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A NUMERICAL ANALYSIS OF DIRECT NUCLEAR ELECTROGENERATOR
CELLS THAT USE CERIUM 144 BETA-EMITTING
RADIOISOTOPE SOURCES

By Allan J. Cohen

SUMMARY

An snalysis of & radioisctope electric cell that uses the beta emitter,
cerium 144, was undertaken. The analysis, which relies on formsts set forth for
fission electric cells, taskes into sccount the pertinent physlical constraints in
a more accurate manner than has been done previously. Results from the analysis
are presented in tables and as representative plots. Comparisons between accu-
rate and approximate solutions are also included.

INTRODUCT ION

Presently there exlsts a growing interest In the production of large quan-
tities of electric power at low specific welghts for use in electric propulsion
systems. Recently an electrlc powerplant design in the form of a battery that
- converts the energy of decaying radioisotopes directly into electric power has
been proposed (ref. 1). The most desirable feature of such a cell is its low-
welght to power-output ratio (Ib/kw). A Purther characteristic of the cell is
its requirement of a colloidal-particle thrustor because of the high voltage
generated. This thrustor, although presently in an early research stage, shows
high theoretical efficiencies over a large range of specific impulse (ref. 2).

In the original paper (ref. 1) on space radioisotope cell designs, calcu-
lations were performed from information asvailable on fission electric cells
(refs. 3 and 4). This previous study included calculations of operating volt-
age, cell efficlency, weight per unit power output, and component temperature.
Since the basic analysis on fission electric cells ylelded a limited amount of
pertinent information, the study was approximate and incomplete, and conse-
quently a more exact analysis of the cell was undertaken. This analysis is con~
cerned with a steady-state operation of radiolsotope cells that use the beta-
emitting radiolsotope, cerium 144, A discussion relevant to the choilce of this
beta-emitting radiolsotope appears in reference 5. The present report describes
in detail the analytical method and presents the basic results of the computa-
tions performed numerically on the IBM 7090 st the Lewls Research Center. Por-
tions of these results were previously summarized in reference 6.



ANATYSTS

The opersting principles of the radloisotope electrogenerstor are as fol-
lows: Beta particles (electrons), as depicted in sketch (a), are emitted in all
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directions from the radiolsotope fuel layer. The energetic beta particles travel
through the fuel layer and out through a covering support layer. At this point
beta particles with sufficlent energy travel across the vacuum gap to the col~
jector foil. In this actlon the emitter becomes positively charged and the col-
lector becomes negatively charged, thus producing a potential field across the
cell. Tt is in the crossing of this potential field that the kinetic energy of
the beta particle is converted directly into electrical energy. In steady-state
operation, the flow of current from the collector is compensated for by the in-
ternal flow of beta particles to the collector. Further descriptions of the pro-
posed operation of the radlolsotope electrogenerator in an electrostatic propul-~
sion system are given in references 1, 5, and 6.

Operation of the cell depends on the emission of highly energetic beta par-
ticles by the radioisotope. In this radloactive decay process, beta particles
are emitted over & continuous spectrum of energy. Sketch (b) shows & typical
beta spectrum with n(E) representing the number of emitted beta particles per
unit energy and E the energy of these beta particles. (A1l symbols are defined
in the appendix.) An outstending feature of the beta spectrum is that it has a
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maximm energy called the end-point energy (denoted as Eo). Fach beta-emission
process ig characterized by & unique end-point energy. A theoretical analysis
of the beta-emission process ylelds the relation (ref. 7):



n(e) ~ e ~/e€ - 1 (eq - )2

(1)

¢ = moC2 + E
E
where
moCZ rest energy of electron
E energy, Mev
€o value of € for E = E,

which holds for sn allowed nuclear transitlion. This report considers only the
2,98-Mev beta particle emitted from the radioisotope chain, cerium - praseodym-
ium 144. Tt has been experimentally shown (ref. 8) that this beta emission can
be represented by & Kurile plot and thus should follow the relation (eq. (1)) for
an allowed nuclear transition.

Since the rest energy of the betea particle is 0.511 Mev, well within the
1imits of the beta decaying energies considered in the analysis, the relativistic
correction must be considered. Therefore, to attain an accurate description of
the cell parameters, the relativistic formulations of the equations of motion for
particles are used throughout this report.

In addition to these physical limits, the problem of high-energy electrons
traveling through materials must be considered. It will be assumed that the
energetic electrons travel in a straight path (negligible scattering) and that
they lose a fixed energy for a given travel distance (negligible straggling).

In the present problem, these assumptions do not appear to be critical, since it
can be argued that electron scattering and straggling will averasge out in the in-
tended integrations.

The Katz~Penfold relation (ref. 9)

predicts the practical range Rg (effective straight-line distance in which an
electron loses its entlire initial energy) for an electron of a fixed initial
energy E (below 3 Mev). This is the best range-energy relation availeble for
electrons and is a result of experiments (ref. 9) of electron energy loss in
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aluminum. By multiplying by the factor |7 77 (ref. 10) the Katz-Penfold rela-

tion becomes applicable to elements other than aluminum. This form of the rela-
tion is used in the present report to predict electron energy loss in the support
and fuel layers of the radioisotope cell.

Tt has been observed as a result of the present investigation that the use
of nonrelativistic equations in place of their relativistic counterparts and the
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use of & linear approximation to the Katz-Penfold relation ylelded results that
compared closely with the nonapproximated results (see comparative section
Effects of Changes in Physical Relatiomns). In view of this fact, the analysis
that follows includes these approximate forms of the physical constraints.

In the analysis of the direct nuclear electrogenerator cell, the following
quantities are of interest:

n number of beta particles reaching collector per second per unit emit-
ter ares

| electric efficiency of cell

Ec total energy of beta particles reaching collector per second per unit

emitter ares

D(T,Ep o) distribution of beta particles reaching collector per second per unit
? emitter area as a function of their arrival angle and energy

These parameters are important to the design of the electrogenerator cell. From
plots of n agalnst cell voltage, an operating point can be deduced. The pro-
cedure for deriving this operating voltage is outlined in the section Number of
Particles Reaching Collector. The importance of the electric efficiency is that
it ylelds the value of the weight per unit power output for a particular cell -
a measure of the applicability of the cell to space electric propulsion. Since
the cell has three major parts (discussed subsequently), the emitter, the col-
lector, and the vacuum gap, & knowledge of n and E, 1is 8ll that is necessary
in obtaining the entire distribution of energy in an operating cell. Finally,
the quentity D(r,Ep o) is important in considering the magnitude of backscat-

tered electrons at the collector surface of the cell.

Two cell geometries (see sketch (c)), the spherical concentric and the co-
axial cylindrical, are considered. The cells consist of two foils - an emitter
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foll as the inside element and a collector foil a&s the outside surface. The
emitter foll contains a fuel layer of the beta-emitting radioisotope, cerium 144,
spread uniformly over the inside of a support foll. The collector is simply a
single foll that encloses the electric field.

For the purpose of the analysis, the following additionel sssumptions are
made: :

(1) The curvature of the fuel layer is disregarded (very thin fuel layers,
relative to the radii, will be considered).

(2) The cell is opersting at steady state.
(3) End effects in the cylindrical configuration are not considered.
(4) Secondary electron and backscattering effects are neglected.

(5) Additional design structures (imsulators, separstors, connectors, etec.)
are neglected.

All these conditions, it i1s hoped, can be approached in the actual cell design.

SPHERICAL CONFIGURATION
Number of Particles Reaching Collector

A section of the fuel layer 1s depicted in sketch (d). Beta particles are
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emitted from an arbitrary volume element dv, and a portion of them will leave
the fuel layer through a unit segment of the surface dS. Since the charged
beta particles are emitted uniformly in all spatial directions, the total number
dné per second passing through d5 and reaching the collector is

.. dS cos @ -
dné == N dv for r< Trex
4dxr ( |
3
dné =0 for r > Tmax

where N. 1s the number of emitted beta particles per second per unit volume



with an energy E,, and Thax (a function of the angle 8) is someé calculated
distance to be evaluated later.

The element of volume In spherical coordinstes 1s

aV = r% sin 6 dr a9 do (4)
and thus equation (3) expands to

N

€
dnl = 7= cos 6 sin 6 dS dr 46 do (5)

For the spherical configuration, the coordinaste system is best oriented as shown
in sketch (e).

Hence, the number of particles per second leaving the fuel layer per unit area
and reaching the collector is

. 21t I T (6)
n, = Zi do de dr sin 6 cos 6 (6)
0 0 0

where the limits 1rpqy and Opgx are the values of r and 6 beyond which
there are no further contributions to the integral. (The meaning and the evalu-
ation of the limits will be discussed more fully in the following parsgraphs. )
Moreover, since the geometry being considered has spherical symmetry, equa-
tion (8) reduces to

2] r (8)
N max max
ng = —25 ae dr sin @ cos 8 (7)
0 0

Since the beta particles lose energy in crossing the electric field of the
cell and also lose energy in tr@veling through the emitter foll, not all the beta
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particles have sufficlent initial energy to reach the collector. With this in

mind, it can be seen that the limits of integration, xmax(e) end Oy, are the
values of r and 6 beyond which the initial energy of the beta particles is

insufficient to carry them to the collector.

The problem of finding rmax(e) and Opgyxy may now be conslidered. Sketch
(f) represents the electric field through which beta particles travel from emit-
ter to collector.

Collector ’<Vz
/ \.‘r-t

On introducing the followlng definitions,

U kinetic energy of beta particle

0] cell voltage

e electronic charge

Py linear momentum, tangential direction

R{,Rs,  inner and outer radii, respectively

the equations of motion for the beta particle in the radial electric fleld of
the cell can be written as

Uy = Uy + €0 (conservation of energy) (8)
RiPy 1 = BeFg 2 (conservation of angular momentum) (9)

where the subscripts 1 and 2 refer to the initial (emitter) and final (col-
lector) values.

To find the minimum initial kinetlic energy Ul min for which the beta

pax'ticle can still reach the collector, the radial velocity 8t the collector
T, 2 1s set equal to zero. With this stipulation (vr 2 = = 0) the relativistic

f‘orm of equations (8) and (9) is:



m C? = -1} = m P == - 1| + o (108)
| 2 2
v V.
‘[_<l!min> l_(_t)
C i L C ]
m v sin 6 m V.
o 1,min R:L - o't Ry (11a)

o )

vhere Vi pin 1s the minimum initial velocity of the beta particle and my its
mass. Eliminating Vi (tangential velocity at the collector) ylelds

2
2 .2 2 2[R ‘
(Ul,min + U, - ed) - U, = [(Ul min * o )¢ - U](—) sin°o (12a)
vwhere U_=m Cz 1s the rest mass energy and U = U 1 - _;L_z_rgi_n -1
o o] 1,min

is the minimum initial kinetic energy that a particle must have to cross the
electric field for a given angle 6.

In the nonrelativistic formulstion of the problem, equations (10a) and (1lla)
have the following counterparts:

1 2 1 z
(—2- mvy min) 3 WV + ed (10b)
moRlvl, min 510 6 =m R,v, (11v)
which, on eliminating Vs between them, reduce to
1.2 RV 2| |
(§ movy min> 1 - <§> sin“g} = e? (12b)

Equation (12b) corresponds to equation (12a) with @- m v?_ min) equivalent to the

quantity Uy min and 1s more readily solvable than equation (12a) for the de-
sired minimum beta~particle energy term.

Now to complete the problem of obtaining the limits of integration, rmax(e)
and 6Opgys it is necessary only to consider the effect of energy loss in the
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emitter foil (support and fuel layer). Sketch (g) shows the path of the beta
particle through the emitter foils with values of energy placed at the base of

Collector

Support layer

av

N layex-

(8)

each vector. Since the beta particle loses energy in passing a distance
ts/cos © through the support layer, its entrance energy E; must be larger
than Uy 4n by Just the smount of this loss. Expressing the range-energy re-
lation a5 R = £(E) means the condition (see sketch (h))

ts
cos @

= £(E) - f(Ul,min) (13)

~must be satisfied and can be evaluated to obtain the quantity E,. If the beta
particle having the energy EB at birth needs only the energy El (to reach

v

ts/cos ] Fnergy loss 1n
7| support layer

H

—

H
[

Range in
support layer

U min 1

Energy —

(h)



the collector) on entering the support layer, its maximum travel distance in the
fuel layer r___(8) is

Trax(8) = f(EB) - £(8;) (14)

The limit 6,,. 1s simply the angle for which rmax(e) first becomes zero. This

procedure, including the evaluation of Uy min(6), may be carried out separastely
for each angle 6. i’

The limits of integration rmax(e) and emax derived in the preceding man-
ner must be modified by the geometry of the fuel layer. The integration over the
coordinate r must not exceed the boundary of the fuel layer (see sketch (i)).

Fuel
layer e

Thus, rmax<e) is taken as the smeller of tf/cos 8 or rmax(e) (calculated)
where tf is the fuel-layer thickness. Because of this duality, a cutoff angle
'Gt exists that satisfles the relation

tf £ 6, >0 W
cos 8, = or
t
t r (6t5 g
(16)
te
] < — for 2] =0
— t
rmax(o) a

The maximum value of 6 must not exceed n/Z; thus, emax is taken ag the
smaller of =/2 or Omeax (calculated). Now the integral for n_ takes the form

. 0 o rmax(e) _ oy, tf/cos 6 (17)
ne = £ as sin 6 cos & dr + de sin 6 cos 6 dr
z e 0 0

0
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which reduces to

W Omax :
n = 35 rmax(e)sin 6 cos + tp(l - cos 6,)de (18)
O
where 6 must not exceed ﬂ/2.

max

Modifications to Parameter Analysis

It 1s appropriate at this point to consider the effects of the beta spec-
trum on the parameter calculations. As discussed previously, beta particles are
emitted over a range or spectrum of energies. The spectrum is continuous, rang-
ing from zero energy to a maximum or end-point energy. From the end-point energy
an expression (eq. (1)) can be derived for a weight factor n(E,), which, when
plotted, graphically represents the beta spectrum. The beta spectrum can be
divided into parts, each of which, as depicted in sketch (J), represents the per-
centage of beta particles emitted in an energy segment and each of which is rep-
resented by its midpoint energy EB' Thus, in calculating n, the number of

n(EB)AE

AE "‘ == -7 X n(z)aE

P

—_—

~

n* (EB)
(normalized)

Energy —e

particles reaching the collecteor, the calculation proceeds for each EB with
N, - Nn*(EB)

(where * refers to the normalized quantity) and then these partial results are
summed over the appropriate normalizing factor. Hence, n takes the form

e
n(EB) max .
N > Yoo SiD 6 cOs O + tf(l - cos et)de AR
g
B 0,
Zn(EB)AE
Tp

11



Tn addition to the spectrum effect on the calculation, there exists another
effect that must be considered at this point. As can be seen in sketch (k),
beta particles emitted in the "backward" direction can reach the collector by

Support ,~Fuel layer
layer—~
dv — 61
dA
Collector

(k)

passing through the opposite side of the emitter (assuming no backscattering).
This effect can be handled in a rather simple way. These particles increase
the number of particles in the forward direction by an amount Just equal to
an increase that would be caused by doubling the fuel thickness. Thus, in the
calculations

te (calculations) = 2 times actual fuel-layer thickness (20)

which will be used in all particle computations. The proof of this assertion
rests on the fact that the two angles 67 made with the surface of the emitter

by a particle described are equal for spherical and cylindrical configurations.

Total Fnergy Reaching Collector
If dn_. 1s the number of particles per second per unit emitter area reach-

ing the coliector from a volume element dv with an energy Ep,c: the total
energy per second per unit emitter area reaching the collector is

E = dn 21
( C)e ,/Zolume Ep,c € (=)

which becomes, after substituting for dnei and summing over the energy spectrum,

% f
+ ae E. (r,0)sin 6 cos 8 dr| AE Zz:n(E JAE
psc B

(22)
12



The energy E_ (r,6) is determined from
2

b

EE’C = EB - (Ef +E + ed) (23)

where Ef and Es are the energies lost in the fuel and support layers, respec-
tively.

The quantities Ep and Eg are found as follows (illustrated graphically):
Sketch (1) represents a plot of range against energy for a beta particle in the

Range —m=

Eo EB
Fnergy —e

(1)

fuel layer. For a travel distance of Ar in the fuel layer (from birth to
arrival at the support layer), the beta particle will lose the energy

Ep = By - Ep (24)

On traveling through the support layer (see range energy curve in sketch (m)),

® ts/cos 8
&
ol
o=
L 12
Energy —e
(m)
the beta particle will lose the energy
E, = E; - Eg (25)
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Hence, on substituting in equations (24) and (25), equation (23) reduces to
Ep’c(r,e) = Ez - ed (28)

where Ez results from the preceding graphical calculations, and e® 1s the
energy the beta particles lose in the electric field. (This process can be re-
peated until a set E%}c(ri,ei) is generated.)

Distribution of Particles at Collector

From the integral expression for n. (eq. (7)) the following equation for
Ane cen be wriltten as

N

Ang = = sin § cos 6 /8 Ar (27)
This equation represents the increment of particles leaving the emitter in a
ringed segment of angle A9 and from a segment of fuel-layer thickness Ar.
With the proper summation over the beta spectrum, equation (27) represents the
distribution D(6,r) of particles leaving the emitter. Further, staying within
the limits previously set forth (eq. 17)), equation (27) represents the distri-
bution of Just those particles that reach the collector.

To obtain the desired distribution, 1t is necessary to convert the distri-
bution (eq. (27)) with its dependence on r and 6 +to one with a dependence on

o? the energy of a particle at the collector, and 7y, the angle that the in-
coming particle at the collector has with the normal. From the previous section

it cen be seen that for a given Ary; there exlsts a unique (Ep,c)i' Hence for
a

= (B -
AR, o= ( p,c)i (EP!C):H-ZL (28)
there exists a
Ar = Ary - Aryq (29)
Thus, by substituting for the corresponding Ar into equation (27), the

[¢]
distribution D(8,r) recomes D(G,Ep,c), where Ep,C is taken as the midpoint
AEP; < B

From the equations of motion (egs. (8) and (9)) set forth previously, an
expression can be derlved for

v
T = tan™t 7 (30)
Ve

where vy and v, have previously been defined (sketch (f)). The expression
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derived directly from equetions (10a) and (1la) (or (10b) and (11b)) with v,
not set equal to zero 1s

2 RY -
1 _(Be 1 |(U + T, = de)= - U2 (318)
giny Ry /) gine (Ui + Uo)2 - Ug

or, nonrelatlvistically,

2 L
1 (R2> 1 (287

31b
> = = (31p)
gin'y 1

1
where Uy (or §'mdv§) can be determined from

1 2
Uy (or é-movo) =By o+ e (32)
For a given pair, 6 (midpoint of A9) and c» there exists from equa-
tion (31) a 7v. Hence, the distribution D(6,E

p)c3 can be converted to
D(Y,Ep,c), where y 1is teken as the midpoint of Ay, by noting that

Ja¥e)

1]

01 - 0147
and

oy

il

LE SR ¥
Thus, in the preceding manner, the distribution of particles against angle and
energy at the collector may be obtained.
CYLINDRICAL CONFIGURATION
Number of Particles Reaching Collector

A spherical coordinate system for the cylindrical configuration is best set
up as shown in sketch (n) (note that 6

is the complement of the usual 8).
The volume element becomes

dv = r2 cos 6 dr de deo

and the projected area becomes

dSp = dS cos 6 cos @



Generating
element

Thus, following the argument set forth for the spherical geometry, the expres-
sion for dn. cen be written as

N
dn! = Zﬁ cos 8 cos o dS dr a9 do (33)

Continuing along, the integral for n. is

n. =,7§ do de cos 6 cos @ dr (34)
0 0 0

where n. is the number of particles reaching the collector per second per unit

emitter area, and the limits are confined to one quadrant. These 1limits of in-
tegretion remain to be determined.

For a beta particle in ﬁhe electric field of the cylindrical cell, the
equations of motion can be written as (see sketch (o))

Uy = Uy + ed (Conservation of energy) (35)
RlPt,l = RZPt,Z (Conservation of angulsr momentum) (38)
'Pz,l = Pz,z (Conservation of momentum) (37)

where the quentities in the equations (35) and (36) have been defined previously,
and the quantity P, 1s the linear momentum in the z-direction. On substituting
into the equations %35) to (37) they become

(38a)

16



movl,min cos O sin o Ry = nv, R, (398)
‘/ ('V' \ 2 _v_2 + 'V‘Z
- | 1l,minj 1 -8 Z
c / Cz
Ve

Electric
field

I, GRS G STEREER WD  C— G TSV ey em—

2 i 2 2

v VE + V7

/1 - 1,min 1 - t z
C o2

where v, (radial velocity at the collector) 1s taken as zero and v, 1s de-
fined as the velocity of the beta particle in the z-direction at the collector.
The equations can be solved to give

2 2
(U + 1 - e@) - U2 R -
1,min 0 = 5 o ﬁi cosze sinch + sinze (41s)
(U + U, )" - U 2
ymin 0 (o}

from which Ul min’ the minimum initial kinetic energy, can be found. (The non~-
ed
reletivistic formuletions of the equations of motion (eqs. (38a) to (40a) are:

1 2 1 2 2
<§ movl’ min) = E mo (V.t + vz) + ed (38'b)
movl,min cos 6 sin o R, = m v, R, (39b)
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m,v sin 6 = mgv, (40p)

On eliminating Vi and v, &among them,

z o'l min - (R_1> cos?0 sinfp + sine (41p)
(& o2, utn) ?

is obtained.) Continuing to follow the procedure previously set forth (for the
spherical case), the limits 1, (6,9), Opey(P), and Qg (6 = 0) can be ob-
tained by replacing ts/cos 6 (spherical case) by ts/(cos 9 cos @) (eylindrical
case). Sets of these limits can be produced by repetition of the generating
process.

It is again necessary to modify these limits by taking into account the geo-
metric boundaries of the fuel layer. As a result, there exists a et(¢) that
satisfies the relation

o > 0

(42)

1<

6. =0
= 1. (0,Pp)cos @ t

and a q>t(e = 0) that satisfles the relation

cos = tf >0
P = 70,050 b
(43)

t
f
tEr oy %O

Also, the values of Prax and emax must not exceed n/z. Therefore,

X Py 91; tf/cos 6 cos @
n, = _:_ dg de / cos?g cos o dr
0 0 0
Py Onmax - Tmax
+ dop ae cos2g cos ¢.dr

0 O 0

Pax Omax Thex
dg ae cos?8 cos @ dr (44)
Py, 0 0

18



which reduces to

6 ___(p)

X Py Py max
n, = _er te sin 6, dop + do Tyax cos29 cos @ 46
0 0 O
q)ma.x emax(q)) 2
+ dep Tpax €088 cos ¢ d6 (45)
0

Py

for beta particles of energy E,;. Here again both forward directed and backward

directed particles are accounted for by choosing te as twice the actual fuel-
layer thickness.

Total Energy Reachlng Collector

From the discussion set forth for the spherical configuration, it'can be
seen thet the energy per second per unit emitter area reaching the collector for
the cylindrical configuration is

\ Py e't tf/cos 6 cos @
=X 2
E, = n(EB) / dep / as / E, o c0s“f cos ¢ dr
0] 0 0

P emax Tmax 2
+ deo ae cogs 6 cos @ Ep’c dr
0 0

O

Prax
+ / as /
Py, C

The quantity C(r, 9,p) 1s determined in exactly the seme manner as in the
. ) .
spherical case with the single change

e T

max mex »
de cos“8 cos ¢ ar|AE n(E,)AE
sC B
0

(46)

Ty ts
(spherical case) » — 2 ____ (cylindrical case)
cos @ cos 6 cos @



Distribution of Particles at Collector
The quantity An. in the cylindrical configuration takes the form

Ne 2
Ang = —= cos”0 cos @ Ar A8 AP (47)

deduced from the integral expression (34). The distribution D(6,p,r) obtained
from An. can be converted, as wag done Iin the spherical case, into the form
D(8,p, EP; c). The angle with the normal st which the beta particles enter the

collector, y, is made up of the components 6, and ¢, defined as

Vi
tan @, = ;;— (48)

and

(49)

sin Pe

By solving the equations of motion previously set forth for the cylindrical con-
figuration (with v, not equal to zero), the following equations are obtained:

— 2
R (U, + U~ %e)” - ve
12 - 1 _ 1 o . O . ginf (50)
sin“p, cos"® sin“p | (U + Uy)" - Uﬁ
2 .2
1 1 (U1 + U - de)” - Ug -1 (51)
2, 2 4 2 2
ten“e  sin®g| (U + U )® - UZ
or, nonrelativistically,
R \2
2 2
R, L m,v, - b
1 - 1 |2 - sin (50b)
sinch cos 6 s{:T.n2 = mv2
c P\ 2%
1 2
=mv. - eb
(s R o]
1 -1 |[E -1 (51b)

’canzec sinze % m,v,
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1 2
m.v

5 my o) is determined from

where Ul (or

1 2
U (or é-movo) = Ep,c + eb (52)

from which the angles ¢, and 6, can be deduced. Thus, with

cos ¥ = cos ¢, cos 6, (53)

).

the distribution tekes the form D(y, Ep o
)

Efficiency of Cell

For a cell operating at a voltage O, the electrical efficlency can be
written as

den ’ :
n = W (54)

where n 1s the number of particles reaching the collector (per second), e the
electron charge, tp the actual fuel-layer thickness, N the number of beta
particles emitted per unit volume (per second), and E' thelr average energy.
The average energy of the beta particles can be deduced from

z n(E;)E AE

E = (55)
Z n(EB)AE

where only the 2.98-Mev (end-point energy) beta spectrum is considered. The ex-
pression for the efficiency (eg. (54)) is valid for both spherical and cylin-
drical configurations.

Computer Calculastions

The computations were done with the IBM 7090 electronic ccomputer following
procedures (the relgtivistic equations and Kstz-Penfold relatlions were used) as
outlined in the preceding sections. The progrems (one for each of the two cell
geometries) consisted of three major calculations: the number of particles
reaching the collector (with the associsted cell efficiency included in this
section), the total energy of the partilcles arriving st the collector, and the
-distribution of particles in terms of energy and incoming angle at the collector.

As sn initial subordinate routine, the programs were set up to calculate
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the beta spectrum welght factor -n(EB) (eq. (1)). It was found that answers of

sufficlent accuracy were obtained in the first two sections of the computer pro-
grams when the beta spectrum was divided Into 15 segments, since the answers
changed by less than 2 percent when twice (30) the number of segments were used.
For the particle distribution calculations, the beta spectrum had to be divided
into at least 30 segments to obtain smooth distributions. Integrations were
performed on the computer by use of Simpson's rule. Since sets such as

Tnax (04) and Ep,c(ri,ei) could be obtained in the analysis, the use of numerical

integration as performed on the computer was a convenient approach to the prob-
lem. The number of steps (in the varisbles r, 6, and ¢) taken in the integra-
tion drastically affected the running time, and, therefore, a minimum number of
steps, which allowed sufficient accuracy (less than 2-percent change on using
half the step size), was used. The inverse of the Katz-Penfold relation

(E = f(Rp)) was obtained through a polynomial curve fit in which terms beyond
the 650 order were neglected. ;

DISCUSSION

Table I is presented as a summary of the results of the first two sections
of the computer programs. In the teble e variety of cases set apart by their
different radius ratios and layer thicknesses (expressed in cleO's) are pre-
sented for both cell geometries. The cell parameters n, m, and E, are set
down against operating voltage. The range of voltage 1s 0.2 to 1.8 Mev taken in
0.2-Mev steps. The third sectlon of the computer programs, which pertaln to the
particle distributions at the collector, 1s presented in graphical form. Plots
representing pertinent features of the analysls drawn from the data of the
tables are presented. TIn addition, curves are shown that compare the results of
using different forms of the physical constraints.

A discussion of cell design based on results of this analysis was presented
in reference 6.

Number of Particles Reachlng Collector

Curves of current (number of particles reaching the collector) against cell
voltage are presented 1n figure 1 for different radlus ratios and for both cell
configurations. The significant feature of these curves is that an increase in
the cell voltage corresponds to a decrease in the cell current. The curvature
of these monotomic curves is entirely positive for all cylindrical cases, but a
slight inverse curvature 1s detected in the higher radius-ratio cases of the
sphericel configurstion (fig. 1(a)). This feature 1s probably the result of the
form of the beta spectrum. An important aspect of these curves is that from
them an operating point for the cell can be determined. In essence, an operst-
ing point 1is reached when the cell and the attached device have matched (equal)
voltages and current.

Efficiency

Flgure 2 represents curves of cell efficlency agasinst cell voltage for
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various radius ratios and for both cell configurations. In the collection of
monoenergetic particles (ref. 3), the meximum occurs at approximstely half of
the highest obtainable voltage (corresponding to the energy of the particle con-
sidered). The effect of the beta spectrum changes this situation. The maximums
in the plots occur between 0.4 and 0.9 megavolts, which 1s about half of the
beta-particle average energy (1.3l Mev as determined from the computer). The
long talls beyond 1.3l Mev are due to particles from the upper end of the beta
spectrum reaching the collector. The welght per unit power output can be com-
puted simply from the efficiency and welghts of the various components.

Energy Distribution

Computations of the total energy of particles reaching the collector have
been performed by using the analysis. Figure 3 presents typical curves. As the
cell voltage increases, the number of particles reaching the collector rapldly
diminishes, and thus the total energy also decreases.

With knowledge of the cell efficiency (percent of energy initially available
leaving the cell) and the percentage of the energy reaching the collector, the
portion of the energy distribution @bsorbed in the components of the cell can be
calculated. Plots showing this distribution of energy are presented for both
configurations and typical thickness (fig. 4). Tt is assumed in these plots
that the energy of the particles that does not reach the collector and is not
part of the power output of the cell is completely absorbed (after what may be
multiple passes) in the emitter foil (fuel and support layer). A knowledge of
the distribution of energy in an operating cell is important in determining com-
ponent temperatures of the cell (see ref. 6).

Particle Distributions at Collector

Since the impingement of high-energy electrons on the collector can cause
secondary effects, the study of the distribution of particles at this component
is an important consideration. Particle distributions D(y, c) that represent
the number of particies arriving st the collector as functions)of particle energy
and arrival angle have been evaluated for a single case for both configurations.
From this information, two types of curves have been plotted: (1) The number of
particles in an increment of energy and angle against arrival angle (midpoint)
at a fixed particle energy increment was drawn and (2), the same dependent vari-
able against particle energy (midpoint) for a fixed increment of arrival angle
was also drawn. The increments of energy and angle taken were O.1 Mev and 59,
respectively. The opersting voltage is 0.6 Mey for both cases considered. The
plots are proportional to an/BEP’c o1 (the second partial of n with respect

to particle energy and sarrival angle), These two types of curves are shown in
figure 5.

The calculated points did not represent perfectly smooth curves. Smooth-
ness of the distributions is a function of step size in the computer program.
Running time 18 also a function of step size, but, because smoothness and a short
running time are not compatible, a compromise was made.

23



Some of the features of figure 5 may now be noted. Tt is observed for the
spherical case (figs. 5(a) to (e)) that the particles arriving with a high
energy cannot have an arrivel angle greater than some "cutoff" angle, which dif-
fers for different particle arrival energies. It 1s further noted for the
spherical case that particles arriving in a fixed increment of arrival angle
tend to favor 8 small range of energles (see figs. 5(f) to (h)). Tn the cylin-
drical case (figs. 5(1) to (o)), this bunching is not observed in either type of
plot. Instead, the curves spread out over the entire range of the variables con-
sidered. The nature of the spreading is & result of the geometry, but the fact
that spreading dces exist 1s due mainly to the beta spectrum and slightly to the
different origins of the beks particles in the fuel layer.

Effects of Changes in Physical Relations

Filgure 6 shows an Interesting comparison of cell efficilency plots for the
cerium-praseodymium 2. 98-Mev beta particle and a hypothetical 2.18-Mev beta
particle from an allowed nuclear transition. Changing the beta spectrum not
only affects the spread of the curve but also affects the value of the maximum.

Figure 7 compares the results of using the relativistic and nonrelativistic
equaetions in a typlcal effilclency calculation. As would be expected, the effect
of the relativistic equatlons becomes pronounced at high energies, but the dif-
ference between the two efflclency calculations is small at optimum cell voltage.

Figure 8 compares the Katz-Penfold range~energy relation for cerium and
molybdenum (a possible support-layer material) with & linear approximation.
Results of using these two different forms of the range-energy relation are com-
pared in figure 9 for a typical efflciency calculation. The difference is seen
to be gquite small.

CONCLUDING REMARKS

A mathemstical analysis of the beta radlolsotope cell has been developed
for calculations with an electronic computer. The beta radioisotope considered
was cerium 144, which in the decay chain ylelds =& beta-particle spectrum with &
2.98~Mev end~point energy. Results have been discussed and graphically illus-~
trated.

From the results of the calculations, certein conclusions can be drawn.
For a glven radius ratio and component thickness, the maximum cell efficilency
1s significantly grester in the spherical configuration than in the correspond-
ing cylindrical configuration. It 1s also observed that cell efficiency in-
creases with radius ratio and that the optimum voltage (corresponding to maximm
efficiency) also increases. In particle distributions at the collector it is
found that cutoff angles exist in the spherical configuration where none are ob-
served for the cylindrical configuration. Furthermore, 1t is found that for the
lower arrival energies more particles are Impinging on the collector with a

grazing angle.
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Changing the beta spectrum drastically affects the cell efficlency. The
comparison of the relativistic equations with the nonrelativistic equations shows
‘8 small but Increasing effect at high cell potentials. Finally, the use of a
linear approximation in the range-energy relation has & small effect on the ecal-
culations.

Lewls Research Center
National Aeronsutics and Space Administration
Cleveland, Ohio, July 25, 1963



APPENDIX - SYMBOLS
atomic mess number
speed. of light
distribution at collector
energy
total energy arriving at collector
energy lost in fuel layer
end-point energy
energy of beta particle at collector
enérgy lost in support layer
energy of emitted beta particle
electronic charge

mass of electron

number of disintegrations per unit volume per second

number of particles per unit emitter area per second reaching col-
lector

relative number of particles in beta spectrum

dr

26

normalized n(EB)

linear tangential momentum

linear momentum in z-direction

practical range; effectlve straight-line distance in which an elec-
tron loses 1ts entire initial energy

inner radius

outer radius

radial distance

differential element of radiasl distance



T maximum radisl distance

max
as differentlal element of surface area

tf fuel-layer thickness

tg support-layer thlckness

U kinetlc energy of beta particle

Uo rest mess energy

Uy kinetlc energy of beta particle emitter

Us kinetic energy of beta particle collector -
A operating voltage, Mev

v velocity

v, velocity of beta particle in z-direction at eollector
V4 atomic number

T arrival angle (normal) at collector

€ defined in eq. (1)

n cell efficlency

e polar angle

ec 8~component of arrlval angle

Qmax meximum polar angle

av differentisl element of volume

0] cell voltage

o azimuthel angle

Pe ¢-component of srrival angle

Ppox maximum azimuthal angle

Superscript

! times a unit area
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Subgcripts:

max

min

b
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meximum

minimum

projected aresa

in an increment of energy
initial (emitter)

final (collector)



10.

REFERENCES

Iow, Charles A,, Jr., and Mickelsen, Willism R.: An Electrostatic Propulsion
System with a Direct Nuclear Electrogenerstor. Paper Presented at IAS
Net. Prop. Meeting, Cleveland (Ohio), Mar. 9, 1962. (See also Aerospace
Eng., vol. 21, no. 1, Dec. 1962, pp. 58-59; 72-87.)

Mickelsen, William R.: NASA Research on Heavy-Particle Electrostatic
Thrustors. Paper 63«19, Inst. Aero. Seci., 1963.

Heindl, Clifford J.: Efficiency of Fission Electric Cells. Tech. Rep. 32~
105, Jet Prop. Lab., C.I.T., May 1961.

Schoek, Alfred: A Direct Nuclear Electrogenerator. Analysis of Cylindrical
Electrode Configuratlon. AFOSR TN 59-590, Falrchild Engine Div., June 15,
1959,

Mickelsen, W. R., and Low, C. A.: Potentialitles of the Radloisotope Elec-
trostatic Propulsion System. Paper 630484, ATAA, 1963.

Cohen, Allean J., and Low, Charles A.: A Parametric Study of Direct Nuclear
Flectrogenerastor Cells Using a Beta Emitting Source. Paper 63048B, ATAA,
1963.

Bethe, H. A., and Morrison, P. M.: Elementary Nuclear Theory. John Wiley &
Sons, Inc., 1956.

Graham, R. L., Geiger, J. S., and Eastwood, T. A.: Experimental Evidence
for Axial Vector Intersction in the Disintegration of Pr-144. Canadian
Jour. Phys., vol. 38, July-Dec. 1958, pp. 1084-1111.

Katz, L., and Penfold, A. S.t Range-Energy Relations for Electrons and
Determination of Beta-Ray End-Point Energies by Absorption. Rev. Modern
Phys., vol. 24, no. 1, Jan. 1952, pp. 28-44,

Glendenin, Lawrence E.: Determination of the Energy of Bets Particles and
Photons by Absorption. Nucleoniecs, vol. 2, Jan. 1948, pp. 12-32.

z9



30

TABLE I. - COMPUTER OUTPUT FOR CERIUM 144 CELL WITH MOLYBDENUM SUPPORT LAYER

(a) Spherical configuration

Fuel-layer thickness, tp, cm

1.27x1073

2. 54x10~3

Support~layer th

ickness, tg, cm

2,54x1073 2.54x10"3
Radius ratio, Ry/R;
2.0 2.0
Cell |Number of |Cell ef- Total Cell |Number of |Cell ef- | Total
voltage, | particles, |ficiency,| energy | voltage,|particles,|ficiency,| energy
o, n, M, arriving @, n, ) arriving
nega= percent percent [at col- nega=- percent percent |at col-
volts lector, volts lector,
Ec; Ee»
percent percent
0.2 83.8 12.8 66.8 0.2 82.1 12.5 64.4
.4 74.9 22.9 53.9 .4 73.2 22.3 51.8
.8 62.6 28.8 41,5 .8 61.2 28.0 29.8
.8 48.86 29.7 30.1 .8 47.1 28.8 28.9
1.0 33.9 25.9 20.2 1.0 32.4 24.8 19.1
1.2 21.5 19.7 12.0 1.2 20.3 18.8 11.2
1.4 11.4 12,2 5.85 1.4 11.1 11.9 5.53
1.8 5.80 7.09 2.50 1.6 5.81 7.10 2.43
1.8 2.72 3.74 .96 1.8 2.73 3.75 .93
Fuel~layer thickness, tg, cm
5.08x10~3 5.08x10-3
Support-layer thickness, tg, cm
2.54x10"3 2.54x1073
Radius ratio, Rp/Ry
1.1 1.3
Cell |Number of |Cell ef- | Tobal Cell |Number of |Cell ef- | Total
voltage, | partlcles, | ficiency,| energy |voltage,|particles,|ficlency,| energy
o, n, s arriving o, n, 1, arriving
mega-~ percent percent |at col- mega- percent percent |at col~
volts lector, volts lector,
Ec: Ee,
percent percent
0.2 58.6 8.95 51.8 0.2 73.5 11.2 59.2
.4 35.0 10.7 28.9 .4 53.8 16.3 43.1
.8 22.0 10.1 16.5 .8 34.2 15.6 26.1
.8 14.0 8.55 9. 60 .8 20.8 12.7 14.2
1.0 8.64 6.59 5. 30 1.0 12.7 9.70 7.85
1.2 5.07 4,865 2.768 1.2 7. 40 6.77 4.07
1.4 2.66 2.84 1.25 1.4 4.02 4.29 1.95
1.8 1.48 1.80 .81 1.6 2.12 2.60 .88
1.8 .61 .84 .20 1.8 .94 1.29 .23




TABLE TI.

- Continued.

WITH MOLYBDENUM SUPPORT LAYER

(a) Continued.

Spherical configuration

COMPUTER OUTPUT FOR CERIUM 144 CELL

Fuel-layer thickness, tp, om

5.08x10-3

|

5.08x10-3

Support-layer thickness, t,, cm

2. 54x10~3 l 2.54x10"3
Redius ratio, Ro/Rp
1.5 1.8
Cell |Number of [Cell ef- [ Total Cell |Number of |Cell ef-~ | Total
voltage, | particles,| ficiency,| energy | voltage,|particles,|ficiency,| energy
3, n, M arriving | &, n, Ul arriving
megea~ percent percent |at col- nega-~ percent percent |at col-
volts lector, volts lector,
Ees Ees
percent percent
0.2 75.5 11..5 59.8 0.2 78.3 11.9 60.0
.4 62.0 18.9 48. 4 .4 66.9 20. 4 47.6
.6 45.5 20.8 32.9 .6 54.2 24.8 38.0
.8 29.3 17.8 20.2 .8 39.2 23.9 25.0
1.0 17.7 13.5 11.0 1.0 25.6 19.6 15.5
1.2 10.1 9.22 5.55 1.2 15.1 132.8 8.40
1.4 5.41 5.78 2.62 1.4 8.20 8.77 3.95
1.6 2.83 3,45 1.13 1.8 4.18 5.10 1.70
1.8 1.33 1.83 .46 1.8 1.92 2.85 .64
Fuel-layer thickness, tps, cm
5.08x10~3 | 5.08x10™3
Support-layer thickness, tg, cm
2.54x10™5 2.54x10"3
Radius ratio, Ro/Ry
2.0 4.0
Cell |Number of |Cell ef- | Total Cell |Number of |Cell ef- | Total
voltage, | particles,| ficiency, | energy | voltage,|particles, ficiency, | energy
o, n, M, arriving o, n, Ms arriving
mega- percent percent |[at col- nmega~ percent percent |at col-
volts lector, volts lector,
E,, Eqs
percent percent
0.2 78.86 12.0 60.0 0.2 79. 4 12,1 60.0
.4 68.8 21.0 47.9 .4 72.0 22.0 48.2
.6 57.0 26.0 36.6 6 63.7 29.2 37.4
.8 43.2 26.4 26.2 .8 54.0 32.9 27.9
1.0 30.0 22.9 17.3 1.0 43.2 32.9 20.0
1.2 18.5 16.9 9.96 1.2 32.4 29.7 13.86
1.4 10.3 10.9 4.96 1.4 22. 4 23.9 8. 46
1.6 5.29 6.46 2.16 1.6 14.0 17.2 4.70
1.8 2.44 3.34 .80 1.8 7.96 10.9 2.25
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TABLE I. - Continued. COMPUTER OUTPUT FOR CERIUM 144 CELL
WITH MOLYBDENUM SUPPORT LAYER

(a) Continued. Spherical configuration

Fuel-layer thickness, tg, cm

5.08x10-3 l 5.08x10-3

Support-layer thickness, tg, cm

2. 54x10™5 l 1.27x10~3

Redius ratio, Ro/Ry

10.0 1.5
Cell |Number of | Cell ef- | Total Cell |Number of [Cell ef- | Total
voltage, |particles,| ficlency, | energy |voltage,|particles,|ficiency, | energy
o, n, Ns arriving o, n, Ns arriving
nega-= percent percent |at col~ mega- percent percent |at col-
volts lector, volts lector,
Ees Be,
percent percent
0.2 79.5 12.1 60.0 0.2 78.9 12.0 83.7
.4 72.7 22.2 48.2 .4 65.1 19.7 50.0
.6 85.5 30.0 37.5 .6 47.5 21.8 35.8
.8 56.5 34.5 28.1 .8 30.9 18.8 21.9
1.0 46.86 35.6 20.0 1.0 18.5 14.1 11.9
1.2 36.3 33.2 13.8 1.2 10.5 9.82 5.89
1.4 26.4 28.2 8.81 1.4 5.88 6.28 2.89
1.6 18.0 22.0 5.09 1.6 3.06 3.74 1.26
1.8 11.4 15.6 2.54 1.8 1.45 1.99 .49
Fuel-layer thickness, tp, cm
5.08x10~3 ] 5.08x10"3
Support~layer thickness, tg, cm
1.27x1073 1.27x1073
Radius ratlo, Rp/Ry
2.0 4.0
Cell |Number of | Cell ef- | Total Cell |Number of |[Cell ef- | Total
voltage, | particles,| ficiency, | energy |voltage,|particles,|ficiency, | energy
o, n, Ns arriving o, n, s arriving
nega~ percent percent |at col- mega~ percent percent |at col-
volts lector, volts lector,
Ee, Ee,
percent percent
0.2 80.9 12.4 64.0 0.2 82.2 12.5 64.0
iy 72.0 22.0 51.5 s 75.3 23.0 51.7
.6 59.9 27.4 39.8 .6 66.7 30.5 40. 4
.8 45.9 28.0 28.7 .8 57.0 34.8 30.4
1.0 31.6 24.1 18.9 1.0 46.4 35.4 22.0
1.2 19.9 18.2 11.0 1.2 34.5 31.6 15.1
1.4 11.3 12.0 5.58 1.4 24.2 25.8 9.51
1.6 5. 867 6.92 2.37 1.8 15.5 18.9 5.38
1.8 2.70 3.71 .92 1.8 8.88 12.2 2.62




TABLE I.

- Continued.

WITH MOLYBDENUM SUPPORT LAYER

(a) Continued.

Spherical configuration

COMPUTER OUTPUT FOR CERIUM 144 CELL

Fuel~layer thickness, tp, om

5.08x10~3

5.08x10-3

Support-layer thickness, tg, cm

5.08x10™5 ‘ 5.08x1073
Radius ratio, Rp/Ry
1.5 2.0
Cell |Number of |Cell ef- Total Cell | Wumber of |Cell ef-| Total
voltage, [particles, |ficiency,| energy | voltage,| particles,|ficiency,| energy
o, n, M» arriving o, n, Ns arriving
mega~ percent percent | at col~ mega~ percent percent | at col~
volts lector, volts lector,
B, Eq,
percent percent
0.2 33.3 5.08 20.5 0.2 72.1 11.0 53.0
.4 25.8 7.88 14.7 .4 83.3 19.3 42.8
.6 18.1 8.30 9.52 .6 51.7 23.7 31.7
.8 11.5 7.04 5.47 .8 38.9 23.7 22.5
1.0 6.78 5.17 2.81 1.0 26.4 20. 4 14.8
1.2 3. 74 3.43 1.30 1.2 16.2 14.8 8.28
1.4 1.94 2.07 .56 1.4 9.03 9,65 4.12
1.8 .90 1.10 .21 1.8 4,66 5.70 1.78
1.8 .38 .53 .08 1.8 2.10 2.88 .85
Fuel-layer thickness, te, cm
5.08x10™% 10. 16x10=3
Support~layer thickness, tg, cm
10.16x10"3 I 2.54x10"3
Radius ratio, Rp/Rp
2.0 2.0
Cell |Number of |Cell ef- Total Cell |Number of |Cell ef- Total
voltage, | particles, |ficlency,| energy | voltage,| particles,|ficiency,| energy
o, n, Ms arriving o, n, s arriving
nega=- percent percent | at col~ mega~ percent percent | at col~
volts lector, volts lector,
Be, Eos
percent percent
0.2 62.8 9.59 42.5 0.2 70.3 10.7 52.4
.4 53.9 16.4 33.0 .4 80.8 18.5 41.4
.8 43.8 19.8 24.3 .8 50.0 22.9 3L.2
.8 3l.4 19.2 16.7 .8 37.6 29.9 22.0
1.0 20.8 15.8 10. 4 1.0 25.7 19.6 14.2
1.2 12.5 11.5 5.82 1.2 15.8 14.5 8.06
1.4 6.89 7.36 2.79 1.4 8.82 9.43 3.96
1.8 3. 43 4.19 1.15 1.6 4.57 5.58 1.72
1.8 1.52 2.09 . 40 1.8 2.12 2.92 .64
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TABIE I. ~ Continued. COMPUTER OUTPUT FOR CERIUM 144 CELL
WITH MOLYBDENUM SUPPORT LAYER

(a) Continued. Spherical configuration

Fuel-layer thickness, tp, cm

12. 7%10"3 | ' 20. 24x10-3

Support~layer thickness, tg, em

5.08x10™2 | 2. 54x10"5
Radius ratio, Rp/Ry
2.0 2.0
Cell |[Number of | Cell ef- | Total Cell |Number of {Cell ef- | Total
voltage, | particles,| ficiency, | energy | voltage,|particles,|ficlency,| energy
o, n, M, arriving o, n, Ns arriving
mege- percent | percent |at col- mega~ percent | percent |at col-
volts lector, volts lector,
Eo» Ees
percent percent
c.2 62.2 9.50 43.9 0.2 58.1 8.87 41.4
.4 53.6 16.8 34.2 .4 50.0 15.3 32.1
.6 43.3 19.8 25.4 .6 40.3 18.5 23.7
.8 3.9 19.5 17.5 .8 30.0 18.3 16.3
1.0 21.3 16.2 11.0 1.0 20.0 15.2 10.2
1.2 13.0 1L.9 6.10 1.2 2.2 1l.2 5. 64
1.4 7.22 7.72 2.98 1.4 6.75 7.21 2.72
1.8 3.64 4.45 1.23 1.8 3.42 4.17 1.11
1.8 1.64 2.25 .44 1.8 1.55 2.14 .39
Fuel-layer thickness, tg, cm
25. 4x10~3 ’ 40. 64x10-3
Support-layer thickness, tg, cm
5.08x10~3 | 2. 54x10~3
Radius ratio, Rp/Ry
2.0 2.0
Cell |Number of |Cell ef- | Total Cell |Number of |Cell ef- | Total
voltage, | particles, | ficiency, | energy | volbage, |particles, (ficiency,| energy
o, n, N, arriving o, n, 1, arriving
mega~ percent percent |at col~ mega~ percent percent |at col~
volts lector, volts lector,
Eey Ees
percent percent
0.2 49.9 7.62 33.2 0.2 42.3 6. 46 27.86
.4 42.2 13.0 25.2 .4 35.5 10.8 20.8
.6 33.5 15.3 18.2 .8 28.0 12.8 14.8
.8 24.3 14.8 12.3 .8 20.3 12.4 9.91
1.0 16.0 12.2 7. 47 1.0 13. 4 10.2 5.98
1.2 9.50 8.70 3.97 1.2 7.99 7.32 3.18
1.4 5,12 5.54 1.87 1.4 4,32 4.61 1.48
1.8 2.58 3.15 .74 1.8 2.13 2.60 57
1.8 1.13 1.55 .25 1.8 .93 1.28 .20




TABIE I. - Continued. COMPUTER OUTPUT FOR CERIUM 144 CELL
WITH MOLYBDENUM SUPPORT LAYER
(a) Concluded. Spherical configuration
Fuel~layer thickness, te, cm
101, 61073 0.127x10™3
Support-layer thickness, tg5, cm
5.08x10"3 2.54x10™5
Radius ratio, Rz/Rl
1.5 2.0
Cell | Number of | Cell ef- | Total Cell | Number of | Cell ef~ | Total
voltage,| particles,| ficiency,| energy | voltage, particles,| ficiency,| energy
o, n, Ns arriving o, n, ns arriving
mega~ percent percent |at col- mega~ percent percent |at col-
volts lector, volts lector,
Eo, Ee,
percent percent
0.2 18.6 2.83 10.5 0.2 84.3 12.7 69.1
.4 14.2 4,34 7.39 .4 75.7 23.1 55.8
.6 9.84 4.50 4,70 .6 83.5 29.1 43.1
.8 6.17 3.77 2.66 .8 48.7 29.7 311
1.0 3.57 2.72 1.33 1.0 34.3 26.2 20.1
1.2 1.93 1.76 . 68 1.2 21.5 19.7 12.4
1.4 .97 1.04 .26 1.4 11.5 12.3 5.99
1.8 .45 .55 .09 1.6 5.80 7.09 2.57
1.8 .19 .28 .03 1.8 2.72 3.74 .99
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TABLE T, ~ Continued. COMPUTER OUTPUT FOR CERTUM 144 CELL
WITH MOLYBDENUM SUPPORT LAYER
(p) Cylindrical configuration
Fuel-layer thickness, tp, cm
1.27x10"3 2.54x10=3
Support-layer thickness, tg, cm
2. 54x10™3 j 2. 54x10™3
Radius ratio, Rz/Rl
2.0 2.0
Cell | Number of | Cell ef- | Total Cell . Number of |Cell ef- | Total
voltage,| particles,| ficlency,| energy | voltage,|particles,|ficiency,| energy
o, n, s arriving 9, n, My arriving
mega~ percent percent | at col~ mega~ percent percent |at col-
volts lector, volts lector,
Eey Eey
percent percent
0.2 68.1 10.4 58. 4 0.2 67.3 10.2 57.0
4 51.8 15.7 40.6 .4 50.8 15.5 29.8
.6 37.1 16.9 26.9 .6 36.8 16.8 26.6
.8 25.8 15.7 16.6 .8 25.0 15.2 16.86
1.0 16.8 12.8 9.59 1.0 15.9 12.1 9.53
1.2 9.83 8.97 5.10 1.2 9.22 8. 42 5.04
1.4 5.01 5.33 2,42 1.4 4.83 5.15 2.36
1.8 2.32 2,83 1.00 1.8 2.35 2.86 .98
1.8 1.02 1.40 .37 1.8 1.04 1.42 .37
Fuel-layer thickness, tg, cm
5.08x1073 | 5.08x10™3
Support-leyer thickness, tg, cm
2.54x10"5 2. 54x10"3
Radius ratio, Rp/Ry
1.1 1.3
Cell |Number of | Cell ef~- | Total Cell |Number of [Cell ef~ | Total
voltage,| particles,| ficiency,| energy | voltage,|particles,|ficlency,| energy
o, n, ns arriving o, n, M arriving
nega~ percent percent | at col- nega- percent percent |at col-
volts lector, volts lector,
EC’ EC)
percent percent
0.2 51.4 7.82 44.8 0.2 59.6 9.07 50.0
.4 30.5 9.28 24.8 .4 29,4 12.0 31.8
.6 19.2 8.77 14.2 .6 24.2 11.1 18.2
.8 11.9 7.29 8.04 .8 14.7 8.93 9.92
1.0 7.24 5,50 4.39 1.0 8.77 6. 67 5.31
1.2 4.18 3.81 2.26 1.2 4,95 4,52 2.71
1.4 2.23 2.38 1.06 1.4 2.88 3.04 1.32
1.8 i.22 1.48 .48 1.6 1.47 1.80 .57
1.8 .50 .67 17 1.8 .64 .88 .21




TABIE I. - Conmtinued., COMPUTER OUTPUT FOR CERIUM 144 CELL
WITH MOLYBDENUM SUPPORT LAYER

(b) Continued. Cylindriesl configuration

Fuel-layer thickness, te, om

5.08x10-3 [ 5.08x10-3
Support-layer thickness, tg, om
2.54x10-3 | 2.54x1073
Radius ratio, Rp/Ry
1.5 1.8
Cell |Number of | Cell ef- | Total Cell |Number of |Cell ef- | Total
voltage, | particles,| ficiency,| energy |voltage,|particles,| ficiency,| energy
o, n, s arriving o, n, M, arriving
mega- percent percent |at col- mege~ percent percent |[at col-~
volts lector, volts lector,
Ees E,,
percent percent
0.2 62.5 9.51 51.5 0.2 64.5 9.82 52.4
.4 44.3 13.5 34.3 .4 47.9 14.6 36.1
.6 29.3 13.4 21.3 .6 33.9 15.5 23.6
.8 17.9 10.9 12.2 .8 22.2 13.5 14.3
1.0 10.4 7.93 6.34 1.0 13.8 10.4 8.12
1.2 5.91 5.39 3.21 1.2 7.49 6.84 4,08
1.4 3.33 3.55 1.55 1.4 3.96 4.22 1.88
1.6 1.63 1.99 .85 1.6 2.04 2.48 .78
1.8 .78 1.086 .25 1.8 .84 1.14 .26
Fuel~layer thickness, tge, cm
5.08x10™% } 5.08x105
Support-layer thickness, tg, om
2. 54103 [ 2. 54x10™3
Radius ratio, Rp/R;
2.0 4.0
Cell |Number of |Cell ef- | Total Cell |Number of |Cell ef- | Total
voltege, | particles,| ficiency,| energy |voltage,|particles,|ficiency,| energy
o, n, Ns arriving o, n, n» srriving
nege~ percent percent |at col- nege~ percent percent at col-
volts lector, volts lector,
Ee, Eey
percent percent
0.2 65.1 9.91 52.7 0.2 66.9 10.2 53.5
.4 49.1 14.9 36.6 .4 52.4 16.0 38.0
.8 35.4 16.1 24.3 .6 40.0 18.2 26.1
.8 23.9 14.5 15.1 .8 29.2 17.7 17.0
1.0 15.2 11.6 8.78 1.0 20.2 15.4 10.86
1.2 8.68 7.93 4.65 1.2 13.6 12.3 6.20
1.4 4.62 4.93 2.15 1.4 8,52 9.07 3.34
1.8 2.23 2.72 .86 1.8 4.72 5.75 1.58
1.8 .97 1.32 .30 1.8 . 2.12 2.99 .83
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TABLE T, ~ Countinued., COMPUTER OUTPUT FOR CERIUM 144 CELL

'WITH MOLYBDENUM SUPPORT LAYER

(b) Continued,

Cylindrical configuration

Fuel-layer thickness, tp, cm

5.08x10~3

5.08x10-3

Support-layer thickness, tg, cm

2.54x10"3 1.27x10"3
Radius ratio, RZ/Rl
10.0 1.5
Cell |Number of | Cell ef- | Total Cell |Number of |Cell ef- | Total
voltage, | particles,| ficleney,| energy | voltage,|particles, |ficiency,| energy
o, n, s arriving o, n, M, arriving
mega- percent percent | at col- mega- percent percent |at col-
volts lector, volts lector,
B, Ea»
percent percent
0.2 87.4 10.3 53.8 0.2 64.7 9.85 55.0
.4 53.1 16.2 38.3 .4 46.2 14.1 37.0
.8 40.9 18.7 26.4 .6 30.5 13.9 23.2
.8 30. 4 18.5 17.4 .8 19.0 11..5 13.7
1.0 21.8 16.5 10.9 1.0 11.0 8.38 6.87
1.2 14.7 13.4 6.53 1.2 6.25 5.70 3.48
1.4 9.786 10. 4 3.62 1.4 3.42 3.83 1.65
1.6 5.95 7.24 1.79 1.8 1.72 2.09 .70
1.8 3.12 4.38 .75 1.8 79 1.08 .27
Fuel-layer thickness, tp, cm
5.08x10"3 i 5.08x10"3
Support-layer thickness, tg, cm
1.27x10"5 ] 1.27x10-3
Radius ratlo, R,/Ry
2.0 4.0
Cell | Number of | Cell ef- | Total Cell |Number of |Cell ef- | Total
voltage,| particles,| ficiency,| energy | voltage,|particles,|ficiency, | energy
o, n, Ny arriving o, - n, s arriving
nega~ percent percent |at col~ mega~ percent percent |at col-~
volts lector, volts lector,
E,, E.,
percent percent
0.2 87.2 10.2 56.3 0.2 69.1 10.5 57.2
.4 51.0 15.5 39.5 4 54,3 16.5 40.9
.8 37.0 16.9 26.4 6 41.6 19.0 28.3
.8 25.4 15.5 168.7 .8 30.8 18.7 18.8
1.0 15.9 12.1 9.87 1.0 21.7 16.5 11.8
‘L2 9.31 8.5350 5.30 1.2 14.3 13.1 7.08
1.4 5.01 5. 33 2.46 1.4 9.03 9.62 3.91
1.6 2.42 2.95 .99 1.6 5.18 6. 30 1.01
1.8 111 1.52 .37 1.8 2.57 3.53 .77
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TABLE I. -~ Conbinued. COMPUTER OUTPUT FOR CERIUM 144 CELL
WITH MOLYBDENUM SUPPORT LAYER
(b) Comtinued. Cylindrical configuration
Fuel-layer thickness, tp, cm
5.08x10~3 | 5.08x10"3
Support-layer thickness, tg, cm
5.08x10~3 | 5.08%10™5
Radius ratio, Rp/Ry
1.5 2.0
Cell |Number of | Cell ef- | Total Cell [Number of | Cell ef- | Total
voltage, | particles,| ficlency,| energy | voltage,|particles,| ficlency, | energy
2, n, s arriving 2, n, s arriving
nega- percent percent | at col- nega~ percent percent |at col-
volts lector, volts lector,
Ee, Ee,
percent percent
0.2 29.3 4. 46 17.7 0.2 80.7 9.24 47.0
.4 19.8 6.02 11.2 .4 45.6 13.9 32.4
.8 12.5 5,70 6.52 .6 32.4 14.7 21.2
.8 7.35 4,47 3.45 .8 21.4 13.1 13.0
1.0 4.07 3.10 1.68 1.0 13.2 10.0 7.37
1.2 2.13 1.95 .78 1.2 7.50 6.85 3.83
1.4 1.03 1.10 .30 1.4 4.04 4.30 1.81
1.6 .45 .55 .11 1.6 1.98 2.41 .75
1.8 .17 .24 .03 1.8 .82 1.13 .25
Fuel-leyer thickness, tp, cm
5.08%10™3 10.16x10"3
Support-layer thickness, tg, om
10.16x10~3 2., 54x10~3
Radius ratio, Ro/Bj
2.0 2.0
Cell |Number of | Cell ef- | Total Cell |Number of | Cell ef- | Total
voltage, | particles,| ficiency,| energy | voltage,|particles,| ficiency, | energy
o, n, M, arriving o, n, Ns arriving
nmega~ percent percent | at col- nega-~ percent percent |at col-
volts lector, volts lector,
E., E.,
percent percent
0.2 52.8 8.03 38.2 0.2 60. 4 2.18 46. 4
.4 38.8 11.7 25.9 L4 45.1 13.7 32.0
.6 26.8 12,2 16.6 6 32.2 14.6 20.9
.8 17.4 10.6 10.0 .8 21.7 13.2 12.9
1.0 10.7 8.14 5.59 1.0 13.4 10.2 7.31
1.2 5.87 5.36 2.77 1.2 7.73 7.06 3.81
1.4 3.13 3.33 1.27 1.4 4.18 4.45 1.79
1.6 1.52 1.85 .51 1.8 2.06 2.50 .75
1.8 .82 .84 .18 1.8 .91 1.25 .27
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TABLE I.

- Concluded.

WITH MOLYBDENUM SUPPORT LAYER

(b) Concluded.

COMPUTER OUTPUT FOR CERIUM 144 CELL

Cylindrical configuration

Fuel-layer thickness, tg, cm

12. 7x10~3

20.24x10-3

Support~layer thickness, tg, cm

5.08x10"3 | 2.54x10-3
Radius ratio, RZ/Rl
2.0 2.0
Cell |Number of | Cell ef- | Total Cell | Number of |Cell ef- | Total
voltage,| particles,| ficlency,| energy |volbtage,|particles,|ficlency,| energy
R n, Ms arriving o, n, Ns arriving
mega~ percent percent |at col- mega~ percent percent |at col-
volts lector, volts lector,
Eos E.,
percent percent
0.2 54.1 8.23 39.2 0.2 51.5 7.84 36.8
iy 40.1 12.2 26.8 .4 37.9 1.5 25.1
.6 28.2 12.8 17.4 .6 26.6 12.1 16.3
.8 18.5 1.2 10.5 .8 17.5 10.8 9.75
1.0 11.3 8.63 5. 90 1.0 10.7 8.15 5. 45
1.2 6.5L 5.94 3.00 1.2 6.10 5.57 2.77
1.4 3.41 3.83 1.40 1.4 3.18 3.39 1.24
1.6 1.67 2.03 .56 1.6 1.51 1.84 .49
1.8 .69 .95 .18 1.8 .84 87 .18
Fuel-layer thickness, tg, cm
25. 4x10=3 l 40.64x10-3
Bupport-layer thickness, t,, cm
5.08x10"3 2.54x10=3
Redius ratio, Rp/Rqy
2.0 2.0
Cell |Number of |Cell ef- | Total Cell |Number of |Cell ef- | Total
voltage,| particles,| ficiency, | energy |[voltage,!particles,|ficlency,| energy
s n, M arriving o, n, s arriving
mega~ percent percent |at col- mega~ percent percent |at col-
volts lector, volts lector,
Ec’ Ec;
percent percent
0.2 44,4 8.75 29.7 0.2 37.9 5.77 24.3
.4 32,3 9.83 20.0 .4 27.3 8. 30 16.2
.6 22.2 10.2 12.7 .6 18.6 8.52 10.2
.8 14.3 8.72 7.51 .8 11.9 7.26 5.94
1.0 8. 860 6.54 4.08 1.0 7.07 5. 37 3.17
1.2 4.77 4.36 2.00 1.2 3.85 3.52 1.52
1.4 2.45 2.61 .89 1.4 1.93 2.08 .85
1.6 1.14 1.38 .33 1.6 .87 1.08 .24
1.8 .45 .62 .10 L8 .34 .47 .07
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(a) Spherical configuration.
Figure 1. - Number of particles reaching collector as a function of cell voltage. Fuel-layer thickness, 35.0 milligrams

per square centimeter; support-layer thickness, 25.9 milligrams per square centimeter.
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(b) Cylindrical configuration.

Number of particles reaching collector as a function of cell voltage. Fuel-layer thick-

35.0 milligrams per square centimeter; support-layer thickness, 25.9 milligrams per square centimeter.
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(a). Spherical conriguration.
Figure 2. - Cell efficiency as a function of cell voltage for various radius ratios. Fuel-layer thickness,

35.0 milligrams per square centimeter; support-layer thickness, 25.9 milligrams per square centimeter.
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(b) Cylindrical Configuration.
Figure 2. - Concluded. Cell efficlency as a function of cell voltage for various radius ratilos.

Fuel-layer thickness, 35.0 milligrams per square centimeter; support-layer thickness, 25.9 mil-
ligrams per sdquare centimeter.
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(a) Spherical configuration.

Figui'e 3. -~ Total energy reaching collector as a function of cell voltage. Fuel-layer thickness, 35.0 milligrams per

square centimeter; support-layer thickness, 25.9 milligrams per square centimeter; radius ratio, 2.0.
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(a) Spherical configuration.

Figure 4. - Energy distribution in various cell components.

Fuel-layer thickness, 70.0 milligrams per square

centimeter; support-layer thickness, 25.9 milligrams per square centimeter; radius ratio, 2.0.
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(p) Cylindrical configuration.

Energy distribution in various cell components.
per square centimeter; support-layer thickness, 25.9 milligrams per square ceuntimeter; radius ratio, 2.0.

Fuel-layer thickness, 70.0 milligrams
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(e) Spherical configuration; energy 1.8 to 1.9 Mev.

Pigure 5. - Particle distribution at collector. Fuel-layer
thickness, 35.0 milligrams per square centimeter; support-

layer thickness,

25,9 milligrams per square centimeter;

radius ratio, 2.0; cell voltage, 0.6 megavolts.
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(f) Spherical configuration; arrival angle, 20° to 25°.
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(g) Spherical configuration; arrival angle,
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(h) Spherical configuratlion; arrival angle, 60° to 65°.

Figufe 5. - Continued. Particle distributlon at collector. Fuel-layer
thickness, 35.0 milligrams per square centimeter;
ness, 25.9 milligrams per square centimeter; radius ratio, 2.0; cell

voltage, 0.6 megavolts.
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(1) Cylindrical configuration; energy, 1.6 to 1.7 Mev.

Figure 5. - Continued, Particle distribution at collector. Fuel-layer thickness, 35.0 milligrams

per square centimeter; support-layer thickness, 25.9 milligrams per square centimeter; radius

ratio, 2.0; cell voltage, 0.8 megavolis.
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(o) Cylindrical configuration; arrival angle, 60° to 65°.
Figure 5. - Conecluded. Particle distribution at collector.

Fuel-layer thickness, 35.0 milligrams per square centimeter;
support~layer thickness, 25.9 milligrams per square centi-
meter, radius ratio, 2.0; cell voltage, 0.6 megavolts.
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Figure 6. - Comparison of different beta-particle sources in efficiency calculation for spherical configuration. Fuel-layer
thickness, 35.0 milligrams per square centimeter; support-layer thickness, 12.9 milligrams per square centimeter. Radius

ratio,

4.0.
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Figure 7. - Comparison of relativistic against nonrelativistic formulations in cell efficiency calculation for

spherical configuration. Fuel-layer thickness, 35.0 milligrams per square centimeter; support-layer thickness,

12.9 milligrams per square centimeter; radius ratio, 4.0.
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