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ABSTRACT

/2/90
The problem of subharmonic liquid response in a
container subject to vertical, axial excitation has
been solved to the second approximation": by the
method of perturbation, employing characteristic
functions. Application of the integral equation me-
thod has been made so that numerical construction
of the Neumann function and the characteristic func-
tions is possible, at least, for convex axial sym-
metric tanks. The method can be easily extended
to determine the liquid response in an arbitrary
tank but its limitation depends on the size of the
computer, the accuracy desired, and the cost in-

volved.
H

* In this report, the example is carried out only to
the first approximation.
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SYMBOLS

maximum radius of the tank in cylindrical coordinates
defined in Appendix G

maximum radius of F, for an axial symmetric tank
binomial coefficients

characteristic function of s| order and s, degree

elliptic integral of the second kind

mean free surface; z = 0 plane

free surface

the Fourier sine and cosine coefficients of the nonhomoge-

neous term in the free surface condition of the ith
approximation [c.f., Equation (26a)]

}(11’ 5), 'f(ll’kc) see Equations (37a) and (37b)

Int. ()

(1]

Green's function of the second kind; Neumann function
% £
)‘m g

downward gravitational acceleration or added regular part
of the Neumann function

singular part of the Neumann function
liquid depth
the integer part of () less or equal to ()

the unit matrix

iv

f A,_“

R T T T e e vz cud g Tsahde e s TR EY -




* ey PN .-

-

K(ql)

u,v,w

X, Y, 2

Zb

p: 0, 2

SYMBOLS (Cont'd)

elliptic integral of the first kind

outer normal

a positive integer

ullage pressure

static pressure

spherical coordinates with origin on Fo (Fig. 1)
magnitude of the velocity vector

time

X, y, 2 component of velocity, respectively
surface of the wetted wall

amplitude of vertical tank oscillation
rectangular coordinates, z positive upward
vertical tank displacement

angle between two vectors r and r'

6 -6'

Kronecker delta, §;: = Ofor i# j, 8:=1fori=j

ij ij

free surface elevation
density of the fluid

cylindrical coordinates
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SYMBOLS (Cont'd)

velocity potential
mth characteristic function
frequency of subharmonic oscillation

kth liquid sloshing frequency near which the subharmonic
oscillations occur
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SUPERSCRIPTS AND SUBSCRIPTS

quantities associated with oth approximation

the fth component of ith approximation

mth component of the £th harmonics of ()

sine component of the £tB approximation of ()
cosine component of the #th approximation of ()

nth cosine harmonic of the mth component of the £th
approximation

1
nth sine Harmonic of the mth component

is not an average value of but related to ()

iivig
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INTRODUCTION

The problem of fuel sloshing is an important factor in the dynamic
stability of a spacecraft. Relatively extensive theoretical and experimental
researches on this subject have been reported. A tuel sloshing monograph
(Ref. 1) is in preparation by Abramson, et al., for designers and research
workers. Consultation can alsc be made to References 2 and 3 for literature
prior to their publication, respectively.

Most of the literature known _ouverrs linear fuel sloshing due to
the latcral motion of the containers Near resonance, ro*ational and
nonplanar motion were nbhserved (Ref. 2). The stability baondary of a
circular cylindrical tank has been predicted by Hutton (£ci. 1) through a
simplified third order theery. The same theory had heen =; vlied to non-
linear force responses in ccnparimented tanks (Ref. £ .. lair agreement
with experiments. Nonlinewa1 ghell responses ¢f br»-'! ..y modes had been
observed and reported in Reference 6. These phe. ....¢na include softening*
of zero force respon:e, jump in amplitude and instability to beat-type shell
response with nonsinusoidal periodiz low frequency liquid motion, (Refs. 6, 10).
Quantitative nonlinear analysis for a breathing tank would be laborious as

evidenced by the prediction of the natural frequencies (Refs. i1, 12)

*For standing gravity waves in a rigid rectangular tank, there is a transition
depth below which the liquid amplitude increases with the frequency (hardening),

Refs. 7,8,9.




which may require as much as ten terms or more in shell modes; 2 qualitative
theoretical study, whichisin progress, will not be presented herein.

The problem of vertical (axial) excitation was prohably first
investigated by Yarymovych (Ref. 13) for a rectangular tank, while the
large amplitude surface waves were studied earlier in References 11, 12.
Taylor (Ref. 14) obtained 1/2-subharmonic motion due to lateral excitation
when trying to obtain large amplitude wave profile near the lowest resonant
frequency. Yarymovych analyzed and measured 1/2-subharmonic vertical
excitation. The measured surface response curve in Reference 13 is in
good agreement with the third order theory (Ref. 4), although the error of
prediction increases with the maximum surface displacement as expected.
Capillary waves, spray, and effect of damping were also discussed in
Reference 1?. Subsequently, Dodge, Kana and Abramson (Ref. 15) studied
the subharmonic motions in a circular tank under vertical (axial) excit=tion.
The stability of harmonic response was shown to be governed by the Mathieu
stability diagram which was converted to stability regions in an amplitude
versus frequency plot. The 1/2-subharmonic motior. was observed and
compared with a third order theory. The theory yielded fair amplitude
responses in comparison with measured data.

In Reference 16, the finite amplitude standing wave in an arbitrary
tank was studied by Moiseev. It also indicated how the analysis can be

extended to the Kravtchenko problem, a tank with a partially moving wall.
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Furthermore, Moiseev considered only superharmonic response to the
, excitation fcrce and did not indicate how the characteristic function could
. be constructed.

The present paper follows Moiseev's approach, employing a
perturbation method and characteristic functions for the subharmonic
response to an oscillatory axial excitation. The integral equation rr'lethod
for the numerical construction of characteristic functions analogous to

= that in Reference 17 is devised, so that actual prediction or correlation with

experimnents can ce made.
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FORMULATION OF THE PROBLEM

In the vertically oscillating tank-{ixed coordinates (Fig 1), the
equations of motion* are
?_u+ug+vi1.+w§_ll::__l-22 (la)
ot Lx dy oz p; Ox
L
OV L oy 4,V GOy __ 1 9p
at ox oy oz P1, oy

at | ax oy oz p, 0z
L
where the last term is the inertial acceleration due to the vertical oscillation
zp, = %, cos (Nat) (2)

Assumirng that the flow is irrotational, there exists a velocity potential

such that

Ve = g (3)

e

where g is the velocity vector in the oscillating frame. Integration of
——
Equations (la-c) yields the unsteady Bernoulli's equation in the oscillating

frame

P (4)

L +[g- Nzc,.azxo cos (Nut)) z+-R-+-;- q% = £(t)+
P1, P1,

at

where p, is the constant ullage pressure and {(t) can be absorbed by the
velocity potential & The continuity equation and the irrotationality
condition yield

vie = 0 (5)

*All equations will be given in the tank-fixed coordinates unless specified
oth:.rwise.
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COORDINATES AND BOUNDING SURFACES
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Assuming that the tank is rigid, then in the tank-fixed frame the normal

velocity to the wetted wall, W, must vanish, i.e.,

Qr
o

= 0 on W (6a)

Q

"
1l

On the free surface F, assume that the free surface curvatures are small
so that the surface tension can be neglected. Further, assume that the
gravitational acceleration is not small so that the surface elevation will

not be too large for applying the free surface condition on a flat plane

z = 0 through Taylor's expansion. The dynamic conditionis p = p, On
F and
ig-i—[g-Nzwxo cos {Nwt)} z+lq,2 =0 on F (6b)
at 2 Zz = p

Finally let the geon.etric equation of the free surface be
z - L (P)es 0’ t) = 0 (7)

Then the kinematic condition is

w = a;’i._—_ ig_+‘:/_9;a_§_+i§_§§_
oz ot 3p dp pdO pad on F (8)

It seems convenient to use the cylindrical coordinates in whi_ch the unperturbed
frozen free surface is z = 0.

In this report, the initial conditions will not be imposed, as partof
the general solution, which depends on the initial conditions, will be damped
out in a real system with damping. The part annihilating the secular term

must exist* in order to render definitely a nonlinear periodic solution.

¥There is some argument which indicates that secular terms can appear in
a finite term approximation (Ref, 18).




METHOD OF PERTURBATION
In this report, the analytic problem will be solved by the method of
perturbat-n, employing characteristic functions.

Let ¥, be the mth characteristic function sai:isfying the Laplace

eqguation and the conditions of

o,
= 0 on the wetted wall (9)
on
and
9z = xm\I’m(x, Y,O) = )\m\IrrAx, y) (10)
tz=0

Assume that the tank is axially symmetric. For simplicity, the character- .
istic function, ¥,,, will be said to be proportional to cos .m6). In reality,
there could be more than one mode for the same cos (m#) variation. For
finite term approximatione, one may consider
= E (11)
‘l‘m 5182

where, letting S . and M, be the number of columns and the number of

total elements of Eslsz’ respectively,
m = Spylsy - 1) +s, (11a)
oy = Int.(B=L) s (11b)
S
mx
8, = m-8 5«
mx (11lc)
0<s,sS ., 0<s, < ,0€msM
2 mx 128« A ‘mx




and the m'™M characteristic function is proportional to cos (519).

For the mtP vibrational mode of infinitesimally small amplitude

without motions of the tank, the free surface elevation and velocity potential

are, respectively,
(£r) :
Im = Al (o y)sinlogt) (12)
(13)

$e) = AgW {xy.,2) cos (uyt)

where
(14)

V(X y,z) = hm/ G(x, y,z:x'y") 0) g, (x',y') ds
F

It is understood that
(l4a)

Y (xy,0) = ¢ 65y)
After the characteristic function is defined, one may expand the

velocity potential, & and elevation, {, into a power series of a small

parameter
a) .
®=¢ & ¢, € (15a)
n=g
@ n
t =€ Z t € (15b)
n=Q

Moiseev in Reference 17 defined a nondimensional time

t oy
T = l %) h n (lbd)
+
n=0 1 <
In the present problem, one must further assume
© -k (16b)
)
1+ 2 h, "
n=0

«*
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so that cos (Nwt) in the time dependent coefficient will be cos (N7), a function

of 7. Let the nondimensional tank amplitude be
X
o = * 17a
5 Xo* € (17a)

This is a simplifying assumption as xo/a may be also expanded into a
power series oi € as t, but there wili be more than one unknown constant
for a given x,. If ¢ is defined as the amplitude of the tank motion, x’g =1,
then as amplitude approaches zero, w = w/h, which is not amplitude
dependent as shown in experiments for a circular cylindrical tank (Ref. 15).

If ¢ is taken as a parameter defined by the frequency w, one may assume

w = S (17b)
hO +hl€+h2€f‘

where hl # 0 will be shown for 1/2 subkarmonics, N = 2. For N = 2,

h, # O will also be assumed later, With the exception of x¥ in the
equation, the superscript star will be used to indicate a nondimensionalized
quantity; length being nondimensionalized by the maximu~: vadius, a, of

the tank and frequency by the kth natural frequency, w,- Then one has,

for instance,

2 2
Mog® = ol = wpfon (182)
X (1) X
¥ = . yV,2); % = ’l‘ {18b
¢, mz;ocbmwm(x y.z); ¢ zioeiq’z )
¥y, 0 = 2 6%y (xy) (18c)
1 m=0m 'm



acpi,‘l o .
az*_] = m2= O¢mkm¢m(x, y) (18d)
z=0
L W >
¥ = = . L% = > * 4 188)
9 nzomvmé £=o§f€ (
The second superscripts ¢ and ¢ will be used to designate gquantities
associated with sine and cosine harmonics, respectively; e. g.,
£ © o
gin) = Z gg’;l)cos (nT)+ X gg’:,l)sin (nT) (19)
n=0 "’ n=0 "

The boundary conditions on z = 0 are derived in Appendix A.

By equating terms of equal powers of ¢, solutions by the method of

perturbation are found. Approximations up to the second order are given

in the present study.
th . .
Zero ~ Approximation

In the zero'h approximation, components of the velocity potential

are governed by

.-Z ,k *
9 ¢ 99
——-—021 + g* hg 0 -9 (20a)
aT dz* .4
3¢ »
gx = - 1 2% (20b)
0 g*hy 97T
It can be shown by Green's theorem that the characteristic functions
tIJm(x, y) are orthogonal on the plane, z= 0. The m'P component of e;:
Equation {20) is ' f
=
24(0) (0) %
9% 9¢. Y.
= 4+ gkhf —— = 0 (21) o
ar? a2k i
b

W e
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i.e.,
2240
o7z *howkieh = 0 (21a)
form = k ""1";12 = 1
2¢(1?)
2
-—a;—z—- +hséy = 0 (21b)
The oscillation of the period, 2w, in the nondimensional time 7
is sought in the present study.
Assume that w”;n is not an integer except when m = k, for which
w*m = §. Thns, in Equation (22b)
hO = 1] (22) _
o0 = 5 (4% cosT + 4,(1?'](8) sinT) (23)
¢‘° ©) - Axgx or ¢( ’S) = Bkgk (232, b)
From Equations (20b), {22) and (23)
0 9 & »
§1(rn) = ‘Smkq"k[;l,k) nT + g(l e )cos'r] (24)
(10 3 = ax, L(O °) = .px (24a, b)

In the first approximation, it will be shown that either A* = 0 or B¥* = 0.

In order to have a linear velocity potential inphase or out of phase with the
velocity of excitation, A* # 0, B* = 0 will be selected. Otherwise, the choice
might be determined by a stability analysis.

In the case where B* = 0, the velocity potential and surface elevation

th

for the zero™" approximation can be written as

¢35 = ki N ¢(QC)¢mcos(nT)+moi N ¢(05)

sin(n'r)
m= ln ]

il ¢(0 \p cosT (25a)

I A A Vil e e o . o i e ™
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“ o 2 3 (% st Bz (09 in(n7)
EO m=1 n=0§nm lJJm s r.=1 n:lgn, qusmn
= (02 sinT (25b)

whare

(0,¢) . 3(0,c) 4 5(0c) 4(0,5) _ £(0,5), =(0,5)

Pom = ¢ nem ténm P Pam T ?nm T ®nm (25aa)
with

+(0,c) _ . 2(0,8) _

nm =0 nm = C (25ab)

=0,c) _ (0,¢) . T(0,s8) _

¢nm 6n?k&nlc’)l,k P Pam T 0 (25ac)
and

(0,s) _ 3(0,s) ,7(0,s) (0,¢c) - 7(0,c) 4 7(0,¢)

Com = bam *eom tom © bfam T inm (25ba)

§0s) - o ; 00 o g (25bb)

_(0’ 3) — (0’ S) . —-(0: C) -

nm = OmkOn1t1x 5 tam = O (25kc)

First Order Approximation

In the first apprcximation, one collects the second order terms
to get

3261 2ol N+1 N+1

otgl, == fhSlsin@mn+ 2 b eosnr) = ry

oT 9z n=1 n=0 (26a)

The dynamic condition yields
b3
1 L) (3¢o )
¥ = o h —= — L&
i FEa °a-r+h1 5y T 2gXLE by

2 o) 1.
- NPghak 132309, 1,3P%) 2
NgExk cos (N7) + 3 iz;lho Py Lt N v on F  (26b)

In general, cn F_, by expansion into Taylor's series and recollection of

equal power terms, the dynamic and kinem: ‘ic conditions are:
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Qb
gk + 1 "7 Ry (27a)
h,g* oT n
oL¥ 9¢n
. ~——= 0 h — = 27b
or 0 9z* Rkn ( )
where Rdn and R, are given in Appendix B and C, respectively, for
n
n = 0,1,2 and 3. As a result of Equations (27a,b),
n2, z 9R
9% .2 ,97¢n _ dp _
——a-;z— 4 hog* E'-Z— = hog* - hog*Rkn = Rn (27¢)
Foz convenience, the cylindrical coordinates will b . employed
in which dx; (i=1,2,3)are
dxl = dr, dx2 = rdf , dx3 = dz (28)
It is found that
y (l s) - Bx* )
f ZX*B*(N N)Smkan N+l+ 2 x*(N +N)6m,k5n,N-l
* 2 0
1 1 7 %%
-Zg*hﬁ ) B +— [:Z—z-f )\p ds. 2
+k ", 2 =1‘-o'rnFax?
2 1 2 2,2 2 (1, s)
MNTT .[q'k"pmds] (A*Tg*™ - BX )Gn,Z * fmna (29a)
am F
db ) - Lpagi® nds ¥ lx*B*( N3 +N%)s
nm 2 mk n N+1 mk 9 n, N-1
1
-2g% - AXBkgkl c——
28 hlsrn,ksn, IA* A*B¥g 5n.2 i=1 [ g i[(ax*) m 4

nm

+ e —4 2y ds.l + gl :) (29b)
J
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whore
(1,s) 1,,.2 2 2 .2 ! azq’k
farma = dm, k E(A* - B=7) 8y, 2 hog* T f“"‘k 5k 2 q;mds
Am F
2 2 1 ok o
+Ax B b 25— S b o e, s g (29¢)
an F .
2
9"y
(lr ’:) = 2 \2 Rk __L 15—
fnma"hog:f (- A*B )611,2(S kc_z quk ,,ZLP ds
:.m F azfﬂ
wie | ’L 1 awk
- 2g* (A*B")Bn,Z—a—g' f q,k__\pmds (294d)
m F 9z*
In order to have periodic first approximations, sne must not
have nonzero resonant harrnonics. Hence f(n;s) and f(IIILC) must vanish,
One has
(l,s) _ 1 _, 3, 2 _ : ,
£y = Eng*(N tN)8) - 2g*h;B* = 0 /30a)
(30b)

f(II»kC) = ;ng*(-N3+N2)51’N_I-Zg*hlA* = 0

As stated under Equation (24), the inphase or cut of phase solution

1s selected for which

Bx = 0 (31a)

g - %

_ L1 N3+ N2)s __To -0
hy = 2g% 2 O I,N-1 = - 61,N=1 o 6N, 2
(31b)

The discarded solution is
A¥x = 0 (323.)
P&

=3-2 (32b)

R S S B
hy = 2g+ ;7 MNTFNDE Ny = g ON, 2

lu.’l‘k&w Faond -

ks o

L

L
LFER G e

’
2%

v

)



14
For 1/2 subharmonics, N= 2. If A*# 0, B = 0, then
.xai
=z —— <0 * = £
hy g¥x = g ‘°12<a (33a)
I¥B*x# 0, A* = 0, then
Jx=-
hy = -2 >0 (33b)
*
g
If h, term is negligible,
_ Wk
7 1+ (34)
In the first case as ¢ —» 0+, xge r>mains a given positive constant, the
limiting frequency is higher than W+ In particular. the limiting values
are in good agreement with experiments (Ref. 15) of a circular cylindrical
tank. 3
The first order solution is completely determined with
N+1 N+1
g(l) ;(l s), sin (nT) + Z g(l C’ cos (nT) (35)
m n-
’ N+1 N+1
(1) = Z‘ 4>(l » 8), sin (nT) * E ¢(1 )cos (ur) (36)
where (1 )
£ (1= 6,1 6,1)
(1 a) l s) 1,s). ~1,s) _ nl%mk
B $n'mm = Fa/m* a1 b 1_<__{k P ®am T g*_nz (37a)
———— £ m
{lie)
(16 416 1)
(l c) _ (l c) (1,¢). q(l,c) _ ‘hm nl%mk
®n, m $ m *8n1 mkzlk ! $nm N * - nl (37b)
_.._...c.___—-———-— gm
o ‘ l,c
g(1.s) LS £ )(l- Smkénl)n _ #(l,c)s
’ ~ g* gk, - n’ wlalimk nl
- + Ry A*gk 5 151 - NoxkA*s . (6 -6 )2+ Tafls®)
127 8% OmkOnl SA*Omk (6y, N+1- O, N - 15
(1, 3) : ( »C)
. EZ g £1,k  Smk®nl (382)

s R o TP S N e et - 5 .- _ - ~es T LT e ok e s BT T Lotk MR
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{
(o) 1 [fan®M1- bmibln)n | 2(L,s),
th,m - 2 +11) " Smkbnl
g g, - n
+ 1 }% (Axgx)?| 2 f(z—)a-‘pk)z ds (6, +5_ )
2 ;-1 2 9x. Y 2 'n,0 n, 2
O.m 1
1.,.2 1 . (1,¢)
+ > Xk LZ F[q;kq; ds] (Axg#) —Z-(Gn, o 6n )TT(,
m
1, s)
s asZs (s 5. =31ic) ik s s
2 ®m,k B, 27 %, 0180, m - 5w SmkBnl  (3gp)
g“ <) = o (38¢)
=(1,s) 1 Nxgax :
le = . —*{hIA*g* + —— N, 2} (38d)
(1, s) 1 1 2 (1, S)
Tdy m = ( an,0+25n Z)A* . fq, u,md Td = 0 (38e,f)
a%, F

have to be determined from a third order equation by the

(2 s) ~(2,¢c)
and flk

fk
condition that the solution is oscillatory anl nf period 2w, or the coeffi-

cients of the first harmonics in the nonhomogeneous terms must vanish

From fl(lzc’ s) 0,

S R AN

from f(Z,c) = 0 ) “%‘
1,k ! Kt
(Z)f(li( s) 4 a(lzz)f(lt c)- R(Zza)_h 2g% gl(?.s) (39b) EA

where ,, 45’
(121) = -4h 5, (40a) :;
iy = 0 {40b) % =

- /

P
- —
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a3 = o (40c)
a2 = o (404)

Equation (39a) determines f( ! S). Equation (39b} yields h; as a function

of the constant A* and tank displacement x*. fl(11< )i is a constant which will

be damped out in 2 real system; hence, it is assumed to be zero.

The nonhomogeneous terms are

) _ o 1 O vy (1 ¢) (0, s)
Rla 'rz [ f *3x* llJkd] [ ¢ ;

=21 i=1 Lo fox
L (1) (6 cf'} Lgoo_g i§1 II%Z }[%%"% b ds-
: R A (1a)
Ria = - 3 Vg (- o) Oy St ot ('%NZ"Q)
ve AL SRR e 00 )
ametly) el -L g {»m—fﬁ .
g;:;qu ds} -1 g{ (0,9 46l Shyans. :2 }!4'{’;4*5 }H(liac)
k (41b)

2 2 2 2
For N # 2, hl =0, a(ll) = a(lz) = 3(21) = a,(zz) = 0. Both A% and hz

are determined by Equation (39b) and F juation (39a). Both 'f(d(’ 8) and 'f(ii' c)

y are set to zero. Since ¢ is still arbitrary, one may use A*¢ as the given
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liquid amplitude. Further investigation may be necessary to show if this

process leads to a valid solution.
The second approximation (third order terms) has not been

=(2,¢) g(l?-. s)

completed but can be determined similarly with two constants f1 K K

governed by two conditions of no secular terms.

CONSTRUCTION OF CHARACTERISTIC FUNCTIONS

Method of Separation of Variables

It is easy to show that for rectangular tanks and circular cylindrical

tanks, the characteristic functions and eigenvalues are

YAy 2
Emn = cos(—rﬂx—)cos(g}i)cos}{ -r%--i- % (z + h) (47a)
20 bo \Y a§ b
2 2 2 2
Amn = /-m—2+ S tanh, /%-+ -"—Z—h (47b)
ag by ag by

and
Amn(zt h)
Empn = Jyn(imn -s)cos (mG)cosh( - . (48a)
A = }-229- tanl-(—-———)\mnh )
mn a a (48b)

where a, and b, are the length and the width of the rectangular tank divided

by 2w, and t:he-Xmn are the roots of Jx"n (an) = 0

These characteristic functious were constructed from the method

of separation of variables; they were probably not recognized as character-

istic functions. How.ver, it is well known that this method is not suitable

for general application.
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Integral Equation Method

The characteristic functions satisfy the Laplace equation, ard the
boundary co‘nditions are given in Equatiors (9) and (10). The characteristic
function on the free surface can be determined by the integral equation,
Equation (14), with z = 0, provided that the Neumann function on the
boundary is known or can be constructed. The Neumann function is
singular on the boundary when the field point and the source point coincide.
For a spherical tank, a numerical method for constructing the Neumann
function was given in Reference 19. The Neumann function constructed
was symmetrical and yielded satisfactory eigenvalues. However, Reference
19 finds an addition to a known Neumann function which possesses constant
normal derivative on the wetted spherical tank wzall., For a general tank,
it is easier to construct the required Neumann function directly. It will
be seen that the incomplete elliptic functions do not enter the present
methcd, and thus considerable time can be saved for computing matrices
of a higher rank. The increase of the rank of the matrix is due tc the
presence of integrals onthe wetted wall which can be eliminated otherwise.

In principle, the addition to a unit sink is to be found numerically
to yield the Neumann function. The characteristic functions are calculated
next. Then the coupling integrals and the normalizing constants are computed

with the numerical knowledge of the characteristic functions at a finite

number of points.



Let

G = G, +g(P, Q) (49)
oG _, . _ -1

5 = k) = Ap ¥ Ay on Wand F (50)

W and F' are the wetted wall and the free surface, respectively.

yield
9 ¢y
¢, = G(P, I) dsy = A, G(P, 1) $ ds; (52)
FO BnI FO

where

o, = ¥, (x,v,2), ¢, (x,v,0) = ¢, {x,y) (52a)

For practical purposes, the tank will be assumed to be axial
symmetric.

Let

Py = $v(1‘,0')cos(v9); Yy = -\EV(P:U'FO)COS(VB) (53ab)

Green's theorem states that

B 96 _ 4 3G
¢—W-!F (Gﬁ-‘ban)ds ’ (31)

A new definition of ¢ can be made to absorb a constant term* and

- Ay f" T
¢,(r, 0) =(m : ({ ¢VG(r, g,0;r',0',8')cos(v8*')do'deo (54)

Integrating Equation (52) with Equation (53) yields

*As a result, the average value of ¢, over W + F is zero, i.e. ,f¢vds = 0.
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XV b 211’ ZTI'

WP = 6r6[ Oj T, Glprop 10ip"s 0 ,8')cos(v'0)cos(v0)d6'd8p dp!
B,(0) = A, [H (6. 01T, (0" dp' (55)
0

ﬁv = ﬁov+Hv (56a)

2w 2w
3 Golprop »0ip's0 10" 0)cos(v8')d6'de

2w 2w
B, =——— [ [ glp.op 8ip' op 6')cos(v0)cos(10')d0'd0 (56c)
14 (1+60V)" 3 3 gips o’ P Fo' S
#"p) = Vo 3, p) (57)

(n)
y  1s governed by

#2(p) = 2 ,,6!' (8, (e p') Vo, 51 47 (p")dlp (58)

Analcgous to Reference 19, Equation (58) can be approximated by

the matrix equation

(2o}t {2}

where _

Avie = Hyge * Cix (eor
i E el 4] oo
“Vik " 2|4 j=4K-3 j=4i-3

Ci = 7 [Cux* G (600)
H(()o) - "/-;.1_1'3 ﬁov (rs, rj) ' (60c) -

——
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First one must evaluate I-I.ov and then Cji. For simplicity, the sink alone
will be contained in G,. ﬁov has been expressed in terms of elliptical
functions in Appzndix G. The integral equation governing the added part
h 1is (Ref. 19) -
I3 _ ds; &
\/rprQh WIpr gl = -W+ F [JO v(I QI ror [Nrp riH, (rp rv)]-q H
xpanzs, [ 1F (T ANT oW A
1 ov_ 7 _ Y0y QTN IyTph L. r
W+F I
o
i R
[301,(1 Q) ][ rII'ph (1, P)T (61)
Let 3
= hor.r. ) NT. 1. (62a)8
gvii hv(r1'_]’-~ Ti¥; (62a)&
HY) = VrgE, ir5) (62b)
Yij
3‘,,_ \/; i Foulrir ) (Note the order of j and i) (62c)
n
where Gov is given in Appendix G. Then, taking b = 1, Equation (61) _
becomes
1 w ] d Z
1 (o) r; 2
- J o, H\ 4y, - H (—-J-) + rido;
z vy 5[ Vig Vit ;[ &"jz “iN \ do; - 17
c==
2
2 ™ dr:\2 - .
- 4w f (12) (__.1.) ¥ rJ2 '\/rirjdwJ -4
AptAy T j4 dtrj 3%
2
4 (0). =
ova va_ d Ty VEiTide
F w0 J ) L
—_— -
F dr.\2 5
r 2
- j dp. - : \/(_—J-) + (r.)%de: (63) o
; JVug"ij P; ;;r J"jlgvij &, (r;)"de, ¥
*The symmetric property of gv prov1des a check of the precision and the ?
correctness, ij ; i
3 e
L] Ll ] - ey Ssiini———" . — | ——— — el B N e ."‘l T _..-." _
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where

J H dr\ % 2 .
= . = 2 —_— + [ ,
AF ™; AW 1! ﬂr'\/(do‘) r°do (63a,b)
_ ' 2 .

Equation (63) can be solved by the four point midpoint iormula as done in

Reference 19.

Let N = number of basic intzrvals on F,, Z\TT = total number of

basic intervalson F_+ W. For j < 4NF

o
A A
.= r, = =<+ (j-1)=d 64aa)*
P f 3 G-1 3 ( '
A =1 (64ab)
J
N
Jvy, = Fvu (64ac)
| i >
. Forj 2 4NF +1
1 AR, =X 1 (64ba)
R ! 2 Np-Ng
: ry = r(trj) (64bb)
1 -~ ) Z‘j ™ .
, = - + - - — o —
o 5 Aj (j-4Np-1) 7 > (64bc)
dr.y 2
g, = --J-) + r2 64bd
ijl ijl do'j rJ ( )
For i £ NF
~ 1
A, = — (64ca)
i Np
A, )
Py = Ty = 3 +(i- 14, (64chb)

*Subscript j here for integration variables.
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A =T -
I 2Np-Np

A

= .t s _ A I
o, =5 +(i-Ng DA +7
ri‘—'r'(ci)
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(64da)

(64db)

(64dc)

Then Equation (63) can be approximated by the following matrix equation

21c] = -M] -[c][D]

The element of C is

Cik = 8v,
The element of [D] is
4k R,
D, = B
ks 2 3
j=ak-1 * T

where
4 ~
M= 3T Qg o)
il i1 4 Vij ¥ij
4Nr % .
M2 = . s 4r 2 =1 Hp)
i
i ov Ap+tAy &1 4 U j
For j < 4N
fij = \Jrirj
’

(65)

(66)

(67)

(68)

(68a)

(68b)

(68ba)

[“ o
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dr. - A
' = —L N rory
fl_] (dcrj) + T Ty (68bb)

r; is given in Equations (64cb) and (64dc). Cik is given by the matrix

solution

[c] = T:'LM‘L' (69)
5[] +D]

The symmetric property of Cik should serve as a check of the accuracy

and correctness.

After the Neumann function is found, the characteristic functions
can be solved numerically from Equation (59). Then the coupling integrals
can be calculated numerically, Some notes are given in Appendix I. After
the coupling integrals are evaluated, the free surface evaluations can be

calculated over one period from its series expansion,

Numerical Finite Difference Method

It is possible to write a relatively general computer program for
a domain with irregular boundaries to determine the characteristic
functious as well as eigenvalues, (Ref. 20). It is hoped that the integral

equation method is more economical,
EXAMPLES OF 1/2 SUBHARMONIC LIQUID SLOSHING

The 1/2 subharmonic oscillations of a liquid in rectangular tank is
calculated for comparison withavailable experiments (Ref. 13). The theoretical
results based on three assumed modes (m = 0,1,2, n= 1) are shown in
Figure 2 and are in good agreement with experiments. The disagreement
increases with amplitude of liquid motion,as one would expect from a

first approximation. The approximate theoretical solution is:

%«M ‘5‘ | I Reer TR Conaleliteta N LR "“"‘"il T T L} L - ""i‘l” - TN R N, ——
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© = !

w
. 2 1- *-.1_ *2 *2
xb be +Ao /16

AT E (1-3x)) AF ; A¥ = A%e
as k = 2and gx = 1. x?j is the nondimensional amplitude of excitation.
A¥ is the amplitude of the linear *erm of the first harmonic.. A*T is the
approximate total liquid amplitude at 7 = 90°, which is approximately
one half of the maximum amglitude.

In general, the limiting value of zero amplitude 1/2 subharmonic

response is given by

. xF ,(xg)z (70)

The theoretical values based on Equation (70) are compared with

experimental values (Ref. 15) in Table 1.

TABLE 1. LIMITING FREQUENCY RATIO
OF A CIRCULAR TANK

m m =0, n=1 T m=1, n=1
x:/g* . 0242 . 0403 . 0173 . 023
(""o/“’k) theo. ! 1. 024 1. 042 : 1. 018 1.022
(wo/wk) exp. 1. 023 1. 022 2 1. 014 1. 024
h/(2a) 1/4 1
- 4
B g g ; i .;....i-‘.u.\. e et e vt e e o4 bty M o et
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Preliminary unpublished data of a spherical tank and a sector tank

were also compared with the theoretical value, bv* the agreements were

only iair (Table 2).

due to geometry of the tank.

TABLE 2.

LIMITING FREQUENCY RATIO FOR A
SPHERICAL TANK AND A SECTOR TANK

The main difference is most likely caused by damping

1/4 Sector Tank

Tank Shape Spherical Tank
Mode m=0, n=1 m=2, n=1 m=2, n= 2

xg‘ 0. 00853 0. 00642 . 01364 . 01364

w5 €PS 3.1 (=xp) 3.1 (exp) 2.476 (theo) 2. 776 (theo)
wgs CPS 3. 16 (exp) 3. 125 (exp) 2.52 (exp) 2. 845 {exp)
g* . 2666 . 2666 1/3. 054 1/3.832
(wg/w?) theo. 1. 032 1. 024 1.043 1. 058
(wo/wz) exp. 1. 019 1. 009 1. 017 1. 026
Remarks d=2a=7.625" ) d=2a=9.75" -

h/d = 1/4 h/d=1

Ne example to show the new procedure of numerical constructiorn

of the eigenfunctions has been made at present.
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CONCLUSIONS AND DISCUSSIONS

A theory to the third order is developed for subharmonic oscilla-

tions in an arbitrary axisymmetric tank., This theory is applicavie to a
regular sector tank if the partitions are sufficiently rigid. The direct
suppression effect of the tank wall on the free surface has been neglected.
This effect does not exist in the rectangular tank or the cylindrical tank
since the side walls are parallel to the z-axis.

For a rectangular tank, the frequency amplitude response is in
good agreement with available expe.iments. In this example, the new
procedure of generating ch*aracteristic functions through integral equations
is not needed; hence, an example, such as a spherical tank, is desirable
to examine the new procedure.
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Derivation of the Bounda1v Condition: on Fg
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APPENDIX A

Derivation of the Boundary Conditions on Fo

The following relations were employed repeatedly to obtain boundazry
conditions of equal powers of € on Fy fromEquations (6b) and (8).

The product of two infinite series,

o) fo) o o0 o o) ! o
m=0 n=0 m= 0n=0 = 0m=

The product of three infinite series,

© (o'e) o0 o0 00 ¢

Z hy Z fm Z gn= T hy ’2 Z 8 _mim

n=0 m= 0 ml=0 n=0 £=0m=20

fe's] k |
. = Z Z h P = gl f (A2)
k=0g=0 <~ m=0 *f-mm

Higher order products can be obtained analogously.
One may either expand 2very term in Taylor's series from the free

surface F to the mean free surface F,, or collect equal powers on F then

recollect them after expanding each term from F to Fp. The latter was

employed for collecting terms up to €.

Only th ..ondimensionalized equations are given in the following

(length nondimensionalized by a, velocity by w) @, acceleration by wia).,
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The components of the vynamic free surface condition are

sk
1 9%
g*h,, oT

Ld = - (A3)

oo L2 (290, ) N2 %
Z.l = -g*hz h, Y + h) = h8oho ) - Lo cos (NT) x¥
)

_;_ ¢ (ffﬁ)2h§+%(a¢°)2ho+’r§l} (A4)

i=1 ax’;

e P,
2 g*hg aT 1 ar

2 0dh, 2 Py 0¢h e
¥ Zl[hlho(-—*-g) +nd °]+ 0 1,2

ax’f Oz* Oz*

e *
+ hyhg (az* ) + sz} (A5)

+ g¥[2h)hotd + (Zhzhgthy) gT + (2h3hg + 2hyhy) g
N g*x*cos (N7) +| (h,h, + h ) 2 295 24
- g X¥ COS T 2bhg z % axi

2

5 5i¢
1 3¢o) 3¢ 9¢)
1 1

% ook
B AP L0 +a¢§a¢3
dz* Jzx/ =~ O 1—16x%‘ ax?‘ 9z%* Qu¥

2 947 94] 0¥
1 1°% ( 1)
+t= X + T* A
2i=18x¥ ox¥ "2 \ 3 ds (46)

where ’1":1 's are given in Appendix B.

n
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The components of the kinematic equations are

=0

+h

agx dp* a¢™
i3 N 1=_{_h 0

z —2 2%« }

Lozt = 0,.p ox¥ ox¥ k;

3¢, a¢% 3¢} D% 2 a¢’5 a;’g
——£ _ hg =-4 - ha “hp—24+n z 0 20
oT dz* T Jz¥ oz* i=1 axif‘ ox¥
2 O4f oLy
+ T —
h2 i=1 ax’ik ax>ii< * Tkz
arx o ¢X d ok ¥ 9dx
1.33 ) h ¢3 - ) h ¢0 ¢1 : ¢2
F) 0 gz% 379z% ~ C9zx 1 gz
en, 2 3¢ a;’s+h 2 (3«#1 3Ly  8¢h a¢’f)
231 o ox¥ | Liz 1 \axF ax¥  ox) ox}
. R % R %
e 2 (8¢é“ 9Ll o1 ALY . 3¢¢ 8;’5) s T
0 .2 \oxF ox* ' Bxk dx*  Ox* ox* k
1—1 1 1 i i i i 3

where Tﬁn's are given in Appendix C.
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APPENDIX B
Expressions of R4 in the Dynamic Free Surface Condition
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APPENDIX B

Expressions of Rdn in the Dynamic Free Surface Condition
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9¢
1 n
Kt —mee — = (B1)
go hug* oT dn
1
€ :
Rg, = 0 (B2)
2.
° Ry, = —2—-— a¢°+2-7=~=h) N2g* cos (NT) x*
d = - g ggb- o) - gocos x%
2 )
1 2 (%o) 2, 1 (%3) 2
= + = hg + T B3
Y22 el P07 \5 07 g, (B3)
1
= . h +h **+ % (h +2hh *
2
2 <6¢o) 2 990 941
- g*x*cos(N'r +.E 'ﬁ ax* + 08x’i5< e
odf 06 5 L (28)
% B4
\ t 32% 5% B0 * hiho (5 +Td2 (B4)
€ " *
1 9¢5 943 9d 2
R, =- h) —=+ hy — + hy — + g*[2hyhgt* + (Zhohg+h$) %
d, g*hg{la'r 25+ hy o=+ g*[2hyhoty 2hothy) £%
+ (2hzhg + Zhihp) g4 Nzgéxg cos (NT)
1 2 2 9%h 9¢p lh2<a¢=g>2
2 890 3¢ 3¢03¢1) 2/ 2 342 390
t2h)h ( §1 dx¥ ax* * oz ook * By kiflax? . ax;“
363 o 2 i
2290 1 2 241 2¢l l(am) ]+ - (B5)
oz* 9z% 2 i:laxf 6x* 2 \Qz* dj
Lo ] o T I niy W

'--;-ih‘-i—i‘-il-— oy - I - I
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where Tdn'

s are the added terms due to Taylor's expansion from z = ¢

to z = C.
' T* = T+ + € T* + ¢4 T + 0(¢€d {
% & i € i '3 Td3 () (B6)
T* = 0 (B7)
dg
- 2°8} by
d, " %6 3702* (B8)
2265 , L85 2% of. % 8%
T* =h g* + ;0 ho 1
d, a-raz* 2 9Tdz*l 9T9z* 979z*
2 % %
2 %% o 9
s 2 ond— 20 290, ., g "4 248 (B9)
i=1 Ix¥dz* ax* 0 "0 U pzk2 gzx
3 24’0 %4y 2 %y
T* =h0 > — + (Xg¥ -~ Z ——
d3 0Tdz* 0°19T109z* 6 °0 . i=1 ax*yaq-az*
' 92 4* 2% 2 3 %
) 93 3
+ g* ( 0 ¢l + hl 4’0 ) + iQ (ho ¢1 -+ hl ¢0 )
. l 31’32* a‘raz* v 2 a,raz*z a,’.az*z
2 4% 2% n
0\ 037az% © Mla7az T P25Taow =7 Doty dx0z* OxF
2% o4k 2 3% * 2 2
+hg *a ¢0 itg é E_Qg*z ( 9 ¢0 34’0 + 0 '1’0 ) q’o )
$192+2 9z  i=1 2 0 axgaz*z x¥  Bxdzk IxFdzk
h& 2 3834, o h 2 2
-_6 » __7% 2% *2 4. 5;*2(3 ¢°)
2 i=1axk%9nk 9ax O 2 0\ 542
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APPENDIX C

Expressions of Rkn in the Kinematic Free Surface Condition

agk EEXS
-h =R
37 ~ O3zx  kn (€1)
Rko = 0 (Cz)
L3 b *
LY 2 9 9L
=- 4 -hy—+] —— ——— } T% C3
Rial { 152+ 0 i‘_z j 9x¥ Bx* Tk!} (©3)
- 1 1
{3 3dp 2 248 aLh 2 a4} agh

Ryz = - {- LS ey oz¥* hza x hy iflax* ox¥ * ho iE ] Ox* Ox*

2 945 9L,
+hy T ——=+ T
Oi=18x’i" 3x2‘+Tk2}

3dp 26} T 2 ddg Ly
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i 1 1 1
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Teo=0
52
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(C5)

(C6)
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2 aLhH 9°¢ arE 8°¢
T}, = .5 (ho—-—q 0 g*+1ho—§£———°-§*2)
i=1 Bk Dx¥dz 1 2 Vaxx gxxgzx2 °0
1 i
2 2
/ 3°¢% aLh 3°¢7 oLy
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—
=
ot
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050 9x*9z* oxx*
1 1
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2
3¢y ot} x)
09x*az% gx* £
1
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2 % 3.% 4 %
hg 9“4 ) hg @
- [_ g g% + hg ¢9 g*§*+—9-—¢9 g3
2 9z* z 9z%3 071 ¢ g,x4 70
* d R
] [‘n ¥4, , 834’1] L5 [3245 o%f  _ 9%4b h
Vourd 093] 2 Loan2 O g2 152 g b0
(C10)
where Ty 's are the added terms due to expansions fromz = { to z = 0.
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APPENDIX D

)
Expressions for £(2:8) i (2 )
nma nma
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m:lam
N+2 (1,s} 1
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WP I M LI s D ana SuAR 0 e RN, s et TR tm v e« e e ) T e e = - *

Vi



43
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bk “—1“m £=1 1+80,
‘ N+2
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pAS

s) 1
k ol
T
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AL, 8) AL,¢)

— r'or n = 1, there are no first harmonic terms fl k of 1, k present in Eqs. (Dl) & (D2)
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APPENDIX E

Expressions for f(‘“':) and f(2 c)
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+Nzx?)l:§1§;1nf)(8n,N+l'an,N-l+6n,£-N)-2—
- g¥hy Al o)+ 6y, 2% 723 hl"lé‘ J (iq"k') P
i=1 ¢ g Oxk
¢(0 c)g(O s), *g(o s) °z° %_1__ : Ay B,

Ym Jx* 9x*
m=1i=1 axi Bxi

2 4
am F

, C) 1.
'lzlq’ﬁﬁ (8p, g1 " On, 441 % 8n,1.4)5"
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(0,¢) & 1of
-6 PR N &8 Vs
lkﬁlzlkmzc’ m'k 1=1

[0 0]
*oy g1 780, 1-07 L yl0c) B AR —— Jo wids Z ¢ =
n, xX- n, - lk fr-)_Zl kmﬂ,lgn_ ¥ m'k _ z,m

2
) (Gn,1+1+5n,£- - an,l~£)+ fn, ma

The last term is given in Appendix D.
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N+1
(0,c) 2 1 ST (L, el
- AR e —
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The last term is given in Appendix D.
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APPENDIX F

Evaluation of ﬁov (P, T;

Let G, be the anit sink

i

Go (P, 1) = - = Go(r,s,0;r’,¢',8') (F1)

47Rp; 41"'\rr2~lv r'2_-2rr'cos¥y
cos‘; = cosocosc' + sinosineg’ cosy (F2)
vy= 6-08' (F3)
. \ fﬁj}ﬂ'
H, (P,I) = ~——————— G, (p; p'; cosv;oa')cos(vl}cos(v'6 )d0'd6

ov (1+60v)1|’ 0 0 ° ) !
w
= Go (p: p'i cosv;9, 0') cos (vy)dy (F4)
0

Let 8 = % ,» B'= % - B 2nd change the other primed quantities to variables

with subscripts I and the unprimed to variables with subscript P.

2
H,, (F.1) = = f / sy

ov To [r2+1'2- er'cos(ﬂ—ﬂ")+4rr'sm63inalsmzﬁ]1/2

/2
_= ] {-1D¥cos(2vp') dp' (F5)

KR e
where
,- .
Ry = Nrpt rf - rpryeos (op +oy) =
\V 4rprysinop sin o

4 = PI"R' — "

tl

I e T
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From formula No. 484 of Reference 21, one has

v
cos{298)= Z a,, sinzmﬂ (F8)
m=20
where
a = 1 form=0 (F9a)
m -»2m- 1 ¥
ay =2 {(v+m- 1} form > 1 (¥9b)
{2m}! (v -m)!
Using Equation (F8),
— 1 v
H = z a,,V,.(q,) (F10)
o v
v Rtlﬂ- p= 1 [T A
where
™ . 2p,
v, (q) " f sin B __ 4p (F11)

0o V1i- q:;-sinzp

Using the reduction formula on p. 59-60 of Reference 22

v =——1—-{(2;1-2)(1+qf)vp_1-(2p-3)v“_2} (Fl2a)
(2 - l)q% .
n/2 4
Vo = K(qy) = B (F12b)
J1 —q%sinzp
_ 1 , _
V1 = = [E(q;)- Kig))] = Diq;) (Fl2c)

4
As q_l-’O, the above formula (F12a) appears singular, but it should be
finite, so a precision problem would be encountered for 9, small. How-

ever, the biromial expansion of the integral leads to

-1/2 2n_ jynNw Dintp+1/2)

o0 .
= Z C
v Zon Y 2 T(n+p+l) (F13)
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where the binomial coefficient (No. 189, Ref. 21)
‘3 '%('%'””' - C3oatl) 3-5 (2n- 1)
. 2 - & - 2o o -len-tt o
C. " 2 46 -~ - (2n) (-1)* n21
1 (Fl4a)
2
C,” =1 {F14bj
and the guotient
i
P+t
N ‘ "2)=1'3-5---(z;+2n-1;3_ (F15)
2 TI'in+tp+l) 2-4.6---(2u + 2n) 2 ’

Egquation (F13) can be employed for 4 small.
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APPENDIX G

Evaluation of ¥, (Q. 1)

The definition of fov is

S 21 aGO(rQ, Iy CO£Y, 0 0Q)
J,, (& D=

_ cos(vy)dy
0 BnI ‘

which is nonsymmetric.

For an axial symmetric tank

3G G, eGy
—— —_— R
o cos(nl_ rI) 57 cos(nI crI) oyl
I I 1
cos(n, r) = ——-1—-
, ( dr ) 2
' 1+'rde
_ldr
cnsgin, @) = e
1+ r )Z
N rdo
R =

2 \/ rZQ + rI2 - ZrQrIcos(U'Q + o‘I)

i f (drI)Z
R, = 1+

rIdtrI

q,Z = ‘\/ 4rQrIsmo'Q san’I /th

-
5-3-

|
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(G1)

(G2)

(G3)

(G4a)

(G4b)

(G4c)

(G4d)

(G4e)
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From Equations (Gl) and (G2), by integration, i. is found that

1 2‘"'glcos(vo') tg Zcoszﬁcos(vcr)

j (iy 5) = - —_— d‘r
ov 4 (')[ [1- q%Sinzﬁ] 3/2
1 { ; ) 4 r -
S 2y mU tg, I v
p= gl - “vm m(q-z g2m= 0 avml_ m(q’Z)
+(1-¢5Uq >]} (G5)
27 TmiEp
where
2 drI ) ) 3.
g - [rI - rIchos(o'I - o-Q) - rI-;.i— sm((rI - O'Q)] /(Rt3Rt2) {G6a)
=12 . 2 dry . 3 6
g2 = rIrQsmcrIsmch - 21 E;_-I- smo’IsmUQ] /(Rt3Rt2) (G6b)

Vxn(q'z) is defined in the previous Appendix, replacing q, to g,

T /2 ipem 1
(9p) = sin BB . (v (@) - Vo - 1(22)] (G6
T (92 Of (l-q%sinzp)3/2 E%-[ m- 1192 m - 119; 1 (Géc)
E(q,) ‘
% (%) = = » Vo = Kigp) (G6d)
l-q2

from reduction formulas in Reference 22.

It is noted that q, = ! is only an apparent singularity which is
finite when multiplied by g or(l- q_z) in Equation (G5).

In order to have higher precision as q,z->0, one may use

binomial expansion again,

23 +m+d
mi%) = Zotn %2 2l (n+m+1) (G7)
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230 .. (3-0%1)
n!
=1.3.5_..--(Zn+1) (_l)n
2:-4-6 (2n)

=1
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(G7a)

(G7b)




ERRATA - September 21, 1965

The following corrections are applicable to Technical Report No. 5 ,
Contract No. NAS8-11045, SwRI Project No. 02-1391, titled ''Subharmonic ’
Osciliations in an Arbitrary Axisymmetric Tank Resulting from Axial
Excitation, ' (September 1965):

L, Following page 5 before '"Method of Perturbation, "' the following
paragraph was inadvertently left out:

When the frequency is not given, the amplitude of the
linear first harmonics can be a prescribed counstant.
The frequency response curve is determined by
varying this constant.

2. In the last term in Equation {10), ¥ should be { . L
3, In Equation (20a), ¢%, should be ¢}, | E
3

4. In Equation (25a), b should be by -
5. In Equations (38e, f), the first Ta{}s ! should be Tafl’ ).
6. In Equation (4la), the g(l’ $) in the 2nd line should be g(l’f), g
Zm 2, m v

the ¢gln’1°) on the 3rd line should be ¢g{%n§) and Mk on the 4th ;

line should be )% .

m o

7. In Equation (60c), Hgo) should be ch,;; . ‘ ¥

8. In Equation (61), the ':}ov on the second line should be ﬁov'




