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ABSTRACT 

Experimental   heat   t ransfer   and  pressure  data   are   presented  for  

a flat plate  with  large  and  small-scale  wedge  leading  edges.  These  data, 

obtained  in  high  temperature air, are   compared  with  var ious  theoret ical  

estimates  to  determine  the  effects of thermochemical  nonequilibrium.  Data 

obtained  with  the  small-scale  model  under  high  temperature  conditions,  in 

which  the  entire  f lowfield  should  be  frozen,  are  found  to  correlate  well  

with  low  temperature  data i f  a non-linear  temperature-viscosity  relation 

i s  used  in  the  similari ty  parameters.   The  data  obtained  under  conditions 

in  which  the  flowfield is  not  frozen  show  large  nonequilibrium  effects  on  after- 

body p res su re ;   t he   p re s su re  is  2570-3570 less than  the  equilibrium-gas  value. 

It i s  found  that  these  effects  can  be  estimated  using  nonequilibrium  normal 

shock  wave  results  to  calculate  the  flow  on  the  wedge  face,  and  by  assum- 

ing  the  flow is  frozen  in  the  expansion  process  at  the  wedge  shoulder. A t  

the low temperatures  (3300°K)  substantial  effects  result  from  vibrational 

nonequilibrium,  while  at  the  higher  temperatures  (6600°K)  the  effects  result 

from  vibrational  and  chemical  nonequilibrium. 
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I. INTRODUCTION 

It  has  been  recognized  for  sometime  that  thermochemical  non- 

equilibrium  processes  occurring  in  the  f lowfield  might  have  an  appreciable 

effect  on  the  aerodynamic  characteristics of re-entry  bodies .   Their  

qualitative  effects at various  points  in  the  $lowfield  were  anticipated first 

from  elementary  energy  considerations.  Subsequent  theoretical  treatments 

have  become  available  treating  simple  configurations  in  various  models of 

air (for  example  Refs. 1-5)  so that  quantitative  predictions of these  effects 

can  be  made.  However,  experimental  verification of these   resu l t s   a re  

required  to  demonstrate  their   validity  and  to  assess  the  importance of non- 

equilibrium  effects  in  light of viscous  effects.  The  purpose of th i s   repor t   i s  

to  present  experimental   surface  pressure  and  heat  transfer  data  obtained on 

a basic  configuration, a flat-plate  model  with  wedge  leading  edges.  These 

measurements   were  made  in   the  CAL  hypersonic   shock  tunnels ,   wi th  air 

a s  the  test   gas,   at   reservoir  temperature  ranging  from 3300°K to 6600°K. 

They  serve  to  demonstrate  the  magnitude of nonequilibrium  effects  as  com- 

pared  with  viscous  effects,  and  to  test a simple  method  for  analyzing  the 

model  flowfield. 

A basic  difficulty  in  high  temperature  experiments  is  in  obtaining 

a comparison  to  demonstrate  nonequilibrium  effects. An ideal  method 

would  be  to  include  experiments  in  which all gas-dynamic  quantities  were 

duplicated  except,  in  one  instance,  the  gas w a s  equilibrated  throughout  the 

flowfield,  and  in  another,  the  gas  behaved  ideally.  This  approach is very  

difficult owing  to  tunnel  limitations. A more  practical   method is to  select  

a model  configuration  for  which  the  equilibrium,  nonequilibrium,  and 



ideal-gas  solutions  are  available.  The  latter  approach is  used  here .  

The  wedge  leading  edges  were  designed  to  have a strong,  attached 

shock  wave so that  the  thermal  and  chemical  nonequilibrium  in  the  shock 

layer  could  be  predicted  with  normal  shock  wave  solutions.  The  Prandtl- 

Meyer  expansion  at  the  juncture  between  the  wedge  leading  edge  and  the 

flat  plate  afterbody  serves  effectively  to  quench  the  vibrational  excitation 

and  the  chemical  reactions,  freezing a fraction of the  total  energy  in 

these  modes.  The  consequences of freezing  out  this  fraction of the  total 

energy  can  then  be  approximately  determined  by  assuming  the  gas is frozen 

immediately  in  the  expansion  fan,  and  expands as  an  ideal-gas. 

The  two  main  elements  in  this  model,  the  wedge  flow  and  the 

Prandtl-Meyer  expansion,  are  classical   and  have  been  studied  in  some  de- 

tail   in  the  l i terature.   These  serve as  a certain  justification  for  the 

elementary  approach  outlined  above. 

Wedge  flows  have  been  considered  by a number of investigators 

beginning  with  Ivey  and  Cline6  who  applied  Bethe  and  Teller's  normal  shock 

wave  ;-esults  for  equilibrium air7 to  wedge  flows.  More  recent  work  has 

been  concerned  with  the  relaxation  process  to  the  equilibrium  state,  and 

has  included  investigations  by  Moore  and  Gibson 8 , Dressler9,   Sedney 

et all O, Vincenti",  Capiaux  and  Washington",  South'  and  Lee14. A l l  of 

these  t reat   chemical   or   vibrat ional   re laxat ion on a wedge  within  varying 

approximations,  ranging  from  an  analytic  small-disturbance  approach  to 

a complex  machine  solution  based  on  the  method of character is t ics .   The 

important  features of these  investigations  are  to show that  the  shock  wave 

angle is  determined  at  the  apex  by  locally  frozen  flow  and  approaches  the 

equilibrium  shock  angle far downstream.  Similarly,   the  pressure  and 
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velocity  on  the  wedge  face  are  always  bounded  by  the  frozen  and  equilibrium 

gas  values,  being  quite  insensitive  to  relaxation  effects.  This  result  partially 

justif ies  the  present  streamtube  approach:  to  assume  constant  pressure 

and  velocity on the  wedge  face  and  thereby  reduce  the  problem  to  an  equivalent 

normal  shock  wave  problem.  This  approximation  has  been  tested  by 

Sedney  e t   a l lo ,   for   the  case of vibrational  nonequilibrium,  and  shown  to  be 

in  excellent  agreement  with  the  more  exact  solution. 

The  s t ructure  of a nonequilibrium  Prandtl-Meyer  expansion  fan  has 

16 been  investigated  in a similar  fashion  by Wood and  Parker”,  Napolitano , 

Bloom  and  Steiger”,  Appleton18,  Glass  and  Kawada19,  Glass  and  Takano , 

and by Arave21.  All of these  investigate  chemical  relaxation  in  and  following 

a Prandtl-Meyer  expansion  from a uniform,  equilibrium  state.  These  in- 

vestigations  are  concerned  with  the  relaxation  process  from  the  initially 

frozen  state  at   the  corner,   to  complete  equilibrium  far  downstream,  and 

are   essent ia l ly   in   agreement  on  the  gasdynamic  relaxation  effects.  The  one 

possible  point of disagreement ,  on the  existence of a recombination  shock 

wave,  appears  to  have  been  resolved  by  Glass  and  Takano2O as   s temming 

from  the g a s  model .   This   is   important   to   the  present   research  s ince a 

secondary  shock  wave w a s  observed  in  the  flowfield  near  the  expansion  fan.  The 

20 

evidence  indicates  it w a s  not a recombination  shock  since a recombination 

shock  wave  increases  in  intensity  near  the  body. 

The  available  solutions  for  wedge  flows  indicate  that a s t reamtube 

calculation of the  wedge  flow is a  good approximation  for  the  vibration  and 

chemical  kinetics.  These  and  the  available  solutions  for  Prandtl-Meyer 

flows  shed no light on the  accuracy of the  approximation  for  the  afterbody 

flow.  It  might  be  expected  that  there wil l  be  an  effect   stemming  from  the 
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shock  layer  nonequilibrium at the  leading  expansion  wave.  There is no 

a pr ior i   basis   for   assessing  this   effect .  

In  the  present  research,  the  model w a s  tested  in air with a small-  

scale  and a large-scale  wedge  leading  edge,  both at low temperature   and 

high  temperature  conditions.  The  test  with  the  small-scale  leading  edge  at 

a  low temperature   served  as   an  ideal-gas   experiment ,   whi le   the  experiment  

a t  a high  temperature  tested  one  extreme of nonequilibrium  in  which  the 

entire  flowfield  remained  frozen.  In  the  experiment  with  the  large-scale 

leading  edge at low tempera ture ,  it appears  that  the  only  excited  mode w a s  

oxygen  vibration  and  the  results of th i s   exper iment   a re   in te rpre ted   as  

showing  the  consequences of vibrational  nonequilibrium. In contrast,  the 

high  temperature  experiment  with  the  large-scale  wedge  leading  edge 

apparently  produced  both  vibrational  excitation  and  oxygen  dissociation  in 

the  shock  layer ,   and  the  resul ts   are   interpreted as  demonstrating  the  con- 

sequences of this  nonequilibrium. 

The  aim  in  these  experiments  was  to  isolate  the  inviscid  non- 

equilibrium  effects.  However,  the  first  experiments  indicated  boundary 

layer  displacement  effects  which  were  comparable  with  the  nonequilibrium 

effects  under  investigation.  Consequently,  an  important  aspect of this 

research   cen tered  on  isolating  the  boundary  layer  displacement  effects  from 

the  nonequilibrium  effects. In the  experiments  with  the  small-scale  lead- 

ing  edge, it was  found  that a consistent  correlation  could  not  be  obtained 

within  existing  ideal-gas  similitude  parameters  which  were  based  on a linear 

viscosi ty- temperature   re la t ion.   These  parameters   were  general ized t o  

account  for a non-linear  viscosity-temperature  relation  (Appendix A )  to 

show that  the  observed  effects  stemmed  from  this  cause  and  not  from 
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thermochemical  nonequilibrium. 

In the  experiments  with  the  large-scale  leading  edge, a schl ieren 

photograph  indicated  an  unusually  thick  boundary  layer  on  the  afterbody, 

and  the  pressure  data  showed  an  unanticipated  variation  with  distance. 

There  are  no  boundary  layer  solutions  for  displacement  effects when  the 

boundary  layer  is   processed by a Prandtl-Meyer  expansion  fan.  Conse- 

quently, a matched  similarity  solution w a s  formulated  (Appendix B) to  show 

that  the  observed  variations  in  afterbody  pressure,   heat  transfer,   and 

boundary  layer  thickness  were  self-consistent.  The  same  schlieren  photo- 

graph showed a second  shock  wave  embedded  in  the  afterbody  flowfield. 

This  report  consequently  includes a review of cer ta in   l i t e ra ture  on  boundary 

layer   f lows  a t   corners ,  as  well as a momentum  integral  derivation  (Appendix 

C )  to  demonstrate  that  the  shock  wave  could  result  from  the  rapid  boundary 

layer  growth  at  the  wedge  shoulder. 

The  next  section  describes  the  experimental  equipment  and  includes 

a description of the  methods  used  to  calculate  the  ambient  stream  conditions. 

The  following  section  discusses  the  experimental  results.  The  data  obtained 

with the  small-scale  model  are  presented  f irst .   Following  this,   the  data 

obtained  with  the  large-scale  model  in  low-temperature  experiments  are 

presented  to  isolate  the  gasdynamic  effects.  These  are  followed  by a dis- 

cussion of the  data  obtained  with  the  large-scale  model  in  high  temperature 

experiments.  
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11. EXPERIMENTAL  APPARATUS 

MODEL 

The  model, F ig .  1 , consisted of an  instrumented  slab  with  de- 

tachable  leading  and  trailing  edges.  The  slab  instrumentation  was  comprised 

of thin  f i lm  heat  transfer  gages  and  piezoelectric  pressure  transducers 

vented  through  surface  orifices.  The  thin  film  heat  transfer  gages  widely 

used by  a number of investigators 2 2 y  2 3  were  used  in  conjunction  with 

analogue  networks24  which  converted  the  measured  surface  temperature  to 

heat  transfer  rates.   All   gages  were  coated  with a titantium  dioxide  film 

about 0.1 microns  thick  to  electrically  insulate  them  and  to  minimize 

catalytic  heat  transfer.   Heat  transfer  gages  were  mounted on either  side 

of the  model  centerline  to  provide a simultaneous  check  on  the  effects of a 

finite  span.  The  data  from  these  gages  were  in  good  agreement  with  that 

from  the  corresponding  centerline  gage. 

The   pressure   t ransducers ,   descr ibed  in  Ref. 25,  a re   d iaphragm-  

type  transducers,  driving  modified  lead-zirconium-titanate  crystals,  with 

a nominal  output of 2 volts/psi .  It was found  during  the  present  research 

that  the  transducer  was  temperature  sensit ive,   and  under  certain low density 

conditions  would  indicate  negative  pressures.  It  was  concluded  that  this 

effect  stemmed  from  the  hot  gas  expanding  the  aluminum  transducer 

diaphragm  and  two  corrections  were  made. One was  tobuild  the  transducer 

with  an  Invar  diaphragm  and  the  other  was  to  cool  the  hot  gas  entering  the 

transducer  by  passing  it  over a copper  heat  sink. I t  was  found  that  either 

modification  eliminated  the  negative  signal  and  both  indicated  the  same 

pressure  level.   The  present  experiments  were  made  with  both  types of 

transducers  spaced  alternately  along  the  model  chord. 
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The  model  accepted  either of two  wedge  leading  edges,  each  with a 

wedge  angle of 42-1  /2".  This  angle  was  selected  to  produce a strong 

attached  shock  wave  under  both  ideal  gas  and  equilibrium  gas  conditions. 

The  f i rs t   wedge  was 1 /2"  thick  (the same as the  instrumented slab) and 

w a s  selected,  in  keeping  with  the  anticipated  test  conditions,  to  produce 

essentially no  dissociation  or  vibrational  excitation  in  the  shock  layer. 

This  would  correspond  to  the  extreme  case of nonequilibrium  in  which  the 

flow  does  not  relax  from  the  ideal  state. 

The  second  wedge  leading  edge,  shown  in  Fig. 1, w a s  four  inches 

thick  and w a s  designed  to  produce a significant  level of dissociation  and  vibra- 

tional  excitation  in  the  shock  layer.  One  pressure  transducer w a s  mounted 

on  this  wedge. 

SHOCK TUNNELS 

The  wedge  models  were  tested  in  both  the  GAL  4-ft.   shock  tunnel 

and  the  GAL  6-ft.  shock  tunnel.  The  former,  described  in  Ref.  26, 

operates  on  the  tailored  interface  principal  with a heated  helium  driver.  It 

operates   with  reservoir   temperatures   and  pressures   ranging  up  to   about  

3600°K  and 400 atm.  The  GAL  6-ft.  shock  tunnel,  described  in  Ref. 27, 

a l so   opera tes  on the  tailored  interface  principle  but  with a heated  hydrogen 

dr iver .   I t   has   recent ly   been  run  with  reservoir   temperatures   and  pressure 

as  high as  8000°K  and  1300  atm.  The  present  research was started  before 

the  full  capabilities of the  6-ft.  shock  tunnel  had  been  realized.  In  particular, 

i t  w a s  found that   the   avai lable   tes t   t ime  decreased  with  increasing  reser-  

voir   temperature,   and  the  test   t ime  was  about  200-300  microseconds  with 

a reservoi r   t empera ture  of 6600°K. This  test   t ime  l imitation w a s  



subsequently  improved  by  lengthening  the  shock  tube,  and test t imes  of 

about  1-2  mill iseconds  are  obtained at a reservoi r   t empera ture  of 6600°K. 

Low temperature   experiments   were  made  in   the  tes t   sect ion of the 

4-ft.  shock  tunnel,  and  the  model  was  mounted  on  the  cables  shown  in  Fig.  1. 

This   mounting  system  uses  two cables at each  of  the  model  extremities 

which are  connected  to  the  test   section w a l l  with  springs  to  isolate  the 

model  from  tunnel  vibrations.  The  high  temperature  experiments  with  the 

large-scale  model  in  the  CAL  6-ft .   shock  tunnel  required  the  highest  

possible  density.  Consequently,  the  model  was  sting-mounted  and  tested 

near  the  3-ft.   diameter  station  in  the  nozzle. A standard  pitot  head  was 

mounted on a bracket  attached  to  the  model  lower  surface  to  obtain a pitot 

p ressure   measurement .  

AMBIENT  TEST  CONDITIONS 

During  each  experiment,  the  speed of the  incident  shock  wave  and 

the  reservoir   pressure  were  measured  in   the  shock  tube,   and  the  pi tot  

pressure  was  measured  at   the  model  ' location.  The  reservoir  conditions 

were  then  computed  for  equilibrium air using  the  measured  shock  speed 

and  the  shock  tube  conditions  prior  to  the  experiment. Any difference  be- 

tween  the  measured  and  the  calculated  reservoir  pressure  was  assumed  to 

be  caused  by  isentropic  wave  processes. 

The  test   section  conditions  for  the low temperature   experiments  

were  determined by assuming  the  air   was  in  thermodynamic  equilibrium  in 

the  nozzle  expansion.  It  was  assumed  that  the  expansion  was  isentropic, 

and  the  following  hypersonic  approximations  were  used, 
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where kf,, is the  reservoir  enthalpy, p i  is  the  measured  pi tot   pressure,  

e is the  densi ty   ra t io   across  a normal  shock  wave,  and f- and Urn 

are   the  ambient   densi ty   and  veloci ty ,   respect ively.   The  resul ts  of this  pro- 

cedure  have  been  checked  with  exact  numerical  solutions  and  found  to be 

accurate  to  within I t 0.4% over  the  range of test   Mach  numbers  covered 

h e r e .  

The  test   section  conditions  for  the  high  temperature  experiments 

were  determined,  taking  account of the  nozzle  nonequilibrium.  The  reser- 

voir  conditions  were  calculated as  above,  and  used a s  input  data  for  the 

CAL  computer  program  for  nonequilibrium  nozzle  expansionsz8  under  the 

assumption of vibrational  equilibrium.  The  solution  was  terminated at the 

nozzle  station  where  the  computed  and  measured  pitot   pressures  were  equal.  

The  tes t   gas  w a s  d ry  air obtained  from  the  Matheson  Company  in 

East  Rutherford,  New Jersey .   The   gas  w a s  not  analyzed  for  these  experi- 

ments   because  pr ior  mass spectrometer  analyses of this  product  showed  it 

t o   be   f r ee  of detectable  contaminants. A typical  analysis  for  the  gas  showed 

the  composition  to  be 

Oxygen 21.0570 

Nitrogen 77.9370 

Argon .97% 
Carbon  Dioxide .05% 

The  hydrocarbon  content, as  indicated  by  acetone  and  alcohol,  was  less  than 

100  parts  per  mill ion.  
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TII. EXPERIMENTAL  RESULTS 

SMALL-SCALE  MODEL 

A s  noted  in  the  previous  section,  the  experiments  included tests 

on  the  model  fitted  with a small-scale  wedge  leading  edge.  This  experi- 

ment  w a s  intended  to  test  one  extreme of flowfield  nonequilibrium  in  which 

the  shock  layer  scale  and  density  were  such  that no energy w a s  lost  in 

dissociation  or  vibration.  Consequently,  the  gas  should  behave a s  an  ideal 

g a s  throughout  the  flowfield,  and  the  experimental  data  should  be  predicted 

by  ideal g a s  theory.  This  ideal-gas  limit w a s  investigated  by  testing  the 

small-scale  model  at   high  temperature  conditions ( T, = 6600°K)  and  then 

repeating  the  experiment  at  the  low  reservoir  temperature  where  the  gas 

can  be  regarded as  ideal.  These  experiments  were  made  in a range  where 

viscous  interaction  effects  were  significant.  Consequently,  it w a s  necessary 

to maintain  the  same  ratio of boundary  layer  displacement  effects  to  nose 

bluntness  effects  between  the  two  experiments.  The  theory of Ref. 29 

w a s  used as  a guide  to  select  the  test  conditions  and  to  correlate  the  experi- 

mental  data. 

The  theory of Ref. 29 is  a zero-order  theory  treating  the  combined 

effects of boundary  layer  displacement  and  nose  bluntness  on a flat   plate  at  

zero  angle of attack.  It  has  been  verified  under low temperature  conditions 

( % 2000°K) in  the  experiments of Hall  and  Golian 29' 30. Within  the 

theoretical  limitations,  the  theory  shows  that  the  ratio of these two effects 

is   unal tered i f  the   parameter ,  
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i s  maintained  constant.   This  cri terion  was  used  in  selecting  conditions 

for  the  high  temperature  and  the  low  temperature  experiments,  but a con- 

sistent  correlation  was  not  obtained.  These  data  are  presented  in  Figs.  2 

and 3,  corre la ted   in   t e rms  of the  parameters  given  in  Ref. 29. I t   can  be 

seen  that   the   pressure  data   f rom  the  two  experiments   correlate   wel l   wi thin 

these  parameters,   fall ing  below  the  theory.   In  contrast ,   the  heat  transfer 

data  do  not  correlate  within  these  parameters. 

The  possibility of vibrational  relaxation  has  been  checked  by  assum- 

ing  that  the air consti tuents  relax  l ike  the  pure  gases;   that  is, without  any 

cross-coupling  between  oxygen  and  nitrogen.  The  vibrational  relaxation 

lengths  have  been  calculated  for  the  conditions  in  the  wedge  shock  layer  using 

Blackman's  results  for  oxygen  and  nitrogen31.  The  low  temperature  experi- 

ment  produced  oxygen  and  nitrogen  relaxation  lengths of 20 and 1000 t imes 

the  wedge  length,  respectively,  indicating  that  these  modes  were  not 

excited.  The  corresponding  relaxation  lengths  for  oxygen  and  nitrogen  in 

the  high  temperature  experiment  were  about 3 and 30 times  the  wedge  length, 

respectively,  implying  that  nitrogen  vibration w a s  not  excited,  but  oxygen 

vibration w a s  excited  to  about 22% of i ts   equilibrium  value.   This  corres- 

ponds  to  about 4% of the  gas  equilibrium  vibrational  energy,  or  about  1% of 

the g a s  static  enthalpy  in  the  wedge  shock  layer.  Consequently, i f  this  in- 

tuitive  model i s  assumed,  i t   appears  that   vibrational  excitation w a s  energetically 

unimportant  in  both  experiments.  Within  the  same  framework,  dissociation 

can  be  discounted  on  the  grounds  that  the  relaxation  length w a s  always 

greater  than  the  vibrational  relaxation  length. 

The  behavior  shown  in  Figs. 2 and 3 is  not  explained  within  the  existing 

ideal g a s  theoryz9  since  the  heat  transfer is directly  related  to  the  pressure.  

11 



In  particular,  ChengZ9  shows  that  the  heat  transfer  should 

Consequently,  the  scatter  in  heat  transfer  between  the  two 

should  be  less  than  the  scatter  in  the  pressure  data.  

vary  as  

experiments 

It is  believed  that  the  lack of correlat ion  in   heat   t ransfer ,  Fig.  3, 

stems  from  the  fact   that   certain of the  theoretical  assumptions  were  violated 

in  the  present  experiments.  In  particular,  an  important  assumption  in 

Cheng's  theory  is   that   the  viscosity  varies  l inearly  with  temperature.   This,  

of cour se ,   i s  a good assumption at low reservoir   temperatures   where  the 

temperature  in  the  boundary  layer  does  not  exceed  300-500°K.  However, 

the  boundary  layer  temperatures  in  the  present  experiments  ranged  as  high 

a s  1500"K,  and  the  assumption of a l inear   viscosi ty- temperature   re la t ion 

i s  open  to  serious  question.  In  order  to  check  on  this  assumption,  the  theory 

of Ref, 29 was  formulated  to  allow  for a viscosity  temperature  relation, 

Phrn = c,'(v~&)? This  formulation,  given  in  Appendix A ,  was  pursued 

to  the  point of identifying  the  governing  parameters. 

The  pressure  and  heat   t ransfer   data  shown  in F igs .  2 and 3 have 

been  cast  into  the  similarity  variables  given  in  Appendix A ,  Eqs. (A-17) 

and  (A-18),  and  are  shown  in F igs .  4 and 5. In  making  these  plots,  it  was 

assumed  that  A = 1 .0  (Eq. (A-8))  and  Cheng's  theory29,  included  for  com- 

par ison,   assumes & = 1.0.  The  viscosity  exponent  was  determined  for 

each of the  experimental  conditions by matching  Sutherland's  formula f o r  

the  viscosity  over  the  range of temperatures  encountered  in  the  flowfield. 

Comparing  Figs. 2 and 3 with  Figs. 4 and  5, it can  be  seen  that  the  modified 

similarity  variables  have  not  changed  the  correlation  for  the  pressure  data 



appreciably  except  to  move  the  data  parallel  to  the  theory.  The  pressure 

data still fall about 507' below  the.theory.  In  contrast,  the  modified 

s imilar i ty   parameters   have  improved  the  heat   t ransfer   correlat ion  and 

brought  the  high  temperature  and low temperature  data  into good agreement .  

It  should  be  emphasized  that  these  c'orrelations  cannot  be  used  to 

conclude  that  the  assumption, A = 1,  is  valid. On the  contrary,  it s eems  

likely  that A f 1,  and  that  the good correlat ion  resul ts   f rom  the  fact   that  

the  viscosity  exponent  varies  little  between  the two experiments  and  the 

influence of the  wal l   temperature   ra t io   is   smal l .   The  correlat ions do indicate 

that  the  flow  field  for  the  high  temperature  experiment  was,  for  practical 

purposes,   entirely  frozen,  and  the  gas  behaved  as  an  ideal  gas.  

LARCE-SCALE MODEL 

It  was  noted  in  the  previous  section  that a model  with a 4-inch  thick 

wedge  leading  edge  was  tested a t  high  and low stagnation  temperatures. A 

common  feature  in all of these  experiments  was  the  thick  boundary  layer on 

the  afterbody  with  attendent  displacement  effects  on  pressure  and  heat 

transfer.  These  effects  could  not  be  predicted  because  there  are no 

theoretical  methods  for  predicting  the  boundary  layer  growth  including  the 

Prandtl-Meyer  expansion  fan at the  wedge  shoulder. A simplified  boundary 

layer  analysis w a s  made  in   the  present   research  to   demonstrate   that   the  

observed  variations  in  afterbody  pressure  and  heat  transfer  stemmed  from 

boundary  layer  displacement  effects.  This  analysis,  presented  in  Appendix By 

establ ishes  a basis  for  interpreting  the  experimental   data.  

Chronologically,  the  experimental  program  consisted of high  temper- 

ature  experiments,  followed  by low temperature  experiments  to  investigate 



boundary  layer  displacement  effects  under  conditions  where  dissociation 

would  not  be  important.  The  high  temperature  experiments  were  repeated, 

following  shock  tunnel  modifications'",  to  verify  the  original  experiments. 

The  data  obtained at low tempera tures  w i l l  be  presented first in  order to 

isolate  boundary  layer  effects  common  to  both  experiments.  Following 

this,   the  high  temperature  data  will  be discussed.  

.I> 

Low-Temperature   Experiment  

The  purpose of the  low-temperature  experiment  was  to  investigate 

the  gasdynamics,  especially  the  boundary-layer  displacement  effects,  in 

the  wedge  experiment  without  the  complications  due  to  chemical  relaxation 

effects.  Consequently,  the low temperature  experimental   conditions  were 

selected so a s  to  produce  approximately  the  same  boundary  layer  thickness 

a t  the  wedge  shoulder as  in  the  high  temperature  experiments;   that   is ,   the 

same  Mach  number  and  Reynolds  number  at  the  wedge  shoulder.  This  test 

was  performed  in  the  CAL  4-ft.   shock  tunnel  with a reservoi r   t empera ture  

of 3300°K and a r e se rvo i r   p re s su re  of 2.60 a tm.   The  measurements   in-  

c luded  surface  heat   t ransfer ,   pressure,   and  schl ieren  observat ions of the 

flowfield. 

The  experimental   resul ts ,   presented  in   Figs .  6, 7 ,  and 8, show 

several   important  effects.   First ,   one would expect  that  for  the  inviscid, 

ideal-gas  case,  the fir st  expansion  wave  reflecting  from  the  shock  wave  should 

impinge on the  afterbody  at x / +  3.2.  Consequently,  the  experimental 

pressure  data   corresponding  to  x/f =z 3 . 2  should  be  invariant  with  chord- 

.-, 
-0- 

These  were  scheduled  modifications  to  extend  the  shock  tunnel  performance 

and  to  increase  the  available  test   t ime. 
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wise  station.  Similarly, i f  one  neglects  the  boundary  layer on the  wedge 

face,   the  heat  transfer on the  afterbody  would  be  expected  to  vary  inversely 

as the  square  root of distance  from  the  wedge  shoulder  for x / t  < 3. 2. 

The  experimental   data,   Figs.  6 and 7, show that  the  afterbody  pressure 

varied  by a factor of about 2, contrary  to  expectations,   but  the  heat  transfer 

varied  approximately  as  expected. 

A second  item  to  be  noted  is  shown  in  the  schlieren  photograph, 

Fig. 8, the  thick  boundary  layer  on  the  afterbody.  The  boundary  layer  thick- 

ness  on the  wedge  face  is  indiscernible  in  the  schlieren  photograph  but  is 

estimated  to  be  about 1 /10  the  thickness of the  afterbody  boundary  layer. 

The  afterbody  boundary  layer  thickness  varies  slowly  with  distance,  being 

about 0.6 inches  thick, 0 .6  inches  from  the  wedge  shoulder,  and  being  about 

0.8 inches  thick, 8 inches  from  the  shoulder.  The  third  effect  to  be  noted, 

Fig. 8, is  the  distinct  change  in  the bow wave  angle  about  half  way  up  the 

wedge  face.  The  fourth  feature  in  Fig. 8 i s  the  secondary  shock  wave  in 

the  flowfield.  Each of these  four  effects wi l l  be  discussed  in  the  succeeding 

paragraphs.  

Boundary-Layer  Displacement  Effects.  The  pressure  data  in  Fig. 6 ,  

coupled  with  the  schlieren  photograph of the  model  flowfield,  strongly 

suggest  that   the  observed  behavior  in  the  afterbody  pressure  and  heat  trans- 

fer  stem  from  boundary  layer  displacement  effects,   This  hypothesis  can 

be  checked  by  comparing  the  data  with  the  matched  similarity  solution  out- 

lined  in  Appendix B. This  comparison w a s  made  by  matching  the  solution 

to  the  measured  pressure,   heat  transfer,   boundary  layer  displacement 

thickness,   and  pressure  gradient at x / t  = 1.3. The  computed  results  are 



compared  with  the  pressure  and  heat   t ransfer   data   in   Figs .  6 and.7,  

respectively,  and  with  the  boundary  layer  thickness, as measured  f rom  the 

schlieren  photograph,  in F ig .  8. The  matched  similarity  solution  predicts 

the  observed  var ia t ions  in   pressure,   heat   t ransfer ,   and  displacement   thick-  

ness  with good accuracy,  thereby  indicating  that   the  observed  behavior 

stems  from  the  displacement  effect of the  boundary  layer.  This  conclusion 

w i l l  be  strengthened  further  by  subsequent  comparisions. 

Asymptotic  Afterbody  Pressure.   The  above  discussion on  boundary 

layer  displacement  effects is buttressed  somewhat  by  the  comparison of the 

pressure   measured  at downstream  stations  on  the  afterbody  with  theoretical 

estimates  which  neglect  the  boundary  layer  effects.  The  data  and  the 

matched  similarity  solutions  indicate  that  the  rate of growth of the  boundary 

l aye r   i s   sma l l   a t  x/f 2 . 0 ,  and  that   the   pressure  measured  a t   th is  

station  can  be  interpreted  as  the  inviscid  pressure.  

The  method  used  to  compute  the  afterbody  pressure  was  to  calculate 

the  condition  at  the  shoulder on the we'dge face,  taking  account of source 

flow effects32,  and  to  assume  that  in  the  subsequent  Prandtl-Meyer  expan- 

sion,  the gas  remained  vibrationally  and  chemically  frozen  at  the  shoulder 

conditions.   Three  cases  were  considered  for  the  gas on the  wedge  face: (1) 

an  ideal-gas, ( 2 )  an  equilibrium  gas,  and ( 3 )  a gas  in  which  the  inert  degrees 

of freedom  were  partially  excited.   The  f irst  two cases   represent   the two 

extreme  nonequilibrium  limits,  while  the  third  is  intended  to  approximate 

the  actual  condition.  The  nonequilibrium  condition  was  estimated  by 

assuming  again  that  the  oxygen  and  nitrogen  in  the air re lax  as   the  pure  gas .  

It is  recognized  that  the  present  theoretical  understanding of air thermo- 
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chemistry is quite  poor,  and  this  model is intuitive. It assumes  that   there  

is no  vibration-vibration  coupling  between  oxygen  and  nitrogen,  and  that 

oxygen-nitrogen  collisions are as efficient as  oxygen-oxygen  or  nitrogen- 

nitrogen  collisions  in  the  relaxation  process. It is used  for  lack of a bet ter  

model.  The  calculation  was  made,  using'Blackman's  data  for  vibrational 

relaxation31,  by  noting  that  the  most  important  relaxation  process  occurring 

on  the  wedge  face is  0 vibration  which  has a characterist ic  relaxation 

length  about  114  the  length of the  wedge  face  under  these  test  conditions. 

The  corresponding  characteristic  length  for N vibration  is  about  twelve 

times  the  length of the  wedge  face.  Consequently,  the  shoulder  conditions 

should  be  approximated  by  the  assumption  that 0 is  vibrationally  equilibrated 

while N 2  remains  f rozen.  

2 

2 

2 

The  asymptotic  pressure  levels  computed  for  these  three  cases  are 

indicated  in  Fig. 6 .  The  computation  for  an  ideal  gas  and  that  for a frozen 

expansion  from  equilibrium  conditions  on  the  wedge  face  differ  by a factor of 

about 2-1  / 2 .  This  illustrates  the  magnitude of the  nonequilibrium  effect 

which  could  exist  at  these low temperature  conditions,  depending  on  model 

scale  and  ambient  density.  The  elementary  model  for  vibrational  non- 

equilibrium is seen  to  be  in good agreement  with  the  pressure  data,  falling 

somewhat  above  the  data.  This  agreement  tends  to  substantiate  the  hypothesis 

that  the  observed  decay  in  afterbody  pressure  stems  from  boundary  layer 

displacement  effects. 

It  should  be  noted  that  the  pressure  decay  in  Fig. 6 cannot  be  ex- 

plained as  a vibrational  relaxation  effect.  Assuming  the  above  elementary 

model  for  vibration  -applies,  it  is easy  to show  that  vibration  is  almost 

entirely  frozen  within  the  f irst   5-loo of the  Prandtl-Meyer  expansion. 
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Consequently,  any  relaxation on the  afterbody  would  tend  to  remove  energy 

from  the  vibrat ional   mode,   and  increase  the  pressure  toward  the  ideal   gas  

limit.  It is estimated  that   the  characterist ic  length  for  vibrational  relaxa- 

tion on the  afterbody is 227 feet. 

Bow Wave Curvature.  The  schlieren  photograph,  Fig. 8, shows 

that,  in  this low temperature  experiment,  the  oblique  shock  wave on the 

wedge  face  was  not  straight.   There  is  a distinct  bend  in  the bow wave  at 

about  the  center of the  wedge  face.  Using  an  estimated  boundary  layer  growth 

rate dx - 2  
' on  the  wedge  face,  it is found  that  the  shock  angle  near  the 

wedge  vertex  is   in good agreement  with  that  calculated  for  an  ideal  gas,  and 

the  shock  angle  on  the  aft  portion of the  wedge i s  in  good agreement  with 

that  calculated  for  an  equilibrium  gas.  This  behavior  suggests  that a vibra- 

tional  relaxation  process  is  taking  place  in  the  shock  layer,  but  the  fact 

that  the  shock  angle  quickly  adjusts  to  the  equilibrium  angle  does  not  neces- 

sarily  imply  that  the  shock  layer  is  equilibrated.  This  behavior  can  be 

qualitatively  understood  from  Moore  and  Gibson's  analysis . That  work  con- 

siders  the  chemical  relaxation  process  for a wedge  in  supersonic flow using 

small  disturbance  theory.  They show that  near  the  wedge  vertex,  the  dis- 

tu rbance   i s   cen tered  on  the  frozen  Mach  line.  The  strength of this   dis tur-  

bance  decays  with  distance  from  the  vertex,  and  the  disturbance  develops 

into a dispersed  wave  centered  on  the  equilibrium  Mach  line.  The  fact  that 

a dispersed  wave  is  not  evident  in  Fig. 8 probably  results  from  the  schlieren 

apparatus  being  insensitive  to  weak  waves. 

8 

The  agreement  between  the  observed  wave  angle  and  the  equilibrium 

wave  angle  must  be  regarded  as  somewhat  fortuitous  since  the  source flow 
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effect  tends  to  decrease  the  wave  angle.   Hall 's   source  f low  correction 

has  been  applied  here  using  the  second-order  relation  in Y/Ro to  estimate 

the  maximum  effect on the  shock  wave  angle at the  wedge  shoulder.  This 

correction  would  account  for  about  half  the  difference  between  the  equilibrium 

and  the  frozen  wave  angle.  It  should  be  emphasized,  however,  that  this is 

a maximum  source-flow  effect   since  the  calculation  assumes  the  geometric 

y/R0 applies.  Recent  measurements  in  the 6-ft. shock  tunnel". at twice 

the  Reynolds  number " of the  present  experiments show that  this is  conserva- 

tive.  The  applicable y/R0 at  that   test   Reynolds  number w a s  about 213 the 

geometric  value.  This  suggests  that  the  source  flow  effect  in  the  present 

experiment  should  account  for  less  than 113 the  difference  between  the 

equilibrium  and  the  frozen  wave  angle. 

32 

.II 

Secondary  Shock  Wave.  One  effect  disclosed  by  the  schlieren  photo- 

graph,  Fig. 8, is the  presence of a secondary  shock  wave  in  the  flowfield 

between  the bow wave  and  the  model.  This  shock  wave  does  not  appear to 

contact  the  body  surface,  suggesting  that it resul ts   f rom a system of weak 

compression  waves.  Extrapolating  the  shock  wave  position  to  the  model  sur- 

face,  it  appears  that  the  wave  stems  from  some  phenomenon  occurring  near 

the  shoulder of the  wedge. 

A t  f i rs t   g lance,   i t   would  appear   that   th is   wave  resul ted  f rom  boundary 

layer  separation  at   the  wedge  shoulder.   The  apparent  separation  bubble a t  the 

shoulder is  actually  an  illusion.  The  upstream  edge of this  apparent  bubble 

4. 
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These  measurements   were  made  by J. A. Bartz   in   research  sponsored  by 

the  AFOSR  Mechanics  Branch,  Contract No. A F  49(638)-1433. 



is  the  shoulder  expansion  fan.  The  downstream  edge of the  apparent  bubble 

i s   ac tua l ly  a flaw  in  one of the  schlieren  windows,  and i f  that   spot  is   ignored, 

it can  be  seen  that   there is no separation  bubble.  Instead, it appears   that  

the  wave  results  from  the  rapid  expansion  and  thickening of the  boundary 

layer  in  flowing  around  the  wedge  shoulder. 

The  flow of a compressible  boundary  layer  around a convex  corner 

has  received  increasing  attention  in  recent  years,   and  there  are  presently a 

number of approximate  techniques  for  estimating  various  aspects of the 

boundary  layer  behavior. 

One  approach  to  the  problem,  that of Hunt  and  Sibulkin , makes  use 33 

of momentum  integral  techniques  to  determine  the  change  in  m.omentum 

thickness  and  displacement  thickness  around  the  corner.  In  obtaining  this 

solution,  i t   is   implicit ly  assumed  that   the  boundary  layer  profiles  are 

s imilar  on either  side of the  corner .  In  addition, it is   assumed  that   the  

profiles  are  well   represented  by a power l aw,  u/ug - c r / s >  . It is 

recognized  that  both of these  are  poor  approximations.   Nevertheless,   this 

theory  predicts  about 75% of the  displacement  thickness  observed  in  the 

schlieren  photograph.  Consequently, it can  be  used  with  some  confidence 

to  examine  the  rate of growth of the  boundary  layer  around  the  corner.  This 

has  been  done  by  dividing  the  corner  expansion  into 4" increments  and  com- 

pating  the  displacement  thickness  along  the  rays of the  expansion  fan.  The 

boundary  layer  slope  was  then  compared  with  the  local  flow  direction  to 

determine i f  they  were  consistent  with  an  expansion  wave.  It  was  found  that 

in  the  first  15-20" of the  turning  process,  an  expansion  wave  was  not  con- 

sistent  with  the  boundary  layer  slope,  and  that a system of compression  waves 

was  indicated.   This  implies  that   the  secondary  shock  wave  observed  in 
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Fib. 8 could  be  caused  by  the  rapid  initial  thickening of the  boundary  layer 

in  flowing  around  the  corner. 

Another  approach  to  the  problem of a viscous  corner  flow,  that 

of W e i n b a ~ m ~ ~ ,  is to  regard  the  flow  in  the  immediate  vicinity of the  corner  

as an  inviscid  nonuniform  flow,  and  to  investigate  the  turning  process  with 

a wave  diagram. A fundamental  aspect of this  procedure is that  the  boundary 

conditions far downstream  specify  that  there  be no normal   p ressure   g rad ien t  

and  that all streamlines  be  parallel.  These  boundary  conditions  can be 

satisfied  only if there   i s  a wave  reflected  from  the  intersection of an  expan- 

sion  wave  with  entropy  gradients.  The  sign of the  wave  depends  on  the  Mach 

number  before  the  expansion,  and  the  reflected  wave  is  compressive  for 

M c f i  . A basic  difficulty  in  this  procedure  is  that  there is no method  to 

account  for  the  subsonic  layer.  The  assumption  used  in Ref. 34 is   that   the 

streamline  corresponding  to  an  initial  Mach  number, M = I , remains 

parallel  to  the  surface  in  the  expansion,  and  that  the  family of compression 

waves  reflect  from  this  streamline.  The  surface of interest  is  that  along 

which  the  Mach  number  is  unity  since  the  compression  waves will be  reflected 

from  this   surface.  It i s  not  clear  what  shape  this  surface will  have,  but if 

that   surface is concave,  the  family of compression  waves would coalesce 

to   form a shock wave. 

Finally,   there is a third  approach  to  the  problem,  that of Stroud , 3 5  

which is based  upon  the  momentum  integral  technique  and is applied  to a 

curved wall. The  aim  in  this  approach is to  investigate  the  boundary  layer 

response  to a discontinuity  in  surface  curvature.  Stroud's  approach  has 

been  modified  in  Appendix C to  show  that  the  boundary  layer wil l  always  tend 

to  produce a locally  compressive  flow at a convex  corner.  This  conclusion 
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is qualitatively  verified  by  the  boundary  layer  calculation  included as an  

appendix  to  Wagner  and  Watson's  work. 44 Interest   there   centers  on  bodies 

of revolution  with  contoured  noses;  that is concial  noses  with a constant- 

radius  fairing  between  the  nose  and  afterbody.  The  aim is to  show  that, 

for  practical   purposes,   the  boundary  layer  growth  begins at the  afterbody 

shoulder.  This  computation  shows  the  boundary  layer  thickens  rapidly 

near  the  afterbody  shoulder,  producing a local ly   compressive  corner   in  

the  displacement  thickness.  This  implies  that a sys tem of compression 

waves,  and  hence a second  shock  wave,  should  be  present  in  these  flow  fields, 

To  summarize  the  available  theoretical   l i terature,   the  problem of 

a boundary  layer  flow  around a convex  corner  is   approached  from  different 

viewpoints.  However, all these  approaches  qualitatively  indicate  that  com- 

pressive  waves  are  generated  in  this  f low  field.   These  analyses  tend  to 

substantiate  the  hypothesis  that  the  observed  secondary  shock  wave  stems 

from  the  boundary  layer  negotiating  the  convex  corner. 

High  Temperature  Experiments 

Three  high  temperature  experiments  were  performed  in  the C A L  

six-foot  hypersonic  shock  tunnel.  The  reservoir  and  calculated  ambient 

conditions  are  summarized  in  Table 1. The p res su re   da t a   a r e  shown  in 

Figs. 9, 10, and 11. A s  expected, a large  decay  in   af terbody  pressure 

was  found  which is  similar  to  that   obtained  in  the  low  temperature  experi-  

ments.  The  heat  transfer  data,  shown  in  Fig. 12, also  displays  the  same 

qualitative  behavior  as  the  low  temperature  data. In all cases ,   the   matched 

similari ty  solutions  predict   the  trend of the  data,  indicating  that  the ob- 

served  variations  stem  from  boundary  layer  displacement  effects.  

The  theoretical   asymptotic  pressure  levels  in  Figs.  9-11 were 
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calculated  using  the air models  indicated  in  the  figure  and  assuming  vibra- 

tion  and  dissociation  were  frozen  in  the  shoulder  expansion.  The  theoretical 

afterbody  pressures  are  bounded  above  by  the  ideal  gas  prediction  and  below 

by  that  for a frozen  expansion  from  equilibrium flow. The  corresponding 

values  for  complete  equilibrium, a frozen  expansion  from a vibrational  and 

chemical  nonequilibrium  flow,  and a frozen  expansion  from a vibrational 

equilibrium  but  chemical  nonequilibrium  flow  are  shown  within  the two bound- 

ing  values.  The  details of these  calculations  are  given  in  the  succeeding 

sub-  section. 

The  pressure  data ,  F i g .  9,  show  a sizeable  nonequilibrium  effect  in 

the  sense  that  sufficiently  far  from  the  shoulder  the  pressure  appears to 

approach a constant  value  which  is  significantly  below  the  equilibrium  level. 

This  "asymptotic"  pressure  level  l ies  between  the two theoretical  levels  which 

represent   l ikely  l imits ,   l ines  7 and 8. That   is ,   the   pressure  is   less   than 

that  predicted f o r  the  freezing of the  vibrational  and  chemical  nonequilibrium 

model,  but  greater  than  that  for  freezing of the  vibrational  equilibrium- 

chemical  nonequilibrium  model. In the  f i rs t   experiment ,   the   data   are   c loser  

to  the  results of the  first  model,  and  in  fact  are  below  it by  about  only 10 to 

150/0. It  should  be  noted  that  the  vibrational  model  has a significant  effect on 

the  afterbody  pressure,   the  levels  differing by almost  a factor of 2. 

The  conditions  in  test  number 2 are  somewhat  different  than  for  test 

number 1 (see  Table   1) .   In   par t icular ,   the   reservoir   temperature   is   some- 

what  lower,   the  reservoir  pressure  is   lower by about a factor of 1.6,  and 

the  ambient  density is g rea t e r  by  about a factor of 2. The  effect of increased 

density is to  reduce  the  relaxation  lengths  for all processes  on  the  wedge 

face  by  about a factor of 2. Consequently,  one  would  expect  that  more  energy 



would  be  frozen  out  in  the  corner  expansion  with  the  result  that  the  after- 

body p r e s s u r e s  would  be  reduced  from  those  in  the first exper iment .   Fur ther -  

more ,   s ince   the   increased   pressure  wi l l  tend  to  suppress  the  equilibrium 

dissociation  level,  one  might  suspect  that  vibration  would  assume a g r e a t e r  

role  in  this  experiment.   This is reflected  in  the  large  effect   that   the  vibra- 

tional  model  has on the  afterbody  pressure;  a factor of about 2.  5 in  this 

case.  Once  again,  the  data  indicate  an  asymptotic  level  which  is  bracketed 

by  the  two  likely  theoretical  levels. 

The  reservoir  conditions of experiment  number 3 a re   c lose  to  those 

of experiment  number 2. However,  in  this  case  the  model  was  placed  further 

downstream of the  throat   a t  a position  where  the  ambient  density  was  about 

10% higher  than  that  for  test  number  1.  The  increased  density  promotes 

equilibration,  and  one  would  expect  that  the  afterbody  pressures f o r  vibration- 

al  equilibrium  and  nonequilibrium would  be  in  better  agreement  than  in  the 

f i rs t   tes t .   This   turns   out  t o  be  the  case. In fact,  the  difference  between 

these  two  levels  is  only  about 1570 in  this  case.   Again,   the  data  are  bracketed 

. .  

. by these  values.  

The  heat  transfer  data  which  were  obtained  are  shown  inFig. 12. A 

large  heat  transfer  decay  is   indicated,   the  trend of which  in  al l   cases  is   pre- 

dicted  quite  well by the  matched  similarity  solution.  Little  further  can  be 

said  about  the  heat  transfer  since  there is  no complete  boundary  layer  solution 

accounting  for  the  wedge  shoulder.  The  heat  transfer  data do reflect  the  non- 

equilibrium  effects on the  pressure  through  the  parameter ,  p = - - J P  , 

in  the  matched  similarity  solution.  However,  the  pressure  data  are a more 

definitive  test of these  effects.  Consequently,  the  remaining  paragraphs wi l l  

deal  with  the  afterbody  pressure. In particular,  the  next  sub-section w i l l  

P dx 

24 



describe  the  theoretical   methods used tocalculate  the  afterbody  pressure, 

including  an  assessment  of the  vibrational  model  and a discussion of some of 

the  vibrational  coupling  effects.  The  assumption that the air is frozen 

immediately  in  the  shoulder  expansion  fan is considered  both  within  the  con- 

text of Blackman's  rate  data  and  within  the  context of the  more  recent   data  

of Hurle,  Russo  and  Hall.  Following  this,  attention is  given  to  possible 

inviscid  sources of the  pressure  decay  on  the  afterbody  to show that  neither 

source flow  effects  or  nonuniformities  in  the  shock  layer  due  to  nonequilibrium 

could  account  for  the  behavior.  Finally,  the  effects of nozzle  nonequilibrium 

are  considered  to  indicate  that  they  should  have a small  effect  on  afterbody 

p res su re .  

Theoretical  Calculation of Asymptotic  Afterbody  Pressure.   The first - ~" ." . . - - ~- ~- ~ ~ ~ " - .  " -~ 

step  in  determining  the  afterbody  pressure  involves  the  calculation of the  con- 

dition  immediately  behind  the  shock  at  wedge  apex.  These  calculations  were 

performed  for  given  free  stream  conditions  by  i terating on E , the  inverse 

shock  density  ratio,  and  imposing  the  .condition  that  the flow be  parallel to the 

wedge  surface.  The  conditions  corresponding  to  different air models  were 

calculated  by  using  the  appropriate  state  relations. 

The  effects of thermo-chemical  nonequilibrium  along  the  surface of 

the  wedge  were  calculated  using a streamtube  method  by  which  the  equivalent 

normal  shock  problem  was  solved  using a CAL  machine  program 369  37.  The 

chemical  model  used  in  this  computation is  given  by  the  following  reactions. 

1.)  O2 t M "c 2 0  t M 4.)  N t 0 2 c  NO t 0 

2.) N2 t M 2N t M 5.) 0 t N2 3 NO t N 

3 . )  N O t M = N t O t M  6 . )  N + O S N O t t e -  
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This  model is the  same as  used  in  Refs. 36 and 37 except  that  the  reaction 

N 2  t O2 ___ 2N0 

has  been  deleted.  The  machine  solution  for  the  present  conditions  showed 

that  this  reaction  was  unimportant.  The  computed  species  concentrations 

a r e  given  in  Table I1 both  for  the  ambient  stream  and  at  the  wedge  shoulder 

for a typical  experimental  condition.  The  normal  shock  calculations  were 

performed  with  two  different  vibrational  models  in  order  to  assess  the 

possible  role of vibrational  relaxation  along  the  wedge.  In  the  first,  all species  

were  assumed  vibrationally  equilibrated.   In  the  second, O2 and N were  

allowed  to  relax  vibrationally  according  to  the  rates  given  by  Blackman 31 

while NO equilibrium  was  specified.   This  model  is   justif ied to a certain  ex- 

tent  in  the  sense  that   the  extrapolation of the  data of for  Ar-NO 

mixtures  to  pure NO indicates  that  the  vibrational  relaxation  length of NO i s  

the  order of 1 /50  of the  length of the  wedge  face  for  the  conditions on the 

wedge  face  while  that of O2 and N is  comparable  to  the  wedge  dimension. 

The  correctness  of this  length  rests on  the  assumption  that all s p e c i e s   a r e   a t  

l eas t   as   e f fec t ive   as  NO in  equilibrating NO vibration,  which  is  consistent 

with  the  use of the  Blackman  rates  for N and 02. 

2 

2 

2 

The  no-coupling  assumption  may  not  be  justifiable. A numerical 

check  has  indicated  that  the  type of vibration-dissociation  coupling  discussed 

by  Treanor  and M a r r ~ n e ~ ~  for  pure 0 and N plays no role  in  these  experi-  

ments.   Another  coupling  mechanism  is   that   proposed  by  Bauer  and  Tsang 40 

which  involves  exchange  reactions  and  tends  to  increase  the  rate of vibrational 

equilibration. If this  were  an  important  effect ,   then  the  model  employed 

he re  would under-estimate  the  vibrational  excitation  and  over-estimate  the 

2 2 
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afterbody  pressure.  In  any  case,  the  difference  between  the  afterbody  pres- 

sure  predicted  for  vibrational  nonequilibrium  and  that  for  vibrational 

equilibrium  should  indicate  the  possible  pressure  deviation  which  can  arise 

from  these  coupling  effects  on  the  wedge  face.  It is recognized, d course,  

that  other  coupling  mechanisms  could  be  present.  There  is  presently  no known 

basis  for  estimating  these  effects.  

F o r  the  conditions of these  experiments  the  energy of dissociation 

and  vibration  are  approximately  equal  and  together  comprise  approximately 

2070 of the  total  enthalpy  when  vibrational  equilibrium is very  rapid.  The 

static  enthalpy  is  about 50% of the  total  enthalpy  on  the  wedge  face.  Con- 

sequently, i f  the  corner  expansion  is  sufficiently  fast,  about  40% of the  static 

enthalpy wi l l  be  frozen  which  would  be  expected  to  greatly  affect  the  after- 

body  pressure.  

When vibrational  relaxation is allowed,  the  temperature  is   init ially 

higher,   causing  the  dissociation  rates  to  be  higher  than  in  the  vibrational 

equilibrium  case.   The  result   is   that   the  energy  in  dissociation  is   increased 

somewhat  while  the  energy  in  vibration  is  reduced  substantially.  Con- 

sequently,  the  total  energy  which  can  be  frozen  out  in  the  expansion  is  less 

than  in  the  vibrational  equilibrium  case. 

Source flow corrections  to  the  theoretical   shoulder  conditions  were 

calculated  using  the  theory of Ref. 32. For   the  high  temperature   ser ies   the 

source-flow  correction  to  the  afterbody  pressure  ranges  from 2070 to 3470, 
.II 
-0. 

4, 
0,. 

To apply  the  theory of Ref.  32, it is necessary  to  know the  value of R,, the 

distance  from  the  throat  to  the  leading  edge of the  model.  The  following  values 

were  used: 
High  temperature  test  No. 1: = 9. 75 f t .  

High  temperature  test  No. 2: Po = 7. 50 ft. 

High  temperature  test  No. 3: go = 10.23  ft. 

Low temperature  test:  R, = 11.65  ft. 



depending  on  the  test  conditions  and  the  theoretical  model  for  the  wedge  flow. 

The  correction  for  the  low  temperature test was  about 150/0. 

The  amount of energy  recovered  in  the  expansion  fan  can  be  estimated 

by calculating  the  relaxation  lengths of the  various  thermo-chemical  pro- 

cesses  and  comparing  them  with  the  particle  path  lengths  through  the  expan- 

sion  fan.  The  longest  path  length  belongs  to  the  streamline  which  passes 

through  the  intersection of the  shock  wave  and  the  leading  characteristic  from 

the  corner.   Clearly,   the flow  along  streamlines  near  the  body will be  frozen 

i f  i t  is frozen  along  the  longest  streamline.  The  estimate w a s  made  by 

using  the  post-  shock  conditions  corresponding  to  the  vibrational  equilibrium 

case.  

The  relaxation  lengths  for  oxygen  and  nitrogen  vibration  were  cal- 

culated  at  the  shoulder  and  compared  with  the  path  length  corresponding  to a 

turning  angle of 5" .  On this  basis,  it  can  be  shown  that  nitrogel1  vibration 

freezes  almost  immediately.  However  the  oxygen  relaxation  length  is  com- 

parable  to  the  path  length,  although  g,reater, so that   i t   appears   that   some of 

the  oxygen  vibrational  energy is  recovered.  The  amount of energy  recovery 

can  be  estimated  by  computing  the  effective  specific  heat  ratio  for  the  first 

5" by assuming  that  nitrogen  vibration is  frozen  while  oxygen is  equilibrated. 

Then  the  conditions  along  the  characteristic  corresponding  to a 5"  turn  can 

be  computed,  including  the  local  oxygen  relaxation  length.  This  process  can 

be  repeated  for  any  number of angular  changes.  In  this  way,  it w a s  deter-  

mined  on  the  basis of Blackman's  relaxation  data  that  oxygen w a s  definitely 

vibrationally  frozen  after  about a 10'  turn.   Since  the  characterist ic  t imes 

for  dissociation  are  greater  than  those  for  vibration,  the  chemical  processes 

would  also  be  frozen  almost  immediately. 
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The  vibrational  energy  which  might  be  recovered  can  be  estimated 

by  assuming  that  oxygen  was  vibrationally  equilibrated  during the first 10" 

of the  expansion  while NO w a s  equilibrated  during  the  entire  expansion.  In 

this  way  i t   was  found  that   less  than 1470 of the  vibrational  energy w a s  re- 

covered.  Consequently, it appears   that   less   than 770 of the  energy  in  vibra- 

tion  and  dissociation  would  be  recovered  in  the  corner  expansion.  This 

represents  a maximum  recovery of about 3. 570 of the  static  enthalpy. 

Recently,  experimental  data  have  been  obtained  which  appear  to  in- 

dicate  that  vibrational  equilibration  may  proceed  at a significantly  higher 

rate  in  expansion-flow  environments  than  in a post-shock  flow4'.  In  particular, 

it  was  shown  that  the N relaxation  rate  in a nozzle  expansion  was  at  least 

1 5  times  the  value  reported  by  Blackman. 

2 

The  implication of this   resul t  on the  energy  recovery  in  the  corner 

expansion  was  investigated  by  increasing  the  relaxation  rates of O2 and N2 

by a factor of 15  and  repeating  the  calculation  discussed  above.  This  time 

N and 0 vibration  was  not  frozen  until  the flow  expanded  through  an  angle 

of about 20"  and 35", respectively. A conservative  estimate  indicated  that, 

a t   mos t ,  3070 of the  initial  vibrational  energy  would  be  recovered.  This  is 

about 1570 of the  total   energy  in  inert   modes  and  about  7.5% of the  pre-corner 

static  enthalpy.  Therefore  even i f  the  rates  are  significantly  larger  than 

those  given  by  Blackman,  it  would  appear  that  the  asymptotic  afterbody 

p res su re  would  not  be  significantly  affected. 

2 2 

Inviscid  Sources of the   Pressure  Decay. It  should  be  pointed  out 

that   the   pressures   determined  by  the  method of the  preceding  section  are 

valid  predictions  only  up  to  the  point  on  the  body  where  the  reflection of the 



leading  characteristic  from  the  shock  intercepts  the  body.  Consequently, 

source flow  effects  on  the  pressure  in  this  region  are  determined  by  the 

effects at the  shoulder,  e.  g.,   the  change  in  shoulder  pressure  andMach 

number.  Physically,  this  simply  means  that  information  about  source  flow 

effects   are   communicated  to   the  body  by  the  character is t ics   which  run  to   the 

body  from  the  leading  characteristic of the  expansion  fan. If conditions  along 

the  leading  characterist ic  are  uniform,  then  the  source-flow  correction  must 

be a constant  along  the  body  up  to  the  point  where  the  wave  reflection  from 

the  shock  reaches  the  body. 

It  can  be  shown  that  the  region  in  which  the  pressure  measurements 

were  made is  affected  by  the  conditions  along  only  the  first  half of the 

character is t ic   or iginat ing  a t   the   shoulder .   Therefore   the  uniformity of the 

source  f low  correction  to  the  pressure  in  the  region  immediately  aft  of the 

corner   where  measurements   were  made is  controlled  by  the  uniformity of 

conditions  along  only  the  first  half of the  characteristic.  The  Newtonian 

theory of Ref. 3 2  was  used  to  conservatively  estimate  the  change of conditions 

along  this  line.  It w a s  found  that  the  pressure  differs  by  only  about  1. 570 

which  implies  that  the  velocity  must  be  uniform  to  about . 3'3'0. Therefore 

the  source  f low  correction  to  the  afterbody  pressure  should  be  very  nearly 

a constant in  the  region  where  pressure  measurements  a re  made. 

The flow  on  the  wedge  face is  basically a two-dimensional  flow  since 

the  vibration  and  chemical  state  vary  between  adjacent  streamline s. I t   can 

be  shown  that  the  pressure  along  the  leading  characteristic  cannot  be  affected 

more  than  about 1270. This  implies  that   the  velocity  increases by a maxi- 

mum of about 370. The  temperature  at   the  midpoint of the  leading  character- 

ist ic  can  be  obtained  from  the  numerical   results by  reducing  the  length  scale 



by a factor of two.  In this  way, it w a s  found  that   the  temperature  increases 

by  less   than 870 between  the  corner  and  the  midpoint of the  leading  character-  

ist ics,   even  in  the  most  severe  case  considered.  These  results  imply a 

reduction  in  Mach  number  which is  at most  about 1%. Thus it appea r s  

that  thermochemically  caused  nonuniformities  can  be  responsible  for  after- 

body  pressure  deviations  in  the  regim of interest   which  are   a t   the   most   the 

o r d e r  of 1070, which i s  the  order  of the  experimental   error .   Furthermore,  

this  would  be  an  effect  which  would  tend  to  increase  the  afterbody  pressure 

rather   than  cause a decay  such as that  which i s  observed. 

Consequently,  the  combined  effect of these  inviscid  mechanisms, 

which  might  produce a pressure  deviation  from a constant  value,  does  not 

appear  to  be of sufficient  magnitude  to  explain  the  observed  pressure  decay. 

This  lends  added  weight  to  its  interpretation as  a viscous  interaction  effect. 

Effect of Nozzle-Flow  Nonequilibrium.  Previous  estimates42 of 

the  effect of nozzle  airflow  chemistry  suggested  that   the  free-stream  atom 

concentration  had a powerful  effect on the  afterbody  pressure.  Since  this 

w a s  an  unexpectedly  large  effect  and  the  calculations  were  based on some 

numerical  extrapolations  and  approximations,  the  problem w a s  examined 

more  exactly  in  the  present  work  in  order  to  determine i f  the  effect w a s  

rea l   o r   s imply  a r e su l t  of numerical   inaccuracies.   In  particular,  a detailed 

numerical  solution  for  the  nozzle  flow w a s  obtained,  and  the  corresponding 

wedge  flow  calculations  were  performed  with  the  ambient  chemical  com- 

position as  an  input.  The  machine  program  for  the  nozzle  flow  used  the  same 

reactions a s  the  normal  shock  wave  program  (page 25)  except  that  the  reaction, 

N2  t O2 e 2 N 0 ,  was  included  and  vibration w a s  always  assumed  to  be 

- 
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equilibrated.   The  afterbody  pressure  was  calculated  by  the  method  des- 

cribed  above  and  compared  with  that  calculated  in  the  same  manner  for  an 

equilibrium  nozzle  f low.  The  results  indicated  that   the  afterbody  pressures 

a r e  in  disagreement  by  only a few percent  for  both  vibrational  models,  in- 

dicating  that  the  previous  estimates  over-predicted  the  effects of f r ee -  

stream  dissociation.  Hence  i t   appears  that   the  present  experiments  were 

largely  insensitive  to  ambient  dissociation.  This is  not  to  imply,  however, 

that  ambient  dissociation wi l l  not  be  important  under  different  conditions  or 

with a different  model. 

Vibrational  nonequilibrium  in  the  nozzle  flow  has  not  been  accounted 

for.  However,  recent  experimental  evidence41  suggests  that  vibration 

equilibrates  much  more  rapidly  than  expected  in  expansion-flow  environ- 

ments.  Consequently,  the  energy  which i s  ultimately  frozen  in  the  vibrating 

modes  may  be  characterized by a relatively  low  vibrational  temperature. 

This  tempelature  has  been  calculated by  considering  the  relaxation  times 

in  these  experiments,   and is  conservatively  estimated  to  be  about  1600°K. 

This  results  in a frozen  vibrational  energy  which is  about 50% of the  static 

enthalpy  at  the  model  station.  Therefore, a relatively  large  effect  should 

appear  in  static  pressure  and  temperature.   However,   these  quantit ies  have 

a negligible  influence  on  the  rate  processes  on  the  wedge  face  when  the  free 

stream  Mach  number i s  large.  Immediately  behind  the  shock,  the  energy  in 

vibration is  only  about  1% of the  static  enthalpy.  Consequently,  one  would 

expect  that  the  vibration  rate  processes  on  the  wedge  face  would  not  be 

greatly  effected  by  the  vibrational  energy  frozen  in  the  free  stream. 



CONCLUDING REh4ARKS 

The  experiments  with a flat plate  fitted  with  wedge  leading  edges 

have  demonstrated  several   h igh-temperature   effects .   The  tes ts   with a 

small-scale   model   were  made at a high  reservoir   temperature ,  but  with  an 

ambient  density  such  that  the  flow  field  was  essentially  frozen.  The  data 

show  that a consistent  correlation  between  these  high-temperature  data  and 

low-temperature  data  requires  that  a nonlinear  temperature-viscosity  rela- 

tion  be  used  in  formulating  the  similarity  variables. 

The  experiments  with  the  large-scale  model  at a  low tempera ture  

(3300.K) were  made  with  an  ambient  Mach  number  and  Reynolds  number  that 

would  produce  essentially  the  same  boundary  layer  characterist ics  as  in 

subsequent  high-temperature  experiments,  but  with  minimum  real-gas  effects. 

This  experiment  showed  that  the  expansion  at  the  wedge  shoulder  caused  the 

boundary  layer  to  thicken  rapidly to  a thickness  about  ten  t imes  greater  than 

that  on  the  wedge  face.  This  rapid  thickening  led  to  large  displacement 

effects  on  the  afterbody  and  evidently  produced  compression  waves  which  formed 

a second  shock  wave  within  the  flow  field. 

The  calculations  indicated  that  the  gas  temperature  produced  in  the 

shock  layer  in  the  above  experiment  was  sufficient  to  equilibrate  oxygen  vibra- 

t ion.   In  this  case,   the  measured  afterbody  pressure  was  about 2 5 %  less   than 

the  ideal  gas  value.  This  result  agrees  reasonably  well  with  that  predicted 

using  an  equivalent  nonequilibrium  normal  shock-wave  solution  for  the  wedge 

shock  layer,  and  by  assuming  the  flow  to  be  frozen in  the  shoulder  expansion. 

The  experiments  with  the  large-scale  model  at  high  temperatures 

(6600'K) showed  the  same  displacement  effects  as  the  low-temperature  exper- 
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iments,   and  larger  effects  due  to  f low  field  nonequilibrium.  In  this  case,   the 

calculations  indicated  that  both  vibration  and  dissociation  were  partially 

excited,  with  the  energy  in  each  mode  being  about  equal.  This  led  to  an 

afterbody  pressure  about 35% below  the  ideal-gas  value.  These  data  fell 

between  the  theoretical  results  obtained  with  two  nonequilibrium  gas  models. 

One model  assumes  nonequilibrium  dissociation  and  vibration on the  wedge 

face;  the  other  nonequilibrium  dissociation  with  vibrational  equilibration on 

the  wedge  face. 
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APPENDIX A 

THE  EFFECT  OF A NONLINEAR VISCOSITY TEMPERATURE 

RELATION ON COMBINED  BLUNTNESS AND DISPLACEMENT 

The  basis  for  the  present  generalization  stems  from  Cheng's  analysis 

for  the  laminar  boundary  layerz9.  In  particular,  he  shows  that  for  unit 

Prandt l   number ,   for  a linear  viscosity-temperature  relation,  for - 7"' c < l ,  

and  for  hypersonic  small  disturbances,  the  governing  momentum  and  energy 

equations  reduce  to  the  Blasius  equation. If the  viscosity  relation, 

7-+i  

is introduced,  these  equations  become 

(A-'1 

where 

Certain  conclusions  can be reached  from  this  system of equations.   First ,  

i t   can  be  seen  from Eqs. (A-2)  and  (A-3)  that  the  transformed  velocity  and 

enthalpy  profiles  are  identical  as long as the  wall   temperature is constant. 

Second,  the  transformation  leads  to a se t  of s imilar i ty   var iables   for  a given 
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wal l   t empera ture   ra t io   and  a given  value of the  exponent, rc). Consequently, 

it   can  be  expected  that a consistent  .correlation  between  experimental   data 

will  be  obtained  within  the  variables  given  by  Eq.  (A-4) so long as the  effect 

of the  wall  temperature  ratio  and  the  exponent, *I , do  not  vary  appreciably 

between  experiments. 

The  applicable  correlation  parameters  are  obtained by paralleling 

Cheng's  calculation  for  surface  heat  transfer  and  pressure.   Using  the  vari-  

ables  defined by Eq. (A-1)-(A-4),  the  displacement  thickness  becomes 

where A is  a constant  determined  from Eq. (A-2). 

For  the  case  where,  N = 1, A = 1. 

Cheng29  determines  the  surface  pressure  using  the  Newton-Busemann 

relation  for a curved  shock  wave 

where y is the  vertical  location of the  shock  wave  from  the  surface  and  the 

prime  indicates  differentiation  with  respect  to  the  x-coordinate.  The  mo- 

mentum  balance  for  the  flowfield  yields  the  following  relation  for  the  shock 

wave  coordinates  at   zero  angle of attack. 



DM where t is the  body  thickness  and k =  is the  nose  drag  coeffi-  

cient.  Combining  Eqs.  (A-5), (A-7),  and(A-8)  leads  to  the  following  differ- 

ential   equation  for  the  shock  wave  coordinates.  

Introducing  the  following  variables, 

(A- 10) 

Eq. (A-9)  reduces  to 

?E(ZZ& - fl = I (A-1 1 )  

The  variables  given  in Eq. (A-10)  reduce  to  those  used by  Cheng for  the  case 

of w = 1, and Eq. (A-1 1) is identical to the  governing  differential  equation 

solved by Cheng (Eq. (2. 17)  in Ref.  29).  These  results  show  that  the  arbitrary 

temperature-viscosity  relation  can  be  interpreted  rather  simply  within  Cheng's 

theory if we  define a new  viscous  interaction  parameter. 

(A-  12) 

Consistent  correlations  should  be  obtained by using  the  new  viscous  interaction 

parameter  in  the  existing  similari ty  parameters.  

(A-13) 
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It   will  be  noted  that  use of the  above  modified  similarity  variables re-  

quires  a knowledge of the  constant, A, which  in  turn  requires a solution  to 

the  boundary  layer  equations,  Eq. (A-2).  Since  this  constant  enters as the 

fourth  and  fifth  power  in  these  similarity  variables  it   appears  that a c o r r e l a -  

tion  would be very  sensitive  to  the  magnitude of the  constant.  This  sensitivity 

can  be a s s e s s e d  by using  an  approximate  solution.  It  was  shown  in  Ref. 29 

that  the  pressure  distribution on a blunted  flat  plate is well   represented by the 

s u m  of the  bluntness  effects  and  the  displacement  effect.  The  displacement 

effect,  assuming a power  law  variation  for  the  viscosity, is that  given  in  Ref. 

29  with xe' substituted  for xe . Consequently  the  surface  pressure is 

and  the  heat  transfer is 

where 

(A-14) 

(A-  15) 

Substituting  the  approximate  pressure  distribution,  EqdA-  14)  into Eq. (A-1  5) 

yie Id s 

(A-16a) 

Present   interests   center  on dominant  bluntness  effects, a:/cKE,)y3 < 1 and 

Eq. (A-16a)  can be simplified  to 

. .. 



(A-  16b) 

The  effect of power  law  viscosity  relation on the  present  data  can now 

be   a s ses sed   f rom Eq. (A-14)  and  (A-16b).  It  can  be  seen  that  for small 

/ ( K G  ) 2/3 , the   sur face   p ressure  is essentially  unaffected by the 

exponent  in  the  viscosity  relation.  However,  the  heat  transfer  varies as  

&,7(0)z' and  consequently is directly  influenced  by  the  temperature-viscosity 

relation. Now, if  the   pressure  and  heat   t ransfer ,  Eq. (A-14)  and  (A-l6b), 

a r e   c a s t   i n   t e r m s  of the  similari ty  variables,  

(A- 17) 

(A-  18) 

i t   can  be  seen  that   for small values of z6'/(&)6 changes  in  the  viscosity 

exponent  (or  changes  in z: ) cause a change  in  heat  transfer  but  cause 

only small change  in  pressure. 
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APPENDIX B 

MATCHED  SIMILARITY  BOUNDARY-LAYER  SOLUTION 

A boundary  - layer  analysis  for  f lat   plate  model  with a wedge  nose is 

complicated  because  the  boundary  layer  equations  are  valid  at  the  wedge 

shoulder  only if  the  boundary  layer  thickness is much  smaller  than  the body 

radius of curvature.  This  condition is not met  in  the  present  experiments,  

and  consequently, a more  complicated  solution of the  Navier-Stokes  equa- 

tions is required  in  the  vicinity of the  shoulder.  Fortunately,  the  present 

purposes  do  not  require a complete  solution  for  the  corner  flow,  but  only  re- 

quire  that  the  observed  behavior  be  identified as a boundary  layer  effect. 

Consequently,   the  present  requirements  are  to  predict   the  observed  varia- 

t ions  in  pressure,   heat  transfer,   and  displacement  thickness  with  boundary 

layer  theory. 

The  basis  for  matched  similari ty  solutions  in  the  present  problem  can 

be se t  out in   fa i r ly   s imple  terms.   The aim he re  is to  scale  the  displacement 

thickness,pressure,   and  heat  transfer  observed  at   some  point,   station  1,  

immediately  downstream of the  wedge  shoulder,  to  those  at a station  further 

downstream.  The  ratio of displacement  thickness  at   any  station  to  that   at  

station 1 is 

where 

A pressure  gradient   var iable  is introduced, P S ~  and  the  inviscid 

momentum  equation is used  to  obtain  the  identity 
P A* 



A third  equation is obtained  from  the  Prandtl-Meyer 

tropic  flow  deflection. 

Substituting  Eq.  (B-2)  into  Eq.  (B-3)  yields, 

(B-2) 

re la t ion  for   an  isen-  

Differentiating  Eq.  (B-1)  and  neglecting  terms of o rde r  

yields , 
.b 
’P 

which is substituted  into  Eq.  (B-4)  to  yield 

It  can  be  shown  that  the  first-order  approximation is to  neglect  the  last 

term  in  Eq.  (B-6).  This is tantamount  to  neglecting  velocity  variations  in 

calculating  the  change  in  displacement  thickness.  The  governing  equation 

with  the  solution, 

P, 
/” = r - p , ( - x - x , )  

The  corresponding  values of the  displacement  thickness,  pressure,  and 

heat  transfer  on  the  afterbody  for  the  wedge-nose  problem  are 

*It should  be  noted  that  in  evaluating , the  integration is made  for  the 

wedge  leading  edge,  and  that  the  wedge  pressure is much  greater  than  the 

af terbody  pressure.   Consequent ly   terms  l ike ‘ e are  negligible. 7 Ax 
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These  are  the  matched  similari ty  solutions  for  the  f lat   plate  with a wedge 

nose. 

Eq. (B-8) a re  the  matched  similarity  solutions  which  provide a basis 

for  investigating  the  distribution of pressure,   heat   t ransfer ,   and  displacement  

thickness  on  the  afterbody  in  the  present  experiments.   These  f irst-order  so- 

lutions  do  not,  however,  provide a means  for  estimating  the  range of validity 

for  the  solutions.  This  estimate  can  be  obtained  from  the  terms  neglected  in 

the  formulation.  Returning  to Eq. (B-6),  the  complete  solution  to  this 

equation is 

where 

It follows  that  the  next  order of approximation is 

A (B-9b) 
p = l-pl ( f -c,)  +PICZ (x-x,) '  

Two regions  have  been  excluded  from  consideration  in  the  foregoing 

derivation.  The  f irst  is the  immediate  neighborhood of the  shoulder  in 

which  local  similarity  cannot be expected  to  apply.  Explicitly,  this  zone is 

bounded by the  conditions 
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which  correspond  to  the  requirement  that  x / t  Z 1 . 2  in  the  present  wedge 

experiments,   provided  local  similari ty is valid  in  this  region. 

The  second  excluded  zone is the  region far removed  from  the  shoulder 

as  embodied  in  the  requirement  that 

This is not a very  stringent  condition.  Thus  the  solution a s  given by Eq. 

(B-9b)  should be expected  to  hold  in a rather  large  domain. 

The  solutions as given  by Eq. (B-8)  will  be  applicable  only  over  re- 

stricted  ranges  (x-x,)within  this  domain.  This is a direct  consequence of ap-  

proximations  made  in  the  process of integrating Eq. (B-6).  Three  conditions 

have  been  imposed  which  restrict  the  range of (x-x,).  Namely, 

The  range of validity of Eq. (B-8)  is necessarily  determined by the  most 

stringent of the  conditions  listed  above.  For  the  wedge  experiments, P 

ranges  from  about -1 to 0 fo r  x/f 2 1. 2 . In addition M % 3.  5 

and $Yt 1/6.  Then  condition (a) requires  that   (x-x,)   varies  from 

about 1 to 0. 5 as  p ranges  from -1 to 0. Condition  (b)  implies  that 



( x - x , ) ~ ~ ~  var ies  f r o m  about 0.8 to do over  the same range of f l  . It 

is easily  shown  that  condition ( c )  r e s t r i c t s  (x-x,) to  values  between  about 

3 and 4 as p goes  f rom  -1  to  0. Consequently,  one  should  expect  that 

solutions  given by Eq. (B-8) should  begin  to  deviate  significantly  from  the 

experimental   data   a t   about  */t = 2. 1 if the  initial  data  point “yt z 1. 3. 

max 
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APPENDIX C 

THE  RESPONSE O F  A  BOUNDARY LAYER TO A 

DISCONTINUITY IN  SURFACE  CURVATURE 

A detailed  study of this  problem would require  a solution of the  Navier- 

Stokes  equations.  Consequently,  little  reference  to it can  be  found  in  the 

theoretical  literature.  However,  it  is possible  to  determine  some  aspects 

of the  gross  behavior of the  boundary  layer by using  an  integral  approach  and 

examining  the  behavior of the  ra te  of growth of the  displacement  thickness 

immediately  to  the  right  and  left of a discontinuity  in  surface  curvature.  This 

approach  was  f irst   used by S t r o ~ d ~ ~ .  In  the  following,  Stroud's  approach  will 

be  generalized  in  an  attempt  to  explain  some of the  flowfield  phenomena  which 

have  been  observed  in  the  experiments  reported  here. 

The  momentum  integral  equation  for  compressible  flow is 3 3 , 3 5  

where 3 is  the  surface  coordinate. Cp is the  skin  friction  coefficient, 

8 is the  momentum  thickness,  the  subscript e refers  to  condition  along 

the  edge of the  boundary  layer,  and # is the  form  factor  defined as 

H = q 3  
where 6* is the  displacement  thickness.  It  can  be  shown  that 

H "  - 7- 
2 M,' 

in  the  cold  wall  limit.  The  terms  involving  the  edge  conditions  can  be 

combined s o  that  Eq. (C-1) can be written  in  the  form: 



Now the  Prandtl-Meyer  relation is 

where is the  local  inviscid  flow  angle. Now 

tan  a = t - JYi 
ds d s  

where yb is  the  body  coordinate.  It  follows  that 

where /?' and R'r a r e  the  radius of curvature  of the  body  and  the 

boundary  layer,  respectively.  Therefore, Eqs. (C-4) can  be written  in  the 

form 

Now we a r e   i n  a posit ion  to  draw  several   interesting  conclusions.   First  

of all, the  effect of surface  curvature  appears  only  in  the  last   term  whose 

magnitude  must  be  comparable  to  that of the  two  leading  terms if curvature 

effects   are   to  be important .   The  las t   term is very small in  the  flat  plate 
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limit,  and  vanishes  identically  when 

which is about  1. 58 for  a 7 of 1.4. 

First ,consider  the  case  shown  in  Fig.   13a  where a cylinder of radius, 

R,,, , is joined  to a flat  plate.  The  flow  will  always be directed  from  the 

left  to  the  right  in  these  examples.  Therefore  the  problem  considered  here 

is pertinent  to  the  cylindrically  blunted  flat  plate.  Immediately  to  the  left of 

the  cylinder-plate  junction, 

On  physical  grounds,  one  would  expect  that C+ , 6,* and dd’yds would  be 

continuous. If dsws  is continuous  then Me must  be also.   Therefore,   i t  

is  necessary  that  
f 

In   mos t   cases  of interest,  the  boundary  layer is thin s o  that 

Thus a discontinuity  in  surface  curvature  generates a discontinuity  in 

boundary  layer  curvature.  Moreover,  the  effect  tends  to  produce  an  over- 
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expansion at the  discontinuity  which  must  result   in a recompression.  This is 

consistent  with  Schlieren  photographs of this  type of flow  in  which a weak 

shock  was  found  which  appeared  to  originate a t  the  cylinder-plate  junction. 

Although  this  result  was  obtained  for a thin  boundary  layer,  it  is not  difficult 

to  see  that  the  effect  increases  with  boundary  layer  thickness. 

In  the case  where  the  flow  about  the  cylinder is compressive,  as  in  

Fig.  13b,  the  flow  over-compresses  but a shock is formed  in  this  case  anyway. 

Now consider  the  f low  about  the  same  sort  of body  but  with  the  geometry 

r eve r sed  with  respect  to  the  flow  direction as in  Fig.  13c.  Then  it  follows 

immediately  that 

f f 

which  implies  that 

when  the  plate  boundary  layer is thin.  Thus  we are   led  to   the  resul t   that  a 

compressive  flow is generated  a t  a convex  surface.  This  effect is reduced 

a s  the  boundary  layer  thickness  increases. 

When  the co rne r  is compressive,   the  f low  tends  to  expand  at   f irst  as  

shown  in  Fig.  13d.  This  behavior is qualitatively  verified by Holden's 

schlieren  data43  obtained  with a flapped  flat  plate.  These  data  suggest  the 

flow  initially  expands as indicated  in  Fig.  13d. A shock  will  form  in  this 

case  anyway  and  the  boundary  layer  would  not  be  expected to change  the  ap- 

pearance of the  flowfield. 

Of particular  interest  in  connection  with  the  experiments  reported 

he re  is the  behavior of the  boundary  layer  at a corner.   The  corner  geometry 
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can  be  regarded as a combination of two cases  already  discussed,  Fig.   13c 

and  13a.  Assuming  that  the  boundary  layer is init ially  thin,we  can  imme- 

diately  write  the  result  for  the  upstream  surface  curvature  discontinuity, 

Fig.  13c,  which is 

where R, is the  corner  radius.  For  the  downstream  discontinuity,  the 

previously  derived  results  for  Fig.   13a  indicate  that  

Although R is not  known,  one  might  suspect  that  the  second  term  dom- 

inates  when  the  corner is sufficiently  sharp, i. e . ,  
4, 

When  the  corner  radius is sufficiently  large  no  discontinuity  in  curvature 

appears ,  as one  would  expect.  Therefore,  it  appears  that a locally  com- 

pressive  flow  generated by boundary  layer  thickening  should  appear  on a 

convex  corner  which is sufficiently  sharp.  The  qualitative  boundary  layer 

behavior is sketched  in  Fig.  13e.  The  similarity  between  this  sketch  and 

the  Schlieren  photograph  shown  in  Fig. 8 strongly  suggests  that  the  mechan- 

i sm  descr ibed   here  is responsible  for  the  corner  shock. 
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TABLE I SUMMARY O F  TEST CONDITIONS 

Reservoi r   Condi t ions  
Ambient   Condi t ions   a t  

the  Model  Station 

T e m p e r a t u r e   P r e s s u r e   D e n s i t y   R a t i o   V e l o c i t y   M a c h   R e y n o l d s  
Tes t   Ident i f ica t ion   Fac i l i ty  ‘K ps  ia P/& F t l S e c   N u m b e r   N u m b e r / i n  

La rge   Sca le   Mode l  

High  Temp. No. 1 6-ft.   Shock  Tunnel. 6650 16,  700 2. 2 8 ~ 1 0 - ~  14.  900 16. 3 2680 

High  Temp. No. 2 6-ft .   Shock  Tunnel 6200 9,   900 5. ~ O X ~ O - ~  14,  580 12 .0  3940 

High  Temp.  No. 3 6-ft .   Shock  Tunnel 6250 1 1 , 0 5 0  2 . 4 7 ~ 1 0 - ~  14,  750 14. 3 2320 

Low T e m p e r a t u r e  4-ft.  Shock Tunnel 3290 3. 820 6. O ~ X ~ O - ~  9,  370 15 .0  9210 

Smal l   Sca le   Mode l  

H igh   Tempera tu re  6-ft .   Shock  Tunnel 6570 15,  620 5. 26x1  0-5 14,  800 22.4  1082 

Low T e m p e r a t u r e  4-ft.   Shock  Tunnel 3180 750 5. 7 5 ~ 1 0 - ~  9 , 2 1 0  17.5  1216 



TABLE 11 SUMMARY O F  GAS COMPOSITION 

CONDITIONS O F  FIRST HIGH TEMPERATURE 

LOCATION X 
N2 xNO  xO 

FOR 

TEST 

xA xN 

Freestream'"*" . 161  .736  .0692  .0241 9 . 2 3 ~ 1 0 ~ ~  

Wedge Shoulder":' .1248  .711  .0731  .0809  8.94~1 0-3 6 . 0 3 ~ 1  0-4 

.b .SI 

J, 
1- 

X. mole fraction of species i 

Vibrational  equilibrium is assumed 

1 
+ :: 
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