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FOREWORD

This Technical Memorandum is the first of a plarned series of
reports dealing with the investigation of damping in vibration analyses
of missile structures. This investigation is a part of the work being
performed by the Lockheed Missiles & Space Company's Huntsville
Research and Engineering Center for the Marshall Space Flight Center
under NASA contract NAS8-11148, Task L-11.
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SUMMARY

2383
As a preliminary step in the investigation of vibration analyses
of multi-beam structures with damping, simple analytical methods which
are generally applicable for lightly damped structures are investigated.
Examples are used to show applicabilities of the outlined methods.
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INTRODUCTION

The presence of damping in a structure influences its vibration
characteristics in two aspec¢ts where significant discrepancies are noted
between physical phenomena and predictions based on the assumption of
zero damping. In the first place, proper damping makes finite steady-
state vibration amplitude possible at résonance, while the undamped ana-
lysis predicts an infinite amplitude. Secondly, free vibrations following
transient disturbances decay ir time. Analyses of undamped structures
predict persistent free vibrations.

It is important to point out that in almost all other respects, the
undamped analysis provides accurate results for a lightly damped struc-
ture. In particular, it provides the knowledge of natural frequencies and
dynamic relative displacements which is useful in obtaining approximate
solutions of the damped structure at resonance.

In a large number of situations wheré external dampers are not in-
tentionally employed and where vibratory aerodynamic drag is insignifi-
cant, damping must beé obtained from internal sources of a structure.
Major dissipative forces are then limited to the friction forces acting at
structural joints, and the anelastic components of stresses acting inter-
nally of strained elements. Such dissipative forces introduce what are
commonly referred to as structural damping and material damping to
the system.

Energy losses due to structural damping and material damping are
usually observed as areas of hysteresis loops of the force-displarement
and stress-strain relationships. Differential equations of motion of a
structure exhibiting hysteresis are not easily solved exactly by known
methods. In this report, an approximate method of analyzing damped
steady-state vibrations is described. A compatible method of transient
analysis is then selected to provide a pair of techniques which is a self-
contained system according to which experimental data can be generated
in a format suitable for analysis; and, conversely, according to which analy-
tical results can be meaningfully verified by experiments.

The solution methods are applied to analyses of two elementary
structural components to demonstrate feasibility, as well as to form a
foundation on which future analyses of complicated practical structures
may be constructed,
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STEADY-STATE ANALYSIS OF LIGHTLY DAMPED STRUCTURES

The Formal Mathematical Problem

A general expression of the relationship between stress and strain
in a solid continuum can be written in the operator form

GEJ:EQ&({eke}) é:,jJAZJ{;/JEJGFj) (1)
where §7;; and €; are stress and strain components and £;-,, is a

tensorial modulus operator which is reduced to simple constants of multi-
plication in the special casé of perfect elasticity. For materials which
show capacity for internal damping, application of the modulus operator

on $train results in a stress which is 2 multi-valued function of strain. If
either the stress or the strain is cyclically varied between constant extrem-
ities, the relationship between them is a closed curve known as the hystere-
sis loop.

The mathematical statement of vibrational problems are usually
derived by substitution of the stress-strain law, Equation (1), into the
equation of motion

For elastic materials, the substitution produces the fundamental linear
partial differential equations in the displacement vector % ; . Special
geometrical considerations in many situations reduce the equations to

~ their simplified forms, some of which are well known, e.g., the Bernou-
illi-Euler équation for beams and plates:

> (3)

Py *er3s T A, or=02;

... and the one-dimensional wave equation for torsional and longitudinal

vibrations in bars:

In Equatlons (,3‘) and (4). the constants D and Q contain, typically, elastic
 constants, and the mass density p.
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For materials exhibiting hysteresis damping, the substitution of the
stress-strain law into the equation of motion produces differential equations
which are not analytical in nature. Generally, the resulting differential
equations themselves must be varied according to the solutions(Reference 1), :
making them difficult, if not impossible, to be solved exactly. One of the =~
most useful mathematical tools to obtain approximate solutions of damped
vibration problems via the differential-equation approach is the method
~ developed by Krylov and Bogoliuboff (Reference 2) for nonlinear mechanics.
Pisarenko (Reference 3) demonstrated the successful application of this
method to numerous transient and steady-state problems. However, the
approach in Reference 3 cannot be generalized easily, and when accuracies
better than first approximation of the solution are desired, the technique
becomes tediously complex. Difficulty also arises when the method is used
to include the effects of structural damping.

A Review of Validities of Elastic Analysis

It is known that for a lightly damped structure the elastic analysis
- of the corresponding undamped structure provides satisfactory solutions o
with respect to natural frequencies and dynamic configurations (mode
shapes), as well as relative amplitudes of the components of the actual
displacement (or stress) solution. For the steady-state vibration of lightly -
damped structures, therefore, the elastic analysis provides approximate
solutions to all but one (scalar) quantity: the amplitude of the magnitude of
the displacement vector or stress tensor which becomes characteristically
different at resonant frequencies. When the excitation frequency approaches
one of the natural frequencies of the structure, the elastic analysis predicts.
- an infinite amplitude while, actually, the amplitudes are usually finite in
the damped system. =

It is, fhereféré, desirable to seek a method of det.ermi'ning' thé'.reso-
nant amplitudes of a lightly da.mped structure to complement, rather than to
- replace, the elastic ana1y51s. ' o

S The method whlch appeals to the aforementioned requirement
" of an analysis of finding resonant arnphtudes of a structure with matemal
‘damping and joint damping is based on two fundamenta.l as sumptmns. The

- '_-____methed can be outlined in four essential steps.

E S’.t_e}? 1 .' \Perform an ela.st1c, free v1brat1on analysm of the correspond-_
e 1ng unda.mped structure. Determme, m partzcular, mode | S
~ shapes and correspendmg frequencxes. R '




. Step 2

Step 3
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Assumption 1

The amplitudes of vibration of the actual damped structure
become extremely large when the frequency of excitation
approaches one of the undamped natural frequencies. In

‘addition, the displacement at resonance i§ primarily in the

corresponding undamped mode. Justification of this assump-
tion for material damping alone is based on expe-imental
observations; and for combined material damping and struc-
tural damping will be made in a subsequent section.

Assumption 2

- Frequencies of peak amplitudes and frequencies of 90° phase

shift between excitation and response are so closely located
near the u.damped natural frequencies that no distinction
need be made among the three types of frequencies., This
assumption is,again,based on experimental knowledge.

Calculate the total work done on the structure Ly the exciting
force at resonance for each cycle of vibration by integrating
the product of excitation and corresponding velocity of strue-
ture deformation over a cycle. The integration is to be per-
formed at 90° -phase-shift frequencies and the result will be
an expression for the work in terms of the modal frequency
and the modal amplitude.

Calculate the amount of energy dissipated by the entire struc-
ture per cycle of vibration at resonance by integrating the
"specific damping' over the volume of the structure. Specific

- damping is the amount 6f energy dissipation per cycle per

unit volume of the material and is usually dependent on the
local stress amplitude. The resulting expression for the
dissipation will contain the mode frequency and amplitude

and damping properties of the material. Structural damping

may be included in the calculation as a lumped amount at

each structure joint.

Equate the work done to the structure to the energy dissipated
by it in each cycle. The resulting algebraic equation can

~ then be solved for the single unknown resonant amplitude in
terms of the modal frequency, material properiies, and the

- forcing function amplitude. .




e e e i b L i

‘may be appropriately used for the lateral vibrations for the corresponding
elastic structure. The end conditions can be any combination of free,

TR0 B ) dx

e AVL T S A Lo ST ke

If modal amplitudes in terms of the ¢orresponding frequencies are
known, an "equivalent viscous damper' can be obtained for each mode of

‘vibration. The fractional damping coefficient of these equivalent viscous

dampers can be determined as a function of the modal frequency and is

~not a constant for all modes.

‘Elementary Beam Analysis - An Example

| As a first example to demonstrate the application of the procedures o
just outlined, the vibration of a beam with material and joint damping will
be considered. The schematic of the beam is shown on Figure 1. An
elementary configuration has been chosen for consideration so that the
Bernouilli- Euler equation - - '

e W =7

Lok

hinged, fixed, elastically supported or hinged, and guided conditions, which,

in general, are non-dissipative. A simple riveted lap joint is used at a

distance X, from the left end to include structural damping in a representa-
tive manner in the problem,.

The elastic, free-vibration analysis determines the natural frequen-
cies, 7,, n=l, 2, 3, ----- ,» and the corresponding eigen functions @, (x),
i.e., the elastic free-vibration solution has the form

Wi, ) = L Aoy #,(x0 €70 (2)

For conservative end conditions, the set of normalized eigen functions are
mutually orthogonal, i.e.,

0 J _/’)7—;,&.)'(“)
Z S | ﬁ’l-’-‘-‘/b, ’ (3)

!

'When the actual beam (with dampmg) is sub1ected to an uxcitation at one of
_ 1ts natural frequencmes, i. e. ’ when

Qi Er = B, smopat, o W
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- The steady-state response ls. predominantly, = . . o

: L N' _(. 'X " f D = ) - 1:\7‘ " ¢n(x ) ¢ 0,5 /% _. Z[_- . . (5)

It is convenient to expand the forcing function i-nté ‘a's_e_ri‘efs_ of ¢n(;v))

.O (%, T ) = Q ( ,c) 3//7 ,P,l, J//? ﬁ,f z 5»7 ?4 ¢ 7) R (6)

so that the work done- by @{x :t) over a cycie may be & Slmple exPressmn L

£=/ P’f ooty BZL (/2’ e

A

: A commonly used material damp1ng law for a varlety of metals s

N ‘W/f’n TR i T S S R o
Wy /0‘ TSt padt g ;?quﬁ? dee i

d” - : j ( O-) M | o . i - (8)

where dm is the sPECIf-l'C! dampmg, T the stress amphtude and J M and M
are mate“al damPlng PTOPertleS- Smce for an elementary beam |

_;. '32

S0 tha.t in fth_e nt‘h .m:od'e,' |
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The solutmn of N from Equatmn (19) usually does not present any essen-v |
- tial problem " ST : _

, If st"ruemifal,damping is not present, an explicite solution i's:ffpo,s si-

21 - (20)
To put in a more familiar form, let #/=2+4, (0= /=/for most materials),
then
/ )/v‘&: z{"']h ) / 7n _;_;‘-ék
Z. e ! -7 en
| | h, .0 | D
The f1rst factor, (/?74 4) 77", is independent of the forcing functmn a.nd the
zrequency and is constant for a given beam. It can be determined if all
properties of the beam are known, It can also be experimentally deter-
mined at any convenient modal frequency, or statically. The last factor,
,(/’f:/e' )'f%-‘z » differentiates hysteresis damping from viscous damping. For
a linear viscoelastic beam at resonance, the proper factor to use would be
/ "’: Therefore, an equivalent modal damper obtained for a given forecing
» a,z"nphtude £, in the nth mode would predict modal- amplitudes which are too "
high for modes at lower frequencies, and too low for higher modes. For
example, if ¢ =9, and the equivalent viscous damper is derived on the o
‘basis of exper*mental data obtained in the first mode, 1 e,, at ;o ‘then the
predicted second mode amplitude would be only(P/ ) ®of the actual value, _‘
. (assuming K—I) If 5 is approximately 2/, , the equwalent viscous damper -
~ would produce a predxcted amplitude which is only 35% of the actual amph- »
tude, a grossly nonconservatwe estunate.

An assumed structural dampmg law was used in the above analysis
primarily to demonstrate the simplicity which might have been realized
-.w - if such'a law had existed. A justification of the form of such an emp1r1ca1
relationship will be made soon., Before that is attempted, however, it
.. should be noted that structural damping has been investigated-in the’ pastin
a purely analytzca.l fashion (References 4, 5, and 6). ‘Theoretical predic~
tions of damping in idealized joint conﬁguratmns were made and experi-
. rmental verification of such predictions were then performed in the labora-" -
o tory on carefully pPrepared joint specimens. Application of such theoretical
o results toa pract1ca1 system, however, mvolves either gross szmpliﬁca.tmn
S of the'actual joint conditions and env1ronmenta. or tremendous generahzatxon
-~ of the theory to such an extent that the task becomes insurmountable. Em-= 3
»»,A»;.:,,:pxncal damping laws for typical structura.l Jomts would ‘ne, therefore, not only




= e:ferred approach but also the only approach before the state of the_ Lo
o ;-art of«a ratmnal analysm 1s 1mproved to a- satlsfactory stage

g To Justzfy Equatmn (1 6), cons1der the s1mp11f1ed Jomt by wh1ch the S
o elementary beam of Figure 1 is constructed. The idealized stress d1str1-_ e
.- bution at Pt=Asg on the left-hand half for various bend1ng moments are
- shown on- F1gure 2. If it is assumcd that microscopic slip is physmally
"'f"permxsmble, ive.; rivet holes are b1gger than the rivet d1ameters, then
.'_"“_7-..‘-_'_:.f:slxp will take. place When the transmxtted stress exceeds ‘that determmed
e .:'.-',;by £r1ctlon. Ideally, shp is 1n1t1ated at the outer reglons of the Jo1nt at a

'_':i_‘bendmg moment is mcreased The stress d15tr1but1on at A= 7( is, then, ?

fnot lmearly d1str1buted over the depth. On unloadmg, the decrease of
oo Stress. follows an elastic: distribution until reverse slip is. produced Steady- "
.. state cycling of the bend1ng moment above the initial slip moment would,
’:’f""therefore, result in a moment-differential rotation diagram such as that
~shown on: F1gure Z(d)The area of the closed loop represents the total energy
dassrpatron at the ---Jomt per cycle of varratmn. - The relatxonshlp between the
',enclosed are n¢ the. bendmg moment can, :Eor th;s sxmple case; be derwed
However (1ff, nore direct approach is chosen) it is empz.rlcally possible to
express t.'ms relat1onsh1p by an exponentlal expressmn such as Equatlon (16) r
over.a bounded range of vanatlon.w'.-.-:-'-. SE R L SR S

Prmr'to gross relat1ve shp rotat1on of tne two halves of the beam,
’the amount of partial shp is dzrectly governed by the dev1atlon of the stress S
'r-f'r--f.j,f_-,.dlstnbutlon from lmearlty,, “and must be of the order of the bendlng straln. ,
'Hence, both the: assumptxon that the deformatmn of the made-up beam cah
S ?';"f-be apprommated by the elast1c counterpart, and the assumption that micro= i
- scopic shp is perrmssﬂale is Justlfzed 1f the gross shp cond1t1on is not
.. .reached. When the level of exc:Ltatlon is so high that gross slip is possﬂsle O
| "-statzcally, the increase of energy dis 91pat1on with amphtude is not of a
f{suff:ci’ ntly hlgh rate to compensate for the 1ncreas1 : ,amount of work mput

G :;strate_ the '

, free-free bar are
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Cumle

(a) M=M,_, M=>=0 - No Slip

8 Stress

(b) M =M, M =0 - Partial Slip

Xs Stress

(¢) M=<0,

| () ‘Moment vs. Differential Rotation at I XK

_ Figure 2 - Slip of Structural Joint
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(1)

© and tho solution under an axial excitation, g 55 57 € X =0 /s

L u =, e Pk cos paz

'i'-'work done by the apphed end force during a cycle in the nth mode is

’»t’o

g Sz,m/zn?‘ &/»;»5?/?,?, t/’ﬂ/ﬁ.’aﬁ‘ /740/4% (4) |

: '_:stress amphtude 1s




TRANSIENT VIBRATIONS OF LIGHTLY DAMPED STRUCTURES

General Discussion

For structures possessing small amounts of structural damping
and material damping, it is convenient to divide the study of transient
responses into two stages. During the first stage, transient excitation
is being applied and thé structural response is very much the same as
that of a perfectly elastic system. That is to say that hysteresis damp-
ing, unlike viscous damping, has very little to do with the initial distur-_
‘bances since dampmg is obtained via slight, anelastic deviation from
linearity. During the second stage, which begms when excitation ceases,
~ the response is a free vibration with a decaying amplitude,. W1th the rate
of decay governed by the damping.

More than one method of obtaining damped free-vibration solutions
is available. For example, there are the approach used by Pisarenko
in Reference 3, the graphical or numerical solution method in the phase
plane, and that of obtaining a description of free vibration decay rate. The
basis of selecting one method over another depends on the ultimate purpose
of the analysis. In the present case, the logarithmic-decrement method of
description is selected because it is based on the energy dissipation per
cycle of free oscillation, making it compatible with the selected steady-
state analysis. In particular, experimental data in free vibrations reduced
by the following selected analytma method can be directly applied to forced
vibration analyms : .

Meth od of Analysis

As in ‘the case ot the steady state, the damped free vibration analy-
sis will depend heavily on analytical results of the undamped structure.v The
~natural frequencies and mode shapes of the undamped structure are, again,
‘assumed to be good repre sentations of the actual dynamic behavior of the

o '11ght1y damped structure.. However, the assumption that the response is . =

' dominated by a s1ng1e mode cannot be Justlfled in free v1bratmns. Analter-
'~ nate assumption must be employed. The assumption that the dampmg law '

,r'holds in general for arbltrary stress bias permits the superpos;.tmnmg of ..
i':results of separate smgle mode analyses and W111 be used L

S  Knowing- the mode shape and the: correspondmg freque.zncy, thc mdx:-' L
mum strain energy of the s ‘u'cture*m' each mode during a cycle at the .
o 'Vcorrespondmg m .f_" _'quency can be cornputed asa volurne 1ntegra}, Qf a
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. eéxpressible as 4 volume integral of a (different) function of the stress

- .~ amplitude. Logarithmic decrements can, therefore, be obtained for the
. decay.of either the energy, stress, or displacement by taking the log-

i ""',,l‘:"ganthm of the ratio of successive amphtudes.

L Decay ';o:'f_ Elementarv B:e'.a;-m..'V"ib'-ration.v An Example

i The free v1brat10n of the beam shown in Flgure 1 will again be used’
S llas an example. |

o Inthe n'h nigde, the maxlmum total strain energy is

e

f’_/_o/?i”/?/_-zﬁz;a,zu?,) | (1)

S "“_—'iz'wh-ere"the constant LE —-ZE(J‘.{? /y} o, 5,80 . The d15$1pat1on per cycle is
s _‘,;_;--_-_‘-g1ven by Equatmns (15) and (18) on Page 8 and is

--,'/a)-—z /ﬂq )”'7 - 4’ (’/ M‘)‘S o (2)
e 'maximum stram energy in. mhe prpvmus cycle is

appears on
r",,-] lS nOt
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CONCLUSIONS

Simple methods of vibration ana.lyses have been outlmed for struc-' |
‘tures possessing structural damping and material damping. "By the use of

 examples, the application of the methods are demonstrated, and the major e |
“differences between hysteresis damping and viscous damping are shown. . .

Damping laws for frictional dissipations at typic,all_structural joints'
are not generally available at the present time. The major-difficulty which -

" 'looms over any practical analys:Ls of damped structures is, therefore; not

‘the theory, but the lack of raw physical data on joint da.mpmg behavmr. :
- The analytical methods described in this report form a foundation for

estabhshmg the format of required damping data accordmg to which expem-'.r-:v :

entatmn may be conducted
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