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A b s t r a c t :  

STRESS ANALYSIS OF CRACKS 

by 

P,  Pa r i s  & G o  S i h  

A g e n e r a l  su rvey  of  t h e  r e s u l t s  o f  e l a s t i c  stress a n a l y s e s  
~ 

of  c racked  b o d i e s  i s  the b a s i c  o b j e c t i v e  of  t h i s  work, The 

s t r e s s - i n t e n s i t y - f a c t o r  method o f  r e p r e s e n t i n g  r e s u l t s  i s  

s t ressed and compared w i t h  o t h e r  s imi la r  methods,  All t h ree  modes 

of c r a c k  s u r f a c e  d i sp lacemen t s  are c o n s i d e r e d ,  as we l l  as 

s p e c i a l i z e d  r e s u l t s  a p p l i c a b l e  t o  p l a t e  and s h e l l  bend ing ,  

R e s u l t s  f o r  v a r i o u s  media (e,g, a n i s o t r o p i c ,  v i s c o e l a s t i c  o r  

non-homogeneous) are c o n t r a s t e d  w i t h  t h e  a n a l y s i s  of homogeneous 

i s o t r o p i c  media, The accuracy  of t h e  r e p r e s e n t a t i o n  o f  t h e  c r a c k  

t i p  stress f i e l d s  by s t r e s s - i n t e n s i t y - f a c t o r  method$ i s  d i s c u s s e d  

p o i n t i n g  o u t  some l i m i t a t i o n s  of  a p p l i c a b i l i t y  Methods o f  

e s t i m a t i n g  and approximate a n a l y s i s  f o r  s t r e s s - i n t e n s i t y - f a c t o r s  

i n  compl i ca t ed  p r a c t i c a l  c i r cums tances  a r e  a l s o  d i s c u s s e d ,  
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STRESS ANALYSIS OF CRACKS 

by  P a u l  C ,  Paris* 
and George C , M .  Sih* 

I n t r o d u c t i o n :  

The r e d i s t r i b u t i o n  o f  s t r e s s e s  i n  b o d i e s  caused  by t h e  

i n t r o d u c t i o n  o f  a c r a c k  i s  one of  t h e  e s s e n t i a l  f e a t u r e s  which 

s h o u l d  b e  i n c o r p o r a t e d  i n t o  an a n a l y s i s  of  s t r e n g t h  of s t r u c t u r e s  

w i t h  flaws, Moreover, t h e  h i g h  e l e v a t i o n  of  stresses n e a r  t h e  

t i p  of  a c r a c k  shou ld  r e c e i v e  the  utmost  a t t e n t i o n ,  s i n c e  i t  i s  

a t  tha t  p o i n t  t h a t  a d d i t i o n a l  growth of  t he  c r a c k  takes p l a c e .  

A s  a consequence, i t  i s  t h e  purpose o f  t h i s  paper  t o  p r e s e n t  a 

summary of c u r r e n t  knowledge o f  c r a c k  t i p  stress f i e l d s  and of 

t h e  means of  d e t e r m i n a t i o n  o f  t h e  i n t e n s i t y  o f  t h o s e  f i e l d s ,  

Small amounts of p l a s t i c i t y  and o t h e r  n o n - l i n e a r  e f f e c t s  

may b e  viewed as t a k i n g  p lace  well  w i t h i n  t he  c r a c k  t i p  s t ress  

f i e l d  and hence may b e  n e g l e c t e d  i n  t h i s  p r e s e n t a t i o n  o f  t h e  

g r o s s  f e a t u r e s  of  t h o s e  f i e l d s ,  It i s  t h e  s u b j e c t  of  o t h e r  

d i s c u s s i o n s  t o  assess t h e  e f f e c t s  caused  by t h e  f i e l d s ,  e , g ,  

t h e  p l a s t i c i t y  w i t h i n  them and o t h e r  r equ i r emen t s  of f o r m u l a t i o n  

o f  a complete  t h e o r y  of  f rac ture  behavior,, 

* A s s o c i a t e  P r o f e s s o r  of  Mechanics, Lehigh U n i v e r s i t y ,  
Bethlehem, Pennsy lvan ia  
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I n  h i s  now famous paper  G r i f f i t h  [l] made use  o f  t h e  

stress s o l u t i o n  provided  b y  I n g l i s  [ 2 ]  f o r  a f l a t  p la te  under  

uniform t e n s i o n  wi th  an e l l i p t i c a l  h o l e  which could  be 

degene ra t ed  i n t o  a c rack .  However, n e i t h e r  G r i f f i t h  n o r  h i s  

p r e d e c e s s o r s  had t h e  knowledge o f  stress f i e l d s  n e a r  c r a c k s  

which is  now a v a i l a b l e ,  s o  as a consequence,  he d e v i s e d  an 

ene rgy- ra t e  a n a l y s i s  of  e q u i l i b r i u m  of c r a c k s  i n  b r i t t l e  

materials, Sneddon [ 3 ]  was the  f i rs t  t o  g i v e  stress f i e l d  

expans ions  f o r  c r ack  t i p s  f o r  two i n d i v i d u a l  examples ,  however, 

i t  was only l a t e r  tha t  I rwin  [4 ,5]  and Williams [ 6 ]  recognized  

t h e  g e n e r a l  a p p l i c a b i l i t y  of t h e s e  f i e l d  e q u a t i o n s  and ex tended  

them t o  t h e  most g e n e r a l  c a s e  f o r  an i s o t r o p i c  e l a s t i c  body [ S I 0  

It i s  t h i s  a n a l y s i s  t o  which i n i t i a l  a t t e n t i o n  s h a l l  be g iven ,  

Crack T i p  Stress  F i e l d s  f o r  I s o t r o p i c  E l a s t i c  Bodies  

The s u r f a c e  o f  a c rack ,  s i n c e  t h e y  are stress f r e e  

boundar i e s  of t h e  body n e a r  t h e  c r a c k  t i p ,  are t h e  dominat ing 

i n f l u e n c e  on t h e  d i s t r i b u t i o n s  of  stresses i n  t h a t  v i c i n i t y ,  

Other remote boundar i e s  and load ing  f o r c e s  e f f e c t  only t h e  

i n t e n s i t y  of t h e  l o c a l  s t r e s s  f i e l d ,  

The stress f i e l d s  n e a r  crack t i p s  can b e  d i v i d e d  i n t o  

th ree  b a s i c  t y p e s  each a s s o c i a t e d  w i t h  a l o c a l  mode of 

de fo rma t ion  as i l l u s t r a t e d  i n  f i g u r e  1, The opening mode, I, 

i s  a s s o c i a t e d  w i t h  l o a a l  displacement  i n  which t h e  c r a c k  

s u r f a c e s  move d i r e c t l y  apart (symmetric w i t h  r e s p e c t  t o  t h e  

x-y and x-z p l a n e s ) ,  The edge s l i d i n g  mode, 11, i s  c h a r a c t e r i z e d  

- 2 -  



by d i s p l a c e m e n t s  i n  which the  c r a c k  s u r f a c e s  s l i d e  o v e r  one 

a n o t h e r  p e r p e n d i c u l a r  t o  t h e  l e a d i n g  edge of  t h e  c r a c k  

(symmetrfc  w i t h  r e s p e c t  t o  t h e  x-y p l a n e  and skew-symmetric 

w i t h  r e s p e c t  t o  t h e  x-z p l a n e ) ,  Mode 111, t e a r i n g ,  f i n d s  t h e  

c r a c k  s u r f a c e s  s l i d i n g  w i t h  r e s p e c t  t o  one a n o t h e r  p a r a l l e l  

t o  t h e  l e a d i n g  edge (skew-symmetric w i t h  r e s p e c t  t o  t h e  x-y 

and x-z p l a n e s )  , The s u p e r p o s i t i o n  of  these three modes i s  

s u f f i c i e n t  t o  d e s c r i b e  t h e  most g e n e r a l  c a s e  of c r a c k  t i p  

de fo rma t ion  and stress f i e l d s ,  

The most d i r e c t  approach  t o  d e t e r m i n a t i o n  of t h e  s t ress  

and d i sp lacemen t  f i e l d s  a s s o c i a t e d  w i t h  each  mode f o l l o w s  in 

t h e  manner of  I r w i n  [4,7], based on t h e  method o f  Westergaard 

C8I0 Modes I and I1 can be ana lyzed  as p l a n e  e x t e n s i o n a l  

problems of  the  t h e o r y  of  e l a s t i c i t y  which are s u b d i v i d e d  as 

symmetr ic  and skew-symmetric, r e s p e c t i v e l y ,  w i t h  r e s p e c t  t o  t h e  

c r a c k  p l a n e ,  Mode I11 can  be regarded as t h e  p u r e  shear ( o r  

t o r s i o n )  problem, R e f e r i n g  t o  f i g u r e  2 f o r  n o t a t i o n ,  t h e  

r e s u l t f n g  stress and d i sp lacemen t  f i e l d s  are ( a  f u l l  d e r f v a t f o n  

is found i n  Appendix I): 

- 3 -  



Mode I 

KT 8 8 18 - I 
0 = - cos - E 1  - s i n  - s i n  -3 pz? 2 2 2 

KI 8 8 38 

Jrn 2 2 2 
u = - cos - [l t s i n  - s i n  -3 

KI 8 8 38 
f = - s i n  - cos - cos - 
xy J5' 2 2 2 

uz = V ( U x + U y ) ,  f = T = 0 
xz YZ 
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KII 8 8 3Q 

“ F  2 2 2 

K I I  

J2*r‘ 2 2 2 

sin - [ 2  + cos - cos --I Q = -  

8 8 3Q 
s i n  - cos  - cos  - Q = -  

T = - cos  - [l-sin - s i n  -1 
xy i E ’  2 2 2 

8 

G 2 2 
2 

a 
u = 2 E s i n  - [2-2,tcos -1 

8 

G 2 2 

2 8 
= cos  - C-lt2, ts in  -I 

w =  0 
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'Mode I11 

8 
s i n  - x z - - -  

- KIII 
T 

\j2nr' 2 

KIII 8 - cos  - - T -  
2 Y Z  

= o  XY 
T 

U ' V ' O  

The e q u a t i o n s  (1) and ( 2 )  have been  w r i t t e n  f o r  t h e  c a s e  of  

p l a n e  s t r a i n  ( i . e . w = O )  b u t  can b e  changed t o  p l a n e  stress 

e a s i l y  by  t a k i n g  cfz = 0 and r e p l a c i n g  t h e  shear modulus, G ,  

and P o i s s o n ' s  r a t i o , " ,  i n  t h e  d i s p l a c e m e n t s  w i t h  a p p r o p r i a t e  

v a l u e s ,  These e q u a t i o n s ,  (11, ( 2 )  and ( 3 1 ,  have been o b t a i n e d  

by n e g l e c t i n g  h i g h e r  o r d e r  terms i n  ro  Hence, t h e y  can b e  

regarded as a good approximation i n  t h e  r e g i o n  where r i s  

small compared t o  o t h e r  p l a n a r  (x-y p l a n e )  d imens ions  of a body 

such  as c r a c k  l e n g t h  and e x a c t  i n  t h e  l i m i t  as r approaches  

zero,, 

- 6 -  



The parameters, K18 KII ,  and K I I 1  i n  t h e  e q u a t i o n s  are 

' s t r e s s - i n t e n s i t y - f a c t o r s *  f o r  t h e  co r re spond ing  three  t y p e s  of 

stress and d i sp lacemen t  f i e l d s ,  It i s  i m p o r t a n t  t o  n o t i c e  t h a t  

t h e  s t r e s s - i n t e n s i t y - f a c t o r s  are n o t  dependent on t h e  

c o o r d i n a t e s ,  r and 8, hence t h e y  c o n t r o l  t h e  i n t e n s i t y  o f  t h e  

stress f i e l d s  b u t  n o t  t h e  d i s t r i b u t i o n  f o r  each mode. From 

d imens iona l  c o n s i d e r a t i o n s  o f  e q u a t i o n s  (11, (21, and ( 3 1 ,  it 

can  b e  observed  t h a t  t h e  s t r e s s - i n t e n s i t y - f a c t o r s  must c o n t a i n  

t h e  magnitude o f  l o a d i n g  f o r c e s  l i n e a r l y  f o r  l i n e a r - e l a s t i c  

b o d i e s  and must also depend upon t h e  c o n f i g u r a t i o n  of t h e  body 

i n c l u d i n g  t h e  crack s i z e ,  Consequently , s t r e s s - i n t e n s i t y -  

f a c t o r s  may b e  p h y s i c a l l y  i n t e r p r e t e d  as parameters which 

r e f l e c t  t h e  r e d i s t r i b u t i o n  o f  stress i n  a body due t o  t h e  

i n t r o d u c t i o n  o f  a c r a c k ,  and i n  p a r t i c u l a r  t h e y  i n d i c a t e  t h e  

t y p e  (mode) and mangitude o f  f o r c e  t r a n s m i s s i o n  through t h e  

c r a c k  t i p  r e g i o n ,  

Elementary Dimensional Cons ide ra t ions  f o r  Determina t ion  o f  

S t r e s s - I n t e n s i t y - F a c t o r s  

An i n f i n i t e  p l a t e  s u b j e c t e d  t o  uni form t e n s i l e  s t r e s s , a ,  

i n t o  which a t r a n s v e r s e  c r a c k  of l e n g t h ,  2a, has been 

i n t r o d u c e d ,  i s  shown i n  f i g u r e  3 0  As a two d imens iona l  problem 

of t h e o r y  of  e l a s t i c i t y  only  two c h a r a c t e r i s t i c  dimensions are 

p r e s e n t ,  (I and a ,  Moreover, t h i s  c o n f i g u r a t i o n  i s  symme'tric 

w i t h  r e s p e c t  t o  t h e  c r a c k  p l ane  t h e r e f o r e  only  t h e  f irst  mode 

* these  s t r e s s - i n t e n s i t y - f a c t o r s  d i f f e r  by a f a c t o r  of  w i t h  
e a r l i e r  d e f i n i t i o n s  of them, 

- 7 -  



f i e l d s  are p r e s e n t  , Then, s imply from dimens iona l  c o n s i d e r a t i o n  

[ 9 ]  w i t h  e q u a t i o n s  (l), t h e  only p o s s i b i l i t y  i s :  

(1 
KI  = C1 u p  

( 4 )  

Hence, o b s e r v a t i o n s  of symmetry and d imens iona l  a n a l y s i s  can a id  

i n  d e t e r m i n a t i o n  of  stress i n t e n s i t y  f a c t o r s ,  

undetermined by such c o n s i d e r a t i o n s ,  l a t e r  r e s u l t s  w i l l  show i t  

t o  b e  

s i z e  e f f e c t  can be  p r e d i c t e d  f o r  t h i s  c o n f i g u r a t i o n ,  s i n c e *  as 

KI .+ KIc , t h e n  

Though C1 i s  

F, However, even i f  C1 i s  l e f t  undetermined t h e  f r a c t u r e  

uv = c o n s t .  ( 5 )  

By similar c o n s i d e r a t i o n s  of  t he  p l a n e  e x t e n s i o n a l  

problem of a p l a t e  under  shear, as shown i n  f i g u r e  4 ,  t h e  stress 

i n t e n s i t y  f a c t o r s  are 

KII = T 

KI = KIII = o  

* KI K I c  D as a f r a c t u r e  c r i t e r i o n ,  i s  d i s c u s s e d  i n  many 
o t h e r  papers a t  t h i s  conference ,  
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Moreover, ana logous  r e s u l t s  may be o b t a i n e d  f o r  t h e  

problem shown i n  f i g u r e  5 ,  i . e ,  an i n f i n i t y  body w i t h  shear 

a p p l i e d  p a r a l l e l  t o  a t u n n e l  c r ack  of  w id th ,  2a0 They a r e :  

= T W  
KIII ( 7 )  

= XII  = 0 KI 

Though these are r e l a t i v e l y  i n t e r e s t i n g  examples ,  more 

compl i ca t ed  c o n f i g u r a t i o n s  a r e  of  p r a c t i c a l  impor tance ,  

consequen t ly ,  more powerfu l  methods o f  a n a l y s i s  w i l l  b e  c i t e d .  

S t r e s s - i n t e n s i t y - f a c t o r s  can  b e  de t e rmined  from t h e  

l i m i t i n g  v a l u e s  of  e l a s t i c  s t r e s s  c o n c e n t r a t i o n  f a c t o r s  [ 7 1  

as t h e  r o o t  r a d i u s ,  p ,  o f  t h e  n o t c h  approaches  z e r o o  Cons ide r  

a symmtr i ca l ly  loaded  no tch  whereupon t h e  t i p  w i l l  b e  embedded 

wi th in  a mode I stress f i e l d .  

d i r e c t l y  ahead o f  t h e  n o t c h ,  Again d imens iona l  c o n s i d e r a t i o n s  o f  

e q u a t i o n s  (1) lead t o  

The maximum s t ress ,  Qo w i l l  occu r  

i n  the  l i m i t i n g  c a s e  t h e  no tch  approaches  a c r a c k ,  as p+O, o r  

l i m  .F' 
u- O O  

- 
KI - p+o 2 

( 9 )  

The c o n s t a n t  has been e v a l u a t e d  f rom e q u a t i o n  ( 4 )  and t h e  

stress c o n c e n t r a t i o n  s o l u t i o n  f o r  an e l l i p t i c a l  h o l e  i n  t h e  
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c o n f i g u r a t i o n  shown i n  f i g u r e  3 ,  which i s :  

A m u l t i t u d e  o f  s tress c o n c e n t r a t i o n  s o l u t i o n s  a v a i l a b l e  i n  t h e  

works of  Neuber [ l O j ,  Pe t e r son  [ll], Sav in  [12 ] ,  I s ida E131 and 

o t h e r s  can b e  used t o  determine stress i n t e n s i t y  f a c t o r s  f o r  

many c o n f i g u r a t i o n s ,  Formulas co r re spond ing  t o  e q u a t i o n  ( 9 )  can 

be as e a s i l y  d e r i v e d  f o r  modes I1 and 111, They appear i n  

Appendix 11, 

From t h e  above d imens iona l  c o n s i d e r a t i o n s  it i s  e v i d e n t  

t ha t  t h e  appearence  of  the  

stress f i e l d  e q u a t i o n s  (l), ( 2 )  and ( 3 )  i s  a c o n t r o l l i n g  

f e a t u r e  i n  f r a c t u r e  s i z e  e f f e c t s ,  t h e  r e l a t i o n s h i p  o f  stress 

c o n c e n t r a t i o n s  t o  stress i n t e n s i t y  f a c t o r s ,  and, as will be  

n o t e d  l a t e r ,  e x t e n s i o n  o f  f r a c t u r e  mechanics concep t s  t o  o t h e r  

t h a n  I s o t r o p i c - e l a s t i c  media, 

l / ~ t y p e  of  s i n g u l a r i t y  i n  t h e  

S t r e s s - I n t e n s i t y - F a c t o r s  from Westergaard Stress Func t ions  

S e v e r a l  s o u r c e s  [4,5,7,8 and o t h e r s ]  g i v e  Westergaard 

stress f u n c t i o n s ,  Z ,  f o r  c rack  problems, A d i s c u s s i o n  of  t h e  

b a s i c  e q u a t i o n s  a n a l y s i s  of p lane  problems w i t h  t h i s  t y p e  of  

stress f u n c t i o n  i s  g iven  i n  Appendix I ,  

- 10 - 



For each o f  t h e  th ree  modes o f  c r a c k  t i p  stress f i e l d s  t h e  

Westergaard stress f u n c t i o n  i n  t he  neighborhood of  t h e  c rack  t i p  

takes t h e  form 

where f ( $ )  must be  we l l  behaved i n  t h a t  v i c i n i t y  i n  o r d e r  t o  

ensu re  stress f r ee  crack  s u r f a c e s * ,  Hence i n  t h e  r e g i o n  c l o s e  

t o  t h e  c rack  t i p ,  i , e ,  131 4, it  i s  pe rmis s ib l e  t o  r e p r e s e n t  

t h e  s t r e s s  f u n c t i o n  as [5]:  

=3F Z 

f o r  mode I stress f i e l d s  (see Appendix I ) ,  Comparing u a l o n g  

t h e  x-axis as computed from equa t ion  ( 1 2 )  and as g iven  i n  
Y 

e q u a t i o n  (1) leads t o :  

I n  a s imi la r  f a s h i o n  f o r  t h e  o t h e r  modes: 

. 

* Simple p o l e s  away f r o m  t h e  crack t i p  w i l l  appear  a t  l o c a t i o n s  
of  c o n c e n t r a t e d  f o r c e s ,  e t c ,  

- 11 - 



As an example c o n s i d e r  a p l a t e  w i t h  an i n f i n i t e  p e r i o d i c  

a r r a y o f  c r a c k s  a l o n g  a l i n e  w i t h  un i fo rm t e n s i o n ,  6 ;  t h e  ha l f  

p e r i o d  i s  b and t h e  ha l f  c r a c k  l e n g t h  a, as shown i n  f i g u r e  60 

The stress f u n c t i o n  f o r  t h i s  c o n f i g u r a t i o n  i s  [ 4 ] :  

2b 2b 

I n  o r d e r  t o  move t h e  c rack  t i p  t o  t h e  o r i g i n  s u b s t i t u t e  

z = x+iy  = a + s a n d  t r i g o n o m e t r i c  i d e n t i t i e s ,  and e l i m i n a t i n g  terms 

of  t h e  o r d e r  of  5 compared t o  terms o f  t h e  o r d e r  o f  a ,  t h e  

l i m i t i n g  p r o c e s s  i n  e q u a t i o n  (13) leads t o :  

R e f e r i n g  t o  f i g u r e  6 ,  t h e  i n d i c a t e d  a x e s  of symmetry are l i n e s  

d e v o i d  of  shear stress, and s u b t r a c t i n g  a uni form normal s t ress ,  

U, i n  t h e  h o r i z o n t a l  d i r e c t i o n  ( l e a d s  t o  no change i n  KI) 

l e a v e s  o n l y  small s e l f  e n u i l f b r a t i n g  normal  s t r e s s e s ,  ux, a l o n g  

these l i n e s  p rov ided  a i s  small compared t o  b o  For  these  

r e a s o n s  i t  i s  regarded as permiss ib le  t o  c u t  t h e  sheet  a l o n g  

these l i n e s  and t o  use  equa t ion  ( 1 7 )  as an approximate  s o l u t i o n  

f o r  f i n i t e  w i d t h  s t r i p s  w i t h  c e n t r a l  c r a c k s  p rov ided  a i s  l e s s  
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t h a n  b / 2 0  R e s u l t s  computed f o r  s t r i p s  by I s ida  [ l 3 ]  and 

Kobayashi [ 14 151, which are a c c u r a t e  t o  much l a rge r  r e l a t i v e  

v a l u e s  o f  a , i n d i c a t e  t h a t  t h i s  p r a c t i c e  i s  sound ( w i t h i n  7%,  

see t a b l e  I)o 

S i m i l a r l y ,  c u t t i n g  the  problem i n  f i g u r e  6 a l o n g  t h e  

y-axis  and similar l i n e s  l e a d s  t o  an approximate  s o l u t i o n ,  

e q u a t i o n  (17) f o r  double  edge no tched  s t r i p s  which i s  a c c e p t a b l y  

a c c u r a t e  i f  a i s  greater t h a n  b/2 ( w i t h i n  221 ,  Bowie [ 1 6 1  has 

c a l c u l a t e d  r e s u l t s  f o r  edge notched  s t r i p s  which v e r i f y  t h i s  

accu racy  

The c o n f i g u r a t i o n  shown i n  f i g u r e  6 w i t h  t h e  a p p l i e d  stress,  

a,, r e p l a c e d  by i n  p l a n e  s h e a r  s t ress ,T,  leads t o :  

making use  of  e q u a t i o n  ( 1 4 )  r e s u l t s  i n :  

ra'  
KII = T\Ina\ 1; t a n  

I n  a l i k e  f a s h i o n  a l l  r e s u l t s  such as e q u a t i o n s  ( 1 6 )  and ( 1 7 )  

f o r  symmetr ic  problems,  mode I ,  are ana logous  t o  t h e  c o r r e s p o n d i n g  
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mode I1 problem e q u a t i o n s  (18) and (19) o b t a i n e d  by r o t a t i o n  

' o f  boundary f o r c e s  and/or  s t resses  th rough  90' i n  p l a n e  when 

t r e a t i n g  e x t e n s i o n  of  i n f i n i t e  p l a t e s ,  and c e r t a i n  o t h e r  cases., 

Moreover, t h e  cor responding  mode I11 problem, w i t h  t h e  

s t ress ,  u , replaced by ou t  o f  p l ane  shear,  T , f o r  a body of 

i n f i n i t e  e x t e n t  i n  a l l  d i r e c t i o n s ,  t h e  stress f u n c t i o n  i s  

i d e n t i c a l  t o  e q u a t i o n  (18 )  and t h e  s t r e s s - i n t e n s i t y - f a c t o r  i s :  

r a  KIII 

(KI = KII = 0) 

It can b e  no ted  t ha t  t h e  above examples of s t ress-  

i n t e n s i t y - f  a c t  o r s  from West e r g a a r d  stress f u n c t i o n s  , e q u a t i o n s  

(171, (19) and ( 2 0 ) ,  lead t o  t h e  r e s u l t s  i n  e a r l i e r  examples,  

e q u a t i o n s  ( 4 1 ,  ( 6 )  and ( 7 ) ,  i f  b becomes very large compared t o  a, 

Westergaard s t ress  f u n c t i o n s  are a v a i l a b l e  f o r  many 

problems and w i t h  some exper ience  i t  i s  easy t o  add s o l u t i o n s ,  

b u t  t he re  are l i m i t a t i o n s  t o  t h e  scope of t he  method, The most 

s e r i o u s  drawback i s  t h a t  t h e  method i s  normal ly  r e s t r i c t e d  t o  

i n f i n i t e  p l a n e  (two-dimensional)  b o d i e s  w i t h  c r a c k s  a l o n g  a 

s i n g l e  s t r a i g h t  l i n e ,  Another, more v e r s a t i l e  approach t o  p l a n e  

problems i s  a v a i l a b l e ,  

- 1 4  - 



S t r e s s - I n t e n s i t y - F a c t o r s  from General  Complex Stress  Func t ions  

A complex stress f u n c t i o n  approach developed by 

M u s k h e l i s h v i l i  [ l 7 ]  and o t h e r s  has some advantages  o v e r  t h e  

Westergaard method by t r e a t i n g  a b r o a d e r  c l a s s  o f  p l a n e  

e x t e n s i o n a l  problems,  

An A i r y ' s  stress f u n c t i o n , 4 ,  must s a t i s f y  t h e  boundary 

c o n d i t i o n s  of a problem and t h e  biharmonic e q u a t i o n ,  i , e .  

( see  Appendix I )  

V 4 Q  = 0 

The g e n e r a l  s o l u t i o n  t o  equa t ion  ( 2 1 )  may b e  expres sed  as 

C171 

0 = R e  [??+(z )  + x ( z ) ]  ( 2 2 )  

From t h i s  form f o r  @ t h e  sum of  t h e  normal stresses becomes 

u + u = 4 R e [ 4 ' ( z ) ]  
X Y 

D e f i n i n g  a complex s t r e s s - i n t e n s i t y - f a c t o r  [ l S l  by 

K = K I  - i KII 

e q u a t i o n s  (l), ( 2 ) ,  and ( 2 4 )  may b e  combined t o  g i v e  t h e  

same stress combinat ion i n  t h e  v i c i n i t y  of a c r a c k  t i p ,  The 

r e s u l t  i s  
J? 
w u + u = Re[- K ]  

X Y 



f o r  a c r a c k  t i p  a t  z and f o r  co r re spond ing  c o o r d i n a t e  

d i r e c t i o n s ,  i o e o  
1 

-s= z - ( 2 6 )  

S u b s t i t u t i o n  o f  e q u a t i o n  ( 2 6 )  I n t o  ( 2 5 )  and comparing the  

r e s u l t  w i th  e q u a t i o n  ( 2 3 )  leads t o  

l i m  
K = X I - i  K = 2 J2*' JT v w  

1 z+z I1 

The f u n c t i o n  4 ( z )  has been determined f o r  a large number o f  

c r a c k  problems [12 ,  1 7 ,  18, 19, 201,  s i n c e  w i t h  t h i s  t e c h n i q u e  

conformal  mapping of h o l e s  i n t o  c r a c k s  i s  pe rmi t t ed ,  

Fo r  a mapping f u n c t i o n ,  z = W (  q), e q u a t i o n  ( 2 7 )  becomes 

l i m  + ' ( d  
rl'rl W ' h )  

K = 2 W  \ I w ( r l )  - W h J  - ( 2 8 )  

The mapping of a c r a c k  of  l e n g t h ,  2a, i n t o  a c i r c u l a r  h o l e  o f  

u n i t  r a d i u s  i s  g iven  by 

a 1 

2 n 
z = w(q) = - (nt -1 

For t h i s  mapping e q u a t i o n  ( 2 8 )  s i m p l i f i e s  t o  

K = 2 E  $1'(1) 

The example of  a s i n g l e  c o n c e n t r a t e d  f o r c e ,  F,  ( p e r  u n i t  

t h i c k n e s s )  on a c r a c k  s u r f a c e  w i t h  a rb i t r a ry  i n c l i n a t i o n ,  as 
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/ 

shown i n  f i g u r e  7,  i s  s o l v e d  by: 

1 K 7 

where n cor re sponces  t o  z = b ,  F = P- iQ ,  and K i s  an e l a s t i c  

c o n s t a n t ,  which f o r  p l ane  s t r a i n  i s  K = 3-4v 
0 

Using e q u a t i o n  (30 )  w i t h  (31) , t h e  s t r e s s - i n t e n s i t y -  

f a c t o r s  are: 

Q a+b 1 / 2  -P IC- 1 
K I I =  - (-1 t-  (-1 

2 K t 1  2 a-b 

The c o n c e n t r a t e d  f o r c e  s o l u t i o n ,  e q u a t i o n s  ( 3 2 )  p r o v i d e s  

t h e  Green 's  f u n c t i o n s  t o  s o l v e  any s i n g l e  s t r a i g h t  c r a c k  

problem i n  an i n f i n i t e  p l ane  from a knowledge o f  t h e  stresses 

on t h e  p r o s p e c t i v e  crack s u r f a c e  w i t h  t h e  c r a c k  a b s e n t ,  i o e o  

uy(x ,o )  and T ( X , O ) ~  The s o l u t i o n  i s  
XY 
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1 . a  1 / 2  a t x  
( 3 3 )  

I 'x,(x,o>(-> dx 
-a a-x KII= \lnal 

I n  o r d e r  t o  f u r t h e r  i l l u s t r a t e  t h e  v e r s a t i l i t y  o f  t h e  

complex stress f u n c t i o n  method, t h e  problem o f  a crack of 

r a d i u s  R ,  s u b t e n d i n g  an a r c  of a n g l e ,  2 a  , symmet r i ca l ly  w i t h  

respect  t o  t h e  x-axis  i n  an i n f i n i t e  sheet s u b j e c t e d  t o  

uni form b i a x i a l  t e n s i o n  may be  t r ea t ed ,  see f i g u r e  8. 

c a s e  M u s k h e l i s h v i l i  [17] gives 

For  t h i s  

- ( 3 4 )  

R e l o c a t i o n  of a c r a c k  t i p  on t h e  x-ax is ,  as r e q u i r e d  by e q u a t i o n  

(271,  may be  accomplished by t h e  s u b s t i t u t i o n :  

ia A z = i e  (z - i - s i n  a  COS^) 

whereupon e q u a t i o n s  (271, ( 3 4 )  and ( 3 5 )  g i v e  

- ( 3 5 )  



Other  n o t a b l e  examples o f  s t r e s s - i n t e n s i t y - f a c t o r s  f o r  ra ther  

compl i ca t ed  c a s e s  o f  p l a n e  e x t e n s i o n  have been p r o v i d e d  [18, 

21,  22,  23,  e t c , ]  u s i n g  t h i s  and s imilar  methods. The power o f  

t h i s  method f o r  p l a n e  e x t e n s i o n  has been s u f f i c i e n t l y  

i l l u s t r a t e d ,  consequen t ly  , a d d i t i o n a l  examples w i l l  b e  removed 

t o  Appendix 11. 

A similar complex v a r i a b l e  approach  has been developed  t o  

de t e rmine  s t r e s s - i n t e n s i t y - f a c t o r s  i n  p r i s m a t i c  bars ( w i t h  

p r i s m a t i c  c r a c k s )  s u b j e c t e d  t o  t o r s i o n  and f l e x u r e  [24, 25,  2610 

T h i s  t y p e  o f  c o n f i g u r a t i o n  l e a d s  t o  mode I11 s t r e s s - i n t e n s i t y -  

f a c t o r s ,  some o f  which w i l l  a l s o  be t a b u l a t e d  i n  Appendix 11, 

S t r e s s - I n t e n s i t y - F a c t o r s  f o r  some Three-Dimension Cases 

Using a method employing F o u r i e r  t r a n s f o r m s  , Sneddon [ 31  

treated t h e  c a s e  o f  a c i r c u l a r  d i s k  c r a c k  o f  r a d i u s ,  a, i n  an  

i n f i n i t e  s o l i d  s u b j e c t e d  t o  uniform t e n s i o n ,  0 ,  normal  t o  t h e  

c r a c k  p l a n e ,  see f i g u r e  9 .  H i s  r e s u l t s  f o r  c r a c k  t i p  stress 

f i e l d  expans ions  lead t o :  

2 
= -  u p  

( 3 7 )  

(by  symmetry XII = KIII = o  

The a n a l y s i s  o f  stresses n e a r  e l l i p s o i d a l  c a v i t e s  i n  i n f i n i t e  

b o d i e s  s u b j e c t e d  t o  t e n s i o n  has been d i s c u s s e d  by Sadowsky 

[27] and Green [28]. However, d i f f i c u l t i e s  a r i se  i n  t h e  
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st resses  computed from t h e i r  r e s u l t s  n e a r  t h e  c r a c k  edge when 

t h e  e l l i p s o i d  i s  degene ra t ed  i n t o  a c r a c k ,  see f i g u r e  10, 

Subsequent ly ,  I r w i n  [291 c a l c u l a t e d  t h e  s t r e s s - i n t e n s i t y -  

f a c t o r  a t  any l o c a t i o n  on the  c rack  b o r d e r ,  descr ibed b y  t h e  

angle,B, by comparing Green 's  r e s u l t s  f o r  d i sp l acemen t s  w i t h  

e q u a t i o n s  (1) The formulas  ob ta ined  are: 

(by  symmetry KII = KIII  = 0 )  

where @J.s t h e  e l l i p t i c  i n t e g r a l *  

$ =  I ( 3 9 )  
0 b 2  

N o t i c e  tha t  f o r  b = 0 , B  = n/2 e q u a t i o n s  ( 3 8 )  and ( 3 9 )  Peduce t o  

e q u a t i o n  ( 4 )  o r  f o r  b = a t o  equa t ion  (37 ) ,  w i t h  co r re spond ing  

changes from f i g u r e  10 t o  f igu re  3 o r  f i g u r e  g o  

Though t h e  above r e s u l t s  f o r  t h ree  d imens iona l  problems 

are  o f  extreme p r a c t i c a l  i n t e r e s t ,  t h e  mathematical d i f f i c u l t y  

i n  a t t e m p t i n g  o t h e r  such s o l u t i o n s  i s  s o  great  t h a t  a d i s c u s s i o n  

of t h e  p o s s f b l e  methods would be o f  l i t t l e  i n t e r e s t ,  

* v a l u e s  of e l l i p t i c  i n t e g r a l s  are t o  be found i n  many 
m a t  hemat i c a1 t a b  l e  s 
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However, i n  p r a c t i c a l  a p p l i c a t i o n  o f  r e s u l t s  i t  must b e  k e p t  

i n  mind t ha t  a l l  b o d i e s  are  r e a l l y  t h ree  d imens iona l  and o f t e n  

t h e  c r a c k s  which must be analyzed do n o t  s u i t  t h e  i d e a l i z e d  

r e s u l t s  e x a c t l y  as p r e s e n t e d  h e r e ,  N e v e r t h e l e s s ,  t h e  r e s u l t s  

which are p r e s e n t e d  form t h e  b a s i s  f o r  s e n s i b l e  judgements 

from which three  d imens iona l  e f f e c t s  may be assessedo A l a t e r  

s e c t i o n  on "Es t ima t ion  of  S t r e s s  I n t e n s i t y  F a c t o r s "  w i l l  

i l l u s t r a t e  some u s e  o f  that  judgement, 

Moreover, as a p r ime  example o f  t h e  fact  t h a t  t h ree  

d imens iona l  e f f e c t s  are always p r e s e n t  and y e t  may most o f t e n  be 

j u s t i f i a b l y  n e g l e c t e d ,  c o n s i d e r  shee t  o f  f i n i t e  t h i c k n e s s  w i t h  

a through-crack,  I f  t he  shee t  were i n f i n i t e l y  t h i c k  p l a n e  

s t r a i n  would app ly ,  o r  i f  i n f i n i t e l y  t h i n  t h e n  p l a n e  stress,  

But w i t h  f i n i t e  t h i c k n e s s  a mixed s i t u a t i o n  o f  p l a n e  stress n e a r  

t he  s u r f a c e s  o f  t h e  p la te  and p l ane  s t r a i n  i n  t h e  i n t e r i o r  

o c c u r s  i n  t h e  c r a c k  t i p  stress f i e l d ,  Consequent ly ,  t h e  s t ress  

i n t e n s i t y  f a c t o r s  computed f o r  p l a n e  problems r e p r e s e n t  on ly  

t h e i r  v a l u e s  averaged  through t h e  t h i c k n e s s ,  T h e r e f o r e ,  

c o n s i d e r i n g  t h a t  p l a n e  s t r e s s  vs, p l a n e  s t r a i n  d i sp lacemen t  

f i e l d s  d i f f e r  by a f a c t o r  of  ( l - v 2 > ,  t h e  a c t u a l  v a l u e s  of 

stress i n t e n s i t y  f a c t o r s  f o r  a s t r a i g h t - t h r o u g h - c r a c k  can vary  

by 

v a l u e s  a t  t h e  s u r f a c e  b e i n g  a maximum o f  5 %  l e s s  t h a n  computed 

[m ( o r  l e s s )  from the  s u r f a c e  t o  t h e  i n t e r i o r ,  The 
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v a l u e s  and co r re spond ing ly  a maximum of  3% more i n  t h e  i n t e r i o r  

( f o r  = 0 , 3 ) o  Though c rack  t i p  p l a s t i c i t y  f u r t h e r  compl i ca t e s  

t h e  s i t u a t i o n ,  i t  i s  p a r t i a l l y  f o r  t h i s  r eason  t h a t  t h e  c r a c k  

o f t e n  beg ins  t o  grow i n  t h e  i n t e r i o r  of a p l a t e  ra ther  t h a t  

a t  t h e  s u r f a c e  t o  form a "tongue",  Even though t h i s  e f f e c t  i s  

o f t e n  observed,  i g n o r i n g  i t  l eads  t o  a des i rab le  l e v e l  of  

accuracy  of computed v a l u e s  of s t r e s s - i n t e n s i t y - f a c t o r s  i n  

deve lop ing  f r a c t u r e  c r i t e r i a * ,  

Edge Cracks i n  S e m i - I n f i n i t e  Bodies 

The p l a n e  e x t e n s i o n a l  p r o b l e m  of an edge n o t c h ,  a, i n t o  a 

s e m i - i n f f n i t e  p l a n e  s u b j e c t e d  t o  t e n s i o n ,  0 ,  has been d i s c u s s e d  

by s e v e r a l  a u t h o r s  [30, 31, 32, 1 6 ,  e t c , ] ,  see f i g u r e  11, Upon 

d imens iona l  a n a l y s i s  l e a d i n g  aga in  t o  e q u a t i o n s  (4) w i t h  C1 

l e f t  unknown, t h e  task i s  merely t o  e v a l u a t e  t h a t  c o n s t a n t o  

However, f o r m i t a b l e  methods mus t  b e  employed t o  o b t a i n  t h e  e f f e c t  

of  t h e  f r e e  s u r f a c e  of t h e  ha l f -p l ane ,  These methods use  

s e r i e s - t y p e  mapping f u n c t i o n s  w i t h  t h e  complex v a r i a b l e  stress 

f u n c t i o n  method [16, 301 and/or d u a l  i n t e g r a l  e q u a t i o n s  

r e s u l t i n g  from a Green 's  f u n c t i o n  approach [3l, 3210 The r e s u l t s  

may b e  computed t o  any d e s i r e d  degree of accuracy  and ( w i t h i n  

* So c a l l  "pop-in" t e s t s  a c t u a l l y  make d i r e c t  use o f  t h i s  e f f e c t ,  
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1% of  each  o t h e r )  t h e y  are:  

= l 0 l 2 q z  

= 0) - 
(KII - KIII 

Comparison o f  t h i s  r e s u l t  wi th  e i t h e r  e q u a t i o n  ( 4 )  o r  ( 1 7 )  

leads t o  t h e  c o n c l u s i o n  t h a t  t h e  f ree  s u r f a c e  c o r r e c t i o n  f a c t o r  

i s  1,12 f o r  edge no tches  p e r p e n d i c u l a r  t o  uni form t e n s i o n ,  

On t h e  o t h e r  hand f o r  t h e  ana logous  mode I11 c a s e  

e q u a t i o n  ( 7 )  and f i g u r e  5 w i t h  t h e  i n t r o d u c t i o n  o f  a f r ee  

s u r f a c e  p e r p e n d i c u l a r  t o  t h e  c rack  p l a n e  a l o n g  t h e  c e n t e r l i n e  

of t h e  c r a c k ,  no  c o r r e c t i o n  i s  r e q u i r e d  [33, 261, T h e r e f o r e  

co r re spond ing  t o  f i g u r e  1 2  t h e  s t ress  i n t e n s i t y  f a c t o r  i s :  

K = fJlra' 
I11 

( K I  = K = 0) 
I1 

There is no d i r e c t l y  analogous mode I1 c a s e  co r re spond ing  t o  

f i g u r e s  11 o r  1 2 ,  

With these  examples and t h e i r  r e s u l t s  t h e  methods of  

d e t e r m i n a t i o n  o f  " c l o s e d  form" s t r e s s - i n t  e n s i t y - f  a c t  o r s  f o r  

some b a s i c  c o n f i g u r a t i o n s  have been i l l u s t r a t e d ,  Subsequent ly ,  

some o t h e r  t y p e s  o f  problems which have n o t  l e n t  themselves  t o  

c l o s e d  form s o l u t i o n s  bear d i s c u s s i o n ,  
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Two-Dimensional Problems of  Plate  S t r i p s  w i t h  T r a n s v e r s e  Cracks 

The c l a s s  of  two d imens iona l  problems of' p l a t e  s t r i p s  w i t h  

t r a n s v e r s e  i n t e r n a l ,  edge, and d u a l  c o l l i n e a r  edge c r a c k s  

s u b j e c t e d  t o  t e n s i o n  and i n  p l ane  bending i s  of great 

p r a c t i c a l  i n t e r e s t  f o r  f r a c t u r e  t e s t i n g  p r o c e d u r e s o  However, 

c l o s e d  form s o l u t i o n s  f o r  such  problems are  n o t  a v a i l a b l e  and 

many o f  t h e  approximate s o l u t i o n s  i n  t h e  l i t e r a t u r e  are of 

d o u b t f u l  accu racy ,  

these r e s u l t s  b u t  t o  g i v e  estimates of t h e i r  accu racy ,  

The re fo re  i t  i s  impor t an t  t o  n o t  on ly  c i t e  

The l i m i t a t i o n s  on use  of t h e  s o  c a l l e d  " t angen t "  formula ,  

e q u a t i o n  (l7), f o r  c e n t r a l l y  cracked s t r i p s  and doub le  edge 

notched  s t r ips  s u b j e c t e d  t o  t e n s i o n  were already discussed, ,  

The work c i t e d  [l3, 1 4 ,  15,  and 161 which e v a l u a t e d  t h o s e  

l i m i t a t i o n s  was from d i r ec t  a t t a c k s  on t h e  s t r i p  problems,  

One o f  t h e  most formidable  approaches  t o  t h i s  c l a s s  of 

problems i s  found i n  t h e  work of Is ida,  [13, 34, 35, 36, e t C , l ,  

I s ida  has e x t e n s i v e l y  developed mapping f u n c t i o n s  f o r  s t r i p  

problems f o r  d e t e r m i n a t i o n  of  s t r e s s - c o n c e n t r a t i o n s  a t  t h e  

t i p s  o f  round ended c r a c k s  o f  end r a d i u s ,  p ,  

p r e s e n t e d  i n  t h e  form [see 131 

H i s  r e s u l t s  are 

2 O F  

Jp' 
' 0 = 'max f ( X )  (42 )  - - 
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where A i s  t h e  r a t i o  of c r a c k  l e n g t h  t o  s t r i p  w i d t h .  

f u n c t i o n  f (A)  i s  o b t a i n e d  as a power se r ies  as a r e s u l t  o f  

The 

u s i n g  power ser ies  mapping and stress f u n c t i o n s ,  The form of 

e q u a t i o n  ( 4 2 )  l e n d s  i t s e l f  t o  d i r e c t  s u b s t i t u t i o n  i n t o  

e q u a t i o n  (9) o r  a l t e r n a t e l y  t o  t e c h n i q u e s  developed by 

Kobayashi [14]. The r e s u l t i n g  s t r e s s - i n t e n s i t y  f a c t o r s  can be 

computed t o  any degree o f  accuracy by I s i d a v s  methods, p rov ided  

t h e  power se r ies  employed i n  t h e  a n a l y s i s  converge which t h e y  

do f o r  r e l a t i v e l y  large v a r i a t i o n s  i n  A ,  Within t h i s  minor 

l i m i t a t i o n  I s ida ' s  r e s u l t s  lead t o  a c c u r a c i e s  o f  w i t h i n  1 o r  2 % *  

I s i d a  has computed r e s u l t s  i n  t h e  form o f  e q u a t i o n  ( 4 2 )  

f o r  a v a r i e t y  of problems E131 of s p e c i a l  i n t e r e s t  i n  f r a c t u r e  

t e s t i n g  such  as t h e  case o f  t h e  c e n t r a l l y  notched  s t r i p  i n  

t e n s i o n ,  as shown i n  f i g u r e  130 Upon s u b s t i t u t i o n  o f  e q u a t i o n  

( 4 2 )  i n t o  e q u a t i o n  ( 9 1 ,  i t  can b e  n o t e d  b y  comparing t h e  r e s u l t  

w f t h  e q u a t i o n  ( 1 7 )  t h a t  f ( A )  cor responds  t o  t h e  e x a c t  c o r r e c t i o n  

f a c t o r  f o r  t h e  stress i n t e n s i t y  f a c t o r  of  a f i n i t e  w i d t h  s t r i p  

whose approximate  form i s  Tab le  I compares t h e  two 

t o  i l l u s t r a t e  t h e  accuracy  o f  e q u a t i o n  (17)., 
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Table I 

a 

0 ,074  
0,207 
00 275 
00 337 
00~10 
0,466 
00 535 
0,592 

x = 6  

na ' Jg t a n  zb 

(Equat ion  17 )  

1,oo 
1002 
1,03 
1,05 
1,08 
1011 
1.15 
1.20 

Bueckner [37, 381 has developed i n t e g r a l  e q u a t i o n  p rocedures  and 

s o l v e d  many c rack  problems,  He o b t a i n e d  t h e  s o l u t i o n  t o  a s t r i p  

w i t h  a s i n g l e  edge notch  s u b j e c t e d  t o  bending,  see f i g u r e  1 4 ,  

which i s  conven ien t ly  r e p o r t e d  i n  [3910 The r e s u l t s  so 

r e p o r t e d  obvious ly  l a c k  t h e  c o r r e c t i o n  f a c t o r  f o r  a f ree  s u r f a c e ,  

f o r  small  c rack  s i z e s  d i s c u s s e d  i n  c o n j u n c t i o n  e q u a t i o n  ( 4 0 ) ,  

which i s  a 1 2 %  e r r o r o  However, as n o t e d  f o l l o w i n g  e q u a t i o n  (171,  

t h e  e f f e c t  o f  t h e  c r a c k s s  eminat ion from a f r e e  edge disappears  

w i t h  deepening  c r a c k s  consequent ly  t h e  e r r o r  shou ld  d i m i n i s h ,  

The r e s u l t s  are expres sed  a s  fo l lows :  

= 0 )  - 
(KII - KIII 

a 
where g(;) i s  g iven  i n  table  11, 
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Table I1 

a h  0 0 0 5  O o l  O o 2  003 0 0 4  005 0.6 (and  l a rge r )  

g(a/h)  0 , 3 6  0,49 O o 6 0  0066 0.69 0.72 0.73 

The v a l u e s  i n  Table  I1 s u i t  t h e  l i m i t i n g  c a s e  o f  deep 

n o t c h e s  as de termined  from Neubervs  r e s u l t s  [ lo ] .  T h e r e f o r e  i t  

might be presumed tha t  Table I1 r e p o r t s  v a l u e s  w i t h  e r r o r s  of 

f a r  less t h a n  12% f o r  a/h greater t h a p  O o 2 ,  However, s e v e r a l  

r e c e n t  papers  on n o t c h  bending  a n a l y s i s  d i s a g r e e  wide ly  w i t h  

t h e  v a l u e s  i n  Tab le  I1 and though these  r e c e n t  r e s u l t s  c l a i m  

agreement  w i t h  "compliance c a l i b r a t i o n s ' '  f o r  a/h i n  t h e  normal 

t e s t i n g  r a n g e ,  t h e y  do n o t  a g r e e  w i t h  r e s u l t s  f o r  e i t h e r  of the 

l i m i t i n g  c a s e s ,  s h a l l o w  o r  deep n o t c h e s ,  Consequent ly ,  t h e  

matter of accu racy  of t h e  notched  bend ing  a n a l y s i s  i s  l e f t  

u n r e s o l v e d  a t  t h i s  t i m e .  

Bowie developed  polynoml a1 mapping f u n c t i o n s  f o r  u s e  w i t h  

t h e  complex stress f u n c t i o n  t e c h n i q u e  t o  s o l v e  p l a n e  problems,  

such  as c r a c k s  emina t ing  from c i r c u l a r  h o l e s  [40] and t h e  doub le  

edge no tched  s t r i p  i n  t e n s i o n  [1610 The l a t t e r  example,  as 

i l l u s t r a t e d  i n  f i g u r e  1 5 ,  p rov ides  an i n d i c a t i o n  o f  t h e  v a l i d i t y  

of employing  e q u a t i o n  (17)  f o r  t h i s  c o n f i g u r a t i o n .  Comparing 

BowieOs r e s u l t s  w i t h  e q u a t i o n  ( 1 7 )  i s  most l u c i d l y  accomplished 
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' u s i n g  a c o r r e c t i o n  f a c t o r  h ( a / b )  on e q u a t i o n  ( 1 7 )  o r  

(51 = KIII = 0 )  

f o r  which h i s  computed v a l u e s  a r e  g iven  i n  T a b l e  IIIno 

a/b 

Table I11 

L 
b 

( -  = 1,OO) 

1014 
1016 
1,14 
10 10 
1,02 
1001 
1000 

1 , 1 2  
loll 
lo09 
1,06 
1 , 0 2  
1 , O l  
1,OO 
1,oo 
1,OO 

- t a n  -h(a/b) 

L 

1,12 
1 0 1 2  

1,14 
I0l5 
1 , 2 2  

<;-to4 

From Table  I11 i t  can be  immediately observed  t h a t  f o r  

low a/b v a l u e s  t h e  c o r r e c t i o n  f a c t o r  o f  1,12 f o r  a c r a c k  from 

a f ree  s u r f a c e ,  as i l l u s t r a t e d  by e q u a t i o n  (40), i s  p r e s e n t .  

* The las t  column i n  T a b l e  I11 agrees w i t h i n  1% w i t h  a similar 
fo rmula  proposed by Go R ,  I rwin  on t h e  basis  of  e s t i m a t i n g  t h e  
v a r i o u s  e f f e c t s .  I t  i s  

2b Ira n a  1 / 2  
K, = u JZ[-(tan - + 0,1 s i n  -13 
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As a/b i n c r e a s e s  i t s  e f f e c t  disappears and e q u a t i o n  ( 1 7 )  a p p l i e s  

as no ted  p r e v i o u s l y ,  The las t  column o f  T a b l e  I11 combines t h e  

two e f f e c t s ,  i , e ,  t h e  f ree  s u r f a c e  and t h e  f i n i t e  w id th  s t r i p ,  

t o  g i v e  t h e  complete c o r r e c t i o n  f a c t o r  ( w i t h i n  1%) f o r  a l l  v a l u e s  

of  a/b, 

(40) f o r  a/b < 0,5 and equa t ion  (17)  f o r  a /b  > 0.5 r e s u l t s  i n  

e r r o r s  of  less t h a n  3% f o r  t h e  c o n f i g u r a t i o n  shown i n  f i g u r e  1 5  

provided  L/b > 3 .  As a consequence i t  has been i l l u s t r a t e d  t h a t  

b a s i c  s o l u t i o n s  l i k e  e q u a t i o n s  ( 1 7 )  and (40)  can o f t e n  be  used  

w i t h  p r o p e r  judgement t o  provide  approximate a n a l y s e s  of more 

d i f f i c u l t  s l t u a t i o n s l i k e  f i g u r e  15,  

From t h i s  s t u d y  i t  can be n o t i c e d  t ha t  u s i n g  e q u a t i o n  

C o l l o c a t i o n  procedures  f o r  s t r i p s  o f  f i n i t e  l e n g t h  have 

been developed by Kobayashi [15] and Gross  [41]. As an example 

of t h e  ,method Kobayashi t r e a t e d  t h e  s t r i p  c o n f i g u r a t i o n  i n  f f g u r e  

13 u s i n g  t h e  g e n e r a l  complex s t ress  f u n c t i o n s  of  M u s k h e l i s h v i l i  

[17], c o l l o c a t i n g  e q u a l l y  space p o i n t s  on t h e  sides and ends  o f  

t h e  s t r i p ,  H e  observed agreement w i t h i n  about  5% of  Is ida 's  

r e s u l t s  as g iven  i n  Table  I ,  

Gross t rea ted  t h e  s i n g l e  edge notched  s t r i p  u s i n g  Wfl l iamvs  

[6]  e i g e n f u n c t i o n  r e p r e s e n t a t i o n  o f  t h e  A i r y  stress f u n c t i o n .  

c o n f i g u r a t i o n  i s  shown i n  f igure 16 ,  H e  found tha t  c o l l o c a t i o n  

a t  20  o r  more boundary p o i n t s  was r e q u i r e d  t o  o b t a i n  

convergence,  H i s  r e s u l t s  can b e  s ta ted i n  t h e  form: 

The 
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= 0 )  - 
(KIII - KIII 

a 
where k ( r )  i s  g iven  as a c o r r e c t i o n  f a c t o r  f o r  t h i s  s t r i p  

problem i n  T a b l e  I V ,  

Table  I V  

00 10 
00 20 
O o  30 
O040 
0050 
0 0 6 0  
0 0 7 0  
o08O 
0090 
1,OO 

k(a /b )  
(Gross  [411> 

( f rom T a b l e  I11 
and e q u a t i o n  ( 4 4 ) f  

1.87 
2.12 
2.44 
2.82 

1012 
1,12 
1.13 
1 , 1 4  
1015 
1,22 
1.34 
1.57 

k(  a /b)  
(Bowie [16]) 

1.31 
1 , 4 6  

By comparison of GrossPs r e s u l t s  ( f i g u r e  16)  w i t h  Bowie's doub le  

edge n o t c h  r e s u l t s  ( f i g u r e  15), columns 2 and 3 of Table I V ,  

t h e  a p p a r e n t l y  l a r g e  i n f l u e n c e  o f  bend ing  due t o  t h e  l a c k  o f  
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symmetry i n  t h e  s i n g l e  edge notch  c a s e  i s  observed ,  G r o s s v s  

r e s u l t s  r e p o r t e d l y  agree w i t h  e x p e r i m e n t a l l y  measured v a l u e s  

( i o e o  compliance measurements) w i t h i n  a few p e r c e n t  f o r  

0 , 4 0 ~ a / b ~ 1 , 0 0 ,  However, new r e s u l t s  by Bowie E161 shown i n  

column 4 l e a v e  t h e  mat ter  o f  accuracy i n  doubt  f o r  t h i s  

c o n f i g u r a t i o n  

Fol lowing  t h e  p rocedures  of Kobayashl and Gross ,  i t  i s  a 

s t r a i g h t  forward matter t o  s o l v e  a d d i t i o n a l  problems Moreover, 

s imilar numer i ca l  p rocedures  based on c o l l o c a t i o n  o f  boundary 

c o n d i t i o n s  i n  t h e  mean, u s i n g  o t h e r  r e p r e s e n t a t i o n s  o f  the  A i r y  

s tress f u n c t i o n ,  and/or  energy methods are a v a i l a b l e  f o r  

development ,, 

Rein fo rced  Plane  Shee ts  

Many c o n v e n t i o n a l  s t r u c t u r e s  are fabr ica ted  from p l a n e  

shee ts  ( p l a t e s )  w i t h  r e i n f o r c i n g  s t i f f e n e r s  o r  d o u b l e r  p la tes  

a t t a c h e d  by r i v e t i n g ,  weld ing  and o t h e r  means, Often t h e  

a t t a c h m e n t s  are  des igned  as crack  a r r e s t o r s  i n  o r d e r  t o  

p r o v i d e  s o  c a l l e d  " f a i l  safe" s t r u c t u r e s o  

I n  o r d e r  t o  ana lyze  some of  these c o n f i g u r a t i o n s  i t  i s  

a p p r o p r i a t e  t o  de te rmine  s t r e s s - i n t e n s i t y - f a c t o r s  f o r  c r a c k s  i n  

shee ts  w i t h  s t i f f e n e r s  p e r p e n d i c u l a r  t o  t h e  c r a c k s ,  Romualdi 

142, 4 3 1  and Parfs  [ 4 4 ,  4 5 1  provided some e a r l y  s o l u t i o n s  t o  
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estim t e  t h e  e f f e c t  of  r i v e  f o r c e s  t e n d i n g  t o  h o l d  a c r a c k  

c l o s e d ,  Sanders  [46] d i s c u s s e d  t h e  problem o f  a c t i o n  o f  an 

i n t e g r a l  s t i f f e n e r  c r o s s i n g  t h e  c e n t e r  o f  a c r a c k s .  I s ida  

[13, 471 ex tended  h i s  methods t o  g i v e  r e s u l t s  f o r  c e n t r a l l y  

c racked  s t r i p s  w i t h  i n t e g r a l l y  r e i n f o r c e d  edges and t o  i n f i n i t e  

sheets w i t h  a p e r i o d i c  array of  c r a c k s  a l o n g  a l i n e  w i t h  

i n t e r s p e r s e d  i n t e g r a l  s t i f f e n e r s ,  Greif [481 has s o l v e d  t h e  

problem of  a s i n g l e  c r a c k  and an i n t e g r a l  s t i f f e n e r  ( p a s s i n g  

o u t s i d e  t h e  c r a c k )  i n  an i n f i n i t e  shee t ,  and i n  a c o n t i n u a t i o n  

of t h a t  work t h e  r i v e t e d  s t i f f e n e r  has been t r ea t ed  [49]. 

Moreover, T e r r y  [50]  has ana lyzed  some s imilar  r i v e t e d  and 

welded s t i f f e n e r  problems,  as an e x t e n s i o n  of  work by  

Erdogan [21] ,  Cracks w i t h i n  one sheet  o f  a r i v e t e d  d o u b l e r  

p l a t e d  a r e a  of  a s t r u c t u r e  were t r e a t e d  b y  Par i s  [ 4 4 ] .  Many 

o f  t h e  r e s u l t s  of  t h e s e  a n a l y s e s  w i l l  be t a b u l a t e d  i n  Appendix 

11, S i n c e ,  t h i s  c l a s s  of  problems i s  d i f f f c u l t  t o  f o r m u l a t e ,  

t h e  methods employed are r a t h e r  o b t u s e  and s p e c i a l i z e d ,  

Consequent ly ,  t h e y  w i l l  n o t  be  d e s c r i b e d  h e r e  o t h e r  t h a n  t o  

remark t h a t  t h e  most g e n e r a l  approaches a v a i l a b l e  are t h o s e  o f  

I s i d a  [13] ,  G r e i f  [48] and T e r r y  [501. 

Thermal S t r e s s e s  

It  has been  shown t h a t  t h e  c r a c k  t i p  s tress f i e l d  

e q u a t i o n s  f o r  i s o t r o p i c  b o d i e s ,  e q u a t i o n s  (l), ( 2 )  and ( 3 )  a l s o  
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p r o v i d e  t h e  p r o p e r  f i e l d  e q u a t i o n s  f o r  t h e r m a l  stress s t a t e s  

[5l], ( w i t h  t h e  u n l i k e l y  excep t ion  of  t h e  crack t i p  as a p o i n t  

s o u r c e  of hea t ) ,  The re fo re  t h e  concept  o f  s tress i n t e n s i t y  

f a c t o r s  i s  i n  g e n e r a l  app l i cab le  t o  thermal stress problems.  

As an example c o n s i d e r  t h e  c a s e  of  un i form heat f low i n  

a sheet ,  w i th  an  u n d i s t u r b e d  t empera tu re  gradient ,AT,  a t  an 

ang leB  w i t h  respec t  t o  a c r a c k  o f  l e n g t h ,  2a, a c t i n g  as an 

i n s u l a t o r ,  as shown i n  f i g u r e  17. F lo rence  and Goodier C521 

have p rov ided  t h e  complex s t r e s s  f u n c t i o n  f o r  t h i s  c o n f i g u r a t i o n ,  

I t  i s :  

iEaa2AT 

8 
@(d = s i n  B log rl 

as a consequence o f  s i m i l a r i t y  o f  t h e  r e s u l t i n g  c r a c k  t i p  stress 

f i e l d  e q u a t i o n  w i t h  o r d i n a r y  ( i s o t h e r m a l )  p l a n e  e x t e n s i o n ,  

e q u a t i o n s  ( 2 9 )  and (30 )  may be a p p l i e d  t o  e q u a t i o n  ( 4 6 )  which 

r e s u l t s  i n :  

E aa3’*A T 
s i n  B 

4 K I I  = 

(KI = K I I I  = 0 )  

where u is  the  c o e f f i c i e n t  o f  thermal expans ion  and E i s  

Youngss modulus,, O the r  examples, [Sl], w i l l  b e  c i t e d  i n  

Appendix 11, 
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Stress  I n t e n s i t y  F a c t o r s  f o r  t h e  Bending o f  Plates and S h e l l s  

The f i e l d  e q u a t i o n s  f o r  t h e  stresses n e a r  a s h a r p  n o t c h  i n  

a p l a t e  s u b j e c t e d  t o  bending  was f i rs t  c o n s i d e r e d  by  Williams 

e530 5 4 1  who l a t e r  a p p l i e d  l i k e  methods t o  a more d e t a i l e d  

d i s c u s s i o n  of  c r a c k s  [5510 Using t h e  c l a s s i c a l ,  K i rchhof f  

t h e o r y  of  p l a t e  bend ing  he o b t a i n e d  t h e  f o l l o w f n g  stress f i e l d  

e q u a t i o n s ,  see f i g u r e  18: 

Q 

2 2J 
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where t h e  c o n s t a n t s  i n  Williamsv a n a l y s i s  C551 have been 

modi f ied  i n  o r d e r  t o  d e f i n e  C18, 561  t h e  p la te  bending  and 

p l a t e  s h e a r i n g  s t r e s s - i n t e n s i t y - f a c t o r s D  KB and KSs i n  a 

manner c o n s i s t a n t  w i t h  ( b u t  not q u i t e  co r re spond ing  t o )  t h e  

f i rs t  and second mode t y p e s ,  K and K I I a  r e s p e c t i v e l y ,  as I 
d e f i n e d  by  e q u a t i o n s  (1) and ( 2 ) ,  Though p o l a r  i n s t e a d  of 

r e c t a n g u l a r  stress components a re  g i v e n  f o r  compactness i n  

e q u a t i o n s  (481 ,  t h e  s i m i l a r i t y  o f  t h e s e  r e s u l t s  w i t h  

e q u a t i o n s  (1) and ( 2 )  i s  i m m e d i a t e l y  a p p a r e n t ,  T h i s  

s i m i l a r i t y  is f u r t h e r  c l a r i f i e d  upon computing KB and KS f o r  

some c o n f i g u r a t i o n s  and load ings  o f  i n t e r e s t  e 

The gove rn ing  e q u a t i o n  f o r  f ree  bend ing  of p la tes  ( n o  

t r a n s v e r s e  l o a d s )  by t he  Kirchhoff  t h e o r y  i s :  

v 4 w  = 0 ( 4 9 )  

where w is t h e  t r a n s v e r s e  d isp lacement  Consequent ly ,  an 

a n a l y s i s  [ I81  ensues  of  an i d e n t i c a l  n a t u r e  t o  e q u a t i o n s  ( 2 1 )  

t h rough  ( 2 7 )  which g i v e s :  

where 4,(z) i s  t h e  p l a t e  bending stress f u n c t i o n  d i s c u s s e d  

e x t e n s i v e l y  by Sav in  [1210 

- 35 - 



Fur thermore ,  mapping is  aga in  pe rmi t t ed  o r  as e q u a t i o n  

( 3 0 )  fo l lowed  from ( 2 7 1 ,  f o r  t h e  mapping f u n c t i o n  g iven  by 

e q u a t i o n  ( 2 9 ) ,  e q u a t i o n  (50 )  becomes 

F o r  t h e  example o f  an  i n f i n i t e  p l a t e  s u b j e c t e d  t o  uni form 

moment , Moa a l l  around the  boundary, and w i t h  a c r a c k  of  l e n g t h ,  

2a, as i n  f i g u r e  1 9 ,  Sav in  [ 1 2 ]  g i v e s  t h e  stress f u n c t i o n ,  

Us ing  e q u a t i o n  ( 5 1 )  and (52 )  t h e  r e s u l t  i s :  

K = -  
h2 

B ( 5 3 )  

S i n c e  t h e  stress i n  t h e  s u r f a c e  l aye r  o f  t h e  p l a t e ,  ao, away 

from t h e  c r a c k  i s  

Mo 
a() = L 

h2 
( 5 4 )  

t h e  ana logy  between e q u a t i o n s  ( 5 3 )  and ( 4 )  is e v i d e n t ,  
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Moreover, Erdogan t56  J has shown e x p e r i m e n t a l l y  tha t  i n  

b r i t t l e  materials ( l i k e  p l e x i g l a s s )  t h e  f r a c t u r e  mechanics 

concept  of KB r e a c h i n g  a c r i t i c a l  v a l u e  KBC i s  a p p r o p r i a t e  

and ana logous  t o  t h e  e x t e n s i o n a l  f i rs t  mode c a s e ,  i , e .  K I c o  

I n c i d e n t a l l y ,  Erdogan C571 a l s o  shows t h a t  t h e  c r i t i c a l  v a l u e  

of s t r e s s  i n t e n s i t y  f a c t o r s  a p p l i e s  t o  t h e  e x t e n s i o n  second 

mode, i , e ,  KIIcD which a g a i n  i s  shown t o  be  ana logous  t o  t h e  

shear c a s e  of  bending ,  i , e ,  Ksc ,  Consequent ly ,  t h e  p l a t e  

bending  and s h e a r i n g  s t ress  i n t e n s i t y  f a c t o r s  as d e f i n e d  i n  

e q u a t i o n s  ( 4 8 )  are of  some immediate p r a c t i c a l  i n t e r e s t ,  

However, e q u a t i o n s  ( 1 1 ,  ( 2 )  and ( 3 )  were p r o p o r t e d  t o  

g i v e  a l l  t i p  stress f i e l d s  f o r  e l a s t i c  b o d i e s  and y e t  t h e  

f i e l d  f o r  p l a t e  bending  as p r e d i c t e d  by e q u a t i o n s  ( 4 8 )  are n o t  

i d e n t i c a l  t o  them, T h i s  i s  because the c l a s s i c a l  Kfrchhoff  

t h e o r y  of  bend ing  i s  an approximate t h e o r y  which does  n o t  take 

i n t o  accoun t  t h e  de t a i l s  of t h e  stress d i s t r i b u t i o n  n e a r  

b o u n d a r i e s  o r  d i s c o n t i n u i t i e s  i n  t h e  p l a t e ,  The c r a c k  t i p  and 

c r a c k  s u r f a c e  boundar i e s  are l o c a t i o n s  where d e t a i l s  are n o t  

c l e a r ,  

7 

Subsequen t ly ,  Knowles [58] p o i n t e d  o u t  t h a t  u s f n g  ReissnerOs 

[593 more a c c u r a t e  p l a t e  t heo ry  leads t o  a c o r r e c t i o n  o f  

e q u a t i o n s  ( 4 8 )  which on t h e  s u r f a c e  o f  t h e  p l a t e  makes them 
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. i d e n t i c a l  t o  e q u a t i o n s  (1) and ( 2 )  e x c e p t  f o r  a c o n s t a n t  f a c t o r ,  

Moreover, t h e  c h a r a c t e r  and r o l e  o f  K 

th rough t h i s  c o r r e c t i o n ,  Hence, i t  i s  concluded t h a t  t h e y  are 

d i r e c t l y  p r o p o r t i o n a l  t o  (comple te ly  analogous t o )  t h e i r  counter -  

and KS are p r e s e r v e d  B 

par t s  KI and KII  where e l a s t i c  a c t i o n  i s  concerned.  

C601 p o i n t e d  t h i s  ou t  i n  r e f e r e n c e  t o  t h e  exper iments  by 

Erdogan [5610 T h i s  correspondence has a l s o  been observed  f o r  

Williams 

f a t i g u e  c r a c k  growth 

T h e r e f o r e ,  b o t h  t h e o r e t i c a l  and e x p e r i m e n t a l  r e s u l t s  f o r  

f r a c t u r e  t es t s  have l e d  t o :  

on the  s u r f a c e  o f  t h e  p l a t e ,  The s e n s i b i l i t y  of u s e  t h e  

Kfrchhoff  t h e o r y  t o  compute KB v a l u e s  i s  a l s o  c l e a r  when i t  f s  

r easoned  t h a t  t h e  v a l u e s  of  stress f n t e n s f t y  f a c t o r s  r e f l e c t  

t h e  i n t e n s i t y  o f  g e n e r a l  t r a n s m i s s i o n  o f  a p p l i e d  l o a d s  i n t o  t h e  

c r a c k  t f p  r e g i o n ,  The g e n e r a l  p r o p e r t i e s  o f  g r o s s  l o a d  

t r a n s m i s s i o n  are u n a f f e c t e d  by t h e  boundary l a y e r  o f  about  one 

p l a t e  t h i c k n e s s ,  h ,  i n  which t h e  R e i s s n e r  t h e o r y  a p p l i e s ,  

Consequent ly ,  e q u a t i o n  ( 5 5 )  i s  always c o r r e c t  f o r  c o n v e r t i n g  

Kf rchhof f  t h e o r y  stress i n t e n s i t y  f a c t o r s ,  K B B  t o  t h e  R e i s s n e r  

t h e o r y  r e s u l t ,  KIo f o r  a g iven  c o n f i g u r a t i o n .  
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S e v e r a l  s o l u t i o n s  f o r  K and Ks a r e  now a v a i l a b l e  [ 1 8 ]  B 
and o t h e r s  can be  o b t a i n e d  i n  a d i r e c t  f a s h i o n  u s i n g  e q u a t i o n s  

( 5 0 )  o r  i t s  e q u i v a l e n t  f o r  o t h e r  t y p e s  of  s t ress  f u n c t i o n s ,  

Some of  t h e  a v a i l a b l e  r e s u l t s  will be t a b u l a t e d  i n  Appendix 11, 

The c a s e  of  g e n e r a l  bending and e x t e n s i o n  of t h i n  shel ls  

w i t h  c r a c k s  has been shown by S i h  [62] t o  g i v e  c r a c k  t i p  stress 

f i e l d s  e q u i v a l e n t  t o  combining modes I and I1 w i t h  t h e  bend ing  

f i e l d s ,  L e ,  e q u a t i o n s  (1) and ( 2 )  and e q u a t i o n  ( 4 8 ) ,  Modes I 

and I1 r e s u l t  from e x t e n s i o n  of t h e  middle  s u r f a c e  o f  t h e  s h e l l  

and t h e  bending  f i e l d s  r e s u l t  from changes i n  t h e  c u r v h t u r e  o f  

t h e  middle  s u r f a c e ,  Consequent ly ,  t h e  stress i n t e n s i t y  f a c t o r  

concept  i s  a l s o  o f  g e n e r a l  a p p l i c a b i l i t y  t o  she l l s ,  

However, computing t h e  va lues  o f  t h e  stress i n t e n s i t y  

f a c t o r s  f o r  p a r t i c u l a r  c o n f i g u r a t i o n s  i n  s h e l l s  i s  very 

d i f f i c u l t  , 

Moreover, i t  may be observed [ 6 2 ]  t h a t  t h e  e x t e n s i o n  and 

bend ing  e f f e c t s  i n  she l l s  w i l l  b e  coupled ,  s o  t h a t  t h e  stress 

i n t e n s i t y  f a c t o r s  r e s u l t i n g  f r o m  s o l u t i o n s  must r e f l e c t  t h i s  

coup l fng ,  A s  a consequence of  t h e  c o u p l i n g ,  fo rmulas  f o r  

stIaess i n t e n s i t y  f a c t o r s  w i l l  i n v o l v e  many parameters ( c o u p l i n g  

terms) s o  t h a t  t h e y  w i l l ,  t o  say t h e  l ea s t ,  b e  compl ica ted .  

F o l i a s  [63,  6 4 1  and Ang [65] ,  n o t i n g  t h e  s i m i l a r i t y  of  

e q u a t i o n s  f o r  p l a t e s  on e l a s t i c  f o u n d a t i o n s  and s h a l l o w  
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s p h e r i c a l  s h e l l s  [66],, have attempted some problems i n  these 

areas, However,, no o t h e r  attempts a t  t h e  complete  s o l u t i o n s  

t o  s h e l l  problems are known. 

On t h e  o t h e r  hand some p a r a m e t r i c  s t u d i e s  o f  p o s s i b l e  

s h e l l  e f f e c t s  on c r a c k s  i n  c y l i n d e r s  have been attempted i n  

s e v e r a l  a r t i c l e s  [ 6 7 ,  68,  69,  70Jo The r e s u l t s  i n d i c a t e  t h a t  

t h e  e x p e r i m e n t a l  data  on f a i l u r e  o f  c racked  s h e l l s  can i n  f ac t  

be  c o r r e l a t e d  i n  terms of  e l a s t i c  s h e l l  parameterso Hence, i t  

is h o p e f u l  t h a t  f u r t h e r  p r o g r e s s  can b e  made soon toward 

q u a n t i t a t i v e  p r e d i c t i o n  of s h e l l  e f f e c t s  on an a n a l y t i c a l  basis ,  

The problem of  c r a c k  a r res tor  r i n g s  on s h e l l s  i s  a t  least  

a n o t h e r  degree more d i f f i c u l t  , N e v e r t h e l e s s  s i n c e  t h i s  problem 

I s  o f  pr ime i n t e r e s t  i n  t e a r  r e s i s t a n t  d e s i g n ,  e f f o r t s  are 

b e i n g  made toward empi r i ca l  methods of  des ign  C69,  7110 

The comple te  a n a l y t i c a l  s o l u t i o n  t o  such  a problem i s  as y e t  

Improbable ,  

Couple Stress  Problems w i t h  Cracks 

Another  area analogous t o  s h e l l  problems through hav ing  

similar gove rn ing  e q u a t i o n s  is t h a t  of couple  stresses [ 7 2 ,  7310 

The f o r m u l a t i o n  o f  couple  s t ress  problems takes i n t o  account  

t h e  g r a d i e n t s  o f  s t resses  i n  terms o f  coup les  on i n f i n i t e s i m a l  

elements i n  o r d e r  t o  account  f o r  t h e  e f f ec t s  o f  l a t t i c e  

e w v a t u r e  i n  c r y s t a l s ,  e t c ,  S e t z e r  [74] has shown t h a t  f o r  
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e x t e n s i o n  of c racked  p la tes  due t o  uni form a p p l i e d  stress away 

from t h e  c r a c k ,  no mod i f i ca t ion  i n  t h e  f i e l d  e q u a t i o n s  (11, o r  

t h e  stress i n t e n s i t y  f a c t o r s ,  f o r  example e q u a t i o n  (41, i s  

r e q u i r e d ,  However, where t h e  a p p l i e d  stresses away from the  

c r a c k  posses s  g r a d i e n t s ,  t h e  va lues  of stress i n t e n s i t y  f a c t o r s  

w i l l  be modi f ied  by f a c t o r s  of t h e  form 

[l t A1 (&> t A2 (-> 1 2  t A3 (&)3 t , o o o I  (56) 
a a a 

where & i s  a couple  s t r e s s  ( l a t t i c e )  parameter o r  c h a r a c t e r i s t i c  

l e n g t h  of t h e  material ,  

smaller and Jl i s  of t h e  o r d e r  o f  l a t t i c e  d imens ions ,  consequent ly  

these r e s u l t s  would be  of  a g r e a t e s t  i n t e r e s t  i n  a n a l y z i n g  f i n e  

c r a c k s  i n  c r y s t a l s ,  excep t  f o r  t h e  f a c t  t h a t  t h e  methods 

invo lved  are similar t o  and may be c a r r i e d  ove r  t o  t h e  a n a l y s i s  

of  she l l s ,  

The Ai are of t h e  o r d e r  of  u n i t y  o r  

P r a c t i c a l  I n t e r e s t  
_I- 

Armed w i t h  t h e  p r i n c i p l e s  o f  l i n e a r  e l a s t i c  t h e o r y ,  

such  as " the  p r i n c i p l e  of s u p e r p o s i t i o n " ,  e t c ,  and w i t h  an 

i n t u i t i v e  grasp of a " s t r e n g t h  of materials" approach,  i t  

fs p o s s i b l e  t o  form estimates o f  s tress i n t e n s i t y  f a c t o r s ,  

T h i s  was made p a r t i a l l y  ev iden t  i n  t h e  c a s e  o f  an  embedded 
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e l l i p t i c a l  c r a c k  i n  t h e  d i s c u s s i o n  o f  l i m i t i n g  c a s e s  f o l l o w i n g  

e q u a t i o n  (38)  and (391 ,  O the r  s i t u a t i o n s  where l i m i t i n g  c a s e s  

of  d i f f e r e n t  problems are comparable were i l l u s t r a t e d  i n  Table  I ,  

I11 and IV and examples i n  t h e  t e x t ,  N o t i c e  e s p e c i a l l y ,  as i n  

these t a b l e s ,  t h a t  one problem s o l u t i o n  o f t e n  forms an upper  

o r  lower  bound on t h e  s o l u t i o n  of others,, These concep t s  w i l l  

b e  employed i n  examples o f  e s t i m a t i n g  t o  f o l l o w ,  

Cons ider  t h e  c o n f i g u r a t i o n  of a no tched  round bar  w i t h  an 

o u t s i d e  diameter, D ,  and notched  s e c t i o n  diameter, d ,  and 

s u b j e c t e d  e x t e n s i o n  c a u s l n g  a n e t  s e c t i o n  s t r e s s ,  o n e t o  See 

f i g u r e  20, From d imens iona l  c o n s i d e r a t i o n s  and symmetry,  i t  i s  

n o t e d  t h a t  t h e  stress i n t e n s i t y  f a c t o r  may b e  s ta ted  i n  t h e  

form, 

KII=KIII=O 

where F(d/D) i s  an unknown d imens ion le s s  f u n c t i o n  o f  t he  

diameter r a t i o ,  The end v a l u e s  ( i , e ,  d/D+O o r  1 , O )  o f  t h e  

f u n c t i o n  can b e  e s t a b l i s h e d  b y  examining l i m i t i n g  c a s e s ,  

As D- d imens iona l  a n a l y s i s  leads t o  
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t h u s ,  f o r  small v a l u e s  o f  d/D, 

1 
t h e  v a l u e  o f  C i s  found t o  b e  - u s i n g  e q u a t i o n  ( 9 )  and t h e  

3 m 
stress c o n c e n t r a t i o n  s o l u t i o n  f o r  t he  problem g i v e n  by  Neuber 

El01 and P e t e r s o n  [1110 S i n c e  t h e  f r ee  s u r f a c e  i n t r o d u c e d  by 

t h e  f i n i t e  diameter of t h e  bar lowers  t h e  stress i n t e n s i t y  

f a c t o r ,  FU(d/D) i s  an uppe r  bound on F(d/D) f o r  a l l  v a l u e s  of  

d/D 

On t h e  o t h e r  hand f o r  d/D+1 Bowie's s o l u t i o n  f o r  t h e  

double  edge no tched  shee t ,  e q u a t i o n  ( 4 4 ) ,  s i m u l a t e s  t h e  

problem upon s u b s t i t u t i n g  

D d 
2 a = - (1-5) 

a d 

b 
I- - 1 - y j  

and 

The r e s u l t  conforms w i t h  equa t ion  (571, i o e o  
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consequen t ly ,  

d 
where h (  ) i s  as t a b u l a t e d  i n  Table 111. T h i s  f u n c t i o n  FL(B) 

i s  a lower  bound on F(d/D) f o r  a l l  v a l u e s  of  d/D, s i n c e  t h e  

c u r v a t u r e  of t h e  bar  c a u s e s  i n c r e a s e d  c r a c k  t i p  stress o v e r  t h e  

f l a t  p l a t e  s o l u t i o n  as d/D r ecedes  from t h e  v a l u e  1. 

F i n a l l y  from P e t e r s o n ' s  [ll] stress c o n c e n t r a t i o n  v a l u e s  

and e q u a t i o n  ( g ) ,  and o t h e r  c o n s i d e r a t i o n s ,  t h e  maximum v a l u e  

of F(d/D) i s  estimated t o  be 0,240, I n t e r p o l a t i n g  between t h e s e  

s o l u t i o n s  r e s u l t s  i n  t h e  e s t i m a t i o n  v a l u e s  i n  T a b l e  V. 

Tab le  V 

0 

0,046 
- 
- 

0,118 - 
0,185 
0,203 
0,217 
0.226 
0,230 
0,224 
0,205 

0,130 
0 

0,162 

0 
0.111 
0.158 
0,194 
0.223 
0.250 
0,274 - 
0.296 - 
0 0 3 1 7  

0.336 - - 
0.353 

0 
0,111 
0,155 
0.185 
0,209 
0.227 
0,238 
0,240 
0,240 
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By making u s e  of c a r e f u l  Judgement of  t h e  l i m i t s  of  

a p p l i c a b i l i t y  of  t h e  l i m i t i n g  cases, e q u a t i o n s  ( 5 9 )  and ( 6 2 )  

and the  a n a l y s i s  of s t r e s s  c o n c e n t r a t i o n  [ll], t h e  accu racy  

of F (d /D)  i n  Tab le  V can be s t a t e d  w i t h  conf idence .  From d/D 

of 0 t o  0 ,4 ,  i t  i s  *3%; from d/D of  0,4 t o  0 ,85 ,  i t  i s  *5%; 

and from d/D of  0 ,85  t o  1.0, i t  i s  * 2 % ,  T h e r e f o r e ,  a s o l u t i o n  

with s u f f i c i e n t  p r e c i s i o n  f o r  p r a c t i c a l  a p p l i c a t i o n s  has been 

c o n s t  puc t  ed , 

T h i s  C o n f i g u r a t i o n  i s  o f t e n  used  f o r  f r a c t u r e  t e s t i n g  

and a s i m p l i f i e d  formula  i s  employed, f o e o  [751, 

T h i s  fo rmula  seems most r e a s o n a b l e  s i n c e  0,233 agrees w i t h  t h e  

v a l u e s  o f  F(d/D) i n  Table V w i t h i n  5% o v e r  t h e  r ange  o f  d/D 

from 0 , 4 8  t o  0 ~ 8 6 ,  F u r t h e r  improvements i n  t h e  accu racy  of 

t h e  v a l u e s  g i v e n  would r e q u i r e  a f u l l  a n a l y s i s  of  t h e  problem, 

such  as s u g g e s t e d  b y  Sneddon [761 o r  Bueckner [ 7 7 ] ,  

Another  c o n f i g u r a t i o n ,  which has been d i s c u s s e d  by I r w i n  

[291, i s  tha t  o f  a s e m i - e l l i p t i c a l  s u r f a c e  c r a c k  i n  a p l a t e ,  

s e e  f i g u r e  2 1 ,  T h i s  c o n f i g u r a t i o n  i s  b o t h  t y p i c a l  o f  flaws 

and i s  used i n  f r a c t u r e  t e s t i n g  ( s i m u l a t i n g  t h i s  t y p e  of f law) ,  

If t h e  p l a t e  is s u b j e c t e d  t o  g e n e r a l  un i form e x t e n s i o n  b y  

s t r e s ses , a ,  u q  and T; t h e  s t r e s s ,  u 9 ,  p a r a l l e l  t o  t h e  c r a c k  
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causes  no s i n g u l a r i t y  o r  no c o n t r i b u t i o n  t o  stress i n t e n s i t y  

f a c t o r s ,  Consequent ly  a '  w i l l  b e  i g n o r e d ,  

If b/a i s  large and a/t small compared t o  one, t h e  s t ress  

i n t e n s i t y  f a c t o r s  a t  t h e  end of t h e  semi-minor a x i s ,  a ,  can be  

estimated from e q u a t i o n s  ( 1 7 )  and (20 ) ,  making u s e  of  free- 

edge c o r r e c t i o n s  as i n  e q u a t i o n s  ( 4 0 )  and ( 4 1 ) ,  Then, t h e  

c o r r e c t i o n  0 i n  e q u a t i o n s  (38)  and (39) s h o u l d  be a p p l i e d  as 

b / a  v a l u e s  are reduced  toward one, However, t h e  f r e e  edge 

c o r r e c t i o n  p robab ly  d imin i shes  as b /a  approaches  one and t h e  

t a n g e n t  c o r r e c t i o n  i n  e q u a t i o n s  ( 1 7 )  and ( 2 0 )  i s  a l s o  an 

o v e r c o r r e c t i o n  i n  tha t  l i m i t ,  On t h e  o t h e r  hand e q u a t i o n s  ( 4 4 )  

and ( 4 5 )  and Table  I V  show t h a t  s i n g l e  edge n o t c h e s  induce  

bend ing  which i n c r e a s e s  t h e  stress i n t e n s i t y  f a c t o r ,  b u t  less 

s o  i n  t h i s  c a s e  s i n c e  t h e  uncracked p o r t i o n  o f  t h e  p l a t e  would 

i n h i b i t  bending ,  F i n a l l y ,  T a b l e  I shows t h e  underes t ixha t ion  o f  

t he  t a n g e n t  C o r r e c t i o n  as a / t  becomes la rger ,  Taking a l l  these 

f a c t o r s  i n t o  a c c o u n t ,  e q u a t i o n s  (17), (2O), ( 3 8 ) ,  ( 3 9 1 ,  (QO) ,  

( 4 1 1 ,  ( 4 2 ) o  ( 4 4 )  and (45)9 a n d  t h e i r  c o n s i d e r a t i o n s  lead t o  

t h e  approx ima t ions :  

KII = 0 
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f o r  t h e  s t ress  i n t e n s i t y  f a c t o r s  a t  t h e  end of  t h e  semi-minor 

a x i s ,  a, For  t he  r a n g e s  o f  b/a  from one t o  t e n  o r  more and o f  

a / t  from z e r o  t o  one-half  t h e  accuracy  i s  w i t h i n  about  f 5 % o  

Moreover, f o r  b /a  up t o  abou t  f i v e  and a / t  up t o  t h r e e - f o u r t h s  

t h e  accu racy  i s  s t i l l  p robab ly  be t t e r  t h a n  *lo%, c o n s i d e r i n g  a l l  

t he  compensat ing e r r o r s .  T h i s  c a s e  has a t  l e a s t  p rov ided  a 

c l a s s i c  example o f  e s t i m a t i n g  methods u s i n g  many o t h e r  s o l u t i o n s  

f o r  stress i n t e n s i t y  f a c t o r s  t o  t reat  an i m p o r t a n t  problem which 

is a l l  b u t  i m p o s s i b l e  t o  s o l v e  d i r e c t l y ,  

A word o f  warn ing  w i t h  compl ica ted  c a s e s  l i k e  e q u a t i o n s  

( 6 4 )  i s  i n  o r d e r ,  If t h e  c rack  t i p  p l a s t i c i t y  s u b t e n d s  a major  

p o r t i o n  ( s a y  one -ha l f )  o f  t h e  d i s t a n c e  between t h e  c r a c k  f r o n t  

and t h e  back s i d e  o f  t h e  p l a t e ,  u s e  o f  t h e s e  e q u a t i o n s  would 

become i n d e e d  d o u b t f u l ,  Moreover, e s t i m a t i o n  o f  t h e  amount of 

p l a s t i c i t y  i s  c l e a r l y  more compl ica ted  h e r e  t h a n  i n  o t h e r  

s i t u a t i o n s ,  b u t  s u r e l y  p o s s i b l e ,  Such estimates are beyond t h e  

scope  of  t h i s  d i s c u s s i o n  and t h e  reader i s  r e f e r e d  t o  [781. 

Moreover, i n  p a s s i n g  i t  i s  note-worthy t h a t  r e s t r i c t i o n s  on 

c r a c k  t i p  p l a s t i c  zone s i z e s  a r e  a l w a y s  p r e s e n t  i n  making d i r e c t  

a p p l i c a t i o n s  of  t h e  e l a s t i c  analyses [75]. Fo r  c e r t a i n  s i t u a t i o n s  

estimated c o r r e c t i o n s  t o  t h e  a n a l y s i s  f o r  c r a c k  t i p  p l a s t i c i t y  

e f f e c t s  have been proposed [ 4 4 #  75, 78, e t c , l ,  

Est imates  can be  made f o r  stress i n t e n s i t y  f a c t o r s  f o r  

- 47 - 



q u i t e  a r b i t r a r y  c r a c k  f r o n t  con tour s  i n  th ree -d imens iona l  b o d i e s  

s u b j e c t e d  t o  uni form t e n s i o n , a ,  p e r p e n d i c u l a r  t o  t h e  c r a c k  p l a n e  

i n  t h e  r e g i o n  i n c l u d i n g  t h e  whole c r a c k ,  Cons ide r  t h e  embedded 

c r a c k  whose p l a n  view i s  shown i n  f i g u r e  2 2 ,  Using t h e  

p r e v i o u s  r e s u l t s  f o r  c i r c u l a r  d i s k  c r a c k s  , e q u a t i o n  ( 3 7 ) ,  and 

f o r  t u n n e l  c r a c k s ,  e q u a t i o n  ( 4 ) D  bounds can  b e  es tab l i shed  on 

the  c r a c k  f r o n t  f o r  v a r i o u s  p o r t i o n s  o f  t h e  c o n t o u r ,  where 

KI K1 o r  K 2  o r  K 3  - o r  K 4  - - 
= o  KII 

%I1 = o  

The v a l u e  o f  K1 w i l l  b e  s l i g h t l y  g rea te r  t h a n  t h a t  f o r  a d i s k  

c r a c k  of  r a d i u s ,  al, b u t  f a r  less  t h a n  a t u n n e l  c r ack  of wid th ,  

2a10 T h e r e f o r e  from e q u a t i o n s  ( 4 )  and (371, 

2 S i n c e  - i s  abou t  0,64, i f  K1 i s  guessed  t o  be 
ll 

rJ = 0075 (I d.a; 
K1 

The r e s u l t  i s  s u r e l y  w i t h i n  *lo% a l o n g  t h e  whole p o r t i o n  of 

t h e  c o n t o u r  marked, K1, i n  f i g u r e  22 ,  Now, K 2  i s  c l o s e r  t o  t h e  
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I .  

t u n n e l  c r a c k  case o r  a guess  i s  

t h e  neck o f  w id th ,  2a3, makes K 3  s l i g h t l y  h i g h e r  t h a n  t h e  

comparable t u n n e l  c r a c k  o r  

and s imilar  t o  K t h e  guess  f o r  K4 i s  1' 

These estimates are s u r e l y  a l l  c o r r e c t  w i t h i n  *lo% (and  

p robab ly  f5%) Moreover, a d d i t i o n a l  r e f i n e m e n t s  are p o s s i b l e ,  

such as n o t i n g  t h a t  K on the  upper  p a r t  o f  t h e  c o n t o u r  i s  

l i k e l y  about  5% less  t h a n  on t h e  lower c o n t o u r  i n  f i g u r e  22 ,  

due t o  t h e  c u r v a t u r e  of  t h e  c e n t e r l i n e  of  t h e  neck,  2a3" 

3 

C o r r e c t i o n s  can a l s o  b e  added f o r  t h e  p rox imi ty  t o  a f r e e  

s u r f a c e ,  such as the  t a n g e n t  c o r r e c t i o n  i n  e q u a t i o n  (171, o r  

f o r  t h e  emina t ion  o f  t h e  c rack  from a f r ee  s u r f a c e ,  such as 

e q u a t i o n  (40), The method o f  e s t i m a t i n g  has now been 

s u f f i c i e n t l y  i l l u s t r a t e d  t o  a l low d i r e c t  a p p l i c a t i o n  t o  a 

m u l t i t u d e  of examples ,  I n  o r d e r  t o  deve lop  conf idence  i n  

e s t i m a t i n g  p r o c e d u r e s ,  i t  i s  sugges ted  tha t  one may, f o r  

example,  estimate t h e  stress i n t e n s i t y  f a c t o r  v a l u e s  f o r  an 
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' e l l i p t i c a l  c r ack  u s i n g  the  above p rocedure ,  e q u a t i o n s  ( 6 6 )  

t h rough  ( 7 0 1 ,  and compare t h e  r e s u l t s  w i t h  t h e  e x a c t  v a l u e s ,  

e q u a t i o n  ( 3 8 )  

S t ress  F i e l d s  and I n t e n s i t y  F a c t o r s  f o r  Homogeneous 

A n i s o t r o p i c  Media 

An i n t e r e s t  i n  stress a n a l y s i s  of  c r a c k s  f o r  v a r i o u s  

media, such  as a n i s o t r o p i c ,  v i s c o - e l a s t i c ,  and/or  non- 

homogeneous materials , stems from two m o t i v a t i o n s  F i r s t ,  t h e  

e f f e c t s  o f  s l i g h t  amounts of  d i r e c t i o n a l i t y ,  c r e e p  and i n -  

homogenity on t h e  stress d i s t r i b u t i o n  and i n t e n s i t y  are u s e f u l  

i n  a s s e s s i n g  t h e  l i m i t s  o f  a p p l i c a b i l i t y  o f  t h e  c o n c e p t u a l  model 

of f r a c t u r e  mechanics based on l i n e a r - e l a s t  i c  t h e o r y ,  I n  

a d d i t i o n  s t u d i e s  of  t h e  stress a n a l y s i s  o f  these v a r i o u s  t y p e s  

of  media w i l l  p r o v i d e  t h e  basis o f  e x t e n s i o n  of f r a c t u r e  

mechanics t o  such  materials 

S e v e r a l  a u t h o r s  have t reated s p e c i a l  c a s e s  o f  c r a c k  

problems i n  a n i s o t r o p i c  media, such  as o r t h o t r o p y  [32, 79, 801 

or p a r t i c u l a r  c o n f i g u r a t i o n s  [81, 8210 However, t h e  g e n e r a l  

a n i s o t r o p i c  c a s e  can be t r e a t e d  i n  o r d e r  t o  de t e rmine  c r a c k  t i p  

stress F i e l d s  and t o  d e f i n e  i n t e n s i t y  f a c t o r s  i n  a manner 

comple t e ly  ana logous  t o  e q u a t i o n s  (l), ( 2 )  and (3)0 The 
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i 
methods d i s c u s s e d  e x t e n s i v e l y  by L e k h n i t z k i  [83] w i l l  be  

employed here * 

The Hooke's law f o r  a homogeneous ( r e c t i l i n e a r l y )  

a n i s o t r o p i c  material i s :  

where from r e c i p r o c i t y  a i j  = a j i  (71 )  

R e f e r r i n g  t o  f i g u r e  2 f o r  t h e  c o o r d i n a t e s  and n o t a t i o n  w i t h  

r e s p e c t  t o  a c r a c k  f r o n t ,  t h e  c r a c k  t i p  stress f i e l d s  may be 

r e s o l v e d  from two c a s e s  o f  p l ane  problems which are d e f i n e d  as: 

au av 

az az 
(1) P l a n e  s t r a i n ,  i , e o  - = - = w = o 

aw 

az 
( 2 )  Pure  shear, i , e .  u = v = - = o 

= E  = T  = o  
X Y XY 

The s u p e r p o s i t i o n  o f  r e s u l t s  from these p l a n e  problems w f l l  

* The mathematical d e r i v a t i o n  of stress f i e lds  l e a d i n g  t o  
e q u a t i o n s  (81 )  through (85)  e t c .  are n o t  a requi rement  of 
u s e f u l  i n t e r p r e t a t i o n  of t h o s e  r e s u l t s ,  
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a l l o w  t r e a t m e n t  of t h e  g e n e r a l  c a s e  o f  c r a c k  t i p  s t ress  f i e l d s  

s imilar  t o  e q u a t i o n s  (l), ( 2 )  and ( 3 ) *  

(1) P l a n e  S t r a i n :  For  t h i s  c a s e  t h e  Hooke’s law may be 

reduced ,  u s i n g  t h e  r e s t r i c t i o n s  on s t r a i n  t o  e l i m i n a t e  t h e  

appearence  o f  z-components o f  s t ress ,  t o  g i v e :  

where a g a i n  A 

aiJ d i r e c t l y  i f  desired.  

w i t h  stress components d e f i n e d  as t h e  u s u a l  second d e r i v a t i v e s ,  

e q u i l i b r i u m  i s  a u t o m a t i c a l l y  s a t i s f i ed  and t h e  c o m p a t a b i l i t y  

e q u a t i o n s  lead t o :  

= A J i  and the  AiJ can b e  e x p r e s s e d  i n  terms of i J  
U s i n g  an Airy s t ress  f u n c t i o n , u ,  

where 
a a 

and pk are the  r o o t s  of 

These e l a s t i c  c o n s t a n t s ,  pk, a r e  complex o r  p u r e  imaginary  and 

o c c u r  i n  c o n j u g a t e  pairs C833, i . e .  u 3  - ul - .I 

and ~4 = ~ 2 0  - 
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, D e f i n i n g  t h e  complex v a r i a b l e s  z1 and z2 by 

t h e  g e n e r a l  s o l u t i o n  t o  equa t ion  (73)  can b e  w r i t t e n ,  i f  

P l  = P 2  

o r  i f  

p 1  f p 2  

and w i t h  t h e  f u r t h e r  r e s t r i c t i o n  t h a t  u must be r e a l  t h e y  

become 

u= 2 Re[u l ( z l )  + T ~ U ~ ( Z ~ ) I  
o r  

The s i m i l a r i t y  of the  f i r s t  case  of e q u a t i o n  ( 7 7 )  w i t h  

e q u a t i o n  ( 2 2 )  is a p p r o p r i a t e  s i n c e  f o r  i s o t r o p i c  media, 

~1 = p 2  = i o  T h e r e f o r e ,  t h e  o r t h o t r o p i c  case w i t h  t h e  c r a c k  on 

a p r i n c i p a l  p l a n e  which leads t o  p l  = p 2  has  been reduced  t o  t h e  
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same c a s e  as i s o t r o p i c  e l a s t i c i t y  w i t h  t h e  s i m p l e  change of 

v a r i a b l e  z1 = x + pl y o  

t he  second of e q u a t i o n s  ( 7 7 )  or p1 # p 2  w i l l  f o l l o w  i n  t he  

r ema in ing  d i s c u s s i o n ,  

The more  g e n e r a l  case o f  a n i s o t r o p y ,  

The stress and d isp lacement  components are found from t h e  

A i r y  stress f u n c t i o n , - r ,  by t h e  u s u a l  combina t ion  o f  

d e r i v a t i v e s  which g ive :  

and 

where 

A 2  2 

P I  
A& 6 

+ - -  9i = A , ,  pi 

T h e r e f o r e  s o l u t i o n  t o  any s p e c i f i c  problem i s  reduced  t o  

f i n d i n g  t h e u ,  and u2 which s a t i s f y  t h e  boundary c o n d i t i o n s ,  

R e f e r r i n g  a g a i n  t o  f i g u r e  2 and e q u a t i o n s  (75) ,  i n  t h e  

ne ighborhood o f  a c r a c k  t i p  lzll and l z21  are small compared t o  
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o t h e r  p l a n a r  dimension of  problems, Consequent ly ,  t he  stress 

' f u n c t i o n s  f o r  c r a c k s  g iven  by Lekhni tzk i  [83] may be  reduced 

t o  t h e  form, 

where f 

r e s t r i c t i o n s  on t h e i r  form are  imposed by t h e  stress free c r a c k  

and f 2  are we l l  behaved i n  t h a t  neighborhood and some 

s u r f a c e  boundary c o n d i t i o n s ,  Imposing these c o n d i t i o n s ,  as 

w e l l  as t h o s e  mentioned e a r l i e r  and t h e  s u b s t i t u t i n g  t h e  

v a r i a b l e  

io 
z = x t i y  = re  

t h e  c r a c k  t i p  stress f i e l d s  a r e  found from e q u a t i o n s  (781, ( 7 9 )  

and ( 8 0 )  and can b e  stated i n  the  form 
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. P = - KIa Re[- 1 

y p  

1.I 
T - - Re[- 

xy @% 

- 1  

1 2  

P 
1 

r 1 

rl 1.I - 2 

dcos 8 t 1.1 s i n  Q 
1 

1 7 7  
3J - 

s i n  8' dcos 8 + p s i n  8' \pas Q 1.12 1 

1 71 

U '7 1 

where h i g h e r  o r d e r  terms i n  r have been n e g l e c t e d ,  

1.1 and 1.1 are d i m e n s i o n l e s s  e l a s t i c  cons tan ts . ,  No t i ce  the  

s t r i k i n g  s i m i l a r i t y  of  e q u a t i o n s  (81) w i t h  e q u a t i o n s  (1) and ( 2 ) 0  

R e i t e r a t i n g ,  

1 2 

The d e f i n f t f o n s  o f  K and KIIa  have been  chosen t o  b e  I a  
i d e n t i c a l  t o  KI and KII f o r  t h e  c a s e s  o f  symmet r i ca l  c o n f i g u r a t i o n s  

w i t h  symmetric o r  skew-symmetric l o a d i n g s ,  r e s p e c t i v e l y ,  

Consequent ly ,  i t  can be  shown t h a t  f o r  t h e  g e n e r a l  

a n i s o t r o p i c  problem of t h e  c o n f i g u r a t i o n  i l l u s t r a t e d  i n  f i g u r e  1 

tha t :  

= u  KIa 
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I 
I .  

and f o r  t h e  problem i n  f i g u r e  2 ,  

= o  I a  K 

Moreover, f o r  t h e  symmetr ica l  wedge f o r c e  problem, as shown i n  

f i g u r e  23, t h e  stress f u n c t i o n s  are: 

Upon u s i n g  e q u a t i o n s  (78 ) ,  ( 7 9 ) ,  and (80)  w i t h  e q u a t i o n s  ( 8 4 )  

and comparing r e s u l t s  w i t h  equa t ions  (81), it  i s  found t h a t  

P - -  - 
\I..' I a  K 

K = o  
I I a  

e q u a t i o n s  ( 8 5 )  can also b e  ob ta ined  from t h e  i s o t r o p i c  c a s e ,  

e q u a t i o n s  (32 )  o r  ( 3 3 ) ,  d i r e c t l y ,  It i.s t h e r e f o r e  easy t o  

add a m u l t i t u d e  of examples by s i m p l y  c o n s t r u c t i n g  s t r e s s  
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I .  

i n t e n s i t y  f a c t o r s  from symmetric and skew-symmetric i s o t r o p i c  

c o u n t e r p a r t s ,  A t t e n t i o n  shall now b e  t u r n e d  t o  t h e  c o n d i t i o n  

.4 of  pu re  shear, .. . 

( 2 )  Pure Shear: For  t h i s  c a s e  t h e  g e n e r a l i z e d  Hooke's 

law, e q u a t i o n s  ( 7 1 )  , may be reduced by the d e f i n i t i o n  of  p u r e  

shear t o :  

aw 

ax 
- 

Y x z  - - = A S 4  f y z  + A 5 5  xz 

S u b s t i t u t i n g  t h e s e  e x p r e s s i o n s  i n t o  t h e  A 4 5 0  where A,, = 

e q u i l i b r i u m  e q u a t i o n s ,  t he  resul t  i s  

which can be w r i t t e n  

D ,D , w  = 0 5 6  

where, as p r e v i o u s l y  d e f i n e d ,  

a a 
a Y  'k ax 

- D k - - -  - 

Comparing e q u a t i o n s  (87 )  and ( 8 8 )  D and u are t h e  r o o t s  
5 6 

of 
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i t  i s  observed  t h a t  these r o o t s  are a c o n j u g a t e  pa i r ,  1.e. 

p = p Define a complex v a r i a b l e  z by 
- 

6 5 5 

z = x t p  Y 
5 5 

t he  g e n e r a l  s o l u t i o n  t o  e q u a t i o n  (88)  may be e x p r e s s e d  as 

w = W ( z ) i - W ( Z )  
1 5  2 5  

S i n c e  w must b e  rea l ,  f o r  convenience W can be t a k e n  as the  

n e g a t i v e  of  W o r  
2 

1 

R e f e r r i n g  t o  f i g u r e  2 f o r  a d e s c r i p t i o n  o f  t h e  c o o r d i n a t e s ,  

i n  o r d e r  t o  s a t i s f y  t h e  stress free c r a c k  s u r f a c e  c o n d i t i o n s  

W takes  the  form, 

W 1 = A c  (93 )  

where A i s  a r e a l  c o n s t a n t  i n  t he  v i c i n i t y  of  t h e  c r a c k  t i p ,  

Making u s e  of  e q u a t i o n s  (80), (861, (901 ,  (921 ,  and ( 9 3 )  t h e  

stress may be w r i t t e n  i n  t h e  form: 
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1 1 I 

I I 
L i c o s  8 t u 5  s i n  d_l 

1 
I J c o s  8 t u 5 s i n  G? 

where i t  i s  n e c e s s a r i l y  implied t h a t  n e a r  t h e  c r a c k  t i p  

( 9 4 )  

The a n i s o t r o p i c  stress i n t e n s i t y  f a c t o r ,  KII Ia ,  i s  d e f i n e d  s o  

t ha t  i t  i s  a l s o  i n d e n t i c a l  t o  i t s  i s o t r o p i c  c o u n t e r p a r t ,  K I I I s  

f o r  a l l  boundary v a l u e  problems o f  pu re  shear, F o r  example the 

c o n f i g u r a t i o n  i n  f i g u r e  5 t h e  r e s u l t  i s  

upon c o n s t r u c t i n g  t h e  s o l u t i o n  and comparing t h e  r e s u l t  w i t h  

e q u a t i o n  ( 7 )  ., 

Consequent ly ,  i t  has been shown tha t ,  f o r  t h e  g e n e r a l  

homogeneous a n i s o t r o p i c  c a s e  t h e  c r a c k  t i p  stress f i e l d s  and 

t h e i r  i n t e n s i t y  f a c t o r s ,  t h e  complete ana logy  w i t h  t h e  

i s o t r o p i c  c a s e  i s  p r e s e r v e d o  By J u d i c i o u s  d e f i n i t i o n  of t h e  
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. a n i s o t r o p i c  stress i n t e n s i t y  f a c t o r s ,  t h e y  are i d e n t i c a l  t o  

t h o s e  f o r  t h e  i s o t r o p i c  c a s e ,  The r e s u l t i n g  stress f i e l d  

e q u a t i o n s  (81) and (941,  when superimposed* g i v e  t h e  most 

g e n e r a l  s t a t e  of stress i n  t h e  neighborhood o f  a c rack  t i p  

i n  an a n i s o t r o p i c  body w i t h  any c o n f i g u r a t i o n  o r  l o a d i n g ,  

Perhaps most impor t an t  of a l l  i s  t h e  f a c t  t h a t  l i k e  t h e  

i s o t r o p i c  case, ,  t h e  l/p s i n g u l a r i t y  appears i n  t h e  stress 

f i e l d  e q u a t i o n s  ( 8 1 )  and ( 9 4 ) ,  This  f a c t  i m p l i e s  t ha t  

f r a c t u r e  s i z e  e f f e c t s  f o r  homogeneous a n i s o t r o p i c  media w i l l  

b e  i d e n t i c a l  t o  t h e  i s o t r o p i c  c a s e ,  

However, f o r  non-homogeneous a n i s o t r o p y ,  such  as p o l a r  

o r t h o t r o p y  d i s c u s s e d  by Williams [ 791 s i n g u l a r i t i e s  o t h e r  

t h a n  t h e  l/p t y p e  may appear c a u s i n g  d i f f e r e n t  s i z e  e f f e c t s  

t h a n  t h e  i s o t r o p i c  case ,  

Cracks i n  L i n e a r  Visco-Elas t ic  Media 

The deformat ion  of c racks  i n  p l ane  v i s c o u s  e x t e n s i o n  has 

He has shown t h a t  i n  a l i n e a r  been s t u d i e d  b y  Berg [84,  851. 

v i s  c ous s h e e t  e l l i p t i c a l  h o l e s  ( i n c l u d i n g  t h e  

* Components of s t r e s s  e l i m i n a t e d  from t h e  s t r e s s - s t r a i n  laws 
s h o u l d  b e  r e i n t r o d u c e d ,  They are d e r i v a b l e  d i r e c t l y  from t h e  
l i s t e d  components i n  equat ions  (81 )  and ( 9 4 )  and e q u a t i o n s  ( 7 1 )  , 
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l i m i t i n g  c a s e s  of  c r acks  and c i r c l e s )  a lways  deform i n t o  o t h e r  

e l l i p s e s  f o r  t h e  c a s e s  where a d d i t i o n a l  s e p a r a t i o n  i s  n o t  t a k i n g  

p l a c e ,  The e x c l u s i o n  of s e p a r a t i o n  means t h a t  a d j a c e n t  p o i n t s  

on t h e  con tour  of t h e  h o l e  a r e  remain ing  a d j a c e n t .  T h i s  

assumption may be somewhat r e s t r i c t i v e ,  b u t  i t  p e r m i t s  t h e  

impor t an t  conc lus ion  of e l l i p ses  deforming i n t o  e l l i p ses ,  which 

i n  t u r n  a l lows  t h e  use  of  increments  o f  i n f i n i t e s i m a l  deformat ion  

a n a l y s i s  t o  p rov ide  a s t r e s s  a n a l y s i s  of  t h i s  c l a s s  of  problems,  

The re fo re  f o r  s t a t i o n a r y  c racks  Berg has shown t h a t  t h e  

t r e a t m e n t  by S i h  e861  of s t ress  f i e l d s  n e a r  sha rp  c rack  t i p s  

f o r  a rb i t r a ry  l i n e a r  v i s c o e l a s t i c i t y  i s  i n  f a c t  p e r t i n e n t  even 

though I'bluntingII of t h e  c rack  t i p  takes p l a c e ,  S i h  has shown 

t h a t  t h e  c rack  t i p  stress f i e lds  a r e  as g iven  i n  e q u a t i o n s  (l), 

(21,  and ( 3 )  where the  s t r e s s  i n t e n s i t y  f a c t o r s  are f u n c t i o n s  

of t ime, i . e ,  

These stress i n t e n s i t y  f a c t o r s  may be  regarded as r e p r e s e n t i n g  

t h e  t ime h i s t o r y  of i n t e n s i t y  of a c rack  t i p  s t ress  f i e l d  of  

c o n s t a n t  s p e c i a l  d i s t r i b u t i o n  , 
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Treatment  of  problems of moving ( e x t e n d i n g )  c r a c k s  i n  

v i s c o e l a s t i c  media i s  c u r r e n t l y  unknown. However, t h e y  are 

obv ious ly  p e r t i n e n t  t o  f o r m u l a t i n g  t h e  c o n d i t i o n  i n s t a b i l i t y  

of  c r a c k s  i n  v i s c o e l a s t i c  media  where s low growth p r e c e e d e s  

sudden f a i l u r e ,  

On t h e  o t h e r  hand t h e  f a c t  t h a t  e q u a t i o n s  (l), ( 2 ) ,  and 

( 3 )  have been shown t o  a p p l y  t o  any c r a c k  i n  a l i n e a r  v i sco -  

e l a s t i c  body, leads t o  t h e  conc lus ion  t h a t  s l i g h t  amounts of 

v i s c o u s  a c t i o n  may cause  t ime e f f e c t s  b u t  s i z e  e f f e c t  w i l l  b e  

i d e n t i c a l  t o  t h e  e l a s t i c  case ,  Consequent ly  v i s c o u s  " s t r a i n  

r a t e  e f f e c t s "  i n  s t u d i e s  of  f r a c t u r e ,  see f o r  example [87, 88 

and 891, may be based on t h e  u s u a l  e l a s t i c  stress a n a l y s i s ,  

i , e ,  e q u a t i o n s  (11, (2)B and ( 3 1 ,  e t c .  

Some S p e c i a l  Cases on Non-Homogeneous Media w i t h  Cracks 

The g e n e r a l  problem of non-homogeneous media w i t h  c r a c k s  

has as y e t  n o t  been a t t a c k e d ,  However, some s p e c i a l  c a s e s  

of  p r a c t i c a l  i n t e r e s t  have been t rea ted ,  

The problem o f  two s e m i - i n f i n i t e  h a l f  p l a n e s  o f  

d i f f e r e n t  material  bonded ( o r  welded) t o g e t h e r  a l o n g  a l i n e  

( O r  p l a n e )  c o n t a i n i n g  a c r a c k  has  r e c e i v e d  t h e  most a t t e n t i o n  

[go, 91,  92 ,  and 931,  The a p p l f c a t i o n s  of these  a n a l y s e s  

- 6 3  - 



i n c l u d e  f a u l t s  i n  l a m i n a t i o n s  i n  r o c k  o r  o t h e r  materials,  

c r a c k s  formed a t  s t e p s  i n  t h e  t h i c k n e s s  o f  p la tes  i n  e x t e n s i o n  

and /o r  bending;  stresses i n  g lued  j o i n t s  and bond c r a c k s  i n  

composi te  materials ,, 

The stress f i e l d s  [go, 911 f o r  c r a c k  t i p s  a l o n g  such bond 

l i n e s  take t h e  form: 

K 

where t h e  terms of t h e  t y p e  " log  r" are shown [gl] t o  b e  of 

l i t t l e  i n f l u e n c e  on t h e  s t r e s s  f i e l d s ,  

t y p e  of  s i n g u l a r i t y  i s  t h e  c o n t r o l l i n g  f a c t o r  i n  t h e  stress 

f i e l d ,  T h e r e f o r e ,  a g a i n  t h e  d imens iona l  c h a r a c t e r  of K i s  

Consequent ly ,  t h e  l/v 

p r e s e r v e d  and f r a c t u r e  s i z e  e f f e c t s  w i l l  be i d e n t i c a l  t o  t h e  

homogeneous c a s e ,  

However, Zak [ 9 4 ]  observed t h a t  f o r  a c r a c k  p e r p e n d i c u l a r  

t o  and r e a c h i n g  an i n t e r f a c e  between two materials,  the  

c o e f ' f i c i e n t , m ,  o f  t h e  s t r e s s  s i n g u l a r i t y ,  r w i l l  b e  o t h e r  

t h a n  1/2, If t h e  new material b e i n g  e n t e r e d  by the  c rack  has 

a lower  modulus of  e l a s t i c i t y  t h e n  h w i l l  be  g r e a t e r  t h a n  1 /2  

and v i c e  versa., Th i s  seems t o  i n d i c a t e  a tendency  t o  promote 

-m 

t h e  e n t e r i n g  o f  c r a c k s  i n  h a r d  materials i n t o  s o f t e r  ones due 

t o  t h e  i n c r e a s e d  s e v e r i t y  o f  t h e  t y p e  o f  s i n g u l a r i t y ,  
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Another i m p l i c a t i o n  he re  i s  t h a t  s i z e  e f f e c t s  i n  

t r a n s m i t t i n g  f r a c t u r e  from t h e  harder phases  o f  c o m p o s i t i e s  

materials t o  a s o f t e r  m a t r i x  w i l l  be  d i f f e r e n t  t h a n  t h e  c a s e  

o f  c r a c k s  i n  homogeneous m a t e r i a l s .  (More s p e c i f i c a l l y  t h e  

stress r e q u i r e d  f o r  f a i l u r e  w i l l  depend i n v e r s e l y  upon t h e  

s i z e  of  t he  hard phase  g r a i n s  t o  them- power,, t h  

I n e r t f a l  E f f e c t s  on t h e  Stress  F i e l d  o f  a Moving Crack 

Long b e f o r e  many s o l u t i o n s  t o  e l a s t o - s t a t i c  c r a c k  

problems were a v a i l a b l e ,  Yoffe C951 p r e s e n t e d  t h e  s teady state 

s o l u t i o n  t o  a c r a c k  o f  c o n s t a n t  l e n g t h ,  2a, moving th rough  

p la te  s u b j e c t e d  t o  uni form t e n s i o n ,  cr Moreover, she n o t e d  

t h a t  t h e  e x t e n d i n g  c r a c k  t i p  p o s s e s s e d  a s t ress  f i e l d  o f  t h e  

form, 

where u J7ia'can be r econg ized  as t h e  s t r e s s - i n t e n s i t y - f a c t o r ,  

C i s  t h e  c r a c k  v e l o c i t y  and y i s  t h e  mass d e n s i t y  of t h e  

material, N o t i c e  t h a t  for  a l l  v a l u e s  o f  t h e  c r a c k  v e l o c i t y  

the l/p s i n g u l a r i t y  i s  p r e s e r v e d ,  

similar r e s u l t s  f o r  s teady  s t a t e  problems o f  t h e  mode I11 

McClintock E961 o b t a i n e d  

v a r i e t y ,  p u r e  shear, Both note  t h a t  g i s  v i r t u a l l y  t h e  

same as t h e  s t a t i c  c a s e ,  e q u a t i o n s  (11, up t o  c r a c k  speeds, 

C, of  o v e r  0,4 of  t h e  shear wave v e l o c i t y ,  C2, where 

i j  



2'  However, a t  some v e l o c i t y  C i n  t h e  neighborhood of 0.5 C 

t he  l o c a t i o n  o f  t h e  maximum i n  8 - d i r e c t i o n  stresses changes 

from Q = 00 t o  an a n g l e  of  about  8 = 60° t o  t h e  c r a c k  t i p  and 

the  d i s t r i b u t i o n  of stresses , giJ i n  g e n e r a l  becomes q u i t e  

d i f f e r e n t  t h a n  t h e  s t a t i c  case ,  The h i g h e s t  t r i a x i a l i t y  of 

stresses n e a r  t h e  c r a c k  t i p  s h i f t s  from d i r e c t l y  ahead o f  t h e  

c r a c k  t o  abou t  Q = 60° which i s  most e a s i l y  obse rved  from t h e  

c a l c u l a t i o n s  o f  Baker [9710 Other  a u t h o r s  [98, 99,  1001 have 

reemphasized these o b s e r v a t i o n s  , i n c l u d i n g  t h e  t r a n s i e n t  

s ta tes  [9710 

Exper imen ta l  p h o t o e l a s t i c  s t u d i e s  [ l o l l  c o n f i r m  these 

r e s u l t s  and o b s e r v a t i o n s  of c rack  b r a n c h i n g  a t  v e l o c i t i e s  n e a r  

0,5 C2 add f u r t h e r  ev idence ,  

I n  a d d i t i o n  Mott [ lo21 and Rober t s  [ lo31 s t u d i e d  t h e  

a c c e l e r a t i o n  of  a c r a c k  through d imens iona l  c o n s i d e r a t i o n s  

and o b t a i n e d  r e s u l t s  t e n t a t i v e l y  i n  agreement w i t h  t h o s e  above, 

Most i m p o r t a n t  i n  t h i s  d i s c u s s i o n  of dynamic e f f e c t s  i s  

t h a t  t h e  stress f i e lds ,  e q u a t i o n  (99 ) ,  are p r e s e r v e d  i n  a 

form n e a r l y  i d e n t i c a l  t o  t h e  e l a s t i c  stress up t o  ve ry  h igh  

v e l o c i t i e s ,  i , e ,  C + O o 5  C 2 "  

appears f o r  a l l  v e l o c i t i e s  s o  t h a t  f r a c t u r e  s i z e  e f f e c t s  are 

v i r t u a l l y  unchanged, 

Moreover, t h e  l / V s i n g u l a r i t y  
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Energy Rate Ana lys i s  o f  Crack Ex tens ion  

G r i f f i t h  [l] i n  h i s  o r i g i n a l  a n a l y s i s  of  f r a c t u r e  and 

l a t e r  I r w i n  [ lo41 and Orowan [ lo51 d i s c u s s e d  t h e  e q u i l i b r i u m  

and s t a b i l i t y  of  c r a c k s  from an energy  r a t e  view p o i n t ,  

Subsequent ly ,  I r w i n  [l06, 4 ,  51 prov ided  a more d e t a i l e d  s t u d y  

of  t h e  energy  r a t e  a n a l y s i s  and i t s  r e l a t i o n s h i p  t o  t h e  c r a c k  

t i p  stress f i e l d  approach, The d e t a i l s  were f u r t h e r  g e n e r a l i z e d  

and c l a r i f i e d  by o t h e r  a u t h o r s  [ 4 4 ,  107,  1081, The r e s u l t s  of  

these works prove  t h e  equ iva lence  o f  t h e  energy  r a t e  and stress 

i n t e n s i t y  f a c t o r  approaches A p p l i c a t i o n  t o  "compliance 

c a l i b r a t i o n "  ( i o e o  expe r imen ta l  d e t e r m i n a t i o n  o f  energy ra tes )  

o f  t es t  c o n f i g u r a t i o n s  i s  an  a d d i t i o n a l  b e n e f i t  T h i s  d i s c u s s i o n  

w i l l  p roceed  t o  cove r  t h e  e s s e n t i a l  f e a t u r e s  energy  c o n s i d e r a t i o n s ,  

An e l a s t i c  body s u b j e c t e d  t o  l o a d s  and c o n t a i n i n g  an 

e x t e n d i n g  c rack  p r o v i d e s  an energy  r a t e  ( i o e o  p e r  u n i t  of new 

c r a c k  a r e a g e n e r a t e d 1 2  , a v a i l a b l e  f o r  t h e  c r a c k  e x t e n s i o n  

p r o c e s s o  R e f e r i n g  t o  f i g u r e  2 4 ,  t h e  a v a i l a b l e  energy f o r  an 

increment  of  c r a c k  e x t e n s i o n ,  dA, i s  p rov ided  from work done by  

t h e  fo rce ,PdA , and t h e  r e l e a s e ,  - dV,in t h e  t o t a l  s t r a i n  

energy ,  V,  s t o r e d  i n  t h e  body [l06lO Consequent ly ,  

dA dA 
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t h e  d i sp lacemen t s  of a l i n e a r  e l a s t i c  body are re la ted  t o  t h e  

load  by 

A = hP ( 102 1 

where h i s  t h e  compliance ( i . e e  i n v e r s e  s p r i n g  c o n s t a n t ) ,  

which depends upon t h e  c o n f i g u r a t i o n  i n c l u d i n g  t h e  c r a c k  s i z e  A,  

The s t r a i n  energy  i n  t h e  body i s  work done i n  l o a d i n g ,  i , e ,  

PA XP2 
T J = - = -  

2 2 

from e q u a t i o n s  (102)  and (103) and u s i n g  t h e  r u l e  of  

d i f f e r e n t i a t i o n ,  

d a d P  a 
- = -  + - 0 -  

dA a A  dA aP 

e q u a t i o n  (101) becomes 

~2 a h  /&- - 
2 a A  

(103) 

(105)  

terms i n v o l v i n g  dP c a n c e l  i n  e q u a t i o n  (105~)~ T h e r e f o r e  t h e  

a v a i l a b l e  energy  rate,&, f o r  i n f i n i t e s i m a l  c r a c k  e x t e n s i o n  i s  

independent  o f  t h e  t y p e  o f  l oad  a p p l i c a t i o n ,  e .go  f i x e d  g r i p s ,  

c o n s t a n t  f o r c e s ,  o r  i n t e r m e d i a t e  cases, T h i s  r e s u l t  a p p l i e s  f o r  

an u n l i m i t e d  number of f o r c e s  on t h e  body [44] and f o r  mixed 

t y p e s  o f  l o a d  a p p l i c a t i o n  [107]0 
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I 
I .  

Equat ion  (105)  i s  u s e f u l  f o r  t h e  expe r imen ta l  d e t e r m i n a t i o n  

of energy ra tes  of t e s t  c o n f i g u r a t i o n s ,  T h i s  i s  accomplished 

through measurement o f  t he  compliance,A, as a f u n c t i o n  of  c r a c k  

s i z e ,  A ,  i n  o r d e r  t o  compute t h e  d e r i v a t i v e  i n  e q u a t i o n  (105), 

Though t h i s  s o  c a l l e d  "compliance c a l i b r a t i o n "  method i s  

s t r a i g h t  forward i n  p r i n c i p a l ,  t h e  d e r i v a t i v e  depends on small 

changes i n  A B  which i n  p r a c t i c e  r e q u i r e  very a c c u r a t e  

measurement t e c h n i q u e s ,  

The Equiva lence  of Energy Rate and Stress  I n t e n s i t y  F a c t o r  

Approaches 

I n  t h e  p rev ious  s e c t i o n  i t  was n o t i c e d  tha t  t h e  energy 

r a t e ,  2 , i s  independent  of t h e  t y p e  of  l o a d  app l i ca t ion , ,  Hence, 

f o r  convenience i n  t h e  d i s c u s s i o n  t o  fo l low t h e  " f i x e d  g r i p "  

s i t u a t i o n  may be employed w i t h  no loss i n  g e n e r a l i t y  of 

r e s u l t s  

If an e l a s t i c  body i s  loaded and t h e  g r i p s  ( l o a d  p o i n t  
d V  

dA 
d i s p l a c e m e n t s )  are t h e n  f i x e d ,  t h e  s t r a i n  energy change, - , i s  

t h e  only  c o n t r i b u t i o n  t o , & ;  see  e q u a t i o n  (101) ,, Under t h i s  

c o n d i t i o n  the  work r e q u i r e d  t o  c l o s e  a small segment of t h e  

c r a c k , a ,  as shown i n  f i g u r e  25 ,  from the  opened p o s i t i o n ,  ( a ) ,  

t o  t h e  c l o s e d  p o s i t i o n ,  ( b ) ,  i s  i d e n t i c a l  t o  t h e  change i n  t h e  

s t r a i n  energy ,  The work can be computed as t h e  c rack  s u r f a c e  

t r a c t i o n s  r e q u i r e d  t o  c l o s e  the  c rack  times t h e i r  c l o s i n g  

d i sp lacemen t s  times one h a l f  , ( s i n c e  t h e  d i sp lacemen t s  w i l l  b e  
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p r o p o r t i o n a l  t o  t h e  t r a c t i o n s )  The t r a c t i o n s  r e q u i r e d  are t h e  

s t resses  on t h e  p r o s p e c t i v e  c rack  s u r f a c e  w i t h  t h e  t i p  a t  

x = 0 as i n  f i g u r e  25 ( b ) .  The d i sp l acemen t s  are t h e  c r a c k  

s u r f a c e  d i sp lacemen t s  of  co r re spond ing  p o i n t s  i n  f i g u r e  2 5 ( a )  

T h e r e f o r e ,  as o r i g i n a l l y  proposed by I r w i n  c4, 5 ,  71, t h e  

energy r a t e , a ,  can b e  obta ined  from these c o n s i d e r a t i o n s  i n  

the  form 

l i m  2 a uyv ‘ryxu ‘ryZw 

a+O a o 2 2 2 
f i x e d  g r i p s  = - 1 (- t - t -) dx (106) 

The stresses uy, T~~ and ‘rYz may be  o b t a i n e d  from t h e  c r a c k  t i p  

s t ress  f i e l d  e q u a t i o n s ,  such as  e q u a t i o n s  (11, (2) and ( 3 )  

w i t h  r = x and 8 = 0 ,  The cor responding  d i sp lacemen t s  a re  

a l s o  t h o s e  of t h e  c r a c k  t i p  f i e l d  e q u a t i o n s  b u t  w i t h  r = a - x  and 

Q = ’ I I o  

For t h e  i s o t r o p i c  case t h e  r e s u l t  o f  t h e s e  s u b s t i t u t i o n s  

and performance of t h e  i n t e g r a t i o n  i n  e q u a t i o n  (106) leads t o  

( f o r  p l a n e  s t r a i n ) :  

2 1- V 1- V 1 

2G 2 G  2 G  4 = - K12 t - KII  2 + -  KIII 

The terms on t h e  r i g h t  hand s i d e  of e q u a t i o n ( 1 0 7 )  i n d i c a t e  

t h a t  t h e  energy r a t e  c o n t r i b u t i o n  of each mode of  c rack  t i p  

stress f i e l d  may be  cons ide red  sepa ra t e ly .  S i n c e  E = 2(ltv)G, 
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t h e  separate c o n t r i b u t i o n s  a r e  ( f o r  p l a n e  s t r a i n )  : 

( 1 4 2 )  BT = -K, 2 

(1-u2) 

K12 
BII = - 

E 

1+ v BIII = - l7 K I I 1 2  

where 

E q u a t i o n s  (108) and (109) a l s o  may be  adopted  t o  t h e  c a s e  of  

p l a n e  stress by a p p r o p r i a t e l y  d i s c a r d i n g  t h e  ( 1 - v 2 )  i n  t h e  f i r s t  

two of e q u a t i o n s  (108). 

A s  a consequence o f  e q u a t i o n s  (108) and (109) t h e  d i r e c t  

r e l a t i o n s h i p  between energy  rates and s t r e s s  i n t e n s i t y  f a c t o r s  

has been  i l l u s t r a t e d ,  

Equa t ion  ( 1 0 6 )  can a l s o  be used  t o  d e t e r m i n e  t h e  r e l a t i o n s h i p s  

between energy  ra tes  and s t r e s s  i n t e n s i t y  f a c t o r s  for o t h e r  

e l a s t i c  media, F o r  example, t h e  r e l a t i o n s h i p s  f o r  a n i s o t r o p i c  

media can be  o b t a i n e d  by u s i n g  t h e  a p p r o p r i a t e  stress f i e l d s ,  

e q u a t i o n s  ( 8 1 )  and ( 9 4 ) ,  and co r re spond ing  d i s p l a c e m e n t s  i n  

(106) ,, Tab le  V I  p r o v i d e s  t h e  modi f ied  e l a s t i c  c o e f f i c i e n t s  f o r  

t h e  e q u i v a l e n t  of  e q u a t i o n s  (108) and (109) f o r  o r t h o t r o p i c  

C321 and g e n e r a l  a n i s o t r o p i c  [ 3 3 ]  media, 
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T a b l e  V I  

ai = c Ki 2 

(Values  of  c g iven  below f o r  t h e  case of  p l a n e  s t r a i n )  

O r t h o t r o p i c  [ 3 2 ]  
( A l  6 = A 2 6 P A 4 5 =  0 )  

I 

I1 

I11 

( l J )  

E 

(1-6) 

E 

1 

A 4 4  A 5 5  
2 

However, s i n c e  c r a c k s  normally do n o t  e x t e n d i n g  i n  a 

p l a n a r  f a s h i o n  [57]  w i t h  KII  and KIII  p r e s e n t ,  o r  even w i t h  X I  

p r e s e n t  i n  g e n e r a l l y  a n i s o t r o p i c  media, t hese  r e l a t i o n s h i p s  are 

somewhat of  academic i n t e r e s t .  It i s  s u f f i c i e n t  t o  have shown 

t h e  e q u i v a l e n c e  o f  t h e  energy ra te  and s t ress  i n t e n s i t y  f a c t o r  

approaches ,  i n  o r d e r  t h a t  the d i r e c t  r e l a t i o n s h i p  between t h e  

G r i f f i t h  t h e o r y  and c u r r e n t  t h e o r i e s  o f  f r a c t u r e  mechanics be  

f u l l y  unders tood ,  

- 72 - 



I Other Equ iva len t  Methods of Stress Ana lys i s  of Cracks and Notches 

, S e v e r a l  o t h e r  methods of s t r e s s  a n a l y s i s  of  c r a c k s  and 
I no tches  f o r  i n c o r p o r a t i o n  i n t o  f a i l u r e  c r i t e r i a  have been 

proposed,  The most n o t a b l e  i n  t h e  r e c e n t  l i t e r a t u r e  a r e  t h o s e  

developed by Neuber [ l o ,  1093, Kuhn [71, 1101, and B a r e n b l a t t  

[ 23 ] ,  I d e n t i c a l  t o  t h e  e l a s t i c  f i e l d  approach,  each of  these 

methods u s e s  an e l a s t i c  stress a n a l y s i s  t o  de t e rmine  t h e  g e n e r a l  

c h a r a c t e r  of r e d i s t r i b u t i o n  of f o r c e  t r a n s m i s s i o n  around c racks .  

I n  a d d i t i o n  i t  i s  impor t an t  t o  n o t e  t ha t  each of  these a n a l y s e s  

draws a t t e n t i o n  t o  a phenomena a t  t h e  c rack  t i p  which i s  

regarded as tha t  which p r e c i p i t a t e s  f a i l u r e ,  

More s p e c i f i c a l l y ,  t h e s e  phenomena are:  deve lop ing  a 

" p l a s t i c  p a r t i c l e "  of  c r i t i c a l  s i z e ,  deve lop ing  t h e  "u l t ima te  

s t r e s s "  a t  a s p e c i f i c  r a d i u s  from the  c r a c k  t i p ,  and deve lop ing  

s t r e s s e s  approaching  t h e  "cohes ive  bond f o r c e s "  ahead of a c r a c k ,  

r e s p e c t i v e l y ,  Now, s i n c e  each of t h e s e  phenomena occur  imbedded 

w i t h i n  t h e  e l a s t i c  c r ack  t i p  stress f i e l d , t h e i r  occurance w i l l  

a lways  cor respond t o  having  t h a t  s t ress  f i e l d  r each  a c r i t i c a l  

v a l u e ,  A s  a consequence t h e s e  and any o t h e r  methods which draw 

a t t e n t i o n  t o  s p e c i f i c  c r i t i c a l  phenomena a t  a c rack  t i p ,  

which proceed t o  use  an e s s e n t i a l l y  e l a s t i c  s t ress  a n a l y s i s ,  

w i l l  lead t o  a f a i l u r e  theo ry  e q u i v a l e n t  t o  t h e  c u r r e n t  f r a c t u r e  

mechanics  concept  of c r i t i c a l  va lues  of s t r e s s - i n t e n s i t y - f a c t o r s ,  
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Even though these a l t e r n a t i v e  methods may be regarded as 

s t  as t r u e ,  c o r r e c t  and, u s e f u l  i n  a p r a c t i c a l  s e n s e ,  t h e  

a t t e n t i o n  tha t  each draws t o  a s p e c i f i c  phenomena w i t h i n  t h e  

c r a c k  t i p  stress f i e l d  embodies an  assumption which i s  

u n n e c e s s a r i l y  r e s t r i c t i v e  i n  fo rmula t ing  a f a i l u r e  c r i t e r i a ,  

The s t r e n g t h  and g e n e r a l i t y  of  l l f r a c t u r e  mechanics" as based 

on t h e  stress f i e l d  approach i s  i n  par t  due t o  t h e  absence of  

such an  assumption,  

On t h e  o t h e r  hand t h i s  does n o t  mean tha t  t h e  phenomena 

which do i n  f a c t  occu r  w i t h i n  the  stress f i e l d s  n e a r  c r a c k  t i p s  

shou ld  be  d i s regarded ,  A t t e n t i o n  t o  t h e  d e t a i l s  of t h e  p r o c e s s e s  

by which materials resist c rack ing  w i l l  undoubtedly lead t o  

development of  s u p e r i o r  m a t e r i a l s .  Each of t h e  a l t e r n a t i v e  

" t h e o r i e s  of  f r a c t u r e "  mentioned above (and o t h e r s )  does i n  f a c t  

draw a t t e n t i o n  t o  a phenomena which may b e  a key f e a t u r e  i n  t he  

f r a c t u r e  p rocess .  The re fo re  t h e i r  h igh  worth i n  con junc t ion  w i t h  

and complimentary t o  t h e  methods o f  " f r a c t u r e  mechanics" i s  clear, ,  
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, L i m i t a t i o n s  o f  t h e  Crack T i p  Stress F i e l d  Analyses  

I n  t h i s  paper r e s u l t s  o f  l i n e a r  e l a s t i c  stress a n a l y s e s  of 

c racked  b o d i e s  have  been p r e s e n t e d  f o r  a t y p i c a l  v a r i e t y  of 

problems which have already been t rea ted .  The d e t e r m i n a t i o n  

s t r e s s - i n t e n s i t y - f a c t o r s  f o r  any p a r t i c u l a r  problem can wi th  

t i m e  be accomplished.  The re fo re  t h e  e l a s t i c  stress a n a l y s i s  

i s  n o t  i n  i t s e l f  a r e a l  l i m i t a t i o n  f r a c t u r e  mechanics.  

However, t h e  accomplishment o f  a stress a n a l y s i s  does  

r e p r e s e n t  a delay i n  t h e  a p p l i c a t i o n  o f  f r a c t u r e  mechanics t o  

c o n f i g u r a t i o n s  w i t h  c r a c k s  which have  n o t  y e t  been t reated.  

Moreover, t h e  accu racy  of  known s o l u t i o n s  f o r  s t r e s s - i n t e n s i t y -  

f a c t o r s  r e p r e s e n t s  a temporary l i m i t a t i o n  on t h e  accu racy  o f  

immediate a p p l i c a t i o n s .  Usua l ly ,  t h i s  l i m i t a t i o n  i s  f a r  less 

s e v e r e  t h a n  o t h e r s ,  such  as v a r i a b i l i t y  o f  materials,  i n  

p r a c t i c a l  a p p l i c a t i o n s  . 
Consequent ly ,  t h e  e l a s t i c  s t r e s s  a n a l y s e s  i t s e l f  may b e  regarded 

as "exac t "  and t h e  r e a l  l i m i t a t i o n s  o f  f r a c t u r e  mechanics come 

o n l y  i n  i t s  a p p l i c a t i o n  t o  s i t u a t i o n s  where n o n - l i n e a r i t y  of 

material b e h a v i o r  a t  t h e  c r a c k  t i p  ( o r  elsewhere) d i s r u p t s  t h e  

g r o s s  f e a t u r e s  of t h e  stress d i s t r i b u t i o n .  

A c e r t a i n  amount o f  n o n l i n e a r  b e h a v i o r  such  as p l a s t i c i t y  

can be t o l e r a t e d  w i t h i n  the crack  t i p  stress f i e l d  w i t h o u t  

g r o s s l y  e f f e c t i n g  t h e  f i e l d  o u t s i d e  t h e  n o n l i n e a r  r eg ion .  
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Moreover, t h e  d i s t u r b a n c e s ,  if embedded w i t h i n  i d e n t i c a l  f i e l d s ,  

w i l l  t hemse lves  be i d e n t i c a l  and hence  se l f -compensa t ing  i n  

comparisons of f r a c t u r e  s t r e n g t h s  e T h e r e f o r e  i t  i s  i m p o r t a n t  

t o  r e s o l v e  t h e  r e l a t i v e  s i z e s  o f  zones of n o n - l i n e a r i t y  which 

can b e  t o l e r a t e d  w i t h i n  t h e  c r a c k  t i p  stress f i e l d s ,  Th i s  s i z e  

i s  o f  c o u r s e  r e l a t e d  t o  t h e  r e l a t i v e  s i z e  i n  which t h e  f i e l d  

e q u a t i o n s ,  such  as e q u a t i o n s  (11, app ly .  

F o r  t h e  c o n f i g u r a t i o n  shown i n  f i g u r e  3, t h e  approximate 

stress, u ahead of  t h e  c r a c k ,  o b t a i n e d  b y  s u b s t i t u t i n g  

e q u a t i o n  ( 4 )  i n t o  (1) and s e t t i n g  8 = 0 ,  i s :  
Y' 

= -  
F? 'y approx. 

The e x a c t  s tress can b e  most e a s i l y  de t e rmined  by t h e  

Westergaard s t r e s s  f u n c t i o n  t e c h n i q u e ,  see Appendix I ,  and i s :  

a ( a+r )  

where i n  e q u a t i o n s  (109) and (110), r i s  t h e  d i s t a n c e  ahead o f  

t h e  c r a c k  t i p  a l o n g  t h e  c r a c k  l i n e .  

Now, t a k i n g  t h e  r a t i o  o f  t h e  e x a c t  t o  t h e  approximate  

stresses g i v e s :  
r n i  

0 J1+2 i' 
(1+9 ay  e x a c t  a 

= -  y approx 
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I n  a similar f a s h i o n  t h i s  r a t i o  may a l s o  b e  computed f o r  

t h e  c o n f i g u r a t i o n  shown i n  F igure  23  and i s :  

The t y p e s  o f  l o a d i n g  i n  these two c o n f i g u r a t i o n s ,  F i g u r e  3 and 

23, are o p p o s i t e  ex t remes ,  y e t  e q u a t i o n s  (111) and ( 1 1 2 )  show 

similar d e v i a t i o n s  of  t h e  approximate s t resses  from t h e  e x a c t  

a t  l i k e  v a l u e s  of  r / a .  Therefore i f  t h e  r e l a t i v e  t o l e r a b l e  

s i z e  (compared t o  c r a c k  s i z e ,  a )  of zone o f  n o n l i n e a r i t y  can be  

e s t ab l i shed  f o r  one c o n f i g u r a t i o n  i t  i s  bound t o  be  a p p l i c a b l e  

t o  o t h e r s .  

Recent e x p e r i m e n t a l  ev idence  [ 75 ]  i n d i c a t e s  t h e  v a l i d i t y  

of t h e  e l a s t i c  stress f i e l d  approach up t o  stress l e v e l s  of 

0 .8  of t h e  y i e l d  s t r e n g t h ,  uYa, f o r  the  c o n f i g u r a t i o n  shown i n  

F i g u r e  3. Fo r  t h i s  c o n f i g u r a t i o n  t h e  width,w,  of t h e  zone of 

p l a s t i c i t y  i s  p red ic t ed  t o  b e  [78]: 

Y*P* ' S u b s t i t u t i n g  t h e  upper  l i m i t  of stress, u = O,8 u 

mentioned above, t h e  r e l a t i v e  s i z e  w/a o r  r/a f o r  r e a s o n a b l e  

accu racy  is  about  0,3  from equa t ion  ( 1 1 3 ) .  Fo r  t h i s  v a l u e  of 

r/a, e q u a t i o n  (111) p r e d i c t s  a d e v i a t i o n  of  a c t u a l  stresses from 
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t h e  f i e l d  e q u a t i o n s  of about  20%. Thus the  zone o f  n o n l i n e a r i t y  

a t  a c r a c k  t i p  may be f a i r l y  s i z a b l e ,  i .e .  of  t h e  o r d e r  o f  0.3 

of t h e  c r a c k  l e n g t h  ( and  o t h e r  p l a n a r  d imens ions  such  as n e t  

s e c t i o n  w i d t h ) ,  w i t h o u t  g r o s s l y  d i s t u r b i n g  t h e  u s e f u l n e s s  of  

t h e  e l a s t i c  s t r e s s  f i e l d  approach. However, a more e x t e n s i v e  

e v a l u a t i o n  of  t h i s  l i m i t a t i o n  shou ld  be t h e  s u b j e c t  of  f u r t h e r  

r e s  e a r c h  

I n  a d d i t i o n  t o  n o n - l i n e a r i t y  i n  t h e  r e g i o n  of t h e  c r a c k  t i p  

c o n s i d e r a t i o n  of  o t h e r  c o n d i t i o n s  , such  as a n i s o t r o p i c  and 

v i s c o u s  e f f e c t s ,  h a v i n g  c r a c k s  i n  t h e  bond l i n e  between 

d i s s imi l a r  materials,  thermal s t resses ,  coup le  s t resses ,  

i n e r t i a l  e f f e c t s  o f  moving c r a c k s ,  as we l l  as c o n s i d e r i n g  a l l  

t h r e e  modes of  c r a c k  t i p  stress f i e l d s ,  has l e d  t o  p o s i t i v e  

r e s u l t s .  The c o n c l u s i o n  i s  t h a t  t h e  c u r r e n t  t e c h n i q u e s  o f  

" f r a c t u r e  mechanics" may be  ex tended  t o  a l l  o f  these areas, 

s i n c e  similar t y p e s  of  c r ack  t i p  stress f i e l d s  e x i s t  f o r  them 

and t h e  s t r e s s - i n t e n s i t y - f a c t o r  methods o f  a s s e s s i n g  f a i l u r e  

s h o u l d  a p p l y  e q u a l l y  w e l l .  A t  any r a t e  t h i s  c o n c l u s i o n  s h o u l d  

g i v e  f u l l  c o n f i d e n c e  t h a t  s l i g h t  amounts o f  these  e f f e c t s  do 

n o t  i n v a l i d a t e  t he  u s e f u l  a p p l i c a t i o n  o f  t h e  c o n c e p t s  o f  

f r a c t u r e  mechanics .  

A s  a consequence of  t h e  ab\ve remarks, i t  i s  observed  t h a t  

t h e  o n l y  r ea l  l i m i t a t i o n  o f  e l a s t i c  stress a n a l y s i s  of  

commences w i t h  t h e  advent  of  sizable zones o f  n o n - l i n e a r i t y  
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. i . e .  p l a s t i c i t y ,  a t  t h e  c r a c k  t i p .  The c u r r e n t  hope f o r  

e x t e n s i o n  of  t he  a p p l i c a b i l i t y  of " f r a c t u r e  mechanics" t o  such  

s i t u a t i o n s  l i e s  i n  d e v e l o p i n g  a f u l l  a n a l y s i s  based " the  

t h e o r y  o f  p l a s t i c i t y " .  T h i s  t o p i c  i s  a s u b j e c t  l e f t  f o r  

o t h e r  d i s c u s s i o n s .  
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Displacement components 

S t r a i n  energy 

Z,ZI,ZII,ZIII Westergard stress f u n c t i o n s  

z, z, z, Z '  S u c e s s i v e  d e r i v a t i v e s o f  a Westergaard 
s t r e s s  f u n c t i o n  

complex v a r i a b l e s  

mod i f i ed  complex v a r i a b l e s  f o r  
a n i s o t r o p i c  a n a l y s i s  

An a n g l e  ( o r  c l o s i n g  segment of a c r a c k )  

An a n g l e  

Mass d e n s i t y  

Shear s t r a i n  components 

D i  s p 1 a c e  men t 
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Compliance of a l i n e a r - e l a s t i c  body 

E l a s t i c  c o n s t a n t s  f o r  a n i s o t r o p i c  media 
( K = l , *  ,6) 

Poi s son’ s  r a t i o  

Normal and shear stress ( a p p l i e d  a t  i n f i n i t y )  

Maximum s t r e s s  a t  a no tch  

Net s e c t i o n  stress ( a v e r a g e )  

Rectangular  components o f  s t r e s s  

P o l a r  components o f  s t ress  

A i r y ’ s  s t r e s s  f u n c t i o n  

A complex s t ress  f u n c t i o n  f o r  p l a n e  stress 
o r  s t r a i n  

An e l l i p t i c  i n t e g r a l  

A complex s t ress  f u n c t i o n  f o r  p l a t e  bending  

A complex stress f u n c t i o n  f o r  p l a n e  s t r e s s  o r  
s t r a i n  
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APPENDIX I The - Westergaard Method of - Stress - Analys i s  of - Cracks 

Any e lementary  t e x t  on t h e  t h e o r y  of  e l a s t i c i t y  g i v e s  a 

f u l l  development o f  t he  equa t ions  f o r  p l a n e  e x t e n s i o n o  The 

e q u i l i b r i u m  e q u a t i o n s  are: 

Y a 

'xy = 'yx 

The s t r a i n - d i s p l a c e m e n t  r e l a t i o n s h i p s  and Hooke's law lead t o  

t h e  c o m p a r a b i l i t y  equa t ion :  

a 2  a 2  

The e q u i l i b r i u m  e q u a t i o n s  ( 1 1 4 )  are  a u t o m a t i c a l l y  s a t i s f i e d  by 

d e f i n i n g  an A i r y ' s  s tress f u n c t i o n , @ ,  i n  terms of  i t s  

r e l a t i o n s h i p  t o  t h e  stresses, i , e c  

a 2I 
a Y  

- - -  
u X  

T - a 2 9  
xy = - 

a x  ay 
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S u b s t i t u t i n g  e q u a t i o n s  (116) i n t o  (115)  leads t o :  

I n  o r d e r  t o  s o l v e  a problem t h e  stress func t ion ,$ ,  must 

s a t i s f y  e q u a t i o n  (117) and t h e  boundary c o n d i t i o n s  o f  t ha t  

problem. 

Choosing t h e  s t ress  f u n c t i o n , $ ,  t o  be :  

i t  w i l l  a u t o m a t i c a l l y  s a t i s f y  e q u a t i o n  (117) i f  t h e  $i are each 

harmonic,  i . e ,  

VQi = 0 

Def ine  a complex v a r i a b l e ,  z ,  b y  

z = x t i y  (120) 

- I 
Func t ions  of  t ha t  complex v a r i a b l e ,  Z ( z ) ,  and i t s  d e r i v a t i v e s ,  

dz dz dz 

have harmonic r ea l  and imaginary par ts ,  if t h e  f u n c t i o n  i s  

a n a l y t i c ,  e ,g .  i f :  = Re + i I m  

then :  V 2 ( R e  !f) = v 2 ( I m  ?) = 0 (122) 
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T h i s  i s  ‘a r e s u l t  o f  t h e  Cauchy-Riemann c o n d i t i o n s ,  id. 

e q u a t i o n s  ( 1 2 3 )  may be used  t o  d i f f e r e n t i a t e  these f u n c t i o n s  

Z t h rough  2. 
- - 

F i r s t  Mode 

I n  conformity w i t h  equa t ions  (118)  th rough  (123) 

Westergaard [8]  d e f i n e d  an Ai ry ’ s  stress f u n c t i o n , $ ,  by 

which as a consequence a u t o m a t i c a l l y  sa t i s f ies  e q u i l i b r i u m  and 

c o m p a t a b i l i t y ,  e q u a t i o n s  (114) and (117). 

Using e q u a t i o n s  ( 1 1 6 )  and (123) t h e  s t resses  r e s u l t i n g  

from 4 ,  as d e f i n e d  i n  e q u a t i o n  ( 1 2 4 ) ,  are 

ux = Re ZI - y I m  ZVI 

ay  = R e  ZI + y I m  Z v I  

T XY = -y Re Z’I 



Now any f u n c t i o n ,  ZI, which i s  a n a l y t i c  i n  t h e  r e g i o n  excep t  

f o r  a p a r t i c u l a r  branch c u t  a long  a p o r t i o n  of t h e  x-axis  w i l l  

have t h e  form 

T h i s  w i l l  s o l v e  c r a c k  problems f o r  a c r a c k  a l o n g  t h e  x-axis 

from x=-b t o  x=a ,  ( p O ) ,  i f  g ( z )  is well  behaved, s i n c e  t h e  

s t resses ,  (J 

t h a t  

and ‘cXy, along t h a t  i n t e r v a l  are z e r o ,  p rov ided  Y 

I m  g ( x )  = 0 ( f o r  -b<x<a)  ( 1 2 7 )  

For  example i f  t h e  f u n c t i o n  

i s  examined, i t  s o l v e s  t h e  p r o b l e m  of  a c r a c k  a t  - a<x<a ,  

y=O and leads t o  boundary c o n d i t i o n s  of un i form b i a x i a l  s t ress ,  

( J ~  a t  i n f i n i t y ,  see F i g u r e  3 0  

Now, r e v e r t i n g  t o  t h e  more g e n e r a l  case, e q u a t i o n  (126), a 

s u b s t i t u t i o n  of  v a r i a b l e  

3 = z - a  ( 129 1 

leads t o  

- Z I  - - 
fl 
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where from e q u a t i o n  (126)  and ( 1 2 7 ) ,  f ( 3 )  i s  w e l l  behaved f o r  

.small 131, ( i a e o  n e a r  t h e  c r a c k  t i p  a t  x = a ) .  Moreover, i n  t h a t  

r e g i o n  aslzI+ 0 ,  g may b e  r e p l a c e d  by a r e a l  c o n s t a n t  o r  

e q u a t i o n  (130) may be w r i t t e n  

Other  stress f u n c t i o n s ,  ZI, f o r  c r a c k  problems,  such  as 

e q u a t i o n  ( 1 6 ) ,  w i l l  a l s o  always lead t o  t h i s  form. 

No t ing  tha t  e q u a t i o n  (131)  may be  s u b s t i t u t e d  i n t o  e q u a t i o n s  

( 1 2 5 ) ,  and u s i n g  p o l a r  c o o r d i n a t e s ,  i , e ,  

i e  
3 =  r e  

I 

t h e  c r a c k  t i p  stress f i e l d  is: 

A 
CY = - cos  - [ l -s in-  s i n  -1 

4- 2 2 2 

-L 

= -  cos  - [It s i n  - s i n  -1 y m  2 2 2 

KI 8 8 38 
Txy = - s i n  - cos - c o s  - 

J2nr' 2 2 2 

where from e q u a t i o n  (131)  

(133)  
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The s t r a i n  i n  t h e  y - d i r e c t i o n  can be  w r i t t e n  i n  terms of  

d i s p l a c e m e n t s  and stresses by Hooke's law, o r  

For  p l a n e  s t r a i n  Hooke's law ( E ~ = O )  a l s o  leads t o  

S u b s t i t u t i n g  e q u a t i o n  ( 1 2 5 )  and ( 1 3 6 )  i n t o  e q u a t i o n  ( 1 3 5 )  and 

i n t e g r a t i n g  leads t o  

l+v 

E 
V I -  [ 2 ( 1 - v )  I m  ZI-y R e  ZI] 

S i m i l a r y  c o n s i d e r a t i o n  f o r  E~ g i v e s  

1+ u 
u = - c(1-2~) Re ZI-y I m  ZI1 

E 

(137)  

(138) 

S u b s t i t u t i o n  of e q u a t i o n  ( 1 3 1 )  and (132)  i n t o  e q u a t i o n s  (137)  

and (138) and n o t i n g  E = 2 G ( l + v )  leads t o  

Q 8 
cos  ~ 1 - 2  +sin2-]  

8 2Q 

G 2 
[2-2 -COS -1 (139) 

( f o r  p l a n e  s t r a i n  w = 0 ) 
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Equa t ions  (1331, ( 1 3 4 ) ,  ( 1 3 6 )  and (139) are t h e  r e s u l t i n g  

c r a c k  t i p  s t ress  and d i sp lacemen t  f i e l d s ,  i . e .  e q u a t i o n s  (1) 

and (131 ,  f o r  t h e  first mode. 

Second Mode 

I n s t e a d  of  choos ing  t h e  A i r y ' s  stress f u n c t i o n  as i n  

e q u a t i o n  ( 1 2 4 1 ,  i t  is e q u a l l y  p e r m i s s i b l e  t o  choose t h e  

form, 

I 

$11 = -y Re Z I I  

Repea t ing  a l l  of  t h e  o p e r a t i o n s  from e q u a t i o n  ( 1 2 4 )  t h rough  

(139) and a g a i n  making u s e  of  e q u a t i o n s  ( 1 1 4 )  though 

( 1 2 3 )  leads t o :  

ux = 2 I m  ZII + y R e  Z t I I  

u Y = -y Re Z V I I  

and 
1+ v - 

u = -[2(1-v) I m  ZI-+y Re ZII] 
E 
1+ v I 

v = -[-(1-2v) Re ZII-y I m  ZII] ( 1 4 2 )  
E 

and i n  t h e  neighborhood of a Crack t i p ,  i oeo  0, 
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o r  

I n  a d d i t i o n ,  n e a r  the  c r a c k  t i p  s u b s t i t u t i o n  of  e q u a t i o n  

(143) i n t o  ( 1 4 1 )  and ( 1 4 2 )  l e a d s  t o :  

‘KII 8 8 3Q - - s i n  - [2+ cos - cos  -1 
ux - 2 2 2 

KI I a 8 3s 
4 s  2 2 2 

(J = - cos - [1- s i n  - cos  -1 

KII 8 8 38 - - - cos - [l- s i n  - s i n  -1 
‘xy q 3 - 3  2 2 2 

and f o r  p l a n e  s t r a i n  

8 Q 

G 2 2 
v = !k E COS - [1-2v+ s i n 2  -3 ( 1 4 6 )  

These r e s u l t s  are r e f l e c t e d  i n  e q u a t i o n s  ( 2 )  and (141, f o r  t h e  

second mode, 

The f i r s t  and second modes may b e  superimposed s i n c e  

A- 8 



i s  a p e r f e c t l y  p e r m i s s i b l e  A i r y ' s  s t ress  f u n c t i o n  i n  which 

c a s e  stress and d i sp lacemen t  components s h o u l d  s i m p l y  b e  

added t o  each  o t h e r .  

T h i r d  Mode 

The p l a n e  (2-d imens iona l )  problem o f  p u r e  shear may 

b e  s p e c i f i e d  b y :  

u = 0 ,  v = 0 ,  w = w(x,y) (148)  

The s t r a i n  d i sp lacemen t  e q u a t i o n s  and Hooke's law g i v e s  

c1111: 

aw TXZ '4 = - - -  - 
ax G xz 

The s t ress  components ux, uy, uz 

e q u i l i b r i u m  e q u a t i o n s  be come 

and TXY a l l  v a n i s h  so t h e  

which when combined w i t h  e q u a t i o n s  (149) g i v e s  

v 2 w  = 0 
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Choosing: 

1 

G Im zIII 
w = m  

leads t o  

The stress f u n c t i o n  Z I I I ,  f o r  a c r a c k  a l o n g  t h e  n e g a t i v e  

y-ax is  t o  t h e  o r i g i n ,  t a k e s  t h e  form n e a r  t h e  c r a c k  t i p  

Consequent ly ,  

l i m  
- Gl zIII (155)  

I-91+0 
KIII - 

Moreover, s u b s t i t u t i n g  e q u a t i o n  (154)  i n t o  e q u a t i o n s  (152)  

and ( 1 5 3 )  and u s i n g  (132)  leads t o  

KIII 8 

\/2nri 2 
- - s i n  I T - -  xz 

KIII 8 - c o s  - ' I -  - 
' y z  J2nrl 2 

and 

e 
W "  Kz s i n  - (157)  

G 2 

These r e s u l t s  are r e f l e c t e d  i n  e q u a t i o n s  ( 3 )  and ( 1 5 )  f o r  t he  

t h i r d  mode, 
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Appendix I1 - A Handbook of B a s i c  S o l u t i o n s  f o r  S t r e s s - I n t e n s i t y -  

F a c t o r s  and o the r  Formulas 

The r e s u l t s  'to b e  p r e s e n t e d  for stress-intensity-factors 

w i l l  conform w i t h  t h e i r  d e f i n i t i o n  as i m p l i e d  by e q u a t i o n s  (l), 

(2),(3)B(48),(811 and (94>0 References  which c o n t a i n  f u r t h e r  

r e s u l t s  and de ta i l s  w i l l  b e  l i s t e d  f o r  t h e  readers convenienceo  

A s e l e c t i o n  of  s o l u t i o n s  f o r  s t r e s s - i n t e n s i t y - f a c t o r s  

i n  a d d i t i o n  t o  t h o s e  a l r e a d y  l i s t e d ,  w i l l  b e  chosen on t h e  basis 

o f  t h e i r  g e n e r a l i t y ,  S i n c e  s u p e r p o s i t i o n  may be used ,  f o e ,  

a d d i t i o n  of  t h e  s t r e s s - i n t e n s i t y - f a c t o r s  f o r  each  mode t h e  

r e su l t s  which l e n d  themselves  t o  g e n e r a t i o n  of  o t h e r  s o l u t i o n s  

w i l l  b e  emphasized, 

Q 1) Formulas f o r  d e t e r m i n a t i o n  o f  s t r e s s - i n t e n s i t y - f a c t o r s  from 

s t r e s s  c o n c e n t r a t i o n s  C33I0 

Mode I: 

F' I omax K-r 
2 I 

P+O 

prov ided  KII=KIII=O and where p i s  the  t i p  r a d i u s  

of the n o t c h  and Qmax i s  t h e  maximum normal  stress a d j a c e n t  t o  t h e  

t i p ,  (See e q u a t i o n  ( 9 ) )  

B- 1 



Mode 11: 

prov ided  KI=KII I=o  , e t c ,  

Mode 111: 
l i m  rmax F 

prov ided  K I S K I I ~ O  

m a x i m u m  shear stress a d j a c e n t  t o  t h e  t i p  of t h e  no tch .  

and where rmax is  t h e  

(2) I n f i n i t e  sheets s u b j e c t e d  t o  i n  p l a n e  l o a d s .  

Ref.: [18] o r  v i a  e q u a t i o n s  ( 3 3 )  o r  by super impos ing  r e s u l t s  of  

e q u a t i o n s  ( 4 )  and (61 ,  (Note t h a t  a l l  o t h e r  c a s e s  of uniform 

B-2 



l o a d i n g  a t  i n f i n i t y  o r  on t h e  c rack  s u r f a c e  may b e  d e r i v e d  from 

t h i s  case by s u p e r p o s i t i o n , )  

For  t h e  r i g h t  end 
\\ 
o f  t h e  c rack :  

wherse I < =  3 - U V  ( p l a n e  stress) 

o r  [ <=  - (plane s t r a i n )  
Ref : Equa t ions  ( 42 kp 3- 98 

19 v 
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\ 

where : zO * X0+iY, 

z O  = xo-iY, 
- 

Ref. [21], [221 or v i a  equations 3 3 ,  

(See a l so  [231)o 
. . .  . . . , . .  . 
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7 

n e a r  ends of two e q u a l  c o l i n e a r  c r a c k s  A t  t h e  

A t  the  f a r  ends :  

KII = t @ I-- E ( k )  ) 
k kK(k) 

where k = tT is t h e  modulus of  the  complete e l l i p t i c  

i n t e g r a l s  E ( k )  and K(k) of t h e  first and second k i n d ,  r e s p e c t i v e l y ,  

Ref, [38], [23], (See a l s o  [21] f o r  c o n c e n t r a t e d  f o r c e s  on t h e  

c r a c k  s u r f a c e ,  
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For an i n f i n i t e  array of  c racks  a t  t h e  ends denoted by e :  

a J 4 b ' s i n z  
K- = I I 1 I i c o . 2  (sin- ne t s i n s )  

2b 2b 

. 
P i s i n %  WC' 

+ 
\jb s i n x  n e  COST re- ( s i n g  + s i n g ) '  

%I = O 

Ref,: G , R ,  I r w i n  (unpubl fshed  N , R ' , L i  R e p o r t ) ,  (See a l s o  [ 4 ]  

and C51.) 
e c c e n t r i c a l l y  l o c a t e d -  c racks  i n  pannels  ) 

(Note t h a t - t h i s  r e su l t  may be used t o  e v a l u a t e  
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For  a s e m f - f n f i n f t e  crack: 

Ref,: Equa t ions  ( 3 2 )  o r  E211 

F o r  two semi-in . f i n i t e  c r acks  g 

A t  t h e  l e f t  crack t i p :  
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A t  the  

K 
I1 

r i g h t  c r a c k  

KI 

KII 

t i p :  

Q Jc2-a 2' 
P (168) 

Stress  c o n c e n t r a t i o n s  f o r  deep h y p e r b o l i c  n o t c h e s  are [lo]; 

f o r  P, ( f o r c e  p e r  u n i t  t h i c k n e s s ) a l o n e :  

POD c n e t  = - 
2a 
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For V, a l o n e :  

v, ?net = - 
2a 

For M- a lone :  

3 M, 

2 a* 
Onet = 

Using e q u a t i o n s  (158) and (1591, f o r  t he  r i g h t  c r ack  t i p :  

P, 2 M, 

- V, 
KII - - w 
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For Cracks Emanating from a C i r c u l a r  Hole 

L 
r 
- 

0 ,oo 
0610 
0020 
0 30 
0,40 
0.50 
O .6O 
0.80 
1.0 
1.5 
2eo 
3.0 
5 ,O 
1000 

0 

KII = O 

One Crack Two Cracks 

F(I;) L 

( u n i a x i a l  ( b i a x i a l  ( u n i a x i a l  ( b i a x i a l  
stress) stress) stress) stress) 

3.39 
2.73 
2,30 
2.04 
1.86 
1.73 
1.64 

2,26 
1.98 
1.82 
1,67 
1.58 
10 49 
1.42 

1.47 1.32 
1037 1,22 
1.18 r,o6 
1.06 
0.94 

0.75 
0.81 

00707 

1.01 
0.93 
0,81 
oe75 
0,707 

'Ref . :  [403 

1,58 
1045 
1,29 
1.21 
1014 

lS03 
1,oo 

2,26 
1,98 

1.57 
1.52 
1,43 
1.38 
1.26 
1020 
1.13 
1,06 
1003 
1000 



\\ R I \ 

For t h e  crack t i p  a t  0: 

3 2 a  
2 2 

- cos (28+--a) [cos - - s i n 4  

3 " 7  - s i n  ( 2 ~ t T a )  [ s i n  a s i n 2  21 
J 

1/2  
5 2 "  a ( r R  s i n  a)  a 

{sin T + s i n  (28+7a> [ s in  -1 
KII = 2 ( l + s i n  2 a  7) 2 

R e f , :  [18] 
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( 3 )  Some c a s e s  o f  s p e c i f i e d  d i sp lacemen t s  i n  i n f i n i t e  p l a n e s  
1 - - 

h 

For  an i n f i n i t e  r i g i d  wedge o f  c o n s t a n t  t h i c k n e s s :  

Eh 
KI = - ( f o r  p l a n e  stress) 

q E 1  

R e f , :  [23] ( A l s o  see [23] f o r  d i s c u s s i o n  of o t h e r .  examples 

of wedging) 
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The f o l l o w i n g  sequence of  e v e n t s :  

1) Stress a p p l i e d  

2 )  Boundaries  clamped 

3 )  Crack i n t r o d u c e d  

R e s u l t s  i n  c o n s t a n t  energy  r e l e a s e  r a t e ,  I, o r  

K I I  = o 

( 4 )  A case of t h e  s p l i t t i n g  o f  rods 

A s l e n d e r  re c t angu l a r  
member ( a > > 2 c ) ,  

B-13 



Under wedging: 

o r  under  f o r c e s :  

3 /2 
I 

C 

0 - 
KII - (180)  

R e f , :  [23] ( o r  see J.J, Gilman, F r a c t u r e  (ed ,  by Averbach e t , a l , )  

John Wiley & Sons,  N e w  York, 1959) 

( 5 )  A s e m i - i n f i n i t e  

ha1 f -p l a n e  

KI 

no tch  approaching  t h e  free 

& 

4 n- 12 

n2- 8 
=\lis1 (- 1 

P, - +  
Jc' 

edge of a 

(181) 
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( 6 )  Axisymmetr ical  l o a d i n g  of a body w i t h  a c i r c u l a r  d i s k  c r a c k  

F o r  an ax i symmet r i ca l  normal  p r e s s u r e  d i s t r i b u t i o n ,  p ( r )  , 
on b o t h  c r a c k  s u r f a c e s  

KII = o 

Ref, : [ 2 3 ]  (Mote t h a t  w i t h  s u p e r p o s i t i o n  t h i s  e n a b l e s  t r e a t m e n t  

of a l l  c a s e s  of  ax i symmet r i ca l  l o a d i n g )  
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KII  = o 

Ref, : [23] o r  u s i n g  e q u a t i o n s  ( 1 8 2 )  

(183)  

( 7 )  Tors ion  and beam shear of p r i s m a t i c a l  bars w i t h  c r a c k s  

K = K I I  = o I 

V J .  - K,,, = 
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where 
b-a 

a = -  
b 

Ref, : [ 2 6 ]  (Note tha t  several  other configurations are t reated 

= o  KI = 5 1  SV 
T , 6.95t6.47~. 

( 1 8 5 )  

Ref.: [26], [ 2 4 1  



(8) 

For  

Cracks under l o n g i t u d i n a l  ( p u r e )  shear 

i 
K I  = KII = o 

t h e  crack t i p s  a t  a: 

T J n a '  
c2-a2' E ( k )  

db2-a2 K(k) 
KII I  = * - - 

For  t h e  crack t i p s  a t  b: 

K I I I  

Fo r  t h e  crack t i p s  a t  c:  

KIII c2-b2 

s" c2-bL 

where 

k =  
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i s  t h e  modulus o f  the complete e l l i p t i c  i n t e g r a l s ,  E ( k )  and 

K(k) of t he  f irst  and second k ind ,  r e s p e c t i v e l y .  

R e f .  : G.C. S i h  "Boundary Problems f o r  L o n g i t u d i n a l  Shear Cracks" 

Proc.  o f  2nd Conf. on Theor. and Appl. Mech., Pergamon Press, 1964, 

(9) The f l e x u r e  o f  i n f i n i t e  plates  

A p l a t e  s u b j e c t e d  t o  p u r e  t w i s t i n g  moment (pe r  u n i t  l e n g t h )  , 
H a  a t  i n f i n i t y  g i v e s :  

o r  

KB = o 

1 

Ref.: C181, C331 
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Uniform shear 

r e q u i r e d  

( p e r  u n i t  l e n g t h ) ,  Q ,  a t  i n f i n i t y  (moments 

f o r  e q u i l i b r i u m  shown d o t t e d )  g i v e s :  

1-v 3 Q a* 2 
$ ( r l >  = - crl + (-J -3 

12 D 3+v n2 

o r  

K = o  
B 

3/2 8 f l Q  a . -  = 
KS hz 

( R e s u l t s  independant  of  Q ' )  

Ref,: [18] 

F o r  uni form moments a t  i n f i n i t y  

6 M  m K 3 -  

B h2 

KS = o 

( R e s u l t s  independant  o f  M') 
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F o r  a c o n c e n t r a t e d  coup le  on the c rack  s u r f a c e  

3M* 3H* 
( l + V  1 I- - +  

Kg h2d,,, Ja-b 2h2 Jla‘ 
3M* 
2h2m 

KS - ( l t v )  - 
R e f . :  C331 

(10) Thermal stress problems 

A pla te  w i t h  uni form t e m p e r a t u r e  s u p p l i e d  on t h e  c rack  s u r f a c e  

g i  ves  
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, 

KII = o (191)  

where 

p = thermal c o n d u c t i v i t y  

q= ra te  o f  t o t a l  heat 

p e r  unit t h i c k n e s s  s u p p l i e d  

t o  t h e  p l a t e  

Ref,: C513 

(Note tha t  t h i s  c a s e  has s i g n i f i c a n c e  f o r  high p r e s s u r e  

gas e s c a p i n g  through a c r a c k )  

All edges 

A clamped p la te  w i t h  a thermal g r a d i e n t  th rough t h e  t h i c k n e s s  

g i v e s :  
a E h A T m  - 

Kg - 2 (  1 - v )  

i: 0 KS 

clamped 

R e f . :  C511 
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An i n f i n i t e  body w i t h  an c i r c u l a r  d i s k  c r a c k  p e r p e n d i c u l a r  t o  

a thermal g r a d i e n t  gives: 

Ref. : A.L. F l o r e n c e  and J.M. Ooodler "The L i n e a r  The rmoe las t i c  

Problem of Head Flow Dis tu rbed  by  a Pennyshaped I n s u l a t e d  Crack" 

I n t e r n a t .  Jou rn ,  o f  Engin.  Sc . ,  Vol. 1, No.4, Dec, 1963. 
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