
Define the position function 8§ by

|

gj”ui = gj (Xi,»l, bli’ bZi‘ o e e bji’ - e bfi): bji'

Now form the set {uj: gj ui = MAX or MIN; j=1, 2, . . ., 1}
i=1,2, .. .,n'})= {u?}- {uf] may be thought of as the vertices of

a polytope in a space of (r + 2) dimensions. Any point u; of the set

1

L
—-— ‘ * .
ui = Z ak uk v

k=1

{ui} not in {uf], i.e., u; e[ui]\gthf], can be written as
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-where

L
y ak.- 1 ak >0 (k , 2, o« e o,'L)-
k=1

There are L points in {u?].

The ak s are called the barycentrlc coordinates of the point u;
and the u;’'s are interior points of a convex set. Using these coordi-
nates, the error ej, associated with uj, may be wrltten in terms of the

errors [ek} at the points (uk}
- L

1 *’
ei -—Z ak e,k.

k=1

knowing this, a program can be written to obtain the set [ui] and,
through linear programming, a bound on the errors of an approximation
using specific basis functions can be computed. This same result also
determines the coefficients in a polynomial approxlmation. That is, a
linear programming problem is set up of the form:

i ' r ’
1 i !

subJect to W +j+1 ay

r

s = w. ’.ZV., + 2 - (w - z ) b. .

i T L Y e; n+j-1 n+j+17 i
L

£
2
By

!
where ef is the error at uf, bs:; the basis function b; evaluated at

~ this same point, and W;,Z; are non-negative parameters used in linear =
. programming to determine the coefficients a;. The e may be preassxgned.

- and the resulting system tested for cons1stency.
‘ In defining the inner product of two function bj by in B(i) by a
~ weighted sum, we are representing an integral over a domain on which the
~ seven state parameters (t, x, X, y, y, m5 are deflned
; 0

Z 71bji bki zf ‘I.).fbj bk dp. (x;’ Y *’ i’: t,

i=1

€im

5,
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The 7; are volumes of 7-dimensicnal parallelepipeds. The b; are
evaluated at some interior point of them in a manner analogous to0 the
use of the mean value theorem and rectangles to evaluate integrals in
two dimensions. A method of selecting the sample points and calculating
the proper y; would require careful thought and work based on this geo-
metrical interpretation. The method may not be relatively straight forward
and a computer program may be written only by assuming that the values of
the integrand change little in the interiors of these 7-dimensional
volumes. This method is being studied at present.

We may be sPared considerable work if two theorems of functional
analysis are applied.. .

Theorem 1: (ref.4)

, If x* is an admissible polynomial of best approximation

to f on domain D (a compact subset of euclidean n-space), then it is

" also the admissible polynomial of best approximation to f on a finite
point set of some r points of D. r is less than or equal to the numbe*
of basis functions used. |

SRR ETENE L LR 2 P

Thls set of r points is characterized in the same reference.
Questions concerning the application of this theorem for computations
'is being investigated.

i
B
d
s
o
;

By the phtase "best approximation" in Theorem 1 is meant the best
Tchebychev approximation. :

A relation between the Tchebychev crlterlon of. approxxmation and the
least squares is g1ven by: . ,

Theorem 2: (ref 2 R C Buck p 21)

+  Let nff be the best L(k) approximation to f on D, by
functions 7 in a fxnxte dimensional subspace M. Then, the unlform limits
of sequences of‘{rk}, -as k increases, are all in the set of best Tchebychev
approximations to f. '

~—-At first, as Buck states, Theorem 2 does not look hopeful for a
coi'putational scheme. However, in most cases, the 1(2) approximation is
sufficiently accurate. Further relations between the Tchebychev .and
least squares approximatxons are bexng studled

In summary then a computat10na1 procedure would have the folloW1ng
steps:

1. Selection of basis functions to‘be'used in the approximation.
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! 2. Selection of the data points according to criteria based on
the generalized mean value theorem or the results of Rivlin and Shapiro
(ref. 4). The points selected for X will not, in general, be the same
as those for Ty-

3. Formation of a system from the basis functions that isv
orthonormal over the data points as described in Section B.
5 4. Using this system, computation of the expansion coefficients
of the function X or Ty which are being approximated. Bessel's inequality

‘and the accuracy of the data used can be the basis of a criterion for

discarding certain terms of the expansion as being unimportant or erroneous.

U b i R g B N L

S
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Parameters used in the approximation.

Parameter
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APPENDIX I

_Unit Description

t ~ seconds Real time from lift off.

F 1b/1b Thrust over weight.

o |

X degrees St‘eér_irig parameter.

y o meters 1

' l‘ meters/sec Position and velocity in earth
i éne,t,‘e.rsA _ centered inertial coordinate system.
X hle::ers/sec J

@ k x g2 el

= 8 s £ Mass flow rate over mass.

m m | :

T seconds Time remaining to cutoff.

r .

. "&&J

et R
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APPENDIX I1
A BIBLIOGRAPHY FOR THE APPROXIMATION OF FUNCTIONS OF
- MORE THAN ONE VARIABLE
INTRODUCTION

Both theoretical and practical aspects of approximating functions
of many variables are discussed in the listed references. Only polyno-

mials and ratios of polynomials are considered here as the approximatars.

Both the Tchebycheff and least squares criteria are discussed in the
references extensively, while other "error' criteria are occasionally
spoken of. An effort has been made to list references giving examples
of approximations made by various methods and also papers which give a
physical interpretation to these methods.

i ~ SECTION I. APPROXIMATION THEORY: FUNCTIONS OF SEVERAL VARIABLES.
'A., THEORETICAL FOUNDATIONS
3 | . | , REFERENCES
1. D. L. Berman, "On the Impossibility of Constructing a Linear
Polynomial Operator Furnishing an Approximation of the Order
of the Best Approximation", Dokl. Akad. Nauk. (N.S.) Vol. 120
(1958). : N , .

2. A. Berberian, "Introductlon to Hllbert Spaces", Oxford U. Press
,(1961)

3. A, Erde 1y1, et al, Higher Trdnscendental Functions, McGraw-Hxll
1953.

&4, R, E. Langer, et al, Numerical Aggroxlmaglon U. of Wisconsin
‘ Press, Madison, Wis. 1959 - o

'5. H. Nakano, Modern Spectral Theory, Maruzen Co. Ltd., Tokyo.

6. J. R. Rice, "The Characterization of the Best Non-Linear
‘Tchebycheff Approximation", Trans. Amer. Math Soc., Vol. 96 (1960) .

7. A.Sard,w"Remainders: Functions of Several Varlables",-Acta
Mathematica, Vol. 84.

8. A, aaf& "Approxlmatlons and Varlance", Trans. Amer. Math Soc.,
| Vol. 73 (1952). . ' SR
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9. A, Sard, "Approximation and Project1on", J. Math and Physics,
Vol. 35 (1956). ,

10. H. C. Thatcher, Jr., "Generalization of Concepts Related to
~ Linear Independence", J. Soc. for Ind. & Appl. Math, Vol. 6, No. 3.

11. H. C. Thatcher, Jr., et al, Numerical Properties of Functions cf.
More Than One Independent Variable, Annals of the New York Academy

of Sciences, Vol. 86, Art. 3 (May 25, 1960).

:
|
|

Sard (7, 8, 9, 11 - p 700) has done much ip the area of error esti-
mation and expressions for the "residue" in terms of functionals. lHis
work on projection operators and variance (8, 9) are immed1ate1y appllc-
able to least squares approximations.

Berman (1) proves the impossibility of constructing a simple poly-
nomial operator that will place a bound on the order of the terms in a
"best'" approximation in the Tchebycheff sense. While he considers the
case of one variable functions, *is results hold a fortiori in the case
‘of functions of many variables. in the multivariate case, there are
~ usually many "best approximations" in the Tchebycheff sense. Rice offers
some theorems relevant to approximation by ratios of polynomials.

Erde' lyi (3) provides a good introduction to systems of orthogonal
and bi-orthogonal systems of polynomials for approximation or expansion
of functions of more than one variable.

. Since tabulated data can be expressed in terms of column and row
vectors, the theory of Hilbert Spaces and Spectral Theory can be used
with great advantage. One immediate consideration is that the coeffic-
ients of orthogonal polynomials used as approximators are the generalized
Fourier coefficients discussed in Rilbert Space Theory. Berberian (2)

-~ glves an excellent introduction to Hilbert Space Theory while Nakano is
much more refined and rigorous in his extension of the theory. The book
edited by Langer (4) contains many examples of the use of this theory
and the theory of functional analysis as applied to actual approximation
by numerical (non-analytical) methods. The extensive bibliographies in
this book are also useful.

- The papers edited by H. £. Thatcher, Jr., (11) are concerned with
both the numerical and analytic methods of approximation of functions of
many variables. Thatcher's paper in this group of articles describes a
very general type of interpolation which could prove useful in the future.
However, interpolation is only a very special case of approximation and
~ the development of an approximating method based on his interpolation
. "scheme may have difficulties. Overcoming any difficulties would be well
worthwhile since one would be able to have osculatory and hyperosculatory
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approxlmatlons, i.e., not only would a function be approxlmated but alse
its partial derivatives. This would help make the undulations of the
approximation around the true value of the function much less in ampli-
tude. These undulations are one of the characteristics of polynomial
and rational approximation (see Part IIL). Thatcher's other paper (10)
considers the problems of linear independence which are important in any
numerical method of approximation. ,

B. POINT SELECTION
REFERENCES

11. B. E. Atens, H. A. David, "0pt1ma1 Spacing in Regression Analysis",
Annals of Math. Statlstlcs Vol. 30 (1959).

12; G. Elfing, "Optimal Allocation in Regression', Annals of'Méth.
Statistics, Vol. 23 (1952).

13. L. S. Pontryagin, Foundations of Combinatorial Togol_gm, Graylock
Press, Rochester, N. Y., 1952,

4. T. J. Rivlin, H. S. Shapiro, "Afunxfxed Approach to Certaxn Problemst

- of Approximation and Minimization"; J. Soc. Indust. Appl. Math.,
Vol 9, No. 4 (1961).

15. S. I. Zuhovickii, "On Approximation of Real Functions in the Sense
of P. L. Chebycheff" Uspehi Mat. Nauk, 11 (1956)

The selection of data points for approximation purposes is closely
related to the construction of quadrature formulae. However, very little

. is available concerning problems involving more than three variables in

either of the two cases. This is not due to neglect as much as it is

~due to lack of theoretical foundations. Since problems of '"regression"
involve considerations similar to those of approximation, we find dis-

cussions of point selection from the field of statistics in the articles
of Arens (11) and Elfing (12). =

The 1deas of combinatorial topology may be applied lmmedlately since
discrete data is used in the approximation. Pontryagin (13) presents
the foundatioiis of this subject concisely and in a readable manner.

The most important papers on the selection of points and approxi-
mation theory are those of Rivlin and Shapiro (14) and Zuhovickii (15).
The article of Rivlin and Shapiro has direct app11cat10ns ‘to at least
three problems: : ~
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(1) finding the '"best" polynomial approximation to a given
function,

(ii) maximizing a linear functional among polynomials of a
given degtee, o '

| (iii) finding the function of least norm having a finite num-
"ber of prescribed moments.

~ Any results of investigating problem (i) have obvious application
to the present work in approximation. Solutions to problem (ii) may be
~ used to determine error bounds.

Many approximation problems are easily put into a problem form

concerning moments, and results of studying problem (iii) are then applied.

Zuhovickii does this very thing. The selection of points is of concern
in both papers. Rivlin and Shapiro, as does Zuhovickii, directly approach
the problem through measure theory.  The interpretation and application
of their findings remains as a less formidable probliem.

l16. A. N. Kolmogorov, "On the Representation of Continuous Functions
by (Functions of) a Smaller Number of Variables", Doklady Akad.
- Nauk SSK, Vol. 108 (1956).

17. R. Hooke, "Direct Search Solution of Numerical and Statistical
Problems", J. Assoc. for Comp. Mach., Vol. 8, No. 2 (1961).

13. J. Kiefer, "Optlmal Sequential Search and Approximating Methods
Under Minimum Regularity Assumptions", J. Soc. Ind. & Appl. Math.,
Vol. 5, No. 3.

19.'}S Kosht, "On the Weirstrass - Stone Tﬁeorem" J. Math Soc. of
Japan Vol. 5 (19%3) p. 351. :

20. G. G. Lorentz, "ApptOleatlons of Smooth FunctLons", Bu11 Amer.
= Soc., Vol. 66 (1960).

21. G. G. Lorentz, "Lower Bounds for the Degree of ApprOX1matlon",:ﬂ
. Trans. Amer. Math. Soc., Vol. 97 (1960) .

22. A, V. Sul'din, "“The Measure of Wiener and its Application to
Approxxmatlon Methods, Izvestiya Vysshikh Uchebnykh Zvendenly,
Mathematika - Part I (1959) No. 6 p. 145, Part 1I (1960) No. 5,
p. 165.

23. A. Zygmund, "Smooth Functions"”, Duke Math. J., Vol. 12 (1945)
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24.

10.

1.

Function Spaces and Approximation, Proc. Symr.kApplied~Hath.
6 Numerical Analysis, Amer. Math. Soc. -

SECTION II. LEAST SQUARES, MATRIX OF NORMAL EQUATIONS

A, Bjerhammar, "Application of the Calculus of Matrices to the
Method of Least Squares with Special Reference to Geodetic Cal-
culations.'" Trans. Roy. Inst. Tech., Stockholm, Sweden, No, 49

(1951).

K. Eisemann, '"Removal of I1l-Conditioning for Métrices", Quart.
of Appl. Math., Vol. 15, No. 3.

M. Foster, "An Application of the Weiner- -Kolmogorov Smoothing
Theory to Matrix Inversion", J. Soc. Ind. & Applled Math., Vol. 9,

No. 3 (1961).

'T. N. E. Greville, "Note of Fitting Functions of Several In-

dependent Variables'", J. Soc. Ind. & Appl. Math, Vol. 9, No. 1
(1961). , '

M. Lotkin, '"Note on the SenS1t1v1ty of Least Squares Solutxons"
J. Math. & Physics, Vol. 35 (1957).

M. Morduchow, L. Levin,,VCQmparisgn of the Method of Averages
with the Method of Least Squares", J. Math. & Physics, Vol.
38 (1959/60). ' . ;

E. E. Osborne, "On Least Squares Soiutions OErLineaf Equations",
~J. Assoc. for Comp. Mach., Vol. 8, No. 4 (1961).

R. Penrose, "A Generalize Inverse for Matrices", Proc. Cambridge
Philosophic Society, Vol. 51 (1955). .

J.| D. Riley, "Solving Systems of Linear Equations with a Positive,
Definite, Symmetric but Possibiy Ill-Conditioned Matrix", Math.

: Tables and Other Aids to Computation, Vol. 9, No. 51 (1955).

J.| P. Roth D. S. Scott, "A Vector Method for Solving Linear
Equatlons", J Math & Phy31cs, Vol 35 (1957)

J. Todd M. Neman, "The Evaluatxon of Matrix Inversion Programs" :

For an extensive account of the least squares method with examples

see Bjerhammar (1). Lotkin (5), Osbornme (7), and Morduchow (6) discuss
various characteristics of results obtained by using the least squares
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criteria. Greville (4) comblnes the ideas of Bjerhammar (1) and
Thatcher (I-11), which is an impurtant result. Since the inverse of a
rectangular or even a singular matrix is defined, illconditioned matrices
are no longer any concern. Greville goes on to show how any information
about partial derivatives may be included in the least squares approxi-
mation. The resulting approximation should be "better" than one whxch
does not use such information.

Other approaches to the problems of ill-conditioned matrices of
normal equations are discussed by Eisemann (2), Riley (9) and Roth (10).
Of course, there need be no reference to normal equations for least
squares approximations. The ideas of approximation may be developed
in terms nf projection operators. This is done by Sard (1-8).

Foster (3) takes account of round-off errors and deflnes an op-
timum inverse. Todd and Neman (11) obtain bounds on the errors when
a matrix is inverted by a computer. Their paper contains many examples
of error analysis based on matrices with known inverses.

ADDITIONAL REFERENCES

12. . M. Hestenes, "Inversion of Matrices by Biorthogonalization",
- J. Soc. for Ind. & Appl Math., Vol. 6, No. 1 (1958).

13. A. S Householder, "A Survey of Some Closed Methods for Invertxng
Matrices", J. Soc. for Ind. & Appl. Hath., Vol. 5, No. 3 (1957).

14. A. S. Householder, "On Deflatingmuhtrices", J. Soc. for Ind. &
Appl. Math., Vol. 9, No. 1. ‘

15. eK Levenberg, "A Method for the Solution_of Certaxn Non-Linear

‘ Problems in Least Squares", Quart. Appl Math., Vol. 2 (1944).

16. M. Marcus, H. Minc, "On the Relat1on Between the Determinant |
and the Permanent', I1l. J. of Math., Vol. 5, No. 3 (1961).

17. B. R. Heyers,y"Two Theorems in Mnltiwe1ghted Sums", J. Soc. of
Ind & Appl. Math., Vol. 9, No. 1 {1960). - ]

18. H. Su, "Electric Analog for .the Theory of Adjustment and Re-
gression", J. Math. & Physics, Vol. 38, No. 4. L

SECTION III. APPROXIMATION BY POLYNOMIALS.

1. N. I. Ahieser Theory of Aggroxinntion, Ftederick Ungar New York,
' 1956. :

';\
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2. P. L. Butler, "On Two Dimensional Bernstein Polynomials",
Canadian J. Math., Vol. 5, (1953).

3. D. Dickinson; "On Quasi - Orthogonal Polynomials", Proc. Amer.
' Math. Soc., Vol. 12, No. 2 (1961).

4. Dzrbasyan, "On Weighted Uniform Approximation by Polynomials
of Functions of Several Variables'", Mathematiceskii Sbornik
Novaz Seria Vol. 43, No. 85 (1957). s

S. C. J. Pings, B. H. Sage, "Equations of State: An Application
of 0rth030ha1 Polynomials", Ind. & Eng. Chem., Vol 49 (1957).

6. Sirazdlnov, "On the Theory of Multidimensional Hermlte Poly-
nomials'", Akad. Nauk Uzbek, Vol. 140 (1960).

7. S. I, Zuhovickii, "Some Generalizations of the Concept of Tcheby-
cheff Alternance", Dopovidi Akad. Nauk. Ukrain. R. S. R. (1955)
P 419

As is well known and mentioned before, one characteristic of poly-
nomial approximation is its wave-like departure from the true value
of the approximated function. For the case of functions of a single
variable see Ahieser (1), but for a more general discussion that applies
to the multlvariate case see Zuhovickii (7).

oty

;
,?:

Much difficulty with choice of terms used in the approximating poly-
nomial can be avoided by using an orthogonal system of polynomials.
Erdelyi (I-3) and Sirazdinov both have good discussions of the subject.
The ideas of systems of orthogonal polynomials (also biorthogonal systems)
are generalized by Dickinson (3), whose paper is useful when the poly-
nomials used may be orthogonal to only a few others used. This idea
can be used to place zeros in strategic places in the matrix of normal
equations. The assignment of weights when approximating is the subject
of Dzrbasyan's paper which is unusual since it considers the case of
many variables.

Butler extends the well developed theory of approximation by Bern-
stein polynomials from the univariate case to the bivariate one. This
could possibly extend to many dimensions and prove useful. For a specific
example of the use of orthogonal polynom1a1s, one can see Pings' and
Sage's article (5) or one of the many texts on regression mathematical
statistics, or design of experiments. : :
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G. E. Forsyth, "Generation and Use of Orthogonal Polynomials
for Data Fitting with Digital Computers', J. Soc. for Ind. &
Appl. Math., Vol. 5 (1959). |

P. G. Guest, "Note on the Fitting of Polynomials to Equally
Spaced Observations", J. Math. & Physics, Vol. 32 (1953).

P. G. Guest, "Orthogonal Polynomials in Least Squares Fitting
of Observations'", Philosophy Mag., Vol. 7, No. 41 (1950).

A. M. Obukhov, "Statistically Orthogonal Expansion of Empiric
Functions", Bull. of Acad. of Sciences, USSR Geophysics Serles,

- No. 3 (1960)

14.

15,

C. K. Sexton, "Curve Fitting with Orthogonal Polynomials", - Prod.
Engr., Vol. 27 (1956).

M. Westfeld, ''Orthogonal Pblynomials in Several Variables",
Numerische Mathematik Vol. 1 (1959).

SECTION IV. LINEAR AND NON-LINEAR mocmmuc:' RATIONAL APPROXIMATION,

1.

2'

G. B. Dantz1g, P. Wolfe, "Decomposition Prlnciple for Linear Pro-
grams', Oper. Research, Vol. 8, No. 1 (1960).

J. B. Dennis, Mathematical Programming and Electric Networks,
Technology Press, N. Y. 1959. |

"A, W. Dickinson, "Non-Linear Curve Fitting", Qualifyrébntrdl>
;and Applied Statistics, Vol. 5, No. 6, (1960)

S. I. Gass, anear Programming, McGraw-Hill, New York, 1958.

A. A, Goldstein, W. Cheney, "A Finite Algorithm for the Solution o
of Consistent Linear Equations and Inequalities", Pacific J. Math. s
Vol. 8 (1958). .

"R. A. Good, '"Systems of Linear Relations" Soc.‘fdr Ind. &‘Appl,'

Math., Review Vol. 1, No. 1;~
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7. H. L. Loeb, "Algorithms for Chebychev Approximations Using the
Ratio of Linear Forms", Soc. for Ind. & Appl. Math., Vol. 8,

No. 3 (1960).

8. H. L. Loeb, E. W. Cheney, "Two New Algorithms for Rational
;'Approximation" Numerische Math., Vol. 3, No. 1.

9. I. B. Pyne, "Linear Programming on an Analog", A.I.E.E. Trans.
Vol. 75, Part I (1956).

10. H. E. Salzer, "Best Approximation of the Mixed Type", J. Soc.
for Ind. & Appl. Math., Vol. 7, No. 4 (1959).

11. L. E. Ward, Jr., "Linear Programming and Approximation Problems",
Amer. Math. Monthly, Vol. 68, No. 1 (1961). 5

| Ward (11) gives a simple, readable account on the use of linear pro-
}grawming for the immediate problem of approximations by polynomials.
Loeb (7, 8) considers the approximation of functions by ratios. This
seems, in most cases, to lead to a large reduction in the error. For
an extensive account of an algorithm see Goldstein (5). Dickinson (3)
offers a few ideas suitable in the field of rational approximation.

' As introductions to the ideas of linear programming, the book by
Gass (4) and the article by Good (6) are excellent. Gass develops the
concepts in terms of matrices, vectors, and polytopes, avoiding the

- usual mass of equations, symbols,and indices. ,

The article by Pyne (9) is unusual in that a method for linear pro-
gramming on an analog computer is described. With the great savings
in money and time on an analog, the method could prove worth while even
in large sized problems. The approximate solution of the analog may
be refined by the digital. If the linear program is large sized, it may
be solved piece-wise as described by Dantzig (1). For a physical
interpretation of linear and quadratic programming, the book of Dennis
is unsurpassed. Salzer (10) considers the unusual problem of using
both the Tchebycheff and least squares criteria of error in approximations.

ADDITIONAL REFERENCES

12. W. S. Dorn, "On LaGrange Multipliers and Inequalities", J.
Operations Research, Jan-Feb, 1961.

13. H. J. Maehly, '"Methods of Fitting Rational Approximations",
- Part I: Telescoping Procedures for Continued Fractions. J. Assoc.

for Comp. Mach., Vol 7, No. 2 (1960)
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J. R. Rice, "The Chafacterization of the Best Non-Linear Tcheby-
cheff Approximation", Trans. Amer. Math. Soc., Vol. 96 (1960).

J. B;'kosén, “Gradient Projection Method for Non-Linear Programming',
J. Soc. for Ind. & Appl. Math., Vol. 8, No. 1 (1960).

I. Singer, "On the Best Approximation of Continuous Functions“

Annals of Math., Vol. 140 (1960).
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PROPOSED STUDIES IN THE FIELD OF MULTIVARIATE APPROXIMATIONS

By
James W. Hanson
Richard J. Painter

SUMMARY | 1 7 |

A proposed study of the numerical properties of functions of more
than one independent variable is outlined herein.

I. INTRODUCTION

In doing a search of the literature in the field of numerical analy-

E o . . :
" sis on the subject of multivariate approximations, a number of very ob-

vious and critical gaps are immediately encountered. The following
quotation by Henry M. Thacher, Jr. offers an excellent summary of the
situation [1]. This quote is from the introduction of Reference 1 which
is a report on a conference held in October, 1959 on the subject of the
numerical properties of functions of more than one independent variable.

i "It may be worthwhile to examine the program, not from the stand-
point of the subjects covered, but rather from the standpoint of those
omitted. I do not refer to the fact that linear algebra .and partial
dﬂfferential equations have been so thoroughly discussed that an adequate
treatment would require more space than this monograph affords, but
rather to the authors who are not represented because they could not be’
found. Among these important people are:

- (1) The expert on orthogonal polynomials in more than one indepen-
dent variable who can describe how to select, among the infinite number
of sets of such polynomials corresponding to a given region and weighting
function, the one that has roots at the base points for Gauss-type quadra-
ture formulas. Perhaps he could also tell us something that would be
helpful in least squares approximation, and about minimax polynomials
analogous to those by Chebyshev. ‘
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(2) The mathematician who can give us workable criteria for the
existence, and hopefully for the localization, of roots of systems of
non-linear algebraic and transcendental equations in several variables.

+  (3) The expert in approximations who can tell us how to find poly-
nomial approximations to multivariate functions associated with either a
least squares or Chebyshev norm for the error.

" (4) The brother of this expert on polynomial approximations who .
kd ws all about rational approximations in several independent variables.
Inr 7iew of the general lack of understanding of rational approximations
in a single variable, it may be some time before this man gets his Ph.D.|
He certainly will be entitled to one if he solves the problem,"

II. PROBLEM STATEMENT AND PROPOSED STUDY
E In attempting to obtain useful multivariate approximations for the
guidance equations in the flat-earth calculus of variations problem, it
seems that the most immediate question is the selection of a "best" set
of "coordinate functions' to use in the approximation.
E Trial and error methods do not hold much promise toward answering

this question. Furthermore, since this question is intimately related

t# the missing subjects related in the introduction, no useful solutions

are going to be found in existing works. Hence, in order to at least -
make an educated guess as to what these '"coordinate functions" shoulild
be, the following two lines of study are proposed.

l. Make an empirical study of the data for optimal trajectories
and an analytical study of the equations of motion for the flat-earth
model in order to determine the properties of the associated multi-
dimensional surface. Two initial points of study would be:

| a. A numerical study of the partial derivatives of the
~ dependent variables with respect to the independent variables along
various trajectories. Possibly one would discover that one or more of
the independent variables could be eliminated from the approximation
while still remaining within the limits of error.

b b. A numerical study of the variation in each of the
dependent variables while all but one of the independent variables is
held constant would also exhibit prcperties of the surfaces in question.

2, Make a study of the analytical properties of various types
of "coordinate functions'" in the multivariate case in order that a
;reasonable choice could then be made for a “"coordinate function" in

light of any information gained from the abave study. Types of qestions

to be considered would be:

Ry T
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a. If rational (fractional) approximations are the "best
coordinate functions," should the approximation be rational in x, y, z,

..., or only in some subset of the independent variables while poly-
nomial in the others?

b. If a polynomlal approximation is to be attempted, what
powers in x,y,z,... should be used? Should one try

1 x x
2
y xy x7y
| 2 2 22
yo oxy  xy
§ or
g )
1 X x2 x3
y xy x'y
| 2 2
y Xy
3
y
; etc. ?

E,&
£
H
)
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1. Thécher, H.C., Jr., et al., Numerical Properties of Functions of
More Than One Independent Variable, Annals of the New York Academy
of Sciences, Vol. 86, Art. 3, 25 May 1960.
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LINEAR PROGRAMMING APPLIED TO GUIDANCE FUNCTION FITTING

By

. Sylvia M. Hubbard
Shigemichi Suzuki

- / . B SUMMARY

The application of linear programming to the approximation of the
guidance functions in the Adaptive Guidance Mode is considered.

I. INTRODUCTION

This report describes a continuation of the investigations in [1]
of the use of linear programming techniques to approximate the guidance
functions in the Adaptive Guidance Mode. The notation of [1] is used
in this report. Attempts to increase the speed of convergence of the
Revised Simplex Method to the solution of the dual problem for the L
fit are discussed. : *

' 11. THE DUAL PROBLEM

As stated in [1], a functiog;fki), whose value is known at n points,

-

Z,,-..,Z , in a multi-dimensional space, is to be3approgimated by a poly-
- nomial P?i) in such a way that the makimum absolute deviation ,

MaxX  yppe o |
k=1,..;,nlp(?k?mf f(ik)wlt

be;

is minimized. Letting the polynomial P(ik)

a - b0 + a g - blwkl”+ ""+’am51wk,mr1,f bm-lwk,m-l ,

the linear programming'problem is to minimize € subject to the con-

~straints ‘ ' ‘
. a j

>0, b,>0 for j =0,..., m-1, € > 0 and _
=7 = = .
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- b, +a,w

ag = by taW, - e - B m T EBY S €

fOl’ k = 1,-;.,“ .

ay - bo +a1 kl cee = b'-l.wk m-l.' f(zk) > -€

. _ n , »
_ o ‘ ‘ : ' '
E ( f(ik) )uk + E ‘v f(i’.‘k)uu * ? subject to the.constraints A'U<B
k=1 " k=1 ‘

and U > 0, where B'.is the (2m+l)-component column vector (0,0,... ,0,1)
and A' is the matrix

-1 DTSR B 1 1

1 . 1 | S cven -1
-'11 e o oe -wnl wll ‘ . | esee “nl .
W o e W , - I ' |
| 5 - nl i1 | “aesn LY
| . |
-Ulz eses ‘ "wnz wlz o % e . an
wlz | s e wnz i | » 'wlz ce e v ‘wnz
® , [ ] f .. o
Yi,a-1 et Yn,m-1 | m%l,m-l | Tene | “¥n,n-1
1 R W) ‘ 1 v i 1 ' ‘ o ' «pov.- | 1

The matrix for the original problem has 2n rows, while that for the dual
'ptoblan has 2m+l rows. Since the computation time for the linear
programming routine is approximately proportional to the cube of the
number of rows of the matrix, a great decrease in computatidn time is to
be expected in solving the dual rather than the primal problem when n is
~much greater than m. In problau of 1nterest in this report, m, the
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nomber of coefficients in the polynomial P(Z), is of order 50, while

n, the number of points at which P(Z) is fitted to the given functlon
£(Z), is of order 1500. The results of a test computation did not
confirm the anticipated decrease in computing time for the dual problem
A possible explanation of this result follows.

[,
|

The large number of zero components in the vector B' appears to

cause the slow convergence of the method. Let the following array
denote the Simplex tableau, where‘tﬁe-di's are shadow prices, the v. 's
are activity levels, and z is the value of the objective function.

d1~ _ d2 | s dn ' z
*5 *12 ’ *Latamil 00 N1

*21 *22 *2, 20+2m+1 V2

*a+l,1 *2am+1,2 2m+l, 2n+2mHl Vam+l

If the kwh column is 1nttoduced.1nto the basxs, the j th column will

be eliminated from the basis, where J is given by '

vj/xjk = min S A A /%, ) = 6. ‘The chaﬁge'in the objeotive
i:]-‘,,o ooy h."l S '
and Xk > 0o
function is -6d,. Since is ﬁegative and 6 > 0, the objective function

will be increased only if & > 0. Initially, the vector of activity

levels is B'. Hence the value of the objective function will be improved '
~initially only if x

that 6 > O is 2-2m'when the vector of activity levels is B'. If Xk > 0

has a bounded optimum solution then x2m+l,k > 0 when x

I . : -
cesy2m,) Assuming the signs of the xik's to be random, the probability

ik £ 0 for i=l,...,2m and X om+1 >0 | ‘
ik < 0 for i=l,

init1ally, where i < 2m, then the new vector of act1v1ty levels is still

However, when xik < 0 for i= 1,...,2m then the new vector of actxvity

" (1f the problem

W, oe
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levels will contain at least two positive elements. Thus by the same
argument, the probability that the objective function will be increased
at the next iteration is at least 2 L The same argument is applied
until the optimum solution is obtained. The expected number, I, of
iterations required to reach the optimum solution will thus satisfy

22m <1< 22m + 22“"'1 +._.+20< 22m+1, in the special case of the given -

vector B'.  This is much larger ti:an the 2m+l or 4m+2 iterations usually
stated as the number of iterations required to obtain the optunum
. solution,

- The effect of a transformation of the dual problem which eliminates
the zero elements of the vector B' will be considered. It is expected
that the slow convergence described above will be avoided. The trans-
formation matrix, C, is chosen in the following manner. After slack
variables have been introduced, the dual probiem can be represented by
A"U'=B', vhere A"=(A',E), E bemg the (Zn+1) x (2m+l) 1dentity matrix.
Let C be the (2m+1) X (2m+1) matrix

1 0 0 .... 0 1
- IR | 0o 1 0 .... 0 1
o 0 I .... 0 1
0 0 0 ... 0 1

Since C is non-singular, the solution of the problem of maximizing

Z' (7-,:f(2k) )uk"'-l'- Z f(‘z‘k)uM_k _subject to the constraints CA"U'=CB'

~and U' > 0 is the same as the solution of t;he problem of maximizing

. ; : . R n .

Z( f(tk))uk + Z f(z‘k)un + subject to the constraints A"U'=B' and
k=1

U' > 0. Each component of the vector CB' is 1.
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I11. CONVERGENCE OF THE SIMPLEX METHOD

As an alternative approach to the problem of decreasing the compu-
tation time for the dual problem, several methods suggested by R.E.
Quandt and H.W. Kuhn [2] for increasing the rate of convergence of the
Simplex Method are being considered. Three new criteria for chiosing
a pivotal column (the next vector to be introduced into the basis) in
the Simplex Method are described below, using the notatmn of Part 1I.
Method (2) is the Dantzig c,riterion, presently used in t’ﬁe UNC linear
progrannmg routine. A -

i

a) ‘The Greatest Unit Ascent Hethod The j coimn is éhoseﬁrraé

| the pivotal colum vhen d = min d_. - This is the critenon
381’ ecey h+h+1 : /}
and d <0 | e

most fi:equently employéd in the Simplex uethod.‘

b) The Greatest Absolute Ascent Method If s is a positive mt{eger
not greater than 2n+2n+1 let T be the mteger given by v /x =

T s
s g
min -(vilx.s)u (x]':_ ' s would be the pivotal element if the
} 131,. o e ,zn+1 1 . s’ ) ‘ ]
and x> o '

i
W

s":h column vere the p:.volial column ) Then the b ] th column is chosen as
pivotal column when I

d.v_/s_ . =min (dv_/x_ ).
ir, ,rj,j s=1,...,2n¢2m4l ° Ts Tg’® |
‘ and d. <0 ‘ L e T
L
¢) The Minimum Next Choice Method. Let p . equal 1l or 0 according

tF
as the choice of the j*' column as pivotal columxi at the tth iteration
causes d to be negauve or non-negative at the (t+l)St iteration. ‘Then

th

the j column is chosen as pivotal column at the t iteration if

2n+2m+1 - Zn+2mtl

s=1,..,2m+2n+l . tsr

 Pege :
| L

r:l i

d) The Modified Gradient Method. The ‘jth column is chbsen as
pivotal column when ’ N : .
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i=1 s=1,...,2n+2m+l =l -
xij'>0 ds<0 xis>0

The experiments performed by Quandt and Kuhn indicate that the
criteria (b) and (d) may give better convergence than (a), while (c)
gives slower convergence. The criteria (b) and (d) are being incor-
porated into the linear programming routine at UNC. It is possible,
also, that the special structure of the problems being studied may make
some other method for choosing the pivotal elements more effective.
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EXISTENCE OF MULTIVARIABLE LEAST SQUARES
APPROXIMATING POLYNOMIALS
By
~ Paniel E. Dupree
SUMMARY ' [969¢

/ S g _ ‘
’ Sufficiency conditions for the existence oflmultivariable least ‘

squares approximating functions are developed

1. INTRODUCTION

The problem of existence of least squares approximating polynomials
in a single variable has been resolved in great detail. A considerable
amount of work has been done on this same problem for generalized
approximating functions of several variables, but this work is of a
highly abstract nature. Here we consider the problem for least squares

approximating functions of several variables.
II.  EXISTENCE
We can” etate the existence problem as follows:
I£ (B X @y 1,£8,%() 1,0-0, 1 8,,%(6) ] are n + 1 pairs of o
values of the function X = X (), where p = (xl,xz,...,x ), By = i

A(xu, 21,...,x ), and if % ®, CDI(B),---; CPN(B) are N +1 functions

of B, under what conditions do there exist constants 1,... ’ A“
such that |
; | n ' N .
| \ 02 .
F(AO,AI,,V..‘,AN) = 2 { X@,) - Z A 2 (51). ]}
i=0 - j=0 \

is a minimum?
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N
Lemma 1: F(Ao)Alx ’AN) - 2 [x(B ) z qu’j(ai) ] 2 is a
| i=0 =0 R

continuous function of its atguments.'

b n ' '_N . n N
Proof: 'Z”“Bi’ - Z A@61 % - Z txe@) - Z alo, 1% |

o g
' N . N '
= | [x(y - Z Ajcoj(tso)]2 + (X)) - z A@;6))] 2‘ +...
oo N . N

- 3=0, . j=0

N N
| | j=0 ’

j-o
mlme ) apeg +L) Apepl - mep ) EMd

j=0 j=0 - 3=

3 ;

j-O
= N | N | |
+Z@,) 2 cpj(Bo) [Z cpj(ao)] + 2(p,) Z A3¢j(51) |

J=0 | 3=0

B R o eibaaed ae e v s - PR

e s £
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-[Z Ao, @12 +._..+ma)z A, @) Z q>j(e>1

jgo , j.O | jso
‘ N
- -x(8) [Z 20,6y - Z jcpj(ao) 1- 26) [Z A0, 6

N

N | ; !

§=0
+ ... +{[Z Ajcpj(sn)] - [Z Ao, By lz}ll |
3=0 =0 o
N - N o
= [Z Ay - jcpj(ﬂo)] {ZK(BO) + [Z jcpj(ﬁo) +Z jcpj(ao)]}

 §=0 | §=0 §0 §=0

‘ +[Z jcpj 1) Z jep_,«sp 1 { zx(e) +[Z Ay 6 +iagcpj(eln}

j=0 j=0

+ae + [Zé A@, @) - Z Alo,(B,) ] -{-zx(e,,)
| :

j=0 o ‘ ,

N ' N .

+ [Z A@By +'Z Ao By ]} l
7 j=0 X j-O ‘

{[y jcp_,l(fao)] {z Aley(By) 1 } {(Z jcpj(sl)] [y AR ] }

T A R e S # S T

S N e i

B SRR S I
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: N , 1 N
<l ) @y - ape; 6y { 206y + L Ay + 400,60 |

J=0 = J
. N | )
o+ 2 A j) 9,6, { -xX(@)) + 2 Ay +490,6)) » |
= j=0 J )
+... + | Z @ - Aj)qvj‘(ﬁn) { Zx(ﬁ) + Z (A, +A )wj(B )} |
S o R S 3=0 ,
< | Z Ay - 499,6q | -{sz(ao)l + I'Z. @ +Aj)q>j(80)|}
| =0 - | j=0

N | _ . v N : S
+ | Z A -A00,6) | ) 1ZeEp |+ Z Ay +A490,6) l}
§=0 T -~ =0 | |

N o | N
+... 4| X (A.j'- Aj)cpj(sn) l {Ia(e) | +| L (A +Aj)quj(3) I}
370 BRI =0

< Z A - A, | |‘¢j¢o) |‘ -{|zx(eo) | + Z A, + 4, | |y I}

1=0

£ ) 1y - Al loy@p | {'mal) ' Z " “’ ' lm’(Bl) l}

- J=0 3-0

e e iihes e Wi SRl Sy B

L kdasd BNRE ST, ¢
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+... + zlAj - A, | |¢j(¢3n) 1 .{px(sn) | +z |A,j +A, I |<Pj(f3n) |.

j=0 j=0

| N | |
' ' A : : ’ '
< max |Aj‘- Aj | { >'|¢j(60)|[|2{(ﬁ0)| +  max lAj +A

T0<igN §=0 (FEF
N
2 los®p | ]
§=0 |
N o N

' s '
+Z|m(B)I[IZK(B)I+ max Ay Al ) oGy | ]
2 j.; 1 o<cj<n 1 3 jz:o i1

ij(a) | [sz(a)l +  omax (A, +Ajl }:Icp ®) | 1}

§=0 OSJSN

Hence, ‘F(AO’AI" .o ,A.N) is a continuous fqnction of its arguments,

Lemma 2: The function

n \
Q(Ao)A1!°" ’AN) ,= Z [-R(BI) 2 AjCPj(Bl) ]

is a contmuous functlon of its arguments

~ Proof: |y,[-ﬂ(ﬁi) ZAjch(ei)'] -)__.[ ZX(B )E‘A ‘Pj(B ) ] I
| i=0 3=0 i=0

Ll e

AL B By b n

"~
o Fa oo,

MR e e

A T e



267

- IZ[ zc(a)z A0,6,) +zc<ai>ZAjcpj<s) 11
§=0

- |Z[ zt(a)Z(A - 40,6 |<>:[|2x(si)|Z|A <y 1oy 1)

i=0 | i=0
< max ,nz mcei)l?lmjm)l
0535“  i=0 - j=0
n
Lemma 3: IfZX(Bi)cpj(Bi) # 0, for some j, 0 < j < N, then
| i=0 |

Q(A.,A,,...,A,) has non-zero extreme values on the sphere |
0’1’ )

2, .2 2
A0+A1+...+AN-1. |
Pfoof- I.:et R(A,,A A) = AZ + A2 + + A'z - 1 and let ¥ be an
_. 0, 1, L N ) , N 0 1 N R N | 7
undetermined Lagrangian multiplier. Then the extreme values of
Q(AO,AI,...,AN) will occur at the zeros of the following system of

eiluati.bns:

D 3R |
: - +7 - =0
5% yng,!

4.
L X9

-

NP

B b N 0 < s et O

o s A St W

32

ot e A TN i e

U
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But Q(A‘
i=0 j=0

z[ Zt(.e ){ APo®By) +4A9,(B) +.

180 ‘

i=0

n » a
- "-“oZ’“BQ%‘BQ }: X(@ )%(Bi
i=0 o i=0

~ Thus, the system above becomes

n

-2) XK@ 9,6y + 27A0 =0
i=0

: N |

n : :
'ZZ’“BQ%@Q +9A =0
i=0 |

v N
O,Al)"”AN) =z[-u(51)2Ajch(ﬁi) .]

: +A“¢N(ei)} ]

- ZBJAGE) 1

%7"‘5 Doy
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Now y # O, sinceZX(a )q’j(ai) # 0 for some j, 0<Jj<N.
i=0
_ n
’L‘herefo;g, Aj =1/y Z‘@P%(ﬁﬁ 1, 3= 0,1,.‘..,8, and
| i=0 |
Ag--i- Af + oo +A: = 1 becomes

. n
117? [Zx«a 9,6 12 +[Zx(e )¢1(B)] e 1) XGoEY1 = 1
10 | | 120

N n
Hence, 172 ) 1) X@o,6) 12 =1, or

7 j=0 i=0
N n | o
2 \ LN 42 o, “ M
7 -Z[Z XEe(B) 1% Thus, % o

¥

j-O 1-0

n
- n zx(ﬁ )q)j(ﬁ )
A=) X6)ey6) = ¢ i ‘

i=Q N n

; Y1) 260,60 12
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Therefore, the extreme vdluesr of Q(Ao,Alj,.. . ,AN) are !

QAgA,,- .- ,A“) - ZZ

j=0

P :

iz

n

zxwi)wj(ag

i=0

-

‘ n .
. 2; {ZX(Bi)@j(Bi)] :
3=0 '

n

3=0 i=0

b

i[wagmj(ai) 12 5

'3

n

. |
fot Z X )9,6,) ]
i=0 :

l .

n o '
[ Z X(8,)9, (B) 12

These extreme values are not zero if ZX(Bi)gp j(B 1) fails to vanish

for some j, 0 < j <N

i=0

Theorem: 1f @,(8), 9,(8), ..., y(B) are N + 1 functions satisfying

n

 is0

F(Ag,A,-- A = z x@)) -
| | i=0

is a minimum,

Z,X(a 1)_‘9)(5 i) f 0, fot some j, 0 <Jic<Nn "then there exists constants

=0

WP b o W g«

ot oA I

. e
- T MM e ax

" Rl L R R R O . BT o ST .

PR YU o
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Proof: Let x # O be the minimum value of QAg,A;,.-- »Ay)

| N
" on the unit sphere ZA? = 1,
J=0

Case I: n<0. If n< O, then Z Ai’ > _1/1! (a, + 1), where a = g.1.b,

of !(Ao_,Al,... sAy). Q exists since F > 0. Therefore,

- ix ) + Z(-u(spz jcpj(ai)l

i=0

. N ’I ‘ . ‘
AR X IR

n.

) 320

> n (1/::)”'(& +1) =a+ 1> a,

a contradiction. Hence, this case cannot occur,

Case 2 x> 0. We assume that

Y.
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N

2 A? > 1/n (¢ + 1) and obtain the same
§=0 ]
contradiction as in Case 1. Thué, | | o §
, - i
) A.<1l/n(@a+1) =R
| J ' ‘ :
=0
is a clesed bounded set of points (AO’AI”"’AN) inN+1 diﬁensional‘ o
B i j‘i

space. F(AO’AI""’AN)' is a continuous function of (AO,A ,...,AN) and

1

has a minimum value in or on the set.




Wk - jE 700

COMPUTATION CENTER
UNIVERSITY OF NORTH CAROLINA

ANALYTIC DIFFERENTIATION BY COMPUTER APPLIED
TO THE "FLAT EARTH" PROBLEM

'By

James W. Hanson

CHAPEL HILL, NORTH CAROLINA

273

PP T



274

~ COMPUTATION CENTER
UNIVERSITY OF NORTH CAROLINA
CHAPEL HILL, NORTH CAROLINA

ANALYTIC DIFFERENTIATION BY COMPUTER APPLIED
" TO THE "FLAT EARTH" PROBLEM

By

James W. Hanson

e

 SUMARY | m.éq g

The application of analytic differentiation by computer as applied
- to a simplified flat-earth claculus of variations problem is described.

SECTION I. INTRODUCTION

The application of the program for doing analytic differentiation
by computer to developing Taylor's series expansions in a simplified
flat-earth calculus of variations problem as set forth in Reference [1]
is in progress. The length of the equations being processed and the
complexity of the differentlation'procedures have requlred the extension B

and the addition of several new capabilxtles to the basic program.

SECTION II. PROGRAM ADDITIONS AND EXTENSIONS

The following additions and extensions have now been i. .orporated
into the original differentiation program:

1. The limit of the length of the input strlng has been
increased from three hundred and twenty alpha-numeric characters to seven
| hundered and twenty characters.

: 2. The limit of the length of the string which may be generéted
. by the program as a result of successive differentiations has been in-
creased to forty-two hundred alpha-numeric characters. :

3. Often.two or more rows of the M-matrix (Reference‘Z) will .
be adentxcal. Just prior to the differentiation of the expression a
pass over, the M-matrix has been introduced which eliminates a11 such
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duplicate lines and replaces all references to these duplicate lines by
rsfsrences to the first occurrence of the line. This addition effects

a marked decrease in the length of the M-matrix as well as a decrease

in the time of differentiation. This simplification of the matrix struc-
turé is also a first step toward the development of algorithms which

can do algebraic simplification of the mathematical expressions being
handled. In this simplified form, the existence of common terms which
can be factored or canceled can be more easily recognized.

4. A symbolic differential operator has been incorporated in
the program so that chain dif.erentiation can now be done. This addition
wls;needed before advancing to the second and higher order derivatives
‘of the equations of motion. A further extension needed here is the
tbiiity to rea? in the equations for the dependent variables, generated
the derivaiives as specified by the differential operators, and then by
substitution, eliminate the operator from the basic derivative to obtain
the required partial derivative in its final form.

5. To date, the bottleneck in the generation of the Taylor's
series has been the writing of the program to evaluate the derivatives
and solve for the unknown partial derivatives.. With such long and in-
volved equations, the work has been very tedious and susceptible to
error. In an effort to speed up this portion of the work, a second
-vsrsion of the differentiator was written which outputs the derivative
expressions in matrix format. The program to evaluate the derivatives
can then be written by simply evaluating each row of the matrix in turn.
This leads to an extremely simple program and eliminates a great deal
of the human error.

Of course, the best solution to this problem is to entirely eliminatc
the programmer from this phase of the work by incorporating the differen-
tiation procedure into an algebraic compiler which could automatically
do the needed evaluations. This work is underway but is a long term
project and slso depends on the satxsfactory completion of the final
extension discussed in 4., above.

SECTION III. PROGRESS

" The program for determining the first order coefficients of the
Tsylor 8 series expansion has been completed and the coefficients com-
puted at various points of a given trajectory. No analysis was done on
the first order approximations except a simple study of their graphs.

The expressions for the second and third order derivatives have now
been generated and the program for determining the numerical values for
the second order coefficients is being written. Upon completion of this
program, the Taylor's series of second order will be computed along a
number of trajectories and a study made of the error and region of con-

I vexgence.
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