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ABSTRACT 

An e r r o r  analysis of a scattering method for determining input 

impedance, gain, and c r o s s  section of an antenna is presented. Results 

obtained using the scattering method in conjunction with a calibrated, 

programmed load with signaling provisions a r e  compared to those ob- 

tained using standard antenna measurement techniques. 

f 

An alternate method for  determining antenna parameters  by the 

scattering method which employs a s impler  non-programmed load i s  

described. 

.. 
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CHAPTER I 
INTRODUCTION 

The purpose of this work is  to describe a scattering method of 

measuring gain, impedance, and scattering c r o s s  section of an antenna 

and to compare this method with conventional methods of measuring 

gain and impedance. 

Appendix A. 

A review of conventional methods i s  given in 

Gain and impedance measurements  of severa l  antennas employing 

the different methods a r e  compared and a procedure for estimating 

e r r o r  in the scattering method i s  presented. 

of the scattering method[ 11 utilized a programmed load. 

approach making use of a simpler non-programmed load i s  presented. 

The original formulation 

An alternate 

Jn a scattering system (see Appendix A for details on a typical 

scattering system) an  electromagnetic wave incident on a target  i s  

reradiated back to the receiving antenna, the magnitude and phase of 

the reradiation depending upon the mate rial, shape, position, and 

ori.entation of the target and upon the frequency and polarization of the 

incident wave. The power, W ,  reflected back toward the receiver is 

related to the incident power density a t  the sca t te re r  by[ 21 
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where S is the power density a t  the sca t te re r  (assumed to be 

uniformly illuminated) and u i s  defined a s  the scattering c ros s  section 

o r  echo a rea  of the scatterer.  

If the scattering object i s  an  antenna,the reradiation consists 

of a fixed component due to antenna and support s t ructures  and a 

load-dependent component due to the antenna mode. 

expression representing the total  c ros s  section in  t e r m s  of the 

fixed and load-dependent components i s  of the fo rm 

An analytical 

where K is  a calibrated constant of the radar  system and rl i s  in- 

tepreted as a reflection coefficient given by 

rl = B(C t rmL 

where B and C a r e  constants and rm i s  a load-dependent, modified, 

reflection coefficient ( s e e  Appendix B for details). 

If the maximum, minimum, and average scattering c r o s s  

sections and the corresponding purely reactive loads at the scattering 

antenna terminals  a r e  known, the input impedance of the scattering 

antenna may be found, i t s  gain calculated, and i t s  echo a r e a  fo r  any 

load predicted. The maximum echo area ,  amax* is  the maximum 

possible total c ros s  section of the scattering antenna for a purely 

reactive load. Similarly, the minimum echo a rea ,  urnin, i s  thc 

2 



i b 

. 
I 

t 

minimum c ross  section for  a purely reactive load. 

scattering c r o s s  section is defined by 

The average 

The necessary  information which leads to determining the 

antenna gain and impedance parameters  via  simple graphical con- 

structions can be obtained f rom an experimentally measured  echo- 

area-versus- load cxrve ( see  Appendix B). 

The conventional method of measuring gain requi res  the use of 

an  antenna range and a standard gain antenna as reference. 

detai ls  of this method a r e  reviewed in  Appendix A. 

The 

The common method of measuring impedance i s  by a slotted line 

which is  used to measu re  the standing wave in a t ransmiss ion  line 

connected to the unknown impedance. The standing wave is related 

to the character is t ic  impedance of the t ransmission line and the 

terminating impedance in question. 

reviewed in Appendix A. 

The details  of the method a r e  

For a broader  understanding of the scattering method of de- 

termining antenna parameters ,  several  advantages and disadvantages 

of the method a r e  presented. The scattering method i s  advantageous 

in situations where cables, measuring equipment, and operator  may 

affect  the resul ts ,  e. g., where the antenna i s  located on a small 

body (for example, a radial  stub on a sphere has  been measured  by 
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this method a s  described in Reference 3); where disturbances may 

be significant (in cases  of low gain o r  omnidirectional antennas); 

and where coupling effects a r e  under investigation. 

coupled antennas may be determined by the scattering technique in  

which the antennas a r e  excited with a common plane wave r a the r  

than having each antenna excited separately. Certain environments, 

such as high temperature  regions, may be intolerable to cables and 

measuring equipment, but suitable to the programmed load used in 

the scattering method. Antennas located in remote places, such a s  

aerospace Vehicles, may be investigated by the scat ter ing technique. 

Finally, the magnitude and phase of the load-independent o r  fixed 

scattering component of the antenna and supporting s t ruc ture  can be 

found f r o m  amplitude measurements  alone. 

P a r a m e t e r s  of 

The disadvantages of the scattering method a r e  (1) the need of 

a programmed load with signaling provisions to cor re la te  the echo a r e a  

and the associated load, and (2)  a relatively complex measuring system. 

An alternate approach for  determining antenna pa rame te r s  by the 

scattering method employs a load without signaling provisions, 

analysis  of this method i s  presented in Section IV. 

the load has essentially no signaling e r r o r ,  is  physically smal le r  than 

the programmed load, and does not requi re  a fast recorder  to follow 

the periodic disturbances required to cor re la te  the echo a r e a  with 

the associated load in the programmed-load method. Also, the 

An 

In this method 
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periodic disturbances of the p r o g r a m e d - l o a d  method may be dif- 

ficult to observe when the load-dependent component is  small com- 

pared to  the fixed scattering component. 

s impler  load a r e  gained at the expense of a somewhat more  compli- 

cated procedure for  calculating the antenna parameters .  

The advantages of the 

5 
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CHAPTER II 
ERROR ANALYSIS 

Assuming a purely reactive load, e r r o r s  in the antenna 

parameters  determined by the scattering technique a r e  attr ibuted 

to inaccuracies in the recording sys tem and to inaccuracies  in the 

correlation of the echo a r e a  to those loads that cause maximum, 

minimum, and average scattering c r o s s  section. Since the e r r o r  

in the predicted value of the scattering c ros s  section for any load 

is  readily determined once the e r r o r  in the antenna input impedance 

i s  known, a method for  estimating e r r o r  in the input impedance of the 

antenna under tes t  is presented. 

The experhnental  data taken with the programmed load is a 

calibrated echo-area-versus-load curve f rom which the loads that 

cause maximum, minimum, and average scattering c r o s s  section a r e  

extracted. 

impedance of the antenna i s  determined using geometr ical  con- 

structions (see Appendix B). 

These loads a r e  plotted on a Smith Chart  and the input 

If a n  e r r o r  in  recording echo a r e a  exists,  it i s  apparent that 

a l a r g e  slope on the u-versus-load curve would resu l t  in a smal le r  

range f r o m  which the associated load could be selected. Any e r r o r  

inherent i n  the load itself would extend the selection range of the. load. 

This is i l lustrated in Fig. 1. The slope, d(‘’umax), i s  expressed by the 
d l  x 
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Reference 
* 

-+ 

I 

Generator 1 

Range Of Load Values Due 

- T O  Error In [o . (Z! 

.-a 1 

Fig. 1, Selection range of load values resulting f r o m  recording 
and load e r ro r s .  

equation (developed in Appendix C), 

where c$ is  the phase of the load-dependent component; Ra/Zcz is the 

normalized r e a l  pa r t  of the antenna impedance; 

impedance of the t ransmission line connecting the antenna and load; 

LY is the phase of the fixed scattering component; and P A  = . t / X g ,  

where X 

is the character is t ic  
zCZ 

is the wavelength in the t ransmission line connecting the g 
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antenna and the load and I is the distance in the t ransmission line 

of a movable short  f r o m  the load terminals. Since cy and 4 a r e  

functions of both the antenna impedance, Za  = Ra t jX,, and the 

load, the variables of Eq. (5) a r e  inseparable. 

be seen that the slope i s  related to the magnitude and phase relation- 

F rom Eq. ( 5 )  i t  can 

ship between the fixed and load-dependent scattering component, a s  

well a s  t o  the antenna resistance.  

Referring to  Fig. 2 6 in Appendix B (graphical determination 

of Zz/Zc2, the normalized complex conjugate of the antenna im- 

pedance) one can see that for  a sma l l  change in r2, defined by 

(note that rZ and Xi; a r e  the same point on the Smith Chart  since the 

load Xp 8 is purely reactive), the distribution of the point Z,/Zc2 is 
2 

min , r2 , and rZavg. max dependent upon the values of r2 There a r e  

severa l  combinations of loads that cause echo a r e a  maximum, mini- 

mum, and average that will give the same antenna input impedance. 

The combination of loads depends upon the magnitude and phase of the 

fixed scattering component which can be a l te red  by adjustment of the 

nulling signal, i. e., feeding back a portion of the t ransmit ted signal 

to combine with the fixed- scat tered signal, hence changing the total 

fixed scattering component. 

of loads will probably r e su l t  in  different distributions of the point 

The selection of different combinations 

I 
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* Z a / Z c 2  for  a given load e r ro r .  

ing of the point Z:/Zcz will depend upon the recording e r r o r  and the 

shape of the new echo-area-versus- load curve. 

combinations of rZs (having e r r o r )  and the associated Z z / Z c z ,  it i s  

not obvious whether the maximum change in Za/ZCz will occur when 

the r z v a l u e s  a r e  at their  extremes or at some intermediate values. 

Whether o r  not there  is  l e s s  spread-  

F o r  all  possible 

* 

For  a systematic  approach to a n  e r r o r  analysis,  the expressions 

in Table I defining the antenna impedance in t e r m s  of ioads that cause 

maximum, minimum, and average echo area a r e  presented. The 

development of the expressions in Table I is given in Appendix D. 

Four cases  resul t  but only three  loads a r e  necessary  to determine 

'a' 

For  all ca ses  the antenna resis tance can be expressed as 

and the antenna reactance as 

where H is  of the f o r m  

(9 )  
1 - b/a 
1 - c /a  , H =  

and a, b, c, and B a r e  defined in Table 1. Substituting Eq. (7) into 

Eq. (a),  

9 



(10) Xa = -b + RaH = - C  - Ra/H. 

F r o m  the total differential of Eqs. (7) and (10) we have 

(1 1) 

and 

where 

(14) 

and 

(1 5) 

dXa - - - R a d H  - -  dRa - dc, 
H2 H 

dB = db - dc, 

Since c, Bj and H a r e  functions of one, two, and three  variables,  

respectively, and the respective changes must  a l so  be correlated 

(dHmaX and dBmaX may not occur at the same time), an analytical 

approach i s  quite involved and a graphical analysis seems to offer 

the best  solution. 

(Eqs. (7)J (81, and (9 )) have a f o r m  independent of what th ree  loads 

out of four a r e  selected to determine Ra/Zc2 and Xa/ZC,, the dis t r i -  

Since the equations defining Ra/Zc2 and X a / z c z  

bution in the antenna input impedance could be determined by a computer 

30 
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I over a range of load values due to e r r o r  of each par t icular  load. 

In general ,  the basic Eqs. (7), (81, and ( 9 )  would be programmed 

and the range of the load values would appear as  input data. 

TABLE I 
R, and Xa as functions of loads that cause 

maximum, minimum, and average 
,scattering c ros s  section 

Load Selections 

B 

€ I  

b 

C 

a 

Case I Case 2 Case 3 

min  x y  - x1 

niax 

Xniin 
e 
avg I 

x t  

F o r  employment of the graphical technique, general  graphs 

of Eqs. ( 7 ) ,  ( 9 ) ,  and (10) a r e  presented in Figs .  2-8 for  -51H55, 

Ra 5 3. 6 ,  and -7. 6 L (Xa + b) I 7. 6.  Since the antenna input im- 

pedance can be rotated around the Smith Chart  by simply adding a 

length of line, and the s t ructural  o r  fixed component of the scattering 

signal can be readily a l tered,  it is likely that Figs .  2-8 can be used 

for  the majority of pract ical  cases. 

i 
I 

11 



For a typical illustration consider the case in  which the 

loads that cause maximum, minimum, and average scattering c ros s  

m in avg 2 
= 0. 5<0. 538, 

I 
section a r e  - 1. 065 I XI =-1< -0. 933, 0.462 d X 

and 1.85 5 X p  avg 

in positioning the loads. 

maximum variation in c / a ,  b/a ,  and c / b  (Fig. 2). 

variation in Ra and Xa t XI 

a r e a  A) and t ransfer red  to Fig. 16, a r e a  A. 

= 2 < 2 . 164. An e r r o r  of ?l 0. 005X is assumed 

The variation in H is found by plotting the 

Similarly, the 

avg 1 
or  Xa a r e  found( see Figs. 6 and 8, 

Since the impedance does not va ry  l inearly with distance on 

the Smith Chart, reading accuracy may be optimized by having the 

antenna input impedance fall in  the vicinity of r e a l  Z, < 1 on the 

Smith Chart. 

by adding a length of t ransmission line to the scattering antenna 

terminals. 

The impedance could easi ly  be rotated to this vicinity 

The formulas in Eqs. ( 7 )  and (10) can be reduced to 

B xa = -c - - 
H* 

(1 7) 

for large values of H. 

0. 75%in Ra wi l l  resul t  because of the approximation in using Eq. (16). 

For  values of H > 5 in Eq. (7), an e r r o r  of 

12 
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Fig. 6 .  Ra = f(B, H, c-a,a-b) curves for  Ra I; 3.6  and H ,< 5, 
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Fig. 7. 

H 

Ra = f (  B, H, c-a, a-b) curves for R, 5 3. 6 and H 2 - 5. 
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C H A P T E R  I11 
PROGRAMMED LOfi D 

A block diagram of the programmed load and its electrical  

reversing network a r e  shown in Fig. 9. Photographs of the 

programmed load with X-band guide and of the coaxial load at- 

tachment a r e  shown in Fig. 10. The programmed load is a 

movable choke short  driven by a d-c motor. The system employs 

a cam-operated switch to electrically reverse  the direction of the 

short  and also employs cam-operated stubs spaced X g / 4  apa r t  which 

disturb the fields in the waveguide every 1 / 7 2  inch movement of the 

short. 

enables echo a r e a  and load to be correlated. 

This disturbance appears  a s  a spike on the pattern which 

The accuracy of the position of the short  was found to be 

within t o .  0025Xg a t  X g  = 4 cm. 

The only difficulty encountered in using the programmed load 

was caused by er ra t ic  operation of the r eve r sa l  switch by the slow- 

moving cam. 

occasionally not t r ip  a t  precisely the same point when activated 

very  slowly, hence losing calibration. 

o r  quicker means of activating typical push-button switches i s  

recommended to improve the performance of the programmed 

The push-button switches that were  used would 

A specially designed switch 

load. 
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CHAPTER I V  
A NON-PROGRAMMED LOAD ANALYSIS 

In ear l ie r  work, [ l ,  4 ,5 ]  the method for determining input 

impedance, gain, and echo a r e a  of an antenna f r o m  amplitude- 

scattering measurements  requires  the u s e  of a continuous, C a l i -  

brated,  variable-reactive load and a means of signaling to the 

operator  the position of the load at a given time. 

this  section that a load consisting of a revers ib le  short  in a 

t ransmiss ion  line that va r i e s  f rom OX to 0. 75X on a Smith Chart  

can a l so  be employed without any signaling provision. 

It i s  shown in 

Assuming that any change in  the nulling signal does not affect 

the power density at the target ,  we consider four  cases  employing a 

var iab le  short-to-open-circuit load. 

unique but they a r e  sufficient f o r  determining gain, impedance, and 

echo area.  In three c a s e s  the nulling signal i s  adjusted for  ze ro  

echo a r e a  when the load at the antenna terminals  is initially at a 

short-circui t ,  an  open-circuit, and some p rese t  load other  than 

open-circuit  o r  shor t  circuit ,  respectively. In the fourth case  the 

nulling signal is adjusted f o r  zero echo a r e a  with no ta rge t  (nulled 

system). 

F r o m  Case 3 possible values of Ra/Zc2 and ? Xa/Zcz  can be found 

and the c o r r e c t  values selected by using the information f r o m  Case 1 

These four cases  a r e  not 

F r o m  Case 1 o r  Case 2 the ratio ?R,/Xa can be found. 

2 3  



o r  Case 2. 

fo r  any load is  to be predicted. 

Xa/Zcz can also be found using the method of Case 4 and the cor-  

rec t  values selected by using the information f rom Case 1, 2, o r  

3. Because of m o r e  complexity in determining Za by Case 4 and 

that Case 1, 2, o r  3 i s  necessary to determine the co r rec t  value of 

gain, it  is suggested that the inFlt  impedance of the antenna be 

determined by Case 3 in conjunction with Case 1 o r  Case 2 and that 

Case 4 be used to determine the magnitude and phase of the fixed 

scattering component of the antenna in o r d e r  that the echo a r e a  

for  any load could be predicted. 

Case 4 i s  necessary i f  the scattering f rom an antenna 

Possible values of Ra/Zcz and 

The basic formulas of the scattering method a r e  repeated 

here  for the convenience of the reader.  

(1 8) 

5= ctr, 
B 

2 0  - z," 

24 



(2  3) 

I I '  

(24) 

The curves in Fig. l l ( a ,  b, c, d) with the conditions specified 

respectively in each of the following cases  were calculated for  an 

antenna having an input impedance Z, = 1. 2 t j0. 8 and a fixed 

scattering component C = 1, 5/60" to a s s i s t  in deriving the non- 

programmed load technique and also to se rve  a s  an example. 

Case 1 

In Case 1 the nulling signal i s  adjusted f o r  ze ro  echo a r e a  

with the load at  the antenna terminals initially se t  at a short-  

circuit. For  this case  the calculated echo-area-versus-load curve 

is  shown in Fig. l l a .  

2 max 
F r o m  Eq. (24) and normalizing to I T1/B I = 4  

( l r ' I /B I max = 2 since the Smith Chart  radius is assumed to be l), 

Solving for cos cy we obtain 

25 



C 

- 4  

- e  

-12 

-I€ 

-2c 
0.25 0.50 0.75 

(d 
Load (In Wavelengths Toward Generator  

Fig.  11. Calculated echo a r e a  v e r s u s  load with nulling system ad- 
justed for (a) zero  echo a r e a  at a load of OX toward the 
generator, (b) zero echo area at a load of 0. 251 toward 
the generator,  (c) zero  echo a r e a  at a load of 0. 3751 
toward the generator,  and (d) a nulled system. 
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With u]  we have z l = o  

Equating rea l  o r  imaginary parts of Eq. (27) and making use of 

Eq. ( 2 6 ) ,  

2 
- G  - - sin CY - -  

X i  (cos CY - l ) L  1 - G . 
The development is made c l ea re r  when the same resu i t s  a r e  

obtained graphically. Assuming the Smith Chart  to have a unit 

radius, 

F r o m  the relationship in Eq. (19), IC I = 1, and l?m]Zt=m = 1 m J  

the tail of the phasor, r , / B ] Z  

Smith Chart  at e i ther  point a o r  b Fig. (12). 

ei ther ao o r  bo (rm] 

Hence, 

will in te rsec t  the rim of the 

The phasor C is  
I =  

must equal -C for zero  c r o s s  section). z l=o  

which i s  the same a s  Eq. (27). 

27 



Case 2 

In Case 2 the nulling signal is  adjusted for ze ro  echo a r e a  

with the load a t  the antenna terminals  initially se t  at an open- 

circuit. F o r  this case  the calculated echo-area-versus-load 

curve i s  shown in  Fig. 1 lb. Since rm] =ao- = 0, 
I -1  and I r l / B I  Z p = *  

C is equal to - 1 2 .  

malizing to I T1/B I 
Substituting C = - 1 into Eq. ( 2 2  1 and nor-  

2 max 
8 

F r o m  Eq. (31) we obtain 

Graphically, Case 2 has  the same geometr ical  construction as  

Case 1 (Fig. 12) except that the phasor r ] and C o r  C l  a r e  

inter  chang e d. 

Case 3 

m Z p = m  

In Case 3 the nulling sys t em is adjusted for zero  echo a r e a  

with the load at the scattering antenna te rmina ls  initially p re se t  at 

a value other than open-circuit o r  short-circui t  load. F o r  a p re se t  

purely reactive load of 0.3751 ( - j  1 )  towards the generator,  the cal-  

culated echo-area-versus-load curve is  shown in Fig.  l l ~ .  
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I '  

. I  

Fig. 12. Graphical solution f o r  case  where nulling signal 
was adjusted for ze ro  echo a r e a  at  a load of 
O X  toward the generator (Case 1). 
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Then from Eqs. (20) and (21) 

( 3  3) 

Solving Eq. (33)we find that 
I 

( 34) 

z max 
F r o m  Eq. (24) andnormalizing to I T , / B  [ 

Solving for cos cy 1, 

(36)  C O S   CY^ = 2 G 3  - 1 
2 max 

F r o m  Eq. ( 2 3 )  and-normalizing to IT l /B  I 
2 

2 2 
l h B l  zp= 0 

IT , /B I max 

1 R, cos CY ,-2XaR, sin cy ,-X,cos cr 
2 

2(R, t X:) 
= G 4 =  z - ( 3 7 )  8 

which leads to 

(38) 

Substituting cos c y l  from Eq, (36) ,  

Combining Eqs. (34 ) ,  (36) ,  and ( 391, 
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and 

The use of Eqs. (40) and (41) in conjunction with Eqs. (28) 

o r  (32) and the fact  that Ra is  positive real for  a p s s i v e  aztezna 

eliminates the ambiguity. 

The procedure for  the graphical solution is to draw an a r c  

having a radius ( see  Eq. (29)) of I r l / B  I zp=oD with its center at t 1 

intersecting the rim of the Smith Chart  at T l  and T1' (Fig. 13). The 

phasor C is  e i ther  T, 0 o r  T :O(see  Eq. (19)). 

as centers  draw a r c s  having radii lI?l/B /zl 'o and intersecting 

the rim of the Smith Chart  at TZ1,  T 3 l 9  T2, and T3. Then OTa 

Using TI and TI '  

I 

OT;, OTZ, andOT3 can represent m ] zl=o' 
* 

Substituting I? 1 = -Z i /Za  into Eq. (20) and solving for 
m z l=o  

Zas 

zl l  = -C since u] = 0, then r l  m z l=  
Z1=Zl l  
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F i g .  13. Graphical solution for case  where nulling signal 
was adjusted for zero  echo a r e a  a t  a load of 
0. 375X toward the generator (Case 3 ) .  

32 



where the values of C and r ] a r e  taken f r o m  Fig. 13. There 

a r e  two se ts  of combinations: 

rml zp = 0 and their  conjugates. One se t  i s  represented by OTz' , 

OT,* ,  and OT1' and the conjugate se t  by OTzr OT,, and OT1. One 

zp=o 
These a r e  C, rmf ] and ZL = 0 

se t  of possibilities is  ruled out for a passive antenna since Ra will 

turn out to be negative. 

= A, t jBo and ] = A t  jB, zi=zp, Assuming rml  z = 0 
B 

we have, using Eq. (421, 

which leads to 

(45) 

za = 
- xp @-A,)+ xp (1 -A) (B- Bo) + j[ Xl ( 1 -A) (A-A,) t B X (B- B 

2 
( A  - A0)'t  ( B  - Bo) 

Using the complex conjugates of I?"] and r"] , 
zl 1 

m zp=o m zp=  

(4 6) 

za - 
- B Xp(A-Ao)-Xq (l-A)(B-Bo)f j[ X i (  l-A)(A-AJt BXp(B-Bo)] 

(A-A,)' t ( B- B, f 

Since the imaginary components of Eq. (45) and (46) a r e  equal 

and the r e a l  components a r e  opposite in sign, Ra will be negative for  

one set. 
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It might be well to note he re  that the co r rec t  value of Z, 

may be selected f r o m  several  possible values of Za by comparing 

the echo a rea  versus  load curves constructed using each possible 

value of Za to that measured experimentally. The co r rec t  Za will 

be the one that resul ts  in the same shape of the measured echo a r e a  

versus  load curve. 

Case 4 

In this final case,  the system i s  nulled with no target. The 

calculated echo-area-versus-load curve is shown in Fig.  1 Id. 

F rom Eq. (67) with prpt = 1, 

where G i s  found using Eq. (66) and Figs .  1 la, b, o r  d, At Zp = 

(see Eq. (24)  ) 
\ 

which leads to 



J41 where ] - e and C = IC I ej*. Then z p = z p  
1 

t 
(51)  ( ~ u - 4 ~ )  = - a r c  cos 

But 

which leads to 

Also 

where 

- t  (55) ( ~ u - 4 ~ )  - - a r c  cos 

But 

which leads to 
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Solving Eqs. (53) and (57) ,  where 9, and (PI a r e  determined 

from Eqs. (49) , (51) , and (55) ,  leads to the possible solutions of 

Ra and X,. 

information from Cases 1, 2, o r  3. 

The co r rec t  values of Ra and Xa a r e  selected using 

TG obtain the same resul ts  graphically, draw a circle  with a 

radius equal to IC I superimposed on a unit c i rc le  (Fig. 14 , a 

Smith Chart the radius of which i s  assumed to be 1). 

with magnitude 

(58) 

Draw an  arc  

r = 1I-A Z l = a  = G  [IC1 t 11 

Fig.  14. Graphical solution for  system nulled a t  no ta rge t  
(Case 4 ) .  
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intersecting the circle,  the radius of which i s  I C I at points T,and 

Tz ( see Fig. 14). Then T10 o r  T@ is  the phasor  C. Taking T1O 

to represent  the phasor C, with T1 as  center,  draw an a r c  with 

magnitude 

intersecting the Smith Chart circumference at T 3  and T4. I?,] zP = 

i s  either OT3 o r  OT4. With TI as  center draw an  a r c  with magnitude 

z.t 1 
intersecting the rim of the Smith Chart at T, and T6. l ? m ] ~ I  = 

is  either OT, o r  OT6. 

The antenna impedance can be obtained by solving Eq. ( 4 2 )  where 

and r m l  z1 = 0 a r e  extracted f r o m  Fig. 14. It is apparent 

that i f  TzO is taken as C, there  would resul t  a complex se t  of 

and I? ] found using T1O a s  the phasor C. For  the rml  ZP=Z11 zl=o 
s a m e  reasoning explained in Case 3 ( see  Eq. (45) and (46))  one se t  

would resu l t  in  a negative Ra/ZcZ, which is not the case for  a passive 

antenna. The cor rec t  value of R,/Zc2 and Xa/Zc2 could be selected 

f r o m  the many possibilities when using the information f rom Case 1, 

2, o r  3 o r  selecting the Za whose calculated echo-area-versus-load 

curve would ag ree  with the experimentally measured one. 
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Figures 12, 13, and 14 were  constructed f r o m  the data ex- 

tracted f rom the calculated curves of Fig.  11, where C = 1. 5/60" 

and Zi/Zc, = 1. 2-j0. 8 .  

and 1 3  we f ind that Ra/Xa = :le 5 and Z: /Z 

C (T,O, Fig.  14) i s  seen to be 1. 5m. 

the original preselected values. 

.I, 

Then f rom the data extracted f rom Figs. 12 

=1. 2-j0. 8. The vector 
.L 

c2 

The resul ts  agree  with 

The gain of the antenna and the 

prediction of the echo area for any load are found by the methods 

presented in Appendix B. 
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CHAPTER V 

EXPERIMENTAL RESULTS 

The different methods of measuring antenna parameters  a r e  

now compared and the graphical method of estimating the dis t r i -  

bution in Zi/Zc, caused by recording and load e r r o r s  is compared 

to an experimentally measured distribution. 

.(r 

. 

Results f rom the programmed ioad method aiid the =ex- 

programmed load method for  both the graphical solution and the 

mathematical solution a r e  presented making use of experimental 

data appearing in Reference 4. 

A. Programmed Load Method 

The resul ts  of several  gain and impedance measurements  a t  

10. 00 Kmc of the antennas shown in Fig. 16 measured by the slotted 

line method, gain comparison method, and scattering technique a r e  

presented in Table I1 and Fig.  16. 

good agreement between the standard methods and the scattering 

method. 

It can be observed that there i s  

To il lustrate the method of estimating e r r o r  in the input im- 

pedance by the scattering method, use i s  made of the appropriate 

graphs of Figs. 2-8.  

F ig .  15 fo r  the case where the echo a r e a  is  forced to zero a r e  

The results of the antenna designated C in 
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4 ,  
1 

e 
' 9  

Fig .  15. Photograph of antennas (designated A, B, C, and D) . 
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I .  / 

Fig. 16. Comparison of antenna impedance values obtained by 
slotted line and scattering method at 10. 00 Kmc. 
Area  A, typical illustration of estimating distribution 
of Z a /Zcz by graphical analysis. 
e r r o r  of antenna designated C in  text. 

Area  B, estimated 
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presented. 

characterist ics using the programmed load a r e  presented in  Fig. 17, 

f rom which the loads causing minimum and average c r o s s  section 

a r e  extracted. 

the complex conjugate of the antenna input impedance i s  found using 

The experimentally measured echo-area-ver sus-load 

The load values a r e  plotted on the Smith Chart and 

geometrical constructions ( see Fig. 18). 

TABLE 11 
Comparison of Gain Values of the Antennas 

Shown in Fig. 15 a t  10 .00  Kmc 

Antenna A B C 

4rrA 
Ideal 7 13.9 db 20.4 db 29. 2 db 

Standard Method 14. 1 db 18.4 db 27. 2 db 

Scattering Method ,14. 4 db 18. 3 db 26. 2 db 

D 

18. 1 db 

14.9 db 

15.5 db 

The gain of antenna C is  found using the calibrated maximum 

echo area  value extracted f rom Fig. 17 in  Eq. (66) ( rmin = 0) and 

found to be 27. 2 db. 

With a load e r r o r  estimated a t  f0.0025A and recording e r r o r  
g 
avg 1 (relative e r r o r  of SO. 25 db) of t o .  002 A in X I  

min min 
is  at a null) ,  X:vg 2J and zero in  X I  (this is  pract ical  since X 

the possible values of Za/Zc, and Zz/Zcz a r e  determined and repre-  

sented graphically in Figs. 16 and 18, a r e a s  B and A, respectively. 

The combined total e r r o r s  in the loads a r e  shown in Fig. 18. 

range of Ra is  found using Fig. 7 ( s ee  shaded a r e a ) ,  and the range of 

-fO. 0015Xg in 
g 

I 

The 
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Fig. 17. Experimental echo-area-ver sus-load 
(programmed) patterns of antenna C 
( m m i n  forced to ze ro ) .  
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RADIALLY SCALED PIRAMETERS 

Fig. 18 Graphical determination of Za* /Zcz  and e r r o r  analysis of 
antenna c fo r  f 0.0025X load inherent e r r o r  and r eco rde r  
e r r o r  of t - 0.002X in X1 avgl  and f 0.0015X in  X1 avg2 
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avg  1 
Xa + X i  

of xi 
of Za/Zcz i s  reasonable when compared to the range of the severa l  

i s  found using Fig.  8 ( s e e  a rea  B) .  Since the range 

The estimated range 
avg 1 

is  known, the range of Xa is found. 

measured values taken by  the scattering technique. 

B. Non-programmed Load Method 

The experimentally mea  sur  ed echo- a r  ea-ver  sus  -load charac - 

t e r i s t ics  in Fig. 19 also appear in Reference 4 and a r e  representative 

of Case 3. 

-0. 96 + j0. 21 ( s e e  Fig.  20) .  B we obtain -- 

Using the programmed load technique reviewed in Appendix 

Z a  

zc2 

b 

Fig. 19. Experimental echo-area-versus-load ( in wavelengths toward 
the generator). 
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Fig. 20. Determination of Za* / Z  c2  from data extracted f rom the curve 
of Fig. 19 by the method outlined inAppendix B. 
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I 
I 

I 
I 

i 
I 

i 
I 

I 
I 
I 
I 
I 
I 
i 

For  the non-programmed load technique, the following data 

a r e  extracted f rom Fig. 19: 

max 
31 .$ -0  db 18. 20 crri = l T l / B  I 

4. 57 c m  = ( T , / B  I 
16. 22 c m  = I r l / B I  

( diameter  max U 

of Smith Chart) ,  
and Zp =a, 

zp=o 

u l  zp =a3 19 3 -12 db 

u l Z p = o  30 3 -1  db 

Using the graphical method of Chapter In, Case 3, we find that 

( s e e  Fig. 21) 

r l  = 1 /155. 5" o r  1/-97. 20, rklZl = o  = 1/-155.5" 
m zp=o 

o r  ij'i32.2" 

c = -129" - 
.I. 

9 CIr = -1 / -29" .  

= 0. 2061 towards the generator. 
z P ,  

F r o m  Eq. ( 43) , we find that 

La = 0.970 t jo. 211 o r 3  = 0. 745 - j O .  657 and 

- = -0.970 t j0. 211 or- 'a= -0. 745 - j0. 657. 
zc2 zc2 

zc2 z c  2 

Since Ra i s  positive for a passive antenna, 

2 Z = 0.970 t jO.211 or- 'a= 0. 745 - j0. 657. 
zc2 zc2 

A quick graphical check will show that umax would occur at 0.0191 

towards the generator when using - 
zc2  
Za towards the generator when using-= 0.970 t j0. 211. . z c  2 

.% = 0.970 t j0. 211 is  the co r rec t  antenna impedance. 

745 - jO.657 and 0.4471 

Therefore 

zcz 
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Fig. 21. Graphical solution of Z , ' : ' / Z C 2  f r o m  data extracted f rom curve 
of Fig.  19 by the alternate method of Section IV* 
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Also G ,  and G4 appearing in  Eqs. ( 40) and (41) a r e  

G ,  = - 1 2  db = 0.0631, and G, = -1 db = 0. 7943, which a r e  the 

values taken from Fig.  19. Using Eqs. (40) and (41) leads to 

essentially the same re  sults. 

. 
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CFAPTER VI  

DIS C USSION 

A description of a scattering method of measuring antenna 

parameters  has been presented along with an e r r o r  analysis. 

perimental  resul ts  for  this method have been compared with resul ts  

of conventional methods of measuring gain and impedance. 

Ex- 

Gain measurements  of th ree  types of horn antennas and a 

dipole-fed dish determined by the standard gain method and the 

scattering method were found to be within a db and were  nearly 

identical for two of the horn antennas. 

gain values a r e  attributed principally to the recording and calibration 

e r r o r s  of each system. 

The variations in the measured  

Repeated measurements  of input impedances of four antennas 

determined by the scattering technique were found t o  be distributed 

more  than those obtained by the slotted line method. The reader  is  

referred to Fig.  16 for a comparison of the distribution of the measured  

values of input impedance obtained by both methods. 

tribution in the scattering method i s  attributed to the e r r o r  i n  recording 

and in correlating the load with i t s  respective echo area.  

The grea te r  dis-  

To relate the distribution in antenna input impedance resulting 

f r o m  e r r o r s  in the recording and correlating systems, a graphical 

approach was presented because of the complicated fashion in  which 
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the antenna impedance is  related to the loads that cause maxirr-urn, 

minimum, and average echo area.  The antenna input impedance can 

be determined via graphical constructions once these loads a r e  known. 

For  the dipole-fed antenna, designated C in the report ,  the estimated 

distribution in the possible values of the antenna input impedance due 

to a load correlation e r r o r  of +O.O0Z5hg and a relative recording 

e r r o r  of to .  25 db was found t o  be in close agreement with the 
* 

me a sur  e d di s tr ibution. 

There a r e  many types of antennas that may have near ly  the 

same input impedance but with different s t ruc tura l  scattering char-  

acter is t ics .  There a r e  severa l  combinations of three loads out of a 

possible four that may yield the same value of antenna input impedance. 

Because of the many variables and the complicated fashion in which 

they a r e  related,  the selection of the bes t  possible combination to 

obtain a minimum distribution in the input impedance i s  not readily 

apparent. 

Z To obtain a distribution i n 2  similar to that obtained using the 

slotted line method would require that the loads that cause maximum, 
2 %  

minimum, and average echo a rea  be known within about 0. OOIXg in 

the programmed load used in this report. 

f r o m  the usefulness of the scattering method since there  undoubtedly 

This should not dis t ract  . 
a r e  many situations in which the resul ts  may be more  accurate  than 

t slotted line measurements ,  even with -0. 0025h e r r o r  in  the g 

programmed load. 51 



An alternate approach to the scattering method using a non- 

programmed load has  been presented in Section IV. 

the load requirements a r e  s impler  and offer the possibility of sig- 

nificantly reducing load-positioning e r ro r .  

by using a particular set  of loads rather  than a programmed load, 

hence enabling accurate presetting of the loads and eliminating the 

correlation of the load with the respective point on the echo-area- 

versus-load characterist ics.  Furthermore,  the direction in  which 

greater  accuracy resul ts  i s  more  apparent i f  one assumes  no load 

e r ro r .  

draw the a r c  having a center a t  -t- 1 and equal to l r 1 / B  I 
intersecting the rim of the Smith Chart. 

scattering component, the intersection can be made to fall other than 

near  OX toward the generator o r  load on the Smith Chart where a 

slight e r ro r  in ( T , / B  I zp=ao will have its greatest  effect. 

In this method 

The resul ts  a r e  obtained 

For example, in the graphical approach one procedure i s  to 

and z1 =a' 
By controlling the fixed 

The simpler non-programmed load requirements a r e  gained at 

the expense of a more  complicated procedure for  determining the 

antenna input impedance. 

for both methods and the method of determining the phasor C by the 

non-programmed load method i s  not m o r e  complicated than the 

programmed load method although the procedure is  different. 

The method of determining gain is  the same 
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The scattering method of determining antenna parameters  

requires the use of a more complex measuring system and a 

more  sophisticated mathematical o r  graphical approach than the 

standard methods. However, the scattering method may offer the 

best  and possibly the only practical approach in some situations. 

For  example, consider measuring the input impedance of a stub 

on a sphere. The transmission line and entrance on the sphere 
. 

connecting the stub antenna to the t ransmission line iliay resul t  in 

erroneous measurements. Several other advantages and disad- 

vantages of the different methods were discussed in the introduction. 

In view of the resul ts  obtained by the scattering method, it is  

concluded that it is a practical  method for measuring antenna gain 

and impedance a s  well a s  echo area. 
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APPENDIX A 

REVIEW O F  CONVENTIONAL METHODS O F  MEASURING 
IMPEDANCE, GAIN, AND SCATTERING CROSS SECTIONS 

The determination of impedance by the Slotted Line Method6 

makes use of the,experimental set-up shown in the block diagram 

of Fig. 2 2 ( a ) ,  and a graphical solution employing a Smith Chart. 

With the unknown impedance connected to the terminals,  the im- 

pedance a t  the probe position, where VSWR minimum occurs,  is 

located on the Smith Chart using the measured value of VSWR 

and the fact that the normalized impedance i s  r e a l  and 

l e s s  than o r  equal to one at a voltage minimum. The impedance 

at the terminals i s  then found by a rotation toward the load on a 

constant VSWR circle of the distance in  guide wavelengths f rom the 

position of the minimum to the position of the load. Usually the 

distance f rom the load terminals  to a point on the slotted line is  

calibrated using a short  at the load terminals. 

The principal sources  of e r r o r  for  the Slotted Line Method 

are  frequency dr i f t ,  phase shift at connections, probe distortion of 

slotted line fields, slot  leakage, c rys t a l  nonlinearity, and the reading 

of the probe position. 

be attributed to the slotted line itself. 

would be related to the minimum measurable  VSWR and to the 

With calibrated curves the total  e r r o r  could 

The best  possible resul ts  
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Modulated 
Klystron 

Frequency 

Movable Probe 
And Detector  

l i l s o l a t o r  Variable 
Attenuation t - 

rJ 
- 

Unknown 
~ 

Plane 
wave ___, - - ..I 

Ca Ii brated 
Attenuator 

Impedance Slotted Line 

Indica tor  

Unknown 
Antenna - 

Matching 
Network 

Standard Gain Variable 
Attenuation b Antenna 

Tunable 
Detector 

O r  Indicator 

0 Modulated Klystron 

Fig. 22 .  Block diagram: (a) typical slotted line impedance measuring 
system, (b) typical gain comparison measuring system. 
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accuracy with which the probe location could be read. 

several  VSWR measurements  which were taken with reasonable 

care  and cited in this report, the probe positions were  within 

0. O O l X  

on the Smith Chart. There a r e  methods to co r rec t  for e r r o r s  

( see  Refereiice 6) which constitute experiments in themselves 

since each system may be different and must  be analyzed 

s epar a t  e 1 y. 

Fo r  the 

of the c o r r e c t  position and the VSWR within at leas t  2% g 

A block diagram of a typical antenna range for  conventional 

gain measurements' is presented in Fig. 22(b). 

of an unknown antenna i s  compared to that of a precalibrated 

standard gain antenna. 

adjusted to maintain constant input to the receiving sys tem (this 

overcomes any nonlinearities in the system) and the difference in  

reading of the attenuator i s  added (o r  subtracted i f  the unknown an- 

tenna has l e s s  gain than the standard) to the precalibrated antenna 

value to  obtain the gain of the unknown antenna. 

the attenuator and the precalibrated antenna determine the accuracy 

of the results. 

The performance 

The attenuator in the t ransmit ter  a rm i s  

The accuracy of 

A block diagram of a typical cw scattering range i s  shown in 

10 
Fig. 23. 

s t r ip  chart in db as a function of target  rotation or a s  a function of 

load variation at a fixed aspect. 

The energy scat tered by a target  is usually recorded on a 

The accuracy of the overal l  system, 
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Fig. 23. Block diagram, typical r ada r  c r o s s  
section measuring system. 

57 



as  well a s  of the calibration, can be determined by measuring 

the cross  sections of targets  ( spheres ,  cylinders, flat plates, 

etc. ) that can be calculated analytically. 

A portion of the transmitted signal may be coupled back into 

the receiving sys tem with controlled magnitude and phase to either 

cancel any unwanted signal o r  add to a scattered signal. 

way undesired background signal can be significantly reduced and 

will result  in bet ter  system sensitivity. 

In this 



APPENDIX B 
THE DETERMINATION O F  ANTENNA PARAMETERS 
BY SCATTERING CROSS SECTION MEASUREMENTS 

The method of relating the gain, echo area ,  and impedance of 

an  antenna to i t s  scattering properties t rea ts  the antenna as a scat-  

t e r e r  whose te rmina ls  a r e  loaded with a variable reactive load. 

The antenna under investigation, the r ada r  t ransmi t - rece iver  an- 

tenna, and the intervening space a re  considered to be a l inear,  

passive, reciprocal  two-port network ( Fig. 24), under the conditions 

-1 - - - - - - - - - - - - - - - - 
Line Of Characteristic I Line  O f  Character istic 

Impedance Zcl I mpedance 2 c 2 

Movable 
Y Short Source 

Z l 1  

I I 
ITransmit- Receive Scattering I 
I Antenna Antenna I 
L -  - - - _ _ _ _ _ _  - _ _ _  - - - J  

) 

Linear ,Passive, Reciprocal 
Two-  Port Network 

t 

Fig. 24. Diagram of two-port network. 

This appendix is  a brief summary of References 1, 4, and 5. 
References 7, 8, and 9, keyed in the text, descr ibe ear l ie r  work and 
a r e  a l so  r e fe r r ed  to in References 1, 4, and 5. 
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that the coupling between the antennas is negligible. 

is valid for a fixed antenna, polarization, and frequency. 

Terminals  1-1 and 2-2 in Fig. 2 4  represent  the t ransmit-  

receive antenna terminals  and the scattering antenna terminals ,  

respectively. 

by 

This 

The voltage reflection coefficients a r e  defined 

at 1-1, and 

a t  terminals 2-2 ( see  Fig. 24 fo r  definitions of Zl ,  Zcl, Z c z ) .  

F o r  a typical scattering system, the scattering c ross  section is 

defined by 

where K may be determined by employing a calibrated reference 

target. 

For a l inear,  passive, reciprocal  two-port network, a l inear  

relationship of the fo rm 

( 6 4 )  rl = A t B r m  = B( c t rm) 

exists between the input reflection coefficient, rl, and the 
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load-dependent, modified reflection coefficient rm defined by 

where Zp i s  the load impedance and Za the antenna impedance of 

the antenna under test. When Z p  is purely reactive, Irm I will be 

equal to unity. 
b 

The f o r m  of rm permits  the use of a Smith Chart  super- 

------ iulpused on a complex plane, (open-circuit point at .)- 1) , to 

graphically i l lustrate the load-dependence of the reflection coeffi- 

cient, I'l (Fig. 25) .  With the constants C, 3, or  K ,  and the  load 
-? 

reflection coefficient, rz, that give maximum, minimum, and 

average scattering c r o s s  sections for  the case where Z is  r ea l  c2 

and Z purely reactive, the impedance, gain, and c ross  section for I 

any load on the scattering antenna can be found. 

reactive, the points fi and rz a r e  the same  and will l ie on the rim 

of the Smith Chart (assumed to have unit radius) .  

Since ZI is purely 

cz 

The complex conjugate of the input impedance of the scattering 

antenna is determined by the intersection of two circles  (four possi- 

bilities), illustrated in  Fig. 26. Points a and b a r e  any two con- 

venient points 90" apar t  on the rim of the Smith Chart. This is  a 

resul t  of the rm (related to echo a r e a  maximum, average 1, 

minimum, and average 2) having 90" phase difference. 

vers ion rotation process  through an inversion point, - 

By an in- 

( the 2: 

zc2 
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Fig .  25. Graphical representation of signal scat tered by an antenna 
a s  a function of load. 
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Fig .  26. Graphical determination of Z,/ZC2. * 

6 3  



normalized complex conjugate of the antenna impedance),  the rZ 

and their respective rm can be found ( a  typical illustration is  

shown in Fig. 2 7 ) .  

The gain is related to the scattering c ross  section by 

where Gr  and Gt a r e  the power gains of the scattering antenna in  

the direction of the transmitting and receiving antenna, respectively, 
8 9 9  

and pr  and p a r e  polarization mismatch factors. t 

The ambiguity in  Eq. (66) can be resolved by forcing u min to 

zero  o r  by employing a lossy load. The magnitude of the phasor C 

is  related to the scattering c ross  section by 

max . and i t s  phase i s  that of the phasor Tm The echo a r e a  for  any 

load can be found by the relationship 

o r  

where urnax, u min' the phasor C, and Za are the values obtained with 
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Fig. 27. Geometrical constructions relating 
rz and the respective I?,. 

6 5  



the use of a purely reactive load and the Smith Chart i s  assumed to 

have a unit radius. 

when the point ' 1  -t Jxa i s  plotted on the Smith Chart. 

In Fig. 25 the phasor I?,( Za) is found directly 

Ra 
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APPENDIX C 
THE RELATIONSHIP OF THE SLOPE, *, 
MAGNITUDE AND PHASE RELATIONSHIP BETWEEN 

TO THE 
d l  

THE LOAD-DEPENDENT AND FIXED SCATTERING 
COMPONENT AND ANTENNA IMPEDANCE 

The echo a r e a  normalized to  umax is of the form . 
l Z  
I 

where C i s  a constant and rm is 

flection coefficient ( see  Appendix 

a load deperrdent, m-odified, re -  

B) of the fo rm 

when the load is  purely reactive. 

consisting of a movable short i n  a t ransmission line i s  

The input impedance of a load 

where 11 i s  the distance in guide wavelengths of the short  to the load 

terminals  and Zc2 is the characterist ic impedance of the t ransmission 

line. 

Taking the derivative of Eq. (69) with respect  to 11, 

where C = IC(ej".  
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( 7 3 )  

Solving for  sin (b and cos + in Eq. (70\, 

sin (b = 

and 

Taking the derivative of Eq. (73) with respect  to P A  and making use 

of Eq. (74) 9 

(75) 

By substituting Eq. (75) into Eq. (72) Y 

which leads to 

(77) 
d( c , 

dP x 

where, f rom Eq. (71) 9 

2 = 25rsec 2 ~ r  11. 
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APPENDIX D 
THE RELATIONSHIP BETWEEN ANTENNA IMPEDANCE 

AND THE LOADS THAT CAUSE umax, umin, uavg 1, and uavg 

max min 
Because of the 90" phase relationship between rm rm , 

avg 1 avg 2 rm and rm , we can form the following relationships: 
I 

* 
avg 2 ::: avg 1 = - 1  

m o r  rm 

(79) 

* avg = j 
max .I- 

rm m 

avg 2 :% max 
= j  

rm rm 

min + avg 2 
= j .  m (83) rrn . r  

The solutions of Ra and Xa in t e r m s  of any three  loads consist 

of the same procedure regardless of what three loads a r e  selected. 

avg 1 avg 2 
, and ' xP The development of Ra and Xa as functions of Xi 

m i n  
Xi is  presented and the results of the remaining three possibilities 

a r e  stated in  Table 1, Chapter 11, of this report. 

. avg 1 avg 2 
, and P ' xP By expanding the equations containing X 

min 
( (78) , (81) and (8 3 ) ,  using the definition of rm (Eq. (65) ,  

and assigning the appropriate values of XI# we get 
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and 

(89) 

and 

(86) 

For example, Eq. (78) leads t o  

which leads to Eq. (84) .  Subtracting Eq. (84) from Eq. (85) and (86 ) ,  

- x1 ) + Xa(Xp min - xivg ) 
avg 1 min 

avg 1 min avg 2 + x i  (Xi - xi ) = 0. 

BH 

1 t H 2  
- Ra - - ( 9 0 )  



and 

X, - - -C - R,/H = -b t RaH, ( 9  1) 

where 

avg 1 avg 2 
, B = X p  - H =  min - xivg 

min avg 2 # 

- 
avg' 1 avg 2 

' 
b = XI , and c = 

. 
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