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SUMMARY velocity potentials are given Iiy the following ex- 

BODY of revolution is assumed to move recti- A linearly in a perfect fluid, and the motion imparted 
to the fluid separated into its axial and transverse com- 
I)oiients. The velocity potentials for these two types 
of motion are well known and may be expressed in 
series of ellipsoidal harmonics. Analogous to a gen- 
eral theorem given by G. I. Taylor, it is then shown in a 
simple maimer that the kinetic energy of the fluid 
external to the moving body depends only on the coeffi- 
cients of the first terms of the aforementioned series 
and 011 the volume of the moving body. 

INTRODUCTION 

A geiicral result obtained by G. I. Taylor' showed 
that if the velocity potential of the fluid external to a 
1)ody moving without rotation be represented by a series 
( ) I  spherical harinonics, then the kinetic energy of the 
fluid depends only on the harmonic terms of the first 
degree in the expansion for the velocity potential and 
011 the volume of the moving body. In the present note 
tliis interesting result is reexamined in connection with 
the rectilinear motion of bodies of revolution. 

It is well known that, when a body of revolution 
iiioves without rotation, the motion imparted to the fluid 
limy be regarded as made up of two component motions 
--an axial flow and a transverse flow. The respective 

1G. I. Taylor, The Energy of a Body Moving in an I n  nite 
Flirid with a n  Application t o  Airships, Proc. Roy. SOC., g r i e s  
A. 120, August 1928, pp. 13-21. 
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where P,, ( p ) ,  QPL(  A) are respectively Legendre fuiic- 
tions of degree n of the first and second kinds; aiid 
Pn' ( p ) ,  Qnl  ( A )  are respectively associated Legendre 
functions of degree 11 and order 1 of the first and 
second kinds.2 

The kinetic energy T of the fluid may be obtained 
from the following surface integral : 

whcre the suffix i indicates that the integratioii extciitlb 
over the surface of the moving body a i d  a+/arb denotes 
the component of the vector grad in the direction of 
the outward drawn nornial to the surface of the 
moving body. 

Furthermore if U ,  b' are respectively the axial aiitl 
transverse components of the velocity of the body then 
the kinetic energy of the fluid may be written as:  

- 

-_ 2T -A U Z + B V  (3) 
P 

the tertii involving UV vanishirig because ol the longi- 

2 H. Lamb, Hydrodymicics,  Fifth Edition, Cambridge Uni- 
versity Press, 1924, pp. 132, 133. 
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(7) 
z = k h p  \ tudinal symmetry of a body of revolution. In what fol- 

lows it will be shown that A,  B depend respectively 
only on the coefficients AI, B1 of the velocity poten- 
tials Qia, Qit and on the volume u of the body. The 
proof of this result involves the use of Green's second 1 hen choosing as parametric curves of the surface 
theorem, which states that A = I,,,, the orthogonal coordinate lines o = variable, 

p = constant (circles with center on the X-axis) and sls( $ I % - $ Z ~ )  d u z s o ~ (  $ 1 2 - # 2 $ )  d a  (4) o = constant, p = variable (ellipses formed by the 
intersection of the surface 1, = ho anti the meridian 

surface is gi\.ell l,y alld I by (>,, ,,)/ 
a ((is,, ds,) that : 

y=k(X2-l)"(l-p"x cos w 

~ = k ( X ~ - 1 ) ~ ( 1 - p ~ ) ~  sitt w 

,. 

where the suffixes i, 0 denote respectively integratio11 planes 0 = constant), it follows, since the eleniellt of 
over the inner and outer bounding surfaces and where 
+2, +1 are two functions satisfying Laplace's equation 
in the region of integration. 

Keplacing @ by @a + at, Eq. ( 2 )  takes the forill 

a+,, - tla E?! tls,ds, 
at1 a s h  where the last term on the right-hand side is obtainctl 1)) 

virtue of the reciprocal relation : 
I'roiii the equations of transformation (7)  it inay 

he shown that 
at1 

CALCULATION OF a, aaa/atL (/a 
st s 

The boundary condition for axial flow is given by 

where 1 is the direction cosine with rcgartl t o  tlic X 
axis of the noriiial drawn from the surface of the niov- 
ing body into the fluid. 

It follows then that 

Supposc now the moving body to be enclosed I)y a11 
outer surface, and apply Green's theorem by choosing 

ds,=k(- h2-Pcc? ) !" dp 
1 -p* 

ds,=k(l-p*)~~ (A*-l)>. t lw 

Heiicc 

(S) I 1 da=k2p(hz - l )  dwdp 
: I d  

?!?ih~=k(h~-l)  % d d p  
atL bh 

Su1)stituting for from Eq. (1) and making usc o I  
Eq. ( 8 ) ,  the integral over the outer surface appearing 
on the right-hand side of Eq. (6) becomes: 

2 7 1  

$1 == U x  and q2 = %. Eq. (4) then becomes: so I( 5 2 - ha )(la = k2 ( A i  - I )  ? A s s s  
0 - 1  

R = l  

") lo S( l1.c 3 - ~ [ r . , ~  bX -) 11g J,J(- 1 u2x - u*,- d a  = 

usi s 1 @,,da = - U2.v- U so $( z 2- l*,)du (G)  

d8 dn aw at1 x [ ( 2;) - Q,, (Xd]  P I',, (P) d w d p  
k X 0  

KeplacingstS x1 du by u (the voluuie o l  the liody) 
and a x lbn  by I ,  the above equation becomes : According to the definitions of the zonal harmonics of 

the first and second kinds : 

P = I ) , ( P )  

'I'he choice of the outer surface is arbitrary but it 
wggests itself, in view of the fact that the velocity 
Iwtentials are expressed in terms of spheroiclal coordi- 
nates, to choose one of the members of the confocal 
s j  stein of closed coordinatc surfaces (cllipsoitls of rev- 
olution about the X axis) belonging to this systelll of 
coortlinates, say the one defined by A = ho. This being 
(lone the next step is to express the integrand of the 
wrface integral on the right-hand side of Eq. (6) in 
terms of spheroidal coordinates. 

'The equations of transforniation f roni rectaiigular 
Cartesian coordinates to spheroidal coordinates are as 
follows : 

CASE FILE COPY 
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or from Eq. (10) 

(12) 
8 
3 

CALCULATION OF 

-$1 $+,$da=- V2v --a Vlc2B, 
Thc boundary condition for transverse flow is given 

CALCULATION OF J J - @ l ~ d a  

where $12 is the direction cosine with regard to the Y -  The boundary cuiiditioii for axial inotion liciiig 
axis of the outward drawn nornial to the surface of 
the moving body. Hence 

--%/an = ZU, it follows that 

r f G t E n j G =  Lr f f l , s  ,7- 

- J i J  an J (  J *.rl"" a@l da = vS,J mat au 
Then choosing il = U x  and 
yields: 

= @ t ,  Green's theorem -L$. dn 
r 7  1 lien choosing G1 = Try and $2 = at, Green's theorem 

and since 
and noting that 

a% - bX - -mV(oii the surface of the nioviiig body) and - =1 - 2 = rn, $i $ myda = o an 3n an 
it follows that it follows that 

Again, suppose the outer surface to be a spheroid de- 
lined by A = ho. Then According to Gauss' theorem 

and Furtherinore, when the integrand of the outer surface 
integral appearing on the right-hand side of Eq. (13) 
is expressed in terms of spheroidal coordinates it will 
be seen that cos o appears to the first power only. 

H ~ ~ ~ ~ ~ ,  

3 aa = k( x 2 - i )  2 do ap (11) 
bn. 

Substituting for at from Eq. (1) and making use of 
Eq. (11),  the integral over the outer surface appearing 
on the right-hand side of Eq. (10) becomes : 

cos = 0 it  follows that: 

or that the product term vanishes in the expression for 

This result could have been obtained by noting that 

the integrals  $@ 3 da is proportional to the product 

( d~)LF*O-AoQ, ,L(XO)]  rXf (1 - p z ) i  P,' (P)  cos2wdw & the kinetic energy of the fluid. 

According to the definitions of the associated Legendre 
functions of the first and second kinds: 

0 -1 

. t a n  

and 

U V .  Then, because of the longitudinal symmetry of a 
body of revolution if I/' is replaced by -V the kinetic 
energy of the fluid is unaltered and therefore the co- 
efficient of UV must vanish. 

.\Is0 EXPRESSION FOR THI: ICINETIC E:NI:RC;Y T 

0 if n f l  

3 

Substituting from Eqs. (9), (12) into Eq. (5) ,  the 
kinetic energy of the fluid is given by: 

' I'hcre f orc c=(p A ,  ) ( 4.k3 B ,  ) (14) 
1 VU?+ --- P 0 kU- 21 k v - l  



. 

1, the inertia coefficient for transverse B, /i,=- L -_ 
21 kV 

;Tk3 

flow. i 
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or comparing term for term with Eq. ( 3 )  

Thcref ore 

1 1 Y=k,,.-MCJ’+k 9 M V1 
2 ‘ 5  

where M is the mass of fluid displaced by the body 
and 

.I !TP 
1. ---- A’ 1, the inertia coefficient for axial flow 

2, k U  LU - 

u 

These remarkably simple expressions for the coeffi- 
cients of inertia k,, kt, have already been obtained by 
C. Ferrari3 by a method based on a consideration of the 

Carlo Ferrari. SuZ cambo aerodinamico attoviro ad un sn1id:i 
siltiriforme, Memorie de& R. Accademia delle Scienze tli 
l’orino, Scric 11, vol. LXVII, N. 4, 1932. 

sink-source and doul)let distributions along the axis of 
symmetry of the moving body in conjunction with 
&Iuiil;’s thcorem on sinks anti sources. ‘ 

CONCLUSION 

‘J‘lie results of this note, containe(1 in Eq. (lG), hwwc 
Ijcen ol)tained without the iieccssity of introducing ex- 
traneous features to the flow, such as sinks and sources 
inside the nioving l)ody. Jt is to be further noted that 
rotational motion was not included. The reason for 
excluding this type of motion is suggested by the 
choices necessary lot- tlie arbitrary function il appear- 
ing in Eq. (4). Thus, fur axial flow $1 was taken 
equal to U x  and for transverse flow equal to Yy. It  is 
known that Ux and Vy are thc velocity potentials of 
the rectilinear flows which must be superposed on thc 
fluid and moving body in order to render thc latter 
stationary. However, tlie rotational flow which nlust 
be superposed 011 the fluid and a rotating body, in order 
to fix the body in the fluid, does not possess a velocity 
potential and it therefore appears impossible to treat 
this type of motion in ;I iiianiier analogous to that for 
rectilinear motion. 


