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1.0. SUMMARY OF FIRST QUARTERLY STATUS,

ORBIT DETERMINATION PROGRAM

In this report are presented detailed technical summaries of the
effort accomplished on Phase II of the Orbit Determination Program for the
period July 22 to October 22, 1963, inclusive. Efforts carried out under
Phase I which are applicable to the precision version of the Program are
reported here as well. f‘bﬁj}ﬂ\

Section 2.0 exhaustively defines the coordinate transformations
which have been or will be included in MINIVAR. These transformations
have been taken from the astronomical literature and their primary purpose
is to reduce positions and velocities specified in moving coordinate systems
to corresponding quantities in an inertial coordinate system. The inertial
system is specified by the mean equator and equinox obtaining at o™.o
January 1 of the year subsequent to the year in which the trajectory of
interest takes place. Astronomical ephemerides used in the Program are
referenced to this base date system, and all trajectory computation takes
place in this system. In addition to position and velocity transformations,
provision has been made for transforming the earth's gravitational force field
into the same inertial frame. Libration transformations have been included
for the two-fold purpose of specifying vehicle position and velocity with
respect to selonographic coordinates rigidly attached to the lunar surface,
and transforming the moon's gravitational force field to the base date inertial
reference. The work reported in this Section was developed under Phase I.
l%o%kaﬂ~
Some of the transformations reported in Section 2.0, particularly those
dealing with precession and nutation, are approximations. The same astronomical
literature from which these approximations were obtained, however, report more
accurate versions for the elements of the transformation matrices. In Section
3.0, the equations for these higher accuracy quantities have been tabulated.
In the case of nutation particularly, the amount of computation required to
obtain the increased accuracy is quite large, and, before including such
expressions in the program tests will be made to determine whether or not the
increased accuracy affects the desired Program prec%§ione

Section 4.0 derives an equation for computing timing signal delay from
WWV to a range-and-range-rate tracking station. An error analysis is
included to illustrate the error magnitudes to be expected in a few typical
cases.

Timing errors in Minitrack and range-and-range-rate systems data are
described in Section 5.0, and methods for correcting these errors are
outlined. A technique for resolving range ambiguities in R&R data is
described.

The work reported in Sections 4.0 and 5.0 was carried out under Phase I.

Results from a comprehensive evaluation of precision in FORTRAN IV




single and double precision subroutines are given in Section 6.0. Common
routines such as sine, cosine, arctangent, square root, and exponential
were tested; the test results were generally in close agreement with the
published precisions for these routines.

Recommendations are made in Section 7.0 for storing atmospheric
models for the Earth, Venus, Mars and Jupiter. Interpolation procedures are
suggested, and, for the lower and upper Earth atmosphere models, characteristics
for a transition region are recommended to overcome discontinuities in both the
models and the applicable drag equations.

Matrix inversions are minimized by the Kalman filtering process; none-
theless, at least one matrix (Y) must be inverted in order to compute the
optimum weighting matrix for the residuals. Section 8.0 describes a method
whereby a matrix having an order up to 8 x 8 may be inverted through use of
an approximation to the true inverse and an iteration procedure for refining
this estimate.

Sections 9.0 and 10.0 are both related to the use of two-body
trajectories in the Orbit Determination Program. A central-difference
numerical differentiation formula is derived in Section 9.0; the uses of
this formula are to be:

a. a measure of the precision attainable in computing the elements
of the two-body state transition matrix, whether by means of the variational
parameters now used in MINIVAR or by some other technique;

b. a method for obtaining the elements of the true transition matrix
in those instances for which the two-body approximation is inadequate.

Section 10.0 treats the problem of accurately representing two-body
motion, with particular attention being given to a universal representation
applicable to all conics. Herrick's variables offer promise in this direction,
and two methods are under consideration for overcoming difficulties arising
from large values of the independent variable. One method suggested by
Herrick, employs a "shifted epoch" to maintain reasonable values of the
time-dependent argument; the other approach calls for the use of continued
fractions rather than infinite series in representing the variables so as
to delimit the number of terms which must be carried for a specified accuracy.
Section 10.0 also describes a two-body representation in terms of range
angle or differential true anomaly. A program exists in this formulation
which computes not only the conic but also the elements of the state transition
matrix.

Bias errors to be included in MINIVAR are discussed in Section 11.0.
Among these errors are station location errors, uncertainty in the knowledge
of Earth's mass and oblateness terms, and uncertainties in the velocity of
light and the astronomical unit. Section 11.0 discusses augmentation of
the state transition matrix and the point transformation matrices associated
with the variational parameters.

Another aspect of the two-body problem is treated in Section 12.0.



A program is described whereby the effect of errors in the elements of the
state transition matrix on the elements of the Kalman filter K may be
computed. It is desirable to maintain the same precision in K as that
contained in the residual, (ye - ¥yo); consequently, a computer study based
on this program will be run to determine to what precision the elements of
the transition matrix should be computed to obtain a given precision in K.

The executive routine, as described in Section 13.0, is based upon
a concept of close communication with IBSYS. This concept is currently
being revised, and, consequently not all of the work here reported is
directly applicable to the final system. It is reported, however, for the
sake of completeness.

A brief comparision of the oblateness terms used in ITEM, MINIVAR
and by JPL, based upon work by Kaula, is given in Section 14.0. The
conclusion, based on this comparision, is that Kaula's recommended notation
and nominal values will be included in the Phase II Program.

Correction formulae for electromagnetic propagation through both the
troposphere and ionosphere are contained in Section 15.0. An exponentially-
decaying density is assumed for the troposphere, whereas a three-parameter
model is used for the ionosphere; both models are numerically integrated to
compute range and range-rate corrections in the troposphere. Coordinate

systems and transformations required for making the corrections are described.

This work was carried out under Phase I, but is directly applicable to
the high precision version of the Orbit Determination Program.
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2.1. INTRODUCTION

This report describes the transformation of vehicle initial conditions
and earth and lunar oblateness attravtions to the "base date" coordinate system
used for trajectory calculations in MINIVAR¥®, The "base date" system 1s de-
termined by the direction of the vernal equinox of o January 1 of the year
subsequent to the launch year. It has been chosen as the basis for calcula-
tion because the planetary and solar coordinates are written on tapes in that
coordinate system. Rather than transform the tape information the vehicle
initial conditions and the oblateness accelerations are transformed into the
bagse date system.

l. Vehicle initial conditions that are inserted in an earth referenced
system, such as latitude, longitude, altitude, are transformed first
to a system determined by the wvernal equinox of date, Thls system
(true) differs from the base date system by the earth's nutation and
precession. Transformation by the nutation matrix [N] and the pre-
cession matrix [A) thereupon brings the initial conditions into the
base date system.

2. The_oblateness attraction of the earth is calculated from a knowledge
of R, the position of the vehicle from the center of the earth, ex-
pressed in the true earth system. Since vehicle position as cal-
culated in the trajectory portion is in base date components these
components must be transformed via precession and nutation into the
true earth system. The resultant attraction is then transformed
back into the base date system.

The oblateness attraction of the moon has not been employed previously
in MINIVAR. It is calculated from the vehicle position with respect
to the moon's center and the lunar oblateness matrix; the latter

takes account of spherical harmonics of potential of degree -3 based
on the three lunar moments of inertia,

The transformations described in this report are also employed in

" calculation of the observations and the matrix of their partial derivatives

with respect to the state variables. These applications are not discussed
here,

The subroutines here described are generally single precision; in-
vestigation of double precision has been reserved for phase II.

The transformations of lunar-based initial conditions described
herein have not been programmed in phase I. It is presently planned to in-
corporate them in phase 1Il.

¥The "base date" employed here is to be distinguished from the "base time" of
reference 8. The latter is 090 3lgdecember of the year prior to launch; it
is used as an arbitrary referencejpoint for input data, observation time and
planetary tape in the Minimum Variance Orbit Determination Program.

g . OMGINAL PACE 18
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No attempt is here made to derive basic astronomical transformations
such as precession, nutation, libration or the Greenwich hour angle of the
vernal equinox, representing, as they do, years* of assiduous labor by experts
in celestial mechanics. Rather, those results that apply to the present orbit
determination program are presented in a form that may be programmed readily,

2.2. DEFINITION OF COORDINATE SYSTEMS

The precession, nutation, libration and other transformations to be
used in the Orbit Determination Program all represent rigid rotation of right-
handed cartesian coordinate systems. Hence, the matrices are real, orthogonal
and have determinants equal to +1. The coordinate systems involved are defined
in this section, the transformations are defined in the following section.

Unit vectors are characterized by the circumflex accent A .

fbﬁsis ﬂaalong mean vernal equinox of base date (intersection of ecliptic
of base date and mean equatorial plane of base date).
pnormal to mean equatorial plane of base date, positive in
northern hemisphere.
Yo such that Xg %o 2, is right handed orthogonal.

A A
X toZq anlong mean vernal equinox of date (intersection of mean equator
of date and ecliptic of date).

normal to mean equator of date, ozitive in northern hemisphere.
Yonormal to RQ and 2, so that Xq 5Q ¢ forms a right handed
system.

>

>
"
ﬁ
N>
m

iaalong true vernal equinox of date (intersection of true equatorial
plane and ecliptic of date).,

gnormal to truq\equator, positive toward northern hemisphere.
Jenormal to R 2 and such that XeJeZ¢ form a right handed
system.

D>
g
<>
>
fw

A A
Xwalong the (A) principle axis of moon, positive on earth side, 2,
along the (C) principle axis of moon positive in direction of rotation
?5 moon with respect to space;

M

along the (B) principle axis of moon, to form right handed system
with X, and 2, .

A A

Xg in true equator of earth and in Greenwich Meridian: Z; normal to
true equator, positive toward north pole; fg to form right handed
system with ﬁq and ﬂg ¢

R
Fal
"R

*A precession formula was first used in the Nautical Almanac in 1854; a nutation
formula in 1767. (See p. 181 of reference 3.) The Present-day formulas are
refinements of the publications of S. Newcomb in 1897.
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Geocentric rt. ascension (apparent siderial time); geocentric angle,
or declination of line from earth center to vehicle; geocentric dis-
tance from vehicle. See Figure I.

Aenormal to vehicle's local meridian, positive eastward;
(along geocentric radius vector to vehlcle,
denormal to Je and 4 and such that A Be % form a right handed

system. See Figure I.
4 0

local geographic system: Aq normal to meridian, towards east, (A = Ag );

G normal to e111g§oid through position of vehicle;

normal to AG
and Rq such that ,{q (% is right handed.

g

Geographic longitude, positive easterly from Greenwich meridian through
360 degrees; geograrhic latitude (angle between equatorial plane and
normal to ellipsoid throuph vehicle position); altitude above ellipsoid.
See Figure II.

Am,normal to local mgon meridian; ,FL along outward radial from center
of moon to vehicle; 2L normal to 4w and A, . See Figure III,

selenocentric longitude, measured in the.&wxa plane in the sense of
positive rotation about Z § selenocentrlc declination; selenocentric
distance. ©See Figure III. .

vehicle speed relative to Xe Yo% frame; azimuth, flight path angle
relative to /; qé? system. See Figure IV.

LIST OF TRANSFORMATIONS

The coordinate system under From and To are defined in Section 2.2

of this report. The matrices used are given in Section 2.4.

SYIMBOL

[A]
[v]
[1]

o

Ly

[c]

—_

[D,Ra]

(€]

NAME ACRONYM FROM TO
N AL A AREOLE

Precession PREC 9 q>£¢ Xe 1z 4p
o R

Nutation NUTA R, Xq)oZe
A THA U A LA f:

Libration LIBRA " Ae Je%e
ARISA SN o S D

Gamma Matrix GAMVAT Xelo % Xe Je %
Geographic to Greenwich 3 AN SN A

Transf ormation aeat (A v ) A&k, Xe lg %
Declination, Right \ e On Bt
Ascension GENMAT(A5)¢k) AF4£/% Xﬁfﬁzﬁ
: AN e Al AN

Selenographic GENMAT( Adi. ¢M) Ane PR Xoa i Gy

Since all the above transformations are orthogonal, the inverse of

any is simply its transpose.




A

X
TRUE VERNAL
TCUINOX

FIGURE I
GEOCENTRIC
COORDINATES
IN TRUE
EQUATOR
\r nG
NE
/Q { = Greenwich hour ancle of
G true vernal equinox of date
GREENWICH S A
—
MERIDIAN KE = KVC for earth as dominant
body.
G
A
8
A
A
)ﬁfg FIGURE II
ﬂg LOCAL GEOGRAPHIC
COORDINATES

e




A
P
\
Rm
¢! ﬁgm
2m
Ddrr Y
FIGURE I1II
SEIENQCENTRIC
COORDINATES

ry =Rve for moon as
dominant body

A  positive CW from north
N
¢ positive_up fromg A
plane

>>

V  always positive,
. —
being |/ |

FIGURE IV
AZIMUTH AND
FLIGHT PATH

ANGLES

10




2.4. DESCRIPTION OF SUBROUTINES
Relsl, Subroutines for Transformations
2kl CPREC: . Processlon

The spin axis of the earth is slowly precessing in inertial space due
to lunar and solar attractions on the terrestrial bulge; the plane of the earth's
orbit about the sun (ecliptic) moves slowly because of planetary attractions.

As a result the intersection of the earth's mean equator and the ecliptic
(termed the vernal equinox, ¢ ) undergoes a gradual rotation is space. There-
fore, the QQ‘ﬂQiq Acoordinate system as defined in Section 2.3 1s rotating with
respect to the RBYBQB system. Figure V illustrates this rotation of the
eq%inog\with respect to its position at base date. The transformation from

XoJoty 1o Rafad, 1is [A]:

a

(D50
[A] = {1 of | &z G Q| X| A0e 842 Aoy
e -

a..,a Cleg aas ACLS‘ Aa'\;e Aa33

= 3
1 000 000 O - 0.000 296970 Tg" = ©.000 000 130 Tg

Ayyq =
3
e ,r
- 0.000 002 21
0'12: S icaes 299 88’)/8 + 0.000 767°°’f6 0.0 53
S 4
= - 0,000 002077 - O0.000 OCOO 76 Tg
a2 ged 717 11 T3 yar
Qpy * = F1e

3

2
- {.0000000 - O.000 2419 76 Ts - 0,000 00O 1 Ta
.

Az
= 000 1085‘?’]’52- o, 000 000 osoﬂ’;
e gmi
Qg =%y
o PR
i X 1’l’e+o 0006 000 oeo’f‘g
aGss i.000 0000

Sl




and

A, = — 8oco 296 97 ?a — O.000 000 390 ?3

Aa,> O oc2e 34988 T, + ©.000 006 76 ?a - 0. 000 006 63 Cx

0.009 71711 (3 - ©. 000 c02 oy 0, - 0.000 002 88T

"

AX,,

it

Aaal —Aa"ia

Aa,,: -0.000 249 76 Q -0.000 000450 Cy

Ad,,: - 0. 000 108 9 {,- 0. 000 000070 (3

Aa3| p V—Aa’ls

A0, = 845

Adsy= = 0. 000 047 ed {, + 0. 000 000 060 e
and
Lo
G Sl AN
¢y

i S raT)

p)

—~
v

Al R, Gt L AT)

L2
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The quantities AT and Tp are caledlated in the subroutine DATE, described in
Section 244.2.1 below. Tp 1s the number of days from Jan. 0.0, 1950 to the base
date, divided by 36525. AT is the number of days from the base date to the
present time, divided by 36525. The base date depends on the launch date of a
particular trajectory, being diO Jan. 1 of the subsequent year.

The above form of the transformatien is derived in Appendix 1 from
the forms given in the literature (see References 1, 2, 3).

. The elements of the [A] matrix are computed whenever needed, except
that if [A] has been computed within the previous 1322 seconds, the previous
value is used.

Rebels2s NUTA: Nutation

QR ; g 1
( Xg 7o £q ) is given by the transformation from kE 95

-

A A
A The oscillatory motion of the )25 YeZe systené about its mgan position
E to &Q?Q Q °

4 _gw QO\seq - Sql,smeQ—

HE PR S ek B e
Gl

L_ é;w-énJéQ

where g 1’/ 5 SE and EQ are obtained from subroutine EXPR. The geometric
significance of J"U, ge afid E€q 1s shown in Figure VI.

The [N] matrix above is an approximation, valid to about 0.5 x 10-8.
The exact transformation is given in reference 1, pp 67-68. Fuller discussions
of nutation may be found in references 5 and 6.

The nutation terms are recomputed if needed and if the prior values
are more than 0.l day old.

Debsle3. LIBRA% - Libration

DA
The transformation from the moon-fixed axes X, wZm to the Xg Ve Ze
axes, pictured in Figure VII, is given by [L]:

ln f:a ﬁ,s
[L] i Y Laz ﬁea
/Q;' I‘;a 4(.93

where the 1's are given in terms of the three angles JZ}' 748 A
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i = 218° 890 13 +13?06499&(H-@%)

c w56, 007 96) + 0% 985 6005 (d-dz )

: é§‘+375

The quantities €Q 5 fé 3 cry/ 5 q SQ. are obtained from the subroutine EXPR., the
quantity ( o - dJ’o) is obtained from the subroutine DATE,

é 11766, 7{(53& + 06264 38 6 (a/'o/(a)
é-E

The libration formulas are taken from reference 4, and may be found
also in references 2 and 1,

The libration matrix is recomputed when needed, except that the
prior values are used if they were calculated less than 0.01 days previously.

204olelho LIBRADT: Libration Rate

The time derivation of [L] is used in the transformation of initial
conditions referenced to the moon.

In taking the derivative of the elements /ez{, the time rate of
change of {2’ and of £ are neglected in comparison to that of A :

'
%—%—= rate of precession of line of nodes ~ T radians/18.5 years

» /
4L = rate of change of inclination < 51___@_.

QE dt
dA ~ rotation rate of moon ~ &1 radians/27.5 days
dt
With the above approximations one obtains
5 /«“ ﬁlt /éls »
[L] S ﬂel /ezz /623 'A'
/e.i\ IJE ’433
' % cosA sl cos i )
X = - (anAcoSQ + Cos A SIN
| \

jlz-‘ = (305[\_ (‘.oéQ" sind\ sl CoS,«.)

130 ' )
j :-—(5MA$MQ'~ cos A Cosf2 CoSw
(4l

! L]
AS:NQ' +siNA cos 2 COSA.)

ey > ™ (COS

jeB:o )
)é:“ = (cosA SINL)

)(;.sa: &= (smASINL)

Las® © 17




whers
_/Q+é‘)\sm/@q>+£€)cos(‘(e ++d¢) 18190//9//5/6501

L
4= SIML CosA

’ . -{ ?
C( SR el Ly 76c X10 S O, 124 991 74 Xio“"f E/J.D/H/y(f/u’b’c.

7 +o0.230153 29 Xio'“’)’ 1890/44/6/656,

&

0= -0106 769 843 & xic

a0 2

2 —0.755 527 924 6 xdo 1tos 3_‘

-

+ 0.569 494 ©0¢) XiO-ioCOSS'

10 579 473 464 X 10 P cos e ﬁnoz»»«/csc,

o = - 0,520 642 1l X 1o/ cos&
L o.181 177 4481 x107 cos (8+aw)

- 0. 106 4of78f8 )(io'7 Cos (Z«D+ea) ﬁn.b//;,s/.s/sec‘
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The values of S €, #J Q s SL come from subroutlne EXPR; the value of T
comes from DATE; the values AT R 8’ 5 s come from LIBRA subroutine.

The above forms are those of reference 1, p. 70.
R204oele5. GAMMAT: Greenwich Hour Angle of the True Vernal Equinox
The subroutine GAMMAT computes tﬁ% §otat10n matrix [ ¥ ] that transforms
E

a vector from the ’?6 )'7 system to the ¢ system. (See Section 2.2 for
definitions of the two coordinate systems.,)

I_C‘,oéb/ —S/;JA/ O
[X] b Sil Y cos & ©)

o o 1 |

where y: ?/’V\ + g"ﬂ degrees

(=] s i KA
X: 100° 078 $42 60 + O 985 647 46 odi +2%90t & xastdfdi)

J~8 417 Bo7 462 2ok t' mModuLo3eo’

o

By Boow [d- c{;o] (Dimels1ont 66.7)

2 [3600(i'tL+HR5)+ cohmn + see]

,-\.—
\

% IP_[g@g—o(-t—tz-l— HeS) + 6oHMIN + 550]} 86400
: 86 400

). - 0. 004 178 074 62 @Ecdsf%ssc.
B e )
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and

go«:gy/coseq

IP(y)= INTEGRAL Part of (¥)

The inputs orl// - EQ are obtained from EXPR, and the inputs ( d"d{o o
(t-tg) are obtained from DATE. The values for HRS, HMIN and SEC are launch
date inputs to MINIVAR, .

The entire subroutine is programmed in double precision in order to
avoid loss of accuracy in Y (because of the mod 360°) and in t' (because of
subtraction of large, nearly equal numbers).

The expression for )/is given in references 1 and 2.

N

ololse6, GENMAT: General Purpose Orthogonal Transformation

The transformations [GJ, [DRA] and [S) defined in Section 2.3 all
have the same form:
_5,,JA§ —s,dqﬂq ao:s)\Ci COS?(E,COS’\GI

[G] = CoS/\q ~5N¢q$w/{q cos¢q51MAc7
% Cos g Nt

where Aq and ¢q are geodetic longitude and latitude of the sub-vehicle point
or of the observation station.

For [DR.A], the right ascension A& of the vehicle or station replaces
ACT- s and the declination @, replaces ¢§ .

For [S], the lunar longitude )\M of the vehicle replaces /\q and lunar .
latitude ¢M replaces 956 S e

The above transformations may be obtained by inspection of Figures I,
Ty fand T,

R04+2. Subsidiary Subroutines
Ro4e2e.l. DATE: Subroutine for time quantities

The subroutine DATE produces the time parameters for use in other
subroutines., The inputs are calander date of launch and time since launch.
The output quantities are T ,7Ta , 8T andd-dg. The program is purely procedural.
It is limited to launch dates between 1960 and 1970.

NYEARP
DAYS

year of launch
day of year, on which launch occurs. (ex: DAYS = 31 for
launch on 815 Jan. 31)

T



HRS = number of hours fully expired from beginning of day of launch
to time of launch.

HMIN = number of minutes fully expired from beginning of hour of
launch to time of launch

SEC = number of seconds and fractional parts of a second expired
from beginning of minute of launch to time of launch

t-t4 = hours and fractions thereof from launch time to present time
of trajectory calculation,

Procedure:s

1. Calculate I3 (I) = NYEARP - 1959
2. Lecokup YR(I) and YR (I + 1) from Table:

o
~

Y(I)
3562
4018
4383
TIPS
5013
5479
5844,
6209
6574
6940
7305

CWOWRIOWMPWMNOHOH

—
v

3, Calculate Output Quantities ’ﬂé,d—&;o)/i AT
g 1 ra s (o7 £l oAESS)
Aar /,Q(I+1)/3 6

iy Yﬁ(r)+-®ﬁyé‘i+uﬁs/a4-+HAm~7&44o
=
5 SEC/S/é40° i (t't,a)/e4 /\O/Mé//\f/oA/LES.S)

e (d—d50>/3656¢’ (‘OIMé»/J/o//LE.Sd)

A% - T /\D/ME//\SIOA/ZESS)

These outputs are recalculated as demanded by other subroutines.




2.4.2.2. EXPR: Long expressions for 51,0 et ST Eq s ; & ‘

puts out nutation in longitude & Y , nutation in obliquity Se s, Mmean obliquity
€ , mean longitude of descending node of moon's_mean eguator on ecliptic £2
ang mean longitude of moon { , for use in {N], [L] and [L]. The entire sub-
routine is repeated upon demand by other subroutines.

This subroutine takes in T and ( ci-d\;o) from the subroutine DATE and

-6
EQ: 23° 448 78] 4 - 05013013 76T - 0’885 X110 e
SO SO TI T

cfé’ L€ +o’€. DEGCREES

A€z 0lessBas xde tes L -6t Rao Tt G
L 0%183 088 x 152 cos eL + 0% 61411 X 15¥cos (3L- P)
0t ef x1g eos (L+T) - 0° 194 444 x16%eos (2L-02)

_0° 8333 x106 “cos (e riq)
0° 244 44 X104 cos e G040 io'°/605<8 ((-{Q) ‘
+ 00 3658 de cOs(JCI-P') - 0% 138 88 x1o CN(QH’)
' o g ’-_
- 0% 8333 )<1o“Coé((~r"+.Q) + 058333 xdo cos(€-T Q)
: 5 it
LA TGS X 16 ®0es (J(I-EL-H”) + 58S x 1o cw(S({ F’-_Q)

"

de

‘@ = Wid Mop -0 ofE 953 Iee E (d‘da)+0".20775)<162(

G 2 gty _ |
+O?8081Xioa’f‘2+o.ax101’ |

q- 64" 375451 67 + 137 176 396 $26 8 (J‘Jxo) i

- AP
- 113 157 & Xdo et - 0113 015 x 1627

3
+ 0519 x1o0 T

22




51}, - A'\f) +d37b DEGREES

A}b - - [o". 478 956 14 Xx10% + 07472 e X:Lo"('f_] sid SL
s o L80 Sl x1otem el - 07853 33 X1o sl el
+ 0%3%0 x 10t s N (L-n)- o' 13888 X164 (31.—P)
L 0° $8333 )(io-‘!\SnJ (L H’) + 0, 382 S Xio‘{s"J (eL-Sl)

400 13888 x1o s (en-0) + 0% 111 11 x 18 5sml(eL-2p!)

chfi e e o ot xtot sine Q) + o°188 88 x 16 4 (C- ')
s 00 835 33 15t sile((-1) - 0% 944 44 x16fsiN(z(-22)

-o° 7aae)<io'“(sm(5((— P‘)-i—O°.41666)<io_{sm<(-a+l7‘)
1 0% 308 5% X1 SN ((+1") + 0% 166 R e
0. 166606 i T R (((—P’+Q> F 0% 166 66 X1 5siN((-P-LL)

- oo 13888 x 1855 (5 Q-2L+1') = 0% 111 11 x16 s (C-r-n)

I
where T, T , L are obtained from




o 3 = -3
4-0?4575 NESRE rofgKae A"

plo 258% 848 98] 7 + 05111 404. 0808 (d-d,,) - %010 334 T

A o0 343 TRE OB 10 T

| = 280" 081 210 09 + 07988 647 335 4 (d-d8 )

- ° '3 -3
+0°302 x18°T + 0% 802 X16° T

These expressions are taken from references 1 and 4; fuller dis-
cussion of them is given in reference 2 under the explanation of the ephemeris
for the sun, and in reference 3.

R.4.3. Subroutines for Transforming Initial Conditions and for Transforming
Oblateness Attractions

Rehe3ele XFORM: Transformation of Initial Conditions

This subroutine calls upon all the previous subroutines as needed to
convert vehicle initial position and velocity into the base date system of
trajectory calculation. Initial conditions consist of three position coordinates
and three velocity components. The velocity need not be specified in the same type
of coordinates as position. However, if moon referenced coordinates are used to
express the input conditions, either for position or_velocity, the input £, .
should be position relative to the moon or velocity V.  relative to the moon. The
output then will be the position or velocity relative to )Qe 9823 s expressed in
the base date system.

Table I gives in the left column the various forms that initial posi-
tion or velocity information may take, and in the right column the calculation
required to transfer it to the base date system. The symbols used are defined
in the table, in wha} follows, or in Section 2.2. It has been assumed in the
table that [K] and [N] are negligible in a single precision program. It may be
noted that [y]={well¥] , where

[We] = antisymmetric matrix corresponding to (WeX )

@ =170
=2 ';J\g 1 O =0
M

A

A A
in the XgYeZe basis and «_ is obtained from subroutine GAMMAT.

£
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VARTOUS FORMS FOR
INITIAL CONDITIONS

TABLE I

INITIAL CONDITIONS Xg Yg %, X Vs £5 IN BASE DATE SYSTEM

Aﬁ Right Ascension (RA)

\/h = Vv't'. along vertical (up)

Vi

o
C]S,: Declination (D) [A] [ N] [D RA] [g :l e
ﬁ€ Geocentric Dist. -
/A = Vyd al X \/A ©
£ ve along Ag .
Ve Visniang e [A][N] [oRA] | Voe| * [We][PRa] Z *
Vige= Vyeralong I%;. Ve :
, - Veos /E siNAg : o * &
V magnitude of Vye' L[ DRA
Y, :jinltu 1" '\’/ ; [A] [/\/] [DRA] Veos e Co° A{l ¥ [V‘/] [ ] ROE Sa.
g s pth. ang.i Ve \/Snl x&
Agazimuth angle \/VC: ]
O ol
Aquodetic Longitude [G] ((3) ‘\ & ®) é [A] [N__H__X] RG *
@Geodetic Latitude [A] [N]{Y] l"@‘i’ Q_J E-ZC_SUJ ¢q
- hgGeodetic Altitude |
A \/ = 'V\/’c, along east Ve 0 ¥
‘ v [we ][¥] R
Vim = -\Ngalong north [A] ['J] [X:l [G] 4 & N.8.1,




TABLE I continued

VARIOUS FORMS FOR

INITIAL CONDITIONS INITIAL CONDITIONS Xg YaZe, Xs Y25 TN BASE DATE SYSTEM
\/magnitude of V\/c \/Coé! SINA
3 q - *

/Gflight path angle [A][N] [Y][G] Veos 82 CoSAq * [Wc] [}/] Rq N.B. 1,
Aﬁazimuth Vs Xq
Xe = _vac, along QE XE

Je = Ry, along 95 [A] ["1] e *

=, A Z'E

ZE= Rye along Z;

xﬁ= QQL along kg iE Xe

b ; *
yE: \/v'c along ?E [A] [N] >'/E + [V\/C.] ZE Nt
.E= VV’C along 25 iE g
Xn= ‘_\;c, along RM Km ¥ X
YMz -Fiv'c. along 9M [A] [N] [Ll[ZM
ZM: -Fi\;c along £M *

> N/ A y XN\
Xu= Vye along Xm G .

wiiliny o ; A ['J] [L] Ym ¥ X

T = \/V’c along 9M [A][N] [L] ),l”‘ . [ ] i

£y

< A
ZM= \/Jc, along Z,,




TABLE I concluded

VARIOUS FORMS FOR ol
INITIAL CONDITIONS INITIAL CONDITIONS Xg YpZa,Xe YpZg IN BASE DATE SYSTEM

AM Selenographic Longitude o p :
¢M Selenographic Latitude [A] [N ] [L-l ES] é)
M

R Selanocentrlc Disto

\//\M: /ve along AM

(®)
100D | | 4 A1 (LS © ; a

\/¢M= VV’C, along $M > RM
\/RA‘= VV’c, along §M
- i o
Vj magnitude of Vyp Uy 005 iy St AN . 5y
N{LL]LS
YMflight path angle [A] [N] [L] [5] \/ tos YN\ (os AM % [A][ [ ] [ ] i
VM SIA/ XM M

A,azinuth angle

/ :
vo = vector from center of reference body to vehicle, expressed in any basis.

\/,,L= velocity of vehicle relative to (ratating)reference body, expressed in any basis.

* programmed in phase 1€
** to be programmed in phase II
Note: It is also possible to input XSY }\La,XeYBz directly.

A A
Note: va, along 525 etc., means the dot product Ru' XE, etc. 1n phe dot product XE 1s expressed in the

D ’
same basis as chosen for RVc,*’

N@rl: Options available for “')e =0, These transfqrmations imply that inertial velocity coordinates mar
be loaded as input,




Also, )‘1/a

€= ac(1- €' d

where Qe and & are input to the program as ERAD and EPSSQ (Sect. 6, card 1,
columns 37-48 and 49-60). The values used are

%= garth radius = 1 ER = 0,6378165 x 107Ky
&%= earth eccentricity, squared = 0,66934220 x 1072

The initial position may be input in kilometers (KM) or earth radii
(ER) for distances and degrees (DG) for angles. The initial velocity may be
input in kilometers per second (XK/S) or earth radii per hour (ER/HR). Since
the trajectory calculation is done in earth radii and earth radii pér.hour,
conversion from KM and K/S to ER and ER/HR is performed. It is performed in
subroutine INPUT, which precedes subroutine XFORM,

2046302, OBLATE: Calculation of Oblateness Attractions
264036201le Earth Oblateness Attraction

The subroutine OBLATE transforms the vehicle positiopn yector Rve
relative to the earth's center into the true earth system Xg §ilég . The
oblateness attraction given in equations 6 and 7 of reference 7, is then cal-
culated using the transformed values of Rve » The resultant attraction vector
is then expressed in the base date system. The formulas employed are, in

effect, i
(E)B 2 [A_\ [N] {b (’fs> Re + C(Zr-)gE}

-t =/ T A e
where Kz = [N] [A] R3, Ze= Ze- Fe and b/Zg), C(Zg)are given in
equation 7), reference 7, with Zg for 2 and Rg for -

The vectorOi)Bis the earth oblateness attraction, due to the nutatipg,
precessing earth, expressed in the base date system. It 1s used in place of Fz
of equation 6) in reference 7, and is equal to /5 if precession and nutation are
ignored,

20he3.2+2. Lunar Oblateness Attraction

Circumlunar trajectories are strongly influenced in the neighborhood
of the moon by the lunar oblateness mass. Acceleration terms corresponding
to lunar oblateness attraction were added as ¥, to equation (1) of reference 7:A

=0 ¥ |[Rn| & 40, 000 KM.  otherwise

%

F. 5 L Evis g e
il ’é"f’,'g%g/m [Ty Rafr & -,%? [ (kn/se)
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where e D-ge 1/ KT 7% ,{/,.,3/&/4 o 2)
Kin= Rve - Fre (i)
G WA PR R L T
B ¢ -1 2
N s e [N] [A] x 77

g L) Saa (k¢ - kM*
i

ot
The vector Ry is vehicle position relative to earth in ?e base
date system, obtained from the trajectory calculation. The vector £ae is
moon position relative to the earth, obtained from core storage as XME, YME,
ZME in earth radii. In phase II of the Orbit Determination Program P;C may
be vehicle position relative a reference body c) other than earth. In that
case the equation for@mis A’M = '?Vc' > e - Mee 1n elther case the lunar
oblateness term is apprtciable only if @upyis less than about 40,000 KM.

The previous value foerJ,]B i1s used if it was computed not more than
840 sec. prior to demand.

The dimensions of F as shown above are KM,/SEC2 They are converted
to ER/HR2 before addition to the other perturbation terms.

il

The derivation of the equations for Ff is given in Appendix 2.

Reliele List of Inputs and Outputs for Subroutines

Subroutine Inputs Qutputs
PREC: 78, 47 [a]
NUTA: Y, ‘.{.6/ €q [Nj
LIBRA: {¢, 4¢ €aq, €0 [L], i,A; 7 9, 9,'w
' (ot~ o5o)
LIBRADT: R e s R [L]
: 9 9 9 ~
GAMMAT: HRS, HMIN, SEC
¥ é@, d-clss, Z-Z¢ [K]
GENMAT (Ng g5 e e L6]
GENMAT (Mg, &) g [0, R
GENMAT (D, ) R s [s]
DATE NYEARP, DAYS, HRS .
HMIN, SEC, R, fa, Blieie
29




EXPR TR SFVide, Ca sl &
XFORM @ &% Rs, Vs

20

3.

AE Pe, for, Voe, Ve, Ve
V) ¥e,Ac, e, 5, ha
Ve, Vi, V&, V. 96, A4
Xg, )2;.?5}:*5,5%} Ear
X, Yo, Zra, X, Vi, 7
An, Dna, Ko, Vam, Vit Vier
Vi, ¥, Am

[A], ], [PRA], [¥] [G]

£ [L]

OBLATE: /@7 /N] B 72
(AL INT L], /?_;c, EZ’-E, e /-::
275, REFERENCES
l. D. B, Holdridge, "Space Trajectories Program for the IBM 7090 Computer,"

J. P. L. Technical Report TR, 32-223, March 2, 1962.

The American Ephemeris and Nautical Almanac, for the year 1960, U. S,
Government Printing Office, Washington D.C,

Explanatory Supplement to the Astronomical Ephemeris and the American
Ephemeris and Nautical Almanac, Issued by H. M. Nautical Almanac Office,
London, 1961.

Kalensher, B. E., "Selenographic Coordinates," J. P. L. Technical Report
TR 32-41, February 24, 1961,

Astr. Paper Amer. Eph., Vol., XV, Part I p. 153, 1953.

Sterne, T. E., "An Introduction to Celestial Mechanics" Interscience
Publishers, Inc., New York, 1960.

Woolston, D, S., and Mohan, John. Program Manual for Minimum Variance
Precision Tracking and Orbit Prediction Program, NASA Goddard Space Flight
Center Publication X-640-63-144, July 1, 1963.

Shaffer, Squires and Wolf, Interplanetary Trajectory Encke Method (ITEM)
Program Manual, NASA Goddard Space Flight Center Publication X-640-63-71,
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Appendix 1. Derivation of Precession Transformations to a Variable Base Date

The standard form of the precession matrix is a set of elements
@/j(T) that are functions of the time T in Julian centuries of 36525 days
from some standard time, usually 0?0 January 1, 1950 to the present epoch.
This transformtion[i(f)] takes a vector from the present-time system to the
January 1, 1950 system, i.e., through the small angle that the earth has pre-
cessed in the time T.

It is desired to refer vectors to some recent base date (say ofo
January 1 of year subsequent to launch) rather than the 1950 date. Let

72 = time in Julian centures from 020 January 1, 1950 to 070 January 1,
of year after launch.
A7 = time in Julian centuries from 070 January 1, of year after launch,

to the present (trajectory) time.

/ =78 #47 = time in Julian centuries from 0.0 January 1, 1950 to
trajectory time.

With the above notation, the desired transformation from the present system to
the new base date is the product of/a(7)7, which transforms from the present date

system to the 1950 date system, and[a(rg]" which goes from the 1950 system to
the base date system. Thus

[Flo77 2 [2 (rs)] " [Rer)]
= facrs)] [& 78 +s7)]

Sinceaq'j(?gfﬁ)hs a polynomial of third degree in (m#0T) it is a simple matter
to write it as a sum:

[2 (7 +07)] = fal73)]+/Dalor; 73)]

So that

[A@n] = (250" {acm)] + foo-0B,a)Tf
=[Z]*[a03)] " faaim, sr)]

5.0 il Ay QA ay Aay 44,z deyz
=110 /! o + @1 azz Q@ 32 Az Adzz pazz
(i e g g Q,3 @33 433 AQ3 Alzz Ad33

| Tp BT
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where the elements@i; are4;j(7z), the standard forms of the precession
transformation elements evaluated at /g .

Thed4;j are obtained from their definition as followss
Qrj (78 raT) 8 2iJ(78) + ARii(AT 73)
ARS[ (AT, Ts) = Qii(7+0T)- i (78)
| = OO—z'J + ﬂiid'/fngT)f- dzz’J//Z' 7‘47’)2/- ZI'J(@ *47‘)3

° / : 2 7 3
TRif = QTR AL TR~ V=4

/i
= Qij A7 + 2%/ (275 b7+ L72)
3, ’
# S (378%r p 375 472 p o7 D)
2ir D + A% T+ 34%s Ta

1t

a -
Were | ZLEoT Z B BHBALT107Y) and T4 20557 v 75artetord)

& 50 a
Aji(x) = a/J 7"44/'.;/\’ fdfy)r’ AL X

The expanded forms for&y,/anddals are given in the body of this report under
Lielin leile #BREC o




Appendix 2. Derivation of Triaxial Lunar Oblateness Terms in Base Date System

Let Ambe vehicle position relative to moon's center
Am be element of lunar mass
¥ be position of dm relative to moon's center
Y' be universal gravitation constant
M be total mass of moon

Then

Vq = lunar potential

:-L;/QM__J__

lle—;/"’:l - Yo
A o Al IS 0T % re
(}'[ﬂﬂtﬂleﬂ [/ ST LT
S 7—”?_4#27‘_9_ ZF'ﬁff)_/_,O__ff_),
B Vi M Vg T Rn?

R
|
X
B
+
%\
N~
Ry 2N
sy
SR
=
-~ N
N
l
W
I
)
ol
3.
%8
P
§0>

KM Ry
Sy e =
TR B Rl

where[VM], the lunar oblateness dyadic is independent of vehicle position
and may be written in terms of lunar constants in a principle lunar axis
coordinate system as:

ZA-B-C o o
[:V;JM 1 0 2E-A-¢ i
X g o ,24-4—:2
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A
principal moment of inertia on Xy
principal moment of inertia on Y,

principal moment of inertia on 2,

where A =f,4dn()/2+2 ")
B = f,an (x¥+2%)
C=fdn O%pp2)

The (attractive) force on the vehicle due to the oblateness portion
of the lunar potential is

L E

N

—.= —_ A / - s —-
< VZ/-EJ Rt or = L] - £y ]

ERL T 2 L i Ly
=20V B [V ] By By R V] ij

Now
V(/PM‘?J'-' e PRy = =5 Fhn ¢ ,g: % /;57 /‘5/*:
/7
e 10 A Gl e B0
22 M
4 (o) fo) ké?

i

.V v, szfléz %42 + Vi3 ?sz

4
2V X X%w + 2 Vez )41)21 # 2 ké; S B

= 2 [Var ]+ @

\

where /P,y was written in the cartesian system in which [VB]LS diagonal, Thus F4
becomes

/ a4 s M , PP Y
G £ B e [U) B s ]

- ——
where Ky is assumed to be written in the same base system as[ﬁ’l]o Since KM is
the result of the trajectory calculation, it will be available in the base date
Xz )93 Zp system. It is therefore necessary to writeﬁh]in that system. This
may be done by the similarity transformation composed of precession, nutation
and libration:

], =[], B 71 AT




The values of )f/, A, B, C employed are those given in reference 1, p. 79:
i -/9
920667/ X 107" kM3 k5 - sps2
2.0, PETEC X877 K5 S
B= 088746 X105 fi . pgn

C =0 88800 X027 k5 —gn?

The values of A, B, C, above agree withZ, 7. and Z; given in
reference 8, p. 7-2. ]
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Appendix 3. Alternate Subroutine DATE

The following equations will accept a calander launch date and time
and produce the required 72, 7 ,47 andd-dspfor launch dates from A.D. 1950
to 2000. The inputs and outputs are identical to those described under DATE,
Section 2.4.2.2 except that instead of DAYS, the following two quantities are

inputs

De = day of mongh
Me = month of year.

For example, launch on January 30, 1963 at 2:30 P. M. would be input as NYEARP
= 30.0

1963.0 M¢= 1.0,0¢ = 30.0, HRS = 14.0, HMIN

(l)&(gw{(i= integral number of days from 0.0 of launch date to base date,
counting launch day but not base day.

= 3¢5 + ) —(De-1)- TP(B) -
Where X = (Wy£raRP -/1948)/4.0 £ 0.0/

Bz 30608 My - 32 408
A= S/ [=X-ZP()] <001/ and /17¢<3

O OZherwise
g = L) it Mo < 2, 5
O /¥ My >2 5

(2) Z8-Z¢ = time from launch to base date, in hours

==é?4.6)(é&?—g{(/f-ﬁifg“-.5%?05/ e
0 :

| Fé oo
(87 gk (Z-Ze) - (73 - te)
(Z4.0) (3¢5°25)

= time from base date to time of trajectory in Julian centuries of
36525 days.

L) TE= HLO(WVERZ=-,9%5)F T P(=)
Fes528 .0

= Julian centuries from O?O Jan. 1, 1950 to base date

(5) 7 7% o s,

6) (A-cbso)s F8525. 0.7
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3ele Precession Matrix A.

The precession matrix A transforms from a coordinate system defined
by a mean equator and equinox of date to a coordinate system defined by the
mean equator and equinox of base date, References 1, 3, and 4 give both
exact and approximate formulations for the elements of A, Under Phase I,
these approximate formulae have been programmed in single precision., For
Phase II, a double precision program for these approximations is being
written. To test the accuracy of the approximate formulation, the exact
equations as given below will be written in double precision and a comparison
will be made with the double precision approximations, If the results com-
pare to ten places in a series of computations to be specified later, then
the approximate equations will be accepted for use in the hipgh-precision
progream,

Let %p= position components at epoch in the mean coordinate system
of date;

¥ 1950 = Position components in the mean coordinate system of 1950,0;
Yg= desired position components in the mean base date systems
>

A (Tg)= transformation from the 1950,0 mean system to the mean
system of base date;

A ()= transformation from the 1950,0 mean system to the mean
system of epoch,

Then,
”‘{’8 = A(Tg) 1950 (1)
4.}/D=A(D) t1q80 (2)

Since the A matrix is orthogonal, it inverse may be replace by its transpose,
so that

Mo = AR AT %o (3)

The following formulae are taken from Ref., 1, Matrix elements Clif are
given by:

SN i



J

a”: =l Jﬂo‘s”‘!é,‘*‘ C‘osfo cosé_CO\S e
Qqp> SIN fo Coéé*"d@&josldé‘ Cos ©

3 &)
als = CO\Sjo 6"‘1

e {
a5, 2 cos 1 cos 5" o 3, P e |

= —5/,J fOS)/Je

(& QoS jOSIrJé_‘ S fo Cosé_'Co\s e |
@l i s

z - e i
Lz ® COééG/A/ |

= ‘\:IKI 5‘6,/\) Q

£

EBs &

@P
W
T

(L) |

The angular arguments of Equation (L) are obtained from the polynomials |
= . _!

ji: 0% 640 276 G4 T + 02838888 x10 12 +0°497 2 X106 13

> —\{ 5

3= 0% 640276 94 T + 0°303 611 11 X1o B L ksl de |

,rS
- ° -4
g= 0556 749 44T - 071183333 K457 TR0 NS R Ty O

(5)

where T is measured in Julian centuries of 36,525 days from January 1,0, 1950.
A tabulation of base dates in Julian centuries from 1950 to 1986 is given in
Appendix A.

The precise velocity transformation is obtained by differentiating b

Equation (3):

3 : - 1 |
o = AGIA @t A AT v AGA O
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Elements of the differentiated matrices are obtained by operating on
Equations (L) and (5):

é_“ = [COSSOSMJ}-{-éM} jocosé\(lose]i
‘-[s,,J o ch(} +cos foéﬁd}ﬁos Q]é
—[CO5iCO555/M 9:, o

d{a—_ [cos Joocosé—\sm}fosmé\coé G]fo R

—[s/ﬂ foé/»/}— cost, Cos 3/Cos e] 3

‘[COS i SuJé_SnJe] &

d13= ~[smf,,sme]f° +[cos icodejé )

a.'zi = [smjosm}— COJJDDCO\Sé_COs e] fo \
~[cosfocwé‘- Slrdis'*]}\“‘e]é

4—[61# Jo,, 00\55‘510 9] o

d‘az z - [6,~fbc06; + Cos jos’”é‘cose] i, (7o)
_[cOstS:M3+6IN jocosé‘coé 9];’
+[\s,h{fosmé‘sme]é

G5 = =[cosS,5m6] § - [sinJ, cose] o




[sil }5“\19]'5_— [coSé_Cos e] 6
Qg = % [Qoséslﬁ) B];‘ [5’“30'0‘5 e]é

= [6/»/6] =) 1

o ‘4- o —\( P-4
.80 8 d0 296 T4 T1.6]] J]6 K10 T #1491 8 X0 1

e
e ol gl 276 14 4 0° 69) 22+ 22 x1o T +1°8999x 10 " T

&

2
6= o, 556 749 44 - 0 236 666 66 Xlo T-0. 346 68 x18°%

(8)

For Phase I, approximate elements are used for the precession
matrix [A] , and the matrix [A] is assumed zero,

3.2 Nutation Matrix N,

Nutation in longitude and obliquity are described by the N matrix,
the elements of which are:

N\,:COSSI{’ /J % :ng}JcOse

2 R AE,
Ny smngose s -Cosgll/COJECOSE 1 $illG &y

3 - cos €
Nl3:s,m§4/s,ue Aaé-cosglfcoéé SINE -~ SiNé

I\IJI: 61»151//5/;\16
Na S ca557]u\s:d€ foSbi CosESTH &

= sd651u5+cosecose
’\/3$ COSEL}/ ]

(9)
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For Phase I, an approximation to this matrix is employed:
4 —gchsg - dpsine
: y COSE 1 - de

g}usme— gé L

P I
1

(10)
where, in Equations (9) and (10),
{ Y = nutation in longitude;
€ = nutation in obliquity;
€ = mean obliquity;
€ = €+6e = true obliquity.
In Phase I, the nutation in longitude is computed from
a2 /
s |
(11)
and the nutation in obliquity from
1.5
/
fe:2 bicoc,

where the arguments ©,. and ¢; are various combinations of the follow-
ing angles:

L) = longitude of the mean ascending node of the lunar orbit on the
ecliptic, measured from the mean equinox of date;

« = mean longitude of the moon, measured in the ecliptic from the
mean equinox of date to the mean ascending node of the lunar
orbit, and then along the orbit;

[' = mean longitude of the lunar perigee, measured in the same
manner as ( 3

L = mean longitude of the sun;

[7 = mean longitude of the solar perigee.




The form of the nutation matrix represented by Equations (10), (11) and
(12) have been programmed in single precision from the notes of J, Bellantoni.
Double precision programming of this transformation is now being done.

More accurate forms of o and gé are described in Ref, 1,
Equations for these descriptions are given here for the purpose of obtaining
a double precision program to be compared with the simpler, less accurate
versions of ¢Y and §€ described above, More terms are included in
the more accurate forms, and the arguments of the sine and cosine functions
are combinations of different angles, In compact notation,

‘W 5 f_a,;(»r)sm e,
i34

(13)

40
Se= 2 bi(Meos g,
£:1

(1Lk)

and cosine arguments are combinations of

O

longitude of the mean ascending node of the lunar orbit on
the ecliptic, measured from the mean equinox of date;

the mean elongation of the moon from the sun;

the mean Slongation of the moon from the lunar perigee;

U}

the mean elongation of the sun from the solar perigee;

S ey e o 2

Al”‘?&
|
Dj“{r-
i i

the mean elongation of the moon from the ascending node
of the lunar orbit,

For Phase II, these arguments are derived by updating the equations
in the references from epoch 1900 to epoch 1950 and then combining the appro-
priate angles as shown above, To update, the variables are

d = 18,262.5 ephemeris days

7 = 0.5 Julian centuries

Making these substitutions:

° e
fe215° 531 462 +13° 064 992 466 §£d +0%009 1927
+ 0% 600 o144 13 (15)-
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000 670 + 02988 600 2669d - 0%000 14912
-0% 000033 T°%

Fai SetpElrddo 34 13% 229850 419 od - 0% oo3e1i 72

-~ 0° ooo ceo 3 T%

e
D= 144°29¢ 238 4 + 12° 190 749 191 4d - 0% 001438 T

+o0ocoo ool 9 17
Q = 12% 112 822 4 - 0% 0¥2 953 9222d +0% 002 0)72T*

+0°% 000 co2 24 T2

/q’: 358,

Additionally, the mean obliquity, € , is given by
€= 2394495 7874 - 001301257 - O% 000 ool 64 T*

+c>‘?ooooc>o\5/c>~3’f"3

(16)

(17)

(18)

(19)

(20)

Coefficients and arguments for Equations (13) and (1L) appear in Tables 1

and 2 respectively,
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TABLE 1

-47.8927
0.5800

0,013
0.0028
-0.001

-0,0008
-0,0006

-3.536
0.3L99

-0,138
0.059L
0,034k

0,013
-0,0058

0.,00LL
-0,0042

-0,0042

-0.0028
-0.001L
-0,001L
0,001
0.0008
-0.008

-0, 5658
0.188
-0.0950
-0.0725
-0.0l1k

i

NUTATION IN LONGITUDE

Gii[7 )
Degrees
-0,0L4825
+0,00006

-0.00036
"'O o 00086

+0,00033
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+0,00003
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TABLE 1 (CONTINUED)

NUTATION IN LONGITUDE

0,0317
0.017
0.016

-0,016
-0,01L

“00012

-0,0089
0.,0078
0.0072

-0,0072

0.0069
0.0053
0.0039
-0,0036

-0.003

-0.,002
0.002

0.002
"O 0002

"00002

-0,002
0.002

-O Y OOl
"'O ° 001

0,001

a; (7)
Degrees

Note 1 |




e,

D
L'-2Dp
b ¥ &
X
2L +2F+0)
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TABLE 1 (CONTINUED)

NUTATION IN LONGITUDE

-0,001
-0,001
0,001
0.001
-0,001

0.0008
~0,0008
~-0,0008
-0,0006
-0,0006

0.0006
"O e 0006

-0,0006
-0.0006

0.0006

‘ -4
Note I: Multiply all aj by 10 .
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TABLE 2

NUTATION IN OBLIQUITY

@, BT/
Degrees
¥, 25.58L
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Note 1: Multiply

TABLE 2 (CONTINUED)

NUTATION IN OBLIQUITY
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8. (7)

Degrees
0.001
-0,0008
0,0008
0,0008
0,0008
-0.0006
0.0008
0,0008
-0,0008
0.,0006

Note 1




3.3 Libration Matrix M,

The libration transformation is employed to determine the orienta-
tion of the moon with respect to the earth, thereby permitting a point on the
moon's surface to be expressed in base date inertial coordinates, or permitt-
ing vehicle coordinates with respect to the earth to be expressed in selono-
graphic coordinates, Equations (21) give the elements of the M matrix which
transforms to a selenocentric coordinate system from a system based on the
true equator and equinox of date. From Ref. l:

e = cos N cos -siNQ'siNAcosi
1) ’
My = sinQ' cosA +eos{' sm/\ cosk

Mgzq = SIN/L SINA

Myz7 —cosQ's/MA “SIAJQIcos/\.CosL o
' .
My, * _S,MQ'\WMA__ o CoSQ cosN cosi

Mz:= cosAsiNa

Myz = SINED sid 4
Mz = ~cos Q'sini

M3z = COS «

The arguments of the trigonometric functions in (21) are obtained from:

cosk = cos(ﬂ +o‘+§1p)sme 5;u(3:+ﬁ)+ cos € Qos(f+f>)/ OLicT

&
; = Ql T

S/JD’=-SIJ<Q+(+£Y/)SM (I+(0)c5c,c.) .a—< <a

SINA = ‘S»M(Q+(+§1()S;Mé CSC A

cosa = -sil (QFe+SY)smQcos e e
-COS(Q+G‘+qu)cosQ: e

A=04+(C+2)-(Q+9)

£=¢ +de

ol




In Ref. 3, the following values are given for {E;/ff

TsINI=-0%030 2yy 7¢/A)a__+—o?oio 2777 5,4(%,%“))
-0°% 003 o(f(fs»l(eg,fea)

: (23)
TFa 0003 383 s/d8+ 0°% 016 388 8 SIN
+0. 008 Sl edd
(?=-07 029 722 2 cosq +0% 040 a7y7cos( +au>)
- 0% 003 085858 cos (281-&«4))
SRR o€
where
- 2185°540 13 + 13, 064 912d
- 358% 009 067 + O° 988 6oo £d (2L)

&ocQQﬁ

19¢° 748 632 + 0% 164 388 ¢6d

Derivatives for the'elements of (21) are also given in Ref. (3). In summary ,
these quantities are:

M. = (—5;A/Xcos£}'-cos/\5,uf> cosi>1\
n . 3
My = ('\SNA 5,,J_Ql+ pacsalh cos(2 cos.d)A

2
M13: <CO$A e'luL)A

( coS/\to\JQ +vlr\J/\.S/rJQ C‘os;.),/.\( 5
( EacA SO S cos() co.s,L)A

( SINASINA )

M31 % M$2: M}% 8
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A=A+¢+f‘-ﬁ-&'

—cos(Q rr 1Y) sieE (5‘2*“3“>

A=
SINL cosa
q: ©.266 170 762 (15%)- 0,124 994 AT Eﬁwm,\/s/\ssc‘..
L

-0, 106 969 843 & (107)+ 0,230 183 29 (107'3)T £ao.ads/seC.

Z'\z - o.l&S(ey 294 6 (10°7) cosa.

+o, Seq 494 067 (1671°) cos

+ 0,579 473 484 <io '”) cos 2w CaD s [sEe, (26)

g = -0.520 642 191 (10677)cos
+0,181 177 448 1 (1577) CO6(8+ 2W)

-0. 106 408 73&'3 (10_7) Coé(au)+ea) E;)D/,QA/;;/JEC,

Refinements in these expressions can be made by using the more accurate values
of and &€ from Section 3.2, and by using the more precise values of
2, q and € « Development of these refinements are to be postponed
until the investigations of the A and N matrices are completed.

3.4s Greenwich Hour Angle Computation

As given in Ref, 3, GHA is computed from:

CP({):CY:‘(()+§°< ¢7)

where

CT‘)('I') looct o7(54aeo+q © 856 473 460 (10
+2° qot § (169)d%+ut (Monsee?), O<0Y°(4)<a/ (28)

e o, 004 178574 17 056855%\566.
1+ 581(10‘13)d

d%:gwcc}éé I
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Refinemggts din GY°<17 may be made by employing the more accurate
values of 51{/ and € from Section 3.2.

3.5. Computation Program

Emphasis will be placed on first determining the pre01s1on provided
by the A and N matrices before proceeding to A, N, M, M, and the inverses. In
this regard, the A and N matrices employed in Phase I are now being programmed
in double precision., These same matrices will be re-programmed in double pre-
cision using the equations contained in this report. A comparison will be made
between the results of the two programs to determine at what significant figure
a discrepancy occurs, If the discrepancy arises beyond the ninth significant
figure, then the Phase I equations in double precision are adequate for Phase
II. If the discrepancy occurs before the ninth .significant figure, then the
more accurate equations are to be used,
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Appendix A: REDUCTION FROM CIVIL DATE TO JULIAN CENTURIES

The transformations described previously employ Julian centuries
and mean solar days as units of time, each day containing 86,400 mean solar
seconds., In the ephemerides to be emptoyed with the Orbit Determination Pro-
gram, an inertial coordinate system 1s established at base dates obtaining at
the center of a two~year file of planetary coordinates. Consequently, Oh,
January 1 of any year may be chosen as a base date, the choice being a func-
tion of the dates over which a particular mission is to be analyzed. Since
the transformations are computed from a base epoch of 1950.0, it is necessary
to convert from a given civil date to mean solar days and Julian centuries
measured from 1950.0, Table A-1 gives accumulated days and Julian centuries
from the base epoch to the base date for the years 1950 to 1986. The accumulated
Julian centuries are tabulated in double precision.

Conversion from civil date to Julian centuries is computed for
time after the base date from

—

T Te + =2 {d+ Ry g I e

36 g2 24 1440 8¢ 400
(A-1)

where Tg = base date in Julian centuries past 1950.0;

d = days from base date;

$ = hours from midnight

mwv= minutes of the hour;

S = seconds of the minute,
so that the accumulated time from 1950.0 may be expressed as

L A

If time relative to the base date is required, A1/' may be computed directly
from Equation (A-1) if the desired civil date occurs after Ty . However, if
the civil date occurs before Tg , the relative time AT’ is computed
from

K (AT ) = AT
(A-3)

where 1%; = base date previous to'ﬁé 5
AT'= time relative to 'Té gt




TABLE A-1

BASE DATES IN JULIAN CENTURIES FROM 1950,0

Year Days Accumulated From Julian Centuries.  Accumulated

1950,0 to OR January 1 From 1950.0 to O January 1
1950 0 0,000 000 000 000 000 O
1 365 0.009 993 155 373 032 2
03¢ 730 0.019 986 310 7L6 06L 3
3 1096 0,030 006 8Ll 626 967 8
N 1461 0.0LO 000 000 000 000 0
1955 1826 0.0L9 993 155 373 032 2
6 2191 0.059 986 310 7L6 06k 3
7 2557 0.070 006 8LL 626 967 8
8 2922 0,080 000 000 000 000 O
9 3287 0.089. 993 155 3¥a 032" 2
1960 3652 0.099 986 310 7L6 06l 3
1 L018 0,110 006 8Ll 626 967 8
2 14383 0.120 000 000 Q00 000 O
o L7k 8 0.129 993 155 373082 2
L 5113 0.139 986 310 7L6 06L 3
1965 5479 0.150 006 8LL 626 967 8
6 58l 0,160 000 000 000 000 O
7 6209 0.169 993 155 373 032 2
8¢ 6574 0.179 986 310 7L6 06l 3
9 6910 0.190 006 8Ll 626 967 8
1970 7305 0,200 000 00O 000 000 O
1 7670 0,209 993 155 373 032 2
23t 8035 0,219 986 310 7L6 06l 3
3 8LoL 0.230 006 8Ll 626 967 8
L 8766 0,240 000 000 000 000 O
1975 9131 0.2L49 993 155 373 032 2
6% 9496 0,259 986 310 7L6 06k 3
7 9862 0.270 006 8Lk 626 967 8
8 10227 0.280 000 000 000 000 O
9 10592 0.289 993 155 373 032 2
19803 10957 0.299 986 310 7L6 064 3
3 11323 0.310 006 8Lk 626 967 8
2 11688 0.320 000 000 000 000 O
2 12053 0.329 993 155 373 032 2
L 12118 0.339 986 310 7L6 06L 3
1985 1278 0.350 006 8LL 626 967 8
6 13149 0.360 000 000 000 000 O

3 Leap Year

UL
wn
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4<0. PROPAGATION DELAY FROM wwxg/
rjfj DiW. PROCTOR = sl b Widsesivmal = 712 Mo i
S P50 <Co eu4>(.§wb Nod - 152326 ’WOD STS: she
The raw data from the R and R system is related to the time
of the measurement at the ground station. These times are synchronized
to WWV and include the time delay from WWV to the ground site. Since
all computations must be made on the same time basis, propagation delay
corrections from WWV to the site must be included in the computations.
Because only three stations are involved, these corrections can be
precomputed and stored as program constants for each station location.

A simple derivation of the time corrections is presented here
together with a brief analysis of the errors which occur in using these
equations.

4.1l Derivation of Time Delay

First, assume that the great circle arc between WWV and the
ground station has been determined. Figure 1 illustrates some of the
principle propagation paths that exist..

Essentially, the electromagnetic path bounces between the
jonospheric maximum electron density layer and the earth's surface.
Experience has indicated that the one—hop mode cannot exist for stations
separated by more than 4000 km (39 degrees, great circle arc). One
limitation to the number of hops which can be made is the attenuation of
the signal at each reflection. The ultimate 1imit occurs when the angle
between the ray striking the ionosphere and the tangent to the ionosphere
becomes larger than a ‘certain critical angle, after which the signal
passes through and is not reflected.

When the signal can be received at a station in both the one—
hop and two—hop modes, the two-hop signal is delayed slightly and is
greatly attenuated by the additional number of imperfect reflections.
Thus, the number of effective hops, m , is determined from

B
m=[;—o‘;% ke (1)

where [ ] indicates reduction to an
integer, GCD = great circle distance (KM)

Figure 2 illustrates the geometry employed to compute the
subsequent total range from which the propagation time is readily computed.

e
S =5~ _ (2)
© = total great circle arc
/v = number of hops, from (1)
H = reflecting height
RE: earth's radius
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Then

{:

/0 = ’/ﬁsa + (’65+ﬁ)&‘ 8(EE+H)eE C'ﬁ\f_ée_

B——

/
(4 AR ©
- ) Fod

4

Now, by definition, the total path length is /- = em/?
the angle & = &/, and the propagation time, + = /2 /C. C
being the velocity of light in the propagating medium. Thus

/
2 ity _4 Ee /)#’? ——2.
t'@/c‘dqﬂkﬁ-T?Lv//5+Wz)Jzﬁ’qév

A.2 Error Analysis

L2+ Velociby of 1dcht

Estimating the error in using this equation can be based on
standard differential techniques.

First, assume that € , the velocity of propagation in the
medium, differes from the free space velocity. Then,

.fig; = —~/§2 e ‘.jé

.

v ce c
Jt= -t o
c

Assuming that t is at its maximum, i.e., f':=_4_65/ milliseconds
and that & is in error by 1 x 1074, gz = 65x20”* milliseconds, a
negligible amount.

LeR2e.2 H, height of reflecting layer

C/t = szua Agﬁ_ébw’eé; Y
o H ot 4w &
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Example 1
Let m=Z C= 298 coo0 km/\fEC,/ /{?5353/0 /(M./ H=2R50 Km,,

Bz 6l degrees, t = 3.6 milliseconds (equivalent to WWV to Rosman,
N.C. path), Then, :

et acd CRaE* 656,//CM.
dH ' :

For a critical height differential of 100 KM between an assumed value
(in this example 350 KM) and the true value, the resulting error in time

At = (4,4) (10-,5)(1M)

1s

O,49 MiLLISECONDS

Example 2 : i
let = (= 278000 Km, jcEc, Le = 6370 Km, H= 350 Km, ©:151%6 |

Then,

__C_Z_/E - RN i )(Jo‘é GEC.//(M.
o #

t«=<f7,1 milliseconds (equivalent to WWV to Woomera, Australia)
|
\

In this case, the timing error for an error of 100 KM in H is
7,1 milliseconds.

For both examples, the error is seen to be significant.

L.2.3 Summary of Error Analysis —;::;L_—___,_——7rgff5*f===74:55r—_
' 3

The magnitudes of the numbers which arise from errors in H
might indicate a problem area. However, NASA's experience has been that
a millisecond accuracy can be achieved. The explanation for this
apparent discrepancy between theory and observation is to be found in
the mechanization of the time-keeping apparatus at the ground sites.

' l
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Each station has a highly stable, atomic oscillator—controlled
clock which is synchronized to WWV. The long term stability of these
clocks act as a filter on the high frequency (periods of one day or less)
components of time shift due to the ionospheric height change. Thus, the
net effect is the same as if the ionospheric height was averaged over the
day. Thus, choosing the value of H = 350 KM and assuming it to be a
constant is probably very reasonable. i

L.3 Calculation of Great Circle Arc

The calculation of the great circle arc between two stations
follows the usual laws of solid geometry. Define + North Latitude, —
South; all longitude are + east from Greenwich, O to &T,

1. For two stations A and B, compute the angle between the North
pole and the station

a =90 _ Lat (a)

b

9 — Lat (B)
2. Compute the polar angle between A and B,
P = Long (B) — Long (A)

3. Solve for p, the Great Circle Arc,

f: cos™d LCOJ o cao‘{:. -sSI/INa SnJJb cos P

where osdos—u/.
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5:0 ( IIME ADJUSTMENT AND AMBIGUITY
RESOLUTION OF MINIVAR INPUT DATA (

C. A. LASPINA P B Wt

(o [ PGt~ b U’”‘( CiSas Wk set il 22 L o ki sy | P,
J‘il

Tracking data from both the Minitrack and Range and
Range Rate (RARR) systems include errors in the time ascribed
to the various quantities measured by these systems approxi-
mately equal to the propagation time of the signals from the
vehicles to the ground station. In addition, the RARR measures
range with an ambiguity of approximately 11,000, 2750, or
550 miles depending on the lowest range tone used. Both the
time adjustment and the ambiguity resolution require a know-
ledge of the approximate range to the vehicle and hence both
corrections will be made as part of the MINIVAR program using
a nominal range computed from the most recent estimates of
the state variables.

These errors and proposed corrections are described
below,

5.1 MINITRACK System

The time ascribed to the direction cosines measured
by the Minitrack system are in error by the propagation time
from the vehicle to the station. This error will be corrected
by using a nominal range computed by integrating the equations
of motion with the most recent estimate of the state variables
as the initial conditions. One value of nominal range will be
used to correct all data within a five second interval. Using
this single nominal range for five seconds of data causes a
timing error of less than 0.3 milliseconds, which is negligible.

5.2 Range and Range Rate System

The RARR system data block includes 10 measured quan-
tities and a reference time, Tg, plus various data quality
indicators and four control digits. Each of the measured quan-
tities requires a time adjustment for the effects of propagation
in order to effect the correct correspondence between the
measurement and its associated time. The errors in angle, range
and range rate measured by the RARR system and the proposed
adjustments are described below.,

5.3 Angles

=

The antenna pointing angles recorded in a data block
are measured at the reference time, Tg. However these angles
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describe the position of the vehicle not at time, Tg, but at
a time earlier than Tg by an interval equal to the propaga-
tion time from the vehicle to the station. However, since
the angle data is relatively inaccurate it has been decided
that, at least for Phase I, the reference time, Tg, will be
used for angle data.

5.4 Range Data

Unlike angle data, range data from the RARR system
is very accurate and must be correctly time-labeled to fully
reflect the available instrumentation accuracy. In addition,
the RARR system uses a periodic modulation to measure range
and hence is subject to range ambiguities; these ambiguities
must be resolved not only to yield the correct range but also
to accurately time label the range reading,

The range ambiguity can be resolved by integrating
the equations of motion to determine a nominal range, RI.
This same nominal range could be used to resolve the ambigu-
ities in at least a minute of tracking data but the time
corrections computed using this nominal range would be in
error by an excessive amount. Computing a new nominal range
for every five seconds of tracking data reduces this error
to a tolerable value. The unambiguous range, Ry, is depend-
ent on the lowest range time, f;, used and is given by

- aae (&
2fp
The data block includes a control digit, Cl, which specifies
the lowest range tone used to measure the range:

cl ] flsep s
Ak AR 8

ddw g 32
EINE 49 160

The correct (unambiguous) round trip propagation time, TgT,
including the effect of transponder delay, Ty, is given by

TRT = Tp £ [RI-‘ Ta - TT (2)

Ra

where Tp is the measured time interval between corresponding
zero crossings of the transmitted and received signal (R in
the data block) and T, is the period of the lowest range tone:
(3)

Tai~

Uk

fr
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The brackets, [_] sy in Eq. 2 mean the integer portion of the
quotient RI/Ra. The true range, Ry is then given by

Re = % IpT (4)

In terms of the round trip time, the time of the
range measurement, TpM, is

Tan = Fot Tp 4dpt (5)
2
Using Eq. 2 this becomes

TRMzTS’lT_P'% Rl zs (6)
2 R,

In order to insure that small errors in Ry do not
cause the wrong number of periods of the lowest range tone to
be added to the indicated range a reasonableness check will
be made:

RI—%_ (%Ta)grm., ,\<RI/% (_g TED {1

S
2 2

If this inequality is not satisfied an appropriate change in
the integer [EI/Rgl will be made,

5.5 Range Rate Data

The range rate data requires only time adjusting,
However since the range rate data is actually a measure of the
change in range at two times, the actual time of the measure-
ment for an accelerating vehicle is unknown., However a
reasonably close time can be obtained. Furthermore, while
errors in range timing can be significant because of the high
velocities involved, errors in the time ascribed to the range
rate measurement will be negligible for all but the lowest
satellites near zenith and then only when the lowest data re-
cording rate is used. The time of the range rate measurement,
TpmMs 18 taken to be

—

p.~Iay (8)

TDM=TS/_ TR
2 2

where Tp is the time required to count N cycles of bias plus
doppler frequency (R in the data block). The counter setting,
N, depends on the band being used and the data recording rate.
This information is carried by the control digits C2 and C3;
the counter setting, N, is given in the following table.
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G2 (G55
oLl 3
0 or 4 229263 14328
3 ERElYs ] 18380 O 8187
2 or 6 65503 4093
307 32751 2046

The range rate, R T» is given by

éTz C <-_N___> (9)
2f, To

where f, is the up-link frequency and K is the bias frequency.
The up-link frequency and the bias frequency are determined
from C3 and are given in the following table:

c 5 K
0 2270,1328 MC 500 KC S-band
1 2270.,9328 MC 500 KC S-band
2 2271.9328 MC 500 KGC S-band
3 148,260 MC S0 EKC VHF

The velocity of propagation, C, has not as yet been
selected and can be an input to the program
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This document describes the results of an investigation to

determine the accuracy of the single and double precision numerical sub-

routines which are standard for the IBM 709l version of FORTRAN IV, The

purpose of the investigation is to estimate the level of confidence to be

placed in the subroutines and to find the RMS error and maximum error for

error analysis purposes. An incidental purpose was to prcvide experience

in using the subroutines,

6.1 Method

Regardless of which numerical subroutine, F(x), is under in-
vestigation, the problem is the same? to compare the value given by the
subroutines to the exact value of the function at some argument, It was
decided to simplify the post-run analysis by inputting the exact value of
the function and letting the computer evaluate the error, The program
deck used in this analysis together with a program description and listing
will be delivered to GSFC, ﬂd%dlﬂ

6.2 Source of Tables

For the square root function the exact values were obtained by
hand calculation rounded to 17 significant figures for input to the com-
puter., For sine and cosine, a 30 place table published at 1° intervals
was utilized after rounding to 17 places. For the exponential (cyl), an
18 place table was used rounded to 17 places prior to input., For the natural
logarithm, tables to 16 decimal places were the best obtainable so that the
inputted tables (between € <4 <€ ) are probably limiting the accuracy.
For arctangent, the best tables available were 12 places which was not
sufficiently accurate for use so that, instead of arctan x, arctan [:(sin 3
/cos x)] was evaluated since the exact answer ( % mod 7 ) was accurately
known (- was obtained to 20 places from Burington), Thus, the errors in
the sine and cosine subroutines are confounded with the arctan subroutine
errors,

6.3 Definitions

It is convenient to use S to denote 1 in the last place for
single precision evaluation and D to denote 1 in the last place for double
precision evaluation.

B g e el
To be rigorous, let F(#)\~N1-2 ok, 2 <M<

We will callb the "scale of F" and‘gf the "unity". Also, S = 2b_(/
and D = 2257 are the exact definitions of S and D.




6.4 Error

The error is defined as the computed value minus the exact
value, Therefore, the error is positive if F(x), the value yielded by
the subroutine, is larger than the exact value,

For double precision computation there are errors other than the
one made in the subroutine calculation which are introduced into the program
resulting in a somewhat larger total error than should occur. For single
precision computations, these extra errors in F(x) are 8 orders of magnitude
below the error in the subroutine and are thus entirely negligible.

6.4,1 Arguments

In most cases, the arguments were exactly expressible in binary
notation so that there is no error due to computing the argument. For sine
and cosine, though, 1°© = T /180 is transcendental and cannot be exactly
expressed in binary notation so that there is an unavoidable error in F(x)
due to rounding off x,

6.4.,2 Exact Function

In most cases, the exact values are known to sufficient places
so that the error_%n expressing them in decimal is negligible, the exception
being log x for € <4< € , However, the number, on being inputted, is
transformed to binary and a certain error is made in doing so., This error
is not known and cannot be eliminated from the total error.
6.5 Subroutines Tested

The double precision subroutines used in the tests were
DATAN 2, D0OS, DLOG, DSIN, DSQRT, DEXP
while the single precision subroutines used were
ATAN 2, COS, ALOG, SIN, SQRT, EXP
6.5.1 Square Root
6.5.1.1 Single Precision

The arguments are expressable exactly in binary notation so

"that there is no input error,

The IBM writeup indicates that an iterated Newton-Raphson method
is used. It is a characteristic of this method that the error is always
positive. A characteristic negative error is caused by a truncation on the
final division in the subroutine.
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The runs showed that the error was not continuous but, rather,
random both in sign and magnitude., Of the 97 cases run, 60% gave negative
errors and L0O% gave positive errors indicating that the iteration error is
well balanced with the truncation error, The maximum error was 1,0S (1 in
the last place) which was perfectly satisfactory and the RMS error was 1118
which was also satisfactory. For a unity of 1.0 = 29, ,7L5 x 10~% was the
maximum error and the RMS was .306 x 10~8 (the subroutine specification was
wes L, x 1079),

6.5.,1.2 Double Precision

The same cases were run using the double precision routine so
there was no input error.

The error was almost always negative (95 out of 97 times) which
indicates that roundoff was not a problem nor was the number of Newton-
Raphson iterations. The largest error in magnitude was 3D which includes
all the errors discussed in Section 6.L4.2 gs well as the error in the sub-
routine itself. It is believed that the error which was random in magnitude,
was about equally caused by the various effects., The RMS value of the error
was found to be 1.13D which for a unity of 1.0 gave .626 x 10”*° as RMS and
1.88 x 10" %% as maximum., The subroutine write-up lists 1.x 10°%7< 275 yhich
is probably a misprint,

6.5.2 Sine and Cosine

Since the same routine is used for computing the sine and cosine,
it is convenient to discuss them together. Two types of tests were made:
one in the region 0 to 900 at 1° intervals to determine accuracy and another
between + 13 T to test the reduction to the interval + I , The reduction
was found satisfactory within the above range for both the single and double
precision.

Since the argument must be in radian measure and the only tables
of the right accuracy were for degree measure, the arguments were multiples
of 75 . Thus there was an input error (see Section 6,lL.1) for both the
single and double precision cases of at most one bit,

6.5.2.1 Single Precision

The data were divided into 12 groups (6 for sine, 6 for cosine)
each group covering 15°, For each group, the RMS error was calculated and
the statistical input error removed from the output error. The resultant
RMS error for the sine subroutine itself was 1,10S. For the cosine, the
subroutine error was found to be 1.16S, The subroutine error for either
sine or cosine can be taken as 1,13S or .8L42 x 1078 (both are RMS values).
The subroutine write-up gives 1,0 x 10°® as the maximum error which is in
good agreement with the empirically determined values above.
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The error in sine was always negative and in cosine almost
always positive but both were random in magnitude,

6.5.2.2 Double Precision

Here, in addition to the subroutine error, there are argument
errors (see Section 6.4.1) and errors in inputting the exact function (see
Section 6.4.2). We assume that the former is at most one bit (at the
argument scale factor) and the latter one bit at the output scale factor.
Both are taken to be uniformly distributed.

As in Section 6.5.2,1, the data were divided into 6 groups of
15 points and statistical corrections made for the argument error and the
exact function input error. For the sine, the resultant RMS error was
found to be 2,075 x 10" *® and for the cosine 1,570 x 10°*° , Thus, for
either sine or cosine, the RMS subroutine error may be taken as l.BﬁO
x 107" or 3.32D. The write-up for the subroutine lists .7 x 10°%® as the
maximum error and is about 2:1 lower than the empirically derived value.

The error for sine was always negative whereas for cosine it
was of random sign., The magnitude of the error was random.

6.5.3 Logarithm

Two types of runs were made: one to determine the accuracy of
the logarithm function and the second to ensure that the computation is
adequate over the required range,

On the basis of about 60 runs of each logarithm subroutine
(both single and double precision versions), the subroutines were spot-checked
over the range of arguments 1 x 10~% through 2.l x 104 and the errors were
found to be reasonable for the precision involved,

There are three types of logarithms in current use differing in
the base: binary (base 2), natural (base e = 2,718) and Briggs (base 10),
The same FORTRAN subroutine is capable of computing any of the three, the
difference being in an output transformation, Since the difference between
the subroutines is so minor, only one was tested, that one being the natural
logarithm since tables of high accuracy are available,

The arguments used for the LO runs checking accuracy were between
e % and e*! and were arranged so that there was no argument error made (as
discussed in Section 6.L,1). The same 4O arguments were used for the single
and double precision cases,

6.5.3.1 Single Precision

For this case, the RMS error found was 461 x 10" ° as the error
in the subroutine itself which corresponds to about ,619S which may be used
for error analysis purposes. The subroutine write-up lists 3 x 10°8 as the
maximum error which is in agreement with the empirically derived error of
1.35 x 108 (maximum).
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The errors were random in magnitude but mainly positive,

6+.5.3.2 Double Precision

For this case the exact values were only known to 16 decimal
places, that being the most accurate table available, so that an error of +
5 x107*® is the maximum error in the exact value. There is also an error
of at most 1.0 D made inputting the exact value,

When the errors were added in an RMS sense and corrected
statistically for the assumed uniformly distributed errors mentioned above,
the RMS error was found to be 1.37 D which, for a unity of 1.0, is ,760 x 10~ 1¢
and is close to .7 x 10 “*®which the subroutine write-up gives as the maximm
error, For error analysis purposes, 1,37 D may be used as the RMS error.

6.5.4 Exponential

4s in the case of lggarithm, there are three exponential
functions in wide use: 2%, 10% and e* . The FORTRAN subroutine is
capable of finding any one of the exponentials, the only difference being an
input transformation. For this reason only one of the exponential functions
was checked out, namely e * s for which accurate tables are available.

Two types of runs were made: one set from which the accuracy
of the subroutine can be determined and the second to determine that the sub-
routine works for the range of argument over which we expect to use it,

To test the routine over a large range, about LO runs each were
made of the single and double precision routines covering the range 1.9 x 10~
L 3.3 x 10® , about 2 or 3 runs per decade of e* , The resulting runs
showed that e?# was being computed correctly by the single and double precision
subroutines over the range - 27, < 4 € 15, which corresponds to the range
of e”¥ given above,

For accuracy determination, 25 runs were planned covering the
range -,75 £ 44 £ |75, corresponding to .5 ¢ e¥ ¢ 2,0. The arguments for
all runs were chosen so that no argument error was made, The LO runs designed
for testing the range of e?¥ were, later, also used for evaluating the accuracy,

6.5.4.1 8ingle Precision

The 25 runs were divided into two groups of 12 runs, one group
having a unity of 1, and the other of 2. The RMS error of each group was
found, ,882 x 1078 = 1,184S for the first group and 941 x 10°8 = _631S for
the second, Thus, the assumption of the same relative error for the two groups
was doubtful., Instead, a tentative assumption was made that the subroutine
method yields a different relative error for negative ¥ than for positive %
The runs: -27, ¢ 4 € -1,0 and the runs: 1, % 4 £ 15, were used and
the RMS of the relative error was found to be 1.256 x 10°€ for negative % and




.6l x 1078 for positive ¥ , corresponding to errors of about 1,10S and ,565S,
respectively. These results agree well with the values obtained from the

0.75£€ 4 £ .75 range.

It is felt that (1.26 x 1078 )e¥ or 1.18S should be used as
the RMS error for negative % and that (.6LL x 1078 )e¥ or .631S should be
used for positive ¥ . It was noted that all runs with positive % had negative
errors and all with negative X had positive errors.,

6.5.1402 Double Precision
Although there is no argument error or error in knowing the

exact value, as error in inputting the exact value (at most 1.0 D) is made
and was removed from the data statistically,

The resulting RMS error was found to be .763D for negative
exponents and 2,565D for positive exponents from 25 runs in the =.75<4 £ ,75
range. There is evidence, however, that for large negative exponents, the
relative accuracy deteriorates by 10:1 as determined from the 27 runs in the
-27 ¢ 4 £ -1 range, Empirically, 1t was found that, for negative #
(763 + .32'%])D or (.59 + .25]%})10"*e¥ is a better aggrox1matlon for the
RMS error in e # for negative % and 2, 57D (or 1,99 x 1071¢e%# ) is a good
value of the RMS error in e?” for positive exponents.

. A possible explanation for the .32|¢{D term in the error is an
error of .5 bit maximm in J#] (the result of an input multiplication in the
subroutine by log, e)s Why there is no evidence of this error for positive
or for the single precision cases is not known.

6.5.5 Arctangent

Since accurate tables of the arctangent are not available, the
function that was actually used for the test was arctan (sin ¥ /cos # ).
Therefore errors in the sine and cosine subroutines were unavoidably confounded
with those in the arctangent subroutine. The result of this is that we can
not separate the RMS error due to the arctan subroutine alone but can only
find a total RMS error, including these and other errors as well, For single
precision, this total RMS error was found to be 1.38 x 10°8 radians and for
double precision, L.16 x 10~ 1€ radians.

It was also found that 3rd and Lth quadrant angles are computed
as negative by the subroutine so that the output quadranting is -T < arctanyé
ST

6.5.6 Double Precision Input-Output Errors
As a by-product of the above investigations an approximation

was obtained for the total error obtained by use of the standard FORTRAN IV
library subroutines for inputting and outputting double precision numbers.,




A total of 60 numbers of 17 decimal digits each were inputted into the machine
and then, in the course of the program, converted and printed out in decimal,
411 of the numbers were between .5 and 1,0 in magnitude, The RMS error was
395 2.10~%* = 712D, Assuming equal errors in the input and output sub- -
routines, we get ,51D (RMS) in each., Assuming that output is good to 5D
(max) or ,289D (RMS) then the input error would be ,651D (RMS), The maximun
error found was 1,0 x 106 = 1,80D,
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To accurately simulate the trajectory of an artificial
satellite or space probe, the deceleration from atmospheric
drag must be considered. In addition to the Earth, there is
evidence that Mars, Venus and Jupiter have sufficiently dense

atmospheres to affect the motion of a space vehicle.

This paper discusses some problems involved in simu-
lating planetary atmospheres themselves, and the results of
making certain simplifying assumptions. The object of this
report is to come up with a recommendation for a method of
simulating atmospheric drag representing a complexity commen-
surate with the state of the art.

It should be noted that the mission of the vehicle has
to be considered. There are three missions in which atmospheric
drag could play an important part. The first mission is a low
eccentricity orbit about the Earth or another planet. The

| second mission is a planetary re-entry and the third is a fly-
by orbit of the space vehicle. The three cases will be referred
to as the “orbiting*, “reentry® and “fly-by" cases.

7.2 Discussion

7.2.1 Deceleration
In251 01 Continuum-Flow

The usual formula (assuming continuous air) for the
magnitude of the acceleration from drag is

AT ¥

where

/~ is the density of the atmosphere at the vehicle

Vois the magnitude of the velocity of the vehicle with
respect to the atmosphere

C,is the drag coefficient of the vehicle

S is the effective surface area presented by the vehicle |

mis the mass of the vehicle |




The guantiby. o represents an acceleration and depending on
the choice of units for the variables will have units in
ft/secz, in cm/sec2, or "g's"™, and will require conversion to
the cononical units used in computation.

7.2.,1.,2 Free Molecular Flow

As the atmosphere becomes more and more diffuse, the
mean free path (average distance between impacts of air
molecules) increases until it exceeds the diameter of the
vehicle., Figure 1 shows mean-free-path as a function of alti-
tude as obtained from U.S. Standard Atmosphere. When the mean
free path becomes this large, the collisions become two-body
collisions and the continuity of the air mass is no longer
applicable., The assumption of a diffuse atmosphere, where all
collisions are two-body and the mean-free-path exceeds the di-
mension of the vehicle passing through, is called free molecular
flow,

Ketchum has derivedy, using the Maxwell-Blotzman Dis-
tribution Law, the following formula for drag deceleration:

L R "

where

/< is the radius of the vehicle
is the mean free path
C is the average velocity of particles in the medium

Ketchum is uncertain about the correctness of the
(L Hh 2Ry ) term being in the equation (2) or whether a more
correct equation is

s T Bl TE &
“ 5””’///3 jz

From figure (1), it will be seen that 4 varies very
rapidly with altitude so that the change from 2r=A
(where the transition from continuum flow occurs) to &= O. 44
(where the correction becomes negligible) takes a short time.

2ol o3 whrag-Divectidn

By definition, the drag force acts opposite to the di-
rection of the vehicle velocity with respect to the air. Section
7.2.4 describes thecalculation of the V5 vector in inertial co-
ordinates. By normalizing this vector, the direction in which
the drag force acts may be computed.
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T.2u25 Magis of Vehicle

For utmost generality, vehicle mass should be con-
sidered as variable with time. 1In the orbiting case or the
fly-by case, a step change in mass representing the separation
of a landing craft could be imagined. A long-term steady-state
mass flow rate would probably be small.,

For the reentry case, if the reentry vehicle is of
the heat-sink type, the mass would be constant, For an ablative
nose cone, the mass flow rate is a function of the drag. For
ballistic missile applications, this mass change is usually
ignored. In any event, such changes in mass represent a small
errox Iy the location of the impact point,

7.2 .87 Surfiace Area

The effective surface area is not simply the cross-
sectional area of the vehicle. The vehicle, in passing through
the airy, produces a shock wave which skirts the missile and
makes the effective cross sectional area the area at a point
somewhat close to the nose. Since the shock wave changes with
air speed, so does the effective cross-sectional area. In
practice, S is made constant and any variation with speed is
included in the coefficient of drag.

The above discussion assumes that the angle of attack
of the vehicle is zero, i.e., that the velocity (relative to
the air mass) is in line with the vehicle longitudinal axis.

7.2,4 Air Speed

Since the velocity of the vehicle is computationally
available in an inertial coordinate system, the velocity of
the air mass in the same coordinate system is subtracted to
give the velocity with respect to the moving air mass; the
magnitude of this velocity is the air speed. A good first
approximation to the velocity of the air mass is given by as-
suming the air mass to be rigidly attached to the rotating
planet.

A better approximation could be obtained by adding
the wind velocity. The purely local effects have to be neg-
lected but the long term horizontal effects are known as a
function of position on the Earth's surface and altitude. To
take them into account, we would have to include direction
(independent of altitude but dependent on latitude and longi-
tude), magnitude (strongly dependent on altitude, less strongly
on latitude and least on longitude). The error made by neg-
lecting Earth winds is about 1500 feet at impact for a typical



ICBM mission., Note that winds are of importance only in the
lower atmosphere, mainly for the reentry case.

o2 oD - PDragCoefficient

The drag coefficient (CD) is sometimes considered to
be constant but a much more accurate representation is to con-
sider it to be a function of Mach number,

T.2:5.1s Speed of :Sound

The Mach number is defined as air speed (see section
7.2.4) divided by speed of sound. The speed of sound is a
function of altitude but can be easily computed from a stored
table by a table look-up procedure using linear interpolation
between tabular values. A different table is used for each
planet. The Mach number is then computed by dividing into the
air speed as previously computed,

As altitude increasesy; the atmosphere becomes rarified
to the point that speed of sound loses its physical significance.

T:209%2 % Accuracy<of Drag Coefficient

One of the major sources of inaccuracy in ‘the simula-
tion of drag is in the knowledge of the drag coefficient. The
data are obtained from wind tunnel measurements and tabulated
to @beout. 1 part in:30; - At best, then, the erroxr is £ 1.17%
from truncation., The total error is believed to be more in the
order of £ 3% even at the tabulated points.

17:2:543 CGalculaition of- Drag Coeff'iciient

In practice, Cp 1s tabulated for about 25 different
Mach numbers which are denser below Mach 2 than above and very
dense in the region around Mach 1. For intermediate values of

M, linear interpolation is used.

7.3 Atmospheric Models

T30 \rdupdter

At the present time the concentration is on determining
the composition of Jupiter's atmosphere. It is considered pre-
mature to even begin to consider denisty versus altitude at the
present time., . -

T 32, ~Mars
The density versus altitude for Mars is fairly well

agreed-on to an altitude of about 30 km. Up to 80 km of altitude,
Schilling gives a value for density with a maximum uncertainty
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of about 8:1 and a one-sigma uncertainty of about 3:1. The model
of Schilling is easily approximated by an exponential interpola-
tion: the logarithm of density is stored in a table versus
altitude, linearly interpolated between tabulated values, and
then exponentiated. With a 7-value table of density and alti-
tude, a maximum error of 1.4% can be obtained for the Schilling
Model II Mars atmosphere.

16 3%°3 + VeRus

Because the surface of Venus is always obscured from
view, there is little agreement about the atmospheric model or
composition within the cloud level (at about 30 km in altitude).
At the point where the star Regulus was occulted in 1959 (100 km
in altitude) fairly definite data exist.,

Of the three theories of the model of the atmosphere
(greenhouse, aeolosphere and ionosphere) no one theory explains
all of the available information about Venus. At the present
time, there is no generally acceptable density versus altitude
curve for Venus.

7.,3.4 Earth

The knowledge of the Earth's atmosphere is not complete,
but the known effects are far more complete than for any of the
planets and represent an adequate model of the Earth's atmosphere
even at altitudes of 2000 km (about 6.6 million feet)., It is
convenient to separate the atmosphere into two parts, the lower
atmosphere and upper atmosphere with a separation at about 120
km (400,000 ft.). Drag in the lower atmosphere is large and a

vehicle entering it will usually be slowed down sufficiently to
be captured by the Earth. Thus, the lower atmosphere is primarily
of use in the re-entry case. The upper atmosphere is character-
ized by lower drag which would be significant mainly over long
time arcs which is characterized by an orbiting mission. 1In

case of re-entry or fly-by, the upper atmosphere could probably
be neglected. It is convenient to consider the two atmospheres
separately.

7.3.4,1 Lower Atmosphere

An average model has been well established for the lower
atmosphere. There are five sources for these datas U. S.
Standard Atmosphere 1962; COSPAR International Reference Atmos-
phere 1959; ARDC Model Atmosphere 1956. Table 1 shows the
density deviation (in percent) of each of the others from the
U. S. Standard as a function of altitude. It will be seen that,
except for Tropical Tables, there is good agreement between the
various tables at low altitudes. Note that the Standard and
International agree all the way to 120 km (400,000 feet).
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There are seasonal variations in the lower atmosphere
and diurnal variations as well as latitude variations but these
are not sufficiently well documented. The only effect of omitting
them is that the impact point of the reentering body would be
slightly different. It was estimated in 1958 that the 1 sigma
variation for a heat-sink type nose cone used in the ICBM appli-
cation 'is about 0.5 nm.

Speed of sound can likewise be obtained from the five
sources given above but only in the range O to 90 km. However,
for the U. S. Standard and the COSPAR International, values up
to 120 km. can be computed from absolute temperature and mean
molecular weight which are tabulated there.

7.,3.4.2 Upper Atmosphere
7.3.4.2.1 Eleven Year Cycle

An eleven year cycle in solar flux (corresponding to
the sunspot period of the Sun) has been found to lead to an upper
atmosphere model with diurnal variations and with variations
due to solar flux (see Harris and Priester)., R. Bryant (of
GSFC) has used density from this model to predict the orbit of
the Echo Satellite over an extensive period of time with excel-
lent results.

7.3.4.2.2 Simulation of Density by Use of the Harris-Priester Model

Roemer assumed the exosphere to start at 600 km and
performed a Fourier analysis below that altitude and assumed
isothermal conditions above. The resulting numerical approxi-
mation was good to £2%o The resulting program (written by
R. Devaney of GSFC) occupies 1530 words on the IBM 7094, Approxi-
mately 1710 words of storage are needed for constants. Harris
indicated that the start of the exosphere could be reduced to
400 km which would reduce the constants storage to 1450 words
but leave the program size unchanged at 1530 for a total of
2980 words.

In an attempt to shorten computation and reduce storage
without causing a significant deterioration in accuracy, a simple
table look-up procedure was investigated. The result is a table
comprising 1074 words of storage. Density is stored at each
combination of 16 values of altitude, 13 values of local time
and 5 values of solar flux (the values of altitude, time, and
solar flux are also stored, adding 34 values). For a maximum
error of 2.7%, linear exponential interpolation (in 3 dimensions)
is satisfactory. This maximum error can only be obtained if,
simultaneously, solar flux is high, local time is at 14 hours
and altitude is half-way between two tabulated values. The
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average error would probably be below 1%¥. The program size was
estimated from the equations as 645 for a total of 1900, after
adding 10% of the total for contingency.

edndn2 83 dllatitudesVar i’ation

There is evidence that there is no variation of the
model with latitude. It has been suggested that the use of
zenith angle instead of local time as one of the parameters
might give more intuitively satisfying results. "Zenith angle"
is the angle subtended on the celestial sphere between the
vehicle position and the Sun's position while the ™local solar
time"™ is the difference in the right ascensions of the vehicle
and the Sun,

The intuitive difficulty in using local time is that
at the North or South Pole, there is no midnight and no noon,
local time being constant. The zenith angley, for a vehicle 30°
above the ecliptic is 30° at noon (at minimum) and then in-
creases again. To yield a cyclic function we would have to
arbitrarily have zenith negative before noon, going to -30° at
noon, and £ 30° instantaneously after noon. This discontinuity
would not be satisfactory.

T7.8s4.2:4% "Other Variations

There is evidence of solar cycle variations (and hence
atmospheric variations) having 27 days, 6 months and 1 year
cycles. No theoretical model exists for these effects and
whether they have corresponding diurnal variationes, as the 11
year cycle has is not known. The 27-day variation is not ex-
pected to be completed until mid~1964, the others after that.

7.3.5 ~Altitude

Harris has suggested that the geocentric altitude
above the oblate earth should be used for the Harris-Priester
Model. For the lower atmosphere, the same definition of alti-
tude should be used.

For other planets, geocentric altitude above an ellip-
soidal or spherical planet could be used.

7,3.6 Medium Velocity

The average velocity of particles in the medium ( C )
is of importance only when the altitude is high enough so that
free molecular flow is valid. As was indicated in a previous
section, free molecular flow can be obtained only for the Earth
since, for other planets, the atmospheres are not known to a

18




high enough altitude. For the Earth, from Figure 1, we see that
free molecular flow occurs in the upper atmosphere for usual
vehicle dimensions. From equations I. 3.4-(1) and I. 2.6-(1)
of U, S. Standard Atmosphere T is found to be proportional to¢;?:

s o
Qo /I
M

where T is absolute temperature
M is mean molecular weight

(4)

from which the medium velocity can be computed with values of

T and M from the Harris-Priester Model. The variation in

with local time and solar flux was -22% for altitudes below 500
km and £14% for altitudes above 500 km. Therefore, were we to
approximate C by a function of altitude only, we would be
causing an error in drag of £22% which is not tolerable.

Thus, drag is linearly proportional to both density and
medium velocity, both of which are functions of the same three
parameters (altitude, local time, and solar flux). It is
natural then, for altitudes where free molecular flow pertains,
to store the product of density and medium velocity (as a
function of the three parameters) instead of both density and
medium velocity separately.

7.4 Difficulties and Possible Solutions

7.4,1 Density Discontinuity Between Lower and Upper Atmospheres

The density at 120 km is fixed independently of solar
flux and time of day in the Harris-Priester Model and is 34%
higher than the U. S. Standard Atmosphere. No other model for
the lower atmosphere gives a value close to it so that there
is a discontinuity in density between the Harris-Priester
Model and all of the models of the lower atmosphere,

7.4.2 Drag Discontinuity Between Free Molecular and Continuum Flow

Since the formulas for drag are different in the region
of free molecular flow and in the region of continuum flow, even
if they were to agree at one altitude (for a given Voo and & )
permitting a continuous transition from one formula to the other,
there would, for a different %L ltor. 3@ ) no longer be continuity
at the junction of the regions, '

A possible solution is to introduce a transition region
in which we take a weighted average between the drag values
computed by the two methods and gradually slide the weight from
unity for free-molecular and zero for continuum to unity for
continuum and zero for free molecular. A complication occurs in
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the transition region, since a  table is needed for continuum
flow drag and a /ovE table for free molecular drag.

Although an altitude between 120 km and 130 km would
be a theoretically desirable one (see figure 1) to transfer
from free molecular to continuum flow, the table duplication
would be trivial below 120 km. If we arbitrarily choose 100 km
to 120 km as the transition region, we gain one other advantage:
we can bridge the discontinuity between the lower and upper
atmospheres by using for the /0-5 table values continuous with
the Harris-Priester Model.

7.4.3 Accuracy

From previous discussions, the computation of drag is
probably accurate to £5% in the Earth's lower atmosphere and is
less accurate in the upper atmosphere. For Mars, the knowledge
of drag is probably not as accurate as élO% and for Venus con-
siderably worse, Therefore, calculation of drag and the
parameters composing it can always be computed in single pre-
cision without degrading the precision of computation,

7.5 Recommendations for Simulation

The statements made below are recommendations for compu-
tation method and represent, in most cases, a compromise between
state-of-the-art and ease of computation.

7.5.1 Logic of the Drag Computation
On the basis of a control card option, programs and

tables will be included for computing drag over any combination
of the following:

a) lower atmosphere Earth
b) upper atmosphere Earth
) .Mars

d) Venus

e) Jupiter

and appropriate gates will be set.

Depending on which reference system the vehicle is in
and the settings of the gates, a distance test will be made.
The distance to the center of the reference body is computed
and compared with center distances corresponding to altitudes
oif 200 kme 100" kmy, 80 km, 180 kmy 0 lkml.
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If all tests fail, drag is computed as zero and exit.
If any test passes, drag will be computed: first compute the
geocentric altitude; then, for the Earth, geocentric latitude
is computed together with the radius based on an oblate spherical
earth, If in any other reference system, compute geocentric
altitude using a constant radius for each planet.

7.5.2 Choice of Drag Equation

If option b) is chosen, and if the altitude exceeds
100 km when the vehicle is in Earth reference, equation (3)
(rather than (2)) will be used.

If option b) is not chosen, or if the vehicle is in
other than Earth reference, or if option a) was among those
chosen and altitude is less than 120 km, use equation (1),

Note that between 100 and 120 km when options a) and b) are both
chosen, then both computations are made together with the
transition function,

Only those quantities which are required for the equa-
tion being used (either (1) or (3)) are computed.

58" Adr Welocity

The velocity with respect to the air mass ( %L ) -
computed from the inertial velocity by subtracting out the
velocity of the air mass with respect to the planet and the
velocity of the plamt with respect to the coordinate system.
The latter comes from the ephemeris tape, the former is cal-
culated, To calculate it, an assumption is made that the air
mass is rigidly attached to the planet and rotating with the
planet. It is recommended that winds be neglected.

The magnitude of %; is the air speed and is used in
the calculation of Mach number (for the lower atmosphere). The
direction of the drag vector is computed by assuming it to be
aligned with - I .

7,5.,4 Lower Atmosphere Tables

The independent variable used in the lower atmosphere
tables is altitude; density and speed of sound are computed
from altitude.

Three tables are stored for the Earth's lower atmosphere:
altitude, log density, speed of sound (about 50 values per
table). For a given value of altitudey a table look=-up is per-
formed by linear interpolation in the log density and speed of
sound tables. Density is then computed by exponentiating log
density.,




Three tables are stored for the Mars atmosphere (about
15 values per table). Density and speed of sound are again
found by linear exponential and linear interpolation against
altitude.

For the Venus atmosphere, three tables are stored
(about 15 values each) as above and, similarly, density and speed
of sound are found by interpolation,

Space will be supplied for later inclusion of a Jupiter
atmosphere,

For the Earth, it is recommended that the U. S. Standard

Atmosphere be used as the basis of the three tables. For Mars,
it is recommended that the Schilling *“Mean® Model II atmosphere
be used (see page 9 of the reference report) until a better
table is available. No recommendation is made as to where to
obtain a speed of sound table for Mars or any of the tables

for Venus.

7.5.5 Upper Atmosphere

The use of the Harris-Priester model is recommended for
the upper atmosphere. The independent variables are three in
number: solar flux(s), local solar time ( tL ) and altitude (h).
The local solar time is computed from the difference between
the right ascensions of the Sun and the vehicle. The solar flux
is computed as an *inputted"™ function of time-since-a-base-
date (also "inputted®™). Altitude has already been discussed.

At 100 km and 120 km, log ( 2:C ) is stored for use
in the transition period,

An altitude table is stored (16 values), a solar flux
table (5 values) and a time table (13 values). Then log of
(€ ) is stored in a three dimensional array for each tabulated
point, simultaneous linear interpolation in 3 dimensions is used
to yield log (/O'é ). Exponentiation yields P& 4

In order to form the 3 dimensional table of stored
values, R and C are both needed. In the referenced document
by Harris and Priester, (° is established but & is not. It
is recommended that equation (4) (see section 7.3.6) be used to
compute a .

e DISI68 Clole fifii'cient Yof Drag

Mach number is computed from air speed and speed of sound
as in section 7.5.3 and 7.5.4 respectively for any planet.




Mach number (M) is used as the independent variable and
thewicoe ffiiciient.0of drag (CD) computed from it. Two tables are
stored M and Cp (each of 25 or 35 values) and linear interpolation
is used to find the Cp corresponding to a given M, which may 1lie
between tabular values,

Each combination of 2 tables represents one particular
space vehicle. In order to avoid the inconvenience of inserting
these tables as input, 4 sets of tables will be available on the
program tape and one set will be chosen by an input card option.
The tables are independent of plaret,

7.5.7 Surface Area
Two values of effective surface area are inputted: one
for use in equation (3) for free molecular flow and one for use
in equation (1) for continuum flow.
T D084 M sis
Mass rates are not considered to be a part of the atmos-

pheric models. Schedules for changes in mass will be incorporated
into another routine of the Orbit Determination Program.
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Altitude
km 3%
0 0
3.0 10,000
5.5 18,000
10% 1 33,000
14.6 48,000
20.4 67,000
29.0 95,000
33.5 110,000
48.8 160,000
67.1 220,000
91.4 300,000
121.9 400,000

US STANDARD

PER CENT DEVIATION FROM STANDARD

DENSITY
AR DC
slugs/ft3 1956
3 3802 0
1% 76T 0
158653 .04
759754 .05
4,004 .09
Toed 0 3.28
43305° .59
2,072 L3 I8
a2 4 77
2 ;5057 15.0
4,62-9 160
Yot 81.5

Altitudes - U,

S
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ARDC CIRA TROPICAL
1939 1961 1962
0 SO -4, 77
0 el =0/si32
0 15589 =167
0 1.68 1.92
0 2,36 1’58
016 .48 6.80
~2 s 36 10 .46
-3 +l3 .68 2.53
4,77 T 8.93
1855 1530 8.10
=10:38 i) T
=35%10 18k --

TABLE 1 - Percentage Density Deviations at Various
. Standard Atmosphere 1962
taken as reference values
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The matrix operations of addition, multiplication, subtraction,
transposition anflggversion are carried out in the MINIVAR Programe. Since
a precision of 1:10” is desired throughout the program, those operations

which are susceptible to loss of precision must be examined,

8el Analysis of Matrix Operations

It is clear that no precision is lost in transposition. Loss of
precision in matrix multiplication occurs for the same reason as in subtrac—
tiong that isy, it occurs if numbers of nearly equal magnitude are subtracted
during the course of the computation of the matrix product. The only remedy
for loss of precision in matrix addition, subtraction or multiplication is
to perform these operations in double precision, since it is impossible to
know in advance exactly where in the computations g bad situation will arise.
It is understood that those situations which can be foreseen in advace, such
as the computation of Ey/ra- Zs/r3 have already been remedied by expansion
in binomial series or some equivalent action. The cases which are under com=
sideration here are due to the more or less accidental groupings of numbers
during the course of the computationse

The matrix inversion operation is one which does lend ifiself to
remedial procedures which may be tried before resorting to increased preci-
sion in the input quantities.

At present, matrix inversion in the Orbit Determination Program is
being managed by a standard SHARE routine which uses a Gauss-Jordm pivotal
condensation technique in single precision.

The only matrix which must be inverted in the program is the covar=—
iance matrix of the observational errors, denoted by Yo It is highly probable
that this will never exceed L x L in dimensions; even though the total number
of possible observables is much higher than L, not more than four will ever
be used at any one time,

Considering the relatively small size of the Y matrix, there is no
reason to believe that the present share routine will not be sufficiently pre-
cise for this application, if done in double precision. However, it would be
desirable to incorporate in the program a check in the inversion process, with
an option for increasing its precision if necessary. The following paragraphs
describe the recommended check and the optional iterative processe

802 Precision Check on Matrix Inversion

Let Y be the matrix whose invegig is desired, and let le‘be its
exact inverse, If an approximation to Y —s say £. is obtained by any means,




the accuracy of the approximation can be judged by back multiplication with
Ts
N
B, / = T el

where €C represents the error in the computationy, and € is determined
by requiring the largest non-zero element of C to have unit magnitude.

8e3 Matrix Inversion Iterative Procedure

Supposing € to be sufficiently smally, expand the exact matrix
inverse in a power series as follows

choosing as a first approximapion the matrix Po obtained by some as yet
unspecified methode Since Y — is the exact inverse of Y, multiplication
of the right hand side of the above equation by Y must yield the identitys

b by

and since B, Y: T +€C,

(er nett s )l R0
ory dividing by &

i TRREE I

Now, if the above equation is post-multiplied by le in its expanded form,
the result is

5, SN, : . & ; wif i
Vilie b = b, vel e S el

Equating equal powers of € gives the following successive approximations
to t
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gy -1
This formulation can be put into a more compact form by letting B - e,
When this substitution is made, the expansion for the true inverse is

-1_ 6 @
>/ i bO+BL+LJL+“'+Bé,+\” ‘

(1)
and the iterative procedure for obtaining the B's is
B-’ E _CBO
5{:: ‘C,Bi_
(2)
Bf,‘;-‘ —CBJE"L
where B, is the initial guess and where now
Bi-i < (3)

Equations (1), (2)s and (3) constitute the precision check (Eqe. (3)) and
iterative process (Eq. (2)) which are suggested for use in the MINIVAR program.

It must be realized, of course, that sooner or later in the itera-
tive process the accumulating round-off error will begin to wipe out the
additional precision which has been gained. When this point is reached the
iteration should be stoppede

8,4 Choice of Matrices Used for Test of Iterative Procedure

In order to test the efficiency of the proposed iterative procedure,
a set of matrices with a reputation for difficult inversion was chosen (Ref. 2),
This set is known as the class of Hilbert matrices H,. and the members of
this set are defined by

The difficulty of inversion arises from the fact that the matrices approach
singularity as »rv increases.

However, it is possible to obtain analytic expressions for the
elements of the inverse matrix, so that an accurate estimate of the error
for any given approximation may be made. The inverse matrix, defined by
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8e5 Details of the Test of the Tterative Procedure

The iteration algorithm described by Equation (2) was applied to
the Hilbert matrices of order m = },5,6,7 and 8, even though it is not
expected that anything of higher order than L, will be encountered.

H. and T, were first computed in single precision from their
analytical forms. A first approximation to the inverse of H,v , (denoted by
Bo in Egs (3)) was then computed in single precision by means of the present
share routine., The residual matrix C of Eq. (3) was then computed

e ¥ T W
and the accuracy of zB" was Jjudged by computing the sum of the squared ele-
ments of Ce If 2 .. £ m? X Vot s the accuracy was judged sufficient
and no further action was takens If ¥ c%;>m® x 10 LG 3 the iterative

procedure of Eqe (2) was initiated for a tgtal of six cycles, If at the end
of six cycles of iteration the error test was still not mety H,o, Tov and B,
were recomputed in double precision and the iteration was repeated, using

as a test ¥ ¢i; < m® x10716,

L1"‘

8.6 Results of the Test

The results of the comparison between the SHARE routine inverse
and the iterated inverse are shown in graphic form in Figures 1 through 6.

Each of Figures 1 through 5 provides > cj; , defined as |/l
and also ]c,-, ['l,.”_‘a . as a function of the number of iterations completed
in single precision. The zero order iteration in each case is the share
routine inverse. The acceptable level of accuracy for single precision in
terms of |/Cl/ is given in the upper right corner. Note that in no case
does the single precision share routine meet the requirements, and that itera-
tion does not satisfy them either, although there is significant improvement.
The case of M =8 is quite clearly outside of the "small error® range assumed
in the development of the iteration equations.

Figure 6 provides /¢!l and IC;', max for the double precision cal-
culationy; in the case of m = 8, The corresponding curves for M = },5,6 and 7
were omitted because in each case the precision requirement was met either by
the share routine inverse ( mw = 4,5,6) or by the first iteration on the latter
(m=T)e It is clear that the required level of precision is not met even by
the double precision iteration, although there is a factor of nine improvement.

OMGINAL PAGE 18
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In almost every case, the reduction of error is greatest in the
first iteration and the error either increases or remains constant with succeed=
ing iterations. This implies that the number of iterations attempted in the
program could be limited to one or two without penalty.

The test used in these comparisons involves the sum of the squared
of the error matrix Cy, and as a consequence does not limit the magnitude of
the individual elements of C as much as is desirable., This is illustrated
in the figures by the fact that the largest magnitude entries of the error
matrix exceed the desired level of errer (1 part in 109) even in the double
precision computationse A finer test is therefore needed.

8+7 Conclusions jﬁﬁéfi;F::§§¥::::L

The present SHARE routine is inadequate in single precision and
iteration does not provide acceptable accuracy.

The share routine is probably adequate in double precision for most
of the matrix inversions which will be done., However, the iteration routine
provides a large factor of improvement in critical cases, and should there=—
fore be included as an option.

The precision test on the elements of the error matrix should be
Iéﬁﬁdi: é;;;qco, i?i:iid oghgzenzgagiizeiziz QQ%Q ﬁ{ﬁiéX-iiééZé into the
:est programe w 3 5 & W
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An elegant and powerful method for obtaining formulae for differenti-
ation in terms of functional values, at equally spaced points of the ‘
independent variable, is by means of finite difference operators. In

particular, formulae are considered here in terms of the central difference

operator. |

Defines” x; , 7 ~ X3 = Wy 1 =800335 2y

9.1. Symbols and Definitions:
The central difference symbol 5., when prefixing a functional symbol,

say f, represents an operator. Specifically, it operates as follows:
(gf(xl %) = f(xl i l) = f(Xl) = fi + 1 _fi

or, - almilerly; 8&3 = fi e %_— fi o (1)

where the subscript i + 3 refers to the midpoint between Xy and X3 4 1-
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The central differences table given above shows that only even order
differences have integral suffixes.

To express differences in terms of the function values from which they
are derived, take in succession:
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and in general:

i Z(” e fa)‘ %“’“'ﬁ

It is convenlent to introduce a few more operators.
The operator E is defined by
BEtx) = .1 (x + h) (2}
or, in general,

e
That is, E is a "forward shift operator", as it advances the argument from
ﬂnT value to the next in a table of finite differences. In a similar fashion
B is defined as a backward shift operator, i.e.,

5

Bt fi—l
Now, if a table is the only source of information about a function, we may
assume the function represented by the table as being differentiable as
many times required, but must keep in mind that functions defined by
analytical formulae are adequately represented by tables only in ranges away
from singularities and discontinuities.

This assumption implies, therefore, that the function under consideration

can be expanded in a Taylor series over the range, say [x, i] . That is:

£x + nh) = £, , = £, + nhDf, 4 & (nh)? D°

+n
+1 (nn)3 D? o Lo ue w0
3
where Dk = dk B o= 2
de

Of course if the series is cut off after m terms, the remainder is of the
order of (nh)M

100



o0

——

k
From eY 222_ 1 u , comparison with (1) shows that formally the Taylor

k=o . k!
expansion can be written: -
hD
£(x,* nh) 2 (nh)Spk e =R o
k=o ‘ 9 e
In pazmtieular, for n=1:
hD
o RS VI e B (4)

from which

E = efD
and
1
shD i .
e Iy = f(xo + 2h )
Define % f(x ) e f(xo = %h) , which is consistent with the previous

definition (2) of E.

We can establish a relation between the central operator 5~ and E
as follows:

i€ 1
= 2 & Rt T
éffi T £y p={F - B¥)g

so that formally:
< -
5 = E2 st 2 (5)

T ol R

The "averaging operator" 4 will also be used. It is defined by:

i Sl Ay ) S (b o 5 e Tl
so that formally
M=% (5 (6)
and (f4%= 1+44°%
Now if (4) is substituted in (5) and (6),
& 2ep ginh % hD (7)

M = cosh  hD

Of course, use of the above relations imply use of the Taylor expansion in
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the form
e$D £(x) = £(x+§)

and in practice only a few terms of the series can be retained, thus
introducing & truncation error.

With these operators and relationships among operators, formulae
for numerical differentiation are readily obtained. Indeed, from €79

WD = 2 sinh - %cf (8)

(8a)
: : 9
,1[ simhL 36 J&g (8b)

which gives the derivative D in terms of central differences.

1
]
1]
[
3
jaw
[
(CPN e
rolf«
c,\
[
=N

l
('S
24

Expressions (8a) and (8b) have been introduced for practical reasons.
Since the function is usually available for integral values of the subscript
an expansion is sought which gives hD in terms of tabular values.

The form of (8b) gives hD in terms of éL', é’ andcy.—l. Now, if
foré(. -1 we write:

w7t

SRR AT s (R )0 - ks
i, 2.4.6

PR W e s

. 208
and 9tk for sinh_1 Q‘S
) we write:
=1
sinh 3$ =l—_1_52+§(§4 - 5 (6
- 2% 640 7168
08 10
g SN . 0 )
294912
and substitute both expansions in (8b) we obtain:
Tt R AR SR AR B . S (9)
6 30 140 630

or
D=_;_[fl-f_l-_1_(£2fl-82f-1) g Wl Sl )
2h 6 oo
ST Eyedl f_l)] (10)

which is an expression for D which only involves even order differences,
as required.
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This analysis of the rectification process is concerned with the
preservation of accuracy in the computation of the osculating orbite

The position and velocity at time t may be computed from

>

R(t)=F B + 9%

ST s \ )
/\'(""r" 2 B O ; / J

\
>

where /4, and A, are the position ang velocity vectors, respectively, at

epoch, %, .

The functions f, g, £ and g are implicit functions of time. In

two of the formulations under consideration they are_explicit functions of
either range angle, © (differential true anomaly, <) - ), ) or Herrick's

Variable, X

o The first formulation is valid for elliptic, parabolic and

hyperbolic orbits while the formulation in terms of Herrick's variable is
valid for all conic sections including the rectilinear cases.

10e1 Herrick!s Variable

The position R, and velocity K, vectors at epoch, fa,are assumed
to be known in a non-rotating Cartesian coordinate system. The following
quantities are then computed

e ',‘:—7
% pa0 IR (2)

(3)

Pk (L)

o 2% -1 (5)
g S, (6)
a I &

A

7= e (7




The computation then requires the calculation of
is specified. The process continues with the calculation of
A

A £ ;
M=t R (f‘in/’

Next solve the transcendental equation

A A A A
MRS XD C e ¢, 0

A
for X where

Ar@ A A
S EER S SR VR
0 3/ dla et . 9’
A A 4 > 6
P - KT e K T
&l dla é6!al 6!(13

A

X

when time t

(8)

(9)

(10)

(11)

The Newbton-Raphesen technique may be employed for the solution of the trans—
cendental equation (9). The study will determine a first approximation to

the solution of (9) that is suitable for. the iterative process. After obtain-

ing an accurate value of )? the calculation continues with

/ A

10k

(12)

(13)

(1k)

(15)

(16)

(17)




These,values are then substituted into (1) to determine the value
of £(t) and B(¢)s

A A
The functions ¢ and C (Egse (10) & (11)) are infinite series
expansions., Since the argument /a. could in certain situations become
large, a great many terms would have to be employed to limit the truncation
error at the expense of accumulated round off error. Herrick foresaw the
possibility that this difficulty might arise and provided a shifting epoch
concept to cope with this problems.

In order to cajculate /-é and /2 s at time t) where ff‘ -1, is
large, select an intermediate time % such that te2 82Tt T, let

/\:\14‘.: ’P’;(é4i~t3)

A v s 18
§ 5 % %) {f/ L-C) ()
“1
Similarly one may obtain
A A
R = R+ Ry (19)
A i\‘ A { g /\' A.‘+c.\3‘.,
B o, WO 5 G RER (20)
A
A A /\.,_,é\‘c’\“ 5’:
¢ = G o (21)
A Rt ik & 4. e )
B St Tt <5* Cof + 5054 (22)

These formulae may be used when one wants to retain the vectors /- and 2o
however in generating an ephemeris one would shift the epoch by employing

£ / s +j
2:/:}+—j /L (23)

then i et .'.)
/@7 "J‘ (// /(? 7;.(7/ B
A L Ay (2b)
B =iy R+ Gy
Fsg g

105




+

AR
By suitably choosing £y L, the argument X,:f / o- may be kept small,
In addition to the above techniques for insuring 'bhe accuracy of
the computation a continued fraction expansion of 0 and €& will be tested
in hopes of enlarging the practical interval of convergence.

10.2 Range Angle Formulation

The computation of 2 and £ in terms of the range angle 8 is oute-
lined below

/; - /"c /o (25)
E: f)(/vo; CI-/C/ (26)
= E ‘leo
A ™ L 5
; = (27)
The equation
: ed
t¥L, = 4 (——@— (28)
B
¢ o) Uiap)
o
where
U(e):—-i—-—: ,é:L._"- _£~_§L_>Co~59"_ﬁ_>"_q__6nde (29)
B . -c® T o
may be iterated by the Newton=Rapheson technique to determine © when t is
givens, It can be shown that

W ) e wav‘we}
/ 5 U(é) (30)

(7 = /Z SN G
U~ =0 tiee) -
m, (1- cos 8) - vwe}
£+ 2 R
g Z- ﬁ& /.Z CoS 9) (33)




Finally as before ' i

o = / /':-: Tae f—: ‘
e SN T (34) 1
IR e

Blo= 775

The integral in equation (28) may be evaluated in closed forme
However the closed form depends on whether the conic is an ellipse, parabola
or hyperbola, These formulae will be subject to large errors in the neam=
parabolic case.

One possible method of eliminating the difficulty in the near-para-
bolic case is to evaluate the integral numericallye. Several techniques for
evaluating definite integrals such as the trapezoidal rule with and without
end correction, Simpson's Rule with and without end correction will be testede
These methods will also be employed with and without interval control., If
at last one of these methods gives good results, then an integration of the
Chevyshev polynomial approximation willl be tested in an effort to increase
the efficiency of the program.

An in-house program is already available for computing the elements
of the state transition matrix in terms of the range angle & which is valid
for elliptic, parabolic and hyperbolic orbitse. The precision of the computa-
tion of these elements depends on the precision of the evaluation of two
definite integrals similiar to that in equation (28).
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116" (INCORPORATION OF BIAS ERRORS
INTO THE ESTIMATIONS PROCEDURE \
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In some trajectory computations an estimate of bias errors will

be desirable as am output of the program in addition to the position and
velocity coordinate estimates which are presently provided.

The following sections provide a list of the bias errors which
will be made available as options in the XR, and show Low they can be in-
corporated into the estimation procedure. The partial derivatives which
are required to fill out the various matrices are not explicitly derived

in this rgport,

11,1 Bias Error Types

The bias errors to be considered are of 19 different types, €.8.,
unknown errors in latitude of a given tracking station, or errors in the
knowledge of the second harmonic of the earth's gravitational potential.
This does not limit the total number of bias errors to 19, however, since
there may be several of a given type -- for example, ten latitude errors to
be determined for ten different tracking sites,

Type 1 LATITUDE ERROR o« « o o » o o « &g~ A%y

Type 2 LONGITUDE FREOR. ‘s e » e e e e & Yz = &80

Type 3 HETGHT BRROR « o o ¢ s o sheiinb Yoz 47920
These indices allow any or all of 38 separate stations |

to be located, The indices will be subdivided as
follows:

7-1L
h5—52?} lat., long., height errors respectively

83-90 for 8 R-R tracking systems

15-26

53-6l lat., long., height errors respectively
91-102) for 12 MINITRACK stations

27-36 ;
65-74 } lat., long., height errors respectively
103-112) for 10 DSIF stations

37-Lb
75-82 lat., long., height errors respectively
113-120) for 8 MERCURY stations




Type L ERROR IN THE KNOWLEDGE OF VELOCITY OF LIGHT. . . Ay,

Type 5 FRROR IN KNOWLEDGE OF GRAVITATIONAL CONSTANT
TIMES MASS OF THE BARTH o o oiota o « ' s Mt ¥assg

Type 6-13 ERRORS IN KNOWLEDGE OF HARMONIC COEFFICIENTS
OFEARTH...........-.........A’y‘iej‘Aq'iso

In other words, the earth's gravitational potential
will be considered as described by the eight harmonics
412; J;_ through Af«m; :171 » With errors A4,, .., A*fuo.

Type 1L ERROR IN KNOWLEDGE OF THE ASTRONOMICAL UNIT .+ o+ o A<4ysy

Types 15-19 ERRORS IN KNOWLEDGE OF ATMOSPHERIC PARAMETERS
FOR ELECTROMAGNETIC PROPAGATION PATH COMP + o . . A4y,

No allowance has been made for estimating bias errors in the
computation of the drag forces due to the atmosphere and to the solar flux
because the fundamental parameters in this computation are not constants,
but are derived from tables of experimental data, and thus do not lend them-
selves to a bias estimate,

In the case of atmospheric computations for the electromagnetic
path correction, a cruder model of the atmosphere can be used, which is
expressed analytically in terms of the five "constants" No, H, /b, Hm and
Ho. Consequently, a bias estimate on these "constants" is possible, at least
over a short period of time during which they actually do remain constant,

11,2 Incorporation of Bias Errors in the State Vector and the Variational
Parameter Vector

At present the state vector consists of the six quantities which
correspond to the '"best" estimates of position and velocity corrections,
This set of quantities are to be expanded to include any or all of the com-
ponents AY¥,,.,8¢,. In all probability, only a few of these will ever be
used on any particular trajectory run; for example, the state vector may be

N

Y, Aty |

A4 = _[Vf , or in general, AY = _A_?Lf.
Atio Ate,
A8
A Yap 4 YP"
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where P, P, ... P, are chosen from the list of numbers 7-132, Note that
the vecTor gas dimensions (r + 6) x 1.

Since the variational parameters rather than the state variables
themselves are being used for internal computations, the A= vector must
also be modified, It will be expanded to the same dimension as that to
which A% has been augmented, The proper choice of augmented S™, S and

matrices (to be discussed in the following sections) makes it possible
to define the new AX vector as :

Ak,

Ac«@
pielie e

Ate

where A%y, ., A%, are the old variational parameter increments and A#Efn,dﬁ&?
are the r bias errors.

11.3 Review of Minimun Variance Equations and Summary of Matrices
to be Expanded

In order to see clearly which matrices must be modified, it is help-
ful to write down the minimum variance equations which must be handled.

1) Agp=kay
2) K= Q(t;;)N(fi
3) y:NQ (t}z)/\l(+ ez
D Q)= VYt )u"
5 Qleg) = Qltr)- KNTQ ()
The number of observables in the &Y vector is not affected by any change

in the state vector, so that the changes must be reflected in the K matrix,
which is determined by Q, N, and Y,

i

But Q is updated by means of from its value at t,, which is

6 Oft.)= S (t) Ple,) (8TCka ) = STHEL) P (ko) (574(0))T
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where P(to) is the covariance matrix of the state vector A % 5 and 8 and
S relate the state vector to the variational parameter vector as follows

i~ Ay v
2%

Ak 04 ay= S A
oy

Thus, if the new form of S and S™* and that of Y are known, Q
is determined from the input matrix P(to) by items 6) and 3).

Similarly Y is determined by L) if Q is known and if N is known,
The € @ matrix is the covariance matrix of the instrument errors and is not
affected by any change in the state vector,

But N describes the relation between the observables and the
variational parameters:
AY=NAX = Jy A< = 2% Dy ax
i D«/’ 2%

(

MS Ak = WHAL

AY =
N=MmS
2y
One additional matrix, M = 371,, mist be modified, therefore, when
AX is modified, Note that all the quantities in 1) - 53 are now determined,

In summary, the matrices which must be augmented when 44 and 4% are
expanded are

= 2%

TF S (L) o
-1 _ oA

gy S (-i:)-g-;;

9) P(ta) E(Ayf(t > A‘F(to\)

10) P (tt,): o= (t)

B
11) m(e) = 2L
2




11.L Augmentation of S(t) and 5~1(t)

According to the definition of S, and the expanded vectors
AY and AK ,

] \ i Agi

A?i % i S } =t
i | (6xe) (exr) {\ /B
Al g \ = RSN Ehy TR e e TR S HE T
- —— \ / B P4
A " | o

| 1) i

\ i
: 5 P WA &}«?Jr‘
Ap. L (exedr (i) 7N /

It is clear that the 6 x 6 matrix Sy which relates the old A% to
the old 4+ must be the old S(t) matrix,

Since the position and velocity coordinates at time t cannot change
if there should be a change in the bias errors at time t, Sy = O,

The bias errors at time t, on the other hand, do not depend on
the variational parameters 4%¢,..4+4,, so that S3 = 0, and since the same bias
errors appear in both A} and the A= vector, S) = I.

Similar reasoning for S'l(t) results in conclusions which are
summarized graphically below.

i) O
\’o_i('o) ] (@Xr)
S P g e i
2 A L
((XG) : (()(r’)
et © |
P (exe) 1 (6xr)
T e s S ke
o il
(rx6) ,  (rxr)
|
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11.5 Computation of Q(to) and Expansion of P(to)
e
Qlt,) =S4 () RiEI(S (h))

2.6 (84 PUE] (6‘1&0))(

The matrix P(to) must be provided as an input.

}

Eayf . - -Em.mn:- c o Eatusty
RER ) '.
: | ;
- E a4, '
P(‘to) =E <A&/’(ta)/ A""r(to)) N iy B ! TRl e g g . e
;' |
: l g
Ratpatiniald i @ Ragl

It is reasonable to assume that the bias errors are uncorrelated
with each other or with the errors in the initial estimates of position and
velocity, in which case the upper right-and lower left-corner entries are
all zero,

This assumption makes it necessary to supply only the r additional
terms along the main diagonal, plus the original 6 x 6 P(to) matrix indicated
above,

11.6 Augmentation of 1y(t}to)

The definition of "/ (t, to) is in terms of the new and old value
of the variational parameter vector

AR (£) 2 OR() AR (t,) = P(Et,)a%(%.)
—a°< (to>

In order to see what must be done to the TP matrix it is helpful
to exhibit this relation graphically as follows,
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|
A, (£)) ! Ae-g' ()
i ()
/lfi . ’E/ WZ 90( (to)
g i v 1 ) " ‘
A"«é(t) > ((’)Xé) 1 3 Pi""‘) Pr' (é)&l’) < A%é(tf i
Ao 2 —— B _A (t,)
4 %Pl(t) l /%Pi
: R AR s/
: (rxe) i (r‘)( ) o
Atp (t) \ 8 ¥ ()

It is clear that Y, must be the original variational parameter
transition matrix, i.e. Y, - 7.

The S(t) and S~1(t) matrices represented point transformations at
a given time t, and therefore changes in the bias errors produced no changes
in the six or1g1nal variational parameters. However, ”llla above relates changes
in the bias errors at time to to changes in the six original variational
parameters at time t, and this means that P, is not identically zero,

To see how the elements of VP, are obtained, imagine that the
variational parameters are simply the ordinary state variables, position
and velocity, so that

,g) B:ﬁ(t) 4T 1,H.,é)° 1‘:P1,.‘.)P,.-.
YN

Now, one column of 'lyz might be o4 ¢y Where ¢ is the earth's gravitational
constant (eb 4422 in the nomenclatiure of 11,l.). Remembering that 4, (sl 6}
is obtained from Ercke integration of the motion equations, i.e.

P e
4 F,: (l‘/’f) 41"1‘3)(%) e

the following set of differential equations in o4.i results:
0 ¢t

11




In the above equations, #;rg stands for the jth component of the
vector which is the solution to the two body problem, This set must now be
solved foré“h'/)g. Note that since F is a known function, the coefficients
of Dﬁ/)gon the right side are known also.

M (1)

Returning to the more general problem of obtaining the matrix qk= 5:5?;&‘
¢ 5 e 5 . . 1'%
w455, 8554 P+, Py when the *.'s are the variational parameters,
note that,

Y, - Delie) = Tegpler i be) i
D)(i (to) ;"f,i (t) DX," (to)

Since the o{;'s are the same as the corresponding components of the expanded
state vector (see 11.2), Graphically, 1ya may be displayed as follows:

f s
f LR RERY
qi”(i : Bw(t) / 0¥ (o)
(6x¢) S g

On comparison with the augmented S—l(t) of 11l.4, it is clear that the first
6 x 6 matrix above is the same as that of S=1(t); it is the original (6 x 6)
S-1 which is presently in the program,

The second of the two matrices which constitute 'UV consists of
partials such as the one mentioned earlier in this section. The remainder
of these partials have not yet been evaluated.

To complete the augmentation of 19 , the two submatrices Wys and
P, are required, V; is the zero matrix, because the bias errors do not
depend on the variational parameters, 1P4 is the r x r identity, since the
bias errors are constant in time,

11.7 Augmentation of M(t)
By definition, M(t) = BW{?% is the matrix of partials of the
observables with respect to the state variables, If the number of observ-

ables is m, and the order of the state vector is 6 + r, then M must be an
(m)x (6 + r) matrix, Graphically,
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% AY,

|
|
L M () : M (t) :
.l l AAIL‘G_
AI{M (rmxé) | (mxr) A‘*ﬁ,i
| ;
e

The first mx 6 submatrix must be the old M(t), since it describes
the relationship between the observables » which have not changed in number,
and the old state variables,

The second mx r submatrix, Mo, describes the variation of the
observables with the bias errors. It consists of partials which have not
yet been explicitly evaluated,

An example of the type of partial involved in Mo is illustrated
by the case in which range to the vehicle from a radar station is one of
the observables, and the location of the radar is in error by an unknown
bias, Letting Y be the observable range,

!
Y= 4/ (4-#) + GO R

where (x, y, 2z) are the inertiel coordinates of the ship and (47&5/ g 2id )
those of the station. U '

Then >Y/) ¥, J ,’/DL',‘;:, b"//D’;,; represent the sensitivity of
the observation to errors in t%e station position errors, where

By Linte).

e
_‘é—é—/’ I e (;S' *é.s)
b r
B G
4

22s
These lgartials then appear in the appropriate column of the M?_
sub-matrix,
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1269 Introduction

In MINIVAR, the state transition matrix is used only to trans-
form the covariance matrix of the state variables from one data point
to the next. Consequently, the transition matrix precision affects
the precision of the following arrays:

l. the transformed covariance matrix;

2.  the optimum filter Kj;

3. the updated covariance matrix obtained from 1. by the
PRclustion of datas

It is of particular interest in this study to evaluate the effect of

the elements of @), the state transition matrix, on the elements of K.
The importance of this investigation has been pointed out by D. Proctor;
since the updated state vector is given by

A%=K(‘8c"3o>=KMﬁ i

where A%. state variable:;

1

optimum filter;

calculated observation;

He

U
.ao= observation;

and since %c is computed to high precision, it is reasonable to expect
K to be calculated to the same precision asAY%. A program is des-
cribed in this memorandum which calculates the sensitivity coefficients
BKH}/D 'cws + This program will be employed in a computer study to
determine to what precision the ®cromust be calculated so that the

'ﬂ¢~ are: sufticiently -precises These results will then be used
in %ask 2, Phase II of the Orbit Determination Program to decide the
validity of two-body partial derivatives in computing the state tran-

sition imateIx,

12«0 @Galloulation of

The optimum filter K is obtained from

Ve S Lt
K = Pt M7 [ MP(Eim’ +68]
f2)




where P(t)

covariance matrix of the state variables at time t;

M observation matrix relating the state variables and

the observations;

€%= matrix of observational errors.

The array P(t) is given by

T
P(t) = Plt,t )P(to) D (t,to) (3)
where qb(t,to) = state transition matrix relating state variables at
time t, to state variables at time t;
P(to) = covariance matrix of state variables at time toe

Letting P(ty) = P, and substituting (8] inte (2

> e we Feal
=B g [ BR B e "

Postmultiplying (4):
% A o L 2 'OM(
K[MmERP M +éEe] = BT i
Then,

r _1
K = (eokm) [ 2ERE CPQ;@_ [ REW + 22 by

OI‘, "-L

MK - (z-km) 2(3R 8 (3237
9 (/)E»w 9¢_)L7'v‘.v ( 7 )

Assuming that there are, in general, six state variables, and letting
n be the number of observables at a data point, the matrices in (7)
have the following orders:

Kils 5 s6Xn
Ms - nX6
Pot:  6X6

d : ex6

(I-KM): 6X6
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It is the purpose of this program to evaluate 2V@i{/:>¢lmv .
Since the Q[m,are 36 in number, and since n may be as large as 4,
the maximum number of partials is (36)X(6)X(4) = 864. The minimum
number of partials occurs when n = 13 (86) X (6) X (1) = 216.

12.3  Evaluation of 3(@%®{)’/9¢MW :

Partial derivatives of the matrix @>Q<§{’are composed of
partials of the elements of @ itself. Since we are here concerned
with the evaluation of these partials at the time_K is computed, we
are interested in the change in the elements of (ty) arising from
a change in gzn(tr). It is evident, then, that

OB | < 5y S (8)
(P,.CM\ =t -

In other words, the partial of an element with respect to itself is
unity; the partial of an element with respect to any other element is
zero.  Rewriting Eq. (7),

1 _{«—i
2K - (I-z-u.,/?‘f F@(* @Po?_ff;_ (@%‘f) K (9)

PN \Jy Y\

To analyze the computation, let

(I-KM) = A: 6X6

P = a: 6x6
qire & Ri6X6
(73K = B: 6xn

Eq. (9) then becomes

Dk = AJP gB +ARID 8
d#m 0% 2.

Again, let

AR = T 6%6

so that

o .. Eaad




The matrix ABK/ﬂ>¢inu is 6Xn. Considering the right side of (ll),
we will compute each term factor by factor. From the first term,
the product AT)@/9¢£MM is a 6X6 matrix of the form

e e N T ey 0 0 o 0 ) 0
827 : : % : 3 0
a 0 - : 1 : :
31 * 3 E

) . .
s = - ; : e p ; ! ;
41 '

]

'i
X
agy : : . : 3 /

(0]

o o o 40 .09
0 Theap 4550
o Qs S Niod (12)
4 0 ’ t aﬂa ' ’ :7;“;
o . ' Lgp %
|
o ' e =
/

so that the product has non-zero elements aj; only in the mth column.
Postmultiplying (12) by S:

CL: L M L Lol Fwe ; j Al Spw v

A 9 gﬁ e )
OPpre. .i i : ' ! ‘ .'

‘ l
- . : Ay i‘
( akQ /‘)’/”‘ { aé( IQM‘\Z oL v \

£13)

Consequently, the typical term of (13) is g 38 ailﬁywy{ where

¥
Ll
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Turning now to the second term of (11), the product
has the form

ty, t;. Y D v 0 0 0 0 0 0
tc;l by g i 2 4 0
tay 0
t4i (0] 1
; &
\
o o ti,m (o} o o
o (527
: + ; . 5 (i
0 2m y ,rb@ (14)
. = p :
o] 4w ‘a%wu
o X
o B¢ aw

so that the product has now-zero elements t;, only in the 1th column.
Postmultiplying (14) by B:

\

ti(m bﬂi tifwn bﬂa L 2 Jcirm bﬁm.,
& ,
; 2w bgy Lo byp ' : erme B,
(
bl (15)
Py 2
Loy « ommBee b 2L,
The typical term of (15) is djj = timbyy where D = Tzﬁ§jé'
Combining (13) and (15), 0 Boom
Piis C+DF g (16)
Bsbifn"
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so that

__L‘L/__L#_ L( ,{_.Q /0/'.‘w\( S tlv-’m\ b},{'
i (17)

12.4 Programming Procedures

IR torder tes compute Eq, Ly A O program must be available to
provide the elements of the following matrices: K, M, P,, and @ .
Having these matrices available, the following operations are per-
formed:

1. "Epem i the. productisKM: (6%X6)

2. Take the difference A = (I-KM): (6X6)

3. Form the produet Q = P, @ﬂ’: (6X6)

4. Form the product R;:@PO: (6X6)

5. Form the product @pocﬁf - a: (6x6)

-4
6. Take the inverse ( ® p_®T )7 : (6x6)
) -1

(P @I ke

8. Form the product S = QB: (6Xn)

7% *Formithe product' B

1]

9. Form the product T AR: (6X6)

P05, & From' the elements .of A & S,leGanstruct such that =

QH: At g P for ‘specified 'l & ‘ma
11+ ‘From. the elements .of B & T, iconstruct D' sueh “that =
dL{:thLu{ for specified 1 & m.

E2%" "BRein the ielements “of+~C R D construct G suchathat =
=Gy o

As noted previously, there are 864 A{’é LF L p=rd e 815206 2A1¢ it
n- = e S TheSsubseriptis w1 & marange.,from I to 6 in akl combinationss

124D Application to Variational Parameters

In order to evaluate the precision of the variational para-
meters used in the MINIVAR Program, recourse may be had to two
procedures:

l. Analytically convert the variationmal parameters to elements

of the state transition matrix and proceed as described
aboves

12¢




2. Develop corresponding equations for the parameters and
investigate the effect of the variational elements on L.

For the second alternative, one may take advantage of the
symmetry existing between the formulations for K & L:

A= L&Y (18)

-1
1 o
L=0 @, QT [NQ Q. QW7 +&7] it

Consequently, the matrix of partials becomes

L < (z-14) 2(22.07 (Q QDQ() C (20)
gl,b/ew ’BLO'C"’W
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“1370, ( EXECUTIVE ROUTINE
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Implementation of the Executive Routine (XR) on the
7094 under IBFTC system is hampered by certain system
restrictions, Among these restrictions are:

1., SYSINI cannot be rewound or written on during
execution,

2., Files cannot be written or read in mixed mode,
This restriction prevents the generation of a mixed
mode file of BCD control cards and binary text,

3. Handling of a mixed mode file utilizing IOCS MAP
subroutines requires standard look- ahead characters
for successful processing.

Alternate Executive Routine

I3l Utilizagion of History; Tape

The BCD program decks and compiled binary versions will
be maintained on a history tape. The executive routine
will be in three parts as follows:

Part 1 controls reading-in of control cards, additions,
and deletion for the run, This part reads in control
cards for future processing, updates the programs to be
compiled onto SYSIN1 and loads onto SYSIN1 parts 2 and 3
of the XR, Control is then transferred back to IBJOB and
compilation of source programs proceeds.

Part 2 executes after compilation of changes is complete.
The compiled binary output on SYSPP1l and altered source
programs are updated onto the history tape. Part 3 of
the XR is now executed,

Part 3 reads run parameters and assembles the object
programs required on the SYSIN1l, IBJOB loads and executes
the program,

The history tape procedure will require MAP sub-
routines utilizing IOCS to form the mixed-mode tape SYSINI
and to convert the binary tape SYSPP1l to mixed BCD-binary
form with correct look—a head characters. All manipulations
of SYSIN1 will be controlled by IOCS MAPS subroutines,




13 182 Library Tape Procedure,

This procedure will require definition of SYSLB2
tape to contain library routines exclusively. All
routines to be utilized in the program will be maintained
on SYSIB2 via the Librarian function included in IBSYS.

1322 gibrary Tape Procedure 1.

This procedure will require all programs to be
updated into SYSLB2 to be on SYSIN1l in binary compiled
form. The library tape SYSLB2 is updated via the
librarian routine in IBSYS utilizing replace, insert
and delete control cards,

Execution of the program is governed by control cards
on SYSIN1 as a separate run, $OEDIT options utilizing
alternate drive feature will be used.

No MAP-coded routines are required but the user must
specify via correct control cards the routines to be loaded
at object time,

13kl .2s2 " Eibrary Tape Procedure. 2,

The XR routine in this implementation will accept
source programs and control cards for object time
execution and generate the required binary images on
SYSIN1 after IBFTC compiles them.

This procedure would require IOCS MAP subroutines
to write SYSPP1l onto SYSIN1 in proper format for the
librarian,

The alternatives presented thus far are based on a limited
knowledge of the IBSYS-IBJOB monitor system. Information is being
sought concerning IBSYS system usage and system modifications
affecting implementing of these schemes,

QGINMGINAL PACE B
OF POOR QUALIPY
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The following notes relate to the assignment of values
to the second, third, and fourth harmonics of the earth's poten-
tial. It is hoped that these notes will provide the basis for
a more accurate orbit determination program,

14,1 Comparison of Kaula's Representation and Minivar

The recommended notation of the earth potential, as
given by Kaula (Ref. 1) is

[e ] ~U ;,/ R e _)rn\. { AL \’l
U; ﬁ{i‘*‘z Z (?) );'\(C“J{’?)) (C/W,/W\ COS_.’H\,\ i S/y\,l/yv\,“‘Jf '\/J |
I M=1 m=0
where
({/L = EGM
(e

distance from the earth center

K is the mean equatorial earth radius

W
E,(&ndﬁ)is the Legendre Polynominal with ‘
43 argument (6uJ@)

(3 is the latitude
A is the longitude \

~v v are the zonal and sectoral harmonic
under consideration

Since here we are only concerned with zonal harmonics
and the oblate component of the potential, the above expression
can be reduced by letting sww = © 4, using only the harmonic terms,
and letting the distance units be in earth radiis:

U= ] 5 @ P ena) G

r Lmsd




Further, Kaula recommends that when m =0 , let ‘%u,wbi ‘QI .

Thus

<~ \ 0 [o : :
U 5 s J; ])°(,-’j’3} Y 3 T o 1 e -}-fd P,Lond('&)
Ob 8 Lr-:‘ Thin ( é { 3

b

£
ol

o

But J; is zero, and é)uﬁﬁ é/;

so that

Ll Y8

This notation agrees with that given by the MINIVAR
manual (ref 2) page XII-27, except that MINIVAR uses the
Jno notation, rather than the Jn notation. However, the two
are equivalent.

Since Kaula's representative equation for the poten-
tial is in full agreement with that given in the MINIVAR manual
and program, the coefficients should also agree. A comparison
of Kaula's values of J;)J;)anA J, with that of MINIVAR
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(Ref 2, page XII-27) shows exact agreements except for the
sign of J4 term.

14.2 Comparison with J.P.L.

The program of J.P.L. (ref. 2), uses the symbols J,
H, and D for the second, third and fourth harmonics, respective-
ly. The oblate potential is given by

U= eLLraa( He ¢)+§ZE(J égW?S)wMS

+ Da.i(&';éo Sin‘e *3!‘5'”4¢> +]

35 ket

By properly manipulating the J.P.L. equation, and
letting a:i} \;/Nyﬁ:é/’/) ,€=r;

Ut [ (28 F (G- 2) )

3r ¢

+ _(__?.924<-§ - 1:5(?_,\‘ ;- %(

Equating MINIVAR & Kaula's representation of the potential
With J.p.L..s’

j b iR
I
il o)
By - 2
Jpo = =80
T
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These equalities agree with standard procedures. The
values for J, H, and D used by J.P.L. are

Ji = £1.62345 x 1073
B e 55 31020
Pim 41878 w1098

Therefore, using J.P.L.'s notation and finding the
equivalent values of J20, J30 and Jgq:

Joog = #£1.08230 x 10~3
J3o = =-.230 x 10~9
Ja0 = -1.800 x 1075

These numbers agree precisely with the values of J2,
J3 and J, given by Kaula (Ref. 1, pps 2 and 4):

3o o= L #1082,30 % 1075
Jaim - e209 % 1070
Jaws ~148x 1076

Thus, it would appear that the J.P.L. program and
MINIVAR agree in definitions of the constants, agree precisely
in magnitude, but disagree in that the sign of J40, given

on page XII-27 of the MINIVAR Manual, should be negative

rather than positive to be consistent with J.P.L.. This. also

agrees with the comparison with Kaula, given in the preceding
section,

Thus, the printed value of CONKR from MINIVAR would
be £.1343886 x 10‘3, rather than the negative of this value,
since CONKR = -15 J40 (Ref 2 p.XII-28),

4

14,3 Comparison with ITEM

According to the ITEM Manual and the program listing,
the ITEM input quantities are

Second Harmonic = (J = 19,9 x 1623 x 4078 = ,03229

Third Harmonic = (J30 = 19.9 x -2.30 x 1076 = - 4577x1074

Fourth Harmonic = - 1 &4 K = 19.9 x 6.75 x 10-6 = -,6665x1074
2 2

Vo' 4
e




Numerical values of J, J3p have been selected here
and K derived from Kaula and others. The quantities in the
right hand side of the equalities are roughly in agreement
in magnitude and exactly in sign with the print-outs from the
ITEM program.

14.4 Conclusions

1. 'The second harmonic term:is icorrect: in hoth
ITEM and MINIVAR and agrees with standard
practice.

2, The 'third harmonic-term: is.correct in both
programs; the difference in print-out being
explained by ITEM's use of A3g = ¢‘J30 (see
ITEM program listing) and MINIVAR's ?CONAR)
which is -4 J30 (see pages XII-28 of the
MINIVAR manual).

3. The fourth harmonic  term is Gorvectiin. I'FEM,
but has the wrong sign in MINIVAR. That is,
Ja0 on page XII-27 of the MINIVAR manual
should read -1.8 x 10-6, thereby agreeing
with the ITEM program and the work of Kaula
and others.

Ref 13 ™A Review of Geodetic Parameters™, W. M. Kaula,
NASA TN D-1847, Goddard Space Flight Center, 1963.

Ref 2: ™"Program Manual for Minimum Variance Precision
Tracking and Orbit Prediction Program®, D, S. Woolston
and John Mohan, Goddard Space Flight Center,
X-640-63-144, July 2, 1963,

Ref 3: ™Space Trajectories Program for the IBM 7090 Computer®,
D, B: Holdridge, J.P.L. TR-No,.:33-223, March 2, 1962,
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v Uice. The error is determined by numerically integrating over the total
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15.1. +=Introduetion :

The bending of radio waves passing through the troposphere and
ionosphere limits the inherent precision of modern electronic tracking systems.
Some form of refraction correction is therefore necessary to achieve the
maximum accuracy of our satellite tracking systems.

Correction of the troposphere error can be approached from two points
of view. The first, the analytical method, involves assuming a simple expo-
tential decay of the index of refraction with altitude. The resulting tropo-
spheric errors for range and elevation are soluable in closed form as a function
of the elevation angle.

The second method is numerical in form. For this method, it is not
necessary to assume an exponentially decaying troposphere; any model will suf-

propagation path with the index of refraction at each integration point being
determined by the assumed model.

Because of the complex nature of the ionosphere, it is very difficult
to find a simple model upon which analytic solutions to the ionospheric errors
can be based. Therefore, a numerical approach seems to be more likely for an
ionospheric analysis.

A further refinement to this program may be that the refraction’ ‘
correction will be made dependent on the predicted elevation angle rather than - }
the measured elevation angle, and, since the predicted angle is subject to an
error, a test is made on the variance of this predicted angle. If this vari-
ance is above a present limit, the computer will make one iteration to include
the data point to get a better estimate of the elevation angle before making the
final correction.

The refraction correction is then based upon this new elevation
angle and it is the results of this second iteration which will be processed by
the minimum variance system.

155 2t Metthoed ~of " Atitack

The method that will be used is one derived by S, Weisbrod as detailed
in Reference 1. The method is particularly simple and can be applied to both
tropospheric and ionospheric bending. There are no limitations on the shape of
the profile or angle of elevation. The only assumptions are that the index of
refraction gradient is only in the vertical plane, that the index of refraction
profile can be approximated by a number of linear segments and that the thickness
of these steps is small compared to earth's radius. These assumptions are readily
justifiable in all practical cases. In addition to refractive bending, the prob-

lem of signal retardation, resulting in range error, is considered. Also, the
effect of refractive bending on range rate measurements is included. :



15.3. Index of Refraction Models Used
15.3.1. General

Since it would be an overwhelming task to analyze completely atmospheric
propagational effects under all parametric conditions, atmospheric models rep-
resentative of average conditions are employed to simplify the computational
problem,

In the models that are used, the following assumptions are made:
1) The troposphere extends to approximately 40 km with refractivity decreasing
with height; 2) The region between the end of the troposphere and the beginning
of the ionosphere is assumed to have zero refractivity; 3) The ionosphere lies
between h and 2000 km; 4) Beyond 2000 km the refractivity is zero.

With few exceptions, the formulai used to compute range and elevation
errors are the same for both the troposphere and ionosphere. The refractivity,
however, is computed differently.

This approach results in answers which are as accurate as the models
assumed. Since profiles of refractive index in the atmosphere (especially for
the ionosphere) are not precisely known under all conditions a more exact
solution seems unwarranted at this time.

15.3.2. Tropospheric Model

In this analysis, the tropospheric model will be assumed as an ex-
ponential, with the ground index of refraction and the scale height as parameters.

The equation for this model is

N = Noe-k/H (1)

where Vo= 313 (refractivity at sea level)
H= 7 km (height scale factor)
h = height above the earth !
V= (n-1) x 106, where n is the index of refraction

15.3.3. Ionospheric Model

15.3.3.1. Ionospheric Parameters

In the ionosphere, the index of refraction is dependent on more
parameters than those considered in the troposphere. As a minimum, the index of
refraction in the ionosphere 1s dependent upon the height of the base of the
ionosphere layer, the height of the maximum electronic density of the F2 layer, and
the maximum electronic density of the F2 layer. In addition, the index of re-
fraction in the ionosphere is also dependent upon diurnal, solar activity, seasonal,
geographical, and daily variations as well as other miscellaneous sporatic vari-
ations. Also, unlike the troposphere, the refraction errors in the ionosphere
are frequency dependent.

ssaaberhetat N
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15.3.3.2. Electron Density Profile

In the ionosphere, the relationship between the index of refraction,
the radii frequency and the electron density in the ionosphere is the following:

e /,_ g a5 THE (2)

eo"yy‘ u_)L

where A = electrons per cubic meter

electronic charge (1.60 x 10~19
electronic mass (9.08 x 10-31 kilogram
27" times the frequency

permittivity of free space (8.854 x 10™12

N3

Using the first two terms of the binomial expansion and substituting
the above constants, the formula for index of refraction reduces to

,}73 /_’%:3@_ (3)

g
7

This formula holds for frequencies above the critical frequency, fc, which is
given by the follcwing relationship

: 72 -&
Jf = BIT S X0 megacycles per second (4)
Defining the refractivity by the following relation:

e (- o)i0® (5)

equation (3) can be written as follows

e 243 (?é_z)x/&'{ (6)

The model selected for electron density versus height in the ionosphere

consists of a parabolic variation below the height of maximum electron density
matched to a hyperbolic secant profile above the maximum. The relationships

are as follows:
A /f[/- (/-—a—)i/ oL o=/

(7)
=y gl ;”Z_(a_”) o2/

where /g_ = electron density per cubic meter
/2 = maximum density
=3 A=Aho
T S T A
i height above the ground
ho = height of the base of the layer
/vy = height of the maximum electron density
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This model has the following desirable characteristics.

1. The model has three degrees of freedom (/,, Awr, andAf) which can be obtained

from ionogram data. These parameters uniquely specify the entire distribution.

2. The distribution is parabolic below the maximum density, nearly parabolic
immediately above the maximum, and exponential at great heights.

3. The electron content of the distribution above the maximum is three times
that below it.

4. The entire electron density profile and its derivatives are continuous
everywhere.

Figure 1 is a plot of the ionosphere model normalized with respect tos~and

1/2 (/g//g )o The /5 y4wm, and/4 parameter refer to the F layer. Using this
model, "the refractive effects of the D and E layer are not singled out, because
they are quite small in comparison with those due to the F layer and are ap-
proximately accounted for by allowing the electron density at the bottom edge
of the F layer to be zero.

15.4. Development of the Method
15.4.1. Computation of Ray Bending

Referring to Fig. 2, consider a ray entering at angle/55n1infinitesimal
layer of thicknessdfe . Since the curvature of the ray is equal to the component

of the refractive gradient normal to the ray, divided by the index of refraction,
it follows that:

B L A o o B (8)
£ ¥ AP

where K is the radius of curvature.

The length of the ray path in the layer is

KLY = crnB of (9)
which, combined with (8), gives
oy vl Ee AR (10)
7 dp =

SinceC/bﬂs of all elementary layers are directly additive, as shown in
Fig. 2, by considering ¥’ due to bending between points Q and R, it follows that
the contribution to the total bending ¥, due to a layer bounded by the heights

B and £, is
J R Pe i
: PRI SR
5 / L & B dp (11)

a5tk
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If the ray departs from the earth's surface with the elevation angle
of 9 Snell's Law for spherical stratification states:

P O CreBg= NP~ 3 = constant (323
where

surface index of refraction,

o = Earth's radius
F = au+ h
h = height above earth,
W = index of refraction at the specified height.
From (12) we get
72 o~ S 7 :
coeB= (P50,) cnbes (Vifp [np) ere 2, (13)
A 3 = (hod./H/‘) Z&?ﬁ/noa.)"_ ngcj 7z
1/
= Cipy frm) [ Coe /oy )= GBI (14)
G : [cm,/,,.m) X La]"/f- Cra o
15
=/ Cp J; pY = e * B e By (15)

where n, p and (@ are the values of these parameters at some height h.

Eq. (15) can be substituted in (11) to give the general equation for
refractive bending

P dw Cru O P cf/D
, '/’ ~ dp [C"P/w ou>“ ZBa] 3

&

—

— /
oM dp Z(‘V)/O/M}P) mﬁﬂ/" (16)

We now assume that a) dn/dp = -k = constant, b)Pk i%""g and c¢) index
of refraction n is very nearly equal to unity. On the basis of these assumptions
we can write:

b (Mi-uwe Tt i) welt
Fﬁg - ?%} F>"">é

(17)

where Nf LM-')Hf
- = [ L
ey ml"[(['- CROLNIIG ’JaM"a']i
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Center of Ray Path

Fig, 2 Geometry of Bending Through an Infinitesimal Layer

= t""‘ 'JQH‘/ CL—‘ ’\5

T CteRD Beqyween Awo P

Fig., 3 Geometry of Bending Through a Refrnetive Layer -
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(e /mie Nz )2 (P F)C 1 A2

and, substituting in (16) we get

Pr iy
k= R Ry S (ol 8a(e ) 1m0y T e

= k P'C;A—B : s 1
TfLE—I-’;—@ g{w Bﬂ+2<P‘“‘r5>Cl’ EPQ)/PJ'j iMB}S

From (15), (16), and (18)

B Cupdf ) enn, 7

-~

(.-QQ ‘Sa

Combining with (19)

From (15), (17), and (18)
: p -4 : ‘
LA . 20N MY s tee %

I=R% Aok = Re t’%dl

(/U /U»&\/o ,aa—:._ 34

which, substituted in (21), gives the desired expression for
' - &
= (‘fﬂ‘m ?%,3 ol Bk)
2 Nﬁ"’ /Up,,
<) ( t‘-_-M .\_tA ’3‘&\ milliradions

138

= L’““‘ B +2(f-0)C-RE )P | T

(18)

(19)

(20)

(22)
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where N is expressed in N units (n - 1) x 10°.

Total bending through the atmosphere is simply the sum of individual
contributions.

\ St N ) (24)
}S( y“’:> B ;:EE Seo (1:;&fﬁi-,-+tZ:h r3<.>

| It is frequently conventient to measure the refractive error in terms
| of the angle subtended from the earth's center. This quantity, denoted by € ,
can be readily obtained from Fig. 3.

i Dyl ) (25)

The quantity (e..gp may be conveniently found in the following manner.
From Snell's law we have

‘ Mo Cra "ot R
or Cor Bz cea [9 - (e-R) J
=[1t (=) 10 ] e o (26a)
tnB= cn g+ (6-8)]
:[/—- /M’-»A/)/o“éjcﬂg (26b)

Expansion of (26) and the application of small angle approximations
results in

(@w'g) :{]-[I*&(Nahf’ﬂ>ld~‘m2@_:/ //Lf -é‘m& (272)
= §E+ZCM°—M)/0"4 cut ZBJ”/L-/}Z;"/‘g (27v)

At heights above the troposphere for rays departing tangentially, or
for angles of elevation greater than 100 milliradians at any height, & and [CN
are very nearly equal and (27) reduces to:

‘ (0-2) ¥ (Li-)10" L6 (28)
E: > (M =) S Ty
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15.4.2. Computation of Errors or Principal Measurements
15.4.2.1. Elevation Angle Error

In most practical applications the quantity of greatest interest is
the elevation angle error. This quantity denoted by § can be obtained from
Fig. 3 by the use of the law of sines.

A Coa By - Pl &

b a8 -5 )z pesn J (64 )-5 [

(29)

From (29) we get
B Mé‘t«_&v‘ (/-Cﬁ-é)
or PN Ca b & T 0N

P .. 6 + é‘/i (30)

1 »
Omitting é/éL in the numerator of (30) results in an error of about
five per cent in the troposphere for a tangentially departing ray. At higher
angles of elevation or greater heights, this error becomes negligible.

It should be noted that whereas & and & , due to the passage of the
ray through various layers, are directly additive, d's are not. Thus, to
evaluate J at ionospheric heights or above, it is first necessary to combine
the tropospheric and the ionospheric & 's or £ 's and then use (30), or (31).
However, it turns out that in nearly all practical cases above the troposphere

€Y, << &€ and €< (tan &~tan®p); consequently the omission ofé‘/Lin the numerator

and & in the denominator usually results in less than five percent error at F
region heights.

Eq. (30) may thus be approximated by
s e T €
T b- Lado

It is, therefore, usually justifiable to add directly the tropospheric
and ionospherh:af's to obtain the total elevation angle error.

At astronomical distances all three quantities (X,é and £) become
numerically equal.
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15.4.2.2. Retardation of the Signal Passing Through a Region of a Constant
Refractive Gradient

Signal retardation«? caused by a layer of thicknesso/@ (Fig. 2) is

given by / A
L7~ = (;/- ~Z> Coe J3 AP

(31)
= (% ~1) coe Bl = wao e  Coe B0
where ¢ and v are signal velocities in free space and the medium, respectively.

The range error is given by

% Fs, - &
Mxsa”C P (32)
Oy i / c/?’ :-/

:;.

In evaluating we found (23)

i jh Cdu/dp)j(f, o - AN (/V’—/Uk)x/o’é (33)

) =R ; % 13 L%, /3/-7‘2;/31.)

In other words, the value of the integral for the case of a constant radial
gradient was found to be very nearly equal to the one that would have been
obtained had we taken the average value of the denominator of the integrand and
treated 1t as a constant. We are therefore tempted to treat the integral of
(32) in a similar manner. Furthermore, we can argue that at low angles sine
and tangent are nearly the same and at high angles the rate of change of sin

1s so slow that such procedure is certainly justifiable.

Thus we evaluate (32) by setting .

P £ g ‘
ATy = G ety 2 P"m@
P An B , .~
but from (17) MB)""’“““%“ T‘a'
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Substituting in (32) we get
CNe- ) (P - W T (34)

’““‘Qkﬁ‘4“*731

«4@&:

To compute retardation for a double passage through the layer, (34)
must be doubled. The resulting final formula for &y is:

| Mo RO S e (35)
A : ‘Cw » ) $inds
/oz o AL e

A Ricat 4 a3

In the ionosphere the formula for range propagation error is

P /*//-’;ﬁ) g“" //”f--/f/”////u/a.,)

¥ pe 7 A Giey 4 A O (36)

where f1 = up frequency
f2 = down freguency
15.4.2.3 Doppler Error
Due to the refractive bending, there will generally be an

error in the measurement of the radial component of the target velocity.
The equation describing this can be readily derived with the aid of

Fig. %3,
Let
= gtation location vector in inertial coordinator

= position venctor from earth's center to satellite in inertial
coordinator

= position vector from station to satellite in inertial coordinator

R
z
7
/0 = position vector from station to satellite in topocentric local
7 moving coordinates

:ﬁf& = earth's rotation velocity vector in inertial coordinates

L = Coordinate Conversion transformation matrix

.é;jgz; L = Unit vectors, inertial coordinate system

L' 7 L, = Unit vectors, topocentric moving coordinate system
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Therefore
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Where /4; = velocity component along the local range vector
.4' = velocity component normal to the local range vector in

a plane determined by the transmitter beam and the earth's
center

= velocity component normal to a plane determined by the
transmitter beam and the earth's center.

From the diagram the measured value of range rate is along the apparent
path or along the tangent to the path at the satellite.

V measured = /z'_ Q"L( & — g) Ao (%= J)

Viiradisgl = ;

’

Therefore the range rate error is

Blp. =v radlal = V measured
LIS N SR A (Y-6)
and since (8-8) is a very smill angle
s ko /9
AVp = Cx SB 4 143




The above quantity is doubled for a roundtrip error.

In the ionosphere, the above correction for range—rate is modified
as follows £ e C ;
=
[ + i

15.4.3 Computation of Errors in Secondary Angular Measurements.

The elevation angle error, computed in the preceding section,
must be transformed into the coordinate system of the secondary angular
measurements in order to determine the equivalent error in these systems.

15.4.3.1 Coordinate Conversions

To convert from the azimuth angle (C*u), elevation angle (8)
system to other systems:

From Fig 4A the following realtions hold for the 4,y angles:

sin y = cos 8 cos4)
cosysinx=cosésin¢ Slas.x = et o sind’
cos y cos x = sin &

also from Fig 4A the following relations hold for the 1,m direction
cosines.

1l = cos® sinC‘J
m = cos& COSC}

From Fig 4B the following relations hold for the hour angle, declination
angles

sin & sinA + cos & cos¢ cos A
cos® sin d:
cos & cos4/ sin,{ - sin® COS/L

&l e i O
Cod o k— Corn& e A

sin d

cos. d sin.h

cos d cos h

1L
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Fig., LA

x-y and 1l-m System
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15.4.3.1 The error components

A small deviation in the elevation angle will cause a small
deviation in the secondary angles. Then magnitudes can be determined
by simply differentiating the previously determined coordinate conversion
expressions with respect to the elevation angle.

For the x — y system

L A ST 2 o~ STl B
36  sFcix (-5 csc’s)- SNz o
Q6 GG L7 oS & ,5//\/9)

v A)rs_ébf_g ahd 0@_:.%%—-5

46
where £' is the elevation angle error found in the
preceding section.

For the 1 — m system

Jé:{.:: = SN j—/A/gd

46
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For the hour angle — declination system

I oSO SINY —son S cosP o5

\

46 Cos d
2k / St Casx Sectl
ey (Cos @ Siv X - 7hn & C’osh)z

Sivg Cos 2 dQS‘IA
(Cose Cos g syvr - S CoS )=
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In the preceding

is

is

is

is

is

is

T

is

is

S S L g W U T B

is
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the azimuth angle

the elevation angle
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the measured 1 direction cosine
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the measured hour angle

the measured declination

the latitude of the station location
the elevation angle error
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