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I. INTRODUCTION

The obJject of this study is to test a series of methods for integrating
nonlinear coupled differential equations. By applying each method to the
same set of equations and by programming all on the same computer (the
Burroughs B-5000) a comparison in terms of speed and accuracy of the different
methods is obtained.

The set of differential equations chosen for the test are the equations
of motion of an earth-moon satellite, using the simplifying assumptions that
the earth to moon distance is constant and that the satellite remains in the
plane of the lunar orbit. The advantage of these particular equations and
conditions is that periodic orbits are known for this system and a check for
periodicity will give a guage for the accuracy of a method.

The methods to be used are the following:

(A) the single step Lie Series method of Groebner

(B) +the predictor-corrector multistep method of Cowell

(C) the predictor-corrector multistep method of Adams

(D) the single step method of Runge, Kutta, and Fehlberg

(E) the single step method of Runge, Kutta, and Shanks

Each of these methods is described in detail in separate sections.




ITI. ABSTRACT g/ﬁ ' 0 é

This study was an examination of various methods for integrating non-
linear coupled differential equations. The methods used were the following:

A, the single step Lie Series method,

B. the multistep Cowell method,

C. the multistep Adams method,

D. the single step Runge-Kutta-Fehlberg method,

E. the single step Runge-Kutta-Shanks method.

Bach of the methods is discussed in detail in this report.

The above methods were applied to the restricted three body problem.

In particular, Arenstorf orbits of the restricted three body problem were used.
The error in the methods was checked by noting the degree by which the
initial conditions failed to be reproduced at the end of one complete period.

Programs for each method were written in double precision floating point
arithmetic (25 decimal places) in Extended Algol for the B5000. A series of
runs were made on three different Arenstorf orbits at various orders from 7 to
16 and accuracies from 10-12 to 10_16. These results are presented in Tables
V, VI, and VII,

The conclusions reached were that each of the methods, except that of
Cowell, could be considered effective, but the methods of Runge-Kutta-Shanks
and Runge-Kutta-Fehlberg were the best. At the highest accuracies and orders,
where Runge-Kutta-Shanks formulas are not available, the Runge-Kutta-Fehlterg

method was superior.




III. THE RESTRICTED THREE-BODY PROBLEM

The various methods are applied to a particular problem known as the
restricted three-body problem. Here three masses are assumed to attract
each other by an inverse square force but one of the masses is considered
small enough so that its influence on the motion of the other two can be
neglected. It is also assumed that the motion takes place in a plane and
that the distance between the two massive bodies remains fixed. This problem
is of special interest since Arenstorf [1] showed the existence of periodic
orbits for this system. Many of these orbits are known and can be used as a
check on the accuracy of the integration method. In the rotating coordinate
system in which the two massive bodies appear to be at rest, the equations

of motion for the restricted three-body problem are

. . ' (x + ) (x - p")
=X+ 2y - M - 4
((xp) 2ay2) /@ ((x-p")2452)°/2
Y=y -0k - y

) y
() 2a32572 Y (eu)2y?) 32

Here the two massive bodies are located on the x axis with the center of mass
of the system at the origin, p is the ratio of the mass of the body located on
the positive x axis to the mass of the entire system, and p' is the ratio of
the mass of the body located on the negative x axis to the mass of the entire
system (p+p'=1). The units of distance here are chosen so that the distance
between the two massive bodies is unity, and the unit of time is chosen so
that the angular velocity of the rotating reference frame is unity (period

= 27).



In this project p was selected as about 0.012, the approximate value
for the earth-moon system. The three orbits that were used to test the various
methods are pictured in Figures 1, 2, and 3, and will be referred to as orbits
1, 2, and 3, respectively. Orbit 1 is an example of an orbit that comes
relatively close to the earth but not close to the moon, while orbits 2 and
3 toth come close to the moon but not so close to the earth.

The initial conditions for the Arenstorf orbits are obtained by trial
and error correcting of half orbit runs. The periodic orbits are known to be
symmetric with respect to the x-axis. Starting with initial conditions of
oy ¥ =0 and X =0, yb is varied so as to make x O (reduce |x| below
some preassigned value) at some particular x-axis crossing.

Both the Adams and the Shanks methods were used to obtain initial
conditions for each orbit. The two methods agreed with each other on what
thg initial conditions should be in each case to 19 significant figures. An
average of the initial conditions obtained by the two methods was then used
and is probably good to 20 significant figures for each orbit. It should
be noted that even if the starting values are correct to 20 significant figures
the error at the end of a complete orbit may be larger than this; for example,

19 *

in orbits 2 and 3 a change of 10 in the initial values produces a change of

lO"17 in the final values. In any case the initial conditions were at least

good enough to allow a return to the starting conditions to within better than

1 -
7 for orbits 2 and 3, and 5 x 10 19 for orbit 1, independent of the

method used for the integration.

5 x 10~




Figure 1. Orbit Number 1.

The initial conditions and parameters for this orbit are:

Xy = 1.2,
Yo =0
>'cO=O s
Yo = - 1.04935750985051990726 ,
p = 0.0121285627653123104912068 ,
period = 6.1921693313196397067h
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Figure 2. Orbit Number 2.

The initial conditions and parameters for this orbit are:

Xy = 0.994
yO=O)
%, =0 ,

Yo = - 2.03173262955753683566
p = 0.012277471 ,

11.124340337266085135070

period

10




Figure 2. Orbit Number 2.

11



Figure 3. Orbit Number 3.

The initial conditions and parameters for this orbit are:

X, = 0.99% ,
Yy =0
k=0,
yo = - 2.11389879669450266823
p = 0.012277471 ,
period = 5.43679543926018996897945
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IV. INTEGRATION METHODS

A. The Lie Series Method of Groebner

1. Description of the Method

The differential equations of the restricted three-body problem in

the rotating coordinate system are

. : ' (x + u) (x - u")
X=x+2y - -u s
Y (a2 ((x-u")2y?) 372
voo v o Ly y ) y ,
’ Y =R T (2R

where p' = 1 - u.

The initial conditions will be written as

x (0) %(0) =

i

b
1]

e

y (0)

1
o

Yo 3(0)

It is convenient to introduce the following vector notation:

G) #=(G) T=()

-
X

1
1
1]

o
B
VRN
O
N
sl
+
il

oy
il
e
+
By
o}
1]}

@

i}
X
o’
3
ED

15



The equations of motion are then written

6

with initial conditions

-
X

- — + a
X + 2u - M —5
a
(0) = E)O and u (0)

o=
,|ot

bt
0

To express the Lie Series it is further convenient to introduce the

operations
Dl
D2
D
where
T

and 5 is yet to be chosen.

0% ¥ ana D, D% ¥ which for

DO

(o

ot

ol

ol

>0

. =+7.
X

2.2,
du

D1 + D2 s

@}
]
)

The derivatives of interest are of the form

from O to 3 are:

-
X

=l

|
@

16




and

where

where

Q’x‘l’

mc‘l’

0 -
D2 D x
1 -
D2 D x
2 -
Dg D™ x
-
D2 D5 X
8" -

g;(t') + 2 ff

o ,
%,
25",
= u!
-58___5_
a
_ B
b5

+!

a=1 0

-2 sz g @
a=1 0

17

(8 -34.54
[§ -3 6.5 4]

d
t

d
t

T

=T

T

=T



Written out explicitly for o running up to 3 this gives

x t! Y-
Ten =2+ J, |eren Bn « EETL 28 ()
0
£rog))
+ (“5!T> na(-r) ar ,
* - t! = = +
w(t') =u (t') + fto & (1) + (t'-7) 28,7 (1)
N
+ (tg?T) _)a(T) dar ,
- - - (t_tO)2 2
xa(t) = x(to) + (t-to) u (tO + =5 D (t)
. t=t,
(-t _)°
+ 5!O > R (t) ,
tfto
(t-t)°
B (8) =T (t) + (t-t) ¥ % () + 2,0 P R (t)
t=t, . =t

Tt should be noted here that & (r) and .

=
(1) are B and 7 evaluated at xa('r) .
As yet'6 is undefined; it is to be chosen so as to give the best possible

first approximation to 5) In this work a was chosen as

7 (s = |D° R (%) + (t'-t) » X (t)

t=tO t=to

1.1. Evaluation of the Integrals

The evaluation of the integrals in the Lie Series was accomplished

by approximating

18




t  (t-T)
fo, S e ar
by
- o]
(_t tO)OHl )
(a+1)! EO ¢ ko Sa (to +k (t-to)/o) ’
where
a ot
g - V. g V+k
C xa vz:k o) wT A 1707 (-1) ’

and the Acva are given by

AOoe = 1
g 3 g
fao T Tam)
29 _ o 20 - (o+3)
e 2 (o2)(a+3)
A0 = O 302-50(a+l+)+(a+5)(oz+1+)
3 3 (a+2) (a+3) (o k) ’
A0 o 8 1207-180"(ar5)+110(ark) (a5) -3(c3) () ()
Loy 12 (o+2) (a+3) (o) (a+5)

This is equivalent to a Newton-Cotes integration of degree o. For example,
when o = 2 it is equivalent to Simpson's rule.

1.2. Error Estimetes

The estimate of the error in @ is given by

19‘



ORI OO NI o T RO LT
o= =T

or

Be) = 87(+) -8 (1) - [r |28 (1) + (t-m) (e | an
0

)

where again 5;(T), €;+(T) and ﬁ;(T) are to be evaluated at §;(T). The

estimated error in the velocity and position are respectively

(t-ty) (5-1,)?

a(t) = —— P(t) and B(t) = —5— Ht) .

The integrals in the error terms are carried out in the same way as described
in the previous paragraph on integration.

1.3. Step Size Control

The step size control is based on the set of constants Yy )’l,
4 4 y, and ¥
2’ ’ k max’

At the end of a step no change is made in At if

INA

p< 7 and a< 7,

and either p>7 or q>v

Otherwise the step size is changed by the relation

st y*
A¢next - (5 + R+y )

In the above criterion

20




Ia: q= ‘EI )

g
1}

<
[}

(7 +7)/2

Y =Y e

7, ifp2a
Tk 75 ifp<gq ’

and R = maximum of p and g. This results in the maximum increase or decrease

in At at any step being % or % respectively of the previous At.

The constants 71 and 72 are sefected on the first step by halving the step
size until lfﬂ < 7 wax and assigning Y, =D and 75 = 4. The constant 7max is
an input constant.

While there is some theoretical foundation for this system of step size

control it is to a large extent empirical.

2. The Lie Series Computer Program

The program itself is written in double precision (23 decimal places)

arithmetic for the Burroughs B-5000 in a language called "Extended Algol for

the B-5000." This language is close to Algol-60 except that all double precision

arithmetic is written in Polish prefix notation. There are no unusual hardware
requirements. The program will run on a minimum B-5000 system.

The program assumes that all orbits will start on the g:axis (axis of
symmetry for the orbit) with the x component of velocity zero, and will return
reasonably close to the starting point.

2.1. Closing an Orbit

The orbit is completed by first running to the end of the period

(as given on input data card no. 7) and then interpolating to a time that would

21



give y = 0. The error in closing the orbit can then be taken as either the
error in x, ¥y, %, and y or the error in x, %, ¥ and the period.

2.2. Searching for Improved Initial Conditions

At a time close to the half period (as given by the input data)
a search is made for a crossing of the x axis in a direction specified by data
input card no. 4. The time interval is then reduced until a value of y is
found such that |y| < 7,/16. The value of % at this point and the value of %
on the previous half orbit are used together with the initial ¥ of this and
the previous orbit to do a linear interpolation for a new initial y that will
further reduce the magnitude of x. Half orbits are run until lkl < 1672.

2.3. Data Output

The following is a description of the output:

The first line printed is the information on the first six cards of the
data input together with identification of each item. Here o is referred to
as SIGMA, Ymax 25 GMAX, and At, the initial trial step size as DT.

The orbit information is printed at every N steps, where N is indicated
on the data input card no. 5, including the zeroth step (initial values). The
information printed out is:

the step number (labeled STEP),

the processor time in seconds (labeled TIME),

the estimated error in & (labeled P),

At for the step just taken (labeled DT),

the x position coordinate (labeled X),

the y position coordinate (labeled Y),

the time, t, for this position (labeled T),

the velocity, x (labeled U),

the velocity, y (labeled V).

22




At the final step (at the end of the time interval equal to the period
specified on input data card no. 7) the orbit information is also printed.
An estimate is then made of the At which would make y = zero (At = - y/y),

and the interpolated value of X calculated (ki + Ot X). The

nt = *rinal
errors for the orbit closure are then printed out in this order:

the differences between the initial and final value of x (labeled DX),

the value of y at the end of the period given on input data card no. 7
(labeled DY),

the value of %X at the end of the period given on input data card no. 7
(1labeled U),

the difference between the initial and final value of ¥ (labeled V),

the time interval necessary to interpolate y to zero (labeled DT),

the interpolated value of X at the time when y is zero (labeled DU).

If a search for improved initial conditions is called for by the input
data this additional information is printed:

the orbit information at half orbit,

the new period based on this half orbit (labeled PERIOD),

the new value of the initial y (labeled V NEW),

the difference between this starting value of ¥ and that of the last
half orbit (labeled DV),

the difference between this ending value of % and that of the last half
orbit (labeled DU).

2.4, Data Input

The following is a description of the data input cards and an

explanation of the function of the information on each card.

23



Card No. 1:

The value of ¢ to be used in the integration scheme. The value of
o can vary from 1 to 4 and gives the polynomial degree of the numerical
integration. For example, ¢ = 1 is equivalent to trabezoid integration, o = 2
Simpson's rule, etc. Note that o = 2 and 0 = 3 have the same order truncation
error. This number must be a free field integer followed by a comma.

Card No. 2:

The value of Y max’ the error to be associated with &. This number

mist be a free field single precision real number followed by a comma.
Card No. 3

A "YES" or a " NO" to indicate if a search is to be made for improved
initial conditions or not. This entry must be a three character free field
literal followed by a comma.

Card No. k:

A +1 or a -1 indicating the direction of the x axis crossing at half
orbit. If the half orbit crossing is ip the +y direction (y positive) then
+1, if in the -y direction then-1. This information is used in searching for
improved initial conditions, but must also be present in the input data even
if card no. 3 is " NO". This nunmber must be free field integef followed by a
comma .

Card No. 5:

This card contains an integer to indicate how often orbit information
is to be printed out. A 1 causes a print at every step, a 2 causes print every
other step, a 3 causes a print every third step, etc. Regardless of the value
of this number a print out will take place at the geginning and end of every
orbit or at the end of every half orbit if a search for‘iﬁproved initial con-
ditions is being made. This number must be a free field integer followed by

a comma. .

2L




Card No. 6:

An initial trial value for At, the time step size. If this trial
value of At produces too large an error (i.e. |B] > 7max)’ the step size will
be halved until |fﬂ < 7max before the first step is accepted. This number must
be a free field single precision real number followed by a comma.

Card No. T:

This card contains the period of the orbit to be run. This number

must be a free field double precision real number not followed by a comma.
Card No. 8:

This card contains the value of p. This number must be a free field

double precision real number not followed by a comma.
Card No. 9:

This card contains the initial value of the x coordinate. This number

must be a free field double precision real number not followed by a comma.
Card No. 10:

This card contains the initial value of the y coordinate. If zero
it must be so punched. This number must be a free field double precision real
number not followed by a comma.

Card No. 1I1:

This card contains the initial value of %X or U, the x component of
the velocity. If zero it must be so punched. This nunber must be a free field
double precision real number not followed by a comma.

Card No. 12:

This card contains the initial value of y or V, the y component of

the velocity. This number must be a free field double precision real number

not followed by a comma.

25
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Figure 4. The Flow Diagram for the Lie Series Method.
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Comments may be put on the data cards by observing the following rules.,
For free field integers and single precision real numbers a slash, /, indicates
that the remainder of the card is to be ignored. For double precision real
numbers an asterisk, ¥, indicates that the remainder of the card is to be
ignored. Comments can then be written on the data cards following the slash
or the asterisk.

3. The Flow Diagram for the Lie Series Method

Figure 4 gives a detailed flow diagram of the computer program for
the Lie Series method. The symbols and terminology used in the flow diagram
correspond to those in the above discussion and in the program listing.

4. The Program Listing for the Lie Series Method

The following 18 pages list the program for the Lie Series Method.
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B. Cowell's Method

1. General

The term "Cowell's Method" as it applies here refers to a class of
multi-step algorithms derived from Bessel's central difference interpolation
polynomial and applied to the numerical solution of ordinary differential
systems. The method originates with Cowell and Crommelin [9] and is described
in some detail by Herrick [10]. These versions, as such, shall be referred to
in this paper as the "conventional" Cowell method. A variation of the con-
ventional method, discussed in [11] forms the basis for the "modified" Cowell
method wherein the necessity for the continued maintenance of a difference
table as the integration progresses is eliminated. An amplification of
these results is the intent of the treatment to be presented here.

In broad plan, two general algorithms will be developed, one appli-
cable to the special first order equation y = f(t,y), the other to the
special second order equation ¥ = f(t,y). Here the "dot" signifies
differentiation with respect to t. It will then be shown how a combination
of these results can be applied to the general second order equation
¥ = f(t,y,7). The extension of the technique to include systems of equations
follows naturally.

At the outset it is assumed that a table of differences for the function
£(t,y(t)) has been furnished by some starting procedure. The principal
technique of the modified Cowell method then consists in manipulating the
difference table in such a way that a general algorithm (derived from
Bessel's formula) is made to yield a set of predictor-corrector formulas
suitable for extending the tabulation. These formulas are expressed as linear
combinations of the current and previously computed values of f(t,y(t)) in

which the coefficients are permanent. That is, the coefficients depend only
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upon the order of differences used and can be computed once and for all prior
to an application.

2. The First Order Case

2.1. The General Algorithm

Let f(t,y(t)) be tabulated over an equipartition of step size

h by means of some starting procedure which produces the 2M+1l points

where

(—f
]

to + kh

)
b

Under these circumstances and with the introduction of the change of variable

t=hs+t , s= (t-tn)/h s

Bessel's interpolation polynomial of degree 2M for f(t,y(t)) takes the form

IQM (%) I2M (hs + xn) s

M 21 21
L <3 <A foq T A fn_i> B,, (&) (2.1-1)

i=0

2i+1

+ A B

fo-i Boinl (s) ’

where A denotes the conventional forward difference operator, and the

polynomial coefficients Bk(s) are given by
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B, (s) = 21 r s (s-1)(s41)(s-2)(s42) ..
. (s-1)(s+i-1) .. (2.1-2b)
B, (5) = (5%117 (s - 3) By, () . (2.1-2¢)

It will be noted for later convenience that the polynomials BEi+l (s)

are symmetric with respect to the point s = £ over the interval O <s < 1.

The interpolation polynomial (2.1-1) can be put in a more convenient
operational form by introducing the displacement operator E, the central

difference operator d, and the averaging operator p defined as follows:

Bg(x) = g(x+h) (2.1-3a)
5g(x) = (E% - E'%> g(x) = g(x+h/2) - g(x-n/2) (2.1-3b)
ng(x) = %»(E% + E'%) g(x) = % qg(x+h/2) + g(x-h/2)p . (2.1-ec)

It can then be shown that the following relations hold:

A=E-1=E=VE , (2.1-4a)
Val-Elagta= gt s (2.1-bb)
1 _1
8=E -EZ2 , (2.1-ke)
1 L
n=31 (g2 + 82 |, (2.1-k4a)

50




ud

Formal manipulation of these

formulas

Afj = fj+l - fj = ij+1 5 (2
ij = fj - fJ_l = Afj_l s (2
IS T S S (2
SRR AT RV 2
pudf, = %’(Afj + Af._l) s (2.

= 1 (V0 + V2 (2
str . = AFfj_k/E = kaj+k/2 , (2.
ey = 38 et BT ey o | (2

= 3 kaj+(k+1)/2 + kaj+(k-1)/2 ’ (2
N akfj+k/2= kaj4k= , (2.
> Akfj + Akfj_l = ukfj+(k_l)/2 : (2

I(E-rhH =3+ (2
1(a+nE) (2
L (VE + V) . (2.

operators now yields the set of conversicn
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Setting k =2i + land j=n - i in (2.1-5j) gives

2i+l _ 21+l
A £ =0 fn+l/2 . (2.1-62a)

Similarly, setting k = 2i and j=n - i + 1 in (2.1-5k) gives

(A?lf 21 ) 2i

n-i+l © n-i n+l/2 (2.1-6p)

oj—

Hence, substituting these last two results into (2.1-1) yields the operational

form of Bessel's formula

M .
_ 2i 2i+l
Iy (hs + tn) = izb Bgi(s) e~ + B2i+l(s)6 i1/ - (2.1-7)
Now, from the differential equation one can write
tn+l tn+l
Iy y'(t) ax = [T £(t,y(t)) ax . (2.1-8)
n n

Replacing f(t,y(t)) by the interpolating polynomial (2.1-7) in this

expression then yields the approximation

1
Vpp1 = Yy % 11fo Loy (hs + tn) ds (2.1-9)

which can be written in the form

By ~ h % T seitdy ¢ (2.1-10)
n+l/2 520 21i .

Vo101 nel/2 ’

where
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7oy = Iy Bpyls) as
(2.1-11)
) _ 1
To1e1 = Jo Boyya(s) as
But, from the aforementioned symmetry of the polynomials B2i+1(s) it follows
that 7, , = O for all values of i. Hence (2.1-10) reduces to
u 21
8yn+l/2 = izb 7,0 hfn+l/2 . (2.1-12)

Replacing n by n - 1/2 and formally mltiplying (2.1-12) by the inverse
operator 6-1 yields the final form of the general algorithm for the first

order case, namely

,ud hf . (2.1-13)

As a formal approximate solution of the differential equation, this can be
written
M 1 '

2 72.u621- hy
. i
i=0

u

¥ (2.1-14)

It will be noted that (2.1-13) is an implicit (closed type) formula since
the sought-for value y = y(tn) also appears in the function f = f(tn,yn)

on the right side of the equation.

2.2. Evaluation of the Coefficients

A simple way to evaluate the coefficients Yos defined by

(2.1-11) can be developed by writing (2.1-2b) in the form
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(2i)! Bgi(s) = s(s-1)(s+1)...(s-1)(s+i-1) , (2.2-1a)
2i-1 ..
= I Ay . L IS (2.2-1b)
j=o 1) J

Tt will be noted from (2.2-1la) that the leading coefficient A is unity

2i,0
for all 1. Also, it can be shown that the sum of the roots of the polynomial

(2.2-1a) is i. Hence, from elementary theory of equations it follows that

A, =1 and A, = - i for all i. A recursion formula which affords an
2i, 0 2i,1
easy construction of the integer coefficients AQi . can be derived by
)

replacing i by i+l in (2.2-1a) to get

(2i+2)! B21+2(s) = s(s-1)(s+1)...(s-i-1)(s+1i) ,
2i-1 o
= (s-i-1)(s+i) L A, . s 9. (2.2-2a)
320 2i, J
On the other hand, replacing i by i+l in (2.2-1b) gives
edrl 2i+2-3
i M = - -
(2i+2)! B21+2(s) .Z A21+2’j s . (2.2-2b)
J=0
From these relations it follows that
2i+1 2i-1
Diao_ 3 -
L Ao s H42- 2 (5-1-1)(s+1) Any g21-d (2.2-3)
j=0 ’ 3=0 1,d

Equating coefficients in this expression then yields the set of recursion

formulas

A, ~ =1, A =-1 1i=0,1,2,... , (2.2-4a)

54




= A - A - i (i-1) A

Boi s T Boin, 5 7 Poico, 5o 2i-2, 3-2

i=2,3, ... ; 3J=2,3, ... ,2i-1. (2.2-4v)

It will be noted from these relations that after using (2.2-L4a) to fill the

first two columns of the matrix

A= (A Yi=1,2,3 ... , M j=0,1,2,...,2i-1 , (2.2-5)

21, J

each row after the first generates its successor in accordance with (2.2-Mb).

A convenient check on the process is the relation

1
Y, A, .=0 , (2.2-6)

that is, the sum of the entries in each row after the first must vanish.
Having constructed the matrix A, it follows Iimmediately from (2.1-2a),

(2.2-1b), and the definition (2.1-11) that

70= 1 b4
(2.2-7)
2i-1
o 1 .
721 T ()T jzb 51-3+1) e,y T2T

A few values of the coefficients 755 8re given in a rational form in Table I.
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TABLE I

THE y COEFFICIENTS (RATIONAL FORM)

@o O &=

10

14
16
18

Yoi

1

-1/12

11/720

-191/60480

2497/3628800

-14797/95800320
92427157/26153148736000
-257184391/31384184832000
61430943169/32011868528640000
-23133945892303 /51090942 167709440000

3. The Second Order Case

3.1,

The General Algorithm

By purely formal manipulations the result (2.1-14) for the first

! order case can be made to yield a general algorithm applicable to the special

second order equation. To do this y can be replgced by ¥ in (2.1-14) to get

u 2i-1
y=42 7o {HO ny . (3.1-1)
1=0 t

Substitution of this expression into the right member of (2.1-14) then gives

M . o)
2i-1 2.,
y=u {2l 7yymd Lony . (3.1-2)

i=0
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It is easy to show by (2.1-kec,d) that
2
2 d
R (3.1-3)

Hence, putting this result into (3.1-2) leads to

M s 2 M =\ 2
y = <Z 72i821 l> +% < 2, 721821> h2 . (3.1-4)
i=0 i=0

Formally expanding the squared operators in this expression, collecting
terms, and truncating the result to include differences of order 2M yields

the formal approximate solution of the special second order equation

M+l .
2i-2 2se
y={ L 7,8 “Hny (3.1-5)

M+1
_ *  2i-2 2
y, = 'Z 7 548 n°f (3.1-6)
i=0
or
M
2 _ * 21 2
o yn = i§ 72i o) h fn s (31"7)
where
&y =y .2y +¥ : (3.1-8)
n n+l n n-1 ‘

3.2. Evaluation of the Coefficients

*
The coefficients » appearing in the general algorithm (3.1-6)

can be evaluated in terms of the y's by the brute strength expedient of
expanding (3.1-4) and collecting terms according to powers of &. The result is

collected below in the set of relations:
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Yo = 1, (3.2-1a)

L %o, (i-l)/27 , 1 (%-5)/27 , RER

21 5=0 2j’e(i-3) " 2 Ju0 2372(i-5-1)" % 7io1
1= 1,35 7, .. (3.2-1b)
" (i-e)/z ) (i.e)/e .

7p1 T 2 T=0 72572(1-3) T3 5=0 72572(1-5-1) * 71
i= 2, L4 6,8, ... . (3.2-1c)

*
A few values of the coefficlents 755 are given in rational form in Table IT.

*
Decimal equivalents to high precision for both 72i and 72i are given in

Table IIT.

TABILE TII

*
THE y COEFFICIENTS (RATIONAL FORM)

*

21 Y01

0 1

2 1/12

L -1/240

6 31/60480

8 -289/3628800

10 317/22809600

12 -6803477/2615348736000
1k 69429517/56491532697600
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4, The Starting Table of Differences

Both the conventional and modified versions of Cowell's method require

a starting table of differences.

It is agssumed that the order of differences to

be used is 2M, where M is a positive integer, and that values for the quantities

hoi? Ivei” TMei P

120, 1, 2, ... , 2M , (L4-1)

(4-2)

have been furnished by means of some starting procedure (to be discussed later)

based on a given set of initial conditions for the differential system. From

these values a table of differences is then constructed out to and including

differences of order 2M and back to and including inverse differences of order

-2 of the function f. An illustration of such a table written in central

difference notation is shown for the case 2M = L in the bounded region of

Figure 5. Within this region the starting values are further separated by

dashed lines.

Having given the above starting table of differences, the principal

distinguishing feature of Cowell's method is the extensien of the table using

estimated differences obtained under the assumption that differences of order

oM are constant. The extension is carried out down to and including all

differences associated with the entry f

M+1 by reversing the normal table

construction procedure. The results of this process for the case 2M = 4 is

shown as the unbounded region of Figure 5. In the discussion to follow this

portion of the figure shall be referred to as the estimated table of

differences.

It should be kept in mind that although central difference notation is

used in the illustration, the entries represent nothing more than forward or
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STARTING TABLE OF DIFFERENCES

,,«’{/’ /"
~.
~ 2
-2 y
5 f
3
-2 el
5 fy
5f 5% 4
5/2 5/2
2 y 7
5 fg . 5 fg
8%z /2 5 712

ESTIMATED TABLE OF DIFFERENCES

Figure 5. The Starting Table of Differences for the Cowell Method.
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backward differences (depending on viewpoint) based on the tabulated values
of the function f. In an actual numerical case the numbers are the same
regardless of viewpoint.

L.1. The modified Cowell Method

In the modified (or expanded) version of Cowell's method the
necessity for maintaining a current difference table during the integration
is eliminated by rewriting the central differences appearing in the general
algorithms (2.1-13) and (3.1-6) in terms of the tabulated values of the
function f. The results of such a process offer particular time saving
advantages in applications calling for frequent changes in stepsize. The
breakdown is performed in two ways. The first expansion produces predictor
formulas which give Y, entirely in terms of previously computed information.
The second expansion produces corrector formulas which give yn in terms of the
current value fn = f(tn,yn) as well as previously computed values. The
results of such a process are summarized in the form of general expanhed
algorithms in the sections to follow. Specific illustrations of the break-
down process are given in Section 7.

5.1. Predictor-Corrector Formulas for the First Order Case

Under the first expansion the general algorithm (2.1-13)

takes the matrix form

_ 2i-1
y = § 751H0

wf =h (y.8°°F , + Pf) (5.1-1)
120 n 0 n-s

where f is the column vector of tabulated values

f= ces o L1-2
fh-1 fn-2’ > Theoom-1 g ? (5 )
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and P is the row vector of constant coefficients defined by the matrix

equation
P=1 DB = (Pl, P, PB, cee P2M+l) . (5.1-3)
In this last expression ¥ denotes the row vector
y = (70,‘72, T e Yoy) (5.1-k)
B denotes the square matrix of signed binomial coefficients

= - j i i .= ¢ 0 . -
B By ; (-1) <}> i, =0, 1, 2 , oM (5.1-5)

and D represents a rectangular matrix with integer entries defined as

follows:
D= [Di,j] i=0,1,2, ... , M3 =0, 1,2, ..., 2M (5.1-6)
Do’j =1 j=0, 1, 2, , M (5.1-7a)
Dy, 7 §’+jlf 3 =1, 2,3, ..., 2M ’ (5.1-70)
Di’j =0 1i=2, 3, L , M 3=0, 1, 2, , 21 -2 (5.1-7c)
D, = W) (5e1)(3-1-1)(5-1-2) . (5-2842)
i=2,3, 4 ..., M j=2i-1, 2i, 2i+l, ..., 2M . (5.1-74)

In expanded form (5.1-1) becomes the predictor formule
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1 2M+1
v, = h Q7® T 1+ L P.f ., (5.1-8)

J n-J

in which the coefficients Pj are defined by (5.1~5). In the subsequent
discussion this expression shall be referred to as the general predictor
formula for the first order case. A detailed illustration of the derivation
of (5.1-8) for the case 2M = 4 is given in section 7.

Under the second expansion process (5.1-13) takes the matrix form
y, =h (y87'r 4 + Cf) (5.1-9)
n 0 n-s ?

where f is the column vector

f = (fn,fn_l,fn_g,...,fn_ZM) s (5.1-10)
and C is the row vector of constants defined by
=1 =
C =2 yEB (cl, Cy) CB""’02M+1) (5.1-11)

In this expression ¥ and B are the same as previously defined and E denotes

a rectangular matrix with integer entries given as follows:

E = [Ei,j] i=o0, 1,2, ... ,Mp §jg=0, 1.2, ... ,2M , (5.1_12)
1, j=0
By 5 = o0, 1-1
O’J {O) J = 1)2)5; ;EM ’ (5 Ba)
0, =0
STR I EEA B , (5.1-13b)
’ 1, §=2,3,k4...,2M
0, j=0,1,2
2,5 7 )4 ) 1-1
2, {J-l, j=3,4,5 ..., ° (5.1-13¢)
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=
it

i, 3 O i=23,b,5...,M j=0,1,2,...,2i-2 , (5.1-134)
2

E, .= %%f%%, (j-1-1)(j-i-2)...(j-2i+2)

i, J :

N
\

=3,4,5,...M; J=2i-1, 21, 2i+l,...2M (5.1-13¢)

In expanded form (5.1-9) becomes the corrector formula

2M+1

+ 2 C.f

J‘=]_ J n-j+l } (5-1':“")

where the coefficients Cj are calculated from (5.1-11). This is the general
corrector formula for the first order case (see Section 7).

5.2. Predictor-Corrector Formulas for the Second Order Case

Under the first expsnsion the general algorithm (3.1-6) becomes

M+1

_ * 2i-2 | .2 2, *_.p *
v, = .Z Yoy O h"f = h (70 8 °f +P £) (5.2-1)
i=0
in which
T= n_l’ n_2’ n 5’ ')fn_gM_l ) (5-2—2)
_ * ¥ _ (P >* P * P * * ) (

P= DB 17 P By soe o ® o 5.2-3)

* * * * *
Y = (72 ) 74 ’ 76 yeees? 2M+2) ) (52")‘1’)

*
and D 1is a rectangular array with integer entries defined as follows:

* * . .
D = [Di j] i=0,1,2,...,M; j=0,1,2,...,2M (5.2-5a)
2
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Dy 5= L, J=0,L,2,...,2M , (5.2-5b)
s d
% 0, j=0,1
D, .= . .2-5¢
1,3 Y51 §=2,3,...,2M (5.2-5¢)
* . 3 .
D, 5= 0 i=2,3...,M5 J=0,1,2,...,2i-1 , (5.2-5d)
s
* o (9-1) . . o
Di,j = -~ (3-i-1)(3-i-2)..(3-21i+1)
i= 2,3,...,M; j=2i, 2i+l,...,2M . (5.2.5€e)

In expanded form (5.2-1) becomes the predictor formula

2M+1
* o *
y_ = h° 7o B an + 2 P .f R (5.2-6)

n 5=1 Jd n-J
*
where the coefficients P j are calculated from (5.2-3). This is the general
predictor formula for the second order case (see Section T7.3).

Under the second expansion (3.1-6) takes the matrix form

¥, = he 70*5'2fn s 0 , (5.2-7)

where
LS S0P SUETE SPYRERVE S 3 (5.2-8)
¢ =9 EB = (cl*, 02*, 05*,..., CZM+1) , (5.2-9)

*
and E 1is a rectangular matrix with elements defined by
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E = [Ei J,] i=0,1,2,...,M; j=0,1,2,...,2M , (5
2
* L, j=0
E . = 2 f
0,J 0, j=1,2,3,...,2M "’ (5
* 0, j=20,1
E L= > 4 .
1L 1, J=2,3,4...,2n 7 (5
g =240 3=0,1,2,5 (s
2)tj 3-5} gj = LI',5’6, }EM ?
* L3 3 .
E, 5 0 1i=3,45,...,M; j=0,1,2,...,2i-1 , (5
2
*  (g-1i-1) ,. . . s
Ei,j— T (§-i-2)...(3-2i+1) ,
i= 3,4,5,...,M; j=2i, 2i+l,...,2M . (5.

The expanded form of (5.2-7) becomes the general corrector formula for the

second order case, namely

2M+1
_ .2 * .0 *
y, = b 7o ® T, * _Z o jfn_j+l . (5.
J=1

5.3. Mid-Range Formulas

.2-10a)

.2-10Db)

2-10c)

.2-104d)

.2-10e)

2-107)

2-11)

The formulas to be developed here find application in the con-

struction of the starting difference table wherein a knowledge of the

quantities 87f ., 87t

2 M+3 M

a test criterion for change in step size to be described later.
Returning to the general algorithm for the first order case, (2.1-15),

and setting n = M gives
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g = h

7Ou6

M

1
£y * 2

i=]1

2i-
7o iMO

which, upon substituting from (2.1-5i), becomes

M

=h 70u8_lf

M

+

1

2
i

Making use of the identity

and also breaking down the backward differences into terms of function

-1
YoHd Tty =

"W MM=

1

M

values by means of the relation

k
kaj = Y (-1)F

T

e

M

-1 1
705 fM-% + 5 7OfM B

=0

finally converts (5.3-2) into the matrix form

M

=h 708-1

where f is the column vector

f =

bl

2M

+ f

2M-1’

£

fM-% +

om-1 F

L
2

f

7OfM + RT

OM_2? * 2

f

1

r / j-r

)

+ T

and R is the row vector defined by the matrix equation

in which
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(5.3-2)

(5.3-3)

(5.3-4)

(5.3-5)

(5.3-6)

(5.3-7)




Y

7= (72J 7)+) 76)'-':72M) P) (55'8)

and B is the Mx2M rectangular matrix formed by extracting the rows of odd
index i = 1,3,5,...,2M-1 from the matrix B of signed binomial coefficients,
defined previously, and writing them in pyramidal form. For example, if

differences of order 2M = 6 are used, then M = 3 and B takes the form

0o 0 1 1 0 0
B = O 1 -3 3 -1 o |. (5.3-9)
1 -5 10 -10 5 -1

In a similar manner, beginning with the general algorithm for the second

order case, (3.1-6), and setting n = M gives

M+1

Yy = b’ 70*5'2fM + .§ 7*21621'2fM s (5.3-10)
i=1l
which, upon making use of the relation
Skfj = kaj+k/2 s (5.3-11)
becomes
Yy = n° 70*5'2fM + Tgi 721* vzi'ng+i_l . (5.3-12)

Application of (5.5-&) to break the differences down then yields the matrix

form

£ +RE L, (5.3-13)

where f is the column vector
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f= foe N TRREVE (5.3-14)

*
and R 1is a row vector defined by the matrix equation

R =9 3 , (5.3-15)

in which

*

_(* * *
7—72)7)_'_

)"’)7 2M+2) ) (5‘5-16)
and B is the (M+1) x (2M+1) rectangular matrix formed by extracting the

rows of even index i = 0, 2, L,..., 2M from the matrix B and writing them

in pryamidal form. Thus, in case differences of order 2M = 6 are used,

E takes the form

(5.3-17)

(wel]

[}
o
l_l
]
=
()Y
]
=
’—l
(@]

'_l

-6 15 -20 15 -6 1 —

In application it is convenient to expand and collect terms in (5.5-5)
to get

-1 2M+1
y,, = h .5 £ 1 + %
M 0 M-5 =1

Mjng"j"’l b (5'5_18)

where the constants Mj are obtained by equating coefficients in the expression

2M+1
)

J=1

Moo 31 = 3 7, + RE (5.3-19)

with £ given by (5.3-6). Similarly, (5.3-13) can be written
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.2 * D *
Yy =B {7y 8 T+ j§l My oy i1y (5.3-20)
*
where the constants Mj are obtained from
2M+1
* *
jzi Mj ng_j+l =R f , (5.3-21)

in which f is now defined by (5.3-1k).
*  * *
A tabulation of the coefficients P, C, P, C, M, M to high precision
is included in Table IV.

6. A General Deséription of an Application of Cowell's Method to the

Simplest Second Order Initial Value Problem

The discussion that follows concerns the modified Cowell method as

applied to the initial value problem

y=F (t,y,jr) )
(6.0-1)

where again the conventional "dot" notation signifies differentiation with
respect to the independent variable t. Extension of the technique to

include systems of-equations will follow easily. For convenience in referencing,
the principal algorithms developed in the preceding sections are rewritten here

as follows. Formulas (5.1-8) and (5.2-6) become, respectively,

1, 2M+1
Jp =B Q7B F 1t .§ PFog b (6.0-2a)
J=1
2M+1
_ .2 * =2 *
Yo =B {y 8F + 321 P52 (6.0-2b)
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TARLE g

U

S

PREITCTIR=CURRECTOR AND MI)IANGF FORMUL A COEFFICTIENTS

~rORRESPUNDING

T3 NIFFFREVCES OF ARDE=R 4

FIR<T 13ngR CAcE

PREDINTOR

P(I)

2.589955357142857142857079+00

'6,9359513?27513?2751392853+OO

1,11109872677248677248676%+01

-1,OQOQQ656084656080656085@+01

6.«711%539?7513?27513227ae+oo

'2.1409391S343°153039153309+oo

3,002?4537037037037037041@-01

72

FORRERTUR

e
3.00?905370370370370370413-01
4.603835978835078R?597891?-01

-5.465%604497354497354a9873-01
a.71a9%571&285714955714303-01
~2.606068121693121693121648m01
8.94735049735aa973544979aa-34

'1.136739417989017089417943-02




e

D

el

i

Pk )TCTAR

Pe(T1)
5,7255793540554373897707172=0"
=1 43574422698 51283841263562+00
?.39572205K8743768731069084+91
-2.352342372134038800705452400
1,396RNUNATUENIITHEADI1T 442400
=4 A11789021164021164021162=01

5, 349375417241650417283952=02

13

A31ER CASE

SORRZATIR

C+(I)

5,549875A172339308172%3953=7/

6.,740206NR1KA558N3L4AKRSKNDRL1IA=7/

=1.106357473544973544973392=71

1,0437059082890414622574763-01

=5,999N00ANRUASADBNASANT I4a=N .

1,9393187830487830KR7a27Nay

=2,70860R904525573192239372=73



N

TINRANGE

FIRST OARNDER CASE

MOT)

=1,579134391534391534391573=03

1,395502445502645502445472a=07

=6,0839616A00211640211440302=02

5,000n000000000000000000008=0+

6,483961640211640211640300=07

=1,395502545502/45502464547@=0?

1,579134391534391534391572=~03

Th

SFCOMD ORNDER CaSE

A*(T)

=7,964N0685255731922398582559~05

9.904100529100529100526933=04

«7.,4115410N05291005291005024=03

9.6334R876543209874654320822=00

=7.4115410052910052910050293=03

9,90410052910752910052693a=4

=7.,9640A52557319223985R82553=195




[y

19

11

PREDVICTAR=CIRRECTIR AaND

CURRESPONDINAG

FTIReT
PREDICT R

P(T)

3,7262539404878R81460103808,00

=1.655949246557773502217313401

4,777560245034780463780792401

=9 377261528930 27R980278924+N1

1,29779502646753525092192284+07

=1, 28H225974025974025974242407

9.15353025480499438832/7472.401

=4 _5580361R4764309764309832.01

1,515963111584595959596002401

=3,0228449967599273154R2848400

2,742455400315990593748472=01

5

TO NIFFcRENCES OF

MIDRANGF FNRMULA CRIFTICTSNTS

ARJIER 12

'‘RVER CASE

FIAIRCAT R

c(m

2.7824554N0031599059374847 a=n1

7.093330001402915749534404=-91

=1,4708870438397367558435324a,9V

2,5217885.3173061340A28238,70U

~3.239433318552589333922 35, )}

3.068R823152154683489R1557.

=2.11109179179936371435373413:1)

1,0274874337622235423892073a.3J

~3.355477420295528459194433-01

6.,6026414108011331723353453=9¢

=5.924056412337542337640112=03




tn

11

ECOD
PREDIATAR

Px(])

7.65936625077744942692044a=01

=3.5259121R60541048702425334+00

1.015752879820727562989612401

=1,9870968374704733831719194+01

2. TUUNRTT1R6647583595314342401

~2,718762115903001319668133.01

1,0297481789220938526493550+01

~9.59%31703992R399N553R40724+00

3,186400889657493080112432400

=6,352756822497907980712278a~01

5,7603625R374531335733564923-02

76

IINER CALF

rfARREATAR

Lx(1)

5.760362583745313573356492=0¢

1.332967417457A040096228249=91

=3,57612764994182404896457a~01

6.5293053502750923385791%3=91

“8,6177184R345199039449245723=01

8,280N020497442372442353573=)1

*5,74746022126KA44377749198=)1

2,81285228414N037344193P5K8a=91

“9,22187767486314859345R2408«)~

1,8201468597570K61476635719=02

=1,6369382859234R7A430420939=03




9

1n

11

11D NGE

SIRST ORIER CASFE

MCT)

«7 ,722RA43IDH7A71063514R84113=05

9.618379874181003234359879273=04

=3,72631R643362193342193383=-03

2,247R73N75998075398076033=07

=7, 2899950A473464806798147 =02

5,0000000000000000000000DG=0¢-

7.289995n447346080K73981472=02

=2,24/373075998075998n76032=07

5,7285183443362193362193382=03

=9, 6157987A810432365987927 =014

f,722%34328737106514884112=05

7

SFCOMD ORNIX CASE

Mx (1)

=?2,60124512R233514476900952=10

3,991130840915893325%4838a=03

~3,07R8334034241772337014A38~D4

1,691708287849140RA3014058=-03

=8,736N09648132217374662075:=03

9.794325465844023877357+9923~"/

=8 734N94K4813221757464A20735a=73

1,691708247849140845014052 .-

=3,078833403424177233701638~:

3.991130840915R9332594R38a=0D

=2,60134512823351447590D963~956




11

11

12

13

TAR| £

I

PREDICTNR=CORRECTOR aND MINRANGF FORMULA COEFFICIENTS

CORRESPONNDING TO NIFFEREMCES OF NROER 14

FIRST
PREDICTNR

P(T)
4,7767800283301269336597924+00
~2,9466113226218741127250872401
1,736341813013568126312000402
-3,639q99a39324573069(5a79a+02
7.919762A88257278518K9435@4+0
=1,310407346476525109957719403
1,676178749616074097049274,03
-1,66978339718756649973589a.03
1,294887248304081389243894403
=7.7517586358312584668009392402
3,5164558721019520345401460402
=1,170285406782034592881250402

2,697N28RKB6294R83286R771064+01

78

1INER CASF

FNRRECTOR

ccI)

2.,563094945743R91525141763=01

9.314375797142896459472689=01

«2,7486351218765502585210698+00

7,01336036000974823725R1938+00

“1.412752110881611379365028+01

2,227R85061283722686939559.11

=2,757831612170740162429863,01

2,682713915987990062061402401

=2,043178473137230330721409+01

1.205R23794926368091049059401

~5,4084453702352418009060084+00

1,783124386154010272173653+90

~4,0771973A8563948941754479=01




1A =3,848K84693481690491721354724+00 5,77915459a3971854743"/75a="~

15 2,563N9494574389152514175a=01 ~3,8268098532118344237,-27a=93}

[£




1N

11

12

1y

15

<E0VD JRNER CAcE

PREDTIrTAR

Pe(1)

9. R3IBGTRI7394538410759211 =01

-6_.2317137112765832244084724+00

2.59139434189318823094K49724+0+

«7.54036145905875005564072838401

1,6390569AN992115147923573a4+0?2

=2,70495312586102436898886%4+02

3.45328007902944345073946@4+02

=3,43437963A849592187291603740?

2.6604K224532716h0156892401R@4.072

=1,5911798409558210445162070434+02

7.212707417542312&835704207 3401

~2.398816609TR872691215594a401

5,825172A366942717100423563400

=7.,88020061268u49089280597a=01

5,246N0247AR8024R7T64811A648a=0D

80

ANRREFATIR

n*(T)

5,206024748024R764R1146488=0"

1.96994112190R0NK93R5842373=01

=7.23387704R504629191836169=01

1.944550924418694320341493400

=3,9973765073354413598152422,9V

6.36R8372508328107194140283.)0

~7.9317729464573690155081234+10

7T.74640408054554351099432 3+

“5,91AK1700K7191385728539333+v

3,49R72568751510102461534873,0V

=1 ,5717457744230044324A48712.00V

5,18R380020835426924947093-01

“1.,187543033741011322518133=91

1.,684463024315140431778769=02

=1.116346044717617114611563=03




1n

11

12

13

14

18

1IDANGE

FIRST NRDER CASE

MCT)
<4,097355409686621106374146=06
6.AR3°40409R737985510472282=05
~5,20257845628405455345478a=04
2,591415945155427236555994=03
=9.4293999321943198017933483=03
2.773799116605967355526432=02
=7 69971 TURNTU925741757/53a=17
3,000100000000000000000008=01
7.K99N17440749257041757755a=02
“2,77379911660596735552643@=07
9,629999321943196017933482=03
~2,591415945155427236555998=03
5,20257845628405455345478a=04
~6,683840498737985510472284=05

4,097355409686621106374148=06
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SECOVD 0ORDIZR CASE

Mx(T)

=1,035906011557296376779483=3/

1.960568641189952723825343=96

=1,81529125335217630614037@=9>

1,113047020804872209323023-04

=5,238K558146014434058792793a=04

2,1517447A2742731808830733=)3

“9,4514160348005442173244203=13

9.879038930547784957604298=04

=9,451415034800544203244200="3

2,151744762742731308830733=03

=5,2386558140144354058732792=04

1,113047020804872209323023-04

=1,815291253352176505140372-0>

1,960668641189952723825343=05

“1,035906011557296374779488=07




and serve as predictors corresponding to a first integration and complete
integration of (6.0-1). Similarly, formulas (5.1-14) and (5.2-11) take the

respective forms

. -1 2M+1
vy, =hqryd Fn_% + .Z Can—j+l , (6.0-3a)
J=1
2M+1
2 % —D %
y,=h"dr, 87F_ + _; Cs F s , (6.0-3b)
J=1
and serve as correctors. The mid-range formulas (5.3-18) and (5.3-20)
become, respectively,
-1 2M+1
Yy = hdro® FM_% + jz;_ MjF2M+l_j s (6.0-4a)
. aM+1
_ 2 ¥ _2 3*
Yy =4y 87F, f j§l My Fomerog [ (6.0-4b)

Two additional relations necessary for constructing a starting table of

differences can be deduced directly from~Figure 6. They are

F = F + F b2

MHL=3 T ML

- M, = M+l, - M2, ..., M (6.0-~5a)

and

-2 _ =2 -1
© Furr T -l T FM+£—%

L= = M, - M+l, - M+2, ..., M+l (6.0-5b)
With the above collection of formulas at hand, the essential steps involved

in applying Cowell's method to (6.0-1) can be sequenced as shown in the simple
flow diagram of Figure 6 and described below:

1. Set Q = 2M, the prescribed even order of differences which determines

the dimensions of the starting table of central differences.
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Figure 6. The Flow Diagram for the Cowell Method.
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2. Calculate the coefficients

Ay 5 1= 01,2, M0 5 =0,1,2,...,21-1
using relations (2.2-4).

3. Calculate the coefficients

using relations (2.2-7).

4. Calculate the coefficients

¥*

5 5y 1= 0,1,2,...,MH

using relations (3.2-1).

5. Calculate the coefficients

P.,,C., P ., C ., M., M 5 3= 12,300,200

using relations (5.1-3), (5.1-11), (5.2-3), (5.2-9), (5.3-19), and (5.3-21)
with f replaced by F.
6. In accordance with some preéetermined accuracy criterion, select an

initial step size ho = Ato.

7. Using some appropriate starting procedure tabulate (compute and

3

store) the starting values

ti’ yi’ 5-/-1, Fi i7= 0,1,2,...2M ,

where t. =t + ih, h = h,, and F. is calculated from (6.0-1).

0 0’

8. Calculate the quantities

from formulas (6.0-4).

8L




9. Compute the quantity

° 1F2M+% = 8-l]’ﬂaml--_;—

by successively applying (6.0-5a) with £ = 0,1,2,...,M.

10. Compute the quantity

by successively applying (6.0-5b) with £ = 1,2,3,...,M+1.
11. Set k = 1 and Flag = O or 1, depending on a predetermined mode of
integration. (See Step 19).

12. Predict

Iomrx? YoMk

by using formulas (6.0-2) with n = 2M+k. Calculate Foo g from (6.0-1).

13. Correct

Yom+k® YoMik

by using formulas (6.0-3) with n = 2M+k. Recalculate Fopax TTOm (6.0-1).

Re-enter step 13 until F2M+k is stable.

14, Calculate
5™ 1F

SM+k+3

by using (6.0-5a) with £ = M+k.
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15. Calculate
57°F
2M+k+1

from (6.0-5b) with £ = M+k+1.
16. Branch Decision:
Is k Mod M = 0%
a. No. Continue.
b. Yes. Go to step 19.

17. Termination Decision:

4?
2M+k 2 tmax ’

Is t
a. No. Continue.
b. Yes. Stop.

18. Record

t F

oM+k’ YoMik’ YoM+k? C oMk

and set k = k+1 and re-enter step 12.
19. Branch Decision:
Is Flag = 07
a. No. Continue.
b. Yes. Re-enter step 17.

20. Compute §M+k by using (6.0-4b) with Yy Teplaced by‘§M+k’ Fy

replaced by F replaced by F

K’ and F Compute

M+ oM- j+1 oM+k-

IM+x ~ TMsk

2l. Is 7 < e?
a. No. Continue.

b. Yes. Go to wl.
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22, Is e, <72 < e. ?

1 - 2
. No. Go to w,.
a o) o 3
b. Yes. Go to wg.

In the sections immediately following certain stages included in the
flow diagram of Figure 6 are discussed in greater detail.

6.1. The Starting Procedure and Initial Step Size Determination

For the purpose of this report, the starting procedure selected
was the classical Runge-Kutta 4th order one-step algorithm. As a preliminary
to its use, however, the initial value problem (6.0-1) must be converted to a

first order system. The substitutions

w, =y
(6.1-1)
u, = ¥
when applied to (6.0-1), yield the system
i) = u, = fl(t,ul,ug)
(6.1-2)
U, = F(t,ul,ug) = fe(t,ul,ug)
with initial conditions

The classical Runge-Kutta equations then take the form
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h h . h

Kio = £t 5 Yot 3 Epp Vot 3 Kpp)

_ b . h o
ki3 = £(tgt 3 Yot 3 Ky Igt 5 Epp)

(6.1-4)
k) = fi(to +h, ¥y + hle, o + hk25)
) = L k. o+ 2(k,, + k,,) + k i=1,2
i 6 il i2 i3 ik ’

ui(tO+h) = ui(to) + ho,

Successive applications of (6.1-4) yield the required starting tabulation

ti) yl, yl, Fi i = 0;1,2,...,2M

once the initial increment

is prescribed.
The technique applied here for determining hO’ step 6, is detailed
flow-wise as follows (see Figure 7).

6a. Select an arbitrary initial value for h, say

h=(t_ - to)/2p , (6.1-5)

with p = 3.

6b. Apply (6.1-4) once to get the vector
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U (to+h) = (ul(to+h), ug(to+h))

in one step and calculate

6c. Replace h by h/2 and apply (6.1-4) twice to get U (to+2h) in

two steps. Calculate

22 = u21+u22
6d. Calculate
z = |z,-2
be. Test:
Is Z> ¢, ?

0

a. Yes. Continue.
b. No. GCo to step 6.7.

6f. Set p=p + 1. Calculate

and re-enter step 6b.

6g. Set h, = 2h.

The above procedure has been found to work well as an initializing
routine in conjunction with Cowell's method. It also finds convenient appli-

cation as a restart procedure in modes of integration calling for intermediate
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step size control. This option is provided for in Figure 6 by setting
Flag = 1 in step 1l.

6.2. Intermediate Step Size Control

The option of step size control is exercised by setting a
variable Flag in step 11 of Figure 6. If Flag = O, the integration proceeds

until termination using the constant step size h = h If Flag = 1, the

0"
integration proceeds for M steps. After completion of the M-th step, the
current mid-range value of the dependent variable is tested against a step-
change criterion which comprises steps 20, 21, and 22 of Figure 6. If the
agreement between the current mid-range value Yk yielded by Cowell's
method and a comparison value §M+k computed from mid-range formula (6.0-4b)
is sufficiently good, i.e., if their relative difference is less in absolute

value than a prescribed minimum tolerance ¢ this is taken as an indication

l)

that the step size h should be increased. In this case, the technique used
in the present application calls for a doubling of the step size which is

achieved at branch point w, as indicated in step 21 (see Figure 6). If the

1

above-mentioned agreement is not as good as € but is still at least as good

as a prescribed maximum tolerance ¢ this is taken as an indication that the

oY
step size can remain unchanged. However, in a computer implemented application
some re-orientation in the arrays containing the tabulated variables may be
necessary. This is provided for at branch point w, as indicated in step 22
(see Figure 6). If both of the tolerances € and €, are exceeded, a decrease
in step size is indicated. In the present application this calls for a restart
at the mid-range point which includes a new step size determination. That is,

the last M points yielded by Cowell's method are rejected and steps 6 and 7 are

repeated with t. =

0 =t Yo T Y 204 Y

= ek This is provided for at

branch point wB as indicated in step 22 (see Figure 6).
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Table IV contains a listing of high precision values of the coefficients

* * *
P, C, P, C, M and M corresponding to differences of orders Q = 2M = 6, 10,

7. Predictor-Corrector Formulas (Expanded Form)

7.1. First Order Case - Predictor

To demonstrate the expansion process in terms of the differences
appearing in Figure 5 for a simple case set n = 3 and 2M = 4 in (2.1-13) to

get

-1
h q7ud — + 75ud + 7uu65 f5 ’

_ 1 (a-1 -1
=h{s (3 f5/2 + 3 f7/2) 7o

1

+ > (5f5/2 + 6f7/2) ')’2

+ X (8F_ , + 5F ) 7 . (7.1-1)
2 5/2 7/2

The objective now is to express each of the central differences in (7.1-1)

entirely in terms of the function values

£, .0 170,123k,

This is conveniently done in two stages. The first stage consists in
writing each estimated difference appearing in Figure 5 in terms of the

known differences on the diagonal joining f

, to Sufo (diagonal 1 in the

figure). Use is then made of the fact that on this diagonal the entries are

simply the backward differences of f That is,

o
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k
8, = ka2 R (7.1-2)

independent of r. This allows the estimated differences to be restated in
terms of backward differences, and hence the algorithm (7.1-1) can be so

expressed. The second stage consists in making use of the relation

k .
He, o= 3 (-DJ<%>f..
i J 1-J

J=0

(7.1-3)

to break the backward differences down into terms of function values.
Collecting terms then yields the required expanded formula (5.1-8).
Making use of the manner in which the table of differences was constructed,

the first stage begins with writing

4 -
8, = 8t ,

3 _ 3 L
o) f5/2 = B fl/2 + 8 fl s
2 _ ) 3
8°f, = 8°f +38 f3/2 s

(7.1-4)

SF = f + 8°f

5/2 3 /2 2
f3 = fg + 8f5/2 5

-1 _ -1
o) f7/2 = o} fS/2 + f5

Adding these relations m at a time for m = 1,2,...,6 and using (7.1-2) then

gives the set of equivalents
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o} fl = V f2 B
3 L
S) f3/2 = V5f2 + V f2 s
2 _ L
9] f2 = Vﬁfg + V5f2 + Vv f2 B
(7.1-5)
i

6f5/2 = Vf2 + V2f2 + V5f2 + Vv f2 s

B L
f3 = f2 + er + V2f2 + V5f2 + Vv f2 s

-1 _ -1 L

3 f7/2— 9] f5/2 + f2 + VTE + V2f2 + V5f2 + V f2 s

which serves to express each entry on diagonal 2 of Figure 5 in terms of the

backward differences on diagonal 1.

Diagonal 3 is treated in the same manner

relative to diagonal 2, the final reduction being achieved through relations

(7.1-5). Thus,

5f7/2

from which, upon adding m at a

(7.1-6)

[
o
H

time for m = 1,2,3,14,
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H
]

Using relations (7.1-5) in the

8f7/2

Finally, for diagonal U relative to

from which

5 L
&) f3/2 + 9 fl s

2 3 4
87, + &Ly, + B F)

+ 62f2 L 5r., + 8

df 5/2 1

5/2

se equations then gives the result

v,

N
V5f2 + 2V f2 s

n
r, + 2Pr, + 395,

L
VT2 + 2V2f2 + 3V5f2 + L4y f2

diagonal 3 one can write

_ L
, = 8T,

= 83f + SMf s

5/2 3

ok

(7.2-7)

(7.1-8)

(7.1-9)




SufB = vhf2 s
55f7/2 = 65f5/2 + 8uf2 , (7.1-10)
= v5f2 + 5vAf2
Substituting from (7.1-5,8,10) into (7.1-1) now leads to the relations

u8_1f5 =1 (a'lfs/2 + 6'1f7/2) s
= 8'1f5/2 + 41 (f2 + VE, + v2f2 + v5f2 + v”fe) : (7.1-11)
Wty = 3 (5f5/2 + 8f7/2) )
~ = 1 (2vs, + 378, + WPz, + W'2) (7.1-12)
u63f5 = 5 (55f5/2 + 85f7/2) ,
-3 (2P, + 5s,) (7.1-13)

so that (7.1-1) takes the form

-1
{h 708 f5/2

+ [(f‘2 + VE, + V2f2 + VBfg + Vufg) >

3

0

2 3 L
+ (2Af2 + BE, + N £, + 54 fg) 75

v (272, + 59',) 74] }
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- -1 1

n
+ (70 + 57, + 57),) V£, X (7.1-14)

This completes the first stage of the reduction. The second stage is achieved

by substituting from (7.1-3) into (7.1-1L4) to get

-1
= h 5 T
V3 70° *5/2

+

1 -
5 | 7ofs + (7g + 27,0 (5, - £))
+ (70 + 572)(f2 - 2f) + f

o)

+ (70 + 472 + 27h)(f2 - 5f1 + 3fo - f_l)

+

(rg + 57, + Sy, - UEy + 65, - bt + £ )| 7,

which, after multiplying out and collecting terms, can be written in the

convenient matrix form

ys = h 705'lf5/2 + PF\, (7.1-15)
where P is the row vector defined by
P=39DB , (7.1-16)
in which 7y is the row vector
7= (rgs 700 7)) (7.1-17)
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D is the 3x5 rectangular matrix

1 1 1 1
D = 0o 2 3 L4 571, (7.1-18)
0 0 0 2

B is the 5x5 triangular matrix of signed binomial coefficients

-1 0 O —
1 -1 0
B = 1 -2 1 k) (7'1-19)
1 -3 5 -1
Ll T ~
and f is the column vector of function values
f=4f, f, f, £, T, . (7.1-20)
In expanded form (7.1-15) becomes
- > ( )
=h d °f + P.f, . .1-21
Y3 O TERAS SN O !

wherein the coefficients Pj are rational numbers given by (7.1-16).

7.2. First Order Case - Corrector

Here the objective is to express each of the central differences

in (7.1-1) entirely in terms of the function values

f3_i , 1=0,1,2,3,4 .

The first stage of the process consists in writing each estimated difference

appearing below diagonal 2 of Figure 5 in terms of the differences on

97




diagonal 2. Use is then made of the fact that on diagonal 2 the entries

are equivalent to backward differences of f_. That is,

3

K, _
8, = V'ey (7.2-1)

independent of r. Proceeding directly to equations (7.1-7) and using
(7.2-1) gives the desired result for diagonal 3 relative to diagonal 2. The

results obtained are as follows:

i 't
8'r, = V'E,
65f Vif + V“f
5/2 3 3 7
(7.2-2)
2 _ L
ESf3 -szc’5+v3f‘5+Vf5 ’
- L
6f7/2 Vf3 + V2f5 + V5f5 + Vv f5
Adding equations (7.1-9) gives
L _ i
8't, = 8f, ,
(7.2-3)
3 - 3 L
875, /s 80, + BT,
so that application of (7.2-1) and (7.2-2) yields
L _ L
5'r, vy,
(7.2-4)
3 - L
A f,_(/2 V3f3 + 2V f5
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Finally,

-1 -1
8y = D £5/p + £ (7.2-5)

Substitution from (7.2-2), (7.2-4), and (7.2-5) now gives

-1 -1 -1 -1
ud f5 =1 (5 f5/2 + 3 f7/2) =5 f5/2 + 3 f3 , (7.2-6a)
L
=1 =1 -
u5f5 5 (8f5/2 + 6f‘7/2) 1 (2Vf5 + V2f3 + v5f5 + V f3) , (7.2-6p)
3 =1 (s > =1 b -
ud f5 2 (& f5/2 + 5 f7/2) 5 (2V5f5 + 3V f5) R (7.2-6c)
so that (7.1-1) becomes
= h (a'lf + 2 )
73 5/2 72737 7o

N~

(2vr, + szj +Pr, 4 Vuf

* 3 3 3) 7

+

|

L
(2v5f5 v 3V'ES) 74} ,

+ 2y,Vf

s

N

_ -1

= h {}06 f5/? + 7Of5 3 + 72
3 L

+(rp + 27) Vg + (7, + 37) Vg (. (7.2-7)

The second stage is now completed by applying (7.1-3) in (7.2-7) to get
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1 1

=h 5 f5/2 + % 7Of5 + 27, (f5 - f2)

70
+ 75 (f5 - of, + fl)
+ (7, + 27u)(f5 - 3f, + 3f, - f)
+ (72 + 57h)(f5 - b, + 6f) - hf o+ ) , (7.2-8)
which, upon collecting terms, can be put in the matrix form
v, = h {» 5™1r + Cf (7.2-9)
3 o "5/2 ’
where C is the row vector defined by the matrix product

C = 37EB , (7.2-10)

in which ¥ and B are the same as defined in Section 7.1; E is the 3x5

rectangular matrix

0
E=}j0 2 1 1 11, (7.2-11)
3
and £ is the column vector
f = f5, foo £15 foo £ 3 - (7.2-12)

In expanded form (7.2-9) becomes

5
=h 706'lf5/2 + E (7.2-13)

3
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where the coefficients Cj are given by (7.2-10).

7.5. Second Order Case - Predictor

Setting n = 3 and 2M = 4 in general algorithm (3.1-6) gives

)
MW
o
=t
'_b

* - * * D *
h2(70 8 2f3 ORI R S BufB) ’ (7.3-1)

which is to be re-expressed in terms of the function values

fo_if » 1=0,1,2,3h

This is readily done by referring to (7.1-5), (7.1-8), and (7.1-10) to get

_ L
f5 = f2 + Vf2 + V2f2 + V5f2 + V f2 B
62f3 = v2f2 + 2v3f2 + 3VAf2 , (7.3-2)
bk
3'f, = VT,

Substitution into (7.3-1) then gives after rearrangement

=1 *5 %r *e * v
V5 = 70 z P x t Yy Vi

* * * *
+ (72 + 7, ) V2f2 + (72 + 2y, ) V5f2

f (e T (7.3-3)
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which completes the first stage. Application of (7.1-3) and collecting
terms according to function values finally yields the expanded algorithm

which can be written

_ .2 * .0 *
Y5 =h 47,8 T3 + P T 4, (7.3-4)
where
* * ¥
P =yDB , (7.3-5)
* * * ¥*
Y = (72 ) 71+ ) 76) ’ (73'6)
1 1 1 1
*
D ={o o 1 2 3|, (7.3-7)
0 O 0 1

and B and f are the same as defined by (7.1-19) and (7.1-20), respectively.

In expanded form (7.3-4) becomes the predictor formula

2

_ * D *
y5 = 0" 97,8 5+ J_El Pifs s (7.3-8)

*
wherein the coefficients Pj are given by (7.3-5).

7.4. Second Order Case - Corrector

The objective here is to express (7.3-1) in terms of the

function values
f5-i R i= O,l,2,5,h .

This is easily done by referring to (7.2-2) and (7.2-4) to get
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2 3 4
= Y,
o) f3 V2f5 + f5 + V f5 B
(7.4-1)
b,k
3] f5 =V f5 s
so that (7.3-1) takes the form
2 * D * *
Y5 = B 4708 5+ 7, £ 4 v2f5
* * *
+ 7, V5f5 + (71\L + 7 ) VAfB . (7.4-2)
Applying (7.1-3) and collecting terms then yields the matrix form
_ .2 * 20 *
Y5 =B 47508 £33+ C T, (7.4-3)
where
¢ = yEB , (7.h-4)
* * * *
Y = (72 ’ 74 ) 7’6 ) ) (7)“"5)
0 0 0
E = o o 1 1 1], (7.4-6)
1
fs= f}) f2) fl) fo) f-l b (Y.LI-—?)

and B is the matrix of signed binomial coefficients defined by (7.1-19).

In expanded form (7.4-3) becomes the corrector formula

5
_ .2 * D *
=} 79 8 Iy + 2, cj f5_j+l R (7.4-8)

¥
5 57

*
in which the coefficients Cj are calculated from (7.L4-L4).
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8. The Computer Program

8.1. The Initial Value Problem

The Cowell's method computer program outlined here is
specifically adapted for tabulating certain periodic orbits associated with
the restricted three-body problem. These orbits are solutions of the special

second order system

. . (x + ) (x - p')
X=x+2y - ' -
2 .2 2 2 2 2 ’
(Ger) 2452)37 ((x-n")2457) >
(8.1-1)
(1] LJ y
y=y-2x-u' )
2 .2\3/2 2 2\3/2
((xen)2e55)>! ((x-u")2P)?!
where p' = (1 - p), and p is a parameter representing the relative mass of

the Moon compared to that of the Earth plus Moon. Initial conditions peculiar

to each orbit are given in the form

|
bde

x(0) = X0 %(0) =
(8.1-2)

y(0) =y, 3(0)

0
o

and it can be assumed that in each case the period is known with fair precision

(15 to 20 decimal places). A typical set of initial values is listed below:

Xy = 0.994

Yo =0

%, =0 ,

Yo = -2.05173262955733685566
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(@

u = 0.012277471 ,

11.124340337266085135070

Period

8.2. Operating Instructions

The subject program was written in Extended Algol 60 as imple-
mented by the Burroughs B-5000 data processor. There are no unusual hardware
requirements and the program will run on a minimum B-5000 system with
no unusual accessories. iIt .makes use of double precision floating point
arithmetic which retains 23 decimal digits in all computations. Provision is
made for the application of Cowell's method to the initial value problem
(8.1-1) using predictor-corrector formulas corresponding to differences of

even order
Q=2M M= 3,45 ...,10

where Q is an input parameter to be specified by the user.

The running of a single orbit requires a total of 11 input data cards
which are simple to prepare. Data entries can be in any one of a choice of
formats and separate data-sets can be sequenced indefinitely. This particular
feature is implemented by a special double precision free field read procedure.

A typical data-set is described below.

Card ~--- Contains
1 Xy = 0.99%
2 Yo = 0
3 XO =0

= -2.0317%262955733683566

=
<.<-
o
|

> u = 0.01227747L
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Card Contains

6 period = 11.12L43L033726608513507
7 Q =10

8 € = 5.0@-16

9 € = 5.0@-14

10 €, = 5.02-9

11 0, or 1,

If it is desired to identify a card with comments, this can be done by putting
an asterisk (*) after the number. Entries following the * are ignored by the

card read routine. The quantities € €s and €, on cards 8-10 are concerned

o’ 2

with error tolerances in the initial stepsize selection routine, step 6 in
Figure 6; the predictor-corrector iteration, step 13; and the stepsize change
criterion, steps 20, 21, and 22. These are discussed in more detail in
subsequent sections. In Card 11 a O, indicates that more data sets are to
follow. The entry 1, indicates termination of the card read procedure, i.e.,
no more data sets will be processed.

As concerns the frequency and format of the line printer output, the
current program provides for a print out of the integration results every Q
steps. The tabulation includes current double precision values of the
variables t, x, and y as well as integer values of certain counters designated
by STEP, P, ITER, and START. The column headed STEP gives the number of
accepted integration steps which have survived error tolerances and subsequent
restarts. The column headed P indicates that the current stepsize is Period/EP.
ITER indicates the number of times the corrector was entered in order to
stabilize the current values of the dependent variables. START indicates the

number of restarts that have been necessary to reach the current stage of the
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integration, i.e., it gives the number of times the stepsize change criterion
has been exercised. A sample input 1is included in the accompanying program
listing.

To operate the program place one or more data-sets at the end of the
program deck provided. When compilation has been completed, runs will take
place and continue until the file of data-sets is exhausted.

8.3. Error Control

The basic error control technique used in the subject program
hinges upon reducing the second order system (8.1-1) to a first order system

by the change in variables

%
1]
\NSZ?
Q<.
1]
[«
=

The first order system takes the form

[}

H
m/\
g

a, = ),

I
H
—~
gl

ﬁ5 = f(ul,ue,uu) =1
flu_ = g(ul}uzJuB) = fu(m )
where

q = (u, u,u,u) = (X,7,%,7)
17U Uzo 1y s Y X, ¥
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This must be done in order to make use of the Runge-Kutta starting procedure.

Control is then applied to the length of the vector ﬁagiven by
u=\/2+u2+112+u2
Up Ty T Uz Ty

the process has already been described and flow diagrammed in Figure 7 for

the initial stepsize determination routine. For the stepsize change criterion,
the process runs as follows (see Figure 6).
20.1. Assume that the integration has been successfully carried on for

Q = 2M steps, the successive vectors u and the accelerations f, fLF being

3

stored sequentially. Continue the process for M = Q/2 additional steps.

Y

20.2. Drop back M steps and compute a vector T

oy USing the mid-range

formulas.

20.3. Calculate the relative difference

Yoy = Yoy

YoM

20.4h., If Z <€, 0ore <Z<e

12 1 then continue the integration M more

2

steps and retest in step 21. If € < Z go to step wE.

21. Retest. .If zZ < €, 80 to step w., otherwise go to step 22.

l},

otherwise go to step w,.

22. If e, <Z < €55 80 to step W 3

1 2’

Step wl

Build a new table of differences using the stored values
Usis (fB)Ei’ <fh)21 i=0,2, 4 ..., Q=2M

and continue the integration with doubled stepsize.
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Step w2

Build a new table using the values

u2M+i’ (f5)2M+i’ (fl‘_)eM_}_l 1= O, l, 2) DRI Q = 2M

and continue the integration with stepsize unchanged.
Step w
P
Drop back M steps and do a complete restart which includes a new
initial stepsize determination and table construction.

In the predictor-correctoy iteration control is maintained on the

acceleration vector
_> - L] (L) e
a = (u5, ) = (% ¥)

This runs as follows (see Figure 6):

12.1 Predict

12.2 Calculate =& and 2,=NP" + B

13.1 Correct:3

13.2 Calculate & and Z Ju? et

2

13.3 Test. If l(z2 - zl)/z2| < ey then go to step 1k, otherwise

set Z1 = 22 and re-enter step 13.1.

9. Program Listing for Cowell's Method

The following 42 pages lists the program for Cowell's Method.
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C. The Adams Method

1. Description of Method

The method of Adams [16] is independent of the differential equations
being integrated except in that a second order differential must be considered
as a pair of coupled first order equations. In this report a pair of coupled
second order equations are being dealt with and by the Adams method these are
dealt with as if one had four first order equations.

In general, then one deals with the system of equations

T =2 P =@ 1), , (1-1)

where T and T can be thought of as vectors (4 components for this work), and

el
1]
e e N

This differential equation is equivalent to the integral equation

5 tO+A¢
W (ty o) = ﬁ?(to) v [y T (T (t),t) at . (1-2)
0

This integral equation is then approximated by

g
- o
Uy = Uy T A pzb Pao ?&-p ’ (1-32)
or
T . = u. + At % o7 (1-3b)
fwe T WY =0 P oo Thpi1 -5

Formula (1-3a) is the Adams-Bashforth predictor equation and (1-3b) is called

*
the Adams-Moulton corrector. The coefficients qu and B a0 are chosen so
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that N, the order of the method, is q + 1 . Explicit formulas for B

_ p}f e p+l q
Pao = (-1) <p> 7p+<p> A R <p> 7q ¢

where (2) represents the binomial coefficients, and the 7p are found by

*
and B are

the recursion relation

L

* 1 L1 ox A x _llifp=0
7072 7173 72 o1 7o 0if p - 1,2,..
The error term for each is
q+2—
y ()3t 4 U (Adams-Bashforth)
g+l g+2
: dt
and
x q+2—
g+2 4d* u
4 q+1(0¢) ';;5151 (Adams-Moulton)

The Adams method is equivalent to approximating the integral in (1-2)
by fitting f?by a polynomial of degree q using the g+l most recent points.
*
The coefficients qu and B o were calculated by a separate program

up to g = 16 and are considered to be accurate to at least 24 decimal places.

*
The coefficients qu and B P are given in decimal form at the end of the
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program listing for the Adams method.

2. The Adams Computer Program

The program itself is written in double precision for the Burroughs
B-5000. The language is close to Algol-60 except that all double precision
arithmetic is written in Polish prefix notation. There are no unusual hardware
requirements. The program may be executed on a minimum B-5000 system having
only one card reader and one line printer.

2.1. Starting Procedure

Since the Adams method is a multistep method it cannot start
itself but must rely on a starting procedure that will supply the first g+l
points at least as a history on which it can build. The starting procedure
used here is the classical Runge-Kutta 4th order single step method.

2.2. Orders Used

The order, N = g+l was variable and can range from 5 to 17 in
this program. Not only can the order of the predictor and corrector be set
separately for each orbit but the order changes during the run as dictated
by the needs for accuracy. A maximum and minimum q value are set, called
Lax and qmin’ for the corrector and the order used at each step is determined
by the estimated error in the last step. A parameter Aq is entered and the
g value of the predictor is always q - Aq where g+l is the order of the
corrector. The parameter Ag can be set to zero making the predictor and
corrector of the same order and experience shows that O < Aq < 2 works well.

2.5. Error Estimates and Step Size Control

In the Runge-Kutta starting procedure the error is estimated by
taking two steps of size At and then a single step of 2At (starting at the

same point) and comparing these two. If the difference in the velocities as
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calculated in these two ways is greater than Emax then At is halved and a

new attempt is made at starting. If this difference is smaller than E

then the Runge-Kutta program proceeds with step size At until enough points
are accumulated to start the Adams method. The value of Emax and the initial
trial value of At are read in as program parameters with the initial data (see
operating instructions of Adams method below).

In the Adams method proper the error is estimated by the difference
between the predictor and the corrector values of the velocity. The velocity
is calculated first by the Adams-Bashforth and then by the Adams-Moulton
formula. If this difference is greater than Emax then an effort is made to
increase the accuracy, and if this difference is smaller than Emin an effort
is made to decrease the accuracy.

A decrease in the accuracy is achieved by either decreasing q,
or increasing the step size, At. If gq > Uoin and the error is too small, q
is decreased by one. If the error is too small and g = Uin and if there is
sufficient history available, the step size is doubled. Otherwise the same
g and At are continued.

An increase in the accuracy is achieved by either increasing g,
or decreasing the step size. If g < Urax and the error is too large, q is
increased by one. If the error is too large and q = Upax’ then the step size
is halved. Emax’ qmin and qmax are input parameters and Emin is determined
by the empirical relation E . =2 -(2apin - Gpax + 3) E - Note that if the
velocities are of the order of magnitude of‘unity,Emin cannot be smaller than
about 10-22 when doing 23 decimal place arithmetic. This places a lower

bound on Emax of 10'22 x 2 (2 Amin - 9max + 5).
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2.k, Reducing the Step Size

In multistep methods it is most convenient to reduce the step
size by halving through interpolation. An interpolation polynomial of degree
Unt is used where 9t is an input parameter. For maximum accuracy, mid
point interpolation (Gaussian) was used and this requires that [qint/2] points
be abandoned each time a halving of the step size takes place. While this
seems wasteful, the interpolation procedure that kept all points so far
calculated proved not accurate enough at the orders q > 9.

Explicitly, the interpolation formula is:

Unttt
= A h L = Q. +1
&N-1-I+1 il s-Irgq, SN-1l-g ’ e R
s-L-qh h
where
int
ay i} (2qh - 27 - 1)
. J=0
Ay = s
qint
I (2x - 2J)
(3#k)
J=0
and

q = [qint/2] (i.e., the integer part of qint/g)

2.5. Closing an Orbit

As the end of the period is approached the time interval, At
is halved until it is as small as the original At used by the Runge-Kutta
starting procedure. When the time is within gémstart of the period (as

determined by input data card No. 12), a single Runge-Kutta L4th order step
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is taken which closes the period. Then an interpolation is made to a time that
would give y = O. The error in closing the orbit can then be taken as either the
errors in X, y, X and ¥ or as the errors in x, X, y and the period.

2.6. Searching for Improved Initial Conditions

At a time close to the half period (as given by data input) a
search is made for a crossing of the x-axis in a direction specified by data
input card no. lO.. The time interval At, is then successively halved as the
crossing 1s approached until the magnitude of the change in y for each step
is less than Emin' Steps are then taken until the x-axis is crossed. The value
of x at this point and the value of x at the last half orbit are used together
with the initial ¥ of this and the previous orbit to do a linear interpolation
for a new initial y that will further reduce the magnitude of x. Half orbits
are run until |k| < Emax'

2.7. Data Output

The following is a description of the data output:
The first two lines printed give the informatién on the first 10 cards of

the data input. Here Ynin is referred to as QMIN, q as QMAX, Ag the

max

difference between the order of the predictor and the corrector as DQ, 9t as

QINT, EmaX as EMAX, iteration as ITER, print on double as PRD, print on halve

as PRH, print every step, PRE, and search for initial conditions as SEARCH.

Following this is printed the suggested starting value of At (labeled DT),

the period of this orbit (labeled PERIOD), and the value of p (labeled MU).
Then at each point that orbit information is called to be printed the

following is printed:

the number of function evaluations so far (labeled N),

the number of steps taken so far (labeled NS),
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the q value to be used for the next step (labeled Q),

the processor time used so far (labeled T2),

the time interval to be used for the next step (labeled DT),

the time of this orbit point (labeled T),

the position and velocity coordinates (labeled X, Y, VX, and VY).

This orbit information is always printed out at the initial point and
at the end of the period as given on data input card no. 12. At the end of
the orbit, a value of At is estimated that will give y = 0 (At = - y/3) and

an interpolation is then made for % (x. , = + At %). The errors for

int kfinal

the orbit closure are then printed out in this order:

the difference between the initial and final value of x (labeled DX),

the value of y at the end of the period given on input data card no.
12 (labeled DY),

the value of x at the end of the period given on input data card no. 12
(1labeled DVX),

the difference between the initial and final value of y (labeled DVY),

the time interval necessary to interpolate y to zero (labeled DT),

the value of X interpolated to the time correspbnding to y = 0.

If a search for improved initial conditions is called for by the input
data, this additionalninformationsis: printed.

the orbit informastion at half orbit,

the new period 5ased on this half orbit (labeled PERIOD),

the new initial value of y (labeled NEW VY [0]).

2.8. Data Input

Immediately following the program proper and called for under

*
the file name FILEIN are the constants B a0 and qu, for g from O to 16,
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17+1
2

written one to the card (17 X x 2 = 306 cards of data plus two comment
cards). All other input data cards follow immediately behind these.

The data input cards are as follows:

Card No. 1:

The value of Upin? the smallest g value to be used by the corrector.

This number must be written as a free field integer followed by a comma and
lie in the range 4t < Upig < 16.

Card No. 2:

The value of Upax’ the largest q value to be used by the corrector.

This number must be written as a free field integer, followed by a comma, and
lie in the rangegq . <q . < 16.

Card No. 3:

The value of Ag, difference between the order of the corrector and the
order of the predictor. If the predictor and corrector are to be of the
same order enter 0, 1f the corrector is to be one greater than the predictor
enter 1, etc. This number must be a free field integer, followed by a comma,
and lie in the interval 0 < Agq < Lip " L,

Card No. &4:

The value of Emax' The maximum acceptable difference between the
predicted value of the velocity and the corrected value of the velocity. This
number must be a free field single precision real number, followed by a comma,
and satisfy the inequality E > 1072 x 2(? dmin-Gmaxt3)

Card No. 5:
The literal phrase "YES" or " NO" to denote whether the corrector is to

be iterated at each point until two successive values for the velocity are

smaller than E . , or not. If " NO" here the corrector will be applied just
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once. This entry must be a free field literal of 3 characters followed by a
comma. .

Card No. 6:

The literal phrase "YES" or " NO" to denote whether printing of the
orbit information is to take place after doubling the step size, or not.

This entry must be a free field literal of 3 characters followed by a comma.

Card No. T:

The literal phrase "YES" or " NO" to denote whether printing of orbit
information is to take place after halving of the step size, or not. This
entry is a free field literal of 3 characters, followed by a comms.

Card No. 8:

The literal phrase "YES" or " NO" to denote whether printing of orbit
information is to take place at every step, or not. This entry must be a
free field literal of 3 characters followed by a comma.

Card No. 9:

The literal phrase "YES" or " NO" to denote whether a search for improved
initial conditions 1s to be conducted. This entry must be a free field
literal of 3 characters followed by a comma.

Card No. 10:

A 1l or -1 to indicate the direction of the axis crossing at half orbit.
Alif y>0or a -1 if y< 0 at half orbit. Even though this information is
used only if a search for improved initial conditions is requested, this card
must always be included in the data input. This number must be a free field
integer followed by a comma.

Card No. 11:

The value of At, the trial value for the initial step size. (If this

step size is too large it will be halved until small enough to satisfy the
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error requirements). This number must be a free field double precision real
number not followed by a comma.

Card No. 12:

The value of the period for this orbit. This number must be a free
field double precision real number not followed by a comma.

Card No. 13:

The value of p. This number must be a free field double precision real
number not followed by a comma.

Card No. 1k:

The starting value of the x coordinate. This number must be a free
field double precision real number not followed by a comma.

Card No. 15:

The starting value of the y coordinate. (This number must be present
even though it is zero.) This number must be a free field double precision
real number not followed by a comma.

Card No. 16:

The starting value of the x component of the velocity, X. (This nunber
must be present even though it is zero). This number must be a free field
double precision real number not followed by a comma.

Card No. 17:

The starting value of the y component of the velocity, y. This number
must be a free field double precision real number not followed by a comma.
If several orbits are to be run the sets of starting values are stacked behind
each other.

It is also possible to put comments on the data cards by observing the
followwing rules. For free field integers and single precision real numbers

a slash, /, indicates that all the field on this card following the slash is
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to be ignored. For double precision real numbers an asterisk, *, indicates
that all the field on this card following the asterisk is to be ignored.
Comments can be written on the data cards following the slash or asterisk.

5. Flow Diagram for the Adams Method

Figure 8 gives a detailed flow diagram of the computer program for
the Adams method. The symbols and terminology used in the flow diagram
correspond to those in the above discussion and in the program listing.

L. The Program Listing for the Adams Method

The following 31 pages list the program for the Adams method.
Also listed at the end of the program are the Adams coefficients

*
B [a,0] and B [q,p] from q = 0 to 16 and p = O to q.
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D. The Method of Runge-Kutta-Fehlberg

1. Introduction

This section of the report presents the results of a study of
Runge-Kutta type formulas of high-order accuracy developed by Erwin
Fehlverg [18], [19] and® applied to systems of second-order differential
equations.

The presentation of these results is broken down into two parts. The
first part is a discussion of the theory and the second part is the double-
precision program which was written for the Burroughs B-5000.

2. Theory

In a rotating coordinate system, the equations of motion of a

s%ace vehicle in the Earth-Moon System are:

« X+ u - X - pu'
((X+u)2+y2)5/2 ((X-u')2+y2)5/2

f(xy,¥) = x+ 2y - u'.

- L

Y

(1) — . — . y )
- g(x,y,x) =Yy - 2x - H'- o D >~ Mo 2 2 o 2 (2'1)
(Ceon) 2457) ((x-u1)2457)"
where p' = 1 - p with p representing the relative mass of the Moon.
Introdueing. into. (Z-1) the following four auxiliary functions:
2 2 2 2 2 2
r = (X“'U) +y P) 5 = (X'H') +y )
(2-2)
R YV

] system (2-1) becomes
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= x + 2F - u(x+p) - v(x-u') ,
y=y -2 -uy - vy ,
(2-3)
ra + 3ur = 0 ,
sV + 3vs = 0

Substituting the following power series expansions, in terms of hj =

(t - tj) about the point tj, into (2-3)

i=0 T J i=0 T J

u = U - (h)T , v TV, L (h)T (2-4)
i=O dJ l=O J

r= L R, (h)" , s= s, - (n )
i=0 J i=0 J

and equating the coefficients of like terms, the following recurrence formulas

for the power series coefficients in (2-4) result:

n n-1

R =2 XX 4 o+2X o+ 3 YYos- & RER /2R,
i=0 i=0 i=1
n-1

s, = XX oo-2u'x o+ L Y . o- Zl ;5,5 (/28

i=0 i

n
-3 § sV ;- 151 iv.s , p/nSy

n
Un={ 3 E iRU ;- iE iR, /Ry
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n-1
= = ! - -
X 1 X,y *teny =yU ep' Vo i§0 (Ui Vi)xn_l_i /n(n+1)
n-1
Yo=Y, -2 - izo (Ui-Vi) Y13 /n(n+1) (2-5)
where n = 1,2,3, ... . For n =1, the last sum of the first four equations

in (2-5) must be omitted.

At the start of the jth integration step, the initial values for the step

determine the initial coefficients as follows:

0 J 0 J’

Xl = xJ s Yl = yj s (2-6)
R, = [(xj+u)2 + yjz]l/g 5 8y = [(xj-u')g + ng ] 1/2 )
Ty, == u'/RO5 A [.1/805

After computing, through formulas (2—5), a sufficiently large number, m, of
consecutive derivatives of x and y with respect to t, in the form of the
coefficients Xn and Yn, we then apply the Runge-Kutta procedure, described by

Fehlberg [20], to obtain (m+l)-th-order accuracy.

Introducing new variables Xps Yo XT, and yT by the follo&ing trans-

formations:

m+2 i m+2 i

x,=x- 2 X, (h)” , y.=y- 2 Y. (n)" ,

T =1 0t T =1 0+

(2-7)

m+2 i1 m+e i1

X, =% - 2 iX. (n.) , Vm=F - 2 iy, (n.) ,

T . i J T . i
i=1 i=1
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the original differential equations (2-1) are transformed accordingly:

m+2

= Syt apiply) = fnd) - Toa(i) % (n )2,
" . mE i-2
Vp = ep(tyxpypiy) = e(xyx) - L i(i-1) ¥ (b)) . (2-8)

is=s,

The initial values of the transformed variables for starting an orbit

are

: XO b (YT)O = yO 2

—~
=)
~
(@]
1}

\
O

(2-9)

~~
e
=]
~—r
O
I

=0 s <$rT)O

For equations (2-8) the following Runge-Kutta formulas develop (m+l)-th-

order accuracy for x,y,%X, and ¥ with only three substitutions per time step,

Nt = (b, .-t.
J ( J+l J)

b
|

5 = AtjfT(tj+a2Atj s (xT)j + BoklAtj s (yT)J. + BoleAtj, Blle) ,

=
I

o = Stsen(t ooty (xp) s+ Bokysts s (yp) y + BtyAts, Biky)

=
u

3 AtjfT(tjmia‘cj ) (xT)‘j gk B+ Bk AL (yT)j

+ 7O£1Atj + aongtj » rhy 8122) s
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= A
2 Amng(tj+a tj , (xT)j + 7OklA¢j + aokgamj , (yT)

3 5 J
(2-10)
+ 7OzlA¢j + 8022Amj » 7oKy + 62k2) R
and
(xT)j+1 = (xT)j + (Clkl+02k2+05k5) Amj s
(yT)j+l = (yT)j + (clzl+0222+c525) Amj R
(2-11)
: = (! ' 1
(xT)j+l Clkl+C2k2+03k5 s
: = (! 1 ty
(Fip) 5,1 = C10,#C104C1R,
where
~ _ m+2 -
ozl = 1 3 GE = m 3 (15 1 )
5 o m+1 1 s m+1
By = 5 y By = — — s
(m+l) m+ bt m+k m+lt
1
_ 1 _ 2 meh\ ™
200 Tam 8% =058 =05 '(}Eﬁ%) ’
1
_ _ 1 mel ) B
€179 % = ey <m+2> » B3 =0,
m+1
"= 1e L m+4 mh o1 1
=0 G E s my sy \me » G553 - Wm (2-12)

The following fourth substitution yields improved values, ﬁT and 9T’

which are more accurate by one power of Amj :
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= € kAt k At , k_At
k), AtjfT(tj+%Atj s (XT)j + gk Oty CO Ot 5 ks 5

(yT)j + €O£lAtj + COZEAtj RN A I nlﬂ5) ,

07377
(2-13)
2 = Amng(tj+auA¢j R (xT)j + eoklﬁmj + gokgcmj + nok5A¢j ,
(yT)j + eozlamj + goﬂgamj + ”oz5A¢j » €k + Gk nlkB) s
and
(xT)j+l = (XT)j+(Clkl+02k2+05k5+Chku) A¢j ,
(2-1L)
(§rr_|?)j+l = (yT)j+(0121+C232+C525+CuEu) sty
where
- 2
A = s 0
P O A £ i
=Y & 72 ‘\ms5/) \ms )
m+1l
b, =0, 6, =7 - 5m+162 . <§i§>
(m+5) ’
N <%+%> 1
. . ,
°F e M
- 3 m+2 <m+2> m+1
_ 2, e (e ,
1 N (m+5)2 m+5
C.=0,C =0,c, =21 1
1 ’ T2 2 Y3 T % (mrs) (mel)
A m+l
= 2 m+5 m+5 _
! 3 (m2) (m+3) (m+l) '<m+2> ) (2-15)
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The approximate value of the truncation error in both variables is given

by

(T jor = 1 Grg) g,-(8p)

o

J+1
(2-16)
(T

y

)

u

31 = 1) 5,1-(Fp) g4

Since the evaluation of fT and gp» necessary ir. equations (2-10) and

(2-13) can be accomplished only through the relationships given in (2-8),

the following inverse transformations must be executed:

m+2 N
xs0 =0y 200X (at)”
i=1
m+2 5
Vi1 = (y'T)j+l + 151 T, (ij) )
(2-17)
m+2 i1
00 7 Gyt .§ 1x; (at)) )
i=1
m+2 i1

thus allowing values of (f)j+l and (g)j+l to be obtained through equations

(2-1). Equations (2-8) now yield values of (fT)j+l and (gT)j+l'

3. The Runge-Kutta-Fehlberg Computer Program

A Burroughs B-5000 ALGOL program was written in double precision to
implement the integration procedure described in the preceding paragraphs. A
concerted effort was made to duplicate the numerical method as closely as
possible. A flow chart of the program is presented in Section 4 and a listing

of the program in Section 5.
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There are four options under which the program may be run. The first
option produces values of x, y, X, ¥y, t, the step size, the Jacobi constant,
the distance to the earth, and the distance to the Moon at the beginning and
at the end of a full period. A period is determined to be complete when

|y| < ¢, after a given time equal to 99% of the approximate time for one

1

period. The value of € and the approximate time for one period are input
parameters (EPS1 and PER respectively).

The second option produces the same output as the first. However, under
this option it is produced at each time step around the orbit.

The third option allows the user to iterate on a given set of initial
conditions until an orbit is produced which is periodic within a prescribed
error tolerance or until the initial conditions no longer improve. The
technique employed consists of interpolating on successive half-orbit values
of %X; and y initial, to produce an improved initial value of y. The process

2

terminates when at half-period IXI < €, or when |X| has failed to improve on

2

three successive half-orbits. The value of €5 is an input parameter (EPS2)
and the half-period point is determined in a manner similar to that described
for determining the full period point.

The fourth option is the same as the third except that it provides for
a printout of the values described in option one at each time step during
each half orbit.

It should be noted that at the end of an orbit under all options the
total number of steps taken for that orbit is printed out.

Automatic step size control is an inherent part of the program. Values

for a particular time step are accepted if, and only if, neither of the

following conditions exist:




TX T
—T—T >1, !
elx ely

where TX and Ty are measures of the truncation error as described in the
paragraphs on the numerical method and € is an input parameter (EPS). If
either condition exists, the step size is halved and the values are re-
computed.

Doubling of the step size for the next step will occur if, and only

if, both the following conditions are satisfied for the current time step:

TX . } m+5 Ty - i m+5
elx| 2 ’ e|yl 2 ’
where m has the same meaning as described earlier.
There are no unusual hardware requirements. The program may be executed

on a minimum B-5000 system having only one card reader and one line printer.

3.1. Data Input

Input data for the program is supplied to the program in sets.
There is no limit to the number of data sets which may be gqueued in the card
reader for processing at one time.

A data set consists of 25 parameters. These parameters are of single
precision, double precision, and logical value. The read mode which was
selected is Free-Field Input.

All Free-Field Input is in the form of free-field data sentences. Each
field in a sentence is associated with the list element to which it corresponds
according to position.

A number which is represented as an INTEGER will be converted as an

INTEGER unless it is larger than the largest allowable integer, in which case
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it will be converted as REAL. Numbers which contain a decimal fraction will
be converted as REAL.

For the purpose of Free-Field Input, an INTEGER 1 (one) must be used
in lieu of the logical value TRUE, and an INTEGER O (zero) must be used in
lieu of the logical value FAISE.

The delimiters for the single precision and the double precision free-
field read are different. For the single precision read, a comma is used for
a delimiter. However, for the double precision read, a space (blank column)
is used as a delimiter. Also, it should be noted that a double precision
number and a single precision number must not be on the same card.

The data sets must always be arranged in the following order. The first
15 of the parameters will be read in under single precision free field and

should be formatted accordingly.

T oax the maximum allowable distance between
o the orbiting body and the Earth.

T in the minimum allowable distance between
o the orbiting body and the Earth.

S ax the maximum allowable distance between
o the orbiting body and the Moon.

Spin the minimum allowable distance between
o the orbiting body and the Moon.

tmax the maximum allowable time for one
o orbit.

mn the number of terms of the power series

expansion to be considered.
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Im

the truncation error tolerance for

halving the interval size in the test,

T
X
E-Er>l

€ the error tolerance involved in the

|,_J

test, |y| < € during the iterative
procedure for producing periodic orbits.

the error tolerance involved in the

no

test Ikl < €., during the iterative

Y
procedure for producing periodic
orbits.

PER the approximate period of the orbit.

dl the direction of crossing at half
period. dl equal a +1 if crossing is
from plus to minus, and -1 otherwise.

PLT the input file closing variable; should
be an INTEGER O (zero) for all data
sets except the last one in which case
it must be the integer 1 (one). Should
be the INTEGER 1 if only one data set

is to be read in.

PRITR an output option. Should be the

INTEGER 1 if it is desired to print each
set of improved initial conditions when
iterating to produce a periodic orbit;

otherwise, should be the INTEGER O.
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ITER

PRINTSTEP

an input option. Should be the

INTEGER 1 if it is desired to iterate
on the initial conditions; otherwise,
INTEGER O.

an input option. Should be the INTEGER
1 if it is desired to print each time
step for a complete orbit; otherwise,

INTEGER O.

This completes the list of single-precision input parameters. The

remaining eight input parameters must have the double precision input format

described previously.

+
O

|

the initial value for x.
the initial value for y.
the initial value for X.
the initial value for y.

the previous value for X; to be

2
used in interpolating at half orbit.
the previous value for ¥y initial to

be used in interpolating at half orbit.

the starting time for an orbit.

the initial step-size interval.

This completes the list of input parameters.
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4. Flow Diagram for the Runge-Kutta-Fehlberg Method

Figure 9 gives a flow diagram for the Runge-Kutta-Fehlberg

computer program.

5. The Program Listing for the Runge-Kutta-Fehlberg Method

The following 24 pages comprise the program listing for the Runge-

Kutta-Fehlberg Method.
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E. The Method of Runge-Kutta-Shanks

l. Introduction

The procedure described here is a generalization of the Runge-
Kutta method for solving a system of differential equations. It is applied

to the system of second-order differential equations

(xtp) .. (x-p') )
L) 24y20%2 7 [(xepr)20y2)3/2

e
It

X+ 2y -

y - 2% - '

~
1]

Y - Y
[Ootp)20y21¥2 7 [(xept)20y20%/2

with the initial conditions

!}
bas

x(0) %(0)

il
e
O
-

]

Y(O) =Yg oo y(0) ?O .

The constant p is the ratio of the mass of the moon to the combined mass of

the earth and the moon, while p' =1 - p.

Before applying the Shanks method, this system must be reduced to the first-

order system:

e
1]
o
e

Xty - x-u'
(o) 209212 7 [(xepr) 2927327

Ce
"

X+ 2v - p'

Yey-o2ue z - g z ;
[(X+p)2+y2]37§ [(X_p,)2+y2]3/2

235



with the initial conditions

H
e

x(0) = x. , u(0)

y(0) = yg » v(0)

2. Description of the Method'

The Shanks method is a single-step procedure for finding a numerical
solution of a first-order ordinary differential equation or system of dif-
ferential equations in which the derivatives of the dependent variables may
be expressed explicitly as functions of the dependent variables and the
independent variables.

Consider the system of differential equations

> -> ->
11 = f(t,u)
where
ul(t)
a(t) =|
u (t
p( )
and
R . fl(t,ul,...up)
f(tyu) = .

fp(t,Ul,..oup)

->

>
Suppose the value of u(t) is known. The value u(t+h) is approximated by

N n -> >
u(t+h) = u{t) + h 2 74 fi{t,h,u), where
i=0
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E% (t,h,0) = T (t,9) ,

i-1
F(t+oa h u+a b L B,
i i 520

7, (t,h,0)

and the coefficients o (i=1,2,...,n), Bij (i=1,2,...,n; j=0,1,...,1i-1),
and 7, (i=0,1,...,n) are known.

A special case of the Shanks formula is the fourth order Runge-Kutta

formula:
(01 =Ea=l‘ = 1
172 % 32 % ’
BlO = l} 520 = OJ 621= l) BBO = OJ BBl= O} 552 = l 2

70 g ) 71 5) 72 5) 75 6 i

For the system under consideration, t does not appear explicitly; hence,

only the products of, . (i=1,2,...n; j=0,1,...1 - 1) are used. For

j,

useful values of the various combinations of &, B and y, see Shanks [21].

5. The Computer Program for the Shanks Method

This procedure was programmed for the B-5000 computer in the B-5000
ALGOL language. Double precision arithmetic was used (23 decimal digits).
This program can be used with arbitrary Shanks predictor and corrector
formulas for the system of differential equations under consideration.

5.1. Error Estimates and Step Size Control

In this study a predictor and a pseudo-corrector with continuous

step size control were used. Suppose ﬁ; and G; are the estimates of G?(t+h)
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approximated by the predictor and the corrector, respectively. An error

F =l -3 |°
P c

is calculated. If E2 > E2 , where E is a given error tolerance, the
max max

step is rejected; otherwise, it is accepted. In either case, the step size

is multiplied by a factor

where p is the order of the Shanks formula being used and EO is a specified
error tolerance (EO < Emax). This method of step size control is emperical.

3.2. Searching for Improved Initial Conditions

This procedure has the option of improving initial conditions,
provided that y = x = O for the initial conditions. Within a specified
region, the procedure checks at each step to find whether the orbit has
crossed the x-axis. When the x-axis has been crossed, the procedure compares
the absolute value of y with a given tolerance e

If ch|2 € the previous

1’ V
step is rejected, the step size h is set to - y/y and another step is taken.
Otherwise, the absolute value of k% is compared with a specified tolerance

€ If |k%| < €5s the initial value of y for that half orbit is taken as the
corrected value of the initial ¥ and 2 (t+h) is taken as the corrected value

of the period. Otherwise, a new initial value

. (k+]_) ) y(k'l)‘%(k) S’O(k)i{%(k-l)
Yo - 2 (B Xl(k-l)
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is found and the iteration continues. (In the above formula &O(k) denotes the
initial value of y for the kth half-orbit and Xl(k) denotes the value of X

2 2
given by the corrector formula at the half-period for the kth half-orbit).

5.3. Closing an Orbit

There are two options for stopping at the end of a full orbit.
One is to stop when t is equal to the period. The other is to continue until
the x-axis has been crossed within a specified region. When the orbit crosses

the x-axis, the absolute value of Vo is compared with .. If lycl < € the

1 1’

orbit is considered complete; otherwise, the previous step is rejected, the
step size is set to - y/y, and another step is taken.
Using either option, the procedure computes % after a final step by

linear interpolation, using the formulas

h=-yc/5ro )

3.4. Data Input

Operating Instructions

1. Load the ALGOL program.
2. Load the following information:
(a) order of the predictor (as a free field integer),

(b) number of terms in the predictor (as a free field
integer),

(c) order of the corrector (as a free field integer),

(d) number of terms in the corrector (as a free field
integer),

(e) p (as a free field integer).
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10.

For each term in the predictor, express the coefficients
of as fractions with a common denominator. Load all the
numerators for that term, then the denominator {as free
field integers).

For the predictor, express the coefficients y as
fractions with a common denominator. Load all the

numerators, then the denominator, in free field integer
form .

Repeat (3) - (4) for the corrector.

Load the following information as free field double
precision real variables:

(a) Period ,
(b) Initial x,
(¢c) Initial y,

(d) Initial

e
.

(e) Initial ¥,
(f) p -

Load the following information as free field single
precision real variables:

(a) 1Initial step size,
(b) Tolerance level Eq
(c) Maximum tolerance level E

max
Load a printing option: 1 if the results of every
step are to be printed, O otherwise (as a free field
integer). '

Load the following options (as free field integers) :

(a) 1 if improved initial conditions are to be
found, O otherwise;

(b) 1 if the procedure is to terminate when improved
initial conditions are to be found; O if a
complete orbit is to be run .

Load the following information as free field single
precision real variables:
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(a) the tolerance ¢, on the y,

(b) the tolerance ¢, on the X,

(¢) a time test constant for the half-period
(mst be less the actual period/2),

(d) a time test constant for the period,

(e) the sign of y after crossing the x-axis at the
half-period (+1 if positive, -1 if negative),

(f) the sign of y after crossing the x-axis at the
period (+1 if positive, -1 if negative).

11. If improved initial conditions are to be found, load
the following information (as free field double
precision real variables):

(a) an estimate of % at the half-period,

(b) an estimate of the initial v that will give
the above x at half-orbit.

12. Repeat (6)-(11) for all problems to be run with the
same predictor and corrector.

13. Toad a zero as free field double precision real variable.

14. Repeat (2)-(13) for all predictor-corrector
combinations to be used.

15. Ioad five zeroes as free field integers.
16. Ioad an end-Of-deck card.

Note that all free field integers and single precision real variables must
be followed by a comma. All double precision real variables must not be followed
by a comma, but must be followed by one or more spaces (blanks). As many
numbers may be put on a card as is convenient but no card may contain mixtures
of single and double precision numbers. In single precision a slash indicates
that the rest of the card is to be ignored. In double precision an asterisk
indicates the rest of the card is to be ignored.

4. Flow Diagram for the Runge-Kutta-Shanks

Figure 10 gives the flow diagram of the computer program for the

Runge-Kutta-Shanks method.
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5. The Program Listing for the Runge-Kutta-Shanks Method

The following 21 pages list the computer program for the Runge-
Kutta-Shanks method. Also listed at the end of the program are the coefficients

for the Shanks 7-9 and 8-12 formulas [21].
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V. RESULTS AND CONCLUSIONS

A. Results

The results of some computer runs for various Arenstorf restricted
three body orbits by the different methods are presented in Tables V, VI,
and VII. Three different orbits were chosen for testing the methods. Orbit
number 1 (Figure 1) comes close to the earth but not close to the moon.
Orbits number 2 and 3 (Figures 2 and 3) come close to the moon but not so
close to the earth.

Table V summarizes a series of runs made at relatively low orders (5 to
9) and accuracies (= 10—12) for all five methods. An attempt was made here
to use more or less corresponding orders for each method and choose sets of
runs having approximately the same accuracy. The comparisons of the methods
are then based on the number of steps and time taken to complete the orbit.

Table VI summarizes a series of runs at orders 12 and 13 for the
Runge-Kutta-Fehlberg and Adams methods. The accuracies here were held to

1k

around 107~ . Table VII then summarizes a series of runs at orders 14 to 16
for the same methods. Here the accuracies were held to about 10-16.

The errors given in Tables V, VI, and VII are expected to be almost entirely
due to the truncation error of the method and not to rounding. None of the
methods used involve arithmetic operations prone to producing large rounding
error (such as matrix inversions). With 23 decimal place (floating point)

arithmetic rounding errors ought not be produced as far over as the 16th or

17th place. Also it can be demonstrated by the simple expedient of reducing
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the step size or error tolerances, that the final errors can be reduced. If
the final errors were dominated by rounding, a reduction in the step size or

increase in the number of steps would increase the final error.

B. Conclusions

1. The Lie Series Method

The Lie Series Method used here is basically a low order method
(7th order in the position, 5th order in the velocity). It showed up well at
lower accuracies (around 10-9) but for the higher accuracies the number of
steps required increased rapidly.

Some information was obtained on the best value of o to use (o + 1 is the
number of points used in evaluating the integrals in the Lie Series). Since
the order of integration is the same for an even value as for the next higher
odd value of o, there is no point in using an o0dd value. 1In this study o = 2
)

and o = 4 were tried. At low accuracies (= 10~ g = 2 gave comparable accuracy

to o = L4 but ran 50% faster. At higher accuracies (= 10-12) o = 4 ran about
50% faster than o = 2.

It was seen also that the Lie Series method worked better with the orbits
that did not come so close to the singularities. For example, it took three
times as long to run orbits 2 and 3 as it did to run orbit 1 (see Figures 1,

2, and 3).

One anomalous feéture that exhibited itself in the Lie Series was that the
net error in the velocity at the end of one full orbit was generally several
orders of magnitude greater than the product of the number of step times the

average error per step. This discrepancy was worse for orbits 2 and 3 than

for orbit 1.
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The method of step size control used here for the Lie Series worked quite
well., Several other methods of step size control were tried but did not work
as well.

While it is possible to extend the order of the Lie Series by evaluating
more terms in the series (increasing a) and/or increasing o, it is questionable
as to whether the additional time spent in evaluating higher derivatives could
be compensated for by a larger step size.

2. The Cowell Method

The Cowell method described in this report did not perform as well as
had been anticipated. The net cumulative error at the end of a complete orbit
was many orders of magnitude greater than would have been expected from the
error criteria. That is, the final error was considerably greater than the
product of the number of steps times the maximum error per step (the maximim
error per step being determined by the mid-range formula). The error
accumulation was a gradual process distributed over the entire orbit. There
was, however, a noticeable increase in error accumulation in the vieinity of
a singularity.

There are several possible explanations for this failure of the Cowell
method to give high accuracy:
(1) There could be an error in the computer program.
(2) The step-size control procedure, based on the mid-range formula,
may be basically unsound.
(3) The Cowell method as described in this report exhibits some
instability. Consider the first of these possibilities; all the usual pre-
cautions were taken to insure that the computer program was correct. The accuracy

of the program was checked by several different people. Many runs of several versions
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of the program were made with extensive monitoring of intermediate results.
Although programming of the B5000 in double precision proved to be treacherous,
it is hard to believe that the difficulties experienced with this method are
due to program errors.

The possibility of an unsound step-size control procedure was investigated.
The step-size control procedure was changed to make it dependent on the
difference between the predictor and the corrector. The results of computer
runs made with this version of the program were no more accurate than results
obtained from the version in which the step-size control is based on the mid-
range formulas.

There is the possibility that the Cowell method used here is unstable.
The Dahlquist criterion for stability cannot be applied directly in this case;
therefore, no proof of either stability or instability is known.

3. The Adams Method

The results of the investigation were favorable. Specifically, the
following was learned.

Varying the order, or q, during the running of an orbit does not produce
better results than when g is held fixed. Changing the order from step to step
should help in randomizing the truncation error, but no improvement was found.

There seems to be some advantage in making the order of the corrector one
or two greater than that of the predictor. This advantage is slight.

Using the difference between the predictor and the corrector for error

control worked quite effectively.
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When the iteration option was used, (that is when the corrector was applied
repeatedly until the difference between two successive iterations was less
than Emin) the average number of applications of the corrector was not excessive
and averaged about 2 in the runs listed in Tables V, VI, and VII.

The step size alteration worked well. In a multistep method it is difficult
to do anything other than double or halve the step size. Doubling requires that
a large history be maintained and halving requires an accurate interpolation
scheme, but both conditions were met satisfactorily.

4. The Runge-Kutta-Fehlberg Method

The results of the investigation were favorable especially at the
higher orders. The method of error control worked well.

Two improvements may be possible here with the error control. First, an
error control based on the velocity rather than the position has been
developed by Fehlberg [19]. This may increase the accuracy significantly.
Second, halving and doubling is not an efficient way of changing the step
size for a single step method. A less drastic change or continuously changing
step size could eliminate the necessity of ever repeating a step. This
procedure worked well in the Runge-Kutta-Shanks method.

5. The Runge-Kutta-Shanks Method

The results of the investigation were favorable. The method of error
control and step size alteration worked well.

The step size control was especially effective. For the runs listed in
Table V, no step was ever rejected for being too large once a satisfactory
starting step size was found.

One disadvantage in the Runge-Kutta-Shanks method is the necessity of

making two distinct calculations at each step to determine the error. An
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extension of the Runge-Kutta-Shanks method to provide for a fast and easy
error estimate (as in the Runge-Kutta-Fehlberg method) could significantly
increase the speeds attained here.

6. Comparison of the Various Methods

At the lower order and accuracies, the one step methods of Runge-
Kutta-Fehlberg and Runge-Kutta-Shanks were superior to the others examined
here. Runge-Kutta-Shanks was somewhat faster than Runge-Kutta-Fehlberg on
orbits number 2 and 3 but the Runge-Kutta-Fehlberg was faster on orbit number 1.

At higher orders and accuracies the Runge-Kutta-Fehlberg method continued
to be superior. (Runge-Kutta-Shanks methods of higher order are not available
at this time). At the highest orders the Runge-Kutta-Fehlberg method was
about twice as fast as the Adams method.

7. General Remarks

Apart from the speeds and accuracies exhibited by the various programs,
different methods have their own inherent relative advantages and disadvantages.
A1l multistep methods such as Adams must have a starting procedure to
accumulate a history before the method proper can be applied. These separate
starting procedures take up space in the computer and can be slow. The multi-

step methods must also maintain in memory a long history. Not only must
enough points be maintained to calculate the next point but enough history
must be maintained to be abie to double the step size if called for.

Single step methods can start themselves and need maintain no history
of previous values. Also, with the single step methods, anywstep size change
can be made at any time with almost no effort. The multistep methods find
step size changes quite difficult and time consuming, especially step size
reduction, and any step size change other than halving or doubling especially

laborous.
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| The Runge-Kutta-Shanks and Adams methods have the advantage that they

can be applied directly to any non-linear differential equation with no
preliminary caleculations or analysis. On the other hand, both the Runge-
Kutta-Fehlberg and the Lie Series methods require an extensive preliminary
analysis of the particular problem. In the Lie Series case, the higher order
derivatives must be calculated up to maximum order or degree to be used. In
the case of Runge-Kutta-Fehlberg, the recursion relations of the method must
be derived. However, much of this work could be done by the computer through
suitable symbol manipulation or list processor (LISP) type programs. Only
the analysis of the variable transformation in the Runge-Kutta-Fehlberg method
that reduces f(y,t) to quadratic form is not yet amenable to computerization.

The Runge-Kutta-Shanks methods have a characteristic disadvantage in that
it is not easy to raise the order of the method above that used here. The
Adams, Lie Series, and Runge-Kutta-Fehlberg methods can all be carried to any
desired order in a straight forward (though often laborous) manmner. It is not
at all clear how to go about increasing the order of the Runge-Kutta-Shanks
methods. Furthermore, the number of function evaluations per step increases
rapidly (much faster than the order) as the order is raised.

As a final conclusion then, it is suggested that in the cases where it
is possible to find the recursion relations, the Runge-Kutta-Fehlberg method
promises to be the most useful research tool for providing high precision

results efficiently.

C. Recommendations

The two most promising methods are the Runge-Kutta-Fehlberg and Runge-
Kutta-Shanks. The Fehlberg method can be improved by using an error control

on the velocity and by a step size change other than halving or doubling.
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The Shanks method can be improved by finding a quicker method of error
estimation. The present study took the same step twice by two different
order Shanks methods and compared the results. If each step could be taken
only once and perhaps estimate the error by increasing the number of function
evaluations slightly, then the speed of the Shanks method could be increased
significantly.

There is no immediate prospect of improving the Adams method as such,
but new multistep methods of high order have been introduced by Gragg and
Stetter [22] that promise to be significantly advanced in improving mltistep
methods.

The order of the Lie Series method can be increased by increasing the
number of terms in the series, but there is some question as to whether this

will increase the speed of the method.

D. Summary

This study was an examination of various methods for integrating non-
linear coupled differential equations. The methods used were the following:

A. the single step Lie Series method,

B. the multistep Cowell method,

C. the multistep Adams method,

D. the single step Runge-Kutta-Fehlberg method,

E. the single step Runge-Kutta-~Shanks method.

Each of the methods is discussed in detail in this report.

The above methods were applied to the restricted three body problem.

In particular, Arenstorf orbits of the restricted three body problem were used.

The error in the methods was checked by noting the degree by which the initial

conditions failed to be reproduced at the end of one complete period.
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Programs for each method were written in double precision floating point
arithmetic (23 decimal places) in Extended Algol for the B5000. A series of
runs were made on three different Arenstorf orbits at various orders from 7 to
16 and accuracies from 10_12 to 10-16. These results are presented in Tables
Vv, VI, and VII.

The conclusions reached were that each of the methods, except that of
Cowell, could be considered effective, but the methods of Runge-Kutta-Shanks
and Runge-Kutta-Fehlberg were the best. At the highest accuracies and orders,

where Runge-Kutta-Shanks formulas are not available, the Runge-Kutta-Fehlberg

method was superior.

Respectfully submitted,

L et

I. E. Perlin
Project Director
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