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THEOREM. If (X, T) is a transformation , group, T 1is the w / y

additive group of real nnmbers, X is a subspatf/ ﬁ’{he )La.ne, and x is

,v

apoint of X suchhat xt £x for t #0, then ¥x), theorls’ita”f

x, 1is mot recurrent. >

- This resul} is n&b new; it is proved in a paper written by H. Bohr
~ -
and W. Fenchel in 1956;%’[1 The proof we present below seems apprecisbiy simpler

than that of Bohr and Fenchel,*

NOTATION. Farrpoints. ya.nd vy of x), y<y winn;ep.nthat
y=xt end y' =xt' wvith t<t'. If y and y' are points of Ax)
vith y<y', then {y, y'] = (z ¢ (x) lyiziy’} and (y,y')-
-«(:c';(x) |§é@<y'l. I£ D hccmﬁmuﬂw@m,tmab
vindmtﬁ boundary of D.

rﬁmror'msoma. Assume that o(x) is recurremt. Since ztfx zol)
t # 0, and since disjoint closed sets im the plum'fg;:sa sjoint mighborE

0

(o]
hoods, closeddiscs U, Vv, and W' can be found so that x;Int(V'), %

a closed disc VC V' with x e Int (V), W2)C W', and W(-1)C U'. Set <

W=W' and

*In this paper the orbit of a point x € X 1s called recurrent if every
neighborhood of x contains points xt with t € T arbitrarily large. The
classicel temm for recurrence is stsbility in the sense of Poisson.

13 may mention that the theorem follows very easily if one essumes that there are
local cross sections which are simple arcs. However, the proof of the existence

of such crosg sections is less elementary than the method we use in our proof.
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(1) | U = v(-1).
It follows that
(2) _ ) C v,
- (3) v[-,0] nw =g,
(%) vio,1]1 n U = §.

Assuming Y, z € 1(x) end y <z, we conclude that

(5) if yeU and z W, then (y,'z)nvf¢ [n-om(l)and(s)i,

(6) if yeV and z¢U, then (3, 2) NWFP [from (2) and (k)], enmd .
() 1f yeV and z ¢V, then (y, 5) NUF P [from (1) ama (3)1.
These threé. implications can be sumarized by saying that the orbit Hx) can
interchange between the three sets U, V, W or y in the cyclic order |
UVt '

Pefine points on 3(x) as follows:

18 the last point in V after x and before i(x) -enters W.

is the last point in W after x, and before ¥(x) enters U.

21

'x‘ 15 the first point in V after x;.
x6 i8 the first point in W after X).
X

is a point on MW N y{x) so that X <x, 5% and there is an arc w on

o Joining xe with x, and intersecting [xl, x5] only in x,.




x5 is a point on 3V N f{x) so that xh§x5<x6 and there is an arc
v on oV Joining x, and x5 and intersecting [x, xc] only in Xge
All of these points are well defined because 1y{x) 41s recurrent and

comnected; furthermore, x; <x, x5 <x s x5 < xg [see figure .].

Bet J =[x, 15]Uv and J* = [x,, x,] Uw. J and J* are simple
closed curves and J N J* 1s the arc [x), x;]. Simce [x, ;] nW=§, and
consequently [x, xll Nnwv=@, x and x; 1le in the same component of the
. empiemenig of J¥#; let G denote this caqp;ment and H the other,

Since x, €V and x, ¢V, we have, aue to (7),
@  (xx) nusd.
On the other hand, it fonows from (5), (6) and (7) that
(9) | (5 ua) - (x5, x))1 nu=4.

The region G is separated by (xl, x,) U v into two sub-regions: G' bo;mded
by (xl, x5) Uv and G" bounded by (xl, x) UwU (x5,,x6) U v,

[cf. figure 2.]. Due to (9), U does not meet the boundary of G"; on the other

hand, due to (8) , 1t does meet the arc (13, x,), which is outside of G".

U being connected, we thus have

(10) . UnG"=¢.
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Since j¥(x) 1s recwrrent, and x 1s an interior point of

VNG, there is an 8 ¢ y{x) such that Xs<s and s € VNG, Then
(x6,s)nUf¢_' due to (7). We shows

(1) e first poimt of (x¢, 8) NU, say p, 1s in E,

~ (41) the last point, say q, of it is in G'. Indeed, due to (10),
both p and q can be only in G' or H. Sx1ppose P e G's Clearly
xg # 8% Tms [xc, p] would have to croes the boundary of G', and since
¥(x) hag po double points, [xg, p] wvould have to cross v. But
xg ;-W";hﬂe vC v, 50 due to (7) [xg P} vould have to pass through U,
which Ednﬁrau'ets the definition of p, 8o (1) follows. (11) is proved in a

very similar manner, using the fact that slﬁ. Now we consider the arc

{p, ¢l. Bince PeH and q e @y [p, q] con@:ainsahatpom relh

‘before the orbit emters G', and a first point e §' after r.. Since the

2 1
boundaries of H and G' can be crossed only on v and v, respectively,

we have r, € v( W and r, e v( V. On the other hand, (r), r,)C 6", vhich
together vith (10) implies (ry, r;) NU =§. But now we have a contradiction

wvith (7), so the assumption that x) 1is recuyrent is false.

We are grateful to Joseph Auslander for conversations which resulted

in this paper.
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Figure |.

Figure 2.




