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FOREWORD 
, This work is based substantially on a three-volume Confidential 

Research Memorandum f h t  issued by the National Advisory 
Committee for Aeronautics in 1956 and declassified in .1958 for re- 
lease to the general public. The material, which was of a funda- 
mental character, has been updated for the present edition in the 
light of subsequent developments in the field and*hr.s been carefully 
reexamined for current validity by members of the staff of the NASA 
Lewis Research Center, Cleveland, Ohio. It is now published for 
the first time in a single volume to meet continuing demand for the 
information and to make it readily available in convenient form to 
the engineering community both within and outside the National 
Aeronautics and Space Administration. 
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CHAPTER I 

OBJECTIVES AND SCOPE 
By IRVING A. JOHNSEN and ROBERT 0. BULLOCK - 

This $rst chapter of a report on the aerodynamic a design system, and stimulated by the urgent need 
design of axid$m compressors presents the general for improving gas-turbine engines, research on 
objectives and scope of the Over-aU report. The basic axial-flow compressors has been accelerated both 
problem of compressor M g n  is outlined, and the /Gn this country and abroad. The results of this 
approach generally taken to accomplish its solution I research have been presented in numerous publi- 

these reportg presents only a fragmentary bit of 
information which taken by itself may appear to 

the report are summ.arized. 
is pointed out. l7w &een succeeding cations. In the majority of instances, each of 

INTRODUCTION 

Currently, the principal type of compressor 
being used in aircraft gas-turbine powerplants is 
the axial-flow compressor. Although some of the 
early turbojet engines incorporated the centrifugal 
compressor, the recent trend, particularly for high- 
speed and long-range applications, has been to the 
axial-flow type. This dominance is a result of 
the ability of the axial-flow compressor to satisfy 
the basic requirements of the aircraft gas turbine. 

These basic requirements of compressors for 
aircraft gas-turbine application are well-known. 
In general, they include high efficiency, high air- 
flow capacity per unit frontal area, and high 
pressure ratio per stage. Because of the demand 
for rapid engine acceleration and for operation 
over a wide range of flight conditions, this high 
level of aerodynamic performance must be main- 
tained over a wide range of speeds and flows. 
Physically, the compressor should have a minimum 
length and weight. The mechanical design should 
be simple, so as to reduce manufacturing time and 
cost. The resulting structure should be mechani- 
cally rugged and reliable. 

It is the function of the compressor design 
system to provide compressors that will meet 
these requirements (in any given aircraft engine 
application). This design system should be accu- 
rate in order to minimize costly and time-consum- 
ing development. However, it should also be as 
straightforward and simple as possible, consistent 
with completeness and accuracy. 
In an effort to provide the basic data for such 
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have inconsequential value. Taken altogether 
and properly correlated, however, this information 
represents significant advances in that science of 
fluid mechanics which is pertinent to axial-flow 
compressors. It was the opinion of the NACA 
Subcommittee on Compressors and Turbines and 
others in the field that it would be appropriate to 
assimilate and correlate this information, and to 
present the results in a single report. Such a 
compilation should be of value to both neophytes 
and experienced designers of axial-flow compres- 
sors. Realizing the necessity and importance of 
a publication of this type, the NACA Lewis 
laboratory began reviewing and digesting existing 
data. This report represents the current status 
of this effort. 

This chapter outlines the general objectives and 
the scope of the design report and indicates the 
chapters in which each specific phase of compressor 
design information is discussed. The general com- 
pressor design problem and the approach usually 
taken to accomplish its solution are indicated. 
The various aspects of compressor design to be 
treated in the over-aU compendium are outlined, 
as well 85 the specific sequence in which they will 
be presented. 

Because axial-flow compressors are most ex- 
tensively used in the field of aircraft propulsion, 
and because this field requires the highest degree 
of excellence in comprwsor design and perform- 
ance, the attention in this over-all report has 
been focused primarily on the problems pertinent 
to the axial-flow compressor of turbojet or turbo- 
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2 AERODYNAMIC DESIGN OF AXIAL-FLOW COMPRESSORS 

prop engines. The results, presented, however, 
should be applicable to any class of axial-flow 
compressors. 

DESCRIPTION OF AXIAL-FLOW COMPRESSOR 

The basic function of a compressor is to utilize 
shaft work to increase the total or stagnation 
pressure of the air. A schematic drawing of an 
axial-flow compressor as installed in a turbojet 
engine is shown in figure 1. In the general config- 
uration, the first row of blades (inlet guide vanes) 
imparts a rotation to the air to establish a specified 
velocity distribution ahead of the first rotor. The 
rotation of the air is then changed in the first rotor, 
and energy is thereby added in accordance with 
Euler’s turbine equation. This energy is mani- 
fested as increases in total temperature and total 
pressure of air leaving the rotor. Usually ac- 
companying these increases are increases in static 
pressure and in absolute velocity of the air. A 
part, or all, of the rotation is then removed in 
the following stator, thus converting velocity 
head to static pressure. This stator also sets 
up the distribution of airflow for the subsequent 
rotor. The air passes successively through rotors 
and stators in this manner to increase the total 
pressure of the air to the degree required in the 
gas-turbine engine cycle. As the air is com- 
pressed, the density of the air is increased and 

r----lnlet guide vane 
I 
I r-- Rotor 
I I  
1 I ,--Stator 
I 1  I 

the annular flow area is reduced to correspond to 
the decreasing volume. This change in area may 
be accomplished by means of varying tip or hub 
diameter or both. 
In this compression process certain losses are 

incurred that result in an increase in the entropy 
of the air. Thus, in passing through a compressor, 
the velocity, the pressure, the temperature, the 
density, the entropy, and the radius of a given 
particle of air are changed across each of the blade 
rows. The compressor design system must pro- 
vide an adequate description of this flow process. 

HISTORICAL BACKGROUND 

The basic concepts of multistage axial-flow- 
compressor operation have been known for ap- 
proximately 100 years, being presented to the 
French Academie des Sciences in 1853 by Tour- 
naire (ref. 1). One of the earliest experimental 
axial-flow compressors (1884) was obtained by 
C. A. Parsons by running a multistage reaction- 
type turbine in reverse (ref. 2). Efficiencies for 
this type of unit were very low, primarily because 
the blading was not designed for the condition of 
a pressure rise in the direction of flow. Beginning 
at  the turn of the century, a number of axial-flow 
compressors were built, in some cases with the 
blade design based on propeller theory. However, 
the efficiency of these units was still low (50 to 60 

RQURE 1.-Axial-%ow compressor in turbojet engine. 
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percent). Further development of the axid-flow 
compressor was retarded by the lack of knowledge 
of the underlying principles of fluid mechanics. 

The advances in aviation during the period of 
World War I and the rapidly developing back- 
ground in fluid mechanics and aerodynamics gave 
new impetus to research on compressors. The 
performance of axial-flow compressors was con- 
siderably improved by the use of isolated-airfoil 
theory. As long as moderate pressure ratios per 
stage were desired, isolated-airfoil theory was quite 
capable of producing compressors with high e& 
ciency (ref. 3, e.g.). Compressors of this class 
were used in such machinery as ventilating fans, 
air-conditioning units, and steam-generator fans. 

Beginning in the middle 1 9 3 0 ’ ~ ~  interest in the 
axial-flow compressor was greatly increased as 
the result of the quest for air superiority. Effi- 
cient superchargers were necessary for recipro- 
cating engines in order to increase engine power 
output and obtain improved high-altitude aircraft 
performance. With the development of efficient 
compressor and turbine components, turbojet en- 
gines for aircraft also began receiving attention. 
In 1936 the Royal Aircraft Establishment in 
England began the development of axial-flow com- 
pressors for jet propulsion. A series of high-per- 
formance compressions was developed, culminating 
in the F.2 engine in 1941 (ref. 4). In Germany, 
research such as that reported in reference 5 ulti- 
mately resulted in the use of axial-flow compressors 
in the Jumo 004 and the B.M.W. 003 turbojet en- 
gines. In the United States, aerodynamic research 
results were applied to obtain high-performance 
axial-flow units such as that reported in reference 
6. In the development of all these units, in- 
creased stage pressure ratios were sought by 
utilizing high blade cambers and closer blade 
spacings. Under these conditions the flow pat- 
terns about the blades began to affect each other, 
and it became apparent that the isolated-airfoil 
approach was inadequate. Aerodynamic theory 
was therefore developed specifically for the case 
of a lattice or cascade of airfoils. In addition to 
theoretical studies, systematic experimental in- 
vestigations of the performance of airfoils in cas- 
cade were conducted to provide the required 
design information. 

By 1945, compressors of high efficiency could be 
attained through the employment of certain 
principles in design and development (refs. 2 and 

7). Since that time, considerable research has 
been directed at extending aerodynamic limits in 
an attempt to maximize compressor and gas- 
turbine performance. One of the major develop- 
ments in this direction has been the successful 
extension of allowable relative inlet Ma 
without accompanying sacrifices 
(ref. 8) .  The subject of allowable bbde loading, 
or blade surface diffusion, has also been attacked 
with a degree of success (ref. 9). Accompanying 
improvements such as these have been an increas- 
ing understanding of the physics of flow through 
axial-flow compressor blading, and corresponding 
improvements in techniques of aerodynamic 
design. Therefore, in view of the rapid advances 
in recent years, it appears appropriate to sum- 
marize the present state of the art of compressor 
design. 

COMPRESSOR DESIGN APPROACH 

The flow through the blading of an axial-flow 
compressor is an extremely complicated three- 
dimensional phenomenon. The flow in the com- 
pressor has strong gradients in the three physical 
dimensions (axial, radial, and circumferential), 
as well as time. Viscosity effects in compressors 
are significant and must be accounted for. In 
general, the design control problem becomes 
more critical as the level of compressor per- 
formance is increased. In order to provide 
ease of application, the compressor design system 
must reduce these complications and establish 
rational and usable procedures. 

Because of the complexity of the problem, no 
complete solution is currently available for the 
three-dimensional, time-unsteady, viscous flow 
through an axial-flow compressor. In the main, 
designers have resolved these diEculties by 
making approximations that permit the use of 
two-dimensional techniques. These approxima- 
tions are usually based on the assumptions of (1) 
blade-element flow and (2) axial symmetry. 

The blade-element approach assumes that flow 
in the blade-to-blade or circumferential plane 
can be described by considering the flow about 
blade profiles formed by the intersection of a 
flow surface of revolution and the compressor 
blading (fig. 2). 

Axid symmetry assumes that an average value 
can be utilized to represent the state of the air 
in the blade-to-blade plane. Equations describing 
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FIGURE 2.-Flow in circumferential plane. 

radial variations of these average values may 
then be written for continuity, energy addition, 
and equilibrium in the hub-to-tip or meridional 
plane (fig. 3). In essence, then, a combination of 
two-dimensional solutions in the two principal 
planes (circumferential and meridional) is used 
to approximate the complete three-dimensional 
flow. 

In applying this approach to compressor design, 
ccecond-order corrections are used to account for 
three-dimensional variations from this simpliiied 
flow picture. Experimentally obtained data are 
utilized to account for effects such as those 
arising from viscosity, time-unsteady flow, and 
blade-row interactions. Empirical limits are 
established for such aerodynamic factors as 
maximum permissible Mach number and blade 
loading. 

No rigorous theoretical justification of this 
simplified design approach can be made. It 
appears sufficient to state that comparatively 
excellent compressors can be and have been 
designed by simplified approaches such as these. 
In the absence of a more complete threedimen- 

FIGURE 3.-Flow in meridional plane. 

sional solution to the design problem, this quasi- 
three-dimensional approach has achieved general 
acceptance in the field. 
In practice, the aerodynamic design of a multi- 

stage axial-flow compressor may be considered to 
consist of three principal phases: 

(1) Determination of stage-velocity diagrams 
for design-point operation 

(2) Selection of stage blading 
(3) Determination of off-design performance 

The first part of the design involves the determi- 
nation of the various air velocities and flow angles 
from hub to tip at the inlet and outlet of each 
blade row, to best achieve the design-point require- 
ments of the compressor (i.e., pressure ratio and 
weight flow). The annular configuration (varia- 
tion of hub and tip contours through the compres- 
sor) is determined. Next, the blading is selected 
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to satisfy the design-point velocity diagrams and 
to obtain high efficiency. Basicahy, this selection 
requires knowledge of loss and turning character- 
istics of compressor blade elements. With the 
compressor geometry establfshed, the h a l  step is 
the estimation of the performance characteristics 
of the compressor over a range of speeds and flows. 
In view of the importance of offdesign operation, 
this procedure may be iterated so as to properly 
compromise design-point operation and the range 
requirements of the engine. 

A more complete discussion of the compressor 
design system adopted for this over-all report is 
given in chapter 111. The generalities of the 
concepts involved have been given merely to 
clarify the general approach to the problem. 

OBJECTIVES OF DESIGN REPORT 

The desire to provide a sound compressor design 
system has formed the basis for most research on 
axial-flow compressors. As a result, in this coun- 
try and abroad, design concepts and design tech- 
niques have been established that Wiw provide 
high-performance compressors. In general, these 
various design systems, although they may differ 
in the manner of handling details, utilize the same 
basic approach to the problem. This over-all 
report is therefore dedicated to summapizing and 
consolidating this existing design information. 
This effort may be considered to have three general 
objectives: 

(1) To provide a single source of compressor 
design information, within which the major 
(representative) contributions in the litera- 
ture are summarized 

(2) To correlate and generalize compressor 
design data that are presently available 
only in many different forms and in widely 
scattered reports 

(3) To indicate the most essential avenues 
for future research, since, in a summariza- 
tion of this type, the missing elements 
(and their importance to the design system) 
become readily apparent 

In this compressor report, an effort is made to 
present the data in a fundamental form. To 
illustrate the use of these data, a representative 
design procedure is utilized. However, since the 
design information is reduced to basic concepts, 
it can be fitted into any detailed design procedure 

SCOPE OF DESIGN REPORT 

Because of the complexity of the compressor de- 
sign problem,'even the simplest design system 
necessarily includes many dift'erent phases. In  
order to summarize existing compressor infor- 
mation as clearly and logicdy as possible, this 
over-all compendium is'divided into chapters, each 
concerning a separate aspect of compressor de- 
sign. The degree of completeness of these chap- 
ters varies greatly. In some cases, rather com- 
plete information is available and specific data are 
given that can be fitted into detailed compressor 
design procedures. In other cases, the informa- 
tion is not yet usable in design. The chapters may 
give only a qualitative picture of the problem, or 
they may merely indicate the direction of future 
research. Those aspects of the compressor prob- 
lem which are considered pertinent are included, 
however, regardless of the present applicability of 
the information. 

The following discussion provides an over-all 
perspective of the material covered in this compres- 
sor design compendium. Each chapter is sum- 
marized briefly, and the relation of each to the 
over-all report is indicated. 

In order to provide proper emphasis in the de- 
sign summarization, it is desirable to establish and 
evaluate the essential characteristics of compres- 
sors. Chapter I1 accomplishes this objective by 
first evaluating engine requirements with respect 
to airplane performance. These required engine 
characteristica are then used to identify essential 
requirements of the compressor. Characteristics 
of the compressor that are directly related to en- 
gine performance, such as compressor pressure 
ratio, efficiency, airflow capacity, diameter, length, 
and weight, are discussed. Other considerations 
in compressor design, including offdesign require- 
ments and the relation of the compressor to the 
inlet diffuser, combustor, turbine, and jet nozzle, 
are discussed. Compressor design objectives, 
based on these considerations, are summarized; 
these objectives indicate the direction in which 
compressor designs should proceed. 

Chapter I11 provides a general description of the 
compressor design system that has been adopted 
for this report on the aerodynamic design of axial- 
flow compressors. The basic thermodynamic 
equations are given, and the simplifications com- 
monly introduced to permit the solution of these 
equations are summarized. Representative ex- 
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perimental data are presented to justify these 
simplifications. This chapter thus provides a 
valid simplified model of the flow, which is the real 
basis of a design system. The elements of the 
resulting design system are then individually sum- 
marized ; basic equations and techniques are given. 
Finally, the limitations of 
pointed out, and promising 
research are indicated. 

The literature on plane potentid flow in cascades 
is next reviewed (ch. IV). Many of the methods 
are evaluated within the bounds of limited avail- 
able information on actual use. Some of the 
methods that have beeh used successfully are 
presented in detail to illustrate the mathematical 
techniques and to indicate the nature of the 
actual computation. The potential-flow theories 
discussed include both the design and analysis 
problems and consider both high-solidity and 
low-solidity applications. Compressibility is con- 
sidered, but effects of viscosity are ignored. 

A necessary adjunct to this subject of two- 
dimensional potential flow is the consideration 
of two-dimensional viscous effects, presented in 
chapter V. In this chapter, the problem of 
boundary-layer growth in the calculation of 
twodimensional flow about compressor blade 
profiles is reviewed. A qualitative picture of 
boundary-layer behavior under various conditions 
of pressure gradient, Reynolds number, and 
turbulence normally encountered in two- 
dimensional blade-element flow is presented. 
Some typical methods for computing the growth 
and separation of laminar and turbulent boundary 
layers are presented. Analyses for determining 
the total-pressure loss and the defect in circulation 
are discussed. 

Because of recognized limitations of theoretical 
calculations such as those presented in chapters 
IV and V, experimental blade-element data are 
generally required by the designer. The available 
experimental data obtained in twodimensional 
cascade are surveyed and evaluated in chapter 
VI. These data (for conventional compressor 
blade sections) are presented in terms of sign%- 
cant parametere and are correlated at a reference 
incidence angle in the region of minimum loss. 
Variations of reference incidence angle, total- 
pressure loss, and deviation angle with cascade 
geometry, inlet Mach number, and Reynolds 
number are investigated. From the analysis and 
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the correlations of the available data, rules and 
relations are evolved for the prediction of blade- 
profile performance. These relations are devel- 
oped in simplified form readily applicable to 
compressor design procedures 

Because of modifying effects (wall boundary 
layers, three-dimensional flows, etc.), blade- 
element characteristica in an annular cascade 
can be expected to differ from those obtained 
in two-dimensional cascades. Chapter VI1 at- 
tempts to correlate and summarize available 
blade-element data as obtained from experimental 
tests in three-dimensional annular cascades (pri- 
marily rotors and stators of single-stage compres- 
sors). Data correlations at minimum loss are 
obtained for blade elements at various radial 
positions along the blade span. The correlations 
are compared with those obtained from two- 
dimensional cascades (ch. VI). Design rules and 
procedures are recommended, and sample calcula- 
tion procedures are included to illustrate their 
use. 

As discussed in the preceding paragraphs, 
chapters IV to VI1 deal with the two-dimensional 
blade-element aspect of design. The design 
problem in the meridional or hub-to-tip plane is 
introduced and summarized in chapter VIII. 
This meridional-plane solution presumes the 
existence of the required blade-element data to 
satisfy the velocity diagrams that are established. 
The general flow equations are presented, together 
with the simplifying assumptions used to deter- 
mine the design velocity distribution and flow- 
passage configuration. Techniques for accounting 
for effects of viscosity (particularly for wall 
boundary layers) are described. The application 
of these design techniques is clarified by a sample 
stage design calculation. 

Since procedures for determining the design 
velocity distribution and flow-passage configura- 
tions in the meridional plane are usually iterative, 
it is desirable to have approximate techniques 
available to expedite this process of stage design. 
The equations for radial equilibrium, continuity, 
energy addition, efficiency, and diffusion factor, 
as well as vector relations, are presented in chart 
form in chapter IX. An example of the applica- 
tion of the chart technique to stage design is 
included. 

In addition to the design-point problem, the 
compressor designer is vitally concerned with 
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the prediction of compressor performance over a 
range of flow conditions and speeds. Three tach- 
niques for estimating compressor off-design per- 
formance are presented in chapter X. The fmt 
method establishes the blade-row and over-all 
performance by means 
element characteristics. 
lizes generalized stage 
s tage-by-s tage calcula 
which is based on 
characteristics of existing compressors, may be 
used to estimate the complete performance map 
of a new compressor if the compressor design con- 
ditions are specified. The advantages and limita- 
tions of each of these three offdesign analysis 
techniques are discussed. 

Chapter XI is the first of a group of three 
concerning the unsteady compressor operation 
that arises when compressor blade elements stall. 
The field of compressor stall (rotating stall, indi- 
vidual blade stall, and stall flutter) is reviewed. 
The phenomenon of rotating stall is particularly 
emphasized. Rotating-stall theories proposed in 
the literature are reviewed. Experimental data 
obtained in both single-stage and multistage com- 
pressors are presented. The effects of this stalled 
operation on both aerodynamic performance and 
the associated problem of resonant blade vibra- 
tions are considered. Methods that might be 
used to alleviate the adverse blade vibrations due 
to rotating stall are discussed. 

Another unsteady-flow phenomenon resulting 
from the stalling of compressor blade elements is 
compressor surge. It may be distinguished from 
the condition of rotating stall in that the net flow 
through the compressor and the compressor 
torque become time-unsteady. Some theoretical 
aspects of compressor surge are reviewed in 
chapter XII. A distinction is made between 
surge due to abrupt stall and surge due to pro- 
gressive stall. Experimental observations of surge 
in compressor test facilities and in jet engines are 
summarized. 

The blade-element approach to the prediction 
of off-design performance (as presented in ch. X) 
is essentially limited to the unstalled range of 
operation. Because of the complexity of the flow 
phenomenon when elements stall, no quantitative 
data are available to permit a precise and accurate 
synthesis of over-all cornpressor performance in 
this range. A prerequisite to the complete 

solution of this off-design problem, however, is a 
qualitative underst 
volved. An an 
problem in high-press 
flow compressors is p 
The principal 

efficiency, multip 
cteristics a t  interme 

intermediate-speed surge or stall-limit character- 
istics. The effects of compromising stage match- 
ing to favor part-speed operation are studied. 
Variable-geometry methods for improving part- 
speed performance are discussed. 

The design approach adopted for this series of 
reports is based essentially on twodimensional 
concepts, assuming axial symmetry and blade- 
element flow. With the continuing trend toward 
increasing requirements in compressors, however, 
a condition may be reached where this simplified 
approach may no longer be adequate. Therefore, 
chapter XIV is devoted to a summarization of 
those existing design methods and theories that 
extend beyond the simplified-radial-equilibrium 
axisymmetric design approach. Design proce- 
dures that attempt to remove the bwodimensionaliz- 
ing restrictions are presented. Various phases 
of three-dimensional flow behavior that assume 
importance in design * are discussed, including 
radial flows, the over-all aspects of secondary 
flows, and time-unsteady effects. 
As pointed out in chapter XIV, secondary 

flows represent one of the most critical aspects of 
the three-dimensional design problems. In view 
of the growing importance of this subject, exist- 
ing literature on secondary flows and three- 
dimensional boundary-layer behavior is summa- 
rized in chapter XV. The material is discussed 
from two aspects: (1) the principal results ob- 
tained from experimental studies, and (2) the 
theoretical treatment of the problem. The ex- 
perimental phase is directed at providing a 
qualitative insight into the origin and nature of 
the observed secondary-flow phenomena. The 
theoretical results include a summary and evalu- 
ation of both the nonviscous dnd the boundary- 
layer approaches. 

Errors in blade-element design can seriously 
affect over-all compressor performance, since these 
errors not only cause deviations from desired 
blade-row performance, but also alter the inlet 
conditions to the next blade row. The effects of 
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errors in the three basic blade-element design 
parameters (turning angle, total-pressure loss, and 
local specEc mass flow) on compressor perform- 
ance are analyzed in chapter XVI. The results 
are presented in the form of formulas and charts. 
These charts may be used to indicate those design 
types for which the design control problem is most 
critical and to estimate the limits in performance 
that can be anticipated for design data of a given 
accuracy. Typical design cases are considered, 
and signiscant trends are discussed. A second 
phase of this chapter concerns accuracy of experi- 
mental measurements. Proper interpretation and 
analysis of experimental data require that meas- 
urements be precise. This chapter presents a 
systematic evaluation of the effect of measure- 
ment errors on the measured compressor perform- 
ance. These results, which are also presented in 
chart form, can be used to estimate the required 
accuracy of instrumentation. 

One of the most important aspects of gas- 
turbine engine design, particularly for applications 
where high power output and wide operating 
range are required, is that of compressor and tur- 
bine matching. The existing literature on com- 
pressor and turbine matching techniques , which 
can be used to compromise properly the aero- 
dynamic design of the compressor and turbine to 
achieve the best over-all engine, is summarized 
in chapter XVII. Both single-spool and two- 
spool engines are considered. For equilibrium 
operation, the basic matching technique, which 
involves the superposition of compressor and 
turbine maps, is presented, as well as a simplified 

and more approximate method. In addition, a 
simple technique for establishing an engine 
operating line on a compressor map is reviewed. 
An available technique for matching during 
transient operation is also discussed. The use of 
this method permits engine acceleration charac- 
teristics and acceleration time to be approximated 
for either single-spool or two-spool engines. 

CONCLUDING REMARKS 

The subsequent chapters in this report sum- 
marize available information on the aerodynamic 
design of axial-flow compressors. It is recog- 
nized that many techniques have been proposed 
for describing the flow in an axial-flow compressor 
and for accounting for the complex flow phenomena 
that are encountered. Obviously, consideration 
of all of these techniques is impossible. However, 
the available literature in t.he field is reviewed 
extensively, and the material presented is con- 
sidered to be representative and pertinent. In 
general, the attempt is made to present the in- 
formation in its most basic form, so that it may 
be fitted into any generalized design system. 

Because of the many diBcult and involved 
problems associated with compressor design, very 
few of these underlying problems are treated with 
finality. In some cases, the problem is only 
partly defined. Nevertheless, many successful 
designs (by present standards, a t  least) have been 
made with the use of this information. The voids 
in the information clearly indicate the research 
problems for the future. 



CHAPTER 11 

COMPRESSOR D E S I G N  REQUIREMENTa 
By ROBERT 0. BULLOCK and ERNST I. PRASSE 

The important requirements of axial-fiw compres- 
sors for aircraft gas-turbine engines and the remom 
for these requirements are reviewed. Attention issrst 
directed to the over-all requirements of the engines 
themselves; then the dmired properties of compressors 
are examined. 

Cycle analyses of the turbojet and turboprop engines 
are presented to illustrate the e#ects of compressor 
pressure ratio and e$kkncy on engine pejormance. 
The signijicance of highJlow capacity in compressors 
is indicated. The compromises in compressor design 
dicta$ed by aerodynamic desigvn limitations in the 
compreseor itself as well m aerodynamic and struc- 
tural design limitations in other compwnmtv are in- 
vestigated. The pertinent o#-design problems result- 
ing from the necessity of matching the compressor 
with the inlet and with the turbine over a range of 
$@ht conditions are enumerated, and some available 
methods of coping with these problems are d k m s e d .  

pressor. In the strictest sense, all these inter- 
relations are obtained only after a detailed study 
of many airplane-engine designs and flight paths. 
Fortunately, however, broad design objectives 
may be indicated by a more cursory analysis 
such as that used in the present report. 

What an airplane requires of its engine is 
viewed from generalized flight situations to 
obtain the broad objectives for engine design. 
The important engine variables such as specific 
weight, specific fuel consumption, and thrust per 
unit of frontal area are thus defined. The rela- 
tive importance of these engine performance 
variables is then examined with regard to the 
flight conditions to which the airplane wil l  be 
subjected. 

Compressor characteristics having a direct bear- 
ing on engine performance are then discussed. 
Attention is given to compressor efficiency, pres- 

From these .s%udies, the b& objectives of sure ratio, and flow capacity and their quantita- 
tive effects on specific fuel consumption, size and 
airflow capacity of engine components downstream 

pressor design system are evolved. 

INTRODUCTION 

The information presented in this report is pd- 
marily concerned with the problems encountered 
in designing axial-flow compressors for gas-turbine 
engines used in aircraft propulsion. In order to 
enumerate these problems, the important charac- 
teristics required of such compressors should be 
defined. Reviewing these requirements is the 
object of this chapter. 

A compressor, being only one component of an 
engine, must have characteristics consonant with 
those required of the engine. The requirements 
of an engine, in turn, are dictated by the demands 
of the airplane. Before the desired properties of 
a compressor can be given, therefore, the inter- 
relations between an airplane and its engines must 
be examined. Similarly, the important compres- 
sor requirements me found from a study of the 
interrelations between the engine and its com- 

of the compressor, and turbine aerodynamic limits. 
Other important considerations in compressor 
design are discussed, including the mutual prob- 
lems of compressor, turbine, combustor, and inlet 
diffuser, for both design and off-design conditions. 
Exact quantitative relations are developed when- 
ever this can readily be done; otherwise, qualitative 
results are presented and representative examples 
are used to underline the trends. 

Present compressor design objectives, based on 
the requirements indicated by the analyses of this 
report, are summarized. These objectives indicate 
the direction in which compressor designs should 
proceed. 

SYMBOLS 

The following symbols are used in this chapter: 
A area, sq f t  
B engine-weight parameter (eq. (7b)) 

9 
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coefficient of skin friction 
jet-nozzle velocity coefficient 
coefficient of maneuver 
specific heat at  constant pressure, Btu/ 

diffusion factor (eq. (29)) 
diameter 
drag, lb 
pressure-ratio parameter (eq. (20)) 
equivalent shaft power, hp 
thrust, lb 
thrust specific fuel consumption, lb/(hr) 

Ob) 
f uel-air ratio 
pressure-ratio parameter (ea. (16)) 
acceleration due to gravity, 32.17 ft/sec2 
total or stagnation enthalpy, Btu/lb 
fuel heating value, Btu/lb 
mechanical equivalent of heat, 778.2 

fraction of gross airplane weight taken 
by structural weight and useful load, 

(lb) (OR) 

f t-lb/B tu 

(W,*+Wu)/W,. t 

lift, lb 
length, f t  
Mach number 
rotational speed, rpm 
total or stagnation pressure, lb/sq ft 
static or stream pressure, lb/sq f t  
pressure-ratio parameter (eq. (13)) 
gas constant, 53.35 ft-lb/(lb)(OR) 
range of flight, f t  
radius 
power specific fuel consumption, lb/hp-hr 
total or stagnation temperature, OR 
rotor speed, ft/sec 
air velocity, ft/sec 
weight 
weight flow, Ib/sec 
airplane acceleration in direction of flight, 

air angle, angle between air velocity and 

turbine blade metal density, lb/cu f t  or 

ratio of specific heats 
ratio of total pressure to NASA standard 

angle between thrust axis and direction 

f t/sec2 

z-axis, deg 

lb/cu in. 

sea-level pressure of 21 16 lb/sq f t 

of flight, deg 

rl efficiency 
e ratio of total temperature to NASA 

standard sea-level temperature of 
518.7' R 

'P density, lb/cu ft 
pV air weight flow per unit flow area, 

U solidity, ratio of chord to spacing 
7 turbine blade centrifugal stress, psf or psi 
9 turbine blade taper factor 
w angular velocity of rotor, radianslsec 

Subscripts : 
ad adiabatic 
B combustor 
C compressor 
d design value 
e engine 

F frontal 
f fuel 
9 gross 
h hub 
i 

j jet nozzle 
M mechanical power 
min minimum 
n nacelle 
n-fr nacelle-friction 
PT power turbine 
Pr propulsive 
ref reference 
sl NASA standard sea-level conditions 
st structure 
T turbine 
t tip 
U useful 
W wetted 
2 arbitrary engine station 
Z axial direction 

Stations in engines (fig. 9): 

(lb/sec)/sq f t 

eff ective eff 

airplane takeoff condition or that after 
refueling 

free stream 
compressor inlet 
combustor inlet 
turbine inlet 
turbine discharge for turbojet engine 
turbine discharge for turboprop engine 
exhaust-nozzle exit 
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consumption, for example, are incompatible with 
those for either low specific weight or high thrust 
per unit of frontal area. Moreover, some of the 
requirements for low specific weight may be 
different from those for high thrust per unit 
frontal area. Thus, the design of an engine and 
its components is always a compromise in which 
one feature of engine performance is favored 
over another. The direction and degree of the 
compromise depend, among other things, on the 
design and the intended use of the airplane. 

The best compromise is, of course, pinpointed 
only after detailed studies of a number of definite 
airplane and engine designs. On the other hand, 
some basic knowledge of the way the design and 
mission of an airplane affect these compromises 
may be obtained from a more general study. 
Some of the over-all results outlined by such a 
study are discussed in this section. The signifi- 
cance of specific weight is first examined. The 
role of thrust specific fuel consumption is then 
reviewed, and the relative importance of specific 
weight and thrust specific fuel consumption is 
noted. Some effects of the drag associated with 
the engine installation are then indicated. Fi- 
nally, other engine features that affect the design 

airplane gross 
dition is 

bers of 0.8 and 2.0. A point is also shown for 
corresponding sea-level static conditions. For 
the purpose of generalization, the specific weights 
are divided by the specific weight for a fight Mach 
number of 0.8 at  sea level. It may be noted that 
specific weight is approximately doubled for 
every 15,000-foot increase in altitude in the 
stratosphere. This variation is inversely pro- 
portional to the change in air density. Increasing 

variation of turbojet-engine specific 

by WJF, the required ratio of engine weight to Mach number, 0.8. 
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the flight Mach number from 0.8 to 2.0 also in- 
creases the density of the air in the engine because 
of the effects of ram. In this example, the specifk 
weight is about halved for this increase in fight 
Mach number. 

The curve for the flight Mach number of 0.8 is 
also more or less applicable to turboprop engines. 
The sea-level static value of specific weight for 
these engines, however, is usually much lower than 
that for the jet engine; its value depends as much 
on the selection of the propeller as on the engine 
itself. 

The term F/W9, which represents the thrust 
required for a unit gross weight, is a function of a 
number of variables. The trends may be con- 
veniently studied by the following procedure: At 
any point in flight, the thrust required of the en- 
gines is determined by the relations 

F COS c=d+W9E 
9 

L=CmW9-F sin e 

where e is the angle between the thrust axis and 
the direction of flight, d is the dissipative drag 
force, Wuar/g is the component of body force in the 
direction of flight, and CmWg is the component of 
body force perpendicular to the direction of flight. 
These expressions may be combined to give 

where L/d is the ratio of the aerodynamic lifting 
force to the drag force. When the airplane is in 
level flight and moving with a constant velocity, 
then Cm=l and a=O. Moreover, when the 
thrust axis is along the direction of flight, then 
e=O. Under these conditions, equation (2) 
becomes 

F 1  

2- 
w,=z 

For the sake of simplicity, the complete form of 
quation (2) is expressed by analogy as 

F 1  

err 

Because (L/d)err is a function of a large number of 
variables, its trends cannot be generally plotted 
as a fuhction of altitude flight Mach number 
alone without leaving some misleading impressions. 
The trends described in the 
may be noted, however. 
As the design altitude of 

the maximum attainable 
increase. This trend results from in 
aspect ratio of the wings and from 
the fuselage drag becomes a smaller portion of the 
total drag. High values of L/d may be obtained 
with subsonic airplanes during level flight. Values 
in the neighborhood of 20 are not uncommon, and 
values approaching 30 have been sought. Air- 
planes designed for high values of L/d with 
subsonic flight, however, would have very poor 
values of L/d at supersonic fhght. In airplanes 
designed exclusively for supersonic flight, values 
of L/d approaching 6 have been observed in some 
model tests, and reasonably higher values might 
be obtained in the future. Again, the value of 
L/d may increase with altitude. In general, an 
airplane designed exclusively for supersonic flight 
would have undesirably low values of Lfd at 
subsonic speeds. 

When reasonably good performance is desired 
at both subsonic and supersonic speeds, the 
attainable values of L/d must be compromised 
for both regimes. For subsonic speeds, the value 
of L/d may be expected to be slightly more than 10. 
The corresponding value of Lfd for supersonic 
flight may be of the order of 3 or lower. The 
possible increase in Lld with design altitude is 
again noted for both regimes. 

At takeoff conditions, the value of (L/d)',, can 
become very low for all types of airplanes. With 
vertical takeoff, the thrust of the engine must 
overcome the acceleration due to gravity; the value 
of F/W, in equation (2b) must then be greater than 
unity. The magnitude of (L/d)err is therefore less 
than unity. Less stringent takeoff conditions 
permit the value of (L/d),, to be somewhat im- 
proved. For an ordinary takeoff, the value of 
(L/d)err may be of the order of 4. 

A high-maneuverability requirement also re- 
duces the value of (L/d)err. A 2g turn, for example, 
makes the value of C, equal 2 in equation (2), 

(L/d)err could be reduced by more than 50 
per mt. 
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A study of the combined effects of specific 
engine weight and (L/d)eff on We/W, may now be 
made by combining equations (1) and (2b) to 
give 

w. 
(14 

- we F 
%=@- 

e l l  

Since the gross weight at any instant equals the 
initial weight minus the fuel expended (W,= W,, t- 
aw,), equation (la) may also be written as 

W, 

The initial gross weight of the airplane is the 
sum of the structural weight, useful weight or 
payload, initial fuel weight, and engine weight: 

Using this equation to eliminate W,, in the right 
side of equation (lb) (setting W,,+Wu=kW,,t) 
gives 

(4) 

Some trends of this relation are shown in 5. 
where We/W,, is plotted against ( We/F>/(L/d)ef,. 
One of the curves of this figure applies to conditions 
at or shortly after takeoff, where AWf/W,,=O 
and We/W,, t=  (W#')/(L/d)eff .  The other four 
curves apply to the case where AWf/Wf,t=0.4; 
that is, after 40 percent of the fuel weight has been 

e curves successively represent 
0.3, 

For conditions at or shortlv after takeoff. the 
0.4, 0.5, and 0.6. 

FIGURE B.-Graphical representation of equation (4). 

Wf. $=0.4, the assumption that We/W,, is pro- 
portional to (We/F)/(L/d)eff is again a good 
approximation as long as (We/F)/(L/d)eff is 0.2 or 
smaller for k=0.6. Compared with the takeoff 
value of We/W,, t, however, We/Wg, is reduced 
about 12 percent for k=0.6 and 30 percent for 
k=0.3. For the same critical flight conditions (a 
given value of (We/F)/(L/d)eff), the required 
engine weight decreases as AWf/Wf, is increased 
and as k is decreased. Near the end of the flight, 
equation (4) becomes 

k 
we - 
F 1-- 

For reasonably small values of (We/F)/(L/d)eff, 
the required value of We/Wg, is then approxi- 
mately k times its required value at takeoff for 
the same magnitude of ( We/F)/(L/d)eff. 

The value of We/W,, required in an airplane is 
determined by the values of We/F, (L/d)cff, and 
AWf/W,, at the critical flight condition. The 
value of the right side of equation (4) here is the 
maximum encountered for the flight. At all other 
flight conditions for the aircraft, the value of We/ magnitude of We/W,,t is iniependent of k' and 

varies linearly with (We/F>/(L/d)eff. When AW,/ Wi, is, of course, the same, and the requirements 
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of equation (4) are then satisfied either by reducing 
F by throttling or by reducing (L/d)efl below its 
attainable value. 

Since the attainable value of (L/d),  is relatively 
low at takeoff, the requirements at takeoff may 
determine the valu /Wa, ,. For example, if 
the takeoff value is 4.0 and the sea-level 
static value of We/F is 0.4, the value of We/W, 8 

is 0.10 (fig. 5). Suppose now khat the value of 
(L/d),,, becomes 20 shortly after takeoff. Since 
We/W,, is unchanged, the required value of We/F 
is 2.0 (fig. 5). The value of F must be reduced 
either by throttling the engine or by increasing 
the flight altitude. The value of We/F of 2.0 
corresponds to a value of (W,/F)/( We/F)rer of about 
5.9 (fig. 4). For the flight Mach number of 0.8, 
the ordinate of figure 4 is 5.9 at the altitude of 
about 52,000 feet. As long as the flight is below 
this altitude, the takeoff condition would govern 
the selection of engine weight in this particular 
example. Suppose, however, that the airplane 
(with k=0.5) must achieve the altitude of 63,000 
feet and the Mach number of 0.8 after 40 percent 
of the fuel is expended. If the takeoff value of 
We/F is still 0.4, the value of We/F at the required 
flight condition is now 3.4. Moreover, if the value 
of (L/d)e,f is still 20, the required value of We/Wg, 
is 0.145. Since We/Wa,f only had to be 0.10 at 
takeoff, the condition at 63,000 feet would now 
determine the required engine weight. Notice 
that W ,  t/Wa, , would have to be reduced by 0.045 
in order to compensate for the increased engine 
weight if k remains at 0.5. At the same time, 
however, the takeoff requirements can be made 
more stringent; (L/d)e,f can be reduced to 2.76 if 
the structural strength of the airplane is adequate. 

A requirement of supersonic flight may decide 
the value of W,/Wa, {, because the attainable value 
of ( Z / d ) e y f  is comparatively low. Although super- 
sonic flight ibelf tends to decrease We/F (@. 4), 
this trend may be offset by the need for making 
the engines operate at high flight altitudes. 
(High altitudes may be desired to make (L/d),  
as high as possible, to obtain a reasonable level 
of wing loading for takeoff and landing, and to 
reduce aerodynamic heating.) The low value of 
(L/d)eff combined with the high values of W,lF at 
high altitudes resulk in high values of We/Wg,f. 

Consider the case where k=0.5 and (L /d )eyy=  
4.0 for level flight at the Mach number of 2.0. 
If the value of WJF is again 0.4 at static sea-level 

conditions, it would have the value of 1.2 at the 
altitude of about 56,000 feet. In order to meet 
these conditions after 40 percent of the fuel is 
exhausted, W,/W,,, must be 0.27 (fig. 5). An 
additional requirement of high maneuverability 
(Cm>l) would have to be answered by an added 
increase in engine weight. Even if the value of 
C, is only 1.25, then (&/& becomes 3.2 and 
We/Wa,, is increased to 0.35. Only 15 percent of 
the gross weight could then be allotted for fuel. 

This brief sampling shows how engine weight 
depends on the conditions of flight. Of particular 
interest is the increase in We/Wa, ; associated with 
increases in flight altitude and Mach number. 
It is under these conditions that reductions in 
We/F are most appreciated. In the first of the pre- 
ceding examples (subsonic flight a t  comparatively 
low altitudes), the value of We/Wa, , was 0.1 for 
We/F=0.4 at sea-level static conditions. A 50- 
percent reduction in specific engine weight would 
reduce We/Wa.t by 0.05. This saving in weight 
could be distributed among useful weight, fuel 
weight, and structural weight. For the last ex- 
ample, on the other hand, such a reduction in 
specific engine weight would reduce We/Wa,, by 
0.19. A much larger weight movement is available 
to the other parts of the airplane. The fuel 
weight, for example, could be more than doubled. 
To‘meet the requirementa for high altitude or 
supersonic flight, every effort should be made to 
make We/F as small as possible. 

ENGINE EFFICIENCY 

The previous discussion was centered about 
the size of engines needed to meet certain thrust 
requirements. Of equal importance is the weight 
of fuel required to meet the various range require- 
ments demanded of the airplane. The range 
requirements may be examined with the aid of 
the familiar Breguet range equation, which can 
be written as . 

where the bars denote average values over the 
entire flight path. ’ This expression is modified 
by using equation (3); it then becomes 
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Since We/Ws,f is determined from equation (4) 
at the most critical flight condition, equation (5a) 
may be written as 

1- 1 
It is immediately noted that the range of flight is 
proportional to the average efficiency of the engine 
and the heating value of the fud used. In other 
words, the weight of fuel required for a given mis- 
sion is inversely proportional to both the heating 
value of the fuel and the engine efficiency. The 
range is also proportional to the average value of 
(L/d)er, over the entire flight path. Finally, the 
range is proportional to the function in the brackets. 

The trends of this function are illustrated in 
figure 6. The abscissa of this figure is (W,/F)/ 
(L/d)c,r at the most critical flight condition of the 
airplane. The ordinate is the calculated range 
divided by the range when (We/F)/(L/d)err= 0.1. 
k=0.5, and AWr/W,,=O. The curves represent 
conditions where k is again 0.3, 0.4, 0.5, and 0.6, 

FIGUBE: 6.--GraphicaI representation of equation (6). 

and where AWr/Wr,g is 0 and 0.4 at  the critical 
flight condition. These curves show that there 
is always an incentive for m 
(L/d err as low as possible, b 
cific engine weights becomes mor 
(WJF)/(L/d)err increases above 0 

t is particularly true 
or situations where the 

is reached before an 
used. 

With respect to range, therefore, light engines 
are required whenever high-altitude flight is 
required; when stringent takeoff conditions are 
imposed; when a high degree of maneuverability 
is demanded; or when high supersonic fiight speeds 
must be attained. Notice in this connection 
that high design flight altitudes may permit the 
attainment of relatively high values of (L/d),/l 
and range, and that low values of W,/F are re- 
quired for this accomplishment. 
As previously noted, it frequently happens 

that some of the design requirements for light 
weight are incompatible with some of the require- 
ments for high efficiency. As shown by equation 
(6) , the range is directly proportional to the aver- 
age efficiency during fhght. Decreases in engine 
weight that unduly prejudice the efficiency are 
therefore unwelcome. At point A of figure 6, 
a decrease in specific engine weight of 10 percent 
improves the range about 3 percent, if there is no 
change in (L/d),ry or Tid. If, however, the effi- 
ciency also decreased 3 percent, there would be 
no change in range. At this point, then, the 
efficiency would not be upset in order to obtain 
trifiing improvements in engine weight. At 
point B, on the other hand, a 10-percent reduc- 
tion in specific engine weight increases the range 
by about 23 percent. In this case a 23-percent 
reduction in engine efficiency is equivalent to a 
10-percent reduction in specific engine weight. 
S i c a n t  reductions in efEciency could be tol- 
erated here to obtain moderate reductions in en- 
gine weight. 

A comparison of the relative effects of a small 
change in efficiency and a 
engine weight may be 
entiating equation (6) with respect to 5. and WJF. 
The values of k and (L/d),rr are assumed to be fixed, 
along with the value of AWy/Wf,f, since these 
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are the values a t  the most critical flight condi- 
tions, which determine We/Wg,f: 

where 

The implications of this equation are shown in 
figure 7, where the ordinate is 

and the abscissas and parameters are the same as 

For a long-range airplane, where (W,/F)/ 
(L/d),ff may be of the order of 0.05, a 1-percent 
increase in efficiency increases the range 1 per- 
cent (eq. (74); a 7-percent decrease in specific 
engine weight is necessary to obtain the same range 
increase if k=0.5 (fig. 7(a)). If high-altitude 
requirements cause W,/F to be 
percent increase in efficiency is 
to a 3-percent decrease in sp 

=0.5, and AWf/Wf,f=0.4, a 1-percent increase in 
efficiency is equivalent to a %percent decrease 
in specific engine weight (fig. 7 (b)) . A maneuvera- 
bility requirement of Cm=1.25  increase^ (We/F) 

' those in &e 6. 

supersonic fiight, with (W~/F)/(L/d)el/=O.33, k 

/(L/d)ef, to 0.413. Here, 1-percent 
efficiency is equivalent to about 
change in specific engine weight. If 
altitude is increased by 15,000 feet, however, 

engine weight must be reduced, regardless 

with specific engine weight, the design and in- 
tended use of the airplane determine the direction 
and the degree of the compromise. When range 
is the main objective and (L/d)eff and the required 
weight of fuel are large, some liberties can be 
taken with specific engine weight to favor effi- 
ciency. There is the provision, of course, that the 
loss in attainable altitude does not reduce the 
value of (L/d)eff by a signiscant amount. At the 
other extreme, when the cqmbination of high 
flight speeds, high altitudes, and maneuverability 
make (L/d)6ff low and tend to make We/F high, 
the compromise must favor specific engine weight. 

THRUST PER UNIT FRONTAL AREA 

Part of the drag d of the airplane results from 
the drag of the inlet supplying the engine with air 
and from the drag of the nacelle or that part of 
the fuselage housing the engine. If this drag is 
denoted by dn, then 

d=dn+do 

Equation (2) could then be written as 

The term on the left side is again denoted by 
l/(L/d)eff. For small values of e, the following 
can be written: 

When d,/Ap is high, obtaining low values of 
d,/F requires high values of F/AF. Since the 
highest values of d,JAp are usually obtained at 
supersonic flight conditions, large values of F/Ap 
are particularly desired for supersonic flight. 
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flight condition 

(a) ATV//Wf,i at critical Wght condition, 0. (b) AWj/Wf,i at critical flight condition, 0.4. 

FIQIJBE ?.-Graphical representation of equation (7b). 

The drag of the inlet mainly consists of an 
additive drag” (ref. lo), a drag resulting from 

the pressure force& acting on the outer curved 
portion of the inlet (fig. 8),  and the drag resulting 
from friction. In some cases, for supersonic 
flight, it may be desirable to bypass some of the 
air entering the inlet to the outside. In this case 
a “bypass” drag is added. The “additive” and 
“bypass” drags depend on the matching of the 
inlet with the engine, which is discussed in more 
detail in a later section. 

ure forces depends 
on the difference 
area of the engine 
inlet. It also depends on the slope and curvature 
of the outer surface of 
of the inlet depends on 

I 6  

The drag resulting from 

691-561 0.65-3 

Oblique shocks-$ 

-- 
F I Q ~  8.-Repreaentative supersonic inlet. 

of the engine and the speed of flight; its order of 
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frontal area of the engine housing has usually been 
determined by the frontal area of the engine with 
its accessories. Small engine diameters, and in 
particular small compressor diameters, me there- 
fore desired to keep the drag resulting from 
pressure forces from being greater than it has to be. 

It should-be noted in passing that the inlet 
design itself usually requires the frontal area to be 
greater than the capture area for supersonic 
fiight. The illustration of Sgure 8 shows such a 
design. This requirement follows from the neces- 
sity of meeting certain area requirements within 
the inlet and from the necessity of avoiding 
abrupt changes in flow direction within the inlet. 
Some requirements of variable inlet geometry 
aggravate this trend. 

Most of the rest of the drag associated with an 
engine installation is due to friction. An estimate 
of the magnitude of the friction drag is given by 
the formula 

dn-,r= Qfr(hpoM3to) (8) 

As shown in reference 11, a value of Cfr of 0.00168 
is in agreement with available data. At a Mach 
number of 1.0 at 35,000 feet, this formula then 
becomes 

dn-fr=1.84 B e Z e  

In the interest of keeping this drag low, both the 
diameter C?J and the length I of the engine should 
be small. In particular, small compressor lengths 
and diameters are desired. 

Another component of drag is that resulting from 
the pressure forces a t  the rear end of the engine. 
This drag is much more closely related to other 
engine components than it is to the compressor, 
however, and it is therefore dismissed from further 
consideration. 

OTHER ENGINE UEQUIEIEMENTS 

Besides affecting airplane drag, the length and 
diameter of the engine may affect the structural 
weight of the airplane. In particular, long engines 
require a long and fairly rigid fuselage, which adds 
weight to the airplane without noticeably im- 
proving the lift-drag ratio. 

Engine weight also affects the structural weight 
and other properties of the airplane, because the 
concentration of weight in the engine must be sup- 
ported by the airplane. In fuselage installations, 

of the airplane can be 

gravity of the airplane and its load in the right 
location. For nacelle or pod installation, the 
wings must be strong enough to support the en- 
gines forlanding shocks or other violent maneuvers. 
Again, light engines tend to lessen structural 
weight. . 

The manner in which compressor design influ- 
ences the length and diameter of the engine is 
treated in subsequent sections of this chapter. 
The relations between compressor diameter and 
the diameters of the other components of the en- 
gine are studied and some of the factors involved 
in engine length are enumerated. 

EFFECTS OF COMPRESSOR PRESSURE RATIO, 
COMPRESSOR EFFICIENCY, AND FLIGHT CON- 
DITIONS ON ENGINE PERFORMANCE 

For a specifled performance of its components, 
the efficiency and specih thrust of an engine are 
calculated by cycle analyses (refs. 12 and 13). 
The analysis presented here is similar to that of 
these references. Sketches of typical turbojet- and 
turboprop-engine installations with numerical 
stations are shown in figure 9. (Note that the con- 
dition of the engine gases after the work needed 
to drive the compressor has been extracted from 
the turbine can be indicated at station 4 of the 
turboprop engine, and that station 5 is a t  the 
discharge of the final turbine. For the turbojet 
engine, stations 4 and 5 coincide.) 

The efficiency of each component is fixed in 
this analysis. The effect of compressor pressure 
ratio is examined for a range of flight conditions 
and turbine-inlet temperatures. The gas charts 
of reference 14 were used for determining gas 
proper ties. 

AMlUMP"lQN8 USEI) IN CYCLE ANALYSES 

The following values were assumed 
eral variables involved in the cycle 
both the turboprop and the turbojet 

for the sev- 
analyses of 
engine: 

Compressor adiabatic efficiency, vo$,c _ _ _ _ _ _ _ _  _ _ _  
Combustion efficiency, p r i m  burner, V B  -_----- 

0.88 
0.98 
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(a) Turbojet engine 
(b) Turboprop engine 

FIGURE 9.-Sketches of turbojet- and turboprop-engine configurations showing stations used in analysis. 

Heating value of fuel, HI, Btu/lb _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  18,570 
Hydrogen-carbon ratio of fuel _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  0. 167 
Temperature of fuel injected as a liquid, 2'1, OR- - 600 
Total-pressure ratio across primary burners, 

9 / P ,  ______-_-___--____-_------_-------- - - -  0.95 
Turbine adiabatic efficiency, l a d .  T ____- -_-_-__- -_  0. 90 
Exhaust-nozzle velocity coefficient, C+- - _-_ - - -_ 0. 98 

No accounting was made for turbine cooling or 
other cooling that might be necessary at  the high 
temperature levels. For the af terburning turbo- 
jet engine, the combustion efficiency of the after- 
burner was 0.95, the total-pressure ratio across the 
afterburner was 0.95, and the afterburner-outlet 
total temperature was 3500O R. 

For the turboprop engine, the combined propel- 
ler and gearbox efficiency was assumed to be 
0.86. In addition, the division of power between 

assumed to be such that 
was 1.087 to obtain a 

reasonable nozzle area for the sea-level static case. 
flight conditions cons 

was assumed equal to P,/po, a condition approxi- 
mating that for maximum power. 

The selected value of compressor efficiency 
appears to be attainable up to at least a com- 
pressor pressure ratio of 12. The efficiency of the 
turbine is high compared with the values observed 
in engine tests. It is comparable, however, to 
experimental efficiencies observed with uniform 
inlet conditions on cold-air turbines. 

EFFECTS OF COMPRESSOR PREBSURE EATIO AND FLIGHT 
CONDITIONS ON TURBOPROP-ENGINE PERFORMANCE 

Cycle analysis of a turboprop engine yields 
the power delivered to the propeller, the thrust 
developed by the jet nozzle, and the fuel burned 

. To put the total devel- 
peller-jet combination on a 

to use the propeller 
power specific fuel 

consumption sfc may then be determ 
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For level fight, thrust F is related to developed 

(Propeller power) +(Jet power) 
vo 

power by the equation 

(9) 

The propeller power is the power delivered to the 
propeller multiplied by the efficiency of the pro- 
peller and reduction gear. The jet power equals 
the thrust developed by the jet multiplied by the 
airplane fiight speed Vo. Hence, the thrust may 
be related to quantities obtained directly from 
cycle analysis by writing equation (9) as 

F= 

F=9ps 

X [(Power delivered to propeller) +(Jet powcr/qp,) J 
VO 

(10) 

The term in brackets is defined as the equivalent 
shaft power eshp of the engine, which depends to 
some extent on the combined propeller-gearbox 
efficiency tip,. Since the jet power is usually small 
compared with the propeller power, the equivalent 
shaft power is essentially unaffected by minor 
changes in this efficiency; therefore, the results 
are expressed in terms of equivalent shaft power. 
Equation (9) is not applicable to the static sea- 
level case, since Vo=O. For this condition, the 
equivalent shaft power is simply the power deliv- 
ered by the power turbine, and the value of the 
thrust depends on the propeller selection. 

Curves showing specific equivalent shaft power 
eshp/wl against power specific fuel consumption 
sfc and over-all engine efficiency tis, with com- 
pressor total-pressure ratio P2/Pl and turbine- 
inlet total temperature Ta as parameters, are pre- 
sented in m e  10. Specific fuel consumption is 
used as the main variable for the abscissas because 
this tern is more generally used than engine 
efficiency. These two quantities are related by 
the equation 

(550) (3600) 
'*= H,J(sjc) 

The efficiency is practically independent o€ the 
heating value of the fuel, while the specific fuel 
consumption is inversely proportional to the fuel 
heating value. Figures 10 (a) and (b) represent 
sea-level flight at Mach numbers of 0 and 0.8, 
respectively, while figure 1O(c) represenb condi- 
tions for a fiight Mach number of 0.8 in the strat- 

osphere. In Sgure 11, the curvea of Sgure 10 are 
repeated, except that compressor preasure ratio is 
replaced by enthalpy rise in the compressor AHc 
as one parameter. This parameter is used because 
the enthalpy rise in a compressor tends to be more 
constant over a range of flight 
pressure ratio when the mechanical speed of the 
engine is fixed. 

The general properties of the turboprop engine 
can be noted from figures 10 and 11. The turbo- 
prop engine is fundamentally capable of develop- 
ing high shaft efficiency or low specific fuel con- 
sumption. The net efficiency of the engine is the 
product of the shaft efficiency and the efficiency 
of the reduction gears and the propeller. The 
shaft efficiency at a given turbine-inlet tempera- 
ture increases with fiight speed, because ram effi- 
ciently increases the cycle pressure ratio. Shaft 
efficiency also increases with altitude up to the 
tropopause, because the inlet-air temperature is 
reduced and the engine total-temperature ratio 
Ta/Ti is increased. The speczc power of the 
engine follows similar trends. 

The actual power developed by the engine at  
various ffying conditions is the product of specific 
power and the mass flow of air through the engine. 
The mass flow of air, in turn, depends on the 
value of w@/S of the compressor and the total 
pressure and temperature at the compressor inlet. 
The way the value of wl/ii/S changes with fiight 
conditions depends on the characteristics of the 
compressor and the value of the equivalent speed 
N / 4 .  One observed variation of w@/S with N/@ 
is shown in figure 12. In this m e  the ratio of 
w-@/S to its design (sea-level) value is plotted 
against the ratio of N / 4  to its design value. 
This curve represents the general trend, although 
the specific values change from one compressor 
design to another. 

At a flight Mach number of 0.8 in the strato- 
sphere, the value of Ji is about 0.92. For a 
constant value of mechanical speed N, the value 
of w,6/S is of the order of 106 percent of its 
sea-level value. At an altitude of 40,000 feet 
and a flight Mach number of 0.8, the value of 
6 1 4  is 0.300. The weight flow though the 
engine is thus about 32 percent of its sea-level 
value (including the effects of the assumed diffuser 
recoveries). For a compressor enthalpy rise of 
110 Btu per pound and a turbine-inlet temperature 
of 2OOOo R, the power developed by an engine 
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(a) Altitude, sea level; flight Mach number, 0. 

FIGUBE 10.-Thermodynamic performance of turboprop engines (compressor pressure ratio as a parameter). 
(b) Altitude, sea level; flight Mach number, 0.8. (0) Altitude, stratosphere; flight Mach number, 0.8. 

under these conditions is about 55 percent of its 
value at sea-level static conditions. 

values of specific weights under 0.2 are practical, 
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(a) Altitude, sea level; flight Mach number, 0. 
(b) Altitude, sea level; fl,ight Mach number, 0.8. 
FIGIJEE 11;-Thermodynamic performance of turboprop engines (enthalpy rise in compressor as a parameter). 

(c) Altitude, stratosphere; flight Mach number, 0.8. 

temperature, the flight speed, and the altitude. 
However, flight speed and altitude do not greatly 
affect the desirable value of enthalpy rise; and 

tu per pound gives 
efficiency for 2000O R 

for the three flight 
corresponding com- 
out 13 for a flight 

Mach number of 0.8 at sea level, 16 for sea-level 

static conditions, and 22 for a flight Mach Number 
of 0.8 in the stratosphere. 

Engine weight may be adversely affected by 
these high compressor pressure ratios, but this 
trend is at  least partially overcome by increasing 
the turbine-inlet temperatures. Although an 
important fraction of the engine weight is fixed 
by the weight of the gearbox and propeiler (which 
depend on the maximum output required of the 
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M/Je  Equivalent engine speed, - 
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FIGURE 12.-Representative variation of equivalent a s o w  
with equivalent speed. 

engine), attractive gains are offered by using lugh 
turbine-inlet temperature together with the cor- 
responding high pressure ratios. Employing tur- 
bine cooliig for this purpose may reduce the 
indicated gains by a small amount but would not 
alter the general trend of the curves. 

On the basis of this discussion, compressor 
design information must cover the problem of 
designing compressors for pressure ratios of 16 
or higher. Although compressor efficiency has 
not yet been discussed, it is obvious that high 
levels of efficiency are required to obtain the 
highest levels of engine efficiency. While com- 
pressor weight may be of relatively minor impor- 
tance at low design pressure ratios, it can represent 
a large portion of the engine weight when designs 
are made for the higher pressure ratios. Mini- 
mizing compressor weight for these conditions, 
without hurting the engine efficiency, is therefore 
an important design objective. 

EFFECTS OF COMPBESSOB PRESSUUE BAT10 A N D  FLIGHT 
CONDITIONS ON TUBBOJET-ENGINE PEBFOBMANCE 

Y BEQUIREMENTS 23 

ture Ta as parameters, for a nonafterburning en- 
gine. Thrust specific fuel consumption instea 
over-all engine efficiency is again used as the main 
abscissa because it is a more familiar term 
because the efficiency of a turbojet 
zero for static conditions. The r 
F(&) and qr is giv 

The efficiency is again practically independent of 
the heating value of the fuel, while Fjsfc) is almost 
inversely proportional to it. Figures 13 .(a) and 
(b) represent sea-level altitude for fllght Mach 
numbers of 0 and 0.8, respectively. Figures 13 (c), 
(d), and (e) represent conditions in the strato- 
sphere for flight Mach numbers of 0.8,2.0, and 3.0, 
respectively. Figure 14 is identical with figure 13, 
except that lines of constant compressor total- 
pressure ratio are replaced by lines of constant 
enthalpy rise in the compressor AHc. Figure 15, 
Snally, is a carpet plot depicting the same engine 
variables as figure 13, for an afterburning turbojet 
engine with an afterburner-outlet total tempera- 
ture of 3500' R. The carpet plot is used to spread 
the curves apart. The a d a r y  curves show the 
relation between thrust specific fuel consumption 
and efficiency. 

The thermodynamic efficiency of a turbojet 
engine (over-all efficiency divided by propulsive 
efficiency) is just as high as that of a turboprop. 
It also follows the same trends. The propulsive 
efficiency of the turbojet engine, which is approxi- 
mately given by 

cannot be independently controlled, however. At 
subsonic flight speeds, the propulsive efficiency is of 
the order of 0.50 or less, and the over-all engine 
efficiency is therefore low compared with that of the 
turboprop. At supersonic flight speeds, the pro- 
pulsive efficiency increases because of the lower 
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(d) Altitude, stratosphere; fight Mach number, 2.0. 

(b) Altitude, sea level; flight Mach number, 0.8. 
(c) Altitude, stratosphere; Sght Mach number, 0.8. 

(e) Altitude, stratosphere; flight Mach number, 3.0. 
FIGURE 13.-Thermodynamic performance of nonafterburning turbojet engines (compressor preasure ratio as a parameter). 

By the same token, the specific thrust of a 
nonafterburning turbojet engine in a subsonic 
airplane is inherently lower than that of a turbo- 
prop. For two otherwise identical engines flying 
at  a given flight speed and altitude, the ratio of 
the specific thrust of a turboprop engine to that 
of a turbojet engine is directly proportional to the 
ratio of their respective propulsive efficiencies. 
The turbojet engine is unen 
and propeller, however, so 
in level flight is about half that of the turboprop. 

This comparison is considerably different a t  
takeoff, where the thrust and power coefficients 
of the propeller play a dominant role. 
Subsonic fIight.-As previously noted, the 

weight flow through the engine at a flight Mach 
number of 0.8 and an altitude of 40,000 feet may 
be about 32 percent of the weight flow at sea-level 
static conditions, for a constant-mechanical- 
speed engine. The thrust produced by the non- 
afterburning engine at  this altitude flight condi- 
tion is about 30 percent of its sea-level static 
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FIGUBE 14.-Thermodynamic performance of nonafterburning turbojet engines (enthalpy rise in compressor as a 
parameter). 

(d) Altitude, stratosphere; flight Mach number, 2.0. (e) Altitude, stratosphere; flight Mach number, 3.0. 

value for a turbine-inlet temperature of 2000' R 
and a compressor enthalpy rise AHc of 110 Btu 
per pound. A turbojet engine having a specific 
weight of 0.4 at sea level thus has a specific weight 
of about 1.3 at this altitude condition. 

If a subsonic turbojet engine has about half 
the efficiency and about half the specific weight 
of a turboprop engine, it is profitably used when 
the ordinate of figure 6 is more than doubled by 
reducing (W&),(L/F)/, by 50 percent. For ex- 

ample, reducing (W,IF)/(L/d),, from 0.4 a t  point 
B to 0.2 increases the ordinate from 0.44 to 1.0. 
The same critical flight conditions are met, and 
the net improvement in range is about 14 percent. 
At point B, however, a 1-percent decrease in 
specific engine weight is equivalent to a 2.2- 
percent increase in efficiency (e. 7(a)). At the 
new point (for the turbojet engine) a 1-percent 
decrease in specific weight is equivalent to only a 
0.65-percent increase in efficiency. Even though 
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FIOO~E 15.-Thermodynamic performance of afterburning turbojet engines. 

the lighter and less efficient turbojet engine is 
more suitable for the flight than the turboprop 
engine, improvements in its efficiency are now 
somewhat more desirable than improvements in 
specific weight. Compressor pressure ratios 
greater than that for maximum specific thrust 
are thus desired. For the conditions of figure 
13(c), pressure ratios of 16 or higher might be 
indicated. The rate at which the compressor 
weight increases with pressure ratio is the govern- 
ing factor, however, in the selection of pressure 
ratio. Design information permitting the de- 
velopment of high pressure ratios with light- 
weight compressors is thus necessary, just as it 
was for the turboprop engine. 

When the high thrust levels are required for 
only a short time or for a short distance, the use 

of afterburning is advantageous. Comparison 
of figure 15(c) with figure 13(c) shows that the 
specific thrust can be increased 50 to 100 percent 
by afterburning. At the same time, however, 
the engine efficiency is reduced by the order of 
50 percent. If the use of afterburning is limited 
to a short period of time, the extra weight of 
fuel expended is small and the average efficiency 
is only slightly reduced. The reduction in the 
critical value of We/F is sufEcient to more than 
overcome this loss & efficiency, and an increase 
in the range results. Referring to SgUres 6 and 7, 
the value of (W8/F)/(L/d), is now decided by the 
afterburning condition. The mean efficiency, 
however, is practically that at the nonafterburning 
conditions. Because of the low value of engine 
specific weight at the critical flight condition, 



COMPRESSOR DESIGN REQUIREMENTS 27 

further improvements should favor a small in- 
crease in the average efficiency rather than a 
further decrease in specific engine weight. There 
is the provision, of course, that the critical con- 
dition is the one desired and not compromised to 
favor range to begin with. 

Employing an afterburner may increase the 
engine weight from 10 to 30 percent. The 
specific engine weight is consequently not reduced 
in proportion to the increase in specific thrust. 
Because it offers resistance to the flow, the after- 
burner also decreases engine efficiency even when 
it is not burning fuel. Moreover, its added 
length increases nacelle drag, moves the center 
of gravity of the engine rearward, and increases 
the structural weight of the airplane. The net 
gains from its use are thus less than those in- 
dicated by the simple calculations of specific 
thrust. 

Supersonic flight.-The turbojet engine, by it- 
self, is capable of providing the thrust for takeoff, 
climb, and acceleration to Mach numbers between 
2 and 3. It is therefore being seriously considered 
for this range of supersonic flight. At the flight 
Mach number of 2.0 in the stratosphere, the value 
of N/@ is 86 percent of its sea-level value 
for a constant-speed engine. It is 69 percent of 
its sea-level value a t  the flight Mach number of 
3.0. The corresponding values of w@/6 are 
about 80 and 50 percent of their sea-level values 
(fig. 12). With the previously assumed inlet 
recoveries at  an altitude of 55,000 feet, the 
associated values of a/@ are about 0.5 and 1.4. 
Under these conditions, the weight flow of air 
a t  a flight Mach number of 2.0 is approximately 
40 percent of that at  sea level; a t  M0=3.0, it is 
about 70 percent of its sea-level value. 

The ratio of the developed thrust for these 
flight conditions to that at  sea level depends on 
the enthalpy rise or pressure ratio of the com- 
pressor as well as the turbine-inlet and after- 
burner-exit temperatures. If the static sea-level 
pressure ratio is 8,  if the turbine-inlet temperature 
is 2000" R, and if the afterburner-outlet tempera- 
ture is 3500O R, then the specific thrust a t  a 
flight Mach number of 2 is about the same as 
that for sea-level static conditions for the after- 
burning engine. At 55,000 feet and the Mach 
number of 2, the total thrust would be about 40 
percent of its sea-level value. If the specific 
weight of the afterburning engine were 0.3 a t  sea 

level, its specific weight at  55,000 feet and a 
Mach number of 2 would be about 0.75. For 
values of of the order of 3, (We/F)/(L/d)eff 
becomes 0.25. At 70,000 feet (We/F)/(L/d)e/f is 
increased to 0.50. The range of flight is thus 
drastically curtailed by the combination of high 
specific engine weights and low values of (Lid), 
(Sg. 6). With lighter engines, higher altitudes 
are available and larger values of (L/d), might 
be obtained. Even at  the same value of (We/F)/ 
(Lid), a greater range would then be obtained 
if (&/E), is increased (eq. (6)). Emphasis is 
thus placed on low engine weights for this type of 
flight condition. As indicated in equation (7a), 
however, engine efficiency is of equal importance 
and must not be unduly prejudiced by efforts to 
reduce specific engine weight. 

In order to obtain low specific weights at  
flight Mach numbers of the order of 2, the use of 
afterburning engines is attractive. According to 
figures 15 (d) and (e), high pressure ratios and 
high turbine-inlet temperatures would be desired 
for afterburning engines, since the highest specific 
thrust and efficiency are thereby attained. This 
desire is tempered, however, by the weight problems 
at  the high pressureratios and the problems associ- 
atedwith theuseof high turbine-inlet temperatures. 
At lower turbine-inlet temperatures, there is a 
maximum desirable pressure ratio. At higher or 
lower pressure ratios, both the specific thrust and 
efficiency decrease. At a flight Mach number of 
2, the pressure ratio for the highest specific thrust 
and efficiency is about 8 for a turbine-inlet 
temperature between 2000" and 2500" R. The 
corresponding pressure ratio at  sea level for a 
constant-mechanical-speed engine is about 14. 

High turbine-inlet temperatures without after- 
burning are also attractive at  the flight Mach 
number of 2 (Sg. 13(d)). Although the specific 
thrust is reduced from the afterburning case, the 
engine efficiency is increased. Moreover, the 
afterburning engine is penalized by the engine and 
airframe weight penalties previously discussed. 
These effects may more than counterbalance the 
loss in specific thrust. The pressure ratios 
desired for the nonafterburning engine are, of 
course, higher than for the afterburning engine. 

At the high flight Mach number of 3, the 
required compressor pressure ratios are low. 
With a turbine-inlet temperature of 2000' R, a 
pressure ratio of the order of 2 is desired for 
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either an afterburning or nonafterburning engine 
(figs. 13(e) and 15(e)). This value corresponds 
to a pressure ratio of about 4 a t  sea level. Since 
the resulting subsonic performance is poor, 
higher turbine-inlet temperatures must be used to 
realize the advantages of the higher compressor 
pressure ratios. At the turbine-inlet temperature 
of 2500' R, the desirable pressure ratio lies 
between a value of 3 and 4 at the high flight Mach 
numbers. For constant-mechanical-speed engines, 
the corresponding sea-level pressure ratios are 
between 8 and 12. The necessity for lightweight 
compressors developing this order of pressure 
ratio at  sea level is again apparent. 

OTHER ENGINE CYCLES 

There are many thermodynamic cycles sug- 
gested for aircraft propulsion. The ducted-fan 
or bypass engine, for instance, is an intermediate 
engine between the turboprop and the turbojet 
engines. The desired characteristics of the main 
compressor and fan are thus expected to be 
similar to the ones just outlined. The design 
data required are consequently the same. Simi- 
larly, the design data would be applicable to the 
design of other low-pressure-ra ti0 compressors 
such as those used in the turborocket. 

EFFECTS OF COMPRESSOR EFFICIENCY ON ENGINE 
PERFORMANCE 

The effect of a change in compressor efficiency 
on the results of the preceding section can be 
estimated by the following considerations. At a 
given fight speed and altitude, the enthalpy rise 
due to ram is k e d ,  as is the temperature TI 
(fig. 9). With a given inlet recovery, the ram 
pressure ratio Pl/po is constant. For a given 
enthalpy rise in the compressor, the combustor- 
inlet temperature T2 is fixed. The compressor 
total-pressure ratio P2/P1 is then a function of 
compressor efficiency only. The turbine-inlet 
temperature T3 is given a fixed value as is the 
combustor pressure ratio P3/P2. Since the work 
done by the turbine approximatley equals the 
enthalpy rise through the compressor, the turbine- 
outlet temperature T4 ik fixed. For a given 
turbine efficiency, the turbine pressure ratio PJPa 
is also fixed. Since the output and efficiency of 
the engine ultimately become functions of T4 and 
P,/po, the effect of compressor efficiency is 
examined by noting its effect on PJpo=PdPr 
times a constant. 

Compressor efficiency is defined by the equation 

Rearranging this expression and differentiating 
it, while holding the value of AH,lTlc, constant, 
yield the following result: 

where 

The effect of a percent change in compressor total- 
pressure ratio on the total pressure P, at any 
point in the engine downstream of the compressor 

Turboprop engine.-For a turboprop engine, 
neglecting the contribution of the jet, the me- 
chanical energy AH, developed in a complete 
expansion of the engine gases through the power 
turbine is given by 

and 

For given values of compressor pressure ratio 
P2/P1 and engine temperature ratio T8/Tl, the 
value of PI/Pl may be found from figure 16. (In 
this figure, the quantity P4/Pl is plotted against 
Palp1 with T3/T1 as a parameter. These data 
are a byproduct of the cycle calculations of the 
previous section. For a constant value of Bpecific 
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FIGURE 16.-Chart for estimating total pressure behind 
turbines driving compressors. 

heat and y, these curves would be independent of 
the flight condition. Actually, the variations in 
these quantities cause these curves to vary about 
f 6 percent from the values shown over the entire 
range of flight conditions considered. The im- 
portant trends of the curves are not affected, 
however.) Since the ram pressure ratio Pl/po 
is also known, po/P4 may be determined. 

Differentiating equation (15) and utilizing 
equation (14) while holding (qa&PTT&p) constant 
yield 

where 

Equation (16a) shows the general effect of a small 
change in compressor efficiency on the power 
output of a turboprop engine. Since this equa- 
tion waa derived with the assumption of a con- 
stant heat input to the engine, the percent change 
in power output is the same as the percent change 
in engine efficiency or specific fuel consumption. 

Figure 17 shows the quantity Gfrom equations 
(16) plotted against compregsor total-pressure 
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FIGURE l?.-Variation of parameters G and E with com- 
pressor pressure ratio (eqs. (16) and (20)). 

ratio Palpl, with the ratio po/P4 as a parameter. 
In the calculation of this figure, values for yc and 
yT of 1.4 and 1.3, respectively, were assumed. 
Examination of figure 17 reveals that U is large 
when both P2/Pl and po/P4 are large. For these 
conditions, the power output and efficiency of a 
turboprop engine are sensitive to small changes 
in compressor efficiency (eq. (16)). 

For a turboprop engine developing a pressure 
ratio of 16 while flying at  a Mach number of 0.8 
in the stratosphere, a 1-percent decrease in com- 
pressor efficiency reduces the power and engine 
efficiency by a little less than 1 percent. The 
results of @ p e s  16 and 17 also show that the 
effect of compressor efficiency diminishes slightly 
as turbine-inlet temperature is increased. Since 
compressor pressure ratio for a given enthalpy 
rise decreases as the efficiency decreases, a drop 
in compressor efficiency decreases the pressure 
ratios for both maximum specific power and 
maximum engine efficiency. 

Turbojet engine.-In the case of a turbojet 
engine, a small change in compressor efficiency 
affects the total pressure P6 in the jet nozzle, 
which in turn affects the jet velocity and the 
thrust. The magnitude of these effects may be 
examined as follows. The jet velocity Vj  is 
expressed in terms of the jet-nozzle pressure ratio 
P O P 6  

vj=c, 

Differentiating this equation while holding the 
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quantity t7,d-J constant provides the rela- 
tion 

using equation (14). The specific thrust F/wl is 
related to the jet velocity V, by 

Then d(F/w,) = (1 +j’)dV,/g, assuming a constant 
fuel-air ratio f, and hence 

where 

using equations (18) and (19). The expression 
for the parameter E is seen to be half the value of 
U if the power-turbine pressure ratio po/P4 is 
replaced by the jet-nozzle pressure ratio po/P5. 
Figure 17 may therefore be used to evaluate E for 
given values of Pz/Pl and po/P5 by taking E= 6712. 
The value of po/P5 is determined from figure 16 
in the same way that po/P4 is found for the turbo- 
prop engine. 

Equation (20a) shows the effect of a percent 
change in compressor efficiency on the specific 
thrust of a turbojet engine. As in the case of the 
turboprop engine, the percent change in specific 
thrust may be taken aa equal to the corresponding 
percent change in engine efficiency or thrust 
specific fuel consumption. 

For the static case (V,=O), the effect of a per- 
cent change in compressor efficiency on either spe- 
cific thrust or efficiency can be determined directly 
by evaluating Efrom figure 17. Equations (20) 
and figure 17 show that for this case specific thrust 
or engine efficiency is sensitive to small changes in 
compressor efficiency when both P2/P, and po/P5 
are large. This situation for the turbojet engine, 

as for the turboprop engine, corresponds to high 
compressor pressure ratios and low turbine-inlet 
temperatures. Figure 13(a) shows that these con- 
ditions are required for high values of engine effi- 
ciency. When engine efficiency is highly impor- 
tant at sea-level static conditions, therefore, high 

however, that the denominator of the coefficient of 
dq&.c/qad,c in equation (20a) can be written as 

If F/w, is 80 pounds per pound per second a t  a 
flight Mach number of 3, the value of this expres- 
sion is about 0.5, and the coefficient of dq ad , C / 7ad.C 

in equation (20a) approaches the value of U. If 
Flw, is 60 pounds per pound per second at a flight 
Mach number of 0.8, this expression has the value 
of about 0.7. 

For the subsonic airplane, in which the com- 
pressor pressure ratio is of the order of 16, a per- 
cent decrease in compressor efficiency reduces the 
specific thrust and engine efficiency by a little less 
than 1 percent for constant enthalpy rise in the 
compressor. Since the ratio T,/T, is low for super- 
sonic flight, the value of P4/Pl is low (fig. 16). On 
the other hand, the value of P,/po is high, and a 
percent decrease in compressor efficiency reduces 
the thrust and efficiency by the order of only 0.5 
percent. 

It is again noted that a reduction in compressor 
pressure ratio accompanies a decrease in efficiency 
for this analysis. The optimum pressure ratio for 
either maximum specific thrust or minimum spe- 
cific fuel consumption, therefore, decreases as com- 
pressor efficiency decreases. 
EFFECTS OF COMPRESSOR PRESSURE RATIO, 

FLOW CAPACITY, AND EFFICIENCY ON FRONTAL 
AREA OF OTHER ENGINE COMPONENTS 

Compressor pressure ratio, flow capacity, and 
efficiency play a prominent role in determining the 
relative frontal areaa of the engine components. 
The frontal areas of these components are also in- 
volved in engine weight. In this discussion, only 
the internal frontal area is considered. This area 
is defined by wi, where rI  is the radius to the 
internal surface of the casing of the component 



COMPRESSOR DESIGN REQUIREMENTS 31 

under consideration. Of interest now is the ratio 
of the internal frontal area of a component to that 
of the compressor. 

The flow area A of any component is determined 
by stipulating the weight flow and either a maxi- 
mum velocity V or a Mach number M at the en- 
trance or exit of the component. These maximum 
values may be either absolute or found from ex- 
perience; in either case, undesirably high losses 
result from attempting to exceed these limits. 
The required flow area may be expressed in terms 
of the velocity V by the equation 

w C T  A= 
VP 

or in terms of the Mach number M by 

When the values of w and M or V are given, the 
annular area is determined by the total pressure 
and temperature at the point considered. The 
internal frontal area is related to the annular area 
A by the equation 

Since the weight flow through a conventional 
engine is essentially constant, the ratio of the 
frontal area of any component to the frontal area 
of the compressor is given by 

The equivalent weight flow per unit frontal area 
w@/Ad of the compressor or of any other engine 
component may be expressed by substituting 

into equations (21a) and (21b). The results are 

Notice that, when V/dygRT or M is small, these 
equations are approximated by 

At a value of V / d z T  of 0.2, the error is 
about 2 percent. For the same value of M, the 
error is about 2.4 percent. A quantitative evalu- 
ation of equations (22) may be obtained from 
figures 18 and 19. In figure 18(a), &/AF& is 
plotted against V / d z T ,  with the hub-tip radius 
ratio r l r ,  as a parameter and with y= 1.4. Figure 
IS@) is the same, except that y=1.3. In iigure 
19 the flow Mach number M replaces V/&gRT 
as the abscissa. 

When the given or allowable flow Mach number 
is known, together with the ratio of the inner to 
the outer radius, the value of w&/AR& may be 
determined from figure 19~ The ratio of the 
required frontal area of any component to that of 
the compressor may be expressed as 

The value of the last term in parentheses in 
equation (23) may be determined from figure 20 
for the combustor inlet. For the turbine discharge 
this term may be evaluated from figure 21. The 
data for these &pres were obtained as a byproduct 



32 AERODYNAMIC DESIGN OF 

Rotio of flow velocity to stog 

AXIAL-FLOW COMPRESSORS 

(a) Ratio of specific heats, 1.4. (b) Ratio of specific heats, 1.3. 
FIGUIZE 18.--Variation of equivalent weight flow per unit frontal area with VI- for several values of hub-tip 

radius ratio. 

of the cycle analyses previously presented. While 
figure 20 exactly represents the condition for the 
given assumptions, figure 21 is subject to the same 
error discussed in connection with figure 16. The 
value of (pl/ps)jm at other engine stations 
can be calculated readily with the aid of these 
curvea. If the flow velocity rather than the flow 
Mach number is of interest, the total-temperature 
ratio across the component must be known in 

order to determine V&gRT, which is the abscissa 
of figure 18. These total-temperature ratios may 
also be evaluated from figure 20 for the combustor 
inlet and from figures 16 and 21 for the turbine 
outlet. 

COMPARISON OF FRONTAL AREA8 FOR SUBSONIC FLIGHT 

Consider the situation for a flight Mach number 
of 0.8 in the stratosphere with a compressor pres- 
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(a) Ratio of specific heats, 1.4. (b) Ratio of specific heats, 1.3. 

FIGURE 19.-Variation of equivalent weight Bow per unit frontal area with Mach number for several values of hub-tip 
radius ratio. 

sure ratio of 16. Assume w J e i ~ p ~  of 30 pounds 
per second per square foot for the compressor 
and a turbine-inlet temperature of 2000' R. Com- 
ponent efficiencies are those used in the cycle 
analyses previously presented. 

Engine inlet.-Although it is not affected by 
compressor pressure ratio, the area of the inlet is 
also of interest and will be considered h t .  For 
reasonably high fight speeds, the internal frontal 
area of the inlet is equal to or greater than that 
of the free-stream tube passing the required mass 
flow. Assuming the internal inlet area to be equal 

a (the capture area), the 
the inlet is given by Sgure 

19(a) with M=freestream Mach number and 
rILJrI=O. With a pressure recovery of 

691-564 0 - 6 5 4  

ratio of the inlet frontal area to compressor in- 
ternal frontal area is 0.62. This ratio is directly 
proportional to both the total-pressure recovery 
of the inlet difFuser and the flow capacity of the 
compressor. 

Combustor.-In determining the size of the 
combustor, the average velocity in the annulus 
is frequently taken as a critical factor, although 
Mach number is probably t as applicable. 
The magnitude of the vel0 influences com- 
bustion efficiency as well as the pressure drop 

frontal area of the combustor is 43 percent of the 
compressor internal frontal area. This number 
is ely proportional to the limiting velocity 
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FIGURE 20.-Chart for estimating total pressure and 

temperature behind compressor; To= 1.4. 
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FIGUBE 21.-Chart for estimating equivalent weight flow 
behind turbines driving compressors. 

(eqs. (22a') and (23)). It increases as com- 
pressor pressure ratio decreases; at a pressure 
ratio of 8, the internal frontal area of the com- 
bustor is 70 percent of that of the compressor, 
other conditions being the same. This ratio is 
again proportional to the flow capacity of the 
compressor. 

Turbine.-For the turbine, the axial Mach num- 
ber at the turbine outlet is decisive. This Mach 
number should be less than about 0.7 to avoid 
the limiting loading discussed in reference 15. 
For a leaving Mach number of 0.6 and a hub-tip 
radius ratio of 0.6, the ratio of the internal frontal 

area of the turbine to that of the compressor 
is 0.54. With leaving Mach numbers of 0.5 and 
0.4, the respective ratios are 0.61 and 0.72. De- 
creasing the compressor pressure ratio increases 
this number. At a compressor pressure ratio of 
8 it is 0.70 instead of 0.54. Again, increasing 
the turbine-inlet temperature to 2200' R (T./TI= 
5.0) decreases this number from 0.54 to 0.50. 
For a k e d  turbine-inlet temperature, a reduction 
in compressor-inlet temperature increases Ta/TI 
with an attendant reduction in this internal- 
frontal-area ratio. 

The flow capacity of the turbine is controlled 
by the stresses in the turbine blades and the 
required work output of the turbine, as well as 
the Mach number at the turbine exit. This 
effect is outlined in reference 16 and given de- 
tailed study in reference 17, Briefly, the per- 
missible annular flow area A is proportional to 
the allowable centrifugal stress T at the blade 
root according to the equation 

where # is a taper factor defined as the ratio of the 
actual root centrifugal stress to the centrifugal 
stress in a blade having a constant spanwise 
cross-sectional area. Combining this relation 
with equation (21b) and noting that Ug=r@ 
provide the result 

If reference values of compressor tip speed Us, T ,  

and I' are assigned and attention is focused on 
the turbine, equation (24) becomes 

for a constant weight flow throughout the engine. 
A quantitative study of equation (25) is obtained 
from @we 22, in which a set of curves showing 
the left side of this equation as a function of 
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FIGURE 22.-Stress-lidted aidow and tip speed for compressor or turbine (eq. (25)). 

( P 4 / P l ) ~ ~ ~  and M4 is adjoined to the curves 
of figure 21. The following values were assumed 
in the calculations for this figure, with appro- 
priate units where necessary: y=1.3, #=0.6: 
UGrel= 1000 feet per second, ~,~l=30,000 pounds 
per square inch, and Fre1=O.3 pound per cubic 
inch. 

When r, 7, and U, assume their reference 
values, the left side of equation (25) is identically 
wl&/AR&, the flow capacity of the compressor 

turbine stress. For the reference 
condition, the permissible values of 
are considerably higher than those assumed in 
the previous study. The assumed hub-tip radius 

ratios are thus well within those permitted by 
the assumed stress limits and compressor flow 
capacities. Higher compressor speeds or lower 
turbine stress limits would, of come, reduce 
the compressor flow capacity permitted. 

The relation between the work output of the 
turbine and the flow capacity of the compressor 
may be examined in a similar gross way. As a 
rule of thumb, the maximum output of a turbine 
stage is determined by the quantity JA23/(wrh)*, 
which is inversdy proportional ta the square 
of the blade- to jet-speed ratio. An upper 
limiting value (of about 2) may be assigned to 
this quantity, and the permissible enthalpy drop 
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in a stage is given when the speed of rotation 
is known. Only a small enthalpy drop is obtained 
with the low rotative speeds and at the hub of 
turbines with low hub-tip radius ratios; accord- 
ingly, small enthalpy drops are obtained for the 
conditions of high flow capacity. High flow 
capacity is thus associated with a relatively 
large number of turbine stages. High rotative 
speeds and large hub-tip ratios, on the other hand, 
reduce the flow capacity but tend to decrease the 
number of turbine stages. 

Afterburner.-At the inlet to the afterburner, 
a limiting velocity is again used for the same 
reasons that govern its use in the primary com- 
bustor. For the present example the limiting 
velocity is assumed to be 550 feet per second. 
With this limit, the ratio of the internal frontal 
area of the afterburner to that of the compressor 
is 0.58, (rh/rl=O). Changing the cycle pressures 
and temperature will vary this number in about 
the same proportions as those given for the 
turbine. 

Nozzle.-The area of the jet nozzle depends on 
the amount of afterburning, the amount of super- 
sonic expansion in the nozzle, and whether or not 
an ejector is employed. With sonic velocities a t  
the nozzle exit and no afterburning, the area 
ratio is 0.29. Altering the cycle will change this 
number somewhat in proportion to the corre- 
sponding turbine areas. 

It appears that a compressor having a flow 
capacity of 30 pounds per square foot (=(w&/ 
AP&) could have the largest internal frontal 
area of all the components in an engine for sub- 
sonic flight. Since the area ratios are propor- 
tional to compressor equivalent flow capacity, 
there is a strong incentive to make the flow 
capacity of the compressor as high as possible. 
The maximum value of compressor flow capacity 
is 49.4 pounds per second per square foot (fig. 
18(a)), however, so that all the other components 
could presumably have a smaller frontal area than 
the compressor when the high pressure ratios re- 
quired for good engine efficiency are used. 
COMPARISON OF FRONTAL AREAS FOR SUPERSONIC FLIGHT 

For a given mass flow, the free-stream-tube area 
increases with Mach number in the supersonic 
regime. The temperature a t  the compressor 
inlet increases and that a t  the compressor outlet 
thus also increases with flight Mach number. 

Both the values of Pz/Pl and T,/T, are generally 
lower for supersonic flight than they are for sub- 
sonic flight. As a result, the values of P4/P1 and 
(p4/Pl)d- are reduced (figs. 16 and 21). For 
a given value of (W&/A~G)~, the value of (AF)*/ 
(AF)c therefore increases with flight Mach num- 
ber (eq. (23)). As shown in figure 12, however, 
the flow capacity of the compressor also decreases 
with flight Mach number when the mechanical 
speed of the engine is fixed (since e increases with 
flight Mach number). This behavior decreases 
the value of (Ap)z/(AF)c. 

In order to examine these trends, consider the 
situation at flight Mach numbers of 2 and 3 in the 
stratosphere. Let the respective values of Pz/Pl 
be 8 and 4, and let the turbine-inlet temperature 
be 2500' R for both cases. Assume, moreover, 
that (wd/A& is 30 pounds per second per 
square foot for the compressor a t  sea level. 

At the flight Mach number of 2, the equivalent , 
flow capacity of the compressor may drop to 24 
((lb/sec)/sq f t )  for constant engine speed. With 
an inlet recovery of 0.90, the ratio (AFo(/AF)c 
becomes 0.74. At the flight Mach number of 3 
and a recovery of 0.6, the value of ( W ~ / A F S ) ~  is 
15 pounds per second per square foot and (AF)*/ 
(Ap)c=0.77. Notice that this number applies 
only to the internal capture area. As indicated 
in figure 8, the actual frontal area of the inlet may 
be substantially larger than this. 

With a limiting average combustor velocity of 
150 feet per second, the ratio of the internal 
frontal area of the combustor to that of the 
compressor is 0.70 at  the flight Mach number of 2 
(rh/rC=0.4). It is 0.88 at the flight Mach number 
of 3. This value is almost inversely proportional 
to compressor pressure ratio for a given flight 
condition. 
If the hub-tip radius ratio of the turbine is 0.6 

and the leaving Mach number is 0.6, the ratio of 
the internal frontal area of the turbine to that of 
the compressor is 0.62 at  the flight Mach number 
of 2 and 0.58 at  the flight Mach number of 3. 
Increasing either the compressor pressure ratio 
or turbine-inlet temperature decreases this ratio 
in inverse proportionality to the resulting change 
in ( P 4 / P 1 ) 4 m  shown in figure 21. Notice that 
the assumed flow capacity of the compressor is 
low enough to satisfy the turbine stress require- 
ments of figure 22 for the reference conditions. 



COMPRESSOR DESIGN REQUIREMENTS 37 

Again using an afterburner-inlet velocity of 
550 feet per second, the ratio of the internal 
frontal area of the afterburner to that of the 
compressor is found to be 0.77 at the flight Mach 
number of 2. At the flight Mach number of 3, it 
is 0.71. These values are again almost inversely 
proportional to ( P 4 / P l ) - q ' m ,  and changes in 
compressor pressure ratio and turbine-inlet tem- 
perature will change this ratio following the 
trends shown in figure 21. 

The area of the nozzle again depends on the 
factors previously mentioned. It is noted, how- 
ever, that for complete expansion the outlet area 
of the nozzle is 92 percent of the internal frontal 
area of the compressor a t  the flight Mach number 
of 2. At the flight Mach number of 3, the area 
ratio for complete expansion is 1.14. When the 
nozzle area equals the frontal area of the compres- 
sor, the jet velocity V, is reduced about 2.5 
percent, with a resulting loss of thrust of about 
1.5 percent compared with the complete-expansion 
case. Although the developed thrust is de- 
creased slightly by limiting the expansion, the 
actual thrust minus drag is probably increased. 
Internal plugs onan ejector have been recom- 
mended frequently when large nozzle pressure 
ratios are developed. In these cases, the actual 
flow area is effectively less than the internal 
frontal area. 

For the example chosen, the compressor has a 
greater frontal area than either the primary com- 
bustor or the turbine. The flow through the 
compressor is much less than its natural capacity, 
however; and a 20- to 100-percent increase in the 
flow capacity of the compressor a t  supersonic 
flight speeds could easily be obtained by some 
means or another. Thus, engines could be de- 
signed in which the compressor diameter is smaller 
than that of any other component in the engine. 
If the increase in flow capacity is obtained by 
increasing the mechanical speed with flight Mach 
number, so as to reduce the severity of the drop 
in N / 4 ,  then turbine stress problems arise 
(ea. (25)). On the other hand, if the value of N 
is sufiiciently low to avoid this difficulty, the en- 
thalpy drop per turbine stage is low, and a large 
number of turbine stages is required. Therefore, 
the selection of compressor flow capacity is fre- 
quently based on a number of considerations 
other than frontal area. Design information is 
required, however, to permit designs as close as 

possible to the natural limit of 49.4 pounds per 
second per square foot of frontal area. This high 
value could then be used when it is desired. 

EFFECTS OF CO 
OF COM 

Compressor efficiency also affects the size of 
engine components downstream of the compressor. 
The magnitude and interrelation of these effects 
are estimated by the following technique. When 
the weight flow w and the velocity or Mach number 
are given, the annular flow area is seen by equa- 
tions (21) to be determined by the total pressure 
P and the total temperature T at  the point 
considered. 

Presuppose a fixed enthalpy rise in the com- 
pressor and a given fuel flow so as to make the 
total temperature T at  any point in the engine 
independent of the compressor efficiency and 
pressure ratio. Equation (14) then shows how 
a small change in compressor efficiency affects the 
total pressure at  any point in the engine down- 
stream of the compressor. Holding w, T, and V 
or M constant and differentiating either equation 
(21a) or (21b) with respect to A and P give 

utilizing equation (14). A curve showing the 
parameter Q as a function of P2/Pl for yc=1.4 is 
shown in figure 23. This curve indicates that the 
sensitivity of the flow area of the components 
downstream of the compressor to small changes in 
compressor efficiency is greatest when the com- 
pressor total-pressure ratio P2/PI is high. Under 
these conditions, the frontal area of the compo- 
nents behind the compressor is usually low. 
When the components behind the compressor 

ln : -4P k '  A '  1'2' / 6 ' 2 0 ' 2 4 1 2 * 1 3 * ' 3 6 ' d o  
Compressor pressure ratio, P2P, 

FIGURE 23.-Variation of parameter 0 with cornpressor 
pressure ratio (eqs. (13) and (26)); Tc=1.4. 
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deckle the frontal area, however, low compres- 
sor efficiency can be costly with respect to size 
as well as engine efficiency and specific thrust. 

FACTORS DETERMINING COMPRESSOR FLOW 
CAPACITY AND WEIGHT 

FLOW CAPACITY 
The flow capacity selected for a compressor 

representa a compromise among several factors 
that also control engine weight. Some of these 
factors are discussed in the nest main section of 
this chapter. For the moment it is sufficient to 
note that, among other thiigs, the flow capacity 
depends on the rotational speed of the engine. 
Two causes of this dependency, turbine blade stress 
and turbine work, were outlined in the previous 
section. A similar limit involving stress in the 
compressor blades could also be deduced. The 
stress in the turbine blades is frequently the 
governiug factor, however, because of the elevated 
temperatures. 

Another factor making the flow capacity depend 
on the speed of rotation a* from aerodynamic 
causes in the compressor itself. At the present 
state of the design art, dictates of efficiency limit 
the Mach number relative to the compressor 
blades. This Mach number may be written as 

The equivalent weight flow per unit of flow area 
at any radius is, however, 

(28) 

Because of other considerations, the value o€ & 
is usually made as small as possible, and even 
negative values of may be desired. With a 
given value of 8, and a limiting value of Ml, the 
flow capacity is critically dependent on the wheel 
speed U, decreasing as the wheel speed increases. 

If, now, the wheel speed is independently deter- 
mined, the maximum flow capacity of the com- 
pressor is automatically stipulated either by the 
limitations of blade stress or by the limitations of 
compressor blade Mach number. At low com- 
pressor pressure ratios and low ratios of turbine- 
inlet to compressor-inlet temperature, turbine 

blade stress tends to be the deciding factor. At 
higher levels of these quantities, with cooled 
turbines, compressor blade Mach number becomes 
the critical item. In order to overcome this latter 
limitation, considerable attention must be given 
to the problem of efficiently coping with high 
Mach numbers relative to the compressor blades. 

The radial distribution of w,,G/AS, as well as 
the hub-tip radius ratio, is required to determihe 
the net equivalent flow capacity of the compressor. 
The radial-distribution problem is treated in chap- 
ter VIII. It will not be discussed here except to 
note that the flow capacity can be affected by the 
distribution. The hub-tip radius ratio is affected 
by two factors: (I) the problem of attaching the 
blades to t5e disks, which is chiefly a mechanical 
problem, and (2) the aerodynamic problem of 
designing the blades near the hub. The gains in 
flow capacity are small when the hub-tip radius 
ratio is reduced below about 0.35 (see figs. 15 and 
16), and it is a t  the lower values of hub-tip radius 
ratio that the attachment and aerodynamic design 
problems may become serious. Below some value 
of hub-tip radius ratio, therefore, the possible 
gains in weight flow per unit of frontal area could 
be too small to justify the effort and expense 
required to obtain them. 

LAYOUT AND WEIGHT 

Some of the problems associated with the size 
and weight of a compressor are illustrroted with 
the aid of a schemstic drawing of a representative 
current compressor and its dsuser (fig. 24). The 
pressure ratio, turbine-inlet temperature, and 
weight flow of air of the engine associated with 
this compressor are presumably determined from 
preliminary design studies. The speed of rotation 
is also assumed to have been sdected from this 
study. The flow capacity of the compressor is 
then fairly well defined, either by stress or aero- 
dynamic considerations. 

FIGURE 24.-Typical current layout of axial-flow com- 
pressor and exit diffuser, 
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The number of stages required by the compressor 
is determined by the pressure ratio or enthalpy 
rise that each stage can produce. At the present 
time, the permissible enthalpy rise per stage may 
be approximately expressed by 

where D is a measure of the blade loading as pre- 
sented in reference 9. The enthalpy rise in a 
stage is thus directly proportional to the blade 
speed and to the stage-inlet velocity relative to 
the rotor. Obtaining high flow capacity by re- 
ducing the blade speed increases the number of 
stages required to obtain a given enthalpy rise. 
This result is similar to that previously noted for 
the turbine. 

The enthalpy rise in a stage also depends on the 
relative velocity ratio VilV: across the stage. 
If D has a limiting value of 0.4, changing V2/Vl 
from 1 to 0.9 reduces the enthalpy rise in the 
stage by 25 percent. The limitations imposed by 
this velocityratio affect the layout and the number 
of stages required by a compressor. In order to 
meet the velocity requirements in the combustor, 
the axial component of air velocity is sometimes re- 
duced by a factor of 5 or more between the com- 
pressor inlet and the combustor. Avoiding excessive 
losses in the diffusing section behind the compres- 
sor requires that a considerable part of this 
deceleration be absorbed in the compressor. Since 

(vz*2)Xa number less than 1.0 z-vz -A 2 -- cos s: 
v: v ,  I cos A- 

the ratio V!JVl must be appreciably less than 
1.0 in the majority of the blade rows. The 
enthalpy rise per stage is thus restricted, and the 
number of stages is greater than that required if 
V,Z/VZ,  I could be greater. 

Continuously decreasing the axial velocity 
through the compressor also causes V: to be con- 
tinuously reduced. The enthalpy rise per stage 
is consequently much less in the latter stages of 
the compressor than it is in the early ones. 
Obtaining a reasonable enthalpy rise in the latter 
stages thus requires the use of fairly high blade 
speeds, even if the inlet flow capacity of the 
compressor is prejudiced. Moreover, the casing 
diameter at  the rear stages is usually kept large 
to obtain these high blade speeds. Continuity 

requirements then dictate the use of small blade 
heights to the detriment of efficiency. 

The number of compressor stages and the com- 
pressor layout shown in figure 24 were determined 
by these principles. As a result of this particular 
layout, an awkward flow passage is required to 
connect the comprbsor to the combustor. More- 
over, the bulk and weight of the compressor are 
large. 

The length of each stage is decided by the axial 
clearance required and the chord length of the 
blades themselves. The spacing is usually set 
by mechanical tolerances and the location of the 
thrust bearing. The chord length of the blades 
is frequently determined by arbitrarily limiting 
the bending stress at  the blade root. The bending 
moment normally used to calculate the stress is 
that caused by the steady aerodynamic forces on 
the blade. Because of the dangers of blade 
vibration, however, a large factor of safety is 
used, and the calculated steady-state bending 
force is well below the value that the blade can 
withstand. The blade chords, and hence the 
engine length, are thus greater than required by 
aerodynamics for steady-state stresses. (At high 
altitudes, however, large blade chords may be 
required to avoid poor performance at  low Reyn- 
olds numbers. More information is required on 
this subject before definite statements can bemade.) 

Because of the large diameter and high internal 
pressure at the outlet, the casing is heavy. For 
the type of mechanical design shown in Sgure 24, 
a considerable amount of weight is also associ- 
ated with the rear disk, which has a large diameter. 
If the metal in this solid disk had to resist only 
the stresses created by centrifugal force, the thick- 
ness could be considerably less than that actually 
used. Its weight would then be relatively small. 
It must, however, be stiff enough to be manufac- 
tured readily and handled without danger of 
warping. The disk must also be stif€ enough to 
withstand the axial force resulting from the 
pressures acting on the disk face. These forces 
increase with the diameter of the disk and with 
compressor pressure ratio. 

For a given Mach number limit, increasing the 
design weight flow through the compressor by 
reducing the design rotative speed reduces the 
dianeter of the compressor and hence reduces the 
weight of an individual disk and a unit length 
of casing. On the other hand, the number of 
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stages is increased. More disks and a longer 
casing length are needed. It would appear that, 
for a given limitation between flow capacity and 
speed, there are optimum values of these quanti- 
ties that yield the minimum compressor weight. 
As previously noted, the same reasoning applies 
to the turbine. 

The size and length of the other engine compo- 
nents are fairly independent of the actual design 
of the compressor after the pressure ratio and flow 
capacity are given. An exception to this state- 
ment might be the diffuser between the compressor 
and combustor, but this element should be con- 
sidered to be part of the compressor itself. 

Since the Mach number relative to the compres- 
sor blades has an important bearing on the flow 
capacity of the compressor and the number of 
stages required, the highest permissible Mach 
number level should be used in design. This 
statement is particularly true of the inlet stages, 
where the Mach numbers naturally tend to be the 
highest. Important improvements of these stages 
have been made in recent years (see refs. 8 and 
IS). As a result, higher airflow capacity can be 
combined with high stage pressure ratios. 

Identifying the true loading limit of a blade 
has also been given attention. The coarser the 
definition of the loading limit, the greater is the 
aerodynamic factor of safety that must be em- 
ployed. The design pressure ratio of a stage thus 
suffers. While reference 9 and equation (29) 
are definite advancements in this direction, there 
is still considerable room for improvement. 

Although the number of stages is reduced 
through the use of high Mach numbers and 
accurately .defined loading limits, the over-all 
length tends to remain the same if the bending- 
stress limits are unaltered. The higher pressure 
ratios result partially from larger blade forces, 
which in turn cause larger bending moments a t  
the blade roots. With a fixed allowable bending- 
stress limit, the chord length of the blades increases 
as the stage pressure ratio increases. Recent 
observations have shown, however, that blade 
vibrations are primarily the result of rotating 
stall (ref. 19), Blade wakes and the pressure 
fields of fixed obstacles may have contributory 
effects, but these sources can be avoided or 
otherwise treated by appropriate design. These 
investigations have also shown that vibration 
induced by rotating stall can be eliminated or 

mitigated by such methods as interstage bleed 
and variable stators. As indicated in reference 
20, rasps a t  the inlet are also useful for evading 
the blade-vibration problem. Through the use 
of this type of equipment, the hazards of blade 
vibration are relieved. The permissible bending 
stresses can be raised, and marked reductions in 
chord length are possible. Reducing the chord 
length and the number of stages reduces com- 
pressor length and offers significant reductions in 
compressor weight. 

The necessity of adding stages to a compressor 
just to reduce the axial velocity is a problem that 
needs more attention. It is possible that too 
great apenalty is being paid for the lackof complete 
information about the pressure loss in diffusers 
and combustion chambers. 

As indicated in reference 21, a basic combustor 
parameter governing pressure loss may be the 
velocity in the secondary-air passage. An im- 
portant variable governing the efficiency of a 
diffuser is the ratio of the maximum surface 
velocity before deceleration to the minimum sur- 
face velocity after deceleration. If the minimum 
velocity were that in the secondary-air passage 
of the combustor and the ratio of maximum to 
minimum surface velocity were given, the velocity 
entering the diffuser could not be greater than the 
product of the allowable secondary-air velocity 
and the allowable velocity ratio. If the diffuser 
passage causes local velocity maximums and 
minimums, however, the inlet velocity must be 
less than the otherwise allowable value. Potential- 
flow methods, such as those proposed in reference 
21, afford a means of eliminating unnecessary 
maximums and minimums in the surface velocities. 

Figure 25, which is taken from reference 21 
illustrates a diffuser designed along these lines. 
An insert controls the flow area in th8 passage be- 
tween the compressor outlet and the secondary- 
air passage of the combustor. The rate of change 
of this area has the major effect in controlling the 
rate of diffusion. Gentle curvatures are used to 
minimize the undesirable gradients due to curva- 
ture. Deceleration of the primary air is efficiently 
obtained by the stag.nation of the air ahead of the 
insert. Such a device should permit higher veloc- 
ities a t  the compressor outlet and should tend to 
shorten the diffuser length. These higher v e  
locities could be used to enable the rear compres- 
sor stages to develop greater pressure ratios. On 
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FIGURE 25.-Streamlines and velocity distributions in 
symmetric diffuser with continuous diffusion between 
compressor and combustor (ref. 21). 

the other hand, the diameter of the casing (and 
hence blade speed) could be reduced between the 
inlet and outlet of the compressor without in- 
creasing the number of stages over those presently 
required. In  the latter case, a lighter casing may 
result and the diameter and weight of the disks 
are reduced. The pressure forces on the disks 
are also reduced, and the disks may be thinner. 
Because of the greater radial length of the blades 
in the rear stages, higher efficiencies may be 
obtained. 

A schematic drawing of a compressor in which 
the compressor design incorporates the ideas sug- 
gested is shown in figure 26. The pressure ratio 
and weight flow are the same as for figure 24. 
Higher rotative speeds and flow capacities result 
from raising the permissible blade Mach number. 
For this'layout, the turbine stresses are higher 
than those normally used, but it was assumed that 
turbine cooling can be used to obtain the necessary 
strength in the turbine blades. The diameter of 
the compressor and the number of compressor 
stages are reduced. Interstage bleed and a ramp 
are assumed to eliminate the vibrations caused by 
rotating stall, and small blade chords are used. 
The controlled diffusion without reacceleration in 
the diffuser permits comparatively hgh  velocities 

Diffuser and 

FIGURE 26.-Possible layout of axial-flow compressor and 
exit diffuser. 

at the compressor discharge. These high veloci- 
ties, together with the high rotative speed, permit 
the casing diameter to be reduced as shown with- 
out any untoward effects on length. 

This arrangement is in no sense a recommended 
one. It merely serves to indicate how several 
critical aerodynamic factors can greatly influence 
the shape and weight of a compressor and the 
weight of the associated engine. The optimum 
arrangement depends, of course, on the mechani- 
cal design and the materials used. Although 
these factors are not given any other consideration 
in this report, advances in mechanical design and 
materials are as important as advances in aero- 
dynamics. For example, obtaining the required 
disk stiffness with lightweight disks is an impor- 
tant mechanical problem. Improving thestrength- 
weight ratio of materials is obviously another. 

COMPRESSOR REQUIREMENTS 

DESIGN POINT 

The preceding discussions have indicated many 
of the over-all design-point requirements of 
compressors. High efficiency is shown to be 
important for several reasons. The thrust and 
efficiency of the engine increase with compressor 
efficiency, particularly with high compressor 
pressure ratios or low ratios of turbine-inlet to 
compressor-inlet temperature. The diameters of 
the components downstream of the compressor 
decrease as compressor efficiency increases. 
Moreover, the number of compressor and turbine 
stages required for a given compressor pressure 
ratio decreases as compressor efficiency increases. 

High airflow capacity is also an important 
compressor attribute. When the maximum fron- 
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tal arm of the engine is controlled by compressor 
diameter, high flow capacity is required to reduce 
nacelle drag. High flow capacity is also a factor 
in minimizing specific engine weight. 

One of the most important requirements of 
compressors concerns engine weight. The weight 
of the compressor itself must be small, and its 
design must not prejudice the weight of the other 
components. For those flight conditions which 
are critical to specific engine weight, this re- 
quirement is obvious; it is also an important factor 
when high engine efficiency appem to the critical 
item. High engine efficiency is invariably asso- 
ciated with high compressor pressure ratio, 
particularly for subsonic flight. The full benefits 
of this high pressure ratio cannot be realized, 
however, when the increase in engine weight is 
out of proportion to the increase in engine 
efficiency. 

Obtaining relatively lightweight engines and 
compressors requires each element to be operated 
near the limit of its aerodynamic and structural 
capacity. The dead weight carried muat be a 
minimum. The compressor blades must tolerate 
large relative Mach numbers so that high flow 
capacity and high relative speeds can be realized. 
Provisions must be made for eliminating the sources 
of blade vibrations so that the thickness m d  
chord length of the blades can be small. The 
diffuser at the compressor outlet must permit high 
entering velocities in order to obtain the maximum 
output from the rear stages of the compressor. 

Another important factor in compressor design 
concerns the mating of flow passages. Aerody- 
namicdy clean palages are required for tran- 
sitions between the inlet diffuser and the compres- 
sor inlet, and between the compressor discharge 
and the combustor. Abrupt increases in the 
flow area or in the curvature of the passages 
invite undesirable losses. These losses may im- 
mediately result from separation of the flow. The 
losses, on the other hand, may appear in the 
downstream components as the result of the thick 
boundary layers (or distortions) developed in 
the transition passages. Notice that, by the 
same token, thick boundary layers from any source 
entering or leaving the compressor are objectiona- 
ble because they represent potential sources of 
IOSS. 

These general requirements are necessary 
ingredients for efficient lightweight designs. The 

best design within the limits of these quantities 
results from a cut-and-try procedure in which 
several tentative, equivalent aerodynamic designs 
are made and their estimated weights compared. 

The preceding general comments apply to any 
operating condition, but they are particularly 
directed at the design point of the engine and its 
compressor. The design point refers to a particular 
flight condition and engine operating condition 
where the engine components and subcomponents 
are deliberately matched to achieve certain desired 
engine characteristics. Besides meeting its obliga- 
tions at this point, however, the compressor must 
be able to provide suitable performance at other 
operating conditions imposed upon it. It must 
permit the engine to be started readily and acceler- 
ated rapidly to its design speed. It must also 
provide satisfactory performance over a range of 
engine speeds, pressure ratios, and weight flows 
when varying ftight conditions require them. 

The exact nature of these off-design require- 
ments depends on the type of engine and on the 
design of the components themselves. The general 
offdesign problems are very similar for all engines, 
however, and the general requirements of the 
associated compressor can be obtained from the 
study of the problems of a typical one-spool 
turbojet engine. The particular problems of other 
engine types, such as the two-spool turbojet engine 
and the turboprop engine, are then indicated. 

The study of the off-design conditions requires 
an investigation of the matching of the compressor 
to the other engine components. The techniques 
for this investigation are discussed in chapter 
XVII, and the following results were obtained 
through the use of these procedures. 

OFF-DESIGN CON8IDEBATIONS 

ONE-SPOOL TURBOJET ENGINE 

The off-design requirements of a compressor 
are conveniently shown on the compreasor per- 
formance map in figure 27(a). In the usual 
representation, compressor pressure ratio is plotted 
against equivalent weight flow wJTilS. Lines of 
constant equivalent speed N/,6 and constant 
efficiency are parameters. The stall-limit (or 
surge) line represents the highest pressure ratio 
attainable at a given equivalent weight flow. 
The break in this line represents the region where 
the stall-limit line is not well defined because of 
multivalued characteristics of the compressors 
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(ch. XIII). The shaded area of the map reprrsents 
a region where one or more of the individual blade 
rows are stalled; here rotating stall and the 
attendant dangers of blade vibration may be 
prevalent (ch. X I ) .  

In the ensuing discussions of off-design per- 
formance, the pressure ratio, equivalent speed, 
and equivalent weight flow are expressed as per- 
centages of their design-point values. Thus, 
point A of figure 27(a), where the pressure ratio, 
equivalent speed, and equivalent weight flow are 
denoted by 100 percent, represents the design 
point of this particular compressor. 

For any operating condition of the engine, the 
corresponding point on the compressor perform- 
ance map is given when any two of the following 
variables are stipulated: the equivalent com- 
pressor weight flow, the equivalent compressor 
speed, and the ratio of turbine-inlet to compressor- 
inlet temperature. Frequently one of these vari- 
ables is known directly and the others are functions 
of the flight Mach number, the recovery of the 
inlet diffuser, the amount of afterburning, and the 
jet-nozzle area. 

Engine acceleration.-With a fixed jet-nozzle 
area, the compressor equilibrium operating points 
may lie along the line BC of figure 27(a) for sea- 
level static conditions. The principal off-design 
problems here pertain to blade vibrations and 
engine acceleration in the low-equivalent-speed 
regions. Blade vibrations may occur anywhere 
in the shaded region; and, for the time being at 
least, this danger appbars to be inevitable unless 
some variable feature is incorporated into the 
compressor design. Such devices as outlet or 
interstage bleed, variable inlet guide vanes and 
stators, or ramps have been used, or suggestied, 
to circumvent the vibration problem. 

For the purpose of discussion, the problem of 
engine acceleration may be conveniently measured 
by the difference between the prsssure ratio of the 
stall-limit line and that of the equilibrium operat- 
ing line at a given equivalent weight flow. This 
difference is called the stall margin. When the 
stall margin is large, the turbine-inlet tempera- 
ture, and hence the torque of the turbine, can be 
appreciably increased without encountering the 
stall limit. Rapid accelerations are then possible, 
When the stall margin is small, the acceleration 
rate is also small unless such devices as an adjust- 
able jet nozzle, interstage bleed (refs. 22 and 23), 

or variable inlet guide vanes and stators are used. 
When the operating line intersects the stall-limit 
line (6g. 27(b)), the stall margin is negative, and 
such devices are necessary if design-speed opera- 
tion is to be reached. An alternative to using 
t b s e  variable features is to relocate the design 
point to A' of figure 2700). This procedure is 
equivalent to making the compressor too big and 
too heavy for the pressure ratio it is required to 
produce (in particular, the rear stages are too 
lightly loaded) ; it is thus an undesirable remedy. 

The reason that some compressors have good 
and others poor stall margins is not completely 
understood. Irrational design practices have con- 
tributed to the problem. Otherwise, the avail- 
able stall margin usually becomes less as the 
design pressure ratio increases. Compromising 
the design so that the best compressor performance 
is sought at, say, 90-percent speed (lower design 
pressure ratio) has been suggested to help the 
low-speed stall margin. The benefits obtained 
by this procedure are usually small, however, and 
this type of design tends to put the comprewor in 
jeopardy at higher speeds. Since some uevices 
are desired anyway to deal with blade vibrations, 
it is reasonable to extend their use to increase the 
stall margin and not compromise the design of the 
compressor too much to combat the acceleration 
problem. 

Varying fliht speeds.-As previously indicated, 
the compressor operating point is a function of a 
number of variables. The general trend of opera- 
tion over a range of flight speeds, however, may 
be indicated by line BC of figure 27(c). Along 
this line, the mechanical speed of the engine is 
constant. Point C thus corresponds to small 
values of el (low inlet temperatures resulting from 
low flight Mach numbers in the stratosphere). 
On the other hand, point B corresponds to large 
values of el (high flight Mach numbers). Speci- 
fically, values of (N/&)/(N/&)d of 0.7, 0.8, 
0.9, 1.0, 1.1, and 1.13 correspond, respectively, to 
flight Mach numbers of 2.93, 2.30, 1.79, 1.28, 
0.71, and 0.45 in the stratosphere for constant 
mechanical speed. 

At flight Mach numbers below 1.28 in the 
stratosphere, the equivalent speed of the com- 
pressor is above its design value. The Mach 
number of the flow relative to the blades near the 
compressor inlet is higher than that assumed in 
design. Moreover, the matching of the com- 
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pressor stages is upset. These effects combine to 
reduce the efficiency of the compressor and to 
reduce the slope of the stall-limit line at the higher 
equivalent speeds. Besides reducing the efficiency 
of the engine, this drop in compressor efficiency 
moves the equilibrium operating line upwards. 
If the design of the compressor is compromised 
too much to favor low-speed engine acceleration, 
the compressor efficiency and slope of the stall- 
limit line may both drop so rapidly that the 
operating line intersects the stall line at a slight 
overspeed (fig. 27(d)). In this event, the rotative 
speed of the engine may have to be reduced so 
that the operation is at point D. Instead, the 
area of the jet nozzle may be increased in order to 
move the operating point to E. Either procedure 
causes the performance to decrease, and the latter 
procedure is ineffective when the turbine is at or 
beyond the point of limiting loading. 

Avoiding these efficiency and stall-limit diffi- 
culties requires that considerable attention be 
given to the high-equivalent-speed operating con- 
dition during design. Either the design should 
be made for the assumed overspeed condition, or 
the design should be reviewed at this condition. 
Some approximate methods of making this review 
are presented in chapter X. 

With high flight Mach numbers (above 1.28), 
the equivalent speed of the compressor is lower 
than its design value. If the flight Mach number 
is high enough, the compressor efficiency and stall- 
limit problems plaguing low-equivalent-speed op- 
eration reappear. Again, such devices as inter- 
stage bleed and variable inlet guide vanes and 
stators might be helpful, since they actually im- 
prove compressor performance in this regime. 
Variable inlet guide vanes and stators, however, 
frequently tend to reduce compressor weight flow 
at the high Mach numbers to the detriment of 
thrust. Interstage bleed, however, might be use- 
ful if the problems of handling the bleed air in 
flight are not too complicated. 

An alternative, however, is to increase the rota- 
tive speed of the engine, at least to some extent, 
as the flight Mach number increases. If the com- 
pressor is normally required to operate at 70 per- 
cent of its design speed, increasing the mechanical 
speed 14 percent moves the operating point almost 
to the 80-percent-speed line. If the area of the 
jet nozzle is increased so that the turbine-inlet 
temperature is constant, the operating point shifts 

from B to B’ in figure 27(e). Not only is the 
operating point removed from the stall-limit line, 
but the compressor handles more weight flow and 
the engine develops more thrust. 

Because of the higher flow rate, the flow capacity 
of the turbine must be higher for this kind of op- 
eration. The higher required flow capacity in- 
creases the stresses in the turbine for a given rota- 
tive speed (fig. 22). For a given turbine stress 
limit, therefore, the speed at the compressor design 
point is lower than it would otherwise be. One or 
more additional compressor stages may be re- 
quired to attain the original design-point pressure 
ratios if this is considered necessary. The specific 
weight of the engine at the original design point 
is then increased. Whether or not the greater 
thrust at the high Mach numbers more than com- 
pensates for the increase in engine weight depends 
on the actual design and flight plan. However, 
the potential benefits from this kind of operation 
make it worthy of detailed consideration in the 
initial design studies. 

There may be good reasons, however, for ac- 
tually reducing the pressure ratio required at de- 
sign speed for this type of engine. Not only is the 
number of stages reduced, but the internal pressure 
forces are lowered and the specific thrust is in- 
creased. A lighter engine is then obtained. In 
this case, the reduced engine speed at the low 
fiight Mach numbers offers a saving in engine 
weight at the expense of engine efficiency for this 
flight condition. At the high flight Mach num- 
bers, however, the higher thrust and lighter 
weight combine to offer significant increases in 
altitude and flight speed. 

Reynolds number effects.-At high flight alti- 
tudes and low flight speeds, the Reynolds number 
of the flow through the inlet stages of a compressor 
becomes so low that their performance is often 
impaired. Two-dimensional-cascade data (ch. VI) 
indicate that this is a universal trend. The per- 
formance of such a cascade invariably deteriorates 
when the Reynolds number, based on blade chord, 
decreases below about 100,000. This behavior is 
attributed to laminar separation (ch. V). Some 
concurring evidence is also provided by investiga- 
tions of multistage compressors, either by bench 
tests or as part of an engine. 

In spite of these over-all performance data, the 
actual effect of Reynolds number on compressor 
performance is not completely known. The re- 
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sults of the two-dimensional-cascade data are not 
directly valid, because the behavior of their 
boundary layers is believed to be different from 
that of a blade row (ch. XV). Over the greater 
part of a blade row the boundary layer may be 
expelled by centrifugal forcb before it separates. 
Moreover, a much higher level of turbulence is 
expected in a compressor, which tends to alter 
the influence of Reynolds number (ch. V). What 
are the significant characteristic lengths and 
velocities remains an unanswered question. 

Compressor bench tests a t  low Reynolds num- 
bers have not been completely conclusive, be- 
cause the results are frequently contaminated by 
uncontrolled leakage of air from the atmosphere 
to the low-pressure regions in the compressor, and 
by heat transfer. The difticulty of obtaining 
accurate data a t  low pressures and small pressure 
differences adds to the confusion. These diffi- 
culties are also encountered in engine tests. 
Moreover, the latter results naturally include the 
effect of Reynolds number on the other engine 
components, as well as the effects of changes in 
the matching of the components. 

In order to meet the Reynolds number problem 
it may be necessary to use one engine, with a big 
compressor, instead of two. Increasing only the 
chord lengths of the early stages has been advo- 
cated, but there is no guarantee that this remedy 
wil l  do anything but add weight to the engine. 
As an alternative, 8 lower level of performance in 
the early stages may be anticipated and the 
matching of the rest of the stages' modified ac- 
cordingly. This procedure would prevent a small 
decrease in performance of the early stages from 
being amplified in the rest of the compressor. 
There is an urgent need for reliable and applicable 
data in the near future. 

Inlet flow distortions.-Uniform flow at the 
inlet is the usual assumption in compressor design, 
and extreme precautions are taken to assure uni- 
form flow at  the inlet during bench tests of a 
compressor. Severe inlet flow distortions, how- 
ever, are encountered in flight. These distortions 
may result from many sources. , They may occur 
when the airplane is flying at  a high angle of 
attack. They may result from disturbances 
created by the engine inlet. Distortions may 
also result from disturbances created by other 
parts of the airplane or armament &e in the 
vicinity of the inlet. At bigh supersonic speeds, 

current inlets invariably create disturbances 
resulting from nonuniform shock waves and from 
shock and boundary-layer interactions. Sharp 
curvatures in the inlet ducting also contribute to 
these distortions. 

When distortions are present, the performance 
of the compressor usually deteriorates. As shown 
in figure 27(f), the std-limit line drops (dashed 
line), and the shaded region (rotating stall) moves 
to the right. Design speed, overspeed, and under- 
speed performance suffer. In order to avoid 
compressor-stall difliculties, the operating line 
must be dropped. 

Because of the penalties incurred by inlet flow 
distortions, a large amount of effort is being 
devoted to eliminating them. The eventual 
result of this work is unknown. At the higher 
equivalent speeds (low flight Mach numbers), the 
compressor must be designed to produce a greater 
pressure ratio than that available when distortions 
are present. The engine is either heavier than it 
otherwise needs to be, or else the efficiency is low. 
At the lower equivalent speeds (high flight Mach 
numbers) the compressor-stall and blade-vibration 
difFiculties may be so severe that constant- 
mechanical-speed' operation is impossible. In- 
creasing the mechanical speed of the engine with 
flight Mach number, as discussed in connection 
with figure 27(e), alleviates this problem. 

Inlet matching problem.-The characteristics of 
the inlet over the intended range of flight Mach 
numbers must be recognized in designing the 
compressor and selecting the type of engine 
operation. The matching problem, discussed in 
reference 24, is briefly reviewed here. At a given 
supersonic flight Mach number, an ideal matching 
of the engine and inlet is achieved when a flow 
pattern similar to that shown in figure 28(a) is 
produced. The flow ahead of the minimum inlet 
area is decelerated by one or more oblique shocks. 
It then passes through the minimum area with 
reduced supersonic velocities. A normal shock 
just behind the minimum area causes the Mach 
numbers to be reduced to high subsonic values. 
Thereafter, the flow is gradually decelerated to 
the velocity required by the compressor. This is 
the flow situation that occurs a t  critical inlet 
operation. (Notice that a compressor designed 
for high axial Mach numbers requires little sub- 
sonic diffusion in the inlet.) 
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(a) Critical operation. 
(b) Supercritical operation. 
(c) Subcritical operation. 

FIGURE 28.-Shock-wave configurations on engine inlets. 

If it happens that the value of w&/& ideally 
delivered to the compressor with this flow pattern 
is lower than that required by the cornpressor, the 
value of a1 must decrease. (The weight flow 
itself cannot increase, and el is determined only 
by the flight Mach number and altitude.) What 
happens physically is that the normal shock 
moves downstream as shown in @e 28 (b) . The 
Mach number ahead of the shock is thus increased, 
and the pressure loss through the shock is in- 
creased. The shock automatically positions itself 
so that the loss in pressure through it is exactly 
that required to make wl&/bl conform with that 
required bv the comtwessor. The inlet operation 

is then The thrust and engine 
efficiency nd the flow ahead of the 
compressor bqcomes disturbed. 
On the other hand, if the ideally delivered 

value of wl&/6 
the value of w1 
number immediately ahead of the 
or the total pressure of the flow ahead of the mini- 
mum area, or both, must decrease. In  this case, 
the shocks ahead of the minimum area deflect part 
of the flow around the inlet (fig. 28(c)). The 
operation of the inlet is then subcritical. The 
shocks also decelerate the inlet flow, usually with 
comparatively high recoveries. The over-all re- 
covery of the diffuser is consequenay not impaired 
.boo drastkally. The deflection of the flow, how- 
ever, does cawe an additional drag (ref. lo), which 
can appreciably reduce airplane performance. 
This flow condition is also frequently accompanied 
by an unsteady-flow phenomenonknown as “buzz .” 

Over a range of flight Mach numbers, the inlet 
flow capacity of a fixed-geometry inlet follows the 
trend shown in figure 29. The equivalent weight 
flows are those for critical operation. With a 
fixed mechanical speed of the engine, the equiva- 
lent weight flow demanded by the compressor is 
also shown. To the left of the intersection of 
these curves, the inlet wants to supply less air 
than the compressor requires. It is thus forced 
to operate supercritically, with the attendant loss 
in total-pressure recovery. To the right of the 
intersection, the inlet wants to supply more air 
than the compressor can use. It then operates 
subcritically, with the attendant increase in na- 
celle drag. 

Flight Mach number, Mo 

FIGUBE 29.-Ennine and inlet matching requiremente. 
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The unhappy alternatives of accepting either 
large pressure losses or large drags at offdesign 
conditions has stimulated research on variable- 
geometry inlets and on methods of bleeding air 
from a point between the minimum area of the 
inlet and the face of the compressor. While con- 
siderable improvements in inlet and engine per- 
formance have been demonstrated, much work 
remains to be done to obtain an inlet that is both 
mechanically and aerodynamically desirable. 

In some instances, the severity of this problem 
can be reduced by modific&tions 'in compressor 
design and engine operation. In theory, the en- 
gine curve of figure 29 can be made to coincide 
with any desired inlet curve by appropriately 
adjusting compressor equivalent speed with the 
flight Mach number. Essentially constant equiv- 
alent speed is required over the flight Mach number 
range where the inlet curve is flat. Beyond the 
break in the curve, the equivalent speed would 
decrease with Mach number. The change in 
equivalent speed with Mach number depends on 
the characteristics of the inlet and compressor. 
(In this connection, it is noted that the rate of 
change in compressor airflow with speed appears 
to decrease as the inlet axial Mach number in- 
creases.) This type of engine operation is not 
inconsistent with that described in connection with 
figure 27(e). 

The degree to which compressor design and 
engine operation can accommodate the inlet de- 
pends on the attendant changes in specific engine 
weights, engine efficiency, and engine frontal area 
that can be tolerated. Again, the decision must 
be based on the intended design and use of the 
airplane. The engine and airplane must be an 
integrated unit rather than separate entities. 

TWO-SPOOL TURBOJET ENGINE 

In the two-spool turbojet engine, the pressure 
ratio is developed in two separate and independ- 
ently driven compressors. The upstream com- 
pressor is called the outer compressor; the down- 
stream compressor, the inner compressor. Since 
the design pressure ratio of each compressor is less 
than that of the equivalent one-spool compressor, 
fewer difEculties might be expected with the slope 
and the discontinuities of the stall-limit line. 

Because of the higher pressure of the air enter- 
ing the inner-spool compressor, the value of 
w@/6 there is less than that at the outer com- 

pressor; the diameter of the inner-spool compres- 
sor may thus be decreased. The higher air 
temperature permits the use of higher blade speeds 
for a given limit in the relative blade Mach number. 
Notice that the value of P I P  downstream of the 
inner turbine is higher than that for the other 
turbine. According to equation (24), the tip 
speed of the inner turbine, or compressor, can be 
increased if the other design factors are k e d .  
The higher compressor blade speeds thus are also 
consistent with the turbine blade stress limitations. 
With uncooled blades, the allowable stress limits 
are lower for the inner turbine because of the 
higher temperature; less marked increases in wheel 
speed are then offered. The smaller diameters 
and higher blade speeds of the inner spools in any 
event offer possible reductions in engine size and 
weight. 

Because of the complicated interrelations be- 
tween the two compressors, the two turbines, and 
the other engine components, the trends of the 
operating lines are not as readily exposed as they 
are for one-spool engines. The important trends 
are indicated, however, in references 25 to 27, and 
the following discussion and the associated figures 
are taken from these reports. 

Representative performance maps and operating 
lines for the outer and inner compressors, respec- 
tively, are shown in figures 30 (a) and (b). In  
this example, the ratio of the design pressure 
ratio of the outer compressor to that of the inner 
compressor is 0.75. The trends described, how- 
ever, are fairly independent of this ratio. The 
operating line represents the conditions where the 
inner-turbine-inlet temperature is constant, the 
mechanical speed of the outer-spool compressor 
is constant (at its design value), and the flight 
Mach number is varying. At any flight Mach 
number, therefore, the equivalent speed of the 
outer compressor and the engine temperature 
ratio (ratio of inner-turbine-inlet to outer-com- 
pressor-inlet temperature) are defined. These 
two variables are sufficient to define the operating 
point of each component of the over-all compressor- 
turbine unit completely, as for the one-spool engine. 
The points A, B, and C on the map, respectively, 
represent the conditions for sea-level takeoff and 
for flight Mach numbers of 0.9 and 2.8 in the 
stratosphere. 

Outer compressor,-The performance map and 
operating line of the outer compressor are shown 
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(a) Outer-compressor performance map. 
FIGURE aO.-Off-design compressor performance in two- 

spool turbojet engine (ref. 26). 

percent design 

(b) Inner-compressor performance map. 
FIGUI~E 30.-Concluded. Off-design compressor perform- 

ance in two-spool turbojet engine (ref. 26). 

in figure 30(a). At low flight Mach numbers or 
high engine temperature ratios, a large stall 

margin appears. The operating line tends to 
move towards the stall-limit line at  low engine 
speeds. For the example illustrated, the slope 
of the stall-limit line increases with the equivalent 
speed. With a more critical compressor design, 
however, thfs trend may be reversed. At the 
high flight Mach numbers. or low engine tempera- 
ture ratios, the operating line approaches the 
stall-limit line. This behavior is similar to that 
of one-spool compressors. The equilibrium op- 
erating line at  sea-level static conditions describes 
a similar trend. 

With the possible exception of the overspeed 
problems, the outer spool experiences the same 
sort of difficulties that a one-spool engine encoun- 
hers under off-design conditions. This statement 
includes the difficulties associated with Reynolds 
number and inlet distortions. The possible rem- 
edies are also similar, except that bleeding air 
between the two compressors might be substituted 
for interstage bleed. These remedies could, how- 
ever, result in a greater reduction in thrust for 
the two-spool engine than they do for a single- 
spool engine. 

Inner compressor.-The operating line of the 
inner compressor differs from that of the outer 
compressor in two respects: The slope of the 
operating line is greater, and the change in equiva- 
lent speed for a given change in flight conditions 
is less. For equilibrium operation, the principal 
stall-limit problem arises at the high equivalent 
speeds of the inner spool (low flight Mach numbers 
or high engine temperature ratios). This prob- 
lem responds to the same treatment indicated for 
the similar problem of the one-spool compressor, 
but, again, the thrust penalties may make the 
solution an undesirable one. 

An important point to note is that higher-than- 
equilibrium engine temperature ratios momen- 
tarily move the operating point of the inner com- 
pressor towards the stall-limit line, even though 
the surge margin is increased when equilibrium is 
finally attained. This higher-than-equilibrium 
temperature is required for engine acceleration. 
Bleeding air between the two compressors to assist 
the outer spool may also narrow the stall margin 
of the inner spool. For transient conditions, 
therefore, the benign indications of the equilibrium 
operating line may be deceiving. 
As the inner compressor is started from rest, 

its front stages are inevitably stalled.. The at- 

691-564 0-65-5 



50 AERODYNAMIC DESIGN OF AXIAL-FLOW COMPRESSORS 

tendant rotating stall may induce vibrations in 
the blades. Similarly, rotating st& developed 
by the outer compressor may induce vibrations 
in the inner compressor. In addition, the rotat- 
ing stalls originating in the outer compressor may 
impair the performance of the inner compressor 
and lower the stall-limit line. The published 
data are too meager to settle this point definitely, 
but the apparent wide stall margin of the inner 
compressor may disappear during engine accelera- 
tion as a result of these phenomena. 

The inner compressor itself may not be subject 
to any Reynolds number problems, as both the 
density and the turbulence are relatively high. 
It can, however, amplify any deterioration in 
performance encountered by the outer com- 
pressor. The solution of this problem is again 
subject to speculation, but it should yield to the 
same treatments that may be found for the 
one-spool compressor. 

Inlet distortions may affect the performance of 
the inner compressor because the inner com- 
pressor amplifies changes in the performance of 
the outer spool. A wide margin between the 
operating line and the stall-limit line is therefore 
desired. This requirement may be particularly 
needed at the high equivalen% speeds where the 
stall margin is the smallest. 

TURBOPROP ENGlNE 

In general, the design and off-design require- 
ments of compressors for turboprop engines are 
similar to those of the turbojet engine. Since 
high compressor pressure ratios are desired for 
the turboprop engine, the stall margin and vibra- 
tion problems at  low speeds cannot be overlooked. 
Variable stator blades, interstage bleed, or some 
similar device may be absolutely necessary to 
obtain satisfactory engine acceleration at the low 
speeds and still use the pressure-ratio capacity of 
the compressor at high speeds. 

At the design point, the efficiency of the engine 
should be the maximum obtainable for continuous 
operation. Practically speaking, this point then 
represents the maximum power that the engine 
can develop -under continuous operation. Higher 
power can be obtained for brief periods by in- 
creasing the pressure ratio and speed of the 
compressor. When the compressor is coupled to 
the propeller, the compressor speed can be con- 
trolled independently by adjusting the pitch of 

the propeller blades. When the propeller is inde- 
pendently driven by its own turbine, the speed of 
the compressor depends on the turbine-inlet tem- 
perature and the power delivered to the propeller. 
The best location of the compressor operating 
point at the high power condition depends on the 
characterktics of the propeller, the stress margin 
of the engine components, and the characteristics 
of the airplane. The stall margin required at de- 
sign or higher speeds thus depends on individual 
studies of the engine and its intended service. 
As a rule, however, the required margin is no 
greater than that required of subsonic jet-engine 
compressors (see ref. 28). 

Except for starting and acceleration, operating 
the compressor below the design pressure ratio 
has been thought to be undesirable because of 
the incurred loss in engine efficiency. An excep- 
tion to this principle has been made for takeoff 
and low-altitude flight. The pressures and power 
developed are so high that engine weight is 
decided by the low-altitude operating conditions. 
While high sea-level power is desired for rapid 
takeoff and climb, the sea-level output and com- 
pressor preysure ratio of a turboprop engine can 
be kept considerably below their maximum values 
without seriously hurting airplane performance. 
The resulting decrease in specific engine weight 
at altitude improves the altitude performance 
and range of the airplane. Although compressor 
speed i b  reduced at sea level for this type of opera- 
tion, the reduction in most cases is smah enough 
to avoid the stall and blade-vibration difficulties 
associated with low-speed operation. 

Because of its high specific power, the airflow 
required by the engine is small. The diameter 
and blade chords of the compressor are also small. 
The compressor is therefore more susceptible to 
Reynolds number problems at high flight altitudes. 
As before, this problem can only be pointed out. 
Its definition and cure require much research. 

CONCLUDING REMARKS AND SUMMARY OF 
COMPRESSOR DESIGN OBJECTIVES 

The final specifications for a compressor grad- 
ually emerge from a detailed study of a, number of 
engine and airplane layouts. The design-point 
pressure ratio, flow capacity, and rotative speed 
of the compressor represent a compromise that 
is established only after extensive preliminary 
studies have been made of various engine and 
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airplane designs for a given mission or missions. 
These tentative values may be subsequently 
modified for selecting the best method of meeting 
the various off-design conditions encountered. 
The weight, complexity, and efficiency or drag 
penalties associated with the available techniques 
for varying the geometry or performance of com- 
ponents are involved in this decision. 

Regardless of the h a 1  specifications, the com- 
pressor should produce the required pressure 
ratio with high efficiency. It should, moreover, 
be subjected to the highest aerodynamic loading 
and Mach number allowed by available knowledge. 

The resulting design should not require ex- 
tensive development. The performance esti- 
mates at the design and off-design points must 
therefore be reasonably accurate. Moreover, 
mechanical problems arising from aerodynamic 

sources, such as blade vibrations, must be antic- 
ipated and the design made so that these prob- 
lems can be either overcome or successfully 
evaded. Finally, with respect to manufacturing, 
the component parts should be as few in number 
as possible and their shape should be simple. 

The material presented in the subsequent 
chapters is the result of research specifically aimed 
at realizing the objectives set forth in the previous 
paragraphs. Because of the importance of light 
and compact designs for aircraft, attention is 
paid to many problems that may not be so impor- 
tant in other fields of application. This point of 
view does not limit the usefulness of the informa- 
tion. Many successful designs, by present 
standards at least, have been made in a wide 
variety of commercial fields with this information. 





CHAPTER 111 

COMPRESSOR D E S I G N  S Y S T E M  

By ROBERT 0. BULLOCK and IRVING A. JOHNSEN 

A general description is presented for the com- 
pressor design system that has been adopted for  this 
report on the aerodynamic design of axial-ow 
compressors. The basic thermodynamic equations 
are given, and the simplijkations commonly intro- 
duced to permit the solution of these equations are 
summarized. Representative experimental data are 
presented to justify these simplijkations. Thus, a 
valid simplijiedJlbw model (which is the real basis 
of a design system) is provided. The individual 
elements of the design system and the basic calcula- 
t ions required to execute the aerodynamic design of 
a cornpressor are summarized. The improvements 
in howledge required to make compressor design a 

passages formed by the blades, the hub, and 
the casing. 

In order to obtain more tractable methods of 
analysis, various techniques have been devised 
that combine simplified theories with empirical 
data. The simplifications made to the equations 
of motion are essentially the same as the simphfi- 
cations that have been developed for airfoil anal- 
yses. The foundations of the simplified theories 
are thus the time-steady equations of the motion 
of an inviscid gas. In this attack, it is tacitly as- 
sumed that any important effects of viscosity and 
time-unsteady flow can be trehted as correction 
factors and that the effects of viscositv are con- 

truer science a& promising directions of fined to thin boundary layers. Theimportant 
research are indicated. 

INTRODUCTION 

The problem of designing axial-flow compressors 
ultimately becomes the problem of accurately 
calculating the flow through compressor blade 
rows. In order to be accurate and have the 
greatest range of applicability, these calculations 
should be based on the fundamental laws of 
motion as much as possible. At the same time, 
they should be of such a nature that they can be 
made readily with available computing techniques 
and equipment. 

To be strictly accurate, the fundamental theory 
should account for the fact that the motion of the 
air has components in the three physical dimen- 
sions. It must also account for the effects of 
Viscosity as well as time-unsteady motion. By 
assessing each particle of air with these require- 
ments, the differential equations of motion may 
be derived. The Navier-Stokes equations are, 
for example, obtained from this procedure. 
Although they are of great theoretical interest, 
these equations themselves are of little use in 
compressor design. They cannot yet be solved 
to express the flow through the complicated flow 

flow properties not directly given by the simplified 
equations of motion must be obtained empirically. 

The simplified equations, together with the 
,empirical data required to calculate the flow with 
a reasonable degree of accuracy, constitute a 
framework for analysis or a design system. The 
techniques presented in references 29 to 33 are 
representative of such a system. I t  is the purpose 
of the present series of reports to derive an up-to- 
date design framework and to review the extensive 
published analytical and experimental results that 
are the building blocks for this framework. The 
function of this particular chapter is to coordinate 
the subsequent chapters by summarizing the im- 
portant ideas presented in them. Therefore, the 
following are reviewed: (1) the important ideas 
underlying the design system, (2) some experi- 
mental investigatiom directed at examining these 
ideas, (3) the design system and the basic calcula- 
tions required to execute the aerodynamic design 
of a compressor, and (4) the improvements in 
knowledge required to make compressor design a 
truer science. 

The basic thermodynamic equations are fist 
presented, and the general goals of aerodynamic 
flow analyses are outlined. The equations of 
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motion for an inviscid time-steady flow are intro- 
duced. The problem of solving these equations is 
then discussed. Some of the commonly used 
simplifications are presented, and the experimental 
data necessary to justify these simplifications are 
noted. Some rather obvious ways of treating the 
important viscous effects are indicated, and the 
experiments required both to evaluate these meth- 
ods and to supply the necessary empirical data 
are enumerated. Some causes of time-unsteady 
flows and the approach used to account for them 
are then presented. 

Representative experiments that answer the 
questions raised in the foregoing analyses are then 
reviewed: These results provide a valid simplified 
model of the flow, which is the real basis of a de- 
sign system. In developing this model, the results 
of experiments with the simplest conceivable flows 
are first considered. The effects of complicating 
flows are then discussed one by one whenever pos- 
sible. The scope of the investigations is the 
range over which data are available. 

The elements of the resulting design system are 
then individually summarized. The basic equa- 
tions and techniques are given. The interrelations 
among the various elements are pointed out, but 
no attempt is made to prescribe an actual sequence 
for their use. In this manner, the structure of a 
compressor design system is provided, within 
which the individual designer may work with 
considerable freedom. 

Finally, the shortcomings of the previously 
outlined approaches are enumerated, and the 
direction of future research is discussed. Some 
promising though unproved techniques of analysis 
are mentioned. 

SYMBOLS 

The following symbols are used in this chapter: 
stagnation velocity of sound 
curvature of meridional streamline, see 

chord length, see fig. 32 
diffusion factor, defined by eq. (54) 
centrifugal force due to curvature of 

radial component of frictional force 
centrifugal force due to rotation of air 

fig. 64 
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meridional streamline, see fig. 64 

about axis of compressor 
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acceleration due to gravity, 32.17 ft/sec2 
total or stagnation enthalpy per unit 

modified total enthalpy, H--w(rVe), see 
eqs. (39) and (48b) 

incidence angle, angle between inlet-air 
direction and tangent to blade mean 
camber line at  leading edge (see fig. 

mechanical equivalent of heat, 778.2 

weight-flow blockage factor, implicitly 

Mach number 
total or stagnation pressure 
static or stream pressure 
gas constant, 53.35 ft-lb/(lb) (“R) 
radius 
entropy per unit mass 
entropy increase in stream tube between 

blade spacing, see fig. 32 
total or stagnation temperature 
static or stream temperature 
air velocity 
weight flow 
distance along compressor axis 
angle of attack, angle between inlet-air 

direction and blade chord (a=pl--yo, 
see fig. 32), deg 

air angle, angle between air velocity and 
axial direction (see fig. 32), deg 
turning angle, &-B1 (see fig. 32), deg 
circulation, TVe 
ratio of specific heats 
blade-chord angle, angle between blade 

chord and axial direction (see fig. 32), 

\ mass 

321, deg 

ft-lb/Btu 

defined in eq. (53a) 

inlet and outlet of a blade row 

deg 
boundary-layer thickness, see fig. 42 
deviation angle, angle between outlet-air 

direction and tangent to blade mean 
camber line at trailing edge (see fig. 

angle between tangent to streamline 
projected on meridional plane and axial 
direction (fig. 64), deg 

32)J deg 

vorticity 
efficiency 
angular distance 
viscosity 
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P 
U 

Q 

mass density 
solidity, ratio of chord to spacing 
blade camber angle, difference between 

angles of tangents to mean camber line 
at leading and trailing edges (see fig. 
32)s deg 

W angular velocity of rotor 
waB 

W 

Subscriptij: 

ad adiabatic 
h hub 
i initial or reference position 
id ideal 
m arithmetic mean 
P polytropic 
r radial direction 
t tip 
2 axial direction 
e tangential direction 
1 
2 station at blade-row exit 

Superscript : 

angular velocity of air for solid-body 

total-pressure-loss coefficient, see eq. (58) 
rotation - 

station at inlet to blade row 

relative to rotor 

FUNDAMENTAL CONCEPTS UNDERLYING 
DESIGN SYSTEM 

EQUATIONS OF THEBMODYNAMICS 

The design or analysis problem may be stated 
as the problem of determining how the shape of 
a blade row alters the thermodynamic flow prop- 
erties and velocities of each particle of gas flowing 
through it. The changes in the total (or stagna- 
tion) state as well as the changes in the static 
state of the gas are of interest. 

In order to avoid unnecessary complications 
in the thermodynamic equations, it has usually 
been the custom to assume that the entire flow 
may be subdivided into individual tubes of flow 
that maintain their identity. Another assump- 
tion is that there are no important effects of heat 
transfer into or out of these tubes of flow. (In 
the discussion of experimental data, it will be 
shown that these assumptions usually do not 
cause serious errors.) By virtue of these as- 
sumptions, the change in the total enthalpy or 

total temperature in the stream tube of the gas is 
equated to the mechanical en ansferred to 
it by the compressor rotors 
both the total and static states of a gas can the 

through stators are constant: 

(30) 

F'rom the definition of total and static states, this 
equation may be written as 

This equation relates the change in static tempera- 
ture to the changes in the individual components 
of velocity. 

If there is an increase in entropy through a 
stream tube (e.g., from friction or an interchange 
of heat within the stream tube itself), the total 
pressure changes according to the equation 

When the change in entropy, or total pressure, is 
known, the changes in static pressure and density 
corresponding to the changes in static temperature 
may be determined. Static pressures are related 
by the equation 

Y 

(33) 

The densities are then related to the pressures 
and temperatures by the gas law 

p=pgRt (34) 
or 

(35) E a ! !  
P1 P1 t 2  

Equations (34) and (35) may, of come, also be 
used to relate the total conditions of state. 
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If the changes in the velocity components and 
the entropy in a stream tube are known, the 
resulting changes in static temperature, total and 
static pressure, and total and static density can be 
determined. 

plow through rotors.-Since the rotors do work 
on the gas, the enthalpy of a tube of flow changes 
through the rotor according to Euler's turbine 
equation: 

or 
H2-Hl=w(rzVe, a-rl'Ve, 1 )  (36) 

1 1 1 =y gRtz+s V:,2++z. VE,2+3 VZ,2--0rzVe,z 
(37) 

Notice that the changes in Ve due to casing 
friction are ignored in these equations. 

Since a stationary observer could not observe 
continuous tubes of flow through a rotor, recourse 
is frequently made to relative flow conditions, 
where the obscrvations are theoretically made from 
che rotor itst _'. Continuous stream tubes can 
then be distinguished. The relative velocities 
are related to the absolute velocities by the 

7-1 

equations 

1 v:=v, 
v:=v, (38) 
v;=v,-,r 

(Vh is usually negative in the compressor case in the 
sense that UT is positive.) Equation (36) then 
becomes 

When only the flow ahead of and behind the 
rotor is of interest, the use of relative quantities 
is not necessary; in this case equation (37) may also 
be applied to relate the changes in total and 
static temperatures with the changes in the 
individual components of velocity. 

The corresponding changes in total pressure are 
given by 

(The magnitude of A S  for absolute quantities is the 
same as for relative quantities.) The resulting 
change in static pressure is given by 

P, P: 

The corresponding density changes may be de- 
termined by equations (34) and (35). 

With these relations, the changes in total and 
static states of a gas can be determined when the 
changes in the velocity components, the entropy, 
and the radius of the stream tube (measured from 
the axis) can be estimated. The concepts dis- 
cussed in the rest of this section were developed 
with the idea of making these estimates. 

ANALYSIS OF TIME-STEADY AND INVISCID FLOW 

As will be shown in chapter XIV, the three- 
dimensional equations of motion of even time- 
steady and inviscid flow are much too complicated 
for general use at  the present time. Coping with 
all the three-dimensional gradients in the motion 
and properties of the gas is too big a problem for 
routine analysis. An inviting simplification ap- 
pears, however, when the radial components of 
velocity in a blade row are small enough to be 
ignored. 

Equations ignoring radial velocity.4tationary 
blade row: Ignoring the radial components of 
velocity is tantamount to assuming that a stream- 
line of the flow lies on the surface of a right circular 
cylinder (fig. 31). If this surface and its stream- 
lines are developed into a plane, the streamlines 
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FIGURE 31.-Sketch of flow surface and streamlines when 
assumed flow lies on the surface of a right circular 
cylinder. 

through a two-dimensional cascade of airfoils are 
obtained (fig. 32). 

When the radial velocity is ignored, the equation 
of continuity (reviewed in ch. XIV) becomes 

The basic equations for the radial, axial, and tan- 
gential components of vorticity are, respectively, 

bVr bV, 
bz br -{e 
---- (47) 

If the inviscid flow is originally without vorticity, 
it will remain this way; 1, is then zero. Since r 
is assumed to be constant along a streamline, equa- 
tions (44) and (45) then represent the flow through 
a tWO-dimenSiOnal CWCade Of airfoils. Figure 32 
is thus again shown to represent the flow at a given 
radius for the assumed conditions of figure 31. 

If V, as well as {, is zero, equation (46) becomes 

FIGURE 32.-Sketch of two-dimemiond cascade showing 
streamlines and nomenclature. 

and rVe=r=constant along a radial line. This 
distribution of tangential velocity is known as free- 
vortex flow. similarly, equation (47) becomes 

W* -- 
ih. --O -. 

and V,=constant along a radial line. 
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Besides these relations, equation (378b) (ch. 
Xrv> must also be satided. This equation may 
be written as, neglecting any radial forces exerted 
by the blades, 

If radial flows are neglected, this equation becomes 

When rz and l e  are zero, then the right side of this 
equation must be zero. The left side of this equa- 
tion must also be zero-a condition which is 
realized when there are no radial gradients in 
enthalpy or entropy. 

It may be noted that equation (48) is also ap- 
plicable when the axial and tangential components 
of vorticity are not zero. For the condition of no 
radial flow, one component of vorticity (say s;) 
may be stipulated by the radial variation of Ve 
(eq. (46)). If the radial variations in enthalpy 
and entropy are also given, then the radial varia- 
tions in V,  are determined by equations (47) and 
(48) * 

Rotating blade rows: In order to utilize steady- 
flow equations in rotors, the flow in rotors is re- 
ferred to a coordinate system that rotates a t  rotor 
speed. The velocities in the rotating coordinate 
system (the relative velocities) are related to the 
absolute velocities by equations (38), which are 
rewritten here as 

v,=v: 
vz=v: 
Ve=Vi+wr 

Again V:=O; the relative velocities are then di- 
rectly substituted for the absolute velocities in 
equation (44), and 

The corresponding equations for the radial, axial, 
and tangential components of vorticity are 

If the radial flows and absolute vorticity are 
again assumed to be zero, equations (44a) and 
(45a) become the equations of a two-dimensional 
cascade. This simplification of flow equations is 
thus applicable to rotors as well as stators. 

Equation (46a) may then be integrated along a 
radial line to become 

rVi = r- wr2=r(Ve- wr) 

In order to meet the requirements of no tangential 
gradients in the radial flow through a rotor, the 
absolute flow along a radial line must be defined by 

rV,= r 
This is the same requirement previously derived 
for stators. The tangential velocity distributions 
for rotors and stators are thus compatible. Simi- 
larly, the integration of equation (47a) shows the 
compatibility of axial velocity, namely, 

V,=constant 

As shown in chapter XIV (eq. (378c)), the 
equation analogous to equation (48a) is 

where, according to equation (39), 

I= H' - ijw2fl= H-orVe= H-wY-wrV; 

If H and rVe are constant along a radial line, 
then I is also constant along a radial. line. If the 
entropy is also constant along a radid line, equa- 
tion (48b) is satisfied for free-vortex flows. Equa- 
tion (48b), like equation (48), may be used when 
the vorticity components are not zero. The pro- 
cedure involved is similar to that previously 
outlined. 

When radial flows do not have important effects, 
the analysis of flow in a blade row is relatively 
simple. The three-dimensional problem for both 
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stators and rotors is broken down into the two- 
dimensional-cascade problem and the separate 
problem of determining the radial distribution of 
the flow. It is, of course, practically impossible 
la eliminate radial flows completely. Because of 
the simplification offered by this type of approach, 
however, it has been deemed advisable to seek 
and study those designs in which the radial flows 
are smd.: - Attention is therefore directed to the 
study of the causes of radial flows in a blade row. 
The question concerning admissible radial flows is 
temporarily deferrsd to the review of experimental 
data. 

Causes of radial flows.-Changes in radial 
density gradients: One cause of radial flows is the 
change in the radial density gradient between the 
inlet and the outlet. If the radial velocities are 
zero, the hydrodynamic equation of equilibrium 
(ea. (377), ch. XIV) becomes 

If VO=r/r and there are no radial gradients in 
entropy (i.e., p= C P ~ ) ,  this equation may be solved 
to read 

Y Cpr-l= (constant-E) 2fl 
Y-1 

A change in I' through a blade row therefore 
makes the radial distribution of density behind 
the blade row Werent from that in front of it. 
Figure 33 shows a representative change in the 
radial distribution of density for a blade row 
through which I' is increased from 150 to 300 feet 
squared per second. Also shown in this figure is 
the change in rpVz. 

Continuity of mass flow requikes the following 
equation to be satisfied in a stream tube: 

where the subscripts 1 and 2 refer to conditions 
far enough upstream and downstream of the 
blade row that V, is practically zero and any 
circumferential gradients have disappeared; and 
rt and rt  refer to the radius of a given streamline 
and that of the tip (or casing), respectively, (see 
fig. 34). Notice, however, that equation (49) is 
valid even when V, is finite. 

In the vicinity of the tip, rpVz has a greater 
value behind the blade row than in front of it 
(fig. 33). The distance (rt-r*) between two ad- 
jacent streamlines near the tip is therefore ex- 
pected to decrease as rpVz increases if r1 is constant. 
As shown by streamline A of figure 34, this trend 
does occur and the streamline moves radidly 
outward. (This drawing actually represents the 
projection of the flow on a plane through the 
axis. This representation is conventionally called 
the flow limes in the meridional plane.) A radial 
component of velocity, as indicated by the slope 
of the dashed streamline, must therefore exist 
within the blade row. Near the hub, on the other 
hand, the value of rpVz decreases through the 
blade row, and the distance between streamline B 
and the hub is greater behind the blade row than 
in front of it. In this case, the motion of the 
streamline is again radially outward, and radial 
components of velocity must again exist within 
the blade row. 

Even for ideal conditions, therefore, where the 
tangential and axial components of velocity up- 
stream and downstream of the blade row satisfy 
the requirements for no radial velocities, some 
radial flow must take place within the blade row. 
The magnitudes of the radial flows increase with 
the change in r through the blade row and with 
the corresponding change in rpV,. 

Blade thickness distribution: Another source of 
radial flow is the radial distribution of blade 
thickness. Some aspects of this problem are 
discussed in reference 34. Ahead of the blade 
row, a cross section of the stream surface in a 
plane normal to the axis would look like that 
shown in figure 35(a). A streamline of the flow 
between two adjacent blades lies within the area 
of the sector bounded by A-A and B-B. Because 
of blade thickness, these lateral boundaries are 
changed to C-C and D-D within the blade row 
(figs. 35 (b) and (c)). If C-C and D-D are also 
radial lines (fig. 35(b)), the area of each of the 
original stream tubes is reduced uniformly along 
the radius. The radial position of the streamlines 
then tends to remain unchanged. In the more 
usual case, the lines C-C and D-D are not radial 
lines; then, as indicated in figure 35(c), the flow 
would be deflected outwards with respect to that 
of figure 35(a). The areas of the original stream 
tubes are not uniformly reduced, and some radial 
adjustment of the streamlines is required to 
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FIGUBE 33.-Changes in distributions of p and rpVz due 
to change in I' through blade row. 

compensate for this. Some notion of the resulting 
flows is given in reference 34. This reference 
indicates that radial flow starts ahead of the blade 
row, as shown in figure 36. A maximum radial 
displacement occurs within the blade row, and 
thereafter a radially inward flow begins and con- 
tinues downstream of the blade row. 

Radial component of blade force: Still another 
source of radial flow is the radial component of 
blade force. This concept is reviewed in chapter 
XIV. The turning of the air at any point in a 
blade row is the result of tangential forces originat- 
ing on the surface of a blade. The direction of 
these forces, however, must be perpendicular to 
the corresponding blade surfaces. If the surfaces 
are inclined to the radius, a radial component of 
force is imposed on the flow, and radial flows may 
thereby be induced. Since the forces on the high- 
pressure surface of the blade are dominant, the 
radial movements of the flow depend on the angle 

FIGURE 34.-Radial shift of streamlines due to change 
in radial density gradient through a blade row. 

between this surface and a radial line. Depending 
upon how the blade elements are radially alined, 
inward or outward radial velocities could be 
generated. In the blade of figure 37(a), the pre- 
dominant force is radially outward; so is the radial 
component of the flow. For figure 37(b), in 
which the shape of the individual cascade elements 
at each radius is the same as that of figure 37(a), 
the flow would be h t  inward, then outward. 

Non-free-vortex flow: In order to alleviate some 
problems arising from Mach number limits, such 
as those described in reference 35, tangential 
velocity distributions differing from the free- 
vortex type are frequently used, One type of ' 

tangential velocity distribution that tends to 
overcome these dii5culties is given by the equation 

where both watr and r are constant. Other dis- 
tributions could also be used, but this type permits 
a simple discussion of nonvortex distributions. 
Suppose now that uniform flow entered a row of 
blades designed to produce this distribution at 
the outlet. Since the flow is originally without 
vorticity, equation (46) becomes 

and tangential variations in radial velocity are 
thus :rztroduced. 
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( a  1 (b)  

(a) Zero blade thickness. (b) Radial blade surfaces. (c) Tapered blades. 
’ FIGURE 35.-Effect of blade thickness on radial location of stream surfaces. 

The resulting flows can be visualized by dividing 
Ve into three parts, 

FIWJBE 36.-Radial shift of streamlines due to blade 
thickness. 

The velocity Ve,, is that required for free-vortex 
flow. The circumferential-plane streamlines for 
the condition of no through flow are shown in 
k u r e  38(a). The velocity Ve,, represents the 
rotation of a solid body, and the corresponding 
streamlines are shown in figure 38(b). The flow 
determined by Ve,, is more complex. No general 
solution to this flow has been found, but solutions 
for several particular conditions are presented in 
reference 36. The streamlines for two of these 
solutions are shown in figure 38(c). In general, 
both Ve,c and V, must vary in the tangential 
direction. This trend is suggested by figure 38(c).  
It is evident that the velocity defined by equation 
(50) really cannot exist a t  every circumferential 
position. Equation (50), however, is approxi- 
mated at  every circumferential position when the 
blades are close enough together that the actual 
circumferential changes in Ve and V, are very 
small. The velocity Ve,c might then be ignored. 
The change in V, along the circumference could 
also be ignored. In this event, one could write 

The resulting streamlines are those of figure 38(a) 
combined with figure 38(b). 

The vorticity represented by this flow, however, 
is 2war,. This result means that vorticity must 
be added to the flow by the blade row. Such a 
thing cannot be done in an ideal fluid, because the 
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(a) Radial line through leading edge. (b) Radial line 
through center of gravity. 

FIGURE 37.-Various radial alinements of compressor 
blade elements having the same radial distribution of 
cascade elements. 

vortex lines would extend downstream of the 
blades and they would be confined to infinitesi- 
mally thin sheets. Between them, the flow would 
be irrotational. Since these vortex sheets actually 
enclose the wakes in a real fluid, they eventually 
do permeate the entire flow field by the mixing of 
the wakes with the rest of the flow. Accordingly, 
for a reasonably close spacing between the blades, 
the entire flow could be assumed to have an axial. 
component of vorticity of 2watr downstream of a 
blade row, even though the upstream vorticity is 
zero. (For a further discussion of this point, see 
ref. 5 . )  

In this event, equation (46) may be used, and 

Equation (48) can then be written as 

( a )  

( C )  

Stream surface 

E (b) 

___c 

Rotation 

(a) Free-vortex rotation. (b) Solid-body rotation. 
(c) Eddy flow (ref. 36). 

FIQURE 38.-Circumferential-plane streamlines for no 
through-flow. 

With uniform enthalpy and entropy, equation 
(48c) is written 

Vgfe=2uatrVe 

By using equation (47), this equation becomes 

Here again, radial flows are required, since bVr/bz 
cannot, in general, be zero. In many designs, 
these radial flows are far from negligible within a 
blade row and may be considerably more severe 
than those previously discussed. Far enough 
downstream of the blade row, the radial flow must 
disappear. Some studies of these flows are re- 
viewed in chapter XIV.  

For other radial distributions of tangential 
components of velocity, other equations must be 
used to describe the flow. The important point to 



COMPRESSOR DESIGN SYSTEM 63 

- -- - - - - 
FIGURE 39.-Radial shift of streamlines due to hub and casing curvature. 

note, however, is that additional radial flows tend 
to be introduced whenever the distribution is not 
that of a free vortex. These radial flows not only 
exist within the blade row but also may be found 
upstream and downstream of it. 

Shape of hub and casing: Some radial flows 
must exist in the vicinity of the hub and casing 
when the slope is not zero (fig. 39). Such con- 
figurations usually cannot be avoided because of 
the exigencies of other considerations (blade sur- 
face velocity diffusion, attainable total-pressure 
ratio, etc.), which are discussed later in this 
chapter. "he magnitude of the radial flows within 
and without the blade rows naturally increases as 
the slope of the boundaries increases. 

Effect of radial flows on stream surface con- 
ftguration.--As previously shown, the simplifying 
assumption of no radial flow presumes the stream- 
lines of the flow to lie on the surfaces of right 
circular cylinders (fig. 31). The radial flows re- 
sulting from the changes in radial density gradi- 
ents, the blade thickness distribution, and the 
radial component of blade force make these stream- 
line surfaces undulate and twist aa shown by 
comparing the upper surface of figure 40(a) with 
the lower surface. The additional disturbances 
encountered when rV0 is not constant along a 
radial line and when annulus walls converge are 

indicated in figure 40(b). The increased twisting 
of the surfaces results from the flows shown in 
figwe 38(c) (left side). 

Experimental data required.-Although the 
magnitudes of these radial flows can sometimes be 
estimated by mathematical analyses, their actual 
effects on the performance of a blade row must 
eventually be measured by experiment. The 
deflections of the air at a given radius of a blade 
row and those of a two-dimensional cascade having 
identical geometry and inlet conditions may be 
compared; the agreement between the two sets OI 
results is a measure of the usefulness of the simple 
concepts obtained by ignoring radial flows. 
Similarly, a comparison of the measured radial 
distributions of flow with those given by equations 
(46) to (48) (with V,=O) provides another test of 
these concepts. The representative experimental 
data subsequently presented are examined from 
these points of view to show that, in many cases, 
the simple equations just derived provide an 
accurate estimate of the main flow. 

ANbtYSIS OF VISCOSITY PBOBLEM ' 

Two - dimensional-cascade elements .-Follow- 
ing the procedures used in other fields of aerody- 
namics, compressor design and analysis techniques 
assume that the important effects of viscoSity are 
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(a) Free-vortex design. 
(b) Non-free-vortex design with converging annulus area. 
F I ~ U I ~ E  40.-Warping of stream surfaces through a blade 

row. 

confined to thin boundary layers and to blade 
wakes. For the cascade elements (defined in fig. 
32), the boundary layers are indicated by the 
shaded areas immediately in contact with the 
blades in figure 41(a). Beyond the trailing edge 
of the blade, the boundary layers are shed as 
wakes. Within the shaded areas of the figure, 

the retarded flow of the wakes is mixed with the 
rest of the flow. The shaded areas, therefore, 
become wider in the direction of the flow. Far 
enough downstream, complete mixing would occur 
and the flow would be homogeneous. 

A representative example of the velocity varia- 
tion within a boundary layer is shown in figure 
41(b), which presents the velocity distribution 
along a line A-A in figure 41(a). Between points 
a and b of figure 41(b), the effects of viscosity are 
small, because the velocity gradients are relatively 
small. Between the blade surfaces and points 
a or b, however, the velocity gradients are severe 
and viscous effects are dominant. Besides the 
indicated change in velocity, the total pressure, 
the entropy, and even the total temperature also 
vary. The static pressure, however, is likely to 
be approximately constant through the boundary 
layer. 

One of the most important effects of viscosity 
is that it retards the relative flow in the boundary 
layers. (In making this statement, it is implied 
that the flow is viewed from the coordinate 
system attached to the blades. For stators, such 
a coordinate system is stationary, as previously 
noted; for rotors, it moves at blade speed.) 
Because of the low relative flow, the boundary 
layer may be almost replaced by a region of no 
flow for inviscid-flow analyses. Effectively, then, 
the boundary layer changes the aerodynamic shape 
of the blades, a phenomenon which must be 
recognized in interpreting inviscid-flow analyses. 
Although some methods of partially correcting 
inviscid-flow analyses for these changes in bound- 
ary conditions have been developed, it has usually 
been more practicable to use experimental results 
as a source of two-dimensional-cascade data (ch. 
VI). Two-dimensional-cascade inviscid-flow 
theory (ch. IV) may then be used to correlate 
these data. 

Important data derived from two-dimensional- 
cmcade experiments are the deflections or turning 
angles as functions of blade shape and inlet flow 
conditions. The turning angles are given by 

When the turning angle is known, the change in 
Ve is a function of the change in V,. Also of 



COMPRESSOR DESIGN SYSTEM 65 

B G 
(a 1 

A 

Concave Convex 
surface surface 

Distance 

( C  1 

(a) Sketch of boundary layers and wakes. 
(c) Total-pres 

(d) Total-pressure distribution don 
oundary layers and wakes formed 

(b) Velocity distribution along A-A. 

FIGURBI 

noted that all s in flow properties 
in the boundary layer are passed on to 

s, which are eventually mixed with the 
entropy. rest of the flow. The distribution of losses as 

691-564 0-65-6 



66 AERODYNAMIC DESIGN OF AXIAL-FLOW COWRESSORS 

indicated by total pressure behind a two-dimen- 
sional cascade thus varies in two dimensions. 
Along the line B-B of figure 41 (a), the distribution 
of total pressure resembles that shown in figure 
41(c). Farther downstream, along C-C, the total- 
pressure distribution is more uniform (Sg. 41(d)). 
Rigorously coping with the loss distributions is 
not practical at  the present time. An average 
flow condition behind the blade row is therefore 
sought. Such an average is also required when 
unsteady flows are prevalent, as discussed in the 
later section on Treatment of Time-Unsteady 
Flows. 

The best way of averaging the flow conditions 
behind a two-dimensional cascade is not estab- 
lished at  the present time. Discussions on this 
point in reference 37 indicate that one method of 
averaging is probably as good as another as long 
as the trailing-edge boundary layers are thin and 
the flow Mach numbers are subsonic. Since these 
conditions are satisfied at the design point of 
many compressors, no case has yet been made for 
a particular method of averaging. 

Hub and casing boundary layers in compressor 
blade rows.-The hub and casing boundary layers 
are indicated by the shaded areas of figure 42(a). 
The corresponding radial distributions of the 
circumferentially averaged total pressure ahead of 
and behind a blade row are shown in figure 42(b). 
Between al and bl of this figure the total pressure 
at the inlet is practically constant. Beyond these 
lines, it drops rapidly. The distance from the 
hub to al (fig. 42(b)) is indicative of the boundary- 
layer thickness at  the hub of the inlet. The 
distance from the casing to bl (fig. 42(b)) indicates 
the boundary-layer thickness at the casing. Simi- 
larly, the l ies  az and bz represent the extent of 
the boundary layer at  the outlet. The boundary 
layer is also indicated by the distribution of cir- 
cumferentially averaged axial velocity at  the inlet 
and outlet of a row of blades (fig. 42(c)). 

Reference to figure 42(b) shows that the cir- 
cumferentially averaged losses between al-bl and 
az-bz can be small. (The difference between inlet 
and outlet total pressure is a measure of the loss.) 
Within this area 
considered to be a fun 
cascade, where the 
losses are usually quite sm 
little error in the state of this main flow is intro- 

duced even by assuming the flow to be isentropic. 
Beyond these lines, a t  the blade ends, the cir- 
cumferentially averaged losses are more severe. 
Since the flows causing these end losses have no 
counterpart in a truly two-dimensional cascade, 

angle data from such cascades 
the vicinity of the 

re, pertinent data must 
blade row itself. 

ub and casing bound- 
problem in design. 

The nature of this problem may be studied from 
the following considerations., 

nts of continuity may be ex- 
pressed by the following equations: 

This retarded flow 

The req 

where 

This expression is derived from equations (31), 
(33), and (34). The various flow quantities here 
must be the circumferentially averaged values 
ahead of and behind a blade row. For the flow 
behind a blade row,. equations (51) and (52) may 
be combined to read 

If the CircumferentiaJly averaged flow properties 
were known as a function of radius between the 
hub and casing, it would be a simple matter to use 
equation (53) to relate the hub and tip radii to 
the mass flow. Unfortunately, computing the 
extent of the boundary layer and the distribution 
of flow within it remains an unsolved problem 
except for extremely simple flow .situations. 
Therefore, methods of making reasonable allow- 
ances for it have been sought. 

When the circumferentidy averaged flow 
between a-a and b-b of figure 42 is known, 
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FIOUBBI 42.-Boundary layers at hub and casing. 

(b) Total-preasure distribution. (0) Velocity distribution. 
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equation (53) may be written as 

The first integral is readily evaluated from data. 
The last two integrals, within the brackets, 
represent the relatively small mass flow through 
the space-consuming boundary layers. For lack 
of a better way of coping with these two integrals, 
they have usually been assumed to be adequately 
handled by the factor Kbk in the equation 

where the blockage factor Kbk is a function of the 
design of the blade row, the inlet flow, and the 
position of the blade row in the compressor. 
The quantities P2, Vz,2, Vr,2, and Ve,2 are taken 
as those in the main flow. However, an estimated 
average value of total pressure over the entire 
flow passage (including the boundary layer) might 
also be used; in this case a different value of Kbk 
would be necessary. 

As long as the boundary layers are really thin, 
one technique is probably as good as another. 
If the boundary-layer correction itself amounts to 
1 or 2 percent, a 20-percent error in the correction 
amounts to only 0.2 or 0.4 percent in the estimate 
for a single blade row. Notice, however, that 
the compounding effects in a multistage compressor 
might make even this error excessive. When 
the boundary layers become thick, greater 
accuracy is needed. When the flow resembles 

fully developed pipe flow, this method of 
accounting for viscous effects may leave something 
to be desired. It should also be noted, moreover, 
that, when the boundary layers are relatively 
thick, a consistent system of handling the 
boundary layers is especially imperative. Serious 
errors can result, for example, if one system is 
used to estimate P2 and another to select the 
correction factor Kak. 

I n  addition to complicating the continuity 
relation, the existence of wall boundary layers 
could make the determination of average total 
pressure and total temperature difficult. It may 
be noted that the total pressures and total 
temperatures of the boundary layers may 
appreciably differ from those in the mainstream. 
The problem of correctly averaging the total 
pressure and total temperature thus arises. A 
technique similar to that just discussed for 
continuity suggests itself. Correction factors, 
when they are required, could be applied to the 
main flow to estimate the mass-averaged quanti- 
ties. These correction factors are again functions 
of the blade design, the inlet flow, and the posi- 
tion of the blade row in the compressor. 

Loading limits.-Any flow device using a d8u-  
sion process will have a limiting diffusion at which 
the flow breaks down. This flow breakdown, or 
separation, can be directly attributed to the 
boundary layers; they do not have enough 
momentum to overcome the adverse static-pressure 
gradient accompanying the diffusion. In the 
usual compressor design, the velocity diffusion 
required on the blade surface increases as the 
ideal turning in a blade row increases. The 
intensity of this diffusion is frequently taken as a 
measure ofthe blade loading. The condition at  
which serious flow separation begins to occur is 
therefore called the loading limit. 

The details determinii the loading limit are 
still imperfectly understood. This statement is 
true even for relatively simple flow devices, and 
this situation is therefore not uniquely familiar to 
compressors. One of the important variables 
involved seems to be the ratio of the required 
static-pressure rise to an appropriate velocity 
pressure (refs. 9 and 38). The shape of the blades, 
the inlet flow conditions, and the required down- 
stream flow conditions are thus expected to be 
involved in the loading l i t .  It should be noted 
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that the previously discussed radial shifts in the 
streamlines also influence the diffusion; this effect 
is particularly noteworthy for non-free-vortex 
distributions and at  Mach numbers in the neigh- 
borhood of 1.00, where slight changes in stream- 
tube distribution can cause large changes in 
velocity distribution. Some important differences 
between the loading limits of blade rows and those 
of corresponding two-dimensional cascades may 
therefore be anticipated. Since the demands of 
aircraft encourage the use of compressors with 
highly loaded blades (ch. 11), at least some loading- 
limit information is a vital necessity. Experi- 
ments on actual blade rows are again the only 
positive source of data. 

Experimental data required.-There are a num- 
ber of questions relating to viscosity that can only 
be answered by experiment. The losses and load- 
ing limits of twodimensional cascades over a 
range of blade shapes and inlet flow conditions 
are of interest. Data for various blade rows and 
inlet flow conditions in the actual compressor are 
required to evaluate the usefulness of the loss and 
loading-limit data obtained from two-dimensional 
cascades. Data are also required to establish the 
effect of staging on the losses suffered and the 
loading limits. 

Data are required for the performance of the 
hub and tip sections of the blades as well as for 
those in the main flow regions. Because of the 
increased viscous effects in the wall regions, the 
turning-angle data, loss data, and loading-limit 
data can be quite different from those obtained 
under ideal two-dimensional-flow conditions. 

Some examples of the studies required are given 
in the section of this chapter devoted to experi- 
mental data. Representative turning-angle, loss, 
and loading-limit data are first presented for two- 
dimensional cascades. The trends of these vari- 
ables in various compressor blade rows and under 
various conditions are then noted. The relative 
thicknesses of the hub and tip boundary layers 
are discussed. 

TREATMENT OF TIMEUNSTEADY FLOWS 

Time-unsteady flows must exist in a compressor, 
because both stationary and rotating blade rows 
are used. Even for ideal flow conditions, as pre- 
viously noted, the flow in a stator can be steady 
only when the motion is referred to a coordinate 

system that is also stationary. Similarly, a co- 
ordinate system moving at rotor speed must be 
used for the rotor. From a purely theoretical 
point of view, the flow through a rotor is there- 
fore always unsteady with respect to uniform flow 
in a stator, and vice versa. 

Moreover, time-steady circumferential varia- 
tions in the flow ahead of or behind a rotor cause 
the flow in the preceding or following stator to be 
time-unsteady irrespective of the coordinate sys- 
tem used. Similarly, time-steady circumferential 
varia$ions with respect to the rotor induce inevita- 
ble time-unsteady flows in the preceding and 
succeeding stators. It may also be noted that 
time-unsteady flows are also inevitable when either 
rotating stall (ch. XI) or surge (ch. XII) occurs. 

Circumferential variations in the flow behind a 
blade row, and thus unsteady flows in the following 
blade row, are encountered even when the flow is 
completely inviscid. Some circumferential gra- 
dients in the flow persist for some distance up- 
stream and downstream of even an ideal two- 
dimensional cascade. Similar circumferential 
gradients are associated with the types of flow 
presented in figure 38(c). 

Additional circumferential gradients are brought 
about by the blade wakes (fig. 41). These gra- 
dients are made even more complicated by the 
fact that a fluctuating pressure field ahead of a 
blade row periodically changes the character of 
the wakes leaving the previous blade row. As a 
result of all these phenomena, both the rotor and 
stator are beset by complex unsteady flows. 
Notice that any two adjacent blade rows, one 
rotating and the other stationary, experience the 
same sort of disturbances. 

Because of these time-unsteady components of 
the flow, average values of flow properties leaving 
one blade row have been used to represent the 
inlet flow to the next blade row. In this way, the 
unsteady-flow problem is rather arbitrarily re- 
duced to a steady-flow problem. As discussed in 
chapter XIV, some theoretical considerations 
indicate that additional time-unsteady effects may 
be of importance. How vital these effects are 
must eventually be determined by experimental 
data. 

The validity of this treatment of unsteady flow 
can also be judged by experimental data. Com- 

' I  
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paring the performance of isolated blade rows with 
those subjected to unsteady flows provides the 
basis for this evaluation. This problem is con- 
sidered in the discussion of experimental data 
presented in the following section. 

REPRESENTATIVE EXPERIMENTAL DATA 
SUPPORTING DESIGN CONCEPTS 

Many of the questions that have been raised 
about the simplified flow concepts in the previous 
section have been answered by the published 
results of a large number of experiments and 
analyses. Some representative examples of these 
experiments and the indicated conclusions are 
presented in this section. Through this review, a 
qualitative picture of the flow is established that 
becomes the basis of a design system. Moreover, 
the results presented indicate the classes of as- 
sumptions and calculation techniques that may be 
used with a reasonable degree of confidence. The 
areas where design information must be tempered 
by intuition and judgment are also spotlighted. 

Before presenting the data on actual compres- 
sor blade rows, attention is first focused on the 
aerodynamic properties of the two-dimensional 
cascade, since this type of reference data is the 
basis for many of the developed procedures. 
Typical data from inlet guide vanes are then re- 
viewed. For inlet guide vanes with free-vortex 
flow distribution, the assumption of no radial 
flow is examined under conditions where the radial 
flows and viscous effects may be reduced as much 
as possible and the unsteady-flow effects are com- 
pletely eliminated. The effects of changes in 
radial density gradients, of blade thickness dis- 
tribution, of blade force, and of the hub slopes are 
noted. Radial flows resulting from non-free- 
vortex flow distributions are then examined. 

Representative data obtained from rotating 
blades are also reviewed. The effects of blade 
rotation, over and above the effects considered for 
inlet guide vanes, are thus evaluated. Some 
effects of unsteady flows and the mixing of wakes 
are noted from the results of tests of bothstationary 
and rotating blades. 

Several significant results obtained from ex- 
periments on multistage compressors are next 
reviewed. These data indicate the validity of the 
simpued flow concepts under adverse, but 
typical, conditions. They also provide a basis 

for indicating important missing gaps in available 
knowledge. 

For each experiment, the turning-angle data are 
presented and the loss or efficiency data are noted. 
Flow conditions in the main flow are discussed. 
The influence of the hub and tip boundary layers 
are also noted. Comments are made about the 
indicated effects of radial flows and unsteady 
flows. The sigriificant knowledge derived from 
these classes of experiments is then summarized 
by outlining a model of the flow that can be used 
for design. 

TWO-DIMENSIONAL CASCADE8 

Aerodynamic behavior.-Five quantities deter- 
mine the aerodynamic behavior of a cascade with 
ideal flow. One of these is the shape of the blades, 
which is usually expressed in terms of the distri- 
bution of thickness and camber. Another quan- 
tity is the orientation of the blades with respect to 
the cascade axis; this orientation may be defined 
by the blade-chord angle yo (fig. 32). The third 
quantity is the solidity (a=&), although the 
pitch-chord ratio, the reciprocal of this number, is 
sometimes used. With these three quantities, 
the geometry of the cascade of blades is defined. 
The fourth quantity identifies the direction of the 
flow ahead of the cascade. The relative inlet-air 
angle /3; is frequently used for this purpose. 
Finally, the relative Mach number of the flow at 
some point must be known. This quantity is 
also usually referred to the relative inlet flow. 
Theoretically speaking, all details of the flow of an 
ideal inviscid fluid can be determined from these 
data. 

For real flows, the factors involving friction are 
also pertinent. The Reynolds number of the rela- 
tive flow thus becomes an important item. The 
Reynolds number is usually based on the properties 
of the inlet flow, using the chord length as the 
characteristic dimension. The factors involved 
are the turbulence of the incoming flow and the 
condition of the airfoil surfaces (see chs. V and VI). 
Because of the complicating effects of friction, the 
most reliable cascade data are derived from experi- 
ment rather than analysis. 

Types of experimental data observed.-One of 
the most important pieces of cascade data required 
is the deflection of the flow (/31-/32), since deflecting 
the flow is the main purpose of the cascade. Al- 
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though analytical techniques have been developed 
and are occasionally used for determining this 
deflection (ch. IV), the greatest amount of data is 
obtained by experiment. A typical sample of the 
experimental data is shown in figure 43, which was 
obtained from reference 39. These data were ob- 
tained for fixed values of blade shape, solidity, and 
inlet-air angle. The blade angle was varied, the 
magnitude of the variation being described by the 
angle of attack ar=81--yo. Thedeflection, or turn- 
ing angle, is measured by the angle A/3=&-&. 

The losses incurred by the cascade may be de- 
scribed in a variety of ways. In reference 39 the 
loss is measured by a drag coefficient; an average 
total-pressure loss or an average entropy increase 
could also have been used. (Notice that the drag 
coefficient is independent of the position of the 
downstream measurement and that no averaging 
techniques are required. The total-pressure loss 
and the increase in entropy, however, depend on 
the axial position of the measurements, the Mach 
number of the flow, and the method of averaging.) 
Of particular importance are the regions where the 
loss rises rapidly; the rapid rise in loss and the 
accompanying droop in the turning-angle curve 
indicate the point of flow separation or the loading 
limit of the cascade. For the particular family of 
blade shapes discussed in reference 39, it has been 
possible to correlate the loading limit by the follow- 
ing equation, developed in reference 9: 

D- -( I-- >)+% (54) 
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All the blades reached their loading limit at a value 
of D of appro-ately 0.6. ~b equation is simply 

FIGURE 43.-Drag and turning-angle distribution for 
Blade section, NACA 65-(12) 10; cascade combination. 

inlet-air angle, 45'; solidity, 1.0 (ref. 39). an empirical means of estimating 

Downstream static pressure-Minimum static pressure on blade surfaces 
Maximum velocity pressure on blade surface (55) 

Since it was derived for one family of blades, it is 
not expected to be univerally applicable. It 
does, nevertheless, provide an indication of the 
loading limit as good as or better than many other 
recommended empirical rules. A more funda- 
mental approach would utilize equation (55) with 
the actual velocity and pressure data (see ref. 38). 

Other details of the flow within a blade row may 
also be partially e x d e d  by studying the velocity 
distribution about a cascade element. The reaults 

of a typical experimental measurement in a two- 
dimensional cascade are shown ih figure 44. The 
velocity distribution presented corresponds to the 
operating condition indicated by point A in figure 
43. These data are valuable for interpreting 
over-all results, since comparing these data with 
similar measurements in a compressor blade row 
provides a means of comparing the internal flows. 

The data described thus far were obtained at 
low inlet Mach numbers, the operating condition 
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FIGURE 44.-Blade surface velocity distribution for 
Blade section, NACA 65-( 12) 10; cascade combination. 

inlet-air angle, 45'; solidity, 1.0 (ref. 39). 

for most published cascade data. Increasing the 
inlet Mach number in two-dimensional-cascade 
rigs has the effect shown in figure 45, which was 
obtained from data of reference 40. As the Mach 
number increases, the range of angle of attack 
decreases. When the Mach number becomes high 
enough, the cascade is choked and the flow deterio- 
rates to such an extent that the cascade is com- 
pletely ineffective. The behavior of the flow at 
high Mach numbers is shown by the schlieren 
photographs of figure 46, which is taken from 
reference 41. The strong shocks that have 
developed cause the boundary layer to separate 
at all angles of attack. This type of data indicates 
an interrelation between loading limit and flow 
Mach number. 

These results represent the principal knowledge 
obtained from numerous tests of two-dimensional 
cascades. As previously noted, the turning-angle 
data obtained are of primary interest. When the 
observed turning angle in an actual blade row 
agrees with that observed in two-dimensional 
cascades, credence may be given to the simple 
equations obtained by ignoring radial flows in that 
type of blade row. The relatively inexpensive 

two-dimensional cascade can then be used aa an 
important source of design turning-angle data. 

INLET GUIDE VANES 

Tests of inlet guide vanes alone have been 
invaluable for studying and developing flow con- 
cepts and theory. In the laboratory setup, the 
flow ahead of inlet guide vanes has no tangential 
component of velocity, so that the inlet guide vanes 
have the function of creating a preconceived dis- 
tribution of tangential velocity. When tested 
alone, the inlet guide vanes are exposed to essen- 
tially time-steady flow; therefore, time-unsteady- 
flow effects are eliminated. Moreover, the flow 
velocity behind the guide vanes is usually greater 
than that in front; thus, many adverse effects of 
viscosity arising from unfavorable pressure gradi- 
ents are avoided. Inlet guide vanes, therefore, 
provide an excellent vehicle for studying the effects 
of radial flows brought about by the changes in 
radial density gradients through a blade row, by 
the radial distributions of blade thickness, by the 
radial components of blade force, by the slope of 
the hub or casing, and by nonvortex distributions 
of tangential velocity. 

A typical setup used to conduct flow investiga- 
tions is schematically shown in figure 47. Meas- 
urements are made ahead of and behind the blade 
row to determine the velocities and state properties 
of the air a t  these two stations. Sufficient data are 
taken behind the blade row to determine the 
radial gradients of the circumferen tially averaged 

Incidence ongle, i ,  deg 

FIGURE 45.-Effect of inlet Mach number on loss charac- 
teristics of cascade blade sections (ref. 40). 
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M a c h  number, 0.70 M o c h  number, 0.75 

M o c h  number, 0.82 

M a c h  number, 0.93 

M a c h  number, 0.88 

M a c h  number, 0.95 

FIGTJBE 46.4chlieren photographs for a range of Mach number. 

properties of the main flow. Ahead of the blade of entropy and the tangential component of 
row, precautions are taken to ensure a uniform vorticity are not zero. Care is taken, however, 
distribution of the flow. Complete uniformity to make these boundary layers as thin as possible. 
cannot, of course, be achieved in the hub and Free-vortex flow.-A representative result of an 
casing boundary layers, where the radial vtbziation investigation with free-vortex blades is shown in 
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FIQUBE 47.-Schematic diagram of an inlet-guide-vane 
test rig. 

figure 48, which was obtained from reference 42. 
(The experimental setup was essentially the same 
as that shown in fig. 47.) In figure 48, the ob- 
served turning angle of the cascade elements of 
the blade row is compared with the turning angle 
that the same cascade elements would have in a 
two-dimensional cascade. As indicated in this 
figure, the observed turning was substantially 
the same as that of the corresponding two- 
dimensional cascade. The order of magnitude of 
the radial flows in this blade row is just about the 
same as that in many conventional compressors 
having free-vortex subsonic blade rows, There 
are strong indications, therefore, tb t  the radial 
flows themselves have relatively minor effects, if 
any, on the turning angle a t  subsonic Mach 
numbers. Some discrepancies are noted in the 
vicinity of the blade ends. Those differences 
within the boundary layers are not unexpected, 
but the observed boundary layers were thin enough 
for these variations to be disregarded. The cir- 
culation gradients, or vorticity, within the bound- 
ary layer do, however, induce some deviations in 
the main flow. As shown in reference 43, these 
deviations me sometimes significant; however, 
they can be accurately treated by the technique 
reported therein. 

The radial distribution of circumferentially 
averaged flow was also studied in reference 42. 
In general, the flow was fairly accurately described 
by equation (48a). An important point to note, 
however, is that the flow Mach numbers were not 
very close to 1.0, and the values of the local Mach 

numbers were therefore not extremely sensitive 
to small changes in the area of the stream tubes. 
At Mach numbers nearer 1.0, a small change in 
stream-tube area accompanying radial flows may 
give different results. 

The loss data reported in reference 42 show 
that the average losses in total pressure were small. 
This trend agrees with two-dimensional-cascade 
data. In the hub and casing boundary layers, 
the losses increase; and eventually, of come, all 
the dynamic pressure is lost a t  the hub and casing 
surfaces. The main thing to notice with respect 
to losses is that radial flows themselves do not 
necessarily create large additional losses. The 
important losses, when the blades are operated 
within their loading limits, appear near the hub 
or casing. Probably the most important effect of 
these losses is the fact that they occupy space 
without transporting much mass. The correction 
Kbk in equation (53a) is thus an important quantity 
that depends on loss data. Therefore, two- 
dimensional-cascade loss data do not tell the whole 
story; data from actual blade rows are required to 
complete the loss picture. 

Non -free -vortex flow .-Several investigations 
have been made with inlet guide vanes designed to 
establish the type of flow described by equation 
(50). Except for the type of velocity distribution 
created, these blade rows are physically similar to 
many of the free-vortex blades that have been 
tested. Studies of the non-free-vortex blade rows, 
therefore, provide a means of studying the effects 
of radial flows resulting from the radial gradients 
in circulation. 

In k u r e  49 are shown representative data from 

I 1 
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Radius, in. 

FIGURE 48.-Comparison of measured and design turning 
angles for free-vortex guide vanes (ref. 42). 
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FIGURE 49 .-Comparison of measured and designt urning 
angles for non-freevortex guide vanes (ref. 44). 

a test of inlet guide vanes designed for wheel-type 
rotation (r=O in eq. (50)). These data are taken 
from reference 44. The average flow angles at the 
exit of the inlet guide vanes agree fairly well with 
those obtained from two-dimensional-cascade con- 
siderations. The effect of radial flows themselves 
is again quite small. if there is any effect at all. 
The other effect of circulation gradients, as re- 
ported in reference 43, cannot be completely 
ignored, however; and the correction techniques 
developed in this reference are frequently neces- 
sary for refining the analysis. But, when the 
radial gradient of tangential velocity is correctly 
established, the radial distribution of through flow 
usually agrees with the distribution expressed by 
equation (49a) (with radial flows ignored). The 
finite values of both 1. and re required for axisym- 
metric flow are apparently suitable; the compli- 
cating flows shown in figure 38(c) seem to have 
little effect on the radial distribution of the 
circumferentially averaged flow. 

The loss data available are similar to those 
obtained with free-vortex blade rows. Almost 
negligibly small losses are impressed on the main 
flow. The important losses again appear a t  the 
blade ends. Even here, the losses themselves are 
not as serious as their blockage effects are. The 
important loss information to be obtained is that 
required to evaluate Kak in equation (53a) (or 
some similar function). 

BOTOBS AND BINGL&STAGE COMPBESSOBS 

A large number of investigations have been 
made with rotors alone, rotors with inlet guide 
vanes, and complete stages formed from inlet 
guide vanea, rotors, and downstream stators. 
Tests of rotors alone have many of the same aims 
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as the tests of inlet guide vanes-io study the net 
effects of radial flows. In addition, the effects of 
rotation that h e  not accounted for in simpMed 
theories are investigated. Tests of inlet guide 
vanes and rotors examine the effects of unsteady 
flow and other phenomena for interferences be- 
tween rotating and stationary blade rows that are 
otherwise neglected. Tests of a complete stage 
add the effects of another blade row. 

A representative schematic layout for testing a 
complete stage is shown in figure 50. As with the 
inlet-guide-vane investigations, care is exercised to 
have thin hub and casing boundary layers at the 
inlet. Circumferentially uniform flow without dis- 
tortion at the inlet of the ikst blade row is also 
sought. Enough measurements are taken up- 
stream and downstream of each blade row to ob- 
tain an accurate picture of the behavior of the 
cascade elements at several radii. These data also 
enable the radial distribution of flow to be com- 
pared with that indicated by simple theory. 

Free-vortex rotor blade rows.-A representative 
investigation of a free-vortex rotor with axial in- 
flow is presented in reference 45. The observed 
turning-angle data are compared wikh those of the 
corresponding two-dimensional cascades in figure 
51 for three radial positions: (a) near the tip, 

I 

Depression tank 

\ '- Rotor blades 
-Guide vanes 4' 

FIGUBE 5O;Schematic layout of compressor stage. 



76 AERODYNAMIC DESIGN OF AxIAL-Fl;OW COMeRESSORS 

(a) Near rotor tip. (b) At midspan. 
FIGURE 51.-Compressor rotor and cascade turning angles (ref. 45). 

(c) Near rotor hub. 

(b) at the center of the span, and (c) near the hub. 
As shown in figure 51(a), the observed turning at 
the tip is slightly higher than that of the corre- 
sponding two-dimensional cascade. The rate of 
change of turning with angle of attack is about the 
same for both, however. At midspan (fig. 51(b)), 
the agreement in turning angle is good at low 
angles of attack. With high angles of attack, the 
turning through the rotor is greater than that 
indicated by two-dimensional-cascade data. The 
faired turning-angle curve for the data at the 
rotor hub (fig. 51(c)) has a steeper slope than the 
corresponding cascade curve. In this respect, 
the flow about the blade near the hub is compa- 
rable to ideal twodimensional flow. Apparently 
this section c m  operate at much higher angles 
of attack than cascade data would indicate. 
In the vicinity of the design angle of attack of the 
cascade, the difference in turning is small. 
In this particular investigation, the pressure 

distribution about the blades was also measured at 
the same time. These data are compared with 
those of the corresponding cascade in figure 52. 
At the hub and midspan, the agreement is excel- 

lent, except for some irregularity of the cascade 
curves between the 40- and 80-percent-chord 
points on the upper surface. The irregularities, 
however, are attributed to laminar separation 
(see ch. V), which may have occurred during the 
cascade tests but which did not occur during the 
rotor blade tests. The agreement near the tip is 
not quite so good, but there apparently are no 
pronounced efl'ects of radial flows in the main 
stream. 

These and other similar data indicate that the 
flow around the blade elements of a rotating row 
is reasonably the same as that in the two-dimen- 
sional-cascade counterpart except at the blade 
ends. In the main flow, t. anticipated enthalpy 
rise is realized as long as flow separation is avoided. 

In the boundary layer at the tip, however, the 
energy added by the rotor is usually higher than 
that anticipated from two-dimensional-cascade 
data. The total-temperature distribution indi- 
cated in figure 53 is fairly representative. There 
is always some scattering in the rotor data, which 
might be attributed to radial and time-unsteady 
flows as well as to instrument errors. The higher 
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Percent chord 

(a) Near rotor tip. Angle of attack, 12.2'. 
(e) Near rotor hub. (b) At midspan. Angle of attack, 14.1O; solidity, 1.183. Angle of attack, 15.3'; solidity, 1.355. 

FIGURE 52.-Compressor rotor and cascade pressure distributions. Relative inlet-air angle, 60'. 

energy addition at the blade ends may be ex- 
pressed in terms of a higher turning angle; how- 
ever, a gross correction for the higher temperature 
rise is probably just as good as any other a t  the 
present time. 

As was the case with inlet guide vanes, the 
rotor loss or efficiency is not always comparable 
with that of the corresponding two-dimensional 
cascade. A typical radial distribution of com- 
pressor rotor blade-element efficiency is shown in 
figure 53. Losses increase rapidly near the casing, 
and the loading limit frequently appears at lower 
values of D (eq. (54)) than suggested by two- 
dimensional-cascade data. It must be empha- 
sized, however, that the changes in the absolute 
total pressure do not follow a simple trend. They 
depend on the relative magnitudes of the tem- 
perature rise as well as the loss in relative total 
pressure (see eqs. (41) and (42)). 

The problem of accurately correlating the net 
effects of the flows in the hub and casing boundary 
layers is still somewhat confused. As proposed 
in the previous section on Analysis of Viscosity 
Problem, the space-consuming properties of the 
boundary layer can frequently be correlated by 
factor Kbk in equation (53a). In  using this factor, 
a fictitious mass flow for ideal flow conditions is 
computed or assumed and the result is multiplied 

1 
Root Tip 

Radius 

FIGUBE 53.-Radial distribution of total temperature and 
efficiency through compressor rotor. 
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Inlet guide vane Rotor View of inlet guide vanes 
looking upstream 

FIGURE 54.4chematic layout for tests of inlet guide vanes and rotor (ref. 44). 

by Kan to obtain the true mass flow. Similarly, 
the ideal temperature rise and total pressure could 
be estimated by analyzing the ideal flow and 
then multiplying the result by an empirical cor- 
rection factor. Satisfactory answers to these 
problems are still to be found. Except for their 
effecbs on blockage, the variations in total tem- 
perature and pressure at the blade tips are usually 
either ignored or are treated together as part of 
the over-all efficiency. 

Investigations of the type just described have 
been extended to rotors with inlet guide vanes and 
to complete single stages. The results of these 
investigations are comparable with those indicated 
previously. As far as could be determined, the 
unsteady flows introduced by the alternate sta- 
tionary and rotating blade rows had little effect 
on the turning angle of the blade row; the turning 
over a large part of the annulus was primarily 
decided by the corresponding two-dimensional- 
cascade variables. Moreover, the losses were 
not drastically increased by unsteady flows in 
the normal operating conditions. 

Bon-free-vortex blade rows.-An investigation 
was conducted on a setup consisting of inlet guide 
vanes and a rotor to study the effect of circulation 
gradients on the performance of a rotor and stator. 
The inlet guide vanes, the performance of which 
is presented in reference 44 and in figure 49, were 
designed to established a solid-body type of rota- 
tion (wafr#O, r=o in eq. (50)). No change in 
wafr was then required of the rotor; instead, the 
value of r was increased through the rotor. The 

arrangement of the inlet guide vanes and rotor 
reported in reference 44 is shown in figure 54. 
The large pitch of the inlet guide vanes suggests 
that the warping of the flow surfaces (fig. 40(b)) 
must be more than negligible. Notice also that 
the gap between the inlet guide vanes and the 
rotor is small. It is doubtful whether complete 
readjustment of the flow (that ideally occurring 
at an infinite distance downstream of the vanes) 
could have taken place at the rotor inlet. The 
radial distribution of flow at the rotor inlet might 
be in question, and severe time-unsteady flows 
might be anticipated. 

As previously noted, the average flow angle at 
the exit of the inlet guide vanes alone agreed fairly 
well with that anticipated from two-dimensional 
blade-element considerations (fg. 55). The pres- 
ence of the rotor may have had some additional 
influence on the flow angle, and some of this 
discrepancy might be attributed to time-unsteady 
flow. The major cause of the differences, how- 
ever, is believed to be minor changes in the average 
radial distribution of flow due to the presence 
of the rotor. Even this effect is not 'excessive, 
however. Therefore, it has generally been ignored 
in practice, and equation (48a), obtained by 
ignoring radial flows, is usually quite accurate for 
this type of design. 

The average turning through the rotor (fig. 56) 
was observed at the five radial positions indicated 
in figure 54. At radial position a, the observed 
turning was slightly higher than that of the 
corresponding two-dimensional cascade. At the 
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FIGUBE 55,-Radial variation of flow angle leaving inlet 
guide vanes with and without rotor (ref. 44). 

low angles of attack, the trends of the two curves 
are similar. The flow at the tip section of the 
blade apparently separated at a slightly lower 
angle of attack than cascade data would indicate. 

In  this particular type of flow distribution, the 
static-pressure rise near the casing is higher than 
that for the corresponding two-dimensional cas- 
cade. If equation (55) is a criterion for the loading 
limit, this premature separation is expected. The 
rise in turning following the dip in the curve is not 
related at  all to normal two-dimensional-cascade 
performance. 

At the other radial positions, the agreement is 
surprisingly good. Moreover, the trends observed 
are the same as those observed with free-vortex 
flow. The hub regions appear to be capable of 
operating at much higher angles of attack than 
the corresponding twodimensional cascades. At 
those angles of attack where the data may be 
compared, the turning of the rotor is somewhat 
lower than that of the two-dimensional cascade. 
The similarity of these trends to those of rotors 
alone suggests that the effect of unsteady flows is 
relatively trivial. 

The loss problem appears not to differ from that 
of the free-vortex designs. Only small losses are 
imposed on the active flow. The problem intro- 
duced by the boundary layers is principally that 
of boundary-layer blockage, although the different 
total temperatures and pressures in the boundary 
layers introduce complications that eonfuse the 
theory if not the flow. Losses cannot be predicted 

from two-dimensional-cascade data with s&cient 
accuracy to correlate actual blade-row data. 
Transonic blade rows.-Recent investigations 

on free-vortex rotors (see refs. 8 and 18, e.g.) 
demonstrate the feasibility of obtaining high 
efficiency from rotors in which the Mach numbers 
a t  the tips are m high as 1.35. The turning angle 
of the blade elements at these higher Mach num- 
bers cannot be compared with similar two- 
dimensional-cascade data, because usable two- 
dimensional cascades for transonic flows are yet 
to be developed. The compressor blade-element 
data that have been obtained, however, seem to 
lend themselves to the same correlation techniques 
that have been developed for two-dimensional- 
cascade data (ch. VI). It may be inferred from 
these data, for the time being at least, that radial 
flows themselves do not seriously affect the turn- 
ing angle in the main-flow regions of the blade 
row. 

Studies of the radial distribution of the cir- 
cumferentially averaged flow properties indicate 
that equation (48a) or (48b) is not entirely 
adequate for the types of blade rows investigated. 
Reliable solutions to this problem have not yet 
been found, but the treatment discussed in the 
last section of this chapter offers some promise. 

The loss picture is not Werent from that in 
subsonic blade rows, except that low losses are 
obtained only over a very narrow range of inlet 
flow angles at high Mach numbers. The viscous- 
flow regions near the hub and tip frequently have 
different total-pressure and total-temperature 
changes from those of the main flow. Their 
principal effect is again that of blocking part of 
the flow area. Whether the flow is subsonic or 
transonic is immaterial with regard to the factor 
Kbk in equation (53a), if the loading limits are not 
exceeded. The loading limit of the blade row, 
as indicated by the value of D, is about the same 
as that for conventional subsonic blade rows. 
The allowable values of D near the casing of the 
rotor appear to be lower than those elsewhere on 
the blade row. 

MULTISTAGE COMPEE8SOBB 

A representative example of the performance of 
the blade rows of a multistage compressor is shown 
in references 46 to 48. A schematic layout of this 
unit is shown in figure 57. This compressor was 
designed (see ref. 46) for finite values of both Waf, 
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Angle of ottock, a, deg 

(a) Near casing. 
(b) Between casing and mean radius. (d) Between mean radius and hub. 
(c) At mean radius. 

FIGURE 56.-Variation of turning angle across rotor blades with angle of attack at design speed (ref. 44). 

(e) Near hub. 

and I' (eq. (50)). Strong radial flows and time- 
unsteady flows are thus expected to be prevalent, 
particularly in the latter stages. 

In reference 48 data for the performance of the 
first, fifth, and tenth stages are presented. Only 
the fifth and tenth stages are discussed here, how- 
ever, since the flow entering the first stage is 

similar to that in single stages, and the results are 
similar to those previously presented. 

Performance of fifth stage.-In spite of the fact 
that the hub and casing boundary layers seem to 
have ample opportunity to thicken, the flow dis- 
tribution entering the fifth rotor at design speed 
(see fig. 58) was almost that expected for ideal 
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FIGURE 57.-Cross section of 10-stage axial-flow compressor, inlet bellmouth, and discharge collector (ref. 47). 

flow, which was the basis for design computations. 
The observed turning angles through the rotor are 
shown for several radial positions in @e 59. 
Near the tip, the turning-angle data suggest that 
the blade is stalled; the loading limit is apparently 
exceeded even though the angle of attack and the 
value of D are within the limits of good two- 
dimensiond-cascade performance. At the next 
two radial positions, good agreement with cascade 
data is found. At the two lowest radii (closest to 
the hub), the turning angle is somewhat below that 
obtained in twodimensional cascades. These 
trends are similar to those presented in figures 51 
and 56. 

The turning-angle data for the following stator 
are presented in figure 60. The agreement with 
cascade data is fairly satisfactory, particularly 
near the design angle of attack. The tip (outer 
radius) of the stator appears to have a greater 
range of useful operation than is indicated by two- 
cliensional-r&cade data. This trend, which is 
3pposite to that of rotors, is fairly common for 
3tators. 

691-564 0-65-7 

These results suggest that the turning angle of 
the main flow is not significantly affected by the 
wakes introduced by the upstream blade rows. 
The effect of the unsteady flows created in this 
compressor is apparently within the accuracy of 
instrumen tation. 

Qualitative observations of the losses in the main 
flow indicate that no unexpected developments 
have occurred. The main point of concern is the 
apparent premature stalling at the rotor blade tip. 
As previously indicated, this phenomenon is fre- 
quently observed, and the loading limits near the 
extremities of a blade row are frequently much 
different from those in the corresponding two- 
dimensional cascades. An important point to 
notice, however, is shown in figwe 61. Because 
of the poor flow created by the rotor, significant 
entropy gradients were found in the entire flow 
field behind the fifth stage. In other words, thick 
hub and casing boundary layers appeared. When 
the observed entropy gradients were used in 
equation (48a), reasonably good correlation be- 
tween the observed and computed axial velocity 



82 AERODYNAMIC DESIGN OF --FLOW COMPRESSORS 

distribution was found. If the entropy gradients 
were ignored, however, the correlation was not 
only poor but misleading. This experience shows 
the importance of recognizing entropy gradients 
when the boundary layers are thick. This point 
is elaborated in reference 49. 

Performance of tenth rotor.-In contrast to the 
flow conditions at  the entrance to the fifth rotor, 
the flow ahead of the tenth rotor was quite differ- 
ent from design (fig. 62). The axial veloeity is 
lower than the design value at  all radii. Instead 
of being fairly uniform, as designed, the velocity 
distribution is parabolic. The boundary layers 
a t  the hub and casing resemble those of fully de- 
veloped pipe flow. The design values of absolute 
flow angles 8, are realized near the center of the 
passages; a t  the hub and casing they tend to be 
high. The resulting relative angles of attack on 
the rotor blades are higher than the design values 
at all radii, the greatest angles occurring at the 
hub. 

In spite of the difference between the design 
and observed inlet conditions, the observed turn- 
ing angle a t  a given angle of attack (fig. 63) is 
surprisingly similar to the corresponding turning 
angle of the two-dimensional cascade. The trend 
is the same as that observed in investigations of 
single blade rows and single stages. This result 
is consistent over a wide range of compressor tip 
speeds and operating points at a given speed. 
These and similar tests indicate that the turning 
angle of a cascade element in a blade row is just 
about completely determined by the correspond- 
ing' two-dimensional-flow conditions. The one 
important qualification is that the cascade element 
must not be stalled. Two-dimensional-cascade 
data are not always a reliable source of stalling 
data, however. 

The poor flow distribution at the rotor inlet 
caused the over-all losses to be rather high. How 
this flow can be estimated properly in design re- 
mains an unanswered problem. Both intuition 
and judgment are still required to estimate the 
appropriate values of Kbt and P in equation (53a). 

The radial distribution of the flow is adequately 
described by equation (48a). All the terms must 
be used in this equation, because the enthalpy and 
entropy gradients permeate the entire flow in- 
stead of being confined to thin boundary layeis. 
Accurate estimates of the radial gradients in 
enthalpy and entropy would thus be necessary to 
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Hub-tip radius ratio, 5 If, 

FIGURE 58.--Radial distribution of flow properties entering 
fifth rotor row of 10-stage compressor (ref. 48). 

make accurate designs, if this type of flow cannot 
otherwise be avoided. 

SIGNIFICANCE OF BESULTS 

The results of experiments like those presented 
show that many features of the flow can be corre- 
lated with the aid of a few simple concepts. As 
long as the loading limits are not exceeded, the 
flow through a blade row may be divided into two 
regions. One of these regions is the main flow, 
where the viscous effects are comparatively small. 
In the other region, the velocity gradients are steep 
and the viscous effects are large. 
Main-flow region.-In the main-flow region, the 

deflection of the flow at a given radius obeys about 
the same laws that govern the deflection in a two- 
dimensional cascade having the same geometry 
and inlet flow conditions. Two consistent dif- 
ferences are noted, however: (1) At a given angle 
of attack the turning angle is usually slightly 
higher near the casing of a rotor than that of the 
corresponding two-dimensional cascade. (2) Near 
the hub of a rotor the rate of change of turning 
with angle of attack is greater than that of the 
two-dimensional cascade. 
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(a) Near casing. 
(b) Between casing and mean radius 
(c) Near mean radius. 

(d) Between mean radius 
(e) Near hub. 

E”Ianrt~ 59.-variation of fifth-rotor turning angle with angle of attack at five radial positions (ref. 48). 
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(a) Near casing. 
(b) Between casing and mean radius. 
(c) Near mean radius. 

(d) Between mean radius and hub. 
(e) Near hub. 

WOWBE 60.-Variation of fifth-stator turning angles with angle of attack at five radial positions (ref. 48). 
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Axial velocity 
-c+- Measured 
-u- Calculated by eq. (480) neglecting 

-*- Calculated by eq. (480) including 
observed entropy radrents 

.- I 2  observed entropy gradients 

”-; m 

Hub-tip radius ratio, m/rj 

FIGURE 6l.-Axial velocity distribution after fifth stage of 
10-stage compressor (from ref. 48). 

In the previous discussion, the governing flow 
has been assumed to be parallel to the axis of the 
blade row. These and other data may also be 
used to show that no accuracy is sacrificed when 
the cascade element and the governing flow are 
assumed to lie along a conical surface (fig. 64). 
This device is frequently useful when there is a 
pronounced radial shift in the streamlines through 
a blade row. 

The radial distribution of flow ahead of and 
behind subsonic blade rows is quite accurately 
described by equation (49a), the form obtained by 
neglecting radial flows. As long as the boundary 
layers are rather thin, the entropy-gradient term 
is ignored. when thicker boundary layers are 
encountered, the entropy gradients must be rec- 
ognized. For some transonic blade rows, this 
technique leaves something to be desired. In 
these cases, it is believed that techniques similar 
to those used in turbines and mixed-flow com- 
pressors may be useful. In these more erudite 
analyses, only axial symmetry is assumed, and the 
radial-distribution problem is treated as part of 
a two-dimensional-flow problem involving axial 
and radial gradients. This point is discussed in 
more detail in the last section of this chapter. 

To a first approximation, the losses encountered 
by the main flow may be ignomd if the design is 
not too critical. Recognition of the losses in the 
main flow, however, may be made by using two- 
dimensional-cascade loss data. In order to obtain 
greater accuracy, the losses measured from similar 

Hub-tip radius ratio, 

FIGURE 62.-Radial distribution of flow properties entering 
tenth rotor row of l0-stage compressor (ref. 48). 

blade rows in similar flow environments should be 
used. The losses would then also be a function 
of the radial positions of the cascade element. 

Of vital importance is the question of loadihg 
limits and Mach number limits. Although the 
diffusion factor of equation (54) is far from the 
perfect criterion of blade loading, it does offer 
some guide for selecting the deflection required of 
a blade row. When the static-pressure rise near 
the casing of a rotor is of the order of that of the 
corresponding two-dimensional cascade, the limit- 
ing value of D for th8 rotor tip seems to be about 
0.35. When the static-pressure rise is higher than 
that for the corresponding two-dimensional flow, 
lower values of D seem to be necessary. The 
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Angle of attack, u, deg 

(a) Near casing. 
(b) Near midspan. 
(c) Near hub. 

FIGURE 63.-Variation of tenth-rotor turning angle with 
angle of attack at three radial positions (ref. 48). 

selection, for the time being, must be left to the 
judgment of the designer. If development time is 
to be minimized, low values of D are to be favored, 
even though the number of blade rows may be 
increased. 

Up to Mach numbers at least as high as 1.35 
there appears to be no fundamental reason for 
prescribing a Mach number limit. As the design 
Mach number is increased, however, more and 
more attention must be paid to the details of the 
flow. Defining and accounting for the important 

___.- 

FIGUBE 64.-Sketch showing typical projection of stream- 
lines on meridional plane. 

details is not yet a science, however; there have 
been too few successful designs above the Mach 
number of 1.2 to clarify the problem. Up to the 
Mach number of 1.2, however, the design problem 
does not appear to be much more complicated 
than the problem of executing a subsonic design. 

For design, then, the main flow at the inlet of a 
blade row may be known or assumed. The main 
flow downstream of the blade row may be stipu- 
lated, if it can be prescribed within known loading 
limits, and if the distribution meets the require- 
ments of equation (48) or its equivalent. Two- 
dimensional-cascade data or the equivalent may 
then be used to select blades to obtain the required 
deflection of the main flow. 
Viscous-flow region.-Between the main flow 

and the hub and between the main flow and the 
casing is the second flow region, where viscous 
forces dominate the motion. The laws governing 
the movement of flow in this region are very 
imperfectly understood. Since the actual mass 
flow in these regions is often small, the areas 
usually contribute little to the mass-averaged 
enthalpy. Therefore, this effect is usually either 
ignored or given partial recognition by the use of 
gross correction factors. By the same token, the 
losses at the blade ends offer only a small con- 
tribution to the local mass-ax-eraged loss. Signifi- 
cant additional losses may result from subsequent 
mixing, however. One important factor that can- 
not be ignored is the space-consuming property of 
these viscous-flow regions. This problem is dis- 
cusser? in the gection on Analysis of Viscosity 
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Problem, where the use of the correction factor 
Kbk is suggested. Methods of accurately estimat- 
ing Kbn have not yet been developed, however, 
and frequently an educated guess is the best 
technique available. It is the lack of information 
on this problem that has led to serious errors in 
estimating the flow in the latter stages of many 
compressors. This point is developed more fully 
in the following paragraphs. 

Accuracy of estimate of state of air.-Many of 
the difficulties encountered in development have 
resulted from the fact that the flow towards the 
rear of the compressor is different from that antici- 
pated in design. A common experience has al- 
ready been mentioned in connection with figure 
62. In  this particular instance, the magnitude of 
the velocity is lower than the design value at all 
radii. In other compressors, however, t.he oppo- 
site behavior has been observed, the average veloc- 
ity being higher than its design value. The high 
angles of attack shown in figure 62 increase the 
turning through the rotor; the enthalpy rise 
through the rotor is then increased, and the per- 
formance of the following rotor blade row deterio- 
rates. The difference between the design and ob- 
served values of the average axial velocity is one 
of the principal reasons for this result. The error 
in turning angle owing to different radial gradients 
in flow properties may have contributed to the 
problem, but these effects are usually small (fig. 
63) and in any event are masked by differences in 
the average velocity. 

Errors in estimating the axial velocity can fre- 
quently be attributed to small errors in estimating 
the various terms in equation (53a). Suppose, for 
example, that the effective thicknesses of the hub 
and casing boundary layers after the first stage of 
a compressor are smaller than those anticipated; 
that is, Kb, is actually greater than the value used 
in design. If the estimated increase in enthalpy 
and total pressure in the main flow are otherwise 
accurately predicted, the axial velocity actually 
obtained after the stage is lower than that antici- 
pated (eq. (538)). (Notice that the.same result 
would occur if &! were correctly predicted but the 
efficiency of the blade row or the turning angle of 
the cascade elements were underestimated in 
design.) 

The angle of attack on the blade elements of the 
next rotor row is too high as a result of the low 
axial velocity. The turning angle is increased, 

and the energy addition is higher than its design 
value. (This trend of energy addition with turn- 
ing angle is required by the relations expressed in 
eqs. (39) to (40)). If the efficiency and the value 
of E,, for this stage were correctly estimated, the 
total pressure of the leaving flow would be too high 
and the axial velocity further reduced from its 
design value. Repeating this trend of error from 
stage to stage eventually causes an important error 
in the estimated axial velocity to result from only 
a small error in estimating the blockage effects of 
the hub and casing boundary layers. Of course, 
the same kind of result is obtained if the efficiency 
happens to be higher than the design value. 

A qualitative indication of these trends is shown 
in figure 65. The dashed lines of figure 65(a) rep- 
resent a design distribution of axial velocity and 
efficiency through the blade rows. A typical trend 
of the observed values of these quantities is shown 
by the solid lines. Because of the lower-than- 

Axial station 

(a) Case I. 
(b) Case 11. 

FIGURE 65.-Axial distribution of efficiency and axial 
velocity in multi-stage axial-flow compressors. 
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estimated boundary-layer thicknesses or the 
higher-than-estimated efficiencies obtained in the 
front stages of the compressor, the annular area 
for these stages is greater than it should have been. 
If the flow ahead of the compressor were that de- 
signed, the axial velocity leaving the front stages 
would be too low. Towards the middle of the 
compressor, the observed axial velocity would be 
so much less than its design value that the angle 
of attack on the blade rows would cause the stage 
efficiency to suffer and the boundary-layer block- 
age to increase. Flow separation might even 
occur. The axial velocity thereafter would not 
decrease as rapidly as before. It might still stay 
lower than the design value, however; and in any 
event the efficiency of the compressor always be- 
comes low enough or the flow distribution dis- 
torted enough for the air to fill the passage made 
for it. 

The opposite trend in axial velocity distribu- 
tion occurs when the efficiency is lower or the 
boundary-layer thickness is greater than the de- 
sign value. As indicated in figure 65(b), if the 
design mass flow were obtained, the axial velocity 
leaving the first stage would then be too high. 
The subsequent energy rise and pressure ratio 
would be too low, and the axial velocity would in- 
crease with respect to its design value. The axial 
velocity would eventually become so high that the 
angle of attack on the blade rows would be too low 
for efficient performance, and the efficiency would 
drop still further. In the extreme case, the veloc- 
ity would become so high that the rear stages would 
be choked. In this case the mass flow is limited, 
so that the axial velocity in the front stages may 
be reduced below that shown. 

As a matter of fact, experience indicates that, 
while the trends of figure 65 are observed, the flow 
usually adjusts itself so that the middle stages 
operate at about the optimum angles of attack; the 
front stages deviate in one direction about as far 
as the rear stages do in the other. In this way the 
excessive losses due to high angles of attack at  one 
end of the compressor are about equal to those re- 
sulting from low angles of attack at  the other end. 

It should be noted that an overestimated value 
of Kbk in equation (53a) is just as bad as an under- 
estimated value. The same thing may be said 
of the estimated blade-row turning and the total- 
pressure loss or efficiency. 

The inability to estimate Kbk correctly is the 
principal reason that most successful compressors 
have required at least some development. There 
is an urgent need for better design information on 
these problems. The present difficulty is not due 
to the fact that the problems have not been recog- 
nized. Instead, the difficulty lies in obtaining the 
required data. Multistage data are required be- 
cause efficiency and boundary-layer thickness are, 
among other things, functions of the axial posi- 
tion, which, in turn, partially determines the dis- 
tribution of flow ahead of a blade row. Actual 
measurement of the blockage in numerous com- 
pressors is of little value, since the blockage ad- 
justs itself to the design anyway. The blockage 
that is required for maximum efficiency, which is 
really the blockage desired, remains undetermined. 
Systematic readjustments in the annular area or 
the blade setting of a number of compressors will 
probably be required before correct estimates of 
the minimum required blockage area (that for 
highest blade-row efficiency) can be made. In 
the meantime, some development effort must be 
expended to exploit the merits of a given design 
fully. 

SYSTEM ADOPTED FOR DESIGN 
AND RESEARCH 

The preceding discussions have presented the 
techniques that have been useful for describing 
the important features of the threedimensional 
time-unsteady motion of the viscous fluid through 
an axial-flow compressor. They have also indi- 
cated the general approaches that have been uti- 
lized in compressor design. These design proce- 
dures simplify the threedimensional aspect of the 
problem by considering the main flow to be de- 
scribed essentially by two-dimensional solutions 
in two principal planes, thus making the problem 
mathematically tractable. 

First, the blade-element approach is used. That 
is, the flow in the blade-to-blade or circumferential 
plane is treated by considering flow about the 
developed blade profiles formed by the intersection 
of flow surfaces of revolution and the compressor 
blading (Sg. 32). The performance of such a 
blade element in the main flow is then described 
by a circumferentially averaged value of (1) turn- 
ing and (2) loss; these data are obtained experi- 
mentally, preferably under conditions similar to 
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those existing in the compressor. Thus, effects 
such as those arising from viscosity, time-unsteady 
flow, and blade-row interactions are accounted for 
in a gross manner. Losses may be treated as 
functions of cascade geometry of the blade ele- 
ment, inlet Mach number, diffusion factor, radial 
position of the blade element, and axial position 
of the blade row. Turning may be treated as a 
function of cascade geometry, loss, Mach number, 
and radial position of the blade element. On the 
basis of available experimental data, limits are 
suggested for certain critical design parameters 
such as Mach number and blade loading. 

Secondly, under the assumption of axial sym- 
metry, the average quantities in the blade-to-blade 
plane are used to describe the distribution of the 
flow in the hub-to-casing or meridional plane (fig. 
64). Equations representing the radial variation 
of this average state of the air are written for 
continuity, energy addition, and radial equilib- 
rium. In this system, certain difficulties are cre- 
ated by the hub and casing boundary layers. It 
is eventually hoped that reliable estimates of the 
state of the air can be made at  all radial positions, 
even within the wall boundary layers. For the 
present, however, the meridional-plane analysis is 
based on the main-flow region (A,-B, of fig. 421, 
and the effects of wall boundary layers are ac- 
counted for by applying gross corrections. 

In essence, then, a combination of twodimen- 
sional solutions in the two principal planes (cir- 
cumferential and meridional) is used to approxi- 
mate the complete three-dimensional flow. 
Comparatively excellent compressors have been 
and can be designed by this approach, if the 
essence of the derived technique is used in its 
entirety and if the data are not extrapolated too 
far. 

It is recognized that this quasi-three-dimen- 
sional design procedure can be an oversimplifica- 
tion of the problem, particularly as performance 
is extended to higher levels. However, this 
simplified flow model has been adopted for this 
series of reports on the basis that (1) it correlates 
experimental data as well as the more complicated 
systems that have been tested; (2) it provides 
adequate compressor designs, at least up to cur- 
rent levels of performance; (3) it has received 
general acceptance in the field; and (4) no practi- 

cal and tested three-dimensional design procedure 
is yet available. 

In practice, the design system can be considered 
to consist of three principal phases: 

(1) Design-point solution in the meridional 
plane: As previously indicated, this phase of the 
problem is based on the assumption of axial 
symmetry. The problem is reduced to a two- 
dimensional system, in which only radial and 
axial variations are considered, by assuming cir- 
cumferential averages to represent the flow at all 
points along the meridional-plane streamline. In 
many cases, the problem may be further reduced 
by ignoring the axial gradients as well. Equa- 
tions describing radial variations of these average 
values are written to account for equilibrium, 
continuity, and energy addition. For a given 
flow distribution ahead of a blade row, a quantity 
like the radial distribution of tangential velocity 
may be selected. Another quantity such as the 
axial velocity a t  the casing (required for a certain 
loading limit) may also be selected. The radial 
distribution of the axial component of velocity 
may then be calculated. Velocity diagrams (fig. 
66) may be then constructed at  each of several 
radii to depict the air velocities and flow angles at 
the entrance and discharge of each blade row. 
The functions of the blade elements are thus 
given. 

(2) Blade selection: This phase of the problem 
is based currently on the concept of blade-element 
flow, with the flow limited to the surfaces of a 

FIGUBE 66.-Typical rotor velocity diagram for a cascade 
element. 



90 AERODYNAMIC DESIGN OF AXIAL-FLOW COMPRESSORS 

cone that approximates the surface of revolution 
generated by rotating the meridional-plane stream- 
line (for the circumferentially averaged flow) 
about the axis (Sg. 64). Blade elements must 
then be selected that are consistent with the aver- 
age conditions established in the meridional-plane 
analysis. This requires a knowledge of loss and 
turning characteristics of compressor blade ele- 
ments. This information is usually provided by 
correlated empirical data, which are obtained 
from both two-dimensional cascades and from 
actual blade rows. 

(3) Off -design performance : With the compres- 
sor blading and geometry established, the final 
phase of design is the estimation of the performance 
characteristics of the compressor over a range of 
speeds and flows. A rigorous solution to this 
“analysis” problem involves the use of the rela- 
tions previously established in the meridional and 
blade-to-blade planes. 

As might be inferred from the preceding brief 
description, such a design system is not direct in 
the sense that a single step-by-step procedure will 
result, in the desired compressor. For example, 
becausc of the large number of factors involved in 
design (including matching with other engine 
components), the optimum compressor for any 
application is obtained only after a series of com- 
promises among these various factors. Obtaining 
the required off-design characteristics usually 
necessitates a trial-and-error screening of a num- 
ber of alternative desigqs. Therefore, this chapter 
does not attempt to outline a complete systematic 
step-by-step design procedure. Instead, the vari- 
ous elements entering into the design system that 
must be considered in the design process are sum- 
marized and interrelations are pointed out. The 
actual sequence in which these elements are then 
utilized is left to the individual designer. In the 
following discussion, the design concepts are 
grouped under the three principal phases previ- 
ously listed. 

DESIGN-POINT SOLUTION IN MERIDIONAL PLANE 

Over-all specifications.-As indicated in chapter 
11, the specifications for an axial-flow compressor 
in an aircraft gas-turbine engine cannot be stipu- 
lated in an arbitrary fashion. Preliminary design 
studies and combined engine and airplane analyses 
are usually needed before the requirements are 
su5ciently explicit to define the design. Based on 

these preliminary studies, the following data may 
be given: 

(1) Design weight flow 
(2) Design over-all pressure ratio 
(3) Design equivalent speed 
(4) Desired level of e5ciency 
(5) Range of operation for which a high level 

(6) Inlet and outlet diameters 
(7) Maximum velocity of air at compressor 

(8) Desired length and weight 
(9) Some idea of velocity distortions likely to 

In the process of design, adjustments in some of 
these initial specifications are necessary when they 
are not completely compatible. 

Velocity diagrams.-Initially, the meridional- 
plane solution is directed at  determiniig the 
velocity diagrams throughout the compressor for 
the design operating conditions. In  the past, 
analyses have been made in the attempt to estab- 
lish the most desirable radial distribution of 
velocity diagrams for aircraft gas-turbine applica- 
tion. For example, reference 35 showed that, for 
given Mach number and lift-coefficient limitations, 
the use of a symmetrical velocity diagram a t  all 
radii would produce higher mass-flow and pressure 
ratios than the free-vortex type of diagram. With 
the use of blade-element theory based on incom- 
pressible airfoil concepts and with the assumption 
of constant axial velocity across the blade row, it 
was also shown that the symmetrical velocity 
diagram a t  all radii was also optimum with respect 
to profile efficiency. 

With advances in the field, such as the raising 
of Mach number limits (ref. 41) and the establish - 
ment of more significant parameters for blade 
loading (ref. go), specific velocity-diagram types 
begin to lose their significance. Research results 
have shown that satisfactory performance can be 
achieved for a wide range of velocity diagrams. 
Although specific velocity-diagram types may still 
be used because of the resulting convenience in 
design calculations, the present trend in compres- 
sor design is toward a greater freedom in their 
choice. 

For example, raising the Mach number limita- 
tions has made free-vortex velocity diagrams 
attractive because of their simplicity. The design 
can be further simplified by specifying zero inlet 

of efficiency must be obtained 

outlet 

be encountered a t  inlet 
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and exit whirl in each compressor stage. With 
constant work input from hub to tip, as is fre- 
quently specified in compressor designs, calculat- 
ing the radial distribution of the velocity diagram 
becomes a rather simple process. High-perform- 
ance compressors have been obtained through the 
use of this design approach (refs. 50 and 51). 
Design equations.-In order to satisfy the aero- 

dynamic and thermodynamic requirements for the 
circumferentially averaged flow in the meridional 
plane, a number of the previously given equations 
are used. The enthalpy change brought about by 
a blade row in a tube of flow is given by the energy 
equation : 

Hz-Hi=- gR(Tz-Ti)=w(rzVe,z-riVe, 1) (36) 
or 

r 
7-1 

If the inlet flow conditions are known, for example, 
and the outlet tangential velocity is assumed, the 
temperature ratio T2/Ti may be computed. An 
assumed radial distribution of tangential velocity 
a t  the outlet thus determines the outlet radial 
distribution of enthalpy. The associated radial 
distribution of axial velocity between blade rows 
must satisfy equation (49), which is frequently 
called the equilibrium equation since it may be 
derived from the consideration of the radial equi- 
librium of forces: 

where 

and 

(46) 

(47) 

For axial symmetry with no radial flows, equation 
(48) assumes the following form: 

By integration, this equation becomes 

E-V;. t=2(H-Hi)-(R-E. i) 

The velocity V, at  any radius is then expressed in 
terms of VI,{ ,  the velocity at any reference point 
(e.g., the hub). By interchanging the limits of 
integration, the casing radius could be used as a 
reference point. 

d VO is given by 

1 

PV, Y-1 C+tn,+R)3 dr w=2-lir,l. ('-- g R T  

Notice that V",V?=Vf sec2 e (fig. 64). With a 
known value of e, the value of V, may now be 
determined at  any radius. For example: A value 
of V,, may be tentatively assumed; equation (56) 
then enables the corresponding values of V, to be 
found at  various radii;. substituting the known 
values of Ve and the tentative values of V, into 
equation (53b) determines the resulting mass flow 
w as a function of Th and rt. If rt is given, r h  is 
then found. If the values of Th and r1 are inde- 
pendently given, the mass flow calculated may dif- 
fer from the known value; another trial value of 
Vi is then assumed, and the procedure is repeated. 
In making this calculation, a value of Kak must be 
selected. For this and other details in these 
calculations, see chapter VIII. 

The static temperature at various radii at the 
outlet may now be determined by 

-2- gRt=- Y gRt+a 1 v",+s 1 E+z 1 E (37a) 
7-1 7-1 

If V, is known, V, may be estimated to be V, tan 
e (see fig. 64). 

The change in the total pressure of a stream tube 
through a blade row may be estimated by one or 
another form of the following equation: 

r 

=[ 1 +( 2- 1) qdJT (41) 

Estimates may be made of q,, or qd to determine 
Pz/Pl. Or, the change in the relative total pres- 
sure may be estimated and the entropy change 
determined from 



where 

(404 

Notice that V, may frequently be used in the 
thermodynamic equations even though it is effec- 
tively ignored in other correlations and equations. 
By using the entropy change in equation (41), the 
change in total pressure of a stream tube through 
a blade row is estimated. Notice that different 
efficiencies and entropy rises are required when the 
average change in total pressure over the entire 
blade row is desired. 

The change in the static pressure of each stream 
tube may now be determined by the equation 

Y P2 

The total pressures in this equation must be those 
in the given stream tube ahead of and behind the 
blade row. The associated change in density is 
finally given by 

or 
p= PgRt (34) 

(35) 

Average values of energy addition for entire blade 
row.-In order to determine mass-flow-averaged 
values of pressure and temperature (or efficiency) 
at the discharge of a compressor blade row, the 
contributions of the boundary layer. must be 
accounted for. As previously discussed, a precise 
integration from wall to wall is not possible, 
because of a lack of knowledge of the conditions 
within the boundary layer. In the main-flow 
region, however, all the conditions of state may be 
presumed to be known. A possible technique for 
accounting for the effects of wall boundary layers 
is to write the equations as if the main-flow condi- 
tions prevailed across the entire annular height, 
and to utilize modifying coefficients (based on the 
experimental data) to correct for the defects in the 
boundaT layer. As previously noted, this tech- 
nique is similar to that used for satisfying conti- 
nuity. A detailed discussion of techniques avail- 
able for establishing mass-averaged values of 

pressure, temperature, or efficiency is given in 
chapter VIII. 

Blade loading.--In the preceding sections, rela- 
tions have been presented that permit the designer 
to determine velocity diagrams. In  general, de- 
signers establish these velocity diagrams on the 
basis of optimizing such performance character- 
istics as specific mass flow, stage pressure ratio, 
and efficiency. Unfortunately, the conditions for 
obtaining maximum values of all three factors are 
not usually compatible. Therefore, the designer 
must consider the selected values of the design 
parameters on the basis of their effect on each of 
the several factors describing compressor perform- 
ance. Blade loading is one of the primary aero- 
dynamic factors influencing this performance that 
must be selected in the process of determining 
compressor velocity diagrams. It is apparent 
that large values of AVe are desirable with respect 
to obtaining a large pressure ratio per stage (eqs. 
(36) and (41)). In the past, the concept of maxi- 
mum lift coefficient as used in isolated-airfoil 
design has been also applied to compression to 
estimate the maximum blade turning angle, or 
loading limit, for which high efficiency may be 
obtained (e.g., the CLu limit of ref. 35). It has 
been recognized, however, that the lift coefficient 
is not completely adequate as a measure of loss 
variation and of loading limits in a compressor. 

An improved approach to the problem is one 
previously outlined. It considers the pressure 
distribution about a two-dimensional blade ele- 
ment in cascade and its influence on boundary- 
layer growth and separation. References 9 and 
38 show that loading parameters based on the 
diffusion on the suction surface provide improved 
criteria for loss and for limiting loading. The dif- 
fusion factor as proposed in reference 9 is given for 
the case of a rotor with no radius change as 

(54) 

A discussion of diffusion limits, as well as empirical 
loss correlations based on available experimental 
data, is given in chapters VI and VII. Notice 
that, for a given value of AV; and a given value 
of D, the corresponding value of Vl, is auto- 
matically determined. This value could be used 
as a guide for selecting Ve,f in equation (56), or, 
instead, V,, could be independently scheduled 
and V,, determined. 
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Relative Mach number.-Another important 
aerodynamic factor that has been discussed 
previously I s  the Mach number relative to rotor 
blade elements. As a result of the demand for 
high sta.ge pressure ratios and high mass-flow 
capacity, the trend in compressor design has been 
toward higher compressor relative Mach numbers. 
The earliest attempts (ref. 52) to utilize these 
high relative Mach numbers led to large sacrifices 
in efficiency. However, with an improved un- 
derstanding of the physics of flow over compressor 
blading (ref. 41), the gains associated with high 
Mach numbers have been achieved without cor- 
responding reductions in efficiency. High per- 
formance has been demonstrated in multistage 
axial-flow compressors utilizing local relative 
entrance Mach numbers above 1.0 (refs. 51 and 
53). Mach numbers up to 1.35 have been suc- 
cessfully utilized in single-stage units (ref. 18). 
It it generally accepted that this high level of 
relative Mach number can be maintained in com- 
pressors if proper consideration is given to the 
accompanying value of diffusion factor and to 
the form and thickness of the blade profiles. For 
routine design purposes, Mach numbeqs up to 1.2 
may be contemplaked. For higher Mach num-’ 
bers, more refined techniques must be used. 

Reynolds number.-Compared with the effects 
of loading and Mach number, theeffectof Reyn- 
olds number on compressor performance is of 
secondary importance for the current types of 
aircraft. Reynolds number in a compressor is 
usually expressed in terms of blade chord pVc/p ,  
and the effect of a reduction in Reynolds number 
is to reduce the pressure ratio, weight flow, and 
efficiency of the compressor. This reduction in 
pedormance depends basically on the develop- 
ment of the boundary layer over the airfoil 
surfaces, the magnitude of the effect depending 
on the magnitude of Reynolds number, the tur- 
bulence level, and the pressure gradients in the 
flow. Discussions of Reynolds number effects are 
included in chapters V, VI, and VII. Although 
Reynolds number has been largely ignored in the 
past, it may play an important role in establish- 
ing the size of the compressors in high-altitude 
aircraft. 

Axial velocity.-In a multistage axial-flow com- 
pressor, the axial velocity a t  the inlet is usudy 
fixed by the mass flow per unit frontal area and 
the compressor hub-tip ratio. The axial velocity 

a t  the compressor exit is usually fixed by the 
diffuser and combustor requirements. The exact 
scheduling of axial velocity between these points 
is largely a function of blade-row design. Large 
reductions of axial velocity across any one blade 
element should be avoided whenever possible, 
since, for a given value of AVO’, the diffusion factor 
is thereby increased. 

Hub and tip contours.-In a multistage axial- 
flow compressor, configurations are possible in 
which the tip diameter, the hub diameter, or 
both, vary from stage to stage through the com- 
pressor. As pointed out in reference 35, a pro- 
gressive increase in tip diameter is desirable with 
regard to maintaining high pressure ratios per 
stage and keeping the relative Mach number below 
a given value. However, the weight flow per 
unit frontal area is reduced. Furthermore, an 
increase in tip diameter results in reduced annular 
heights (for a given flow area) and reduced aspect 
ratios (for a given blade chord). Consequently, 
tip-clearance and annulus losses are probably 
larger for the increased tip diameter than for a 
comparable constant-tip-diameter design. More- 
over, the high relative Mach numbers that may 
now be used tend to reduce many of the advan- 
tages cited in reference 36. 

Cons tan t-hub- or constant- tip-diame ter designs 
offer some advantage with respect to fabrication 
and therefore are frequently used. However, 
there is increasing evidence that a configuration 
with a decreasing tip diameter may provide the 
best compressor layout, even though it may 
require one or two more stages for a given over-all 
pressure ratio. With respect to aerodynamics, 
the increased annular heights near the exit may 
also offer higher efficiencies. 

Thus, the h a 1  selection of the configuration in 
the meridional plane is seen to depend to a large 
degree on the application being considered. 
Again, this is a phase of design in which the 
designer has considerable freedom; a t  least, several 
designs should be evaluated to establish an 
optimum for a given application. 

BLADE SELECTION 

The basic principle of compressor blade selec- 
tion is that, if the blade element turns the air 
through the required angle with the predicted 
loss, the desired blade-row velocity diagrams will 
be closely achieved. The selection of blade 
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sections and settings for a given turning may be 
obtained from twodimensional-cascade testing 
(ch. VI and refs. 39 and 54) or from blade-element 
nieasurements made in rotating or stationary 
annular cascades (ch. VII). Loss data are usually 
based on measurements made in the actual com- 
pressor environment (ch. VII). By using data 
such as these, elements are selected to obtain the 
desired turning with a minimum loss and to 
provide a maximum range of operation. The 
complete blade is built up from the blade-element 
profiles determined at  several selected stations 
along the radial height of the passage. 

Blade profile.--Basic blade shapes for com- 
pressor application are usually obtained by (1) 
establishing a mean line and (2) imposing a thick- 
ness distribution on this mean line. This method 
of designation is a carryover from isolated-airfoil 
experiences. It should be noted that the mean 
line and thickness distribution do not have the 
same significance in cascades as they did in 
isolated airfoils. Mean lines may be based on 
geometric shapes (e.g., circular- or parabolic-arc) 
or on prescribed loading distributions (NACA AI,,). 
The mean-line shape is then scaled to give any 
desired camber. Thickness distributions are simi- 
larly determined; two popular thickness distribu- 
tions are the NACA 65-series and the British 
C.4. Variations in absolute blade thicknesses are 
obtained by proportionally scaling the basic 
thickness distribution. 

In the past, only a limited number of basic blade 
shapes have been used in compressor design, pri- 
marily because of the lack of adequate cascade 
data. In the United States, the NACA 65-series 
blade section has found the greatest application. 
In England, the blades with circular and parabolic 
mean lines have been used extensively. With the 
recent trend toward high Mach number applica- 
tions, however, blade sections such as the double 
circular arc (ref. 55) and the modified 65-series 
blades (ref. 54) have received the most attention. 
All these common denominators for developing 
blade families are rather synthetic. The aero- 
dynamic significance of geometric blade shapes 
changes so much with solidity and blade angle 
that some implied correlations are mislet-tding. 

Blade-element data.-The basic parameters se- 
lected in this report for the description of flow 
about compressor blade elements are 

(1) Incidence angle i (angle between inlet 
airflow direction and tangent to mean line 
at leading edge, fig. 32) 

(2) Deviation angle 6’ (angle between outlet 
airflow direction and tangent to mean line 
at trailing edge, fig. 32) 

(3) Total-pressure-loss coefficient ;J’ 
Incidence angle has been selected as the basic di- 
rectional approach parameter rather than angle 
of attack, since incidence angle is independent of 
blade camber and therefore provides a more sig- 
nificant description of flow around the blade lead- 
ing edge. Deviation angle is selected as a measure 
of the blade guidance capacity; turning angle can 
then be determined by the relation 

Ap=cp+i-6° (57) 

The loss coefficient is defined as 

where (P:/P;)id is 

Blade-element characteristics are presented in 
terms of these turning and loss parameters in 
chapters VI and VII. In chapter VI, the data 
are correlated for blades in a twodimensional 
low-speed cascade; in chapter VII, the data are 
given for blade elements of single-stage rotors and 
stators. 

In the latter case, data are presented as func- 
tions of the radial position of the element. 
Through the use of this type of experimental 
data, obtained in the actual compressor environ- 
ment, it is hoped that the important effects of 
three-dimensional flows will be accounted for. 
This concept is probably valid if the design under 
consideration does not deviate too greatly from 
the conditions under which the data were obtained. 
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Chord length and number of blades.-The aero- 
dynamic design normally establishes the desired 
value of the cascade solidity. The actual selec- 
tion of the chord length and number of blades 
then involves a consideration of a large number of 
factors, including blade-chord Reynolds number, 
weight, available length, blade root choking, 
blade root fastening, steady-state stresses, vibra- 
tory stresses, and manufacturing problems. Over 
and above many of these factors is the fact that 
the curvature of the hub and casing changes with 
chord length. This factor is discussed in the 
section REQUIRED IMPROVEMENTS IN ANALYSES. 

OFF-DESIGN ANALYSIS 

With the compressor flow channel and the 
blading established, the final phase of compressor 
design is the estimation of the performance of the 
compressor over a range of speeds and flows. 
Basically, the same relations and data are re- 
quired for a thorough treatment of this problem. 
This blade-element type of solution, however, 
necessitates a rather complete knowledge of the 
blade-element flow, radial equilibrium, boundary- 
layer growth , blade-row interactions , radial mix- 
ing, and so forth. Unfortunately, this type of 
information is limited, and the prediction of com- 
pressor performance on the basis of the integration 
of blade-element characteristics is probably limited 
to operating points close to design. In particular, 
this technique always breaks down when a stalled 
condition occurs in the blade rows and may break 
down sooner owing to the lack of appropriate 
data concerning the behavior of K,, and loading 
limits in the latter stages of a compressor. 

Other simpler and more approximate approaches 
to the prediction of off-design performance have 
been developed. In particular, a stacking tech- 
nique that utilizes certain generalized stage per- 
formance curves has been used effectively in the 
qualitative study of off -design operating prob- 
lems. A discussion of those techniques which are 
available for prediction of off-design performance 
of multistage compressors is given in chapter X. 

REQUIRED IMPROVEMENTS IN ANALYSES 

As previously noted, there are three areas in 
which a better understanding of the flow is re- 
quired in order to improve design techniques. 
One area encompasses the problem of estimating 

the radial distribution of flow in compressors of 
advanced design. The second area concerns the 
problem of treating the boundary layers a t  the 
hub and casing. The third area deals with the 
problem of estimating loading limits. Some of 
the work that has been done to clarify these 
problems is discussed in this section. While none 
of the work is far enough advanced to be included 
in a recommended design system, some phases can 
be useful for refking the design calculations. In 
other cases, the work has progressed only far 
enough to partially identify the real underlying 
problems. 

RADIAL DISTBIBUTION OF FLOW 

The problem of accurately estimating the radial 
distribution of the flow in compressors of advanced 
design may be appreciated from the following 
considerations. In order to obtain high flow 
capacity and short length, the first rotor of ad- 
vanced multistage compressors may look more 
like those shown in figures 67 (a) and (b) than 
that shown in figure 67(c), which represents 
current practice. The higher pressure ratios in 
the new designs require a greater change in the 
annular area through the blade row, and the 
chord length will be as small as possible. In 
order to obtain high airflow capacity, the new 
designs wil l  have lower hub-tip ratios and higher 
axial velocities. 

Because of these differences in geometry, the 
curvature of the streamlines of figure 64 will be 
greater for the new designs. In  flowhg through 

_ _ _ - ~  
(a 1 (b) (C 1 

(a) Advanced design. (b) Advanced design. 
(c) Current design. 

FIGUEE 67.-Schematic drawing of several compressor- 
inlet stages. 
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the stream tubes, the air exerter a centrifugal 
force: 

gc= e V: 
The large curvatures and high axial velocities 
make d", have the same order of magnitude as 

which is the centrifugal force resulting from the 
rotation of the air about the compressor axis. 
(Eqs. (48a) and (48b) are essentially based on 
the premise that gc is low enough in comparison 
with g B  to be ignored.) Since has been 
found to be quite important (it is a dominant 
term in eq. (48a)), it follows that gc must also 
be taken into account in the new designs. 

An indication of the problems encountered by 
neglecting curvature is obtained from reference 
57. An investigation was made of a single-stage 
compressor with an inlet hub-tip ratio of 0.4 and 
an inlet axial velocity that was intended to be 
constant along the radius. Tests showed, however, 
that the inlet axial velocity actually had the 
variation shown in figure 68. The ordinate in 
this figure is the ratio of the measured axial 
velocity to that at the mean radius. While the 
difference between the design and observed 
velocities did not seriously affect the average 
performance of this particular rotor, it did upset 
the flow in the neighborhood of the casing. Both 
the angle of attack and the blade loading can 
be critically upset by this order of error, and the 
multistaging effects become undesirable. 

Some methods of including the effects of stream- 
line curvature in the flow analysis have been 
.developed for mixed-flow compressors (ref. 58). 
These methods are similar to those attributed to 
Fliigel in reference 59 (vol. I). Substantial im- 
provements in the design performance of these 
compressors immediately resulted from the use of 
this technique (refs. 60 and 61). It enabled the 
designer to eliminate adverse or impossible flow 
situations that would otherwise be unknown. 
The method has also been extended to turbines 
(ref. 62). As shown in references 63 to 65, 
techniques such as this had to be used when the 
curvature of the hub and the axial velocities 
were high. Otherwise, the measured velocity 
distribution differed so much from that designed 
that poor performance was inevitable. In other 
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FIGURE 68.-Inlet axial velocity distribution for compres- 
sor of reference 57. 

instances, premature choking within the blade 
row could be recognized and avoided in design 
only by using such an analysis. 

The extent to which these methods can beused in 
axial-flow compressors is unknown. The small 
chord length compared with the blade spacing 
and the span makes some of the necessary assump- 
tions rather tenuous. Perhaps some of the 
techniques reviewed in chapter XIV may have 
to be used. One critical problem is that of 
estimating the circumferentially averaged flow 
distribution through the blade row for flows at 
high Mach numbers. Some hope is offered by the 
approximate methods of reference 18. In partic- 
ular, the method used for designing the Mach 1.35 
rotor in reference 18 may be of value, crude 
though it is. More work along these lines is 
necessary. 

HUB AND CASING BOUNDARY LAYERS 

One of the greatest limitations of current design 
techniques is the fact that the flows in the hub and 
casing boundary layers cannot be correlated 
against anything definite. The importance of 
this problem has been the impetus for a con- 
siderable amount of research, both in the field of 
compressors and in the allied field of turbines. 
The results of preliminary studies suggest that 
the key to the problem may be an understanding 
of secondary flows. Some noteworthy advances in 
this understanding are described in the following 
paragraphs. 

Secondary flows of blade boundary layer and 
wakes.-Detailed studies of the flow distribution 
in annular stators (ch. XV) reveal that some of the 
losses at the blade ends may be created or trans- 
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ported there by secondary flows. One type of 
secondary flow arises from the requirement of 
radial equilibrium (eq. (377), ch. XIV): 

Within the boundary lay 
row, the pressures and pressure gradients are 
approximately the same as those in the adjacent 
potential-flow streams. In the type of stators 
normally used, the value of V, is small in the main 
stream, and the values of Ve and V, are lower in 
the boundary layer and wakes than they are in 
the main stream. Unless gf,,, is also large, the 
derivatives of V, must increase (in the absolute 
sense), and V, may thus assume moderately 
high values. When the boundary layers are thin, 
the value of gfr, , throughout the entire boundary 
layer may be high enough to prevent large radial 
movements of the flow. When the boundary 
layers are thick, however, the frictional forces are 
relatively low. The boundary layer on the stator 
blades then flows from a region of high pressure 
to one of low pressurethat is, toward the hub. 
Since the value of gf,,r is small in the wakes, the 
fluid in the wakes also moves toward the hub. 
Physical evidence of this flow is presented in 
chapter XV. 

In rotors, on the other hand, the boundary 
layers and wakes travel radially outward. Since 
the tangential velocity of the blades is greater than 
that of the main stream, the value of Ve in the 
boundary layer exceeds that of the main stream. 
The sign of the derivatives of V, is thus reversed. 

Existing evidence, such as that reviewed in 
chapter XV, suggests that a considerable portion 
of the losses near the casing of a rotor and near 
the hub of a stator may be attributed to losses 
created at some other point of the blade and trans- 
ported to these regions. Besides just being there, 
the boundary layers at the blade ends may disturb 
the flow enough to induce flow separation and 
thereby create additional losses. Conversely, 
the movement of boundary layers away from the 
rotor hubs and stator tips may permit these 
regions to operate at conditions that would be 
impossible for their two-dimensional counterparts. 
This reasoning could partially explain why the 
cascade elements of rotor hubs and stator tips 
can sometimes operate at higher angles of attack 
than their two-dhnensional counterparts. 

d wakes of a b 

691-S64 0 4 - 8  

Cross-channel flows and passage vortex forma- 
tion.-Secondary flow also describes a movement 
of the boundky layer on the hub or casing. 
The flow is from the high-pressure side of one 
blade to the low-pressure side of the adjacent 

The phenomenon 
that for the radi 

bed. The transverse pressure 
main flow are again greater than those which 

the slowly moving boundary layers can support. 
Part of these gradients are resisted by friction 
and the rest tend to accelerate the flow to the 
low-pressure region. The experiments reviewed 
in chapter XV show that the boundary layers 
move across the passage and then roll up into a 
vortex (fig. 69(b)). It is conceivable that this 
movement of boundary layer may cause the flow 
near the suction surface of the blade ends to be 
more easily separated than the corresponding flow 
in ideal two-dimensional cascades. 

Flow in blade end regions with clearance.- 
Other secondary flows result from the clearance 
between the blades and the adjacent wall. If the 
blades and the wall are stationary, air flows 
through the clearance space from the high- to the 
low-pressure side. It then rolls up as a vortex 
(fig. 70(a)). If the wall is moving with respect to 
the blades (such as an unshrouded rotor tip or 
stator hub), the blades may also scrape the bound- 
ary layer from the walls: a vortex similar to that 
of figure 70@) is then formed near the presslire 
side of the blades. 

Mixing of hub and casing boundary layers with 
main flow.-After the boundary-layer distribu- 
tions are established behind a blade row (e.g., a 
rotor), the following blade row (in this case a 
stator) ten+ to mix them with the main flow. 
This behavior is clearly shown in reference 66. 
Figure 71(a), taken from this reference, shows the 
measuring stations and radial positions of meas- 
urements taken to determine the radial distribu- 
tion of the efficiency of the rotor and the corre- 
sponding radial distribution of efficiency of rotor 
and stator. An example of the efficiency distri- 
bution is shown in figure 71(b). Because the 
rotor was severely loaded (large D), the rotor 
efficiency dropped rapidly in the vicinity of the 
outer radius. Measurements after the stator, 
however, indicated that the over-all efficiency at 
the outer radius was higher than that measured 
after the rotor. At the inner radii, the efficiency 
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FIGURE 69.-Secondary flow resulting from boundary layer on annulus walls. 
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was much lower. The increase in efficiency at  
the outer radius can only be explained by a radi- 
ally inward movement of the thick boundary 
layer as the flow passes through the stator. This 

to explain the low efficiency 
e stator at the inner radii. 

and vice versa. Although the energy added to 
the main flow by the hub and casing boundary 
layers usually does not noticeably increase the 
enthalpy of the main flow, these wayward move- 
ments of the boundary layer make the correlation 
of losses a difficult problem. Among other things, 
the losses transported by the boundary layer to a, 
given radius must be separated from those created 
at that radius. The losses created must, in turn, 
be divided into those which are inherent a t  the 
radius in question and those which are induced or 
allayed by the inward or outward flux of the 
boundary layer. To date, no satisfactory tech- 
nique has been found for separating these losses. 
A t  present, perhaps the best alternative is to con- 
tinue to report the observed losses a s  a function 
of four quantities: the aerodynamic loading of the 
blade element, which involves relative Mach 
number and something akin to the diffusion fac- 
tor; the geometry of the cascade element; the 
radial position of the element with respect to the 
hub and tip; and the distribution of flow ahead of 
the blade row. 

LOADING LIMITS 

The analyses presented in references 9 and 38 
suggest that the loading limits of a two-dimen- 
sional cascade can be quite ably described. Ex- 
perience in actual blade rows, however, indicates 
that the loading limit of a cascade element de- 
pends upon the location of the element. Cascade 
elements near the casing of a rotor seem to stall 
at lower loadings than those near the center of tbe 
span or near the hub. There are also some indi- 
cations that the hub regions of a stator are critical. 
Moreover, the condition of the hub and casing 
boundary layers is suspected to play an important 
role in determining the loading limit of the nearby 
cascade elements. 

Because of the importance of the problem of 
loading limits, a large amount of work is being 
devoted to it. One of the questions to be an- 
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(a) Measuring stations. 
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FIGUBE 71.-Measuring stations and radial variation of 
efficiency for compreasor A of reference 66. 

swered is whether or not the ideas expressed by 
equation (55) are the important ones. Another 
important question is concerned with estimating 
the various terms of this equation. Still a third 
problem is the determination of the way the inlet 
flow conditions influence the loading parameter. 

Improving the understanding of these loading 
limits is another incentive for continued effort in 
the study of ideal flows and the study of boundary 
layers. Reasonably simple yet accurate methods 
of estimating the critical velocities about various 
cascade elements are required. The interrelation 
between boundary-layer behavior and the pres- 
sure gradients created by the main flow must be 
better understood. Intensive efforts, both theo- 
retical and experimental, will probably be re- 
quired to pinpoint the answers within a tolerable 
range. 
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CONCLZIDING REMARKS 

A general picture of the flow characteristics of 
axial-flow compressors has be 
cating those features that 
the design process. On the basis of this qualita- 
tive description of flow, the structure of a design 
system is outlined. The individual elements of 
the design system, including basic techniques and 

-% 

equations, are summarized. Also noted are some 
of the important gaps in knowledge, where art 
must be substituted for science. This informa- 
tion provides a design system and summarizes 
much of the work presented in the succeeding 
chapters. This general 
these chapters to provide 
describe the techniques of 



CHAPTER IV 

POTENTIAL FLOW I N  T W O - D I M E  IONAL C A S C  S 
By WILLIAM H. ROUDEBTJSH 

The complerity of f i e  $ow of a $uid through a 
rotating blade row makes a direct theoretical attack 
on the general problem very di@cult. However, the 
$ow through axfal-$ow compressors, at least near 
the mean radius, i s  often su$ciently close to a mathe- 
matically two-dimensional $ow that valuable results 
can be achieved by using two-dimensional theory. 

An extensive review i s  presented of the literature 
concerning plane potential $ow in cascades. No 
m,ethod of determining the $ow i s  preferable under 
all conditions. The nature of the individual prob- 
lem and the computing equipment available will 
dictate the method to be used. Some of the available 
techniques for  solving the two basic problems, de- 
sign and analysis, are evaluated: and several of the 
methods that have been used satisfactorily are 
presented in considerable detail. 

The potential-$ow cascade theories to be discussed 
are indicated by author in the chart on page 10.2, 
which is arranged with regard to general regions of 
applicability. The divisions are not absolute and - _  
can serve only as a general guide. The 
denote those authors whose methods are 
deta,il in this chapter. 

are not restricted to plane flow, as d be indi- 
in the discussion. 

The exact theoretical treatment of two-dimen- 

one of the very difficult practical engineering 
problems. 

Since a complete solution is not currently ob- 
tainable, another approach must be used. His- 
torically, a problem of this nature is treated by 
making simplifying assumptions. Chapter I11 
indicates that flow through an axial-flow com- 
pressor can be represented in many important 
instances by a combination of essentially two- 
dimensional solutions. Generally speaking, one 
of these solutions is from hub to shroud and the 
other is from blade to blade. 

Within the limitations discussed in chapter 111, 
the change in radius of a particle passing through 
a compressor blade row can be assumed small, 
and the two-dimensional blade-to-blade flow sur- 
face is taken as cylindrical. This cylindrical 
surface can be developed into an infinite plane 
cascade. The theoretical determination of the po- 
tential flow about such a cascade is treated in the 
present paper. Some of the methods considered 

INTRODUCTION 

Compressor design techniques should always 
reflect the current basic knowledge of airflow. 
Time limitations may prevent a designer from 
using refined theoretical methods in individual de- 
sign problems, but the simpliiying assumptions 
made should be based on a sound theory. Unfor- 
tunately, the flow through a rotating blade row is 
very complex. The three-dimensional potential- 
flow equations, representing a highly idealized 
flow and a substantial simplification of the true 
problem, still cannot be solved satisfactorily. The 
added daculties of boundary-layer buildup and 
displacement, separation, tip-clearance effects, 
compressibility effects, unsteady flow, and local 
regions of supersonic flow make compressor design 

sional-cascade flow is not a simple problem, and 
past investigators have relied heavily on experi- 
mental cascades to obtain basic flow information. 
Early experimental cascades, however, did not 
successfully achieve two-dimensional flow. The 
data obtained in different cascades exhibited a 
considerable lack of uniformity, primarily as a 
result of using blades of small aspect ratio in differ- 
ent tunnel geometries without adequate boundary- 
layer bleed. It was difficult to separate the essen- 
tial characteristics of the two-dimensional flow 
about a given blade system from the characteris- 
tics introduced into the flow by the individuality 
of the particular cascade operation. As a result, 
comparison of early experimental and theoretical 
results was not always practicable. 
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I Incompressible 
I f 

J Direct 1 I Inverse I 
I I 
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F. Weinig 
E. Pistolesi 
V. Lieblein 
H. Woolard 
N. Scholz 
A. Howell 
S. Katzoff * 
R. Finn 
C. Laurence 
I. Gaxrick 
W. Mutterperl 
J. Erwin 
L. Yacobi 

I 
H. Woolard 
W. Mutterperl 

I Incompressible I 

6. MacGregor 

C. Brown 
J. Stanitz 
V. Prian 

Inverse 

J. Ackeret 

L. Sheldrake 
J. Stanitz * 

C. Brown 

W. Traupel 1 

J. Stanitz 
v. Prian 

J-I 

A. Goldstein 
M. Jerison 
M. Lighthill 
F. Weinig 
A. Goldstein * 
A. Haneen 
P. Yohner 

Inverse 0 ~1 L. Sheldrake 

I c. w u  I 

G. Costello 

F. Clauser 

*Methods presented in detail in this chap&. 
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This situation has been corrected in recent 
cascades by the development of successful bound- 
ary-layer controls. A close approximation of two- 
dimensionality has been obtained, and accurate 
data are now available (see ch. VI). Therefore, 
it has become possible and highly desirable to 
interpret experimental cascade results in the light 
of theoretical analyses. In the future develop- 
ment of axial-flow comp om, more accurate 
predictions of turning angles and loss character- 
istics wdl probably be required over a wider range 
of operating conditions. A careful coordination of 
theory and experimental data may make possible 
accurate extrapolation of present data and should 
also provide a guide to future experimentation. 
Research on the off-design problems, in particular, 
can profitably employ this coordinated approach. 

The flow of a viscous fluid through a cascade 
cannot yet be determined in its general form. 
However, since the effects of the viscosity are 
concentrated, in many cases, a t  the blade surfaces, 
the problem can be treated by boundary-layer 
theory. In this event the flow outside a narrow 
region at the boundaries is practically irrotational. 
Potential-flow calculations of ten provide reason- 
able pressure distributions, although they com- 
pletely ignore viscosity. At times when thick 
boundary layers or separation exists or when 
knowledge of loss is desired, the potential-flow 
solution does not alone suf€ice. Even then, how- 
ever, the pressure distribution obtained from the 
potential-flow calculation is indispensable for 
boundary-layer computation by existing methods. 
For these reasons the two-dimensional potential- 
flow solutions provide what is probably the most 
important single theoretical tool for analyzing the 
flow through an axial-flow compressor. 

A survey of the large body of existing plane 
potential-flow theory may help to increase its 
present application. Although the theory has 
attained a high degree of completeness, the time 
involved in obtaining exact solutions is consider- 
able. A reduction in time may be anticipated if 
the methods are used and understood and if 
attempts are made to adapt them to modern 
computing equipment in the most practical man- 
ner. There are also simplified approxim 
tions that save time and may be quite worthwhile. 
Often the range of application of such methods is 
quite restricted; and accurate results in certain 
regions, such as the leading edge, are sometimes 

unobtainable. Subsequent examination may re- 
veal, however, that, some of these approximations 
are substantially valid in the region of interest to 
designers of axial-flow compressors. 

An extensive review of the literature on the PO 
tial flow about cascades is presented herein. Many 
of the methods are unds 
of limited available use. 
No method is universa indi- 
vidual nature of a particular problem and the 
computing equipment available are large factors 
in determining the method of solution to be used. 
Some of the methods that have been used success- 
fully are presented in detail to illustrate the 
mathematical techniques and to indicate the 
nature of the actual computation. 

SYMBOLS 

The following symbols are used in this chapter: 
a 
8 
e 
C 

CP 
C* 

D 
E 
f eK 
9 
h 

hl 
hz 
h* 

I 
1 
1 k 
1te.P 

4,s 

1* 

A4 
m 
P 
P 

speed of sound 
dimensionless blade thickness 
curvature 
chord length 
specific heat a t  constant pressure 
characteristic length of thin blade for 

height of water surface 
electric-field strength 
locations of singularities in circle plane 
acceleration due to gravity, 32.17 ft/sec2 
mapping function defined by eqs. (72) to 

real part of h 
imaginary part of h 
mapping function corrected to satisfy 

closure conditions 
electric-current density 
distance along streamline 
leading-edge stagnation point 
trailing edge approached from pressure 

surface 
trailing edge approached from suction 

surface 
function relating corrected distance about 

blade perimeter to circle central angle 
Mach number 
plate thickness 
total or stagnation pressure 
static or stream pressure 

small-perturbation theory 

(75) 
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velocity in compressible medium 
vector velocity in compressible medium 
disturbance velocity in small-perturba- 

electrical resistance 
radius 
blade spacing 
dimensionless blade spacing 
total or stagnation temperature 
static or stream temperature 
velocity in incompressible medium 
vector velocity in incompressible medium 
velocity in cascade plane expressed as 

function of circle plane coordinates 
velocity in cascade plane expressed as 

function of circle plane coordinates 
corrected for closure condition 

disturbance velocity in small-perturba- 
tion theory 

complex potential function 
complex velocity 
rate of mass flow 
complex velocity in cascade plane ex- 

pressed as function of circle-plane 
coordinates 

tion theory 

abscissa in cascade plane 
axial length of region of validity of 

solutions by ref. 136 
dimensionless distance along z-axis 
ordinate in cascade plane 
dimensionless distance along y-axis 
complex variable in cascade plane 
angle between air velocity and x-axis 
circulation 
ratio of specific heats 
blade-chord angle, angle between blade 

increment in x-direction 
increment in y-direction 
complex variable in plane of mapping 

imaginary part of 2 
constant in affine transformation (117) 
angle made by tangent to blade profile 

thickness ratio, $12 
real part of 
density 
solidity, ratio of chord to spacing 
potential function 

chord and z-axis (fig. 72) 

circle 

and x-axis 

4 electric potential function 
9 disturbance potential function 
(P 

(PIe 

p t C p  

( P ~ ~ , ~  

9 stream function 
9 electric-current function * pressure coefficient 
Q specific resistance 

Subscripts: 

- 
central angle in mapping circle plane 
angle corresponding to leading-edge stag- 

angle corresponding to trailing edge ap- 

angle corresponding to trailing edge ap- 

nation point 

proached from pressure surface 

proached from suction surface 

A 

a 
add 
add, 
addu 
av 

C e 
c 
cs  

cn 
cr 
d 

du 
inc 
1 
le 
m 

m m  

P 
r 

te 

0 

S 

2 

Y 
2 

r 
1 
8 
z 
1 
2 

stagnation conditions 
additional 
additional due to sources 
additional due to vortices 
arithmetic average of values at suction 

and pressure surfaces 
compressible 
curvature 
compensating 
compensating due to sources 
compensating due to vortices 
critical 
disturbance 
disturbance due to sources 
disturbance due to vortices 
incompressible 
arbitrary position along potential line 
leading edge 
mean of upstream and downstream condi- 

tions 
maximum 
isolated airfoil 
pressure surface 
radial direction 
suction surface 
trailing edge 
direction of z-axis 
direction of y-axis 
in cascade plane 
circulatory 
in mapping circle plane 
tangential direction 
total 
upstream at  infinity 
downstream at infinity 
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GENERAL CONSIDERATIONS 

Potential-flow theory, as it pertains to two- 
dimensional cascades of blades, is concerned with 
two basic problems, referred to as “direct” and 
( I .  mverse.” 
the geometry of a cascade and a characteristic 
velocity (usually the velocity vector far up- 
stream, or ijm, the mean free-stream velocity vector; 
see fig. 72) are given. A solution yields the velocity 
distribution in the region of the cascade. For the 
inverse (or design) problem, the velocity distribu- 
tion on the surface of a cascade blade is given 
along with the vector velocities far upstream and 
far downstream. A solution, if one exists, gives 
the geometry (blade shape, chord angle, spacing) 
of the cascade. 

In solving either the direct or inverse problem, 
an important distinction exists in the underlying 
approach. From figure 72 it can be seen that the 
flow about the cascade is given from a knowledge 
of the flow between streamlines bb and dd as a 
result of the periodicity of the flow pattern in the 

In the direct (or analysis) problem, 

d 

C 

b 

d a 

C 

b 

FIGURE 72.-Two-dimensional cascade. 

direction of the y-axis. Similarly, a knowledge of 
the flow field between streamlines aa and cc con- 
stitutes a complete solution. When the cascade 
flow field is considered to be made up of sections 
of the type bbdd, the cascade is pictured as an 
infinite array of isolated bodies. On the other 
hand, when sections of the type aacc are consid- 
ered, the cascade appears as an infinite array of 
adjacent channels. 

As a result of these two basic points of view, 
different mathematical techniques are employed 
in the two cases. Either point of view is theoreti- 
cally applicable for a given cascade. However, 
the mathematical techniques employed in the 
“isolated-body” approach become clumsy and 
tedious as the effects of the neighboring blades on 
each other become large. Similarly, the “channel- 
flow” approach works well only when the neigh- 
boring cascade blades exert an appreciable guid- 
ance on the fluid. Hence, the cascade solidity u 

(ratio of chord length to spacing) determines the 
point of view that should be adopted for a given 
cascade. The solutions considered are divided 
into “low-solidity” and “high-solidity” methods, 
where each of these distinctions is subdivided into 
its relation to the direct and inverse problems. 
It must be noted that the classification by solidity 
is not rigid; but may depend on such factors as 
cascade stagger angle, experience with the tech- 
nique, and the computational equipment available. 

Although few of the methods of solution have 
been widely used, in most instances some solutions 
have been obtained by the author of the method. 
In some cases, experimental cascades have been 
investigated and compared with the theoretical 
results. Some authors have compared their solu- 
tions with other theoretically obtained solutions. 

While the ultimate objective of any theoretical 
method is to design or analyze an actual cascade, 
there exists a practical difFiculty in appraising a 
theoretical method by comparison with an actual 
cascade. Such an evaluation is indecisive, since 
the fluid has been divested of a t  least some of its 
natural properties by the mathematician. There- 
fore, the most reasonable test of a given theoretical 
method is comparison with an exact known 
theoretical solution. Such exact solutions do exist 
comparable to the Joukowski airfoils of isolated- 
airfoil theory. If this comparison is good, the 
new method is satisfying its function by predicting 
the flow of an idealized fluid. Determining the 
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flow relations that actually exist about the experi- 
mental counterpart of a theoretically determined 
cascade is an entirely different problem, which has 
not been adequately investigated. 

In this chapter an attempt is made to discuss 
and, to some extent, to evaluate many of the 
theoretical methods available to the designer. 
Experimental data are not used for purposes of 
evaluation for the reasons given in the preceding 
paragraph. Three design methods (two for high 
solidity and one for low solidity) and three analysis 
methods (two for high and one for low solidity) 
are presented in detail. 

LOW-SOLIDITY CASCADES 

Almost all the available work on low-solidity 
cascades has been done on incompressible flow 
because of the intractability of the nonlinear 
equations involved in the compressible-flow prob- 
lem. The assumption of constant density is 
justifiable for a considerable range of low Mach 
number flows. When sonic speeds are approached 
in regions of the flow field, the effects of density 
variation are, of course, pronounced. If shock 
waves occur, qualitative as well as quantitative 
errors may he introduced. Therefore, some 
methods of treating compressible flows and cor- 
recting incompressible-flow solutions for the effects 
of compressibility are discussed following the sec- 
tions concerning the direct and inverse problems. 

THE DIRECT PROBLEM 

The pattern for solution of the direct problem 
has developed along two distinct lines. The first 
npproach is to find a conformal mapping of the 
cascade onto a simple geometric shape, such as a 
straight line or a circle. The flow about the 
simple shape is readily determined, and the 
mapping function is applied to yield the desired 
flow about the original body. This method of 
solution has been of considerable mathematical 
interest for many years. 

The second approach to the problem is based on 
the following fact: The effect of asolid body on the 
fluid surrounding it can be closely approximated 
by replacing the body with a carefully chosen 
system of flow singularities (sources, sinks, vor- 
tices). The characteristics of these singularities 
are well-known, and their effect on the uniform 
flow can be obtained. 

By way of introduction to the cascade problem, 

the history of the application of these two ap- 
proaches to the isolated-airfoil problem is dis- 
cussed briefly in the following section. 

Isolated airfoils.-Early significant results con- 
cerning the flow of fluid about an isolated airfoil 
were achieved by Kutta and Joukowski. The 
theory was extended and improved by von 
Khmiin, Trefftz, von Mises, and many others 
(see ref. 67). This is an exact theory of special 
airfoil shapes that are obtained from a circle by 
simple conformal transformations. The airfoils 
thus obtained are not superior aerodynamically 
to many others, and a method to analyze the flow 
about arbitrary wing profiles was considered 
necessary. 

A significant contribution to the problem was 
made by Munk (ref. 68), who presented a tech- 
nique for determining the over-all characteristics 
of the flow about a thin, slightly cambered airfoil 
of otherwise arbitrary shape. The mapping 
z=(+l/( is used to transform the thin airfoil 
(actually the camber line) into a near-circle in the 
(-plane. The near-circle is transformed into an 
exact circle resulting in a simple integral equation 
for determining the stagnation point of the flow 
about the exact circle. When the location of the 
stagnation point is known, the circulation (and 
consequently the lift) can be determined about the 
circle and hence about the airfoil. The technique 
is improved and utilized by Glauert in reference 
69, where several comparisons are made wit.h 
experimental data. 

In 1923, Birnbaum (ref. 70) applied a method of 
singularities to the same problem. The thin air- 
foil is replaced by a continuous distribution of 
vortices along the mean camber line. This method, 
which is applicable to the inverse as well as the 
direct problem, is set forth in detail by Glauert in 
his text on airfoil theory (ref. 72). Glauert uses 
the trigonometric series 

cot :+% n=l A, sin nB 

for the distribution of vorticity. The abscissa x of 
the airfoil is related to 6 by 

C z=- 2 (l-cos e) 

The constants A, a.re determined by the shape of 
the camber h e .  The first term of the expression 
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for the vorticity distribution represent5 the dis- 
tribution on a straight-line airfoil, and the sine 
terms compensate for the curvature of the thin 
airfoil. This expression has been used in cascade 
work as well as in isolated-airfoil theory. 

In later work along these lines, source and sink 
distributions were added by Allen (ref. 72) to 
approximate the effect of airfoil thickness. How- 
ever, since the solution still applied only to thin 
airfoils of small camber, a more general solution 
was desired. 
In 1931, Theodorsen (ref. 73) and Theodorsen 

and Garrick (ref. 74) produced an exact solution 
to the direct problem of two-dimensional, incom- 
pressible flow about an airfoil of arbitrary shape. 
A Joukowski transformation is used to map the 
airfoil into a near-circle. The mapping of the 
near-circle into an exact circle then leads to an 
integral equa,tion, solved by an iteration process. 
(The numerical evaluation of the cotangent inte- 
gral in the Theodorsen method is considered in 
refs. 75 and 76.) This general solution had con- 
siderable significance both in the impetus it gave 
to the work on the airfoil problem and in its 
direct application to later work on cascades of 
airfoils. A consideration of conditions sufficient 
to assure convergence of the iteration process of 
Theodorsen appears in reference 77. 

Cascades.-The development of the theory of 
flow about cascades of blades is similar to the 
development of the isolated-airfoil theory. Par- 
ticular cascades, corresponding to the so-called 
“theoretical airfoils” of the isolated-airfoil theory, 
were developed (refs. 78 and 79). Solutions were 
also found for cascades of thin, slightly cambered, 
but otherwise arbitrary, blades. Finally, solu- 
tions for general blade shapes were obtained of a 
more or less exact nature. 
In 1935, a comprehensive text on the theory of 

turbomachmes was presented by Weinig (ref. 80), 
in which was introduced and demonstrated the 
concept that every cascade has a corresponding 
straight-line cascade that is equivalent insofar as 
it produces the same turning and has the same 
circulation. Methods Cor approximately deter- 
mining the equivalent-line cascade are given, and 
the foundations are laid for exact solutions to the 
general cascade problem. The theory of equiva- 
lent-line cascades will not be discussed herein, 
since it does not give information about local 
conditions on the blade surfaces. The more gen- 

eral theory will be mentioned later m its connection 
with other methods that have been developed 
from it. 

In 1937, Pistolesi (ref. 81) extended the work 
of Birnbaum and Glauert to cascades of thin 
blades. This work is significant theoretically, but 
the complexity in the case of a staggered cascade 
makes computation difficult. In addition, the 
inherent limitation to thin, lightly loaded blades 
1s an undesirable restriction in present-day design. 
This technique has been extended by V. Lieblein 
(ref. 82) to include the effect of thickness distri- 
bution. The approximations made in this analysis 
become mcreasingly inexact with higner camber 
and greater thickness. A closer examination of 
such approximate methods may indicate that they 
are reasonably valid in the ordinary range of 
compressor blade shapes. If this should be the 
case, such methods will become important because 
of the savings in time realized over the more exact 
methods. 

An approximate theory of practical interest has 
been developed by Erwin and Yacobi (ref. 83), 
utilizing the principle of superposition common in 
isolated-airfoil theories. The local velocity on the 
cascade blade surface is taken to be the sum of the 
average velocity in the passage and incremental 
velocities due to thickness, camber, and angle of 
attack. The average velocity is determined from 
area change through the cascade, and the incre- 
mental velocities are related to corresponding 
incremental velocities on an isolated airfoil of the 
same shape. The relation is determined em- 
pirically in the report, but could probably be 
determined theoretically as well. This method 
provides solutions to the direct cascade problem 
quite rapidly when the characteristics of the 
corresponding isolated airfoil are known. 

Other approximate methods, using a technique 
employing singularities, have been presented by 
Woolard (ref. 84) and Scholz (ref. 85). Results 
obtained in reference 84 show fair agreement with 
results obtained by the more exact method of 
reference 86 for NACA 4412 airfoils in a ctwcade of 
nearly unit solidity over a range of angle of 
attack. 
In 1941, Howell (ref. 87) produced an exact 

solution to the general problem, employing the 
method of conformal mapping. A cascade, lo- 
cated in the z-plane, is transformed into a dis- 
torted airfoil n the zl-plane by the equation 
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z,=tanh z. The distorted airfoil is then trans- 
formed into a near-circle by two successive 
Joukowski transformations. Finally, the near- 
circle is transformed into an exact circle by using 
conjugate Fourier series. Since four transforma- 
tions are involved, the work is necessarily lengthy. 
However, a detailed computational layout and 
some suggestions for decreasing the labor involved 
are available in reference 88, and a number of 
theoretical solutions are obtained for a cascade 
with a solidity slightly greater than 1.0. In 
reference 87 theoretical results are compared with 
experimental data for a cascade with a solidity 
of 0.85. 

Howell’s method appears to give reasonable and 
consistent results for solidities as high as 1.0. 
Higher solidities could be used, but the shape 
obtained in the first transformation would be 
distorted and the amount of labor would be in- 
creased. It is estimated in reference 88 that a 
wmplete solution for several angles of attack can 
be made in 3 weeks. If only the deviation angle 
is required, the time is reduced. Some further 
simplifications of the method are given .in 
reference 89. 
In 1944, Garrick (ref. 90) presented a solution 

using the well-known mapping (refs. 91 and 92) of 
a straight-line cascade into a circle. By means of 
this transformation, a cascade is mapped into a 
near-circle, and finally the near-circle is mapped 
into an exact circle. A computational procedure 
is given, and an example is worked out. As in the 
case OI Howell’s solution, the computations are 
lengthy. 

A different approach was presented by Traupel 
(ref. 93), who mapped the flow field of the cascade 
onto the interior of an internally concave closed 
curve. A minimum of four transformations is 
generally required, and the computer must exer- 
cise a certain amount of skill and judgment in the 
selection of some of the transformations. Using 
Green’s second formula, the author arrived at an 
integral equation that he solved by an iterative 
procedure. No comparison with other results is 
made in the report, although an example is com- 
puted. The method is mentioned also in con- 
nection with an experimental investigation on 
internal-combustion prime movers in reference 94. 

Mutterperl (refs. 95 and 96) mapped the 
arbitrary cascade directly onto a straight-line 
cascade. Although the method does reduce com- 
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putational time, some difEculty has been en- 
countered at the Lewis laboratory in obtaining 
accurate numerical results. It is difEcult to de- 
termine when the results have converged to a 
valid solution. This method was used in an in- 
vestigationby Resnick and Green (ref. 97), but the 
validity of the pressure distributions obtained 
cannot be determined. 

An exact solution, using a continuous distribu- 
tion of vortices on the perimeter of a cmcade of 
blades, was developed by Katzoff, Finn, and 
Laurence (ref. 86). With the velocity distribution 
of an arbitrary isolated blade known, the velocity 
distribution about the blade in cascade can be 
accurately determined with reasonably little com- 
putation, and can be approximated in even less 
time. Experience enables the user to compare the 
greater accuracy obtainable at any step of the 
solution with the attendant cost in computational 
time. Comparison of a solution by this method 
with one for a cascade about which the ideal flow is 
known exactly shows good agreement (fig. 73). 
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FIGURE 73.-Comparison of velocity distribution for blade 
shown, computed by methods of reference 86, with exact 
solution known from actual conformal-mapping func- 
tion. 

In reference 98 a comparison is made of experi- 
mental results and theoretical results obtained by 
the Katzoff, Finn, and Laurence method. As an 
example of the magnitude of agreement between 
experiment and theory when good two-dimen- 
sional-cascade data are available, a typical figure 
from reference 98 is presented (see fig. 74). The 
disagreement is due largely to the use of the Kutta 
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Station, percent chord 

FIGURE 74.-Comparison of experimental and theoretical 
velocity distribution on airfoil in cascade. Airfoil, 
NACA 65-(12) 10; inlet-air angle, 60°; blade-chord angle, 
45.9'; solidity, 1.0 (ref. 98). 

condition for establishing the branch point of the 
flow, as indicated in the figure by the results ob- 
tained when the experimental lift coefficient is 
used instead to determine circulation. Finally, 
very good agreement is obtained by reducing the 
angle of attack slightly. Although this reduction 
in angle was made arbitrarily to obtain good 
agreement, it can be justified qualitatively on the 
basis of boundary-layer formation on the blade 
surface. 

The method of Katzoff, Finn, and Laurence 
(ref. 86) is developed in the following section in 
greater detail as an illustration of an adequate 
method for solving the direct problem for a low- 
or medium-solidity cascade. (Solutions are pre- 
sented in the literature for solidities up to 1.5.) 
The mathematics involved is not complicated. 
This method is advantageous in that it can be 
used as an approximate method with any desired 
degree of accuracy. 

Solution of low-solidity direct problem.-In the 
direct problem, the geometry of the cascade (blade 
shape, cascade chord angle yo, and solidity 

u=c/s) and the mean free-stream velocity 

far downstream 

prescribed from an empirical knowledge of this 
type of flow. 

The cascade will be considered to consist of a 
central blade (the one containing the origin) and a 
lattice of external, or interference, blades. The 
solution obtained will be a superposition of flows, 
derived by first treating the central blade as an 
isolated body in the mean free stream of the cas- 
cade and then finding the interference flow due to 
the presence of the external blades. Such a super- 
position of solutions is possible because of the 
linear and homogeneous character of the equations 
governing a two-dimensional, irrotational, and in- 
compressible flow. 

The total complex potential function Wz=Oz 
+ i& will be composed of the following parts: 

(1) The function W,=@o+i?Tro of the flow about 
the isolated central blade oriented as in the cascade 
with respect to the mean free-stream velocity. 
Since the blade profile forms part of a streamline, 
go wil l  be zero on the blade. 

(2) The interference flow function v d = @ d + i q d  

representing a distribution of isolated singularities 
along the mean camber lines (or a continuous 
distribution of vortices along the profiles) of the 
infinitely many external blades. The central- 
blade profile will not be a streamline in this flow. 

(3) The function Wo=@c+iqc of the compen- 
sating flow necessary to make the central-blade 
profile a streamline in the disturbance flow; 
?Tr,=-*d on the blade. This flow function is 
analytic exterior to the central blade. 

(4) The function Wr=%+i@p of the circula- 
tory flow, which causes the compensating flow to 
leave the blade at the trailing edge. Since the 
blade profile forms part of a streamline, qr=O on 
the blade in this 

The problem of fmding the flow about an iso- 
lated profile in a free stream is well-known and 
will be considered as already having been solved 
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for this application. An extensive treatment can 
be found in references 73 and 74. The potential 
distribution, as well as the mapping function of 
the central blade onto a circle (derived from the 
isolated-profile computation), is assumed in what 

cade solution is 

central blade. 
For purposes of demonstrating the technique, 

the assumption is made that the final velocity 
distribution about the cascade is already known. 
The applicability of an iteration process will be 
indicated later. Using the known velocity dis- 
tribution and blade shape, the first step is to 
represent the external blades by singularities ar- 
ranged on the mean camber lines a t  intervals 
measured along the chords. A good approxima- 
tion can usually be obtained with two sources, 
three sinks, and five vortices. A guide to the 
location of these singularities is given later. To 
evaluate the effect on the central blade of these 
infinite rows of singularities, the chart (first ap- 
pearing in ref. 99) shown in figure 75 is used. 
This chart represents an infinite row of vortices 
(or sources) of unit strength placed a unit distance 
apart with the central vortex omitted. A drawing 
of the cascade blade is now prepared, with chord 
length chosen to give the proper solidity when 
used with the graph. To find the effect on the 
central blade of an infinite row of vortices, located 
at  a point z on each exterior blade, the drawing 
of the central blade is placed with the point z on 
the origin of the graph and with the blade properly 
oriented with respect to the y-axis. The values 
of the stream function and potential function can 
be read from the graph at  selected points on the 
central-blade profile. The values indicated on the 
graph must be multiplied by the vortex strength 
at the position being considered. If the singu- 
larity involved is a source, the lines marked Q 
become -@ and those marked @ become q. A 
sink is regarded as a negative sourc'e. In this 
manner, the effect of each infinite row of singu- 
larities is found at certain p 
the central blade. Adding all 
gives @a and @d. 

Although the use of isolated singularities dis- 
the mean camber line is clearly an 
, the results obtained in this manner 
accurate that no other technique is 

AXIAL-FLOW COMPRESSORS 

required. In instances where some doubt may 
exist concerning the accuracy of results thus ob- 
tained, a somewhat different approach is available 
for finding the disturbance flow. It has been 
shown (ref. 100) that a cascade of blades in a uni- 
form stream can be represented exactly by a con- 
tinuous distribution of vortic 
of each blade, where the vort 
length at  each point is equal 
flow about the blade at that point. With this 
result in view, the blade model is placed with a 
point of its contour on the origin, and the effects 
are computed as in the preceding discussion. At 
each point the vortex strength is v dZ, where dl 
is an increment of the airfoil arc length. The 
velocity is taken as positive on the suction surface 
and negative on the pressure surface; that is, the 
velocity is taken as positive in the positively 
oriented arc-length direction (see fig. 76). 

The disturbance flow function is then given at a 
point zu=s+iyo on the central blade by 

where @ and 9 are the values read at zo from the 
chart (note that these values are for vortices of 
unit strength and unit spacing) when the origin 
is at  z on the central. blade. The integration is 
performed over the blade profile. It is convenient 
to rewrite equations (60) as 

From equations (el), @d and q d  are readily evalu- 
ated by plotting @ and @ against and integrat- 
ing numerically or with a planimeter. 

A disturbance flow has now been calculated 
yielding a and @d distribution on the central- 
blade profile. To make this profile a streamline 
in the disturbance flow, a compensating flow W, is 
now added such that q,=-Qd on the blade profile. 
It is necessary to compute the potential distribu- 
tion 9, of which is the harmonic conjugate. 
This problem is greatly simplified, since the map- 
ping of the central blade onto a circle is known 
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FIQDXE 75.-Velocity potential and stream function for row of vortices of unit strength spaced at unit distance dong 
the y-axis with central vortex omitted (ref. 99). 



112 AERODYNAMIC DESIGN OF AXIAL-FLOW COMPRESSORS 

1' \ 

FIQURE 76.-Velocity distribution prescribed aa function 
of arc length, with velocity taken aa positive when 
velocity vector is in direction of increasing arc length. 

from the initial computation of the flow about the 
isolated profile. The actual procedure is given in 
detail in reference 76 and will not be considered 
herein. 

The flow WC=@,+iql, thus generated will 
have, in general, a value of dQC/dp unequal to 
zero at  the trailing edge (vis the central angle in 
the circle plane). In order to satisfy the Kutta 
condition, a vortex is added at  the center of the 
circle with a strength 

rudd= -2?r d@& 

The corresponding contribution to the potential 
function is @r= (rudd/2a)p. 

The complete potential function @e is now ob- 
tained by summing the contributions @,, (lis, @ ,  
and @r obtained in the various stages of the 
solution. The final velocity distribution is ob- 
tained by differentiating with respect to arc 
length on the blade profile. 

The foregoing discussion was advanced on the 
assumption that the final velocity distribution mas 
known initially. In the actua.1 case, the velocity 
distribution about the isolated central blade may 
be taken as a convenient starting value. Adding 
the disturbance velocities calculated from this 
initial velocity distribution yields a distribution 

nearer the correct one. The disturbance effects 
are then recalculated on the basis of the drrected 
velocitp, and so on. The rapidity of convergence 
wil l  depend on the accuracy of the initial approxi- 
mation. It is clear that for high-solidity cascades 
the initial approximation will be poor and slower 
convergence can be expected. 

In  the course of actual application, the authors 
of the method developed a technique for the itera- 
tion process that results in much faster conver- 
gence. As the iteration process is carried out, 
each change in the exterior singularities .necessi- 
tates a change in the singularities within the cen- 
tral airfoil, that is, a change in W,. In turn, this 
results in a change in Wr and a change in total 
circulation. In this sense, the change in circula- 
tion about the central blade can be attributed to 
changes made in the location and strength of the 
exterior sources and vortices. Then, if r e  is the 
total circulation and ro the circulation about the 
isolated blade, the following equation is obtained: 

rZ= r o +  r u d d ,  + r u d d .  (62 1 

where r&ds  and r u d d ,  are the additional circula- 
tions about the central blade attributable to the 
presence of the exterior sources and vortices, 
respectively. In actual practice, the value of 
rudds changes very little from one iteration to the 
next, and rad,$,, is nearly proportional to the total 
circulation. Therefore, the following equation 
may be written instead of equation (62): 

re= ro+ rudd,+ (re/ro)radd8 
Or 

Values of re calculated from equation (63a) have 
proven to be considerably closer to the final 
correct value than those calculated from equation 
(62). Correspondingly, the potential function 
can be written 

where 
@,,, where 

is now considered as the sum of 9, and 

@ w = @ d +  @,+@r 
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The second iteration can be similarly adjusted: 

where the subscripts 1 and 2 refer to the first and 
second approximations, respectively. This modi- 
fication is highly effective in obtaining rapid con- 
vergence. The additional complication of sepa- 
rating the effects of the vortices and sources is 
not great. 

When an arrangement of isolated singularities 
is used (this is recommended by the author of the 
method almost without reservation), the proper 
number and location are largely a matter of ex- 
perience. For solidities near 1.0, five vortices 
spaced at  0.1, 0.3, 0.5, 0.7, and 0.9 of chord 
length will probably give an adequate representa- 
tion of the velocity distribution effects. The 
vortex strength at a given chord position is 
determined from the difference in potential on the 
upper and lower surfaces. For example, the 
difference in these potentials at 0.2 chord is ap- 
proximately the vortex strength from the leading 
edge to the 0.2-chord position. This vorticity is 
assumed to be concentrated at the 0.l-chord 
position. The sum of the isolated vortex strengths 
must equal the total circulation about the blade. 

In the example of reference 86, a source was 
placed at 0.025 chord and another midway be- 
tween the leading edge and the position of maxi- 
mum thickness. Sinks were placed at 0.5, 0.7, 
and 0.9 of the chord length. To determine the 
source strength, the average velocity va0 is defined 
as (vr+vp)/2, where g8 and vp are the local veloci- 
ties on the suction and pressure surfaces, respec- 
tively. The internal flow at  each axial position 
is defined to be the product of the blade thickness 
at that position and the corresponding average 
velocity. The strength of a source or sink is then 
taken as the difference between the internal flow 
at a station midway between the location of the 
source in question and the preceding source and 
at a station midway between the location of the 
source in question and the following source. The 
total source strength must equal the total sink 
strength. The optimum arrangement of these 
singularities will differ with blade shapes, but 
a suitable arrangement should be evident. 

691-564’ 0-65-9 

The velocity distributions at other angles of 
incidence can be easily obtained by the method of 
conformal mapping. No knowledge of the actual 
mapping function is required; therefore, the off- 
design conditions can be readily obtained from the 
exact solution. 
tion is given in app 
applicable in any case 
irrotational flow where 
attack is available. This 
incompressible-flow solution 
over the compressible-flow solutions for the same 
problem. 

An outline of the general procedure to be used 
in applying the Katzoff, Finn, and Laurence 
method follows: 

(1) Solve the problem of the isolated geometri- 
cally similar blade profile, oriented properly with 
respect to the mean free-stream velocity. The 
method of reference 74 or some related method 
yielding the blade mapping on a circle is used. 

(2) Determine the location and strength of the 
singularities from considerations of cascade geom- 
etry and the isolated-blade solution, respectively. 

(3) Determine @de, *de,  @do, and q d V  from the 
chart in figure 75. 
(4) Let q C , = - - q d ,  and q c , = - q d 0  on the blade 

surface. Then determine and a,, by the 
method of reference 76. 

(5 )  Find raaa, and raaar from the trailing-edge 
criterion. Find rz from equation (63a) and 92 
from equation (63b). 

(6) Compute the final velocity distribution as 
the derivative of 

(7) Reevaluate the strength of the singularities 
in step (2) on the basis of the new velocity and 
potential distribution. 

(8) Carry through all steps of the process again. 
If there exists a doubt concerning the accuracy of 
resdts obtained by using isolated singularities, 
replace these singularities by a continuous distri- 
bution in step (2) and carry out the remainder of 
the procedure. 

(9) Continue the iteration until convergence is 
obtained. A second or third trial should be 
sufkient. 

with respect to arc length. 

TEE INVERSE PROBLEM 

In the inverse problem for low solidities, as in 
the direct problem, the methods of conformal 
mapping and representation by singularities are 
used. Contrary to the direct problem, however, 
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the solidity often is not significant in the methods 
for solving the inverse problem. In  particular, 
the method presented in detail in this section can 
be used for any solidity. This generality, where 
it exists, is indicated in the table contained in the 
SUMMARY. 

Either the direct or the inverse problem can 
generally be solved by the method of singularities 
applied to thin blades, either isolated or in cascade. 
Therefore, the techniques developed by Bimbaum, 
Glauert, and Allen, mentioned previously in con- 
nection with the direct problem for isolated air- 
foils, and the solutions of the cascade problem by 
Pistolesi, Lieblein, and Woolard are applicable to 
the inverse problem as well. 

The current use of higher cambered blades in 
compressors somewhat restricts the value of the 
approximate methods. Hence, this section is con- 
cerned chiefly with the more exact solutions, which 
have achieved a complete and convenient form in 
recent years. 

Isolated airfoils.-In 1935, Betz (ref. 101) pre- 
sented an approximate method for modifying the 
shape of an existing isolated airfoil to assure a 
predetermined change in the velocity distribution. 
Theodorsen also presented a method of modifica- 
tion based on his exact solution of the direct prob- 
lem (ref. 102). More general methods have been 
given by Gebelein (ref. 103) and Peebles (ref. 104) 
using conformal mapping and by Goldstein and 
Jerison (ref. 100) using singularities. Other solu- 
tions of the isolated-airfoil design problem exist, 
but the foregoing illustrate the essential character- 
istics of a solution to the problem. 

Cascades.-An approach to an exact solution of 
the cascade problem was given by Weinig (ref. 
80). A complete solution by conformal mapping 
was developed and presented in a series of unpub- 
lished lectures by Arthur Goldstein. The com- 
putational procedure was given in considerable 
detail by Hansen and Yohner (ref. 105), and a 
theoretical solution was obtained. This method, 
considered to represent an accurate and reasonably 
fast solution to the problem, will be outlined later 
in some detail. There is no restriction on solidity. 

A similar approach was given in 1945 by Light- 
hill (ref. IOS), in which the velocities are not 
prescribed directly as a function of airfoil arc 
length but rather as a function of the central angle 
of the mapping circle. Hence, a certain amount of 

experience is required to obtain a desired velocity 
distribution on the cascade itself. 

The method of Mutterperl (ref. 96), mentioned 
in connection with the direct problem, is applicable 
also to the inverse problem. As mentioned 
before, some results have indicated that the numer- 
ical answers might not always be reliable. If the 
accuracy can he improved, the method may 
find practical application. 
All the inveres cascade methods considered so 

far have made nse of conformal-mapping theory. 
A method of singularities was developed by 
Goldstein and Jerison (ref. loo), but they en- 
countered some practical difficulty in the applica- 
tion of their technique in regions where the 
curvature of the blade surface is large, particu- 
larly in the leading-edge region of a thick blade. 
However, the solidity is not an important factor, 
and the method is considered to be quite useful 
for the design of thin blades. 

Of the methods discussed, the conformal- 
mapping method of Goldstein has been selected 
for t-t detailed presentation. A report (ref. 105) 
is available on the computational procedure. 

Solution of low-solidity inverse problem.-The 
low-solidity inverse problem is twofold: (1) to 
determine the flow about a unit circle that will 
have the desired characteristics when mapped 
into the cascade plane, and (2) to determine the 
mapping function and hence the blade coordinates. 
The problem is simpler than the corresponding 
direct problem in that no iteration is required. 
Furthermore, the solution is known to be exact, 
since no convergence is involved. A difficulty 
is introduced, however, by the fact that an arbi- 
trarily selected velocity distribution may fail 
to result in a closed profile. In this event, the 
method to be described indicates the necessary 
change in the prescribed velocity distribution 
that will yield a closed profile. The suction- 
surface velocity distribution, usually the most 
critical, can be maintained as originally specified. 

The following information must be given to 
obtain a solution: (1) the vector velocities in- 
finitely far upstream and downstream of the 
cascade, and (2) the velocity distribution as a 
function of arc length on the contour of a blade. 
Velocities are considered positive in the positively 
oriented arc-length direction (fig. 76). Note 
that the arc length is increasing (dZ>O) as the 
blade is traversed in a counterclockwise direction. 
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The following information is obtained in the 
solution: (1) the blade profile, and (2) the blade- 
chord angle yo and solidity u. 

In the following discussion the complex plane 
containing the cascade will be referred to as the 
z=z+iy plane (or cascade plane). The complex 
plane containing the circle (fig. 77) will be referred 
to RS the r=g+iq plane (or circle plane). 

t q  

FIGURE 77.-Image of cascade in circle plane. 

The most convenient mapping for this problem 
is one that takes the cascade into a unit circle 
with center at the origin. The points at f OJ on 
2t line normal to the y-axis are transformed into 
points &eR, symmetrically located about the 
origin on the real axis (fig. 77). Such a mapping 
is discussed in considerable detail in references 80 
and 91. Under a mapping of this kind, the com- 
plex potential function in the circle plane can be 
written (see ref. 80) 

This equation is quite general and holds for an 
arbitrary cascade in the z-plane. The quantities 
ZJ,, is,, 8, r, and K are functions of the particular 
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cascade to be mapped into the circle. When these 
quantities have been chosen properly for a given 
cascade, the flow about the circle will map back 
into the desired flow about the cascade. The 
symbols v,, pm, s, and I' are the mean free-stream 
velocity, mean free-stream velocity a acing, 
and circulation of the cascade, respect Kis a 
measure of the location &eK of the singdanties in - 
the flow about the circle. All five of these quan- 
tities can be determined from the prescribed con- 
ditions in the inverse problem. 

From the velocity diagram (fig. 72) it can be 
seen that 

The circulation is given by 

I'=l"" w(Z) dZ (67) 
b e ,  P 

where w(Z) is the signed velocity on the cascade 
blade prescribed as a function of arc length (fig. 76). 
The blade spacing is given by 

(68) 
r 

01 sin (31-Vz sin 8 2  

Determination of the constant K is somewhat 
more difiicult and depends upon certain considera- 
tions of the potential functions. The range of the 
velocity potential (the difference between maxi- 
mum and minimum values of the potential) on a 
cascade blade must equal the corresponding poten- 
tial range on the circle. On the blade this range 
is computed as 

S= 

A@z=@z(L, 8 )  -@z(ile) (69) 

where I,,, and ZI, are identified in w e  76. From 
the simple relation connecting the potential dis- 
tribution to the velocity distribution, @z can be 
dculated as 

@.(Z)=J' 4,' w(Z) dl 

The velocity potential on the circ1e.k given by 
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where Real designates the real part, and (o is the 
central angle of the circle. Then, 

A@r=@r( eiptc-) -@r( (71) 

where 'pte,s and ple are the values of Q (as yet un- 
known) corresponding to the trailing-edge and 
leading-edge stagnation points on the circle (see 
fig. 77). By the process of trial and error outlined 
in appendix A (described in detail in ref. 105), qDle,#, 
pie, and K can be determined so that A@r=A@z. 

In this manner, the flow in the circle plane is 
determined uniquely for a prescribed set of condi- 
tions in the plane of the cascade (step (1) in the 
solution of the inverse problem). The function 
that conformally maps the cascade into the circle 
must yet be determined from the knowledge of 
velocities about the circle and about the cascade. 

In appendix B of this chapter the following 
form of a general mapping function is developed: 

where 

(73) 

The function h ( t )  is regular outside the unit circle, 
and 

lim th( t) =o (75) 

The function z=z(p),  defined by equations (72) 
to (75), will map an arbitrary cascade into the 
unit circle so that the points far upstream and far 
downstream of the cascade are transformed into 
the points &eg in the circle plane. The function 
h ( l )  will determine the shape of the cascade. The 
problem is to determine h({),,and hence the blade 
shape, from the available information. 

Let W, and Wz represent the complex potential 
functions in the circle plane and cascade plane, 
respectively. Then, if z=z( t )  is the desired map- 
ping between the two planes, 

f+- 

wz~d=wz(z(f))=wf(t) (76) 

Differentiating equation (76) gives a relation 
between the complex velocity conjugates w, and 
wr as follows: 

If only the unit circle is considered, then f=efv, 
and it can be determined from equation (73) that 
F(efp) is real. As a matter of convenience, all 
functions of et* are written simply as functions of 4p 

in the following expressions. Combining equa- 
tions (72) and (77) gives 

where wz(Z) indicates that w, has now been ex- 
pressed as a function of distance along the blade 
perimeter. 

The value of the potential a t  any point on the 
blade is given by 

1 @.(Z)=S v(Z) dZ (79) 
4 e .  P 

The values of @r(p) are known to an additive 
constant from the real part of equation (64). 
The additive constant should now be chosen so 
tha t  @ , ( Z r e , P ) = @ r ( V l ~ P ) .  Then, equating the 
values of potential in the two planes gives a 
functional relation of Z with 'p, say Z=Z(p). 

Now, by means of the function Z=Z(p), w,(Z) can 
be written as a function of the central circle angle 
(o as follows: 

M )  =wz ( l ( V ) )  = be (VI (80 1 

where 8 denotes the velocity in the cascade plane 
expressed as a function of the circle-plane coordi- 
nates. Then the ratio of the velocities in the 
two planes can be written 

where cy and v, are signed velocities, and p is the 
angle made by a tangent to the blade profile and 
the z-axis. Substituting equation (81) into equa- 
tion (78) and taking the logarithms of both sides 
yield: 
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Since F(p) is real, equating real and imaginary 
parts of equation (82) gives 

Equations (83) and (84) are the essential relations 
of the inverse solution. If h, and are deter- 
mined, then h is known and the complete mapping 
of the cascade profile into the circle is known. 
Equation (83) gives hl as a function of the circle 
central angle p. Since h=hl+i&, it follows that 
hz is the harmonic conjugate of hl. Therefore, h2 
can be found by one of the methods of harmonic 
synthesis, such as the one given in reference 76. 
When & has been found as a function of cp, then p 
is known as a function of p from equation (84), 
and hence as a function of 1. 

Since dxldl=cos p and dyldl=sin p on the 
perimeter of the blade, 

X - X ~ ~ . ~ =  r' cos p dl I 

or, more conveniently, 

Equation (85a) or (85b) gives tbe coordinates of 
the cascade blade and completes the solution, 
except for the case in which the cascade blades 
fail to close. 

Equation (75) leads to the following conditions, 
necessary and sufficient for closure of the blades: 

Ptc. a 

P t Z P  =s hl(p) cos (a dp=O (86) 

For an arbitrary velocity distribution this condi- 
tion will not, in general, be satisfied. Suppose 

Form a function/ (p) such that 

1 S'"*'f (p) dp=- 4 
9 t e .  P 

From equations (87) and (88), it is seen that 
h:(p)=hl(q)+ f (p) will satisfy the closure con- 
ditions. It should be noted that the conditions 
on f (p) are not severe and that the designer has 
considerable freedom in the selection. In particu- 
lar, the velocity distribution on the suction surface 
can generally be maintained by a proper choice of 

The changes caused by a change in hl(p) require 
some consideration. From equation (83) it is 
seen that a change in h,(p) causes a change in 
$,(p). That is, when considered as a function 
of the central circle angle, the cascade velocity 
has changed from S,(p) to some function 8,*(p). 
The function $,*(p) is given by equation (83) as 
follows: 

f (9). 

Subtracting equation (89) from equation (83) 
and solving for 6:p) give 

C(p)=&(p)e- p (P)lF(P) (90) 

In the case of the blades that failed to close, Z(p) 
is a function of Q such that 

% ( O = ~ z ( ~ ( Q ) )  = ̂vz(Q> (91) 

S i i a r l y ,  a new relation Z*(p) must be found 
such that 

(92) 

Combining equations (91) and (92) and substi- 

v:(z *) =d(Z *(Q)) = E(Q) 
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tuting from equation (90) yield 

It follows from equation (77) that 

(93) 

(94) 

Therefore, l*(p) must be a function that satisfies 
the relation 

(95) 

if the flow in the circle plane is to remain unaltered. 
Combining equations (94) and (95) and sub- 
stituting from equation (93) give 

or 

These equations show the changes arising in the 
cascade velocity distribution as a result of changing 
hl(cp) to satisfy closure. 

An outline for the general procedure to be used 
in applying the method follows: 

(1) Prescribe a velocity distribution as a func- 
tion of mc length about a cascade blade. 

(2) Prescribe ul, v2, &, and &. 
(3) Determine vm, @,, s, r, and K from equa- 

tions (65) to (71) and appendix A. 
(4) Determine (p,(l) from equation (79). 
(5) Determine @c(p) as the real part of equa- 

tion (64) plus an additive constant. 
(6) Choose the arbitrary constant in equation 

(64) such that @z(l~,p)=@~(cpte,p), and equate the 
potential functions yielding a relation l=Z(p). 

(7) Find &(q) and, with uf((p),  solve equation 
(83) for h(9). Check for closure and make the 
necessary changes. 

(8) By the method of reference 76, or some 
related method, find &(q) as the ha+monic con- 
jugate of hl(p). 

(9) Solve equation (84) for p as a function of 4. 
(10) Find the blade coordinates from equa- 

tion (85b). 
Appendix A can be used to analyze the resulting 

blade shape at all angles of incidence. A pre- 

scribed velocity distribution, the velocity dis- 
tribution corrected to ensure closure, and the 
resulting blade shape are shown in figure 78 (from 
ref. 105). 

COMPRESSIBILITY CONSIDERATIONS 

Both the direct and inverse problems for low- 
solidity cascades have been discussed only for an 
incompressible fluid. The equations governing an 
incompressible two-dimensional flow are simple 
in form and, as has been shown, can be solved 
by complex-function theory. When the fluid 
density is permitted to vary, the ordinary formu- 
lations of the flow equations become nonlinear 
and very much more difficult to solve. 

In high-solidity cascades, where a channel 
treatment is possible, the finite-diff erence tech- 
niques can be used. The relaxation method of 
Southwell (refs. 107 to 109) has been used to 
solve many difficult differential equations. Since 
the advent of high-speed d e t a l  computing 
machinery, the direct solution of a large number of 
simultaneous linear equations in a reasonable 
period of time has become feasible. Thus, a 
complicated differential equation can be repre- 
sented over the flow domain by a set of linear 
finite-difference equations, which can be solved 
either by the relaxation method (usually done on a 
desk computing machine) or by a direct matrix 
solution on high-speed computing equipment. 
In high-solidity cascades the physical boundaries 

of the flow favor a solution of the compressible- 
flow equations by finite-difference techniques. 
In the low-solidity cascades, however, the guid- 
ance exerted by the blades is less pronounced, and 
the proper satisfaction of boundary conditions is 
more difficult. Hence, for low-solidity cascades 
the problem of obtaining compressible-flow solu- 
tions still exists, at least for the direct problem. (A 
solution for compressible flow with a linear pres- 
sure-volume relation has been obtained for the 
inverse problem and is discussed later in this 
section.) In general engineering practice, two 
methods of attacking this problem are currently 
being used, the hodograph method and the small- 
perturbation method. These two important theo- 
ries wi l l  be discussed in this section, where the 
following notation is used: v is the magnitude of 
velocity in an incompressible-flow field, and p is 
the magnitude of velocity 111 a compressible-flow 
field. 



POTENTIAL FLOW IN TWO-DIMFiNSIONAL CASCADES 119 
1.2 I .2 

-1.0 .- 2 1.0 
- 8 
> .8 ul -8 

0 
0 

+ .- - 
% 

s 'j, .6 

E 

0) 

[u ul W 0 
0 

- - 
C [u 

XI .6 
In vt 01 - 
.- 5 .4 0 .4 

a .2 

'El W 
W .- 

Y- 

ul c 

'El .2 E 

f 
0.2 -.8 -.4 0 .4 .8 1.2 %2 -.8 -.4 0 .4 .8 1.2 

Dimensionless orc length Modified dimensionless orc length 

(a) Prescribed velocity distribution. (c) Resulting blade shape. 

RGURE 78.-Prescribed velocity distribution used in blade design with velocity distribution modified for closure and 
resulting blade shape (obtained in ref. 105). 

(b) Modified velocity distribution to ensure closure. 

Hodograph method.-Although the equations 
relating the stream and potential functions of a 
two-dimensional compressible flow of an ideal 
fluid are, in general, nonlinear, they can be re- 
written in terms of a new set of independent 
variables such that the equations become .linear. 
This result was discussed extensively by Chaplygin 
(ref. 110) in 1902. For many years thereafter 
very little was done in this direction, probably 
because of the adequacy of the incompressible- 
flow solutions for interpreting low-speed flows. 
However, in more recent years it has become 
necessary to consider the effects of density varia- 

the hodograph theory (investigation of flow in the 
velocity plane) has been ad ed considerably the *-: 
and is still expanding. The tial advantage 
of the hodograph method is the linearization of 
the equations relating the stream and potential 

Equations (97a) can be rewritten with v and B 

e.g., ref. 111), where @ ia the inclination of the 
tion. in applioations. under this replacing 3 and y as the independent variables (see 

(984 

a@ -- a@-' 
a@ 1 m  functions by a proper choice of independent 

variables. An important disadvantage is the a?? 0 ag 
-=-- - 

difEculty in establishing boundary conditions in 
the hodograph plane to represent a given problem 
in the physical plane. In spite of this major 
handicap, however, important use has been made 
of the theory. 

For incompressible flow, the following relations 
hold: 

(974 
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For compressible flow the relations correspond- 
ing to equations (97a) can be written 

As in the incompressible case, equations (97b) can 
be written in terms of the independent variables 
q and p, with M as the local Mach number: 

Introducing the variables V and Q, defined by 

into (98a) and (98b), respectively, yields 

-=-- av bo 
and 

Equations (101) can be simplified by the fol- 
lowing considerations: 

For ~ z - 1 ,  (Pa/p)Jl-W=l. Although ~ z - 1  
does not correspond to any actual fluid, this value 
causes the adiabatic pressure-volume relation 
p(l/p)v=constant to become linear in p and 1/p. 
When a general linear relation between pressure 

and volume is assumed initially, the theory shows 
that (pa/p)dl-W=l in this case, also. Thus, a 
straight line can be taken to represent the pressure- 
volume relation instead of the usual curve. Early 
workers in this field (e.g., ref. 112) allowed the 
approximating line to be tangent to the adiabatic 
curve at a point corresponding to the stagnation 
condition p=p,. This is a poor choice for high- 
speed flows. Von KfmnQ4 and Tsien (refs. 113 
and 114) took the point of tangency to correspond 
to free-stream conditions, which better approx- 
imated the true curve in the region of greatest 
interest. With this approximation, equations 
(10 1) become 

a@ a* $=$ a&- ab' } (10% 
-_-- 

Comparing equations (102) with equations (100) 
shows that a solution of the incompressible-fTow 
equations (100) will be a solution of the quasi- 
compressible-flow equations (102) when the veloc- 
ities are related (from eq. (99)) by 

(103) 

This relation integrates (with the help of the 
linear pressure-volume relation) to 

The density ratio becomes 

The pressure coefficient for the incompressible 

(106) 

flow is given by 

For compressible flow, 

c--2-2-7 '-',- "( 1-- 7)  (107) * -gPmqm pm 

The pressure coefficients are related by the 
following equation (calied the K h h - T s i e n  
relation) : 
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Hence, equations (104), (105), and (108) provide 
a compressible-flow solution when an incompres- 

a byproduct of the hodograph theory. The aim 
of the theory in its complete form, to put the 
direct and inverse co ms on 
a substantial the0 been 

tain extent. The inverse problem 
been solved in its general form 

with the assumption of a linear pressure-volume 
relation by Costello (ref. 115); Costello, Cum- 
mings, and Sinnette (ref. 116); Clauser (ref. 
117); and Lin (ref. 118). These theories are 
based upon earlier work by von K b h n  (ref. 
113), Tsien (ref. 114), and Lin (ref. 119). Refer- 
ence 116 offers a detailed computational procedure 
for the use of Costello’s method. 

The direct problem has not reached the same 
state of development. Even in the case of an 
incompressible fluid flow, an iteration process 
is necessary. In the case of a compressible fluid 
flow, a trial-and-error iteration is possible. How- 
ever, no systematic process for converging to a 
solution in the case of compressibI8 flow about a 
body of arbitrary shape has been given. 

The method of appendix A for finding velocity 
distributions at angles of incidence other than the 
one of the original solution does not hold in the 
compressible-flow case. This fact makes the 
incompressible-flow solution more Val 
some investigations. For this reason, a 
of the difficulty in presenting the material con- 
cisely, the compressible-flow solution for the 

certain assumptio 

the component over a characteristic length of the 
object in the flow field. These conditions are 
expressed 

{ n = & n = & n = O  for n 2 2  (109) 

where c* is a characteristic length. 

ance velocities by 
The actual velocities are related to the disturb- 

Euler’s equations of motion for a two-dimen- 
sional compressible steady flow with no external 
forces can be written 

-u flow. These assumptions cause the equations -- 
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gives 

Reference 120 shows that, within the hypotheses 
of this theory, equation (114) can be written as 

or, introducing the disturbance velocity potential, 

Now consider the transformation 

Applying transformatjon (117) to equation (116) 
gives 

the Laplace equation for the disturbance potential 
in an incompressible flow. At affinely corre- 
sponding points (under transformation (1 17)) in 
the two planes, the following expressions relate the 
velocity vectors and their angles: 

From equations (119) can be seen that, at 
affinely corresponding points of the flow fields, 
the ratio of Br to p is constant and 
A / - J m .  Hence, for flo 

similar boundaries, A=d- and 

Using equations (120) and (121) gives 

Equation (122) is referred to as the Glauert- 
Prandtl compressibility corjrection and corre- 
sponds to equation (108) in the hodograph theory. 
When these equations are applied to cascades of 
blades, the corresponding cascades in the two 
flow fields will have the same blade shape but 
Werent chord angles and solidities. The relations 
between the cascades are given by Woolard in 
reference 121. Pressures predicted from equa- 
tions (108) and (122) are compared with actual 
experimental data in reference 122. 

The compressibility corrections of either the 
Glauert-Prandtl or K:Bsmh-Tsien methods are 
quite simple in application and have yielded 
satisfactory results for cascades by using the local 
Mach number at  points in the blade passage 
instead of the mean free-stream Mach number 
(ref. 123). The local Mach number is derived 
from a one-dimensional analysis. 

HIGH-SOLIDITY CASCADES 

In general, the mathematical techniques applied 
successfully to low-solidity-cascade problems be- 
come increasingly tedious to apply as solidities 
rise above 1.0. Although the methods are not out 
of the question for solidities greater than 1.0, 
difliculties may be expected for the range of 
solidity from 1.0 to 1.5, and above 1.5 these 
difliculties are liable to be excessive. The lines of 
demarcation are not clear but vary with individual 
methods and prescribed conditions other than 
solidity. 
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As was indicated previously, various mathe- 

matical t 
problems 
factor in 
techniques is the advance knowledge of the 

flows. The formulation of 

revolution than for plane cascade flow. In addi- 
tion to this advantage, it is generally possible to 
consider compressible flows. 

The literature in the field has grown so quickly 
that priorities are not easily established. No at- 
tempt is made here to cover the many variations 
of method in common use for closely spaced 
blades. Only the fundamental approaches of a 
few authors have been selected as representative 
of the basic techniques involved. 

THE DIRECT PROBLEM 

Probably the most widely used channel-flow 
technique is the stream-filament method (e.g., ref. 
59 (vol. 11, p. 992)). A simplification by Huppert 
and MacGregor (ref. 124), based on an assumed 
linear variation of streamline curvature, is pre- 
sented in some detail in this section. The method 
is simple in theory and application, and solutions 
are obtained quickly. The major drawback is the 
failure of the method to provide accurate results 
in the immediate regions of the leading and trailing 
edges. In reference 124 results are obtained for a 
solidity as low as 1.42. 

A rapid approximate solution is given by Stanitz 
and Prian in reference 125. The method is based 
on the principle of zero absolute circulation, with 
linear variation of velocity 

since experience in this field is still not great. For 
use of high-speed digital computing machinery, 
the setup time may be prohibitive unless a number 
of solutions is desired. 

technique is a natural approach to the flow prob- 
lem. Briefly, the procedure is as follows: (1) 
Approximate the streamline positions using em- 
pirical data or intuition; (2) iipd a method of 
systematically improving the accuracy of the 
streamline arrangemept. It will be shown that 
the velocities in the flow field can be computed, 
based on the assumed streamlines. This informa- 
tion can then be used to improve the streamline 
positions. 

For twodimensional irrotational flow, the rate 
of change of velocity in a direction normal to the 
streamlines is given by 

Stream-fllament method.-The s 

where dn is an increment in a direction normal to 
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On the suction surface, n is taken as zero. Differ- 
entiating equation (124) and substituting into 
equation (123) give 

Integrating equation (125) gives 

where the subscript I denotes an arbitrary position 
along the potential line. From equation (126) q is 
known at each point along the potential line if it 
is known at any point 1. Noting that 

the continuity equation can be written 

d(Aw)=pq dn=p,q (1 -- " )"dn (128) 2cpT 

where Aw is the mass flow per unit time. With 
the substitution 

(129a) 

equation (128) becomes 

Now let 

where 
XI=* (129b) 

Equation (130) is the fundamental equation to 
be solved. A convenient technique of solution is 
dorded by the bin expansion. Expmdmg 
equation (131) by omial series and keeping 
only the first two terms 

2cpTa 

- (132) 

Now let 

Equation (130) becomes 

Integrating (136) and using (129a), (129b), and 
(137) yield 

Let 

Using (126) and (139), equation (138) becomes 

$=f J-gK (140) 

or 

For e,>& the integrals in (139) can be simpli- 
fied by a change of variables. Using 
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equations (139) become 

1 
The values of k, and kp are fixed by the channe 

geometry, and exp (9) dz is available in standard 
tables. 

It is clear at this point that the velocities a t  
each location on a potential line are known when 
a reference velocity p1 is known (see eq. (126)). 
The value of ql is conveniently taken at the point 
of average streamline curvature so that X - X ,  in 

l 

the binomial expansion previously used is small. 
In equation (140) the quantities i, J, and K are 
known from the mass-flow requirements and 
passage geometry, and f and g are functions of X I  
alone for fixed values of y. As shown in figure 79, 
f can be plotted against Jxl and hence against g. 
In order to satisfy equation (141), f and g satisfy 
a straight-line relation with slope K/J and an f 
intercept of k/J. This line is shown in figure 79. 
The intercept of this straight line with the curve 
for f against g yields the proper value of XI,  and 
hence qI. All other velocities are now obtainable 
from equation (126). 

An outline for the procedure to be used follows: 
(1) Given a cascade as shown in figure 80, with 

upstream velocity prescribed, draw in upstream 
and downstream streamlines, continuing the blade 
channel. Draw in an orthogonal net of approxi- 
mate streamlines and potential lines. 

g 

FIGURE 79.-Chart for determining average velocity in blade channel. 
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FIQURE 80.-High-solidity cascade showing streamlines 
and potential lines. 

(2) Compute velocities at each node of the flow 
net. Since the streamlines AA', B'B, CC', and 
D'D are only approximate, good accuracy can be 
expected only in the region M N PQ of figure 80. 

(3) Obtain the potential distribution along each 
streamline as a function of arc length I by inte- 
gratiig the velocity with respect to arc length. 
These values will be used in drawing new potential 
lines. 

(4) New values of stream function are obtained 
by integrating pq along the potential lines. These 
values are used in drawing new streamlines. 

(5 )  An adjusted grid of potential lines and 
streamlines is drawn and new velocities are com- 
puted. The iteration is continued until conver- 
gence is obtained. 

A solution obtained by this method in reference 
124 for a turbine cascade is illustrated in figure 81. 
The solidity is 1.4 in the computed example. It 
must be noted, however, that solidity is not the 
only consideration for determining the applica- 
bility of the method. Blade thickness and stagger 
angle combine with solidity to determine the effec- 
tive channel formed by adjacent blades. To apply 
the method successfully, it is necessary that a 
significant portion of the blade surface form part 
of the effective channel. In compressor designs 
this is often not the case, and care must be used 
in determining the applicability of the method. 

Techniques are available to increase the region 
of validity of the stream-filament results. A 
solution can be obtained for two adjacent channels 
formed by thee  blades. The stagnation stream- 
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FIQURE 81.-Blade surface velocities at design conditions 
(ref. 124). 

line attached to the center blade must be con- 
gruent to the other stagnation streamlines in the 
final result. This serves as a check on the assumed 
stagnation streamlines outside the blade region. 
An alternative check can be made on the validity 
of these assumed streamlines by integrating the 
velocity about a closed path in the region exterior 
to the blades and setting it equal to zero. Either 
of these techniques might require more accuracy 
than is obtainable by assuming a linear variation 
of curvature. If the actual measured curvatures 
are used, the additional work involved may be 
prohibitive. 

Relaxation and matrix solutions.-The tech- 
nique presented herein is from reference 127. The 
basic differential equation is developed briefly, 
and the method of solving it is discussed in som3 
detail. 

The equation of continuity for a two-dimensional 
steady compressible flow is written 

(144) 

Equation (144) wil l  besatisfied if a stream function 
exists such that 

The equation arising from the condition of 
irrotational motion is given by 
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Using equations (145) in equation (146) gives 

Then, letting 

equation (147) becomes 

(149) 

Equation (149) is a nonlinear equation. If B 
were a known function of z and y, the equation 
would be linear. In the process of solution to be 
described herein, B will be treated as a known 
function of 2 and y in the first approximation. 
Then B will be adjusted from the results of the 
first approximate solution and will be held fixed 
while a second approximate solution is obtained, 
and so forth. That is, if a *distribution is 
known, B can be computed at each point in the 
field from this distribution. Then B will be held 
k e d  at  this set of values while new values of * 
are computed from equation (149). Then B will 
be recalculated on the basis of the new * values. 

Equation (149) is the basic equation of the 
present analysis. There are two steps to the 
solution of this equation: (1) to replace the dif- 
ferential equation with a finite-difference equation, 
and (2) to solve the finite-difference equation at a 
representative set of points in the flow field. 

Suppose a function y=f(x) is known at  n+l 
values of x: xo, xl, . . x,. It is assumed that 
y=j(x) can be represented closely by a polynomial 
of degree n passing through the known points 

P is given by (see ref. 128) 
(&,YO), ( ~ I , Y I ) ,  * * (zn,Yn). such a ~olynomial 

nm degree polynomial uniquely. The polynomial 
Pn(x) can be differentiated successively, the mth 
derivative being written 

Pnm(~)=&o+Alyl+ - +Any, (151) 

where the coefficients &, . . . A, are seen to be 
functions of the order of the derivative, the degree 
of the polynomial representing the function, and 
the point a t  which the derivative is evaluated. 
Equations (150) and (151) are considerably 
simplified when the derivative is evaluated at  one 
of the points x,,, q, . . . 2,. They are further 
simplified when the intervals xf-xf-l are equal for 
i= 1, . . . n. The coefficients Af are available in 
a table in reference 129 for derivatives up to the 
fourth order and for spacings such that the last 
interval on either end differs in length from the 
other intervals. (The tables for unequal intervals 
are very useful for writing the difference equations 
at  curved boundaries where such unequal spacings 
do occur.) Polynomial representations up to the 
fourth degree are included, and an error term is 
given. 

If it is assumed that the function P can be 
represented by a polynomial over a small interval, 
equation (149) can be replaced by a finite-differ- 
ence equation. In the nomenclature of reference 
129, equation (149) can be written 

n n 

where B is a coefficient of corresponding to the 
coefficients A, in equation (151). The presuper- 
script 2 of B represents the order of the deriva- 
tive; the presubscript n is the degree of the poly- 
nomial representing *. The postsuperscript i 
denotes the point at which the equation is being 
applied; the postsubscripts j and k indicate that 
the values of !P are taken along the 3- and y-direc- 
tions, respectively. To clarify this notion, a set 
of grid points is drawn in figure 82 in the neighbor- 
hood of a point P somewhere in the flow field. 
Suppose, for simplicity, that a second-degree 
polynomial is adequate to represent 9 in the 
neighborhood of the point P. Then n=2 and, 
following the notation of figure 82, equation (152) 
can be written 

It is easily v e s e d  that this polynomial does pass 
through the required points. Furthermore, it is "a~*r=o+2:B~*'-k='+XB~*'"2 
the only one that does, since n+ 1 points define an +~B~*k=o+:&*k-'2 + B' = 0 (153) 
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FIGURE 82.-A portion of grid used for finite-difference 
solution. 

In this case the form of the coefficients ZBj and 
ZB; is quite simple over most of the flow region. 
At any point in the region that is surrounded 
by equally spaced points, equation (153) becomes 

@5=0 + @ 5 d  +@k=O +@k-2 - 4 q 5 - k - l  +B'=O 

Only at the boundaries of the region where unequal 
spacing of the flow net occurs do the coefficients 
of equation (153) take different values. 

Higher-degree polynomial representations could 
be used, resulting in more terms in equation (153). 
For example, a fourth-degree polynomial repre- 
sentation would involve additional terms contain- 
ing @k-3, @5=-1, and !P3 (fig. 82). In 
general, higher-degree polynomials substantially 
improve the approximation in regions of rapidly 
changing conditions. Increased accuracy can also 
be attained by decreasing the net size and hence 
increasing the number of points in the flow field 
at which a solution is found. Near the bound- 
aries where unequally spaced grid points occur 
(e.g., where @=@k"3 in fig. 82), the accuracy of 
the approximation often becomes critical, and 
higher-degree approximations or closer spacings 
are needed to achieve an accuracy comparable 
with that in other portions of the flow field. 
Additional points can be added in the course of 
solution if the accuracy of the results appears 
questionable. 

Suppose the entire closed boundaryA B FGC D H E A 
in figure 83 is fixed and the values of 9 are known 

along this boundary. A network of equidistant 
points is placed on the flow field. The mesh size 
is taken sufficiently small that values of @ found at 
each point of the net will suffice to give a clear pic- 
ture of the entire flow field. With the net size 
chosen, equation (153), or more generally equa- 
tion (152), is used with the coefficients from refer- 
ence 129 to determine a linear equation in the un- 
known values of @ at each nonboundary point of 
the net. I t  is clear that there will be N unknown 
values of 9 if the net has N inner points (i.e., points 
which are not on the boundary). At  each of these 
points a linear equation can be written involving 
some of the unknown values of 9. Thus, there is a 
system of N equations in N unknowns for deter- 
mining the values of 9 at each point. 

Unfortunately, conditions along the entire 
boundary ABFGCDHEA in figure 83 are not 
known at the outset for a given cascade of blades 
and a given upstream vector velocity. The 
boundaries AB and CD, parallel to the y-axis, are 
located far enough upstream and downstream, re- 
spectively, that uniform flow across these bound- 
aries can be reasonably expected. If it is dis- 
covered subsequently that uniform flow does not 
exist at these stations, they must be adjusted to 
positions farther removed from the blades. Two 
to three chord lengths from the blade edges is usu- 
ally a sufficient distance. The lines AE and BF 
are drawn parallel to the upstream velocity vector; 
the l ies  GC and H D  are drawn parallel to the 
downstream velocity vector. Satisfaction of the 
trailing-edge condition (Kutta condition in the 
case of a sharp trailing edge) cannot be achieved 
at the outset of the problem. Initially, the down- 
stream velocity vector is assumed. After a solu- 
tion has been obtained, the downstream flow angle 
can be adjusted to satisfy the trailing-edge condi- 
tion and a second solution can be obtained. 

With the geometry of the boundaries now fixed, 
the values of !P along these boundaries are consid- 
ered. The stream function@ is constant along the 
blade surfaces, since these boundaries are stream- 
lines in the flow. The value on the suction sur- 
face can be taken as zero, and the value on the 
pressure surface can be found from the required 
mass flow 

Outside the blade channel the boundaries are not 
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A u 
FIGURE 83.-Camade channel showing grid points and boundary of solution. 

streamlines, and the values of P on these bound- 
aries are neither constant nor known. However, 
since the flow is periodic in the direction of the 
y-axis (with period equal to the spacing of the 
blades), the values of P need not be known. For 
example, consider the point at which *=Pa in 
figure 83. Normally the boundary value *\kb 

would enter into the finite-difference expression 
about Pa, but in this casePb is not known. Instead, 
the finite-difference expression about P a  is written 
in terms of Pc. Furthermore, Pc=Pi  + (Pp-PJ 
because of the periodic nature of the flow: In this 
way the finite-difference expression about Pa con- 

values of P at inner points. Thus, P 
values have been determined everywhere except 
on the vertical boundaries. 

To write the finite-Merenee expression about 
the point whereP=\kg in figure 83, the value of Pt 
would normally be used. However, this value 
does not need to be known explicitly, since the 
following relation results from the linearity of q: 

691-56( 0-65-10 

Since Pq and PI are unknown values of P at two 
inner points of the field, the finiteaerence ex- 
pression involving them is satisfactory for this 
solution. The same type of relation can be used 
at  the downstream boundary. 

A second method to satisfy these vertical 
boundary conditions is presented in reference 127. 
Although the second method is not as simple and 
accurate as the first, it has the advantage of not 
directly involving the inlet angle in the expressions 
for the boundary conditions. This characteristic 
is useful if the problem is being solved by matrices, 
for in that case other angles of inflow can be in- 
vestigated with much less effort. This method 
wi l l  not be discussed further but can be found in 
detail in reference 127. 

Suppose now that there are N inner grid points 
in the grid selected for the problem. Applying 
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1.2- 
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\ -4- 

0- 

-.4- 

equation (149) to each point yields N simultaneous 
linear equations in N unknowns. (The Bi are not 
known and must be given an assumed value.) 
Now the problem is one of solving this set of simul- 
taneous equations, by either a relaxation p 
(indirect) or a matrix process (direct). The 
process is too lengthy for hand computa 
a reasonable number of grid points is used. Bo& 
methods are discussed in detail in references 129 
and 130 and are indicated briefly in appendixes 
C and D of this chapter, respectively. 

When the values of Q have been obtained at  
each interior point by some process, the nonlinear 
term B in equation (149) must be recalculated on 
the basis of these * values. A second solution 
is then carried out. With the relaxation tech- 
nique, it may be advantageous to recalculate the 
B' in the middle of a cyde if the changes in \k 
have been large. This is, of course, not possible 
in a matrix solution. In either case, the initial \k 
values estimated for relaxation and the Bf values 
estimated for matrices should be as close as pos- 
sible to the h a 1  answer to obtain rapid conver- 
gence. The question of convergence has not 
been considered mathematically. In most ex- 
amples that have been carried out so far,  conver- 
gence has occurred. 

Some difliculty has been encountered at the 
Lewis laboratory in obtaining convergence at high 
subsonic Mach numbers when equation (147) is 
used. From equation (148) it is seen that B 
contains first derivatives of p and hence second 
derivatives of 9. More rapid convergence could 
be expected if all second-derivative terms in 
equation (149) were to be included in the operative 
part of the equation rather than in the field func- 
tion B. As in reference 120, equation (147) can 
be rewritten as 

-.8- where (P,/pa)% is B function of p and hence of 

2Wa!&d*  
p a  axbyaxby- + 2 ( 9  -- --0 (154) 

I I I 8 I I I I I 

The coefficients A, B, and C are field functions 
(corresponding to B in eq. (149)) containing only 
first derivatives of 9. A complication is thus 
introduced into the coefficients of the fbite-dif- 
ference expressions, but convergence is expected 
to be more rapid. 

The results of an example computed in reference 
127 by the relaxation process and equation (148) 
for a turbine cascade are reproduced in figure 84. 
The method is easily adapted to a general surface 
of revolution (see ref. 127). 

THE INVERSE PROBLEM 

Since the physical boundaries of the flow channel 
(i.e., the blade surfaces) are not known for the 
inverse problem, the relaxation and matrix solu- 
tions have not been used in the physical plane. A 
method has been developed, however, by Stanitz 
(ref. 131) and by Stanitz and Sheldrake (ref. 132) 
to solve the equations governing the fluid motion 
when the stream and potential functions replace 
the Cartesian coordinates as independent varia- 

2-or 
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bles. Relaxation and matrix techniques can be 
employed in this @*-plane. 

Some simpler approximate techniques are avail- 
able. Ackeret (ref. 133) replaced the cascade of 
closely spaced blades by a continuous distribution 
of vortices and sources, periodic in the direction 
of the y-axis. This infinite strip of singularities 
yields an approximate velocity distribution and 
approximate thickness. A blade shape is then 
computed. The method is iterative in nature but 
does not require as much time as the exact solu- 
tions. Sawyer employed this method to design 
a cascade (ref. 134) for testing purposes. The 
time required for the complete theoretical solution 
was approximately 40 hours. 

In reference 135, Alpert developed a method for 
designing a channel when the shape of one wall is 
known and a velocity distribution is prescribed on 
that wall. Although this appears to overprescribe 
the .problem, the author necessarily uses only 
a finite number of points in actually obtaining 
a solution. A solution progresses from one 
streamline to the next, away from the known wall. 
The method is easily and rapidly carried out with 
the aid of tables the author has prepared. An 
example is worked by this method, but no com- 
parison with an exact theoretical solution is made. 

The method of expansion by power series is 
presented by Wu and Brown in reference 126 for 
the inverse problem as well as the direct problem. 
The same limitations to the method apply as those 
discussed previously for the direct problem. 

A rapid approximate method is presented by 
Stanitz in reference 136. The assumptions made 
in the method are realized to a sufficient degree 
in a closely spaced cascade, but the nose and tail 
sections cannot be included in the design. A com- 
parison of the results obtained by the author with 
stream-filament solutions showed good agreement. 
It should be pointed out, however, that the method 
is essentially limited to angles of incidence such 
that the mean streamlines enter the blade channel 
with curvatures close to the mean blade curvature. 
This approximate design method, which enables 
a practical and rapid solution, is presented in 
some detail in the following section. The exact 
solution by relaxation in the @*-plane (refs. 131 
and 132) is also presented. : 

Approximate method.-The design method to 
be presented (ref. 136) is not applicable in the 
immediate regions of the leading and trailing 

edges of the cascade blade, where the small radii 
of curvature of the blade sections invalidate the 
assumptions dade in the method. When a pres- 
sure distribution is pr on the channel 
surfaces as a function ensionless distance 
P along the z-axis,2 along with the 
downstream vector velocities, 
yield the channel shape in the region of validity. 

Two important assumptions are made underly- 
ing the use of the method. At a given value of 
2, it is assumed that (1) the mass-weight average 
flow direction is the same as the direction of the 
bladeelement camber line, and (2) the mass- 
weight average velocity is equal to onehalf the 
sum of the velocities prescribed on the suction 
and pressure surfaces. 

The solidity u can be defined as 

1 
@=- 

0 
Then the thickness ratio $ is defined as 

*- 8 
V -- 0 (157) 

The blade-element profile is determined from u 

and from and 6 as functions of 2. The method 
of this section is concerned with a determination 
of these quantities. 

Consider an elemental strip of axial depth d;. 
The tangential force on the strip of fluid can be 
equated to the rate of change in momentum in 
the tangential direction as follows: 

(158) 
- ~ ( p p - p , )  dG=Aw dq, 

where Aw is the rate of mass flow in the channel 
formed by the two adjacent blades. Equation 
(158) can be written aa 

where Awl& is the average rate of mass flow per 
unit area of the cascade chanbel. Then, from 
equations (156) and (159), it follows that 

2 All linear quantities are considered to be made dimensionless by diyision 
is the axial length of the assumed region of validity of the by z, where 

solution. 
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Aw 
-A (!h-qUl) 
2 8  

U- 

2-0 

The pressure p is determined from the prescribed 
velocity p and from given stagnation conditions 
by the equation 

P=p (1-- 7-1 ty) 7-1 

Since qp and pd are prescribed, p p  and p8  are 
calculable from equation (161), and u is known 
from equation (160). With u known, pv can be 
calculated at any value of 2 from 

The average flow angle B is given by 

7r (163) -7r p = sin-' (:) ,6857j 

where q is given by 

-! - 
Thus, from equations (160) to (164)-* solidity 

and the &distribution are obta%a%le. The 
value $ will no-e obtained from continuity 
considerations,-whereb y 

Aw=pp($-8)z COS f l  

Since 8=~8* ,  

$=pq(l-;) cos B 
2 8  

and 

(165) 
Aw $=l- 

ppz; cos 8 

where the density is given by 

(1) Prescribe the quantities q1, q2, &, and 

(2) Prescribe p, and p p  as funcfions.of $. 
(3) Find Aw/iG from equation (167). 
(4) Find p p  and p ,  as functions of ;3. from 

(5)  Find u from equation (160). 
(6) Find pv from equation (162). 
(7) Find p from equation (164). 
(8) Find @ from equation (163). 
(9) Find ^v from equation (165). 
(10) Compute the equation of the blade mean 

so 
that equation (167) is satisfied. 

equation (161). 

camber line from 

A 

(11) Distribute the blade thickness b symmetri- 
cally about the mean camber line. 

(12) Fair in leading- and tr 
The preceding method is 

in a form applicable to a ge 
tion as well as to a plane ca 
shows the prescribed velocity diqbution for a 
plane cascade computation (ref. i3s) along with 
a stream-filament analysis of the final blade shape 
obtained. 

Exact method.-As mentioned previously, the 
difficulty in applying the matrix and relaxation 
techniques for solving differential equations to 
the design problem arises from the fact that the 
physical boundaries are not known. In a report 
by Stanitz (ref. 131), the equations governing 
the motion of the fluid are written in terms of the 
+~--coordinates, for in these coordinates the 
boundary location is known. The assumptions 
made in this solution are that the flow is nonvis- 

al, and irrotational. The 
an infhite channel will be 

will then be adapted 

.,, 
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of profile from 
second approximation 

0 .2 .4 -6 .8 1.0 
x (dimension less) 

Stream function.* 
.I 

I .o 

Y 

.3 .5 .7 :9 . 

-2 0 .2 .4 .6 .8 1.0 1.2 1.4 1.6 
y ( dimensionless) 

FIGURE 85.-Prescribed velocity distribution and resulting 
blade shape obtained by method of reference 136. 

At each point in the channel, the velocity has a 
magnitude p and a direction j3 with the positive 
x-axis. 

From the condition of continuity, a stream 
function P can be defined such that 

dP=pq dn (168) 

Similarly, from the condition of irrotationality, a 
potential function @ can be defined such that 

d@=p dl (169) 

where dl is an increment taken dong a streamline 
and dn is an increment in a direction normal to 
the streamline. It is clear from equations (168) 
and (169) that ?P is constant along a streamline 
and @ is constant dong a line normal to the 
streamlines (potential line). The channel bound- 
aries in the physical plane (q-plane) are stream- 

liges in the flow. Hence, these lines wiU become 
nstant values of KP in the transformed @*-plane 
e., the curved channel in the q-plane will 

become an infinite strip in the @*-plane). Fur- 
' thermore, the dis tion of velocity as a function 

of 9 along the t 

velocity 
(170) 

is prescribed as a function of arc length in the 
physical plane; therefore, equation (169) integrates 
to give 

@=@(Z) (171) 

From equations (170) and (171), 

Thus, the boundary conditions in the trans- 
formed plane are known, and only the equations 
governing the flow in the transformed plane are 
needed to complete the setup of the problem. 

The continuity and irrotationality equations in 
the @*-plane are developed in reference 131 and 
are, respectively, 

(174) 

Differentiating equations (173) and (174) with 
respect to @ and P, respectively, and combining to 
eliminate bzj3/b@a\E yield 

This equation, together with the relation (166) 
between velocity and density, determines the &s- 
tribution of log p in the @@-plane. Equation 
(175) can be solved by relaxation methods (appen- 
dix C) or matrix methods (appendix D). When 
the distribution of log p has been found throughout 
the channel for a given distribution of q along the 
boundaries, the distribution of j3 can be found 
along each streamline (constant P) by integrating 
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equation (174): 

The distribution of /3 can be found along each 
potential line from equation (173): 

At each point in the q-plane, 

(178) 

Using equations (178) with equations (168) and 
(169) gives 

dx=dZ COS fl 
dy=dZ sin f l  

Equations (179) give the relation between a 
point (2, y) in the physical plane and a point 
(@, 9) in the transformed plane. In this fashion, 
the shape of the physical channel that produces 
the prescribed velocity distribution is found. 

This method is adapted in reference 131 to a 
flow governed by a linear pressure-volume rela- 
tion. Solutions of two problems, having the 
same prescribed boundary conditions, are com- 
pared for a compressible flow and a linearized 
compressible flow. The resulting channels are 
quite similar. Under the assumption of a linear- 
ized compressible flow, the following equiation for 
the turning angle is given: 

where the subscripts A* and 0 refer to the channel 
boundaries. In the cascade design problem, 
equation (180) enables the designer to prescribe 
a velocity distribution that is consistent with the 
prescribed turning angle. 
In figure 86 a cascade is shown with the stagna- 

tion strerrmline drawn in. The cascade can be 
formed by the "islandst' between adjacent chan- 
nels. The cascade design problem then becomes a 
problem in channel design. The channel design 
method considered in the preceding paragraphs 
does not allow zero velocities on the channel sur- 
faces. This results in cusps on the leading and 
trailing edges of the islands, which must be 
rounded off to form a blade. 

FIGURE 86.-Related potentiale on cascade. 

In applying the channel design method to a 
cascade design, it is necessary to determine the 
position of the leading and trailing edges on both 
suction and pressure surfaces in the @*-plane. 
From figure 86 it is seen that 

@c-@A=@D-@B 

from which 
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But conditions are uniform far upstream, so that 

where A* is the change in * from one channel 
surfaoe to the other. Similaxly (see fig. 86), 

Equations (182) and (183) determine the rela- 
tive positions on the boundaries in the @*-plane 
that correspond to the leading and trailing edges 
of the blade, respectively. 

The design procedure for a cascade of blades 
can now be formulated. A linear pressure- 
volume relation is assumed so that equation 
(180) can be used: 

(1) Prescribe a cascade turning angle. 
(2) Prescribe a velocity distribution. 
(3) Adjust the velocity distribution so that 

equations (180), (182), and (183) are satisfied. 
(4) Solve the resulting channel problem by the 

technique described in the preceding paragraphs. 
An impulse cascade with 90' turning is investi- 

gated in reference 132. The prescribed velocity 
distribution on the suction surface and the h a 1  
cascade obtained are presented in Sgure 87. 

ANALOG TECHNIQUES 

For many years attempts have been made to 
establish relations between the flow of compressi- 
ble fluids and other physical problems that can 
be solved by nonanalytic techniqu,es. Two physi- 
cal problems have no mathematical individuality 
if the governing equations are the same (i.e., the 
same except for a possible change in nomencla- 
ture). This fact is utilized in the analogs con- 
sidered in the present section. 
As a result of the importance of experimental 

technique in most analog methods, such methods 
cannot be satisfactorily evaluated on the basis of 
theoretical correctness. In fact, the theory is 
generally of quite a simple nature, and the real 
problems involved are problems of operational 
technique. Because of this and because of the 
tremendous extent of the literature in this field, 
no attempt is made herein to evaluate individual 
contributions, some of which are discussed in 
references 137 to 148. 

This section is concerned only with compressible 
flow. The incompressible-flow' problem, resulting 
as it does in a Laplace equation, is the simpler to 
solve directly and to analogiie. The basic theory 
is developed for several important typsa o€ analog 
that have been used successfully. 

HYDBAULIC ANALOG 

Consider the irrotational flow of water with a 
free surface over a horizontal plane. Bernoulli's 
equation for a stream filament of this flow can be 
written 

(184) P+S P d+Pgz=Po+; VO2+PSZ0 

The subscript 0 refers to conditions at a given 
point through which the 6lament passes, g is the 
acceleration due to gravity, and z is the coordinate 
in the vertical direction. If the flow emanates 
from a tank of sufficientlylarge volume, the veloc- 
ity in the tank can be considered zero. Then, if 
the reference point is taken in the tank, equation 
(184) becomes 

p+; d+ pgz=P+ Pgzo 

vZ=p (P-p) +2g(zo-z) 
or 

(185) 
2 

A simplifying assumption is now made that the 
acceleration in the vertical direction at any point 
is negligible when compared with the acceleration 
due to gravity. This assumption (not always 
sufitieiently redied, see ref. 137) leads to the 
relations 

where D is the height of the water surface. Using 
equations (186) in equation (185) yields 

d=2g(Do--D) (187a) 

The maximum attainable velocity is given by 

(188a) 

Combining equations (187a) a.nd (188a) yields 

(l89a) 
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FIGUIUE 87.-Prescribed suctionsurface velocity with resulting blade shape for impulse cascade with 90' turning (obtained 
by method of ref. 132). 
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The continuity equation for this flow is 

(19Oa) 

The irrotationality condition is utilized as follows: 
From equation (187a), since the flow is essentially 
two-dimensional, 

Equation (190a) is rewritten as 

D ($+%)+v, &+vu bD z = O  bD (192) 

Then, substituting equation (191) into (192) yields 

(193) 

If the flow is irrotational, ---- :) :;-O and a 

velocity potential @(x,y) exists such that 

Using equations (194) in equation 

(194) 

(193) yields 

These are the fundamental equations governing 
the flow of water under the conditions specified. 
They will now be compared with the fundamental 
equations governing the two-dimensional irrota- 
tional flow of a compressible fluid. The energy 
equation lor the fluid flow can be written as 

42=2gc,(T-t) (187b) 

The maximum local velocity is given by 

(189b) 

Therefore, if the velocity ratio of the gas flow is 
equated to the velocity ratio of the water flow, 
equations (189a) and (189b) yield 

Do-D -- T-t 
Do T 

-- 

or 
D t  
&=F 

The continuity equation €or the gas flow is 
written 

(190b) 

Comparing equations (190a) and (19Ob) yields the 
further condition for the analogy that 

For adiabatic isentropic flow, the temperature 
and density of the gas are related by 

An examination of equations (196) and (197) 
indicates that plp,=tlTin the analogy, so thatr=2. 
Pressures axe obtained from 

This value of 7 is not valid for any real gas. 
However, since many relations are not significantly 
affected by using a value of 7 slightly different 
from the true value, it should be possible to obtain 
at least qualitatively correct results. 

The potential-flow equation for the gas is 

-2 ---0 m 5%- (195b) 
bzby a2 
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Comparison of equations (195a) and (195b) shows 
that 

Thus, @I compares with the velocity of sound 
in the gas flow. It is known from the literature 
on hydraulics that ,@ corresponds to the speed 
of propagation of long surface waves. The ratio v/m in liquid flow is seen to correspond to the 
Mach number q/u in gas flow. Liquid flows with 
v/&D<l are called “streaming” and with 
v/,@>l are called ((shooting.” The difference 
in the character of the equations governing sub- 
sonic and supersonic compressible flows exists also 
in the equations governing streaming” and 

Thus, utilization of the hydraulic analogy 
reduces the problem of fmding compressible-flow 

I (  

shooting” incompressible flows. (6 

properties of a gas to measuring depth in a liquid 
flowing under certain conditions. The chief ad- 
vantagebf the analogy is that it provides a rela- 
tivelx inexpensive way to investigate high-speed 
flow of compressible fluids. A photograph of an 
apparatus used successfully in applying the 
hydraulic analogy (ref. 137) is shown in figure 88. 

~ E 6 ~ A ~ C ~  ANALOGS 

For a two-dimensional compressible isentropic 
flow, the following equations are valid: 

d q  
-=pq dn 

h a m  88.-Equipment used in water analogy (from ref. 137). 
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where the derivatives in equations (201) and (202) 
are taken in the direction of a streamline and a 
potential line, respectively. 

For purposes of mechanical representation, it 
is assumed that the total differentials d@ and 
d\k in (201) and (202) can be replaced by finite 
increments of a size sufficiently small in com- 
parison with the cascade. Equations (201) and 
(202) become, respectively, 

A+=qAl 

Aq=pqAn 
(204) 1 

Then, from equations (203) and (204), 

1 (205) 
A1 1 

=aa a [l-.q (E)s" a& 

giving the relation between (aap.An/A\k) and 
(aaAIIA@). 

From equations (204), 

and it is clear that 

A1 aapa *=a - A\k "A@ 

for stagnation conditions. Equation (205) is 
plotted for y=1.4 in @e 89. This equation is 
quite general in application and relates An to A1 
for the meshes of a streamline-potential-line 
network in a compressible-flow field. From equa- 
tion (203) the pressure at any point of the flow 
field is given by 

Similarly, the local Mach number can be deter- 
mined as 

6 

5 

4 

3 

2 

0 I 2 3 4 5 6 
I 

FIGUBE 89.-Velocity-masa-flux reciprocal relation for 
r= 1.4. 

These equations may be used in several ways to 
determine the flow about a cascade of blades. 
A description of the graphical method (flux plot) 
will indicate the general theory and clarify the 
mechanical analogies arising from it. The blades 
to be investigated are first drawn to a convenient 
scale. Three blades (and hence two passages) are 
used to provide a clearer picture of the flow in the 
leading-edge region and a check on the accuracy of 
the assumed stagnation streamlines. That is, the 
stagnation streamline attached to the central 
airfoil must have the same shape in the final solu- 
tion as the outside stagnation streamlines. As a 
first approximation, the stream and potential lines 
are drawn for an incompressible flow, which divides 
the field net into nearly square meshes. (Strict 
accuracy is not necessary, since this is only a first 
approximation to the compressible flow.) The 
meshes are then corrected to a rectangular shape 
by the application of equations (204) and (205). 

A word must be said here about the use of these 
equations in a given problem. Generally, the 
upstream conditions ql and pl will be given as well 
as the cascade geometry. When a drawing of the 
cascade has been made to a convenient scale, the 
spacing 8 can be measured. The total mass flow 
through a single passage is given by 

and A\k is chosen as A?F==Aw/N where N is the 
desired number of incremental flow passages per 
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cascade passage. The value of N should be 
chosen to represent the best compromise between 
time and accuracy. Then, if A1 is taken equal to 
An at  stagnation conditions, equation (206) yields 

A* A@=- 
Pa 

Thus, from a given set of inlet conditions, a 
given cascade drawing, and a desired number of 
streamlines per passage, values of A* and A* are 
determined. These values are constant over the 
flow field, so that equation (205) yields a fixed 
relation between An and Al. As a practical 
measure, it is often convenient to make a plot of 
A2 against An for the particular problem being 
considered. Such a plot follows at  once from 
figure 89 when values of A* and A@ have been 
chosen. The stream and potential lines can then 
be adjusted (generally by an iteration process) to 
satisfy the known relation between An and Al. 

The flux plot has the advantage of requiring no 
unusual equipment. However, the erasure and 
redrawing of the many lines in the flow net in the 
successive iterations is a time-consuming opera- 
tion. Simple mechanical means of alleviating 
some of the difficulties are discussed in the follow- 
ing paragraphs. 

The condition of orthogonality can be nearly 
satisfied by using a net of wires and pins. The 
stream and potential lines of the flow are repre- 
sented by thin spring steel wires. The nodes of 
the net are steel pins with holes drilled at right 
angles through them (see fig. 9 0 ) .  When the 
wires have been threaded through the pins, the 
network, under distortion to satisfy boundary 
conditions, will maintain orthogonality to a cer- 
tain degree. The friction present will prevent a 
complete self-alinement of the network. The 
diameter of the pins-and tolerance of the holes wil l  
result in some deviation from orthogonality. 

The boundary conditions are satisfied by using 
pins with sharply pointed ends to secure the 
bounding streamlines in their proper locations. 
Special pins are used for stagnation streamlines. 

For the case of an incompressible fluid, the 
meshes of the network must be square. A second 
orthogonal network, forming diagonals of the 
small squares, can be superimposed to satisfy this 
condition. The pins must be drilled to receive 

FIGUBE 90.-Flow through adjacent channels by wire- 
mesh plotting (from ref. 140). 

this second network as well as the first. Use of 
the second network results in more accurate curvi- 
linear squares than could be achieved by measur- 
ing distances between midpoints of opposite sides. 

To facilitate the network adjustment in the 
case of compressible flow, a four-legged caliper 
has been devised by Sells (ref. 138).  The spacing 
between one pair of legs is a function of the spacing 
between the other legs, and the functional relation 
is devised to maintain the width-to-length ratio 
of the small meshes of a compressible-flow net. 
This device was used successfully by the authors 
of reference 138. 

Another mechanical method of adjustment (fig. 
91)  has been devised by Westphal and Dunavant 
(ref. 139). A few basic considerations must be 
noted relating to its construction. If &=An at  
stagnation conditions, then, as pointed out earlier, 
A@=A*/pa. In this case, 

A n  aapa @=a A* ' A @  - 

By choosing A@=aa/2, equation (211) yields 

An 
A* aapa -= 2An 

and also 
A1 a, ---2111 A@- 
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FIGURE 91 .-Mechanical device used to determin come- 
pressible flows (ref. 139). 

Using equations (212) and (213) in equation (205) 
yields 

(2 14) 
A l  An= 

[1 -___. ,_lp 
2(2A1)L 

which is a universal relation between An and A2 for 
a fixed value of A@. To obtain this relation, it was 
necessary to give up the freedom of choosing A4, 
and hence A@, in each individual problem. In a 
given problem, equation (209) is used to determine 
Awls, and then s, from A 4  and N. Then the 
cascade must be drawn to correspond to this value 
of s. Thus, in any given problem the scale of the 
drawing is uniquely determined by the inlet con- 
ditions, the desired number of streamlines per 
passage, and the fixed value of A@. 

Figure 91 (from ref. 139) cam 
constructed to reproduce mechanically the func- 
tional relation given by equation (214). If the 
cams are placed over a network of pins and wires 
as shown in figure 92 An wil l  auto- 
matically require the 

n general procedure the 
wire net is fitted to the boundary conditions of a 
particular problem. Then the cams are placed 
over the pins beginning from a 
the flow field, usually far upst 
ment of the pins and wires is complete with the 
placement of the cams. Since additional meas- 
urements and corrections are not necessary, the 
procedure is fairly rapid. 

The value a,/2 was chosen for A@ to yield a 
reasonable cam size. Clearly, a value of A@ must 
be fixed in order to construct a cam of fairly uni- 
versal applicability. The cam reported in ref- 
erence 139 is valid for a range of Mach number 
from 0.3 to 1.0 and for stream-tube widths of 
0.864 to 1.760 inches. 

The time required for obtaining a solution for 
turbine cascades and nozzles by use of the cams 
is estimated in reference 139 to be about 8 hours. 
However, some difficulty was encountered in 
reference 140 in applying the wire-mesh method 
to a compressor cascade. This difliculty was 
attributed to the more poorly defined passage of 
the compressor cascade investigated as compared 
with the cascade of turbines. 

FIGURE 92. Cams and pins used to determine compressible 
flow (ref. 139). 
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ELECTBICAL ANALOGS 

The flow of an electric current through a 
nearly flat plate is governed by the following 
equations: 

. . 

wheregis the electric pot , j is an eleetric- 
current function, 62 is the specific resistance of the 
plate, I is the current density, and m is the thick- 
ness of the plate. The following relations hold 
for the irrotational flow of a nonviscous com- 
pressible fluid: 

A comparison of equations (215) and (216) 
indicates that an analogy exists if 

(217) 

pqv=lvm pq,=I.m 

Then, from equations (217) it follows that 

m P " 5  

If the flow pattern is known in any field of fluid 
flow, the velocity, and hence the density, is known 
at each point. Then, if the ratio of plate thickness 
to plate specific resistance at  each point is made 
equal to the density a 
the flow field, the lines 
wiU correspond to str 
fluid flow. Similarly 
potential will correspond 
flow field. 

let Q=constant. That is, choose a conducting 
substance of constant specific resistance. Then m 
must be varied to satisfy relation (218). A con- 

of 

is to use a tank containing an electrolyte. The 

In the first appro 

885 

dectrolyte must be shdow, and the bottom of the 
tank must be made of a substance easily deformed 
into a desired shape 
must be constructed 

an apparatus, the bottom of the tank is left flat 
for the first approximation. This corresponds to 
obtaining an incompressible-flow solution. A 
potential difference is applied, and the current 
lines and electric potential lines are determined. 
Various apparatus have been developed for this 
operation (see refs. 141 and 142). The current 
lines are then interpreted as streamlines, and a 
velocity field is determined. From the velocities 
obtained in this first approximation, densities are 
computed at  each point of the flow field, and cor- 
responding thicknesses of the electrolyte are deter- 
mined from equation (218). This varying thick- 
ness of the electrolyte is achieved by deformation 
of the tank bottom. With the shape of the tank 
bottom thus adjusted, new current lines are 
determined and the entire process is repeated. If 
the procedure is a convergent one, the result will be 
the desired compressible flow about the object 
considered. 

To avoid the problems involved in varying the 
shape of the t a d  bottom, a method is desirable 
wherein the thickness is held constant and the 
resistance is varied. A conducting material in 
which the resistance varies in the proper manner 
with the local current density would make this 
type of analog realizable. Although no such ma- 
terial is known a t  the present time, a discrete-point 
type of analog can be used to achieve a properly 
varying resistance. The details of such a treat- 
ment using a direct-current board are given in 
reference 138. 

Equations (215) are rewritten as 
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where E, and E, are the electric-field components, 
and I, and I, are now the electric-current com- 
ponents per unit thickness. The derivatives in 
equations (219) are now replaced by difference 
quotients of values of $ and 4 at the nodes of a 
square lattice net with square mesh size 6. These 
difference equations then become the circuit 
equations for a network of resistances. The 
resistance R of each segment of the net is given by 

The field strength E is given by 

where A, and A, denote differences in the x- and 
y-directions, respectively. The network has the 
same geometrical boundaries as the flow field to be 
investigated . 
As a first approximation in the solution of a 

compressible-flow problem, the resistances in the 
net are all taken equal. The voltages are then 
read at  all the lattice points, and E is found from 
equation (221). The resistances are determined 

from equation (220) and incorporated into the 
network. New readings are then taken and a 
second set of resistances calculated. These re- 
sistances are incorporated into the system, and 
so forth. If the method converges, the result will 
be a finitedifference approximation to the flow of 
a compressible fluid. 

CONCLUDING REMARKS 

A survey of the literature on plane potential 
flow about cascades has been presented. The 
theories are classified according to their applica- 
tion to high-solidity or low-solidity cascades and 
according to whether the method solves the direct 
or the inverse problem. Several methods have 
been presented in considerable detail to illustrate 
acceptable solutions for the problems in the 
various classifications. These methods are con- 
sidered to offer practical solutions, since they 
combine a reasonable amount of computing time 
with acceptable accuracy. The authors of these 
methods are Eatzoff, Finn, and Laurence (ref. 
86) ; Goldstein (unpublished lectures) ; Huppert 
and MacGregor (ref. 124) ; Wu and Brown (ref. 127) ; 
Stanitz (ref. 136); and Stanitz and Sheldrake 
(ref. 132). 



APPENDIX A 
VELOCITY DISTRIBUTION AT ARBITRARY ANGLE OF INCIDENCE 

It is possible to map conformally an infinite 
cascade in the z-plane into a circle of radius 1 
with center at the origin in the (-plane. The 
mapping scan be chosen so that the points rta 
in the z-plane map into the real points &eK in 
the circle plane (e.g., ref. 90). The complex po- 
tential function of the flow about the circle, 
which will have the desired singularities when 
mapped into the cascade plane, is given by 

The constants v,, &, s, r, and K are determined 
from the cascade being investigated. Suppose 
now that a solution is known for the cascade at 
some angle of incidence. Then v,, p,, s, and 
are known quantities. If K can also be found, 
equation (64) will give the flow in the circle plane 
that corresponds to the flow in the cascade plane. 
Then, a conformal mapping is determined between 
points of the z-plane and points of the (-plane by 
equating values of the respective potential func- 
tions. Actually, the value of K can be deter- 
mined by requiring that the two flow fields be 
related conformally and utilizing the condition 
of correspondence of potential values. Note 
that, on the circle, (=ef?, and equation (64) 
becomes 

tan (p 2 sin 8, tan" ( - sin )+& tan-' ( W K ) ]  sinh K 

Let A@, denote the change in potential from the 
leading-edge stagnation point (pic to the trailing- 
edge stagnation point pIGr along the upper 
portion of the circle (see fig. 77): 
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COS pc,. s-COSh K A@r=g {'Os Bm loge (cos upce. ,+cash K 

where 

--<tan-' n (*)<% 
2 sinh K 

and tan-' (3) and tan-' (-) tan q t e  are in 
tanh K tanh K 

the same quadrant as (pte,x and (ole, respectively. 
The stagnation points are found by differentiat- 

ing (Al) and equating to zero. This results in 
the following equation for (pte.* and (pze, which 
can be interpreted as a quadratic equation in 
sin (p: 

sin (o cos &+cos (p sin r tanh K+- sinh K=O 2vms 
(A3) 

Since the two flow fields are to be related con- 
formally, the potential difTerence A@z measured 
from the leading-edge stagnation point to the 
trailing edge of a cascade blade must equal the 
corresponding potential difference (as given by 
eq. (A2)) in the circle plane. The procedure for 
iinding K is as follows: 

(1) Assume several values of K. 
(2) For each value of K, compute (pIc,x and QZ, 

(3) Compute A@r from equation (A2) for each 

(4) Plot AQC against K, and select the value of 

from equation (83). 

value of K. 

K for which A@r=A@z. 
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With this value of K, the flow function (64) is 
cdmpletely determined and velocity distributions 
at  angles of incidence other than the one for the 
original solution can be considered. 

If W; and W, denote the complex potential 

Or 

functions in the circle plane and the- cascade 
plane, respectively, and z = z ( i )  is the desired 
mapping function, the following relations hold: 

where w, and w;. denote the complex velocity 
conjugates in the cascade and circle planes, 
respectively. If only the blade perimeters and 

In order to satisfy the Kutta condition for a the cascade blades at a point corresponding to 
new value of ,& (corresponding to a new value of p=pie,,. Since the mapping function is un- 
incidence angle), the flow must continue to leave altered,' the velocity distribution lor an arbitrary 

value of Bm (say a) is given by 

After K and 'pie,s have once been found for a determine velocity distributions at  any angles of 
given cascade, equation (A6) can be used to incidence. 

691-564 0-65-11 



APPENDIX B 
CASCADE MAPPING FUNCTION 

The development of the cascade mapping 
function as presented herein is taken from un- 
published lectures by A. Goldstein. 

Consider an infinite cascade of blades in the 
z=x+iy plane, oriented as in figure 72. If s is 
the blade spacing, the cascade can be mapped 
into a single closed curve by the function 

2 s  

zl=e a 

By the mapping theorem of Riemann, the ex- 
terior of this closed curve can be mapped con- 
formally onto the exterior of a unit circle in the 
&-plane in such a way that 

lim z1(z2)= OD (B2a) 
923- 

and 

l h  %,A (B2b) 
r e m  dz* 

where A is a real constant. Since the derivative 
of the function has no zeros outside the circle, the 
mapping function can be written 

with conditions (B2a) and (B2b) satisfied. 
The observation is now made that 

When 23--a3, then z p 0  and e+ some point a (B4) 

When z-+-, then z,++w and %++OD (B5)  

The unit circle in the &-plane can be mapped 
uniquely by a h e a r  fractional transformation onto 
a unit circle in the 5-plane with center at the origin 
and such that +- and a in the %-plane map into 
eK and -eK, respectively (see ref. 149). This 
mapping can be written 

zz-a=a - tanh K S-eK 

If z, is considered as a function f, certain con- 
ditions on z1 (5) must be fulfilled. From relations 
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(B6)  and (B5), zl(t) has a pole of order 1 at r=eK. 
From relations (B6) and (B4), zl@) has a zero 
at f=-eK of order 1. It is clear that the desired 
function has the form 

where g(f) is regular for If[>l. Furthermore, 
g(f)#O for ISl>l, because, if g(p)=O for some p 
such that Ipl>l, then zl=O would correspond to 
two points, r=--eK and {=p. But this is not 
possible, since z1 is a regular one-to-one function 
of 5. Hence, equation (B7) can be rewritten 

where/@) is regular for Irl>l. Then 

From equations (B3) and (B6), 

Equating (B9) and (B10) yields 

(cz-e4g) f’(f)-2eK=-eV-f’)2aeK tanh K 
= - 2eKe W )  (B 1 1) 

where G is defined by the relation 

Then, 

But f’(f), and hence/‘@), is regular for lfl>l, 
so l-eG(r) must have zeros at f=eK and ;.=--eK. 
It follows that G@) has zeros a t  f=eK and =-eK. 
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Then fron equations (Bl), (Bg), and (Bll), 

with the condition that G(f) is regular for Irl>l, 
and G(-+eK)=O. Equation 0313) can he put into 
a more convenient form. Consider the, function 

where 

Therefore, h(f) is regular for Ifl>l and has a 
zero of order two at  r+w.  Substituting equation 
(B14) into equation (B13) gives 

and the condition on h(r) can be expressed as 

In a case where the cascade blade has a sharp 
trailing edge, the function h(r) wi l l  not be regular 
at the corresponding point on the mapping circle. 
As a result, the determination of & from hl (where 
h=hl+i&) is unduly complicated in the preceding 
form. The singularity can be factored out, how- 
ever, and the computations simplified. The 
general mapping function (eq. (72)) then takes 
the following form: 

where B is the included trailing-edge angle and 
I t ,  is the point corresponding to the trailing edge. 
The function h(c) appearing in equation (B15) is 
regular on and outside the unit circle. For details 
of this computation, see reference 105. 



APPENDIX c 
RELAXATION CONSIDERATIONS 

Consider the set of five grid points 0 ,1 ,2 ,3 ,  and 
4 shown in figure 83. The number 0 denotes the 
central point at which the finite-difference equa- 
tion, under consideration in this discussion, is 
written. The subscripts 0, 1, 2, 3, and 4 refer to 
the five points 0, 1, 2, 3, and 4. The finite- 
difference equation is written at 0 as 

The coefficients A, are known, and the nonlinear 
contribution KO is fixed from a previous approxi- 
mate solution or from an assumed solution. 

Equation ((21) is rewritten 

where Ro is called the residual at 0. When the 
correct values of 9, are inserted in equation (C2), 
Ro will be zero. If incorrect values of Pf are used, 
Ro will, in general, have a value different from 
zero. 

When equation (Cl) is applied to each of N 
points in the flow field, N simultaneous equations 
in N unknowns (9,) result. When values of 
\ki (i=O, 1, . . . N )  are assumed, equation (C2) 
yields N residual values R, ( i = O ,  1, . . . N ) .  The 
purpose of the relaxation process is to reduce 
these residuals to small values. From equation 
(C2) it is seen that Ro can be reduced to zero by 
a new choice of Po, say Pi, such that 
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(C3) P:=PO-- 8 0  

A0 

This choice of a new 9; has an influence on 
other residuals. In this case, the residuals a t  
points 1, 2, 3, and 4 in figure 83 are immediately 
affected. The finite-difference equations written 
at these four points each contain !Pi multiplied by 
a coefficient that has been determined at the out- 
set. Thus, it is seen that R1, for example, is a 
function of XP0 and subsequently of P:. A change 
in Po then must cause a corresponding change in 
E,. 

A simple way to carry out this process is to list 
the initial values of Pf and R, at each point on 
an oversized drawing of the flow field. Then a 
change in 9, of APi is recorded under Pt at  the 
point in question. Resulting changes ARt are 
recorded at the respective points affected. 

In this illustration, second-order polynomial 
representation (resulting in five values appearing 
in each difference equation) was used. The 
principle is the same for higher-order representa- 
tions where more points are involved in each 
equation. Unequal spacing of points near the 
boundaries does not affect the general procedure. 
Residuals are systematically reduced over the 
entire flow field, usually beginning with the larger 
ones. As there is considerable interaction of 
effects, the residual at a given point may undergo 
many changes in the come  of a solution. 

There are many devices for obtaining rapid 
convergence that can be used to great advantage 
when employing relaxation methods (see ref. 109). 



APPENDIX D 
MATRIX CONSIDERATIONS 

Applying equation (149) to each grid point in 
the flow field results in a collection of N linear 
equations in N unknowns. In a flow problem 
of this nature, so many points are required in the 
solution that matrices can be used to solve the 
equations only if high-speed computing equipment 
is available. Various matrix techniques are avail- 
able in the literature. A brief outline of a method 
that has been used successfully in references 129 
and 130 is presented herein. 

The finite-difference equations are written in 
matrix form as follows: 

(D1) 
where 

[AI square matrix of order N 
{ *} , { J }  column matrices having N elements 

The square matrix [A] can be written as 

where 

14 I#] = I J l  

I 4  = [ I]  wl [UI (D2) 

[ I ]  lower triangular matrix with unity on the 
diagonal 
[u] upper triangular matrix with unity on the 

diagonal 
[d] diagonal matrix 

The matrices [ I ]  and [d] can be combined into a 
lower triangular matrix [L], and (D2) is then 
written 

IAI = r ~ i  [UI (D3) 

If i denotes row andj  denotes column, the elements 
of [L] and [u] can be written 

3-1 

k - 1  
Lj=Aj-Z L:uf is j (D4) 

L: =A: 

u:=1 

It is seen from equations (D4) and (D5) that 
L: can be found first from a knowledge of A:. 

Then uf can be found from (D5), since u : = ~  A; 
1 

Next, the second column of [L] can be found and 
then the second row of [u]. In this manner, all 
elements of both matrices are known. 

Now define a column matrix {Q] such that 

[LI { &I = { J }  (D6) 

It can be shown that 

J f - g  L:&n 

L: 
k - 1  

Qt= 

Hence, [Q] can be found by finding Q', Q2, . . . in 
successive order. 

From (D3) and (Dl), 

From (D6) and (D8), 

Since [u] is a known upper diagonal matrix and 
{ &} is a known column matrix, {*} can be deter- 
mined from *,,, *n-lJ . . . in successive order. 
In general, 

9GQf-E u:p 
k i n  

p=&" ( D m  

In  this manner, the ** are found and the problem 
is solved. Suggestions for a computational lay- 
out designed for minimum time expenditures are 
made in reference 130. 

149 





CEAPTBR V 

VISCOUS FLOW I N  TWO-DIMENSIONAL CASCADES 

By WILLIAM E. ROUDEBUSH and SEYMOUR LIEBLEIN 

Boundury-layer behavior on two-dimensional com- 
pressor blarEe sections is described, based on a rewiew 
of available theory and experiment. Tlw muted  
is divided into two muin sections, one presenting a 
qditative discussion of b-nduq-layer behuvior, 
and the other treating the quantitative aspects of 
boundary-layer theory as applied to cascade bluihs. , 

In the qualitative analysis, the general churacter- 
istics of laminar and turbulent boundary layers are 
reviewed. Instability and transition and their 
inJfuenee on boundury-layer behavior are discussed. 
An attempt is then made to construct a qditative 
picture of blade losses determined over a wide 
range of Reynolds number, surface pressure gradi- 
ent, and free-stream turbulence. 

The section on qmntitative boundary-layer theory 
discusses some approximate methods for computing 
the growth and separation of laminar and turbulent 
boundary layers. The loss in total pressure and - 

theory for two reasons. Elirst, it will aid in 
obtaining a basic understanding of the general 
nature of viscous-flow effects. Second, it wil l  
provide a background for the interpretation and 
correlation of experimental and theoretical cascade 
data. This is essential for the successful applica- 
tion of blade-element theory to compressor design 
(ch. 111). 

In fluid-flow theory, a complete representation 
of the two-dimensional viscous flow is given by the 
Navier-Stokes equations (ref. 151, pt. I). General 
exact solutions of these equations have not as yet 
appeared. The principal advances in viscous- 
flow solutions have come as a result of various 
approximations to the basic relations. The vis- 
cous-flow literature is covered extensively in 
reference 152, published in 1938. More recent 
literature is reviewed in reference 153. Com- 
pressible boundary-layer flow is surveyed in 

defect in  circulation resulting from blade 
layer growth are also considered. Concurrently with the development of bound- 

P”’ INTRODUCTION 

Considerable effort in the past several decades 
has been devoted to the determination of the two- 
dimensional potential or inviscid flow about 
airfoil and cascade sections. Comprehensive 
surveys of the state of potential-flow theory for 
two-dimensional cascades are presented in chapter 
IV and reference 150. These surveys indicate 
that the theory available for analysis of ideal 

\ two-dimensional flow, although not simple, is 
usable and has provided a ikm understanding 
of the ideal flow on and around two-dimensional- 
cascade blade sections. A real fluid, however, is 
viscous, and it is well-known that the presence of 
viscosity exerts a considerable influence on the 
behavior of the flow. 

The determination of the viscous flow about 
two-dimensional-cascade sections is considered 
important in the development of compressor flow 

ary-layer theory, considerable experimental re- 
search on boundary-layer behavior has been 
conducted. These experiments not only provide 
empirical data necessary for obtaining approxi- 
mate solutions to the boundary-layer equations, 
but also contribute to the establishment of a 
valuable quaIitative picture of the behavior of 
boundary layers. 

This chapter reviews the problem of deter- 
mining viscous effects on the two-dimensional 
incompressible flow about compressor blade pro- 
files in cascade. The material is divided into 
two major parts, entitled Q u A L I T A T  I v E 
BOUNDARY-LAYER THEORY and Q u A N- 
TITATIVE B O u N D ARY-L A Y  E R T H E O  RY. 

In the first part, some of the more important 
terminology is presented, and general trends to be 
anticipated in real fluid flows are indicated. 
Laminar and turbulent boundary layers, instabil- 
ity, transition, and separation are discussed. 
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The general effects of Reynolds number on total- 
pressure loss for several levels of blade loading are 
evaluated qualitatively. In the second part, 
selected methods are presented for actually cal- 
culating laminar- and turbulent-boundary-layer 
growth and predicting separation. In addition, 
some consideration is given to the computation of 
the defect in circulation and the total-pressure 
loss caused by the growth of the blade surface 
boundary layers. The analysis indicates the 
extent to which current viscous-flow theory can 
predict the important phenomena involved in the 
flow of a real fluid about a two-dimensional 
cascade. 

SYMBOLS 

The following symbols are used in this chapter: 
drag coefficient 
local friction coefficient 
lift coefficient 
chord length 
boundary-layer form factor, 6*/e* 
turbulence intensity 
incidence angle, angle between inlet-air 

direction and tangent to blade mean 
camber line at  leading edge, deg 

scale of turbulence 
characteristic length 
coordinate normal to blade surface 
total or stagnation pressure 
mass-averaged loss in total pressure 
static or stream pressure 
arbitrary cons tan t 
Reynolds number, V, 1 */v 
Reynolds number based on chord length, 

Reynolds number based on boundary-layer 

Reynolds number based on boundary-layer 

coordinate along direction of blade surface 
distance along blade surface from leading 

s-component of velocity in boundary layer 
air velocity 
characteristic velocity 
n-component of velocity in boundary layer 
abscissa in cascade plane (fig. 94) 
ordinate in cascade plane (fig. 94) 
angle of attack, angle between inlet-air 

direction and blade chord, deg 

VdV 

thickness, Vo6/u 

momentum thickness, Voe*lV 

to trailing edge 

B 

r 

6 
6* 
r 
0 
e* 
x 
P 
V 

P 
4 

7 

7 
A 

air angle, angle between air velocity and 

turbulent-boundary-layer parameter, (O/Vo) 

boundary-layer thickness 
boundary-layer displacement thickness 
turbulent-boundary-layer parameter, (Cf,/ 

turbulent-boundary-layer parameter, 0 *Reeq 
boundary-layer momentum thickness 
Pohlhausen parameter, (a2/v) (dV,/ds) 
viscosity 
kinematic viscosity 
density 
solidity, ratio of chord to spacing 
time 
shear stress 

x-axis, deg 

(dV0b) 

2)ReeQ 

Lila shear stress a t  wall 
W to tal-pressure-loss coefficient 
Subscripts : 
cr critical 
f.p. flat plate 
m 

n n-direction 
ref reference 
s s-direction 
te trailing edge 
tr transition 
0 
1 upstream at  infinity 
2 downstream at infinity 

mean of upstream and downstream condi- 
tions 

outer edge of boundary layer 

QUALITATIVE BOUNDARY-LAYER THEORY 

GENERAL CONSIDERATIONS 

For an ideal fluid, the velocity tangent to a 
fixed surface is generally nonzero at the surface 
and (for small surface curvature) is nearly equal 
to the velocity at points near the surface, as shown 
in figure 93 (a). A viscous fluid, however, adheres 
to the surface over which it is flowing, so that the 
velocity tangent to the surface is zero at  the sur- 
face. The velocity near the surface rapidly in- 
creases and attains the value of the free-stream 
velocity a t  a short distance from the surface, as 
shown in figure 93 (b). The region of flow in which 
tbe local velocity is retarded is referred to as the 
boundary layer. The static pressure across the 
boundary layer is nearly constant. 
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Outer edge of 
boundary layer 7 

Free-stream 

U 

(b)  

(a) Nonviscous flow. 
(b) Viscous flow. 

FIGURE 93.-Velocity profiles near a fixed boundary. 

In two-dimensional-cascade flow, boundary lay- 
ers develop on both the suction and pressure 
surfaces of the blade. These surface boundary 
layers then come together a t  the blade trailing 
edge and form the blade wake, as shown in k g e  
94. As the wake moves downstream, a mixing 
takes place between the wake and free stream and, 
through viscous action, the flow becomes uniform 
at some distance behind the blade trailing edge. 

Although, in many practical problems, the blade 
surface boundary layer constitutes a small portion 
of the flow field, it plays a decisive part in the 
determination of the actual flow characteristics of 
the cascade. The effect of blade boundary-layer 
development on cascade losses is obvious, since 
the resulting wake formation contains a defect in 
total pressure. The surface boundary layers can 
also exert a strong influence on the surface pres- 
sure distribution and outlet-angle characteristics 
of the blade. If the boundary layer is very thin, 
the pressure distribution obtained from potential- 
flow calculations over the original body will be a 
good approximation to the actual distribution. 
As the boundary layer thickens, however, the 
actual pressure distribution will depart from the 
potential-flow determination. Under certain con- 
ditions, the boundary layer actually separates 

from the surface of the blade somewhere in ad- 
vance of the trailing edge. In this event, the 
entire flow pattern about the cascade is altered 
by the displacement of fluid accompanying such 
separation, and the potential-flow solution about 
the original profile loses its significance almost 
completely. 

It is evident, therefore, that a knowledge of 
general boundary-layer behavior is vital to the 
accurate prediction and interpretation of cascade 
flow characteristics. In the present section, the 
discussion is presented in the following order: 

(1) Preliminary boundary-layer definitions 
and concepts 

(2) Description of laminar boundary layer in 
some detail with particular emphasis on 
effects of Reynolds number 

(3) Description of turbulent boundary layer 
and comparison with laminar layer 

(4) Discussion of instability and transition 
with regard to their importance in cascade 
operation and data interpretation 

(5)  Combination of considerations (1) to (4) 
to form a qualitative picture of the loss 
spectrum as influenced by pressure gradient 
and Reynolds number variation 

BOUNDARY-LAYER CONCEPTS 

Types of boundary layers.-The two general 
types of boundary layer occurring on blade surfaces 
are designated laminar and turbulent. The bound- 
ary layer is initially laminar and usually becomes 

-Axial I 
Suction- velocity 

surface 
boundary 
layer---, 

p s u r e -  i 
surface I 

Fi~~~ i94 . -Boundary  layers and blade wake in two- 
dimensional-cascade flow. 
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Since the velocity in the boundary layer goes to 
zero at the wall, the weight flow in the boundary- 
layer region is decreased. This decrease in weight 
flow can be expressed in terms of a length 6*,  called 
the displacement thickness, obtained by dividing 
the integrated defect in weight flow within the 
boundary layer by the free-stream velocity Vo,B at 
the outer edge of the layer. For incompressible 
flow, this gives 

6 * = l ( 1 - ” )  vo. 0 dn 

in which the coordinate n is taken in a direction 
normal to the surface (similarly, the coordinate s 
represents distance in the direction of the surface, 
f?g. 93 (a)) ; u is the local velocity in the s-direction 
within the boundary layer; and VO,# is the velocity 
in the s-direction at the outer edge of the boundary 
layer. 

In a similar manner, a momentum thickness e* 
is obtained to represent the corresponding d e  
crease in momentum in the boundary layer. The 
momentum thickness is obtained by dividing the 
integrated defect in momentum by V:,# to give 

The momentum thickness in the wake is directly 
related (as shown in a later section) to the loss in 
total pressure across a cascade. 

Another parameter frequently encountered is 
the boundary-layer form factor H, defmed as the 
ratio of displacement thickness to momentum 
thickness: 

6* He- e* 

The form factor appears as a parameter in approx- 
imate boundary-layer theory in the determination 
of the magnitude of the momentum thickness. It 
also gives a rough indication of the state of the 
boundary layer with regard to possible separation. 

One of the most significant parameters charac- 
terizing boundary-layer behavior is the Reynolds 
number, a dimensionless parameter proportional 
to the ratio of inertial force to viscous force, given 
bY 

Vrl* Re=- 
V 

where V ,  is a characteristic velocity of the flow, 
I* is a characteristic length, and v is the kinematic 
viscosity. In particular, Vi can be taken as the 
upstream velocity VI and l* as the blade chord c 
to give what is called the body Reynolds number, 
or bladechord Reynolds number, Re,= V,c/v. In  
another formulation, the velocity can be taken to 
be the velocity Vo at  the outer edge of the bound- 
ary layer and the characteristic length as the 
momentum thickness e* to give the boundary- 
layer Reynolds number Reo= V,e*/v, where Res is 
a function of the particular location at  which Vo 
and e* are computed. As wil l  be indicated later, 
Reynolds number exercises a considerable influence 
on the boundary-layer growth, instability, and 
transition. 
Loss parameters.-In the flow about airfoil 

sections, friction exerts a tangential force that 
oppoqes the forward motion of the airfoil. The 
retarding , component arising from the friction 
force is called the friction drag. In addition to 
friction, a retarding force component is also ob- 
tained from the normal pressure forces of the real 
flow. This force component is called the form 
drag. The total drag of the section, which is the 
sum of the friction and form drags, is called the 
profile drag. Ordinarily, the profile drag force is 
expressed as a drag coefficient C,, defined as the 
drag force per unit span divided by a reference 
kinetic head and the chord length. 

For the isolated airfoil, at a distance sufficiently 
far downstream that static pressure is uniform 
normal to the flow direction, the drag coefficient 
can be related to thle momentum-thickness ratio 
e*/c by the following equation (ref. 155) : 

The downstream wake momentum thickness ap- 
pearing in this relation is directly related to the 
momentum thickness of the surface boundary 
layers at the blade trailing edge. An analogous 
approximate equation 

exists between the drag coefficient based on dy- 
namic pressure in the free stream at the trailing 
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edge and on the trailing-edge wake momentum- 
thickness ratio of the cascade airfoil. Thus, the 
drag coefficient can be considered as a measure 
of the momentum-thickness ratio of the surface 
boundary layers for both isolated and cascade 
airfoils. 

In  compressor design and analysis, it has been 
found convenient to use a loss parameter based 
on the defect in total pressure across a blade 
element. A general compressor total-pressure-loss 
coefficient Tj has been defined (ref. 156) as 

- A F  
W=- 

1 2 P v a c ,  

where A F  represents the mass-averaged decrease 
in relative total pressure across the blade element, 
and5  PV;~,  represent4 the dynamic pressure at 

some reference location. It is desirable, therefore, 
in the discussion of real cascade flow, to consider 
the effects of viscosity on the defect in total 
pressure. Since 7j depends on AF, the value 
changes with distance downstream of the trailing 
edge (because of turbulent mixing) and therefore 
depends, to some extent, on  the location of the 
measuring station. The complete loss in total 
pressure is obtained at a station sufficiently far 
downstream that the flow has become uniform 
This is contrary to the case of drag coefficient, 
which is theoretically the same at any axial loca- 
tion downstream of the blade trailing edge. 

1 

For the two-dimensional cascade -with incom- 
pressible flow, reference 156 shows that, if the 
static pressure is uniform across the blade spacing 
at the trailing edge, the total-pressure-loss coeffi- , 
cient for complete mixing based on - P V : , ~ ~  : )  
given approximately by 

is 

Thus, the trailing-edge momentum thickness 
should be an indication of the complete loss in 
total pressure. 

In view of the preceding discussion, the bound- 
ttry-layer momentum thickness at the blade trail- 
ing edge is considered herein as the basic parameter 

reflecting qualitatively the total-pressure loss or 
the proHe drag for an airfoil section. 

LAMINAR BOUNDARY LAYER 

A laminar boundary layer is always present on 
the forward portion of a cascade blade.' The 
growth of the laminar layer (expressed as bound- 
ary-layer thickness 6) in the absence of a longi- 
tudinal pressure gradient (flat-plate flow) proceeds 
essentially according to the proportionality relation 

where v is kinematic viscosity, s is distance along 
the surface, and VI is the velocity far upstream. 
In the presence of a negative pressure gradient 
the boundary-layer thickness is somewhat less, 
and for a positive pressure gradient it is somewhat 
greater, than for the constant-pressure case of 
equation (222). 

To relate equation (222) to a body in the flow 
field, let Re, be the Reynolds number based on 
blade chord length (the length of the plate in the 
case of a flat plate). Then, equation (222) can be 
rewritten as 

6 d 
-a- 

where Re,= Vle /v .  Therefore, S/c varies inversely 
with the square root of the body Reynolds number 
for a given value of s/c. 

The drag due to friction in the laminar flow 
depends on the integral of the local surface shear 
stress +w and therefore on the velocity gradient 

at the wall (Le., $ w = p ( ~ ) n - o ) -  For flat- 

plate flow, the drag coefficient varies with the body 
Reynolds number as 

1 CDa - 

For accelerating flow the friction coefficient is 
greater (larger &/bn at  wall, see fig. 97), and for 
decelerating flow the friction coefficient is smaller 
(smaller &I&), than for the flat plate; but in all 
cases a decreasing trend with body Reynolds 
number is observed. 
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Velocity ratio, U / V ~ , ~  

FIGURE 97.-Laminar-boundary-layer velocity dietribu- 
tions for different surface pressure gradients. 

In the presence of a positive pressure gradient, 
the boundary-layer momentum is often insu.6- 
cient to overcome the increase in pressure, and 
separation will occur. Specifically, separation 
occurs when the surface shear stress is zero (Le., 
when (bu/&n,,o=O). According to simplified 
theory, the separation condition depends on the 
value of a flow parameter of the form 

as in the Pohlhausen theory (ref. 157), or 

- 0 *2 dV, 
v ds 

m=-- 

as in the Thwaites theory (to be discussed later). 
According to the Pohlhausen theory, separation 
occurs when A=-l2. As will be seen later, this 
is not entirely reliable, since the theory is least 
applicable in regions of rising pressure. Thwaites 
gives a value of m=0.082 for separation to occur. 
This criterion appears to be more valid than that 
of Pohlhausen. In any event, the location of the 
point of laminar separation is primarily charac- 
terized by a boundary-layer thickness and the 
local gradient of free-stream velocity. The loca- 
tion is unaffected by charges in blade-chord 
Reynolds number. 

Now consider the laminar flow over a blade 
section at fixed angle of attack (fig. 98). The 
velocity distributions on the pressure and suction 

surfaces are indicated in the lower part of the figure. 
The laminar boundary layer grows along the 
surface until some point after the maximum veloc- 
ity is reached. The laminar boundary layer then 
separates if a SufFviently severe pressure gradient 
occurs. The location of the separation point 
behind the point of peak velocity varies with the 
magnitude of the positive pressure gradient and is 
independent of the body Reynolds number (if the 
Reynolds number is low enough that transition 
to turbulent flow does not occur). With a separa- 
tion of the laminar boundary layer, the free-stream 
velocity distribution is altered as indicated by the 
dashed line in figure 98, and an increase in form 
drag results. The magnitude of the form drag 
depends on the thickness of the profile at the point 
of separation and the camber of the airfoil. For 
a cascade airfoil, the variation of the free-stream 
velocity after the separation may be slightly 
different from that for the isolated airfoil because 
of the channel effect of adjacent blades. 

The pronounced effect of the surface velocity 
gradient on the calculated location of the point of 
laminar separation is illustrated in figure 99 
(obtained from ref. 151, pt. I) for a Joukowski 
profile. As the pressure gradient increases, the 
point of separation moves closer to the point of 
peak velocity. The different velocity gradients 
in the figure were achieved by varying the angle 
of attack of the airfoil. 

TURBULENT BOUNDARY LAYER 

In the range of turbulence and Reynolds 
number usually encountered in cascade blade 
rows, the laminar boundary layer generally be- 
comes turbulent somewhere along the blade 
surface. It is chiefly because of this transition 
that practical compressors are realizable. The 
turbulent interchange of momentum between 
the free stream and the turbulent boundary layer 
increases the energy level in the boundary layer 
so that it can advance farther, without separating, 
in the face of a pressure rise than could a laminar 
boundary layer. 

The turbulent-boundary-layer thickness de- 
velops (e.g., ref. 152), in the absence of a pressure 
gradient, as 
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FIGURE 98.-Effect of separation on velocity distribution 
about an airfoil. 

The turbulent 6 is generally larger than the 
laminar 6 for the same Re,. This increased 
thickness contributes to a slightly larger form 
drag for the turbulent boundary layer than for 
an equivalent unseparated laminar layer (at the 
same Reynolds number). 
In a laminar boundary layer the local shear 

stress is given throughout by t=p@u/bn). This 
simple equation does not hold for the turbulent 
boundary layer because of tbe turbulent shear 
stresses present. The wall shear stress is given by 
t w = p ( b u ~ n ) n ~ o  in both cases, since a very thin 
laminar boundary layer, called a laminar sublayer, 
is always present between the turbulent layer 
and the wall. However, not enough is known of 
the velocity distribution in the laminar sublayer 
to enable the utilization of this expression to 
compute wall shear stress for the turbulent layer. 
As a result, the problem must be approached 
empirically. 

From velocity profiles observed in pipe flow, 
t5e drag coefficient for a flat plate is found to 
vary inversely with the fifth root of Re,: 

Experience shows that many factors such as 
boundary-layer form factor, Reynolds number, 
and pressure gradient (ref. 158) influence the 
magnitude of the shear stress. To date, many 
empirical relations have been established between 
local shearing stress and boundary-layer character- 
istics. One of the most recent is due to Lud- 
wieg and Tillmann (ref. 159): 

(229) 
(0 P =.0.246e-1.b6mRee-”2es 

where Reynolds number Reo=V,,O*/v, and H 
is the form factor. The empirical skin-friction 
formulas lead to the general conclusion that the 
turbulent skin-friction coefficient is greater than 
the laminar skin-friction coefficient for the same 
Reynolds number. 

The condition that *7w=0 defines the point of 
separation in both laminar- and turbulent- 
boundary-layer-flows. In the case of the turbu- 
lent-boundary-layer, the point at which ;,=O is 
determined from an empirical equation such as 
equation (229). In reference 160 this equation 
is used in conjunction with experimentally de- 
termined values of H and Reo to predict separa- 
tion. It is clear that cw, in equation (229), never 
actually becomes zero. However, the decreasing 
trend is sufficiently pronounced as the separation 
point is approached that extrapolation to ;,=O 

2.0 

Pressure surface 
o Separation paint 
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’0 1.0 
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FIGURE 99.-Potential-theoretical velocity distribution 
showing calculated point of laminar separation for Jou- 
kowski profile J 015 for lift coefficients of 0, 0.5, and 1.0 
(ref. 151, pt. I). 
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- ' cingie o'f 'separation point, 

__ . a .  deg Observed Theoretical - 
a ttac k, s/c - is possible. Figure 100 shows the results of such 

a calculation from reference 160. 
For conventional two-dimensional compressor 

sections, several gross parameters have been 
developed to indicate whether separation is likely 
in certain areas of blade design (refs. 9 and 38). 
These parameters, based on the diffusion in 
velocity on the blade suction surface, involve 
consideration of only the peak and outlet suction- 
surface velocities or approximations to these 
velocities in terms of over-all (inlet and outlet) 
velocities and flow angles. Implicit in the work 
is the consideration that the boundary-layer 
history at the start of the diffusion and the velocity 
distributions along the surface are generally the 
same for conventional blade sections. Location 
of the point of separation, however, cannot be 
determined from these parameters. 

TRANSITION 

For conventional airfoil shapes, the initial 
laminar boundary layer, if it remains laminar, 
will separate at some point downstream of the 
pressure minimum. Depending on certain flow 
characteristics to be considered in this section, a 
transition to turbulent flow may occur at a point 
prior to the laminar separation point. In this 
event, the turbulent flow will remain attached 
for some distance farther along the blade surface. 
Such a transition will normally occur under 
ordinary cascade flow conditions. The region in 
which the transition to turbulent flow takes place 
is small and is conveniently thought of as a point, 
called the transition point. 

The exact location and conditions under which 
the transition from a laminar to a turbulent 
boundary layer will occur are not currently pre- 
dictable, and the question of transition constitutes 
a major problem in present-day boundary-layer 
research. Transition can result either from dis- 
turbances of finite magnitude such as free-stream 
turbulence, or from an instability of the laminar 
steady flow in which infinitesimal disturbances, 
under proper conditions, grow exponentially with 
respect to time. The length of travel or time 
before transition occurs depends on the rate of 
ampUcation of the disturbances and therefore 
on the particular flow conditions in and about the 
boundary layer. 
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FIGURE lOO.-Comparison of experimentally observed sep- 
aration points with those obtained by extrapolating 
values of C,, obtained from Ludwieg-Tillmann formula 
using experimental data of reference 174 for NACA air- 
foil section 65(216)-222 (approx.) (ref. 160). 

Experiment shows (ref. 161) that transition 
occurs because of infinitesimal disturbance in- 
stability when the free-stream turbulence inten- 
sity is less than about 0.2 percent and when no 
other external disturbances are present. For 
free-stream turbulence greater than about 0.2 
percent, which is generally the situation in cascade 
and compressor flow, the characteristics of the 
free-stream turbulence (scale and intensity) play 
a decisive role in effecting the transition. In any 
event, the transition phenomena can generally be 
related in terns of the Reynolds number and 
another parameter or parameters describing the 
characteristics of the disturbance @e., free- 
stream turbulence, surface roughness, etc.). 

Infinitesimal-disturbance theory.-The first 
significant theoretical work on transition was 
concerned with the instability of the laminar 
boundary layer with respect to infinitesimal 
oscillations within the layer (e.g., ref. 151, pt. 11). 
In a stable laminar boundary layer the disturb- 
ances are damped, while in an unstable boundary 
layer the disturbances are amplified. The point 
of division, called the neutral or instability point, 
depends on the origin of the disturbance. The 
existence of instability in a laminar boundary 
layer indicates that transition is possible but not 
necessarily present after the neutral point. The 
actual transition to a fully developed turbulent 
motion will occur some distance downstream of 
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the instability point, since a finite time is required 
for the oscillations to build to full strength and 
permeate the boundary-layer region. 

According to this theory, an instability of the 
laminar boundary layer (i.e., an amplification of 
oscillations) results from (1) the presence of 
viscosity and (2) an inflection in the boundary- 
layer velocity profile normal to the surface. The 
theory further indicates that the; instability point 
is a function of the boundary-layer Reynolds 
number; that is, below some value of Reynolds 
number inhitesimal oscillations are damped, 
while above this value oscillations are amplified. 
The instability value of the boundary-layer 
Reynolds number depends largely on the form of 
the velocity profile of the basic boundary-layer 
flow. This profile is determined primarily by the 
longitudinal pressure gradient of the flow. The 
greater the positive pressure gradient, the lower 
the boundary-layer Reynolds number at  instabil- 
ity. In translating these results into terms of the 
blade-chord Reynolds number, the boundary- 
layer Reynolds number Res can be expressed as 

vo (!) (230) ViJ8 v, c Rea=- - -=R 
v v,c ecK c 

Thus, in general, the closer the point in question 
to the blade leading edge (the smaller the value of 
6;lc), the larger the blade-chord Reynolds number 
necessary for the attainment of the instability 
value of the boundary-layer Reynolds number at 
that point. That is, the higher the blade-chord 
Reynolds number, the sooner will the instability 
condition occur. These considerations are illus- 
trated graphically in figure 101, which shows the 
results of the calculation of the instability point 
for various blade-chord Reynolds numbers on the 
suction surface of a Joukowski airfoil at several 
angles of attack (from ref. 162). The effect of 
the increased surface pressure gradient and 
Reynolds number on the location of the instability 
point as angle of attack is increased is clearly 
indicated. 

Finite-disturbance theory.-In a second general 
theory of transition (ref. 163), disturbances of 
fmite magnitude are considered to be imposed on 
the laminar boundary layer from outside sources. 
In this case, the transition of the laminar boundary 

SIC 

FIQUEE 101 .-Theoretical velocity distributions for 3 025 
airfoil at various values of lift coefficient (obtained by 
varying angle of attack) with instability and separation 
points calculated for various values of blade-chord Rey- 
nolds number (ref. 162). 

layer depends on the characteristics of the im- 
posed disturbance. The principal source of ex- 
ternal disturbance is a function of the intensity 
and scale of free-stream turbulence according to 
the parameter 9 (Z*/L)1'6, where 9 is the intensity 
of the turbulence, L is the scale of the turbulence, 
and I* is some characteristic dimension of the body 
such as chord length or diameter. The greater 
thef ree-stream turbulence parameter, the lower 
the magnitude of the critical Reynolds number. 
Intensity of turbulence is defined as the ratio of 
the root mean square of the disturbance velocity 
to the mean flow velocity. Scale of turbulence is 
a measure of the effective size of the turbulent 
eddies and has an inverse effect on the turbulence 
parameter. Experimental confirmation of this 
theory has been obtained by several investigators 
(refs. 164 and 165) in the study of the drag charac- 
teristics of spheres. 
Flow about spheres.-In the development of 
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the boundary layer on cascade blade sections, a 
primary consideration is whether the transition 
occurs before or after the point of laminar separa- 
tion. The effect of transition location on the loss 
characteristics of submerged bodies is grap 
illustrated by the well-known flow around a 
sphere at a fixed turbulence level as represented in 
figures 102 and 103. At low Reynolds numbers, 
when no transition occurs, the laminar boundary 
layer separates and high profile drag results. 
When transition occurs before the point of laminar 
separation at high Reynolds numbers, the result- 
ing turbulent boundary layer can tolerate a 
greater pressure gradient; separation of the 
turbulent layer is delayed, and a lower profile drag 
is observed. 
rather sudden change of drag characteristic occurs, 
called the critical Reynolds number of the sphere, 
corresponds to the point where the transition and 
separation coincide. 

The drag characteristics of spheres have pro- 
vided a means for evaluating the effects of free- 
stream turbulence on transition. As previously 
discussed, theory indicates that the critical 
Reynolds number will be a function of the turbul- 
ence parameter 9 (Z*/L)lI6. Experimental verifi- 

The Reynolds number at which the I 

w 
/ I  

I 
I 

Ve I oc i ty far upstream, Y ,  

FIGURE 102.-Drag and 
of critical 

----- 
FIGURE 103.-Subcritical and supercritical ff ow around 

sphere (schematic, after ref. 151, pt. 11). 

cation of this effect (ref. 164) is represented by 
figure 104, which illustrates the earlier transition 
associated with increasing free-stream turbulence. 
The turbulence correlation of figure 104 provides a 
means for identifying the free-stream turbulence 
level from the measured drag characteristics of 
spheres. The turbulence in a cascade tunnel is 
frequently expressed in terms of a turbulence 
factor, defined as the ratio of the critical Reynolds 
number at zero turbulence to the measured 
critical Reynolds number of the sphere (ref. 165). 

The effective Reynolds number for a blade 
section, defined as blade-chord Reynolds number 
times turbulence factor of the tunnel, has been 
used to represent a transition parameter that 

691-564 0-65-12 
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includes the effects of free-stream turbulence. 
Blade sections at the same effective Reynolds 
number, although of different blade- 
nolds numbers and turbulence levels, 
to exhibit approximately the same transition (and 
therefore the same drag) characteristics. The 
subject of turbulence-level measurements is treated 
more fully in references 164 and 165. 

Boundary-layer reattachment.-Under certain 
conditions it is possible for a laminar boundary 
layer that has separated to reattach to the blade 
surface. In  most instances the reattached layer 
is turbulent, transition having occurred in the 
separated region. In these turbulent reattach- 
ments the location of the transition point is the 
principal determinant. 

Generally speaking, the boundary-layer behav- 
ior is fairly well understood as long as the transi- 
tion occurs either before the separation point or 
at a large distance downstream of the separation. 
In the former case a thickening of the boundary 
layer occurs in the region of transition as the flow 
passes to the turbulent state. In the latter case, 
the laminar boundary layer remains separated, 
and the flow breakaway and high form drag are 
observed. When transition occurs close behind 
the point of laminar separation, however, under 
certain conditions, the separated laminar bound- 
ary layer may reattach to the surface as a turbu- 
lent layer, forming a sort of bubble of locally 
separated flow. The reattached turbulent bound- 
ary layer is considerably thicker than if transition 
had occurred at that point without ~1 previous 
laminar separation. The turbulent reattachment 
has been observed for both isolated and cascade 
airfoil sections. Detailed discussions of the nature 
of the separation bubble and the various factors 
influencing its characteristics are presented in 
references 39, 166, and 167 (pt. 11). Various 
experimental methods of determining the extent 
and location of the laminar separation are dis- 
cussed in references 166, 167 (pt. II), and 168. 

Experimental variations of the boundary-layer 
momentum thickness, boundary-la 

Percent chord 

(a) Pressure distribution. 

FIQURE 105.-Pressure distribution on .NACA 66s-018 air- 
foil at zero angle of attack and blade-chord Reynolds 
number of 2.4X 106, and variation of momentum-thick- 
ness ratio and form factor in region of reattachment of 
locally separated flow (ref. 166). 

(b) Momentum thickness and form factor. 

lOS(a). The most detrimental effect of the 
laminar separation bubble is the rather sharp 
increase in momentum thickness associated with 
the turbulent reattachment. The effect of a 
suction-surface laminar separation bubble on the 
loss characteristics of a blade section is illustrated 
in figure 106(b), which presents the variation of 
drag coefficient CD with angle of attack a! for a 
typical cascade blade section (from ref. 39). 
The solid line represents the measured drag 

nt, and the dashed line is a 
n for the case of no laminar 
able increase in the drag coefficient occurs 

in the low-16~~ range of operation. 
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(a) Pressure distribution at 16.1' angle of attack. 
(b) Variation of drag coefficient with angle of attack. 

FIGURE 106.-Illustration of effect of local laminar separa- 
tion on pressure distribution and drag Characteristics for 
NACA 65-(12)lO airfoil in cascade. Inlet-air angle, 
45'; solidity, 1.5. 

Obviously, the occurrence of laminar separation 
bubbles will make the correlation of cascade data 
difficult. The effects of turbulence level and 
Reynolds number further increase the problem. 
Although the .theory governing these effects is 
not complete, some qualitative ideas can be 
drawn from the foregoing descriptive material. 

The preceding sections have presented a quali- 
tative picture of the characteristics of the three 
general regimes of boundary-layer development- 
the laminar region, the fully turbulent region, 
and the transition region. On the basis of avail- 
able theory and experimental evidence, the manner 
in which each type of flow influences the resulting 
thickness of the boundary layer was indicated. 
On conventional cascade blade surfaces, all three 
boundary-layer regimes are known to exist. 
The momentum thickness of the boundary layer 

COMPOSITE LOSS VABIATIONS 

at the blade trailing edge depends on the extent 
of each flow regime. The momentum thickness 
a t  the blade trailing is a princiEal factor in 
the determination of the loss in total pressure 
of the cascade system. The prediction of the 
loss characteristics of a given cascade geometry 
thus involves an analysis of the composite effects 
of the boundary-layer regimes. 

From the previous discussions, it is known that 
the principal factors affecting the boundary 
layer me the local surface pressure distribution, 
the blade-chord Reynolds number, and the free- 
stream turbulence level. I t  is desirable to con- 
struct a qualitative picture of the anticipated 
variation of boundary-layer momentum thickness 
on a blade surface over a wide range of Reynolds 
number, pressure distribution, and turbulence 
level. Such a composite plot will not only con- 
stitute an effective summary of the preceding 
theory as applied to blade sections, but may also 
be of interest in identifying desirable or unde- 
sirable areas of cascade operation. 

The comparative variation of trailing-edge 
boundary-layer momentum thickness (actually 
the ratio e*,%) with blade-chord Reynolds number 
is presented qualitatively for several levels of 
pressure gradient in figure 107. Pressure dis- 
tributions are considered ranging from zero 
pressure rise (no blade loading) to a severe 
pressure gradient (very high loading) resulting 
in a separation of the turbulent layer. The 
analysis is made for the flow along the convex 
(suction) surface of conventional compressor 
blade sections. The pressure distributions con- 
sidered, therefore, contain a decreasing pressure 
over the forward portion of the blade and a rising 
pressure over the rearward portion. 

The variation of trailing-edge momentum- 
thickness ratio is presented in figure 107 for a 
fixed low turbulence level (as normally encoun- 
tered in low-turbulence cascade tunnels). It 
must be emphasized that the trends established 
are only qualitative and that no suf€icient substan- 
tiating data are available. The values of Rey- 
nolds number at which the transition phenomena 
are indicated in figure 107 are not to be interpreted 
as accurate definitions of these regions. These 
values are largely unpredictable at this time. 
Zero loading.-The limiting case of no blade 

surface pressure gradient can be represented by 
the boundary-layer flow along a flat plate. For 
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FIGURE 107.-Qualitative variation of trailing-edge momentum-thickness ratio with blade-chord Reynolds number for 
several levels of blade loading on conventional airfoils in cascade. (Not to be considered quantitatively correct.) 

flat-plate flow, no separation occurs, and the two 
regimes of laminar and turbulent flow are de- 
scribed by the drag variations of equations (224) 
and (228)) respectively. Curve a-a in figure 107 
represents the momentum-thickness variation for 
laminar flow, and curve a’-a’ represents the 
variation for turbulent flow for the flat plate. 

At low values of Re, the boundary layer is 
entirely laminar, and O*/c decreases with increas- 
ing Re, as shown by curve a-a. At some value 
of Re,, indicated by A in the figure, Re, becomes 
sufficiently large that transition from a laminar 
to a turbulent layer occurs at the trailing edge. 
This Reynolds number appears to yield the mini- 
mmn boundary-layer thickness. With a further 
increase in Re,, the transition nioves forward from 
the trailing edge, and the boundary-layer thick- 
ness falls somewhere between the lrtiiiinar and, 
turbulent curves (dashed portion). Finally, IS 

the transition point approaches the leading edge 
the boundary layer will essentially assume the 

characteristics of the fully turbulent flow. [Strict- 
ly speaking, since the boundary-layer transition 
point actually arrives at the leading edge only 
at an infinite Reynolds number (in the absence 
of outside disturbance) , the dashed transition 
curve will asymptotically approach the turbulent 
curve as Re, approaches infinity.] 

Increased turbulence will cause the boundary- 
layer transition phenomena to occur at lower 
values of Reynolds number and will therefore 
have the effect of shifting point A farther to the 
left on curve a-a. For zero pressure gradient, 
therefore, increased turbulence may increase the 
minimum boundary-layer momentum thickness. 

Low loading.-The curve b-b in figure 107 
represents the case of a very lightly loaded blade 
whose surface pressure gradient is such that 
laminar separation will not occur. In this case, 
the picture is much the same as for the flat plate, 
except that the boundary-layer thicknesses will 
generally be somewhat greater. It is also quite 
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possible that both the presence of a pressure 
gradient and the location of the minimum pres- 
sure will have some infiuence on the location of 
point A. However, it is not believed that these 
effects will be marked for the lightly loaded 
surface. 

Moderate loading.-The boundary-layer thick- 
ness variations for a moderately loaded blade 
surface are illustrated by curve c-c in figure 107. 
The moderately loaded blade probably represents 
the major portion of current design experience. 
The blade loading in this case can be achieved by 
a blade with moderate camber operated at  its 
best (minimum-loss) angle of attack, or by a 
section of smaller camber operated at  a relatively 
high angle of attack. 

At low Reynolds number, the adverse pressure 
gradient is sufEcient to cause a separation of 
the laminar bondary layer somewhere down- 
stream of the point of minimum pressure. A 
marked rise in the momentum loss compared 
with the low-loading case will therefore be ob- 
tained in the low Reynolds number range. The 
precise magnitude of the separated boundary- 
layer thickness depends on the shape and angle 
of attack of the blade. A separation point close 
to the leading edge would tend to produce a 
relatively large separated wake (form drag). 
Since the point of laminar separation is inde- 
pendent of Reynolds number, the laminar layer 
remains separated, and the high values of O*/c 
continue as Reynolds number is increased to 
point A. A slight decrease in O*/c hi this high- 
loss region is to be expected, however, because of 
the thinning of the boundary layer upstream of 
the point of separation. 

A t  a Reynolds number corresponding to the 
point A, the transition to turbulent flow would 
tttke place a t  the trailing edge if the laminar 
layer were still attached. Since the laminar layer 
has separated, there is no transition and the 
thickness continues high from A to C. With 
increasing Rec, the transition point moves closer 
to the point of laminar breakaway. When the 
two points are sufEciently close together, the 
separated laminar layer may be infused with 
s a c i e n t  turbulence to reattach itself a short 
distance beyond the point of separation, resulting 
in a separation bubble. After reattachment 
starts a t  point C, the e*/c curve drops rather 
sharply with Reynolds number increase in the 

FIGURE 108.-Variation of total-pressure-loss coefficient 
with blade-chord Reynolds number for parabolic-arc 
blade 10C4/40 P40. Inlet-air angle, 28" to 40°; solidity, 
1.333 (ref. 183). 

region from C to D as the extent of the separation 
bubble decreases. Finally, the transition occurs 
right at the point of separation indicated by 
point D. Thereafter, the curve of O*/c tends to 
approach the variation of the fully turbulent 
flow (curve c'-6'). The rate a t  which the fully 
turbulent curve is approached will probably 
depend to a large extent on the chordwise location 
of the point of minimum pressure. (Since the 
blade is moderately loaded, the separation point 
is probably not far beyond the minimum-pressure 
point, and any further movement of the transi- 
tion point will be slow.) An experimental illus- 
tration of the type of loss against Reynolds 
number curve represented by curve c-c in figure 
107 is shown in figure 108 for a conventional 
cascade blade section at several angles of incidence. 

In view of the many factors influencing the for- 
mation and extent of the separation bubble, it 
would appear possible to obtain a wide range of 
possible transition paths between laminar break- 
away (below point C, fig. 107) and turbulent 
attachment (beyond point 0). Also, if for some 
reason a separation bubble does not occur and 
attachment does not take place until the tran- 
sition point and the laminar separation point 
essentially coincide (as in the case of the flow about 
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a sphere or cylinder), then the laminar breakaway 
region will extend farther out along the line A-C 
and a very sharp drop in boundary-layer thickness 
will be observed to D (as in the case of the sphere). 
Furthermore, the chordwise location of the mini- 
mum-pressure point will probably affect the 
location of the transition region. For example, 
if the minimum-pressure point occurs far  back 
on the blade, the reattachment of the laminar 
layer will.probab1y begin very shortly after the 
transition point first occurs on the blade. This 
would tend to reduce the flat portion of the curve 
between A and C, and probably also give a steeper 
drop in P / c .  (The magnitude of the loss of the 
separated laminar boundary layer would not, 
however, be as large as in the case of a forward 
pressure minimum.) 

The preceding picture will be further compli- 
cated by considerations of varying turbulence 
levels. In general, however, it is probable that 
increased free-stream turbulence will cause an 
earlier boundary-layer transition and therefore 
tend to move the transition region of the curve 
to lower values of Reynolds number (c-D'-c). 
An experimental illustration of such an effect is 
presented in figure 109 in terms of the loss para- 
meter 2 A further extension of the turbulent 
layer into the lower range of Reynolds number 
(extension along curve c'-c) may also be obtained 
by employing artificial means for tripping the 
boundary layer at the leading edge. Such meas- 
ures, however, although extending the range of 
low loss to lower Reynolds numbers, probably 
result in an increase in the magnitude of the loss 
at higher Reynolds numbers. 

High loading.-Curve d-d in figure 107 repre- 
sents a highly loaded blade. As in the previous 
case, the laminar boundary layer separates at 
low values of Reynolds number. As Re, increases, 
the transition point moves forward (starting at 
A) until it approaches the separation point. The 
laminar layer may then reattach (point C) and 
proceed as a turbulent layer. The momentum- 
thickness ratio then decreases as the extent of 
the laminar separation is reduced, as indicated by 
the dashed curve after point C. (The establish- 
ment of turbulent flow in the high-loading case 
may require actual coincidence of the transition 
and separation points, in which case the drop in 
e*/e after point C will be much steeper.) 

.04 

.02 

13 

f o  

Blade-chord Reynolds number, Re, 

(a) NACA 65-(12)lO blade. Inlet-air angle, 45'; solidity, 
1.5 (ref. 39). 

(b) Lighthill blade, 50-percent laminar flow. Inlet-air 
angle, 45.5"; solidity, 1.0 (ref. 167, pt. I). 

FIGURE 109.-Effect of blade-chord Reynolds number and 
free-stream turbulence on minimum-loss coefficient of 
cascade blade section in two-dimensional tunnel. 

The surface pressure distribution is such, how- 
ever, that the established turbulent layer will now 
separate at some point downstream of the transi- 
tion. The resulting momentum-thickness ratio 
when the local laminar separation has disappeared 
(transition moves forward of the laminar separa- 
tion) will then be greater, as indicated by point 
D, than for the corresponding condition in the 
moderately loaded blade. Then, as Reynolds 
number is increased and the boundary-layer 
characteristics upstream of the separation are 
improved, the turbulent boundary layer will be 
able to proceed farther into the adverse pressure 
gradient. Thus, with a resulting downstream 
movement of the turbulent separation, the trailing- 
edge boundary-layer thickness will decrease with 
increasing Reynolds number from point D on. 

The actual magnitude of the loss in the presence 
of turbulent separation depends to a large extent 
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on the chordwise location of the point of turbulent 
separation. For separation close to the blade 
trailing edge, as represented by curve d-d, the 
increase of boundary-layer thickness will not be 
very great (l0vel of curve D-d). If the separation 
occurs forward on the blade close behind the 
transition, as represented by curve e-e, the in- 
crease in thickness will be much greater (level of 
curve D-e). 

Summary .-The previous considerations indi- 
cate that a considerable range of trailing-edge 
boundary-layer momentum thickness can be ob- 
tained from blade sections, depending on the 
surface pressure distribution, Reynolds number, 
and turbulence level. In two-dimensional-cascade 
research, therefore, it appears highly desirable to 
identify the range of operation of the blade sections 
in the general loss against Reynolds number 
spectrum. Actually, some effective Reynolds 
number should be considered so that turbulence 
level can also be included. Such identification 
can aid in determining the best regions of cascade 
operation and also be of use in correlating data 
from Merent tunnels. Furthermore, in view of 
the possible pronounced effect of the laminar 
breakaway at low Reynolds number, the question 
of Reynolds number effects might be a significant 
consideration in compressor design. Reduced 
Reynolds number in compressor design may arise 
for small-scale units and for operation at high 
altitude. 

It must be repeated that the curves presented 
in figure 107 are only qualitative. The magnitude 
of loss and the values of Reynolds number indi- 
cated for the ranges of different loss characteristics 
are not to be interpreted as quantitatively correct. 
The precise wake momentum-thickness variations 
of a specific cascade geometry can currently be 
determined only by experiment. 

QUANTITATIVE BOUNDARY-LAYER THEORY 

GENERAL CONSIDERATIONS 

Unfortunately, current ability to determine 
cascade boundary-layer behavior quantitatively 
falls below the ability to establish a qualitative 
picture. The principal difFiculty in this respect 
lies in obtaining satisfactory solutions of the 
viscous-flow equations. 

The complete viscous flow about cascade sections 
is generally considered to be described by the 

equations of Navier-Stokes and the continuity 
equation. For two-dimensional incompressible 
flow, neglecting body forces, these equations are 
written as follows (ref. 151, pt. I): 

I 
The last equation represents the condition of 
continuity. The Euler equations for nonviscous 
fluids can be obtained by setting the kinematic 
viscosity v equal to zero. As long as the viscosity 
term is retained, however, no matter how small v 
is taken to be, equations (231) remain of the 
second-order and are fundamentally different 
from the firsborder equations governing the 
ideal fluid. This difference is reflected in the 
boundary conditions allowable in the two prob- 
lems. For viscous flow, the resultant velocity 
is required to be zero at solid boundaries in the 
flow field. For nonviscous flow, only the com- 
ponent normal to the boundary is required to 
be zero. 

The solution of equations (231) has not been 
found in any but the simple cases of laminar flow. 
A solution for the flow through an arbitrary 
cascade is not feasible at the present time. How- 
ever, when the predominant viscous effects are 
confined to the boundary region, a simpliying 
approximation is possible. By considering the 
relative magnitudes (within the boundary layer) 
of the terms appearing in equations (231), that 
system of equations can be reduced (ref. 151, pt. I) 
to the following: 

where s is the coordinate along the blade surface, 
and n is the coordinate normal to the surface. 
The boundary layer is assumed sufficiently thin 
and the curvature of the surface sufficiently 
small that the pressure gradient normal to the 
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surface is negligible within the boundary layer; 
dplbs can then be determined from the potential 
flow outside the boundary layer. Equations (232) 
represent a significant simplification of equations 
(231) and have proved reliable in many flow 
problems. Unfortunately, these equations, also, 
are very difikult to solve in most cases of practical 
interest . 

A decisive simplification in approach was made 
by von Khrmhn (ref. l69), who integrated the 
first of equations (232) with respect to n and thus 
replaced the boundary-layer equation with an 
integral condition that can be written in the follow- 
ing form: 

where V, is the velocity at the outer edge of the 
boundary layer and *710 is the surface shear stress. 
In this manner, the boundary-layer equations are 
required to be satisfied only in the mean instead 
of at each point along a normal to the surface in 
the boundary-layer region. Equation (233) has 
provided the basic equation for most of the general 
boundary-layer investigations. 

Many theories have been developed from equa- 
tion (233) for approximately solving the boundary- 
layer problem with pressure gradient for both 
laminar and turbulent flows. These theories, 
although not completely successful, provide some 
orderly means of attacking the problem for either 
the laminar or the turbulent boundary layer. 
The question of transition, however, remains 
relatively unanswered and constitutes a serious 
defect in current quantitative theory. 

The present approach to the viscous-flow 
cascade problem requires that the potential flow 
about the cascade be determined fist.  The 
surface pressure distributions thus obtained are 
used to determine the boundary-layer character- 
istics from equation (233). The defect in total 
pressure resulting from the formation of the bound- 
ary layer can then be established. Potential- 
flow pressure distributions can serve as an initial 
basis for the boundary-layer calculation, since, as 
indicated previously, the viscous effects are 
generally restricted to the boundary layer and 
exert a negligible influence on the potential 
flow outside the layer. Under certain conditions, 
however (as in the case of a very thick boundary 

layer), the original blade.potentia1 flow may need 
to be adjusted for the effects of the boundary-layer 
development. 

The subject of potential-flow calculation is 
covered in chapter IV. The present analysis is 
concerned with the computation of the boundary- 
layer characteristics. In the succeeding sections, 
two simple approximate methods, one for the 
computation of laminar boundary layers and the 
other for turbulent layers, are presented. The 
resulting defects in total pressure and circulation 
are also considered. 

LAMINAR BOUNDARY LAYER 

The approximate methods of solution available 
for laminar-boundary-layer flows are generally 
satisfactory for engineering use. The more recent 
methods (e.g., refs. 170 and 171) are so simple and 
accurate that little further work is being done on 
the problem. The technique presented here in 
some detail is due to Thwaites (ref. 171). It 
was developed from a comprehensive analysis of 
previously obtained solutions of laminar-boundary- 
layer flows. From the method, the distributions 
of e* and H can be accurately obtained and the 
point of laminar separation located. 

The methods of Thwaites (ref. 171) and Loitsi- 
anskii (ref. 170) are both based initially on the 
simplified system of equations given by equation 
(232). For steady incompressible flow, since the 
static pressure is constant through the boundary 
layer, the first of equations (232) can be put in the 
form 

(234) u -+u au d”=vov;+v - b2u a t 3 d n  an2 

where V(=dVo/ds denotes the derivative with 
respect to s of the velocity V, at  the outer edge of 
the boundary layer. With the help of the conti- 
nuity equation (second of eqs. (232)), equation 
(234) can be written 

a a 
- at3 [u(vo- I +z b ( v 0 - 4  I +v; (Vo-u) 

The developments in the two methods then differ 
in the subsequent handling of equation (235). 

Thwaites’ method.-In the method of reference 
171, equation (235) is integrated through the 
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boundary layer from the wall (n=O) to the outer 
edge (%=ti) to give ultimately 

-+--" de* V'6* (2+H)=y (-) au (236) vo E an n-0 

Equation (236) is the same as (233) with +,= 
p(du/bn)n=o. Equation (236) is used by Thwaites 
in conjunction with the equation obtained from 
(234) by setting n equal to zero, namely 

The quantities (du/dn),=o, (b2u/dnl)n+ and H 
appearing in equations (236) and (237) charac- 
terize the velocity distribution in the boundary 
layer. The first two terms indicate the behavior 
of the velocity in the significant region of the 
boundary layer at the wall, and H=6*/8* indi- 
cates the over-all form of the distribution. The 
term (Pu/anz)n,,o is given explicitly by equation 
(237) as equal to -VoV& and hence as a known 
function of s. If the relation between (bu/bn),, 
and (b2~/bn2),,0 for a given flow is known, then 

is also known as a function of s through 
- VoV:/v. If, furthermore, the relation between 
H and (b2U/bn2)n=o is known for the given flow, H 
is also known as a function of s. Then, the mo- 
mentum equation (236) can be integrated to ob- 
tain the distribution of e*. Such relations among 
( b ~ / b n ) % , ~ ,  (b2u/bn2),,o, and H are obtained now 
by examining velocity distributions from known 
solutions. 

The quantities I and m are defined as follows: 

The definitions are constructed in this way to 
eliminate the effect of 6* and Vo on the partial 
derivatives. This allows I and m to depend only 
on the form of the velocity distribution. Ac- 
cording to this preliminary analysis, the terms 2 
and H are regarded as functions of m and are 
plotted as such for all theoretical laminar-bound- 
nry-layer velocity distributions available to  
Thwaites at the time of his work. 
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FIGURE 110.-Variation of Z(m) with m for theoretical 
velocity distributions (ref. 171). 

The solutions used are identified in figures 110 
and 11 1, where the derived functional relations 
are plotted. The values of I ,  H, and m are com- 
puted from the actual velocity distributions 
obtained in these solutions. The figures are 
divided into positive and negative values of m, 
corresponding respectively to decelerating and 
accelerating flow (m= - V,p*2/v from eqs. (237) 
and (238)). Figures 110(a) and 111(a) reveal a 
remarkable similarity for m<O (accelerating flow) 
in the I(m) and H ( m )  curves for the variety of 
velocity distributions appearing in the wide range 
of solutions used. 

On the other hand, figures llO(b) and 11100) 
show that the agreement for m>=O (decelerating 
flow) is not. newly as good. The curve corre- 
sponding to the solution of the problem 

f fff+z .ff I f  =O is dismissed on the grounds that 

the problem it defines in this region is of no 
interest (i.e., blowing out through the boundary 
layer). The three exact solutions, Schubauer's 
ellipse (Hastree), V,=A--Bs (Howarth), and 

1 
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FIGURE 111.-Variation of, H ( m )  with m for theoretical 
velocity distributions (ref. 17'1). 
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Vo=Vl(s/c)L, are in reasonable agreement. 
Pohlhausen's approximate method gives values 
of Z(m), and, hence, values of skin friction, that 
are far too large. This explains the failure of 
the Pohlhausen method in regions of rising 
pressure. 

As previously pointed out, the momentum 
equation can be integrated if the relations Z(m) 
and H(m) are known for the problem at hand. 
The present method uses figures 110 and 111 to 
obtain universal curves that best fit the whole 
family of particular solutions. The curves thus 
obtained are tabulated in table I. Note that 
separation is taken to occur at  m=0.082. This 
value is chosen arbitrarily to agree with the value 
for the ellipse, since the flow about an ellipse is 
similar to the flow about conventional airfoils. 

With ' these functions tabulated, the analysis 
can proceed as follows. Substituting equations 
(238) into (236) and (237) gives 

.074 

.072 

.MO 

.OW 

.OBI 

.OW 

.OM 

.062 
,048 
.040 

TABLE 1.-FUNCTIONS FOR THWAITES SOLU- 
TION OF LAMINAR BOUNDARY LAYER (REF. 
171) 

.076 

.083 

.089 

.094 

.lo4 

.113 

.122 

.la0 
3 8  
.163 

.032 

.OU 

.OM 

.008 
0 

.168 

.la2 

.196 

.208 
220 

- .OM - .032 - .048 - .OBI - .om 

.244 

.%E 

.281 

.a13 

.333 

- .10 

- .20 - .26 

2.28 
2.23 
2.18 
2.07 
2.00 

-.la8 
-.261 
-332 - .702 

-1.Ooo 

2.66 

2.39 .OM 

o = v o v ; + ~  vVom 

Substituting (240) into (239) gives 

and substituting equation (242) into equation 
(241) give 

- -- - OC (m)  
Vo dee 
v ds (243) 

The function J(m) is tabulated in table I. 
The solution proceeds now by a direct integra- 

tion of equation (243) to obtain the distribution 
of 6*. Thereafter, the other properties of the 
boundary layer are obtained by using Z(m) and 

A very simple solution can also be obtained in 
a slightly different manner. The function L ( m )  
is plotted against m in figure 112. It is found 

H(m). 
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FIQURE 112.-Varistion of z ( m )  with m for theoretical 
velocity distributions (ref. 171). 

that J ( m )  can be approximated by a linear 
function of the form 

(m)=0.45$6m (244) 

Equation (244) is then substituted into equation 
(243),  which is integrated to give 

(245) 

Therefore, with the potential-flow velocity di5 
tribution known, can be obtained directly from 
equation (245). The distribution of m, and hence 
of l(m) and H(m), follows from In this way, 
all the significant boundary-layer parameters are 
obtained with very little effort. 

To demonstrate the accuracy of the simple 
solution, Thwaites solved by the approximate 
method the flow given by V,=A-23s and com- 
pared the results with the exact solution as given 
by Howarth. The results of these co 

calculations me given b figure 113. The param- 
eters of principal interest, 6*, e*, and (bulb),,o, 

nondimensional form. The 
proximate and exact 

the problem of Schubauer’s ellipse. 
parisons are discussed exten 

Comparisons between experime 
lated predictions of the p 
based on Thwaites’ method are demonstrated for 
the isolated airfoil and cascade airfoil, respectively, 
in references 172 and 173. The fact that close 
agreement was obtained in the references between 
calculated and experimentally observed locations 
of the separation point indicates that the method 
may be satisfactory for prediction of the other 
boundary-layer characteris tics. 

Loitsianskii’s method.-In reference 170 Loitsi- 
anskii presents a final equation similar to equation 
(245) but developed from a quite different ap- 
proach. Equation (235) is multiplied by nk and 
integrated through the boundary layer. The 
second and third integrals (i.e., k = l  and k=2) 
are also used. The three equations are solved 
simultaneously for three parameters characterizing 
the boundary-layer velocity distribution. In 
order to do this, a simple assumed velocity form 
in the boundary layer is used to evaluate certain 
of the integrals involved in the three equations. 
The final equations are (in the terminology of 
Thwai tes) 

1 (m> =0.22- 1.85m -7.55ma 

H(m) =2.59+7.55m 

These equations show that the method in applica- 
tion M e r s  very little from that of Thwaites. 
Analytical expressions for Z(m) and H(m) are 
used instead of the tabulated values used by 
Thwaites. In general, the values of Thwaites 
correspond more nearly to the values of Z(m) and 
H(m) obtained from exact solutions. The dif- 
ferences, however, may not be significant. 

TDsBULENT BOUNDABY LAYER 

The turbulent boundary layer is more difficult 
to  treat theoreti than the laminar layer. 

velocity forms, as in 
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FIGURE 113.-Comparison of solutions obtained by approximate method of Thwaites with exact solutions (ref. 171). 



many approximate methods for the laminar layer, 
has not proved satisfactory in the turbulent case. 
Furthermore, the shear stress is not given as a 
simple function p(bu/bn) of the velocity distribu- 
tion, except in the laminar sublayer. An ad- 
ditional difFtculty is the determination of the 
proper value of H or 6* at the p 
As a result of these difFtculties, 
available for calculating the 
turbulent boundary layer are more tedious and 
less accurate than the method given for the lami- 
nar problem. 

Since the turbulent boundary layer is preceded, 
on a blade, by a laminar layer, it is necessary first 
to determine the values of P* and H immediately 
after transition. These values, as well as the 
location of the transition point, are determined 
with the help of the computation of the preceding 
laminar boundary layer. Once these values are 
known, certain differential equations for e* and H 
can be solved to obtain the entire distribution. 

In the technique of Maskell (ref. 160) presented 
here, the momentum thickness can be obtained 
simply and with acceptable accuracy. The deter- 
mination of the distribution of the form factor €7 
is more diflicult. When e* and H have been 
obtained, the point of turbulent separation can be 
obtained accurately by the use of a skin-friction 
formula for turbulent flow given by Ludwieg and 
Tillmann (ref. 159). 
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tion in H, for obtaining values of H 
This approach is simpler than the 
method of von Doenhoff and Tetervin (ref. 174), 
in which an empiric 

246). The results obtained for 

accuracy. 
Momentum thickness.-The first part of the 

boundary-layer problem is to determine the 
momentum thickness. To do so, equation (246) 
is first written in the following form: 

where 
1 0 =B*Re# 

(249) 

Approach.-From the conservation of momen- 
tum in the boundary layer, the momentum equa- 
tion can be developed for the turbulent case as 

where . 
(247) 

and tW is the friction stress for a turbulent bound- 
ary layer. It has always been observed that the 
distribution of 8* calculated from equation (246) 
is not greatly affected by the way H varies with s. 
In fact, H can be taken as constant and reasonably 
accurate values of e* obtained in some cases. 
For this reason, Maskell proposes a simplification 
of equation (246) (based on the insensitivity to H) 
that enables that equation to be direc 
for B*. Then, he uses the derived values of B*, 
in conjunction with an empirical differential equa- 

and q is an arbitrary constant that wil l  be deter- 
mined later. The friction coegcient C,, is given 
by the formula 

which is developed in reference 159. This formula, 
which Maskell adopts for his method, is probably 
superior to previously used formulas for Crr. 

Equation (248) can be integrated directly if the 
right side can be approximated in the linear form 
A+Br. For flat-plate flow, dVo/ds (and hence 
l') equals zero, and equation (248) becomes 

Therefore, an approximation of equation (248) 
in the form A+Br requires that (l+q)f be 
constant if the approximation is to agree in the 
simple case of flat-plate flow. The value of q 
required to make the t term constant in equation 
(251) is determined as indicated in the following 
paragraph. 

The experimental variation of H with log Reo 
for a flat plate is illustrated in figure 114, along 
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FIQURE 114.-Profile parameter H for flabplate flow 
(ref. 160). 

with two simple analytic approximations to the 
experimental data. The simplest approximation, 

H=1.630-0.0775 loglo Ree (252) 

is used in this part of the analysis. Substitution 
of equations (252) and (250) in the definition of 
5 (eq. (249)) gives 

t= 0.00965Reea'" 3156 (253) 

Therefore, taking q=0.2155 in equation (253) 
gives a constant value of t as desired. With this 
value of q, equation (248) becomes 

*=1.2155 [ <- (H+1.823)r] (254) ds 

The right side of equation (254) is now evalu- 
ated from experimental data and plotted against 
r to see whether an approximation of the form 
A+Br will be satisfactory. These results, shown 
in figure 115, indicate that such a linear approxi- 
mation should be adequate. The best approxi- 
mation to the data is given by A=0.01173, B= 
4.200; and equation (254) becomes 

-- @-o.o1173-4.2oor 
ds 

ten 88 (from eq. (249)) 

The solution of (255) %I 

Form factor.- e momentum 
known, it becomes necessary to determine H 
accurately in order to ascertain 6* and C,,. In 
order to determine H, Maskell develops an 

irical differential equation. A considerable 
amount of data is used in the development, 
including zero and negative pressure-gradient 
data. The resulting equation must be divided 
into three parts to fit the available data accu- 
rately. The division is made in terms of the 

2 . 6 4 ~ 1 0 6  io.1 
2.67 8.1 
0.92 8. I 
2.6 IO. I 

4.1 8 9. I 
0.1 I 8  (based on 

minor axis 

7 

%+4.2OO @ dv0-0.01173 x- (255) Eraurn 115.-Experimental valuea of function 1.2155 
k- (H+ 1.823)l-I 
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r range by r=O and I'=r$, where rl is itself a 
function of H. The following relation is obtained 
in reference 160: 

H=1.754-0.149 loglo Re, 1 +0.01015(~og10 Rea)* for r>O 

I [-0.15(H-11.2) d H  
de -B*Ree0.268 
-- 

where 

(258) 
-0.15(H-1.2)-q 

0.17 r,= 

and q is given in figure 116. The portion of the 
curve for H<1.4 is given by p=-10-0*s78a 
(0.01399H-0.01485); for H>1.6, by p= -0.054H 
+0.0796; and for 1.4<H<1.6 the curve is faired. 

Assuming the distribution of e* is now known, 
and also the value of H at  transition, equations 
(257) and (258) can be solved step-by-step for 
the complete distribution of H. With H and 
e* known, C,, can be found from equation (250). 

The point of turbulent separation is determined 
in the method from the variation of the friction 
coefficient (Cf,=O at  separation). It is clear from 
its form that equation (250) cannot lead directly 
to a value of C,,=O. However, the calculated 
C,, curve falls off toward zero in such a way that 
an extrapolation to zero is easily made. Ex- 
amples of the separation-point extrapolation are 
shown in figure 100. 

Initial conditions.-The problem yet remaining 
is the proper determination of H and e* at  the 
onset of turbulent flow. The velocity profle 
undergoes an abrupt change from laminar type 
to turbulent type. The initial value of e* is taken 
from the value occurring in the laminar computa- 
tion at  the point of transition. This is equivalent 
to assuming that the momentum thickness is 
continuous through the point of transition. Re- 
quiring continuity of the momentum thickness 
results in a discontinuity (i.e., rapid change) in 
displacement thickness and hence in H (ref. 175). 
The experimental data now available do not 
point clearly to a suitable means of determining 

9- 
I 

Form factor ,  H 

FIOUIW 116.-Defiaition of 9 as function of H (ref. 160). 

the initial value of H. Maskell does recognize 
some systematic trend and presents an analysis 
leading to highly qualified relations for predicting 
the value of H at  transition. For details of his 
development, see reference 160. 

As an indication of the sensitivity of the cal- 
culation to the initial value of H, Maskell tried 
two widely different initial values and obtained 
the results shown in figure 117. In spite of the 
large difference in initial value, the computed 
curves of H are in fair agreement. The computed 
values of C,, are in even better agreement. These 
results, although not susceptible to the general 
interpretation that the calculations are insensitive 
to the value of H at  transition, are encouraging. 

Evaluation.-The accuracy of the method, given 
the location of the transition point, is demon- 
strated in several examples in reference 160. 
Figure 118, taken from reference 160, illustrates 
the computed boundary-layer characteris tics for 
an NACA airfod and compares the results with 
actual experimental data and with the results of 
the method of von Doenhoff and Tetervin. 
The agreement is generally satisfactory for the  
entire range of e*, H, and C',. The agreement 
of the calculated separation point with the ex- 
perimentally obtained separation point is also 
quite good. 

TBANSITION 

A major dilliculty yet remaining in the compu- 
tation of blade boundary layers is the successful 
prediction of the location of the transition point. 
This problem is in a very difEcult realm of vis- 
cous-flow theory because of the close relation 
of the transition point to the Reynolds number 
and free-stresm turbulence of the flow. The 
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s/c 

FIGURE 117.-Effect of initial value of H on calculated 
values of form factor and skin-friction coefficient in 
turbulent boundary layer on upper surface of airfoil 
section RAE 101. Blade-chord Reynolds number, 
1.7X108; lift coefficient, 0.4 (ref. 160). 

problem has been discussed qualitatively in a pre- 
vious section. An indication of the errors that 
may result from mislocation of the transition 
point in the calculation of the drag coefficient of 
an isolated airfoil is given in figure 119. The 
figure presents a plot of the variation of calculated 
profile drag coefficient against distance of the 
kansition point from the leading edge. 

Although reliable criteria for transition-point 
location for general airfoil flow are not currently 

Calculated (present method, 

Tetervin, ref. 174) 
ETeriment (von 

5/c 

FIGWE 118.-Compariaon of experimental and calculated 
distributions of boundary-layer parameters for NACA 
airfoil section 66,2-216. Blade-chord Reynolds num- 
ber, 2.64X106; angle of attack, 10.1' (ref. 160). 
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FIGURE 119.-Variation of profile drag with location of 
transition point for 14-percent-thick wing at blade-chord 
R.eynol& number of lo7 {ref. 155). 

available, some work has been done along these 
lines. A low-turbulence investigation of an 
NACA 65(215)-114 airfoil in reference 176, for 
example, revealed that, for blade-chord Reynolds 
numbers ranging from 26X106 to 49Xlg6, a 
criterion for transition based on boundary-layer 
Reynolds number can be satisfactorily established 
as Re6=8000. (Res= Vo6/v, where 6 is the normal 
distance from the airfoil surface to a point within 
the boundary layer where the velocity is equal to 
0.707 of the velocity a t  the outer edge of the 
boundary layer.) These results were obtained 
for values of Reynolds number that are con- 
siderably higher than those encountered in con- 
ventional low-speed-cascade practice. 

Much more work will have to be done on this 
problem before reliable criteria are determined 
for very general conditions of Reynolds number, 
turbulence, and pressure distribution. Until such 
criteria are available, theoretical boundary-layer 
calculations will probably have to concern them- 
selves with a range of possible transition-point 
locations . 

CIRCULATION DEFECT 

Potential-flow calculations provide a tool for 
determining the surface velocity distribution and 
hence the circulation and air outlet angle of cascade 
blades. For a viscous fluid, the potential flow 
is altered because of the development of the bound- 
ary layer. For many practical blade shapes, the 
error in the velocity distribution obtained from 
potential-flow calculations about the origind 
blade may be large. Figure 120, taken from 
reference 98, indicates the error in a typical cas- 
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FIGURE llO.-Comparison of experimental and theoretical 
velocity distribution on airfoil in cascade. Airfoil, 
NACA 65-(12)lO; inlet-air angle, 60°; angle of attack, 
14.1'; angle of attack of mean vector velocity, 6.5'; 
turning angle, 18.6'; solidity, 1.0 (ref. 98). 

cade calculation. The theoretical potential-flow 
circulation is always greater than the actual 
circulation. 

References 98 and 177 found that, if the actual 
(real-flow) circulation of a given blade section 
could be predicted, the use of this actual value of 
circulation in the potential-flow calculation for the 
section would yield theoretical velocity distribu- 
tions that agreed much better with the measured 
values. Two mechanisms of incorporating the 
actual circulation in the velocity-distribution cal- 
culation are discussed in reference 177. The &st 
method neglects the Kutta condition and directly 
reduces the theoretical circulation to the actual 
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value obtained from measurements. By neglect- 
ing the Eutta condition an exact potential flow 
about the original airfoil is obtained, wherein the 
rear stagnation point occurs on the upper surface. 
The second method is to distort the airfoil by 
curving up the trailing edge until.the theoretical 
lift, with the stagnation point at the trailing edge, 
equals the experimental lift. 

The investigation also found that a small reduc- 
tion in the angle of attack of the section in the 
theoretical calculation improved the agreement 
between calculated and observed velocities. An 
illustration of the effectiveness of the reduced 
circulation, with and without change in angle of 
attack, in providing a close comparison between 
theoretical and measured cascade velocity distri- 
butions is shown in figure 121. These results are 
interesting in that a simple procedure is estab- 
lished for satisfactorily incorporating the circula- 
tion decrement into the potential-flow velocity- 
distribution calculation, once that decrement is 
known. 

The principal problem now is the determination 
of the actual circulation in the presence of bound- 
ary-layer growth. To date, no analytical or em- 
pirical data have appeared to permit the general 
estimation of actual circulation (or lift) for con- 
ventional cascade sections. An investigation of an 
analytical determination of the actual lift of iso- 
lated airfoil sections is presented in reference 178. 
A brief discussion of the method is included herein, 
since the concepts and procedures involved should 
be sigmficant also for the cascade airfoil. 

The analysis of reference 178 postulates that the 
presence of surface boundary layers will affect 
the potential flow about the airfoil in two principal 
ways. First, since the boundary layers tend to 
displace the main flow away from the surfaces of 
the airfoil, the effective shape of the airfoil will be 
altered according to the variation of the displace- 
ment thicknesses of the surface boundary layers. 
In general, with the boundary layer thicker on the 
upper than on the lower surface, an effective reduc- 
tion in blade camber will result. In addition, a 
reduced angle of attack will result from altering the 
effective camber line. 

The altering of the effective angle of attack 
possibly accounts for the general improvement 
in velocity-distribution comparisons (as in fig. 

ficient = 0.96 
Theor. colculotion, 

exp.lift coef- 
.2 tt/ // --- ficient and 

reduced a 
0 Exp. data 
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Percent chord 
FIGURE 12l.-Comparison of experimental velocity distri- 

bution with theoretical velocity distribution corrected 
for circulation and angle of attack on airfoil in cascade. 
Airfoil, NACA 65-(12)lO; inlet-air angle, 60'; angle of 
attack, 14.1O; angle of attack of mean vector velocity, 
6.5'; turning angle, 18.6O; solidity, 1.0 (ref. 98). 

121) obtained when a slight reduction in angle 
of attack is included in the theoretical calculation. 

The second effect on circulation is the destruc- 
tion of the Eutta condition at the trailing edge. 
Reference 178 replaces the Kutta condition with 
the theorem that, for steady motion, the rates 
of discharge of positive and negative vorticity 
into the wake at  the trailing edge are equal. 
Methods of computing the reduction in circulation 
resulting from the change in profile shape and 
trailing-edge condition are presented in the 
reference. Results of calculations for two airfoil 
shapes show that a considerable portion of the 
difference between theoretical and actual lift 
can be predicted on the basis of these considera- 
tions. The results further show that the effective 
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altering of the profile shape contributed most 
to the lift defect. 

The theoretical calculation of the lift defect 
resulting from an effective profile change will 
generally be more difbcult for a cascade airfoil 
than for the isolated airfoil. Accordingly, the 
consideration of an empirical correlation between 
actual l i t  ratio and some significant boundary- 
layer thickness parameter may offer more imme- 
diate promise for cascade sections. 

In view of the preceding discussion, it appears 
that an iteration process may prove necessary 
for some boundary-layer computation on airfoils 
in cascade. The procedure would be as follows: 

(1) Compute potential velocity distribution. 
(2) Compute boundary-layer development from 

(3) Compute circulation defect from boundary- 

(4) Recompute potential velocity distribution 

(5) Continue iteration until process converges. 

(1). 

layer characteristics (2). 

on the basis of corrected circulation (3). 

CALCULATION OF TOTAL-PRESSURE LOSS 

In compressor design and performance analysis, 
it is desirable to determine the loss in total 
pressure incurred across a blade row. In the 
present section, a method is discussed for relating 
the total-pressure loss of a cascade section to the 
boundary-layer characteristics at the blade trailing 
edge. This makes possible, within the limits of 
the assumptions involved, the complete theoretical 
calculation of the cascade loss once the blade 
boundary-layer conditions have been established. 
The loss so determined represents the basic 
two-dimensional profile loss of the section. 

If separation has not occurred, the flow field 
in the plane of the blade trailing edge will appear 
essentially as a core of potential (or free-stream) 
flow bounded by viscous layers adjoining the 
blade surfaces. A considerable portion of the 
complete loss in total pressure across a cascade 
is already realized in the viscous layers at the blade 
trailing edge. However, owing to the lack of 
uniformity of the velocity distribution in the 
wake (and also in the free stream), a turbulent 
mixing of the fluid takes place resulting in an 
additional loss in total pressure downstream of 
the blade trailing edge. The complete loss 

attributable to the cascade can only be measured 
at an axial position sufficiently far  downstream to 
assure that uniformity has been achieved. Since 
the rate of dissipation of the wake depends on 
many factors, experimental loss data obtained 
at  a .fixed location for various cascade configura- 
tions will not be completely comparable unless 
properly interpreted in relation to the complete 
loss involved. 

A notable achievement was made in the cal- 
culation of the complete loss for isolated airfoils 
by Squire and Young (ref. 155), who succeeded 
in relating the total drag to the boundary-layer 
state at the airfoil trailing edge. The cascade 
case was treated by Loitsianskii in references 
179 and 180. With the assumption that con- 
ditions are nearly uniform in the plane of coales- 
cence of the wakes from neighboring blades, 
the conditions far downstream are related to 
conditions at  the plane of coalescence. Then, 
the conditions at the plane of coalescence, and 
consequently at the far-downstream position, 
are related to the trailing-edge boundary-layer 
characteristics. 

More recently, simplified analyses have been 
presented in references 156 and 181. In these 
theories, losses far downstream again are related 
to the trailing-edge boundary-layer character- 
istics. This relation is easily and directly es- 
tablished by assuming free-stream conditions to 
be uniform tangentially in the plane of the trail- 
ing edge. Although this restriction is severe, 
it is likely that the theory can provide a simple 
guide to better understanding and estimating 
cascade loss data. 

The assumptions and results of reference 156 
are now presented briefly. Only the incompres- 
sible-flow case is considered. For purposes of 
this analysis, the velocity distributions in the 
tangential direction at various axial locations are 
assumed to occur as shown in figure 122. Far 
downstream of the blade row, the wake is ulti- 
mately dissipated and the flow is completely uni- 
form in the tangential direction. The mass- 
averaged loss in total pressure is then (since 
free-stream total pressure in the plane of the 
trailing edge is taken equal to the inlet total 
pressure) 

fl-=PI-P*=Po, r P z  (259) 
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FIGURE 122.-Cascade flow indicating velocity distribution 
at trailing edge and after complete mixing has occurred 
(a-a and b-b are streamlines for a full blade spacing). 

where subscripts 1 and 2 denote positions far 
upstream and far downstream of the blade row 
(fig. 122), and Po,,, is the total pressure in the 
potential-flow region at  the trailing-edge position. 

From consideration of the Bernoulli equation, 
conservation of mass flow and of axial and tangen- 
tial momentum over the control surface bounded 
by the dashed streamlines in figure 122, and the 
conventional definitions of displacement and mo- 
mentum thickness, the loss coefficient is given by 

where, if desired, V,, can be related to the inlet 
velocity VI through the expression 

In this manner, the loss involved in the flow 
from an upstream position to a position of complete 
dissipation of the wake is related to the boundary- 
layer characteristics a t  the trailing edge of the 
blade and to the cascade geometry. For a more 
detailed premntation of the development and some 
calculated results, see reference 156. 

CONCLUDING REMARKS 

It is apparent from the preceding analysis that 
the boundary-layer theory currently available is 
incapable of completely predicting the viscous 
flow about a two-dimensional cascade. However, 
the qualitative information provided by the theory 
can serve as a useful de in obtaining and 
interpreting cascade data. Furthermore, some 
quantitative results can be obtained from the 
theory in its present state for a limited range of 
flow conditions and assumptions. 

The principal conclusion reached from the quali- 
tative evaluation of cascade boundary-layer be- 
havior is the large sensitivity of the losses to 
blade-chord Reynolds number and free-stream 
turbulence. Apparently, a wide range of bound- 
ary-layer loss can be obtained for a conventional 
cascade geometry, depending upon Reynolds 
number and turbulence. The importance of the 
identification and evaluation of Reynolds number 
effects in cascade operation and data analysis is 
thereby indicated. 

The primary shortcoming of quantitative evalua- 
tions is the inability of theory to predict the 
location and characteristics of the transition from 
laminar to  turbulent flow. The computation for 
a completely laminar or completely turbulent 
boundary layer is acceptably simple and accurate. 
Widespread use of the quantitative calculations 
will follow the ability to locate the transition point 
successfully. This problem is so difficult theoreti- 
cally that an attempt should be made to determine 
an empirical correlation valid for the limited 
variety of blade shapes currently in use. 

The question of possible serious Reynolds num- 
ber effects in compressor operation is raised in 
view of the large increases in loss that may be 
obtained at reduced Reynolds number because of 
laminar separation in the cascade flow. Reduced 
Reynolds numbers are encountered in compressors 
for small-size units and high-altitude operations. 
However, it is recognized that the viscous-flow 
phenomena in the compressor configuration are 
far more complex than in the cascade. First, the 
development of the boundary layers along the 
blade elements is complicated by the various 
spanwise boundary-layer motions and three-dimen- 
sional effects existing in compressor blade rows. 
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Secondly, the turbulence picture differs because result from the various compressor viscous phe- 
of blade wakes and inlet flow distortions. Finally, nomena. Therefore, the extent to which cascade 
there are other sources of Reynolds number effects viscous-flow c6"aracteristics will be reflected in the 
in the development of the casing boundary layers compressor is questionable. The answers to these 
and of the other three-dimensional effects. The questions must be supplied by continued com- 
observed loss characteristics in the compressor parative research. 





CHAPTER VI 

EXPERIMENTAL FLOW IN TWO-DIMENSIONAL CASCADES 
t 

By SEYMOUB LIEBLDIN \ 

Available e x p e r i m d  two-dimensional-cascade 
data for conventional cornpressor blade sections are 
correlated. The two-dimensional cascade and some 
of the principal aerodynamic factors involved in its 
operation are first briefly described. Then the data 
are analyzed by examining the variation of cascade 
performance at a reference incidence angle in the 
region of minimum loss. Variations of reference 
incidence angle, total-pressure loss, and deviution 
angle with cascade geometry, inlet Mach number, 
and Reynolds number are investigated. 

From the anulysis and the correlations of the 
available datu, rules and relations are evolved for the 
prediction of the magnitude of the reference totat- 
pressure loss and the reference deviation and inci- 

the correlation of isolated data was very difEcult. 
Some efforts were made, however, to correlate 
limited experimental data for use in compressor 
design (e.g., ref. 187). The British, in particular, 
through the efforts primarily of Carter and Howell, 
appear to have made effective use of their early 
cascade investigations (refs. 31 (pt. I)  and 188 
to 190). 

In recent years, the introduction of effective 
tunnel-wall boundary-layer removal for the estab- 
lishment of true two-dimensional flow gave a 
substantial impetus to cascade analysis. In  
particular, the porous-wall technique of boundary- 
layer removal developed by the NACA (ref. 191) 
was a notable contribution. The use of effective 

dence angles for conventional 6 W e  proJles. These/\ tunnel boundary-layer control has resulted in more 
relations are developed in simplged forms readily ' consistent systematic test data (refs. 39, 54, 123, 

and 192 (pt. 11)) and in more significant two- applicable to compressor design procedures. @ P INTRODUCTION 

Because of the complexity and three-dimensional 
character of the flow in multistage axial-flow 
compressors, various simplified approaches have 
been adopted in the quest for accurate blade- 
design data. The prevailing approach has been 
to treat the flow across individual 'compressor 
blade sections as a two-dimensional flow. The 
use of twodimensionally derived flow characteris- 
tics in compressor design has generdy been satis- 
factory for conservative units (ch. 111). 

In view of the limitations involved in the 
theoretical calculation of the flow about two- 
dimensional blade sections (chs. IV and V), 
experimental investigations of two-dimensional 
cascades of blade sections were adopted as the 
principal source of bladedesign data. Early 
experimental cascade results (e.g., refs. 184 to 
186), however, were marked by a sensitivity to 
individual tunnel design and operation. This was 
largely a result of the failure to obtain true two- 
dimensional flow. Under these circumstances, 

dimension2 comparisons between Georeticd and 
experimental performance (refs. 98, 167 (pt. I), 
and 193). With the availability of a considerable 
amount of consistent data, it has become feasible 
to investigate the existence of general relations 
among the various cascade flow parameters. 
Such relations curtail the amount of future 
experimental data needed and also result in more 
effective use of the data currently available. 
Since the primary function of cascade informa- 

tion is to aid in the design of compressors, the 
present W t e r  expresses the existing cascade data 
in terms of parameters applicable to compressor 
design. Such expression not only facilitates the 
design of moderate compressors but also makes 
possible a rapid comparison of cascade data with 
data obtained from advanced 'high-speed com- 
pressor configurations. Since the bulk of the 
available cascade data has been obtained at low 
speed (Mach numbers of the order of O.l), the 
question of applicability to such high-speed units 
is very significant. It is necessary to determine 
which flow parameters can or cannot be applied, 
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to what extent the low-speed data are directly 
usable, and whether corrections can be developed 
in those areas where the low-speed data cannot be 
used directly. 
In this chapter. the available cascade data 

obtained from a large number of tunnels are 
reworked in terms of what are believed to be 
significant parameters and are correlated in 
generalized forms wherever possible. The per- 
formance parameters considered in the correlation 
are the outlet-air deviation angle and the cascade 
losses expressed in terms of blade-wake momentum 
thickness. The correlations are based on the 
variations of the performance parameters with 
cascade geometry (blade profile shape, solidity, 
chord angle’l and inlet flow conditions. In view of 
the dif3Frculties involved in establishing correla- 
tions over the complete range of operation of the 
cascade at various Mach number levels, the 
analysis is restricted to an examination of cascade 
performance at  a reference incidence-angle loca- 
tion in the region of minimum loss. 

The chapter is divided into four main sections: 
(1) a brief description of the two-dimensional 
cascade and of the parameters, concepts, and data 
involved in the analysis; (2) an analysis of the 
variation of the reference incidence angle with 
cascade geometry and flow conditions; (3) an 
analysis of the variation of total-pressure loss a t  
the reference incidence angle; and (4) an analysis 
of the variation of deviation angle a t  the refer- 
ence incidence angle. 

SYMBOLS 
The following symbols are used in this chapter: 

A 
b 

D 
e 

D l O C  

d 

P 
H 
i 

i0 

flow area 
exponent in deviation-angle relation 
chord length 
diffusion factor (based on over-all veloc- 

local diffusion factor (based on local 

exponent in wake velocity-distribution 

function 
wake form factor, 6*p* 
incidence angle, angle between inlet-air 

direction and tangent to blade mean 
camber line at  leading edge, deg 

incidence angle of uncambered blade 
section, deg 

ities) 

velocities) 

relations 

compressibility correction factor in loss 

correction factor in incidence-angle rela- 

correction factor in deviation-angle rela- 

equation 

tion 

tion 

Kf 

Ka 

M Mach number 
m, mc 
n 
P total or stagnation pressure 
P static or stream pressure 
Re, 
s blade spacing 
t blade maximum thickness 
V air velocity 
Y coordinate normal to axis 
2 coordinate along axis 
a- 

B 

AB air-turning angle, pI-p2, deg 
To 

6 wake full thickness 
6* wake displacement thickness 
6 O  

factors in deviation-angle relation 
slope factor in incidence-angle relation 

Reynolds number based on chord length 

angle of attack, angle between inlet-air 

air angle, angle between air velocity and 
direction and blade chord, deg 

axial direction, deg 

blade-chord angle, angle between blade 
chord and axial direction, deg 

deviation angle, angle between outlet-air 
direction and tangent to blade mean 
camber line at  trailing edge, deg 

6; deviation angle of uncambered blade 
section, deg 

e* wake momentum-defect thickness 
K blade angle, angle between tangent to 

blade mean camber line and axial 
direction, deg 

P density 
U 

(P 

solidity, ratio of chord to spacing 
blade camber angle, difference between 

blade angles a t  leading and trailing 
edges, K ~ - K ~ ,  deg 

w total-pressure-loss coefficient 

Subscripts: 
av average 
;.e. incompressible equation 
inc incompressible 
1 lower surface 
mux maximum 
min minimum 
ref reference 

- 
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FIGUBE l23.-Layout of conventional low-speed cascade tunnel (ref. 168). 
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blade shape 
blade maximum thickness 
upper surface 
axial direction 
tangential direction 
free stream 
station at  cascade inlet 
station at cascade exit (measuring station) 
10 percent thick 

PRELIMINARY CONSIDERATIONS 
DESCRIPTION OF CASCADE 

schematic diagram of a low-speed two- 
dimensional-cascade tunnel is shown in- figure 123 
to illustrate the general tunnel layout. The 
principal components of the conventional tunnel 
are a blower, a diffuser section, a large settling 
chamber with honeycomb and screens to remove 
any swirl and to ensure a uniform velocity dis- 
tribution, a contracting section to accelerate the 
flow, the cascade test section, and some form of 
outlet-air guidance. The test section contains 
a row or cascade of blades set in a mounting device 
that can be altered to obtain a range of air inlet 
angles (angle p1 in figs. 123 and 124). Variations 
in blade angle of attack are obtained either by 
rotating the blades on their individual mounting 
axes (i.e., by varying the blade-chord angle -yo) 
while maintaining a fixed air angle or by keeping 
the blade-chord angle fixed and varying the air 
inlet angle by rotating the entire cascade. Outlet 
flow measurements are obtained from a traverse 

I 
I Measuring 
I plane 

I ine 

FIGURE 124.-Nomenclature for cascade blade. 

of suction through slots or porous-wall surfaces. 
Examples of different tunnel designs or detailed 
information concerning design, construction, and 
operation of the two-dimensional-cascade tunnel 
can be obtained from references 39, 122, 168, 191, 
and 194. 

ignating cascade ' 

layer control in the cascade is provided by mea& related mean lines (refs. 39 and 123), the circular- 
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arc mean line (ref. 3 1, p t. I), and the parabolic-arc 
mean line (ref. 192, pt. 11). Two popular basic 
thickness distributions are the NACA 65-series 
thickness distribution (ref. 39) and the British 
C.4 thickness distribution (ref. 31, pt. I). A 
high-speed profile has also been obtained from the 
construction of arc upper and lower 
surface (ref. 40); is referred to as the 
double-circular-arc blade. 

PEBFOBMANCE PARAMETEBB 

The performance of cascade blade sections has 
generally been presented as plots of the variation 
of air-turning angle, lift coefficient, and flow losses 
against blade angle of attack (or incidence angle) 
for a given cascade solidity and blade orientation. 
Blade orientation is expressed in terms of either 
fixed air inlet angle or fixed blade-chord angle. 
Flow losses have been expressed in terms of 60- 

efficients of the drag force and the defects in 
outlet total pressure or momentum. A recent in- 
vestigation (ref. 156) demonstrates the significance 
of presenting cascade losses in terms of the thick- 
ness and form characteristics of the blade wakes. 

In this analysis, the cascade loss parameters 
considered are the wake momentum-thickness 
ratio O*/c (ref. 156) and the total-pressure-loss 
coefficient Wl, defined as the ratio of the average 
loss in total pressure across the blade to the inlet 
dynamic head. Cascade losses are considered in 
terms of Ul, since this parameter can be conven- 
iently used for the determination of compressor 
blade-row efficiency and entropy gradients. The 
parameter e*/c represents the basic wake develop- 
ment of the blade profile and as such constitutes 
a significant parameter for correlation purposes. 
Values of e*/c were computed from the cascade 
loss data according to methods similar to those 
presented in reference 156. The diffusion factor 
D of reference 9 was used as a measure of the 
blade loading in the region of minimum loss. 

In the present analysis, it was necessary to use 
a uniform nomenclature and consistent correlation 
technique for the various blade shapes considered. 
It was believed that this could best be accom- 
plished by considering the approach characteris- 
tics in terms of air incidence angle i, 
the acteristics in terms of the camber 
angle 9, and the air-turning characteristics in 
terms of the deviation angle 13’ (fig. 124). As in- 
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dicated in figure 124, these angles are based on 
the tangents to the blade mean camber line at the 
leading and trailing edges. The use of the devia- 
tion angle, rather the turning angle, as a 
measure of the air direction has the advan- 
tage, for coyelation purposes, of a generally small 
variation with incidence angle. Air-turning angle 
is related to the 
angles by 

Ag=p+i--s” (57) 

Incidence angle is considered positive when it 
tends to increase the air-turning angle, and devia- 
tion angle is considered positive when it tends to 
decrease the air-turning angle (fig. 124). 

The use of incidence and deviation angles re- 
quires a unique and reasonable definition of the 
blade mean-line angle at the leading and trailing 
edges, which may not be possible for some blade 
shapes. The principal difiiculty in this respect is 
in the 65-(Alo)-series blades (ref. 39), whose mean- 
line slope is theoretically infinite at the leading 
and trailing edges. However, it is still possible to 
render these sections usable in the analysk by 
arbitrarily establishing an equivalent circulai -arc 
mean camber line. As shown in figure 125, the 
equivalent circular-arc mean line is obtained by 
drawing a circular arc through the leading- and 
trailing-edge points and the point of maximum 
camber at the midchord position. Equivalent 
incidence, deviation, and camber angles can then 
be established from the equivalent circular-arc 
mean line as indicated in the figure. The rela- 
tion between equivalent camber angle and isolated- 
airfoil lift coefficient of the NACA 65-(Alo)-series 
mean line is shown in figure 126. 

A typical plot of the cascade performance pa- 
rameters used in the analysis is shown in figure 
127 for a conventional blade section at fixed 
solidity and air inlet angle. 

DATA SELECTION 

In selecting data sources for use in the cascade 
performance correlations, it is necessary to con- 
sider the degree of twodimensionality obtained 
in the tunnel and the magnitude of the test 
Reynolds number and turbulence level. 
Two-dimensionality.-As indicated previously, 

test results for a given cascade geometry obtained 
from dif€erent tunnels may vary because of a fail- 
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/Point of 
/ maximum 
I camber 65-( Ala) -series 

FIGURE 125.-Equivalent circular-arc mean line for 
NACA 65-(Alo)-series blades. 

ure to achieve true two-dimensional flow across 
the cascade. Distortions of the true two-dimen- 
sional flow are caused by the tunnel-wall bound- 
ary-layer growth and by nonuniform inlet and 
outlet flow distributions (refs. 191 and 168). In 
modern cascade practice, good flow twodimen- 
sionality is obtained by the use of wall-boundary- 
layer control or large tunnel size in conjunction 
with a large number of blades, or both. Ex- 
amples of cascade tunnels with good twodimen- 
sionality are given by references 39 and 194. 

The lack of good two-dimensionality in cascade 
testing affects primarily the air-turning angles and 
blade surface pressure distributions. Therefore, 
deviation-angle data were rejected when the two- 
dimensionality of the tunnel appeared questionable 
(usually the older and smaller tunnels). Practi- 
cally all the cascade loss data were usable, however, 
since variations in the measured loss obtained from 
a given cascade geometry in different tunnels will 
generally be consistent with the measured diffusion 
levels (unless the blade span is less than about 1 
or 2 inches and there is no extensive boundary- 
layer removal). 

Reynolds number and turbulence.-For the 
same conditions of two-dimensionality and test- 
section Mach number, test results obtained from 
cascades of the same geometry may vary because 
of large differences in the magnitude of the 
bladechord Reynolds number and the 
free-stream turbulence. Examples of the effect 
of Reynolds number and turbulence on the 
losses obtained from a given blade section at 
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fixed incidence angle are presented in figure 128. 
S i a r  pronounced effects are observed on the 
deviation angb. AB discussed in chapter V, the 
loss variation with Reynolds number is associated 
primarily with a local or complet 
the laminar boundary layer on the 
The data used in the correlation are restricted to 
values of blade-chord Reynolds number from about 
2.OX1O6 to 2.5X1OS in order to minimize the 
effects of different Reynolds numbers. Free- 
stream turbulence level was not generally deter- 
mined in the various cascade tunnels. 
In some cases (refs. 39 and 195, e.g.), in tunnels 

with low turbulence levels, marked local laminar- 
separation effects were observed in the range of 
Reynolds number selected for the correlation. 
Illustrative plots of the variation of total-pressure- 
loss coefficient with angle of attack for a cascade 
with local laminar separation are shown in figure 
129. In such inbtances, it was necessary to esti- 
mate the probable variation of loss (and deviation 
angle) in the absence of the local separation 
(as indicated in the figure) and use values 
obtained from the faired curves for the correlac 
tions. 

The specific sources of data used in the analysis 
are indicated by the references listed for the vari- 
ous performance correlations. Details of the tun- 
nel construction and operation and other pertinent 
information are given in the individual references. 

In a correlation of two-dimensional-cascade data 
that is intended ultimately for use in compressor 
blade-element design, the variations of perform- 
ance parameters should be established over a wide 
range of incidence angles. Experience shows (fig. 
130) that the variation of loss with incidence angle 
for a given blade section changes markedly as the 
inlet Mach number is increased. Consequently, 
correlated low-speed blade performance at high 
and low incidence angles is not applicable at high 
Mach numbers. The low-speed-cascade perform- 
ance is therefore considered at some reference 
point on the general loss-against-incidence-angle 
curve that exhibits the least variation in location 
and in magnitude of performance parameters as 
Mach number is increased. 

The reference location herein is selected as the 
point of minimum loss on the curve of total- 

APPROACH 
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FIGURE 127.-Illustration of basic performance parameters 
for cascade analysis. Data obtained from conventional 
blade geometry in low-speed two-dimensional tunnel. 
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(a) NACA 65-(12) 10 blade. Inlet-air angle, 45O; solidity, 
1.5 (ref.39) : 

(b) Lighthill blade, 50 percent laminar flow. Inlet-air 
angle, 45.5'; solidity, 1.0 (ref. 167, pt. I). 

FIGURE 128.-Effect of blade-chord Reynolds number and 
free-stream turbulence on minimum-loss coefficient of 
cascade blade section in two-dimensional tunnel. 

(a) NACA 65-810 blade. Inlet-air angle, 30'. 
(b) NACA 65-(12)lO blade. Inlet-air angle, 45O. 

FIGUBE 129.-Loss characteristics of cascade blade with 
local laminar separation. Solidity, 1.5; blade-chord 
Reynolds number, 2.45X 106 (ref. 39). 

pressure loss against incidence angle. For con- 
ventional low-speed-cascade sections, the region 
of low-loss operation is generally flat, and it is 
difEcult to establish precisely the value of incidence 
angle that corresponds to the minimw loss. For 
practical purposes, therefore, since the curves of 
loss coefficient against incidence angle are gener- 
ally symmetrical, the reference minimum-loss loca- 
tion was established at the middle of the low-loss 
range of operation. SpecZcally, as shown in figure 
131, the reference location is selected as the inci- 
dence angle at the midpoint of the range, where 
range is defined as the change in incidence angle 
corresponding to a rise in loss coefficient equal to 
the minimum value. Thus, for conventional cas- 
cade sections, the midrange reference location is 
considered coincident with the point of minimum 
loss. In addition to meeting the abovementioned 
requirement of small variation with inlet Mach 
number, the reference minimum-loss incidence 
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Incidence angle, i, deg 

(a) C.4 Circular-arc blade. Camber angle, 25'; maximum- (c) Double-circular-arc blade. Camber angle, 25'; maxi- 
thickness ratio, 0.10; solidity, 1.333; blade-chord angle, mum-thickness ratio, 0.105; solidity, 1.333; blade-chord 
42.5' (ref. 40). (b) C.4 Parabolic-ard blade. Camber angle, 42.5' (ref- 40). (d) Sharp-nose blade. Camber 
angle, 25' ; maximum-thickness ratio, 0.10; solidity, angle, 27.5'; maximum-thickness ratio, 0.08; solidity, 
1.333; blade-chord angle, 37.6' (ref. 40). 1.15; blade-chord angle, 30' (ref. 205). 

FIGWRB 130.-Effect of inlet Mach number on loss characteristics of cascade blade sections. 

angle (as compared with the optimum or nominal 
incidence settings of ref. 196 or the design incidence 
setting of ref. 39) requires the use of only the loss 
variation and also permits the use of tke diffusion 
factor (applicable in region of minimum loss) as 
a measure of the blade loading. 

At this point, it should be kept in mind that 
the reference minimum-loss incidence angle is 
not necessarily to be considered as a recommended 
design point for 'aompressor application. The 
selection of the be& incidence angle for a par- 
ticular blade element in a multistage-compressor 
design is a function iof many considerations, such 
as the location of the blade row, the design Mach 
number, and the type and application of the design. 
In general, there is no one universal definition 
of design or best incidence angle. The cascade 

incidence ongle, I' ,deg 

F'IGURE 131.-Definition of reference minimum-loss iaci- 
dence angle. 

reference location is established primarily for 
purposes of analysis. 
Of the many blade shapes currently in use 

in compressor design practice (i.e., NACA 65- 
series, C-series circular arc, parabolic arc, double 
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circular arc), data sufficient to permit a reasonably 
complete and significant correlation have been 
published only for the 65-(Alo)-series blades of 
reference 39. Therefore, a basic correlation of 
the 65-(Al0)-series data had to be established 
first and the results used as a guide or foundation 
for determining the corresponding performance 
trends for the other blade shapes for which only 
limited data exist. 

Since the ultimate objective of cascade tests 
is to provide information for designing com- 
pressors, it is desirable, of come, that the structure 
of the data correlations represent the compressor 
situation as closely as possible. Actually, a 
blade element in a compressor represents a blade 
section of fixed geometry (Le., fixed prosle form, 
solidity, and chord angle) with varying inlet-air 
angle. In two-dimensional-cascade practice, how- 
ever, variations in incidence angle have been 
obtained by varying either the inlet-air angle or 
the blade-chord angle. The available systematic 
data for the NACA 65-(A,,)-series blades (ref. 39) 
have been obtained under conditions of fixed 
inlet-air angle and varying blade-chord angle. 
Since these data form the foundation of the 
analysis, it was necessary to establish the cascade 
performance correlations on the basis of fixed 
inlet-air angle. Examination of limited unpub- 
lished low-speed data indicate that, as illustrated 
in figure 132, the loss curve for constant air inlet 
angle generally falls somewhat to the right of 
the constant-chord-angle curve for fixed values 
of Dl and yo in the low-loss region of the curve. 
Values of minimum-loss incidence angle for fixed 
81 operation are indicated to be of the order of lo 
or 2’ greater than for fixed yo operation. An 
approximate allowance for this difference is made 

0 
Incidence angle, I‘, deg 

FIGURE 132.-Qualitative comparison of cascade range 
characteristics at constant blade-chord angle and con- 
stant inlet-air angle (for same value of & in region of 
minimum loss). 

in the use of reference-incidence-angle data from 
these two methods. 

With the definition of reference incidence angle, 
performance parameters, and analytical approach 
established, the procedure is first to de 
how the value of the reference min 
incidence angle varies with cascade geometry and 
flow conditions for the available blade profiles. 
Then the variation of the performance parameters 
is determined at the reference location (as indicated 
in fig. 127) as geometry and flow are changed. 
Thus, the various factors involved can be ap- 
praised, and correlation curves and charts can 
be established for the available data. The 
analysis and correlation of cascade reference-point 
characteristics are presented in the following 
sections. 

INCIDENCE-ANGLE ANALYSIS 

PBELIMINAEY ANALYSIS 

In an effort to obtain a general empirical rule 
for the location of the reference minimum-loss 
incidence angle, it is first necessary to examine the 
principal influencing factors. 

It is generally recognized that the low-loss 
region of incidence angle is identified with the 
absence of large velocity peaks (and subsequent 
decelerations) on either blade surface. For infi- 
nitely thin sections, steep velocity gradients are 
avoided when the front stagnation point is located 
at the leading edge. This condition has fre- 
quently been referred to as the condition of 
“impact-free entry.” Weinig (ref. 80) used the 
criterion of stagnation-point location to establish 
the variation of impact-free-entry incidence angle 
for infinitely thin circular-arc sections from 
potential-flow theory. Results deduced from ref- 
erence 80 are presented in figure 133(a). The 
minimum-loss incidence angle is negative for 
infinitely thin blades and decreases linearly with 
camber for fixed solidity and blade-chord angle. 

While there is no definite corresponding i-inc 
dence-angle theory for thick-nose blades with 
rounded leading edges, some equivalent results 
have been obtained based on the criterion that the 
location of the stagnation point in the leading- 
edge region of a thick blade is the controlling 
factor in the determination of the surface velocity 
distributions. Carter, in reference 190, showed 
semitheoreticdy on this basis that optimum 
incidence angle (angle at maximum lift-drag ratio) 
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Comber angle, 

(a) “Impact-free-entry” incidence angle for infinitely thin C-series profiles according to semitheoretical develop- 
blades according to potential theory of Weinig (ref. 80). menta of Carter et a2. (refs. 190 and 196). Outleeair 

(b) “Optimum” incidence angle for 10-percent-thick angle, 20°. 

FIQURE 133.-Variation of reference incidence angle for circular-air-mean-fine blades obtained‘from theoretical or semi- 
theoretical investigations. 

for a conventional 10-percent-thick circular-arc A preliminary examination of experimental 
blade decreases with increasing camber angle. cascade data showed that the minimum-loss 
The results of reference 190 were followed by incidence angles of uncambered sections @ = O )  
generalized plots of optimum incidence angle in of conventional thicknesses were not zero, as 
reference 196, which showed, as in figure 133(a), indicated by theory for infinitely thin blades (fig. 
that optimum incidence angle for a 10-percent- 133(a)), but always positive in value. The 
thick C-series blade varies with camber angle, appearance of positive values of incidence angle 
solidity, and blade orientation. (In these ref- for thick blades is attributed to the existence of 
erences, blade orientation was expressed in terms velocity distributions at zero incidence angle that 
of air outlet angle rather than blade-chord angle,) are not symmtrical on the two surfaces. Typical 
The plot for an outlet- ngle of 20° is shown in plots illustrating the high velocities generally 
figure 133(b). Apparently, the greater the blade observed in the inlet region of the lower (pressure) 
circulation, the lower in magnitude the urn- surface of thick uncambered blades at zero inci- 

e to dence angle are shown in fime 134. Apparently, 
tion of an increase in incidence angle from the zero value 

minimUm-loss incidence angle for conventional is necessary in order to reduce the lower-surface 
city to a more equitable distribution that 

by thin-airfoil theory. in a minimum of the over-all loss. This 
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zero-camber thickness effect will appear only for 
blade-chord angles between Oo and goo) since, as 
indicated by the highly simplified one-dimensional 
model of the blade passage flow in figure 135, the 
velocity distributions at these limit angles are 
symmetrical. 

The effect of blade thickness blockage on 
impact-free-entry incidence angle 
(uncambered) blades of constant chordwise thick- 
ness in incompressible twodimensional flow is 
investigated in reference 34. The results of 
reference 34 are plotted in terms of the parameters 
used in this analysis in figure 136. It is reasonable 
to expect that similar trends of variations of 
zero-camber reference. minimum-loss incidence 
angle will be obtained for compressor blade 
profiles. 

On the basis of the preceding analysis, therefore, 
it is expected that, for low-speed-cascade flow, 
reference minimum-loss incidence angle will gen- 
erally be positive at zero camber and decrease with 
increasing camber, depending on solidity and 
blade-chord angle. The available theory also 
indicates that the variation of reference incidence 

angle might be essentially linear. If so, the 
variations could be expressed in terms of slope 

FIGURE 134.-Illustration of velocity distribution for angle with camber at fixed solidity and chord 
uncambered blade of conventional thickness at zero 
incidence angle. Data for 65-(0)lO blade of reference 
39. 

Percent chord 

(a) Inlet-air angle, 60'; solidity, 1.5. 
(b) Inlet-air angle, 30'; solidity, 1.0. 

-<--=- 
( a )  

-0 
v, Q. 
t l f  
Y t  
( b )  ( C )  

(a) yo=Oo. (b) yo=9O0. (c) O'<y0<90'. 

FIQURE 135.-Effect of blade thickness of surface velocity at zero incidence angle for uncambered airfoil section according 
to simplifted one-dimensional model. 

691-564 0-65-14 
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FIGURE 136.-Theoretical variation of “impact-free-entry ” 
incidence angle for constant-thickness uncambered 
sections according to developments of reference 34. 

and intercept values, where the intercept value 
represents the magnitude of the incidence angle 
for the uncambered section (function of blade 
thickness, solidity, and blade-chord angle). Ref- 
erence minimum-loss incidence angle may also 
vary with inlet Mach number and possibly with 
Reynolds number. 

DATA CORRELATIONS 

Form of correlation.-Although preliminary 
theory indicates that blade-chord angle is the 
significant blade orientation parameter, it was 
necessary to establish the data correlations in 
terms of inlet-air angle, as mentioned previously. 
The observed cascade data were found to be 
represented satisfactorily by a linear variation 
of reference incidence angle with camber angle 
for fixed solidity and inlet-air angle. The varia- 
tion of reference minimum-loss incidence angle 
can then be described in equation form as 

i=i,+ncp (261) 

where io is the incidence angle for zero camber, 
and n is the slope of the incidence-angle variation 
with camber (i-io)/(p. 

Since the existence of a finite blade thickness 
is apparently the cause of the positive values of 
io, it is reasonable to assume that both the 
magnitude of the maximum thickness and the 
thickness distribution contribute to the effect. 
Therefore, since the 10-percent-thick 65-series 

blades of reference 39 are to be used as the basis 
for a generalized corr 
blade sylapes, it is pro 
reference incidence 
form 

zo = 

where (io)1o represents the va 
camber incidence angle for the 
65-series thickness distribution, (K1) represents 
any correction necessary for maximum blade 
thicknesses other than 10 percent, and 
represents any correction necessary for a blade 
shape with a thickness distribution different from 
that of the 65-series blades. (For a 10-percent- 
thick 65-series blade, (KJ  1= 1 and (Ki)sn= 1 .) 

The problem, therefore, is reduced to finding the 
values of n and io (through eq. (262)) as functions 
of the pertinent variables involved for the various 
blade profiles considered. 

NACA 65- (A1,)-series blades.-From the exten- 
sive low-speed-cascade data for the 65-(Alo)-series 
blades (ref. 39), when expressed in terms of 
equivalent incidence and camber angles 
(figs. 125 and 126), plots of io and n can be 
deduced that adequately represent the minimum- 
loss-incidence-angle variations of the data. The 
deduced values of io and n as functions of solidity 
and inlet-air angle are given for these blades in 
figures 137 and 138. The subscript 10 in figure 
137 indicates that the io values are for 10-percent 
maximum-thickness ratio. Values of intercept io 
and slope n were obtained by fitting a straight line 
to each data plot of reference incidence angle 
against camber angle for a fixed solidity and air 
inlet angle. The straight l i e s  were selected so 
that both a satisfactory representation of the 
variation of the data points and a consistent 
variation of the resulting n and io values were 
obtained. 

The deduced rule values and the observed 
data points compared in -re 139 indicate the 
effectiveness of the deduced representation. In 
several configurations, particularly for low cam- 
bers, the range of equivalent incidence angle 
covered in the tests was insuf5cient to permit 
an accurate determination of a minimum-loss 
value. Some of the scatter of the data may be 
due to the effects of local laminar separation in 

ge characteristics of the sections. 
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Inlet-air angle, p, , deg 

FIGURE 137.-Reference minimum-loss incidence angle for zero camber deduced from low-speed-cascade data of 10-per- 
cent-thick NACA 65-(A13-series blades (ref. 39). 

Although the cascade data in reference 39 
include values of inlet-air angle from 30" to 70" 
and values of solidity from 0.5 to 1.5, the deduced 
variations in figures 137 and 138 are extrapolated 
to cover wider ranges of fll and u. The extrapo- 
lation of io to zero at  &=O is obvious. Accord- 
ing to theory {fig. 133), the value of the slope 
term does not vanish at  &=O.  In figure 138, 
therefore, an arbitrary fairing of the curves down 
to nonzero values of n was adopted as indicated. 
Actually, it is not particularly critical to deter- 
mine the exact value of the slope term at  @,=O 
necessary to locate the reference incidence angle 
precisely, since, for such cases (inlet guide vanes 

and turbine nozzles), a wide low-loss range of 
operation is usually obtained. The solidity 
extrapolations were attempted because of the 
uniform variations of the data with solidity. 
However, caution should be exercised in any 
further extrapolation of the deduced variations. 

C-Series circular-arc blades.-The various 
thickness distributions used in combination with 
the circular-arc mean line have been designated 
C.l, C.2, C.3, and so forth (refs. 196 to 198). In 
general, the various C-series thickness distribu- 
tions are fairly similar, having their maximum 
thickness located at between 30 and 40 percent 
of the chord length. The 65-series and two of 
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FIGURE 138.-Reference minimum-loss-incidence-angle slope factor deduced from low-speed-cascade data for NACA 
65-(A1&series blades as equivalent circular arcs. 

the more popular 6-series thickness distributions 
((2.1 and (2.4) are compared on an exaggerated 
scale in figure 140. (The 65-series profile shown 
is usually thickened near the trailing edge in 
actual blade construction.) 

In view of the somewhat greater 'thickness 
blockage in the forward portions of the C-series 
blades (fig. 140), it may be that the minimum-loss 
incidence angles for zero camber for the C-series 
blades are somewhat greater than those for the 65- 
series profiles; that is, (KJ&l. In the absence of 
any definitive cascade data, the value of (Kf)sh for 
the C-series profiles was arbitrarily taken to be 
1.1. Observed minimum-loss incidence angles 
for an uncambered 10-percent-thick C.4 profile 
(obtained from ref. 192, pt. I) are compared in 
figure 141 with values predicted from the deduced 

values for the 65-series blade (fig. 137 and 
eq. (262)) with an assumed value of (KJab=1.l. 
(For 10-percent thickness, (Kf) I= 1 .) 

In view of the similarity between the 65-(A1,)- 

series mean line and a true circular arc (fig. 125), 
the applicability of the slope values in figure 138 
to the circular-arc mean line was investigated. 
For the recent cadcade data obtained from tunnels 
having good boundary-layer control (refs. 167, 
(pt. I) and 199), a check calculation for the 10- 
percent-thick C.4 circular-arc blades using figures 
137 and 138 with (Kf)8b=l.l revealed good 
results. For the three configurations in reference 
199 tested at constant /31(p=30"), the agreement 
between observed and predicted minimum-loss 
incidence angles was within lo. For the one 
configuration in reference 167 (pt. I) tested at 
constant y0((p=31 "), the predicted value of 
minimum-loss incidence angle was 1.7' greater 
than the observed value. However, in view of the 
general 1' to 2' difference between fixed B1 and 
fixed 7' operation (fig. 132), such a discrepancy 
is to be expected. On the basis of these limited 
data, it appears that the low-speed minimum-loss 
incidence angles for the C-series circular-arc 
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FIGURE 139.--Comparison of data values and deduced rule values of reference minimum-loss incidence angle for 65-(A10) 10 
blades as equivalent circular arc (ref. 39). 

blade can be obtained from the io and n values of 
the 65-series blade with UG)8h=l.l. 

Double-circular-arc blades.-The double-circu- 
lar-arc blade is composed of circular-arc upper 
and lower surfaces. The arc for each surface 
is drawn between the point of maximum thick- 
ness at midchord and the tangent to the circles 
of the leading- and trailing-edge radii. The 
chordwise thickness distribution for the double- 
circular-arc profile with 1-percent leading- and 
trailing-edge radius is shown in figure 140. Lack 
of cascade data again prevents an accurate 
determination of a reference-incidencegle rule 
for the double circular arc. Since the double- 
circular-arc blade is thinner than the 65-series 
blade in the inlet region, the zero-camber in- 

cidence angles for the double-circular-arc blade 
should be somewhat different from those of the 
65-series section, with perhaps (KJsnS 1. It 
can also be assumed, as before, that the slope- 
term values of figure 138 are valid for the double- 
circular-arc blade. From an examination of the 
available cascade data for the double-circular-arc 
blade (9=25O, u=1.333, ref. 40; and (p=4Oo, u= 
1.064, ref. 197), it appears that the use of figures 
137 and 138 with a value of (Kt),h=0.7 in equa- 
tions (261) and (262) results in a satisfactory 
comparison between predicted and observed values 
of reference incidence angle. 

Other blades.-Similar procedures can be ap- 
plied to establish reference-incidence-angle cor- 
relations for other blade shapes. Cascade data 
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FIGURE 1400.-Comparison of basic thickness distributions for conventional compressor blade sections. 
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FIQURE 141.-Zero-camber minimum-loss incidence angle 
angle for 10-percent-thick C.4 profile. Solidity, 1.0 
(ref. 192, pt. I). 

are also available for the C-series parabolic-arc 
blades (refs. 40, 192, 200, and 201) and the 
NACA 65-(AI)-series blade (ref. 123); but, in 
view of the limited use of these forms in current 
practice, no attempt was made at this time to 
deduce corresponding incidenceangle rules for 
these blades. 

Effect of blade maximum thickness.-As indi- 
cated previously, some correction (expressed 
here in terms of (KJt ,  eq. (262)) of the base 
values of (io)lo obtained from the 10-percent- 
thick 66series blades in figure 137 should exist 
for other values of blade maximum-thickness 
ratio. According to the theory of the zero- 
camber effect, (&)# should be zero for zero 
thickness and increase as maximum blade thick- 
ness is increased, with a value of 1 .O for a thickness 
ratio of 0.10. Although the very limited low- 

speed data obtained from blades of variable 
thickness ratio (refs. 202 and 203) are not com- 
pletely definitive, it was possible to establish a 
preliminary thickness-correction factor for ref- 
erence zero-camber incidence angle as indicated 
in figure 142 for use in conjunction with equation 
(262). 

Effect of inlet Mach number.--The previous 
correlations of reference minimum-loss incidence 
angle have all been based on low-speed-cascade 
data. It appears from limited highapeed data, 
however, that minimum-loss incidence angle will 
vary with increasing inlet Mach number for 
certain blade shapes. 

The variations of minimum-loss incidence angle 
with inlet Mach number are plotted for several 
blade shapes in figures 143 and 144. The extension 
of the test data points to lower values of inlet Mach 
number could not generally be made because of 
reduced Reynolds numbers or insufficient points 
to establish the reference location at the lower 
Mach numbers. In some instances, however, it 
was possible to obtain low-apeed values of inci- 
dence angle from other sources. 

The blades of Sgure 143 show essentially no 
variation of minimum-loss incidence angle with 
inlet Mach number, at least -p  to a Mach number 
of about 0.8. The blades ol: figure 144, however, 
evidence a marked increase in incidence angle with 
Mach number. The difference in th8 variation of 
minimum-loss incidence angle with Mach number 
in figures 143 and 144 is associated with the 
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FIGURE 142.-Deduced blade maximum-thickness correction for zero-camber reference minimum-loss incidence angle 
(es. (262)). 

different way the general pattern of the loss varia- 
tion chmges with increasing Mach number for the 
two types of blades. For the thick-nose blades, 

coefficient increases with Math number at both 

m h t a j n  the 8-8 point of minimum loss. For 
the sharp-nose blade, as illustrated by figures 

130 (c) and (d) , the increase in loss occurs primarily 
on the low-incidencewgle side; md a positive 
shifting of the ~ u m - l o s s  incidence angle 

as illustrated in 130 (d and fi), the loss res,&. Data for other thickmnose sections in 
the high and low incidence angles, thus tending to reference 201 Show the h1OSS to OCCW at both 

ends of the curve, but plots of reference incidence 
angle against Mach number could not validly be 
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(a) C.4 Circular-arc blade. Camber angle, 254; solidity 
1.333; blade-chord angle, 42.5' (ref. 40). 

(b) (2.4 Parabolic-arc blade. Camber angle, 25'; solidity, 
1.333; blade-chord angle, 37.5'; maximum camber at 
40-percent chord (ref. 40). 

(c) C.7 Parabolic-arc blade. Camber angle, 40'; solidity, 
1.0; blade-chord angle, 24.6O; maximum camber at 
45-percent chord (ref. 216). 

FIGURE 143.-Variation of reference minimum-loss inci- 
dence angle with inlet Mach number for thick-nose 
sections. Maximum-thickness ratio, 0.10. 

made for these blades because of evidence of strong 
local laminar-separation effects. 

Since the most obvious difference between the 
blades in figures 143 and 144 is the construction 
of the leading-edge region, the data suggest that 
blades with thick-nose inlet regions tend to show, 
for the range of inlet Mach number covered, 
essentially no Mach number effect on minimum- 
loss incidence angle, while blades with sharp lead- 
ing edges will have a significant Mach number 
effect. The available data, however, are too 
limited to confirm this observation conclusively at  
this time. Furthermore, for the blades that do 
show a Mach number effect, the magnitude of 
the variation of reference incidence angle with 
Mach number is not currently predictable. 

SUMMARY 

The analysis of blade-section reference mini- 
mum-loss incidence angle shows that the variation 
of the reference incidence angle with cascade 
geometry at  low speed can be established satis- 
factorily in terms of an intercept value io and a 
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(a) Double-circular-arc blade. Camber angle, 25" ; man- 
mum-thickness ratio, 0.105; solidity, 1.333; blade-chord 
angle, 42.5' (ref. 40). 

Camber angle, 27.5'; 
maximum-thickness ratio, 0.08; solidity, 1.15; blade- 
chord angle, 30'; maximum thickness and camber at 
50-percent chord. 

(b) Blade section of reference 205. 

FIGURE 144.-Variation of reference minimum-loss inci- 
dence angle with inlet Mach number for sharp-nose 
sections. 

slope value n as given by equation (261). De- 
duced values of i, and n were obtained as a function 
of B1 and u from the data for the 10-percent-thick 
65-(Alo)-series blades of reference 39 as equivalent 
circular-arc sections (figs. 137 and 138). I t  was 
then shown that, as a first approach, the deduced 
values of (io)lo and n in figures 137 and 138 could 
also be used to predict the reference incidence 
angles of the C-series and double-circular-arc 
blades by means of a correction to the (io>lo 
values of figure 137 (eq. (262)). 

The procedure involved in estimating the low- 
speed reference minimum-loss incidence angle of 
a blade section is as follows: From known values 
of B1 and u, (io)lo and n are selected from figures 
137 and 138. The value of (&), for the blade 
maximum-thickness ratio is obtained from figure 
142, and the appropriate value of (KJSh is selected 
for the type of thickness distribution. For NACA 
65-series blades, (Kt)sh=l.O; and it is proposed 
that (KJsh be taken as 1.1 for the C-series circular- 
arc blade and as 0.7 for the double-circular-arc 
blade. The value of io is then computed from 
equation (262); and finally i is determined from 
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the blade camber angle according to equation (261). 
It should be noted that the values of (&),a 

given for the circular-arc blades are rather tenuous 
values obtained from very limited data. The use 
of the proposed values is not critical for good 
accuracy; the values were included primarily for 
completeness as a reflection of the anticipated 
differences in the blade thickness blockage effects. 
Further experimental data will be necessary to 
establish the significance of such a correction. 
Also, a marked increase in reference minimum-loss 
incidence angle with Mach number is to be ex- 
pected for sharp-nose blade sections. The magni- 
tude of the Mach number correction for these 
blades is currently unpredictable. 

LOSS ANALYSIS 

With the location of the low-speed reference 
minimum-loss incidence angle established for 
several conventional blade sections, the magnitude 
of the losses occurring at this reference position 
(fig. 127) will now be investigated. Accordingly, 
the nature of the loss phenomena and the various 
factors Muencing the magnitude of the loss over 
a range of blade c6nfigurations and flow conditions 
are first analyzed. The available experimental 
loss data are then examined to establish funda- 
mental loss correlations in terms indicated by 
the analysis. 

PRELIMINABY ANALYSIS 

Two-dimensional-cascade losses arise primarily 
from the growth of boundary layer on the suction 
and pressure surfaces of the blades. These sur- 
face boundary layers come together at the blade 
trailing edge, where they combine to form the 
blade wake, as shown in figure 145. As a result 
of the formation of the surface boundary layers, 
a local defect in total pressure is created, and a 
certain mass-averaged loss in total pressure is 
determined in the wake of the section. The loss 
in total pressure is measured in terms of the total- 
pressure-loss coefficient ;, defined generally as the 
ratio - of the mass-averaged loss in total pressure 
A P  across the blade row from inlet to outlet sta- 
tions to some reference free-stream dynamic pres- 
sure (Po-j$relt or 

Velocity variation V2 l /  

across blade spacing-,, 

F’IGURE 145.4chematic representation of development of 
surface boundary layers and wake in flow about cascade 
blade sections. 

For incompressible flow, Po-po is equal to the 
conventional free-stream dynamic pressure poV72. 
The total-pressure-loss coefficient is usually deter- 
mined from consideration of the total-pressure 
variation across a blade spacing s (fig. 145). 

A theoretical analysis of incompressible two- 
dimensional-cascade losses in reference 156 shows 
that the total-pressure-loss coefficient at the cas- 
cade-outlet, measuring station (where the static 
pressure is essentially uniform across the blade 
spacing) is given by 

where is the loss coefficient based on inlet 
dynamic head, O*/c is the ratio of wake momentum 
thickness to blade-chord length, u is cascade 
solidity, b2 is the air outlet angle, and H2 is the 
wake form factor (displacement thickness divided 
by momentum thickness). The wake character- 
istics in equation (264) are expressed in terms of 
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conventional thickness in a plane normal to the 
wake (i.e., normal to the outlet flow) at the meas- 
uring station. Definitions of wake characteristics 
and variations in velocity and pressure assumed 
by the analysis are given in reference 156. The 
analysis further indicates that the collection of 
terms within the braces is essentially secondary 
(since H2 is generally 5 about 1.2 at  the measuring 
station), with a magnitude of nearly 1 for conven- 
tional unstalled configurations. The principal 
determinants of the loss in total pressure at the 
cascade measuring station are, therefore, the cas- 
cade geometry factors of solidity, air outlet and 
air inlet angles, and the aerodynamic factor of 
wake momentum-thickness ratio. 

Since the wake is formed from a coalescing of 
the pressure- and suction-surface boundary layers, 
the wake momentum thickness naturally depends 
on the development of the blade surface boundary 
layers and also on the magnitude of the blade 
trailing-edge thickness. The results of references 
156, 202, and 204 indicate, however, that the 
contribution of conventional blade trailing-edge 
thickness to the total loss is not generally large 
for compressor sections; the preliminary factor 
in the wake development is the blade surface 
boundary-layer growth. In general, it is known 
(ch. V, e.g.) that the boundary-layer growth on 
the surfaces of the blade is a function primarily 
of the following factors: (1) the surface velocity 
gradients (in both subsonic and supersonic flow), 
(2) the blade-chord Reynolds number, and (3) 
the free-stream turbulence level. 

Experience has shown that blade surface velocity 
distributions that result in large amounts of diffu- 
sion in velocity tend to produce relatively thick 
blade boundry layers. The magnitude of the 
velocity diffusion in low-speed flow generally de- 
pends on the geometry of the blade section and 
its incidence angle. As Mach number is increased, 
however, compressibility exerts a further influence 
on the velocity diffusion of a given cascade 
geometry and orientation. If local supersonic 
velocities develop at  high inlet Mach numbers, 
the velocity difFusion is altered by the formation 
of shock waves and the interaction of these shock 
waves with the blade surface boundary layers. 
The losses associated with local supersonic flow 
in a cascade are generally greater than for subsonic 
flow in the same cascade. The increases in loss 
are frequently referred to as shock losses. 

Caseade-inlet Mach number also influences the 
magnitude of the subsonic diffusion for a fixed 
cascade. This Mach number effect is the con- 
ventional effect of compressibility on the blade 
velocity distributions in subsonic flow. Com- 
pressibility causes the maximum local velocity on 
the blade surface to increase at  a faster rate than 
the inlet and outlet velocities. Accordingly, the 
magnitude of the surface diffusion from maximum 
velocity to outlet velocity becomes greater as 
inlet Mach number is increased. A further 
secondary influence of Mach number on losses is 
obtained because of an increase in losses associated 
with the eventual mixing of the wake with the 
surrounding free-stream flow (ref. 37). 

On the basis of the foregoing considerations, 
therefore, it is expected that the principal factors 
upon which to base empirical cascade-wake- 
thickness correlations should be velocity diffusion, 
inlet Mach number, blade-chord Reynolds number, 
and, if possible, turbulence level. 

DATA CORBELATIONS 

Velocity diffusion based on local velocities.- 
Recently, several investigations have been re- 
ported on the establishment of simplified diffu- 
sion parameters and the correlation of cascade 
losses in terms of these parameters (refs. 9,38, and 
156). The general hypothesis of these diffusion 
correlations states that the wake thickness, and 
consequently the magnitude of the loss in total 
pressure, is proportional to the diffusion in 
velocity on the suction surface of the blade in 
the region of the minimum loss. This hypothesis 
is based on the consideration that the boundary 
layer on the suction surface of conventional 
compressor blade sections contributes the major 
share of the wake in these regions, and therefore 
the suction-surface velocity distribution becomes 
the governing factor in the determination of the 
loss. It was further established in these correla- 
tions that, for conventional velocity distributions, 
the diffusion in velocity can be expressed signifi- 
cantly as a parameter involving the difference 
between some function of the measured maximum 
suction-surface velocity V,,, and the outlet 
velocity Vz. 

Reference 38 presents an analysis of blade- 
loading limits for the 65-(Alo)10 blade section in 
terms of drag coefficient and a diffusion parameter 
given for incompressible flow by (va,,,-V:)/vz,,,. 
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Results of an unpublished analysis of cascade 
losses in terms of the momentum thickness of the 
blade wake (as suggested in ref. 156) indicate 
that a local diffus ammeter in the form given 
previously or in 
satisfactorily correlate expe 
data.' The term 'local diffusion parameter" is 
used to indicate that a knowledge of the maximum 
local surface velocity is required. The correla- 
tion obtained be tween calculated wake momen- 
tum-thickness ratio O*/c and local diffusion 
factor given by 

(265) vmU2-v' 
V- D l O C =  

obtained for the NACA 65-(Al,)-series cascade 
sections of reference 39 at reference incidence 
angle is shown in figure 146. Values of wake 
momentum-thickness ratio for these data were 
computed from the reported wake coefficient 
values according to methods similar to those 
discussed in reference 156. Unfortunately, blade 
surface velocity-distribution data are not available 
for the determination of the diffusion factor for 
other conventional blade shapes. 

Local diffusion facto;, 

FIQUBE 146.-Variation of computed wake momentum- 
thickness ratio with local diffusion factor at reference 
incidence angle for low-speed-cascade data of NACA 
65-(A,0) 10 blades (ref. 39). 

The correlation of figure 146 indicates the 
general validity of the basic diffusion hypothesis. 
At high values of diffusion (greater than about 
0.5), a separation of the suction-surface boundary 
layer is suggested by the rapid rise in the momen- 
tum thickness. The indicated nonzero value of 
momentum thickness at zero diffusion represents 

aA later analysis of cascade totfd-pressure losses is given in Andy& of 

Compressor Blade Caseades by sepplour Liebein. NACA RM E67A28.1957. 
Expe-mtal Low-Speed IAXS a d  Stall Charaoteristie Of W0-D 

the basic friction loss (surface shear stress) of the 
flow and also, to a smaller extent, the effect of 
the finite trailing-e thickness. The correla- 
tion of figure 146 indicates that wake 
momentum-thickness ratio at reference incidence 
angle can be estimated from the computed local 
diffusion factor for a wide range of solidities, 
cambers, and inlet-air angles. The loss relations 
of equation (264) and reference 156 can then be 
used to compute the resulting loss in the total 
pressure. 

Velocity diffusion based on over-all velocities,- 
In order to include the cases of blade shapes for 
which velocity-distribution data are not available, 
a diffusion parameter has been established in 
reference 9 that does not require a specific knowl- 
edge of the peak local suction-surface velocity. 
Although originally derived for use in compressor 
design and analysis, the diffusion factor of refer- 
ence 9 can also be applied in the analysis of cascade 
losses. The diffusion factor of reference 9 at- 
tempts, through several simplifying approxima- 
tions, to express the local diffusion on the blade 
suction surface in terms of over-all (inlet or outlet) 
velocities or angles, quantities that are readily 
determined. The basis for the development of 
the over-all diffusion factor is presented in detail 
in reference 9 and is indicated briefly in figure 147. 
The diffasion factor is given by 

which, for incompressible two-dimensional-cascade 
flow, becomes 

As in the case of the local diffusion factor, the 
diffusion factor of equation (266) is restricted to 
the region of minimum loss. 

Cascade total-pressure losses at reference mini- 
mum-loss incidence angle are presented in refer- 
ence 9 as a function of diffusion factor for the 
blades of reference 39. In a further unpublished 
analysis, a composite plot of the variation of 
computed wake momentum-thickness ratio with 
D at reference minimum-loss incidence angle was 
obtained from the available systematic cascade 
data (refs. 39 and 192) as shown in figure 148.' 
Blade maximum thickness was 10 percent in all 
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FIQUBE 148.-Variation of computed wake momentum- 
thickness ratio with overall diffusion factor at reference 
incidence angle for low-speed systematic cascade data 
of references 39 and 192. Blade maximum-thickness 
ratio, 0.10; Reynolds number, =2.5X 1W. 

by the increased rise in the wake momentum 
thickness for values of diffusion factor greater 
than about 0.6. 

For situations in which the determination of 
a wake momentum-thickness ratio cannot be made, 
a significant loss analysis may be obtained if a 
simplified total-pressure-loss parameter is used 
that closely approximates the wake thickness. 
Since the terms within the braces of equation 
(264) are generally secondary factors, a loss pa- 

rameter of the form Ul 2 (sy should con- 

stitute a more fundamental expression of the basic 
Ioss across a blade element than the loss coefficient 
alone. The effectiveness of this substitute loss 
parameter in correlating two-dimensional-cascade 
losses is illustrated in figure 149(a) for all the data 
for the NACA 65- (A,,)-series blades of reference 
39. (Total-pressure-loss coefficients were com- 
puted for the data from relations given in ref. 9.) 
A generalized correlation can also be obtained in 
terms of ;J1 ~ B Z ,  2u aa shown in figure 149@), but 

its effectiveness as a separation indicator does not 
appear to be as good. Such generalized loss 
parameters are most effective if the wake form 
does not vary appreciably among the various 
data considered. 

Effect of blade maximum thickness.-Since an 
increase in blade maximum-thickness ratio in- 
creases the magnitude of the surface velocities 
(and therefore the diffusion), higher values of 
wake momentum-thickness ratio would be expected 
for thicker blades. From an analysis of limited 
available data on varying blade maximum- 
thickness ratio (refs. 202 and 203), it appears that 
the effect of blade thickness on wake momentum- 
thickness ratio is not large for conventional 
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cascade configurations. For example, for an in- 
crease in blade maximum-thickness ratio from 
0.05 to 0.10, an increase in O*/c of about 0.003 at 
D of about 0.55 and an increase of about 0.002 at 
D of about 0.35 are indicated. The greater in- 
crease in wake O*/c at the higher diffusion level is 
understandable, since the rate of change of O*/c 
with DIoc increases with increasing diffusion (see 
fig. 146). 

If blade surface velocity dBtributions can be 
determined, then the thickness effect will auto- 
matically be included in the evaluation of the 
resulting local diffusion factor. When an over- 
all diffusion factor such as equation (54) is used, 
variations in blade thickness are not reflected in 
the corresponding loss prediction. However, in 
view of the small observed effect and the scatter 
of the original P / c  against D correlation of figure 
148, it is believed that a thickness correction is 
unwarranted for conventional thickness ranges. 
However, the analysis does indicate that, for high 
diffusion and high solidity levels, it may be ad- 
visable to maintain blade thickness as small as 
practicable in order to obtain the lowest loss at 
the reference condition. 

Thus, the plots of figures 146, 148, and 149 
show that, when diffusion factor and wake 
mom en tum - thickness ratio (or to tal-pressure-loss 
parameter) are used as the basic blade-loading 
and loss parameters, respectively, a generalized 
correlation of two-dimensional-cascade loss data 
is obtained. Although several assumptions and 
restrictions are involved in the use and calculation 
of these parameters, the basic diffusion approach 
constitutes a useful tool in cascade loss analysis. 
In particular, the diffusion analysis should be 
investigated over the complete range of incidence 
angle in an effort to determine generalized off- 
design loss information. . 

Effect of Reynolds number and turbulence,- 
The effect of blade-chord Reynolds number and 
turbulence level on the measured losses of cascade 
sections is discussed in the section on Data Selec- 
tion, in chapter V, and in references 39, 167 
(pt. I), and 183. In all cases, the data reveal an 
increasing trend of loss coefficient with decreasing 
Reynolds number and turbulence. Examples oi 
the variation of the total-pressure-loss coefficient 
with incidence angle for conventional com- 
pressor blade sections at two different values 
of Reynolds number are illustrated in Sgure 
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FIGURE 149.-Variation of loss parameter with diEusion 
factor at reference minimum-loss incidence angle 
computed from low-speed-cascade data of NACA 
65-(A,0) 10 crrscade blades (ref. 39). 

150. Loss variations with Reynolds number 
over a range of incidence angles for a given blade 
shape are shown in figure 151. A composite plot 
of the variation of total-pressure-loss coefficient 
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(a) 65-Series blade 6&(12) 10. Solidity, 1.5; inlet-air 
angle, 45O (ref. 39). 

(b) Circular-arc blade lOC4/25C50. Solidity, 1.333; blade- 
chord angle, 42.5' (ref. 40). 

FIGUFUG 150.-Effect of Reynolds number on variation of 
loss with incidence angle. 
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FIGURE 151.- Variation of total-pressure-loss coefficient 
with blade-chord Reynolds number for parabolic-arc 
blade 10C4/40 P40. Inlet-air angle, 28" to 40"; 
solidity, 1.333 (ref. 183). 

at minimum loss with blade-chord Reynolds 
number for a large number of blade shapes is 
shown in figure 152. Identification data for the 
various blades included in the Sgure are given in 
the references. For the blades whose loss data are 
reported in terms of drag coefficient, conversion to 
total-pressure-loss coefficient was accomplished 
according to the cascade relations presented in 
reference 9. The effect of change in tunnel 
turbulence level through the introduction of 
screens is indicated for some of the blades. 

It is apparent from the curves in figure 152 that 
it is currently impossible to establish any one value 
of limiting Reynolds number that will hold for all 
blade shapes. (The term limiting Reynolds 
number refers to the value of Reynolds number at 
which a large rise in loss is obtained.) On the 
basis of the available cascade data presented in 
figure 152, however, it appears that serious trouble 
in the minium-loss region may be encountered 
at  Reynolds numbers below about 2.5X105. 
Carter in reference 190 places the limiting blade- 

ber based on outlet velocity 
at 1.5 to 2.0X105. Considering that outlet 
Reynolds number is less than inlet Reynolds 
number for decelerating cascades, this quoted 

value is in effective agreement with the value of 
limiting Reynolds number deduced herein. 

The desirability of conducting cascade investi- 
gations in the essentially flat range of the curve of 
loss coefficient ag nolds number in order 
to enhance the corr of data from various 
tunnels, as well as from the configurations 
of a given tunnel, is indicate cade operation 
in the flat range of Reynolds number may also 
yield a more significant comparison between 
observed and theoretically computed loss. Reyn- 
olds number and turbulence level should always 
be defined in cascade investigations. Furthermore, 
the development of some effective Reynolds 
number (ch. V) that attempfs to combine the 
effects of both blade-chord Reynolds number and 
turbulence should be considered for use as the 
independent variable. 

Effect of inlet Mach number.-In the previous 
correlations, attention was centered on the various 
factors affecting the loss of cascade blades for 

Blode-chord Reynolds number, Re, 

FIGURE 152.-Composite plot of loss coefficient against 
er in region of minimum l o s ~  
blade sections at low speed. 
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essentially incompressible or low Mach number 
flow. Tests of cascade sections at higher Mach 
number levels have been relatively few, primarily 
because of the large power requirements and 
operational difliculties of high-veloci 
As a consequence, it has not been 
establish any empirical correlations that will permit 
the estimation of Mach number effects for con- 
ventional blade sections. The limited available 
dat.a indicate, however, that a marked rise in loss 
is eventually obtained as Mach number is in- 
creased. 

A typical example of the variation of total- 
pressure-loss coefficient with inlet Mach liwnber 
for a conventional cascade section at fixed inci- 
dence angle in the region of minimum loss is 
presented in figure 153(a). The inlet Mach 
number at which the sharp rise in loss occurs is 
referred to as the limiting Mach number. The 
variation of the wake profile downstream of the 
blade as Mach number is increased is shown in 
figure 153(b) to illustrate the general deterioration 
of the suction-surface flow. The flow deteriora- 
tion is the result of a separation of the suction- 
surface boundary layer induced by shock-wave 
and bound ary-layer interactions. 

Inview of the complex nature of the shock- 
wave development and its interaction effects, the 
estimation of the variation of minimum total- 
pressure loss with inlet Mach number for a given 
blade is currently impossible. At the moment, 
this pursuit must be primarily an experimental 
one. Schlieren photographs showing the forma- 
tion of shocks in a cascade are presented in ref- 
erences 41, 205, and 206, and detailed discussions 
of shock formations and high-speed performance 
of two-dimensional-cascade sections are treated 
in references 41, 205, and 207 to 209. Cascade 
experience (refs. 40 and 205) and theory (refs. 41, 
88, and 209) indicate that a location of the point 
of maximum thickness at about the 50-percent- 
chord position and a thinning of the blade leading 
and trailing edges are favorable for good high 
Mach number performance. The avoidance of a 
throat area within the blade passage is also 
indicated in order to minimize the effects of flow 
choking. Discussions of the choking problem 
are presented in references 203 and 208, and blade 
throat areas ar . for several blade shapes in 
references 123 0 to 212. The effects of 

Percent blade -spacing, s 

(a) Total-pressure-loss coefficient. 
(b) Blade wake. 

FIGURE 153.-Variation of cascade blade loss with inlet 
Mach number for NACA 6 5 4  12AlO) 10 blade in region of 
minimum loss (ref. 122). 

camber distribution on high Mach number per- 
formance are discussed extensively in the litera- 
ture (refs. 123, 200, and 201). Results indicate 
that, for the range of blade shapes and Mach 
numbers normally covered, camber distribution 
does not have a large effect on maximum Mach. 
number performanee as obtained in the two- 
dimensional cascade. 

SUMMABY 

From the foregoing correlations and considera- 
tions, the low-speed loss in total pressure of con- 
ventional two-dimensional-cascade sections can 
readily be estimated. If blade surface velocity 
distributions are available, the suction-surface 
local difFusion factor Dlac is determined according 
to equation (265) and a value of 6*/c is then 
selected from figure 146. In the absence of blade 
surface velocity data, the diffusion factor D is 
computed from over-all conditions by means of 
equation (54) and 6*/c is selected from Sgure 148. 
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With 6*/c determined, the total-pressure-loss 
coefficient is computed according to equation (264) 
from the cascade geometry and a pertinent value 
of wake form factor H. 

According to reference 156, for cascade meas- 
uring stations located more than about % chord 
length downstream of the blade trailing edge, the 
value of H will generally be less than about 1.2. 
For practical purposes, it was indicated that a 
constant value of H of about 1.1 can be used over 
a wide range of cascade configurations and in- 
cidence angles for measuring stations located be- 
tween 36 and 1% chord lengths behind the trailing 
edge. Loss coefficients based on inlet dynamic 
head can then be determined, if desired, from 
equation (266). The estimation of losses based on 
the diffusion factor D can, for example, produce a 
value of solidity that results in the least computed 
loss coefficient for a given velocity diagram. 

The accuracy of the results obtained from the 
prediction procedure outlined is subject to the 
limitations and approximations involved in the 
diffusion analysis and wake momentum-thickness 
correlations. Strictly speaking, the procedure 
gives essentially a band of probable loss values at 
the cascade measuring station about % to 1% 
chord lengths downstream of the blade trailing 
edge for the reference-incidence-angle setting and 
Reynolds numbers of about 2.5X106 and greater 
at low speed (up to about 0.3 inlet Mach number). 
It should also be noted at this point that the loss 
values obtained in this manner represent the low- 
speed profile loss of the cascade section. Such 
loss values are not generally representative of the 
losses of the section in a compressor blade row or in 
a high-speed cascade. 

A corresponding loss-estimation technique for 
high Mach number flow is currently unavailable 
because of the unknown magnitude of the com- 
pressibility effect on the wake momentum-thick- 
ness ratio of a given cascade geometry. Further- 
more, both the wake form factor H and the relation 
between e*/c and J (given for incompressible flow 
by eq. (264)) vary with Mach number. For 
example, if the velocity variation in each leg of the 
wake is assumed to vary according to the power 
relation 

where 6 is the thickness of the wake and d is some 

constant, then variations of H and e* and of the 
relation between e*/c and 0' with outlet free-stream 
Mach number can be established analytically to 
illustrate the nature of the compressibility effects. 
Curves of the variation of the ratios of com- 

pressible to incompressible form factor H/Hi,, 
and momentum thickness e*/eX, with outlet 
Mach number for various d values obtained from 
numerical integration of the wake parameters 
inTolved are shown in figures 154 and 155. Re- 
cently, the increasing trend of H with M, was 
substantiated experimentally at the NACA Lewis 
laboratory in an investigation of the wake char- 
acteristic of a turbine nozzle (unpublished data). 
Curves of the ratio of the integrated value of 
0' obtained from a given value of e*/c in a com- 
pressible flow to the value of 0' computed from the 
same value of e*/c according to the incompressible 
relation of equation (264) are shown in figure 156. 
It should be noted that for compressible flow the 
denominator in the loss-coefficient definition 
(eq. (263)) is now given by P-p. 

In summary, therefore, an accurate prediction 
of the variation of reference total-pressure loss 
with inlet Mach number for a given cascade 

Outlet Mach number, M2 

FIGURE 154.-%tio of compressible to incompressible 
form factor for constant value of exponent in power 
velocity distribution. db. 

FIGURE 155.-Ratio of compressible to incompressible 
momentum thickness for constant full thickness and 
exponent for power velocity distribution. 
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Outlet Mach number, M2- 

Fxau~m 156.--Correction factor Kc for calculation of 
total-pressure-loss coefficient for compressible flow on 
basts of incompressible equation (264) as determined 
from model wake form with power velocity profile. 

blade is currently impossible. At the moment, 
this pursuit is primarily an experimental one. Fam- 
ilies of curves of wake momentum thickness and 
form factor against diffusion factor are required 
(with appropriate definitions for subsonic or 
supersonic flow) as in figure 146 or 148 for a wide 
range of inlet Mach number. Analytically, a 
simple compressible relation is needed between 
O*/c and Z as a function of Mach number. 

DEVIATION-ANGLE ANALYSIS 

PRELIMINARY mfirsrs 
The correct determination of the outlet flow 

direction of a cascade blade element presents a 
problem, because the air is not discharged at the 
angle of the blade mean lime at the trailing edge, 
but at some angle 6" to it (fig. 124). Since the 
flow deviation is an expression of the guidance 
capacity of the passage formed by adjacent blades, 
it is expected that the cascade geometry (camber, 
thickness, solidity, and chord angle) will be the 
principal influencing factor involved. 

From cascade potential-flow theory (ref. 80, 
e.g.), it is found that the deviation angle increases 
with blade camber and chord angle and decreases 
with solidity. Weinig in reference 80 shows that 
the deviation angle varies linearly with camber for 
a given value of solidity and chord angle for 

at zero incidence. 

mum loss. 

angle is zero at  zero camber angle. However, 
analysis indicates that this is not the case for 
blades of conventional thicknesses. A recent 
theoretical demonstration of the existence of a 
positive value of zero-camber deviation angle ac- 
cording to potential-flow calculations is given by 
Schlichting in reference 193. The computed var- 
iation of zero-camber deviation angle for a con- 
ventional 10-percent-thick profile at zero incidence 
angle as obtained in the reference is shown in 
figure 158. 

It will be recalled from the discussion of the 
zero-camber minimum-loss incidence angle that, 
for the conventional staggered cascade (Oo<ro 
<goo) with finite blade thickness set a t  zero in- 
cidence angle, a greater magnitude of velocity 

Franx~ 157.-Theoretical variation of deviation-angle 
ratio for infinitely thin circular-arc sections at "impact- 
free-entry" 
theory of re 

691464 0-65-1s 
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Blade-chord angle, yo,  deg 

FIGUBE 158.-Theoretical variation d deviation angle for 
conventional uncambered 10-percenbthick blade section 
at zero incidence angle as presented in reference 193. 

occurs on the blade lower (concave) surface than 
on the upper (convex) surface (fig. 134). Such 
velocity distributions result in a negative blade 
circulation and consequently (as in'dicated by the 
solid vectors in fig. 159) in a positive deviation 
angle. Furthermore, since the deviation angle 
increases slightly with increasing incidence angle 
(dso/di is positive in potential cascade flow), 
positive values of deviation aage will likewise be 
obtained at the condition of minimum-loss inci- 
dence angle (as illustrated by the dashed vectors 
in fig. 159). Since the zero-camber deviation 
angle arises from essentially a thickness blockage 
effect, the characteristics of the variation of 
minimum-loss zero-camber deviation angle with 
cascade geometry would be expected roughly to 
parallel the variation of the minimum-loss zero- 
camber incidence angle in figwe 137. The low- 
speed reference-deviation-angle correlations may, 
therefore, involve intercept values as in the case 
of the reference-incidence-angle correlations. 
In addition to the cascade-geometry factors 

mentioned, the low-speed deviation angles can 
also be affected by Reynolds number, turbulence, 
and Mach number. The thickened surface bound- 
ary layers resulting from low levels of Reynolds 
number and turbulence tend to increase the devia- 
tion angle. Variations in inlet Mach number can 
affect the deviation angle of a fixed two-dimen- 
sional-cascade geometry because of the associated 
changes in blade circulation, boundary-layer de- 
velopment, and outlet to inlet axial velocity ratio 
(compressibility effect on pV,). 

DATA COBBELATION8 

Form of correlation.-Examination of deviation- 
angle data at reference incidence angle reveals 
that the observed data can be satisfactorily rep- 
resented by a linear variation of reference deviation 
angle with camber angle for fixed solidity and air 

inlet angle. The variation of reference deviation 
angle can then be expressed in equation form as 

(268) 

where 6: is the reference deviation angle for zero 
camber, m is the slope of the deviation-angle 
variation with camber ( S " - ~ ~ ) / Q ,  and (p is the 
camber angle. As in the case of the analogous 
terms in the reference-incidence-angle relation 
(eq. (261)), 8; and m are functions of inlet-air 
angle and solidity. 

The influence of solidity on the magnitude of 
the slope term m could also be directly included 
as a functional relation in equation (268), so that 
equation (268) could be expressed as 

where ma,, represents the value of m (i.e., (6'- 
S:>/Q) at a solidity of 1, b is the solidity exponent 
(variable with air inlet angle), and the other terms 
are as before. It will be noted that equation 
(269) is similar in form to the frequently used 
deviation-angle rule for circular-arc blades origi- 
nally established by Constant in reference 186 
and later modified by Carter in reference 88. 
Carter's rule for the condition of nominal inci- 
dence angle is given by 

in which m, is a function of blade-chord angle. 
Values of m, determined from theoretical con- 
siderations for circular-arc and parabolic-arc mean 
lines (ref. 88) are shown in figure 160. In the 

'0 
-Zero 

Minimum-loss --- 

Axis --- 
, /- - 1 

IGURE 159.-Outlet flow direction for cascade of staggered 
uncambered blades. 
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thickness ratio. Values of the intercept term 6; 
and the slope term m were obtained by fitting a 
straight line to each data plot of reference equiva- 
lent deviation angle against equivalent camber 
angle for a fixed solidity and air inlet angle. The 
straight lines were selected so that both a satis- 
factory representation of the variation of the data 
points and a consistent variation for the resulting 
6: and m values were obtained. The extrap- 
olation of the values of m to &=O was guided 
by the data for the 65-(12Alo)10 blade at  solidities 
of and 1.5 reported in the cascade ,-,uidevane 
investigation of reference 213 (for an aspect ratio 
of 1, as in ref. 39). 

For the deviation-angle rule as given by equa- 
tion (269), deduced values of ms=l and exponent 
b as functions of inlet-air angle are presented in 
figures 163 and 164. The deduced rule values 
(eq. (268) or (269)) and the observed data points 
are compared in figure 165 to indicate the effective- 
ness of the deduced representations. The flagged 
symbols in the high-camber range in the figure 
represent blade configurations for which boundary- 
layer separation is indicated (D  greater than about 
0.62). In view of the higher loss levels for this 
condition, an increase in the magnitude of the 

6:= (Ka)a(Kd) t(8:)lo (271) deviation angle is to be expected compared with 
the values extrapolated from the smaller cambers 

where (Sz)lo represents the basic variation for the for which a lower loss level existed. 
10-percent-thick 65-series thickness distribution, C-Series circular-arc blades.-In view of the 
(Kdsn represents any correction necessary for a absence of systematic cascade data for the C- 
blade shape with a thickness distribution different circular-arc blade, an accurate determination 
from that of the 65-series blade, and (Kd repre- of the rule constants cannot be made for this blade 
sents any correction necessary for maximum blade shape. However, a preliminary relation can be 
thicknesses other than 10 percent. (For 8 10- deduced on the basis of limited data. It appears 
percent-thick 65-series blade, (Kdt and ( K a > s n  are that, for the uncambered C.4 section (ref. 192), if 
equal to 1.1 The Problem, therefore, is reduced a value of (&)rb equal to 1.1 (as for the determi- 
to finding the ValUes of m, b, and 6: (though eq. nation of &) is used, a satisfactory comparison 
(271)) as fUIlCtiOnS Of the pertinent variables in- between predicted and observed 6; values is 
volved for the various blade shapes considered. obtained. 

NACA 65- (Alo)-.series blades.-From an exam- The characteristic number mu-l in the devia- 
ination of the plots of equivalent deviation angle tion-angle design rule of equation (269) for a 
against equivalent camber angle a t  reference given blade mean line corresponds to the value of 
minimum-loss incidence angle obtained from the (a0-66o,)/(p at  a solidity of unity. Cascade data 
cascade data, values of zero-camber deviation for a C.4 circular-arc profile obtained from tunnels 
angle can be determined by extrapolation. The with good boundary-layer control are presented 
deduced plots of zero-camber deviation angle in references 167 (pt. I) and 199 for a solidity of 

and slope term m as functions of solidity 1.0 for &=30°, 42.5O, 45O, and 60°. Values of 
and air-inlet angle are presented in figures 161 and (60-660,)/(p were computed for these blades accord- 
162 for these blades. The subscript 10 indicates ing to the s", variations of figure 161. A value of 
that the values are for 10-percent maximum- mu-l for &=Oo was obtained from the per- 

10 20 30 40 50 60 
Blade -chord angle, yo, deg 

FIGUBE 16O.---Variation of faetor m, in Carter's deviation- 
angle rule (ref. 88). 

ensuing correlations, both forms of the deviation- 
angle relation (eqs. (268) and (269)) are used, 
since each has a particular advantage. Equation 
(268), with m plotted as a function of #?, and u, 
is easier to use for prediction, especially if the 
calculation of a required camber angle is involved. 
Equation (269) may be better for extrapolation 
and for comparison with Carter's rule. 

As in the case for the zero-camber reference 
minimum-loss incidence angle, the zero-camber 
deviation angle can be represented as a function 
of blade thickness as 
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Inlet-air angle, p,  , deg 

FIGUEE 161.--Zero-camber deviation angle at reference minimum-loss incidence angle deduced from low-speed-crtscade 
data for 10-percent-thick NACA 65-(A1,+seriea blades (ref. 39). 

formance data of a free-stream circular-arc inlet 
guide vane presented in reference 214. These 
values of m are plotted in figure 166 against inlet- 
air angle, and the proposed variation of mopl 
for the circular-arc mean line is shown by the 
solid line. 

In the absence of data covering a range of 
solidities, it is assumed that the solidity exponent 
b in the deviation-angle rule of equation (269) is 
independent of the profle shape and will therefore 
also be applicable for the circular-arc mean line. 
This assumption agrees with limited experimental 
data. The variation of ratio of deviation angle to 
camber angle obtained from constant-thickness 
circular-arc guidevane sections of reference 2 15 
(6z=Oo for guide vanes) over a wide range of 
solidities is shown in figure 167. A computed 

variation based on values of b and mn=l obtained 
from figures 164 and 166, respectively, is shown 
in the figure by the solid line. A satisfactory 
agreement with these circular-arc data is thus 
demonstrated for the vdue of b obtained from the 
65-series data. On the basis of these results, 
deduced curves of m against B1 for a range of 
solidities (for use in conjunction with eq. (268)) 
were computed for the C-series circular-arc blade 
as indicated in figure 168. 

Double-circular-arc blades.-Although limited 
data are available for the double-circular-arc blade 
(refs. 40 and 197), it was felt that these data could 
not be reliably utilized in the construction of a 
deviation-angle rule because of the questionable 
two-dimensionality of the respective test tunnels. 
However, since the Cseries and the double- 
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FIGURE 162.-Deduced variation of slope factor m in deviation-angle rule for NACA 65-(A+~ieries blades aa equivalent 
circular arc. 

circular-arc blades differ only in thickness distribu- 
tion, it is reasonable to expect that, as in the case 
of the reference-incidence-angle correlations, only 
the zero-camber deviation angles will be materially 
affected. Therefore, the slope-term value m 
deduced for the C-series circular-arc blade (fig. 
168) might also be used for the double-circular-arc 
blade, but the 6; v 
arbitrarily selected 

circular-arc blade. 
Comparison of rules.-In view of the widespread 

use of Carter’s rule (eq. (270) with fig. 160) for 

predicting the deviation angle of circular-arc- 
mean-line blades, some results obtained from the 
use of Carter’s rule were compared with the de- 
duced rule of equation (269) with figures 161, 164, 
and 166. The principal difference between the 
two rules occurs in the blade orientation parameter 
used for the m variation and in the 6; and b varia- 
tions. The value of the solidity exponent of % in 

lim- 
a. Carter, in a later work pro- 

ca tes 
values close to 1 for accelerating cascades and close 
to X for decelerating cascades. The variation of 
b obtained from the NACA 65-(Alo)-series blades 

tion (270) was originally obtained 
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Inlet-air angle, PI , deg 

FIGUBZ 163.-Value of m,,=l in deviation-angle rule for 65-(Ajo)-series blades aa equivalent circular arc (deduced from 
data of ref. 39). 
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FIGURE 164.-Value of solidity exponent b in deviation-angle rule (eq. (269)) (deduced from data for 65-(Alo)-series blades 
in ref. 39). 



EXPERIMENTAL FLOW IN TWO-DIMENSION& CASCADES 215 

Equivolent 

(a) Solidity, 0.5 and 0.75. 
(c) Solidity, 1.25. 

(b) Solidity, 1.0. 
(d) Solidity, 1.5. 

FIGURE 165.-Comparison between data values and deduced rule values of reference minimum-lo= deviation angle for 
NACA 65-(A3lO-i3eries blades as equivalent circular arc (data from ref. 39). 

as equivalent ckwlar arcs in figure 164 essentially 
confirms this trend. Actually, the deviation-angle 
rule in the form of equation (269) constitutes a 
modification of Carter’s rule. 

In addition to the basic differences between the 
rules in the magnitudes of the m, b, and 6; values, 
it is noted that Carter’s rule was originally devel- 
oped for the condition of nominal incidence angle, 
whereas the modified rule pertains to the reference 
minimum-loss incidence angle. However, since 
Carter’s rule has frequently been used over a wide 
range of reference angle in its application, both 
rules were evaluated, for simplicity, for the refer- 
ence minimum-loss incidence angle. 
An illustrative comparison of predicted reference 

deviation angle as obtained from CarterIs rule and 
the modified rule for a -lO-percent-thick, thick- 
nosed circular-arc blade is shown by the calculated 
results in figure 169 for ranges of camber angle, 
solidity, and inlet-air angle. Deviation angles in 
figure 169 were restricted to cascade configurations 
producing values of diifusion factor less than 0.6. 

Blade-chord angle for Carter’s rule was computed 
from the equation 

(272) y0=p1-2-- * Q  
2 

Reference incidence angle was determined from 
equations (261) and (262) and figures 137 and 138. 

The plots of figure 169 show that, in practically 
all cases, the deviation angles given by the modi- 
fied rule are somewhat greater in magnitude than 
those predicted by Carter’s rule for the 10-percent- 
thick blade. This is particularly true for the high 
inlet-air angles. Thus, greater camber angles are 
required for a given turning angle amrding to 
the modified rule. Differences are even less for 
the double-circular, arc blade, as indicated in figure 
170, since the 60, values are smaller for these blades. 
However, it should be kept in mind that the 
magnitude of the factors in the modified rule are 
proposed values based on limited data. Further 
research is required to establish the modified rule 
on a firmer foundation. 



216 AERODYNAMIC DESIGN OF AXIAL-FLOW COMPRESSORS 

Inlet-air angle, pi , d e g  

FIGURE 166.-Deduced values of m,-l for circular-arc mean line. 

Effect of blade maximum thickness.-Available 
data on the variation of reference deviation angle 
with blade maximum-thickness ratio obtained 
from cascade investigations of the 65-(12AI0) 
blade of reference 202 are shown in figure 171. 
The solid symbols representing the values of 
deviation angle at zero thickness were determined 
by subtracting the values of (60,),, obtained from 
figure 161 from the measured value of deviation 
angle at 10-percent maximum thickness obtained 
from the data in figure 171. A very reasonable 
variation with thickness ratio, as indicated by the 
faired curves, is thus obtained for all three con- 
figurations. The increasing slope of the deviation- 
angle variation with increasing thickness ratio is 
believed due to some extent to the accompanying 
increase in wake losses. 

Preliminary values of a correction factor for 
maximum-thickness ratio (IQ1 deduced from the 
data of figure 171 are shown in figure 172. In the 
absence of further data, it is proposed that this 
correction curve is also applicable to other con- 
ventional blade shapes. 

Effect of Reynolds number.-In view of the 
large rise in loss as blade-chord Reynolds number 
is reduced (fig. 152), a corresponding rise in devia- 
tion angle (or decrease in turning angle) is to be 
expected. Experimental confirmation of the 
marked effect of Reynolds number on blade deviation 
angle at fixed incidence angle is illustrated in 
figure 173 for several compressor blade shapes. 
The variation of deviation angle with Reynolds 
number over a range of incidence angle is demon- 
strated in figure 174. In all cases the variation 
of the deviation or turning angle closely parallels 
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FIGURE 167.-Comparison of experimental deviation- 
angle ratio and rule values using solidity exponent given 
by figure 164. Data for cmular-arc inlet guide vanes 
in annular cascade (ref. 215). 

3 

the variation of the loss. Therefore, factors 
involved in the deviation-angle variation are the 
same as those for the loss behavior. Correspond- 
ingly, no Reynolds number correction factors that 
will be applicable for all blade configurations have 
been established. The deduced deviation-angle 
rule developed herein is applicable at Reynolds 
numbers of about 2.5X lo6 and greater. 

Effect of inlet Mach number.-Experimental 
variations of minimum-loss deviation angle with 
inlet Mach number are presented in figure 175 for 
two circular-arc blades. Further cascade data in 
terms of air-turning angle at fixed angle of attack 
are shown in figure 176 for two other compressor 
blade shapes. (Since the data in fig. 176 were 
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F 

inlet -air angle I p, ,deg 

F~GURE 168.-Deduced variation of slope factor m in deviation-angle rule (eq. (268)) for circular-arc-mean-line blades. 

obtained at constant angle of attack, the varia- angle in the data is always associated with the 
tion of turning angle is an inverse reflection of sharp rise in loss.) 
the variation of deviation angle.) The data of Variation with incidence angle.-Thus far, of 
figures 175 and 176 indicate that deviation angle necessity, the analysis has been conducted for 
varies little with inlet Mach number up to  the flow conditio 
limiting value. As indicated in the Preliminary the general 
Analysis section, the resultant Mach number Ultimately, of course, it is desired to predict flow 

on the relative 

Large increases in 
however, when the 
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Comber angle, ?,deg 

(a) Solidity, 1.5. 
(b) Solidity, 1.0. 

FIGURE 169.-Comparison of calculated reference devia- 
tion angles according to Carter's rule and deduced 
modified rule for 10-percent-thick, thick-nose circular-arc 
blades. 

is currently available on the effect of losses, at- 
tention is centered on deviation-angle variations 
in the region of low loss, where the trend of 
variation approaches that of the potential flow. 

Examination of .potential-flow theory (Weinig, 
ref. 80, e.g.) shows that a positive slope of devia- 
tion angle against incidence angle exists (i.e., 
deviation angle increases with incidence angle). 
Calculations based on the theory of Weinig reveal 
that the magnitude of the slope varies with 
solidity and blade-chord angle. The deviation- 
angle slope approaches zero for infinite solidity 
(deviation angle is essentially constant at high 
solidity) and increases as solidity is reduced. At 

12 

8 

4 

m 
0) 
U 

60 
0 -  0 

Comber angle, ?,de9 

(a) Solidity, 1.5; inlet-air angle, 40°. 
(b) Solidity, 1.0; inlet-air angle, 60". 

FIQURE 17O.-Comparison of calculated reference devia- 
tion angles according to Carter's rule and deduced 
modified rule for circular-arc blades of different thickness. 
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FIGURE 171.-Variation of deviation angle with blade 
maximum-thickness ratio for NACA 6 5 4  12Al0) blade 
in region of minimum loss (data from ref. 202). 
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FIGURE 172.-Deduced maximum-thickness correction for zero-camber reference minimum-loss deviation angle (eq. (271)). 
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8 

4 

Blade-chord Reynolds number, Re, 

(a) lOC4/25C50 blade. Solidity, 1.33; blade-chord angle, 
42.5' (ref. 40). 

(b) 10.5 2A/25C50 blade. Solidity, 1.33; blade-chord 
angle, 42.5' (ref. 40). 

(c) NACA 65-(12) 10 blade. Solidity, 1.5; inlet-air angle, 
45' (ref. 39). 

FIGURE 173.-Illustrative variations of reference deviation 
angle with Reynolds number. 

Blade-chord Reynolds number, Re, 

FIQUR~ 174.-Variation of deviation angle with Reynolds 
number for 10C4/40 P40 blade. Solidity, 1.33 (ref. 
183). 

constant solidity, the slope of deviation angle 
against incidence angle increases as the chord 
angle is increased. These trends indicate physi- 
cally that the greater the initial guidance effect 

FIGUBE 175.-Variation of reference deviation angle with 
Solidity, inlet Mach number for circular-arc blades. 

1.333; blade-chord angle, 42.5' (ref. 40). 

Inlet Mach number, MI 

(a) T1(18&La)08 blade. Solidity, 1.6 (ref. 207). 
(b) 65-(12Alo)10 blade. Solidity, 1.0; inlet-air angle, 45'; 

angle of attack, 16.5' (ref. 122). 
FIQUEE 176.-Vsriation of air-turning angle with inlet 

Mach number in region of minimum loss. 

(high solidity and low blade angle), the less 
sensitive the deviation angle is to changes in 
incidence angle. 

For analysis purposes, since the region of low 
loss is generally small, the variation of deviation 
angle with incidence angle for a given cascade 
geometry in the region of minimum loss can be 
represented as 

where (dSo/di),,, represents the slope of the 
deviation-angle variation at the reference incidence 
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FIGURE 177.-Deviation-angle slope dP/di at reference incidence angle deduced from low-speed data for NACA SS-(A10) 10 
blades (ref. 39). 

angle. An empirical determination of the magni- angle with cascade geometry at low speed can 
tude of the slope of the variation of deviation be satisfactorily established in terms of an inter- 
angle with incidence angle was obtained from cept value 6: and a slope value m as given by 
an analysis of the low-speed experimental data equation (268). The experimental data could 
for the 65-(Alo)10 blades of reference 39. From also be expressed in terms of a rule similar in form 
the plot of deviation angle against incidence to Carter's rule, as indicated by equation (269). 
angle for each configuration (as in fig. 127, e.g.), Deduced values of and m were obtained as a 
the slope of the curve at the minimum-loss inci- function of and u from the data for the 10- 
dence angle was evaluated graphically. The percent-thick 65-(Alo)-series blades of reference 
deduced variation of reference slope magnitude 39 as equivalent circular arc (figs. 161 and 162). 
d6"ldi obtained from fairings of these values is Rules for predicting the reference devi 
presented in figure 177 as a function of solidity of the C-series and double-circul 
and inlet-air angl Qualitative agreement with were also deduced based on the correlations for 
theory is strong1 dicated by the data. Since the 65-(Alo)-series blades and on limited data for 
the phenomenon is essentially a guidance or the circular-arc blade (figs. 161 and 168). 
channel effect, it is anticipated that the slope The procedure involved in estimating the 

the low-loss range of o 
equation (273) and figure 177. blades. The value of (Ka)i for the blade 

maximum-thickness ratio is obtained from figure 
172, and the approximate value of (Kd, is 
selected for the type of thickness distribution. 

SUMMARY 

The analysis of blade-section deviation angle 
shows that the variation of reference deviation 
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For the 65-series blades, (Ka),n=l.O, and it is 
proposed that be taken as 1.1 for the C- 
series blades and as 0.7 for the double-circular-arc 
blade. The Val 

The camber angle required to produce a given 
turning angle at the reference 
speed can readily be calculated b 
preceding incidence-angle and deviation-angle 
correlations when the inlet-air angle and blade 
solidity are known. From equations (57), (261), 
and (268), the camber angle as a function of the 
turning, deviation, and incidence angle is 

AS-(io-62) 
l-m+n (274) 

or, in terms of the thickness corrections (eqs. 
(262) and (271)), 

For simplicity, since (Kf>*,,= (K&h=K6n, equa- 
tion (275) can be expressed in the form 

where 
blade thickness, such that 

represents some correction factor for 

Curves of the values of (&So- as a function of 
and u are given in figure 178; curves of the values 

of 1-m+n as a function of Dl and u are given in 
figure 179(a) for the 65-(Alo)-series mean line and 
in figure 179(b) for the circular-arc mean line; 
and values of Et are plotted as a function of 

compressor design. 
a summary of the 
research with re 

and the reference incidence and deviation angles in 
satisfactory agreement with existing cascade data. 
The rules may also be of help in reducing the 
necessary experimental effort in the accumulation 
of further cascade data. 

However, the present analysis is incomplete. 
Many areas, such as the deviation-angle rule for 
the double-circular-arc blade, require further data 
to substantiate the correlations. Furthermore, 
additional information concerning the influence of 
high Mach number and off-design incidence angles 
of cascade performance is needed. 

Finally, it is recognized that the performance of 
a given blade geometry in the compressor con- 
figuration will differ from the performance es- 
tablished in the two-dimensional cascade. These 
differences result from the effects of the various 
three-dimensional phenomena that occur in com- 
pressor blade rows. It is believed, however, that 
a firm. foundation in two-dimensional-cascade flow 
constitutes an important step toward the complete 
understanding of the compressor flow. The extent 
to which cascade-flow performance can be suc- 
cessfully utilized in compressor design can only be 
established from further comparative evaluations. 
Such comparisons between observed compressor 
performance and predicted two-dimensional-cas- 
cade performance on the basis of the rules derived 
herein are presented in chapter VII. 
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Inlet-air angle, ,B, , deg 

(a) NACA 65-(A&series blades aa equivalent circular arc (ea. (276)) 
FIGURE 179.-Variation of 1-m+n. 
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(b) Circular-am-mean-line blades (eq. (276)) 
Iifanm 179.-Concluded. Variation of 1 -m+n. 

691-564 0-65-16 
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WGUBE 18O.-Variation of thicknewcorrection factor Rt for camber calculation (eq. (276)). 



CHAPTER VZZ -$Lbd 
BLADE-ELEMENT FLOW IN ANNULAR CASCADES 

By WILLIAM H. ROBBINS, ROBERT J. JACKSON, and SEYMOUR LIEBLEIN 

A- blade-element analysis is made of anndar- 
cascade data obtained primarily from single-stage- 
compressor test installations. The parameters that 
describe blade-element $ow (total-pressure loss, 
inqidence angle, and deuiutwn angle) are discussed 
with reference to the many vurhbles ageding these 
parameters. The blade-element data are correlated 
over a fairly wide range of inlet Mach number and 
cascade geometry. Two blade shapes are considered 
in detail, the 66-(Al0)-series profile and the double- 
circular-arc airfoil. Compressor data at three 
radial positions near the tip, mean, and hub are 
correlated at minimum-loss incidence angle. Curves 
of loss, incidence angle, and dewiation angle are 
presented for rotor and stator blade elements. These 
correlation curves are presented in such a manner 
that they are directly related to the low-speed two- 
dimensional-cascade results. As  fa r  rn possible, 
physical explanations of the $ow phenomena are 
presented. In adddim, a edcdation procedure 

compressor design procedure is given in chapter 
VIII. Secondly, proper blade sections are selected 
at each radial position and stacked in proper 
relation to each other to establish the design 
velocity diagrams at each radius. In order to 
satisfy the design requirements successfully, accu- 
rate blade-row design data are needed. Success- 
ful analysis of a compressor (the analysis problem) 
also depends upon accurate blade-row data, not 
only at the design point but also over a wide 
range of flow conditions (ch. X). 

In general, compressor designers have relied 
primarily on three sources of blading information: 
(1) theoretical (potential-flow) solutions of the 
flow past airfoil cascades, (2) low-speed two- 
dimensional-cascde data, and (3) threedimen- 
sional annular-cascade data. Potential-flow solu- 
tions have been used to a limited extent. In 
order to handle the complex mathematics in- 
volved in the theoretical solutions, it is necessary 

is given to iuustrate how the correlathn cukes could A to make simplifying assumptions concerning the 
be utilized in compressor design. - 

INTRODUCTION 

Axial-flow-compressor research has generally been 
directed toward the solution of either compressor 
design or compressor analysis problems. In the 
design problem, the compressor-inlet and -outlet 
conditions are given, and the compressor geometry 
must be determined to satisfy these conditions. 
In contrast, for the analysis problem the inlet 
conditions and compressor are specified, and the 
outlet conditions are desired. (The analysis 
problem is sometimes referred to as the “direct 
compressor problem.”) 

There are two phases of the axial-flow-com- 
pressor design problem. In the first phase it is 
necessary to prescribe desirable velocity distri- 
butions at each radius of the compressor that will 
ultimately fulfill the design requirements. A 
discussion of the velocity-diagram phase of the 

flow field. Among the most important of these 
is the assumption of a two-dimensional flow 
field with no losses. Unfortunately, in some cases 
these assumptions lead to invalid results unless 
experimental correction factors are applied to 
the computed results. These solutions are re- 
viewed in chapter IV. 

A considerable amount of blade design data 
has been obtained from low Mach number 
experimental two-dimensional cascades. A rather 
complete study of the cascade work that has 
been done to date is presented in chapter VI, 
which correlates cascade data at minimum-loss 
incidence angle for a wide range of inlet conditions 
and blade loadings. Low-speed twodimensional- 
cascade data have been applied successfully in 
many cornpressor designs. However, with the 
design trends toward higher Mach numbers 
and higher blade loadings, these cascade results 
have not always been completely adequate for 

227 
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describing the compressor flow conditions, par- 
ticularly in regions of the compressor where 
threedimensional-flow effects predominate. 

Because of such effects, it becomes essential 
that blade-element data be obtained in a three- 
dimensional-compressor environment. These 
threedimensional-cascade data (obtained pri- 
marily from single-stage compressors) may then 
be used to supplement and correct the theoretical 
solutions and the two-dimensional-cascade in- 
formation. Some success has been obtained in 
correlating annular-cascade data with the theory 
and the twodimensid-cascade results (refs. 
32, 214, and 218 to 220); however, the range 
of variables covered in these investigations is 
not nearly complete. 

The purpose of this chapter is to correlate and 
summarize the available compressor data on a 
blade-element basis for comparison with the 
two-dimensional-cascade data of chapter VI. An 
attempt is made to indicate the regions of a 
compressor where low-speed two-dimensional- 
cascade data can be applied to compressors and 
also to indicate the regions where cascade results 
must be modified for successful application to 
compressor design. Two blade sections are con- 
sidered in detail, the NACA 65- (A,,)-series blade 
and the double-circular-arc airfoil section. Par- 
ticular emphasis is placed on obtaining incidence- 
angle, deviation-angle, and loss correlations a t  
minimum loss for blade elements near the hub, 
mean, and tip radii of both rotor and stator blades. 
Empirical correction factors that can be applied 
to the two-dimensional-cascade design rules are 
given, and application of the design rules and 
correction factors to compresor design is illustrated. 

SYMBOLS 

The following symbols are used in this chapter: 
speed of sound based on stagnation condi- 

exponent in deviation-angle relation (eq. 

a, 

b 

G chord length, in. 
D diffusion factor 
i incidence angle, angle between inlet-air 

direction and tangent to blade mean 
camber line at  leading edge, deg 

correction factor in incidence-angle relation, 
function of blade maximum-thickness 
ratio and thickness distribution 

tions, ft/sec 

(280)), function of inlet-air angle 

Ki 

Ka 

M 
m 

m, 

n 

P 
P 
T 

s 
T 
t 
V 
B 

AB 

YO 

6 O  

Y 

1 
K 

Q 

(P 

W 

0 
- 

correction factor in deviation-angle relation, 
function of blade maximum-thickness ' ratio and thickness distribution . 

Mach number 
factor in deviation-angle relation at u= 1 

(ea. (280)), function of inlet-air angle 
factor in deviation-angle relation (eq. (282)), 

function of blade-chord angle. 
slope factor in incidence-angle relation (eq. 

279)), function of inlet-air angle and solidity 
total or stagnation pressure, lb/sq f t  
static or stream pressure, lb/sq f t  
radius 
blade spacing, in. 
total or stagnation temperature 
blade maximum thickness, in. 
air velocity, ft/sec 
air angle, angle between air velocity and 

axial direction, deg 
air-turning angle, pl-pz, deg 
ratio of specific heats 
blade-chord angle, angle between blade 

chord and axial direction, deg 
deviation angle, angle between outlet-air 

direction and tangent to blade mean 
camber line at trailing edge, deg 

efficiency 
blade angle, angle between tangent to blade 

mean camber line and axial direction, deg 
solidity, ratio of chord to spacing 
blade camber angle, difference between 

blade angles at leading and trailing edges, 
K i - K a ,  deg 

angular velocity of rotor, radians/sec 
total-pressure-loss coefficient 

Subscripts: 
ad adiabatic 
C compressor 
GrV inlet guide vanes 
h hub 
id ideal 
m mean 
min minimum 
o zerocamber 
R rotor 
S stator 
ST stage 
t tip 
z axial direction 
e tangential direction 
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1 station at  inlet to blade row or stage 
2 station at  exit of blade row or stage 
2-0 low-speed two-dimensional cascade 
10 blade maximum-thickness-to-chord ratio of 

10 percent 

Superscript: 
relative to rotor 

PRELIMINARY CONSIDERATIONS 

BLADE-ELEMENT CONCEPT 

In current design practice, the flow distribution 
at the outlet of compressor blade rows is deter- 
mined from the flow characteristics of the individ- 
ual blade sections or elements. The blade- 
element approach to compressor design is discussed 
in detail in chapter I11 and in reference 221. To 
review briefly, axial-flow-compressor blades are 
evolved from a process of radial stacking of 
individual airfoil shapes called blade elements. 
The blade elements are assumed to be along sur- 
faces of revolution generated by rotating a stream- 
line about the compressor arris; this stream surface 
of revolution may be approximated by an equiv- 
alent cone (fig. 181). Each element along the 
height of the blade is designed to direct the flow 
of air in a certain direction as required by the 
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design velocity diagram of the blade row. The 
basic parameters defining the flow about a blade 
element are indicated in figure 182. Stated 
simply, blade-element flow is des 
variations of the loss in total press 
blade row and of the air-turning 
incidence angle (or angle of attack). 

FACTORS AFFECTING BLADE-ELEMENT PERFORMANCE 

The flow about a given blade element in a 
compressor configuration is different from that 
in a two-dimensional cascade because of three- 
dimensional effects in compressor blade rows. 
These three-dimensional effects influence th 
magnitude of the design incidence angle, the 10s 
in total pressure, and the deviation angle. 

Incidence angle.-In the low-speed two-dimen- 
sional cascade, the minimum-loss incidence angle 
depends on the blade geometry (camber, solidity, 
and blade thickness), the inlet-air angle, and inlet 
Mach number (ch. VI). In compressor opera- 
tion, several additional factors can alter the 
minimum-loss incidence angle for a given element 
geometry-for example, differences in testing 
procedure. In  compressor operation, incidence 
angle, inlet-air angle, and inlet Mach number 
vary simultaneously; in contrast, cascades are 

Corn pre ssor 
blade elements3 

/ 

FIGURE 18l.-Compressor blade elements shown along conical surface of revolution about compressor axis. 
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FIGURE 182.-Rotor blade-element properties. 

often operated with fixed inlet-air angle and inlet 
Mach number. Some net difference may be ob- 
tained in the range characteristics and therefore 
in the location of the point of minimum loss be- 
tween cascade operation at constant inlet-air 
angle and compressor test operation (with varying 
inlet-a~ angle). 

In addition to these blade-element considera- 
tions, of course, there are sources of difference 
arising from compressor three-dimensional effects. 
For example, radial variations of minimum-loss 
incidence angle that are not consistent with the 
trends predicted from cascade blade-element 
considerations have been observed in compressor 
rotors (refs. 56 and 222). Apparently, radial 
position may also be a factor in determining 
compressor minimum-loss incidence angle. 

Total-pressure loss.-In the two-dimensional 
cascade, the magnitude of the loss in total pres- 
sure across the blade element is determined from 
the growth of the blade surface boundary layers 
(profile loss). In the actual compreasor, the loss 
in total pressure is determined not only by the 
profile loss, but also by the losses induced by the 
three-dimensional nature of the flow. These 
threedimensional losses result from secondary 

motions and disturbances generated by the casing 
wall boundary layers, from blade tip clearance, 
from radial gradients of total energy, and from 
interactions of adjacent blade rows. The com- 
pressor loss picture is further complicated by the 
tendency of boundary-layer fluid on the com- 

blade surfaces and in the blade wake to be 
radially. As a consequence of this 

phenomenon, the loss measured do 
given blade element may not nec 
the actual loss generated at that element, but 
something more or less, depending on the radial 
location of the element. 

It is expected, therefore, that the factors 
influencing the magnitude of the blade-element 
loss in the compressor wil l  include the factors 
affecting the profile loss (blade surface velocity 
distribution, inlet Mach number, blade-chord 
Reynolds number, free-stream turbulence, and 
blade surface finish) and the factors affecting the 
three-dimensional losses. Investigations of com- 
pressor blade-element losses based on surface 
velocity distribution, as expressed in terms of 
diffusion factors, are presented in references 9 
and 35. The essentially secondary effects of 
blade surface finish and trailing-edge thickness 
on compressor loss are investigated in references 
223 and 224. Results of tests of blade-element 
performance (ref. 225 and ch. V) and over-all 
performance (refs. 226 and 227) at varying 
Reynolds numbers indicate that there is no 
signifkant variation in loss for Reynolds numbers 
above approximately 2.5X105. (Since most of 
the compressor data used in this analysis are 
for Reynolds numbers greater than 2.5X106, no 
Reynolds number effects are believed to exist 
for the data.) Some variations of compressor 
loss with inlet Mach number have been estab- 
lished in references 52, 56, and 228. These 
results, however, are not complete indications 
of Mach number effects (shock losses), since 
the corresponding variations of blade diffusion 
with Mach number are not identified. An 
attempt to separate the variation of diffusion 
and shock losses with Mach number by means 
of an analysis based on the diffusion factor of 
reference 9 is presented in references 222 and 229. 

Although some aspects of the compressor 
three-dimensional-flow phenomena are known 
(chs. XIV and XV), the specific factors or 
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parameter affecting compressor three-dimensional 
losses have not been established for analysis 
purposes. At present, the three-dimensional loss 
can be treated only on a gross basis as a difference 
between the total measured loss and the 
profile loss. 

Deviation angle .-In the two-dmensional cas- 
cade the minimum-loss deviation angle. varies 
primarily with the blade geometry and the inlet- 
air angle. Experience with compressor operation 
indicates that blade-element minimum-loss devia- 
tion angle is also sensitive to three-dimensional 
effects. The two principal compressor effects 
are secondary flows and changes in axial velocity 
across the blade element. Secondary flows are 
treated in chapter XV and in reference 43. 
Corrections are established in reference 43 for 
the effect of secondary flows on the outlet angles 
of compressor inlet guide vanes. At present, 
however, rotor and stator secondary-flow effects 
can be treated only on a gross basis. 

The effects of changes in axial velocity ratio on 
the turning angles of a k e d  blade-element geom- 
etry are conclusively demonstrated in the rotor 
investigations of reference 218. There are several 
origins of varying axial velocity ratio across a 
compressor blade element: (1) contraction of the 
annulus area across the blade row, (2) compres- 
sibility, which varies axial velocity ratio for a 
fixed annulus area, and (3) differences in the 
radial gradient of axial velocity at blade-row inlet 
and outlet, which can arise from the effects of 
radial-pressure equilibrium (ch. VIII). Although 
several attempts have been made to establish 
corrections for the effect of change in axial veloc- 
ity ratio on deviation angle (refs. 218 and 191), 
these proposed correction techniques have not 
been universally successful. The principd diffi- 
culty involved in the axial velocity corrections is 
the inability to' determine the corresponding 
changes in blade circulation (i.e., tangential ve- 
locity). Values of axial velocity ratio were identified 
for the deviation-angle data presented, although no 
attempt was made to apply any corrections. 

Some of the secondary factors influencing de- 
viation angle, such as inlet Mach number and 
Reynolds number, are investigated in references 
52, 56, and 218. These results indicate that the 
variations of deviation angle with Mach number 

and Reynolds number are small for the range of 
data considered in this survey. 

CORRELATION APPROACH 

In this chapter, annular-cascade data are com- 
pared with the two-dimensional-cascade correla- 
tions of minimum-loss incidence angle, total-pres- 
sure loss, and deviation angle of chapter VI. In 
this way, compressor investigations serve as both 
a verification and an extension of the two-dimen- 
sional-cascade data. Two-dimensional-cascade 
data correlations and rules, in conjunction with 
correction factors deduced from the three-dimen- 
sional data, can then be used for compressor design 
and analysis. 

With this approach in mind, all available single- 
stage data were collected, computed, and plotted 
in a form considered convenient for correlation. 
The blade and performance parameters used in 
the analysis are similar to those used in the two- 
dimensional-cascade correlations of chapter VI. 
Camber angle, incidence angle, and deviation angle 
(fig. 182) are used to define the blade camber, air 
approach, and air leaving directions, respectively. 
These angles are based on tangents to blade mean 
camber line at the leading and trailing edges. As 
in chapter VI, the NACA 65-(Alo)-series blades 
are considered in terms of the equivalent circular- 
arc camber line (figs. 125 and 126, ch. VI). 
Loss in total pressure across the blade element 

is expressed in terms of the loss parameter J cos 
where the relative total-pressure-loss coeffi- 

cient i;' is defined as the mass-averaged defect in 
relative total pressure divided by the pressure 
equivalent of the inlet velocity head: 

For stationary blade rows, or no change in stream- 
line radius across the rotor, the numerator of 
equation (58) becomes the decrease in relative 
total pressure across the blade row from inlet to 
outlet. The relative total-pressure-loss coeEcient 
was computed from stationary measurements of 
total pressure and total temperature and from the 
computed relative inlet Mach number according 
to reference 9. The total-pressure-loss parameter 
7 cos p:/2u, as indicated in chapter VI, can be 
used as a signifmint parameter for correlating 
blade losses. 



232 AERODYNAMIC DESIGN OF AXIAL-FLOW COMPRESSOBS 
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FIGUBE 183.-Example of typical variation of blade-element performance parameters with incidence angle. Transonic 
rotor with double-circular-arc blade sections at tip speed of 800 feet per second; data for blade row 17 (table 11) at 
tip position (ref. 55). 

The diffusion factor, which is used as a blade- 
loading parameter, is defined in reference 9 for no 
change in radius as follows: 

183. The data represent the variations of the 
flow at fixed rotational speed. Plots for stator 
blade rows show similar trends of variation. As 
in chapter VI, a reference point was established 
as the incidence angle for minimum loss (fig. 

2av; (278) 184(a)), and the bladeelement flow was analyzed 
at this reference point. In  cases where minimum- 
loss incidence was not clearly defined, the refer- 
ence point was taken as the mean incidence of the 

D=(l-g)+ vi, 1 -vi* a 

A typical example of the plotted performance 
parameters for a rotor blade row is shown in figure 
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incidence-angle range for which values of 5 at the 
end points are twice the minimum value (fig. 
184(b)). In some instances, near the compressor 
tip the loss-against-incidence-angle curve increased 
continuously from a minimum value of loss param- 
eter at the open-throttle point. In presenting data 
for these cases several points near the minimum- 
loss value are plotted. 

One of the primary objectives of thir, analysis 
is to determine Werences in blade-element per- 
formance with compressor radial position. There- 
fore, three radial positions along the blade span 
(near the hub, mean radius, and tip) of each blade 
row are considered. The radial positions at the 
hub and tip are approximately 10 to 15 percent 
of the passage height away from the inner and 
outer walls, respectively, which are outside the 
wall boundary-layer region in all cases. The anal- 
ysis is directed toward correlating the loss and 
deviation-angle data at reference incidence angle 
and determining the variation of reference inci- 
dence angle with blade geometry and Mach num- 
ber at the three radial positions. 

EXPERIMENTAL DATA SOURCE9 

There are three sources of three-dimensional- 
cascade blade-element data : stationary annular- 
cascade tunnel investigations, multistage-compres- 
sor investigations, and single-stage or single-blade- 
row compressor investigations. A relatively small 
amount of data has been accumulated from blade- 
row investigations conducted in stationary annu- 
lar-cascade tunnels. Tunnels of this type have 
been used primarily for inlet-guide-vane investi- 
gations. Typical examples of annular-cascade 
tunnel investigations are reported in references 
215 and 225. Numerous multistage-compressor 
investigations have been conducted both in this 
country and abroad. Unfortunately, the data 
obtained from these investigations are too limited 
to permit the construction of individual blade- 
row-element performance curves similar to those 
illustrated in figure 183. 

The data used in this investigation were obtained 
primarily from investigations of single rotor rows 
or of single-stage compressors. A typical single- 

of a row of inlet guide vanes, a rotor blade row 
driven by a variable-speed motor, and a stator 

z 
3 In In 
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0 

0 
c 

I- 

t ‘-Reference 
incidence I engle , 

G i n  
(b) 

Incidence angle, i ,deg 

(a) Minimum loa. 
(b) Mid-range. 

FIQTJBE 184.-Definitiona of reference incidence angle. 

the outlet system to vary the compressor back 
pressure. In this manner, the compressor mass- 
flow rate can be controlled. In an installation 
such as this, compressor performance over a range 
of speeds and mass flows can be obtained simply. 
In many cases, test rigs similar to figure 185 have 
been operated with only guide vanes and rotors 
or with rotors alone. 

Many phases of compressor research have been 
conducted in single-stage-compressor test rig5; and, 
in reporting these phases, complete blade-element 
results are not usually presented. Therefore, it 
was necessary to collect availabl nal data 
and rework them in terms of the parameters of 
the analysis. Since only NACA original data 
were available in blade-element form, the data 
analysis is based maidy on single-stage-compressor 
investigations conducted at the Lewis laboratory. blade row. A &char& throttle is installed in 
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Filter, SCI 

dynamometer 

FIQUBE 185.4chematic diagram of single-stage-compressor test installation. 

The measurements taken and the instrumentation 
used vary somewhat from compressor to compres- 
sor; in most cases, however, it is possible from the 
available data to reconstruct complete experi- 
mental velocity diagrams and to determine the 
bladeelement performance. Radial survey meas- 
urements were made after each blade row. 
Normally, total pressure, static pressure, total 
temperature, and air direction were measured. 
The pressure- and temperature-measuring devices 
were calibrated for the effect of Mach number. 

Most of the compressor investigations that were 
adaptable to this analysis were conducted on 
NACA -65(Alo)-series airfoil shapes and double- 
circular-arc airfoils. Therefore, the analysis is 
concerned solely with these airfoils. The 65-(A10)- 
series airfoil has been used extensively in subsonic 
compressors; and the double-circular-arc airfoil, 
which is a relatively simple airfoil shape, has 
been used effectively in transonic compressors. 
Details of the characteristics of the various blade 
rows used in this analysis are summarized in table 
11, and details of the instrumentation, calculation 
procedure, and accuracy of measurement me 
given in the listed references. 

INCIDENCE-ANGLE ANALYSIS 
METHOD OF COBBELATION 

In correlating blade-element reference-incidence- 
angle data, measured values of incidence angle are 
cornpared with values of reference incidence angle 
predicted for the geometry of the blade element 
according to the low-speed two-dimensional- 
cascade correlations of chapter VI. In chapter 
VI, the low-speed two-dimensional reference in- 
cidence angle is expressed in terms of the blade 
geometry as 

; 2 - D = K i ( i o ) I O + n p  (279) 

where Kr  is a function of blade thickness distri- 
bution and maximum-thickness ratio, (io)lo is the 
zero-camber incidence angle for the 10-percent- 
thick airfoil section (function of air-inlet angle 8: 
and solidity u), and n is equal to [ ( i - i o ) / p 1 2 - ~  

(also a function of 8: and u). Values of K,, (&)lo, 
and n for the circular-arc and 65-(A;o)-series blade 
are repeated in figures 186 to 188 for convenience. 

The comparisons between measured blade- 
element reference incidence angle & and predicted 
two-dimensional incidence angle &-D are expressed 
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1.31 
1.31 
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1.82 

TABLE ,II.-DETAILS OF SINGLE-STAGE ROTORS AND STATORS 
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in terms of the difference (&-&J. Thus, a 
value of zero of the difference parameter corre- 
sponds to an equivalence of the two incidence 
angles. In view of the established tendency of 
the reference incidence angle to increase somewhat 
with inlet Mach number (ch. VI),  it was thought 
desirable to plot the variation of the difference 
parameter (&-&-D) against relative inlet Mach 
number for the three radial positions at hub, mean, 
and tip. 

NACA 65- (Al0)-series blades.-The results of 
the comparison between compressor and two- 
dimensional-cascade reference incidence angles for 
the 65-(Alo)-series blades are presented in figure 
189 for hub-, mean-, and tip-radius regions. Both 
rotor and stator data are presented; the stator 
data being represented by the solid points. Dif- 
ferent values of incidence angle for a given symbol 
represent different compressor tip speeds. As 
might be expected in a correlation of this type 
involving data from different test installations and 
instrumentations, the data are somewhat scattered, 
particularly in the hub and tip regions. It has 
not been possible in these instances to evaluate 
the significance or origin of the scatter. (In 
compressor investigations, instrumentation inac- 
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2.66 

curacy generally contributes heady  to the data 
scatter, especially at hub and tip.) Nevertheless, 
the results of the comparison are indicative of the 
trends involved, and it is possible to make some 
general observations. 

For the rotor mean-radius region, where three- 
dimensional disturbances are most likely a mini- 
mum, the rotor minimum-loss incidence angles 
are, on the average, about 1' smaller than the 
corresponding cascade-predicted values. This dif- 
ference may be a reflection of some of the compres- 
sor influences discussed previously. The data 
also indicate that no essential variation of refer- 
ence incidence angle with relative inlet Mach 
number exists up to values of M,' of about 0.8. 
The 65-(A10)-series blade, having a thick-nose 
profile, apparently exhibits the same approximate 
constancy of minimum-loss incidence angle with 
Mach number as indicated for the British thick- 
nose C-series profile in the cascade comparisons 
of chapter VI. 

At the rotor tip, the compressor reference inci- 
dence angles are from 0' to 4' less than the pre- 
dicted cascade values. As in the case of the 
rotor mean radius, no essential variation with 
inlet Mach number is observed in the range of 
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FIGIJIZE 186.-Thickness correction for zero-camber reference incidence angle (ch. VI). 

data covered. The lower values of rotor reference 
incidence angle were generally the result of a 
change in the form of the variations of loss against 
incidence angle in the rotor, as illustrated in 
*e 190. The change in form may be explained 
on the basis of a probable increase in rotor tip 
three-dimensional losses (centrifuging of blade 
boundary layer, tip-clearance disturbances, etc.) 
with increasing incidence angle. 

At the rotor hub, the situation is somewhat 

confused by the wide range of data. A tendency 
of the compressor incidence angles to be some- 
what larger than the corresponding cascade 
values, with an average difference of about 1’ or 
2O,  is indicated. 

B’or the stator mean-radius and hub regions, 
close agreement between compressor and cascade 
incidence angles is indicated for the range of 
Mach numbers covered (to about 0.7). Con- 
siderable scatter exists in the stator data at  the 
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Inlet-air angle, p ; ,  deg 

FIGURE 187.-Zero-camber reference incidence angle for 
NACA 65-(Alo)-series and true circular-arc blades of 
10-percent maximum-thickness ratio (see fig. 137, 
ch. VI, for larger print). 
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FIGURE 188.-Reference-incidence-angle slope factor for 
NACA 65-(Alo)-series blades as equivalent circular arc 
and for true circular-arc blades (see fig. 138, ch. VI, 
for larger print). 

compressor tip ; therefore, no definite conclusions 
can be made concerning the variations of incidence 
angle. 

Double-circular-arc blade.-The results of the 
double-circular-arc airfoil correlation are pre- 
sented in figure 191, where compressor reference 
incidence angle minus low-speed-cascade-rule 
incidence angle (eq. (279)) is plotted against 
relative inlet Mach number for the hub, mean, 
and tip radial positions for both rotors and stators. 
The dashed curve represents the variation ob- 
tained with a 25O-camber double-circular-arc blade 
in high-speed two-dimensional cascade (ch. VI). 

a 

4 

0 

-4  

-82 .3 .4 .5 .6 .7 .8 .9 1.0 
Relative inlet Mach number, Mi 

FIGURE 189.-Variation of compressor reference incidence 
angle minus two-dimensional-cascade-rule incidence 
angle with relative inlet Mach number for NACA 
65-(Alo)-series blade section. 

It is immediately apparent that rotor reference 
incidence angle at all radial positions increases with 
increasing Mach number. The data indicate that 
the magnitude of the increase in reference incidence 
angle with Mach number is larger a t  the hub than 
at the tip. The hub data points in figure 191 were 
obtained from blade elements of relatively high 
camber. Both potential-flow and low-speed- 
cascade results indicate that this type of con- 
figuration is associated with a negative value of 
reference incidence angle. As inlet Mach number 
is increased, the increase in incidence angle in the 
positive direction must be fairly large in order to 
avoid high losses associated with blade-row 
choking. In contrast, a t  the compressor tip, 
since the blade cambers are generally lower (see 
table 11), the low-speed incidence angle is higher 
and the required rate of change of incidence angle 
with increasing Mach number is not as large. 
Unfortunately, low Mach number data were not 
available to permit extrapolation of the rotor 
incidence-angle variations to zero Mach number 
(level of cascade correlation). However, it is 
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Incidence angle, i, deg 

FIGURE 190.-Typical variation of loss with incidence 
angle for rotor blade element near tip and in two- 
dimensional cascade for same blade geometry and inlet 
Mach number. 

believed that there will be very little change in the 
rotor incidence angle for values of Mach number 
below about 0.4 to 0.5. Extrapolated values of 
rotor reference incidence angle at zero Mach 
number appear to be of the order of 0 . 5 O  at the 
hub, 1.5' at  the mean radius, and 2.5' at the tip 
below cascade-rule values. 

The double-circular-arc blade element in the 
compressor rotor exhibits the same general inci- 
dence-angle characteristic with Mach number that 
was observed for sharp-nosed blade sections in the 
high-speed two-dimensional cascade (ch. VI). 
As indicated in chaper VI, the increase in refer- 
ence incidence angle with Mach number is asso- 
ciated with the tendency of the range of the blade 
to be reduced only on the low-incidence side of the 
loss curve as the Mach number is increased. 

The rotor data for the double-circular-arc 
section, like those for the 65-(Alo)-series blades, 
are comparable with the cascade variations at the 
mean radius, somewhat higher at the hub at the 
higher Mach numbers, and noticeably lower at the 
tip. Apparently, the same type of three-dimen- 
sional phenomenon occurs at the tip for both 
blade shapes. 

The available double-circular-arc stator data 
are too meager for any conclusions. 

SUMMARY REMARKS 

The variation of reference incidence angle for 
65-(AlO)-series and double-circular-arc blade sec- 
tions has been presented. No Mach number 
effect on reference incidence angle was observed for 
the 65-(Alo)-series blades for the range of Mach 

numbers considered. In contrast, the double- 
circular-arc blade sections eihibit a pronounced 
variation of reference incidence angle over the 
range of Mach number investigated. Significant 
difTerencea between the twodimensional-cascade 
data and the rotor data were observed at  the com- 
pressor tip. In contrast, at the mean radius and 
hub, the differences in two-dimensional-cascade 
data and rotor data were relatively small, even 
though the flow field was three dimensional, 

Additional data are required to determine the 
variation of stator reference incidence angle, 
particularly for the double-circular-arc airfoil 
sections. Also, no information has been presented 
concerning the allowable incidence-angle range for 
efficient (low-loss) operation and the variation of 
this range with inlet Mach number. Investi- 
gations of these phases of compressor research are 
very essential to fill gaps in the compressor design 
and analysis procedures. 

12 

8 

4 

0 

Relative inlet Mach number, 4' 

FIGWEE 191.-Variation of compressor reference incidence 
angle minus two-dimensional-caacade-rule incidence 
angle with relative inlet Mach number for double- 
circular-arc blade section. 
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TOTAL-PRESSURE-LOSS ANALYSIS 

CORRELATION OF DATA 

For two-dimensional-cascade data obtained at 
low Mach numbers, the values of total-pressure- 
loss parameter G cos /32/2cr plotted against diffusion 
factor (eq. (278)) form essentially a single curve 
for all cascade configurations. The diffusion- 
factor correlation of loss parameter was applied to 
data obtained over a range of Mach numbers from 
single-stage axial-flow compressors of various 
geometries and design Mach numbers. Values of 
total-pressure-loss parameter calculated from 
single-stage-compressor data are plotted against 
diffusion factor for the hub, mean, and tip meas- 
uring stations in figure 192. Each symbol repre- 
sents the value of diffusion factor and loss param- 
eter at reference incidence angle at a given tip 
speed. Also plotted as a dashed curve is the cor- 
responding correlation presented in chapter VI 
for the low-speed two-dimensional-cascade data. 
The data of figure 192, which were obtained from 
the rotor and stator configurations summarized in 
table 11, represent both 65-(A,,,)-series and circular- 
arc blade sections. The plots of figure 192 
essentially represent an elaboration of the loss- 
diffusion correlations of reference 9. 

The most important impression obtained from 
the rotor data plots is the wide scatter and increas- 
ing loss trend with diffusion factor at the rotor tip, 
while no discernible trend of variation is obtained 
at the rotor hub and mean radii. For the rotor 
hub and mean radii, it can be assumed that the 
rotor blade-element loss parameter follows the 
cascade variation but at a higher average magni- 
tude. Unfortunately, the range of diffusion factor 
that could be covered in the compressor tests was 
not sufficient to determine whether a marked rise 
in loss is obtained for values of diffusion factor 
greater than about 0.6 (as in the cascade). 

It is apparent from the loss trend and data 
scatter at the rotm tip that a different loss phe- 
nomenon is occurring in the tip region. It is 
recognized that a part of the scatter is due to the 
general instrumentation inaccuracy in the highly 
turbulent tip regions. In view of the usually large 
radial gradients of loss existing in the blade tip 
region, small variations in positioning radial 
survey probes can cause noticeable differences in 
the computed results. Nevertheless, it is obvious 
that factors other than the blade-element dif€usion 
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are infIuencing the tip loss. The specific three- 
dimensional factors or origins involved in the loss 
rise at the tip are not currently known. The 
principal conclusion reached from the plot is that 
the likelihood of a rising loss trend on the rotor 
tip exists for values of diffusion factor greater than 
about 0.35. 

The stator losses at all radial positions in 
figure 192 appear to be somewhat higher than 
those of the two-dimensional cascade, particularly 
at the higher values of diffusion factor. 

SUMMARY REMARKS 

Rotor and stator blade-element loss data were 
correlated by means of the diffusion factor. The 
losses for stator and rotor blade elements at hub 
and mean radii were somewhat higher than those 
for the two-dimensional cascade over the range 
of diffusion factor investigated. At the rotor tip, 
the losses were considerably higher at values of 
diffusion factor above approximately 0.35. 

The foregoing blade-element loss analysis is 
clearly incomplete. The need for additional 
work is indicated for such purposes as evaluating 
the origin and magnitude of the tip-region losses. 
The loading limits for rotors at other than the tip 
region and for stators at all blade elements have 
not been determined, because, for the available 
data, the diffusion factors at reference incidence 
do not extend to sufliciently high values. Single- 
stage investigations are needed over the critical 
range of Reynolds number to determine the effect 
of Reynolds number on the blade-element loss. 
It is desirable to isolate the effects of velocity 
diffusion and shock waves on the loss at high Mach 
number operation. The loss correlations pre- 
sented should also be extended so that the data are 
applicable over a range of incidence angle. This 
would be of extreme value in the compressor 
analysis problem. 

DEVIATION-ANGLE ANALYSIS 

In addition to design information concerning 
blade-element losses and incidence angle, it is 
desirable to have a rather complete picture of the 
air deviation-angle characteristics of axial-flow- 
compressor blade elements. Therefore, the two- 
dimensional-cascade correlation results are re- 
viewed and supplemented with annular-cascade 
data in this section. 
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Blade maximum-thickness rat io,  t / c  

FIGURE 193.-Thickness correction for zero-camber deviation angle (ch. VI). 

METHOD OF CORRELATION 

As in the analysis of reference incidence angle, 
the correlation of blade-element deviation angle 
at reference incidence is presented in terms of a 
comparison be tween measured blade-element devi- 
ation angle and deviation angle predicted for the 
element accordirig to the low-speed two-dimen- 
sional-cascade correlations of chapter VI. In 
chapter VI, the low-speed two-dimensional-cascade 
deviation angle at reference incidence angle is 
expressed in terms of blade geometry as 

where Ka is a function of maximum-thickness-to- 
chord ratio and thickness distribution, (6z)10 is the 
zero-camber deviation angle for the lo-perce 
thick airfoil section (function of a: and u), m is a 
function of pi for the different basic camber distri- 
butions, and b is an exponent that is also a function 
of a:. 

As was shown previously, the reference incidence 
angle of the compressor blade element may differ 
somewhat from the corresponding two-dimensional 
reference incidence angle. Since deviation angle 
wil l  vary with changing reference incidence angle 
for a given blade geometry (depending on solidity), 
the two-dimensional deviation angles were corrected to 
the reference incidence angles of the compressor blade 
elements. The corrected deviation angle, as 
suggested in chapter VI, is given by 

where (dS0/di),-, is the slope of the two-dmen- 
of deviation angle with incidence 

cular-arc and 65- 
figures 193 to 197 

for convenience. 
Deviation-angle comparisons for the double- 

circular-arc blade were also made on the basis of 

Values of Ka, 

691-561 0-65-17 
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FIQIJBE 194.-Zero-camber deviation angle for NACA 
65-(A&series and true circular-arc blades of 10-per- 
cent maximum-thickness ratio (see fig. 161, ch. VI, for 
larger print). 

Carter's rule for cascade blades (ref. 88): 

where m, is a factor that is a function of blade- 
chord angle (fig. 198). 

Carter's rule, which has been used extensively 
in the design of circular-arc blades, was used as 
the basis for the more elaborate rule of equation 
(280). In the calculations, Carter's rule was 

F 

tion angle (eq. (281)) for the 65-(Alo)-serieS air- 
= and stators are 
ch number for 

tip radial positions in fi 

compressor reference incidence angle. As in the 
cam of the incidence-angle and loss correlations, 
there is considerable scatter of data, particularly 
in the hub and tip regions. Some of the scatter 
is believed due to the effects of three-dimensional 
flows and changes in axial velocity ratio across 
the element, but perhaps the most important 
factors are instrumentation differences and errors. 
It is generally recognized that it is difficult to 
measure compressor air angles with an accuracy 
better than about f1' to 1.5'. The correlations 
must therefore be evaluated on an average or 
trend basis. 

The correlation of rotor data in the mean-radius 
region is fairly good; axial velocity ratio varied 

es of deviation angle corr 

Inlet -air angle, p, ' ,  deg 

FIOWE 195.-Factor m in deviation-angle rule (see figs. 163 and 166). 
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Inlet - air angle, p,' , deg 

FIGURE 196.-Solidity exponent b in deviation-angle rule 
(see fig. 164, oh. VI, for larger print). 

from about 0.9 to 1.10. On the average, the 
rotor mean-radius deviation angles are about 0.5' 
less than the cascade values. These results agree 
with previous experience (refs. 218 and 219), 
which indicated rotor turning angles approxi- 
mately 1' greater (i.e., deviation angles 1' less) 
than the two-dimensional-cascade results. If data 
points for the rotor tip having axial velocity ratios 
less than 0.8 are neglected, the average deviation 
angle is about 0.5' less than the cascade value. 
Axial velocity ratio for the tip-region unflagged 
data varied between 0.8 and 1.05. For the hub, 
on the average, the blade-element deviation angles 
were about 1 .Oo greater than the corresponding 
two-dimensional values. Hub axial velocity ratios 
vaned between 1.0 and 1.3. As in the two- 
dimensional cascade (ch. VI), no Mach number 
effect on deviation angle is indicated over the 
range of Mach number investigated for all three 
regions. 

For the stator mean-radius (Vz,z/Vz,l=l.O to 
1.1) and hub-radius (Vz,z/Vz,1=0.85 to 1.05) 
regions, the average deviation angles are both 
about 1.0' lower than the corresponding two- 
dimensional values. At  the stator tip, the 
average blade-element value is indicated to be 
about 4' less than the two-dimensional value. 
However, these data all have high axial velocity 
ratios (from 1.1 to 1.5). It is expected that, on 
the basis of constant axial velocity, the probable 
average blade-element deviation angles at the 
stator tip might be several degrees closer to the 
two-dimensional values. (Increasing axial veloc- 

ity ratio at essentially constant circulation for the 
stator tends to decrease deviation angle.) As in 
the caae of h e  rotor, no essential variation of 
deviation angle ach number is detected 
for the stator wit range of Mach numbers 
investigated. 

two-dimensional-cascade deviation angles (eq. 
(281)) obtained for the double-circular-arc blade 
are compared in figure 199(b). The scatter of 
data is generally less than for the 65-(A10)-series 
blades, partly because of the generally more ac- 
curate measurements taken in these investigations 
(all are more recent than the data of fig. 199(a)). 

On the average, at the lower Mach numbers 
the blade-element deviation angles were about 
1.5' less than the two-dimensional values at the 
tip, 1.0' greater at the hub, and equal to the 
two-dimensional values at the mean region. 
Ranges of axial velocity ratio covered for the 
data were 0.85 to 1.05 at the tip, 0.95 to 1.5 at 
the hub, and 0.90 to 1.15 at the mean radius. A 
slightly increasing trend of variation with inlet 
Mach number may be indicated at the mean 
radius and possibly also at the hub. 

The double-circular-arc stator data available 
(solid symbols) are too limited to permit any re- 
liable conclusions to be drawn. It appears, 
however, that at the stator mean radius, the 
blade-element deviation angles may be about 0.5' 
less than the two-dimensional-cascade values. 
This is essentially the same trend observed for the 
65-(Alo)-series stators at mean radius in k u r e  
199(a). Blade-element deviation angles appear 
to be greater at the tip and smaller at the hub 

Double-circular-arc blade.-Blade-element 
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FIGURE 197.-Deviation-angle slope (dSo/dz>ap at refer- 
ence incidence angle (see fig. 177, ch. VI, for larger 
print). 
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FIQURE 198.-Variation of m, for circular-arc compressor cascades (ref. 88). 

than the two-dimensional values. Ranges of 
axial velocity ratio were 1.0 to 1.25 at the tip, 
0.95 to 1.27 at the mean radius, and 0.9 to 1.30 
at  the hub. 

obtained from the modified rule of equation (281) 
for the range of blade-element 
in the data, the agreement wi 
data remains quite good. 

SUMMARY REMARKS 

From the comparisons of measured and pre- 
dicted reference deviation angles for the NACA 
65-(AI0)-series and double-circular-arc blades, it 
was found that the rules derived from two- 
dimensional-cascade data can satisfactorily pre- 
dict the com pressor refereme blade-element 
deviation angle in the rotor and stator mean- 
radius regions for the blade configurations pre- 
sented. Larger differences between rule and 
measured values were observed in the hub and 
tip regions. These differences can be attributed 
to the effects of three-dimensional flow, differences 
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FIGURE 2OO.-Variation of compressor deviation angle 
minus deviation angle predicted by Carter's rule at 
reference incidence angle with relative inlet Mach 
number for double-circular-are blade section. 

tions of relative inlet Mach number for several 
radial positions along the blade height in figures 
201 and 202. The curves in figures 201 and 202 
are faired average values of the data spread and, 
strictly speaking, represent bands of values. In 
view of the very limited data available, com- 
pressor correction curves could not reliably be 
established for the stator deviation and incidence 
angles. 

Establishing single deduced blade-element loss 

curves at reference incidence angle is a dii3idt 
task because of the scatter of the experimental 

desired blade-element turning angle Ap' and rela- 
tive inlet Mach number Mi are obtained from the 
design velocity diagram. Camber and turning 
angles are related by the equation 

p=p:-p;+sO-i (285) 

Compressor blade-element incidence angles (eqs. 
(279) and (283)) and deviation angles (eqs. (281) 
and (284)) are given by 

i , = K ( i o ) 1 0 + w +  (ic--iz-,) (286) 

Substituting equations (286) and (287) into equa- 
tion (285) and rearranging terms yield 

All terms on the right side of equation (288) rotor and complete stage can be computed by 
' can be determined from the velocitydiagram means of the techniques and equations presented 

properties, the specified blade shape and thickness, in the appendix to this chapter. If the change in 
and the specified solidity. After the camber radius across the blade row can be assumed small, 
angle is determined, the incidence and deviation blade-element efficiency can be determined through 
angles'can be calculated from equations (286) the use of figures 204 to 206 from the selected 
and (287). Rotor blade-element loss parameter values of Z' and the values of Mi and absolute 
is estimated from the velocitydi Busion total-preasure ratio or total-temperature ratio 
factor and the curves of figure 2 e total- obtained from the velocity diagram. 

ent w' is then r cedure can best be illustrated 
from the blade-element solidity and relative air ple. Suppose the following 
outlet angle. Blade-element efficiencies for the specified rotor design values represent typical 
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Relotive inlet Moch number, M i  

(a) NACA 65-(A10)-series blades. 
(b) Double-circular-arc blades. 

FIGURE 201.-Deduced variation of average rotor reference incidence angle minus low-speed two-dimensional-cascade- 
rule reference incidence angle with relative inlet Mach number. 
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FIGURE 202.-Deduced variation of average rotor deviation angle minus low-speed two-dimensional-cascade-rule devia- 
tion angle at compressor reference incidence angle with relative inlet Mach number. 
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(a) Rotor. 
(b) Stator. 

NACA 65-(Alo) -series and double-circular-afc blades. 
variation of total-pressure-loss parameter with diffusion factor at reference incidence angle for 

values at 10 percent of the passage height from 
the compressor tip: 

1 = 56.9' 

@'=10.9O 

obtained from velocit -diagram 
calculati'ons (ch. $111) 

D=0.35 

J T"= 1.091 
Tl 

assumed values u= 1 .o 
t/c=O.OS 

The problem is to find the camber, incidence, 
and deviation angles and the total-pressure-loss 
coefficient for a double-circular-arc airfoil section 
that wil l  establish the velocity-diagram values. 

(1) From the value of Mi and figures 201 (b) 
and 202(b), 

ic-&-D=4.O0 S&&= - 1.5' 

(2) From the values of &, U ,  and t/c and figures 
186 to 188 and 193 to 197, 

K,=0.54 (&) 10=4.40 n=-0.22 Ka=0.37 

( ~ ) ~ - ~ = 0 . 0 9 5  d P  (S~)lO=l.6' m=0.305 b=0.714 

(3) When the values of steps (1) and (2) are 
substituted in equation (288), the value of blade 
camber p=8.4'. 

(4) From equations (286) and (287), &=4.5 
and 6;=2.0. 

(5) For calculation of the total-pressure-loss 
coefficient, the diffusion factor (0.35) and figure 
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203(a) yield a value of 0.025 for the loss param- 
eter (2 cos /3:)!2,7, and 

/3; = /3; - A/3' = 56.9 - 10.9 =46 .O O 

COS &=0.6947 
Theref ore, 

- w'cosf9; 2u 0'025x 2=o.072 
2u )-= 0.6947 

(6) For a negligible change in radius across the 
blade element, the following values can be found 
from figures 204 and 205: 

The preceding example has been carried out for 
a typical transonic rotor blade section. A similar 
procedure can be used for stator blade sections when 
adequate blade-elemen t data become available. 

SUMMARY REMABKS 

The foregoing procedures and data apply only 
to the reference point (i.e., the point of minimum 
loss) on the general loss-against-incidence-angle 
variation for a given blade element. The ref- 
erence minimum-loss incidence angle, which was 
established primarily for purposes of analysis, is 
not necessarily to be considered as a recommended 
design point for compressor application. The 
selection of the best incidence angle for a particular 
blade element in a multistage-compressor design 
is a function of many considerations, such as the 
location of the blade row, the design Mach number, 
and the type and application of the design. How- 
ever, at transonic inlet Mach number levels,' the 
point of minimum loss may very well constitute a 
desired design setting. 

At any rate, the establishment of flow angles 
and blade geometry at the reference incidence 
angle can serve as an anchor point for the deter- 
mination of conditions at other incidence-angle 
settings. For deviation-angle and loss variations 
over the complete range of incidence angles, 
reference can be made to available cascade data. 
Such low-speed cascade data exist for the NACA 
65-(Al,)-series blades (ref. 54). 

It is recognized that many qualifications and 
limitations exist in the use of the foregoing design 
procedure and correlation data. For best results, 
the application of the deduced variations should 
be restricted to the range of blade geometries 
(camber, solidity, etc.) and flow conditions (inlet 
Mach number, Reynolds number, axial velocity 
ratio, etc.) considered in the analysis. In some 
cases for compressor designs with very low turning 
angle, the calculated camber angle may be nega- 
tive. For these cases it is recommended that a 
zero-camber blade section be chosen and the in- 
cidence angle selected to satisfy the turning-angle 
requirements. The data used in the analysis were 
obtained for the most part from typical experimen- 
tal inlet stages with essentially uniform inlet flow. 
Nevertheless, such data have been used success- 
fully in the design of the latter stages of multi- 
stage compressors. It should also be remembered 
that the single curves appearing in the deduced 
variations represent essentially average or repre- 
sentative values of the experimental data spread. 
Also, in some cases, particularly for the stator, the 
available data are too limited to establish reliable 
correlations. Considerable work must yet be 
done to place the design curves on a firmer and 
wider basis. The design procedures established 
and trends of variation determined from the data, 
however, should prove useful in compressor blade- 
element design. 



APPENDIX 
EQUATIONS FOR BLADE-ELEMENT EFFICIENCY 

By definition, for a complete atage consisting 
of inlet guide vanes, rotor, and stator, the adia- 
batic temperature-rise efficiency of the flow along 
a stream surface is given by 

From the developments of reference 7 (eq. (B8) in 
the reference), the absolute total-prasure ratio 
across a blade row P2/P1 can be related to the 
relative total-pressure ratio across the blade row 
PL/P; according to the relation 

.f=(5) id 

where (PL/P;)M is the ideal (no loss) relative total- 
pressure ratio. The relative total-pressure ratio is 
also referred to as the blade-row recovery factor. 
For stationary blade rows &e., inlet guide vanes 
and stators), (Pi/P;)a is equal to 1.0. For rotors, 
the ideal relative total-pressure ratio (eq. (B4) of 
ref. 9) is given by 

Y 

in which MT is equal to the ratio of the outlet 
element wheel speed to the inlet relative stagnation 
velocity of sound ( ~ r ~ / a : , ~ ) ,  and rl/r2 is the ratio 
of inlet to outlet radius of the streamline across 
the blade element. (For a flow at constant 
radius (cylindrical flow), (PL/P;)ta is equal to 1.0.) 
Thus, from equations (Al) and (B), 

For the rotor alone, the blade-element efficiency 
is given by 

.-I, a 

From equation (B3) of reference 9, the loss 
coefficient of the rotating blade row (based on 
inlet dynamic pressure) is given by 

For any blade element, then, from equation (58), 

The relations presented in equations (A4), 
(A5), and (A6) indicate that four quantities are 
required for the determination of the blade- 
element efficiency across the rotor or stage: the 
rotor absolute total-temperature ratio, the relative 
total-pressure-loss coefficient (based on inlet 
dynamic pressure), the relative inlet Mach 
number, and the ideal relative total-pressure 
ratio. Thus, the blade-element efficiencies for a 
given stage velocity diagram can be calculated if 
the loss coefficients of the blade elements in the 
various blade rows can be estimated. 

For simplicity in the efficiency-estimation pro- 
cedure, effects of changes in radius across the 
blade row can be assumed small @e., rl=rz), so 
that the ideal relative pressure ratio is equal to 

263 
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unity. Then, equations (A4), (A5), and (A6) total-pressure ratio as 
become, respectively, 

and 

For purposes of rapid calculation and pre- 
liminary estimates, the efficiency relations are 
expressed in chart form in figures 204 to 206. 
The relation among relative recovery factor, 
blade-element loss coefficient, and inlet Mach 
number (ea. (A9)) is presented in figure 24. 
A chart for determining rotor blade-element 
efficiency from relative recovery factor and ab- 
solute total-temperature ratio (eq. (A8)) is given 
in figure 205. Lines of constant rotor absolute 
total-pressure ratio are also included in the 
figure. Figure 206 presents the ratio of stage 
efficiency to rotor efficiency for various stator 
or guide-vane recovery factors. The ratio of 
stage efEciency to rotor efficiency is obtained 
from equation (Al) in terms of rotor absolute 

.W-1 

The charts are used as follows: For known or 
estimated values of rotor total-pressure-loss co- 
efficient Z' and relative inlet Mach number 
Mi of the element, the corresponding value of 
relative recovery factor PL/Pi is determined 
from figure 204. From the value of rotor- 
element absolute total-temperature ratio TJT, 
(obtained from calculations of the design velocity 
diagram) and the value of (Pi/Pi) obtained from 
figure 204, the rotor-element efficiency is deter- 
mined from figure 205. Rotor absolute total- 
pressure ratio can also be determined from the 
dashed lines in figure 205. 

If inlet guide vanes and stators are present, 
the respective recovery factors of each blade 
row are first obtained from figure 204. The 
product of the two recovery factors is then cal- 
culated and used in conjunction with the rotor 
absolute total-pressure ratio in figure 206 to 
determine the ratio of stage efficiency to rotor 
efficiency. A simple multiplication then yields 
the magnitude of the stage efficiency along the 
element stream surface. 

The charts can also be used to determine gross 
or mass-averaged efficiencies through the use of 
over-all loss terms. Furthermore, the charts can 
be used for the rapid determination of relative 
total-pressure-loss coefficient from known values 
of efficiency, pressure ratio, and inlet Mach 
number on an element or gross basis. 
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DESIGN VEL M 

By CHARLES c. GIAMATI, JR., and HAROLD B. FINGER 

A discussion is presented of the general flow angle,devi angle, and stagnatio re 
equations and methods to be used in determining the as functions of cascade geometry, inlet Mach 
radial distributions of flow in the meridional (hub- number, and (for three-dimensional cascades) 
to-tip) plane of an axial-flow compressor when the radial position in the blade row 
required performance is speci$ed. The problem of The present chapter discusses the general 
determining the radial distributions o j  flow is flow equations and presents methods to be used 
simpli$ed by eon.sidering conditions at a d  stations in determining the radial distributions of flow 
between blade rows where nmmkcou8, axhymmetrk in the meridional plane. The problem of deter- 
flow.equaths are applied. The analysis presumes mining the radial distributions of flow is simplified 
the availability of blade-element data on deviation by considering conditions only at axial stations 
angle and on stagnation-pressure loss for all design between blade rows. In these regions, equations 
techniques. Methods for considering the efect8 of for nonviscous axisymmetric flow are applied to 
wall boundary layers on required annulus area and determihe the design flow distributions when the 
massaveraged stage performance are presented. A required performance (weight flow and turning 

or energy addition) of the blade row is specified. 
Since the calculation involves the determination 

of the velocities from the inner wall to the outer 

sample stage design calculation is given. 

The design of a multistage axial-flow compressor wall of the annular flow area, it is apparent that 
consists in the successive design of several in&- some cohsideration must be given to the boundary- 
vidual rotor and stator blade rows which are then layer accumulation on these walls. The most 
compounded to form the multistage compressor. accurate and complete procedure requires a 
As pointed out in the general compressor design knowledge of the distribution of entropy from 
discussion of chapter 111, the problem of blade-row wall to wall as well as a knowledge of the rotor 
design has been simplified by considering the energy input across the entire annulus area 
flow in each of two planes, the hub-to-tip or including the boundary-layer region. Since com- 
meridional plane and the blade-to-blade or circum- plete data for this type of calculation are not 
ferential plane. The meridional-plane solution currently available, simpler dwign techniques are 
determines the radial distribution of flow con- required. Essentially, these simpler techniques 
ditions assuming that axial-symmetry conditions involve computing the flow variables as if no wall 
apply, and the circumferential-plane solution boundary layer existed. Boundary-layer correc- 
determines the air-turning characteristics through tion factors are then applied to determine the 
the blade element. A quasi-three-dimensional required geometric annulus area and mass-averaged 
description of the actual flow is then obtained by stage performance (efEciency, temperature rise, 
juxtaposition of these two solutions. and pressure ratio). 

The results of experimental blade-to ce the determinabion of the flow conditions 
investigations are described in chapters VI  and annulus area configuration after each blade 
VII. These chapters present circumferentl the 

istics as determined from two- and threedimen- chapter is concerned with the development of 
sional cascades, respectively. The blade-element the general flow equations. The assumptions and 
performance is presented in terms of incidence simplifications that are made to permit solution 

$7 B INTRODUCTION 

averaged blade-element performance charact this 
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of the equations are then discussed. The equa- 
tions are applied to determine the design velocity 
distribution in the meridional plane after a blade 
row. The necessary boundary-layer correction 
factors are indicated. In addition, the selection 
of design variables is discussed. A numerical 
example is then carried out with the equations 
and methods presented. 

SYMBOLS 

The following symbols are used in this chapter: 

A* 
a 
c 
CP 

D 

9 
H 
J 

Kb, 

K, 
KP 
Krl 
M 
n 
P 
P 
Q 
R 
r 
T C  

S 
T 
t 
U 

V 

3 

U 

w 
2 

B 

7 
6 

- -  - 

frontal area, sq f t  
speed of sound, ft/sec 
curvature of meridional streamline, ft.-' 
specgc heat at constant pressure, Btu/ 

diffusion factor 
blade force acting on gas, lb/lb 
acceleration due to gravity, 32.17 ft/sec2 
total or stagnation enthalpy, Btu/lb 
mechanical equivalent of heat, 778.2 

weight-flow blockage factor 
energy-addition-correction factor 
pressure-correction factor 
efficiency-correction factor 
Mach number 
polytropic compression exponent 
total or stagnation pressure, Ib/sq f t  
static or stream pressure, Ib/sq f t  
external heat added to gas, Btu/(lb) (sec) 
gas constant, 53.35 ft-lb/(lb) (OR) 
radius, f t  
radius of curvature of streamline in 

meridional plane, f t  
entropy, Btu/(lb) (OR) 
total or stagnation temperature, OR 
static or stream temperature, OR 
rotor speed, ft/sec 
internal energy, Btu/lb 
air velocity, ft/sec 
weight flow, lb/sec 
coordinate along axis, f t  
air angle, angle between air velocity and 

axial direction, deg 
ratio of specific heats 
ratio of tot 

(Ib) (OR) 

f t-lb /I3 tu 

to NASA standard 
sea-level 2116 lb/sq f t  

6* 
e 

rl 
e 

V 

P 
U 

7 

boundary-layer displacement thickness, f t 
angle between tangent to streamline pro- 

jected on meridional plane and axial 
direction, deg 

density, lb-sec2/ft4 
solidity, ratio of chord to spacing 
time 

cp 
(set) 

D work-done factor 
w 

w total-pressure-loss coefEcient 
Subscripts: 
a stagnation conditions 
ad adiabatic 
av average 
d 

layer 
h hub 
z 

id ideal 
m meridional 
m.a. mass-averaged value 
P polytropic 
R rotor 
r radial direction 
S stator 
ST stage 
t . tip 
z axial direction 
a, 8, y, radial design stations at  10, 30, 50, 70, 

6, e and 90 percent of blade height from 
tip, respectively 

viscous dissipation of energy, Btu/(cu ft) 

angular velocity of rotor, radians/sec - 

design value neglecting wall boundary 

reference position, radial station where 
variables are known 

e tangential direction 
0 
1 station at  rotor inlet 
2 station at  stator inlet 
3 station at stator exit 

Superscript: 

station ahead of guide vanes 

relative to rotor 
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STATEMENT OF DESIGN PROBLEM 

SPECIFICATION OF COMPRESSOR PERFOBMANCE AND 
CONPIGURATION REQUIREMENTS 

The design of the axial-flow compressor begins 
with the determination of the over-all performance 
specifications obtained from the over-all engine 
and airplane require . In general, the engine 
inlet-air conditions (pressure, temperature, and 
density), engine thrust, engine air-flow, turbine- 
inlet temperature, and compressor pressure ratio 
are fixed by cycle and flight-plan analyses such as 
are discussed in chapter 11. The compressor- 
inlet hub-tip diameter ratio, the component tip 
diameters, the compressor rotational speed, the 
compressor-inlet axial velocity, and the com- 
pressor-discharge velocity are then determined 
considering the compressor efficiency, turbine 
stresses, compressor stresses, performance of the 
various components, engine weight, and engine 
space limitations in the airplane. The interrela- 
tion of some of these factors (compressor air-flow 
per unit frontal area, compressor pressure ratio, 
rotational speed, turbine size, and turbine stresses) 
is discussed in reference 17. It should be empha- 
sized that a large number of compressor configu- 
rations are possible for given over-all performance 
requirements. The choice of a given configuration 
is based on a compromise among the various 
performance and geometric parameters. This 
compromise depends in turn on the intended use 
of the engine. 
FLOW AND GEOMETRY CONDITIONS TO BE DETERMINED 

The design procedure involves an iterative solu- 
tion of the flow equations after each blade row. 
Thus, the flow conditions and hub and tip diameter 
after the first blade row must be calculated from 
the known inlet and the specified design condi- 
tions. The blade-element loadings and Mach 
numbers selected must be consistent with the 
attainment of low loss as indicated by the loss 
data presented in chapters VI and VII. The 
resulting flow must. also be acceptable to the 
following blade row. After a satisfactory solu- 
tion for these conditions-has been found, the 
resulting flow distribution after the blade row 
becomes the inlet condition for the following row. 
The flow conditions and geometry of the second 
blade row are then determined. The same pro- 
cedure is repeated all through the machine until 
the desired over-all pressure ratio and discharge 
velocity are obtained. 

When the flow conditions have been calculated 
after a given blade row, the blade sections may be 
selected to give the desired air turning or the 
desired blade work. The incidence- and deviation- 
angle data correlated in chapter VI1 may b 
to assist in this selection. Some consideration of 
off-design performance may be r 
selection of blading. In addition, 
lations that are presented in cha 
the designer to reestimate the 
blade-element losses for the particular blade con- 
figuration selected. These reestimated loss data 
are then used to recalculate the flow distribution 
after the blade row by the methods of the present 
chapter. 

GENERAL EQUATIONS 

The basic equations that apply to the general 
case of the flow of a real compressible fluid 
through a turbomachine can be formulated from 
the conservation laws of matter, momentum, and 
energy, along with the thermodynamic equation 
of state. As pointed out in reference 236, these 
general basic equations of the flow can be stated 
as follows: 
The, equation of state for a perfect gas: 

The energy equation: 
p=PgRt (34) 

@ DU Dp-' 
G + P D , = & + ,  

The continuity equation : 

k + v  - ( p V ) = O  
bT 

The Navier-Stokes equation: 

BASIC MSUMPTIONS 

The simplifying assumptions usually made in 
the treatment of the problem of flow through 
axial-flow compressors are as follows: 

(1) The general flow equations are applied only 
to compute flow distributions between blade rows 
where blade forms are nonexistent. 

(2) The flow is assumed to be steady and 
axially symmetric. The theoretical significance 
of this assumption is discussed in chapter XIV. 
However, when bladeelement data including 

691-544 0-65-18 
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some of the effects of unsteady asymmetric flow 
conditions are used in calculating the velocity 
distributions, the errors introduced by this 
assumption are expected to be small. 

(3) The local shearing effects of viscosity (be- 
tween blade rows) are neglected by dropping the 
viscosity terms in the flow equations. However, 
the accumulated effects of upstream viscous ac- 
tion in increasing entropy are considered by use 
of experimentally determined bladeelement per- 
formance. Empirical corrections are also made 
when required for wall boundary-layer effects on 
required flow area and mass-averaged energy 
addition and efficiency. 

(4) Heat transfer is neglected. 

SIMPLIFIED FLOW EQUATIONS 

As a result of the preceding assumptions and 
the use of the definition of entropy, the general 
flow equations may be combined and restated aa 
follows: 

JgVH=JgtVS+VX(VXT) (294) 

Equation (292) relates the change in stagnation 
enthalpy along a streamline at axial stations 
ahead of and behind a rotor blade row to the 
change in angular momentum and the angular 
velocity of the wheel. Of course, the stagnation 
enthalpy is constant along a streamline passing 
through a stator blade row if it is assumed that 
the heat transfer from streamline to streamline is 
negligible. 

Equation (293) states the law of conservation 
of matter, which, for application to compressor 
design, may be expressed as 

wl=%gsri” plVz. lrl drl=uta 
rh, 1 

(295) 

This equation will be discussed in detail in a later 
section with reference to boundary-layer blockage 
corrections and with reference to application of 
the flow equations in the design procedure. 

Equation (294) is referred to as the equilibrium 
equation for the fluid between the blade rows. 

SOLUTIONS OF EQUILIBRIUM EQUATIONS 

The equations presented in the preceding section 
may be solved in several ways within the assump- 
tions stated. Most of these solutions differ only 
in the simplifications made in the equilibrium 
equation (eq. (294)). 

Since the design methods presented here are 
concerned with finding the radial variation of 
flow at a specified axial station, the radial com- 
ponent of equation (294) is applicable. For the 
assumed axially symmetric flow between blade 
rows, this component equation is 

bT bS bVe U bv,- av, 
ar ar a r r  Jgcp -=Jgt -+VI) -+-+vz - ar v ,  - az 

(296) 

As in the method of reference 237, it has gener- 
ally been assumed in design applications that the 
meridional velocity V,=Jc+V? is given by the 
axial velocity V, and that bVr/bz=O. Such a 
condition (generally referred to as the “simplified- 
radial-equilibrium” condition) has been success- 
fully used in low-aspect-ratio and lightly loaded 
blade-row designs. However, a less restricted 
design solution may be necessary for high Mach 
number, highly loaded designs. Several analyses 
(refs. 34, 49, 236, 238, and 239) have been made 
to determine the factors influencing the meridional 
velocity distribution. The analysis of reference 
236 considers the effect of the radial motion 
resulting from velocity-distribution changes 
through a blade row and evaluates the magnitude 
of this effect for several cases by assuming that 
the air flows through the compressor along 
sinusoidal streamlines. The analyses of refer- 
ences 238 and 239 for incompressible flow also 
consider the effects of radial motion due to 
velocity-distribution changes through the com- 
pressor. These analyses consider the effects of 
the velocity induced by the gradients in circulation 
or vorticity along the blade on the velocity distri- 
bution ahead of and behind the blade row. The 
procedure permits evaluation of the mutual inter- 
ference effects of blade rows in the multbtage 
compressor. These analyses neglect the radial 
motion due to the blade blockage resulting from 
blade thickness variations. Reference 34 presents 
a simplified analysis o€ the effect of the radial 
variation of blade thickness on inlet velocity and 
incidence-angle distributions. This analysis also 
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assumes axial symmetry but makes a correction in 
the flow continuity relation for blade thickness. 
In general, the higher the inlet Mac 
greater the variation in the axial 
hub to tip. 

in regions of high loss 
experimental data to determ 
tudes of the effects on velocity 
entropy-gradient term for a wi 
flow-compressor blade rows. Although vast dif- 
ferences generally exist in the shapes of the velocity 
distributions in the inlet and the outlet stages of 
the multistage compressor, essentially the same 
techniques (assuming a knowledge of the entropy 
distribution across the annulus) can be used to 
calculate the velocities. Consideration of the 
entropy gradients was particularly necessary in 
the rear stages, where the accumulated effects of 
viscosity noticeably affected the velocity distribu- 
tion. On the other hand, the complete radial 
acceleration term appeared to be significant for 
the highly loaded inlet stages investigated, where 
the wall curvatures were large. 

The following discussion presents the various 
forms of the radial-equilibrium equation that may 
be used in the compressor design procedure. 
SIMPLE-RADIAL-EQUILIBRIUM EQUATION NEGLECTING 

ENTROPY GRADIENTS 

The simplest solution of the radial-equilibrium 
equation (en. (296)), usually referred to as the 
“simple-radial-equilibrium solution,” has been 
widely used in compressor design. It is arrived 
at by assuming (1) that the derivative of V, with 
respect to z is zero, and (2) that the derivative of 
S with respect to T is zero. These assumptions 
are made, of course, only at the fixed value of z. 
The resulting equation is 

aT avo va 
a?-- Jgcp --Ve -=&--$-Vg (297) 

which is referred to herein as the “isentropic- 
simple-raclial-equilibrium’ ’ 

aged entropy within the space between blade rows 
outside the boundary layers. Thus, the entropy 

Equation (297) may be integrated betwee 
two radial positions in the free-stream region of 
the annular flow area at an axial 

V~-V:,f=2gJcp(T-Tf)-(Vi-V~, t ) -  rr . P  2z dr 

The radial variation of axial velocity or V,- Vi, 
at the blade-row outlet is obtained by prescribing 
the distribution of either the stagnation tempera- 
ture or the tangential velocity after the blade row. 
These two parameters (stagnation temperature 
and tangential velocity) are related by equation 
(292) for the known flow conditions at the inlet 
of the blade row. As will be shown later, the value 
of the reference axial velocity V,,, is assigned and 
the mass continuity condition is applied to deter- 
mine the required annulus area. For those cases 
in which the annulus area is specified, the refer- 
ence velocity is determined by application of the 
continuity relation. 

A series of charta is presented in chapter IX to 
permit rapid solution of equation (298). 

SIMPLERADIAL-EQUILIBRIUM EQUATION CONSIDERING 
RADIAL GRADIENTS OF ENTROPY 

The major effect of upstream viscous action is 
manifested by an increase in the entropy of the 
flow. The major effects of viscosity on the axial 
velocity distribution are therefore accounted for 
in the radial-equilibrium equation through the use 
of the term involving the radial gradients of 
entropy. Thus, the equation presented here is 
obtained from equation (296) by assuming only 
that the derivative of the radial velocity Vr with 
respect to the axial distance z is zero. Equation 
(296) then becomes 

Equation (299), hereinafter referred to as 
the “nonisentropic-simple-radial-equilibrium” or 
“nisre” equation, may be integrated between two of the flow may still change through ade row. 
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radial positions at  an axial station between blade 
rows to give 

VE-V:, ,=2gJcp(T-TJ- (Vi-V;, 1) 

-2J’ dr-2JgRJr t ?.@ dr dr (300) 
7 :  T 1  

The nisre equation can be solved in the same 
manner as the isre equation, ejxcept that the 
entropy term must be evaluated. By the defini- 
tion of stagnation conditions, stagnation entropy 
is identically equal to static entropy at any given 
point. Therefore, the change in the entropy along 
a streamline from the inlet to the outlet of a blade 
row may be expressed as 

In the design procedure, the temperature ratio is 
assumed or is determined from a specified vari- 
ation in tangential velocity by use of equation 
(292). The stagnation-pressure ratio may be 
related to the stagnation-temperature ratio in 
terms of either a polytropic blade-element efficiency 
v P  or a stagnation-pressure-loss coefficient W. 

When the polytropic efficiency or polytropic 
compression exponent is used, the stagnation- 
pressure ratio is given by 

The blade-element data of chapters VI and VI1 
present the blade-elemeqt loss in terms of Z. 
When these data are used, it is more convenient 
to express the stagnation-pressure ratio across 
the blade element in terms of E’, stagnation- 
temperature raijio, and inlet-air Mach number 
relative to the blade element. The expression 
for pressure ratio is restated from chapter VI1 as 

where 
Y 

This equation holds for both rotor and stator 
when the appropriate indices are used. 

The ideal relative pressure ratio (Pi/P{):d can 
be taken equal to 1.0 for those cases in which the 
variation in the streamline radius across the 

tially constant radially-for example, the com- 
pressor-inlet station 0-is used as the reference 
station. Therefore, the radial variation of entropy 
is, from equation (301), 

I 

The static temperature appearing in the second 
integral of equation (300) can be expressed in 
terms of the velocity components and stagnation 
temperature as follows: 

For the simplified-radial-equilibrium solutions, 
the radial velocity term is neglected in equation 
(305). In  general, this V, component can be 
neglected in the stages with high hub-tip ratio 
without introducing significant errors in static 
temperature. In the stages with low hub-tip 
ratio (where wall slopes may be large), however, 
Vr may have to be considered in this equation by 
estimating a streamline slope in the meridional 
plane and expressing V, as a function of V, and 
this slope. 

BADIAL-EQUILIBRIUM EQUATION CONSIDERING RADIAL 
ACCELERATIONS 

As pointed out in the previousdiscussionson 
the simple-radial-equilibrium equations, high hub- 
tip radius ratio and lightly loaded blade rows have 
been successfully designed by assuming that the 
meridional velocity V,,, is equal to the axial 
velocity V, and that the gradient of radial velocity 
Vr along the axial direction is zero. In this case, 
the radial gradient of static pressure is 
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However, for high-aspect-ratio, highly loaded 
stages, the effects of streamline curvature become 
significant. In this case, the contribution of the 
radial acceleration of the meridional 
the pressure gradient in the radial dir 
be considered. The radial gradient of static 
pressure for this general case of curved' streamline 
flow may be stated as 

where E is the angle of the streamline with respect 
to the axial direction, and T ,  is the radius of 
curvature of the streamline. 

An accurate determination of the radius of 
curvature of the streamline and the slope of the 
streamline (which determines the angle e) requires 
a knowledge of the shape of the streamline through 
the blade row. The streamline configuration is a 
function of the annular-passage area variation, the 
camber and thickness distribution of the blades in 
the radial and axial directions, the blade forces 
existing within the blade row, and the flow angles 
at inlet and discharge of the blade row. Because 
the effects of radial acceleration have been small 
in conventional subsonic-compressor designs, very 
little information is available concerning the rela- 
tive importance of each of these variables in 
determining the effects of radial accelerations in 
the highly loaded designs being studied. There- 
fore, the usefulness of several methods that have 
been proposed for evaluating these radial accelera- 
tions has not yet been established. 

Several analyses, such as the work of references 
58 and 62, have been applied to determine velocity 
distributions throughout the flow field in high- 
solidity mixed-flow compressors and axial-flow 
turbines. These procedures require estimation 
of a streamliie-orthogonal flow system through 
the blade row. The distribution of velocity along 
the orthogonal is then determined from the known 
inlet conditions, a mean air-turning variation along 
each streamline, and a blade thickness variation 
along each streamline. Since this method requires 
estimation of the streamlines as well as a knowl- 
edge of the blade configuration, it is apparent that 
it becomes an iterative solution. 

An approximate evaluation of the radial accel- 
eration term is also made in reference 236 by 
assuming the streamline shape to be sinusoidal. 

A similar technique for 
radial accelerati 
The analysis of ref 
the product of the 
station between bla 

Therefore, for the 
the last term (the 
(296) may be expressed as 

Results obtained with this procedure are shown in 
reference 241 to agree with results o 
the general three-dimensional-flow 
scribed in reference 242 for a single-stage non- 
tapered-passage compressor. 

In addition to the preceding analyses, which 
attempt to consider the effects of the blades on 
the streamline configuration through the blade 
row, several analyses, such as the work of refer- 
ences 243 to 245, present methods of estimating 
the effects of radial velocity and curvature t e r n  
from simplified calculations of the flow only 
between blade rows. In these solutions, a set of 
smooth streamlines is estimated through the 
compressor stage on the basis of the velocities 
calculated between blade rows. It is apparent 
that these methods do not consider the effects of 
the blade thickness and camber distributions and 
the effects of the blade forces on the streamline 
curvature. 

In view of the present meager knowledge of the 
effects of the various design parameters on the 
radial acceleration terms in the general flow 
equations, it seems reasonable to use the simpler 
methods of accounting for these effects as stop-gap 
design measures. In addition, it may be desirable 
a t  the present time to try to alleviate the con- 
ditions leading to large radial accelerations. In 
the case of highly loaded designs having high 
aspect ratios, one technique for reducing the 
effects of radial accelerations is to taper the tip of 
the compressor inward so that the hub curvature 
is reduced. Definitive experimental and analyt- 
ical work is still required to evaluate the various 
techniques that have been ed for computing 
velocity distributions in the effects of 
radial accelerations. 
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CONSIDERATION OF WALL BOUNDARY-LAYER 
EFFECTS 

The equilibrium equations that must be solved 
in determining the meridional distribution of 
flow conditions between blade rows in the axial- 
flow machine were discussed in the preced- 
ing section. When the simple-radial-equilibrium 
equations are suitable, a procedure similar to the 
following is required to execute a blade-row design 
if the inlet conditions are given: 

(1) The tip radius at the blade-row discharge is 
specified. 

(2) The axial and tangential velocities at the 
tip radius after the blade row are assumed. 
These values must be consistent with the con- 
siderations for low losses and compatible with the 
requirements of the following blade row. 

(3) The radial distribution of tangential velocity 
after the blade row is specified. 

(4) The radial distribution of energy addition 
in the blade row is determined from the known 
inlet conditions and the specified distribution of 
tangential velocity by use of equation (292). 

(5) The radial distribution of loss and there- 
fore entropy is assumed based on blade-element 
data taken in a similar flow environment. 

(6) The radial distribution of axial velocity is 
calculated . 

(7) The radial distributions of all other flow 
properties are calculated. 

(8) The continuity condition is used to calcu- 
late the hub radius from the known tip radius and 
mass flow and the calculated distributions of 
axial velocity and density. 

When the radial acceleration terms associated 
with streamline’curvature become significant, this 
procedure may be considered as an initial step in 
the design system. It then becomes necessary to 
recalculate the radial distributions of axial veloc- 
ity and other flow properties (items (6) and (7)) 
and to determine a new hub radius (item (8)). 

This technique is referred to as method I. The 
critical information in this solution is the radial 
distribution of loss or entropy from wall to wall. 
Figure 207 illustrates a form of the entropy dis- 
tribution that might be encountered after a blade 
row in a compressor. 
the end walls results from the losses in 
boundary layers. Across the major portion of the 
flow passage, the entropy variation is illustrated 
as being relatively small. It must be emphasized 

The large rise in en 

that (as indicated in ref. 49) some cases have been 
encountered where the variation of entropy is 
large even in the main stream. In any case, the 
“nonisentropic” equations can be applied to 

city distrib the 
if means the 

ution are av pro- 
cedure would be a direct process near the tip, 
since the tip radius is specified. Near the hub, 
however, the entropy and other flow properties 
could not be determined until after the hub 
radius is known. Therefore, iteration procedures 
must be used near the hub for this complete solu- 
tion. The distribution of flow prop 
annulus area determined from the 
then permit calculation of the mass-averaged 
energy addition, pressure ratio, and efficiency for 
the stage. 

Of course, it is apparent that the determination 
of the entropy distribution from wall to wall for all 
the possible design velocity diagrams, blade-row 
geometries, and locations in the multistage com- 
pressor would require very extensive tests of many 
different compressors. Such detailed information 
requires the analysis of much more multistage- 
compressor data than are currently available. 
Substitute techniques for the determination of the 
annulus area after the blade row and the mass- 
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FIGUBE 207.-Typical entropy distribution after com- 
prwor blade row. 
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averaged efficiency, energy addition, and pressure 
ratio have therefore been used. 

One such technique (referred to herein as 
method 11) involves dividing the flow passage into 
three parts, the tip boundary layer, the main- 
stream region, and the hub boundary layer. In 
the process of solution of the equations, the wall 
boundary-layer regions are actually treated as 
one region. The velocities across the annulus are 
computed by the previously itemized procedure 
assuming that no wall boundary layer exists. The 
entropy distribution used in the determination of 
the velocities is obtained from the blade-element 
loss data presented in chapter VII. If, as is 
illustrated in figure 207, the entropy gradient is 
small in the main stream, then the velocity dis- 
tribution may be computed using the isre equa- 
tion (eq. (297) or (298)). If the bladeelement loss 
data indicate a large variation of entropy in the 
main stream, then the nisre equation (ea. (299) or 
(300)) must be used to determine the velocity 
distributions. 

The effects of the wall boundary layers on the 
required annulus area and on the mass-averaged 
energy addition, pressure ratio, and efficiency are 
determined in method I1 from the velocity die 
tributions calculated assuming appropriate “gross” 
correction factors and the absence of wall bound- 
ary layers. Although the evaluation of these 
gross correction factors will also require extensive 
compressor testing and analysis, it is anticipated 
that the general correlations with velocity-diagram 
parameters and environment may be more readily 
attainable than those for the detailed entropy 
distributions in the boundary layers. In addition, 
indications of the magnitudes of these gross cor- 
rection factors may be obtained from comparisons 
of design and measured velocities in the main- 
stream region. 

The general effects of wall boundary layers on 
rotor performance are indicated in figure 208. 
This figure is an example of a design that has been 
worked out for constant mass flow (fig. 208(a)) 
and energy addition (fig. 208(b)) along the radius 
without considering the effect of the end-wall 
boundary layers. The isre solution was used to 
determine the velocities across the annulus from 
the specified energy addition (fig. 208(b)), as- 
suming that the stagnation-pressure loss was con- 
stant along the radius (fig. 208(c)) and that the 
effects of the wall boundary layers could be 

Design 
Actual 
Average actual 

---- -_- 

I ------+ I 
Radius, r 

(a) Constant mass flow. 
(b) Constant energy addition. 

(0) Constant stagnation-pressure ratio. 
FIGUEE 208.-General effects of wall boundary layer. 

neglected. For such a design, the conditions that 
might be measured in the flow annulus when the 
mainstream flow conditions are the same as the 
design conditions are indicated by the dashed 
curves. It is apparent that the integrated weight 
flow is less than the design weight flow, and the 
mass-averaged energy addition or temperature 
rise and the mass-averaged pressure ratio may 
M e r  from the design value. The average values 
of mass flow, temperature rise, and pressure ratio 
are indicated on the Sgure as the dot-dash lines. 
Therefore, three correction factors axe required in 
method I1 to account for the presence of the wall 
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boundary layers. An annulus-area correction 
must be applied to account for the blockage effect 
of the wall boundary layer so as to ensure the 
attainment of the design weight flow; a tempera- 
ture-rise factor must be applied to calculate the 
mass-averaged energy addition for the blade row 
at this design weight flow; and a pressure-ratio 
factor must be applied to permit calculation of the 
mass-averaged pressure ratio. 

Another system of correction that has been used 
extensively involves specifying the annulus area 
and adjusting the axial velocity level across the 
mainstream region by the -continuity equation to 
ensure the attainment of the design weight flow. 
This method of design and correction involves 
principally a rearrangement of the previously 
enumerated design steps. Other correction factors 
are still necessary to permit calculation of the 
mass-averaged energy addition and pressure ratio. 

It must be emphasized that, in all the techniques 
described, the velocities across the mainstream 
region of the annulus area and the annulus area 
geometry are calculated with blade-element loss 
or efficiency data obtained from stages operating 
in environmental conditions similar to those of 
the stage being designed. Such blade-element 
data, principally for inlet stages, are presented in 
chapter VII. 

For those cases where blade-element loss data 
are not available or where a general design review 
of a large number of multistage compressors is 
required, a blade-row and stage mass-averaged 
efficiency may be assumed to determine the total 
pressure at each blade element from the specified 
energy additioa It is assumed in this approach 
that the blade-element efficiency is equal to the 
blade-row mass-averaged efficiency. Although 
this is admittedly not an exact approach, it has 
been found to give reasonable design accuracy and 
serves as an extremely useful tool, especially as a 
first roughing-out step in the design procedure. 
This method is referred to in the present report as 
method 111. It is described in detail and applied 
through the use of charts in chapter I.X. The 
method usually assumes that the correction for 
determining mass-averaged energy addition is 
negligible. A correction is required for wall 
boundary-layer blockage in determining the an- 
nulus area. 

The following discussion is concerned with the 
boundary-layer correction factors required in 

method I1 for the calcula.tion of the annulus 
geometry and the mass-averaged temperature rise 
and pressure ratio. Although only very limited 
amounts of bladeelement data end boundary- 
layer correction data are available, it is felt that 
this method offers the basis for an accurate design 
system. 

CORRECTION FOB WEIGHT-FLOW BLOCKA 

The correction for weight-flow blo 
is intended to ensure the attainment of the design 
weight flow with the design velocity distribution 
over the major portion of the annulus area. 
Because of the lack of extensive data on the 
boundary-layer characteristics in the compressor, 
an empirically obtained correction factor that is 
applied as a gross boundary-layer blockage 
factor has usually been applied. Although this 
empirical correction factor leaves much to  be 
desired, it has been used successfully in design. 
This gross blockage factor is designated by K b k  

and is defined by the following continuity 
equation: 

The subscript d refers to design values calculated 
across the annulus as if no wall boundary layer 
were present. In essence, this gross blockage 
factor involves the determination of the ideal 
(no boundary layer) velocity distribution required 
to pass a flow greater than the design flow. For 
a given value of tip radius, the hub radius is thus 
decreased as Kbk is decreased (or boundary-layer 
allowance is increased). 

Very little useful data regarding the best values 
of blockage factor are currently available from 
multistage-compressor investigations. Reference 
243 suggests values of 0.98 for inlet stages and 
0.96 for all others. Some single-stage data 
indicate blockage factors of 0.96 after both rotor 
and stator. These blockage factors are not 
expected to be the same for compressors differing 
in size, axial velocity diffusion, chord length, and 
so forth. 
COBBECTION FACTOR FOR STAGNATION-TEMPERATUBE 

RISE 

Besides occupying space and thereby affecting 
the weight flow, the wall boundary layer causes 
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the mass-averaged energy addition or stagnation- 
temperature rise to differ from the design value 
when the main stream velocities are equal to the 
design values. Application of the blockage-factor 
correction does not eliminate the need for the 
temperature-rise or energy-addition factor in 
computing the mass-averaged temperature rise 
for the stage from the design velocities. This 
temperature-rise or energy-addition factor K, can 
be defined by the following equation: 

(307) 

It should be emphasized that the temperature- 
correction factor is used only in calculating the 

mass-averaged energy addition once the design 
velocity distributions and the annulus area 
geometry have been determined in the design 
process. I t  does not ence the design velocity 
diagram or the hub r 

In most cases, the temperature-rise correction 
factor is assumed equal to 1.0. However, analysis 
of limited data taken on the single-stage rotor 
of reference 57 indicates that a value of 1.03 for 
the temperature-rise correction factor may be 
more reasonable. More extensive and precise 
data are still required. 

CORRECTION FACTOR FOR STAGNATION PRESSURE 

In the design procedure, the value of the 
stagnation-pressure loss 3 at any blade element 
in the mainstream region can be estimated from 
the velocity diagram by using the correlation of 
diffusion factor with 3 presented in chapter VII. 
This method tends to give a higher mass-averaged 
value of stagnation pressure at a blade-row outlet 
and higher mass-averaged efficiency than are 
actually achieved, since consideration of the wall 
boundary layer is not completely included in the 
blade-element data. Hence, a correction for the 
wall boundary layer must be applied in deter- 
mining the mass-averaged pressure ratio. This 
pressurb-ratio correction factor Kp can be defined 
by the following equation: 

f r 

={ KP 

Limited data on the rotor with 0.4 hub-tip 
diameter ratio described in reference 57 indicate 
that the value of Kp may be approximately 1.0 
after a rotor. These data were taken from an 

inlet-stage rotor where wall boundary layers were 
small. Detailed data after stators are not yet 
available. 

A knowledge of the mass-averaged temperature 
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rise and the mass-averaged pressure ratio permits 
calculation of the mass-averaged efficiency by the 
following equation: 

l e 1  -1 

It is apparent that an efficiency correction similar 
to the temperature-rise and pressure-ratio correc- 
tion factors may also be applied to determine the 
mass-averaged efficiency of a stage if the average 
efficiency based on the mainstream velocities and 
blade-element losses is known. Thus, the average 
rotor efficiency is obtained by multiplying the 
efficiency calculated from the mainstream flow 
conditions by the efficiency-correction factor. As 
a result of the correction factors determined from 
the data of reference 57 for the temperature rise 
and the pressure ratio, the efficiency correction 
K,, for the rotor was found to be approximately 
equal to 0.97. 

WORE-DONEFACTOR SYSTEM 

A boundary-layer correction procedure that 
has been widely used by British designers (refs. 
2, 31 (pt. 11), and 246) includes the “work-done” 
factor, which is used to estimate stage tempera- 
ture rise from design values of axial velocity and 
air angles. In this case, the hub and tip radii of the 
blade row are prescribed. For a given weight flow 
through the blade row, the effect of the wall bound- 
ary layers is to increase the axial velocities above 
the design values across the mainstream portion 
of the annulus and to decrease the axial velocity 
near the end walls as shown in figure 209. Because 
of the high values of velocity over themajor portion 
of the annulus, the mass-averaged energy addi- 
tion at the design flow is lower than the design 
value @e., the low mass flow at the end walls does 
not weight the temperature rise in this region 
enough to compensate for the central-portion 
deficit in work), resulting in less work done.” 
Thus, the actual stage temperature rise is lower 
than that predicted on the basis of the design 
values of velocity and air angles. The work-done 
factor Q is defined in reference 31 (pt. 11) by the 
following relation: 

cJgAT=Q(UTG2 tan h--V,V, tan 8Jd 

where the flow parameters are the ideal values 
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FIGURE 209.-Effect of wall boundary layer on axial 
velocity. 
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calculated assuming that wdl boundary layers 
do not exist. 

Although it was developed for designs with 
free-vortex velocity diagrams, the work-done 
factor has since been applied to other types of 
diagrams. It is necessary in this system to set 
the blades (on the basis of the design velocities) 
a t  an incidence angle higher than the optimum 
value. The higher velocities actually obtained 
across the main stream wil l  then produce in- 
cidence angles close to the optimum values. 

Thus, the design velocity and blade-angle 
distributions are set so as to ensure that ap- 
plication of the work-done factor will result in 
the desired energy addition. It is then usually 
assumed that the major part of the correction for 
boundary-layer blockage has been considered 
by application of the work-done factor. 

SELECTION OF DESIGN VARIABLES 

The design calculation of the multistage- 
compressor blade rows requires first the specifi- 
cation of certain aerodynamic and geometric 
characteristics. Among these are the inlet values 
of hub-tip radius ratio, weight flow, and wheel 
speed; the variation through the compressor of 
blade loading, axial velocity, and tip diameters; 
and an additional parameter specifying the 
radial distribution of work or velocity in each 
stage. Since the emphasis in aircraft compressors 
is for high mass flow per unit frontal area and 
high pressure ratio per stage, the discussion of 
the selection of design variables is slanted toward 
achieving these goals. 
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The selection of design variables and the entire 
design procbdure involve an iterative process in 
which compromises are necessary at each step. 
The process can be shortened by using a quick 
approximate metho 
design and, after a 
is determined, usi 
to fix the details 
Thus, a trial hub a 
compressor can be o 
that uses the isre 
efficiency for the blade rows. Most of the 
necessary compromises can be made in this 
step, so that the required performance is reason- 
ably assured without exceeding specified limita- 
tions on divers flow variables. 

VELOCITY DIAGRAMS 

A general velocity diagram for a fixed radius 
is shown in figure 210. In the past, many 
compressors have been designed to achieve a 
specific type of velocity diagram at  a given 
radius or given radii. A discussion of the com- 
monly used velocity diagrams and their application 
in the design procedure is given in references 
35 and 236. The free-vortex diagram has been 
widely used because of its simplicity and because 
of the accuracy with which flow distributions 
can be calculated for this type flow. Two- 
dimensional blade-element considerations (which 
are now known to be insufEcient) showed that 
the symmetrical velocity diagram gave maximum 
blade-element-profle efficiency as well as high 
flow and stage pressure ratio for a subsonic Mach 
number limit. Therefore, this type of diagram 
also has been used extensively. As the various 

FIQUBBI 21O.-General velocity diagram. 

limitations of compressors became better known, 
more freedom was taken in the type of velocity 
diagram. With the advent of the transonic 

Experimental tests of axial-flow compressors 
show that satisfactory performance can be obtained 
for a wide range of velocity-diagram types if the 
blade-loading and Mach number limits are not 
exceeded. Therefore, present design philosophy 
emphasizes the limitations as determined by Mach 
number and diffusion factor rather than the 
specific velocity diagram used. In general, an 
iterative procedure of specifying radial distribu- 
tion of work (AH or AT) and checking all radial 
sections for extremes in diffusion factor or Mach 
number is satisfactory. A specification of a 
velocity diagram may in some cases be desirable 
to systematize the procedure or to utilize past 
experience. 

COMPRESSORINLET CONDITIONS 

Inlet hub-tip radius ratio and axial velocity 
must be specified to satisfy the design weight-flow 
requirement, which is fixed by an engine analysis. 
Figure 211 presents curves of compressor weight 
flow per unit frontal area against axial Mach 
number for constant values of hub-tip radius 
ratio. It is apparent from this figure that weight 
flow per unit frontal area increases with decreas- 
ing hub-tip radius ratio and with increasing axial 
velocity (or Mach number). Reduction in hub- 
tip ratio below approximately 0.4 may be expected 
to result in aggravated aerodynamic as well as 
mechanical problems, thus giving diminishing 
returns. For instance, the blade-element-flow 
choking problem (M=l.O at throat) a t  the 
compressor hub becomes more acute because of 
large fillets and blade thicknesses, while blade 
fastening may become difEcult and blade stresses 
may become high. 

Figure 211 also illustrates that the value of 
weight flow per unit frontal area depends on the 
value of inlet axial Mach number. However, de- 
sign values of axial Mach number are fixed (for 
any desired blade speed and air prerotation) by 
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Axial Mach number, M, 

FIGURE 21 1.-Weight-flow-Mach number characteristics 
for various values of hub-tip radius ratio. 

the limiting relative inlet Mach number of the 
blade sections used in the inlet row. Thus, the 
relative inlet Mach number becomes the impor- 
tant variable and will be considered here. 

The limiting relative Mach number for con- 
ventional subsonic blade shapes and designs is 
usually set at 0.7 to 0.8; whereas good efficiencies 
have been obtained at Mach numbers up to 1.1 
(ref. 41) and even higher for transonic blade shapes 
(thin blades with thin leading edges and solidity 
of the order of 1.0). These limits are determined 
from loss and efficiency considerations, which in 
turn may be affected by blade-row choking con- 
siderations, particularly at the compressor hub. 
An analysis of the choking problem is presented 
for two-dimensional cascades in reference 31 (pt. 
I). If a cascade analysis is applied to a compressor 
rotor and does not hdicate choking, there will 
probably be a built-in safety factor because of the 
advantage of the energy rise through the rotor. 

In the past, inlet corotation has been used to 
reduce the relative Mach number at  the rotor 
inlet. Since compressors have been operated 
efficiently at high values of relative inlet Mach 
number, the role of inlet guide vanes has become 
decreasingly important in compressor design. 
However, the use of counterrotation inlet guide 
vanes to increase Mach number at a given wheel 
speed for the attainment of high stage pressure 

ratio should not be overlooked when blade speed 
is otherwise limited. 

COMPBEBSOB 

compressor-inlet velocities, fixed combustor re- 
quirements will necessitate appreciable decreases 
in axial velocity through the unit. Care must 
also be taken that blade heights in the latter 
stages do not become so small that end-wall 
boundary layers and blade tip clearances occupy 
a large percentage of the passage and thus de- 
teriorate performance. The exact scheduling of 
axial velocity through the compressor will de- 
pend largely on the individual blade-row require- 
ments. Large axial velocity reductions across 
any blade element are to be avoided if high effici- 
ency is desired. 

Diffusion factor.-The diffusion factor, a blade- 
loading criterion discussed in reference 9, is 
given by 

_ T I  . _ T I  

V i  av, D=l--+- v: 2uv; 

The analysis of single-stage-compressor data in 
reference 9 indicates the following diffusion-factor 
limits for inlet stages: for the rotor tip, D less than 
0.4; for the rotor hub, D less than 0.6; for the 
stator, D less than 0.6. The variation of limiting 
diffusion factor through the compressor is not yet 
known. Although this blade-loading parameter 
(eq. (310)) is a good stop-gap, a more complete 
and general loading criterion and a better correla- 
tion of loss with loading are still required. 

Ef€iciency.-The stage or blade-row efficiency, 
rather than the blade-element loss, may be used 
as a design parameter in certain design procedures 
(e.g., method IIQ. Experimental investigations 
of axial-flow compressors indicate that, where 
b lade- lodi  limits are not exceeded, the stage 
efficiencies remain at a relatively constant high 
value. A slight decrease in efficiency in the rear 
stages of the compressor has usually been at- 
tributed to distortions of the radial distributions 
of velocity in these blade rows. Also, the ratio 



DESIGN VEL0 

of wetted area to flow area is greater in the 1 

boundary-layer growth through a compressor can 
be determined accurately beyond that mentioned 
in reference 243. Values of correction factors used 
to account for boundary-layer growth have been 
given and discussed in the section on weight-flow 
blockage. Data obtained from an 8-stage axial- 
flow compressor (ref. 247) indicate that the bound- 
ary-layer thickness (expressed as a percent of blade 
height) remained approximately constant through 
the last four stages near the design weight flow. 
Although the boundary layer in the compressor of 
reference 247 was thicker than might be generally 
expected, these results support the choice of a 
constant value of KbL through the latter stages of 
an axial-flow compressor. 

PHYSlCAL ASPECTS 

Physical considerations limit some compressor 
variables that affect the aerodynamics of the flow. 
The shape of the compressor outer casing is limited 
by restrictions on over-all size of the engine and 
accessories, and a constant-tip-radius configura- 
tion has been used in the past aa a good compro- 
mise between aerodynamic and weight considera- 
tions. The required decrease in annular area 
from inlet to outlet is then obtained by gradually 
increasing the hub radius. Of course, other com- 
binations of hub and tip shapes may be desirable 
for specific applications; for example, the section 
on radial-flow accelerations indicates that tapering 
the tip casing at the compressor inlet may be 

be in the order of 1.0 at the tip section. Ex- 
tremely low solidities lead to poor guidance and 

to select a design for the minimum number of 

number performance, and a reasonable overspeed 
margin as well as satisfactory design-point opera- 
tion, the off -design operating characteristics should 
be considered when the stagewise variation of 
blade loading is chosen. Possible means of de- 
termining the off-design operating characteristics 
are given in chapter X. At compressor speeds 
above and below design speed, the front and rear 
stages deviate considerably from design angle of 
incidence, operating over a range from choked 
flow to stall (ref. 248). Therefore, it is im- 
portant to prescribe blading and velocity dia- 
grams in the front and rear stages that will permit 
the attainment of a large stall-free range of 
operation. 

Consideration of compressor-inlet flow distor- 
tions resulting from inlet-difiser boundary layers, 
aircraft fight at angle of attack, and so forth, 
may also influence the stage design selection, 
especially in the inlet stages of the compressor. 

APPLICATION OF EQUATIONS 
DESIGN EQUATIONS 

The equations to be used in a design are grouped 
in table I11 for ease of reference. They are either 

the integrals by the trapezoidal rule. [In addi- 
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TABLE 111.-DESIGN EQUATIONS 

r 2v:' .& v;"=v;", t+2gJcP(T-Td-(VFV;. d-1 ri - r 

1 

(d4) 
P 

7'1 



tion, eqs. (304) and (305) or eqs. (301) and (d8) 
(with the radial velocity equal to  zero) are applied 
to  derive eq. ( a b )  from eq. (&a).] An accurate 
evaluation of the axial velocity distribution by 

(dlb) and ( a b )  requires that the 
be shifted from point to point. 

That is, the integration is h t  carried out from the 
initial reference radius to an adjacent radial 
station. The computed values of velocity at this 
adjacent radial station are then used as the refer- 
ence-point values to compute conditions at the 
following radial station. Thus, the effect of any 
variation of entropy, temperature, and tangential 
velocity on the axial velocity distribution may be 
accurately considered if enough radial stations 
are specified across the annulus area. 

Equation (d7) is a form of (dla) for the special 
case of inlet guide vanes where the stagnation 
temperature is constant. This equation is de- 
rived in reference 249. Equation (d6) is an alter- 
nate form of the diffusion-factor relation (ea. 
(310)). A graphical solution of equation (d6) is 
presented in chapter IX. 

GENERAL DETERMlNATION OF AXIAL VELOCITY 
DISTRIBUTION 

The design of the multistage compressor requires 
the solution of the general flow equations after 
each blade row in the compressor. This section is 
concerned with the methods of determining the 
velocity distributions after the inlet guide vanes 
and rotor and stator blade rows. 

For the case of no inlet guide vanes or for guide 
vanes that impose a vortex turning distribution, it 
may be assumed for the initial design trial that the 
axial velocity is constant along the radius at the 
inlet to the first rotor row. For compressors 
having inlet guide vanes imparting a nonvortex 
turning distribution to the flow, the axial velocities 
at the outlet of the guide vanes or at the inlet to 
the first rotor will vary with radius and must be 
computed. As indicated in the previous dis- 
cussion, the effects of streamline curvature may be 
sufficiently large in certain cases to necessitate 
consideration of these effects in the calculation 
procedure. In the design procedure, corrections 
for these curvature effects may be applied after 
the preliminary velocity distributions and passage 
geometry have been specified. 
After the flow conditions at the inlet to the 

rotor are determined, the steps previously enu- 
merated in the section on CONSIDERATION OF WALL 
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BOUNDARY-LAYER EFFECTS are used to determine 
the velocity distribution and annulus area geometry 

the rotor discharge, 

specification of t 
tennines the flow 
the blade row. 
correction KbE in the continuity equation then 
permits the determination of the hub radius 
of the annular flow passage after the rotor. A 
similar procedure is used to determine the flow 
conditions after the following stator. 

It is then necessary to review completely the 
preliminary design in order to determine its critical 
and undesirable features with respect to both the 
compressor performance and the performance of 
the other engine components. For instance, it 
will be necessary to go through the design pro- 
cedure again in order to correct for s t r ed ine -  
curvature effects, or to improve the shape of the 
hub contour, or to revise the loss assumptions made 
originally. A recalculation may also be required 
to change the loading or Mach number level 
because certain blade elements appear to be too 
critically loaded. The blade sections may then be 
determined from the two-dimensional and annular- 
cascade data of chapters V I  and VI1 and the 
calculated design flow conditions. 

Three methods discussed generally in the section 
on CONSIDERATION OF WALL BOUNDARY-LAYER 
EFFECTS for determining the flow conditions in 
the compressor are presented here to indicate the 
possible uses of the available equations and data. 
In discussing these methods, it is assumed that the 
compressor tip geometry and aerodynamic con- 
ditions are known (i.e., inlet and outlet tip radii, 
wheel speed, limiting-loading parameter, and 
axial velocity ratio) and that inlet values for 
pressure, temperature, weight flow, and velocity 
are known. It is assumed that the radial velocity 
terms may be neglected. The tangential velocity 
distribution is taken to be the prescrib 
variable. The values selected are not to be 
considered as uniquely ,desirable values. They 
are chosen merely to illustrate the methods of 
solution of the desim eauations. It should be em- 



phasized that, once the preliminary flow and geom- 
etry conditions are determined, it will be necessary 
to review the design procedure to ensure the 
attainment of satisfactory performance. 

METHOD I 

As pointed out previously, the solution of the 
flow equations by method I assumes a complete 
knowledge of the radial variations of energy 
addition or tangential velocity after the rotor as 
well as the radial variation of entropy even into 
the wall boundary layers. Because of the lack of 
sufEcient data of this type, this method may not 
be generally usable at the present time. 

The steps itemized in the following sections for 
application of method I follow as closely as pos- 
sible the procedure enumerated in the previous 
section. 

Inlet guide vanes- 
(1) Tip radius and hub-tip radius ratio at the 

discharge of the inlet guide vanes are specified. 
(2) The desired weight flow is specified. T& 

weight flow will be used in the continuity equa- 
tion to determine the magnitude of axial velocity 
required. 

(3) The radial distribution of tangential veloc- 
ity is specified. (Some restrictions on this are 
given in ref. 43.) 

(4) The outlet stagnation temperature is equal 
to the inlet stagnation temperature and is constant 
radially. 

(5 )  The radial distribution of loss E j  is assumed 
from wall to wall on the basis of data obtained 
from similar blade sections. The radial distribu- 
tion of outlet stagnation pressure is computed 
from equation (d3b). 

(6) The radial variation of axial velocity is 
computed from equation (d2b). 

(7) The density variation along the radius is 
computed from equation (d4). 

(8) The magnitude of the axial velocity is de- 
termined by trial-and-error application of the 
continuity equation (en. (d5)) with the blockage 
factor Kbk equal to 1.0. It should be emphasized 
that in this method the velocities are calculated 
into the wall boundary layer so that additional 
boundary-layer corrections are unnecessary. 

Rotor.- 
(1) The tip radius at the rotor discharge is 

specified. 

(2) The axial velocity at the tip radius after 
the rotor is specified. The tip tangential velocity 
after the rotor is then calculated from equation 
(310) for a specified value of diffusion factor (con- 
sistent with low loss or high efficiency) and an 
assumed tip solidity. 

(3) The radial distribution of tangential velocity 
after the rotor is specified. 

(4) The radial distribution of stagnation tem- 
perature after the rotor is computed from equation 
(316). 

(5) The radial distribution of loss from wall 
to wall is assumed from the diffusion-factor- 
loss correlation of @we 212 (which is the same as 
fig. 203, ch. VII) and from data taken in the 
wall boundary layers. The radial distribution of 
stagnation pressure after the rotor is calculated 
from equation (d3a). 

0 . I  .2 -3 .4 .5 .6 .7 
Diffusion factor, D 

(a) Rotor. 
(b) Stator. 

FIGUBE 212.-Design chart relating 2 cos &~IJ to dif- 
fusion factor (see fig. 203, oh. VII, for larger print). 

(6) The radial distribution of axial velocity 
is calculated from equation (d2b) using the speci- 
fied tip axial velocity as the initial reference 
velocity V,, f. 

(7) The radial distribution of density is com- 
puted from equation (d4). 

(8) The hub radius after the rotor is determined 
from equation (d5) with the blockage factor Kbk 
equal to 1.0. If this hub radius causes a shift 
in the streamline conmat ion  from that used 
in the initial calculation, it may be necessary 
to repeat this procedure using the modified 
streamline locations. 
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Ststor.- 

aa at the inlet to the stator. 

to wall is assume 

loss correlation of chapter VII. The radial 
distribution of stagnation pressure is computed 
from equation (d3b). 

(6) The radial distribution of axial velocity 
is computed from equation (d2b). 

(7) The density variation along the radius is 
computed from equation (d4). 

(8) The hub radius after the stator is deter- 
mined from equation (d5) with the blockage 
factor Kbk equal to 1.0. 

METHOD II 

The essential difference between solution of 
the flow equations by methods I1 and I is that in 
method I1 the flow distributions are computed 
using available blade-element data as if no wall 
boundary layers were present. Appropriate cor- 
rection factors for the effects of the wall boundary 
layers are then applied. Specifically, the principal 
differences are in the evaluation of the loss dis- 
tribution along the radius (step (5) of method I) 
and in consideration of the wall boundary-layer 
blockage factor in the flow-continuity condition 
(step (8) of method I). The radial variation of 
loss for method I1 is determined from blade- 
element considerations alone and does not go 

691-S61 0-61-19 

efficiency is equal to this average rotor efficiency. 
The stator losses may then be considered by 
specifying an average stage efficiency. The stag- 
nation pressure after the rotor and stator blades 
may then be determined from the rotor and stage 
temperature ratios and the appropriate efficiencies. 
The isre equation ((dla) or (dlb)) is then used in 
calculating the velocity distribution after the 
blade row. A method very similar to this one is 
presented in chapter IX, in which the solution is 
accomplished by the use of charts. 

BEMARES 

It must be emphasized that the previously 
outlined calculations are to be considered as 
preliminary calculations. After the annulus area 
geometry is determined, it will be necessary to 
review and probably recalculate the design to 
determine the final flow conditions through the 
compressor. 

Naturally, other forms of these equations can 
lead to variations in the design procedure. It 
should be noted, however, that any variations 
must use self-consistent boundary-layer correction 
factors. Indiscriminate use of correction factors 
can lead to a design that is aa 
than one in which boundary-lay 
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system. For instance, reference 43 presents a 
method of considering the induced effects of the 
trailing vortex system on the inlet-guide-vane 
turning angle. Research on secondary-flow effects 
in annular cascades will no doubt eventually lead 
to corrections in the design system. 

EB XAMPLE 

As an illustration of the design procedure of 
method 11, the design calculations for an inlet 
stage consisting of inlet rotor and stator are pre- 
sented here. The given inlet conditions are as 
follows: 

P1=2116 lb/sq f t  aal=1116 ft/sec 

T1=518.P R Ti,  ~ ~ 1 . 5  f t  

vs, 1=0 w 4  -=35.0 (lb/sec)/sq f t  
SAI8 

The following design variables are selected 

Radial stations r,, rg, r,, rd, and re at 10, 30, 50, 
70, and 90 percent of passage depth. 

ME, 1=O.6 Vs,a=O Da.eS0.6 

Mi,u=l.l Da,,=O.35 Dss0.6 

Kb~x0.98 

Kp, Kd, and K, are not used. 

Values used for various constants are 

g=32.17 ft/secz ~ ~ 1 0 . 2 4 3  Btu/(lb) (OR) 
J=778.2 ft-lb/Btu R=53.35 ft-lb/(lb) (OR) 
y= 1.4 

The value of inlet hub-tip radius ratio is com- 
puted from the flow per unit frontal area, axial 
Mach number, and tip radius, as follows: 

- w4 ' 
-I-- 35 -35.7 (Ib/sec)/sq f t  S A P  KM 0.98 

From Mhl, w4/8&, and figure 211, rl/r1=0.377. 

The actual weight flow is obtained from 

AP, 1=e, 1~7.069 Sq f t  

u 
t. 

-0.9658 a1 
aa 1 

-- 

al=1078 ft/sec 

V, I=alM, 1=( 1078) (0.6) =647 ft/sec 

V:, ,=a&f:, ,= (1078) (1.1) =1186 ft/sec 

Ul, , =V,, , = [ (Vi, ,) '- V:, u]1/2= 994 f t/sec 

@:,,=tan-' ("-> v,, (I =56.90 

~ ~ , ~ , u = ( ~ ~ o ) ( ~ z ,  1.0)=647 ft/seC 

The value of &,, is computed from equation 
(d6) by application of the appropriate chart (fig. 
217, ch. IX): 

&,,=46.0° 

Vha., tan /3:,,=670 ft/sec 

&,a= u2.u- v;,2,,=297 ft/S% 

The iteration procedure for the computation of 
the radial variation of gas state is started by 
selecting the inlet radial stations. The computa- 
tion lineups and results for the velocity calcula- 
tions using the isre and &e equations are shown 
in tables IV (a) and (b), respectively, where only 
the final results and final calculation lineups of the 
iteration procedure are presented. 
In these designs the variation of outlet tangen- 

tial velocity is prescribed as a function of r2, so 
that an analytical integration of the isre equation 
is possible. Of course, graphical or numerical 
procedures may also be used. This velocity 
distribution is 

It should be emphasized that this distribution is 
chosen only to illustrate the design procedure for 
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TABLE IV.-CALCULATION PROCEDURES-Concluded 

Known design 
condition 

rt.rA.r 

Ul. 1- 1080 

vm1=847 

a1 = 1078 

ra,l=l.44 

v&s.l-283 

E", ;=lo18 

TI = 618.7 

Pz known from pre- 

Vs.a.a-047 
Vfous trial 

a..1=1116 

r,=l.O 

Ku~O.98 

ra, I = 1.44 

Pa !mown from 
previous trial 

v4.a. ,1647 

a..s-a..a 

rQ=0.7 

(b) using ntsre eqmtions 

[(%)A] 
In- 

P L  $/Pa 

( 2 ) 5 [  1-7( 1 - 9 3  
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2 (l-&)h 

- 
a 
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0.844 
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0.730 
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the general case where radial temperature gra- 
dients are present and does not necessarily repre 
sent an optimum design condition. 
equation (dla) can then b 
with the following result: 

where the a! station is used as the initial reference 
station. All the terms on the right side of 
equation (311) are known as functions of the trial 
values of r2 (r2 depends on the selection of r2, and 
rz, h,  since in this procedure the radial stations were 
chosen at stated percentages of the passage depth). 
The final value of r2,h is obtained by the iteration 
procedure of steps 6 to 23 in table IY(a). The 
weight flow is computed numerically (e.g., by 
plotting (21rK~~pV,r~r)2 against (r/rJZ and carrying 
out a graphical integration). 

In order to compute weight flow, density and 
hence stagnation pressure must be calculated at 
the blade-row outlet. Stagnation pressure can be 
computed from stagnation temperature and the 
loss-velocity-diagram correlations presented in 
chapters VI and VII. The design chart (from 
data presented in ch. VII) used here to relate 
stagnation-pressure loss to velocity diagram is 
shown in figure 212. This chart is used in the 
design procedure shown in table IV, while an 
explanation of its significance is given in chapter 
VII. Here (P:/P;) ,  is taken equal to 1.0, which 
is exact for a constant-radius blade element. 

The stator design is simpler than that for the 
rotor in this case, since Ve,, is chosen to be zero; 
however, the basic approach is the same. The 
isre equation becomes 

v:,3= v:,3*t+2gJcF8(Tr- T3.3 

where again the a! station is used as the initial 
reference station. The stator curve in figure 212 
is used for all radial stations. 

The rotor and stator design using the nisre 
equation is carried out with the same design 
conditions as prescribed for the design using the 
isre equation. Thus steps 36 to 44 of table IV(b) 
are the same as those from 1 to 9. The method 

of computing the 
changed, since dat 

C , Z  [If 

Equation (312) was obtained under the following 
restrictions: (1) that V,=O, and (2)  that entropy 
and static temperature vary linearly with radius 
in the interval of integration and thus the refer- 
ence radius is shifted from point to point, starting 
at a! near the tip. This solution illustrates a 
numerical solution of the equilibrium equation. 
The remainder of this calculation for the rotor is 
the same as that for the isre case. 

The loss estimates for the stakor are made 
initially from the isre solution for the stator, and 
the entropy variation is computed from these 
values. The stator velocitydiagram calculations 
then proceed as do the rotor nisre calculations, 
using the equation 
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CONCLUDING REMARKS tions where streamline-curvature effects are large. 
The general flow equations that must be solved In the hkh-performmce compressors being con- 

k the determination of design velocity distribu- sidered’at the preaent time, accurate prediction of 
tions md flow passage configuration in compressors design-point Performance may not be possible 
have been presented. In  geheral, it is felt that until these effects can be in 
more data are required to establish accurately the 
boundary-layer effects and correction factors on 
weight flow or annulus area and average stage 
pressure ratio and efiiciency. It is expected, how- compressor design procedure is a trial-and-error 
ever, that the b o u d ~ - l a ~ a  correction ~ ~ s t m  compromise procedme, It is generally necessary 
discussed in chapter lead to 8 satisfwtov to go though the design c&ulatiom a number of 
design approximation. The need ‘for concentrated times before 
analytical a d  experimental work is indicated by 
the lack of satisfactorily evaluated calculation 
procedures for determination of velocity distriiu- 

of the compressor may 
be considered to be satisfactorily d & p d  with 
respect to aerodynamic and mechanical consid- 
erations. 



CHAPTER IX 

CHART PROCEDURES FOR DESIGN VELOCITY DISTRIBUTION 

By ARTHUR A. MEDEIROS and BETTY JANE HOOD 

A series of cha& for the solution of the $ow 
equuths used in the design of a;cial-flow compressors 
is developed. The equations, which are presented 
in chart form, are radial equilibrium (in a simplifid 
form), continuity of .$?ow, energy addition, efiiency, 
vector reluths, and di$u8ion factor. 

Because the cha& are based on general $ow 
equaths, they can be used wa the design of any 
a&L$ow compressor. An example of the use of the 
charts in the design of a stage consisting of a rotor 
and stator blade row is presented. Compa&on of 
the pertinent design values obtained by the churt 

Mach number on blade-section efficiency. Com- 
pressor blade stresses, other than vibratory stresses, 
play only a small part in this compromise. The 
factors affecting these considerations are discussed 
more completely in chapter II and in reference 17. 

Other compromises must be made in the com- 
pressor design in addition to the inlet configura- 
tion. The compressordischarge velocity must be 
adjusted on the basis of compressor diffuser and 
combustor-inlet requirements. Low compressor- 
discharge axial velocities are favorable with re- 
spsct to combustor efficiency; however, high axial 

procedure with analytically calculated &lues indi- /)velocities are desirable through the compressor 

of the charts. decreasing compressor weight. With the inlet 
cates that good accuracy can be attained by for attaining high stage pressure ratios and hence 

INTRODUCTION 

The over-all design requirements of &ow 
and pressure ratio for the compressor component 
of a gas-turbine engine are generally determined 
on the basis of a cycle analysis for the particular 
application of the engine. For many present-day 
aircraft applications, an axial-flow compressor is 
selected because of its high efficiency and high 
flow per unit frontal area. 

The general geometry of the compressor, such 
as the tip diameter, blade speed, inlet and dis- 
charge axial velocities, and inlet and discharge 
areas, is determined by consideration not only of 
the compressor but also of the combustor and tur- 
bine components of the engine. The selection of 
inlet axial velocity, compressor blade speed, and 
inlet hub and tip diameters involves a compro- 
mise among high weight flow per unit frontal area 
(low hub-tip diameter ratio and high axial veloc- 
ity), high stage pressure ratio (high blade speed), 
and reasonable turbine blade stresses (low blade 
speed, low axial velocity, and high hub-tip 
diameter ratio). The magnitudes of the axial 
velocity and blade speed must also be compro- 
mised on the basis of the effects of the resultant 

and discharge axial velocities selected, it is then 
necessary to prescribe a stagewise variation in the 
axial velocities and blade-loading limits so that a 
reasonable hub shape is obtained. 

Another variable that must be dealt with is the 
radial distribution of tangential velocities. Not a 
great deal of information is available on the over- 
all desirability of the various radial distributions 
of velocity diagrams, so that, for the most part, 
the choice is a matter of experience with some 
particular distribution. 

It is obvious that, with this wide selection of 
combinations of axial and radial distributions of 
velocities and the compromises required because 
of the factors afFecting aerodynamic performance, 
weight, and mechanical reliability of the various 
components, many compressor configurations are 
possible to meet the given over-all design require- 
ments. Some preliminary design calculations are 
therefore necessary before a final compressor con- 
figuration is selected. 

Each of these preliminary design calculations 
requires the solution of the fundamental flow 
equations after each blade row. The application 
of the fundamental flow equations to compressor 
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design is discussed in detail in chapter VIII. 
However, the complete design procedure p r e  
sented in chapter V I I I  would be very time- 
consuming if used for the purpose of design 
evaluations. It is desirable to put the funda- 
mental flow equations applicable to compressor 
design in simple and easily used chart form. 

Another reason for simplifying the compressor 
design procedure for certain applications is the 
iterative nature of the complete design proce- 
dure. The iteration is a result of the mutual 
interrelation between the calculation of the radial 
distribution of velocities, the passage shape of the 
compressor, and the selection of blading to achieve 
the radial distributions of velocity. For example, 
the &a1 velocity distribution after any blade row 
is a function not only of the radial distribution of 
tangential velocities but also of the energy gradient 
and the gradient of losses. However, the tan- 
gential velocities (or energy) and losses are func- 
tions of the blading and the angular setting of the 
blading with respect to the flow. The general 
procedure is to prescribe the desired radial dis- 
tribution of tangential velocity or energy and 
assume a loss at each radial station at which the 
axial velocity is to be calculated. The calculation 
of the axial velocity to satisfy the radial-equilib- 
rium condition completes the vector diagram, 
and it is then possible to select blading on the 
basis of data such as that presented in chapters 
VI and VII. At this point, the losses for the 
selected blade section can be obtained from blade- 
element data and checked against the assumed 
losses. If the assumed and calculated losses are 
sufficiently different, the entire calculation must 
be repeated with new assumed values of losses. 

Streamline curvature, particularly in stages 
with low hub-tip diameter ratios and high pressure 
ratios, will a c t  the radial distribution of axial 
velocity. Some of the factors that control the 
streamline curvature and methods of analytically 
correcting for the effect on axial velocity are 
discussed in chapter VI11 and in references 34, 
49,236,238, and 239. It is obvious that the hub 
and tip diameter variation through the compressor 
will greatly influence the streamline shape. 
Therefore, a preliminary design calculation is 
necessary to determine the approximate paasage 
shape variation before streamline-curvature cor- 
rections to the axial velocity can be made. For 
this reason, also, it is advantageous to have the 

preliminary design procedure in easily used chart 
form. 

This chapter develops and presents a chart 
procedure for the design of axial-flow compressors 
using any consistent set of assumed design values 
and velocity distributions. The radial-equilibrium 
equation (in simplified form), the continuity 
equation, the energy-addition and efficiency equa- 
tions, vector relations, and the diffusion-factor 
equation (see ref. 9) are presented in graph form. 

The method can be used for making preliminary 
design calculations to determine the compressor 
configuration to meet given over-all performance 
requirements with any given set of aerodynamic 
limitations such as Mach number and blade 
loading levels. It can also be used as the first 
step in a complete design procedure to determine 
initial velocity diagrams and passage shape var- 
iations. An intelligent estimate of losses in the 
blading and streamline curvatures due to the walls 
can then be made, so that iterations in the com- 
plete design procedure can be minimized or elim- 
inated. When the corrections to the design due 
to entropy gradients and streamline curvatures 
are expected to be small, the charts can be used 
for final design calculations, provided, of course, 
that they are used with care and judgment. An 
example of the use of the charts in the design of an 
axial-flow compressor stage is presented herein, 
and the results of the graphical procedure are 
compared for accuracy with analytically calculated 
values. 

SYMBOLS 

The following symbols are used in this chapter: 
area, sq f t  
speed of sound, ft/sec 
speed of sound based on stagnation con- 

C+ K-V:, g, (ft/sec)2 
2gJcp (Ti- 2') , (f t/sec)2 
specific heat at  constant pressure, 0.243 

Btu/(lb) (OR) 
diffusion factor 
blade force acting on gas, Ib 
acceleration due to gravity, 32.17 ft/sec2 
total or stagnation enthalpy, Btu/lb 
mechanical equivalent of heat, 778.2 ft-lb/ 

weight-flow blockage factor 
Mach number 

ditions, ft/sec 

Btu 
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total or stagnation pressure, lb/sq f t  
static or stream pressure, lb/sq f t  
gas constant, 53.35 ft-lb/(lb) (OR) 

air angle, angle between air velocity and 
axial direction, deg 

ratio of specific heats, 1. 
ratio of total pressure to NASA standard 

adiabatic efficiency 
ratio of total temperature to NASA stand- 

ard sea-level temperature of 518.7' R 
density, lb-sec2/f t4 
solidity, ratio of chord to spacing 
angular velocity of rotor, radians/sec 
tot al-pressure-loss coefficient 

sea-level pressure of 2116 Ibfsq f t  

Subscripts: 
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annulus 
average 
radial station midway between tip and mean 
radial station midway between mean and 

hub 
frontal 
hub 
reference position, radial station where 

continuity value, value corrected for bound- 

local value of flow per unit annulus area 
mean 
rotor 
radial direction 
stator 
NASA standard sea-level conditions 
tip 

variables are known 

ary-layer blockage 

Radial equilibrium : 

av, +V, - -V, E' (314) dr b2 
Continuity: 

wk=2?rKm pgVr cos ,8 dr (315) c 
Energy addition: 

gJc,(T2-T1)=w(rzVe,z--rlVe.1) 
=VaVe, z-UiVe, 1 (316) 

Adiabatic temperature-rise efficiency: 

- Y-1 

@) -1.0 
?lad= r p  

A2 
'p. 
--1.0 

Dif€ueion factor: 

(317) 

(310) 

P= PsRt (34) 

(318) 

State : 

Mach number: 
V M=- &m 

tic relations, as function of Mach 
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Equations (34) and (318) can be handled con- 
veniently by using readily computed stagnation 
conditions, instead of static conditions, and using 
the tables of reference 250; therefore, no charts 
axe deemed necessary to determine state conditions 
and Mach numbers. Charts for the solution of 
equations (310) and (314) to (317) and the vector 
relations axe presented h * 

FORMULATION OF CHARTS 
BADIAL EQUILIBRIUM 

In order to calculate the vector diagrams for an 
axial-flow turbomachine, it is necessary to satisfy 
the radial-equilibrium condition given as equation 
(314). For the purpose of preliminary design 
analyses and, in some instances, even for the final 
design procedure, it is possible to simplify the 
equation. 

Since the equation is usually applied between 
blade rows, the blade force term 3 is zero. If the 
entropy gradient bS/br is assumed zero and the 
streamline curkature is assumed small so that the 
change in radial velocity in the axial direction 
bVr/dz can be neglected, equation (314) can be 
written 

gJ -=-+-+- bH V," VebVe V,bV, (319) b r r  br ar 
Equation (319) is the isentropic simplified-radial- 
equilibrium equation that is widely used in the 
design of axial-flow compressors and will be put 
in chart form. 

Integration of equation (319) between any 
radius r and the radius at  which all values are 
known r f  gives the following: 

If the absolute tangential velocity Ve is expressed 
analytically as a function of radius r, the integral 
in equation (320) can be evaluated analytically 
and the equation solved for any desired variable. 
However, it is sometimes impossible or undesir- 
able to use a distribution of tangential velocity 
that makes equation (320) convenient to apply. 

If it is assumed that Vi/r is linear with respect 
to r over the interval ri-r, equation (320) can be 
written 
~ ~ J c ~ ( T ~ - T ) + V + V ~ ,  i= 

With a rearrangement of terms, equation (321) 
becomes 

322) 

(322) is presented in 
213. In the first quadrant 

ty ratio Ve/Ve,f is plotted against the right 
side of equation (322) with the radius ratio 
r/rf as a parameter. Then, with Ve, as a param- 
eter in the second quadrant, the numerator of 
the left side of equation (322) appears as the 
abscissa. Therefore, if the tangential velocities 
are known at two radii, use of the first two 
quadrants of figure 213 will give a value for 

If the radial interval is SUrSciently close for the 
approximation of linearity between V~/T and T ,  the 
value of B will be that required to satisfy isen- 
tropic simplified radial equilibrium between radial 
stations T i  and r. For convenience, let 

2gJcJTi-Z') =12,17O(T~-Z') =C (323) 
Then 

VZ-V;, r=B--C (324) 

The third quadrant of figure 213 is a plot of 
B-C against V, with V, , as the parameter. The 
abscissa of quadrants I1 and 111, then, represents 
two values, depending on which quadrant is being 
used. When used with the second quadrant, its 
value is B; when used with the third quadrant, 
ib value is B-C. If the temperature gradient is 
known, C can be calculated by the use of equation 
(323). This value is subtracted from the value 
of B, determined by use of the first two quadrants 
of figure 213, and the Merence (B-C) is used 
as the abscissa of the third quadrant together with 
the known value of axial velocity V , ,  to deter- 
mine the value of axial velocity V, a t  radius r. 

Although the use of figure 213 has been dis- 
cussed on the basis of known tangential velocities 
and temperatures at dl radii and solving for the 
axial velocities, it is obvious that the chart can 
also be used with other 898umptio1L9. For example, 
the axial velocities and temperatures can be 
assumed at  all radii and the tanmntial velocitv 
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Reference absolute tangential 
velocity, V ft/sec 8 , i '  

FIGWE 213.-Chart to satisfy simple radial equilibrium. 

ttssumed at one radius. The tangential velocity 
required to satisfy radial equilibrium at all other 
radii can then be obtained from the chart. In 
other words, figure 213 may be used to determine 
any independent variable of equation (322). 

The accuracy of the method of utilizing figure 
213 is limited only by the assumption of linearity 
of V:/r with respect to radius. For wheel-type 
rotation, for example, V:/r  is linear with radius; 
therefore, good accuracy can be expected regard- 

less of the size of the interval rf-r. However, 
with nonlinear radial variations of Vi/r, the 
accuracy of the results obtained from m e  213 will 
depend on the interval used. For this reason, a 
small radial interval is recommended. 

In order to illustrate the effect of the radial 
interval on the accuracy of the 
axial velocities were read usi 
positions. An arbitrary, nonlinear radial dis- 
tribution of V:/r was assumed. The distribution 
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450 
638 

881 
838 

744 
846 
921 

of tangential velocity is a combination of constant, 
wheel, and vortex rotations. The assumptions 
and results are as follows: 

Substituting equations (325) and (326) into the 
continuity equation (315) produces the following 
expression : 

450 450 __---- ------ 5% 0.4 
Bas 

___--- 743 .1 _ _ _ _ - _ - - - - - -  844 

683 681 d8 

910 1.2 921 oe2 

------ 

I I I 

.g 6w) 

.E 666 

.76 626 

.7 484 

.8 360 
160 

%Point Chart 
procedure 

V. 

and 

Writing equation (327) in terms of equivalent 
weight flow, 

(328) 

The part of the integrand in brackets is the local 
value (value at radius r) of equivalent weight flow 
per unit annulus area: 

The first quadrant of figure 214 is a plot of 
equation (329). The local value of equivalent 
flow per unit annulus area is plotted against 
absolute resultant Mach number for constant 
values of absolute flow angle. Local values of 
equivalent flow per unit annulus area can be 
determined from figure 214 for all radii at which 
the vector diagrams have been determined; then, 
the continuity value of equation (328) becomes 

The integral can be evaluated by a graphical or 
mathematical procedure, and either the con- 
tinuity value of equivalent flow, the tip radius, or 
the hub radius can be calculated, depending on 
which conditions are given. 

If the radial gradient of (w&Aa,,)z is small, 
sufficient accuracy in evaluating the integral can 
be attained by using either an arithmetic average 
or the mean-radius value of local equivalent flow 
per unit annulus areaa. This, of course, means 
that the hub and tip diameters must either be 
known or assumed. The continuity value of the 
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fiow per unit annulus area then becomes 
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The annulus area of the compressor in terms of 
the frontal area and hub-tip radius ratio is given by 

Combining equations (331) and (332) gives 

Equation (333) is plotted in the second quadrant 
of figure 214, with w4/6A, ,  as the ordinate, 
w4/t3AF as the abscissa, and rh/rc as the parameter. 
After determinii values of (w,/@SAafl)z at all 
radii at which the vector diagrams have been 
calculated, (w@/SA,,,), is computed from equa- 
tion (331). Then this value is used in the second 
quadrant to find the value of r,,/rl for a given 
value of w4/6A,.  If the specific weight flow 
w%/GA, is specified at one axial station .(l),  the 

. value at any other axial station (2) is obtained as 
follows: 

I rm. 

where ( T2/T1),, and (P2/P1)av are arithmetically 
averaged values across the annulus. 

If the value of hub-tip radius ratio determined 
by this procedure is greatly dXerent from the 
value assumed for the purpose of averaging the 
local values of flow per unit annulus area in equa- 
tion (331) and the temperature and pressure 
ratio in equation (334), it will be necessary to 
repeat the procedure with a new assumed radius ratio. 
By proper use of figure 214 and equations (331) 

and (334), the continuity requirement, with any 
consistent set of assumptions, can be met. Use 
of the charts and equations is shown in a specific 
example later in this chapter. 

ENEQGP ADDITION AND EFFICIENCY 

The energy addition across a rotor blade element 
tangential is a function of both the 

AXIAL-FLOW COMPRESSORS 

velocity and in blade speed across the blade row. 
The magnitude of the energy addition is given by 
Euler's equation as 

Solving equation (335) for the temperature 
ratio T2/Tl across the blade element gives 

or, by using equivalent velocities, 

where 

and 
AVO= V0.2- VO,~ 

AU= U ~ - U I = W ( T ~ - ~ ~ )  

The last term on the right side of equation (336) 
is the contribution to the temperature ratio of 
the change in radius across the blade element; 
therefore, if the design is carried out on cylindrical 
stream surfaces (r1=r2), equation (336) can be 
used in the following form: 

Equation (337) is plotted in quadrant I of figure 
215 with T2/Tl 88 a function of AV,/& for 
constant values of U1/41. 

If there is a change in streamline radius across 
the blade element, figure 215 can st i l l  be used 
directly to determine the temperature ratio 
because of the change in tangential velocity. 
The contribution to the temperature ratio of the 
change in radius across the blade element can be 
obtained either by calculating the last .term of 
equation (336) or by obtaining it from the chart, 
and adding this value to the temperature ratio 
previously obtained from the chart result baaed 
on Vl/& and NO/&.* In order to use the chart 
for obtaining the 1 term of equation (336), the 
abscissa is as AU/ J& and the parameter 
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288 
as Ve;z/Jiil. The ordinate will then be the value r 

of the last term of equation 
1 should be subtracted from this 
is added to the first two terms of 

The chart can also be used 
radius if either Ve.1 or Ve.2 is z 
then U=Uz and AVe=Ve,Z; and, 
U= U, and Avo= Ve,,. 

ratio as a function of t 
adiabatic temperature-rise 
tion is as follows: 

AERODYNAMIC DESIGN OF AXIAL-FLOW COB6paESSOR 

The second quadrant of figure 21 

f c 

VECTOR BEUTIONS 

The constant use of the relations between 
velocities and angles in the compressor velocity 
diagram warrants a chart regardless of the sim- 
plicity of application. Construction of the chart 
can be illustrated by inspecting the following two 
relations: 

and 
v:+v;=vz (340) 

Ve=Vz tan B (341) 

From equation (340) it can be seen-hat, if V,  and 
Ve are used as rectilinear coordinates, constant 
values of V will be concentric circles with Ve= 
V.=O as axenter. Using the same coordinates, a 
plot of equation (341) would produce a frtmily of 
straight lines going through the origin (V#=Vz= 
0). The angle between these lines and the V,  
axis would be equal to the value of 6. 

Such a vector chart is shown 
V, as the abscissa and Ve as t 
viously, relative values of the 
angle can also be used.in the 
coordinates can represent M 
decimal point is changed for the v 
in both axes. 

-1.0 

(339) 
a--1.0 
Ti 

DIFPUSION FACTOR 

A blade-element-loading criterion for axial-flow 
compressors is developed in reference 9. The 
application of this loading criterion to blade 
elements in cascades and in compressors is pre- 
sented in chapters VI and VII. The loading 
criterion, or diffusion factor, in the form usually 
applied is given by the following expression: % 

(342) 

The diffusion factor can be used in two ways in 
compressor design: (1) With the vector diagrams 
known, the diffusion factor is computed and the 
energy losses across the blade element are esti- 
mated from data such as presented in chapters 
VI and VII; or (2)  a limiting value of diffusion 
factor is prescribed and the conditions required to 

actor for given inlet 
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I 

I 

I 

I 

I 

I 

Axia l  velocity 

FIGURE ZlS.-Chart for vector relations. 

factor, it can be written in terms of flow angles 
and axial velocities: expression: 

A rearrangement of terms produces the following 

l-D==(%) (-) cos B1 

cos 8 2  

-(Vz,1 tan @I-V t 
* 2  an ”) COS BI 

In the application of this equation, flow angles are 
always taken relative to the blade row under 
consideration. 

Equation (343) is readily adaptable to chart form. 
The terms in brackete on both sides of the equation 
are identical with fll substituted for BZ and u(1-0) 
substituted for u; therefore, a single family of 
curves can be used to represent each function 

2UV, 1 

691-564 0-65-20 
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FIQVBE 217.-Ch& for solution of Wusion-factor equation (see eqs. (343) to (345)). 
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t2 f20 

62 
- 2 2 0  

Rotor 69' Stator 

f30 

-b30 

--m30 

--C30 

h3a 

e-- 

n , 1  
ri,i=ri,a. 
t r , s .  
W',lW# 1) I 

Le,,= ~8,). 
8sd,R 

V*,s./v'.,iJ~ 

FIQURE 218.-Crosss section of typical stage showing 
axial and radial stations. 

35.0 (lb/=)/sq it dT/dt 12' R/ft 
0.6 DR,I 0.35 
1.2 DB,L 50.6 
1.60 ft Da,n 50.6 
1.42 ft ORII 1.0 
1.u ft sa 0.7 

1.0 wa 0.02 
0 Ti= T,I 518.7' R 
0.82 P1-P.t 2116 lb/sq ft 

1.1 g;: 0.98 

EXAMPLE 

procedure are as follows. 
Compute the vector diagrams, pressure ratio, 

temperature ratio, Mach number, and diffusion 
factor a t  five equispaced radial positions and the 
passage shape for an axial-flow-compressor stage 
consisting of rotor and stator blade row to meet 
the following specifications: 

Assumed design parameters: * 

inside the brackets. The ratio of the two functions 
will be equal to the axial velocity ratio across the 
blade row. In order to simplify the expression, let 

u(1-D) tan& 
+2 X= 

cos 81 
and 

Then, 

(345) 

Figure 217 is a plot of X as a function of Bl for 
constant values of u(1-D). The same family of 
curves represents Y as a function of p2 for constant 
values of u. Figure 217 and equation (346) can 
be used for the solution of equation (343) for any 
desired parameter. The use of figure 217 to 
compute diffusion factor with the velocity d ie  
grams known and to compute the discharge flow 
angle for given diffusion factor, inlet conditions, 
and axial velocity ratio, is shown in the following 
example. 

Parameter I Design value / /  Parameter I Design value I I 

* Blade chords constant from hub to tip. 

J / t 

FIGUBE 219.-Vector diagram for typical stage; &= 
Ba.=O. 
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Calculated design parameters: 

Proeednre 

Vectordagram calculation: 

1 

2 

3 

4 

6 

6 

7 

8 

9 

10 

11 

12 

l3 

14 

16 

16 

Known design 
condition 

T~518.7 

VI.r=lm 
-1, rd.42 

h=1.0 

Value 

7.069 Sq ft 

247 lblsec 

41.6 (1bIsee)l 

40.8 0bIsec)l 

0.378 

Sq ft 

Sa ft 

0.667 ft 
0.9668 

1078 ftlsec 
647 ftlsec 
1294 ftlsec 
1120 ftlsec 
go" 
0.66 

2.16 

Parameter 

Y 

ATI 

Proeedare I value 

1.m 

46.30 

712ftlsec 

744 ftlsec I 1028 ftlsec 
1060 ftlsec 
316 ft/W 

1.1061 

1.386 

65.03' R 

Procedure 

V,,i, Vi, and fig.216 

b 

1.267 

948 

1144 

66.6 

1.061 

1.207 

62.47 

1.1012 

@I1 

366 

1.366 

0. I 

1.m 

0.012X18 

0.031Xl~ 

-0.019XlOs 

Radial pwition 

Mean 

1.034 

772 

looB 

60.0 

0.933 

0.984 

49.92 

1.0862 

742 

m 

1.346 

0.82 

1.162 

0.021XlOs 

0.03lXlOs 

-0. OlOXlOs 

C 

0.800 

597 

879 

42.7 

0.816 

0.780 

47.36 

1.0913 

582 

4913 

1. a26 

0.78 

1.213 

0.02SXlOs 

0.031XlOs 

-0.MwXlOs 

Hub 

0.667 

423 

772 

33.1 

0.716 

0.667 

44.79 

1.0884 

423 

646 

1.808 

0.73 

1.300 

0.060XlOa 

0.031XlOs 

O.Ol9Xl~ 



step 

- 
17 

18 

19 

20 

21 

22 

23 

24 

25 

26 

27 

28 

29 

30 

31 

32 

33 

34 

86 

36 

37 

38 

39 

40 

41 

42 

43 

44 

46 

46 

47 

Parameter 
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Procedure 

V,:, Vi,,, and fig. 216 

Vl 

(3 a and ref. 250 

Usingvalue of rr.fromstep33repeat 
steps 30 to 33 untff consecutive 
valuea of vi)). in step 32 agree 

Ta P: From plots of A> p7' V1.a. V..s, 
8; and Ms against r: read at ra. 
(snal) 

X, 19; and @. 217 

1 UP. dl-DE) 

12,170 Ti [ (%) $- (2) ] 

- 
Tip - 

7l2 

744 

1028 

40.3 

77a 

23.8 

D. 6829 

0.694 

41.2 

40.4 

29.6 

0.450 

40.4 

29.6 

0.460 

1.420 

1.106 

1.386 

' 316 

712 

46.3 

0.694 

778 i 23.8 

1.00 

1.88 

2 16 

0.86 

0. 36 

b 

6wI 

648 

88a 
38.2 

180 
27.0 

0.6861 

0.898 

40.2 

39.4 

30.0 

39.7 

30.0 

1.228 

1.1017 

1.388 

350 

697 

39.2 

0.097 

780 

26.6 

1.17 

1.91 

2.06 

0.76 

0.36 

Radial posltfon 

0% 

aaa 
708 

25.8 

800 

30.6 

0.8847 

0.719 

39.3 

38. 5 

30.4 

38.7 

30.3 

1.037 

1.0973 

1.350 

397 

889 

281 

0. n 2  

794 

30.0 

1.u 

1.89 

2 01 

0.91 

0.36 

0.028XlOs 

E 

68B 

7. a 

84a 

36. 0 

0. ml 

0.784 

37.8 

37.0 

30.8 

0.834 

37. 6 

30.7 

0.846 

1.0929 

1.332 

13.1 

0.744 

824 

84.0 

1.78 

1.84 

2.06 

1.17 

0. a4 

0. mxw 

Hub 

698 

-2B 

732 
-17.6 

949 
42.7 

0.81118 

0.876 

36.8 

36.1 

31.1 

0.639 

35.8 

31.0 

0.653 

1.088a 

1.316 

679 

689 

-0.7 

0.822 

800 

40.0 

2.39 

2.34 
2.49 

1.80 

0.25 

0.028XlOs 
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- 
Step 

- 
48 

49 

60 

61 

62 

63 

64 

M 

66 

67 

68 

69 

Bo 

61 

62 

63 

64 

Parameter Procsdure - 
Tip - 

-_-___ 
712 

).6087 

0.630 

3.7248 

1.378 

42.8 

41.9 

30.2 

0.484 

1.410 

0.70 

0.70 

0.70 

0.44 

0. a7 

0.904 - 

b 

-0.028XlO 

691 

0.6889 

0.612 

0.7220 

1.380 

42.0 

41.2 

30.6 

1.228 

0.81 

0.81 

0.80 

0.49 

0.40 

0.902 

Radial position 

Mean 

-0.028X10~ 

670 

0.6732 

0.693 

0.7132 

1.342 

41.3 

40.6 

ao. e 

1.048 

0.96 

0.95 

0. sa 

0.64 

0.43 

0.800 

C 

-0.028XlW 

660 

0.6672 

0.675 

0.6825 

1.324 

40.6 

39.7 

31.3 

0.884 

1.16 

1.16 

1.10 

0.63 

0.48 

0.836 

Hub 

-0.028XlO~ 

629 

0.6402 

0.667 

0.6417 

1.806 

39.7 

38.9 

31.6 

0.682 

1.48 

1.48 

1.36 

0.72 

0.61 

0.886 
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COMPARISON OF CHART A N D  CALCULATED VALUES 

The more important parameters obtained by use of the chart pmcedures are summarized in the 
following table. The analytically calculated values of the paramete& are also given for comparison and 
an indication of accuracy: 

C 

0.817 
42.7 
15.4 
34.1 
679 

.740 
.a3 

.674 
.45 

1.0928 
1.324 

Chart proc8dure II Anslyticsl calculation 

Hub 

0.717 
a3.2 

-6.1 
39.7 
678 

.MI4 
.25 

6 4 8 6 2 6  
.553 
-51 

1.0882 
1 . a  

-- 
- 
W P  

1.200 
60.0 
46.3 
23.8 
712 

.694 
.35 
712 

.630 
.37 

1.1061 
1.378 

- 

- 

712 
.630 
.38 

1.1066 
1.380 

Radisl position 

1.061 
55.6 
39.2 
26.6 
697 
.697 
.35 
691 
.6l2 
.40 

1.1017 
1.360 

682 
.6l2 
.39 

1.1021 
1.360 

0.933 
M). 0 
28.5 
30.0 
689 

.712 
.35 
670 

.593 
.43 

1.0873 
1.342 

0.815 
42.7 
13.1 
34.0 
684 

.744 
.34 
650 

.675 
.46 

1.0828 
1.324 

0.378 
0.480 
0.484 

II Radial poaltion 

25.6 

628 
.557 
.51 

1. os85 
1.306 

- 
Mean 

0.934 
50.0 
29.1 
29.9 
886 

.710 
.35 
671 

.594 
.42 

1.0976 
1.342 

- 

- 
0.377 
0.471 
0.4Q5 

Comparison of the values in the table indicates that good accuracy can be obtained with the charts. 
The largest differences in axial velocities and resultant Mach numbers were about 2 percent, occurring 
at  the hub of the rotordischarge station. At all other stations the differences were less than 0.7 per-. 
cent. The flow angles agreed within 0.6' a t  all stations except the hub and c positions a t  the rotor 
discharge, where the chart values of the relative flow angles varied 1.6' and 2 . 3 O ,  respectively, from the 
analytically calculated values. The passage areas obtained by the chart procedure were within 1.4 
percent of the analytically calculated areas. 





CHAPTER X 

P R E D I C T I O N  O F  O F F - D E S I G N  P E R F O R M A N C E  O F  
M U L T I S T A G E  C O M P R E S S O R S  

By WILLIAM M. ROBBINB and JAMES F. DUCAN, JR. 

Three techniques are presented for estimating 
compressor ocffdesign performance. The $rst meth- 
od, which is based on blade-element theory, is useful 
for obtaining only a smal l  part of the compressor 
map over which d blade elements in the compressor 
operate unstded. The second method, which in- 
volves indiwidd stage performance curves and a 
stagedy-stage calculation, is useful for estimating 
the performance of a compressor for which reliable 
stage performance curves are available. The third 
method, which is based on over-d performance data 
of exkting compressors, may be used to estimate the 

original design is called the “inverse” or “design 
problem.” The design problem is discussed in 
detail in chapter VIII. 

Prediction of off -design performance is con- 
sidered in this chapter. A typical compressor 
performance map is shown in figure 220 mth the 
design point and the stall-limit or surge line indi- 
cated. The regions of the performance map that 
are discussed herein are those to the right of the 
stall-limit line along lines of constant speed; in 
other words, the complete compressor map. 
Three techniques for predicting off-design per- 

complete performance map of a new compressor 
the compressor &sign conditiow are specifid. 

ance are presented. 
n the first method, compressor performance is 

INTRODUCTION 

The availability of good analytical techniques 
for predicting performance maps of designed com- 
pressors reduces costly and time-consuming testing 
and development and in addition aids in selecting 
the best compressor for a given application. 
Specific information that is required to achieve 
these goals is the relation between the stall-limit 
line and the operating line and the variation of 
efficiency and pressure ratio along the operating 
line. Therefore, one of the goals of compressor 
research is to obtain reliable performance predic- 
tion methods. This problem, which can be con- 
sidered as an analysis of off-design compressor 
performance, is one of the most diBticult tasks 
facing the compressor designer. 

Of€-design performance is defined as the per- 
formance of the compressor at flow conditions and 
speeds other than those for which the compressor 
was specifically designed. The off-design analysis 
difFers from the design case in that the compressor 
geometry is given and the object is to find the 
compressor-outlet conditions for a range of speeds 
and weight flows. It is sometimes referred to as 
the “direct compressor problem,” whereas the 

obtained by first radially htegrathg compressor 
blade-element data to obtain bMe-row performance. 
The performance of successive blade rows is deter- 
mined by utilizing the computed outlet conditions of 
one blade row as the inlet conditions to the follow- 
ing blade row until complete compressor performance 
is obtained. This type of solution for compres- 
sor off-design performance, of course, requires a 
rather complete knowledge of compressor blade- 
element flow, radial integration techniques, bound- 
ary-layer growth, blade-row interactions, and the 
radial mixing process. Some of this information 
is currently available; although it is limited in 
many cases, the amount is steadily increasing. 
For example, the axial-flow-compressor blade- 
element theory and correlation results are given 
in chapters VI and VI1 for cascades and single- 
stage compressors. By utilizing this type of data, 
the performance of a compressor blade element 
can be determined. Furthermore, the results of 
chapter VI11 provide a means for radial stacking 
of blade elements estimate blade-row perform- 
ance and axial stacking of blade rows to determine 
design-point performance, provided adequate 
blade-element performance data are available. 
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FIGUBE 22O.-Typical axial-flow-compressor over-all 
performance map. 

This information can be applied to the off-design 
problem and is discussed in detail herein. 

The second method is somewhat more simplified 
than the first, in that the average performance of 
each stage is obtained and the stages are axially 
stacked to acquire the compressor map. There- 
fore, neither blade-element data nor radial inte- 
gration is necessary to obtain a performance map 
by this method. The success or failure of the 
technique depends upon the accuracy of the indi- 
vidual stage performance curves used for the com- 
putation of over-all performance. This method 
is used in the analyses of multistage-compressor 
performance in references 248 and 251 to 255 and 
in chapter XIII. 

The h a 1  method of predicting multistage- 
compressor performance that is discussed in this 

chapter is based on data obtained from over-all 
performance maps of previously designed com- 
pressors. It is considerably more simplified than 
the first two methods, because there are no inte- 

This method was first proposed in reference 256 
and was subsequently used in the analysis of two- 
spool compressor performance in reference 26. 
In the present chapter, data from several multi- 
stage compressors are correlated, so that it is 
possible to obtain a complete performance map 
from known compressor design conditions by 
means of a few simple and short numerical 
calculations. 

Essentially, the purpose of this chapter is to 
review the methods currently available for predict- 
ing multistage-compressor performance. Although 
the techniques apply primarily to fixed-geometry 
compressors, they may be adapted to study oper- 
ation with variable geometry and bleed. The 
advantages, disadvantages, limitations, and appli- 
cability of each method are discussed. 

SYMBOLS 

The following symbols are used in this chapter: 
A 
a 
c9 

9 
H 
J 

K b k  

M 
N 
P 
R 

S 
T 
t 
U 
V 

T 

W 

Y 
z 

area, sq f t  
speed of sound, ft/sec 
specific heat at constant pressure, Btu/ 

acceleration due to gravity, 32.17 ft/sec2 
total or stagnation enthalpy, Btu/lb 
mechanical equivalent of heat, 778.2 ft-lb/ 

weight-flow blockage factor 
Mach number 
rotational speed, rpm 
total or stagnation pressure, Ib/sq f t  
gas constant, 53.35 ft-lb/(lb) (OR) 
radius, f t  
entropy, Btu/(lb) (OR) 
total or stagnation temperature, OR 
static or stream temperature, "R 
rotor speed, ft/sec 
air velocity, ft/sec 
weight flow, Ib/sec 

Ob) (OR) 

Btu 

coordinate along axis, f t  
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air angle, angle between air velocity and 
axial direction, deg 

ratio of specific heats 
ratio of total pressure to NASA standard 

sea-level pressure of 2116 lb/sq f t  
boundary-layer displacement thickness 
efficiency 
ratio of total temperature to 

density, Ib-sec2/ft4 
flow coefficient 
pressure coefficient 

stand- 
ard sea-level temperature of 518.7' R 

Subscripts: 
a 

ad 
an 
b 
d 
h 
i 

id 
in 
m 
out 
r 

ac 

ref 
s 
sl 
t 

8 
z 

stagna tion conditions 
actual conditions 
adiabatic 
annulus 
backbone 
design 
hub 
reference position, radial station where 

ideal 
compressor inlet 
mean 
compressor outlet 
radial direction 
reference 
stall limit 
NASA standard sea-level conditions 
tip 
axial direction 
tangential direction 

variables are known 

FIQURE 221.-Schematic diagram of compressor stage. 

ment is known and that over-all compressor per- 
formance can then be obtained by an integration 
of the performance of each blade row. In this 
section, blade-element theory is applied to solve 
the off-design problem. 

Basically, the solution for the off-design com- 
pressor performance proceeds as follows: From 
specified inlet conditions and blade geometry, the 
outlet conditions are computed from a knowledge 
of the flow about blade elements and with the 
conditions that continuity and radial equilibrium 
must be satisfied. Allowances must be made for 
boundary-layer growth, blade-row interaction 
effects, and radial mixing of blade wakes. The 
approach is admittedly an idealized one at present, 
since much of the information (blade-element 
losses a t  off-design operating conditions, bound- 
ary-layer growth, interactions, and radial mixing 
of blade wakes) required to carry out this calcu- 
lation is not currently available. The general 
method is presented, because it has the greatest 
potentiality for providing a picture of the internal- 
flow mechanism through a compressor a t  off-design 
operating conditions. A method for computing 
the performance of a complete compressor stage 
(inlet guide vanes, rotors, and stators) is outlined; 
recourse is made to the equations and techniques 
for radial stacking of blade elements presented in 
C VIII. The perf of successive 
S an be determined ing the com- 
puted outlet conditions of one stage as the inlet 
conditions to the following stage. 

Performance of inlet guide vaners,-Guide vanes 
are utilized to establish a snecified orerotation 

0 , 1 , 2 , 3  station numbers (fig. 221) 

Superscript: 
denotes conditions relative to rotor blade 

row 

METHODS OF PREDICTING OFF-DESIGN 
PERFORMANCE 

BLADE-ELEMENT METHOD 

Blade-element theory is used extensively in the 
hnique (ch. VIII). Com- 

radial stacking of a 
series of blade sections e elements to form 
the complete blade. The theory proposes, there- 
fore, that the blade-row characteristics can be 
determined if the p ance of each blade ele- 

L r- -- - 
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at  the design condition (ch. VIII). For the off- 
design problem, it to determine the 
effect of changes in 
vane performance. 

Experimental evid 
of variations of inlet 
flows (caused by v 
guide-vane turning angle is very small 
range of inlet Mach numbers usually encountere 
in axial-flow-compressor guide vanes (0.3 to 0.5). 
Also, changes in rotor speed have very little 
effect on turning angle. Therefore, for the 
purpose of this analysis it can be assumed that, 
for fixed-geometry guide vanes, the 
outlet angle remains constant (the d 
for all values of speed and weight flow if the sub- 
sequent rotor is operating unstalled. 

With the guide-vane-outlet angle fixed, the 
outlet velocity distribution may be computed. 
The radial variation of axial and tangential 
velocity leaving an annular row of blades for 
steady axially symmetric flow, neglecting terms 
involving viscosity, is expressed in chapter VI11 
as follows: 

(347) 

For flow across inlet guide vanes, the total 
enthalpy is constant and entropy variations 
along the radial height can be considered negligible 
in most cases, making aH/ar=o and t-=O. 
In addition, experimental data for guide vanes 
with small wall taper and relatively low-aspect- 
ratio blading indicate that the effect of radial 
accelerations and the radial velocity component 
can be neglected with little error. Therefore, 
when equation (347) is integrated with respect to 
r, the following equation results: 

as 
br 

t angle and radial 
ients of enthalpy 

/ 

I I/ 
\ 

I 

FIQUBE 222.-Typical velocity diagram. 

locity diagram is shown in fig. 222.) In order 
to solve for values of axial velocity a t  all radial 
positions, a value of reference axial velocity 
must be assumed. 

The assumption of the reference axial velocity 
can be checked by means of the continuity 
equation, since the condition that the inlet 
weight flow equals the outlet weight flow must 
be satisfied. The continuity equation can be 
expressed as follows: 

where 

for inlet guide vanes. 
From equations (348) and (349) an iteration 

solution is necessary to solve for the correct 
axial velocity to satisfy weight flow. The area 
blockage caused by boundary-layer growth is 
taken into account by the limits of integration of 
equation (349), so that values of (rh+S*) and 
@,-a*) correspond to the effective passage area 
rather than to the geometric area, or by the use 
of the blockage factor Kbk described in chapter 
VIII. Experimental results indicate that the 
ratio of effective area to actual pa 

' ately 0.98 at station 

little data are available for estimating 
-vane losses, it is difficult to obtain a com- 

plete loss picture. wever, if at all possible, it 
is desirable that asonable estimate of the 

(349) do not consider gui 
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losses be made. In some cases a guide-vane 
over-all efficiency is assumed. Some information 
that may be helpful in estimating losses is pre- 
sented in reference 213. 

Rotor and stator analysis.-With the guide- 
vane-outlet (rotor-inlet) conditions fixed, the 
rotor-outlet calculations can proceed. The pro- 
cedure for determining the performance of the 
rotor is more complicated than that for the guide 
vanes, and the following information must be 
provided: 

Determined from blade 

( 3 )  solidity 
Determined 

( 5 )  Relative inlet Mach number from inlet I conditions 

( 4 )  Relative inletlair angle 

(6) Rotor speed 

With this information available, blade-element 
results similar to those in chapters VI and VI1 
are required to determine the turning angle and 
therefore the variation of rotor-outlet air angle. 

In order to obtain an approximate velocity dis- 
tribution at the rotor exit, zero losses are assumed 
between stations 1 and 2 and simple radial equi- 
librium with no radial entropy gradient is assumed 
at  station 2. The simple-radial-equilibrium equa- 

(350) 

@’I2 

As in the case of the inlet guide vanes, the varia- 
tion of outlet axial velocity V, can be determined 
by assuming a reference value of outlet axial 
velocity V,,+ The assumption of V,, can be 
veriiied by means of the continuity equation 
(eq. (349)) ,  where 

JgcpTl+U2Ve, a-UlVe. 1-7’ 
-_ P2 -( JgcpT1 (351) 9 1 

for the rotor blade row with no losses. The 
simultaneous solutions of equations (349) and 
(350) for the rotor require a double iteration for 

axial velocity. Solutions of equations of this type 
are readily adaptable to high-speed electronic 
computing equiment. 

s (349) and (350) pro- 
vides only a first approximation 
outlet velocity distribution, because 
for losses is included in the calculation. One way 
of refining this calculation to account for losses is 
by the use of the equilibrium equation with the 
entropy-gradient term included. The equilibrium 
equation with entropy gradient is given in chapter 
VI11 and can be expressed as follows: 

The solution of equa 

R.2-E.2, ,=IW-V, tan D%, 
-W-V, tan B’):1+2Jgcp(T~-T~, t )  

A detailed discussion of the solution of equations 
(352) and (349) for the design case is presented in 
chapter VIII. A solution of these equations to 
satisfy the off-design problem is similar and re- 
quires detailed knowledge of bomdary-layer 
growth and blade-element losses over the complete 
range of operating conditions. Although com- 
plete loss information is not readily available at 
the present time, the relations between the M u -  
sion factor and blade-element losses (chs. VI and 
VII) might be used for operating points in the 
vicinity of the design point. If a solution of these 
equations is obtained, mass-averaged values of 
rotor over-all pressure ratio and efficiency can be 
calculated. 

The blade-element calculations for the stator 
blade performance are similar to those for the 
rotor. Values of outlet axial velocity can be 
determined by an iteration solution of equation 
(352) where the subscript 1 becomes 2, the sub- 
script 2 becomes 3 , and the term (U- V, tan s’) 
becomes (V, tan p). Continuing this iteration 
process blade row by blade row through the com- 
pressor will ultimately provide the compressor- 
outlet conditions. 

Remarks on blade-element method.-Unfortu- 
nately, at present the complete blade-element- 
flow picture is unknown. In the region near the 
compressor design point, adequate blade-element 
data are available for entrance stages. However, 
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the variations of loss and turning angle have not 
been established as compressor stall is approached. 
In addition, boundary-layer theory does not as yet 
provide a means of calculating the boundary-layer. 
growth through a multistage compressor, and 
there are no unsteady-flow results, blade-row in- 
teraction effects, nor data concerning radial 
mixing of blade wakes that can be applied di- 
rectly to compressor design. 

The preceding analysis reveals the gaps in our 
knowledge (particularly off -design blade-element 
data) that must be bridged by future research pro- 
grams. In view of the length of the preceding 
calculation, it probably is not justified at present 
unless a good estimate can be made of the blade- 
element flow at off-design operating conditions. 
As stated previously, the method is presented 
because it has the greatest potentiality for pro- 
viding a complete picture of the internal-flow 
mechanism through a compressor at off-design 
operating conditions. Of course, one obvious 
way of simplifying the calculation would be to 
carry it out at only one radius of the compressor. 
This procedure would not be exact; however, a 
qualitative picture could be obtained of the com- 
pressor operating characteristics. 

STAGE-STACKING METHOD 

Over-all compressor performance for a range of 
speeds and weight flows may be estimated by a 
stage-stacking method. The performance of each 
stage of the multistage compressor is obtained and 
presented so that its performance is a function 
only of its inlet equivalent weight flow and wheel 
speed. For assigned values of compressor weight 
flow and speed, the first-stage performance yields 
the inlet equivalent flow and wheel speed to the 
second stage. A stage-by-stage calculation 
through the compressor gives the individual stage 
pressure and temperature ratios, so that over-all 
compressor pressure ratio and efficiency can be 
calculated for the assigned values of compressor 
weight flow and wheel speed. 

Stage performance .-Single-s tage performance 
tests are conveniently made at constant speed, so 
that performance is very often presented as plots 
of pressure ratio and adiabatic efficiency against 
equivalent weight flow for constant values of 
equivalent speed. Such plots, however, are not 
convenient to use in applying the stage-stacking 
method, and stage performance for this use is 

presented as plots of efficiency and pressure co- 
efficient against a flow coefficient. These dimen- 
sionless quantities are defined by the following 
equations: 

(353) A& 
q a d = m  

ac 

AH, 

(355) 

Representative single-stage performance curves 
are shown in figure 223. These curves may vary 
in the multistage environment (ch. XIII); how- 
ever, for undistorted inlet flow, stage performance 
generalizes quite well for a considerable range of 
Reynolds and Mach numbers. The stage charac- 
teristics at different speeds may be presented as 
a single line (fig. 223) for relative stage-inlet Mach 
numbers up to approximately 0.75. An exception 
is made for stage operation at low angles of attack. 
Even for relatively low values of relative stage- 
inlet Mach number, the flow coefficient denoting 
a choked condition changes with wheel speed, so 
that a family of curves is required in the high-flow- 
coefficient range. Stage performance for relative 
stage-inlet Mach numbers higher than about 0.75 
may be presented as a family of curves for the 
different wheel speeds. Stage performance is 
influenced by flow distortion at its inlet, but very 
little quantitative information is available. 

Sources of stage performance.-The stage per- 
formance curves needed for the stage-stacking 
method may be obtained from single-stage and 

,multistage testing or from theoretical calculations. 
The chief shortcoming of the single-stage test data 
available to date is the lack of information con- 
cerning radial maldistribution of flow and unsteady 
flow. Such information is needed to estimate 
over-all compressor performance by the stage- 
stacking method; for example, at low wheel speeds, 
the inlet stage of a multistage compressor operates 
stalled so that the inlet flow to the second stage 
often is far from uniform. 

Stage performance obtained from interstage 
data on multistage compressors (see refs. 253,257, 
and 258) includes specific amounts of radid 
maldistribution of flow; for example, the stalled 
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FIGUHE 223.-Typical stage characteristic curvm. 

portions of the second-stage curves are obtained 
for inlet flow dected by stall in the first stage. 

The difliculty in estimating stage performance 
from theoretical calculations is concerned with 
the fact that the flow in a compressor is three- 
dimensional, while the basic data normally used 
are based on two-dimensional flow. Employing 
blade-element theory to obtain stage performance 
involves all the difficulties discussed in the section 
entitled Blade-Element Method. As before, the 
calculation breaks down when a blade element 
stalls. A theoretical method of estimating stage 
performance along the mean line is presented in 
reference 256. Conditions at the mean diameter 
are taken as representative for the stage. For 
stages having hub-tip radius ratios lower than 0.6, 
reference 256 indicates that some form of inte- 
gration of the individual blade-element character- 
istics (possibly by ‘means of the blade-element 
method) along the blade height should be at- 
tempted. An example of stage performance 
calculated from mean diameter conditions is 
presented in appendix I of reference 256. 

Stacking procedure.-In order to estimate the 
performance of a multistage axial-flow compressor 
with a stacking procedure, the following must be 
lUl0Wn: 

(1) Stage performance curvea of each stage 
(2) Annulus area at inlet to each stage 
(3) Mean radius at idlet to each stage 
(4) Design value of absolute flow angle a t  

inlet to each stage 

The over-all compressor performance can be calcu- 
lated for assigned values of compressor-inlet 
equivalent weight flow w&/& and rotative speed 

C to the 

where the value of Vz,l/d& is read from curves 
representing the following equation: 

The area term Aan in equation (357) is commonly 
taken as the geometrical annulus area. However, 
experience has shown that more realistic values of 
axial velocity are obtained from equation (357) 
if effective annulus area is used. In order to 
determine effective annulus area, the boundary- 
layer growth through the compressor must be 
known (ch. VIII). Again, information concern- 
ing the growth and behavior of the boundary 
layer in an axial-flow compressor is required for 
the offdesign case. 

The first-stage performance curves yield vdues 
of and q1 that permit calculation of the first- 
stage pressure ratio and temperature ratio from 
the following equations: 

The values of equivalent flow and speed at the 
inlet to the second stage are calculated from 
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The values of equivalent weight flow and equiva- 
lent wheel speed at the second-stage inlet deter- 
mine the value of 'the flow coefficient (pa, so that 
the second-stage pressure and temperature ratios 
may be calculated from the values of $3 and q3. 
The stage-by-stage calculation is continued 
throughout the compressor, and over-all pressure 
ratio and efficiency are calculated from the 
compressor-inlet and -outlet praasures and tem- 
peratures. Thus, for any wheel speed, the over- 
all compressor pressure ratio and efficiency can 
be calculated for each assigned value of compressor 
weight flow. 

In calculating a compressor performance map, 
some means must be employed for estimating the 
surge line, which influences starting, acceleration, 
and control problems. One scheme is to draw 
the surge line through the peak-pressure-ratio 
points of the over-all performance map. If the 
stage performance curves exhibit discontinuities, 
surge at any compressor speed may be taken to 
correspond to flow conditions for which a dis- 
continuity is encountered in the performance 
curve of any stage. 

Remarks on stage-stacking method.-The stage- 
stacking method may be used as a research tool 
to investigate compressor off -design problems or 
to estimate the performance of an untested com- 
pressor. In reference 3, the stage-stacking method 
was employed to indicate qualitatively the 
operation of each stage in a high-pressure-ratio 
multistage compressor over a full range of operat- 
ing flows and speeds, the effect of stage perform- 
ance on off-design performance, the effect of 
designing for different stage-matching points, and 
the effect on over-all performance of loading exit 
stages and unloading inlet stages by resetting 
stator blade angles. The part-speed operation 
for high-pressure-ratio multistage axial-flow com- 
pressors is analyzed in chapter XI11 with regard 
to the surge-line dip and the multiple performance 
curves that exist in the intermediate-speed 
range. In both these references, stage perform- 
ance curves were assumed. 

The diiliculty in estimating the performance of 
an actual compressor lies in obtaining reliable 
stage performance curves. Use of stage curvea 
obtained from a given multistage compressor re- 
sults in good performance estimation of a com- 
pressor having similar stages and only a slightly 
different over-all design pressure ratio. This is 

'0 10 20 30 40 50 60 70 80 
Equivalent weiqht flow, W&6, Ib/sec 

FIGURE 224.--Comparison of predicted and experimental 
over-all performance for modiiied eight-stage compressor. 

illustrated in reference 254, where the perform- 
ance of a modified compressor is predicted from 
the stage curves of the original version of the 
compressor. The results of this performance-map 
prediction by the stage-stacking method are illus- 
trated in @e 224. Calculated and measured 
values agreed particularly well at the higher com- 
pressor speeds. 

This method is also useful for determining the 
effects of interstage bleed and variable geometry 
on compressor performance. In the interstage- 
bleed calculation, the flow coefficient Q can be 
adjusted for the amount of air bled from the com- 
pressor. The effect of variable geometry can be 
accounted for in the calculation procedure if the 
variation of the stage curves is known as the com- 
pressor geometry is varied. 
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Inlet Reference 
vaues ratio 

Compressor guide pressure Stages 

1. Subsonic.--- Yes 2.08 6 

SIMPLIFIED METHOD 

A drawback common to the blade-element and 
stage-stacking methods of estimating over-all com- 
pressor performance is the length of time required 
for the calculations. A simplified method requir- 
ing much less calculating time is discussed herein. 
This method provides a means of obtaining the 
performance map of a new compressor from the 
results of previously designed compressors. Cor- 
relation curves are provided to facilitate the 
calculation. 

Background informstion.-In reference 256 a 
method for predicting multistagecompressor per- 
formance is outlined. It was used to estimate 
the performance map of a newly designed com- 
pressor having blading similar to an existing com- 
pressor but slightly different design values of 
weight flow, pressure ratio, wheel speed, and num- 
ber of stages. The application of this method to 
new compressor designs is, of course, restricted to 
cases where a compressor map of a similar exist- 
ing compressor is available. 

In this report, an attempt is made to extend 
the method presented in reference 256 to a more 
general case. Therefore, experimental data on 
eight multistage compressors were collected, cor- 
related, and plotted in curve form, so that multi- 
stage-compressor performance maps of new com- 
pressors could be obtained easily from a knowledge 
of the design conditions alone. The method pre- 
sented herein is similar to that used in reference 
26 to obtain multistage performance maps. There 
are three phases of the calculation procedure. 
First, points of maximum efficiency at each speed 
are calculated. The line of maximum efficiency 
is called the backbone of the compressor map, 
and values along this line are termed backbone 

Outer Inlethub- diameter, tipmtio Reference 
in. 

15.75 0.676 _ _ _ _ _ _ _ _  

values. Second, the stall-limit line is de 
and values along the stall-limit line are referred to 
as stall-limit values or stall-limit points. Finally, 
points along lines of 
from the stall limit 
gration of these pha 
pressor performance map. 

Calculation of co 
mental over-all p 
fig. 220) of eight compressors (listed in table V') 
were obtained. For the condition of maximum 
adiabatic efficiency at each speed, values of 
pressure ratio, weight flow, and e6ciency were 
tabulated. From these backbone values, the 
reference-point values of speed, pressure ratio, 
weight flow, and adiabatic efficiency were found. 
The reference point of a compressor map, which is 
not necessarily the design point, is defined as the 
point of maximum polytropic efficiency of the 
compressor backbone. 

The effect of reference-point pressure ratio on 
backbone characteristics is shown in figure 225, 
where each backbone value is plotted as a percent- 
age of its reference-point value. In  figure 225(a), 
values of backbone pressure ratio are plotted 
against reference pressure ratio with equivalent 
rotor speed as a parameter. Similar plots of 
backbone weight flow and adiabatic efficiency are 
shown in figures 225 (b) and (c), respectively. 

The backbone of a new compressor may be 
calculated from figure 225 and known reference- 
point values of pressure ratio, weight flow, adia- 
batic efficiency, and rotor speed. For the refer- 
ence pressure ratio, the backbone values of pressure 
ratio, weight flow, and efficiency at various speeds 
are read from figure 225. Absolute backbone 
values are obtained by multiplying the values 

2. Subsonic---- 
8. Subsonic---- 
4. Transonic.... 
5. Subsonic.--. 
6. Transonic--- 
7. Subsonic-.-.. 
8. Tnmsontc--- 

Yes 8.00 10 19 0.6 _------- 
Yes 3.48 12 Variable 0.6 _ _ _ _ _ _ _ _  
No 402 5 20 0.50 61 

Yes 6.53 10 20 0.55 47 

No 7.36 8 20 0.48 53 

Yes 9.20 16 83.6 0.66 263 

No 10.26 8 Variable 0.46 26s 

- 
- 
- 
- 

691-564 0 6 5 - 2 1  

. 
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" 
Reference pressure ratio, (&/<n)n)rer 

(a) Pressure ratio. 
F I G ~ E  225.-Effect of reference pressure ratio on stall-limit line. 

read from figure 225 by appropriate reference- 
point values. 

Calculation of stall-limit line.-The effect of 
reference pressure ratio on stall-limit or surge-line 
characteristics is shown in figure 226, in which 
stall-limit pressure ratio is plotted against ref- 
erence pressure ratio with stall-limit weight flow 
as a parameter. The values of stall-limit weight 
flow and pressure ratio are plotted as percent of 
the reference values. The stall-limit line of a new 
compressor may be calculated 
stall-limit values of pressure ra 
read from figure 226 for the kno 
pressure ratio by their resp 
Stall-limit lines estimated in this manner are single- 
valued; whereas, the stall-limit lines of some actual 
compressors are multivalued (ch. XIII) . 

Constant-speed characteristics.-The constant- 
speed characteristics of an existing compressor 
may be obtained from its performance map. For 
several points along each speed line, values of 
temperature rise (Tous- T,,,)/9,, adiabatic effi- 
ciency qad, and flow parameter (Wtn.JetJb<) 

( d m n / , / m n )  are calculated and divided 
by their respective backbone values to yield rela- 
tive temperature rise, efficiency, and flow param- 
eter. Values from the entire compressor map 
tend to give a single curve of relative temperature 
rise against relative flow parameter and a single 
curve of relative efficiency against relative flow 
parameter. These two curves define the constant- 

Plots of 
this type are illustrated in Sgure 227. The data 
points represent seven different compressor speeds, 

characteristics of a compressor. 



I 

PREDICCION OF OFF-DESIGN PERF GE 307 

W c 
0 
r) 
1 V 

m" 

Q 

%- 
F 

Reference pressure rotio, (Pw, len Iref 

(b) Weight flow. 
(c) Efficiency. 

FXGVRE 225.-Concluded. Effect of reference pressure ratio on backbone characteristics. 
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Reference pressure ratio, (pout 1 5 " ) ~ ~ ~  

FIGURE 226.-Effect of reference pressure ratio on stall-limit lime. 

and efficiency are read from the constant-speed 
curves. Absolute values are calculated from these 
relative values and the appropriate backbone 
Values. In the use of these CWV% one end is 
limited by the stau-lknit h e  and the other end 
by the maximum-w 

Of pressure ratio is c 

the reference point is usually found at values of 
compressor speed somewhat below the actual 
design speed. Unfortunately, attempts to obtain 
an exact relation between the actual compressor 
design point and the reference point were uI1suc- 
cessful. In the case of the four NACA compres- 
sors that utilized the design principles of chapter 
VIII, the reference d varied from 90 to 100 

from the 

he following procedure may be used to com- 
e conditions from design conditions pressor map. 
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for a particular ratio of design speed to reference 
speed (N/@)d/ (N/a)  

(1) A trial value of reference pressure ratio 
(Poui/Pin)rel is selected. 

(2) A value of backbone total-pressure ratio 

(Pour'Ptn)b 100 is read from @ure 225(a) for the 
(P,uiIPtn) ref 

. , . ,.", 
(3) A value of (Poui/Pfn)rel is calculated from 

If this calculated value does not equal the trial 
value from step (l), steps (1) to (3) are repeated 
until the two values do agree. 

(4) A value of (w@/6)b 100 is read from w e  
<W@P> re/ 

225 (b) for the values of - <N/4)d 100. 
(::)re/ and (N/a)re l  

(5) The value of (w@/6)rel is calculated from 

(6) A value of -?&L 100 is read from figure 225(c) 
tad ,  re/ 

(7) The value of t a d ,  is calculated from 

(364) 

Remarks on simplified method.-How closely 
the performance map calculated by the simplified 
method will conform with the actual performance 
map depends on each phase of the calculation. 
The agreement depends on (1) how well the avail- 
able compressor performance maps generalize to 

FIGURE 227.-Generalized performance parameters at 
several speeds for typical axial-flow compressor. 

-~ 

Relative flow parameter, - win 4 4- 
' i n  PaJt % 

FIGURE 228.-Generalized performance curves of four 
multistage compressors. 

backbone, stall-limit, and constant-speed curves, 
(2) how closely design conditions are realized in 
the new compressor, and (3) how accurately ref- 
erence-poin t conditions are calculated from design 
conditions. The performance maps of the limited 
number of compressors designed along the lines 
suggested in this volume have had some aflEinity 
in shape. As previously noted, however, double- 
valued stall lines cannot be anticipated by this 
method. 
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CONCLUDING REMARKS 

Three techniques have been presented for esti- 
mating compressor off -design performance. The 
first method, which is based on blade-element 
theory, is useful for obtaining only a small part 
of the compressor map over which all blade ele- 
ments in the compressor remain unstalled. This 
technique is restricted at present because of the 
limited amount of available information concern- 
ing off-design blade-element data, boundary-layer 
growth, blade-row interaction effects, and radial 
mixing of blade wakes. This method has the 
greatest potential for providing a complete pic- 
ture of the internal-flow mechanism through a 
compressor. 

The second method, which involves individual 
stage performance curves and a stage-by-stage 
calculation, is useful for estimating the perform- 
ance of a compressor for which reliable stage per- 
formance curves are available. In addition, this 
method has been used effectively as a research 
tool to determine the effects of interstage bleed 
and variable geometry on compressor performance. 

The third method, which is based on over-all 
performance data of existing compressors, may be 
used to estimate the.complete performance map 
of a new compressor if the compressor design con- 
ditions are specified. At  present, it is as effective 
as the other methods and has the advantages of 
simplicity and short calculating time. 



CHAPTER XI 

C O M P R E S S O R  STALL A N D  BLADE V I B R A T I O N  
By ROBERT W. GRAHAM and ELEANOR COSTILOW GUENTERT 

The extent of the useful operating range of the 
budtistage axial-JEow compressor i s s e a d y  inJluenced 
by its s~&g-char%&iitGi. Over the entire 
range of possible compressor speeds there is a 
minimum $ow point for each speed where the com- 
pressor will either surge or stall, depending upon 
the geometry of the compressor receiver. If surge 
does not occur, the e$ciency will be so poor in the 
stalled condition that the compressor will limit the 
useful operation of a turbojet engine. These surge 
or stall points define the familiar surge or stall- 
limit line. In addition to this stall line, stall of 
the front and rear stages occurs at part-speed and 
overspeed operation, respectively. Serious blade 
vibrations may occur for either of these conditions 
as a result of stall. 

Compressor stall may be manijested as rotating 
stall, individual stall of each blade, or stall jlutter. 
From experimental ewidence, the Jirst of these seems 
the most prevalent. 

Several theories of rotating stall in single-stage 
compressors appear in the literature, none of which 
can be used to predict propagation rates With any 
appreciable degree of reliability. However, these 
theories are useful in evaluating the signijicance of 
parameters pertinent to the stall-propagation mech- 
anism and thus in planning experimental research 
programs. The prediction of rotating-stall data 

in reference 261 (1951), which presented the stall- 
ing characteristics of an axial-flow compressor. 
The rotating-stall patterns found in that investi- 
gation were detected with high-frequency-response 
hot-wire anemometers. During the past three 
years, much research effort has been devoted to 
the study of rotating stall in both single- and 
multistage compressors. 

OFF-DESIGN OPEBATION 

With the use of aerodynamic theory, the design- 
point performance of a multistage compressor 
can be predicted with reasonable accuracy. 
However, as is pointed out in chapter X, current 
design techniques cannot be used to predict 
compressor operation that deviates markedly 
from design. Since the compressor of a turbojet 
engine must operate at part design speed during 
acceleration of the engine and also at high flight 
Mach numbers, analytical methods for accurately 
predicting part-speed operation are desired by 
compressor designers. In addition, designers are 
concerned with blade vibrations that occur during 
operation in stall. 

The internal aerodynamics of the compressor 
must be throughly understood at offdesign 
conditions before design techniques applicable to 
this region of operation can be developed. During 

Historically, it is interesting that one of the 
earliest references to rotating stall appeared in 
1945 in a British report on the performance of a 
centrifugal compressor (ref. 259). In 1950 an 
NACA publication (ref. 260) reported the oc- 
currence of an asymmetric flow pattern in an im- 
pulse axial-flow compressor. In both of these 
early investigations, flow patterns were detected 
by means of wool tufts. This asymmetric flow 
phenomenon was labeled as a propagating stall 

This unfavorable operating condition is termed 
stall. Two significant areas of off-design per- 
formance are labeled in figure 229, which is a 
representative multistage-compressor map: (1) 
inlet-stage stall, and (2) the stall-limit or surge 
line. These conditions result from stall of some 
of the compressor blade elements. The occurrence 
of separated flow at each of these regions can be 
explained without an elaborate analysis. 

Inlet-stage stall.-At low speeds, insufEcient 
pressure rise in the stages causes the density level 

311 
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F’IGUEE 229.-Over-all performance of a multistage 
compressor. 

of the fluid to be too low in the rear stages. The 
resulting high relative velocities and incidence 
angles cause choking in the rear stages. This 
choking limits the flow through the front stages 
and causes excessively high angles of attack or 
atall. 
. Stall-limit or surge line.-The stall-limit line 

represents the locus of minimum-flow points just 
before the performance of the compressor deteri- 
orates abruptly. This deterioration in perform- 
ance, which is attributed to the operation of one 
or more of the stages in severe stall, is sometimes 
called “complete compressor stall.” In chapter 
XIII, the stages instigating the stall limit are 
analyzed and the significance of the shape of the 
stall-limit line and its relative position on the com- 
pressor map is discussed. The stall-limit is 
often referred to as the surge line, since surge may 
occur, depending on the geometry of the com- 
pressor receiver. An analysis of surge in the 
multistage compressor is presented in chapter XII. 

In addition to the part-speed stalling conditions 
discussed earlier, the possibility of rear-stage stall 
at neardesign and overspeed operation of the 
compressor must be admitted. Experimental 
evidence for overspeed stall is lacking, but such a 
stalling condition seems possible. At t%ese con- 
ditions, continuity requiremente in the rear stages 
cause some of the blade elements to operate at 
stalled angles of attack. Chapter XI11 concludes 
that stall of the rear stages determines the stall- 
limit line at high part-speed and overspeed 
operation. 

STALL PHENOMENA 

Experimental data and analyses give credi- 
bility to the existence of at least three distinct 
phenomena during stall operation, the first two 

being aerodynamic phenomena and the last an 
aeroelastic phenomenon: 

(1) Rotating or propagating stall, which con- 
sists of large stall zones covering several blade 
passages and propagating at some fraction of rotor 
speed in the absolute direction of rotor rotation. 
These stall zones can produce resonant blade 
vibrations. The number of stall zones and the 
propagation rate vary considerably. Compressor 

vestigation has shown rotating stall to be the 
most prevalent type of stall phenomenon. 

(2) Individual blade stall, which is character- 
ized by the development of large separated-flow 
regions or zones of low flow in the wake of each 
blade. 

(3) Stall flutter, which is a self-excited blade 
oscillation that must be distinguished from the 
more familiar classical flutter. The latter, which 
is a self-sustained oscillation, caused by the 
coupling of the inertia, damping, elastic, and 
aerodynamic forces on a wing section, takes place 
at low angles of attack (unstalled flow) when a 
certain critical velocity that is a function of the 
wing design is reached. In contrast, stall flutter 
takes place at high angles of attack and is asso- 
ciated with individual blade stall. 

The present report summarizes the pertinent 
experimental and theoretical work that has been 
done on these three stall phenomena. The as- 
sumptions and analytical techniques are empha- 
sized in presenting the theories. Wherever pos- 
sible, theoretical results are compared with 
experimental data. The discussion includes ex- 
perimental data on blade vibration incurred during 
rotating stall. 

SYMBOLS 

The following symbols are used in this chapter: 

N rotational speed, rpm 
U rotor speed, ft/sec 
V air velocity, ft/sec 
B 

e 

air angle, angle between air velocity 
and axial direction, deg 

rakio of total temperature to NACA 
standard sea-level temperature of 
518.7O R 

P density, lb-sec2/ft4 
e of pV fluctuation divided by 

pV based on average ane- 
mometer current 
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FIGURE 230.-Propagating stall in a cascade. 

subscripts: 

t tip 
z axial direction 
1 
2 station at rotor exit 
3 station at stator exit 

station at exit of guide vanes 

Superscript: 

relative to rotor 

BO.TATING STALL 
MECHANISM OF STALL PROPAGATION 

Rotating stall has been depicted as the propaga- 
tion of large stall zones relative to the blade row. 
The propagation mechanism can be described by 
considering the blade row to be a cascade of blades 
similar to that shown in figure 230. Assuming 
that some flow perturbation has caused blade 2 to 
reach a stalled condition before the other blades 
in the cascade, then this stalled blade does not 
produce suflicient pressure rise to maintain the 
flow around it. Consequently, effective flow 
blockage or a zone of reduced flow develops. 
This retarded flow (shaded in fig. 230) diverts the 
flow around it so that the angle of attack increases 
on blade 3 and decreases on blade 1. The stall 
propagates downward relative to the blade row; 
the diverted flow stalls the blades below the re- 
tarded-flow zone and unstalls the blades above it. 

pressure side to the 
opposite direction 

EXPERIMENTAL 

since a pressure change. accompanies these flow 
fluctuations, a high-frequency-response electronic 
pressure pickup is also a suitable detection device. 
The hot-wire-anemometer probe and two types of 
hot-wire-anemometer amplifying systems, the con- 
stant-current and the constant-temperature, are 
discussed in references 262 to 264. A method of 
determining from hot-wire-anemometer data the 
number of stall zones in a given pattern and the 
magnitude of the flow fluctuation in the stall zones 
with respect to some mean flow value is given in 
reference 265. 

The testing procedure generally followed in de- 
termining the rotating-stall characteristics of a 
compressor is to operate the compressor a t  a 
constant speed and gradually decrease the weight 
flow while observing the resulting changes in the 
hot-wire-anemometer output. The hot-wire-ane- 
mometer signal, usually observed on an oscillo- 
scope, follows a definite evolutionary process as 
the weight flow is decreased. As an illustration, 
this process is described in conjunction with the 
performance characteristic of a single-stage axial- 
flow compressor (fig. 231). 

Eqiivalent weight flow, Iblsec 

FIGUBE 23l.-Performance of compressor as operation 
point varies from unstalled to stalled. 
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FIGURE 232.-Oscillograms of blade wakes. 

When the test is begun, at high weight flows 
near the best operating point of the compressor, 
the hot-wire signal viewed on the oscilloscope 
indicates sharply defined blade wakes in region A. 
Typical oscillograms showing these blade wakes 
are given in figure 232. As the weight flow is 
reduced below the peak-pressure-ratio weight flow 
denoted by region B of figure 231, the blade wakes 
become wider and less well defined, indicating flow 
separation and the possibility of stall somewhere 
along the blade. A momentary or unstable stall 
zone covering several blade passages is occasion- 
ally observed on the oscilloscope. The sporadic 
stall zone is often the herald of a periodic rotating- 
stall pattern that develops at lower weight flows. 
Periodic rotating-stall zones are observed as the 
weight flow is further reduced to region C of 
figure 231. A typical rotating-stall pattern for 
this area is shown by the oscillogram of figure 233. 
Further throttling of the compressor weight flow 
may promote changes in the rotating-stall patterns 
with respect to the number and size of the stall 
zones. If the weight flow is gradually increased, 
generally the same rotating-stall patterns will ap- 
pear; however, the stall pattern will be instigated 
at higher weight flow, as shown in figure 231. 
This behavior of stallinstigation is called hysteresis. 

Characteristics of experimentally observed stall 

compressors with symmetrical, solid-body, or 
free-vortex velocity diagrams and a variety of 
blade shapes. The rotating-stall data obtained 
embrace a wide range of st 
and number of zones in ea 
number of zones varies from 1 to 12, and the ab- 
solute propagation rate varies from approximately 
10 to 85 percent of rotor speed. Generally, more 
than one stall pattern occurs; that is, the number 
of zones and the geometric configuration of the 
stall-zone region change as the flow is varied in a 
given compressor. Figure 234 is a typical single- 
stage-compressor performance map with the stall 
patterns observed and the weight-flow range of 
each pattern indicated on the figure. Generally, 
as in the example used in the figure, the propaga- 
tion rate remained essentially constant over the 
entire stall region, notwithstanding changes in the 
number of stall zones. Some exceptions to the 
consistency of the stall-propagation rate have been 
observed when appreciable changes in the radial 
extent of the stall zone take place. 

Multistage compressors: Multistage compres- 
sors exhibit stall characteristics similar to those of 
the single-stage units. The stall zones appear to 
extend axially through the compressor, that is, 
with little or no spiraling. As the weight flow was 
throttled at a constant speed, the number of stall 
zones in the annulus varied from 1 to 7 among the 
several compressors investigated. Rotating stall 
in multistage compressors may exist from choked 
flow to surge at low speeds. The rotational speed 
of the stall zones ranged from 43 to 57 percent of 

patterns.-Single-stage- compressors: Rotating- Time_ 
stall characteristics have been investigated in a 
&nsiderable number of single-stage experimental R G U ~  233.-Typical rotating-stall oscillogrem. 
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FIGURE 234.-Performance of single-stage compressor 
showing conditions at which rotating stall occurs. 

the rotor speed, and the stall propagated in the 
direction of the rotor rotation (absolute frame of 
reference) for all compressors investigated. 

Rotating-stall characteristics are superimposed 
on a typical multistage-compressor performance 
map in figure 235. For this compressor, stall 
existed throughout the compressor in the inter- 
mediate-speed range. The number of stall zones 
increased with a decrease in the weight flow at a 
given speed. 

Single-stage and multistage stall data sum- 
mary.-Tables VI (a) and (b) give a general 
summary of the stall data from single-stage and 
multistage compressors, respectively. More in- 
formation regarding stall has been taken for 
single-stage units than for multistage compressors. 

Type of stall Refer- 
ence 

\ 
Progressive 

1 2 6 6  
J, 

Abrupt 

Progressive 

Prof Abrupt i- I 

Progressive 271 

Type of velocitj 
diagram I 

~ 

Partial 
Partial 
Total 

Partial 

Partial 
Total 

Total 

Partial 

Total 

Symmetrical-. 

Free vortex--. 

Solid body---. 

vortax 
transonic 

Progressive 
Progressive 

Abrupt 

Progressive 

Progressive 54 
Progressive } 

Abrupt _ _ _ _ _ _  
Progressive 233 

Abrupt 

- 
- 

I 

FIGUI~E 235.-Performance of multistage cornpressor 
showing conditions at which rotating stall occurs. 

Single-stage-compressor design data are given in 
table VII. 

CLASSIFICATION OF STALL 

Rotating stall may be classified as progressive 
or abrupt, according to the performance charac- 
teristic of the compressor. In addition, the stall 
pattern is described as partial or total span and 

TABLE VI.-SUMMARY OF ROTATING-STALL DATA 
(a) Single-stage compressors 



316 AERODYNAMIC DE AXIAL-lKbOW COMPRESSOR 

TABLE VI.-Concluded. SUMMARY OF ROTATINGSTAL 

I I I I I I I 

TABLE VI1.-SINGLE-STAGE-COMPRESSOR DESIGN DATA 

t - - - - - - Z ~  

Compressors 2, 4, 5, ond IO 

Com- 
pres- Eub- 
so1 tip 

&io 
&ab& -- 

1 0.60 

3 .m 
4 .76 
6 .n 
6 .Bo 
7 .Bo 
8 .w 
9 -60 

10 .40 

2 .m 

l------*2 ----I 
Compressors I and 3 

r'---u2 ---I 
Compressor 8 
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The magnitude of the pressure drop at the 
discontinuous point of the performance character- 
istic is shown in figure 236 for abrupt stall of blade 
elements. Here the pressure drop due to stall 
divided by the pressure rise immediately before 
encountering stall is plotted against the com- 
pressor pressure ratio measured just before com- 
pressor stall. Both single-stage and multistage 
data are included; that is, both abrupt and com- 
plete-compressor stall data are plotted. Evi- 

trated at the tip, as shown by the disappearance 
of the stall “blip” from the anemometer trace at 
the hub. 

Steady or intermittent stall.-It has been ob- 
served that compressors may also have an inter- 
mittent type of stall pattern for a given operating 
point. In this case one stall pattern exists for an 
instant, then changes to a new stall pattern. In- 
termittent changing among three different stall 
patterns has been observed in one multistage 
compressor. 
GENERAL OBSERVATIONS ON ROTATING-STALL PHENOMENA 

The following general observations concerning 
ro tating-stall phenomena are made from examina- 
tion of the existing data. The remarks apply to 
both single-stage and multistage compressors. 
Exceptions to the generalizations are also discussed. 

Hysteresis effect.-When a compressor is be- 
ing run at a constant aerodynamic speed and a 
rotating-stall pattern is encountered during a 
throttling of the weight flow, usually that same 
stall pattern will be observed for subsequent re- 
peated tests. In fact, for single-stage tests over 
a range of speeds the stall pattern will be repeated 
for all Bpeeds if the compressor is operated at the 
same flow coefficient in each case. However, it is 
interesting that once a stall pattern has been 
established during a throttling process, if the flow 
is allowed to increase, the pattern will persist above 
the value of the throttled weight flow (or flow 
coefficient for single-stage compressors) to a higher 
weight flow before disa 
superposition of this ap 

tern to change on a compressor perfonn- 
e well-known hysteresis 
nomena. Consequently, 

it has been labeled “hysteresis,” although no time- 
d. The resemblance is most 
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(a) Total-span stall. 
(b) Partial-span stall. 

F’IGURE 237.4ketches of typical oscilloscope traces of 
total- and partial-span rotating stall. 

striking for abrupt stall, because a distinct loop is 
formed. 

This so-called hysteresis effect is also present 
when a change in the stall pattern ocours. The 

AXIAL-FLOW COMPRESSORS 

weight flow marking the inception of a pattern 
during the throttling process is lower than that 
marking the disappearance of the pattern when 
the flow is increased. 

Stall-propagation rates.-Single-stage compres- 
sors exhibit a wider range of stall-propagation rate 
than multistage compressors. Most multistage 
compressors have stall patterns with propagation 
rates of about half the rotor speed; whereas, single- 
stage-compressor stall patterns range from approx- 
imately 10 to 85 percent of rotor speed. Both 
multi-stage and single-stage compressors usually 
exhibit one stall-propagation rate for all stall 
patterns, if the geometry of the stall pattern does 
not change. Exceptions to this generality have 
been mentioned in the discussion of single-stage 
stall data. No exceptions have been observed for 
multistage compressors. 
Flow and pressure fluctuations.-Table VI (a) 

includes a column in which the flow fluctuation 
accompanying rotating stall in a single-stage com- 
pressor is listed in terms of the parameter A p V M  
The magnitude of ApVmvaxies from 0.6 to 2.14. 
No apparent correlation of the magnitude of the 
parameter with the size or number of stall zones 
can be obtained from the existing data on single- 
stage compressors. 

The magnitude of ApVKV for blade wakes 
measured during design flow conditions may range 
from approximately 0.1 to 0.2. By comparison, 
the stall disturbance is rather severe. 

The magnitude of the parameter ApVrVin the 
inlet stage of a 10-stage research compressor was 
found to be similar to that observed in single-stage 
compressors. The stall data reported in refer- 
ence 266 were obtained at 50, 60, and 70 percent 
of design speed. This operating region is the 
inlet-stage stall region indicated in figure 229. 
By locating hotwire anemometers at various axial 
stages, the magnitude of the flow fluctuation 
throughout the entire compressor was measured. 
The data of figure 238 (ref. 266) show that the in- 
tensity of the flow-fluctuation level diminished 
appreciably after the fourth or fifth stage of the 
compressor. 

The pressure fluctuations peculiar to the abrupt 
stall that occurs along the stall-limit or surge line 
of multistage compressors are significant, because 
the attendant efficiency drop limits the useful en- 
gine operating range. In discussing figure 236, it 
was pointed out that an abrupt (40- or 50-percent) 
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COMPRESSOR STALL 

drop in pressure rise may occur when the com- 
pressor operating point reaches the stall-limit line. 
In  reference 267 the drop in the discharg 
and the pressure fluctuation accompanying abrupt 
stall were measured during stalled operation. At 
82-percent design speed, when the compressor 
reached the stall-limit line, the mean level of the 
discharge pressure dropped 50 percent and the 
discharge pressure fluctuated 25 percent above and 
below the mean press e level of the stalled oper- 
ation. 

Usually, the rotating-stall pattern observed 
when the stall-limit line is reached is a single- 
zone total-span stall. Because of the disconti- 
nuity in the performance curve, the stall is 
classified as abrupt. 

Multistaging effect.-Experimental evidence has 
shown that data on propagation rate or number of 
stall zones in single-stage compressors do not ap- 
ply to the rotating-stall characteristics of multi- 
stage units composed of these stages. In refer- 
ence 268, the single-stage stall data for three 
identical stages composing a multistage compres- 
sor are compared with the multistage stall data. 
In order to explain the difference in the stall of 
stages tested individually and as a part of a multi- 
stage compressor, multistaging or interaction 
effects must be considered. 

In multistage compressors, each stage operates 
in an aerodynamic environment determined to 
some extent by all the compressor stages. This 
environment comprises two multistaging or inter- 
action effects: 

(1) The radial gradients in axial velocity 
emanating from a stage at off-design opera- 
tion, which may be sufficiently severe to 
cause a stall angle of attack over a part of 
the blade span of some downstream blade 
row 

(2) The influence of low-flow or stall zones 
emanating from other stages of the com- 
pressor 

The result of the radial gradient in axial ve- 
locity might well be the development of a rotat- 
ing-stall pattern considerably different from any- 
thing expected from single-stage stall data alone. 
In  a series of tests conducted at the NACA Lewis 
laboratory on a production turbojet engine, it was 
observed that the stall characteristics of the com- 
pressor could be changed by altering the velocity 
profile entering the first blade row. Wire screens 

FIGURE 238.-Variation of flow fluctuation with axial 
distance in compressor at three radii at 50-percent 
design speed (ref. 266). 

were used to block part of the flow into the com- 
pressor inlet. When the screens were arranged to 
produce circumferential variation in the flow, no 
appreciable changes in the stalling characteristics 
were evident. However, when radial gradients in 
the flow were achieved by partial blockage of the 
whole annulus of the inlet passage, the stalling 
characteristic of the compressor was altered sig- 
nifican tly . 

It was previously pointed out that, when rotat- 
ing stall occurs in multistage compressors, the stall 
zones extend throughout the entire axial length of 
the compressor, as shown in figure 238. This 
means that each stage in the compressor will ex- 
perience periodically recurring low-flow zones. If 
a stage or stages operate sufliciently near the stall 
point, the presence of the low-flow zones may cause 
stall angles of attack to occur when the blades 
pass through the stall zones. 

Variation in stall patterns.4ne of the objec- 
tives in presenting table VI is to emphasize the 
great variety of stall patterns that have been 
observed. At present, there appears to be no 
way of cataloging the stall with respect to any 
type of compressor design. Among several com- 
mercial engines of one type, each of which was in- 
stalled in the same test facility, the stall patterns 
were different, although the propagation rate re- 
mained essentially the same. Apparently, in this 
case the stall pattern was sensitive to such small 
changes in compressor geometry as would result 
from production tolerances. Such minute differ- 
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ences in geometry would be difEcult to include in 
a theory that would predict the stall pattern from 
design data. 

Effect of inlet temperature.-Stall frequency for 
a given stall pattern is proportional to actual 
engine speed and is independent of inlet tempera- 
ture. The speed range over which a given stall 
pattern is observed is a function of equivalent 
speed and therefore varies with inlet temperature. 
If the mechanical speed is changed to accom- 
modate inlet temperature changes, so that the 
corrected speed NIJe is constant, the stall fre- 
quency will vary with the mechanical speed. 
Consequently, it will be impossible to tune the 
natural frequency of the compressor blades to 
avoid a resonance with the fundamental stall 
disturbance or its harmonics over a range of 
compressor-inlet temperatures. 
BLADE VIBRATION INCURRED DUBING ROTATING STALL 

Since rotating stall consists of one or more low- 
flow zones that rotate in the compressor annulus, 
usually at constant speed, the blade rows experi- 
ence periodic aerodynamic forces as the low- and 
high-flow zones go by the blades. In reference 
269 the fluctuating forces due to rotating stall 
were measured on the guide vanes and stators of 
a single-stage compressor. The blade-force fluctu- 
ations during rotating stall were comparable to 
the steady-state blade force measured during 
unstalled operation. This periodic force can 
therefore be a source of resonant blade vibration, 
where the frequency of the stall relative to the 
blades excites the blades. From current evidence, 
the compressor designer must always be concerned 
with the possibility of blade failure due to reso- 
nance between the blade frequency and the stall 
frequency. 

Single-stage compressors.-When the high 
stresses accompanying rotating stall are investi- 
gated, it is necessary first to determine the magni- 
tude of the blade stresses when accompanied by 
rotating stall. An investigation of the effect of 
rotating stall on the blading of a singlestage 
compressor with a hub-tip radius ratio of 0.5 is 
reported in reference 270. The expebental 
results show that stall zones can excite blade 
vibration with resultant bending stresses sufIi- 
ciently severe to cause blade failure. Fatigue 
cracks were observed in the aluminum stator 
blades. The blades were in resonance with the 
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FIGURE 239.-variation of stan frequency with rotor speed 
for three stall patterns in a single-stage compressor. 

first two harmonics, as shown in figure 239, which 
is a plot of the ratio of the stall frequency to the 
natural bending frequency of the blade against 
rotor speed. Resonant vibrations occur at com- 
pressor speeds corresponding to the intersection 
of the stall-frequency line with horizontal lines 
representing resonance with the fundamental 
stall frequency and the first two harmonics. 

Other fatigue failures of experimental single- 
stage compressors have been attributed to rotating 
stall. Stall data were not obtained for all the 
compressors that failed, but each compressor had 
been operated in the stalled region. Most of 
these compressors were stages of 0.5 hub-tip ratio. 
A fatigue failure with much shorter bladea, where 
the hub-tip ratio was 0.72, was attributed to 
resonance between the relative fundamental stall 
frequency and the natural bending frequency of 
the blades (see ref. 271). 

Multistage compressors,-Although several 
multistage-compressor failures at the NACA might 
be attributable to rotating stall, only one was 
sufficiently instrumented with strain gages and 
hot-wire anemometers to trace the failure directly 
to rotating stall. This investigation is reported in 
reference 19, in which a Eesonant-vibration condi- 
tion was found in the first-stage rotor at approxi- 
mately 62- and 70-percent design speed, as shown 
in figure 240. The strain-age data indicated vibra- 
tory stresses of approximately f13,500 and 
3~34,800 pounds per square inch, respectively, at  
these operating points, which were sufficient to 
cause fatigue failGre of the aluminum blades. 
Typical high-stress vibration bursts caused by 
rotating stall as recorded from the strain gages are 
shown in figure 241 for 62-percent design speed. 
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FIGURE 24O.-Correbtion of relative stall frequency with 
rotor blade-vibration frequency for a multistage com- 
pressor (ref. 19). 

Methods of alleviating blade vibration.-To the 
axial-flow-compressor designer, bhe most serious 
result of rotating stall is blade failure. The theory 
of rotating stall developed thus far does not pro- 
vide a method for predicting stall frequency for 
new designs and thus “tuning” blades out of 
dangerous blade-vibration frequencies. Further- 
more, as mentioned in the discussion of the effect 
of inlet temperature on the stall frequency, it ap- 
pears impossible to tune the blades for all the 
troublesome stall frequencies over the range of 
inlet temperature encountered in flight. 

Since it appears impossible to tune blades to 
avoid critical stall frequencies, other possible 
means of circumventing the blade-vibration prob- 
lem must be considered. These include (1) in- 
creasing the damping of the blades, (2) preventing 
the operation of any compressor blade row in a 
stalled attitude, and (3) disrupting the periodicity 
of the stall patterns so that a resonant condition 
between the blade frequency and the stall fre- 
quency cannot exist. 

Increasing blade damping: The vibration- 
damping properties of a blade may be changed 
markedly by changing the blade material. Some 
materials exhibit greater damping properties than 
others; for example, stainless steel has better 
damping properties than aluminum. Blades fab- 
bricated from plastics are currently being investi- 
gated for their damping qualities: Obviously, 
the damping properties of a blade may also be 
improved by changing the mechanical design of 
the blade. Such modifications as altering the 
thickness-chord ratio, the aspect ratio, or the 

AND BLADE VIBRATION 321 

m e t  radius may substantially increase the stiffness 
of blades. In addition, the method of blade at- 
tachment or blade support is a design variable 
that can alter the d 

Preventing stalle 
in the INTRODUCTION, part- 
of multistage compressors causes 
to choke, which limits the flow in the 
and causes them to stall. Any 
that unchokes the rear stages will alleviate the 
stalling condition in the inlet stages and conse- 
quently will increase the stall-free range of the 
compressor. 

Another possible method of increasing the stall- 
free range of a compressor is the use of adjustable 
guide vanes and stators. By this method, the 
angle of attack on the inlet rotors is diminished 
so that stall of the earlystages is delayed. By 
increasing the angle of attack in the latter stages, 
the situation there is improved. This device is 
currently being used in one commercial multistage 
compressor as a means of improving the part- 
speed operation. 

Disrupting periodicity of stall: As a means of 
controlling the stalling characteristics of multi- 
stage compressors, adjustable inlet ramps or 
baffles have been used. Reference 20 reports the 
successful application of ramps at the hub that 
appreciably reduced the range of inlet-stage stall. 
The effect of the ramps or baffles is to reduce the 
inlet flow area. In engines tested with the baffles, 
rotating-stall patterns were no longer periodic, and 
the danger of blade failure due to resonant vibra- 
tion was eliminated. 

e: As was mention 

THEORIES OF BOTATXNG STALL 

Several theoretical analyses have been proposed 
to predict the propagation rate of rotating stall. 
In order to identify the theories for discussion, 
each is referred to by the name of the first aubhor. 
The notation is that used in the original references. 

Emmons theory.-In the presentation of the 
Emmons theory in reference 272, the authors did 
not produce a result involving the prediction of 
stall-propagation rates. The purpose of the 
analysis was to establish the necessary conditions 
for the amplification of small disturbances of 
asymqetric flow corresponding to those observed 
in stall propagation. 

The physical model analyzed was a cascade in 
which total-pressure losses were considered by 

691-564 0-65-22 
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FIG WEE 241 .-Oscillogram of vibration burst caused by six-zone stall pattern. 
vibration frequency, 219 cps (ref. 19). 

Engine speed, 62-percent design; blade- 

introducing a parameter a, which consisted of the 
ratio of an isentropic flow area required to carry 
the inlet flow to the actual exit flow area. A 
linear dependence between this parameter and the 
tangent of the inlet flow angle of the cascade was 
assumed, and the static pressure behind the blade 
row was considered constant. (NACA data 
(ref. 273) show that the static pressure behind the 
blade row varies appreciably.) Under certain 
circumstances, with the assumption of an initial 
small asymmetric disturbance at the cascade en- 
trance, the analysis showed emphatically that the 
asymmetric flow will develop into a large dis- 
turbance. 
As a result of the small-perturbation analysis, 

the authors of the Emmons theory concluded that 
the velocity of propagation is proportional to the 
wavelength. The Emmons theory suggests that 
an analysis involving finite disturbances will 
yield an answer to the size of the stall zones. 

Stenning theory.-The Stenning theory (ref. 
274) extends the work of Emmons by more pre- 
cisely defining the timedelay mechanisms on 
which the velocity or propagation of rotating stall 
depends. The principal time delays considered 
are the inertia of the fluid between the airfoils and 
the response of the boundary layer. 

Theory: The author bases his analysis on the 
same model setup used by Emmons, where it was 
assumed that the effective outlet area of a chan- 
nel representing the blade passage is reduced as a 
result of stall and that the static pressure remains 
constant behind the cascade. By considering 
small perturbations in velocity from the steady 
flow, a solution is obtained from momentum con- 
siderations within the cascade for the velocity of 
stall propagation in terms of inlet and exit angle, 

chord to wavelength ratio, and effective-area to 
inlet-area ratio. 

Results and conclusions: According to Sten- 
ning, the equation for stall-propagation rate is 

where 

Urn 
cz axial velocity 
b1 relative inlet-air angle 
a 
b2 relative outlet-air angle 
L blade chord 
n integers giving harmonics 
b one-half wavelength of disturbance 

stall-zone velocity relative to blade row 

ratio of effective exit area to inlet area 

A carpet plot of equation (365) is shown in 
figure 242. The inlet-air angle Bl and the outlet- 
air angle & are treated as variables in the plot, and 
the ratio L/b is considered as a parameter. The 
ordinate of the graph is the stall-propagation 
parameter (ratio of relative stall speed U to 
rotor speed at  mean blade height wR) multiplied 
by the square of the area-ratio parameter a. 
Data from table VI(a> are presented for compari- 
son with the values predicted by theory. It 
should be pointed out that the configuration of the 
compressors did not closely correspond to Sten- 
ning’s model. Because it is impossible to obtain 
reliable measurements of flow angles during stall, 
the inlet angle was calculated from the weight- 
flow data, and outlet angle could only be estimated. 
In addition, the ratio a is not a measurable quan- 
tity and could only be estimated as some value 
less than unity. (Stenning considers it to be 



FIGURE 242.-Carpet plot of Stenning’s results (eq. (365)) ; 0°<&<400. 

0.75.) Thus, only the inlet-air angle, the prop- 
agation-rate parameter, and the value of L/b 
could be considered to be “data” in the compari- 
son. The carpet surfaces were drawn to extend 
over a wide range of possible exit and inlet flow 
angles. Assuming a to be 0.5, most experimental 
data of table VI (a) are within the values predicted 
by the Stenning theory. These points are plotted 
on the interpolated L/b carpet plots indicated by 
the dashed lines. If a is taken as 0.75 as Stenning 
suggests, the data do not agree well with the 
theoretical values. These points do not appear 
in figure 242. It is not clear whether the in- 
consistency of the predicted values as compared 
with the data should be attributed to the limita- 
tions of the theory or to inappropriate applica- 
tion of the theory to compressors not similar to the 
model used by Stenning. 

The theoretical results show that the velocity 
of stall propagation relative to the rotor increases 
with the size of the stall zone. A comparison with 
the test results of Emmons also shows this to be 
true; however, stall data taken from the com- 
pressors of table VI@) indicate this may not always 
be the case. The inclusion of a boundary-layer 
time delay in the analysis had the effect of de- 
creasing the velocity of propagation of the stall. 
zone and indicated that rotating stall is possible 
for a range of inlet angles. 

Sears airfoil theory.-Sears has published two 
papers on the subject of stall propagation. The 

first paper (ref. 275) demonstrates that aaym- 
metric flow can exist in a cascade. It also presents 
a picture of the model used by Sears for the second 
paper. 

Theory: To represent a blade row in a compres- 
sor, an annulus of infinitely many blades of small 
chord was chosen. This configuration amounts to 
an actuator disk or vortex sheet simulating the 
blade row, as shown in figure 243. The flow 
pattern was considered steady with respect to a 
rotating coordinate system (rotating slower than 
rotor speed), so that the circulation distribution in 
the disk could be assumed to be a function of the 

Y 

-Swirl angle of 
asymmetric flow with 
respect to inlet flow 
vector 

Rotational flow I 

1, off 
\ 

‘\ 

\-Rotation of 
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FIGWEE 243.-Actuator disk employed by Sears. 
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y-coordinate of figure 243. An incompressible flow 
field was assumed, and small-perturbation theory 
was applied in the analysis. Since the blades of 
this rotor move relative to a fixed circulation dis- 
tribution, they experience unsteady flow. Un- 
steady-flow theory states that airfoils will shed 
wakes at their trailing edges. The complete 
model, then, consists of a vortex sheet representing 
the rotor, an irrotational flow field representing the 
flow entering the rotor, and tc rotational flow 
representing the wake leaving the rotor disk. 

The model proposed by Sears differs from that 
used by Emmons in the following respects: Sears 
used an actuator disk where Emmons used a 
cascade of finite length; and, while Emmons 
assumed constant static pressure at the exit of 
the cascade, Sears considered the vorticity follow- 
ing the blade row to be uniformly distributed and 
did not impose any restrictions on the pressure 
field. 

The principal object of Sears in reference 275 
was to develop the relation between the induced 
velocities at the rotor disk and the circulation 
distribution. Briefly, the manner of solving the 
problem was to divide the flow field into two parts, 
an irrotational part and a rotational part, and 
then to devise relations between the z and y 
velocity components in each type of flow (see fig. 
243). The next step was to develop expressions 
for the circulation in terms of the velocity distribu- 
tion. The induced inflow velocities at the actuator 
disk could then be calculated when the circulation 
distribution was known. To complete the solu- 
tion, airfoil theory was used to relate the circula- 
tion function to the incidence angle of the blade 
row. This type of solution is called the “airfoil 
theory” to distinguish it from another analpis in 
which Sears substituted a so-called “channel 
theory.’’ 

Results and conclusions: Assuming a sinusoidal 
variation in the circulation distribution, Sears 
found that no solution could be obtained for a lift 
function that was linear with incidence angle, 
whether the airfoil is stalled or unstalled. How- 
ever, when a phase angle was introduced between 
the lift and angle of ck so that the lift lagged 
the angle of attack, a solution was found, which 
means that a permanent asymmetric flow pattern 
exists. The phase-angle concept used by Sears 
was based on the work presented in reference 276. 
Emmons and Stenning studied the stability of 

an asymmetric pattern imposed on the flow Geld; 
Sears did not employ a stability study to show that 
an asymmetric flow could initiate itself under the 
conditions mentioned in the preceding paragraph. 

paper by Sears (ref. 277) presents an extension of 
the first theory. The analysis involving the 
airfoil relations is repeated, but the final results are 
presented in a somewhat different mamer. The 
phase angle A is related to the asymmetric-flow 
propagation rate and the properties of the cascade 
by the following formula: 

Sears channel theory. 

(366) 
tan A=~+(F) 2k+ b (l+b*) 

where 

CP flowcoefficient 
h/N ratio of stall-propagation rate to rotor speed, 

/3 absolute inlet-air angle 
absolute frame of reference 

The analysis also presents an equation that 
relates the slope of the lif t  curve m to the variables 
appearing in equation (366): 

4- cos A -mu l+b2 
4 k2 

-=- (367) 

where u is the solidity. The curves of the pre- 
dicted asymmetric flow patterns for the airfoil 
theory (fig. 244(a)) result from the simultaneous 
solution of equations (366) and (367). It should 
be noted that the parameter k used by Sears is the 
ratio of the stall-propagation speed to the axial 
velocity. 

In this theory, an analysis involving channel 
relations is substituted for the airfoil analysis. 
The so-called channel theory is based on empirical 
relations derived from cascade tests. The two 
principal relations of the channel theory state that 
the relative outlet-air angle is a function of the 
inlet angle and that the pressure rise across the 
blade row is independent of the inlet-air angle. 
The principal distinction between the airfoil theory 
and the channel theory is an inclusion of the total- 
pressure loss in the latter. Since stall implies 
large losses, it would seem at the outset that the 
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FIGURE 244.-Predicted asymmetric flow patterns ob- 
tained from Sears theory of rotating stall. 

channel theory would conform more nearly to the 
physics of the actual flow. The procedure of the 
analysis involving channel theory is similar to that 
of the airfoil theory previously outlined. Also, a 
phase angle 6 comparable to the phase angle A 
of airfoil theory is introduced. 

Results and conclusions: Solutions for asym- 
metric flows satisfying the conditions of the prob- 
lem were found for both types of analysis. The 
results of both airfoil and channel analyses are 
presented in reference 277 in graphical form and 
are reproduced here in figure 244. The ordinate 
and abscissa are labeled with Sears' notation and 
in terms of the vectordiagram terminology. The 
ordinate is the rotor tangential velocity relative 
to the tangential velocity of the stall propagation 
divided by the axial velocity, and the abscissa is 
simply the tangent of the mean relative inlet-air 
angle 8'. The ordinate may also be expressed as 

the tangent of the swirl angle of the asymmetric 
flow pattern relative to the rotor. 

For the airfoil analysis] solutions were found for 
a considerable range of phase angles including zero. 
In reference 275 Sears assumed a small swirl 
angle and did not obtain a solution for zero phase 
angle; but in reference 277 the swirl angle con- 
sidered was larger, and a solution resulted for 
zero phase angle. However, the zero-phase-angle 
solutions do seem out of the range of the compres- 
sor data and consequently are of little interest. 

The channel-analysis solution shown in figure 
244(b) indicates that asymmetric flow patterns are 
possible for a wider range of conditions than was 
evident from the airfoil analysis. For flow condi- 
tions comparable to actua.1 compressor dmata, 
asymmetric flow solutions are possible with zero 
phase lag. The equation for the phase angle 6 
used in the channel analysis is 

(368) 
1 + b2-k2 

tan = b ( b  + k)2+ 2k+ b 

where k and b are the same parameters used in the 
airfoil analysis. In the channel-theory analysis, 
the slope of the pressure-rise curve plays a role 
analogous to that of the slope of the l i f t  curve in 
the airfoil theory. The expression for the slope 
m of the pressure-rise curve is 

- l + ( b + k y  p- 
The curves of the asymmetric flow patterns for 
the channel theory shown in figure 244(b) result 
from simultaneous solution of equations (368) and 
(369). 

Experimental comparison: In reference 278, ex- 
perimental rotating-stall data from several single- 
stage compressors are compared with the results 
of Sears' theory. Both the airfoil and channel 
analyses were tried; however, it was found that, 
in using the channel analysis, the phase angle 6 
was consistently negative. To the authors of 
reference 278, a negative phase angle seemed in- 
consistent with physical interpretation, and for 
this reason the comparison was limited to the air- 
foil analysis, where the computed phase angle A 
was positive for all the data used. 

The points in figure 245 represent experimental 
data superimposed on the theoretically derived 
curves. The data points for each stall-propaga- 
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FIGURE 245.-Correlation of stall data with analytically 
derived phase angle (Sears theory). 

tion rate lie along curves of approximately con- 
stant phase angle. Furthermore, if the phase 
angle is plotted as a function of the stall-propaga- 
tion rate, a correlation exists, as shown by figure 
246. The stall-propagation rate diminishes as the 
phase angle increases, which seems to be in accord 
with the generally accepted mechanism of stall 
propagation. Also apparently involved in the 
process of stall propagation is a time constant 
that governs the propagation rate. The greater 
the time constant, the slower the propagation 
rate. The correlation of phase angle and stall- 
propagation rate of figure 246 does not permit 
the prediction of stall-propagation rates, since the 
phase angle cannot be determined from design 
data. 

Marble theory.-A recent analysis of rotating 
stall is presented by Marble in reference 279. In 
this theory, an expression for the stall-propagation 
rate and the peripheral extent of the stall zone is 
developed. 

Theory: The model employed in the analysis is 
similar to that used by Sears in his channel theory, 
in that the blade row is simulated by means of 
an actuator disk across which pressure and fluid 
velocity change discontinuously. Using an actu- 
ator disk to represent the blade row without the 
introduction of a phase angle prohibits Marble 
from introducing inertia effects within the blade 
row. The Stenning analysis demonstrated the 
significance of inertia in the blade passage and 
its effect on stall-propagation velocity. Experi- 
mental characteristics of a cascade were utilized 
to prescribe the change in pressure and velocity 
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FIGURE 246.-Relation between stall rotational speed 
relative to rotor and phase angle (ref. 278). 

across the actuator disk. The pressure-rise curve 
across the disk (based on experimental evidence) 
was assumed to be a linear function of the air 
inlet angle for unstalled flow, but for stalled flow 
the pressure rise was assumed to drop discon- 
tinuously to zero. In choosing this discontinuous 
lift curve, Marble more fully described the per- 
formance of the channel in comparison with the 
Sears linearized lift curve. Consequently, Marble 
was able to obtain solutions for the peripheral 
extent of the stall zone as well as the stall- 
propagation rate. 

The expression for stall-propagation rate differs 
from that of Sears, in that a phase angle was not 
included in Marble's equation. By considering 
the pressure-rise parameter to be a function of 
the air inlet angle and to behave as described, 
the increased losses attending stall were included 
in the analysis. Marble simulated the asym- 
metric flow in his model by considering a stall 
zone of variable circumferential width to exist in 
the actuator disk. It was assumed that small- 
perturbation theory could be applied to describe 
the influence of rotating stall on the velocity and 
pressure. The coordinate system used in the 
analysis was selected to rotate at stall frequency 
so that the steady-flow equations would apply. 

In order to describe the flow field upstream and 
downstream of the actuator disk, it was assumed 
that the pressure and angle perturbations vanished 
far upstream and were at most a constant value 



far downstream. When these upstream and down- 
stream conditions were known, as well as the pres- 
sure rise and flow angle for both the stalled and 

constant for all values of incidence angle. A very 
simple expression for stall-propagation rate and 
circumferential extent of the stall zone was 
obtained. 

The equation for stall-propagation speed is 

’UR=csc U 281 (370) 
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where 

w R  stall-propagation speed 
u axial velocity 

relative inlet-air angle 

The peripheral extent of the stall zone a is given 
by the following expression: 

where 

8: 
p density 
Ap* static-pressure rise at stall 

relative inlet-air angle at stall 

After solving the problem for the simple cascade, 
a solution was completed with “general cascade 
characteristics.” For the general characteristics 
the pressure rise across the cascade and the devia- 
tion angle are considered functions of the incidence 
angle. This is a more realistic representation of 
an actual cascade. Expressions were developed 
for the stall-propagation rate and the circum- 
ferential extent of the stall zone that were more 
complicated than for the simple case. The ex- 
pression for the stall-propagation rate based on 
general cascade characteristics is 

The peripheral extent of the stall zone a for the 

rise across the casca 

the deviation angle prescribed by the “general 
cascade characteristics” would no the stall- 
propagation rate predicted fro simple- 
cascade equation. Consequently, variations in 
the deviation angle do not influence the stall- 
propagation rate. This conclusion agrees with 
most experimental evidence. As has been pointed 
out in the general discussion of rotating-stall 
characteristics, stall-propagation rate remains 
constant over a wide range of weight-flow condi- 
tions in the stall region. 

Experimental comparison: Because of the lack 
of unclassified experimental ro tating-s tall data, 
Marble was able to use the data from only one 
compressor to compare the experimental stall- 
propagation rates with predictions from his 
theory. Stall data from several NACA single- 
stage compressors were compared with propaga- 
tion rates predicted by Marble. Included in the 
comparison were data on total-span rotating-stall 
patterns in order to resemble more closely the 
geometry of the stall zone used in Marble’s model. 
Equation (370), which is the solution for the simple 
cascade, was used to calculate the propagation 
rates. The equation was modified so that the 
guide-vane turning and the stall-propagation-rate 
parameter of table VI could be used. 

The ordinate of figure 247 is the absolute stall- 
propagation-rate parameter, and the abscissa is 
the inlet-airflow angle computed at the mid- 
radius station. Good agreement was obtained 
between Marble’s predicted propagation rate and 
the data from compressor 4 of table VI(a), but 
the comparison with the other data on th 
was poor. 

arble’s theory 
predicts that, for proper inlet angle and counter- 
rotating guide-vane turning, the stall zones should 
rotate in the omosite direction (absolute coordi- 

is shown in figure 24 
where a is the ratio of outlet-angle perturbation 
to inlet-angle perturbation, and B2 is the relative 
outlet-air angle. I L  
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FIGURE 247.-Comparison of single-stage stall data with 
Marble’s theory. 

nate system) to rotor rotation. Experimental evi- 
dence has shown that this does not occur. The 
sense of the stall-zone rotation is the same for 
counterrotating guide-vane turning as for con- 
ventional guide vanes. 

Remarks on stall theories.-In order to compare 
the results of the Stenning, Sears, and Marble 
theories, the phase angle introduced by Sears in 
the channel theory is considered to- be zero. For 
this condition the results show that; the Sears and 
Marble theories are identical in their expression 
of propagation rate. A comparable result from 
Stenning’s analysis indicates that his predicted 
propagation rate is twice that of the other two 
investigators. 

Experimental evidence shows that the radial 
extent of the stall zones varies considerably, but 
none of the existing theories include radial effects. 
All the theories apply to a single blade row. 
There is considerable doubt whether the theories 
can be applied to a single stage including guide 
vanes, rotor, and stators, or whether the theories 
can be further extended to the more complicated 
case of the multistage compressor. 

INDIVIDUAL BLADE STALL 

A type of stall in which all the blades around 
the compressor annulus stall simultaneously, 
without the occurrence of a stall-propagation 
mechanism, has been observed. The circum- 
stances under which individual blade stall is 
established rather than rotating stall are unknown 
at present. It appears that the stalling of a blade 

row generally manifests itself in some type of 
propagating stall and that individual blade stall 
is an edception. 

between classical flutter and stall flutter should be 
made clear. Classical flutter is a coupled torsional- 
flexural vibration that occurs when the free- 
stream velocity over a wing or airfoil section 
reaches a certain critical velocity. For wings of 
low frequency, this critical velocity can be calcu- 
lated. According to reference 280, classical flutter 
cannot occur with compressor or turbine blades, 
because the critical velocity required would be 
unreasonably high. Stall flutter, on the other 
hand, is a phenomenon that has been explained 
on the basis of the behavior of the lift characteristic 
at stall. 

MECHANISM OF STALL FLUTTER 

At stall the lift may decrease sharply as shown 
in figure 248, where a typical lift characteristic 
is plotted as a function of angle of attack. Accord- 
ing to reference 280, the aerodynamic damping 
of a blade is a function of the partial derivative 
of lift with respect to angle of attack. When 
this derivative becomes negative, stall flutter is 
likely to take place. That is, a reduction in the 
aerodynamic damping allows the airstream to 
feed energy into the blades and produce a self- 
excited oscillation. 

Another explanation for stall flutter is presented 
in reference 281, in which the airfoil vibration is 
considered to result from a system of KLunhn 
vortices in the airfoil wake. Whenever the fre- 
quency of these vortices coincides with a natural 
frequency of the airfoil, flutter will occur. 

The concept of an aerodynamic hysteresis was 
developed by Studer to show that energy could 
be absorbed from the airstream to promote blade 
vibration (ref. 276). It was hypothesized in this 
explanation of stall flutter that separation at the 
stall point was delayed until the oscillating blade 
reached its position of nimixnuni angle of attack, 
and then the nonseparsted flow was not established 
until the blade reached its ininhnum angle of 
attack. The maximum and minimum angles of 
attack were considered to be above and below 
the stalling angle of attack, respectively, giving 
rise to the hysteresis effect. 
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FIGURE 248.-Life characteristic of an airfoil. 

Brief literature survey.-The general theory of 
flutter, even for an isolated airfoil in a potential 
flow, is not a very elementary mathematical 
problem. The problem becomes much more 
complicated when flutter in a cascade of airfoils is 
considered, because the effects of the geometry of 
the cascade must be included in the theory in 
order to account for the interference effects 
between the blades. Much of the early work on 
flutter theory was devoted to airfoils with but one 
degree of freedom, a torsional oscillation or 
vibration. 

However, in the type of cascade that more 
accurately represents conditions in a turbine or 
compressor, according to reference 282, the stall- 
flutter oscillations may have at least two degrees 
of freedom, torsional oscillation and flexural 
bending. This latter type of flutter is treated in 
reference 283. The experimental observations of 
such a cascade showed that either torsional or 
flexural vibrations were ob taine+depending upon 
the velocity of the airstream; ‘and the frequencies 
of each mode were practically identical. The 
two modes of vibration were not coupled as in the 
case of the classical flutter for wings. The flutter 
or bending self-excited vibrations were explained 
as the result of variations in the angle of incidence, 

which in turn caused the lift force to vary. How- 
ever, the lift force always lags the elastic force by 
a phase angle. ’ The forces acting on a blade are 
shown in figure 249. Whenever the component of 
the force parallel to the damping force exceeds 
the damping force, a self-excited vibration of the 
blade takes place. 

The authors of reference 283 observed that 
self-induced vibrations occurred whenever the 
free-stream velocity entering the cascade reached 
a critical value. They found that the critical 
velocity could be determined from a dimensionless 
velocity coefficient that was shown to be a function 
of the geometry of the cascade (stagger angle and 
angle of incidence) and the angle between the 
direction of the blade displacement and the blade 
chord. 

In a more recent paper (ref. 284), only one 
degree of freedom, a flexural oscillation, is ad- 
mitted as a possible mode of stall-flutter vibration 
in a two-dimensional cascade representing com- 
pressor blades. A different interpretation of the 
mechanism of flexural vibration is also presented 
in this paper. After rather extensive experimental 
observations, it was concluded that no appreciable 
changes in lift were observed for varying positions 
of the cascade in a separated-flow field; conse- 
quently, no self-excited flexural vibrations could 

Phose 
Elastic 

FIQTJRE 249.-Diagram of forces on blade. 
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be established by this mechcnism as proposed in 
reference 283. However, it was observed that, 
when an airfoil is translated in separated flow, the 
lift force will feed energy into the blade and thus 
sustain a self-excited motion. 

Other more mathematically complicated treat- 
ments of flutter in cascades have been considered 
in papers such as reference 285. Phase differences 
in the mode of the vibration between the blades 
in the cascade are considered mathematically in 
this paper. 

Extension of flutter theory to compressor blades 
brings up a most complicated problem, because 
not only cascading effects but also centrifugal 
effects must be considered. The cascading or 
interference effects on flutter are not well under- 
stood for the compressor. 

Experimental evidence.-Although stall flutter 
has been considered to be a cause of compressor 
blade failure, there is insufficient experimental 
evidence to support this view. According to 
reference 282, conditions where flutter exists do 
not correspond to operation at high angles of inci- 
dence and low speed, the mode of operation that 
has caused compressor blades to fail. The meas- 
urements required of rotating rigs in order to 
investigate the possibility of stall flutter are al- 
most impossible to make with current research 
techniques. 

CONCLUSIONS 
AERODYNAMIC ASPECT 

The stalled operation of a compressor may be 
described as the degeneration of compressor per- 
formance accompanied by serious flow separation 
in the flow passages. Three distinctively different 
phenomena may occur during stalled operation: 
(1) rotating stall, (2) individual blade stall, or (3) 
stall flutter. The first two are aerodynamic effects 
and the third is an aeroelastic effect. Rotating 
stall has been found to be the most prevalent 
type of stall phenomenon. A large amount of 
data is available which demonstrates that poor 
performance of compressors may be directly at- 
tributable to the occurrence of rotating stall. 

In this chapter, rotating-stall patterns are cat- 
aloged according to their effect on the performance 
characteristic of single-stage compressors. A pro- 
gressive rotating stall is associated with a smooth 
continuous performance characteristic; and an 
abrupt rotatingatall pattern, with a discontinuous 
performance characteristic that is coincident with 
an abrupt drop in compressor pressure. Similar 
types of stall are observed in multistage com- 
pressors ; however, the discontinuous performance 
characteristic for a multistage unit is defined here 
as complete compressor stall. The pressure rise 
across a multistage compressor may drop as much 
as 50 percent after complete compressor stall is 
initiated. This stalling condition is particularly 
important, because it determines the limit of use- 
ful operation of the compressor (the surge limit or 
stall limit shown in fig. 229). 

With a single blade row as a model, several 
theories have been developed showing the existence 
of asymmetric flow and in some cases predicting 
the rotative speed and the size of the pattern. 
The results of the theories are in poor agreement 
with experimental data. 

VIBRATION ASPECT 

Although rotating stall seems to be the most 
significant cause of blade vibration in compressors, 
it must be recognized from cascade data that stall 
flutter may be a possible cause of blade vibration. 
No experimental evidence is presently available 
to show that stall flutter has been the cause of 
compressor blade excitation. If the mtating- 
stall frequency coincides with the natural bending 
frequency of the blade or a harmonic thereof, a 
resonant condition will result that may cause 
blade failure. Other possible causes of blade vi- 
bration include (1) resonance of the rotor blade 
frequency with the frequency of wakes from 
stators or supporting struts, and (2) mechanical 
failures resulting from a resonance between the 
natural bending frequency of the blade and trans- 
mitted vibrations emanating from the gearing or 
shafts. These effects are considered unimportant 
compared with the problem of rotating stall. 



CHAPTER XII 

C O M P R E S S O R  S U R G E  
By MERLE 6. H 

Experimental data indicate that there are two 
principal types of surge in compressors: ( I )  surge 
due to an abrupt stall, and (2) surge due to progres- 
sive stall. Surge due to abrupt stall is generally 
violent and audible, whereas that occurring with 
progressive stall is generally mild and inaudible. 
The violent surge obtained in jet engines during 
engine acceleration is dent i f id  as surge due to 

p s l a u  

c- 
abrupt stall. 

INTRODUCTION 

SPMBO 

The following symbols are used in apter: 

The effect of unsteady flows on compressor 
performance and life expectancy has become of 
considerable interest and importance in the appli- 
cation of axial-flow compressors to jet engines. 
Perhaps the most significant flow fluctuations are 
those associated with stall of blade elements 
within the compressor. In the past, any audible 
flow fluctuation or rumbling noise emanating from 
a compressor was loosely defined as surge. Com- 
paratively recent investigations show that certain 
flow fluctuations are not due to surge in a strict 
sense, but are due to a phenomenon called prop- 
agating or rotating stall. Rotating stall, which is 
discussed in detail in chapter XI, consists of zones 
of low flow that revolve about the compressor axis. 

The term surge, as used herein, defines flow 
fluctuations distinctly different from those due to 
rotating stall. Surge involves fluctuations in the 
net flow through the compressor; whereas rotating 
stall consists of low-flow zones revolving about 
the compressor axis, but with a constant net or 
average flow through the compressor. 

This chapter presents a discussion of surge in 
axial-flow compressors. Pressure- and flow-fluc- 
tuation data obtained from surging compressors 
are presented and discussed. Data obtained from 
both compressor test facilities and jet engines are 
included. Some theoretical aspects of surge are 

distinction is made bet 
all and surge due to progressive 

stall. Thesurging r is compared with 
other types of os 

frequency of flow fluctuations due to 

frequency of flow fluctuations due to 

total or stagnation pressure, lb/sq f t  
compressor total-pressure rise at stall 

point, lb/sq f t  
decrease in compressor-discharge total 

pressure due to abrupt stall, lb/sq f t  
amplitude of total-pressure fluctuation 

due to surge, lb/sq f t  
air velocity, ft/sec 
weight flow, lb/sec 
equivalent weight flow, lb/sec 
angular spacing of hot-wire-anemom- 

eter probes, deg 
ratio of total pressure to NASA stand- 

ard sea-level pressure of 2116 lb/sq f t  
ratio of total temperature to NASA 

standard sea-level temperature of 
518.7’ R 

number of stall zones in stall pattern 
density, lb/cu f t  
amplitude of pV fluctuation divided by 

average pV based on average ane- 
mometer current (see ch. XI) 

rotating stall, cps 

surge, cps 

Subscripts: 
1 station at compressor inlet 
2 compressor-discharge station 

STEADY-STATE COMPRESSOR CHARACTERISTIC 

Before the phenomenon of surge is considered, 
“steady-state” or “surge-free” compressor opera- 

under conditions in which 
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FIGURE 25O.-Over-all compressor performance map 
showing conditions at which rotating stall occurred in 
10-stag e subsonic axial-flow research compressor (ref. 
266). 

point. From this definition, operation with 
rotating stall is considered a steady-state con- 
dition. (Rotating stall is discussed in detail in 
ch. XI.) Figure 250 shows the range of flow for 
each of several compressor speeds over which 
steady-state operation occurred in a 10-stage 
axial-flow research compressor. The shaded areas 
indicate the flow range where rotating stall 
existed. At 50 percent of design speed, rotating 
stall occurred over the entire range of flow from 
the surge point to the maximum flow obtainable. 
The number of zones in the stall pattern, however, 
varies from 3 at the highest flow attainable to 7 a t  
the surge point. At higher values of rotational 
speed, rotating stall existed over only a part or 
none of the flow range between maximum flow and 
the surge line. The surging obtained was due to 
abrupt stall of the compressor, as will be discussed 
later. 

Stall may, in most cases, be classified as eithkr 
progressive or abrupt (ch. XI). Progressive 
stall results in a gradual reduction in stage pressure 
r d o  and efficiency as the flow is decreased and 
generally results in the formation of a rotating- 
stall pattern consisting of more than one stall zone. 
The shaded area of figure 250 represents the con- 
dition of progressive stall in the inlet stages. 
Abrupt stall in single- or multistage compressors 

results in an abrupt or apparently discontinuous 
drop in compressor pressure rise and efficiency and 
a “hysteresis” loop between stall and stall re- 
covery. A single-zone stall pattern is associated 
with abrupt stall, 

In  the intermediate-speed range, the steady- 
state performance at  a given compressor speed is 
not always unique. As discussed in chapter 
XIII, several steady-s tate performance character- 
istics may be obtained at a single compressor 
speed. 

EXPERIMENTAL INVESTIGATIONS OF SURGE 

On the basis of experimental evidence, two 
types of surge may be distinguished as follows: 
(1) surge associated with discontinuous compressor 
characteristics due to abrupt stall, and (2) surge 
associated with apparently continuous compressor 
characteristics where blade-row stall is progressive 
rather than abrupt. 

SURGE DUE TO ABRUPT STALL 

In order to describe the flow fluctuations due to 
surge associated with abrupt stall, the results of 
recent investigations in which fast-response pres- 
sure and flow instrumentation were used will be 
reviewed. 

10-Stage subsonic axial-flow research compres- 
sor.-The investigation reported in reference 266 
was conducted with a 10-stage subsonic axial-flow 
research compressor. The test facility incor- 
porated a large inlet tank and a large receiver a t  
the compressor discharge. The overall compressor 
performance map showing the speed and flow range 
where rotating stall occurred is presented in figure 
250. At all rotational speeds investigated, the 
useful operating flow range was terminated at  low 
flows by a violent surge. 

The flow fluctuations associated with surge at 
50 percent of design speed were investigated in 
some detail; the variation in compressor-inlet 
and -discharge total pressure and the variation in 
flow rate measured behind the first rotor due to 
surge are shown in figure 251. The amplitude of 
the compressor-discharge to tal-pressure variation 
(fig. 251(a)) was 75 percent of the compressor 
pressure rise at the surge point. The variation in 
compressor-inlet stagnation pressure was some- 
what smaller. The compressor-discharge pressure 
recovered to the value at the surge point at the 
end of each surge pulse. The hot-wire-anemom- 
eter signal (flow fluctuations, fig. 251) indicates 
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(a) Compressor-discharge total pressure (AP,,,,,)~APc= 0.75. 
(b) Hot-wire anemometer behind first rotor near tip. 
(c) Compressor-inlet total pressure (APaurge)~/P~ =0.1. 

FIGURE 251 .-Variation of compressor-inlet and -discharge total pressures and mass-flow rate during surge of IO-stage 
axial-flow compressor at 50 percent of design speed. Surge frequency, 0.57 cps (ref. 266). 

that the initial drop in compressor-discharge 
pressure was coincident with a sharp drop in flow. 
As the compressor-discharge pressure continued 
to decrease, however, the flow increased and ex- 
ceeded its value at the beginning of the surge 
pulse. 

The flow is maximum when the compressor- 
discharge pressure is minimum. The recording 
oscilliograph used to obtain the oscillogram re- 
produced in figure 251 was not capable of recording 
frequencies greater than about 90 cps. Conse- 
quently, these oscillograms indicate only the 
low-frequency components of the variation in flow 
and pressure during surging operations. 

The flow fluctuations that occurred during a 
surge pulse are shown in much greater detail in 
figure 252. The oscillograms shown (film strips) 
were obtained from hot-wire-anemometer signals 
recorded from a dual-beam direct-coupled cathode- 
ray oscilloscope (signal filtered to pass frequencies 
from 0 to 10,000 cps). Signals from anemometer 
probes installed behind the third, seventh, and 
tenth stators are shown along with the signal from 

an anemometer probe installed behind the first 
rotor. A rotating-stall pattern with a single stall 
zone is shown at all four axial stations at the begin- 
ning of the surge pulse. As pointed out in chapter 
XI, singlezone rotating stall is typical of abrupt 
stall. As the flow was reduced following the for- 
mation of the single-zone stall pattern, the stall 
zone evidently spread to cover the complete annu- 
lus of the compressor. Stall-zone spreading to 
cover the complete annulus during surge, as noted 
in this investigation, is not typical. Surge data 
obtained from several jet engines and from other 
compressors operating in compressor test facilities 
indicate that the single-zone rotating-stall pattern 
usually exists up to the time of stall recovery. 
Stall recovery resulted in a marked increase in flow 
followed by a comparatively gradual reduction. 
As the flow was reduced following stall recovery, 
the first stall pattern indicated on the oscillogram 
was the one consisting of three stall zones. Al- 
though not shown in figure 252, the stall patterns 
with four, five, and six stall zones appeared in 
succession as the flow was further reduced. Just 
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Time - 
(a) Upper trace behind first rotor; lower trace behind third stator. 
(b) Upper trace behind first rotor; lower trace behind seventh stator. 
(c) Upper trace behind first rotor; lower trace behind tenth stator. 

Angle between probes, 64.6'. 

Angle between probes, 104.9'. 
Angle between probes, 104.1'. 

FIGURE 252.-Oscillogram of surge at  various axial stations in 10-stage axial-flow compressor a t  50 percent of design speed. 
(A indicates X of 7, filslc of 340 cps; B indicates Anemometer probes near casing; surge frequency, 0.57 cps (ref. 266). 

X of 3, fStatl of 140 cps; C indicates X of 1, fslall of 30 cps.) 

before abrupt stall (end of one surge pulse and 
beginning of next), the stall pattern with seven 
stall zones was indicated (fig. 252). The stall pat- 
terns obtained after stall recovery (weight flow 
decreasing) were the same as those obtained during 
steady-state operation (fig. 250). Abrupt stall 
without surge was not obtained during this 
investigation. 

16-Stage subsonic axial-flow cornpressor.-The 
test facility used for the investigation of the 16- 
stage subsonic axial-flow compressor was simiiar 
to that used for the lo-stage compressor. A large 
inlet tank was used at the compressor inlet. The 
construction of the receiver at the compressor dis- 
charge permitted the installation of flow-control 
devices (throttles) at two stations. The throttle 
close to the compressor permitted operation with 
a small receiver volume, and the throttle somewhat 
downstream of the compressor permitted opera- 
tion with a much larger effective receiver volume. 
The large receiver volume was approximately 9 
times that of the small receiver volume. 

A violent audible surge was obtained at all 
compressor speeds from 30-percent design to de- 
sign speed ?hen the large receiver volume was 

used. Figure 253 is an oscillogram showing the 
variation in total pressure at the compressor inlet 
and discharge during surging operation with the 
large receiver volume at 50 percent of design speed. 
The surge frequency was about 1 cps. The com- 
pressor-discharge pressure reduction during the 
surge was about 40 percent of the compressor 
pressure rise at the surge point. *he inlet pressure 
increased about 8 percent during a surge pulse. 
Rotating stall is indicated on the oscillograms 
during the time interval in which the compressor- 
discharge pressure is decreasing. The rotating 
stall is, however, shown much better by the hot- 
wireanemometer trace in figure 254. The oscillo- 
gram shown in figure 254 was also obtained during 
surging operation at 50 percent of design speed. 
The surge frequency, however, was 1.6 cps at the 
time the oscillogram was obtained. The rotating- 
stall pattern contained one stall zone and was ro- 
tating about the compressor axis in the direction 
of rotor rotation (absolute frame of reference) at 
about 45 percent of compressor speed. 

The pressure and flow fluctuations due to surge 
obtained with the 16-stage axial-flow compressor 
are quite similar to those obtained with the 10- 
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FIGURE 253.-Variation of compressor-inlet and -discharge total pressures during surge of 16-stage axial-flow compressor 
at 50 percent of design speed. Large receiver volume; (AP,,urce)dAP~l 0.41; (AP8uv8e)~ /P~ l  0.085 (ref. 265). 
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FIGURE 254.-Hot-wire-anemorneter output during surge of 16-stage axial-flow compressor at 50 percent of design speed. 
Anemometer in seventh-stage stator; large receiver volume; probe spacing, 105'; surge amplitude, A p V / p  VI f0.3; 
rotating-stall amplitude, A p V / P ,  1.2 (ref. 265). 

stage compressor. The surge pulse was initiated 
by the formation of a single-zone rotating-stall 
pattern; but, unlike that of the 10-stage com- 
pressor, the stall pattern persisted until stall 

ed. Actually, the persistence 
tating-stall pattern, until stall 

recovery occurs, is fairly typical of compressors 

r was operated with the 
small receiver volume, audible surge was not 
obtained at 50 percent of design speed. Instead, 
abrupt stall was obtained as shown by the oscillo- 

gram in Sgure 255. The rotating-stall pattern 
obtained is the same as that indicated during the 
surging operation when the large receiver volume 
was used. The decrease in compressor-discharge 
pressure due to abrupt stall was approximately 

of the flow reduction through the inlet throttle. 
The compressor pressure ratio following abrupt 
stall was essentially constant. Audible surge was 
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FIGURE 255.-Abrupt stall of 16-stage axial-flow com- 
pressor at 52 percent of design speed. Small receiver 
volume; (Apata~&/APc,  0.41; compressor pressure ratio 
at stall point, 1.7. 

not obtained when the small receiver volume was 
used, presumably because stall recovery did not 
occur during the flow transient caused by abrupt 
stall. The reduced receiver volume resulted in a 
more rapid adjustment in receiver pressure fol- 
lowing stall and consequently smaller oscillations 
in net flow. It is of interest to note that, although 
audible surge due to cyclic stall and stall recovery 
was not obtained when the small receiver volume 
was used, stalled operation was not completely 
stable. A mild inaudible surge with a frequency 
of approximately 5 cps was indicated (fig. 255). 
The amplitude of these mild surge oscillations 
appeared to vary in a somewhat random fashion. 

Operation at 30 percent of design speed with the 
large receiver volume resulted in intermittent 
abrupt stall and surge, as shown in figure 256. 

The oscillogram was obtained with a fixed setting 
of both the inlet and discharge throttles. While 
the compressor remained stalled, 

surge was indicated on the oscillogram. The 
mild surge frequency, about 2 cps, was somewhat 
less than that obtained with stalled operation at 
50 percent of design speed (fig. 255), where the 
mild-surge frequency was about 5 cps. 

According to reference 272, the frequency of 
surge should be proportional to the reciprocal of 
the square root of the receiver volume. The large 
receiver volume was approximately 9 times that 
of the small receiver volume. Then, according 
to reference 2'72, the surge frequency with the 
small receiver volume would be approximately 3 
times that with the large receiver volume. This 
is in agreement with mild-surge data. The surge 
data obtained for the 16-stage axial-flow com- 
pressor demonstrate that surge may or may not 
result from abrupt stall, depending on the volume 
of the receiver into which the compressor is dis- 
charging. In addition, the data demonstrate that, 
with a given receiver volume, surge due to abrupt 
stall is more likely to occur at high than at  low 
compressor speeds. In many cases, abrupt stall 
is obtained without surge as defined herein (e.g., 
refs. 260 and 286)'. But: for high-pressure-ratio 
compressors, surge due to abrupt stall is common 
in compressor test facilities and in jet engines. 

Time - 

FIGURE 256.-Intermittent abrupt stall and surge of 16-stage axial-flow compressor at 30 percent of design speed. Large 
receiver volume; (AP,ta~(>l/AP~, 0.30; compressor pressure ratio at stall point, 1.25. 
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Surge in jet engines.-Surge in the compressor 
component of a jet engine is much the same as 
surge obtained with the 16-stage axial-flow 
compressor operating in a test f 
principal difference is that the surge 
jet engine is generally somewhat greater (5 to 15 
cps) than that for the same compressor operating 
in a test facility. The surge frequency in a jet 
engine is increased mainly because the volume of 
jet-engine combustors is somewhat smdler than 
that of the receivers used in compressor test 
facilities. 

An experimental investigation of stall and surge 
in a jet- engine is reported in reference 267. Surge 
was obtained by subjecting the engine to a step 
increase in fuel flow. For the particular jet 
engine used in the investigation, surge occurred 
as a result of abrupt stall at compressor rotational 
speeds where the pressure drop due to stall was 
greater than 16 percent of the pressure rise at the 
stall point. The pressure ratio at which stall 
occurred is referred to as the critical pressure in 
reference 267. Figure 257, taken from reference 

FIGURE 257 of 
in surge d 
initial speeds of 72.8 and 78 percent of rated speed 
(ref. 267). 

691-564 0-65-23 

267, shows the pressure-ratio oscillations due to 
surge obtained by step increases in fuel flow at 
compressor speeds of 72.8 and 78 percent of design 
speed. Also shown e pressure ratio at the 
stall point, the pre atio after stall, and the 
steady-state or equilibrium operating line. 
sequence of events following the increase in 

pressure increased the stall point was 
reached. Several c f surge occurred, and 
then surging ceased and the compressor remained 
stalled. The engine speed increased even though 
surging occurred. When the compressor quit 
surging and was operating stalled, the rate of speed 
increase (acceleration) was markedly reduced. 

During surge investigations in jet engines it has 
been noted that surge does not, in all cases, begin 
immediately after the stall point is reached. In 
some cases, surging does not begin until after the 
compressor has operated in a stalled condition 
(abrupt stall) for a short time and the engine 
speed has increased somewhat. 

flow was as follo compressor-discharge 

SURGE DUE TO PROGRESSIVE STALL 

Surge due to progressive stall involves flow 
fluctuations in the flow range of the compressor 
map where there are no apparent abrupt changes 
in pressure ratio due to stall. Progressive stall 
may occur at flows greater or less than that at 
which abrupt stall occurs. Surge associated with 
progressive stall is generally quite mild compared 
with surge caused by abrupt stall. Mild surge 
obtained during stalled operation of the 16-stage 
axial-flow compressor is shown in figures 255 and 
256. The amplitude of the compressor-discharge 
total-pressure fluctuations that occurred during 
mild surge is from 15 to 20 percent of that for surge 
due to abrupt stall. 

Mild inaudible surge is sometimes observed in 
single-stage compressors operating near tbe peak 
of the characteristic curve. In these cases, a 
partial-span rotating-stall pattern is generally 
associated with the surge. The amplitude of the 

was from 10 to 15 cps. The amplitude of the flow 
fluctuations of rotating stall is greatest when the 
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net flow is minimum and smallest when the net 
flow rate is maximum. The amplitude of the net 
flow variation due to surge shown in figure 258 was 
estimated to be 10 percent of the average flow rate. 
The amplitude of the surge fluctuations, however, 
increased and decreased in a somewhat random 
fashion similar to the mild surge shown in figures 
255 and 256. 

Although a rotating-stall pattern is generally 
present during all or part of the surge cycle, mild 
inaudible surge without rotating stall has been 
observed in single-stage compressors. Presumably, 
individual blade stall had occurred without ro- 
tating stall. (See ch. XI for discussion of indi- 
vidual b1ad.e stall.) Other examples of mild surge 
are reported in references 55 and 272. 

THEORETICAL INVESTIGATIONS OF SURGE 

Theories of surge have been concerned primarily 
with the question of the stability of the flow 
through the compressor and the system in which 
it is operating. The complexity of the flow system 
associated with the compressor considered in the 
theories has varied considerably. The analysis 
in reference 287 involves a relatively simple 
system consisting of an inlet throttle for controlling 
the flow and an inlet duct or tank followed by the 
compressor. Reference 272 considers a somewhat 
more complete system consisting of an inlet duct 
and an inlet tank followed by the compressor, 
which discharges into a discharge tank or receiver 
connected to an exit duct. The analysis presented 
in reference 288 is somewhat more complex than 

those presented in references 272 or 287, in that 
the inertia and capacitance effects of each stage 
of a multistage compressor are considered. 

The analysis of the stability of an operating 
point of the compressor in equilibrium with a flow 
system involves setting up linear differential 
equations in an approximate way to describe the 
dynamics of the system. The stability of the 
system may be determined without actually 
solving the differential equations by use of the 
method of Routh (see ref. 289 or 290, e.g.). 

In general, the conclusions drawn as a result of 
all surge analyses are essentially the same: The 
system becomes unstable at compressor operating 
points where the slope of the compressor char- 
acteristic is zero or slighly positive. When the 
system is unstable, the system damping is nega- 
tive, so that any small distrubances will grow in 
amplitude. A point of critical stability has no 
damping. As the flow varies, however, the 
system damping also varies. That is, the system 
damping depends on the slope of the compressor 
characteristic at the instantaneous operating point 
during the flow fluctuation. As a consequence, 
the linear theory used to determine the stability 
no longer applies after the amplitude of the flow 
fluctuations becomes finite. Surge occurs as a 
result of the instability if the nonlinearities of the 
system are such as cause oscillations to grow in 
amplitude until some limiting stable value of 
steady-state oscillations occurs. The resulting 
cycle of oscillations is called the “limit cycle” 
(e.g., ref. 290). So far as is known, there are no 

FIGURE 258.-Hot-wire-anemometer oscillogram of flow fluctuations during mild inaudible surge of single-stage com- 
pressor with hub-tip ratio of 0.8 at 70 percent of design speed (ref. 265). 
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published analyses of surge that consider the non- 
linear aspects of the problem. It seems evident, 
however, that the flow oscillations that result from 
an instability will depend to a great extent on the 
shape of the compressor characteristi 
the variation in the slope of the 
characteristic with flow, at flows greater and less 
than that at an unstable operating point, probably 
constitutes the principal nonlinearity of the system. 

In chapter XI compressor characteristics are 
classified as either continuous or discontinuous, 
depending on whether stall occurred in a graductl 
or progressive manner or abruptly. It seems 
appropriate to classify surge in a similar way. 
That is, surge may occur because of the dis- 
continuous decrease in pressure ratio due to 
abrupt stall, or because of an instability resulting 
from a gradual reduction in compressor pessure 
ratio due to progressive stall. 

SURGE DUE TO ABRUPT STALL 

Surge due to abrupt stall may be described in a 
qualitative manner with the aid of figure 259. 
The compressor static or steady-state character- 
istic is represented by the solid line. The throttle 
characteristic is represented by the dashed line 
that crosses the compressor characteristic curve at  
points A and B. Point C is the stall recovery 
point. The compressor is operating at point A 
(the stall point). Point B is a possible stable 
operating point. Point A is unstable, because a 
small reduction in flow will cause the compressor 
to stall and immediately become incapable of pro- 
ducing a discharge pressure equal to that in the 
receiver. If the receiver volume were infinite, the 
direction of flow through the compressor would 
reverse after stall, and steady backflow would 
occur with operation at point D. If the receiver 
volume were very small, its pressure would adjust 
very quickly after stall to that which the com- 
pressor is capable of producing, and operation 
would instantaneously come to equilibrium at 
point B. 

In any compressor installation the receiver 
volume would be neither large enough to permit 
steady operation at point D nor small enough to 
cause equilibrium 

depicted in figure 
For the case of abrup 

Receiver 
pressure 

- Corn;;.’essor characteristic --- Throttle char 

Steady backflow 

Single-zone 
rotating stall -.-- 

I - 0 + 
Compressor weight flow 

FIGURE 259.-Flow and pressure oscillations due to abrupt 
stall. 

a few damped oscillations in pressure and flow 
(indicated by the spiral path), the system comes 
to equilibrium at point B. If, however, the flow 
oscillations are sufficiently large to exceed the 
value required for stall recovery (point C), equi- 
librium will not be established at  point B. In- 
stead, stall recovery will occur and result in an 
increase in flow followed by a gradual increase in 
receiver pressure and decrease in flow. Following 
stall recovery, the system tends toward equilib- 
rium at point A. Stall will occur again, and the 
cycle (called the limit cycle) will be repeated as 
indicated in figure 259. Surging will cease if the 
throttle is opened (throttle curve moved to the 
right in fig. 259) sufficiently to prevent stall from 
occurring during the flow transient following stall 
recovery. Similarly, surging will cease if the 
throttle is closed (throttle curve moved to the left 
in fig. 259) sufficiently that stall recovery does 
not occur during the flow transient following stall. 
If equilibrium is established on the stalled branch 
of the compressor characteristic and the throttle 
is then opened sz) that the throttle characteristic 
passes through the stall recovery point C, the 
situation is quite similar to that with operation at  
the stall point. Asmall disturbance in the flow 
may cause stall recovery, and a surge cycle may 
be established similar to that which occurs with 
the throttle characteristic passing through the 
stall point. Equilibrium operation after stall is 
not always 
occur after 
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256). The flow fluciuations of mild surge may, in 
some cases, become sufficiently large to cause stall 
recovery, as indicated by the oscillogram shown in 
figure 256. 

SURGE DUE TO PROGRE9SIVE STALL 

Mild surge due toprogressivestall wi l l  be dis- 
cussed in conjunction with figure 260. The solid 
curve is the compressor characteristic, and the 
dashed curve is the throttle characteristic, which 
crosses the compressor characteristic at the highest 
flow at  which the system is critically stable. That 
is, small oscillations about the intersection point 
are undamped. Since the slope of the compres- 
sor characteristic becomes larger positively at flows 
less than point A, the damping becomes largerneg- 
atively if the flow is reduced a finite amount. 
If the flow increases to a value greater than that 
a t  point A, the slope of the compressor character- 
istic becomes negative and the system damping 
becomes positive. As a consequence of the variation 
system damping with compressor flow, any small 
disturbance will grow in amplitude, as indicated by 
the spiral path from point A, until the effective or 
average damping of the cycle vanishes (see ref. 290). 
The resulting cycle of oscillation is the limit cycle. Ro- 
tating stdl may exist during all or part of the surge 
cycle (fig. 258). Presumably, surge could occur at 
any compressor operating point where the system 
damping is negative, since d e  flow is unstrtble there. 

As pointed out in the section on experimental 
investigations, most data obtained with surge asso- 
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AXIAL-FLOW COMPRESSORS 

ciated with progressive stall indicate a mild in- 
audible surge. Although the relation between the 
shape of the compressor characteristic and the 
amplitude of the flow fluctuations of 
not been established, it seems quite 
surge with progressive stall may, in some cases, 
become quite . In fact, if the damping is 
suf5ciently ne , the situation is not unlike 
that for abrupt stall. 
COMPARISON OF COMPRESSOR SURGE WITH OTHER OS=- 

LATORY PHENOMENA 

Although surge in compressors is very undesir- 
able, there are many technologically useful devices 
that utilize oscillatory phenomena. Since much 
of the theory of nonlinear effects has been devel- 
oped through the study of oscillators, it seems 
appropriate to apply some of concepts and ter- 
minology used in oscillator theory to explain 
compressor surge. 

According to reference 290, there are two 
principal kinds of oscillators, feedback and relaxa- 
tion oscillators. All oscillators depend for their 
operation on some nonlinear action, and feedback 
and relaxation oscillators are distinguished by the 
type of nonlinearity utilized to control the ampli- 
tude of the oscillations. Relaxation oscillators 
operate by virtue of some discontinuous or quasi- 
discontinuous effect. Certain trigger circuits used 
with relaxation oscillators are discussed in reference 
291. The effects of the discontinuous steady-state 
compressor characteristic are evidently analogous 
to those of the trigger circuits used with relaxation 
oscillators. Consequently, it seems justifiable to 
refer to surge associated with abrupt stall as a 
relaxation oscillation. Similarly, i t  seems justifiable 
to refer to surge associated with progressive stall 
as feedback-type oscillations. Progressive stall 
results in a progressive nonlinearity. The theo- 
retical treatment of compressor surge could un- 
doubtedly be enhanced by use of the theory of 
nonlinear systems. 

SUMMABY OF RESULTS 
A survey of available data obtained from surging 

compressors indicates that there are two principal 
types of surge: (1) surge due to abrupt stall, 
which is generally a violent audible surge, and (2) 
surge due to progressive stall, which is generally a 
mild inaudible surge detectable by use of fast- 
response instrumentation. The violent surge ob- 
tained in jet engines during engine acceleration is 
identified as surge due to abrupt stall. 



CHAPTER XIII 

R O W S  S T A L L E D  
By WILLIAM A. BENSER 

C O M P R E S S O R  O P E R A T I O N  W I T H  O N E  OR M O B E  B L A D F ) .  

An analysis of the part-speed operating problems 
of high-pressure-ratio multistage axiabflow com- 
pressors is made by means of a simpli$ed stage- 
stacking study. The principal problems considered 
are poor low-speed eBiency,  multiple-valued per- 
formance characteristics at intermediate speeds, and 
poor intermediate-speed compressor surge or stall- 
limit characteristics. The analysis indicates that 
all these problems can be attributed to discontinuities 
in the pe9ormance characteristics of the front stages. 
Such discontinuities can be due to the type of stage 
stall or to a deterioration of stage performance re- 
sulting from stall of adjacent stages. 

The effects of compromises of stage matehbg to 
favor part-speed operation are also considered. This 
phase of the study indicates that such compromises 
would severely reduce the complete-compressostall 
margin. Furthermore, the low-speed stage stall 
problem is transferred from the inlet stages to the 
middle stages, which are more susceptible to abrupt- 
stall characteristics. 

The analysis indicates that inlet stages having 
continuous performance characteristics at their stall 
points are desirable with respect to part-speed com- 
pressor perjormance. However, these characteristics 
must be obtained when the stages are operating in 
the flow environment of the multistage compressor. 
Alleviation of part-speed operational problems may 
also be obtained by improvement in either stage flow 
range or stage-loading margin. 

The  results of this analysis are only qd<tati.a. 
The trends obtained, however, are in agreement with 
those obtained f r o m  experimental studies of high- 
pressure-ratio rndtiitage a&&flow compGiG% and 
the resulk are valuable in developing a n  understand- 
ing of the o&design problem. In addition to these 
stage-matching studies, a general discussion of 

INTRODUCTION 

High-pressureratio multistage axial-flow com- 
pressors frequently exhibit extremely low efficien- 
cies and severe blade-vibration problems at  
intermediate and low rotational speeds. In  
addition, such compressors may exhibit a sharp 
dip or kink in the surge or stall-limit line at  
intermediate rotational speeds, so that the attain- 
able pressure ratios in this speed range are severely 
limited. Multiple performance characteristics 
have also been observed in this intermediate- 
speed range. Operation such as engine accelera- 
tion and high Mach number fight requires that 
the compressor component of the engine operate 
satisfactorily in the low- and intermediate-speed 
ranges. In order to alleviate these part-speed 
compressor problems, an understanding of the 
flow mechanism that causes poor part-speed per- 
formance is required. Such variablegeometry 
features as adjustable guide vanes or compressor 
air bleed may solve some part-speed operating 
problems, but satisfactory application of such 
features also depends on a knowledge of the flow 
mechanism. 
As indicated by the stagematching analysis of 

reference 248, the fundamental difficulty of low- 
speed operahion results from stalling of the front 
stages of the compressor. As compressor speed 
is decreased, the density ratio across the com- 
pressor decreases rapidly; and at  low values of 
density ratio the small flow area of the rear stages 
seriously limits the flow through the compressor. 
Thus, the inlet stages are forced to operate at 
flows well below their stall limits. These trends 
have been verified experimentally. For example, 
reference 253 indicated first-stage stall for speeds 
below 80 percent of design speed, and reference 

w-riaable-geometry features such as air bleed and 
adjustable blades is includ.ed. 

257 indicated first-stage stall for speeds below 70 
percent of design speed. It should be noted that 

341 
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this mismatching of the front and rear stages of 
the compressor at low speeds will, in general, be 
more severe for high-prmsure-ratio than for low- 
pressure-ratio compressors. A further indication 
as to the source of the part-speed problem can be 
obtained from chapter XI, which shows that 
rotating stall is the prevalent type of stage s t d  
and that rotating stall originating in the first 
stage of a multistage compressor results in flow 
fluctuations that extend completely through the 
compressor. The flow fluctuations of rotating 
stall are also a serious source of compressor blade 
vibrations (ch. XI). 

As pointed out in chapter XII, serious com- 
pressor surge is a result of a discontinuity in the 
compressor performance characteristics. This 
discontinuity of performance may result from the 
abrupt type of stage stall discussed in chapter XI 
or from a deterioration of the performance of 
several stages as a result of the flow fluctuations 
imposed by the instigation of rotating stall in 
the inlet stage. The dip or kink in the surge- 
limit line of a 16-stage research compressor (ref. 
253) was attributed to these interaction effects or 
to deterioration of performance of several stages 
as a result of stall of the inlet stage. 

The existence of multiple-valued performance 
characteristics is shown in reference 292, which 
presents data showing three separate and distinct 
performance curves for a three-stage axial-flow 
compressor operating at a constant value of 
rotational speed. Tests of a high-pressure-ratio 
multi-stage compressor (ref. 293) show the exist- 
ence of six separate performance characteristic 
curves for a rotational speed of approximately 
75 percent of the design value. Hot-wire- 
anemometer data taken during this investigation 
indicate a correlation between compressor per- 
formance and the number of stall zones in the 
rotating-stall pattern. 

It is evident that the problems of poor part- 
speed efficiency, compressor blade vibration, 
intermediate-speed surge or stall limit, and 
multiple-valued performance characteristics of 
high-pressure-ratio multi-stage axial-flow com- 
pressors are all related to rotating stall and the 
attendant interactions or deteriorations of stage 
performance due to unsteady flow. The experi- 
mental approach does not yield a complete under- 
standing of the general part-speed performance 
problem, because the inherent performance of 

each stage is not easily obtained, particularly in 
the range of speeds and flows where rotating stall 
exists in the compressor. Furthermore, the range 
of stage operation that can be studied experi- 
mentally is limited because of compressor surge. 
Therefore, to obtain a qualitative evaluation of 
the effects of stage stalling characteristics and of 
stage interactions on the general part-speed com- 
pressor performance problem, a simplified stage- 
stacking study was made. The basic hypothetical 
compressor considered was a 12-stage unit with 
an overall pressure ratio of 7.75. The stage per- 
formance characteristics used in the computation 
of multistage performance were assumed to be 
similar to those obtained from single-stage com- 
pressors. Interaction effecb were evaluated by 
arbitrary modification of the assumed stage per- 
formance curves. The first three cases considered 
herein (repeated from refs. 294 and 295) concern 
various severities of interaction effects. The last 
two cases considered evaluate the effect of com- 
promises of stage matching to favor part-speed 
performance as suggested in reference 248. When 
possible, the results of these studies are compared 
with experimental data. 

Because of the assumptions made io rc?gard to 
stage performance characteristics and stage inter- 
action effects and because of the simplified stacking 
technique used, the computed values of com- 
pressor performance must be considered only as 
qualitative values. The general trends, however, 
are valuable in obtaining an understanding of the 
part-speed efficiency problem, the intermediate- 
speed surge or stall problem, and the multiple- 
valued performance characteristic problem of 
high-pressure-ratio axial-flow compressors. An 
indication of desirable types of stage performance 
Characteristics is obtained; and, in addition, this 
analysis indicates some of the factors that must be 
evaluated if accurate performance predictions are 
to be obtained for the range of compressor opera- 
tion where one or more of the elements are stalled. 
This analysis, however, does not consider the 
adverse effects of inlet flow distortion on the 
compressor stall limit. 

GENERAL CONSIDERATIONS 
SINGLE-STAGE STALL CHARACTERISTICS 

As discussed in chapter XI, stage stall may be 
divided into two types: (1) progressive stall, char- 
acterized by a gradual but continuous decrease in 
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stage performance as the flow coefficient is de- 
creased below the stalling value, and (2) abrupt 
stall, characterized by a sudden or abrupt drop 
in stage performance at the stalling value of flow 
coefficient. Either type of stage stall normally 
results in the formation of one or more low-flow or 
stalled zones that rotate about the compressor 
axis and are thus dehed  as rotating stall. Pro- 
gressive stall is normally associated with rotating- 
stall zones that start at one end of the blade and 
grow radially and circumferentidy as the flow 
coefficient is decreased. The stall pattern for 
this type of stall may consist of from one to 
twelve stall zones, and the number of stall zones 
generally increases as flow coefficient is decreased. 
Abrupt stall is normally associated with a simul- 
taneous stall of all radial elements of the blade, 
and the stall pattern generally consists of a single 
stall zone. 

Progressive stall is prevalent in low hub-tip 
ratio or inlet stages, whereas abrupt stall is 
prevalent in high hub-tip ratio or exit stages. 
Typical middle stages of a multistage compressor 
or intermediate hub-tip ratio stages may exhibit 
a progressive stall followed by an abrupt stall as 
flow is further reduced. Both progressive and 
abrupt stalls exhibit a hysteresis effect, in that the 
flow coeflticient at which stall recovery is achieved 
is higher than that at which stall was first en- 
countered as the flow was decreased. This 
hysteresis effect is also discussed in chapter XI. 

STAGE INTEBACTIONS 

The performance and stalling characteristics 
may be appreciably different when a stage is 
operated as a single stage and when it is 
operated as a stage of a multistage compressor. 
These differences of performance, which may be 
designated as interaction effects, result from the 
radial and circumferential variations of stage-inlet 
conditions that may exist in the multistage 
compressor. As pointed out in chapter XI, inter- 
action effects may be attributed to two main 
sources: (1) radial maldistribution of flow due to 
off-design performance of adjacent stages, and 
(2) circumferential maldistribution of flow or un- 
steady flow due to rotating stall originating in 
adjacent stages. 

Radial maldistribution of flow.-Radial maldis- 
tribution may be defined as large xariations from 

the design radial distribution of flow. For any 
stage other than the first stage of a multistage 
compressor, these radial maldistributions of flow 

than that at the root 
equilibrium of static p 

axial velocity at the blade tip to that at the blade 
root that is larger than the design value. This 
radial variation from design flow may be 
vated through the first few stages of the 
pressor and may alter the relative rate of appro 
to stall for the tip and root sections of subsequent 
stages. Thus, a stage that exhibits a partial-span 
progressive stall when tested as a single stage may 
exhibit an abrupt total-span stall when operated 
as a stage of a multistage compressor. Further- 
more, radial maldistribution of flow can result in 
appreciable variations in average stage-work input 
for a given value of flow coefficient as well as in 
variations in the stalling value of flow coefficient 
for any stage. 

Unsteady flow.-When rotating stall exists in a 
multistage compressor, the resulting flow fluctu- 
ations extend through all stages (ch. XI). These 
flow fluctuations of rotating stall impose a time- 
unsteady circumferential velocity variation on all 
stages, and the instantaneous loading of the blades 
is certainly altered from that for steady flow at 
the same mean value of flow coefficient. Thus, 
when rotating stall is instigated by an inlet stage, 
the performance of all subsequent stages may be 
altered because of the resulting variations in 
circumferential flow distribution. 

Imposition of flow fluctuations of rotating stall 
on any stage that is operating near its stall point 
may result in stall of that stage. Thus, the flow 
fluctuations may be increased in magnitude, as 
was the case for the lo-stage compressor discussed 
in chapter XI. In addition to premature incur- 
rence of stall in a given stage due to stall of an 
adjacent stage, the resulting stall pattern and 
performance of the given stage may be appreciably 
different from those predicted by single-stage 
tests. Stages operating at flow coefficients appre- 
ciably above the value for stall or near their choke 
limit, however, tend to decrease the amplitude of 
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flow fluctuations resulting from rotating stall 
originating in preceding stages. Consequently, 
the effects of flow fluctuations on the performance 
of such stages may be small. 

COMPLETE COMPRESSOR STALL AND SURGE 

Abrupt stall of one or more stages and progres- 
sive stall of the inlet stage, which result in deterio- 
ration of the performance of several subsequent 
stages, will both result in discontinuities in over-all 
performance of a multistage compressor. For the 
purposes of this analysis, discontinuity points in 
the over-all compressor performance characteristic 
at a given speed are designated as complete com- 
pressor stall to differentiate between stall of the 
over-all compressor and stall of the individual 
stages. As discussed in chapter XII, discon- 
tinuities in over-all compressor performance may 
result in compressor surge. The occurrence of 
surge will, of course, depend on the external 
system characteristics as well as the compressor 
characteristics. If surge does not occur, stable 
performance at a lower level of pressure ratio and 
efficiency wil l  be obtained. During component 
tests of a multistage compressor, these discon- 
tinuities in performance are not often observed, 
because compressor surge is encountered. Com- 
plete compressor stall and surge, however, repre- 
sent the same limit of compressor operation. 

STAGE STACKING 

As pointed out in chapter X, the off-design 
performance of a multistage axial-flow compressor 
may be approximated by a simplified stage- 
stacking technique if the generalized stage per- 
formance characteristics are known. The main 
purpose of the analysis reported herein is to study 
qualitatively the effects of various stage stall 
characteristics and stage interactions on the part- 
speed operating characteristics of multistage axial- 
flow compressors. In order to simplify the 
computations, effects of radial maldistribution 
of flow and effects of Mach number on stage flow 
range and efficiency are ignored. The detailed 
stacking procedure used for these computations is 
given in appendix B of reference 294 and is similar 
to that outlined in chapter X. 

For this analysis the stage curves are assumed 
i.a te&s of adiabatic efficiency and pressure 
coeffiuiht as functions of flow coefficient. The 
rtdiabaffic efficiency is the ratio of useful or isen- 

tropic work input to actual work input; the pres- 
sure coefficient is a function of useful work input 
divided by the square of the mean-radius wheel 
speed; and the flow coefficient is the ratio of the 
average inlet axial velocity to the wheel speed at  
the mean radius. Study of the performance of 
numerous stages indicates that stage performance 
for a range of speeds can be generalized to a single 
curve on the basis of these parameters. The 
effectiveness of this manner of generalization of 
data is illustrated in figure 261, which is a plot of 
the performance of the first, fifth, and tenth stages 
of the compressor reported in reference 257. Some 
random variations exist because of the difficulty 
of obtaining accurate stage performance data in 
the multistage compressor. The stage data, how- 
ever, can be well approximated by a single curve 
for all speeds except for the maximum-flow points 
in the tenth or last stage of the compressor. In 
this case the effect of stage-inlet Mach number on 
the negative-incidence stalling angle tends to 
decrease the choking value of flow coefficient as 
compressor speed is increased. Similar Mach 
number effects may exist in the inlet stage. A t  
any given speed, however, the inlet stage covers 
only a small part of its total range. Therefore, 
the Mach number effect is not noted on such a 
plot of experimental data. The fifth stage does 
not cover an appreciable flow range and thus does 
not exhibit a noticeable Mach number effect. 
Since the inclusion of Mach number effects would 
not appreciably alter the trend obtained from the 
stage-stacking analysis, these effects are not 
considered in the computation of compressor 
performance. 

Interaction effects were small for the pornpressor 
of reference 257, as indicated by the measured 
stage performance characteristics. For the com- 
pressor of reference 253, however, appreciable 
interaction effects were noted. For the computa- 
tions reported herein, interaction effects due to 
unsteady flow resulting from stall in the inlet 
stage were estimated by altering the individual 
stage performance curves of several succeeding 
stages for those conditions where stall existed in 
the inlet stage. Estimated hysteresis effects in 
the unstalling characteristics are also incorporated 
in the stage curves. 

For cases I to 111, three combinations of stage 
stall, interaction effects, and unstalling hysteresis 
are considered. In cases Tv and V, stage matching 
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FIGURE 261.--Generalieed stage performance for stages 1, 5, and 10 of reference 258. 

is compromised to favor part-speed operation. 
No effects of interaction or unstalling hysteresis are 
evaluated for cases IV and V. 

HYPOTHETICAL COMPBESSOB. CASES I, II. AND Ill 

The basic hypothetical compressor was identical 
for the first three cases considered and was the 
same as that presented in references 294 and 295. 
The compressor had 12 stages of constant tip 
diameter. All stages had identical performance 
in terms of pressure coefficient and efficiency 
against flow coefficient, except for the stalling 
characteristics. Pertinent reference-point details 
of the compressor are as follows: 
Over-all total-pressure ratio . . . . . . . . . . . . . . . . . . . . .  7.75 
Inlet specific weight flow, equivalent flow per sq f t  

annulus &rea_--_---_-_--______-_-_---_____-_ 33.5 
Inlet corrected tip speed, ft/sec _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  950 

Absolute inlet-air angle at pitch radius of each 

Flow coefficient for each stage _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  0.69 
Pressure coefficient for each stage _ _ _ _ _ _ _ L _ _ _ _ _ _ _ _  0.3 
Individual stage hub-tip radius ratios, area ratios, mean- 
radius ratios and reference-point pressure ratios are listed 
in table VIII(a). 

stage, d e g _ _ _ - - - - _ _ _ _ _ _ _ - - - - - _ _ - - _ _ - - - _ _ - _ _ -  2236 

The assumptions of stall type, interactions, and 
hysteresis effects for cases I to I11 are as follows: 
- 
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- 
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Mean- 
radius 
ratiob 

1,046 
1.088 
1.031 
1.w 
1.022 
1.018 
1.018 
1.014 
1.010 
l.m 
1.007 
1.006 
1.008 

The individual stage curves assumed for each con- 
figuration are discussed in the section DISCUSSION 
OF COMPUTED PERFORMANCE. 

HYPOTHETICAL COMPRESSOR, CASES IV AND V 

Reference 248 suggests that improvements in 
part-speed performance of multistage compressors 
might be obtained by matching the stages so that 
at design speed the inlet stages operate at the high 
end and the rear stages at the low end of their 
flow-coefficient ranges. Case T.V was therefore 
considered in order to evaluate the potential of 
such stage-matching compromises. Thus, the 
match-point flow coefficients for case IV were 
arbitrarily varied from 0.76 in the first stage to 
0.63 in the twelfth stage, as compared with a con- 
stant value of 0.69 for cases I to 111. The stage 
characteristics used were identical to those for 
case I. Since the results of case IV indicated that 
this stage-matching compromise greatly reduced 
the complete-compressor-stall or surge margin at 
design speed, case V was considered, in which a 
thirteenth stage was added. The performance 
characteristics for this added stage were assumed 
identical to those for stages 9 to 12, and the match- 
point flow coefficient was taken as 0.626. As in 
previous cases, the compressor was assumed to 
have a constant tip diameter. 

Pertinent reference-point values for cases IV and 
V are as follows: 

CaseIV CaseV 
Number of stages _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  12 13 
Over-all total-pressure ratio _ _ _ _ _ _ _ _ _ _  7.73 9. 10 

flow per sq ft  of annulus area _ _ _ _ _ _  35.96 35.96 
Inlet corrected tip speed, ft/sec_------ 950 950 
Absolute inlet-air angle at pitch radius 

. 

* Inlet specific weight flow, equivalent w 

of each stage, deg-- - _ _ _ _ _ _ _ _ _ _ _ _ _  2234 22% 
Individual stage parameters for these two cases are 

listed in table VIII(b). 

TABLE VII1.-REFERENCE-POINT VALUES 
(a) Cases I, 11, and 111 

Hubtip 
radius 
ratio 

0.6oOo 
.SBw 
.ti298 .@lo 
.7240 
.7623 
,7944 
.a261 
.8616 
.a709 
.w7 .ma 
.91W 

-- 

1 
2 
3 
4 
6 
6 
7 
8 
9 
10 
11 
12 

I 

Hub-tip Stage 
radius I pressure 
ratio ratio 

0.8431 1.071 
.as10 1.046 
.as47 1.033 
.a680 1.026 
.a630 1.019 
.8886 1.016 .ma 1.012 
.m 1.010 
.as6 1.008 
.8876 1.007 
.a820 1.WM 
.8960 1.0046 

0 . m  

.e795 

.7348 

.7779 
-8120 
.sa89 

-8794 
.a943 
.ma 
.9173 

.ww3 

. m a  

I.: 10 8 9 

11 
12 
18 - 

1.179 

1.m 
1.204 
1,202 
1.198 
1.192 

1.179 
1.172 
1.168 
1.158 

i.im 

1.1s 

- 
Area 

ratio 

- 
0 .m 
.a928 
.8fJ89 
8851 
.a818 
.am3 
.8606 
.8651 
-8787 
.8850 
.8%7 
.a889 
.a897 - 

(b) Caaes IV and V - 
Stage 

preasurc 
ratio 

1.136 
1.151 
1.173 
1 .la6 
1.197 
1 .205 
1.210 
1 .as 
1.198 
1.193 
1 .la9 
1 .la3 
1 .w 

- 

- 
Ratio of exit to inlet area for stage. 

b Ratio of exit to inlet mean radius for stage. 

RANGE OF CALCULATIONS 

For each case considered, calculations were 
made for a range of speeds of 50 to 110 percent of 
the reference value. The maximum flow con- 
sidered at each speed was the estimated exit-vane 
choke flow. For these examples, choke flow was 
assumed to exist at a value of specific weight flow 
at the exit of the last stage of 41.4 pounds per 
second per square foot of annulus area. This value 
of specific flow is based on flow conditions at the exit 
of the last stage. The minimum flow considered 
at each speed was that at which a discontinuity 
in the performance curve of any stage was en- 
countered. As indicated in chapter XII, discon- 
tinuities in multistage-compressor performaye at 
a given speed may lead to either compressor surge 
or complete compressor stall. In the computa- 
tion of intermediate-speed performance for cases 
I1 and 111, operation with the inlet stage stalled 
and unstalled was considered. 

DISCUSSION OF COMPUTED PERFORMANCE 
CASE I 

The assumed stage performance curves for case 
I are presented in figure 262. The first four stages 
were assumed to have only a progressive stall, and 
the pressure coefficient and efficiency were taken 
as continuous functions of the flow coefficient, as 
shown in figure 262(a). Stages 5 to 8 were as- 
sumed to have an initial progressive stall and an 
abrupt stall at lower values of flow coefficient 
(fig. 262(b)). Stages 9 to 12 were assumed to 
have only an abrupt stall (fig. 262(c)). As noted 
in figures 262 (b) and (c), a discontinuity of stage 
performance characteristics was considered io re- 
sult from abrupt stall. The stage characteristics 
for stage pressure ratios below 1.00, which were 
the same for all stages, are given in figure 263. 
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FIQURE 262.-Assumed stage performance characteristics for case I. 

As noted in appendix B of reference 294, a modi- 
fied computational procedure was used when stages 
operated at turbining pressure ratios. Inter- 
action effects were considered negligible through- 
out the compressor. 

Computed over-all performance.-The com- 
puted over-all performance map for case I is given 
in figure 264 as a plot of over-all total-pressure 
ratio against specific weight flow. The over-all 
total-pressure ratio, which is the ratio of total 
pressure at the exit of last stage to that at the 
compressor inlet, would not include an exit-vane 
or diffuser loss. The specific weight flow is the 
equivalent weight flow per square foot of annulus 
area at the compressor inlet. Also shown in 
figure 264 are contours of constant efficiency, the 
estimated choking-flow condition for the exit 
vanes, and the estimated complete-compressor- 
stall limit. 

The computed maximum efficiencies for this 
case varied from slightly over 0.70 at 50 percent. 
of reference speed to approximately 0.87 at 100- 
percent speed. The values of computed efficiency 
at the lowest speeds considered indicate that 
stage mismatching at low speeds will not com- 
pletely explain the extremely low efficiencies ob- 
tained experimentally for some high-pressure-ratio 
multistage axial-flow compressors. 

The exit-vane choke limit was the maximum 
flow considered at each speed. Further decreases 
in over-all pressure ratio would not alter the stage 
matching but would merely increase the losses 
downstream of the point of choking. 

The complete-compressor-stall limit at each 
speed was the flow at which a discontinuity of 
performance occurred because of abrupt stall of 
some stage. Occurrence of abrupt stall in a stage 
results in very large flow fluctuations that could 
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Flow coefficient 
RQURE 263.-Assumed performance characteristics for 

negative values of pressure coefficient for all stages. 

Specific weight flow 

FIGWBE 264.-Computed over-all performance for case 1. 

seriously affect the performance of all stages in 
the compressor. Therefore, the occurrence of 
abrupt stall in the multistage compressor can 
logically be taken as the lower limit of usable 
range at that speed. As pointed out in chapter 
X I ,  discontinuities in overall performance of 
the compressor may result in compressor surge; 
and, thus, the complete-compressor-stall l i t  
may also be considered to be the surge limit of 
the compressor. As noted in figure 264, this 
limit does not exhibit the customary dip or kink 
at intermediate speeds. If surge were assumed 
to occur at the maximum-pressure-ratio points 
as in reference 248, the general trends would be 
unchanged. 

F 33.68/ 
Specific weight flow 

2 3.4/ 
.8 

g .6 
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l 0 . d  

(a) Speed, 100 percent of reference. 
(b) Speed, 80 percent of reference. 
(c) Speed, 50 percent of reference. 

F’IGIJBE 265.-Stagewke variation of flow coefficient for 
case I. 
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Variation of stage flow coefficients.-In order to 

illustrate the stages that are stalled at various 
inlet flows and speeds, the stage flow coefficient is 
plotted against stage number (fig. 265) for several 
values of inlet flow at speeds of 100, 80, and 50 
percent of the reference value. The h e a d y  
shaded area on these plots represents the range of 
progressive stall, and the lightly shaded area 
represents the range of abrupt stall with the 
associated discontinuity of stage pressure coeffi- 
cient (fig. 262). 

At 100 percent of reference speed (fig. 265(a)), 
flow-coefficient variations are shown for the 
reference-point specific flow of 33.5, the approxi- 
mate exit-vane choke flow of 33.68, and the com- 
plete-compressor-stall flow of 33.06. The varia- 
tion of flow coefficient in the front stages is small, 
and thus the specific-weight-flow range at this 
speed is also small. The maximum change in 
flow coefficient occurs in the last stage, and com- 
plete compressor stall results from abrupt stall of 
this stage. 

As the speed is reduced to 80 percent of the 
reference value, the flow coefficients decrease for 
the entrance stage and increase for the exit stage, 
as shown in figure 2651b). At this speed, the 
f is t  stage operates in the progressive-stall range 
even at the maximum specific weight flow of 
23.40. Complete compressor stall results from 
stall of the ninth stage at a specific weight flow 
of 17.16. It should also be noted that the number 
of stages operating in the progressive-stall range 
increases from one to eight as the flow is decreased 
from the exit-vane choke value of 23.40 to the 
complete-compressor-stall value of 17.16. 

As the speed is further decreased to 50 percent 
of the reference value (Sg .  265(c)), the front 
stages move deeper into stall and the rear stages 
closer to choking flow. Complete compressor stall 
results from occurrence of abrupt stall in the fifth 
stage. From five to seven stages operate in the 
progressive-stall range at all flows. 

A comparison of figures 265 (a), (b), and (c) 
shows that at high speeds complete compressor 
stall results from abrupt stall of the rear stages; 
and, as speed is reduced, earlier stages in the 
compressor instigate complete compressor stall. 
As shown by the variation of stage flow co&cient 
and by the assumed abrupt-stall limits (Sg. 265), 
complete compressor stall will only be instigated 
by stages 5,9, m d  12 for this example. 

In order to define more clearly the relation of 
stage stall to compressor speed and flow, the 
individual stage stall limits are cross-plotted on the 
computed performance in figure 266. This 
figure shows that pro e stall exists in from 
one to eight stages €or all speeds below 80 percent 
of the reference value and for the low-flow portion 
of the flow range at speeds of 85 and 90 percent. 
It should be noted that, near the complete- 
compressor-stall point at 90-percent speed (fig. 
266), nearly all the stages stall at approximately 
the same value of specific weight flow. In fact, 
stages 2 to 5 stall at a slightly higher value of 
inlet flow than stage 1. As pointed out in chapter 
XI, rotating stall is a prevalent source of com- 
pressor blade vibration. Therefore, this range of 
operation where progressive stall exists is ex- 
tremely important with respect to engine re- 
liability. 

In general, the computed progressive-stall limits 
of this hypothetical compressor (fig. 266) are 
verified by experimental studies of rotating stall 
in multistage compressors. The speeds at which 
this type stall are encountered are somewhat 

Specific weight flow 

FIGURE 266.-Relation of stage stall and over-all 
compressor performance for case I. 



350 AERODYNAMIC DESIGN OF AXIAL-FLOW COMPRESSORS 

higher than discussed in chapter XI. The speed 
at which inlet-stage s t d l  first occurs, however, 
would be a function of stage characteristics as well 
as design-point matching. For this example, 
all stages were assumed to have identical 
teristics up to the stall point and were matched at 
a constant value of flow coefEcient of 0.69. Mach 
number effects, which were ignored in this analysis, 
may also vary the speed at whieh inlet-stage stall 
is first encountered. A.s can be seen from the 
stage curves of *e 261, a reduction in rotational 
speed, which corresponds to a reduction in stage- 
inlet Mach number, results in an increase in the 
maximum obtainable flow coefficient of the exit 
stage of a multistage compressor. Correspond- 
ingly, a decrease in inlet Mach number of the 
first stage would tend to decrease the flow co- 
efficient at which stall of this stage is encountered. 
Both of these effects would tend to decrease the 
speed at which first-stage stall is encountered in 
the multistage compressor but would not alter 
the trends indicated by the computed compressor 
performance. 

The lines of abrupt stall (Sg. 266) show that, 
for speeds up to 70 percent of the reference value, 
complete compressor stall results from abrupt 
stall of the fifth stage; for speeds of 75 to 90 
percent, from abrupt stall of the ninth stage; 
and for speeds of 95 percent and higher, from 
abrupt stall of the twelfth stage. The resulting 
complete-compressor-stall limit, however, is free 
of the normal dip or kink that is frequently 
encountered in high-pressure-ratio multistage com- 
pressors. 

CASE II 

Case I1 was computed to evaluate the effects 
of small discontinuities resulting from interaction 
effects in the first few stages of a multistage 
compressor, and also to evaluate the effects of 
unstailing hysteresis of the inlet stage. Inter- 
action effects were aasumed to exist in the first 
four stages. The detailed flow studies of the 10- 
stage research compressor discussed in chapter 
XI reveal that flow fluctuations of rotating 
stall increased through the first four stages and 
then decreased through the remaining stages. 
Therefore, the assumption of interaction effects 
in four stages appeared reasonable. The magni- 
tude of the decrease in performance was arbi- 
trarily chosen. 

The stage characteristics used for stages 1 to 4 
of case I1 are given in figure 267. These stage 
performance characteristics were obtained by 
arbitrarily modifying the pressure-coefficient char- 
acteristics used in case I and computing the modi- 
fied efficiency curves assuming no change in the 
actual work input from that of case I. A small 
discontinuity in the performance of stage 1 was 
assumed as shown in figure 267(a). The un- 
stalling hysteresis effect is also indicated in this 
figure. Stall recovery was assumed to occur 
at a flow coefficient of 0.60, whereas stall origi- 
nally occurred at a flow coefficient of 0.565. To 
evaluate interaction effects, stages 1 to 4 were 
assumed to operate on the lower or stalled por- 
tions of their performance curves (fig. 267) 
whenever any of these stages encountered stall. 
The stage performance characteristics for stages 
5 to 12 were identical to those of case I (figs. 
262 (b) and (c)). 

Performance with front stages unstalled.-The 
calculated performance map for case I1 for the 
condition of no stall in the front stages is presented 
in figure 268(a). This performance map is identi- 
cal to the high-speed part of the map for case 
I (figs. 264 and 266) except for the complete- 
compressor-stall limit at speeds below 95 percent 
of the reference value. In case I1 the stall of 
one of the front stages leads to a discontinuity 
of over-all performance because of the assumed 
interaction effects. Thus, an envelope of the 
progressive-stall limits for case I (fig. 266) repre- 
sents the complete-compressor-stall limit for case 
I1 for speeds from 80 to approximately 95 percent 
of reference speed. No operation with the front 
stage unstalled is obtainable below 80-percent 
speed. 

Performance with first stage stalled.-The 
computed performance for case I1 for the condition 
of stall in the first stage and interactions in 
stages 2 to 4 is shown in figure 268(b) for speeds 
of 50 to 95 percent of the reference speed. The 
upper limit of flow for speeds of 85, 90, and 95 
percent of the reference value was determined 
by the u n s t a l l i  flow coefficient for the first 
stage. At 95-percent speed, the front-stage un- 
stalling limit intersects the ninth-stage stall- 
limit line (fig. 26803)). Therefore, this was the 
maximum speed for which calculations of per- 
formance with the front stage stalled were made. 
Complete compressor stall at speeds of 50 to 70 
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percent results from discontinuities due to the 
occurrence of abrupt stall of the fifth stage; 
and at speeds of 75 to 95 percent, from abrupt 
stall of the ninth stage. 

The efficiencies for case I1 at intermediate 
speeds are somewhat lower than for case I. 
This decrease in efficiency is a direct result of the 
decrease in pressure coefficient assumed for stages 
1 to 4 for the condition of progressive stall and 
stage interaction effects in these stages. 

Complete performance map.-The complete 
performance map for case I1 is obtained by super- 
imposing the performance maps for operation 
with the inlet stage unstalled and the pedormance 

map for operation with the inlet stage stalled 
and interactions in stages 2 to 4 (figs. 268 (a) and 
(b)). The resulting performance in terms of 
pressure ratio against specific weight flow is given 
in figure 268(c) for a range of speeds from 50 
to 110 percent of the reference value. For a 
range of speeds from 80 to 95 percent of the refer- 
ence value, operation with both the inlet stage 
stalled and the inlet stage unstalled is possible. 
Thus, in this intermediate-speed range, the ex- 
istence of double performance curves and two 
complete-compressor-stall or surge points at a 
given speed is indicated. The double curves 
of this analysis were obtained as a result of a 
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small discontinuity in the performance char- 
acteristics of the first stage and interactions in 
stages 2 to 4. These results are verified by the 
multiple performance curves obtained in the 
experimental investigations reported in refer- 
ences 292 and 293. 

It should be noted that, for the computations of 
case 11, a small discontinuity in the pressure- 
coefficient curve of stage 1 was assumed. Similar 
results would be obtained, however, if the per- 
formance of stage 1 were assumed to be continuous, 
provided discontinuities of stage performance as 
a result of interaction were assumed for any of 
the following stages. 

Transition from stalled to unstalled operation of 
inlet stage.-Reference 293 indicates multiple 
values of surge-point performance for inter- 
mediate-speed operation. In these tests, the 
particular surge point obtained depended upon 
the schedule of speed and flow that preceded the 
occurrence of surge. The double-valued curves 
of figure 268(c) and the dependence of com- 
pressor performance on the manner in which a 
particular operating point is approached indicate 
the necessity of studying the transition from 
compressor operation with the inlet stage stalled 
to operation with the inlet stage unstalled. 

The usual operating schedule in compressor- 
component testing is to start at maximum or 
choke flow for a given speed and increase the 
throttling in successive steps until surge is 
obtained. Since cornpressor operation at maxi- 
mum flow at low and intermediate speeds is 
normally set by the choke of the exit vanes, 
transition from stalled to unstalled operation of 
the inlet stage can be considered to occur along 
the exit-vane choke limit of figure 268 (c). Thus, 
as the compressor speed is increased, the choking 
limit of the exit vanes will prevent unstalling of 
the inlet stages for this case until a speed of 85 
percent of the reference value is attained. Un- 
stalling of the inlet stage and alleviation of the 
resulting interaction effects will result in a 
transient change of operation from the exit-vane 
choke point on the dashed speed curve to the 
exit-vane choke point on the solid speed curve. 
For this example, the specific weight flow in- 
creases from 26 to 26.3 and the pressure ratio 
from 4.23 to 4.30. The efficiency is not changed 
appreciably. For the purposes of this chapter, 
the transient conditions following unsta,lling of 

691-564 0-65-24 

the inlet stage are ered, and the com- 
pressor operation to change discon- 
tinuously from th 
for inlet stage 

from the normal 
techniques described is given in figure 268 (d). 
For speeds up to 85 percent of the reference value, 
the compressor would operate with the front 
stage stalled; and for speeds above 85 percent, 
with the front stage unstalled. Therefore, both 
branches of the performance curve are given at this 
crossover speed of 85 percent of the reference value. 

Complete-compressor-stall limit.-The com- 
plete-compressor-stall limit will follow the dis- 
continuity points of the dashed speed curves up 
to the crossover speed and the discontinuity point 
on the solid curves above this speed. Thus, 
a stall-limit line faired through these points 
exhibits the dip common to most high-pressure- 
ratio axial-flow compressors. As indicated by 
this analysis of m e  11, however, two discrete 
stall-limit lines exist, the low-speed stall limit 
representing the mode of operation with the front 
stages stalled and the high-speed stall limit 
representing the mode of operation with no stages 
stalled. Since these two stall-limit lines may 
overlap in the intermediate-speed range where 
multiple performance characteristics may exist, 
a continuous stall-limit line should not be faired 
through the stall points for the complete range of 
speeds. In presentation of experimental data, 
however, the compressor stall or surge line is 
faired through a finite number of points and is 
generally considered a continuous function of 
flow, pressure ratio, and speed. 

The analysis of case I1 shows that the dip in 
the compressor stall or surge limit that is experi- 
mentally found to exist for intermediate-speed 
operation of high-pressure-ratio multistage com- 
pressors can be simulated by assuming a small 
discontinuity in the performance characteristics 
of the inlet stage and interaction effects in stages 
2 to 4. Similar results would be obtained from 
any combination of discontinuous performance 
characteristics of the inlet stages. For example, 
the performance characteristics of the first stage 
of the 16-stage compressor reported in reference 
253 were continuous, but discontinuities did exist 
in the characteristics of a few stages after the first. 
It should al&o be noted that relatively continuous 

The type of over-all p 

* 
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stage characteristics will result in a fairly smooth 
surge or stall-limit line, as indicated in reference 
257. 

The transition from the complete-compressor- 
stall limit for operation with the inlet stage stalled 
to that for operation with the inlet unstalled de- 
pends on the manner in which this limit is ap- 
proached. If the compressor-discharge throttling 
is sufficient to cause the compressor to operate 
appreciably above the exit-vane choke limit as 
speed is increased, unstalling of the front stage 
may not be achieved until a speed appreciably 
greater than 85 percent of the reference value is 
attained. In the range of speeds from 85 to 95 
percent of the reference value, the complete- 
compressor-stall limit may follow that of figure 
268(b). But, if the speed is first increased above 
the value for unstalling of the inlet stage and then 
reduced, complete compressor stall may occur on 
the limit of Sgure 268(a) for speeds of 80 to some 
what over 90 percent of the reference value. 
Thus, for case 11, double-valued compressor stall 
points at a given speed may be obtained for the 
range of speeds from 80 to 95 percent of reference 
speed, as indicated in figure 268(c). As previously 
discussed, this phenomenon has been observed in 
experimental studies of multistage axial-flow- 
compressor performance. For cases where un- 
stalling of groups of stages or alleviation of inter- 
action effects occurs stepwise, even more than 
two compressor performance characteristic curves 
may be obtained at  a given value of speed. 

For maximum engine acceleration, the compres- 
sor operating line in an engine wi l l  be very close 
to the surge or stall limit at low and intermediate 
speeds. Thus, the intermediate-speed complete- 
compressor-stall limit obtained by normal com- 
pressor rating techniques may not be representa- 
tive of the complete-compressor-stall or surge 
limit obtained during engine acceleration. There- 
fore, when multiple operating curves exist a t  any 
compressor speed, performance evaluations must 
include all possible operating conditions. This 
may be done by approaching a given operating 
point by varying compressor speed at  each of 
several fixed system throttle settings, as well as 
by variation of throttle settings at  a fixed speed. 
Speed changes must include both increases and 
decreases in rotational speed. An operating tech- 
nique such as this will give performance maps of 
the type shown in @e 268(c) for those cases 

where multiple performance curves exist for a 
given compressor rotational speed. The data of 
reference 293 indicate six separate performance 
curves at  approximately 75 percent of design 
speed. For this compressor, the performance 
characteristic that exhibited no stall in the inlet 
stages was easily duplicated. Points on the 
performance characteristics for the condition of 
stall in the inlet stages were in general duplicable, 
but minor variations in the method of approach 
to this particular speed would result in operation 
on difFerent curves of the separate performance 
characteristics for the condition of stall in the inlet 
stages. Thus, estimation of the cornpressor per- 
formance in the actual engine based on compressor- 
component tests may be difficult for this inter- 
mediate-speed range. During component testing 
of compressors, however, it is desirable to evaluate 
all possible performance characteristics in this 
intermediate-speed range where multiple charac- 
teristics may exist. 

Effect of unstalling hysteresis.-For case I1 a 
hysteresis effect was assumed in the unstalling 
characteristic of the inlet stage. This had no 
effect on the general trend of complete-compressor- 
stall characteristics, except with respect to the 
speed at which transition from stalled to unstalled 
operation of the inlet stage was achieved. For no 
hysteresis effect, unstalling of the inlet stage along 
the exit-vane choke line (fig. 208(b)) would be 
achieved at  81.5 percent of reference speed rather 
than at  85 percent as for the case with hysteresis. 
Possible discontinuities in the complete-compres- 
sor-stall limit and the potential of double-valued 
points between speeds of 80 to 93 percent can be 
seen from figure 268(c). 

Part-speed efficiency.-At 85-percent speed, 
the transition speed, the maximum computed 
efsciency for operation with no stage stalled was 
0.86; whereas the maximum efsciency was 0.84 
at this speed for the condition of inlet stage stalled 
and interactions in &ages 2 to 4. This small 
difference in computed efEciency simply reflects 
the small changes in stage performance that were 
assumed to result from inletstage stall and the 
attendant interactions (fig. 267). Thus, no con- 
clusive results can be obtained from these com- 
puted efsciencies. Interaction effects or sharp 
decreases in stage efficiency as a result of stage 
stall will, however, afFect compressor efficiency 
adversely. 
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CASE III 

In order to evaluate more serious in 
effects, calculations were made for case 
assumed the same conditions in st 
as for case I1 and, in addition, ass 
action effects in stages 5 to 8. 
performance curves for these mid 
given in figure 269. As 
pressure-coefficient curve 
arbitrarily modified and the efficiency curve was 
computed from the pressure coefficient by assum- 
ing no change in total work input for the stage. 
The magnitude of discontinuity of pressure co- 
efficient is representative of that for an abrupt 
type of stage stall. When progressive stall 
existed in stage 1, stages 5 to 8 were assumed to 
operate on the dashed curves of figure 269. The 
performance of stagm 9 to 12 was identical to 
that for case I. 
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FIGURE 269.-humed performance characteristics for 

The performance of this case for the condition 
of unstalled operation of 

percent of the reference value indicate the necm- 
sity of varying the mode of testing in component 
rating so that all possible ressor operating 
conditions can be evaluated. 

Transition from stalled to unstalled operation of 
inlet stage.-For case 111, if compressor speed is 
increased along the exit-vane choke limit, inlet- 
stage unstalling will be effected at 94 percent of 
the reference speed. At this speed the transient 
change in computed pressure ratio would be from 
4.85 to 5.2, the change in specific weight flow 
would be from 28.3 to 30.9, and the change in 
efficiency from 0.71 to 0.81. Thus, for large inter- 
action effects, unstalling of the inlet stage is oc- 
companied by relatively large increases in weight 
flow, pressure ratio, and efficiency. The transi- 
tion speed of 94 percent is shown in figure 270(b) 
for both the condition of stall in the inlet stage 
and interactions in stages 2 to 8 and the condition 
of no stall in the inlet stage and no interactions. 
If interaction effects of the magnitude assumed for 
this case do exist and the compressor operating 
characteristic follows a throttling line Close to the 
complete-compressor-stall limit, unstalling of the 
inlet stage may not be achieved even at  design 
speed. By increasing the speed to a value above 
that for unstalliag of the inlet stage and then 
decreasing the speed, stall-free operation might be 
obtained down to 80 paroent of the 
at low values of pressure ratio. 
. Complete-compressor-stall limit.-For the high- 

speed portion of the compressor map where no 
stages are stalled (fig. 268(a)), a t  speeds above 95 
percent of the reference value, complete compres- 
sor stall results from abrupt stall of the twelfth 
stage; and at'speeds 80 to approximat 

e s l t o 4 a n d t h e  
s. For the operating condi- 

tions where stall in the inlet stage and interactions 
in stages 2 to 8 exist (&. 270(a)), complete com- 

stages 5 to 8 for case 111. pressor stall for s p e e d s p  to 95 per&& of the 
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reference value results from abrupt stall of the 
ninth stage, and for higher speeds, from abrupt 
stall of the twelfth stage. 

The complete-compressor-stall-limit line indica- 
Ced for case I11 for the norm,al component rating 
technique can be obtained from figure 270(b). 
This stall-limit line would follow the complete- 
compressor-stall-limit points for the dashed 
curves (fig. 270(a)) up to 94 percent of reference 
speed. In this speed range the compressor would 
operate with the first stage stalled and interactions 
in stages 2 to 8. For speeds above 94 percent, 
the stall-limit line .Will follow the complete-com- 
pressor-stall-limit points for the solid speed curves, 
which represent a condition of stall-free operation 
for all stages. 

Effect of unstalling hysteresis.-If the hysteresis 
effect on unstalling of the inlet stage were ne- 
glected, the first stage in this case would become 
unstalled at 91.5 percent of reference speed for 
operation along the exit-vane choke limit. The 
general trend of performance and complete- 
compressor-stall limit would, however, be un- 
changed. The effect of inlet-stage unstalling 
hysteresis is to increase the speed at which the 

stall in the inlet 
indicate a reductio 
percent compared w1 

some multistage axial-flow compressors may 
result from severe interaction effects. 

Multiple-valued performance characteristics.- 
Both cases I1 and I11 indicate the potential of two 
separate curves in this general speed range. 
If at any given value of speed the potential of 
different degrees of deterioration of stage per- 
formance due to interactions is considered, then 
more than two performance curves may be 
obtained. For example, if the characteristics for 
85-percent speed are considered for cases I to 111, 
the performance characteristics shown in figure 271 
are obtained. Curve I represents a condition of 
unstalled operation for all stages; curve IT, a 
condition of stall in the inlet stages and inter- 
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FIQWBE 270.-Computed over-all performance for caSe 111. 
stages 2 to 8. figs. 268(a) and 270(a)). 
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Specific weight flow 

FIGURE 27l.-Comparison of computed performance at 
85-percent speed for cases I to 111. 

actions in stages 2 to 4 as obtained for case 11; 
and curve 111, a condition of stall in the inlet 
stages and interactions in stages 2 to 8 as obtained 
for case 111. Such variations in performance 
may be a result of changes in the number of stages 
that exhibit this deterioration of performance or 
changes in the magnitude of the performance 
deterioration of each stage that is affected. 
Variations of stall interaction effects, therefore, 
will result in a multiplicity of over-all performance 
characteristics at a given speed; and the com- 
pressor flow, pressure ratio, and efficiency will 
increase with decreasing severity of stall and 
interaction effects. The particular performance 
obtained wil l  depend on the previous history of 
speed and flow as well as the hysteresis effect 
accompanying changes of stall pattern in any 
given compressor. Needless to say, flow dis- 
tortions at the compressor inlet can aggravate 
these adverse effects. 

CASE IV 
Since part-speed performance problems of high- 

pressure-ratio axial-flow compressors can be attrib- 
uted to stalling of the inlet stages as a result of 
flow limitations of the rear stages, some improve- 
ment in part-speed performance may be expected 
by matching the front stages near their choking 
value of flow coefficient and the rear stages near 
their stalling value of flow coefficient. This stage- 
matching compromise is equivalent to matching 

the compressor stages for some speed lower than 
the design value, as suggested in reference 248. 
In  addition to 'improving part-speed performance, 
such compromises in matching may reduce 
the speed at which ive stall is encountered 
and thus decrease t tial of blade vibrations 
excited by rot stall. To evaluate these 
potentials, case as computed. In  this case, 
the reference-point flow coefficients of the stages 
were varied as shown in table VIII (b) from a value 
of 0.760 in the inlet stage to a value of 0.630 in 
the twelfth stage. The principal purpose of this 
study was to investigate variations of stage 
operation with speed. Therefore, no interactions 
were considered. The stage characteristics used 
for the individual stages were identical to those 
for case I (fig. 262). 

Computed over-all performance.-The com- 
puted over-all performance map for case IV is 
given in figure 272(a) as a plot of over-all total- 
pressure ratio against specific weight flow. For 
this case as for case I, complete compressor stall 
was assumed to occur when abrupt stage stall was 
encountered in any stage. Complete compressor 
stall for case IV results from abrupt stall of the 
fifth stage for speeds of 50, 60, and 70 percent of 
the reference value, from abrupt stall of the ninth 
stage for speeds of 80 and 90 percent, and from 
abrupt stall of the twelfth stage for 100 and 110 
percent. These results are similar to those for 
case I. 

The peak efficiencies calculated for case IV 
varied from approximately 0.74 at 50 percent of 
reference speed to a maximum of 0.87 at 90-percent 
speed, and decreased to 0.85 at the reference speed. 

Stage progressive-stall limits.--In order to 
determine the speed at which various stages 
reach the flow coefficient for progressive stall 
(0.565), the progressive-stall limits for stages 1 to 8 
are cross-plotted on the computed performance 
map in figure 272(b). This figure shows that the 
first stage is stalled over almost the entire flow 
range at 70 percent of reference speed, and over 
only the low-flow portion of the compressor flow 
range at 80-percent speed. The first-stage stall 
limit intersects the complete-compressor-stall limit 
at approximately 85 percent of reference speed. 
Consideration of the stall limits of stages 2 to 7 
indicates that at 90-percent speed stage 7 is the 
first stage to encounter progressive stall. In the 
Fange of approximately 70- to 85-percent speed, 
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several of the front stages approach stall almost 
simultaneously at a weight flow somewhat higher 
than that for first-stage stall. At the higher 
values of pressure ratio at intermediate speeds, the 
general effect of the stagematching compromise 
was to transfer the progressive-stall problem from 
the front stages towards the middle stages of the 
compressor. 

No interaction effects were considered in this 
analysis. However, as pointed out previously, 
stages operating near the stalling value of flow 
coefficient are very susceptible to deteriorations 
of performance induced by flow fluctuations result- 
ing from stall of adjacent stages. Therefore, 
serious interaction effects maybe expected where 
simultaneous stall of several stages occurs (fig. 
272(b)). Furthermore, the stages with higher 
hub-tip ratio, such as stages 5 to 7 of case IV, are 
more apt to exhibit an abrupt stad than are the 
stages with low hub-tip ratio, such as stages 1 to 3. 
At speeds of 80 to 90 percent, therefore, interaction 
effects may instigate abrupt stall of one of the 
middle stages of the case IV compressor and there- 
by limit the flow range at these speeds. 

Comparison of cases I and IV.-A comparison of 
the efficiencies of case I (fig. 264) and case IV 
(fig. 272(a)) indicates no appreciable variations 
of the over-all compressor efficiency due to the 
stage-matching compromises of case IV. It 
should be noted, however, that in case I the stages 
were not matched at the peak-efficiency points 
(see fig. 262). Compared with a compressor for 
which all stages were matched at  the peak- 
efficiency points, the compromise of case IV would 
have decreased the overall compressor efficiency 
at high speeds and increased it at low speeds. 

The increase in first-stage flow coefficient for 
case IV resulted in an increased specific weight 
flow from 33.5 for case I to 35.9 for case IV. Thus, 
for a given weight-flow requirement, the com- 
promised matching would permit the use of a 
slightly smaller compressor diameter. 

In order to compare the completecompressor- 
stall limits and stage progressive-stall limits for 
cases I and IV, these performance maps are super- 
imposed in figure 272(c). This figure is plotted as 
pressure ratio against percent of reference-poin t 
specific weight flow in order to compare compres- 
sors of equivalent flow capacities. Comparison 
of the completecompressor-std limib shows that 
the compromise of stage matching (case IV) gave a 

marked decrease in the attainable pressure ratio 
at all speeds. It can also be seen from figure 
272(c) that the percentages of reference-point 
spec& weight flow a speeds are higher 
for case IV than At the overspeed 
condition, howe n is reversed, and 
case I indicates the hi ntage of reference- 

The progressive-stall limits shown in figure 
272(c) represent the envelope of the propessive- 
stall limit for stages 1 to 8 as given in figures 264 
and 272(b). A comparison of these limits for 
cases I and IV indicates that, along the exit-vane 
choke limit, the speed at which progressive stall is 
encountered is decreased from 80-percent speed 
for case I to slightly less than 70-percent speed 
for case IV. Along the complete-compressor- 
stall limit, however, progressive stall occurs at 
somewhat higher speeds for the compromise 
matching design (case IV) than for case I. During 
engine operation at part speed, the compressor 
will normally operate in the high-pressure-ratio 
range at any given speed. As shown in figure 
272(c) , the stage-matching compromise used for 
case IV gave no effective reduction in the speed at 
which progressive stall might be encountered 
during engine operation but merely transferred 
the instigation of this stall from the first stage to 
one of the middle stages of the compressor. 

From the comparison of the computed perform- 
ance of cases I and IV, it is obvious that the com- 
promise in stage matching used in case IV doea 
not improve the progrwive-stall limit appre- 
ciably but decreases the complete-compressor-std 
margin. Since this compromise in stage matching 
does not result in a marked decrease in the speed 
at  which rotating stall could be encountered, it 
would not appreciably alter the potential blade- 
vibration problem associated with rotating stall. 

Sice the compromise matching of case IV indi- 
cated a severe decrease in the pressure ratio esti- 
mated for complete compressor stall, the effect 
of an additional stage was considered. . This hypo- 
thetical compressor, designated case V, is identical 
to that of case IV except for the addition of a 
thirteenth stage. The stage characteristics as- 
sumed for this added stage were the same as for 
stages 9 to 12 (Sg. 262(c)). As in case IV, no 
stage &teraction effects were considered in case V. 
The details of the stage matching and stage 

point flow. 

CASE V 
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reference-point performance characteristics for 
this case are given in table VIII(b). 

Computed over-all performance.-Figure 273 (a) 
presents the computed over-all performance for 
case V as a plot of over-all total-pressure ratio 
against specific weight flow. The reference-point 
total-pressure ratio indicated in this +e is 9.1 
as compared with 7.73 for case IV. Complete 
compressor stall at speeds of 50,60, and 70 percent 
of the reference value results from abru.pt stall of 
the fifth stage; at speeds of 80 and 90 percent, 
from abrupt stall of the ninth stage; and at speeds 
of 100 and 110 percent, from abrupt stall of the 
thirteenth stage. 

The peak efficiencies computed for case V 
varied from 0.70 at  50 percent of reference speed 
to 0.85 at reference speed with a maximum of 
0.87 at  90-percent speed. 

Stage progressive-stall limits.-The stage pro- 
gressive-stall limits for case V are cross-plotted 
on the over-all performance map in @we 273(b). 
Progressive-stall limits for stages 1 to 8 are shown 
in this figure, and the results are similar to those 
for case IV (fig. 272(b)). At 90 percent of 
reference speed for case V, the seventh stage en- 
counters progressive stall at a flow only slightly 
higher than that for complete compressor stall. 

At 80-percent speed, stages 3 to 6 encounter 
progressive stall almost simultaneously at a flow 
about halfway between the exit-vane choke limit 
and the complete-compressor-stall l i t ;  and at 
70-percent speed, stages 1 to 4 are stalled at the 
exit-vane choke l i t .  

Comparison of cases I and V.-Comparison of 
the efficiencies of case I (fig. 264) and case V 
(@. 273(a)) shows that the stage-matching com- 
promise and the addition of a thirteenth stage 
have little effect on the computed over-all effi- 
ciency. The addition of the thirteenth stage 
resulted in a higher reference-point pressure ratio 
(9.1 for case V compared with 7.75 for case I). 
Because the efficiency contours are displaced 
towards higher pressure ratios, the case V com- 
pressor indicates a computed efticiency of approxi- 
mately 0.84 at a pressure ratio of 7.75 as compared 
with a value of 0.86 for case I at  the same pressure 
ratio. 

The comparison of complete-compressor-stall 
limits for cases I and V are presented in figure 
273(c), which gives a plot of pressure ratio against 
percent of reference-point specific weight flow. 
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AS in case IV, the specific weight flow for case V 
was 35.9 pounds per second per square foot of 
annulus area as compared with 33.5 for case I. 
Figure 273(c) indicate at case I has a slightly 
better complete-com r-stall margin at speeds 
of 50 to 70 percent of the reference value; the two 
compressors exhibit about the same complete- 
compressor-stall limit at speeds of 80 to 90 percent; 
and case V has a slightly better stall limit at 
100- and 110-percent speed. 

The envelope l i e s  of the stage progressive-std 
b i t s  for stages 1 to 8 are also plotted in figure 
273 (c). These limits indicate that along the exit- 
vane choke limit case I encounters progressive 
stall at 80 percent of reference speed, whereas 
case V encounters progressive stall at about 
72-percent speed. Along the complete-compressor- 
stall limit, both cases I and V encounter progressive 
stall at somewhat over 90 percent of reference 
speed. Thus, the compromise of stage matching 
and the addition of a stage (case V) do not 
decrease the speed at which progressive stall is 
encountered in the vicinity of the complete- 
compressor-stall limit. Therefore, the potential 
of blade vibrations excited by progressive stall 
would be equally as critical for a compressor such 
as case V as for one such as case I. 

Figure 273(c) also shows that the compromised 
compressor (case V) has a slightly higher per- 
centage of reference-point flow at lower than 
reference speed and a slightly lower percentage at 
higher than reference speed than does the com- 
pressor of case I. 

This comparison indicates that, with respect to 
complete-compressor-stall and progressive-stall 
limits, the original 12-stage hypothetical com- 
pressor (case I) is comparable with the 13-stage 
compressor with modified stage matching (case VI. 
For a given design flow, the case V compressor 
would be slightly smaller than that for case I, but 
this advantage is offset by the necessity of 8J f 
extra stage in order to maintain the comple: - 
compressor-stall margin for the compressor wit) 
compromised stage matching. 

CONCLUDING REMARKS 
PART-SPEED PERFORMANCE PROBLEMS 

The analysis reported herein was made to study 
the effects of various stage stall and interaction 
characteristics on the part-speed efficiency, inter- 
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mediate-speed complete-compressor-stall charac- 
teristics, and multiple-valued performance charac- 
teristics of high-pressure-ratio multistage axial- 
flow compressors. In addition, the range of 
conditions where progressive rotating stall exists 
was considered as a range of potential blade vibra- 
tions. Effects of compromising stage matching to 
favor part-speed performance have also been con- 
sidered. Because of the simplifwying assumptions 
used, the results obtained repreflent only a first 
approximation. The qualitative results, however, 
are generally in agreement with trends observed 
experimentally. 
This analysis indicates that multiple-valued 

multistage performance curves will be obtained if 
stall of the inlet stage results in discontinuities of 
that stage or of one or more of the succeeding 
stages. Discontinuities of these succeeding stages 
may be a result of interaction effects due to un- 
steady flow initiated by progressive stall of the 
first stage. The particular operating point of the 
compressor at the speeds where multiple curves 
exist depends on the manner in which that oper- 
ating point is approached. More than two per- 
formance curves may be obtained at a given speed 
if the number of stages affected by interaction 
varies or if the severity of interactions varies. 

The dip obtained in the experimentally deter- 
mined surge or complete-compressor-stall-limit 
lines of high-pressure-ratio axial-flow compressors 
apparently is merely a result of transition from 
compressor operation with the front stages stalled 
to operation with these stages unstalled. The in- 
termediate-speed limit obtained by normal com- 
bonent test techniques may not be representative 
of that obtained in an engine at the same speed. 
Furthermore, the engine complete-compressorstall 
limit obtained during accelerations may be differ- 
ent from that obtained during decelerations. 

This analysis indicates that extremely poor 
&,-speed efficiencies cannot b3 attributed en- 
rely to stage mismatching but can to a large 
xtent be attributed to stage interactions or de- 

&oration of stage performance due to unsteady 
AOW resulting from rotating stall originating in the 

inlet stages. The magnitude of interaction effects 
for each stage and the number of stages affected 
will determine the reductions in performance at 
low and intermediate speeds. 

Hysteresis effects in the unstalling character- 
istica of the first stage do not alter the existence 

* -  

_ -  

of double-valued performance curvea at inter- 
mediate speeds. The existence of large unstalling 
hysterbsis in combination with severe discontinu- 
ities in stage performance may prevent unstalling 
of the inlet stages until very high speeds are 
obtained. 

With respect to part-speed efficiency and inter- 
mediate-speed complete compressor stall, this 
study indicates the desirability of stages having 
continuous characteristics at their stall points. It 
should be noted that these stage characteristics 
must be maintained when the stage is operating 
in the flow environment of the multistage com- 
pressor. Stages of this type generally have a 
progressive stall that originates at one end of the 
blade and gradually increases in severity as the 
flow coefficient is decreased. Design of such 
stages depends on a better knowledge of the effects 
of unsteady flow and of radial maldistribution of 
flow, which result from off-design operation of 
adjacent stages. The stage data and over-all 
compressor performance characteristics obtained 
from the 10-stage compressor of reference 257, 
however, indicate that these desirable stage 
characteristics can to a degree be achieved. 
Although the use of stages having progressive stall 
may alleviate the part-speed efficiency and com- 
plete-compressor-stall problems, it would not 
alleviate the potential of blade vibrations excited 
by rotating stall. 

Increasing the stall-free range of operation of 
the inlet stages would, of come, increase the 
range of stall-free operation of the multistage 
compressor. Since the partrt-speed problem in the 
multistage compressor results from flow limitations 
of the exit stages, stage range with respect to 
off-design performance can best be evaluated on 
the basis of flow range at the discharge rather than 
that a t  the inlet of the stage. Therefore, devices 
or design improvements that would increase the 
stageloading limit or flow range must be evaluated 
to determine the potential gains in effective stage 
range. 

More complete data on effects of stage design 
and blading geometry on stage stall characteristics, 
as well as a better understanding of stage inter- 
actions due to radial maldistribution of flow and 
unsteady flow as encountered in multistage com- 
pressors, are required in order to obtain a more 
quantitative evaluation of part-speed performance. 
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compressor-stall margin. Furthermore, no gain 
in the range of speeds where no rotating stall 
exists is obtained except near the exit-vane choke 
limit. Stage compromises tend to result in pro- 
gressive stall in the middle stages at  speeds above 
that for stall of the inlet stage. Thus, the po- 
tential for abrupt stall, interaction effects, and 
poor intermediate-speed complete-compressor-stall 
characteristics would be greater for the com- 
promised design. No reduction in the potential 
of blade vibration excited by rotating stall is 
indicated. Furthermore, stage-matching com- 
promises to favor part-speed performance would 
definitely restrict the obtainable overspeed per- 
formance of any compressor. 

VABIABLE GEOMETRY 

Inlet baffles.-As indicated in chapter XI, the 
use of adjustable inlet blockage either in the form 
of baffles or ramps may disrupt the periodic nature 
of rotating stall and thus present a potential solu- 
tion to the blade-vibration problem. Preliminary 
tests of a hub baffle (ref. 20) indicate that the use 
of such a baffle may also result in some improve- 
ment in the complete-compressor-stall or surge 
margin at low speeds. In addition, baffles may 
be used at high speeds to reduce the compressor 
mass flow and therefore to act as a thrust-spoiling 
device. 

Adjustable blading.-Adjustable inlet guide 
vanes and adjustable stator blades have also been 

that closing the inlet guide vanes alters the radial 
variation of loading of the first rotor as a result 
of the establishment of radial equilibrium of static 
pressure. This radial variation of loading is in 
the direction of increasing the value of flow coeffi- 
cient at which tip stall is encountered and thus 
would tend to reduce the effectiveness of guide- 
vane adjustment in relieving the part-speed 
operating problem. Furthermore, alterations in 
radial distribution of flow and blade loading may 
affect the stalling characteristics of the individual 
stages. Adjustable inlet guide vanes have, how- 
ever, been effectively used as a means of improving 
engine acceleration characteristics, and adjustable 
guide vanes and stators provide a potential tech- 
nique for improving the flexibility of high-pressure- 
ratio compressor operation without sacrificing 
design-point performance. The added weight and 
complexity of the engine and its control system 
must be considered , however. 

Compressor air bleed.-Compressor-discharge 
bleed has been used effectively to alter the match- 
ing of the compressor and turbine at part speed 
so as to avoid serious intermediate-speed complete- 
compressor-stall problems (ref. 22). This tech- 
nique, however, does not eliminate the potential 
of blade vibrations instigated by rotating stall. 
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speeds. The computed effects of bleed on a 16- 
stage compressor (ref. 23) indicate improvements 
in efficiency at part speed even when the com- 
pressor is charged with the work added to the 
bleed air. Care must be exercised in design of 
bleed ports to avoid resonance with adjacent 
blades and to avoid serious distortions of flow 

distribution in the vicinity of the bleed ports. 
The use of interstage bleed will add some weight 
and complexity to the turbojet engine but, in 
general, offers improvement in regard to inter- 
mediate-speed complete-compressor-stall or surge 
margins and to blade-vibration problem resulting 
from rotating stall. 
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CHAPTER XIV 

T H R E E - D I M E N S I O N A L  C O M P R E S S O R  FLOW T 
REAL FLOW 

By HOWARD 2. HERZIG and ARTHUR G.  HANSEN 

The discrepancies observed between the actual which solutions can be obtained. Such procedures 
flows in an axial-jlow compressor and theoretical are necessarily conditional upon obtaining phys- 
simpli$ed design flows increase in magnitude and ically valid flow descriptions by their use. 
diversity with the trend toward more compact com- In practice, the aerodynamic design of subsonic 
pressors. The research into design procedures to compressors has usually been based on two prin- 
reduce these discrepancies is reviewed and discussed. cipal assumptions: (I) axially symmetric flow and 
The improved design procedures are arbitrarily (2)  blade-element flow. The axially symmetric 
classi$ed into two categories. One category includes flow assumption is primarily a mathematical de- 
investigations that successively extend the design vice that reduces the gmeral flow equation from 
procedures from the simpli$ed-radial-equ~ibrium a three-dimensional to a two-dimensional sys tem. 
axiully symmetric designd to the complex complete In order to linearize and further simplify the flow 
three-dimensional d e s k 2  The second category in- equations, several auxiliary flow assumptions are 
cludes individual studies of more restricted problems made, such as considering the flow to be nonvis- 
such as secondary flows, radial variation of circula- cous and time-steady. Additional assumptions 
twn, entropy, or enthalpy. Such research leads to often made within the axial-symmetry approach 
more adequate correction factors for use with sim- 4 include simple radial equilibrium and constant 
pli$ed design procedures. 

INTRODUCTION The assumption of blade-element flow enables 
One of the most important problems in the the designer to use the performance data (obtained 

aerodynamic design of compressors is that of chiefly from two-dimensiznal-cascade investiga- 
expressing the design flow equations in forms that tions, ch. VI) in the compressor blading design. 
are a t  once simple enough and accurate enough. In fine, the OVer-all advanced ComPresSor design 
The equations and their solutions should be simple requires a combined approach. It is necessarY to 
enough that the designer can see the relative Simp&‘ the mathematical Problem order to 
significance of the variables he is free to specify, obtain solutions readily; and it is likewise neces- 
and it must be possible to solve the relations sary  to use empirical information obtained in re- 

The lathr is important because it is lated investigations in order to correct, as far as 
frequently necessary to compute many compressor possible, for the discrepancies between the real and 
designs in order to select the one most suitable the design in the compressor. 
for a particular application. The equations and In the past, suitable compressors have been de- 
their solutions must represent the fluid motion signed by this simplified design procedure. Ex- 
accurately enough that the discrepancies between perience has taught that, by adhering to well- 
predicted and measured flow conditions are established limits on inlet relative flow Mach 
acceptably small. numbers, blade-turning and -loading parameters, 

The equations of motion for the flow of a real wheel speeds, pressure ratios, and others, designers 
fluid in an axial-flow compressor are nonlinear can consistently ce satisfactory compressors. 
three-dimensional equations and to date have From a practical of view, these results justify 
proved mathematically intractable. Accordingly, the axial-symmetry and blade-element-flow ap- 
designers have evolved the use of various assump- proach to the design of such compressors (ch. 1111, 
tions to obtain reduced linear flow equations for herein called “conservative compressors.’’ 

w&C entrophy radially. 

365 
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However, with the present requirements of com- 
pact engines, it becomes necessary to increase the 
airflow-handling capacity and the stage pressure 
ratios while maintaining or even improving the 
efficiency if possible. Therefore, the Mach num- 
bers, wheel speeds, and blade loading must be 
allowed to rise while the hub-tip radius ratio, the 
axial length per stage, and the number of stages 
must go down. Thus, the higher compressor per- 
formance requirements make it desirable to exceed 
the design limits earlier found advisable for con- 
servative compressor design. In addition, such 
problems as blade-row interference, unsteady-flow 
phenomena, and off-design performance may be- 
come increasingly important. 

Changing design conditions in order to meet 
increased compressor performance requirements, of 
course, requires corresponding adjustments in 
design techniques. These follow several courses. 
Particular flow problems may be attacked by in- 
tensive theoretical and experimental studies lim- 
ited to the specific problem at hand. Such studies 
are directed toward learning enough about the 
nature of the flow process involved and the magni- 
tudes of the effects to enable this information to 
be incorporated into the design approach. Re- 
sults of such studies have made available modified 
theoretical design procedures in which one or more 
of the auxiliary simplifying assumptions (e.g., sim- 
plified radial equilibrium) can be avoided (refs. 
236,244, and 298 to 301). These have been called 
“improved” axially symmetric designs. Or, the 
information may take the form of new empirical 
design criteria or blade shapes, that is, new blade- 
loading and flow Mach number criteria. The 
diffusion factor is a pertinent example (ref. 9). 

Eventually, the trend toward high power output 
with efficiency and compactness results in a condi- 
tion wherein the discrepancies between the real 
and the design flows may no longer be encompassed 
by quantitative correction factors and improved 
axial-symmetry theories. In order to obtain 
physically valid descriptions of such real flows, 
further advanced design approaches must be 
found. The three-dimensional-flow theory of 
reference 242 is cited as an example. 
In view of the importance to compressor de- 

signers of finding satisfactory solutions for these 
design problems, it is hardly surprising that there 
should exist an already extensive and now rapidly 
growing body of related literature. This chapter 

summarizes and reviews some of this literature 
and includes examples of improved axisymmetric 
design theories as well as examples of further 
advanced design approaches. Because of increas- 
ing importance, blade-row interference effects and 
time-unsteady effects are also discussed, despite 
the fact that only crude beginnings have been 
made toward solutions of these complex problems. 

SYMBOLS 
The following symbols are used in this chapter: 

D P r  

3 
3 
H 

h 
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n 
P 
Q 
R 
r 
S 
t 
U 
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V 
V 
V’ 
pl 
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U 
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2 

r 

i- 
‘IP 

8 

c1 
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P 
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differentiation with respect to time fol- 

magnitude of 3 
blade force acting on gas particles per 

total or stagnation enthalpy per unit 

static enthalpy per unit mass of gas, 

lowing the motion 

unit mass of gas 

mass of gas, h+ (V/2) 

u+ ( P I P )  
( v ’ ) 2  u2 modified total enthalpy, h+---- 2 2 -  - - 

H-w(rV0) 
polytropic compression exponent 
static or stream pressure 
external heat added to gas per unit mass 

gas constant 
radius 
entropy per unit mass of gas 
static or stream temperature 
magnitude of 
vector velocity of rotor blades at radius r 
internal energy per unit mass of gas 
magnitude of V 
absolute vector velocity of gas 
magnitude of 
vector velocity of gas relative to rotor 

blade 
coordinate along axis 
circulation 
ratio of specific heats 
absolute vorticity vector 
polytropic efficiency 
angular distance 
viscosity 
kinematic viscosity 
mass density 
time 

per unit time 
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@ viscous dissipation of energy per unit 
volume of gas per unit time 

w angular velocity of rotor 

Subscripts: 

r radial direction 
2 axial direction 
e tangential direction 

DESIGN ASSUMPTIONS 

The chief desideratum in compressor design is 
to perceive the most advantageous compromise 
between ease of obtaining possible design solutions 
and magnitude of the resulting inaccuracies. It 
ii clear that the present trend toward higher- 
,power-output, more compact, and yet more effi- 
cient compressors requires shifting the compromise 
point in the direction of fewer simplifying assump- 
tions, despite the increased complexity of the 
calculation procedures involved. The first pre- 
requisite, however, is a better understanding of the 
physical significance of the various design assump- 
tions and their ranges of applicability. 

AXIAL SYMMETRY 

The assumption of axially symmetric flow is 
one of the two most important assumptions used 
in axial-flow-compressor design. By this assump- 
tion, all the partial derivatives of the gas properties 
with respect to the angular coordinate are taken 
equal to zero. The system of flow equations is 
thereby reduced to a two-dimensional system, in 
which the gas properties are functions of the axial 
and radial coordinates only. Basically, this is 
equivalent to assuming the three-dimensional 
flow through a blade row can be represented 
SuEciently accurately, at a measuring station 
between blade rows, by a circumferential average 
of the flow conditions at each radial position. 
Symmetry about the axis of rotation does, of 
course, obtain for the limiting case of an infinite 
number of blades. Thus, one way of envisioning 
axially symmetric flow is to consider the flow as 
being restricted to hypothetical flow surfaces, as 
follows: Consider the number of blades in the 
blade row to increase without bound, in such 
fashion that the ratio of the spacing to blade 
thickness remains constant. Then the spacing 
between blades approaches zero, and the thickness 
of the blades approaches zero, so that the two 
blade surfaces and the space between them ap- 

proach a mean surface. The streamlines are 
confined to such a mean surface. 

Mathematically, the assumption serves to 

relative to each other, the blade-row incidence 
angles can be correct only for an average exit 
flow from the preceding blade row. As to design, 
the assumption of axial symmetry enables the 
designer to fix his attention on the radial distribu- 
tion of the gas properties at a station between 
blade rows by averaging out the gas-property 
variations in the circumferential direction. 

Simple radial equilibrium.-An auxiliary simpli- 
fying assumption that has been found convenient 
is the assumption of simple radial equilibrium. 
The condition of simple radial equilibrium further 
simplifies the flow equations by considering radial 
accelerations due to curvature of the streamlines 
in the radial-axial plane equal to zero. Physically, 
this assumption does not mean that radial velocity 
components are zero, but that the acceleration due 
to curvature of the flow path is negligible. 

As the trend shifts toward higher aspect ratios 
or toward transonic and supersonic compressors, 
this assump tion becomes increasingly inappro- 
priate for two reasons: (1) The requirement of 
high mass flow per unit frontal area in such com- 
pressors necessitates low hub-tip radius ratios in 
the first stages, with attendant high curvature of 
the annulus walls and large aspect ratios. High 
pressure ratios per stage generally mean tapered 
passages. (2) Main-flow radial displacement due 
to boundary-layer accumulations, especially in the 
stator hub regions, may assume sizable proportions 
at the higher Mach numbers as a result of second- 
ary flows. These factors combine to qualify 
seriously the physical validity of the simple-radial- 
equilibrium condition. 
Constant entropy radially.-Ano ther auxiliary 

simplifying assumption of ten used for compressor 
design is that the radial variation of entropy is 
zero. Radial variation of entropy depends upon 
viscous dissipation of energy and upon radial 
variations of heat transfer to or from the com- 
pressor. In the absence of cooling, the heat 
transfer to or from a compressor is negligible. 
The entropy gradient can be considered negligible 
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in the inlet stages a t  all radii except in the blade 
end regions. 

In conservative compressors, therefore, the 
assumption of zero variation of entropy radially 
is reasonable, at least for the inlet stage (ref. 49 
and ch. VIII). Flow conditions that result in 
increased losses and corresponding entropy rises 
result in increased secondary-flow effects. The 
attendant redistribution of increased-en tropy fluids 
leads to nonndgligible radial entropy variations. 
In general, this is the physical situation, a t  least 
in the rear stages of compressors. In these stages, 
if constant entropy radially is not assumed, agree- 
ment between design and actual flow conditions 
may be considerably improved. 

BLADE-ELEMENT FLOW 

The assumption of blade-element flow is an 
important assumption used in conjunction with 
the axisymmetric approach. Both theoretical 
and experimental considerations are involved. 
Underlying the assump tion of blade-element flow 
is the physical assumption that stream surfaces 
through a blade row are largely undistorted and 
that the fluid, by and large, remains on nearly 
conical surfaces, independent of the radial gradi- 
ents. This assumption implies that the flow about 
any blade section or element remains the same 
regardless of whether the section is in a two- 
dimensional cascade or in an arbitrary rotor 
configuration. 

The blade-element characteristics are obtained 
from measurements made on similar blade sections, 
usually in two-dimensional cascades (ch. VI). 
Strong efforts are made to eliminate the distorting 
influences of the end-wall boundary layers by 
means of various devices such as porous-wall 
boundary-layer suction, and so forth. Empirical 
correlation formulas are thus obtained for the 
flows about the blade sections for wide ranges of 
blade-setting angles, solidities, and flow velocities. 
In recognition of the influence of three-dimensional 
flows and the wall boundary layers in annular 
configurations, experimental data are likewise 
taken from tests in such configurations (ch.VI1). 
Correlations are obtained for the performance of 
the blade sections at various radial positions 
spanwise. Empirical loss factors are thus devel- 
oped to account for the viscous losses that arise 
in flow through a blade row. As a result of con- 
tinuing experiments, there is a large growing body 

of such information and data on compressor blade 
rows available for use (chs. IV to VII). 

-t-hen large deviations from the physical as- 
ption of flow on conical surfaces independent 

G radial gradients occur, the flow estimations 
based on blade-element flow become correspond- 
ingly more inaccurate. At higher inlet Mach 
numbers and increasing stage pressure ratios, 
stream surface distortions also increase, from 
secondary-flow boundary-layer displacement phe- 
nomena, for example. Under these conditions 
the combined assumptions of axial symmetry and 
blade-element theory may no longer give a satis- 
factory, physically valid flow picture at a given 
measuring station. Considerable research is being 
devoted at  present to obtaining more insight into 
the nature of the losses that result from flow 
through a blade row and to obtaining better 
methods of accounting for the losses than is 
afforded by current blade-elemen t-flow theories. 

IMPROVED DESIGN THEORIES 

High-output compact axial-flow compressors, 
in order to outperform conventional compressors, 
must be designed to operate at higher relative 
flow Mach numbers, wheel speeds, and blade 
loading, with lower hub-tip radius ratios and 
axial length per stage, and with fewer stages. 
Experience indicates that under these conditions 
the real flows in compressor Configurations are 
different locally from those predicted by the 
simplified design methods to an extent which 
suggests that the simplifying assumptions therein 
may be qualitatively as well as quantitatively 
wrong for such applications. The quantitative 
differences arise from augmented boundary-layer 
phenomena such as viscous losses, separation 
effects, clearance effects, secondary-flow effects, 
and others as well. The qualitative differences 
include large distortions in the mainstream flow 
surfaces. Near sonic velocities, the secondary- 
flow distribution may change drastically from that 
at subsonic flow conditions (ch. XV), with result- 
ing large local accumulations of low-energg fluids 
that give rise to local blockage effects. Likewise, 
near sonic velocities, small changes in flow area 
mean large changes in flow Mach number. 

Thus, even minor deviations from predicted 
flow directions and expected boundary-layer 
behavior (due to secondary-flow effects or to three- 
dimensional effects, e.g.) can cause large deviations 



THREE-DIMENSIONAL COMPRESSOR FLOW THEORY AND REAL FLOW EFFECTS 369 

from design flow conditions. As a result of these 
deviations, measurements in compressors, partic- 
ularly in the blade end regions, show the following 
major discrepancies from design predictions based 
on two-dimensional-cascade data (chs. VI and 
VII): (1) Integrated total-pressure losses across 
the blade row are greater than predicted from 
blade-element theory, (2) flow directions deviate 
from those predicted at the blade-row exit, and 
(3) the operating range of angle of attack (without 
sharp rise in losses) is Werent from that pre- 
dicted. The measurements further indicate that 
these blade end-region effects may account for 
half the observable losses. 

To the designer seeking to achieve high- 
performance compressors, this increasing inability 
to approximate satisfactorily the real flows in 
actual compressors by means of idealized flows 
through simple configurations, with corrections 
for the anticipated differences between the real 
and the simulated cases, presents problems that 
must be solved. The importance of incorporating 
progressively more complete solutions of the flow 
equations into compressor design procedures has 
led to a series of experimental and theoretical 
investigations. The research toward improved 
compressor design procedures falls roughly into 
two categories. One phase of this research has 
been devoted to lifting the restrictions on the 
design flow calculations-that is, using a more 
exact basis for design. The results of these 
investigations appear in reports for proposed 
design procedures such as improved axisymmetric, 
quasi-three-dimensional- and three-dimensional- 
flow solutions. Another phase of the research has 
been to make a series of individual studies of 
more restricted problems within a chosen over-all 
design approach. 

The succeeding sections of this chapter present 
brief reviews and discussions of some of the 
investigations into both aspects of the compressor 
design problem. A brief section is devoted to the 
timewise variations of the gas properties in com- 
pressors exclusive of the surging and stalling 
phenomena (see chs. XI to XIII). 

COMPRESSOR DESIGN THEORIES 
BASIC EQUATIONS 

Following reference 236, the state of a gas in 
motion may be specified in terms of its velocity 
and two thermodynamic properties, enthalpy per 

691-564 0-65-25 

unit mass H and entropy per unit mass 8. These 
are defined by 

and 
t dS=du+p dp-l 

The equation of state for a perfect gas is 

(375) 

p=pRt (376) 

As given in reference 236, the Navier-Stokes 
equation of motion for a real fluid with constant 
viscosity is 

The energy equation is 

Du Dp-' cp 
G + P  D , = & + p  

The continuity equation is 

*+v.  d7 (pV)=O 

The six preceding equations are combined to 

Equilibrium equation.-The equilibrium equa- 
give general flow equations (378) to (381). 

tion 

+ v  [V2F+i  V(V.V)] (378) 

expresses the instantaneous gradient of total 
enthalpy at a measuring station in terms of blade 
force, viscous forces, velocity, entropy gradient, 
and so forth. For design purposes, the desired 
velocity diagram and thermodynamic properties 
of the gases are determined at  measuring stations 
between successive blade rows. In such locations, 
the blade force g i s  zero, and the flow is generally 
presumed time-steady; that is, dV/br is zero. 
The last term in equation (378) , in the brackets, 
represents the results of viscous action. In 
reasonably efficient flow, at least through the main 
flow except in thin boundary-layer regions, this 
term is small. Therefore, for design purposes, the 
last term is considered negligible. 
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The flow at the measuring station is considered 
inviscid. Physically, this is equivalent to assum- 
ing that the variations in velocity caused by 
viscous effects in the fluid in the spaces between 
the blade rows are small compared with the vari- 
ations in velocity a t  those stations which are the 

factors used to account for boundary-layer effects 
can accommodate such viscous losses as may arise 
in the space between blade rows. 

Equation (378) thus becomes 

v H = t V S + V X  ( v X V )  (378a) 

where V X B  is the absolute vorticity F of the fluid. 
Thus, the modified equilibrium equation 

(378b) 

shows how the gradient in total enthalpy at  a 
measuring station is related to the gradient of 
entropy and the absolute vorticity of the fluid. 
The aerothermodynamic equations for rotating 
blade rows can be expressed more conveniently in 
terms of relative velocity vector 7, entropy S, and 
a quantity I in place, respectively, of absolute 
velocity vector 7, entropy S, and total enthalpy 
H. The relative quantities I and are defined 
8s follows (ref. 301): 

J=h+---- v’)a u2-H-w(rV~)=H-UV~ 
2 2  

In cylindrical coordinates, with z-axis (of ma- 
chine) parallel to W, 

- _ .  - -  
V = V ’ + w X r  

The modified equilibrium equation for a rotating 
system can thus be written 

VI=tVS+P x i  (37%) 

Energy equation.-The energy equation is 

. { g?+v [ ~ ~ + ~  V(V .]} (379) 

The substantial derivative D/Dr in 
the variation in total enthalpy of a particle along 
its streamline path from station to station is ex- 

effects on the velocity distributions as measured 
by the last term v [ V a v + + V ( V - v ) ] .  In the - -  case 
of steady real flow through a rotor, the V .  3 is 
the predominating term on the right side of 
equation (379). For the real flow through a 
stator blade row, all the terms on the right side 
are usually small enough to be ignored. 

For nonviscous flow, the energy equation 
becomes 

E=&+: dp+e. 3 (379a) Dr P ar 
and there is the additional relation that the blade 
force is normal to the blade surface (normal to the 
relative velocity of the fluid), 

Thus, the energy equation for nonviscous flow 
through a stator in absolute quantities is written 

(379b) 

Correspondingly, in terms of relative quantities, 
the energy equation for nonviscous flow through a 
rotor is written 

(3794 

According to this equation, for steady adiabatic 
flow the entropy and the quantity I remain con- 
stant along relative streamlines through the rotor. 
For steady relative flow, the rate of change of I 
along a streamline is proportional to the change of 
Q along the 
convenience m 
through rotating blade rows, the relative quanti- 
ties help greatly in clarifying physical occurrences 
in nonviscous fluid flows in rotating turbomachines. 
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In compressors, the external heat exchange Q is 
small. If Q is neglected, for inviscid steady flow, 
equation (379) becomes 

which is equivalent to (ref. 236) 

DH D(rVe) 
D T - ~ -  Dr 
-- 

(379d) 

(379e) 

that is, the rate of change of enthalpy along a 
streamline (work done on the gas) is equal to the 
angular speed of the blades multiplied by the rate 
of change of angular momentum about the com- 
pressor axis of the particle along the streamline. 
In terms of relative quantities, 

-0 (379f) D I  DH D(rVe) 
D7=D7-W -- 337 

Maintaining the quantity I constant is a more 
concise but equivalent way of expressing that the 
rate of change of total enthalpy H along a stream- 
line is equal to the angular speed of the blade 
multiplied by the rate of change of whirl of the gas 
streamline as it passes through the rotor. This is 
Euler’s turbine equation. 

For conventional compressors, the rotors are 
often designed to add the same amount of energy 
to the gas at all sections radially; that is, His kept 
radially constant through the machine for design 
purposes. For free-vortex distribution and addi- 
tion of whirl, I is radially constant throughout the 
machine. 

Entropy equation.-The entropy equation 

DS,4+B ? 
Dr t p 

indicates that the rate of change of entropy along 
a streamline depends only upon the rate of ex- 
ternal heat addition and the rate of viscous 
dissipation of useful energy. As observed earlier, 
Q, the external heat-exchange rate, can be con- 
sidered zero for compressors. 

The first two terms in equation (379) are thus 
seen to be a measure of rate of entropy change 
along a streamline: 

Continuity equation.-The continuity equation 

which is the last of the general flow equations 
presented herein, expresses the 
in terms of divergence of vel0 
of temperature function, and rate of change of 
entropy. 

AXISYMMETBIC-FLOW THEOBY 

In order to simplify the analysis, the flow about 
the axis of rotation is usually assumed symmetri- 
cal. As has been discussed previously, this is 
often interpreted physically as assuming that the 
number of blades is allowed to increase without 
limit in such a way as to keep the total circulation 
constant, and accordingly the flow approaches the 
axisymmetric solution as a limit. Mathemati- 
cally, the action of the blades can be computed 
by representing the blades by a volume distribu- 
tion of forces in the flow equations. The magni- 
tude of the force at a point is obtained by 
maintaining the product of the number of blades 
and the resultant force constant at any point on 
3 blade as the number of blades is increased. 
The resultant force is the difference between the 
forces on the two sides of the blade. The flow 
follows stream surfaces, and the derivatives in 
the equations refer to changes of the fluid prop- 
erties on the stream surfaces. This kind of 
solution, which gives average values in the 
circumferential direction, is usually vdid when 
the departure from that average is small. For 
incompressible frictionless flow, when the blades 
are thin and the solidity fairly high, the solution 
can be considered as applying to the mean stream 
surface between two blades based on mass-flow 
considerations (ref. 5) .  

Equilibrium equation : All partial derivatives of 
gas properties with respect to time and angular 
position are taken as zero for steady axisymmetric 
flow. With this simplification and neglecting the 
viscosity effects, the radial, tangential, and axial 
components of equation (378) become 

(382a) 

t DS=&+L 
Dr P 
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and 

-- aH-c;J,+t ,,+v, as av, - - v r ~ + v S X  dVS az ar 
(382c) 

Equation (382a) is the radial-equilibrium equ& 
tion. At a station between blade rows, g, is 
zero. For the usual assumption of constant 
entropy radially, the second term on the right 
side is taken to be zero. The fifth term repre- 
sents the effect of radial motion on the condition 
of radial equilibrium and is neglected (ch. VIII) 
for the assumption of simplified radial equilibrium. 
The simplied-radial-equilibrium equation is thus 
generally written as follows for design purposes: 

or, by differentiating and combining, 

Energy equation.-From equation (379) for 
steady axially symmetric viscous flow and the 
assumption that heat generated by frictional work 
remains in the stream, DH/Dr can be written as 

in which Q is generally considered zero. This 
same relation was previously derived for friction- 
less steady flow (eq. (379e)). 
Entropy equation.-For axially symmetric flow, 

equation (380) becomes 

I 

J 
For the frictionless case, 

DS Q 
D,=t 

Continuity equation.-For axisymmetric flow, 
equation (381) becomes 

IMPBOVED FLOW TBEOI&IES 

Design theories have been presented that dis- 
pense with several of the flow assumptions made 
for the simplified axisymmetric designs. The 
first of these (ref. 236) used a modified equation 
(382a) for the radial-equilibrium condition (see 
ch. VI11 for details) in lieu of equation (382d), 
the simplified-radial-equilibrium condition. In 
succeeding reports (refs. 298 to 300), the theories 
are extended to finite numbers of blades. In 
reference 301, a through-flow theory is developed; 
and the effects of blade thickness are considered 
in references 127 and 302. 

Radial-equilibrium condition.-The preceding 
analysis, as developed in reference 236, has led 
to the development of six equations with eight 
independent variables, namely VS, V,, V,, 30, 
g,, g,, H, and S. Of these equations ((379e), 
(382a), (382b), (382c), (383a), and (384)), five are 
independent. For nonviscous flow, the following 
relation must hold: 

as discussed earlier. This provides a sixth inde- 
pendent equation to replace equation (379e). 
For this case, equation (383b) is used instead of 
equation (383a). 

For viscous flow, a sixth independent relation is 
developed (ref. 236) for the rate of change of 
entropy along a streamline, in terms of n, the 
polytropic exponent of the flow process: 

-- D S  -R n-7 (V, y+ V, *) az (386) DT (n-l)(T-l) 

where 
1 n= 17-1 
- 

t l P  7 

and qp is the assumed design polytropic efficiency. 
For the design problem, two degrees of freedom 

are thus available. Accordingly, the desirable 
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variation of two of the gas properties, one of which 
is usually Ve, can be specified; and the variation 
of the other gas properties and the blade force 
can then be determined theoretically. 

Current design procedure is to specify desired 
gas conditions at stations in the gaps between 
blade rows only, where the blade-force terms 
are zero. One of the two available degrees of 
freedom in going from one such station to the 
next is taken up by the blade section selected. 
Accordingly, except at the first-stage inlet, there 
is only one condition at each station that the 
designer can specify. 

No general analytical solution is presented 
in reference 236, but two numerical methods of 
solution are suggested. In one method, the design 
equations are written as finite-difference equa- 
tions and applied to successive closely spaced 
axial stations. The second method employs only 
three stations per stage but assumes the shape of 
the radial-flow paths between stations. This 
method is considerably simpler to apply than the 
first. In reference 236, with assumed sinusoidal 
radial-flow paths, a form of the radial-equilibrium 
equation is developed which shows that the 
effects of radial motion are functions of the radial 
displacement, the square of the axial velocity, 
and the square of the blade-row aspect ratio. 

Summarizing briefly the results and conclusions 
of reference 236, an investigation was conducted 
into the radial motion of the flow in a turbo- 
machine by means of an axial-symmetry theory 
that does not assume simplified radial equilibrium. 
Blade aspect ratio had an important effect on 
the radial motion. The amount of radial motion 
depended also upon the passage taper, hub-tip 
ratio, speed of the main flow and design type 
(velocity diagram). Thus, for large blade-row 
aspect ratio or high axial velocity even with a 
small amount of radial displacement, the effect 
of radial motion may be large (i.e., a large oscilla- 
tory radial motion may be expected within the 
blade row). In reference 236, radial entropy 
gradients were neglected. Under certain condi- 
tions (ref. 49), these gradients have been shown 
to be important. 

The results of a simplified analysis by the 
methods of reference 236, assuming sinusoidal 
flow paths through the blade row, are found IXI 
reference 241 to compare favorably with the re- 

sults obtained by improved axisymmetric and 
three-dimensional analyses. 

The analysis presented in reference 236, while 
it gives much useful information concerning the 
flow within blade rows, does not rea 
information concerning the flow just 
or just downstream of such blade 
distribution of flow properties near a blade 
row is considered as an individual study in 
references 238 and 303. The problem is treated 
as an investigation into the matter of the flow 
near a blade row rather than with regard to 
design, and therefore is discussed in this chapter 
in the section SOME ASPECTS OF THREE- 
DIMENSIONAL FLOWS. 

Finite blade spacing.-The design theories are 
extended from the blade systems with infinitesimal 
blade spacing (Le., axially symmetric) to systems 
with finite blade spacing in an interesting series of 
reports (refs. 298 to 300). The procedure requires 
the axisymmetric solution for the flow as a first 
step. Reference 298 fmt presents the axisym- 
metric solution for the complete inverse (design) 
problem; that is, neither the blade shapes nor the 
wall geometry is specified in advance. The axial- 
flow-compressor designer starting with a reference 
streamline does specify the desired radial varia- 
tion of the axial velocity component V, (as in 
ref. 298) and an enthalpy function Sdp/p. By 
integration of the continuity equation (for isen- 
tropic flow in refs. 298 and 299), the radial velocity 
component V, is obtained. The tangential veloc- 
ity component Ve is next obtained from the energy 
equation. The continuous force field that re- 
places the blade system in axially symmetric solu- 
tions can then be calculated from the Euler dy- 
namic equations for axially symmetric flow. The 
infinitesimally spaced blades (stream surfaces) can 
be computed by use of the streamline equations 

and the inlet conditions. Thus, the compression 
ratio, the form of the airfoils, and the flow around 
them can be determined. 
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When the cascade of blades with infinitesimal 
spacing and axially symmetric flow is replaced by 
a cascade of blades with finite spacing, the flow 
can no longer be considered circumferentially uni- 
form. The uniform force field, which in the equa- 
tions replaced the effects of the blades in the 
axially symmetric case, is in turn replaced in the 
equations by the asymmetric inertia and pres- 
sure terms, the b/bO terms, that had earlier been 
neglected. Changing the force field and adding 
circumferentially asymmetric terms means that 
the streamlines of flow must change as well. One 
set of “mean” stream surfaces, considered to be 
halfway between the finitespacing blades, is 
assumed “frozen,” that is, unchanged. All the 
other streamlines shift and deform. This means 
the velocity and pressure terms must also change. 

Corrective terms are to be found, which are to 
be added to the axisymmetric flow in order to 
obtain the asymmetric flow in the spaces between 
blades. These corrective terms are obtained as a 
power-series development for the flow-variable 
changes in terms of a spacing parameter #, the 
angular distance from the frozen streamline sur- 
faces. Recurrence formulas are developed for 
these corrective terms, and an iteration process is 
set up for the desired solution. For simplicity, it 
is assumed that the changes in the flow variables 
are small enough that only terms linear in # need 
be kept. This is equivalent to assuming a linear 
pressure variation across each passage. 

Thus, when the radial variations of a velocity 
component and of an enthalpy (pressure) function 
are prescribed, the steady, nonviscous three- 
dimensional flow through a cascade of blades with 
finite spacing can be found. For the twodimen- 
sional solution (ref. 300), only the enthalpy 
function need be prescribed. While airfoils of 
finite thickness can be designed in this way, the 
numerical example of reference 300 is actually for 
a cascade of line (zero-thickness) airfoils with 
shapes approximating closely the streamlines 
found for the axisymmetric solution and with 
small lift coefficients. A further extension to the 
viscous-flow case is made in the appendix of 
reference 300. The methods developed in ref- 
erences 298 to 300 are instructive, as they indi- 
cate that the blade-to-blade variations with finite 
numbers of blades of finite thickness can be treated 
as perturbations on a mean, “frozen” streamline. 
However, in the nonviscous case (e.g., ref. 300), 

the Bauersfeld condition, that for a nonviscou 
fluid the force field must be perpendicular to the 
streamlines defining the blade surfaces, was not 
considered. And in the treatment of the viscous- 
flow case (appendix of ref. 300), it was not possible 
in the onestep perturbation method to satisfy 
some boundary conditions and obtain closure of 
the nose and trailing edges of the blades. 

In a series of reports (refs. 304 to 306), a treat- 
ment of the viscous flow through infinitely many 
thin blades is developed and extended, using the 
frozen-streamline notion, to develop the theory 
for an iteration process for the viscous, laminar, 
incompressible flow through blade rows with a 
finite number of blades of finite thickness. The 
application of this considerably more complex 
procedure greatly improves the solutions and 
makes possible the closure of the blade surface 
at the nose and trailing edge. Even with this 
procedure, however, it is necessary to relax the 
boundary condition of zero velocity (no slip) a t  
the blade surfaces in order to linearize the prob- 
lem sufficiently for possible solutions. 

Through-flow theory.-A further generalization 
beyond the simplified axisymmetric-flow approach, 
the through-flow theory (ref. 301), considers the 
flow along an arbitrary surface S(T,B,z)=C. 
Retaining the blade force terms 3 in the equations 
of motion partially takes into account the circum- 
ferential variations of pressure (enthalpy) and 
density. The development of the analysis pre- 
sents a unified theory; that is, the direct and 
inverse problems are solved for compressible flow, 
either subsonic or supersonic, for arbitrary blade 
and wall shapes, and for high-solidity, thin blades. 
A principal equation is developed from the con- 
tinuity equation, the equation of motion in the 
radial direction, and through use of a stream func- 
tion. Two main groups of designs are considered. 
In the first group the designer prescribes the varia- 
tion of the angular momentum. This group 
includes the free-vortex type, the wheel type, the 
symmetrical-velocity-diagram type, and so forth. 
In the second group of designs a relation between 
the tangential and axial velocities is prescribed. 
This group includes such radial-blade-element 
configurations as are found in high-speed centrifu- 
gal and mixed-flow impellers. 

Criteria are established for both groups to deter- 
mine whether the principal equation is elliptic or 
hyperbolic, roughly whether the flow is subsonic or 
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supersonic. Two methods are presented for solv- 

can be expressed in ce form and solved 

taneous equations 

dures, the axisymmet 

the effects of blade thickness by u 
mental data. A simple extension of 
flow theory (ref. 301) incorporates some of the 
blade-thickness effects directly in the design 
procedure. For blades that are not thin, an 
approximate blade thickness factor b is included in 
the definition of the stream function. Better 
physical understanding of the significance of such 
a blade thickness-correction factor is obtained 
(refs. 127 and 302) by analyses of the effects of 
blade thickness on flow along a mean streamline 
on a blade-to-blade flow surface. 

In a thick-bladed turbine configuration (in 
order to emphasize the effects) with subsonic 
incompressible flows, the mean streamline based 
on mass flow in the channel has less curvature 
than either the mean channel line or the mean 
camber line. The variation in the axial compo- 
nent of flow is nonlinear across the channel; the 
specific mass flow pVt along the mean streamline 
is about 4 percent higher than that obtained by a 
one-dimensional calculation based on channel- 
width reduction. Furthermore, the influence of 
blade thickness extends a short distance upstream 
and downstream of the channel. The tangential 
velocity on the mean streamline rises above its 
inlet value before the leading edge and decreases 
rapidly at first through the channel and then more 
slowly to a value below its exit value for some 

of the trailing edge. 
ows, the mean streamline 

approximates the position of the mean channel 
incompressible flows but still 

ature. The effects of blade 

stream and on specific mass flow are similar to, 

effects in the inc 

camber line than for the other cascade with lower 
solidity and thicker blades. The analysis using 
the thickness-correction factor b shows that the 
specific mass flow along the mean streamline 
increased an average of 9 percent more than 
anticipated from a one-dimensional calculation. 
Comparison of the specific mass flow in the axial 
direction with the variation in channel width like- 
wise showed a 9-percent increase on the average 
in specific mass flow axially over the area reduc- 
tion. This increase, it will be noted, is more than 
twice the value obtained for the previous sub- 
sonic cases. The variations of axial and tangential 
velocity components on the mean streamline 
are correspondingly increased. 

For the symmetrical nozzle configurations (no 
turning), the increase in specific mass flow along 
the mean streamline at supersonic flow conditions 
was about 8 percent higher than expected from a 
one-dimensional calculation. 

THREE-DIMENSIONAL THEORY 

A general three-dimensional, nonviscous, com- 
pressible-flow theory is developed in reference 
242 for subsonic and supersonic turbomachines 
with finite numbers of blades of finite thickness. 
The theory is applicable to axial-, radial-, or 
mixed-flow turbomachines for both the direct and 
inverse problems. Such a theory may be required 
for low hubtip radius ratios and for highly loaded 
stages with high inlet Mach numbers, where two- 
dimensional solutions may be inadequate. 
As in earlier reports, the equations of motion, 

energy, and continuity are expressed in terms of 
the velocity components, entropy, and the quanti- 
ty I (a modified total enthalpy). Estimated 
entropy changes due to sh eat transfer 
(turbine cooling), and can be ac- 
commodated in the calculations. 
Analysis.-A three-dimensional-flow solution is 

thickness on tangential velocities of the mean obtained by combining solutions for mathemati- 
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cdy  two-dimensional flows on two Merent kinds 
of intersecting relative stream surfaces (fig. 274). 
A stream surface SI of the first kind is one traced 
out by fluid particles initially, at  some axial 
position, on a circumferential circular arc of fixed 
radius about the axis of the machine. The blade- 
to-blade variations of flow can be computed on 
such surfaces (which extend from the suction sur- 
face of one blade to the pressure surface of the 
adjacent blade) in an essentially two-dimensional 
fashion. Suitable stream functions are defined 
that facilitate the solutions. 

/- 

/ 

FIGURE 274.-Intersecting SI and Sa surfaces in blade row. 

These S, surfaces will in general be twisted 
(fig. 275); that is, the flows are not restricted to 
surfaces of revolution as in quasi-three-dimen- 
sional solutions developed elsewhere. The SI sur- 
faces can be modified and redefined in order to 
cope with the large circumferential derivatives 
that result from cases of large surface twist. Com- 
plications arise in regions where, because of second- 
ary flows, for example, particles leave the walls 
and flow onto the blade surface, or, as is more 
likely, leave the blade surface and flow onto the 
wall or even out into the passage. In these 
regions it is necessary to approximate a solution 

FIGURE 275.-Twist of flow surfaces in axial-flow channel. 

by assuming that the flow follows the hub and 
casing walls. 

A relative stream surface of the second kind Sa 
is one traced out by fluid particles which, at  some 
axial position, were initially along a radial or 
nearly radial line. The most important S2 sur- 
face is the one that starts midway between two 
blades (fig. 274) and divides the mass flow in the 
channel between the blades into two approxi- 
mately equal parts. The through-flow solution 
obtained for large numbers of thin blades is a 
special case of S2 stream surface solution. The 
problems of surface twist and complications near 
the boundaries for S2 surfaces are similar to those 
already described for S, surfaces. 

In  general, the three-dimensional solutions for 
both the direct and inverse problems employ the 
solutions on both these two kinds of surfaces. 
The correct solution on one kind of surface often 
requires information obtained from solutions of 
the other kind. For example, determination of 
flow on SI surfaces requires information concerning 
the radial variation of the velocity components 
that is obtained from solutions along the Sn sur- 
faces. Consequently, iterative solutions between 
the two kinds of surfaces may be required. How- 
ever, the computations are essentially two-dimen- 
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sional and can be handled by present computa 
tional techniques. A general method is provided 
for solving the flow equations manually or by high- 
speed digital machine computations. 

In the direct problem, the solution starts with 
an assumed flow surface and proceeds with succes- 
sive alternate sol he two kinds of flow 
surfaces until a s approximation is ob- 
tained. The better the first approximation, the 
shorter the computation. 

The process is usually shorter for the inverse 
problem. The calculation begins on the mean S2 
surface on which the designer has one degree of 
freedom and an estimated blade thickness distribu- 
tion B to specify. After the solution on this S2 
surface has been obtained, the blade coordinates 
are determined by extending the solution circum- 
ferentially. 

Initial approximations.-The computations of 
the general theory for three-dimensional flows can 
be shortened materially by starting the iteration 
procedure with a reasonably good h t  approxima- 
tion of the detailed flow variation. Reference 307 
presents a quick approximate solution for the 
two-dimensional, compressible, subsonic, non- 
viscous flow past arbitrary turbomachine blades on 
arbitrary surfaces of revolution. 

The first step in this particular solution is to 
estimate a mean streamline shape and the specific 
mass flow (product of velocity and density) along 
it. (For alternative methods, see ch. IV.) Equa- 
tions for the flow along stream filaments of revolu- 
tion are then solved to obtain values of the density 
and velocity components separately and of their 
derivatives in the circumferential direction. Next 
a Taylor series expansion in the circumferential 
direction using these values, together with mass- 
flow integrations, provides calculated blade shapes. 
Finally, an iteration procedure is set up in which 
the variance between the calculated blade shapes 
and the actual blade shapes provides the informa- 
tion required as a starting point for the second 
cycle. According to reference 307, depending upon 
the configuration and the original estimates, the 
detailed flow variations can be suitably obtained 
in two to four computation cycles. 

Solutions on flow surfaces SI and S2.-The 
three-dimensional analysis of reference 242 can 
provide a clearer understanding of the flows un- 
complicated by viscous, secondary-flow effects 
than was obtainable from the simplified solutions. 

More complete knowledge about the effects of the 
main stream on the development of viscous bound- 
ary layers may then aid in understanding the 
secondary-flow behavior in the turbomachines. 

The practical utility of the more accurate flow 
representation of reference 242 depends, of course, 
upon its susceptibility to accurate and quick com- 

n. Reference 130 an investigation of the 
mechanics of obtaining solutions for the principal 
flow equations of the general three-dimensional- 
flow theory. 

It will be recalled that the three-dimensional 
solution was obtained by combinations of mathe- 
matically two-dimensional solutions on two kinds 
of intersecting relative stream surfaces, desig- 
nated S, and S2. The principal flow equations 
for both kinds of surfaces are similar, and the 
methods of successive approximations used for 
their solution are similar. If it can be shown that 
the solution on one of the surfaces converges 
readily, the solution on the other should converge 
as well. Reference 130 evaluates three methods 
for obtaining solutions on the S2 surfaces: (1) a 
relaxation method using a hand-operated desk 
calculator, (2) a matrix method on an IBM card- 
programmed electronic calculator, and (3) a matrix 
method on a Univac. The actual machine 
analyzed was a single-stage axial-flow turbine, 
but the results are equally meaningful to com- 
pressor design. Free-vortex variation in tangen- 
tial velocity and cylindrical bounding walls were 
specified to reduce radial-flow effects. The blades 
are quite long, however, with hub-tip radius ratio 
of 0.6. 

For both relaxation and matrix solutions, the 
nonlinear partial differential principal equation is 
replaced by a number of finite-difference equations 
representing the principal equation at the number 
of grid points in the flow region. The equations 
are solved by a method of successive approxima- 
tions. The accuracy of such solutions depends 
upon the grid size (number of points), the degree 
of the polynominal representation used, the size 
of the residuals accepted, and the number of 
successive cycles completed for convergence. 

Convergence was readily obtained in all cases 
of the investigation. The indications are that the 
matrix methods were quicker and somewhat more 
accurate than the relaxation solutions. In any 
event, the calculations were feasible and not overly 
diflticult for the solution of the flow on a flow 
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surface, one step in the over-all three-dimensional- approximations to more complete solutions. The 
flow solution. simple approximation to the streamline path 

Information concerning the detailed flow dis- suggested in reference 236, with an assumed 
tribution (ref. 307) and particularly concerning sinusoidal path through the rotor, gave a good 
the relations of the pressure gradients, and blade approximation to the three-dimensional solution 
shape to radial-flow components (ref. 130) is in the case investigated in reference 303. 
discussed in the next main section of this chapter. 

fiduation and relation to previous methods,- SOME ASPECTS OF THItEE-DIMENSIONAL FLOWS 

Because of the complexity of the over-all three- 
dimensional design theory, very little has been 
recorded about experience in its use. Little in- 
formation is available concerning the convergence 
of the iteration procedures or the magnitudes of 
the random errors of the computational methods. 
At present, this three-dimensional theory may 
serve best as a useful guide for evaluating experi- 
mental data. 
As noted in reference 242, the through-flow 

solution (ref. 301) can be considered as a limiting 
case for the more general three-dimensional solu- 
tion. It may be regarded, for example, as the 
solution for the flow along the S, mean stream 
surface that divides the mass flow equally when 
the circumferential variation of the velocity com- 
ponents approaches zero. Thus, the through- 
flow solution serves to indicate trends when the 
effects resulting from having a finite number of 
blades are small or constant. In this connection, 
the use of a blade thickness factor, based on 
information about blade thickness effects such as 
obtained, for example, in references 127 and 302, 
should improve the solutions considerably. 

The effects of compressibility, spanwise varia- 
tion of circulation V#r, and radial components 
3, or distributed-force vector z u p o n  the radial 
variations of gas state in a single-stage and in 
a seven-stage subsonic compressor with sym- 
metrical velocity diagram are studied in reference 
241. The results of these studies are presented 
briefly in the next main section. The investiga- 
tion includes a brief discussion of the comparison 
between simplified-radial-equilibrium solutions 
and the solutions according to reference 236, 
while employing solutions obtained by means of 
the through-flow and three-dimensional theories 
(refs. 301 and 242, respectively) as criteria for 
accuracy. In this comparison, at axial stations 
in front of and behind the rotor of the single-stage 
compressor the simplified-equilibrium solution and 
the limiting solutions of reference 236 (zero and 
infinite aspect ratios) produced rather poor 

The formidability of the complete three- 
dimensional design theory makes its application 
to compressor design somewhat impractical at 
this time. Nevertheless, considerable informa- 
tion about the three-dimensional aspects of the 
actual fluid behavior in compressors is required 
for design purposes. Such information has been 
obtained most successfully from many expen- 
mental and theoretical studies, each directed and 
confined to a particular phase of the real flow. 
By restricting the scope of a particular study, the 
investigator can make sweeping assumptions that 
simplify his solutions greatly. He need only be 
careful that his assumptions do not qualify the 
particular aspects of the flow being investigated. 
In the following subsections, several such phases 
of the over-all three-dimensional-flow behavior 
are described briefly, such as the effects of radial 
variations of circulation and of blade loading, 
radial components of flow within and between the 
blade rows, the effects of compressibility and of 
blade-force components, and some secondary-flow 
effects. Only steady-flow phenomena are con- 
sidered here. The time-unsteady flows 'are con- 
sidered in the next main section of this chapter. 

In order to facilitate the investigations of the 
effects of radial variation of circulation, the flows 
are generally assumed axially symmetric and non- 
viscous, with constant entropy and enthalpy 
radially at the inlet. Even for these conditions, 
the solutions for the governing equations are simple 
only for the incompressible case of vortex distribu- 
tion of the tangential velocity component, that is, 
constant circulation spanwise. For this condition 
only, the flow is two-dimensional and the stream- 
lines all lie on cylindrical surfaces. For condi- 
tions of inconstant circulation radially, according 
to Prandtl's theory, vortices trail from the blades 
with their vorticity vectors downstream in the 
flow direction. The flow equations are then non- 
linear, nonhomogeneous partial differential equa- 

BADIAL-FLOW VARIATIONS 
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tions; and the flow itself is no longer confined 
radially to cylindrical surfaces. The aerodynamic 
advantages to be gained by use of nonvortex de- 
signs (i.e., lower relative velocities in the cme of 
solid-body rotation design) must be weighed 
against the radial-flow co 
which can be calculated 
Nevertheless, the aerodynamic advantages asso- 
ciated with nonvortex designs have frequently 
been beneficial enough to outweigh any detri- 
mental effects. 

Radial-flow shifts.-The radial-flow displace- 
ment that occurs within blade rows, both rotating 
and stationary, is discussed in reference 236. Here 
the use of a sinusoidal approximation to the prob- 
able flow path was suggested in a calculation 
procedure based on this kind of assumed curve. 
For a subsonic single-stage and a subsonic seven- 
stage compressor designed for symmetrical velocity 
diagram at all radii, reference 241 compares the 
simplified-radial-equilibrium solution, the assumed 
sinusoidal-flow-path solution (single stage only) 
(ref. 236), the through-flow solution (ref. 301), and 
the three-dimensional solution (ref. 242). Using 
references 301 and 242 as criteria, reference 241 
found that, in the single-stage compressor, the 
sinusoidal-flow-path assumption gave answers that 
agreed closely with the more complete solutions. 
The simplified-radial-equilibrium solution did not 
agree well. 

One conclusion reached in reference 241 is that, 
while compressibility does not change the stream- 
line shapes very much, it does affect the velocity 
components a great deal. Another conclusion is 
that the gas undergoes an oscillatory radial mo- 
tion in passing through the compressor. The 
period of the oscillatory motion is equal to the 
length of a stage. The gas (e.g., ref. 241) shifts 
inward through the inlet guide vanes and the first 
rotor and then outward in the first stator, the 
effects of this oscillatory motion being greatest in 
high-aspect-ratio stages. In general, the shift 
through the guide vanes, if present, is always in- 
ward. The shift through the rotor depends upon 
the particular velocity diagram and may be inward 
(for velocity distribution that is wheel type in the 
direction of the rotor rotation), may not shift (free 
vortex), or may be outward (wheel type in opposite 
direction to rotor rotation). In a velocity-dia- 
gram analysis, reference 221 shows that for inward 
radial shift in a rotor the negative radial gradients 

of the axial velocity components behind the rotor 
lead to undesirable diffusion factors at the rotor 
tip and high sthto 

By choosing a 
the rotor inlet counter 
vortex distribution in 
ward shift in mass flow 
should lead to more favorable distri 
diffusion factor and Mach number. 

Reference 130 points out that the axial compo- 
nent of velocity is constant radially for free-vortex 
blading only for the case of simplified radial 
equilibrium. In the more general case, including, 
for example, the effects of radial variation of 
entropy and enthalpy, considerable radial varia- 
tion of the axial velocity components results for 
both incompressible and compressible flows. In 
all such cases described in reference 130 (turbine 
configurations), there was a negative radial 
gradient of axial velocity ahead of the rotor. 

Reference 130 indicates that the actual path 
within the blade row may be far from sinsoidal 
and depends upon such factors as radial twist of 
the stream (due to gr, radial component of the 
distributed-force term) and compressibility of the 
gas. 

Flow near blade rows.-Reference 238 provides 
information about the flow near a blade row, 
just upstream or just downstream. It is first 
noted in reference 238 that the three-dimensional 
nonviscous incompressible-flow solution is simple 
only for the case of vortex distribution of the 
tangential velocity component. For this condi- 
tion, the blade circulation spanwise is constant 
and there are no radial components or axial 
variations. For varying circulation spanwise, it 
is still possible to calculate the difference between 
the axial velocity profiles far upstream and far 
downstream of the blade row fairly readily by 
neglecting radial transport of vorticity shed from 
the blades. But to determine the velocity dis- 
tribution of the flow field near the blade rows is 
a more diflicult problem, involving nonlinear, 
nonhomogeneous, partial differential equations. 

In reference 238, the flow is considered non- 
viscous, incompressible, and axially symmetric, 
with no inner- or outer-shroud taper. It is 
further assumed that there is no self-transport of 
vorticity; that is, the vorticity is transported only 
by the mean velocity and not by its own induced 
velocity. This last qualification reduces the 
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problem to the solution of a linear, nonhomoge- 
neous, partial differential flow equation. The 
solutions thus obtained provide an approximation 
to the velocity field for any blade-loading dis- 
tribution. The results are useful, then, for such 
conditions in which self-transport is negligible- 
that is, for moderate-turning, high-solidity 
configurations. 

For the particular case where the blade chord 
approaches zero (actuator disk), the linearized 
partial differential equation describing the tan- 
gential velocity component becomes homogeneous 
as well and can be solved directly by using the 
given boundary conditions. Physically, this as- 
sumption is equivalent to requiring the change in 
mean tangential component through a blade row 
to occur as a discontinuity (the actuator disk) in 
a plane normal to the axis at a chosen axial loca- 
tion. By appropriately choosing the location for 
the discontinuous jump in tangential velocity 
(the axial and radial velocity components re- 
maining continuous throughout), the direct solu- 
tion for the homogeneous case is shown to be a 
useful approximation to the more exact solution 
for the case of finite nonzero blade chord, except 
near the lifting line, where large radial velocities 
and axial velocity gradients are generated. 

For both the finite blade chord and the dis- 
continuous approximation, the linerarized flow 
equations make possible the attainment of the 
incompressible solution for a multistage turbo- 
machine by superposition of the flows for the 
individual blade rows. Exponential approxima- 
tions are developed for rapid estimations of the 
velocity-component distributions, which provide 
an even simpler method of approximating the 
flow through a turbomachine. These approxi- 
mations were s&cient for the particular case 
calculated in reference 238 to estimate the general 
order of the velocity components and were 
sufliciently to make these relations useful in 
estimating the interference of adjacent blade rows. 

An illustrative example is calculated in ref- 
erence 238, which assumes a linearly increasing 
circulation distribution from root to tip. The 
calculations indicate sizable changes in axial 
velocity profile both upstream and downstream 
of the blade row. The linearized approximation 
used (with the blade loading similar at all radii 
and msuming no radial force components) makes 
possible the separation of the velocity components 

into the series of terms associated with the blades 
considered stationary and the additional terms 
due to rotation effects. Thus, the radial velocity 
disturbances, important principally as they affect 
the axial and tangential velocity compments, are 
analyzed. An interesting asymmetrical behavoir 
is observed. The induced effects associated with 
the stationary blade attain their maximum 
downstream of the blade midchord position 
axially; the disturbances. associated with rotation 
obtain their maximum upstream. 

Reference 308 describes two physically possible 
types of nonviscous incompressible flow for a 
special case of the “actuator-disk” theory, the 
limiting case of a cascade of blades with negligible 
chord, discussed as an approximation to the 
more exact solution of reference 238. As before, 
only the tangential velocity components have a 
discontinuity at the actuator-disk section, the 
radial and axial components being continuous 
throughout. Axial symmetry, neglible heat trans- 
fer, and isentropic flow are assumed. The basic 
equations employed are Euler’s equation of 
motion, the continuity equation, and the thermo- 
dynamic entropy and energy equations. As 
shown by a numerical example, the exact solutions 
to the problems as formulated here may match 
desired turbomachine flow conditions sufficiently 
closely to provide useful approximations of 
interest to designers. [Note that E and { should 
be interchanged in eqs. (9) to (11) in ref. 308.1 

Radial adjustment and blade-row interfer- 
ence.-The shape of a stream surface as it passes 
through the stages of an axial turbomachine is 
investigated in reference 303 with the use of the 
exponential approximation to the linearized flow 
solution developed in reference 238. Attention is 
directed to the flow near the blade row and the 
manner in which the transition is made from the 
far-upstream to the fardownstream velocity pro- 
file. For the configuration investigated in refer- 
ence 241, it was found that the radial velocity 
requires more than two axial chord lengths up- 
stream of the inlet guide vanes and downstream 
of the stator before becoming negligible. Refer- 
ence 303 establishes a relation between the aspect 
ratio of the blades a.nd the rate of radial adjust- 
ment. The radial adjustment ranges from nearly 
complete by the time the trailing edge of low- 
aspect-ratio blades (=1.0) is reached, to almost 
negligible radial adjustment at the trailing edges 
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of high-aspect-ratio blades (=3.0). This infor- 
mation is then brought to bear on the dual prob- 
lems of the mutual interference of neighboring 
blade rows and the three-dimensional flows in an 
axial turbomachine at off-design conditions. 
Briefly, for blade aspect ratios of 1.0 or less, the 
effects on the velocity distribution of interference 
between adjacent blade rows are negligible, and 
distortion of the design axial velocity profile at 
offdesign operation is small. The effects of off- 
design operation may increase considerably with 
higher blade aspect ratio, while the interference 
between adjacent blade rows may become a pre- 
dominant influence for aspect ratios over 3.0. 

SECONDARY-FLOW EFFECTS 

General discussion.-The three-dimensional 
behavior of a real fluid is intimately associated 
with the three-dimensional boundary-layer be- 
havior of that fluid. The tendencies of the 
boundary layers to accumulate locally, to develop 
large radial and cross-channel flows in a complex 
of motions generally termed secondary flows, are 
discussed in chapter XV. Detailed experimental 
information on secondary-flow patterns is pre- 
sented in chapter XV, together with the results 
of the more important theoretical developments. 
The present chapter is concerned chiefly with the 
overall flow picture; only the broad aspects of 
secondary flows are considered here. 

The flow through a blade grid is considered as 
flow through individual channels or curved ducts 
in reference 309, and three distinct boundary- 
layer phenomena are discussed: (1) the cross- 
channel displacement leading to thickened 
boundary-layer regions at the suction surface of 
the passage, (2) the different behavior of boundary 
layer when adhering to a solid surface as con- 
trasted with detached boundary layers such as 
wakes, and (3) the effect of centrifugal accelera- 
tion inducing radial components of motion affect- 
ing especially the boundary layers of moving 
blade rows. A criterion of radial stability is 
developed indicating that ‘‘stability of compress- 
ible flow depends not only upon the radial 
distribution of total energy, as is the case for 
incompressible flow, but also upon the temperature 
distribution.” With this criterion, the radial dis- 
placement of boundary layer in turbomachines is 
analyzed for various conditions of flow circulation 
and boundary-layer distribution. 

In reference 310, the secondary flows are at- 
tributed largely to trailing-edge vortices shed as a 
result of spanwise variation of circulation along 
the blades and nonuniform inlet approach veloc- 
ities (see ch. XV for discussion of passage vortices). 
Reasonable orders of magnitude of three-dimen- 
sional losses are estimated by the methods of 
reference 310 for the very conservative flow 
conditions assumed. A practical extension of this 
investigation is provided in the guide-vane analysis 
of reference 43. End-wall boundary layers are 
shown to cause deviations of the real flow from 
blade-element-flow considerations. Some of the 
effects noted are first underturning and then over- 
turning in the boundary layer as the end wall is 
approached, a general decrease in circulation and 
turning angle along the blade in the boundary- 
layer regions, and large induced losses in the 
guide-vane end regions. A calculation procedure 
for quantitative estimations of the mean flow 
variations induced by the end-wall boundary-layer 
effects is set up in which the distribution along the 
blades is represented by a system of vortices, the 
effects of which are calculated by the method of 
images, with use of an empirical correlation factor. 
The closing section of reference 43 considers several 
aspects of the secondary-flow problem, from the 
designer’s viewpoint, in some detail. 

The more complex flow situation in rotor blading 
is considered in reference 310. The effects of tip 
clearance and relative blade to wall motion are 
discussed in very general terms, as is boundary- 
layer displacement of the type noted in reference 
309. The action of secondary flows under certain 
conditions to prevent stalling and to enable blades 
to operate above the two-dimensional stalling 
limit is brought out. The workdone factor and 
the induced-drag coefficient are connected on 
the basis of these secondary-flow considerations. 
Finally, the conclusion is reached that ordinarily 
(conservative, subsonic turbomachines) the pri- 
mary flow conditions and primary losses are still 
due to twodimensional blade-section performance. 
Experimental evidence (ch. XV and ref. 311) 
indicates that the secondary-flow-induced losses 
assume considerably more importance with higher 
flow velocities and larger turning angles. 

A n  interesting analysis is developed in reference 
312 of the relation between the secondary flows 
and the main flow characterized by radially vary- 
ing blade circulation and rotational incoming flow. 
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standable physical picturi of three-dimensional 
flows in turbomachines. 

Commentary.-Despite the great amount of 
research already devoted to the study of secondary 
flows in turbomachinery, empirical information, 
useful to designers, concerning the actual flows 
within the blade rows themselves is still largely 
lacking. Most analyses to date provide informa- 
tion and devise design procedurw about the flows 
encountered at stations between the blade rows. 
For design purposes, the nature of the flows in the 
blade rows themselves is almost invariably as- 
sumed. References 302 and 304 give evidence 
that the flow patterns within the blade rows are 
quite complex, that large stream surface distor- 
tions can and do exist. These results must be 
considered to qualify the conclusions reached from 
analyses (e.g., ref. 244) based on ass&ed simple 
flow configurations in the passages between 
stations. 

TIME-UNSTEADY FLOW 

A theory of nonstationary motion around airfoils 
is presented in reference 313. The purpose of the 
paper is to present the theory originally developed 
by Birnbaum, Wagner, Kiissner, Glauert, and 
Theodorsen in relatively uncomplicated mathe- 
matical forms. A remarkably clear exposition of 
the fundamental conceptions of the two-dimen- 
sional circulation theory of airfoils is presented 
first. The report shows how a “wake of vorticity” 
is produced if the circulation around the airfoil is 
a timewise variable. The induced vorticity dis- 
tributions over a thin airfoil are presented for such 
wake vortices at various distances in the wake 5 
from the midpoint of the airfoil. 

Formulas for the lift and momentum are next 
obtained for the thin airfoil, and here it is seen 
that the simple Joukowski formula L=,,Vr no 
longer will do. Instead, the expression for the lift 
consists of three parts: 

References 312 and 244 present a clear, under- and 

u velocity of motion of airfoil [or of gust of 
wind past airfoil) 

x 
chord position 

y( E)  vorticity in wake 

The quasi-steady lift Lo is that which would be 
produced if the instantaneous velocity and angle 
of attack were permanently maintained. The lift 
Ll represents the forces acting on a body in an 
ideal fluid when no circulation is produced because 
of the reaction of the accelerated fluid masses. It 
is obtained by integrating over the surface the 

& “impulsive pressures” p - (where Q is the instan- 
taneous potential function). The lift L2 represents 
the contributions to the lift  from the wake itself, 
and contains the wake effects. A corresponding 
formulation is obtained for the moment: 

coordinate along blade rearward from mid- 

ar 

M=Mo+Mi + M, 

In these formulas, Lo and Mo as well as Ll and 
Ml require only solutions of steady-state problems 
by usual methods. The wake contributions La 
and M, can be interpreted physically as the differ- 
ences between the instantaneous and the final 
values of lift and moment for a case in which the 
quasi-steady lift and moment undergo a sudden 
change. Hence, L2 and M, can be called the 
“deficiencies” caused by the nonuniformity of the 
motion of the airfoil or of the fluid velocity. 

These general results were then applied to an 
oscillating airfoil and to an airfoil entering a 
vertical gust with various velocity profiles. The 
general expressions for the lift and moment 
developed by von K h m h  and Sears (ref. 313) are 
applied in reference 314 to a series of alternating 
up and down gusts, sinusoidally distributed. The 
magnitude of the lift decreases as the frequency 
of the gusts increases. As in reference 313, the 
lift is shown to act, always, at the quarter-chord 
point of the airfoil. These results are applied to 
a wind-tunnel fan blade operating just downstream 
of a set of prerotation vanes. The vanes produce 
periodical disturbances through which the fan 
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blades pass, which in turn give rise to periodical 
forces on the blades and perhaps vibrations of 
dangerous amplitudes. An approximate calcula- 
tion is made in order to apply the results obtained, 
in which it is necessary to take the two-dimensional 
flow across some mean cross section representative 
of the blade and to consider that this mean section 
encounters flow conditions in its path that can be 
approximated by superimposing a sinusoidal varia- 
tion of axial velocity on a uniform mean axial 
velocity. No dangerously large vibration ampli- 
tudes were calculated in the example given in 
reference 314. 

The results derived in reference 314 for an airfoil 
moving through a stationary gust pattern are 
extended in references 315 and 316 by means of 
a simple generalization to provide formulas for 
calculating the unsteady aerodynamic quantities 
for a single stator row followed by a single rotor 
row. Because the blades are thin, slightly cam- 
bered, and lightly loaded, this configuration 
resembles a compressor more closely than a tur- 
bine. The flow is assumed incompressible and 
inviscid; the blade rows are represented by infinite 
cascades of two-dimensional blades. Each airfoil 
(ref. 315) is considered ‘(to be acting in a velocity 
field induced by (a) its own wake, (b) the (variable) 
bound vortices of fellow members of its own blade 
row, (c) their wakes, (d) the (variable) bound 
vortices of .members of the other blade row, and 
(e) their wakes.” 

In order to obtain a solution with reasonable 
ease, a scheme of successive approximations is 
followed: 

(1) Assume first that the unsteady effect on the 
circulation of a blade is small compared with the 
steady circulation ordinarily considered by a 
designer. 

(2) The first approximation to the unsteady 
effects on a typical stator blade J?(r) is calculated 
on the assumption that the only significant 
contribution arises from the steady circulation 
on the rotor blades For this first approxima- 
tion, the unsteady rotor circulation ,r’(r) and the 
unsteady parts of the circulation of all the other 
stator blades and of all the vortex wakes except 
that of the chosen stator blade are neglected. 
“(Presumably this approximation breaks down for 
stator cascades of extremely large solidity, in 
which the adjacent blades are so close that their 

nonstedy circulation components induce large 
effects.) ” 

(3) In order to calculate the unsteady effe 

The procedure thus f a r  can considered as the 
h t  of a series of successive approximations. The 
second step might consider the additional effects 
of ,,rr but, as noted in reference 315, would very 
likely be extremely diEcult to calculate. 

On the basis of this ht-approximation scheme, 
then, a calculation is made for the unsteady 
velocity at a rotor or stator blade induced by the 
steady circulation distribution on the blades of 
the other row in motion relative to the blade in 
question. From thB, the unsteady lift and mo- 
ment of a stator or rotor blade can likewise be 
calculated. Inve&igations of numerical examples 
were made for configurations of thin, small- 
turning airfoils, with rotor and stator solidities 
fixed at unity, with a 50-percent reaction stage, 
and with the stagger angles ar=a8=450. The 
calculations were made for a range of the pa- 
rameter b’/c, (ratio of axid separation between 
trailing edge of stator row and leading edge of 
rotor row to rotor half-chord) and over a range of 
d,/d, (ratio of pitch of rotor blades to pitch of 
stator blades). 

The results showed large increase of unsteady 
lift with decreasing b’/c,, and appreciable change 
of lift with variation of d,/d8. In one case the 
unsteady part of the lift was as much as 18 percent 
of the steady lift and, for this approximation, is 
accordingly of practical importance. Also, the 
contribution of the stator wakes to the unsteady 
lift of the rotor blades was comparable in magni- 
tude to the effects induced by the bound circula- 
tion of the stators themselves. The assumption 
made for the first approximation, namely that the 
unsteady effect on the circulation of a blade is 
much less than the steady circulation 
ITrl<<lorl, was checked and found to be reason- 
able. In addition, the authors find the power in 
the vortex wakes quite smalI. (The power is 
expressed as the ratio of the energy transferred 
to the wakes per unit time to the steady power 
required to turn the rotor.) 
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A further result is that the energy in the stator 
wake for the present cases is about 100 times as 
large as the eriergy in the rotor wake. Because 
the kinetic energy transferred to the vortex wakes 
due to periodic variation in circulation is pro- 
portional to IrI'l2 (ref. 317), the squared amplitude 
of variation of circulation, and therefore the un- 
steady circulation on the stator blades, is about 
10 times as large as that on the rotor blades. 

The unsteady lift on both was about the same, 
however, for the example in reference 316 because 
of the Vifferences in chordwise velocity distribu- 
tions on the stator and rotor. In general, then, 
according to references 315 and 316, the induced 
circulation on a blade row due to the relative 
motion of an adjacent downstream row is con- 
siderably greater than that due to the effects of an 
adjacent upstream row. 
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SECONDARY FLOWS AND THREE-DIME NAL BOUNDAR 

LAYER EFFECTS 
By ARTHUR G. HANSEN and HOWARD 2. HERZIG 

A survey of experimental and theoretical research layer behavior 
on secondary flows and three-dimensional boundary- theory. Two-di boundary-layer theory 
layer flows as applicable to compressor Jlow ghe- predicts characteristics of a boundary layer 
nomena is presented. The  results of experimental resulting from a mainstream flow that has no 
research are used to construct a simple model of variation in its lateral direction. In an actual 
secondary flow in compreessor blade rows. blade row, however, lateral variations of t.he main 

The limitations of the application of present re- stream and the associated boundary layer cannot 
search on secondary Jlows to flow +n a multistage be ignored. The occurrence of secondary flows- 
compressor and indications of ways this research that is, boundary-layer flows having components 
might be applied to current design conside normal to the mainstream direction-often results 
are also presented. in sizable displacements and accumulations of 

INTRODUCTION 

The importance of boundary-layer develo&ent 
in relation to compressor design procedures is dis- 
cussed in chapter I11 and in reference 318. As 
these references point out, there are no simple 
techniques that accurately account for viscous 
effects in current design systems. Instead, the 
effects of boundary layers are taken into account 
only by introducing some gross correction factors 
into calculations derived from nonviscous-flow 
theory. These correction factors, moreover, are 
based on empirical data and give only rough esti- 
mates of boundary-layer development. Never- 
theless, this method of accounting for viscous-flow 
effects has proved relatively adequate for the 
design of compressors of the type currently in use. 
With the trend toward high-speed and high-mass- 
flow turbomachines, however, the influence of 
boundary layers becomes increasingly critical in 
design calculations. This is simply illustrated 
by noting the sensitivity of flow velocities in the 
transonic range to slight changes in boundary- 
layer-flow blockage. 

It is important to recognize that a more satis- 
factory description of boundary-layer flow cannot 
come from refinements of the two-dimensional 
boundary-layer theory currently in use (ch. V). 
The reason is that boundary-layer behavior in 
blade rows of an actual turbomachine exhibits 
certain irreconcilable differences from boundary- 
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boundary-layer material. These flows arise prin- 
cipally from blade end clearance, blade-to-blade 
and radial pressure gradients, centrifugal-force 
effects, and relative motion between blade ends 
and annulus walls (refs. 311 and 318). Flows of 
this type have no counterpart in two-dimensional 
theory. 

Losses occurring in blade end regions of corn- 
pressor blade rows account for a sizable portion 
of the total measured loss (ch. VII). As blade 
end losses are principally the result of boundary- 
layer displacements and accumulations, it may be 
stated that future improvement of compressor 
efficiencies wil l  depend significantly upon under- 
standing the nature and causes of these boundary- 
layer phenomena and upon hding  more realistic 
and accurate methods of accounting for them in 
design procedures. 

For these reasons, the analysis of secondary 
flows has become the major problem associated 
with research on boundary-layer behavior in 
compressors. While many important aspects of 
secondary-flow phenomena have not as yet been 
investigated, considerable research progress has 
been made. This chapter presents an over-all 
review of both experimental and theoretical 
research and indicates its relevancy to compressor 
design. 

At the present time, research on secondary flows 
has two immediate goals: (1) to find methods of 
reducing the magnitude of undesirable secondary- 

385 \-- 
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flow disturbances in blade rows, and (2) to develop 
practical theories of secondary-flow behavior that 
the compressor designer can incorporate into 
design methods. In attaining these goals, three 
basic problems can be recognized: (1) isolating 
the factors that may cause secondary flows, (2) 
analyzing the types of secondary-flow components 
resulting from these factors, and (3) determining 
the contribution of these components to the total 
flow behavior. The factors that cause secondary 
flows are fairly well known and have been indicated 
previously. The state of knowledge concerning 
the characteristics of the associated secondary-flow 
components, however, leaves much to be desired. 
As will be evident from the discussions presented, 
most of the current knowledge is qualitative in 
nature. Adequate theories furnishing the quanti- 
tative information necessary for improvirg com- 
pressor designs are still to be formulated. 

EXPERIMENTAL INVESTIGATION OF SECONDARY 
FLOWS 

Because of the importance of the problem, many 
experimental and theoretical investigations of 
secondary flow in turbomachines are presented 
in current literature (surveys 212 to 240, ref. 319). 
In experimental research carried out at the NACA 
Lewis laboratory, flow-visualization techniques 
as well as total-pressure and flow-angle measure- 
ments were used in order to obtain an insight into 
the three-dimensional boundary-layer-flow pat- 
terns in typical axial-flow turbomachines. The 
results of the investigations (refs. 311 and 318) are 
presented here only for the over-all physical 
understanding of secondary-flow processes in 
turbomachines that they afford rather than for 
detailed compressor flow information. 

The following discussion attempts to build up a 
concept of secondary-flow behavior in compressor 
blade rows by separate descriptions of the various 
types of secondary-flow components that can 
occur. In this regard, an analysis of secondary 
flows arising from cross-channel pressure gradients 
is first discussed. Next, the iduence of radial 
pressure gradients that contribute to the local 
accumulation of boundary-layer materid is ana- 
lyzed. The size and locations of these m u -  
mulations depend upon the character of blade 
boundary layers, which are, in turn, a function 
of profile shapes; hence, some indication of the 
effect of blade profile shapes on secondary flows is 

also included in the discussions. This is followed 
by a discussion of blade tip clearance and relative 
motion between blades and annulus walls 
nally, the influence of rotor-sta 

avior is presented. Go 
of the methods employed to obtain the 

results can be found in references 311,318, and 320. 
The section is concluded with consideration of a 

model of the complete secondary-flow pattern as 
indicated by the experimental results and a 
discussion of ways certain aspects of secondary- 
flow. theory might be applied to compressor design. 

Apparatus and procedure.-For simplicity, the 
study of secondary-flow components resulting 
from cross-channel pressure gradients was begun 
by visualization of the end-wall inlet boundary 
layer of a two-dimensional cascade at low air- 
speeds. It was intended, by using a smoke 
flow-visualization method (ref. 318), to isolate and 
to evaluate the effects of cross-channel gradients 
upon the wall boundary layer while eliminating 
such complicating considerations as radial flows 
and possible shock phenomena. 

A sketch of the two-dimensional cascade rig is 
shown in figure 276. The cascade section was so 
designed that the solidity, angle of attack, aspect 
ratio, turning angle, and blade stagger angle could 
be varied quite readily. The twodimensional 
cascades were used for tests at Mach numbers 
below 0.4. The boundary-layer flow was visual- 
ized by means of smoke introduced through a 
probe. The smoke flow-visualization method was 
used only at low mainstream velocities (about 30 
ftlsec). At higher velocities, dispersion of the 
smoke due to turbulence made the method 
impracticable. 

Passage vortex formation.-The overturning in 
the end-wall boundary layer of a two-dimensional 
cascade with no tip clearance is illustrated in 

CROSS-CHANNEL FLOWS AND PASSAGE VORTEX FORMATION 

1 

Screens 
Cqmbustion-a ir line 

FXGUBE 276.-Two-dimensional steady-flow cascade 
(ref. 318). 
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figure 277. The overturning results from imposi- 
tion of the mainstream static-pressure gradients 
upon the low-momentum boundary-layer fluid. 

ary layer converged to approximately the same 
region and rolled up into the flow vortex (fig. 
279(a)). The pattern of vortex formation was 
such that, as the point of smoke introduction was 
shifted toward the suction side, the streamlines 
along the end wall exhibited increased spanwise 
deflection as they approached the region of con- 
vergence, where they rolled up into the central 
portions of the vortex, as shown schematically in 
figure 279(b). 

This secondary-flow vortex is called the “passage 
vortex” in order to emphasize the fact that it is a 
passage wall and not a blade trailing-edge vortex 
due to circulation changes along the blade. The 
size and vorticity of the passage vortex increase 

FIGURE 277.-Overturning in end-wall boundary layer due 
to secondmy flow. Smoke introduced through probe on 
wall in passage at inlet (ref. 318). 

I= 
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FIGURE 278.-Downstream view showing vortcx formation 
resulting from roll-up of end-wall boundary layer. 
Smoke introduced on wall near blade pressure surface 
(ref. 318). 

with increasing main-flow turning. When the 
turning is large enough (fig. 280), the outermost 
layer of the vortex may come from boundary-layer 
flow on the pressure surface that deflects onto the 
end wall and flows all the way across the channel 
until it reaches the suction surface. 

At low airspeeds where smoke could be used, 
passage vortex formation was observed for other 
configurations, including cascades of NACA 65- 
(12)lO blades. At higher Mach numbers, surface 
indications, obtained by use of hydrogen sulphide 
traces on white lead paint, show that the cross- 
channel deflection pattern remains unchanged 
(ref. 318). 

It should be noted that the cross-channel com- 
ponent of boundary-layer flow can be considered 
as a “double” boundary layer (fig. 281). The 
component normal to the main stream must have 
zero velocity at the wall, rise to some maximum 
value, and then fall to zero again in the main 
stream. The outer portion of this cross-channel 
boundary layer rolls up to form the passage vortex, 
The “sublayer” next to the wall has vorticity of 
the opposite sign to the outer portion, and when 
it rolls up produces vortices opposite in direction 
to passage vortices. Under these test conditions, 
the diffusion of vorticity forces from this sublayer 
was rapid enough to cause this portion of the 
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boundary-layer vorticity to disappear rapidly. 
Photographs of this sublayer rollup are found in 
reference 320 and in the motion-picture supple- 
ment to that report. 

FIGURE 280.-Deflection of flow off blade pressure surface 
and across passage to roll up into outer layers of passage 
vortex (ref. 318). 

(a) Convergence of stre3mlines (ref. 318). 
(b) Spanwise deflection -id vortex roll-up. 

RWRE 279.-Pmsage vortex formation. 
r .  

c Cross-channel veloc i ty  

FIGURE 28l.--Roundary-layer velocity and vorticity pro- 
files for cross-channel component of boundary-layer flow 
(ref. 320). 

assage vortex behavior and effects.-Once the 
passage vortex has been formed, it tends to resist 
turning and does not follow subsequent main- 
stream turnings as it proceeds downstream. 
Figure 282 shows how, in tandem cascades, ti 
vortex formed in the upstream cascade resists 
the turning in the downstream cascade. Test 
observers could see the passage vortex richochet 
off a pressure surface of the downstream cascade 
and cause flow separation in the region of impact. 

__ - - 
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FIGURE 282.--Resistance to turning of passage vortex 
generated by upstream cascade causes it to strike 
pressure surface of blade in downstream cascade. 
Smoke int.roduced through probe on wall at inlet to 
upstream cascade (ref. 318). 

The phenomenon has been observed in accelerat- 
ing as well as decelerating cascades. 

Thus, the accumulation of low-energy material 
near the suction surface of a turbomachine passage 
causes flow disturbances and losses leading to 
flow-angle deviations and poor angles of attack 
in subsequent blade rows. Furthermore, the 
vortex behavior as it passes downstream can 
lead to flow disturbances on the blade surfaces 
that it impinges upon and to additional losses 
there. This behavior may account for a large 
part of the losses variously attributed to secondary 
flows. The mixing action of the vortex behavior 
likewise represents a large deviation from the 
kind of simplified boundary-layer behavior as- 
sumed in design procedure. 

RADIAL SECONDARY FLOWS IN STATORS 

Just as the cross-channel pressure gradient 
imposed by the m 
secondary flows, so 
causes radial bo 
boundary-layer regi 
to the outer shroud 
port from the tip 
The quantity of such transport depends upon 
the thickness of 
or flow path 

blades investigated ther 

tially to the tests in a cascade of high-turning 
vortex blades designed for smooth two-dimen- 
sional blade surface velocity profiles. While 
these blades are not typical of those found in 
compressor units, the tests conducted provide 
sufficient information to formulate theories that 
apply to annular blade rows in general. 

The annular cascade was used for a range of 
hub discharge Mach numbers up to about 1.5. 
As mentioned previously, smoke flow-visualiza- 
tion te’sts were unsatisfactory for flow velocities 
much in excess of 30 feet per second. Conse- 
quently, for high speeds, two other flow-visualiza- 
tion techniques were employed. In the first, 
the surfaces of the blade passages were painted 
with a lead carbonate base paint. Hydrogen 
sulfide gas (which has a density comparable to 
air) was then introduced into the boundary- 
layer region, and boundary-layer motion was 
indicated by the brown trace made by the reaction 
of the hydrogen sulfide with the paint. Un- 
fortunately, this method provides indications of 

Filtered 
DeDression 

rStroightening 
tank-, 

\ 
Thermocouples1 \ 

‘-Flow 
nozzle 

FIGIJBE 283.Qchemstic view of annular-casckle teat unit 
(refs. 311 and 318). ’ 
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flows along boundaries only; and, because of the 
turbulence at higher Mach numbers, the traces 
indicate the flow paths of a, region of the boundary 
layer instead of individual streamline paths. 
The second flow-visualization method was based 
on paint flow traces. The paint used was a 
lead carbonate paint deliberately made nondrying 
and capable of flowing with the surface flow gradi- 
ents at the higher Mach numbers investigated. 

Since hydrogen sulfide and paint traces ca1 
at best give indications of boundary flows direct13 
on blade surfaces and annulus walls, the signifi- 
cance of these traces is interpreted only on the 
basis of previous information obtained either 
by the smoke visualization method or by quan- 
ti ta tive measurements. 

It should also be noted that total pressures, 
flow angles, and wall static pressures were meas- 
ured at a discharge measuring station in the 

measurements.-Contours of loss in inlet kinetic 
energy for the annular cascade of vortex blades 
are presented in figure 284. The hub loss accumu- 

b-One blade pitch k O n e  blade pitch 4 
(a) Subsonic flow condition (lower Mach number). (b) Supersonic flow condition (higher Mach number). 

EkGVBE 284.-ContoUrS of kinetic-energy loss at exit measuring station of vortex bladee (ref. 311). 
____I 
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lation is much larger than the outer-shroud loss 
accumulation for both the subsonic and super- 
sonic flow conditions, despite the fact that the 
“wetted” area is greater in the outer half of the 
passages. This fact indicates radial flow of 
boundary-layer material. The decrease in outer- 
shroud loss core and the increase in inner-shroud 
core with increasing Mach number indicate 
the development of additional or ,larger paths 
for radial transport of low-energy fluid at the 
higher flow Mach number. 

Visual indications of radial flows.-In the 
presence of a radial pressure gradient in the an- 
nular cascade, the radial transport of sizable 
quantities of low-energy material can be expected 
in blade boundary-layer regions having low vis- 
cous shear forces along the blade span. Such a 
path, for example, might be provided by the blade 
trailing-edge regions. Another possible radial 
pathway might be provided on the suction surface 
of each blade at supersonic flow conditions when a 
shock exis& across the passage to cause thickening 
of the blade suction-surface boundary layer. 

One method used to detect such paths was to 
apply narrow bands of paint on the suction sur- 
faces of certain blades in the cascade. The paint 
traces found after a test then indicated paths 
along which low-energy material might be trans- 
ported radially. Such traces are shown in figure 
285. For this photograph, bands were painted on 
the suction surfaces of blades 1, 2, and 3 at the 
inner-shroud, midspan, and outer-shroud radial 
positions, respectively. Two such paths are 
shown in the figure, one at about midchord on the 
suction surface and the other along the blade 
trailing edge, 

Evaluation of radial components of secondary 
flow.-The existence of radial flow of low-energy 
material as indicated in the previous section was 
proved and the quantity of such flows at  the su- 
personic flow condition waa evaluated by the fol- 
lowing rather simple device (ref. 311). Flow 
fences were fastened to the blades at the midspan 
position as in @e 286. The full flow fence 
(fig. 286(a)) waa intended to interrupt radial 
flows both dong the trailing edge and in the 
thickened boundary-layer region indicated in 
figure 285. The reduced flow fence (fig. 286(b)) 
was modified by being cut back so that it now 
afEected only the trailing-edge radial flows. The 
resulb are presented in @e 287. Because of 

FIGUBE 285.--Paint traces showing location of shock and 
radial flow in thickened boundary regions on suction 
surfaces of vortex blades (ref. 311). 

Flow fence 
(0.018” thick)-’ 

(a) Flow fence to interrupt radial flow along blade trailing 
edge and in thickened boundary-layer region. 

(b) Modified flow fence to interrupt radial Row along 
blade trailing edge only. 

F’IGURE 286.-Sketches of flow fences located on blades at 
midspan position (ref. 311). 
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L-One blade pitch 4 One blade pitch 

(a) Full flow fence interrupts radial flow along (b) Modified flow fence interrupts radial flow along 
trailing edge and along suction surface. trailing edge only. 

FIGURE 287.-Contours of kinetic-energy loss at exit of vortex blades, showing results of radial-flow fences. Higher 
Mach number (ref. 311). 

possible losses due to the fences themselves, the 
reduction in inner-shroud loss core is used to 
measure the quantities of radial transport. At 
the supersonic flow condition for this set of vortex 
blades, radial transport of boundary layer ac- 
counted for 65 percent of the low-energy material 
in the inner-shroud loss core at  the blade-exit 
station. Of this 65 percent, 35 percent came 
through along the trailing edge, and 30 percent 
through the thickened boundary-layer paths on 
the suction surfaces. Thus, radial transport of 
boundary-layer material may be considerable 
under certain conditions. 
Loss accumulations and passage vortices.- 

Briefly, measurements tream of a cascade of 
vortex blades at a high subsonic flow Mach num- 

ber (fig. 284(b)) indicate the presence at the 
measuring plane of (1) a large accumulation of 
boundary-layer material near the hub corner, (2) 
a much smaller ‘accumulation near the outer 
shroud, and (3) a well-defined wake between. 
The interpretation (ref. 311) is straightforward. 
Radially inward flow of boundary-layer material 
origkating either on the outer shroud both up- 
stream and within the cascade or on the blades 
themselves must, of necessity, take place some 
where upstream of the measuring plane. Most 
likely, radial-flow regions are on the suction sur- 
faces of the blades and behind the trailing edges. 
At higher flow Mach numbers, the measured 
outer-hihroud losses decrease further, the wake b e  
tween remains nearly unchanged, and the inner- 
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shroud loss core increases further. There being 
little reason to assume smaller outer-shroud losses 
at  the higher Mach numbers, it is concluded that 
increased radial flows must occur at  the higher 
Mach numbers for these.vortex 
ing from the relative sizes of the 
shroud loss cores and the total 
the losses, the radial-flow mechanism must serve 
to transport sizable quantities of boundary-layer 
matcfrial. The flow-fence tests on the vortex 
blades proved that this is the case and located 
the radial-flow paths behind the blade trailing 
edges and in a shock-thickened boundary-layer 
region along the blade suction surface. 

The loss measurements at  any position do not 
indicate the losses that actually develop at that 
radial position on the blade. Presumably, even 
in the radial-transport regions, through-flow com- 
ponents of the boundary-layer flow exist, and 
some of this material is shed and appears in the 
measured wakes at  all radial postions. Since 

r w'dth 

radial-flow mechanis 
for both the lower an 

tion of the vortex blades and the constant- 
discharge-angle blades are not potent factors 
affecting the over-all secondary-flow picture. 
There are no indications from measurements on 
either of these sets of blades that outer-shroud 
passage vortices are ever formed. For the other ,-- Passage width 

I 

(a) Lower Mach number. (b) Higher Mach number. 

FIGURE 288.-Contours of kinetic-energy loss at exit memuring station of constant-disc 
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set of constantdischarge-angle blades, designated 
set B, the measured loss distributions (fig. 289) 
appear quite different. At 

consideration to 
differences. 

The flow Mach numbers and inlet Reynolds 
numbers are the same for all three sets of blades. 
The over-all apparatus setup is the same. This 
means that the boundary-layer conditions at the 
inlets are the same, and measurements show that 
this i s  so (ref. 311). The main-flow turning is 
nearly the same for all three blades. As men- 

-----I f------- Passage width 

FIQ 

tioned, the circulation variation between the two 
types does not appear to be a significant factor. 

One particular difference noted in reference 311, 
however, is that at the tip section there were 

ee sets of blades had 
e velocity profiles at 

midspan and near the hub. According to bound- 
ary-layer theory, velocity peaks and subsequent 
decelerations on a blade suction surface lead to 
relatively thick and perhaps even to separated 
boundary layers on the blades downstream of these 
peaks. By comparison, smooth velocity profiles 
are more likely to lead to thinner blade boundary 

1 t------_ Passage width 
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layers. Smoke flow tests on the blades in question 

shroud encoun t 

tion occur. The boundary-layer material on and 
near the annulus outer wall becomes entrained in 
this passage vortex. Judging from the size of the 
measured tip loss region, the passage vortex 
formation in this manner reduces the material 
available for secondary-flow radial transport. 
For the subsonic case (fig. 289(a)), the occurrence 
of this phenomenon could conceivably account for 
all the measured loss patterns observed: that is, 
(1) a large tip loss region, (2) a small hub loss 
region as compared with both the tip region of this 
blade and the hub regions of the other two blades 
(figs. 287(a) and 288(a)), and (3) smaller measured 
wakes between. 

At the higher Mach number, once again the 
shock-thickened radial-flow path is formed, pro- 
viding an additional path for boundary-layer 
removal to the inner-shroud region. This path is 
formed well up on the blade suction surface, nearer 
the point of passage vortex formation than is the 
blade trailing-edge region. This additional flow 
path may serve (ref. 311) to drain off some of the 
tip-region boundary-layer material before (or 
despite the fact that) it rolls up into the passage 
vortex. This criterion is somewhat borne out by 
the reduction in measured tip loss region at the 
higher flow Mach number and the great increase 
in measured hub loss region (fig. 289(b)). Again, 
if this criterion is correct, the radial flows through 
the thickened boundary-layer region on the blade 
suction surface appear to co&ribute little to the 
measured wake losses. 

FLOW IN BLADE END REGIONS WITH GLEABANCE 

In  the blade passages of turbines and axial-flow 
CompressOrs, large flow disturbances tend to occur 
in blade end regions. Furthermore, in passages 
having blade end clearance, the magnitude of the 
clearance has a direct influence on losses and flow 
behavior in the blade tip regions. In order to 
understand better the manner in which tip clear- 

behavior, flow-visualization 
were made in two-dimensional cascades 

arance and in a two-dimen- 

clearance.--The mi 

cascades having 0.060- and 0.014-inch tip 
ces (1.7- and 0.4-percent span, respec- 

These studies disclosed that flow along 
de pressure surface in the tip vicinity and 

layer near the pressure sur- 
face deflected under the tip and formed a vortex 
lying against the suction surface (shown in fig. 290 
for 0.060-in. clearance). Figure 291 shows that 

FIGURE 290.-Deflection of flow off pressure surface at 
blade end and through tip-clearance region to roll up as 
vortex near suction surface (ref. 318). 

a 

FIGURE 29l.-Displacement of passage vortex by tip 
clearance vortex (ref. 318). 
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the passage vortex previously described still exists; 
however, it has been displaced by the tip-clearance 
vortex. These two vortices rotate side by side in 
opposite directions with little apparent mixing. 
Furthermore, the formation of the tip-clearance 
vortex appeared to influence the magnitude of the 
passage vortex only to the extent that some of the 
flow on or near the blade pressure surface, which 
in the case of no tip clearance would have flowed 
into the passage vortex region, now become8 part 
of the tip-clearance vortex. Consequently, the 
formation of the two vortices, when tip clearance 
exists, constitutes a much larger flow disturbance 
in the blade end region than would exist with no 
clearance. 

Relative motion between blades a;nd wall.-In 
order to study flow in a blade end region when 
relative motion exists between the blades and an 
end wall, one of the end walls of a two-dimensional 
cascade was replaced by an endless moving belt 
(fig. 292), the direction and speed of which could 
be varied at will (see ref. 318). Smoke flow- 
visualization tests were conducted in this modified 
cascade for various wall speeds. 

The test disclosed two interesting phenomena. 
The first was that a blade surface which was 
“leading” relative to the wall motion exerted a 
scraping effect on boundary layer entrairled on the 
moving wall. One effect of this phenomenon was 
to impart a rolling motion to the boundary layer 
as it is piled up near the pressure surface (fig. 293). 

FIGUEE 292.4chematic diagram of apparatus used for 
studying tipclearance effects with relative motion 
between wall and blades (ref. 318). 

AXIAL-FLOW COMPRESSORS 

FIGURE 293.--Streamline pattern showing scraping effects 
at leading surfaces of blades with relative motion 
between blades and wall (ref. 318). 

Another consequence of this scraping action in a 
compressor is that flow along the pressure surface 
that would normally have deflected under the 
blade tip with a stationary wall is deflected away 
from the wall when relative motion exists. This 
flow deflection is shown for a stationary wall in 
figure 294(a) and for a wall moving at moderate 
speed (approximately equal to airspeed) in figure 
294(b). The second result of interest was that 
the motion of the wall exerted an “aspirating” 
effect on low-momentum air on the blade surface 
that was trailing relative to the wall motion and 
deflected this air toward the moving wall. Figure 
295 depicts the s igdcant  increase in flow deflec- 
tion toward the wall caused by aspiration on the 
suction surface. 

For both the stationary and moving wall, 
smoke tests indicated that the flow over the blade 
surface at midspan showed no spanwise deflections 
on either the pressure or the suction surface. 
Therefore, if it is assumed that the midspan 
conditions have not changed much, the deflection 
off the pressure surface near the tip (fig. 294(a)) 
indicates the static pressure to be lower there 
than at midspan. Smoke tests on the blade 
suction surface showing a deflection of the blade 
tip surface flows toward midspan indicate an 
increased static pressure at the blade suctiion- 
surface tip region as compared with midspan. 
Thus, tip-clearance effects can result in a smaller 
pressure differential across the blade tip section 
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than at the midspan section-in effect, reduced 
blade tip loading. The scraping and aspirating 
effects of relative motion (figs. 294 (b) and 295 (b)) , 

(a) Stationary wall. 
(b) Moderate-speed wall. 

FIGURE 294.-Effects of scraping action on streamline 
deflections on pressure surface of blade for “compressor 
configuration.” Probe on nose of blade (ref. 318). 

(a) Stationary wall. 
(b) Moderate-speed wall. 

FIGURE 295.--Aspirating effects on streamline deflections 
Probe on nose of blade on suction surface of blades. 

(ref. 318). 

which show that these tip streamline deflections 
can be prevented or reversed, indicate that the 
rela tive-motion secondary-flow effects may even 
benefit a compressor by increasing the blade tip 
loading. 

The interference effects of a rotating blade row 
upon a stationary row upstream are shown by 
high-speed flash in Sgure 296. (While the blade 
rows depicted are more typical of a turbine 
configuration, the effects should be qualitatively 
the same for compressor blade rows.) Figure 
296(a) shows that the pressure field associated 

ROTO%-STATOR INTERACTION EFFECTS 

. -  _-- . -- 



398 AERODYNAMIC DESIGN OF AXIAL-FLOW COMPRESSORS 

with the rotor blading at certain rotor positions 
causes thickening of the boundary layer on the 
suction surface and along the trailing edge of the 
upstream blades, and increased radial flow results. 
At the second rotor position (fig. 296(b)), this 

(a) First rotor position. 
(b) Second rotor position. 

Raom 29fL-Effect of rotor blade position on radial flow 
(ref. 320). 

i___xI..l_iliY ----_ 

thickening does not occur. Further tests indicate 
that these effects depend on the blade stagger 
angles, pressure distribution, rotor speed, and 
mainstream Mach number. The motion-picture 
supplement to reference 320 shows these effects 
very clearly, as well as blade boundary-layer 
development and shedding in annular-cascade 
configurations, radial boundary-layer flows, sec- 
ondary-flow double-boundary-layer rollup, and 
others. 

A MODEL OF SECONDARY FLOW IN COMPRESSOR BLADE 
ROWS 

On the basis of the experimental results pre- 
sented herein, it is possible to construct a model 
of secondary flow in compressor blade rows. 
However, two important factors are not accounted 
for in the experimental tests: (1) the effect of 
centrifugal forces on flow in a rotor, and (2) the 
effect of upstream stages on flow in either stators 
or rotors. Therefore, before such a secondary-flow 
model can be assumed realistic, further knowledge 
of these factors is required. 

Insight into the influence of both of these 
factors can be obtained from tests conducted on 
a multistage compressor (ref. 247). The results 
presented give indications of outward radial flow 
of boundary-layer material in rotor blade passages 
and subsequent accumulation of this material in 
the blade tip region. In stators, inward radial 
flow is indicated. As boundary-layer air flows 
through the various stages, the comparatively 
large seconda.ry-flow displacements produce a mix- 
ing of this boundary-layer air with the main 
stream. This mixing action prevents continuous 
boundary-layer buildup on flow surfaces and tends 
to make the mainstream velocity more uniform. 
It also makes possible more direct application of 
the secondary-flow studies in cascades to flow 
analyses of multistage compressors. If continuous 
boundary-layer growth took place on compressor 
annulus walls, a situation would occur in which 
flow conditions would be significantly different 
from those occurring in the cascade studies. 
Theories of cornpressor flow behavior based on 
cascade studies would then be of doubtful validity 
even in a qualitative sense. 

The aforementioned factors, along with the 
experimental results previously presented, are 
used to predict the probable secondary-flow 
patterns in the various types of blade rows of 
axial-flow compressors. 
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Flow in shrouded stators.-Pressure gradients in 
inlet guide vanes or in a shrouded stator transport 
wall boundary layers toward the suction-surface 
side of blade passages and transport blade surface 
boundary layer and boundary layer tha 
lates near blade tips radially inward. Radial 
transport of boundary layer takes place in regions 
where viscous shear forces are low; for 
in blade wakes. The paths by which th 
ary-flow mechanism transports boundary layer 
are indicated in figure 297. 

Ranm 297.4chematic sketch of secondary-flow paths 
in annular-nozzle cascade (ref. 311). 

Boundary layer that accumulates near a blade 
suction surface at the hub generally rolls up into 
a pair of flow vortices rotating side by side in 
opposite directions. In physical extent, this 
vortex pair is dominated by the passage vortex. 
On the outer annulus walls, vortices may or may 
not form. As indicated by these experiments, 
a vortex is likely to form if the boundary layer on 
the suction surface is either separated or relatively 
thick-a condition associated with " poor" suction- 
surface velocity profiles. If suction-surface bound- 
ary layers are thin and unseparated, cross- 
channel boundary layers tend to flow radially 
inward in the wake region rather than to roll up 
at the blade tip. 

Because of the pressure rise through a given 
stage, there may be flow leakage around a shroud 
ring causing local disturbances at the inlet to a 
stage. This would tend to qualify to some degree 
the secondary-flow model presented. 
Flow in unshrouded stators.-In unshrouded 

stator passages, two secondary-flow components 
exist in addition to those noted previously: (1) 

f2p-clearance flow 
blade ends and the 
the relative motion 

tion of the rotating hu 
ponents oppose the 

of the various components. Assuch, the resultant 
flow depends upon such factors as the size of the 
blade end-clearance s , blade end loading, 
magnitude of cross- el pressure gradient, 
boundary-layer accumulation on blade surfaces, 
and speed of the rotor relative to the blades. Be- 
cause of the motion of the hub, accumulations of 
boundary-layer material that would occur near a 
blade suction surface for a stationary hub will now 
occur nearer the pressure-surface side of a passage. 
As indicated in the tests of the two-dimensional 
cascade with a moving wall, boundary-layer mate- 
rial may be swept completely across a blade pas- 
sage and roll up against the pressure-surface side. 
Flow in rotors.-Experimental information con- 

cerning secondary flow in rotors indicates that 
radially outward flow of boundary-layer material 
will probably take place because of the pre- 
dominance of centrifugal-force effects over radial 
pressure gradients. At present, details of flow 
behavior in the blade tip region must be inferred 
from knowledge of secondary flows in other types 
of configurations. On this basis, it is highly 
probable that flow behavior in the tip regions 
should not differ markedly from the behavior 
predicted in the hub region of unshrouded stators. 
THEORETICAL INVESTIGATION OF SECONDARY 

FLOWS 
The limitations inherent in the types of experi- 

mental analysis of secondary flows considered 
leave several important problems to be investi- 
gated. One of these problems is quantitative 
prediction of variations in thermodynamic proper- 
ties of the fluid that result from the development 
of secondary flows. An problem is the 
establishment of the p asis or underlying 
causes for certain observed phenomena (e.g., 
vortex. rollup near a blade suction surface). 
Problems of this nature are perhaps best attacked 
by means of theoretical investigations. 

I 

I 
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To date, theoretical research on secondary flows 
has been limited because of mathematical com- 
plexities. However, certain special aspects of 
secondary-flow behavior have been treated ana- 
lytically by use of simplified theories. A fair 
amount of progress, for example, has been made 
on the calculation of boundary-layer crossflows 
and on the calculation of vorticity components 
associated with secondary flows in two-dimensional 
cascades and channels. While much of the work 
has been restricted in scope, important ground- 
work has been provided for more extended 
investigations. 

In  the following sections a review of representa- 
tive analyses from the body of current theoretical 
research is presented and discussed. It is the 
purpose of this review to provide insight into 
methods of analytically attacking secondary-flow 
problems, to illustrate the nature of the mathe- 
matical theory involved, to indicate application of 
solutions to specific problems, and to point out 
possible bases for further research. 
As will be noted, the analyses discussed are 

categorized on the basis of assumptions made in 
current secondary-flow theory regarding the nature 
of the fluid analyzed. The two major categories 
are (1) nonviscous-flow analysis and (2) boundary- 
layer-flow analysis. The analysea are discussed 
in this way because particular analyses in one of 
these categories are necessarily restricted to the 
consideration of specific types of physical flow 
phenomena. As a consequence, only certain spe- 
cial aspects of secondary flows observed experi- 
mentally can be treated within the framework of 
the theory. A division of the discussion into 
“analysis types” is therefore equivalent, in a 
sense, to a division into specific types of problems 
having certain common characteristics. 

DISCUSSION OF METHODS 

With only minor exceptions, the theoretical 
research on secondary flows has been concerned 
with steady, incompressible flows. Such flows are 
described in their most general form by the 
Navier-Stokes equations along with the equation 
of continuity. This system of four equations in 
rectangular coordinates is as follows: 

(387a) 

(387b) 

(387c) 

where Q, v, and w are components in the x, y, and 
z directions, p is the density, p the static pressure, 
and v the kinematic viscosity. 

Solutions to the complete set of equations are 
almost impossible to obtain for boundary condi- 
tions of the type usually occurring in aerody- 
namic problems. In general, it is necessary to 
make such simplifying assumptions concerning 
the nature of the flow problems that the corre- 
sponding simplifications in the equations make 
them mathematically tractable. Two typical 
simplifying assumptions occurring in secondary- 
flow research are now considered. 

One of the ways to simplify the Navier-Stokes 
equations greatly is to assume a nonviscous flow, 
that is, v=O. Although secondary flows are 
almost always a result of viscous action in a fluid, 
the assumption of nonviscous fluid flow is con- 
sidered reasonable in certain instances. One of 
the most common is the case where the flow paths 
under consideration are not large in extent (e.g., 
flow in cascade passage) and where viscous shear 
forces are not likely to be high. The flow crossing 
the boundary of this region is considered to have 
a velocity gradient, and hence vorticity, by virtue 
of viscous action upstream of the boundary. 
Within the region, however, the basic assumption 
is that the effects of viscosity over the short flow 
path are negligible compared with effects of the 
vorticity associated with the flow. 

It should be noted at this point that, with the 
assumption v=O, the flow equations are reduced 
to firsborder equations and it is no longer possible 
to satisfy the two boundary conditions for a real 
flow, that is, that the normal and tangential com- 
ponents of the flow at a surface be zero. The 
single boundary condition speeilied is that the 
flow normal to the surface is zero and hence the 
condition of “no-slip” at the surface is not assured. 
In actual application of nonviscous-flow analyses, 
this defect is generally of secondary importance. 
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In flow problems where viscous shear forces 
near bounding surfaces k e  likely to be high, it is 
desirable to retain the friction terms (vfO) in the 
Navier-Stokes equations. One of the ways in 
which this is done, while still simplifying the gen- 
eral form of the equations, is by use of boundary- 
layer theory. The principal physical assumption 
made here is that the effects of viscosity are pre- 
dominant only in a very thin region (the boundary 
layer) in the neighborhood of the fluid bomdaries, 
while the rest of the flow is regarded as frictionless. 
Furthermore, the pressures associated with the 
frictionless region of the flow are assumed known 
and are superimposed on the boundary-layer flow. 
Mathematically, the governing equations for the 
boundary layer can be obtained in several ways, 
with the various derivations stressing either intui- 
tive physical considerations or rigorous ma the- 
matical theory. [See ref. 152 (vol. I, ch. 4) for 
the physical approach, and ref. 321 (ch. 18) for 
the mathematical approach.] To illustrate the 
simplifications in the Navier-Stokes equations 
that result from boundary-layer hypotheses, the 
boundary-layer equations for flow on a nonrotat- 
ing, flat (or slightly curved) surface are given: 

u-+v-+w-=v-+U-+V-+W~ au au au Pu au au at7 
ax ay az ay2 ax ay 

(389a) 

aw aw aw Pw bW aW+waW - u-+v-+w--=v-+u-+v- ax d y  az by2 ax by az 

(38913) 

where x, y, and z are rectangular coordinates with 
x and z parallel to the bounding surface and y 
normal to the surface; u, v, and w are boundary- 
layer velocity components in the x, y, and z direc- 
tions, respectively; and U, V, and W are the 
velocity components of the nonviscous region of 
the flow in the x, y, and z directions, respectively. 
These velocity components of the nonviscous 
region are assumed. known. The third equation 
necessary for solution (the continuity equation) 
has the same form as equation (388). 

Although equations (389) indicate that the 
Navier-Stokes equations have been greatly simpli- 
fied, solutions for the system of equations (388) 
and (389) are difticult to obtain for even relatively 
simple three-dimensional configurations. In fact, 

691364 0 4 - 2 7  

almost all existing analyses require the application 

behavior should 
where frictional effects or 
confined to the neighborho 

It might be noted that a fe 
secondary flows have dealt directly with the 
Navier-Stokes equations without assuming 
special properties for the flow. This approac 
practical only if the aerodynamic configuration is 
simple in form. At the present time, analyses of 
completely viscous flow that might 
nificance for secondary-flow resea 
machines have been confined to the study of flows 
in pipes and channels (refs. 322 to 325). Un- 
fortunately, the solutions presented in these 
references have been achieved only for very low 
Reynolds numbers and for the case of fully 
developed flow; that is, flow in which the effects 
of the centrifugal forces acting on the energy 
particles and the effects of viscous dissipation in 
the fluid are in balance. In turbomachine blade 
rows, this condition of equilibrium is generally 
not achieved, and hence the secondary flow is a 
function of the turning. Although theoretical 
studies of viscous flows of this type are of great 
interest in their own right, further discussion of 
these studies will not be undertaken in the present 
chapter. 

NONVISCOUS-SECONDARY-FLOW THEORY 

The study of secondary flows through applica- 
tion of incompressible nonviscous-flow theory has 
been principally restricted to investigations of 
flows in pipes or rectangular channels such as 
formed by airfoils in cascades. The fairly large 
number of reports dealing with this topic make a 
complete review of the theoretical literature pro- 
hibitive. Consequently, the review is restricted 
to four reports (refs. 326 to 329) that are closely 
associated with flow through cascades and that 
incorporate basic notions common to most non- 
viscous-flow analyses. 

Flows in channels and two-dimensional cas- 
cades.-Two reports (refs. 326 and 327) have 
become classical r in nonviscous-second- 
ary-flow research. apers consider, in g 
eral, secondary flow in a guiding passage (pipe, 
channel, blade row, etc.) that results from a non- 
uniform total-pressure distribution upstream of 
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the passage inlet. Mathematically, the analyses 
are based upon three governing equations for flow 
of a steady, incompressible, inviscid fluid. These 
equations are the equation of motion, 

curl (VX n) =O (390) 

aiv n=o (391) 

diu V=O (392) 

the conservation of vorticity, 

and the continuity equation, 

where V and are, respectively, the velocity and 
vorticity vectors of the flow. 

From equations (390) to (392), reference 326 
derives an expression for the vorticity component 
in the through-flow direction downstream of a 
two-dimensional cascade. When the magnitude 
of this vorticity component is known, obtaining an 
approximation to the secondary-flow velocities is 
then possible. This derivation is based upon a 
perturbation analysis that considers the two- 
dimensional potential flow through the cascade as 
a first approximation to the actual flow. Conse- 
quently, the applicability of the analysis is re- 
stricted to a class of flows for which the perturba- 
tion assumptions are reasonable. 

The expression for the vorticity component in 
the through-flow direction was actually evaluated 
for flow in a circular-arc channel in which the basic 
flow was given as that of a free vortex. Before the 
calculations were completed, however, a further 
assumption was made that is physically equivalent 
to assuming the channel to be very narrow. This 
leads to the following expression for the vorticity 
component: 

where 

magnitude of vorticity component in through- 
flow direction at cascade exit (E=O at inlet) 

e total turning of channel 
U inlet flow velocity 
z distance measured normal to base of channel 

From the expression for El, the secondary-flow 
velocity components were obtained and a plot of 
secondary-flow streamlines calculated (ref. 326). 
These theoretical results were compared with ex- 
perimental data taken in a circular-arc turning 

z 
c 

Fxanm 298.-Velocity variation at inlet to channel 
(ref. 326). 

section. The flow in the experimental tests had 
an induced inlet velocity variation of the type 
required in the analysis-that is, small velocity 
gradient. For the velocity profile shown in Sgure 
298, agreement between theory and experiment 
was fairly good. 

Reference 327 differs from reference 326 in that 
the former analysis begins with equations (390) 
to (392) and develops a general expression for the 
change in “secondary circulation” along a stream- 
line in a perfect, incompressible fluid. The second- 
ary circulation is proportional to S/q, where € is 
the component of vorticity in the direction of 
fluid flow and q is the magnitude of the flow 
velocity vector. 

The expression for the change in secondary 
circulation along a streamline is obtained from 
equations (390) to (392) by applying certain well 
known results from vector analysis and differential 
geometry. The final form of the expression is 
given by 

where 

8 streamline arc length 
po totalpressure 
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p density 
Q angle between direction of principal normal to 

streamline and normal to Bernoulli surface 
(surface of constant total pressure) on which 
streamline lies 

R radius of curvature of streamline 

and the subscripts 1 and 2 indicate arbitrary 
points on the streamline. It follows at once 
that, if p=O(R#O), then (t /q)~=(t/q)l;  that is, 
there is no change in secondary circulation along 
the streamline. Furthermore, from differential- 
geometric considerations, 1 /R,=sin Q/R, where 
1/R, is the.geodesic curvature of the streamline 
on the Bernoulli surface. Therefore, p=O(R#O) 
implies that l/R,=O. Reference 327 summarizes 
these results by stating, “Hence streamlines along 
which the secondary circulation remains un- 
changed are geodesics on the Bernoulli surface.” 

It is pointed out that the simplest examples 
to which the general theory may be applied are 
those in which the initial flow has a uniform 
static pressure and a velocity varying in one 
direction only. Such flows may exist in the 
boundary layer of a large straight duct or in an 
open channel whose width is Iarge compared with 
its depth. 

From a physical standpoint, when a stream 
enters a bend whose plane is parallel to the Ber- 
noulli surfaces, a secondary circulation is created 
and the ensuing secondary flow will eventually 
distort the Bernoulli surfaces so that all semblance 
to the original velocity and total-pressure distri- 
bution may be lost. However, if the distortion 
of the Bernoulli surfaces is assumed small, 
(P0lp)I and Q in equation (393) can be considered 
constant and a first-order solution obtained for 
the secondary circulation. As an illustration, the 
method (with these assumptions) is applied to the 
problem posed in reference 326. The resulting 
equation for change in the vorticity component in 
the through-flow direction is identical to that 
obtained in reference 326. 

Even though nonviscous-flow analyses repre- 
sent a simplified approach to secondary-flow prob- 
lems, solutions of the governing equations still 
are difEcult to obtain. A question always exists 
as to the me&gfulness of resulta obtained by 
introducing further simplifying assumptions in 
the flow model to obtain solutions. A partial 
answer to this question is found in reference 328, 

which considers secondary flow in a 90’ bend of 
rectangular cross secti he secondary flow is 
first calculated by m a Wrturbation anal- 
ysis and then compared with a “simplified solu- 
tion.” Theoretical results are finally 
with experimental data. 

carrying out the perturbation analysis in 
ce 328, the stagnation pressure is assumed 

to vary in a direction perpendicular to the plane 
of the bend, and the secondary-flow velocities are 
assumed small compared with the main-flow ve- 
locities. The basic flow is defined, as in reference 
326, to be the flow in a free vortex. The per- 
turbation velocities are then shown to be deter- 
minable from the solution of a Poisson equation. 
Tbis solution is expressed as an infinite series in- 
volving Bessel functions. The series, however, 
converges slowly, and a great deal of calculation 
is required to obtain answers of reasonable 
accuracy. 

The simplified analysis presented incorporates 
further assumptions than those made in the pertur- 
bation analysis, and the problem is finally made 
comparable to the one considered in reference 326. 
A particular solution to the problem is then cal- 
culated by assuming a linear variation in stagna- 
tion pressure at the entrance of a bend having the 
geometry of the author’s test apparatus. The 
velocities obtained by the simplified method are 
compared with the more exact perturbation solu- 
tion mentioned earlier, and the agreement is found 
to be good for this particular case. 

The theoretical results are then compared with 
experimental results in a 90° bend (ref. 328). For 
a turning angle in the bend comparable to that 
found in compressor cascades, a comparison of the 
theoretical and exp ental radial velocities f a h  
within the experimental accuracy. 
Therefore, for the types of nonviscous-flow analysis 
under consideration, the extra labor involved in 
improving the solutions to secondary flow in a 
channel by the more exact calculations would ap- 
pear to be unwarranted so long as the secondary- 
flow velocities are assumed small. 

A few attempt43 have been made to develop 
methods that are extensions of the type of analysis 
initiated in references 326 and 327 and that poten- 
tially are capable of yielding more exact solutions 
to secondary-flow problems. One such method 
is outlined in reference 329. In this report the 
secondary flow in channels and cascades of airfoils 
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is considered calculable by a successive-approxi- 
mation technique. The flow is assumed to become 
asymptotically parallel and nonuniform at up- 
stream infinity. A velocity field is postulated for 
the region to be investigated that hag zero normal 
velocities on the flow boundaries and that assumes 
the given asymptotic values at upstream infinity. 
This velocity field is chosen to satisfy the con- 
tinuity equation though not necessarily the 
momentum equations. From the prescribed veloci- 
ties, a vortex field is calculated by means of the 
Cauchy vorticity equations. The vortex field is 
then integrated to give a new velocity field, and 
the process is repeated until discrepancies between 
successively calculated velocity fields are small. 

Reference 329 points out, however, that the 
computational labor involved in the approxima- 
tion scheme makes more than one step unlikely. 
A realistic choice of the initial velocity field is 
required, and usually enough is known about the 
desired solution to make this possible. 

Evaluation and conclusions.-The various 
analyses discussed outline approximate methods 
for predicting secondary flows in channels and 
two-dimensional cascades. The principal restric- 
tion applying to these analyses is that they assume 
a variation in inlet velocity that extends well into 
the flow passage (see fig. 298). In most two- 
dimensional-cascade investigations, the variation 
is likely to be confined to a thin boundary layer. 
Tests in such cascades indicate a pronounced cross- 
channel flow and a concentration of vorticity near 
the suctionsurface side of the passage. As would 
be expected, none of the examples worked out by 
nonviscous-flow methods predict such a phenom- 
enon. There are indications, however, that this 
type of approach may be Q first step in treating 
secondary flow in the final stages of a compressor 
where variations in velocity are of the type re- 
quired and viscous effects on the primary flow 
pattern are of secondary importance. A complete 
analysis, of course, would have to include the 
effect6 of tip clearance and radial pressure gradi- 
ents. It might also be possible to combine non- 
viscous-flow theory and boundary-layer theory in 
a manner that would allow for calculation of 
secondary flows in the inlet stages of a compressor. 

Reference 327 is of particular interest, in that 
the equations derived are general in form. How- 
ever, it should be noted that the formula for sec- 
ondary circulation (ea. (393)) is not an explicit 
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relation for the change in secondary circulation. 
This follows from the fact that the velocity Q is 
affected by 5, and hence the integrand is in turn 
a function of 5. Consequently, equation (393) is 
actually an integral equation for the secondary 
circulation or the vorticity component 5. The 
cases where the formula for a change in secondary 
circulation can be readily simplified are those in 
which it is assumed that the Bernoulli surfaces 
remain flat. The formula then becomes 

Experimental studies have shown, however, 
that this assumption (without further modifica- 
tions) will be invalid for many problems of prac- 
tical interest (see experimental section of the 
present chapter). This fact is recognized by the 
author of reference 327 in a discussion of flow in 
bent circular pipes. In this case, simplification 
was achieved by considering only the path of a 
particle of maximum total pressure near the out- 
side wall of the pipe and assuming that the velocity 
and Igrad(po/p)I remain constant on a streamline. 

References 328 and 329 emphasize the mathe 
matical difficulties involved when more exact 
methods are used in calculating secondary flows 
by use of nonviscous-flow theory. However, the 
reports also indicate that the simplified solutions 
give fairly adequate results for the type of problem 
under consideration. 

TABEEDIMENSIONAL BOUNDARY-LAYER FLOWS 

One of the early theoretical papers on three- 
dimensional boundary layers is reference 330, 
which points out two effects in three-dimensional 
boundary-layer flows that are not present in the 
two-dimensional case. The first effect is the 
result of lateral expansion or convergence of 
streamlines in the “potential-flow region” that 
are parallel to the bounding wall. This con- 
vergence causes changes in boundary-layer thick- 
ness and profile shape. The second effect is the 
displacement of the boundary layer toward the 
concave side of the potential stream as a result 
of lateral curvature of that stream. This results 
in boundary-layer crossflows such as shown in 
figure 277. As indicated in reference 330, theo- 
retical calculation of such flows entails difficulties 
not present in two-dimensional boundary-layer 
studies. 
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The theoretical investigation of secondary flows 
in blade passages through application of boundary- 
layer theory has, in the past, been restricted in 
scope. Almost all analyses bearing on compressor 
secondary-flow problems have been c o f i e d  to 
the study of boundary-layer cross-flows of the 
type noted in the experimental section. Because 
of the assumptions generally made in classical 
boundary-layer theory, investigation of such 
phenomena as vortex rollup and tipclearance 
flows is, of necessity, severely limited. 

In the following sections, reports dealing with 
basic boundary-layer theory and the application 
of this theory to secondary-flow problems are dis- 
cussed. Although reports that employ momen- 
tum-integral concepts play an important part in 
the study of boundary layers in turbomachines, 
this class of reports is excluded from the discus- 
sion. This restriction is made because momen- 
tum-integral methods require a priori assumptions 
concerning the character of the velocity profiles 
in the boundary layer, and at  present some im- 
portant questions remain as to how to make these 
assumptions realistically for three-dimensional 
flows (ref. 331). Consequently, reports that 
evolve basic concepts and determine fundamental 
flow characteristics are considered principally. 
All the reports that give solutions to specific 

secondary-flow problems assume that the bound- 
ary layer under investigation is laminar, as a 
result of general inability to apply current mathe- 
matical techniques to the vastly more complicated 
problems of turbulent viscous-flow phenomena. 
However, as boundary layers in turbomachines 
are not likely to be laminar but rather turbulent, 
the question may arise as to the significance of 
laminar-flow studies in relation to turbomachines. 
In  this regard, past experience indicates that the 
factors having an important influence on laminar- 
boundary-layer flow behavior are qualitatively the 
same for turbulent flow. 

Investigations of three-dimensional boundary- 
layer equations.-Because of the complexity of 
the boundary-layer equations, it has been profit- 
able to examine the nature of the equations 
without actually carrying out solutions of specific 
problems. Several reports, for example, give 
derivations of the boundary-layer equations in 
various curvilinear coordinate systems followed 
by detailed examination of the equations in these 
systems to determine their important character- 

istics. Some of the basic reports of this type that 
can be considered ultimately applicable to second- 
ary-flow analysis in turbomachines are summarized 
briefly. 

ce 332 are derived for 
incompressible boundary-layer flow in a general 
orthogonal curvilinear coordinate system, and the 
influence of curvature of the m 
boundary-layer behavior is discussed. Compres- 
sible boundary-layer equations in orthogonal 
curvilinear coordinates are developed in reference 
333, along with the energy equation. The results 
of reference 333 are therefore more widely appli- 
cable than those of reference 332. Following the 
general development, the boundary-layer equa- 
tions are derived for various special cases and the 
nature of the equations is discussed. The special 
cases include flow over a body of revolution, 
cylindrical flow, and conical flow. For treatment 
of more general cases, the equations are derived 
for an orthogonal coordinate system determined 
by the external flow streamlines, the orthogonal 
trajectories of those streamlines, and a line 
mutually perpendicular to the streamlines and 
their trajectories. 

In the discussion of the boundary-layer equa- 
tions in the system designated, reference 333 
shows that, in the absence of a lateral body 
force, external stream curvature is needed to 
produce crossflow. Therefore, if the curvature 
is small and the flow unseparated, the crossflow 
velocity wil l  probably be small. This then 
suggests that it might be possible to simplify the 
boundary equations by considering a “small- 
crossflow” approximation. In such an approxima- 
tion, the terms of higher order than unity in the 
crossflow velocity or lateral derivatives would 
be neglected. This approximation is carried out, 
and it is shown that the equations for the flow 
velocity in the streamline direction (the “principal 
velocity”) can be put into the precise form of the 
two-dimensional boundary-layer equations and 
independently solved. Once such a solution has 
been achieved, it is possible to solve for the 
crossflow component. Solving for this compo- 
nent, however, is difEcult, and it is suggested that 
the boundary layer be considered as divided 
into two parts. One part would consist of the 
outer region of the boundary layer where viscous 
forces are not large. By setting the viscous 
terms in the governing equation equal to zero, a 

The equations in 
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“stripwise” solution for this region can be obtained 
along a given external streamline. The other part 
of the boundary layer, termed the “boundary 
sublayer” would consist of the region adjacent to 
the surface where viscous forces are large. By 
assuming that the principal velocity component is 
linear in this region, an approximate solution for 
the crossflow component can be obtained that is 
valid in the region close to the wall. This sub- 
layer solution can then be joined to the solution 
obtained for the upper region of the boundary 
layer to give a result valid for the entire boundary 
layer. 

The equations for steady, compressible three- 
dimensional boundary-layer flow in Cartesian 
coordinates and in an “implicit” orthogonal co- 
ordinate system applicable to flow over bodies 
of revolution and conical bodies are derived in 
reference 334. A discussion of the energy equa- 
tion, along with a simplification of the energy 
equation for a Prandtl number of 1, is then pre- 
sented. By introducing a vector potential, the 
number of dependent variables in the boundary- 
layer equation can be reduced by one. This is 
accomplished by properly defining the boundary- 
layer velocity components in terms of the compo- 
nents of the vector potential. The boundary- 
layer equations and the energy equation are then 
transformed to a system of equations including 
the components of the vector potential as de- 
pendent variables. In incompressible flows, these 
components are the only two dependent variables. 

Various applications of the equations to specific 
types of problems are also discussed in reference 
334. Among the conclusions reached are the fol- 
lowing: (1) For flow with plane or axisymmetric 
boundary conditions, the threedimensional equa- 
tions reduce to two-dimensional form by Mangler’s 
transformation; and (2) for flow over flat plates 
at zero angle of attack, when the leading edge is 
some arbitrary curve, the flow viewed in planes 
parallel to the stream and perpendicular to the 
plate is given by the plane Blasius solution. 

The effect of angular rotation of the coordinate 
system on the boundary-layer equations is con- 
sidered in references 335 and 336. The boundary- 
layer equations are obtained in reference 335 for 
a Cartmian coordinate system rotating-with a 
constant angular velocity about a Bxed axis in 
space. In this report the additional forces caused 
by rotation of the system and the influence of 

blade rows in a turbomachine on the boundary 
layer are qualitatively discussed. In reference 
336 the boundary-layer equations are derived for 
an orthogonal coordinate system rotating with rt 

constant angular velocity. Both the laminar and 
the turbulent forms are given. These equations 
are then used to develop generalized momentum- 
integral equations. 

Boundary-layer crossflow over flat plate with 
leading edge.-Initial research on boundary-layer 
crossflow on flat or slightly curved surfaces was 
principally concerned with calculations of two 
special types of boundary-layer flow over an 
infinite fiat plate. The first was the result of 
rotating the plate about an axis normal to its 
surface in a uniform stream (ref. 169). The 
second was the result of imposing a flow having 
circular streamline (e.g., a free-vortex type flow) 
on the plate surface (ref. 337). In neither of these 
cases, however, is there any variation of boundary- 
layer properties with mainstream turning, nor is 
there any concept that allows boundary-layer 
development in the direction of the mainstream 
flow relative to the plate. The results obtained, 
therefore, do not directly apply to the type of 
crossflow observed in twodimensional cascades 
and channels (fig. 277). As a first approximation 
to the latter type of secondary flow, several investi- 
gators have calculated boundary-layer crossflows 
over flat plates having a leading edge. In this 
type of problem, both the variation of the bound- 
ary layer with mainstream turning and the 
development of the boundary layer in the main- 
stream direction can be studied. 

One of the early papers dealing with this prob- 
lem is reference 338. This analysis considers 
laminar-boundary-layer development over a semi- 
infinite fiat plate placed in a flow with concentric 
circular streanalines. Both incompressible flow 
and a compressible flow with Prandtl number of 
1 are investigated. The method of solution for 
the incompressible caae is similar to that employed 
in twodimensional boundary-layer theory. The 
boundary-hyer equations are first expressed in a 
curvilinear system of the type outlined in reference 
336. A “simiiarity parameter” q is then defined; 
and, with suitable definitions for the boundary- 
layer velocity components in terms of unknown 
functions F(q) and @(q), the boundary-layer 
equations are simplified to two simultaneous total 
differential equrttions for F and Q: However, 



SECONDARY FLOWS ANI, THREE-DIMENSIONAL BOUNDARY-LAYER EFFECTS 407 

certain terms in these equations have as a coe%i- 
cient the square of the total turning of the main 
flow from the plate leading edge. The analysis 
is then restricted to apply to the region of the 
flow where the total turning is small, and all 
terms containing the square of the total turning 
are discarded. This approximation simplifies 
greatly the equations for the unknown functions 
F and G, and solutions are obtained for the special 
case of a mainstream flow of the free-vortex type. 
The results show that the velocity component u 
in the direction of the main flow and the compo- 
nent w noma1 to the main flow direction and par- 
allel to the plate surface can be expressed by 

u= UzF’(q) 
and 

w =e U,G’ (q) 
where U, is the mainstream velocity and 0 is the 
total turning of the flow. 

Typical velocity profiles are shown in figure 299. 
The analysis of reference 338 also discloses that 
there is a limiting deflection of the boundary layer 
at the plate surface, which for the particular case 
discussed is a function of the total mainstream 
turning. Limiting deflection has also been noted 
in visualization studies of crossflows. 

Further progress in the investigation of cross- 
flow phenomena is made in references 339 and 340. 
Both analyses treat a flow over a flat plate which 
is of a type that makes possible the exact solution 
of the boundary-layer equations. Their solutions, 
therefore, are not subject to the restrictions in- 
herent in reference 338 because of the assumption 
of small mainstream turning made in that refer- 
ence. The special two-dimensional mainstream 
flow considered in references 339 and 340 is 
defined by 

U= constant 

W=a+bx 
where 

U mainstream component normal to plate leading 
edge 

W mainstream component pardlel to leading edge 
a, b constants 
2 distance from leading edge measured along plate 

surface 

This rotational flow has streamlines that are para- 
bolic in form. Furthermore, the entire streamline 

u / y  W / Y  

(a) Mainstream direction. (b) Cross-channel direction. 
FIGURE 299.-Typical boundary-layer velocity profiles 

(ref. 338). 

pattern can be obtained by simply translating a 
given streamline in a direction parallel to the plane 
leading edge (fig. 300). 

The solutions of the boundary-layer equations 
in this problem are obtained in the usual way of 
defining a similarity variable and reducing the 
boundary-layer equations to ordinary differential 
equations. In  both reference 169 and reference 
340, solutions are obtained for the case where the 
mainstream flow has Oo inclination to a line per- 
pendicular to the plate leading edge. Reference 
339 also considers two other cases where the in- 
clinations are 60° and -6OO. The streamline pat- 
terns for these flows are obtained by merely shift- 
ing the parabolas in figure 300 to the left or to 
the right. 

In the three cases discussed in reference 339, 
regions exist in the flow field for which the total 
pressure in the boundary layer exceeds that in the 
mainstream. The reason that particles in the 
boundary layer can have a larger total pressure 
than those in the mainstream follows the postu- 
lation of a total-pressure gradient for the main 
flow parallel to the leading edge of the plate. 
Consequently, boundary-layer streamlines (which 
curve more sharply than those in the main stream, 
fig. 300) may transport particles of high total 



408 AERODYNAMIC DESIGN OF AXIAL-FLOW COMPRESSORS 

/ / 

Plote 
leoding 
edge--” 

Moinstreom 
Boundary layer 

F~GURE 3OO.-Parabolic mainstream flow over fiat plate 
with crossflow in boundary layer (refs. 339 and 340). 

pressure underneath main-flow streamlines of 
lower total pressure. 

Reference 339 also discusses the problem of 
“three-dimensional separation” (i.e., separation of 
the actual flow profile as distinguished from sep- 
aration of a single velocity-componen t profile that 
may not indicate separation of the total flow) 
The reference shows that such three-dimensional 
separation does not occur, because the crossflow 
prevents separation (in the example presented) 
by transporting fluid with high energy to the 
“critical” regions. 

In addition to the research mentioned, there is 
one other publication known to the authors that 
includes detailed treatment of crossflow over flat 
plates, namely, reference 331. In this report a 
group of problems for which the mainstream flow 

has small curvature in the lateral direction are 
analyzed. The velocity components of the main- 
stream are characterized by 

u= u,+ U*(x, 2) 

W= W*(2, 2) 

where U is the velocity component in the direc- 
tion normal to the leading ,edge of the plate (the 
x-direction), and W is the velocity component 
parallel to the leading edge of the plate (the 
z-direction, fig. 301). It is also assumed that 

U,=constant 

w*<< u, 
u*<< u, 

By a perturbation method, the velocity profiles of 
the crossflow in the z- and z-directions are calcu- 
lated for a variety of incompressible mainstream 
flows for which U* and W* are expressible as 

U*=bz%* 
and 

W* =ax*,$ 

In this analysis, the boundary-layer velocities u, 
w, and v in the x-, z-, and y-directions, respectively, 
are then considered to be of the form 

u=Uo+u* 

w=w* 

v=vo+v* 

where ~0 and v, are the boundary-layer velocity 
components in the well-known Blasius solution for 
a uniform flow of velocity Uo over a fht plate. 
The quantities u*, w*, and o* are the perturbation 
velocities on this basic boundary-layer flow. 

It can be seen that one of the flows considered 
in references 339 and 340 is a special case of the 
family of flows investigated here; for example, 
U*=O, W*=ax. This special case is worked out 
with the use of the perturbation analysis; and, 
in this instance, the perturbation analysis is 
equivalent to the type of analysis employed in 
references 339 and 340. 
By considering a range of values of the exponents 

m, i, n, and k, the effect of various flow patterns 
on velocity profiles and boundary-layer displace- 



SECONDARY FLOWS ANI) THREE-DIMENSIONAL BOUNDARY-LAYER EFFEC'l'S 409 
Y 

, + u* 

Leading edged0% 

FIGURE 30l.-Coordinate system for flow along semi- 
infinite flat plate (ref. 331). 

ment thickness is investigated at  some length. 
As in references 339 and 340, certain rotational 
flows give rise to boundary-layer velocities that 
exceed mainstream values. The effects of angular 
rotation of the coordinate system and compressi- 
bility on crossflow velocities are briefly analyzed. 
The results of the analysis of angular rotation are 
applied to flow on surfaces of compressor blades. 
It is concluded that, if the main flow deflects 
toward the blade tip near the suction-surface side 
and toward the hub near the pressure-surface side, 
then the effect of angular rotation is to increase 
the crossflow on the suction surface and decrease 
the crossflow on the pressure surface. 

The effect of compressibility is discussed for 
the flow defhed by E7*=ax and U*=bx. The 
conclusion reached is that compressibility has the 
over-all effect of increasing the boundary-layer 
perturbation velocities. 
Flow over flat plate with thick boundary layer.- 

In the previous discussion of boundary-layer flow 
over a flat plate, the boundary layer developed 
from a defhite leading edge and was immediately 
subjected to lateral pressure gradients that gave 
rise to secondary flows. For flow in turbomachine 
configurations, this is usually not the case. Gen- 
erally, the boundary layer develops for a distance 
in the absence of lateral pressure gradients before 
secondary flows develop. This is true, for ex- 
ample, in flow through the inlet of a channel or 
cascade or along the casing of a compressor 
between blade rows. Reference 341 attempts to 
gain some insight into the effect of this boundary- 

layer growth on secondary-flow behavior. The 
problem analyzed is that of a thick boundary- 
layer flow over a flat plate where the boundary 
layer is subjected to a sudden lateral perturbation 
caused either by a pressure gradient or a sudden 
movement of a part of the plate surface over which 
the flow develops. 

The analysis presented is a small-crossflow 
perturbation analysis of the type employed in 
reference 331. In obtaining solutions for bound- 
ary-layer velocities, an approximate but rapid 
method of solution is employed. This method is 
based on the assumption that the flow can be 
considered to be composed of a nonviscous outer 
region and a viscous inner region adjacent to the 
wall. In view of this assumption, separate 
solutions are obtained for these two regions. 
These solutions are then joined at  a distance from 
the wall that is determined from the analysis. 

As most of the report is devoted to the develop- 
ment of methods, only two simple applications 
are given. In the first, a boundary layer flowing 
twodimensionally from the leading edge of a 
plate encounters a t  some fixed distance from the 
edge a surface moving laterally with a constant 
velocity. At a given distance from the edge of 
the moving surface, the crossflow velocity is a 
function of the Blasius similarity variable 7. 
Near the leading edge of the moving plate, these 
functions have a steep slope, which indicates 
rapid rise of velocity from the plate surface to the 
main stream. Farther downstream, they ap- 
proach the well-known Blasius solution for flow 
over a flat plate with zero pressure gradient. 

The second example given is the case of a thick 
boundary layer which, at a given reference line 
parallel to the leading edge, encounters a pressure 
field arising from a "parabolic" mainstream flow; 
for example, a flow having a lateral velocity com- 
ponent that varies as the ntn power of the distance 
from the fixed reference line. Solutions are 
carried out for various values of these powers and 
for various distances from the reference line. 
Near the point where the pressure perturbation is 
fjrst felt, the solutions indicate that the thick 
boundary layer develops greater crossflow veloci- 
ties than in the case where the boundary develops 
from the leading edge. It is possible in this analy- 
sis to compare the solutions obtained for flow 
at a great distance from the reference line with 
the more exact solutions worked out in reference 
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331, for here the two theoretically must agree. 
Progressively better agreement results from taking 
larger values of the powers defining the main- 
stream lateral velocity. 

Boundary-layer flow in corners.-One of the 
important problems mentioned earlier was that 
of analyzing secondary flows in the corner formed 
by the side of a, channel or blade row and the end 
wall of the flow passage. As outlined in the 
experimental section of this report, a fair amount 
of information on boundary-layer behavior in 
corners has been obtained in visualization studies. 
Theoretically, however, the analysis of boundary- 
layer behavior in corner regions is still in a very 
preliminary stage of development. 

Early analyses of flow in corner regions (e.g., 
refs. 342 and 343) are generally confined to special 
cases in which there is no pressure gradient in the 
main flow and the corner region is formed by the 
intersection of plane walls. Reference 331 con- 
siders flows over surfaces with very sharply 
varying lateral curvature (equivalent to a corner 
with a fillet). Perturbation assumptions of the 
type employed in the analysis of flow over a flat 
plate in the same reference are employed in this 
case. In particular, the mainstream velocity is 
considered to be the resultant of a constant 
“axial” velocity and superimposed perturbation 
velocities of very small magnitude in the axial 
and lateral directions. 

The boundary-layer equations in reference 331 
are solved numerically for two choices of main- 
stream flow in a corner having a hyperboliccross 
section. For the first flow analyzed, the axial 
perturbation velocity is assumed zero and the 
lateral perturbation velocity is assumed constant. 
In the second case, the axial perturbation velocity 
is again assumed zero, but the lateral perturba- 
tion velocity is assumed to vary as the first power 
of the axial distance. Plots of velocity profiles 
and deflections of the crossflow from the main- 
stream direction are presented. The results 
indicate that, for the case of constant lateral 
perturbation velocity, the corner establishes a 
crosswise pressure gradient that causes boundary- 
layer air to flow from the upper part of the wall 
into the corner region. For the second example, 
the results indicate that the external flow possesses 
a crosswise pressure gradient before it reaches 
the corner and that this pressure gradient not 
only opposes the one established in the corner but 

also causes a strong crossflow from the corner 
region up onto t*he side of the wall. 

Evaluation and conclusions.-~pplication of 
boundary-layer theory to the analysis of second= 
flow in turbomachines has the advantage of 
accounting for viscosity in the fluid and t<hereby 

. allowing the computation of secondary flows that 
are principally the result of viscous act.ion, for 
example, cross-channel flow. However, the ap- 
plication of the boundary-layer studies outlined 
in this chapter to compressor flows is severely 
limited. For example, the theories in general have 
assumed steady, incompressible, laminar-bound- 
ary-layer flow. In compressor blade rows, such 
flows will be primarily unsteady, compressible, 
and turbulent. (To date, of course, it has not 
been possible to give an adequate mathematical 
treatment of flows of this type.) Furthermore, 
the present state of boundary-layer theory does 
not allow the ready computation of flows in the 
presence of blade rows. Although some progress 
has been made in this direction (ref. 331), the 
computations of secondary flows arising from 
lateral pressure variations in the main stream are 
principally conhed to flows over surfaces that, 
are essentially flat. 

In spite of these restrictions, several advantages 
can be gained from present boundary-layer anal- 
pes. As mentioned earlier, they can serve as the 
first step in a more comprehensive study of second- 
ary flows and can possibly be combined with 
analyses treating other aspects of the flow. 
Secondly, they can be used in their present form 
to explain and interpret experimental findings in 
relatively simple flow configurations. (The “limit- 
ing crossflow” phenomenon found in both experi- 
mental and theoretical studies is an example.) 
Finally, calculations of velocity-profile shapes and 
basic parameters are useful in the application of 
more general theoretical treatments that presently 
exist (such as the momentum-integral methods). 
The determination of profile shapes, in fact, was 
one of the principal motivations for the analysis 
presented in reference 331. 

CONCLUDING REMARKS 

The survey of experimental and theoretical 
research on second+ flows and three-dimensional 
boundary-layer effects indicates in broad outline 
the present state of knowledge in this field. It is 
evident from the work discussed that, at best, 
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only an elementary understanding of the basic 
flow behavior has been achieved. 

The experimental work indicates how such 
phenomena as flow disturbances caused by relative 
motion between blade ends and annulus walls, 
cross-channel and radial flows, and vortex forma- 
tion in blade passages may occur in simple com- 
pressor configurations. In a multistage unit, 
however, the pattern of flow is greatly complicated 
by the interaction of these effects and the influence 
of other compressor phenomena (eg., rotating 
stall) that have not been considered in conjunction 
with these studies. The experimental studies, 
therefore, are best used as a guide for interpreting 
experimental findings in multistage compressors 
and as a basis for constructing more comprehensive 
models of the actual flow behavior. With proper 
caution, however, the results can be used in their 
present form to guide certain design considerations. 

In the past, for example, shrouding of blade rows 
has at, times been advocated for the reduction of 
losses in blade end regions (ref. 344). The tests 
concerning relative motion between blade ends 
and annulus wall, however, indicate that smaller 
flow disturbances and better performance are 
likely to occur in’ unshrouded blade passages 
(with due regard for clearance, of course) than in 
shrouded passages. 

Theoretical research on secondary flows and 
three-dmensional boundary-layer effects has been 
severely handicapped by the mathematical com- 
plexity associated with even the simplest types of 
problems. It is probably sufficient to hope that 
present theories can be used to predict “orders of 
magnitude” of various quantitative aspects of the 
flow and to provide a better physical understand- 
ing of the mechanisms that give rise to observable 
flow patterns. 





CHAPTER XVI 

E F F E C T S  O F  D E S I G N  A N D  M E A S U R E M E  R O  
C O M P R E S S O R  P E R F O R M A N  

BY ROBERT d. JACKSON and PEGGY L. YOHNER 

Egects of design errors on compressor performance 
parameters and of measurement errors on calculated 
d u e s  o f  performance parameters are analyzed. 
Formulas and charts are presented from which the 
changes in blade-element performance and calcu- 
lated parameters due to the design and measurement 
errors can be determined. 

The use o f  the design-error charts during the 
design calculations and in the analysis and interpre- 
tation of datu is discussed. The charts can be used 
to evaluate the sensitivity of a given velocity diagram 
to design errors and to determine whether iterations 
of design calculations are warranted. To a limited 
extent, the uncertainty intervals in blade-element 
perjormance can be calculated from the charts. 

The measurement-error charts can be employed 
along with the procedure devised at the Gm Turbine 
Laboratory of the Massachusetts Imtitute of Tech- 
nology for the estimation of uncertainty intervals 
in calculated performance and can also be of assis6 

A means for estimating the error in a perform- 
ance parameter due to an assumed error in a 
blade-element design variable or to an error in the 
inlet flow conditions is useful both to the com- 
pressor designer and to the research worker. 
Therefore, an analysis of this problem was made, 
the results of which are presented in this chapter. 
From the available equations relating blade- 
element performance parameters to the design 
variables, differential formulas were calculated 
that relate a small change in a design variable to 
the consequent change in the performance pa- 
rameter. The formulas are presented in this 
chapter in the form of carpet plots, and the 
significant trends are discussed. 

An analysis of this type may be expected to 
indicate the degree of design control required for 
a given velocity diagram as evidenced by its 
sensitivity to design errors. Among a group of 
suitable design velocity diagrams, the analysis 

ance in the ekZ&tion of data and in the planning +may show that one diagram is relatively insensitive 
of instrumentation for  research or development. design errors, thus indicating that it would be 

best choice for the design. The charts can INTRODUCTION 

The attainment of design rotor pressure &ti0 
for an axial-flow-compressor stage depends upon 
the correct prediction of blade-element turning 
angle and loss, upon an accurate design distribu- 
tion radially of the local specific mass flow down- 
stream of the rotor, and upon the agreement 
between the actual and design rotor-inlet flow 
distribution. Rotor blade-element design errors 
can result from the approximate nature of available 
designdata correlations, from blade manufacturing 
tolerances, and from the necessary simplifications 
in the design equations. Discrepancies between 
the actual and design rotor-inlet flow distribution 
can result from the foregoing types of design 

blade rows. (The design vari- 
ables and their sources of error are identified and 
discussed in the section ANALYTICAL APPROACH.) 

also be employed to determine, in certain cases, 
whether an iteration of the design calculations is 
warranted. 

The interpretation of experimental data re- 
quires some consideration of measurement errors. 
This problem is particularly relevant to the work 
of the researcher and also to the compressor 
designer, since correlations of design variables are 
based on experimental data, and compressor 
development programs depend on the interpreta- 
tion and application of experimental data. Differ- 
ential formulas were calculated that give the error 
in a performance parameter caused by a measure- 
ment error in one of the flow properties. These 
formulas are presented in this chapter in the form 
of carpet plots. A method for combining the 
effects of several meas nt errors is outlined. 

413 - Preceding page blank 1 
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SYMBOLS 

The following symbols are used in this chapter: 
a 
D 
H 
HM 

h 
M 
P 
P 
R 
r 
T 
U 
1’ 
B 

rlUU 

P 
U 

speed of sound 
dSusion factor 
total or stagnation enthalpy 
total enthalpy calculated from change 

of moment, of momentum 
static enthalpy 
Mach number 
total or stagnation pressure 
static or stream pressure 
gas constant 
radius 
total or stagnation temperature 
rotor speed 
air velocity 
air angle, angle between air velocity 

ratio of specific heats 
deviation angle, angle between outlet- 
air direction and tangent to blade 
mean camber line at trailing edge, 

and axial direction, deg 

deg 
adiabatic efficiency 
density 
solidity, ratio of chord to spacing 

pi Id 1 n quantity F- 
w total-pressure-loss coefficient 

Subscripts: 
d design value 
h hub 
id ideal 
1 
w* denotes systematic error 
t tip 
21 

z axial direction 
0 
1 
2 stattion at rotor exit 
i . . . viii denotes variable in error 

a - 

lower limit of uncertainty interval 

upper limit of uncertainty interval 

station ahead of guide vanes or stators 
station at rotor inlet or stator exit 

superscripti 
indicates quantity relative to rotor 
ANALYTICAL APPROACH 

consider a function of several variables /(zl, 
4, . . . z,,). The change 

set of small changes in zl, q, . . . is given 
approximately by the following formula (ref. 345, 
ch. IV)? 

af + . * . +-A& (394) 
h n  

A f  = 

The nth term of fo 

(395) 

cain be directly calculated (for an assumed value 
of Axn) and plotted as a function of the parameters 
that fix the value of bf/bzn. This procedure is 
used in the present chapter. 

The degree of approximation of formula (395) 
depends upon the way f varies with z, and upon 
the magnitude of Ax*. The accuracy of the for- 
mulas presented in this chapter for reasonable 
magnitudes of design errors was spot-checked by 
means of sample calculations and plots. The 
results of these calculations are given in appendix 
A of this chapter. These checks do not con- 
stitute a general proof of the accuracy of the 
formulas, but do verify their applicability for 
certain conditions of flow and velocity diagram. 

DESIGN 1&8BOBS 

A brief outline of the blade-elemetlt approach 
to single-stage-compressor design follows in order 
to clarify the application of formula (394) to the 
analysis of design errors. 

For given design values of pressure ratio, mass 
flow, rotational speed, and tip diameter, the hub 
profile and the preliminary velocity diagrams are 
calculated by methods discussed in chapter VIII. 
These preliminary velocity diagrams determine 
approximate values of diffusion factor and other 
blade-loading and blade-configuration parameters. 
This information permits the estimation of the 
radial distribution of the relative total-pressure- 
loss coefficient E; (or 7) for each blade row as 
discussed in chapter VII. The velocity-diagram 
calculations fincludmg the radial-equilibrium cal- 
culation) are then repeated in order to incorporate 
the effects of the loss estimation. Finally, the 
methods of chapter VI1 can be employed for the 
selection of blade-section cambers, incidence 
angles, and deviation angles. 

The employment of blade elements in thi 1 
design procedure (as discussed in ch. III) requires 
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8; ______I_______ 

(PV,), _ _ _ _ _ _ _ _ _ _ _ _  

the estimation or calculation of the radii to each 
blade element at the axial stations upstream and 
downstream of the rotor. Thus, since r1 is 
assigned by the designer, r2 is identified as a 
design variable. For a rotor, the design method 
outlined in the preceding paragraph requires 
predictions of relative stagnation-pressure loss 
(in terms of 5’) and of deviation angle. The 
radial-equilibrium calculation and the condition 
of continuity determine the values of axial 
velocity or local specific mass flow downstream of 
the rotor for each blade element. Therefore, 
three additional design variables are Z, A, and 
(pVJ2. (The local specific mass flow (pVJ2 was 
found to be more convenient to use in this analysis 
than the axial velocity V2,2.) 

Errors in the design rotor-inlet flow distribution 
can be caused by design or blade manufacturing 
tolerances or errors in any of the upstream blade 
rows. At the design mass flow, these errors can 
lead to off-design values of rotor-inlet stagnation 
pressure Pl, absolute air angle B1, local specific 
mass flow (pVJ1, and stagnation enthalpy HI. 

In summary, then, the design variables for rotor 
blade elements are identified as Pl,  81, (PV,)~,  HI, 
u’, b:, (pV,),, and r2. Instead of the general 
design variable Pl, the loss parameter 7 j  for the 
adjacent upstream stationary blade row can be 
used. The agreement between the actual and 
design values of a performance parameter (such 
as Pa) depends, within the limitations of the design 
system, on the agreement between the actual and 
design values of these design variables. 

In  the following discussion, the foregoing design 
variables are identified by the lower-case Roman 
numerals i to viii as follows: 

- 

I A m i ;  1 81 1 (PVJI I HI I V I 6 I bVJ1 I r: 1 

(2) Accuracy of deviation-angle correlation system 
(3) Blade-fabricetion tolerances 

(4) Degree of simplification of radialequilibrium 
(5) %ffects of mors in 7 and 8; on radialequtlib- 

(6) lnaecurate allowance for wall bounda~y-lsger 

e uation 
dum calculation 

develoDment 

The symbol denoting the error in a performance 
parameter due to a design error in any one variable 
(assuming for the moment that all other variables 
are correct) is identified by the appropriate lower- 
case Roman numeral subscript. For instance, 
(AH2/H2), denotes the error in Ha due to an error 
solely in Pl. The stator (or guide-vane) loss 
parameter 3 is not an independent design variable; 
an error in G is one of many sources of error in Pl, 

and it is denoted by parentheses around its ident.i- 
fying number. 

Some sources of errors in the variables are as 
follows: 

I 3 ______________I (1) Awnracy of lw parameter and incidenes-angle 
correlation system (AI. VU) 

r: _ _ _ _ _ _ _ _ _ _ _ _ _ _  (7) Same as (4) (51, and (6) if rz is calculated 
(8) If rt is assum’ed, mor depends on degree of r a m  

shift in flow as gas mosses rotor 

The foregoing types of design errors in blade rows 
upstream of a given rotor contribute to discrep- 
ancies between actual and design values of PI, 
a, (PV,),, and HI. For the inlet stage of a com- 
pressor, an additional source of such errors lies in 
the performance of the inlet diffuser section. 

A basic source of disagreement between actual 
and design performance is contained in certain 
simplifications to the equations of motion as ap- 
plied to the blade-element design method (e.g., 
the assumptions of axial symmetry and steady 
flow). This source of error is not amenable to 
analytical investigation and is not considered in 
this chapter. 

The design variables P1, B1, (PV,)~, HI, w’, A, 
(pV&, and r2, in conjunction with known inlet 
conditions, determine the value of a compressor 
blade-element performance parameter. For the 
purposes of this investigation, then, any of the 
blade-element performance parameters can be 
designated as a function of these eight design 
variables: 

- 

Formula (394) (the total differential of f )  is 
particularized as follows for application to the 
analysis of design errors: 

(394a) 
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The partial-derivative coefficienks of formula 
(394a) can be calculated from the available blade- 
element performance equations. Each individual 

term such as - AP, represents the contribution 

to the total error in f caused by a design error in 
one variable only (AP,, e.g.), with all other design 
variables assumed correct. 

For the calculations and the plotting of the 
results, it is convenient to make all terms of 
formula (394a) dimensionless in order to reduce 
the number of parameters determining the value 
of each error term. Formula f394a) is modified 
as follows: 

( ap, bp ) 

For cases where a performance parameter is 
associated with axial station 2 ( f 2 ) ,  any one of the 
first four terms might contain as many as eight 
design variables. A degree of further simplifica- 
tion in the plotting of some of these formulas is 
achieved by the use of certain performance- 
parameter error terms as intermediate variables. 
In certain cwes the formula for one term of (394b) 
takes the following form: 

(397) 

A formula for error in a performance parameter 
associated with axial station 1 might be 

In this case, formula (397) can be expressed in 
terms of the intermediate variable f l  as follows: 

AXIAL-FLOW COMPRESSORS 

Formula (394b) can be written as follows: 

Each term of formula (3944 represents the con- 
tribution to the relative error in { of an error in 
the particular design variable identified by the 
subscript. 

Formula (394c) gives a value of relative error 
in f' caused by a given set of errors in the design 
variables. The only case for which a set of errors 
in design variables is known is the case of analysis 
of experimental data. For this case, formuld 
(3944 can be applied to determine, at least ap- 
proximately, what design errors may have caused 
a measured discrepancy between the actual and 
design values of a performance parameter. This 
use of the design-error charts is outlined in a later 
section. 

The estiniation of a probable discrepancy 
between the actual and design values of a per- 
formance parameter requires that the design 
errors be identified as either random errors or as 
systematic errors. For the purposes of this inves- 
tigation, random errors are defined as errors that 
are unpredictably positive or negative. System- 
atic errors are predictable in sign, and in some 
cases an approximate estimate of their magnitudes 
can be made. An example of a systematic design 
error is the error in local specific mass flow. (or 
axial velocity) caused by neglect of the entropy 
gradient during the radial-equilibrium calculation. 
This type of design error depends on the design 
flow distribution and the radial distribution of 
blade losses. 

The approximate nature of the available corre- 
lations of design data (deviation angle and loss) 
leads to random design errors. The actual causes 
of such discrepancies are not known; their influ- 
ence cannot, at present, be correlated with 
the various combinations of velocity-diagram 
parameters. 

For the analysis of random errors, an uncer- 
tainty interval in a design variable can be esti- 
mated on the basis of past experience. An 
uncertainty interval in &, for instance, can be 
defined as a finite interval in &, such as PI, ,,-@I. 1, 

for which a definite statistid probability exists that 
the value of D1 wil l  lie. For example, if, for a design 
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value of p1=3Oo, 80 percent of the actual values 
of p1 for different design cases fall in the interval 
from p1=29' to p1=31', then the uncertainty 
interval corresponding to odds of 4 to 1 is 2'. 

I . -  \ I  I l l  

responding uncertainty 
in p1 only. For the un 
to the uncertainty intervals corresponding 'to the 
same odds in all the design variables, the second- 
power formula of reference 346 can be employed: 

&)y+I+. . . +&I V l t t  (399) 

The uncertainty interval in f due to the uncer- 
tainty intervals in all of the design variables for 
a given probability can be calculated approxi- 
mately for a mean-radius condition only. The 
reasons for this limitation are given in the section 
entitled USE OF DESIGN-ERROR CHARTS. As an 
example of the use of formula (399), uncertainty 
intervals in W' and pi would be combined as fol- 
lows to give the corresponding interval in the 
performance parameter f : 

If all the uncertainty intervals of the design 
variables are estimated on the basis of the best 
available information so that the same odds (say 
b to 1) can be quoted that the value of each vari- 
able will lie within its interval, then, according 
to reference 348, statistical analysis shows that 
the odds will be b to 1 that the actual value of the 
performance parameter f will fall within the 
uncertainty interval given by formula (399). 

The errors in axial velocity caused by neglect 
of the entropy gradient in the radial-equilibrium 
calculation can be interpreted not as uncertainty 
intervals but as estimated corrections to the 
design values. An investigation of these errors 

d in terms of axial 

e estimated correc- 
tions and uncertainty intervals can be combined 

691-564 0-65-28 
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f u . r = f a  { l+[(y)T.. * +(y) VI11 ] dY8 

1J 2 

constitutes the 

the last term 
represents half the uncertainty interval in f due 
to the uncertainty intervals in each of the design 
variables. 

The eight terms of formula (394b) were cal 
lated (where applicable) for each of the following 
blade-element performance parameters: axial ve- 
locities Vz, l and V, 2, relative stagnation enthalpies 
H: and P2, stagnation enthalpy H2: stagnation 
pressures P, and P2, relative air angle pi,  absolute 
air angle p2, and diffusion factor D. The stagna- 
tion pressure P1, which is one of the rotor design 
variables, is a performance parameter only in the 
specialized sense that is affected by design errors 
in stationary-blade-row loss parameter W. The 
resulting formulas are presented in this report in 
the form of carpet and lattice plots. For the 
purpose of preparing the charts, unit errors were 
assigned to the design variables (1 percent, 0.01, 
or lo, as applicable). The technique of preparing 
plots of two or more independent parameters 
(carpet and lattice plots) is discussed in reference 
347. 

The analysis was made for a rotor of any stage 
of a compressor. The results are given for blade- 
element performance parameters only; the esti- 
mation of uncertainty intervals in the radially 
averaged over-all performance of a stage is not 
discussed in this chapter. This problem in- 
volves considerations of statistical and probability 
theory that are beyond the scope of the present 
investigation. 

MEASUREMENT ERRORS 

For the analysis of measurement errors, formula 
(394) assumes the following form: 
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Formula (394d) can be applied directly only in 
cases where, for a specific experiment, each of the 
error terms is known. This situation, of course, 
is never realized. When the best methods of 
calibration are used, measurement errors are con- 
sidered as random errors and can only be estimated; 
thus, the statistical approach outlined in the p r e  
ceding section was applied also to the analysis of 
measurement errors. The terms of formula (394d) 
are interpreted as uncertainty intervals for the 
function 1 due to uncertainty intervals for the 
same prescribed odds in each variable. The un- 
certainty interval in f due to all the estimated 
errors can be calculated from the following formula 
(in dimensionless form) : 

Formula (401) is valid only for the estimation 
of uncertainty intervals due to random errors. 
That is, as the number of observations of each 
variable approaches i ean of all obser- - 
vations should appr e value of the 
variable. 

The error terms of formula (401) were calcu- 
lated, and the results are presented in chart form 
for the following performance parameters: pVz, 
@', z, z', m, H M , ~ ,  and D. 

CALCULATION AND PRESENTATION OF 
FORMULAS 

In  the following presentation, all formulas are 
designated by a lower-case letter, a capital letter, 
and a lower-case Roman numeral. The letters 
d and m denote, respectively, the analysis of design 
and measurement errors. The capital letter iden- 
tifies the performance parameter under analysis, 
and the lower-case Roman numeral identifies the 
variable in' error. The following tables provide 
this identification: 

Case d-Deslgn-emr performance parameten 

Performance P I  V..l H; Hi Vz.r Ha D 

Formula A B C D E F H J K 
---------- parameter 

symbol 

I I Case m-Measnrementerror performance parameters 
I , . . .  

The symbol for the error in the performance 
parameter under consideration is given a sub- 
script to identify the source of error. This sub- 
script is the lower case Roman numeral of the 
appropriate table. 

DESIGN-ERROB FORMULAS 

The design-error differential formulas were 
calculated from the following equations : 

Pl=Po [ 1 4  [I-(&)&]} (402) 
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(Formula (411) was obtained from the form given 
in ref. 9 by rearranging terms.) Some of the 
resulting differential formulas included terms that 
were considered sufficiently small that they could 
be neglected. Two specific examples of the gen- 
eral procedure used in deriving the differential 
formulas are presented in appendix B of this 
chapter . 

The design-error formulas contain certain pa- 
rameters that are presented in the form of carpet 
and lattice plots. The formulas for these pa- 
rameters are as follows: 

The following differential formulas were obtained from the analysis of errors in design variables: 

r -- 
1-(1+7+ i&) V I  

- 

431 

(dB-i) 
(fig. 305(a)) 

(dB-ii) 
(fig. 305(b)) 

(dB-iii) 

(fig. 305(a), substitute pVz for Y, multiply result by - 1) 



420 

(dD-i, iii, iv) 
(fig. 307b)) 

(fig. 307(b)) 
(dD-ii) 

(dE-i-iv) 
(No fig. necessary) 

(dE-viii) 
(fig. 308) 

(dF-v) 
(fig. 309(d)) 

(dF-vi) 

(fig. 305(b), substitute M;, 8; for Ml, B1, respectively) 
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(dG-i, iv) 

where 

and 

(dG-v, 6) 
(No fig. necessary) 

(fig. 306(b), substitute Mi, pi, p2 for MI,  PI, pi, respectively) 

where 

(dG-viii) 

(dH-i) 
(No fig. necessary) 

(dH-ii, iii, vi-viii) 
(No fig. necessary) 

(dH-iv) 
(No fig. necessary) 
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(dH-v) e2)v (fig. 312) 

where 

and 

(dJ-i-v, vii) 

(fig. 307(a), substitute @z, @;, Vi.2 for @:, Pi, V8,1, respectively) 

(dJ-vi) 

(fig. 307(b), substitute Mi, @;, p2 for MI,  B1, @:, respectively) 

A= +(l--D) tan@: 2a cos @; 

MEASUBEMENT-ERROR FOBMULAS 

Measured quantities include the rotational 
speed, the inlet pressure and temperature, and 
the following flow properties: static pressure p, 
stagnation pressure P, absolute air angle g, and 
stagnation temperature T. In the following 
table, the calculated performance parameters 
are listed in the left column, and the flow prop- 
erties of which they are explicit functions are 
listed in the right column: 

The equations for the performance parameters 
in the foregoing table, as explicit functions of the 
measured flow properties, are as follows (for 

(dK-i-iv) 

(421) 
(fig. 314(b)) 

(dK-v, vii, viii) 
(No fig. necessary) 

(dK-vi) 
(fig. 315) 

convenience in writing, some of the functions are 
given in terms of absolute velocity V): 

(412a) 

(402a) 

(409a) 
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FIGURE 304.-Effect of design error in stagnation-pressure-loss parameter on st agnation pressure [eq. (dA-(i))l. 

Absolute Mach number, M, 

(a) Stagnation pressure (eq. (dB-i)). 

FIGURE 305.-Effect of design errom on axial velocity upstream of rotor. 
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Q- 
c .- 
L z 
L 
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.c 
0 

L 

2 
W 

(b) Absolute air angle (eq. (d3-ii)). 

FIGTJBE 305.-Continued. Effect of design errors on axial velocity upstream of rotor. 



EFFECTS OF DESIGN AND MEASUREMENT ERRORS ON COMPRESSOR PERFORMANCE 427 

Absolute Mach number, M, 

(c)' Stagnation enthalpy (eq. (dB-iv)). 

FIGUEB 305.-Concluded. Effect of design errors on axial velocity upstream of rotor. 

H M , ~ = H ~ + U ~ V ~  sin 82--U1V1 sin b1 (408a) 

D=I- (E+v;-2u2v2 sin P 2 ) 1 / 2  u1-u2+v2 sin 82-V1 sin 81 
U;+E-2UIV1 sin b1 + 2u(u;+z-2u1v1 sin &)'/2 (411a) 

The analysis of measurement errors yielded the following formulas, which give the relative un- 
cerhinty interval in a performance parameter due to the corresponding uncertainty interval in the 
measurement of one flow property: 

(mA-i, v) 

(mA-ii, vi) 

(mA-iii, vii) 
(No fig. necessary) 

(mA-iv, viii) 
(fig. 316(c)) 

(fig. 316(a)) 

(fig. 3Wb)) 

(mB-ii, vi) 

to result, substitute P for p )  

(mB-iii, vii) 
(fig. 3170))) 
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' "/1 U! J O l J a  % I  JOJ ,'H U! JOJJa ( U a 3 J a d  
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(a) Stagnation pressure, local specific mms flow, or stagnation enthalpy (eq. (dD-iJiiiJiv 1) 

FIGURE 307.-Effect of design errors on relative air angle. 

( A / ~ ’ ) I ~ , ~ M = - C O ~ ~  B’(1-tan /3 tan @’)AB 

(fig. 319, multiply result by -- f substitute TI for PI) 
7-1 
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(a) 8tagnation pressure (eq. (dF-i)). 

FIGUF~E 309.-EfTect elocity do of rotor. 
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Relotive Moch number Mi 

(b) Absolute air angle or local specific mass flow (eq. (dF-ii, iii)). 
FIGURE 3OB.-Continued. Effect of design errors on axial velocity downstream of rotor. 

Z' AP2 
Q Pz 

-- - (mD-vi) 

(fg. 319, prefix minus sign to result, substitute PZ for P I )  

(mD-vii) 

(fig. 319, multiply result by 2, substitute TZ for PI) 
7-1 

(mE-iii) 
(sg. 32003)) 
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(c) Stagnation enthalpy (eq. (dF-iv)). 

FIGURE 30Q.-Continued. Effect of design errors on axial velocitv downstream of rotor. 
Y 
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i 
u, 
a, 

a" 

(e) Radius to blade element (eq. (dF-viii)). 

FIGURE 309.-Concluded. Effect of design errors on axial velocity downstream of rotor. 

(mE-vi) 

(fig. 320(a), multiply result by -1, substitute A P ~ P z  for AP1liPd 

( d v i i )  

(fig. 320(b), prefix minus sign to result, substitute AT2/T2 for ATl/Tl) 

(d-ii) 

(fig. 321(a), prefix minus sign to result, substitute PI for pl) 
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M :  sin 8, cos &(tan Bl+tan /3:) 
(mF-iii) 

7-1 
1 + 2  w 

(fig. 321(c), substitute subscript 1 for 2 and subtract from 1) 

(+) =- (mF-iv) 
(fig. 321 (b)) Iv 

(mF-v) 

(fig. 321(a), substitute subscript 2 for 1 and prefix minus sign) 

(mF-vi) 

(fig. 321(a), substitute subscript 2 for 1, and P2 forp,) 

(mF-vii) 

AHA -7-1 sin B2 cos p2(tan B2+tan 8 3  e 2  - 
7-1 pa ( H . , ~ ) , I  7 1 + 2  M ;  

7-1 M i  sin b2 cos B2(tan &+tan g;) - AT2 

(fig. 3 2 m )  l + Y W  7-1 T2 

(mF-viii) 

(fig. 321(b), substitute subscript 2 for 1 and multiply result by -1) 

(mG-ii) 
(fg. 322(a), prefix minus sign to result, substitute P1 for pl) 

(mG-iii) 
(fig. 322(a), multiply result by -7/2, substitute Ta for p l )  
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Q 
C .- 

E 
W 

.\-" 

L 

0, 
W 
e 

C W 

2 
a" 

Absolute Mach number, M 

Q 
C .- 

b 

L! 

c 

- 
4 

Absolute air angle, p,  deg 

(a) Static pressure (eq. (mA-i, v)). 
(b) Stagnation pressure (eq. (mA-ii, vi)). 
(c) Absolute air angle (eq. (mA-iv, viii)). 

FIQIJBE 316.-Effect of measurement errors on calculated value of local specific ms88 flow. 
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FIGURE 318.-Effect of measurement error in stagnation pressure on calculated value of absolute stagnation-pressureloss 
parameter (eq. (mC-ii)). 

(fig. 322(c), prefix minus sign to result, substitute Pz for p2)  

(Sg. 322(c), multiply result by -7/2, substitute TZ for p2) 

The measurement-error formulas give the effects 
of independent measurement errors. For in- 
stance, formula CmE-ii) gives the error in calcu- 
lated value of blade-element efficiency due to a 
measurement error solely in Pl. However, in 
many experimental compressors, the measured 
value of Pa depends on the measured value of PI,  
such as when Pa is obtained by adding a memured 
pressure rise to the value of PI. For such cases 
AP2=APl, and the effects of A P l  on ij' and l]aa 
become quite small because of the similarity, ex- 
cept for sign, of the -ii and -vi formulas. The 

~ 

same situation prevails for measurements of T2 
that depend upon Tl. 

READING OF CARPET PLOTS 

As discussed in reference 347, carpet and lattice 
plots permit the charting of two or three inde- 
pendent variables and provide a means for inter- 
polation among these variables. A fourth variable 
can also be charted by the use of an ordinate scale 
that is a function of the dependent variable and 
the fourth independent variable. An example of a 
four-variable chart is figure 302, the plot of the 
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FIGURE 3lB.-Effect of measurement error in stagnation pressure on calculated value of relative stagnation-pressure-losR 
parameter (eq. (mD-5)). 

formula for relative stagnation enthalpy ratio of Pz and as follows: It will be observed that 
(formula (415)), for which the independent van: each curve, in effect, has its own abscissa scale. 
ables are P2, a:, Mi, and rz/;l. The chart consists of On each of the curves for constant Pi, the given 
nine carpets in bz and p2, each of which corre- value of PZ can be located; a curve sketched 
sponds to a given value of Mi and TZ/rI. The through these points will yield a curve for varying 
carpets for different values of Af: are displaced a t  the given value of P2, whereupon the desired 
horizontdy by distances proportional to the point on each carpet can be located. Appropri- 
changes in Ma, thus forming three lattices for ate points on the nine carpets are then connected 
three values of r2/r1. In  order to provide a by so as to form three curves of varying 
means for interpolation of r2/rI, these lattices are M;, having its own constant value of r2/rI. 
dmplaced horizontally by distances proportional The three points. corresponding to the given Mi 
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(a) Stagnation pressure (eq. (mF!-ii)). 
(b) Stagnation temperature (eq. (mE-iii)). 

FIGURE 320.-Effect of measurement errors on calculated value of blade-element efficiency. 
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-0.0220 

.om 

.0110 . on0 .m 
-.0140 

0 

obtained. The final step is to equate this value 
to the ordinate function (Hi/Hi) +[(rz/rl> -0.91 
and solve for Hi/Rl. 

The foregoing procedure appears to be laborious, 
but in practice not all the various points need 
actually to be joined by curves; the interpola- 
tions can be made by an appropriate placing of 
French curves or splines on the charts and the 
desired points located directly. The work in- 
volved is, of come, much greater for bhe four- 
variable charts than for the three- or two-variable 
charts. For some formulas (formula (dG-i, iv) ,  
e.g.), two charts are employed, and the values 
obtained from each chart are combined to obtain 
the desired value of the dependent variable. 

DISCUSSION OF FORMULAS AND CHARTS 

In order to facilitate discussion of the formulas 
and charts, values of design and measurement 
errors were obtained from the charts for four 
velocity diagrams. These velocity diagrams are 
representative of inlet-stage rotor tip and hub op- 
eration at two Mach number levels. The velocity 
diagram specifications are as follows: 

-- 
0.0124 -. 0143 
0 -. 0041 -. ow4 -. 0303 -. 0125 . 0150 

0.0534 
- . O w 0  
0 -. 0494 -. 0328 -. 1060 -. 0937 
.OS25 

~- 

-- 

- -  

Case 2 (hub condition) I 
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d Design  (b) 
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15O 
40 .lo 
.OW 
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.44 

1.1 
1.32 
1 .09 

.95 

.80 

.ffl 
600 
24.6O 

.Os0 

.Eo 

.34 

SAMPLE DESIGN AND MEASUREMENT ERRORS 

Values of design errors and measurement errors 
for the foregoing velocity-diagram cases were 

.75 

.55 
600 
28.2' 

.Os0 

.XI 

.43 

read from the charts. For each case, an ar- 
bitrary assumption of 1-percent error in independ- 
ent variable was made (except that the assumed 
error in flow angle was lo and that in 'L3 or Z' was 
0.01). Design errors in Vz,1, @:, VC,z, Hz, Pz, @z, 
and D, and measurement errors in pvz, @', Zi', r]adl 

HM, and D were obtained as follows: 

1.69 
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-.E4 

-3. Bo 
-1.76 

2.00 
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-4.20 

-8.90 
-4.10 

4.60 

-a. .a 

0.0683 -. 0410 
.0005 -. 0618 -. 0350 -. 1790 -. 0594 
.om 

0.0244 
-.m 
.oO04 

-.m -. 0124 -. m15 -. 0280 . 0168 

-0.01W 
.0079 

. o m  

. 00W .m 

.0155 -. 0049 

0 

I I 

-0.0133 

,0133 
.0118 

0.39 
.MI -. 39 -. 34 

0 

-0.0140 

. O M  

.0037 

.0015 . o m  
-.0037 

0. oO04 
-.0016 
0 
.0w3 -. o001 -. 0018 -. oO04 
.00a 

0.0113 -. 0068 
0 -. 0039 

-.0031 -. 0063 -. 0013 .wo 

0 oo52 

0.62 - 19 

-.52 -. 14 -. 70 -. 49 
.52 

0' 

0.0045 
.0067 .m -. 0078 -. oO30 -.om -. 0106 
.m 
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(439: 
ill 
iv 

vi 
vii 
vili 

V 

Errorterm I 

0.58 0.71 0.67 - .58 - .71 - .67 - .13 - .13 - .15 - 25 - .25 - .m 
.73 1.16 .74 

-.73 -1.16 - .74 - .m -.20 -30 - .19 - .15 - .76 

[ a6v) pv; 3 I I -0.0150 1 .-O.o220 I -0.0150 

Mj: 3, (AD)v 

5 (AD)vii 

v2 
vi 

v; 
vili 

il -*mm -.0310 .oaw 
ill I -.0050 I -.0050 I --.oO50 

.0017 .0017 .a39 

-.Gill7 -A017 -A039 

-.0012 -.0012 -.m 
.om ,0138 .Om 

lv 0 0 

(AZ');l 0.0170 0.0205 0.030 
-.ON5 -.Of17 -.lo5 
-0.0170 - .0205 1 .OB5 1 .0717 I vi 

vii 

2cb) 

-0.022p 

.0310 - .00m 
0 - .0115 
.@lo - .0050 - . O M  

0 .a2 - .a2 - .15 - .m 
1.13 

-1.13 - .30 - .72 
0.036 - .I% - .036 - .126 

-0 .oa8 
.118 .oas - .llS 

0 
0 
.0100 - .0016 - .0015 
.0015 
.0005 
.0016 

-0 .0017 
.W17 
.0012 - .0136 
.0039 

- .w9 
- .eon 
.om 

The foregoing sample values of error terms 
provide data for the discussions of the following 
sections. 

Interpretation of numerical values.-The nu- 
merical values of error terms obtained from the 
design-error charts must be carefully interpreted. 
Their main utility is in an evaluation of the 
sensitivity to design errors of one velocity diagram 
as compared with another. Secondarily, for a 
mean-radius condition where the local specific 
mass flow (pVJ2 can reasonably be assumed con- 
stant at a given annular mass flow, the values 
obtained from the charts can be combined to yield 
uncertainty intervals in blade-element perform- 
ance. 

The precautions concerning the interpretation 
of numerical values of error terms, such as those 
listed in the table, are partly involved with the 
fact that some of the design variables can be 
considered independent only for blade-element 

flow. In actual compressor operation, the condi- 
tions of radial equilibrium and continuity impose 
a dependence between local specific mass flow and 
deviation angle and loss. Therefore, sweeping 
conclusions cannot be drawn from any one chart 
(one chart represents only one term of formula 
(400) 1. 

An example of the dependence of local specific 
mass flow on deviation angle occurs for M2= 
0.90. At this Mach number, the local specific 
mass flow is very near its maximum value. A 
quite small increase in p; can cause a choking-flow 
condition, and any additional increase in will 
necessarily be accompanied by a decrease in the 
value of (pVJ2. The tabulated values of error 
terms show that the effects of an increase in p; 
and decrease in (pV& are opposite in sign and 
therefore tend to nullify each other to some extent. 

is smaller than expected, the 
choking-flow condition will not arise, but oven in 
this case the value of (pV& will probably change 
because of the effect of the error in on the 
radial-equilibrium condition. No method is avail- 
able for estimating this effect without recomputing 
the entire flow field for a specified set of errors 
at all radii. 

The foregoing discussion indicates that, to en- 
sure the achievement of design mass flow, devia- 
tion angles near the upper limit of their uncertainty 
intervals should be employed for high Mach 
number designs. 

Trends exhibited by sample design errors.- 
The trend most apparent from an examination of 
the tabulated values of design error is that, for 
case 1 (the tip operating condition), a Mach 
number level of M;=0.90 is accompanied by 
error terms much greater in magnitude than those 
for M:=0.75. This difference in magnitude is a 
consequence of the term I/[l-(M;)r], which ap- 
pears in many formulas. It is possible that the 
various errors would tend to cancel out; but it 
would apparently be advantageous, in the design 
of transonic rotors, to hold the value of Mi as low 
as is consistent with reasonable values of diffusion 
factor D and, of course, to employ the highest 
possible degree of design control in the choice of 
the design variables. It would probably be war- 
ranted to employ the continuity condition in the 
design calculations for the choice of r2 because of 
the l&ge effects indicated in the table for an 
assumed error in r2 of 1 percent. The results also 

If the value of 
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indicate no error in performance parameters at 
station 2 due to error in inlet local specific mass 
flow (pVL)l for bl=O, except for a very small effect 
on diffusion factor D. How 
do cause errors in and h 

in 3' and devia 

errors.-For many of the parameters, the effects 
of measurement errors are greatest at low Mach 
numbers. This trend is especially evident for the 
loss parameter 2 and is caused by terms like 1/M2 

and - in the measurement-error formulas. 
1-23 

p: 
Case 2(b), for an inlet Mach number M; of 0.70, 
shows an error in W' of -0.036 due to an assumed 
error of 1 percent in the measurement of stagnation 
pressure P2. This trend shows that the accurate 
determination of 2 from low-speed data requires 
very precise measurement of stagnation pressure 
(and temperature). 

USE OF DESIGN-ERROR CHARTS 

Suggested uses of the formulas and charts that 
were obtained from the analyses of design and 
measurement errors are outlined in this section. 

For the preliminary velocity-diagram calcula- 
tions, a common practice is to assign rz at the same 
proportion of the passage depth as the correspond- 
ing rl ;  or perhaps rz is located so that the same 
proportion of flow area is contained between r2 
and the hub as between the corresponding r1 and 
the hub. After the calculations are made, r2 can 
easily be determined as a function of r1 by applica- 
tion of the continuity condition. The charts of 
the formulas for design errors in r2 can then be 
employed to determine whether an iteration with 
the new values of r2 is warranted. 

Similarly, the preliminary radial-equilibrium 
calculations may neglect the effects of entropy 
gradient on the radial distribution of axial ve- 
locity. The order of magnitude of the conse- 
quent design errors in axial velocity can be esti- 
mated from the results of the investigation 

The design-error charts 
to determine whether 

the blade-element losses should be included in 
the radig-equilibrium calculation. 

ts in the design calculations 

sensitivity of a p 
design errors and m 
the appropriate degree of design control can be 
applied to the problem, and in some cases, the 
sensitivity to design 
tolerances can be 
by which choice among several otherwise suitable 
velocity diagrams can be made. 

The charts can be employed by the research 
worker in the analysis of data. Discrepancies 
between actual and design performance of an 
experimental compressor that cannot reasonably 
be accounted for by measurement errors are 
caused mainly by design errors of the type herein 
analyzed. (Some of these discrepancies are un- 
doubtedly caused by simplifications introduced 
into the equations of motion on which the design 
system is based, such as the assumption of axial 
symmetry.) The approximate contribution of 
the design error in each design variable to the 
measured discrepancy in a performance parameter 
can be obtained from the charts. The sum of 
these terms (formula (394b)) can be compared 
with the measured discrepancy between actual 
and design values of a performance parameter. 

Such comparisons may serve as an additional 
means of evaluating measurement errors and may 
indicate just which phase of the design problem 
requires the highest degree of design control. 

Within certain limitations, the design-error 
charts can be employed by the compressor designer 
to estimate an interval about the design point 
within which the performace of a given blade 
element should lie. The limitations on this 
procedure are involved with the estimation of 
uncertainty intervals in local specific mass flow. 

Estimation of uncertainty intervals.---local 
specific mass flow: The uncertainty intervals in 
local specific mass flbw are caused by blade 
element design errors. As evidenced by the 
radial-equilibrium equation, the radial distribu- 
tion of flow is a function of flow angles and blade 
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Measured design error in relative stagnation-pressure-loss parameter, GI-;; 

FIGWBE 323.-Approximate frequency distribution for set of measured design errors in relative stagnation-pressure-loss 
parameter. 

losses at all blade elements. Therefore, discrep- 
ancies between actual and design values of these 
quantities lead to discrepancies between actual 
and design values of local specific mass flow. 

Unfortunately, no method is known for relating 
uncertainty intervals in local specific mass flow 
to uncertainty intervals in bhde-element design 
data. This fact restricts the applicability of 
formula (400). However, at the design mass 
flow, the actual and design values of local specific 
mass flow must necessarily agree for at least one 
blade element. It would appear reasonable to 
assume that this blade element would be near t.he 
mean radius. 

- 

vestigation of the uncertainty intervals in loss 
parameter 2. The design values 
meter 73& for each 
use of the loss-co thod of chapter VII, 

and the quantities (24:) were calculated. Fre- 
quency ratios for increments in (7-7;:) of 0.02 
were calculated and are plotted in figure 323 as 
an approximate frequency-distribution curve. 
The frequency ratio plotted in figure 323 is the 
ratio of the number of observations within an 
increment in (Z'-Gi) of 0.02 to the total number 
of observations. For instance, the value of 0.132 
plotted at (i7-G;) equal to -0.02 denotes that 
13.2 percent of the values of (7-G;) fall  within 
limits of from -0.03 to -0.01. The total number 
of observations for this set of mean-radius loss 
data was 68. 

The curve of figure 323 indicates that the 
discrepancies between the design and measured 
values of 7;' plot in a rough approximation of a 
random distribution, although there is some bias 
in the direction of positive errors. These mean- 
radius data indicate that an interval of from 
-0.03 to 0.03 in (7-Z:) (an uncertainty interval 
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Measured design error in deviation angle, 6" - 6; I deg 

FIGURE 324.-Approximate frequency distribution for set of measured design errors in deviation angle. 

of 0.06) contains 82.4 percent of the observations; 
the corresponding odds for this interval are 4.7 
to 1.0. 

The data of figure 323 represent a combination 
of measurement errors and design errors; thus, 
the uncertainty interval for design errors only 
corresponding to odds of 4.7 to 1.0 would be 
less than the value of 0.06 obtained from these 
data. 

Deviation angle: An approximate frequency- 
distribution curve for mean-radius design errors 
in deviation angle was prepared in the same way 
as the corresponding curve for loss parameter. 
The resulting curve, which was prepared for 
intervals of lo, is plotted in figure 324. For these 
data, 89.1 percent of the observations were within 
an interval in(S'-S;) of 3' (-1.5' to 1.5O), which 
corresponds to odds of 8.2 to 1.0. As was the 
case for design error in loss parameter, this in- 
terval for the quoted odds in design error only 
would be smaller than 3O. 

Radius to blade element: Design errors in the 
choice of r2 as a function of r1 are involved with 
the radial-equilibrium condition and are mainly 
systematic errors that depend on the design flow 
distribution and the compressor configuration. 
It can probably be assumed, therefore, that the 

uncertainty interval for random errors in r2 is 
negligible compared with the other errors 
introduced. 

Calculation of uncertainty intervals in perform- 
ance.-For the estimation of the limits in blade- 
element performance near the mean radius, 
formula (400) is employed. 

USE OF MEASUREMENT-ERROR CHABTS 

The charts for the analysis of measurement 
errors can be employed in several ways: (1) for 
the calculation of uncertainty intervals in per- 
formance parameters corresponding to estimated 
uncertainty intervals in the measured data, 
(2) for the evaluation of measured data based on 
the consistency evidenced by plota of performance 
parameters, and (3) as an aid in planning 
instrumentation. 

Uncertainty intervals in performance.-For 
measurement errors of the random type, the 
procedure outlined in reference 346 can be 
followed. Intervals are estimated for each 
measured datum within which the same odds 
(b) can be quoted that the true value will lie. 
The uncertainty intervals in a performance 
parameter due to errors in each measured variable 
are then obtained from the char& and are com- 
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bined by means of formula (399). The final 
result wi l l  be an interval in the performance 
parameter for which the odds are b that the 
value of the performance parameter will lie. 

Evaluation of da ots of performance 
parameters against 
can sometimes be employed, 
to evaluate the accuracy 
For instance, figure 319 shows that the calculated 
values of 3 are very sensitive to errors in P 
and T. Therefore, if a plot of rotor W' against 
incidence angle shows only a slight scatter from 
a smooth curve, the measured values of P and 
T can be considered very consistent. Also, 
figure 321(b) shows that the calculated values 
of stagnation enthalpy (or stagnation temperature) 
by change of moment of momentum are sensitive 
at high Mach numbers to measurement errors 
in flow angle 8. Even if a discrepancy of 2' 
F were observed between the measured stagnation 
temperature and the value obtained by change of 
moment of momentum, this could be accounted for 
by a measurement error of less than 1' in flow angle 
(for the conditions M2=0.64, 82=25', &=50°). 
This example illustrates the difficulty of checking 
the measurement of temperature at high Mach 
numbers by the temperature calculated from the 
change of moment of momentum across a rotor. 
A t  a Mach number of 0.5, the effects of errors 
in flow angle and static pressure on change of 
moment of momentum would be approximately 
the same; at lower Mach numbers, the static- 
pressure errors would have the greater effect 
(figs. 321(a) and (b)). For many conditions of 
velocity diagram, an error of 1 percent in static 
pressure would cause an error in change of moment 
of momentum equivalent to approximately 1' F 
in temperature rise. Since 1 ' F is also a reasonable 
error to be expected in the direct measurement 
of temperature, no advantage in accuracy is 
indicated either for the direct measurement of 
temperature or for the calculation of change of 
moment of momentum at low Mach numbers. 

design and calibration of static-pressure probes 
is emphasized. 

CONCLUDING REM ARKS 
\ 

The effects of design errors on compressor 
performance parameters and of measurement 
errors on calculated values of performance param- 
eters were analyzed. The following results were 
obtained : 

1. Formulas and charts were prepared and 
presented from which the changes in blade- 
element performance parameters caused by design 
errors and the errors in calculated performance 
parameters due to measurement errors can be 
determined. 

2. The use of the design-error charta during 
the design calculations and in the analysis and 
interpretation of data was discussed. The charts 
can be used to evaluate the sensitivity of a given 
velocity diagram to design errors, to determine 
whether iterations of design calculations are 
warranted, and, to a limited extent, to calculate 
the uncertainty intervals in blade-element per- 
formance. 

3. The measurement-error charts can be em- 
ployed along with the procedure devised at  the 
Gas Turbine Laboratory of the Massachusetts 
Institute of Technology for the estimation of 
uncertainty intervals in calculated performance 
and can also be of assistance in the evaluation 
of data and in the planning of instrumentation. 



APPENDIX A 
ACCURACY OF FORMULAS 

&' A 

FjE 
Ma' 
MI 

The accuracy of the design-error and measure- 
ment-error formulas for reasonable magnitudes of 
errors was spot-cheeked by means of sample cal- 
culations for various combinations of Mach 
number and absolute and relative flow angles. 

DJBIGN-ERROR FORMULAS 

A sample calculation of the actual effects (within 
the limitations of the design system) of certain 
assumed design errors was made as follows: A 
transonic-inlet-stage rotor design was calculated. 
The rotor-outlet air angles /.3i were then increased 
1" and a direct-problem calculation of the rotor 
performance was made. The consequent changes 
in various performance parameters were then 
compared with the corresponding results obtained 
from the charts. Similarly, the design values of 
rotor E' were increased 25 percent, the rotor 
performance was again calculated, and appropriate 
comparisons were made between the changes in 
performance and the predictions of the charts. 

It should be pointed out that, in a direct- 
problem calculation of this type, the specified 
error in 0: is propagated through the radial- 
equilibrium calculation and causes changes in local 
specific mass flow. Thus, the calculation yields 
the combined effects of errors in Pi and (pV& on 
the performance parameters. These combined 
effects cannot be obtained from the charts alone; 
the charts provide no means for obtaining A(pV& 
as a function of A& because in blade-element 
flow pi and (pVJ, are treated as if they were 
independent. The values of A(pV2), obtained 
from the calculation were therefore employed 
along with the specified error of lo in 6 to obtain 
the chart predictions of changes in performance. 
The values obtained from the charts for effects of 
errors in Bi and from the charts for effects of errors 
in (pV& were added algebraically, as specified by 
formula (3944. 

The design assumptions were as follows: 
(1) A4;=1.10 at rotor tip. 
(2) &=SO" at rotor tip, &=O0 at all radii. 
(3) (ri/rd~=0.5. 

13 .6lo-48.62O 
40.94~44.190 
0.512-0.752 
0.6690 .&w 
1.096-1.128 
1.388-1.445 

691-564 0-65-31 

0.5 
.6 
.7 
.8 .@ 

1 .o 

-0 &lo4 - . O M  - .om -ma6 - .m - A316 

-0 &loa - .0141 - .om - .om - . o m  - Aal8 
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0 .ti 
.6 
.7 
.8 
.e 

1.0 

in local values of (pV& of from -1.6 to 1.2 per- 
cent. The net effect of these changes was a 
general decrease in pressure ratio, and good agree- 
ment between the calculated values and those 
obtained from the charts was observed: 

-0 .m1 -0 .mu3 - .wa - .m -.om - A0126 - .0146 - .On7 - .01a - .om - .om - .01w 

It is believed that the foregoing calculation 
verifies the applicability of the design-error formu- 
las, for the given range of Mach numbers and flow 
angles, to the uses suggested in the text. 

A limitation of the design-error formulas con- 
taining the term 1-W in their denominators is 
that they are inaccurate for Mach numbers in the 
neighborhood of 1 .O. Sample calculations indicate 
that the accuracy of such formulas is good for 
Mach numbers up to at least 0.75. 

MEASUREMENT-ERROR FORMULAS 

The measurement-error formulas were checked 
by means of sample calculations and in a few 
cases by comparison with the exact formula. 

Local specific mass flow.-Calculations were 
made to compare the actual and chart values of 
A(pV,) caused by changes in static or stagnation 
pressure of 1 percent. The following values were 
obtained: 

Perc8ntohangeinpV.iOr 
Ap/p=O.ol 

calculated Fromcharts 
M 

I -2.14 - .74 

Pflreant change in pv. fa 
AP/P=O.Ol / y I  calcnlated Fromclmrts 

Formula (mA-iii, vii), which gives the effect on 
pV, of a measurement error in T, contains the 
approximation that 

Substitution of AT/T=O.Ol into the left side 
yields a value of -0.00496. Thus, for AT/T= 
0.01, formula (mA-iii, vii) yields a result only 
1.009 times the correct value. 

Similarly, formula (ma-iv, e), which gives 
the error in pV, due to a measurement error in 
@, contains the following approximation: 

For the range 0"5@560", the degree of approxi- 
mation decreases as @ increases. For the worst 
ease (B=Oo), where formula (mA-iv, viii) indi- 
cates no error in pVz, a measurement error of 
A@=l"  would actually cause an error of 0.015 
percent in pVL. This discrepancy is clearly 
negligible. For @=SO", the discrepancy between 
the values of A(pVz) obtained from formula 
(mA-iv, viii) and from the exact calculation is 
only 0.0013 percent of pVI. 

Belative air angle.-The following table presents 
a sample comparison of calculated magnitudes 
of changes in 8' with the corresponding values 
obtained from the charts (formulas (mB-i, v) 
to (mB-iv, viii)) for the specified assumed meas- 
urement errors: 

Actual From Actual 
charts ------ 

O 4  l.33 
.7 .69 '1; } 0.06 0.08 0.a 



APPENDIX B 
DERIVATION OF FORMULAS 

DESIGN-EBBQB FQBMULAS 

The derivation of formula (dF-v) is presented 
here as an example of the general procedure. 
The error in axial velocity Vz,a due to an error 
in the rotor loss parameter must be found for the 
condition of unchanging local specific mass flow. 
A formula for V,, is as follows: Rearrangement of (B2) yields 

V,,=#2(H:-ha)’/2 COS 8: 

The relative stagnation enthalpy is not 
affected by an error in 7; and, for this derivation, 
8; is held constant: 

The relative stagnation pressure PL is a function 
ai7 2 (H:-h2)-1’2 COS 8; (-%) (B1) of pi, E’, the relative enthalpy ratio Hi/H;, and 

plPi (or M I ) :  
The condition of constant (pVJa provides a 

means for evaluation of (dh&Z‘): 

(PV1)2’*I_1Z ’ ( h)’,/2(H:-ha)1/acos@~ (413) 

Differentiation of formula (413) with respect to 
lj’ yields the following: 

(B5) -- H; 

Substitution of (B5) into (B3) and rearrange- 
ment yield 

Finally, (B6), (B4), and (Bl) yield the following: 

Therefore, 

467 
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where 
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For some of the subsequent formulas of series 
d, V2,2 was used as an intermediate variable. The 
derivation of the formula for error in P2 is pre- 
sented as an example: 

Y 

Y 

)([-(E) pi Ld (l-R)] 

J 

Therefore, 

(B8) 

The term (aH2/H2), is obtained as follows: 

H ~ = H I + E - - U ~ V , ~  tan A-U,V,,, tan p1 (B9) 

Therefore, 

Combination of (BlO), (B8), and (dF-v) yields 
the following: 

MEASUREMENT-ERROR FORMdLAS 

The derivation of formula (mA-i) is presented 
to illustrate the calculation of the series m for- 
mulas. Formula (mA-i) gives the error in pV2 
caused by a measurement error in pl : 



CHAPTER XVII 

COMPRESSOR A N D  T U R B I N E  MATCHING 

By JAMES F. DUGAN, JR. 

In order that compressor operation can be found 
for spe&fid$ight conditions and a mode of engine 
operation, methods are presented for relating the com- 
pressor to the other components of four types of gas- 
turbine engines-the simple turbojet, the after- 
burning turbojet, the turboprop with coupled power 
turbine, and the turboprop with free-wheeling power 
turbine. 

The method of superposing component matching 
maps to obtain one- and two-spool gas-generator per- 
formance is dismsed, as well as simplifid methods 
for obtaining gas-generator performance. The sim- 
plijkation results from assuming constant turbine- 
inlet equivalent weight $ow and an approximate 
relation for turbine e&iency. Compressor opera- 
tion can be found from the gas-generator performance 
alone for a range of JEight conditions when the mode 
of engine operation is specifid by assigning values 
of mechanical speed and turbineinlet temperature. 

Procedures are also discwsed for (1) combining 
the gas generator with the other components of gas- 
turbine engines so that compressor operation can be 
found for a range ofJEight conditions when the operat- 
ing mode is speci,fid by assigning values of mechani- 
cal speed and exhawt-nozzle area; (2) locating a 
constant-exhawt-nozzle-area equilibrium operating 
line on the compressor performance map of a one- 
spool nonafterburning turbojet engine operated at 
static sea-level conditions; (3) matGhing the com- 
ponents of a m-spool  simple turbojet engine during 
transient operation for a speci&d$ight condition, 
a speci_lfed transient path on the compressor map, 
and a $xed exhawt-nozzle area; (4) $ding the 
compressor paths during a transient for a nonajter- 
burning two-spool turbojet for which the exhaust- 
nozzle area and inner-turbine-inlet temperature are 
maintained constant; and (6) txhulating the time 
repired to accelerate to a higher engine speed for 
both m- and two-spool turbojet engines. 

INTRODUCTION 

An axial-flow compressor is designed so that at 
a specific rotative speed and weight flow the 
desired value of total-pressure ratio is achieved 
at a high level of efficiency. As a component of 
a gas-turbine engine, the compressor is required 
to operate over a range of pressure ratios, weight 
flows, and rotational speeds during steady-state 
and transient engine operation. To illustrate this 
point, engine operation is related to the compressor 
performance map of pressure ratio plotted against 
equivalent weight flow with equivalent rotational 
speed as a parameter. During engine acceleration 
prior to takeoff when the comprmr speed increases 
from zero to the takeoff value, the compressor 
may operate in a region characterized by severe 
blade vibrations caused by rotating stall. Accel- 
eration may even be prevented by compressor 
operation outside the stable operating region 
bounded by the compressor surge- or stall-limit 
line. For subsonic flight in the stratosphere, the 
compressor may operate in a low-efficiency 
region at high values of compressor equivalent 
speed. At supersonic flight speeds, the compres- 
sor surge- or stall-limit line may be encountered 
or operation may be required in a region charac- 
terized by low compressor efficiency or dangerous 
blade vibrations. 

The purpose of this chapter is to present match- 
ing procedures so that compressor operation can 
be found for specified flight conditions and a mode 
of engine operation. (The matching procedures 
also yield the operating points of all the other 
engine components and data from which engine 
performance can be calculated.) Such methods 
are useful in selecting engine design values for 
compressor pressure ratio and weight flow. After 
the compressor performance map is estimated 
(see ch. X), it may be evaluated by employing 
matching procedures to find the region over 

Awhich the compressor will be required to operate 
469 
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for the desired mode of operation and range of 
flight conditions. Besides permitting an evalua- 
tion of compressor performance maps, the match- 
ing methods presented herein permit calculation 
of the effects of compressor changes on engine 
performance. The methods of chapter X may 
be used to estimate the effect on compressor per- 
formance of changes involving interstage bleed, 
passage flow area, or blade-setting angles. With 
the new compressor performance map and the 
matching procedures, the effect of the compressor 
change on engine performance may be found. 
In order to find where on its performance map 

a compressor will operate as part of an engine 
for a specified flight condition and mode of 
engine operation, the engine components must 
be matched. The following three approaches 
may be used to accomplish component matching. 
Regardless of the approach, four relations in- 
volving continuity of flow, power balance, speed 
of rotation, and pressure ratio are available. 

In one approach, the conventional compressor 
and turbine performance maps are employed. 
For an operating point assigned to one of the com- 
ponent maps, the corresponding points on the 
other component maps are found by satisfying the 
four matching relations. Such an approach is 
discussed in reference 12 for the turbojet engine 
and in reference 13 for the turboprop engine. 
In a second approach, the performances of the 

turbine, tailpipe, and exhaust nozzle are combined. 
The conventional compressor performance map is 
retained; and, for an operating point on this map, 
the corresponding operating points of the other 
components are found through the use of the com- 
bined performance of the turbine, tailpipe, and 
exhaust nozzle. This approach is used in refer- 
ence 348 for the one-spool turboprop with coupled 
power turbine and in reference 349 for the one- 
spool turbojet without afterburning. 
In a third approach, the combined performance 

of the compressor, combustor, and turbine is 
found. In place of the conventional compressor 
and turbine performance maps, matching maps are 
used. All possible match points are determined 
by the superposition of these matching maps. 
When the operating mode is such that the me- 
chanical speed and turbine-inlet temperature are 
specified, this approach is especially useful. For 
this type of problem, the compressor operation 

can be found from the combined performance of 
the compressor, combustor, and turbine, inde- 
pendent of the inlet, tailpipe, or exhaust-nozzle 
performance. The idea of superposition of com- 
ponent maps to achieve is used in refer- 
ences 350 to 352 for on turbine engines 
and in references 25 and 353 for two-spool gas- 
turbine engines. 

Procedures for matching the components of one- 
and two-spool turbojet engines during transients 
are presented in references 22 and 27, respectively. 
The equations and procedures in reference 354 
facilitate the computation of part-load and off- 
design-point internal performance by the use of 
automatic computing machinery. 

Much of the material in this chapter is derived 
from references 22, 25, 27, 349, and 352. General 
and simplified methods are given for matching 
compressor and turbine components of one- and 
two-spool jet engines for equilibrium operation 
(refs. 25 and 352). Procedures for combining the 
performances of the compressor, combustor, and 
turbine components to yield gas-generator per- 
formance are explained, as well as the way com- 
pressor operation can be found from the gas-gen- 
erator performance for a range of flight conditions 
when the mode of engine operation is specised by 
assigning values of mechanical speed and turbine 
temperature. In order that compressor operation 
can be found when theexhaust-nozzle area is spec- 
ified, procedures are discussed for combining the 
gas-generator performance with that of other com- 
ponents such as an inlet, a propeller, an after- 
burner, a free-wheeling power turbine, and an 
exhaust nozzle. A simplified method for locating 
a constant-exhausbnozde-area equilibrium oper- 
ating line on the compressor performance map of 
a one-spool turbojet engine operated at static sea- 
level conditions is discussed (ref. 349). The com- 
bined performance of the turbine, tailpipe, and 
exhaust nozzle is related to compressor pressure 
ratio and weight flow in several charts. Desired 
operating lines can be located on specific com- 
pressor performance maps through the use of the 
charts. A method is discussed whereby the com- 
pressor and turbine of a one-spool turbojet engine 
may be matched for a specified flight condition, 
a specified transient path on the compressor map, 
and a fixed exhaustmozde area (ref. 22). For a 
two-spool turbojet engine (ref. 27), procedures are 
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discussed for finding the compressor paths during 
a transient for which the exhaust-nozzle area and 
inner-turbine-inlet temperature are held constant. 

SYMBOLS 

The following symbols are used in this chapter: 

A 
A: 
B 

CF 

F1 
f 
9 
H 
I 
J 

K 
M 
N 
P 
P 
@ 

P 
QZ* 

R 
T 
T 

U 
V 
20 
W 
- 

B 

Y 
6 

rloa 
e 

area. sa f t  
I &  

area parameter equal to 

ratio of bleed weight flow to weight flow at 

specific heat a t  constant pressure, Btu/ 

jet thrust, lb 
fuel-air ratio at  combustor inlet 
acceleration due to gravity, 32.17 ft/secz 
total or stagnation enthalpy, Btu/lb 
moment of inertia, (lb) (ft) (set? 
mechanical equivalent of heat, 778.2 ft- 

lb/Btu 
constant 
Mach number 
rotational speed, rps 
total or stagnation pressure, lb/sq f t  

compressor inlet 

Ob) (OR) 

- 

pressure-ratio parameter equal to p3 - p4 - Pl - Po - 
p1 'P3 Po P8 

power for propeller and/or accessories, Btu/ 

static or stream pressure, lb/sq ft 
excess torque, lb-ft 
gas constant, 53.35 ft-lb/(lb)("R) 
total or stagnation temperature, OR 
temperature parameter equal to (1 -&) 

sec 

T4 (1-k.f) %d,C%d. T 

rotor speed, ft/sec 
air velocity, ftisec 
weight flow, lb/sec 
weighbflow parameter equal to 

air angle, angle between air velocity and 
axial direction, deg 

ratio of spec& heats 
ratio of total pressure to NASA standard 

adiabatic efficiency 
ratio of total temperature to NASA stand- 

ard sea-level temperature of 518.7' R 

sea-level pressure of 2116 lb/sq f t  

p density, lb/cu f t  
7 time, sec 
# turbine pressure coefficient, (Vsin @)/U 

Subscripts : 

C compressor 
& inner spool 
o outer spool 
PT power turbine 
T turbine 

Station numbers shown in figs. 325 and 326: 

0 
1 
2 

3 

4 

5 

6 
' 6a 

7 
8 

TWo-SpOOl notation One-spool notation 
ambient conditions 
outer-compressor inlet compressor inlet 
outer-compressor exit, 

inner-compressor inlet 
inner-compressor exit, compressor exit, 

combustor inlet combustor inlet 
combustor exit, inner- combustor exit, 

turbine inlet turbine inlet 
inner-turbine exit, outer- 

turbine inlet 
outer-turbine exit turbine exit 
uncoupled power-turbine 

exhaust-nozzle inlet 
exhaust-nozzle exit exhaust-nozzle exit 

exit 

Superscript : 

* critical flow conditions 

GENERAL DISCUSSION 

The four types of gas-turbine engines discussed 
in this report are the simple turbojet, the after- 
burning turbojet, the turboprop with coupled 
power turbine, and the turboprop with free- 
wheeling power turbine (fig. 325). Common to all 
four engines is the gas generator, which may be 
either the one- or two-spool type (@. 326). This 
chapter is chiefly concerned with the compressor of 
a onespool gas generator and the outer and inner 
compressors of a two-spool gas generator when 
operated as components of any of the four gas- 
turbine engines. 

In the section GENERAL METHODS FOR EQUI- 
LIBRIUM OPEBATION, a matching technique for 
the superposition of component maps is employed. 



472 AERODYNAMIC DESIGN OF AXIAL-FLOW COMPRESSORS 

Axial 
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0 
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Gas generator Tailpipe nozzle 
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(b)  
Propeller 

Gearbox 

I ~ l U , D l  I 6 7 8  

( C )  

Power 
turbine 

I 6 60 UIDI 7 8  

( d )  

(a) Simple turbojet 

(c) Turboprop with coupled power turbine. 
(d) Turboprop with free-wheeling power turbine. 

FIGUBE 325.-Gas-turbine engines. 

(b) Afterburning turbojet 

A procedure for obtaining the performance of a 
onespool gas generator is followed by an explan& 
tion of the way compressor operating points for. 
various flight conditions may be found fromthe 
gas-generator performance alone when engine 
operation is defined by setting values of mechanical 
speed and turbine-inlet temperature. The dis- 
cussion of the two-spool gas generator parallels 
that for the one-spool. In order that compressor 
operation may be determined when engine opera- 
tion is defined by setting values of exhaust-nozzle 
area and rotative speed, methods are discussed for 
matching the gas generator with the other com- 
ponents for each of the four engine types shown 
in figure 325. 

In the SIMPLIFIED METHODS FOR EQUILIBRIUM 
OPERATION, turbine-inlet equivalent weight flow 
is assumed to be constant for all operating condi- 
tions and turbine efficiency is assumed to be a 
function only of the ratio of the rotative speed to 
the square root of the enthalpy drop. Methods 

for obtaining the performance of one- and two- 
spool gas generators are discussed. 

A matching technique involving the use of the 
combined performance of the turbine, tailpipe, 

An approximate method is discussed for locating a 
constanbexhausbnoz 
ing line on the performance map 
that is part of a one-spool turbojet engine operated 
at static sea-level conditions. The charts of 
reference 349, which are needed to accomplish 
this, are included. 

In the section METHODS FOR TRANSIENT 
OPERATION, conventional compressor and turbine 
maps are used, and matching is achieved by 
satisfying the thermodynamic relations and the 
imposed conditions. A method is discussed where- 
by the compressor and turbine of a one-spool 
turbojet engine may be matched for a specified 
fiight condition, a specified transient path on the 
compressor map, and a fixed exhaust-nozzle area. 
For a two-spool turbojet engine, procedures are 
discussed for finding the compressor paths during 
a transient for which the exhaust-nozzle area and 
inner-turbine-inlet temperature are held constant. 

GENERAL METHODS FOR EQUILIJ4RIUM 
OPERATION 

In this and the following main section, which 
discusses simplified methods for equilibrium oper- 
ation, it is convenient to think of a gas-turbine 
engine as composed of a gas generator and other 
components. Sketches of one- and two-spool gas 
generators are shown in m r e  326. The addition 
of other components such as an inlet, a propeller, 
an afterburner, a free-wheeling power turbine, 
and an exhaust nozzle results in either a turboprop 
or a turbojet engine (fig. 325). 

In the discussion of the one-spool gas generator, 
the component performances are plotted in such 
a way that the maps may be superposed to satisfy 
the matching relations of continuity, power bal- 
ance, and rotational speed. A similar discussion 
appeam in references 350 to 352. In the discus- 
sion of the two-spool gas generator, two procedures 
are presented for matching the inner spool with 
the outer compressor and turbine, the inner-spool 
performance having been found by the procedures 
for the one-spool gas generator. Two+pool 
matching methods are discussed in references 25 
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and 353. The sections on compressor operation 
from gas-generator performance discuss the pro- 
cedure for finding compressor operating pointa 
when engine operation is specified by assigning 
values of mechanical speed and tur;bine-i&t, h order to match the compressor and turbine of 
temperature. When exhaust-nozzle area and me- a Partic* gas generator, the Performance Of the 
chanical speed are assigned, compressor operation Compressor, combustor, and turbine must be 
can be found for turbojet and turboprop engines known. Typical compressor and turbine per- 

as discussed in the section Matching Gas Gen- 
erator with Other Engine Componenb. 

ONE-SPOOL GAS GENERATOR 
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Stal I-limit line---.- 

Equivalent-weight-f low parameter, w4 Nr84 

(a) Compressor performance map. 
(b) Turbine performance map. 

FXG~EIE~ 327.-Performance maps. 

Continuity: 

we computed from 
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For the purpose of this conversion, it is usually 
sufficient to assume constant values of fuel-air 
ratio f, compressor-exit-bleed ratio Bar specific 
heat at constant pressure c ~ , ~ ,  combustor pressure 
ratio p 4 / p 8 ,  and 'yc. (The variation of cp,c  and 
'yc with total temperature may be accounted for 
by using charts such as those presented in ref. 
355.) 

The turbine performance is plotted as (El4- 
H J / W  against w a / &  for constant values of 
N / J c  as in figure 328(b). The ordinate is 
computed from 

H4-a 

NS /NV (427) -- Hd--Ha 64 -- 

The components are matched by superposing 
figures 328 (a) and 6) so as to satisfy the conti- 
nuity and power relations (eqs. (422) and (423)). 
The abscissas are superposed directly, whil0 
the ordinates are offset by the value of the acces- 
sory power term in equation (423). In many 
instances the accessory power term is so small that 
it can be neglected. Sometimes the value of the 
accessory power term computed for one engine 
operating condition is assumed to prevail for all 
other operating conditions. With the compressor 
and turbine matching maps overlaid, each point 
common to both maps is a possible match point 
for the gas generator. At each such point, the 
turbine-inlet to compressor-inlet temperature ratio 
T4/T1 may be calculated by using equation (424) 
and the values of equivalent speed read from the 
overlaid maps. 

Component parameters.-For each match point, 
the pressure and temperature ratios across the 
compressor and turbine may be calculated or read 
from appropriate component maps. The compressor 
pressure ratio and temperature ratio could be read 
from plots of these variables against wJ?/6, with 
N/& aa a parameter. After the turbine equiv- 
alent specific work is calculated from the values 
of (&-&)IN" and N/&, the turbine pressure 
ratio can be read from the conventional perform- 
ance map (@. 327(b)). The turbine temperature 
ratio may be calculated from 

I \ '  

Weight-flow parameter,  w4N/B4 

(a) Compressor. 
(b) Turbine. 

FIGURE 328.-Matching maps for one-spool gas generator. 

The value of c , ~  can be calculated from 

(429) 

The value of 'y is usually based on the design values 
of fuel-air ratio and the arithmetic average of the 
turbine-inlet and -outlet temperatures. If more 
precise calculations are warranted, the charts of 
reference 355 may be used to find values of T6/T4. 

For matching purposes, the value off is usually 
assumed to be a constant (its design value). 
Once the compressor and turbine are matched, 
however, the equivalent fuel-air ratio fie, at each 
match point may be found by using the values of 
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Ta/Tl and T4/Tl, an assumed fuel, a combustor 
efficiency, and combustion charts such as those 
presented in reference 355. There is no need to 
rematch the compressor and turbine, because the 
term (1 +f> changes only slightly. The compres- 
sor equivalent weight flow wl&/lil may be calcu- 
lated by using equation (425). The turbine-outlet 
equivalent weight flow may be calculated from 

The performance of the one-spool gas generator 
may be presented as plots of T4/Tl, PdPl, TaITl, 
.f/el, Pa/Pl, and w1&/& against w0 J&/60 with N/& 
as a parameter (fig. 329). 

Compressor operations from gas-generator per- 
formance.-Compressor operating points for vari- 
ous flight conditions may be found from the gas- 
generator performance alonc if engine operation 
is defined by setting values of mechanical speed 
Nand turbine-inlet temperature T4. For a partic- 
ular flight condition (altitude and Mach number), 
values of Tl and el can be found. From k u r e  
329 and values of T4/Tl and N/&, a value of 
W0&/lig is read. Then, from values of w0&& 

and N/&, values of Palp1 and wl&/'lsl are read. 
Thus, for each flight condition the compressor 
operating point can be located. 

One-spool matching methods are applied to 
specific equilibrium problems in references 356 to 
360. 

TWO-SPOOL GAS GENERATOR 

A schematic of a two-spool gas generator is 
shown in figure 326(b). The outer compressor 
and outer turbine are mounted on a common shaft. 
Hereafter, these components are called the outer 
spool. The inner compressor and the inner tur- 
bine are mounted on a second shaft that is not 
coupled mechanically to the shaft of the outer 
spool. In airplane engines, the outer-spool shaft 
is inside of and concentric with the hollow shaft 
of the innerspool. Between the inner compressor 
and inner turbine is the combustor; taken to- 
gether, these components comprise the inner spool. 

In matching the components of a two-spool gas 
generator, it is convenient to match the com- 
ponents of the inner spool and then match the 

AXIAL-FLOW COMPRESSORS 

inner-spool with the outer-spool components. 
The inner-spool components are matched accord- 
ing to *he procedures for matching the compo- 
nents of a one-spool gas generator. Notice that 
engine stations 1, 3, 4, and 6 for the one-spool 
gas generator are replaced by 2,3,4, and 5 for the 
inner spool of a two-spool gas generator (fig. 326). 
The manner in which inner-spool performanceis 
presented is determined by the method employed 
to match the outer-spool components. Two 
procedures are discussed for matching the outer- 
and inner-spool components. In the first pro- 
cedure, an inner-spool operating point is assigned 
and matching With the outer compressor and outer 
turbine is achieved directly. In the second 
procedure, which involves a trial-and-error step, 
an outer-compressor operating point is assigned so 
that the gas-generator performance for constant 
values of outer-spool equivalent speed results. 

Direct method of matching outer and inner 
spools.-The two-spool matching problem becomes 
one of matching the outer spool with the inner 
spool. Because of the aerodynamic coupling 
between the two spools, specifying two inde- 
pendent conditions determines the operating 
points of all the components. If an operating 
point is assigned to the inner spool, outer-spool 
matching is achieved directly. For this approach 
it is convenient to express the power and con- 
tinuity relations with regard to the outer 
compressor and outer turbine, respectively, as 

Ha-Hi 1 
N", (1--Bz) (l--Ba) (l+f) 

(432) 

Constant values of compressor bleed at  stations 
2 and 3 and fuel-air ratio may be chosen. The 
matching map for the outer compressor is shown 

N,1(1-&)(1--Ba)(l+f) is in figure 330(a). Here 

plotted against log (wlNo/&) for lines of constant 
equivalent speed No/& and constant equivalent 
weight flow w2&/li2. For the matching map of 
the outer turbine, (H6-H0)/lV,1 is plotted against 

Hz--Hi 
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Turbine-outlet equivalent weight flow, ws 186 

log (w&o/65) wit% w5&/& and No/& aa pa- weight flow w5&/i& with N f / a  and P5/Pz as 
rameters (fig. 330(b)). In order to match the parameters. Inner-spool operation is, of course, 
outer-spool components with the inner spool, limited by the equivalent flow that can be passed 
the matching map of the inner spool is plotted by the outer turbine. 
88 in figwe 33o(C). Here, inlet equivalent weight With these three matching maps (fig. 330), the 
flow wz&/& is plotted against outlet equivalent match points of the two-spool gas generator can be 
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* - I  

Equivalent weight flow, w 5 4 / S 5  

(a) Outer compressor. 
(b) Outer turbine. 
(c) Inner spool. 

Fi~rrarp 330.-Matching maps ford irect method of matching outer and inner spools of two-spool gas generator. 

found. superposed so as to satisfy equations (431) and 
on @e 330(c). The values of wa&/&, (432). The ordinates of figures 330(a) and (b) 

An inner-spool operating point is assigned 

and 5 are noted, and the value of log Pa 
are offset by the value of the accessory power term 
in equation (431), and the abscissas are offset by 
the calculated value of the term 

1 1 PdPa 

is calculated. The outar-compressor and outer- 
turbine matching maps (figs. 330(a) and (b)) are The operating points of the outer compressor and 
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the outer turbine corresponding to the assigned 
inner-spool operating point are at the intersection 
of the appropriate lines of constant w24&/6, and 
w,&/&. In using this procedure, it has been 
found convenient to assign several values of 
w5&/& for each selected value of w2&/& in figure 
330(c). Choosing pairs of values for w2&/& and 
w5&& in this way dictates the values of these 
parameters to be used in plotting lines of constant 
equivalent weight flow in figures 330(a) and (b). 
Use of this direct method of matching outer and 
inner spools or of the iterative method, which is 
described in 'the following paragraphs, is a matter 
of personal preference. 

Iterative method of matching outer and inner 
spools. An alternative procedure for matching 
the outer-spool components with the inner spool 
may be employed by assigning the outer-compres- 
sor operating point rather than that of the inner 
spool. For this procedure, the matching maps of 
& n e  331 are used. The outer-compressor per- 
formance is plotted as (H2-H1) /X  against WZ&&Z 
with No/& as a parameter (fig. 331(a)); the per- 
formance of the outer turbine is plotted as (H5-H6) 
/R against wJV0/& with No/& as parameter (fig. 
331(b)); and inner-spool performance is plotted 
as w24&, against w5&/6, for constant values of 
Nt/& and T5/T2 (fig. 331(c)). 

The inner- and outer-spool components may be 
matched by employing an iterative procedure in 
conjunction with the matching maps of figure 331: 

(1) An operating point is assigned on the outer- 
compressor map (@. 331 (a)) from which values of 
w2&/&, No/&, and (H2-Hl)/Nz are read. 

(2) The value of ( H 5 - H 6 ) / R  is calculated from 
equation (431). 

(3) The value of T2/Tl is calculated from 

(4) A trial value of No/-& is assigned. 
Because assigning the outer-compressor opera- 

ting point determines the operating points of all 
the other components, assuming a value of N o l a  
is an overspecification and will lead to a contra- 
diction if an incorrect value is assumed. 

(5)  A value of w$Vo/& is read from figure 331 (b) 
for the values of (H5-H6) /x  and No/&. 

(6) A value of w5&S5 is calculated from the 
values of w&o/S, and No/f16. 

(7) A value of T6/T2, which depends on the inner- 
spool performance, is read from figure 331(c) for 
the values of wZfi2/& and w5&/&. 

(8 )  A second value of T6/T2, which depends on 
the relation between the outer compressor and 
outer turbine, is calculated from 

If this does not equal the value from step (7), 
steps (4) to (8) are repeated until agreement is 
reached. In using this procedure, it has been 
found convenient to assign outer-compressor 
operating points along lines of constant outer- 
spool speed and to calculate first the match points 
for the higher values of w24&/62. As lower values 
of w 2 4 &  are assigned at a fixed speed No/&, 
higher values of w5&/& will result until the critical 
value is reached. From this point on, all lower 
selected values of w2&/ti2 wi l l  be accompanied by 
the critical value of w5&/&. 

Variable pressure losses in primary com- 
bustor.-The matching procedure for the two- 
spool gas generator may also be applied for either 
a one-spool generator or the inner spool or a two- 
spool generator when large, variable pressure 
losses occur in the primary burner. For these 
conditions, curves analogous to figure 330(c) 
would represent the combuster characteristics. 

Component parameters.-For each match point 
of a two-spool gas generator, the pressure and 
temperature ratios across the components may be 
calculated or read from appropriate component 
maps. If the iteratjve prowdure is used for 
matching the b w  spool with the outer compo- 
nents, the following values are known for each 
match point: 

The outer-compressor pressure ratio may be 
read from a plot of Palpl against w2&/& with 
No/& as parameter. Inner-compressor equiv- 
alent speed Nt/& may be read from figure 331 (c). 
The values of P$P2, Ta/Ta, TdT2, and PsIP2 may 
be read from plots of these variables against 
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J (0 )  
Equivolent weight flow, w2"/g,/8, , 

Weight-flow parameter, w5N0/a5 

(c 1 
Equivalent weight flow, w 2 n 2 / f j 2  

(a) Outer compressor. 
(b) Outer turbine. 
(c) Inner spool. 

FIGURE 331.--Matching maps for iterative method of matching outer and inner spools of two-spool gas generator. 
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WbJ&/& with Nf/& as a paranieter. The outer- 
turbine pressure ratio may be read from a plot of 
P6/P6 against (H,-&)/N: with No/& as a param- 
eter. Outer-turbine temperature ratio may be 
calculated from 

The equivalent fuel-air ratio f/Ol at each match 
point may be found by using the values of T4/Tl 
and T8/Tl, an assumed fuel, a combustor efficiency, 
and combustion charts such as those presented in 
reference 355. 

The performance of the two-spool gas generator 
may be presented as plots of T4/Tl, P6/Pl, T,/Tl, 
f/O,, and wl&/Sl against w6&/& with No/& 
as a parameter and a plot of Nt/& against T4/Tl 
with No/& as a parameter (fig. 332). 

Compressor operation from gas-generator per- 
formance.-The outer- and inner-compressor oper- 
ating points at an assigned flight condition may 
be found from the gas-generator performance if 
engine operation is specified by assigning values of 
outer- or inner-spool mechanical speed and inner- 
turbine-inlet temperature. From the assigned 
flight condition are found values of el and TI. 
From the assigned engine operation, values of 
No/& or Nil& and T4/Tl are calculated. If 
No/& and T4/Tl are known, a value of w6&/66 is 
read from fi,we 332(a). If NI/& and T4/Tl are 
known, a value of No/& is read from figure 
332(d); and then, using the values of No/& and 
T4/Tl, a value of w6&/86 is read from figure 332(a). 
Values of Pz/Pl, w1&/&, Palpz, and w2&/& are 
read from plots of these variables against w6&/66 

with No/& as a parameter. Thus, for each flight 
condition, the outer- and inner-compressor operat- 
ing points may be found. In reference 26, two- 
spool matching methods are used to investigate 
the effect of design over-all compressor pressure 
ratio division on two-spool turbojet-en,~e per- 
formance and geometry. 

MATCHING GAS GENERATORS WITH OTHER ENGINE 
COMPONENTS 

To determine compressor operation when ex- 
haust-nozzle area and mechanical speed are as- 
signed, the gas generator must be matched with the 
other engine components. For either the one- or 

691-564 0-65-32 

the two-spool gas generator, the following gas- 
turbine engine cor@prations are possible : 

(1) Simple turbojet, where gas generator is 
preceded by inlet diffuser and followed by 
tailpipe ‘and exhaust nozzle (fig. 325(a)) 

(2) Afterburning turbojet, where afterburner 
replaces tailpipe of simple turbojet (fig. 
32503)) 

(3) Turboprop with coupled power turbine, 
where propeller is geared to gas-generator 
shaft (@. 325(c)) 

(4) Turboprop with free-wheeling power tur- 
bine, where propeller is geared to shaft of 
free-wheeling power turbine (fig. 325(d)) 

Methods for matching the gas generator with 
the other engine components for each of these 
engine configurations are discussed. By using 
these methods, compressor operation can be deter- 
mined for various flight conditions when engine 
operation is specified by assigning values of ex- 
haust-nozzle area and mechanical speed. 

Simple turbojet.-The gas generator of a simple 
turbojet may be matched with the other compo- 
nents by using three plots, one each for the inlet 
cmd the gas generator and II combined mcip for 
the tailpipe and exhaust nozzle. The performanca 
of a fixed-geometry diffuser inlet is shown in 
figure 333(a), where pressure ratio Pl/po is 
plotted against equivalent weight flow w1&/& 
with free-stream Mach number Mo as parameter. 
Gas-generator performance is plotted as log (P6/P1) 
against w6&/& with No/& as parameter (fig. 
333(b)). The combined map for the tailpipe and 
exhaust nozzle is shown in figure 333(c), where 
log (P&O) is plotted against ?&A/& for a fixed 
exhaust-nozzle area. 

From figure 333(a), trial values of Pl/po and 
wl&/61 are read for the assigned flight Mach 
number. Figures 333 (b) and (c) are superposed: 
the ordinates are offset by the value of log (Pl/po), 
while the abscissas are superposed directly. The 
value of w&/& is read from the overlaid maps at  
the intersection of the hed-exhaust-nozzle-area 
curve and the appropriate constant-speed line. 
(The value of No/-& may be calculated from the 
assigned value of Mo, altitude, and No.) A gas- 
generator plot of w1&/& against w&/& with 
No/& as a parameter yields a value of w1&/&. 
If this value of wl&/iil is not equal to the trial 
value, the process is repeated. When the two 
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FIGUEE 332.-Two-spool gas-generator perforrnanae. 

values of wl&,/81 agree, the gas generator is 
matched with the other engine components for 
the assigned fight condition and mode of engine 
operation. The outer- and inner-compressor oper- 
ating points may now be found by reading values 
of P2/P1, Palp2, and w&/a2 from plots of these 
variables against w&/& with N J f i  as a para- 
meter. 

Afterburning turbojet.-The procedures for the 
afterburning turbojet are the same as for the 
simple turbojet. The combined map for the 
tailpipe and exhaust nozzle is replaced by the 
combined map for the afterburner and exhaust 
nozzle. 

Turboprop with coupled power turbine.-When 
the propeller is geared to the compressor shaft of 



co 

(c 1 
Equivolenf weight flow, w6 4 / 8 6  

are assigned: flight Mach number and altitude, 
propeller power @, shaft speed of power turbine 
NpT, and exhaust-nozzle area. The discussion is 
for a turboprop having a two-spool gas generator; 
the procedure is essentially the same for a turbo- 
prop having a one-spool gas generator. 

(1) Values of T,, e,, and po are found for the 
assigned M, and altitude. 

(2) A trial point is assigned in figure 333(a) 
for the assigned Mo, and values of Pl/po and 
wl JiC//sl are read at  this point. 

Over much 
of its operating range, the power turbine operates 
at a fixed value of w,&/&. 

(4) A value of No/& is read from figure 332(f) 
for the values of w&/& and wl-&/Sl. 

(5) Values of P6/Pl and T6/Tl are read from 
figures 332 (c) and (e) for the values of WS&/& 
and No/&. 

(6) The power-turbine equivalent speed NpT/ 
& is calculated from 

(3) A value of w&/& is assumed. 

is calculated from 

334(a) for the values of NpTJ& and (H,-Hs,)/&. 
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wheeling power turbine. 

(9) A value of w6&/66 is calculated from 

(4 

(12) A value of P6&/pO is calculated from 

A value of (w&/S),, is read from figure 
) for the calculated value of P6a/pO (step 

If this does not equal the value from step 
(2) to (14) are repeated until agreement 

e compressor operating points can be 
found by reading values of P2/Pl ,  Palp2, and wad% 
from gas-generator plots of these variables against 
w6&/66 for constant values of N,/&. 

Turbojet- and turboprop-engine performance.- 
After the gas generator has been matched with 
the other turbojet-engine components, the airflow, 
the pressure, and the temperature a t  the exhaust 
nozzle are known. The jet thrust Fj can be 
found from the following equations (ref. 364), 
which relate Fj/w to P8/po: 

For a complete-expansion nozzle, 

1 .V-1 

and for the convergent nozzle a t  supercritical 
pressures, 

c 

A 
gi 
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found by deducting the momentum of the inlet 
air from the jet thrust. 

Fuel flow can be computed by multiplying air- 
flow by fuel-air ratio. The fuel economy expressed 
as thrust specific fuel consumption is simply the 
ratio of fuel flow to thrust. 

After the gas generator has been matched with 
the other turboprop-engine components, the shaft 
power, jet thrust, and specific fuel consumption 
can be calculated from the equations derived in 
appendix D of reference 348. 

SIMPLIFIED METHODS FOR EQUILIBRIUM 
OPERATION 

In this section, simplified methods are presented 
for obtaining the performance of one- and two- 
spool gas generators. The simplification consists 
in making several assumptions regarding turbine 
performance. The equivalent weight flow at  the 
turbine inlet is assumed constant for all operating 
conditions. This implies that the turbine nozzles 
are choked. Most one-stage turbines operate a t  
nearly constant equivalent weight flow for all 
turbine pressure ratios greater than 2.0, while 
many multistage turbines operate a t  nearly con- 
stant equivalent weight flow for all turbine 
pressure ratios greater than 2.5. Only during 
starting conditions are turbines normally required 
to operate at pressure ratios less than 2.0 or 2.5. 
The accessory power is assumed to be zero. Nor- 
mally it is so small that negligible error is intro- 
duced by considering it to be zero. The turbine 
efficiency is assumed to vary accordmg to the 
following equation: 

where 

a 

b -a18 

design value of turbine efficiency 

(445) 

C 

This approximation is quite good over much of 
the turbine performance map. Near limiting 
loading, however, actual turbine efficiencies are 
much lower than those calculated from equation 
(445). Once the gas-enerator performance is 

obtained, the matching with the other engine 
components is achieved as described in the 
preceding section. 

ONESPOOL GAS GhXERATOR 

Design point.-From a given compressor per- 
formance map, the compressor operating point is 
selected for the engine design conditions of the 
one-spool gas generator. The design value of 
turbine efficiency is specified as well as the design 
value of turbine to compressor temperature ratio 
TJT,. Design values of w44JS4 and N/ Jm 
are calculated from 

N 

Constant values of B3, f, and P4/P3 are usually 
adequate. The w4 J&//s4 value from equation (446) 
is assumed to be constant for all operating condi- 
tions. The N / d m  value from equation (447) 
is equal to the constant c in equation (445). 

Off-design points.-For each compressor operat- 
ing point, the corresponding turbine operating 
point may be found by the following steps: 

(1) A value of TJT, is calculated from equation 
(Mf3 - 

(2) The turbine temperature ratio is calculated 
from 

C,c ( 2 - 1 )  
X I - .  (448) 

T4 
CP, T ( 1 + f )  (I-&) T4 

(3) A value of N1J-i is calculated from 

(4) A value of qa4 is calculated from equation 
equation (447). 

(445). 

from 
(5) The turbine pressure ratio is calculated 

(449) 
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The gas-generator parameters wa&/6,, PO/Pl, and 
T6/Tl are calculated from 

(451) 

(452) 

As discussed previously, the equivalent fuel-air 
ratiof/O1 may be found from values of T3/Tl and 
T4/Tl, an assumed fuel, a combustor efficiency, 
and combustion charts such as those presented 
in reference 355. 

Thus, for a range of weight flow wl&/S1 at each 
compressor speed N/&, the values of w6&lSSJ 
T,/Ti, T,/Ti, p6/plJ p d p i J  and .fh may be found. 
The gas-generator performance can be represented 
by Plots of wi&/6iJ TdTi, TdTi, pdpi, pdpiJ and 
j /e1 against w6&/66 for constant values of N/& 
(fig. 329). 

TWO-SPOOL GAS GENEBATOB 

For the two-spool gas generator, the outer- and 
inner-compressor performance maps are given, 
and the compressor operating points for the 
engine design conditions are selected. The de- 
sign value of turbine to compressor temperature 
ratio TJT, is specified as well as the design values 
of outer- and inner-turbine efficiency. 

Inner-spool matching.-The performance of the 
inner spool is obtained as described previously; 
engine stations, 1, 3, 4, and 6 for the one-spool 
gas generator are replaced by stations 2, 3, 4, and 
5 for the inner spool of the two-spool gas gen- 
erator. The design value of w5&#5 is read from 
the inner-spool performance plot for the design 
value of P3/P2 and Nil&. This value of w5&/& 
is assumed to be constant for all operating con- 
ditions. 

Because the inner-spool-outlet equivalent weight 
flow w5fi&5 is assumed constant, inner-spool per- 
formance may be presented aa plots of w2fi2/&, 
Pa/P2, P,/Ps, Ts/T2, and TJT2 against N i / 6  for 
the design value of w6fi&. 

Outer-spool matching.-The outer-spool com- 
ponents are matched with the inner-spool per- 
formance by first assigning values of wl&/61 at 

each speed No/&. At each point, the outer-com- 
pressor performance is known. The equivalent 
weight flow w2&/&, which is common to the 
outer compressor and inner spool, is calculated 
from 

From the inner-spool performance curves, values 
of Nil& and T6/Ta are read. 

The outer-turbine temperature ratio T6/T5 is 
calculated from 

WlCP.& (8-1) 
(454) -=I- TB 

T5 Trj T2 
Tz TI WSCp,oT - - 

where w5=w1 (1 -&)( 1 -B3) (1 +a. From the 
design value of qad,oT and the design value of 
No/dH5- H6, which is calculated from 

d(1-B~) (1 -.&I (1 +f) 
(455) No -16 

J-- dCP,.,518.7 (2-1) 

the constants of equation (445) can be evaluated 
for use with the outer turbine. Outer-turbine 
efficiency may be calculated from equation (445) 
after No/d- is calculated from equation 
(455). Outer-turbine pressure ratio is calculated 
from 

From the component operating points, the two- 
spool gas-generator performance may be calcu- 
lated and plotted as in figure 332. 

If the assumption that outer-turbine-inlet 
equivalent weight flow is constant for all engine 
operation does not appear to be valid, an approxi- 
mation such as that described in EQUILIBRIUM 

JET may be used. One of the curves representing 
the variation of turbine-inlet flow with turbine 
total-pressure ratio is selected. The value of 
equivalent weight ow at the outer-turbine inlet 
that is used in the matching procedures must 

OPERATING LINE OF ONE-SPOOL TURBO- 
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agree with the value read from the selected curve 
and the calculated turbine pressure 
approximation is used for the outer t 
the inner-spool performance must be presented as 
plots of WZ&/&, Pa/Pz, P5fPz, T5/Tz, and T4/TZ 

against Ntf& for constant valu 
EQUJLIBEIUM OPERATING LIN 

TURBOJET 

a constant-exhaust-nozzle-area equilibrium oper- 
ating line on the performance map of a compressor 
that is part of a one-spool turbojet engine operated 
at static sea-level conditions. In this method the 
performance characteristics of the combustor, 
turbine, and exhaust nozzle are simplified in order 
to obtain charts from which an equilibrium oper- 
ating line can be obtained for specified design 
conditions and the compressor map. 

The charts of reference 349 are shown in figures 
335 to 338. In figure 335, turbine pressure ratio 
P4/P6 is plotted against (Palpl) (P41P3) (Pllpo) 
(po/Ps) with PdPs and (As/&) (W*/W>~(W~/WS> as 
parameters. This represents the combined per- 
formance of th turbine, tailpipe, and simple 

bine polytropic efficiency of 0.85 was assumed, and 
the total-pressure drop in the tailpipe was assumed 
to vary according to 

A method is given in reference 

convergent exha L t nozzle. For this chart a tur- 

(457) 

The value of K was set by assigning P6/PS=1.05 
for sonic velocity at the exhaust-nozzle exit. A 
constant value of 413 was assigned to y4 and ys. 

In figure 336, which relates the compressor with 
the rest of the engine, (l-B8)(1+f)(Td/Tl) 
l]ad,fl@ T is plotted against compressor pressure 

PdP6 as parameters. The bearing losses and 
accessory power are assumed to be negligible. 
The pressure ratio PJp0 was taken equal to unity, 
and the combustor pressure ratio PdP8 was taken 
equal to 0.97. 

compressor pressure ratio and the perf 
the combustor, turbine, tailpipe. and exhaust 

ratio p8/p1 With (&/A,) (w*/'@4(w4/wS)i P S l P S i  and 

The compressor weight flow is 

The two single-stage curves are theoretical varia- 
tions computed for two values of the turbine 
parameter $TqdT/Sin2 B4 of 1.5 and 2.0. Oper- 
ating lines for two- or three-stage turbines would 
be between those for the single-stage turbine and 
that for the multistage turbine. 

USE OF CHARTS FOR DESIGN POINTS 

The following procedure may be used to find 
the design values of As/& and As once the design 
conditions are specified: 

(1) Design values are selected for P3/Pl, 
wi&/&, T4/Ti, %/WR, qaa, T, B3, 8nd.f. 

(2) Compressor efficiency 7ad.C is read from the 
compressor map. 

(3) The .design value of T=(l-B,)(l+f) 
( TJT1)qacqa#, T is CalculatEd. 

(4) The design value of A=ARIA~(w*Iw)~(w~/w~ 
is read from figure 336 for the known values of T 
and P3/P1. 

- 

(5) The design value of 

E=J(1-&) (1 +f)ITad.dad, T (WSIW~) 
(A*/As) (Wlhl ~1A1) 

is read from figure 337 for the known values of 
and Palpl. 
(6) A value of .f; is calculated assuming 

PolPs=l.O. 
(7) If the point read figure 335 for the 

known values of and to the left of the 
h e  P~/p~=1.85, a value of PdP6 is read at t h i  

If the point read from figure 335 for the known 
values of ?1: and 'I; lies to the right or on the line 

point. 
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Ps/p8= 1.85, a value of PAP6 is read for the design 
value of along the line Ps/p8= 1.85. 

i8) The design value of (W/W*>~ is read from the 
proper curve in figure 338 for the design value 
of P,/P,. 

(9) The design value of As/& is calculated from 
known values of X, (w/w*),, and w4/w8. 

(10) The design value of As is calculated from 
known values of z, t(1-&)(1+j)l, q a d , d a d , T ,  

(w8/w4), and w1 I&/&. 
USE OF CHARTS FOE OFF-DESIGN POINTS 

The following procedure may be used to locate 
equilibrium operating points on the compressor 
map for operation with the design values of A8 
and ASIAd at compressor pressure ratios higher or 
lower than design: 

( 1 )  A value of Pa/P1 is selected. 
(2) A trial value of 2 is chosen. Although the 

values of A8/A4 and w4/w8 are known, the value of 
(W/W*)~ is not known. 

(3) A value of 7 is calculated assuming 
P,lPs= 1.0. 

(4) If the point read from- figure 335 for the 
values of 3 and lies to the left of the line 
Ps/pa= 1.85, a value of P4/P6 is read at this point. 

If the point read from figure 335 for the values 
of ‘II and 7 lies to the right or on the line 
Paks=1.85, a value of P4/P6 is read for the value 
of A along the line P8/p8= 1.85. 

(5)  A value of (w/w*)* is read from figure 338 
for the value of P,fP,,. 

(6) A value o f 7  is calculated from the values of 
As/A4, w4/wg, and (w/w*),. If the calculated2 
does not equal the trial value o f 2  from step (2), 
steps (2) to (6) are repeated until agreement is 
reached. 

(7) The weight-flow parameter Z is read from 
figure 337 for the known values of Palp1 and 2. 

(8) A value of q,,d,C is estimated from the com- 
pressor map for the known value of P3/Pl. 

(9) The compressor weight flow #&hi is cal- 
culated from values of Z, [(l--Ba)(l+j)], 
qactcqaa T ,  (wslwd, and As. 

(10) A value of tad, is read from the compressor 
map for the values of P3/P1 and wl&6,. If this 
does not equal the estimated value of qclac from 
step (8), steps (8) to (10) are repeated until 
agreement is reached. 

( 1 1 )  The desired equilibrium operating point 
can be located on the compressor map from the 
values of P,/Pl (step ( 1 ) )  and wlJe7/s, (step (9)). 

METHODS FOR TRANSIENT OPERATION 

Two problems are treated in this section. 
A method is discussed whereby the compressor 
and turbine of a one-spool turbojet engine may 
be matched for a specified flight condition, a 
specified transient path on the compressor map, 
and a fixed exhaust-nozzle area (ref. 22). For a 
two-spool turbojet engine, procedures are discussed 
for Snding the compressor paths during a transient 
for which the exhaust-nozzle area and inner- 
turbine-inlet temperature are held constant (ref. 
27). 

ONESPOOL TURBOJET 

Up until now, Compressor operation has been 
found for a specified flight condition and mode 
of engine operation. For a given flight condition, 
the compressor equilibrium operating point was 
fixed by assigning two quantities such as mechani- 
cal speed and turbine-inlet temperature or me- 
chanical speed and exhaust-nozzle area. Now, 
compressor operation is scheduled. During a 
transient, the power-balance relation no longer is 
valid, so that three quantities must be assigned. 
For a given flight condition, the desired transient 
path on the compressor map is specified by assign- 
ing values for mechanical speed and compressor 
pressure ratio. The exhaust-nozzle area is as- 
signed to be constant during the transient; 
this accounts for the third quantity. 

At each speed, the excess torque is calculated 
after the turbine operating point has been found 
for the assigned compressor operating point. 
For known values of moment of inertia and excess 
torque at each speed, the time required to accel- 
erate (or decelerate) along the specified path 
may be calculated. Such calculations indicate 
whether the specified path on the compressor 
map is acceptable with respect to transient opera- 
tion. If, for a given engine configuration, the 
time to accelerate is found to be excessive, various 
schemes may be tried to improve the engine 
accelerating characteristics. These schemes will 
involve changes in component performance or 
a rematching between the compressor and tur- 
bine, or both. The effect of these changes on 
the engine accelerating characteristics may be 
calculated by rematching the compressor and 
turbine. 

Compressor operation.-The steady-state oom- 
pressor and turbine maps are assumed to be valid 
during transient operation. The aerodynamic 
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Equivalent weight flow, ?al/ ;SI 

FIQURE 339.-EquiIibrium and acceleration paths on 
compressor map. 

adjustments are assumed to occur much faster 
than the mechanical adjustments. An accelera- 
tion is considered such that the compressor oper- 
ates along the path abcd shown in figure 339. At  
a given speed N/&, the compressor operating 
point is known, so that the value of wrNIG, may 
be calculated from 

where the fuel-air ratio and combustor pressure 
ratio are usually assumed constant. 

Turbine operation.-At this point in the proce- 
dure, one turbine parameter is known. The sec- 
ond turbine parameter required to define turbine 
operation is found in an indirect manner. At the 
known value of W&'V/~~, several values of turbine 
pressure ratio P4/P6 are selected from the turbine 
performance map (fig. 340). For each PdP6 
selection, values of N/fi4 and (H4-H6)/04 are 
read. The following calculations are made: 

H4-B6 

(460) b=+ 64 
T4 c , T  518.7 

The nozzle equivalent weight flow is calculated 
from 

The values of Ts/ 
formance chara 
haust nozzle. A s 
for many applications results from taking T8/T6= 1 
and p8/P6=0.95. 

The exhaust-nozzle pressure ratio is calculated 
from 

The value of Po/po is known from the specified 
flight Mach number. Inlet performance yields a 
value of P,/Po. For all values of P8/po less than 

#- - 1  

or equal to the critical value I( ~ ) * = ~ ~ ) ~ ~ ,  
3=% and the effective area of the convergent 
Po P8 - -  - 
exhaust nozzle As is found as follows: 

(1) Ma is found from 

(2) (w&/6A)8 is found from 

Equivalent-weight-flow parameter, w4 N/Ss 

FIQTJW 340.-Turbine performance map. 
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(3) Exhaust-nozzle area is calculated from 

When P$PO is greater than critical, the critical 
value of w,@A is used in step (3). Nozzle area 
is plotted against turbine pressure ratio, and the 
value of PJP6 for the assigned & is read. Thus, 
the turbine operating point can be found for each 
compressor operating point along the assigned 
acceleration path. 

Time to accelerate.-At each point along the 
assigned acceleration path, the excess torque 
available may be calculated from 

The actual values of weight flow abd speed are ob- 
tained from the equivalent values and the values of 
e, and a,, which are known for the assigned fight 
condition and inlet performance. 

The time to accelerate along the path b to c 
(fig. 339) is found from 

where the moment of inertia I is a physical con- 
stant of the engine. The acceleration of a high- 
pressure-ratio one-spool turbojet engine as de- 
termined from component performance charac- 
teristics is investigated in references 22, 23, and 
365. 

TWO-SPOOL TURBOJET 

For a two-spool turbojet engine, procedures are 
discussed for finding the compressor paths during 
a transient for which the exhaust-nozzle area and 
inner-turbine-inlet temperature are held constant. 
The component performance maps for equilibrium 
operation are assumed to be valid for transient 
operation. For equilibrium operation of a two- 
spool turbojet, the specification of two quantities 
fixes its operation. For transient operation, four 
quantities are required, as the power-balance con- 
dition for each spool is no longer valid. At the 
beginning of a transient, the outer- and inner-spool 

equivalent speeds are assumed to be the equi- 
librium values. These values of speed, together 
with the assigned values of inner-turbine-inlet 
temperature and exhaust-nozzle area, fix the opera- 
tion of each of the components. The excess 
torque acting on each spool can then be calculated. 
The outer- and inner-spool speed increments 
occurring during a small time interval are found 
from the excess torque and moment of inertia for 
each spool. The new values of outer- and inner- 
spool speed, together with the constant values of 
inner- turbine-inle t temperature and exhaus t-noz- 
zle area, determine the operation of each of the 
components at the new time. The process is re- 
peated until the desired end value of outer-spool 
speed is attained. It is a step-by-step procedure, 
then, and iterations are part of each step. 

Thus for a specified flight condition and assigned 
values of inner-turbine-inlet temperature and ex- 
haust-nozzle area, the transient paths on the com- 
pressor maps and the time required to traverse 
these paths may be calculated. From such calcu- 
lations one can estimate whether or not an accept- 
able compromise can be reached between surge-free 
operation and time to accelerate for a given two- 
spool turbojet engine. 

Compressor operation.-For a specified flight 
condition, initial values of No/&, NJ&, T4, and 
As, and the specification that T4 and As are main- 
tained constant during an acceleration, the follow- 
ing procedures may be used to find the outer- and 
inner-compressor operating paths and the time 
required to accelerate to a higher engine speed: 

(1) Values of No/&, Nt/&, T4, and As are 
specified. 

(2) A trial value of w&/& is selected. 
(3) A value of T2/T, is read from a plot of T2/Tl 

(4) A value of Nr/& is calculated from values 

(5) A value of Palp2 is read from a plot P3/P2 

(6) A value of T4 is calculated from 

against m&/S2 for constant values of No/&. 

of Nt/& and T2/Tl. 

against w2&/& for constant values of Nil&. 

The value of TI is found from the specified flight 
condition. The assumption of constant values 
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for B3,f, and PJP, is usually adequate. The value 
of w4fiJ64 is assumed to be the design value. 
(The validity of this assumption may be checked 
when the inner-turbine operating point is found.) 
If the value of T4 calculated from equa 
does not equal assigned TI value 
steps (2)  to (6) repeated until ag 
reached. 

Turbine operation.- 
(7) A value of Nil& is calculated from values 

of Nil& and T4/Ti. 
(8) A trial value of PJP, is selected. If the 

proper value is chosen, the value of exhaust- 
nozzle area calculated later in the procedure will 
check with the specified value of 4. 

(9) A trial value of P4/P5 is selected. 
(10) A value of T4/T5 is read from a plot of 

T4/T, against Nil& for constant values of PJP,. 
(11) A value of No/& is calculated from 

(12) A value of P6/P6 is calculated from 

P4 

(13) A value of w$v,/65 is calculated from 

(471) 

(472) 

(14) A value of w$Vo/6, is read from a plot of 
wJVo/66 against No/& for constant values of 
p,/P6. If this does not equal the value of flow 
parameter calculated from equation (473) in 
step (13), steps (9) to (14) are repeated until 
agreement is reached. 

(16) A value of T6/T5 is read from a plot of 
T6/T5 against No/& for constant values of P#6. 

and nozzle equivalent specific weight flow as 
discussed for the one-spool turbojet. If the cal- 
culated value of 1$ does not equal the specified 

value, steps (8) to (16) are repeated until agree- 
ment is reached. When the selection of P4/P6 
is found to be compatible with the specified 
exhaust-nozzle area, the operating point of each 
of the two-spool components is known at the 

e to accelerate m the component 

calculated. The specified flight condition and 
inlet performance yield values of e, and 6, that 
can be used to convert equivalent-speed and equiv- 
alent-weight-flow values to actual values. Outer- 
and inner-spool excess torque are calculated from 

( l-+p, ,Ti (2- l)] (474) 

Speed increments in No and N f  for a specified 
time interval are defined by 

Because the continuous variations of QZs,. and 
with time are not known, an approximation 

is introduced. Trial increments in No and N i  are 
defined by 

The time increment AT is selected so as to result 
in reasonable speed increments. If AT is made too 
large, the procedure becomes inaccurate, as 
evidenced by large irregularities in the points 
that define the transient paths on the compressor 
maps. If AT is made too small, more points will 
be calculated than are necessary to define the 
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transient paths. In reference 27, time increments 
of 0.1 and 0.2 second were used. At the new 
time (the initial time plus the time increment), 
trial values of No and N f  are defined to be equal to 
the initial values of No and N f  plus the incremental 
values calculated from the idtial values ofQ, and 
Qz8, and equations (478) and (479). 

es of No and N f  and the speciiie 
A,, the matching procedures 

to yield component operating points and excess- 
torque values. The actual increments in No and 
N f  occurring during the time interval are approxi- 
mated by substituting in equations (478) and (479) 
average values of Qzs, ,, and Qxl, t, which are defined 
to be the arithmetic means of the values corre- 
sponding to the initial and trial values of No and 
N,. The actual values of N ,  and N f  at the new 
time are equal to the initial values plus the actual 
speed increments. 

The transient paths on the outer- and inner- 
compressor performance maps me found by 
repeating the matching procedures until the end 
value of engine speed is attained. The time 
required to reach this speed is found by summing 
up the time increments considered. The com- 
ponent operating trends during acceleration and 
deceleration of two hypothetical two-spool turbo- 
jet engines are discussed in reference 27. 
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