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INTRODUCTION

This 1s the second quarterly progress report prepared for the
National Aeronautics and Space Administration under Contract No.
NASw-986. The body of this report will be primarily qualitative in
nature., Preliminary versions of detailed technical reports will be
given as appendices. The final report will contain a complete and
detailed description and summary of the work carried on under the
contract.

The objective of the research being carried out is the development
of methods by means of which bounded phase coordinate controllers for
large flexible launch boosters can be reallzed. The areas for inves-
tigation are the determination of the zero cost sets, the determination
of extremal controls, and computatlonal procedures for finding optimal

controls,

SUMMARY OF ACCOMPLISHMENTS

The two efforts during the second quarter under Contract No,
NASW-986 were devoted toward continuing the development of computational
procedures for optimal zontrols. The first of these continued from
the results reported in the first quarterly progress report. The
second more fully developed the approximation procedure outlined on
pages 3 to 5 of the first quarterly progress report,

Appendix C of the first progress report presented sufficient

and unigueness conditions for bounded phase coordinate control.



Hezessary conditions and singular control were considered during this
reporting period. Singular control (control while on the phase boundary
was investigated in an attempt to provide additional information to
asgist in uzing the sufficient conditions for finding optimal controls.
Examples demonstrate that information on the number of arcs on the
nnese boundaries and distributions between phase boundaries would
a==i=t in using the gufficient conditions to find the optimal controls,
-+ zingular control investigation may provide these data.

Tha appendix of this report presents the theoreticaol devael nium
of a ~omputational algorithm for approximation (by use of z penalty
function) of bounded phase coordinate control. Computer simulaticn:

to determine 1ts workability were initiated.



AN APPROXIMATION TO LINEAR BOUNDED
PHASE COORDINATE CONTROL PROBLEMS*
E. B. Lee*

1. Introduction

In many control problems both restraints on the magnitudes of
the control variables and various system variables may occur.
Certain results E6] are available for the determination of optimal
controllers for some classes of linear and nonlinear systems
involving such restraints. These results take the from of necessary
and sufficient conditions for optimal control, and are a satisfactory
solution to the theoretical problem, but leave much to be desired
in the way of a practical solution, To use the necessary and
sufficient conditions for synthesizing an optimal controller 1t is
necessary to solve a two-point boundary value problem in terms of a
number of free parameters and multipliers where the number of parameters
18 not even known as well as certain jump conditions [4]. A backing
out procedure is also available if one is interested in flooding the
Jomain of controllability with responses and then keeping track
{storing) of the corresponding control magnitude for each such point,
We here offer a procedure which has several advantages over the
above schemes, but is only an approximate solution. Its-main
advantage is that no discontinuitiles will be encountered 1n the
adjoint solution which determines the optimum controller and therefore

the resulting two point boundary value problem may be more readilly
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solved, 1In fact, we offer an outline of a computer routine which should
solve such problems., A study is now under way to determine the useful-
ness of this technique in actually solving such control problems.

2. The approximate linear time optimal control process with

bounded phase coordinates. Consider a linear control process

described by the differential system
€) x = A(t)x + B(t)u(t).

The coefficient matrices A(t) and B(t) are composed of known
continuous functions on the time interval [to,tl]. The controller
u{t) is to be chosen from a set Q:IuJ\ <133 =1,2...m so as to steer
the response, xu(t), of £) from an initial point X, at time t_ to a
prescribed compact target set Ethn and it 1s required that xu(t)
remain within a given constraint set, A, durling its entire response.
Here R™ is the n dimensional real number space,

The problem of time optimal control is to find that controller
u{t) which steers xu(t) from x  to GCA in minimum time, that 1is,
minimizes C(u) = t; - t, with xu(tl)e G and xu(t)e A, £ty <t <ty
Later, in section 5, we discuss other optimum control cost func-
tionals.

There are certain difficulties involved when one directly solves
for this optimum controller. We shall therefore be content with
solving the following apparently simpler problem: Find that

controller u(t) with graph in fj which steers xu(t) from x, at t

o

to G at t, with x2(t]) < B and t; - t  a minimum. x2(t) is defined below.

1



Vi o 1e csouned thet o 1s o closed convex set, (for convenience

wn could even let A o= ¥ x'i X c', where H is a positive semi-

b4

deripite metriy end ¢ = constant > 0.) Let F(x) be a convex continuous

I~

a3

cifferentizole function which is such that-r
{z) #£0 if » £ &
= 0 if x € A

Tnen define

£
0 (t,) = ftl F(x,(t))dt.
(o]

xa(t) essentially measures tne excursions of the response xu(t)

to a controller u(t) outside of the region i&. By keeping x%(tl)
emall the response xu(t) is restricted to stay close to or within A,
The above minimum time optimal control piroblem 1s approximately
solved by finding a controller which steers Qu(t) = (x&(t), xu(t))
from (O,xo) to G = {x°,x1x e T, 0< x° < B} in the minimum time

interval tl-to if B > O is sufficiently small,.

+ihere is of course some question as to whether such_a function F(x)
evists for an arbritrary convex set i contained in R, We now cite
en example wnich shows that there are_such functions in a number of
interesting cases. Suppose A = { xl,xg,...xnl |x2] < 1+, Then
pick F(x) =5(x2 - 1)2 1if x2 > 1 : ’
= 0 , if |§2T <1
= 1(x2+1) if x2 < 21
Thus if only one coordinate (or a linear combination) is restricted the
problem is easily handled as in the example, where F(x) is continuous and
hes continuous partial derivatives. Other A’s can be approximately
handled as in the example.

L
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‘n the nert secticn we give necessary and sufficlent conditions
for this ryproximation problem and in section 4 we describe a
computationel technique for solving the remalning two point boundar
value problem as found in section 3.

3. The necessary and sufficient conditlons for the approximate

linear time optimal problems We augment the system& by considering

the equation system

I"\ .
X) x° = 7(x)

x = A4(t)x + B(t) u(t)

obtained from £) by adding the equation for x° with x°(to) = 0.
fiese £(t), B(t) are bounded and continuous on [t ,t;7 and F(x)
ig a convex function with F(x) = O for x € A. %g(x) is assumed
to exist and be continucus everywhere,

n+l is the collection of

. A
The set of attaincbility K(tl)CZR
. A A
end points xu(tl) of responses xu(t) = (x;(t), xu(t)) of<£ which
initiate at (O,xo) at time t_ corresponding to all measurable controllers
u(t) which are such that (ul(t)| < 1 on [t_,t;], for § = 1,2...,m.(Sucn
controllers are referred tc as admissible controllers.)

In the following theorems we establish various properties for

A A
K(tl) and »x(ty) as required in synthesizing optimal controllers.

- A
Theorem 1 Consider the avbove system L) with initial point Xge restraint set

A
Q and set of attainability K(tl). Then:
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%, . 1s a nonempty compact subset of Rn+l in varilables

L

(x*,7) wiuh convex lower surface (as defined below) for each

Prosf ﬁ(tl) is nonempty since any measurable controller u(t)cC n glves
. A A A
rizse to zn end point xu(tl)e K(tl). K(tl) is compact because the
A
system &) satisfies the hypothesis of the existence theorem 1 of
reference 2.
The lower surface of %(t) is where exterior normal nt+l vectors
§ to ﬁ(t) at points of a%(t) have their first component n < O.
. A A A
We now show that if Xy and X, are points of K(tl) then the point

f

A
§ =R + (1) %, = (3°,¥), 0 < A < 1, is such that

y = Xﬁ(tl)

and

y° > x%(t),

where G(t) = A ul(t) + (1-x) ug(t) and ul(t) and u2(t) are such
A A A A -
that xul(tl) = x, and Xug(tl) = X,. The convexity of the lower surface

A
of K(t then follows because in order for it to be nonconvex 1t is

1)
necessary that there exist two points Ql’ %2 on this lower boundary,
with the property that the point A Ql + (1-2) 92 is below the set
ﬁ(tl) for some 0 < A < 1, which will then be impossible.

With u(t) = ul(t) + (1-2) ue(t) we find that
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t

. Itl éﬁd)é'l(s)B(é)ﬁ(s)ds
o]

4

Mtl)xo

t
= ) [@(tl)xo + Itl Q(tl)g'l(s)B(s)ul(s)dél
o

t
+ (1) [ml)xo [ @(tl)a'l(S)B(S)ug(S)dS]
(o]

i

(1~ =
A xul(tl) + (1-2) xuz(tl)

i

Aoxg (1-2) X, =¥

where 3(t) is the fundamental solution matrix of £ with ¢(to) = T,

We zlso calculate

t
x2 () = jtl P(xz(t))at
O

and A x° (t,) + (1-A) x° (t,) for comparison. Since F(x) is a convex
uy 1 U, 1
function of x if follows that for 0 < 2 £ 1,

Flxg(t)) = Fx xul(t) + (1—x)xu2(t)) <A F(xul(t)) + (1-2) F(Xue(t))

and so

t £
x2(t;) = ftl F(x5(t))at = jtl F(M xul(t) + (1-)) xuz(t))dt
o} (e}

.t
< Izl F(xul(t))dt + Itz (1-x)F(xu2(t))dt = y°,
O
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Ve will now consider those controllers u(t) on [to,tlj
which steer Qu(t) from QO at t, to points Ql contained in the lower
boundary of %(tl) (written aK”(tl)). Such controllers will be
called extremal and they will play a significant part in the
selection of optimal controllers,

Let u(t) e ont_ <t <t

o 1 be a controller for the convex

control process

A .
with initizl point Ko = (0,X

at to. If the corresponding
response Qu(t) has an end point Q(tl)eaK"(tl), then u(t) is called
an extremal control and «{\cu(t) an extremal response on [t ,t;7.
Tne zdjoint response %(t) = (nO(t), n(t)) corresponding to a
controller u{t) is a rcw n+l vector satisfying the differential system

Lt

At
p = --Y\‘ i}x(t) - no -;;-—E—. (Xu<t))

23
I
¢}
O
o]
7]
t
o
o)
[
N
O

where xu(t) is the response of £) corresponding to the controller
u(t). In the following theorem 2 we characterize the extremal
controllers, that is, those controllers which steer to the lower

A
surface of K(t1)°
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‘neorem 2 Consider the convex control process*

%) x° = F(x)

%= a(t)x + B(t)u(t)

. - . » L A
wvith initial point Xq

u(t)c 2 on [t,,t,? 1is extremal for<% if and only if there exists a

= (O,XO) at time t_. An admlssible controller

A
nonvenishing adjoint response 7(t) of

= a(e)- ng T (x,(8)

N, = constant < O

g0 that

2(8)B(t)ult) = Hex {a(t)B(t)u}

uen

almost always on [to,tljo

Proof Assume that u(t) on (t,,t;] 1s extremal and so steers
A A -
xu(t) from (0,x_) at t  to xqe aﬁ (tl).
A
Since K(tl) is closed with a convex lower surface there

A A A
exists a support plane 7T to K(tl) at x;. Let n(tl) = (no,n(tl))

+ The necessary portion of this theorem follows from L. S. Pontryagin's
laximum Principle(4). For completeness the simple arguments to
establish the necessgary part are presented.
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ce = ronzero vactor normel to 7 directed into the halfspace defilned
E 2 : v/\i : e 4 -
sy 7 walen dees rot meet Kit. ), lote 3¢ < O,
s

P

Let =(t}) with %(tl) as above be the response of the adjoint
ecuation corresponding to the controller u(t).
Consider the admissible controller u(t) = sgn {n(t)B(t)l

cefined for t e ;to,t11, Note

3(£)2(£)8(t) = vex a(e)Ble)u}
ues

2

Let 7 be an interval of total length e€ > O contained 1in

[ - - 4
Jo _t,.t,} whereon

= nleya(tiu{t) < Max {ﬂ(t)B(t)u}

O
3
D
8]
(@]
5
14
@]

consider the modified controller

_E)

and calculate
A 2
af(e)x_ _An o A



A9

ah(E)% _ An , A p
—ar = ﬁx + Mx, where ﬁe refers to a response of 4 corresponding

to the modified controller ue(t).

Integration from to to tl yields

t
Re) = () - AR (e) = [ a(e) + Flx(en)]x(9)

v

0o

t
" f+l n(t) A(t)xe(t) + B(t)u(t)}- F(Xe(t))dt
e

t .
2e) - A Reey) = [ 2 [0 ) + S (x(£))] x(t)

O

+ q(t)[ﬁ(t)X(t) + B(t)u(tﬂ - F(X(t))}dt for n, = -1.

Cembining terms and using the assumed continuity for F and g%

we easgily find that

At R (8)) - Q(tl)é\cl(tl) > s¢ + o(e) for e sufficiently small

where o(¢) corresponds to terms of higher than first order in e.
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and therefore for ¢ gufficlently small

;‘\ FA A
ﬂ(t)xg(tl) -q(t)xl(tl) > O contradicting the construction of

A A
q(tl) s the outward normal to K(tl) at x,.
Hence there exists no such interval Te s0

7(t)B(t)u(t) = Max n(t)B(t)u almost everywhere onJ«
uen

Conversely, assume that u(t) and corresponding response n(t)

1(£)B(t)u(t) = Max 7(t)Bu
uen

n.e. onJ with N, < 0. Let a(t) be any controller in Q with

corresponding response Xﬁ(t), If we calculate

—afv-and a5 as above,

and then integrate from to to tl using the assumed convexity of

F(x) we find that
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Where W = X is any point of %ltl). Since ln(tl)l # 0, and n, <O,
the above inegquality 1implies that &u(tl) 1s contalned in the lower
boundary of the compact set ﬁ(tl) with convex lower boundary and hence
u(t) is extremal., QED.

Theorem 2 indicates that to stay at a lower boundary point we
must continuously steer maximally in the éirection of the vector
f(t). This remerk is summarized as a corollary.

~

Corollary 2.1 Let u(t) on [t ,t;] be an extremal controller for f,

N A
with corresponding response xu(t) and adjoint response n(t) so that,

n(t)B(t)ult) = Hax n{t)B(t)u

uen

a.e, on [t_,t;]. Then on each subinterval[torj,(:[to,tlj,u(t) is

also an extremal controller with %u(r)ebﬁ(r). Moreover f(t) is an

exterior normal to %(T) at %(1).

Proof Replace tl by 7 in the proof of theorem 2 to obtain that
A A A A A A
n(7) x (1) 2 n(7) x5(7) = n(7) wlv)

A .
for all w(t) in Z(t). From this inequality the conclusion of the
corollary can be drawn.
A
We next show that the set of attainability K(tl) depends

continuously on the parameter tl.
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|

| Define the distance between a point p and a compact set

GlCRn to be

|
|
|
l d(p,Gl) = Min Ip'gi
[ geGl

and define the distance between two compact sets Gl’ G2CZRn to be

n
d(G2,G2) = Max{Max d(pl,G2), Max d(pE’Gl)}' Here |p| = ¢ |p

1
G y= |
Py €Gy Pyely =

The set ﬁ(tg)C'Rnﬁbaries continuously with t, if given an

€ > 0 there exists a 5 > O so that for ltg—tll < &,

| d(ﬁ(tl), K(t,))< «

A A
Iemmra 1: Consider the systen £ as avove with attainable set K(tl).

A
Then: K(t,) varies continuously with t,

o

Proof We need only show that each point ;(tl) of %(tl\) is close to
some point ﬁ(tg) of %(tg) and conversely. That is, we need show
that given € > 0 there exists a § > O so that when }tl - t2] < 3
there exists %(tl) € %(tl) such that ix(tl) - x(t2)| < € for each
%(tg) 5 %(tE) and conversely.

Let ul(t) be an admissible contrcller on [to,t1+l] and Ql(t)
the corresponding response. For t, < t, < t, +1 calculate

L~ 2 =71

t t
xS (t,) - x3(ty) = jte F(x,(t))at - jtl F(x(t))at
o o
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and
/ Vi Pte "l
% (ty) = xy(tq) = a(t,) Jt 8(s) ™" B(s)u, (s)ds
Q
:(t,) 1 (s)71rB(s)u, (s)1ds
- 2(t, . s(s 1
o
+ [é(tg) '@(tl)]ﬂ.zl ‘Z’(S)—l B(s)ul(s)ds.
So
oo
1(ts) - x§(ty) = | = F(xq(t))at
utl
and

t
xl(tg) - xl(tl) = @(tg) ftz é(s)'lul(s)ds
1
t
wloten) - ale)][12 6017 B(s)uy(s)as
O

Since A(t) is bounded and continuous on [ty,ty+1] so is 5(t)

and therefore there exists a constant C., so that

1

l2(e)] < ¢y

and

|8(6)™H) < ¢; on [t_,t +17.

1
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Also since B(s) has bounded continuous elements b}(t) and ul(t) is
bounded and measurable there exists the constant 02 so that
i?tl é(s)’l B(s) ul(s)dsl < C,. Integration is a continuous
t
)
operation, therefore, given an ¢ > O there exists a § > O so that
et €
e PO (enael < 5,
11 2(s)™ B(s)u, (s)as| <

¢
for (t—tll < 8§ < 1.

S

Hence

A A € ' € € -
|x (£} - xl(tl)[ <3t 0 3] + T, C, = ¢

for {te - t] < 8§ < 1.

1!
The other way we consider ul(t) = u(t) on [t ,t;] where u(t)

steers to %(tl) and extend it to [t_,t;+1] by letting

ul(t) = u(tl) for t e[t;,t;+1]. The above calculation is then

repeated to find |R(t,) - X(t;)]| < e for |ty-t;] < 5 < 1 so

K(tl) varies continuously with t,.

Theorem 3 Consider the system‘f as above with initial data x = (O,xo),

compact restraint set { and set of attainability'%(tl). ILet the

target set G = {xo,xl 0 < x°

< B, x = 5} where B > 0 is a constant

~ ‘ A
and G is a compact set of R™. Suppose G meets the interior of K(tl)

A
then there 1s a § > O such that G meets K(t) for [t - t;] < 5.
A
Proof Since G meets the interior of K(tl), and a ball neighborhood
A
N(ﬁ) of radius r contained in K(t1)° Consider the hyperplane x° = p°-r/2
P ~
and in this plane pick n+l independent points §1’X2°°’Xn’ £n+l of boundary
N

of the ball N(p), all equally spaced. Let x,(t), Ko(t)se e X (8),

~ A
xn+l(t) be responses of & with initial data x = (O,xo) and
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corresponding to controllers ul(t), u2(t),...un+l(t) tp ettt +1

Wt o o e . A ) A A
which are such that kl(tl) xl,...xn+l(tl) Xp4ye Plek 1> 5 >0

so small that for |t-ty| < & the points %) (t),...%, ,;(t) lie within

n+l
spheres of radius r/10 of the polnts Ql"‘én+l' This being possible
because of the previous lemma 1,

Consider the convex combination of controllers ux(t) = xlul(t) +
Moun(8) Fove Apgu i (6)T2, > 0, (Note {w| < 1) and the
correspondi .z respcnses Qx(t) of £ with initial data (0,x ). For each
fixed t,lt-tl) < & these response end points xx(g) sweep out a surface
secticn S which lies below the plane %0 = p by convexity, above the
plane %" = 0 because of the positive nature of ¥ and intersect the

0

line segment {O < x g.po, X = p} (see proof of theorem 1). Hence G

A
meets X(t) for |t-t,| < & < 1.

1
We now consider the problem of existence of optimum controllers,
A

Theorem 4 Consider the systemtf as above with compact restraint set

-

o= "ul v} <1, 1=1,2...n)CR", initial point (0,x )eR" at

time t_ and constant compact target set G = {xo,xlo < x° < B,

o)
xeG . for 2 > 0. If there exlists an admissible controller u(t)en

steering x_  to Gon t < ¢t S\tl then there exists an optimum

O

controller (also admissible) steering ¥, to G in minimum time

duration t¥* - to'

Proof If (O,xo)e G then t* = to and optimum control is not

reqguired. So assume (O,xéw G and consider the set of attainability
N

K(tl) for t; > t_ . Since there is one controller which steers.
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A
(0,x) to G the set X(t;) meets G for some t; > t . Deflne t*
to be the greatest lower bound of all times tl such that ﬁ(tl) meets

N

G. By the continuous dependence of ﬁ(tl) on t, the set of times
for which ﬁ(tl) meets G is a closed set in R'. Hence t* is the
first time %(tl) meets G and therefore pick as the optimum controller
u*(t), t, < t ¢ t* a controller which steers to

K(t* )N a.
The next theorem asserts that for optimum control we need only consider
voints of the lower boundary of the set of attainability and therefore
Oy theorem 2 extremal controllers. A sufficiency condition 1s also

included.

N
“neorem 5, Consider the system f as above with compact rectangular

restraint set q, initial point (O,XO) at t, and compact convex target

set G = [xixio < x° < B; xeG; B > O}. Let u*(t) be a minimal time

optimal controller steering x*(t) from ﬁo to G, Then u*(t) is

extremal, that is, there exlsts a nonvanishing adjoint response

A
n(t) = (n ,m(t)) with n < O so that

n(t)B(t)u*(t) = Max {n(t)B(t)u}

ueQ

A
almost always on [t ,t*] with ﬁ(t*) an outward normal of K(t*)

at X*(t*) on 3K(t*) and %(t*) satisfies the transversality condition,

namely, ﬁ(t*) is normal to a supporting hyperplane m of G and

the set of attainabllity R(t*) which separates ﬁ(t*) from G.
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iioreover if for each point of XeG there exists a nonextremal

controller U(t)C n so that on t < t ¢ = the response xﬁ(t)

initiating at X = xﬁ(E) is contained in G than when u(t) 1s an

admissible extremal controller steerirg X, to G by means of a response

satisfying the transversality condition it is an optimum controller.

Proof By assumption there exists a controller steering ﬁo to G so

G meets }/:i(t*)° Suppose G meets the interior of K(t*). This is

impossible because then G meets the interior of %(t) for |t-t*| < 5,6>0,

by theorem 3 and this contradicts the optimality of the controller. Hence oG
meets 3K(t*) so that the optimum controller must steer to Bﬁ(t*). We

must show that it steers to a lower boundary point to conclude that 1t

is extremal. This follows at once because %(t) always first makes

corntact with G at a lower boundary point as can be seen by considering

how the compact set ﬁ(tl) with convex lower surface moves with respect

to the set G. Thus if u*(t) is optimal it is extremal and by theorem

2 there exists the nonvanishing adjoint response n(t) so that

~(t)B(t)ux(t) = Max M(t)B(t)u
ueq
where %(t*) satisfies the transversality condition since G and the
A
lower boundary of K(t*) are convex they can be separated by a supporting
hyperplane 7 and we choose ﬁ(t*) to be normal to m and directed into

the halfspace containing G.
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When u{t) 1s an admissible extremal controller steering ﬁo to G
and satisfying the transversality condition it must be an optimum
controller if G has the property that through each point xeG there
passes a nonextremal response which remains forever in G. This
follows because once G and ﬁ(t) come together the interlor of %(t)
has a nonempty intersection with G so that the transversality condition
can only be satisfied once and therefore there 1s only one time,
namely t¥*, for which an extremal controller can steer to G and satisfy
“he transversality condition. Thus any such extremal controller
satisfying the transversality condition is an optimum controller.

Q.E.D.

We have therefore reduced the problem of finding an optimum

controller for the approximation problem to that of finding a solution

to the two point value problem as given by the 2n+2 equations

@

x° = F(x)

% = A(t)x + B(t)sen{n(t)B(t)}
e A - 2 00

%O =0 (n, < 0)

with boundary conditions x(t ) = Xy, R(t*)e 3 G with 7(t*) an interior
normal to G at Q(t*),

Next we explore the possibility of solving this two point
boundary value problem by calculating initial conditions for the adjoint

response as required with a computer machine.
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&)} Discussion of synthesis methods for approximate bounded phase

coordinate time optimal control

It is assumed for simplicity that the target set E'is Just the
origin and hence that G is just the line segment (0 < x° < B, x = 0).
The two point boundary value problem then reduces to finding %(to)
so that X(t,) = (0,x,) and x(t;) ¢ G (that is, x°(t)) < B and
x(t) = 0) with »° = 0 if :°{t) < B.

Consider the 2nt+2 system of equations

X = F(x)

%) X = A(t)x + B(t)sgn{n B(t)}

Ty = O
o | ?
1= -n A(t) - g %%— (x)

with ¢ < O.

A A
with x(to) = (o,xo) and n(to) = (co,,.,cn) o

If we assume & = (co,,.ocn) as known then J) can be solved to
obtain the response pair

x(t,e), 7(t,c).

We shall seek the dependence of ¢ on a parameter o so that
g(o) »3*, as ¢ increases, where c¢* is an initlal condition for
ﬁ(t) which solves the two point boundary value problem of the
previous section.

Let £(t,8,a) = n(t,8)[%(t,&)- a] where [Ref. 8]

o =a]] and 0 ¢ o) < B

Bl
0

0]
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increasing t until %(t,%,a) = 0 for some O < &y < B, corresponds to
carrying the hyperplane n(t,e) [k(t,¢)-X]= O along until % = a is a
po2int of it for some O < aq < B. We shall use this condition as a
stopping condition for the integration to be described. To obtain
such a root t it is of course necessary that we start with a good
initial guess for ¢ and that f(t,é,a) then moves to a zero as t increases.
It 1s therefore assumed that &(0) is chosen so that’ £(0,8(0),a) < O
for all 0 < a; < B. We next show that %(t,g,a) is a nondecreasing
function of t, in fact, if a condition similar to normalilty (in the
sense of La Salle 7) is introduced %(t,%,a) is strictly increasing
with t.

Formally we calculate

N A
a . 4 ; ° A
: fég’c’q) n % (t,e) + n(t,e)x(t,8) + 7(t,e) x(t,¢c)

1

ny F(x(t,e)) + [—n(t,é)é\(t)—ﬂo . (X(t’?’)ﬂ x(t,¢)

B

n(t,e) [A(t)x(t,8) + B(t)sen[n(t,c)B(t)]]

il

ng Flx(t,8))- my So(x(5,8) x (6,8) + [n(t,8)B(¢)]

+It is therefore necessary to consider only the case where ay = B
if co(c) is restricted to be less than or equal to O.
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There are two cases:

1. If x:t,c) eA then

A
in A -
St = In(t,e)B(t)] 20
2, If x(t,c) £A then
A
ar

Loty [F(x(6,8) - S(x(t,8))x(£,8)1 + n(t,8)B(t)]

l

Q)

which i: also greate~ than or equal to zero for Mo < O since

’
F(0) = 5 and therefore lF(x) - %%— (x)x] < O for the convex

function F(x),.
N
o NN
Thus giilégigi- > 0 and is thus a nondecreasing function of t. In
fact if 7{t,c)B{t) has no collection of zeros on [t ,t;] then %% > 0 a.e.

on rt_,t,1. Let T be the first t > t, for which F(t,e,a) = 0, for
a, = g£. We note that T = T(&). Clearly T < t*, where t* is the
optimun time. This follows because x(t,&) 1s on the boundary of'%(t)
wheve the vector n’(t,%) is an exterior normal (see corollary) to
theorem 2. Thus T assumes its mazimum for ¢ = ¢*, T 1s the
function which we will maximize to compute c*. -
Consider corrections to ¢ by choosing the dependence of % on o

fhrough the differential equat’ - 1

dc _ . T
- *3:@
where k = constant > 0.
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- ] A ! = MR
vy Q1 sl et . JT ol
HOW S o - K - ——— > 0 .
’ ds o¢ oo ot  oc

Hence T is increasing with ¢, and hopefully T has no local maxima

or minima,
The bilg problem remaining is the calculation of %%.

this gradient one can compute

oT _ of N
“x~ = <% /Of
ocC oC -JT—
where
,\ﬁ
g-ff—= |=(T,c)B(T)| if x(T,&) eA
= e [F(x(t,8)-Ex(t,8)7+|7(T,c)B(T)]
oW LS / dx 2 . H 3
if x(T,c) £A and
compute
A ! ) A
OF _ of om’ , of ox
S8 " 3F 38 T X o8

.\‘i A\r\
Thus the only difficult items to obtain are%&-, and %%

To calculate
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o find these partial derivatives probably the best and most
A
straight forward method is to calculate (ﬁ(t,é), Q(t,c)) and then
JA A A A a A ~
izit,e + 5ic), n{t,c + 5ic)), 1=0,..,2,...n, where g,C 1s a
A

small change in the i1th component of ¢, The varilous partial derivatives
zre then approximately known.

This scheme 1is now under study on a computer machine and the

resuts will be published elsewhere.

5) Remarks on the approximate bounded phase coordinate problems

with integral cost

Ls before consider the linear control process

X) x = a(t)x + B(t)u(t)

satisfying the conditions stated at the beginning of section 2. As
a2 cost functional of control conslder
t
c(u) = g(x(e)) + [ F {ee(x,6) + po(u,6)} at
t

o

where tl = fixed time > to and the real functions fo(x,t) and
h° (u,t) are continuously differentiable and r°(x,t) is a convex function
of x for each t.

The problem of optimal control is to pick an admissible controller
u(t) on rt,»T] so that the response xu(t) of £ moves from x  to a
target set GC R™ at s (a’may be the whole space) and minimizes C(u)

with the entire response xu(t) contained is the closed convex restraint

set A.



A24

Lz before we introduce the convex differentiable function F(x)
eotisfying the conditions
F(x) » 0 if x £i

= 0 if x €A

The approximation problem is obtained by adding F(x) to the

integrand of the cost functional C(u) to obtain a new cost functional

C,(u) = g(x(t)) + f: {f°(x,t) + AF(x) + h°(u,t)}dt
¢]

g
= L {eo(x,8) + no (u,8) Jat,
[ o\

nhere x > 0, If X is sufficiently large then one would expect that the
contribution from the term A F(x) can be small only if the response
steys near ;. or within it. The approximation problem is to find that
controller u(t) which minimizes C(u) and steers to Ge R".

We shall assume that h®(u,t) is convex in u for each t or that
the controller is bounded and h is a positive function of u for each
t. In either case the previous theory can be applied after slight
modification by noting that f£°(x,t) = f°(x,t) + » F(x) 1s a convex
function of x for each t since both f° and F were convex functions and
oy ncting the contribution to x° (T) made by the terms h°(u,t). That
is, the problem has now been cast as one which 1s covered by the

sufficiency results of reference 5 which are also necessary [reference

4]

and can be obtained as a slight modification of the results of section 3.
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