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Equation Correction

Change (2) to (1=2)

Change quantitites to quantities

Change satisifes to satisfies
(2-20) Equation should read:

@)
#(N,S) =

[(s-v)+D (—) + D (—) + D, m2]

.... be a delta f‘unction....
Change inital to initial
(A-5) Note that B =B, a, is a fictitious

field.
Change expasnion to expansion
Change Fig. 7 to Fig. 16

(A-9) The coefficient a ., has been

deleted in the series for n(r, ,z,t).
Change Fig. 8 to Fig. 17.

. already been ....
Change page 13 to page 27.

(A-23) Equation (A-23) should read:
& = K(w)
[(s-v)'!-Dzz(—c—) +D w2]
(A-25) Crange 6 AZED) g0 SzT!)
(A=26) Change § (r;r‘) to G(r;r')
(A-30) = - has been deleted as 1limit of
sumation
(A-30) Change eXD[(v—DZZ(mn/c, 23t] to
exp{[v-—DZZ(m'rr/c)z]t} .
(A-31) Change z to z' .
(A-32) Add closing bracket to G( ) .
(A-32) ... COSNY [@%—t)] exp [ ]
(z-z') 2

(A-32) ---[———r ] exp { [————9; }

2(m, t)/z 2(D,,t)
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Change peolar angle and polar
angle vector to 6 and a,

in Fig. 19
Note that B=B a is a
- To=x

fietitious fleid.

Change -characteristic normalized
impedance- to normalized
characteristic impedance.
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A basic introduction to the theory of plasma diffusion is
given with references to previous papers in this area. Hmphasis
is placed on characterizing the diffusion by dyadic diffusion .
coefficients so that diffusion in the presence of magnetic fields
can be included. In the theory, only attachment, ionization and
diffusion mechanisms are assumed to exist in the plasma. Solutions
are given for plasma distributions in rectangular and cylindrical
geometries. An experiment is described which allows theﬁ)lasma

properties to be measured by reflection of a daminant TElO

[:rectangular waveguide mode from a decaying plasma distribution
which partially fills the waveguide. Preliminary results in the

absence of a magnetic field indicate the presence of a number of

3
resonances in the plasma slab. d‘ {%D
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CHAPTER T

COLLISIONAL DIFFUSION

1.1 Introduction

The study‘of diffusion of electrons and ions in an ionized
gas 1s certainly not a relatively new topic. Early studies, based
on noermal binary electron-atom collision theory, were conducted by
J. S. Townsend as early as 1912.l Townsend developed the well
known collisional diffusion coefficients for a weakly ionized gas
in the presence of a uniform axial magnetic field. For singly

ionized atoms,

D, = D;/(1 + u; T:%) » Dy, = D/(1 + mé ré) , (1-1)

where

W = eB/m, ; w, = eB/me H

Di e is the diffusion coefficient of ions or electrons in the

3
absence of the magnetic field, e 1is the electronic charge,

mi e is the ion or electron mass and e is the binary
] 3

collision interval between ion or electron collisions with

neutrals.




Further study of plasma diffusion was made by Schottky, who
considered the case of equal electron and ion currents, ambipolar

diffusion, for the positive column.2

Since this early work, many authors have treated the subject
of plasma diffusion with and without magnetic fields. Within the
last 25 years and especially within the last 10 years, a great
effort has been made in this direction to understand the processes

involved. Impetus has been given to this study, perhaps, by the

‘desire to confine plasmas with magnetic fields.

A number of good reviews of theory and experiment exist, such
as those by Gol ant;3 Hohzu and ()ska,m:S xtensi v

given in these papers.

1.2 Collisional Diffusion — Boltzmann Approach

Phase Space - If the position of a particle is known to occupy a
certain region of real space, that is, to lie within a range of
coordinates x + dx, y +dy, z + dz and also has associated with

it a velocity known to be in the range Vx+ dvX s V.t dvy, vz+ dvZ s

the particle can be described in a 6-dimensional phase space by
specifying its coordinate position. If a group of particles occupy
this phase space, the complete specification of the system is to

specify the number of particles occupying each elemental volume




d6r = dxdydzdvxdvydvZ of phase space at each instant of time.

This specification of particles must necessarily be discrete, by
definition, but if the number of particles in phase space 1is large
and the elemental volume d6 1 small, a good approximation is
obtained by specifying the number of particles in the space by a
continuous distribution function, f(r,v,t), rather than its

discrete form.

Boltzman Equation - If the phase space point of view is  taken

for a plasma and all possible ways of changing the electron (or
ion) distribution function f(r,v,t) are considered, the following
equation, the Boltzmann equation, results:

of/ 3t + af‘/axj dxj/dt + z of /ov.dv, /dt
3=1,2,3 3=1,2,3 JJ

= (af/at)due to collisions (1-2)

where j=1,2,3 correspond to the coordinates x,y,z . A detailed
discussion of the Boltzmann equation is given by Chapman and

Cowling. 6

The procedure to be followed in obtaining the continuity

equation and diffusion coefficient expressions parallels that of

Sp:‘Ltzer,7 Delcroix8 and Gola.n‘c3 . When(1-2)is integrated over all
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velocity space, the continuity equation is obtained

/st + V. (nv) = (dn/dt), 11 (1-3)
where
n= f (l’rf(g,z,t) d"xdvydvz

is the electron density distribution function n(r,t) and v is

the mean electron wvelocity of the system of electrons.

There are a number of ways in which the number of electrons
in a plasma may be changed by collisions:

1) ionization collisions
2) recombination collisions

3) attachment collisions.

Ionization Collisions - The dominant lonizing mechanism in a

weakly ionized gas is normally the electron-atom collision.
Electrons in the gas are accelerated by external electric fields,
either steady or alternating, or by some other means until they
have enough energy to ionize atoms of the gas. A collision of an
electron of sufficient energy to ionize an atom with an atom of
the gas may then ionize the atom. The law of mass action gives

the time rate of increase of electrons by this process of



collision. The relationship between density and time rate of

increase is written

In/at a nn = v.n (1-4)

where vy is the electron-~atom ionization collision frequency, n,

is the neutral atom density function.

Recombination Collisions - Recombination may be quite complicated

for some ionized gases where two or three reactions are necessary
before an electron has the correct energy to recombine with an ion
to form the atom. However, in many gases, the dominant process
involves capture of an electron by a singly ionized atom. The rate

of recombination for this process proceeds as

/st = -k n.n | (1-5)

where n, is the ion distribution function. Usually, it is

assumed that the plasma is neutral (n ni) . For this case,

In/at = —kn2 (1-6)

is the equation for electron recombination loss; k is the

proportionality constant which is called the recombination

ceefficient.




Attachment - In non-noble gases there exists an affinity of an atom

for another electron so that free electrons can be attached to atoms
to produce negativé ions. The relationship between the rate of

attachment and the electron density can be written
/3t o« nn=-vn (-7
where vy 1s the attachment coefficient, n, the neutral density

distribution function.

Oskam5 discusses volume and surface recombination and

attachment of electrons in a plasma volume.

For the processes that are considered here, the continuity
equation, (1-3), becomes

V.(n¥) + (v- v)n + kn° = —an/at (1-8)

2

where (vi— va)n - kn~ has been substituted for (sn/3t)

coll. *
Equation (1-8) can be expressed in a more convenient form if the
velocity can be expressed as a function of the density n . If the
momentum equation for the ionized gas is considered and all
possible ways of changing the momentum of the electron is
accounted for, an expression for nv in terms of n can be
obtained. The momentum equation is obtained by multiplying the

Boltzmann equation, (2), by the velocity v and again integrating
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over velocity space to obtain the average space momentum equation.

8 7

Following Spitzer  and Delcroix’ , the momentum equation can be

written in the following form:

rm(3v/3t + ¥ . v¥) = -ne(E + VY x B) - v. ¥ - mwg

+ P+ (vymv ) - kg (1-9)

where m 1s the electron mass, e 1s the electronic charge, B
is the magnetic field, ¥ is the stress tensor, ¥ is the
gravitational potential, P is the net average momentum gain due to
elastic collisions with other particles. The continuity equation
(1-8) has been used to reduce (1-9) to its present form. The
result is different from the results obtained by Spitzer and
Delcroix since they considered no changes in the number of

particles due to collisions.

When the pressure is a scalar quantity, -w ¢ 1is written
-Vp, where p 1is the pressure and for a Maxwellian velocity

distribution is equal to nKI‘e where Te is the electron

temperature, X 1is Boltzmann's constant. The pressure here is the

electron partial pressure p = nKT, because the momentum equation

is written specifically for electrons.
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For a weakly ionized gas, the momentum term P can be

approximated by -mm v,V s where Venp 18 the electron-neutral

collision frequency. It is assumed here that the electron-ion
collisions are much less probable than the electron-neutral
collisions. In addition, it is assumed that the directed velocity,
v , and its time rate of change are small in comparison to the
electron-neutral collision term and the random electron velocity
respectively. With these approximations in mind, the left side of
(1-9) 1is neglected and (1-9) reduces to

e(E+vxB)+ Kl Vn/n+ [(vmvy) + tvepdmv = 0« (1-10)

It is also assumed that Te is constant throughout the plasma
volume.

The solution for z can be obtained by taking the projection
of equation (1-10) in the direction of z s for example, Vx is

found by taking the scalar product of the vector equation (1-10)

with the unit vector a, - The general result can be written in a

compact form if tensor quantitites are introduced. The result for

v is given as

v=-D.[vo/n] +u. E (1-11)




where D is defined to be the diffusion tensor and ® 1s the

tensor mobility.

The continuity equation, (1-3) can now be written in a different
form with the aid of (1-11):

V.(D.vn) - V.( w.En) + (v;- v )n - m’= an/at . (1-12)

The diffusion coefficient as defined by egs. (1-10) and (1-11) is
necessarily space and time dependent because of the recombination
term kn in equation (1-10) . Normally, however, the electron-
neutral collision frequency is dominant over the recombination,
attachment and ionlzation terms so that these coefficlents may
normally be neglected in comparison to the electron-neutral
collision term. Most calculations of the diffusion coefficient and

mobility tensors are made under this asswnption.9

For the case in which the total average electric field in the
plasma vanishes, the continuity equation reduces to a form involving

only the density function n :
V. (5.%n) + (v;- v_)n - kn°= an/at (1-13)

Another condition of plasma diffusion exists such that the electric

field can be expressed in terms of n and the continuity equation
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again reduces to the form given in (1-13) .

1.3 Ambipolar Diffusion

A very speclal diffusion condition may exist in a plasma such

that the average electron current, n, fe »- 18 just equal to the ion

4

current, ny ¥y 5 50 that the net current in the plasma is zero.

This condition exists in a steady-state plasma volume where the
walls are insulated so that the wall conditions prescribe the
equality of currents throughout the plasma volume. Physically, the
equality of currents indicates that the charge separation of
electrons and icons couples the electron and ion flows by means of
the electric field which the separation produces. This ambipolar
process can be described by regular diffusion theory if the
diffusion coefficients are changed to the ambipolar diffusion
coefficients. In order to obtain the diffusion expression for
ambipolar diffusion, it is necessary to express the electric field

in terms of the electron density n .

Equations (1-10) and (1-11), as they are written, are just as
valid for ions as electrons. Using equation (1-11) and equating

the electron and ion currents in a plasma gives:

V. =n, v.=-D .Vn+n u.E
e Ye T4 Yy e e e Her =
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=-D; . mtny - E (1-14)

where the subscripts e, 1 refer to the electron and ion properties

respectively. The equation may be solved for the electric field, E,

with the result:

= = ael= o=
E= (ni 5= neue) (Di . Vni— De . Vne) (1-1%)
where ( )-1 here indicates the inverse matrix operation. It is

also assumed here, for the case-of perfect ambipolar diffusion, that

n,= n; =n S0 that the expression for the electric field reduces

in its final form to
—(c_Tyl.s_F \ _
‘E_a—(ui—u)} (DiD)..Vn/n. (1-16)

If this expression for the eleetric field is substituted into the

continuity equation (1-12) , the continuity equation reduces to

the expression

V. (B, . )+ (v-v)n -k = an/at (1-17)

1. 4 Measurements

In order to measure the properties of a plasma such as
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diffusion, recombination and ionization, it is necessary to know
the density function as a function of time. The exact solution of
the continuity equation (1-13), (1-17), has not been obtained
except in the one dimensional problem because of the non-linearity
in the density function n . It is therefore difficuit to assess
to a measurement of n the effect of recombination. If the
recombination term is neglected, the exact solution of the
continuity egquation is possible in most coordinate system. Before
any simplifying assumptions are made, however, a consideration of

the recombination process is necessary.

A numerical calculation of the density function for processes
in which diffusion and recombination exist simultaneously has been
made by Gray and Kerr.lo The validity of many microwave

measurements of recombination is considered in their paper.




CHAPTER IT

SOLUTIONS OF THE- DIFFUSION PROBLEM

In a plasma diffusion problem, the eguation describing the
diffusion process which includes ilonization and attachment but

neglects recambination is written as

v.(D. vn) + (vj= v )n = an/at (2-1)
where D 1is the diffusion tensor, n is the electron density
distribution function, vy is the ionization collision frequency
and vy is the attachment collision frequency. In equation (2-1)
the electron flow term I =nV is writtenas -D. n . It is
assumed here that D, v; and v are not functions of position

and no temperature gradients are considered. If temperature

gradients cause D to be space dependent, the additional diffusion

Ip

term can be added as na/ax, Djk =nv . D' where D° indicates

the transpose of D A

2.1 Diffusion in a Rectangular Geometry

For the rectangular case, (2-1) reduces to

13
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v. [(Dxxan/ax + nyan/ay + szan/az)

J:FD

+ (D, on/3x + D__3n/dy + 3
(Dy /3% + D__on/3y + D n/az)

J:SD

S+ (szan/ax + Dzyan/ay + Dzzan/az) QZ]

+ (v,=v_)n = an/st . (2-2)
L d

If no magnetic field exists, there is no net coupling between
a diffusive flow in one direction to any other direction, so the

diffusion tensor is

_ D 0 0
D= |0 D O© (2-3)
0O 0 D
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where D is the free space diffusion coefficient. The continuity

equation for the plasma then reduces to
D(32n/3x2+ 32n/3y%+ 32n/3z2) + (vi— va)n
= 3n/dt . (2-4)

If, on the other hand, a uniform steady-state magnetic field is

applied, the diffusion tensor now takes on the general form

D D D
XX Xy Xz
D= D D D
yx yy vz
D, Dzy D,, | - (2-5)

Suppose for argument that the magnetic field is +z directed

as in Fig. 1 (page 14) . Then, a unit gradient of n in the a
X

direction causes a flow Dyx of electrons in the —gy direction

due to the —e v x B force on the electrons. A unit gradient of n

in the &y direction causes an electron flow in the ay direction
equal to ny . Since the space is homogeneous, the two flows must

be equal in magnitude and therefore Dyx= -ny . A more general

analysis of microscopic irreversibility is treated by H. B. G.
Casmir.lg For this geometry and magnetic field orientation it is

alss found by similar argument that
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D D
Xz ZX vz zy

and Dy =Dyy =D, 3D,y =Dy
So
! D, Dy © |
5= |-, D O
o o0 D, (2-6)

If the analysis is extended by superposition of magnetic fields
to obtain a general orientation of the magnetic field,

B=B at+tB, a+B

B=25 b &t Bya, the general dyadic form of the diffusion

tensor becomes

D
XX Xy Xz

=
I

1
o
=

D
Xy ¥ yz
-D__ -D D . (2-7)

The general tensor can be obtained by adding the skew-symmetric
parts of the diffusion tensors obtained when the three components
of magnetic field are assumed to act individually and adding the
corresponding diagonal parts essentially as series conductances.

In general,

D _=D,_+D, +D s = Skew-symmetric part of D
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D = LI (2-8)
1, 1., 1 2
D D D D
e, Tl KKy

k=x,y, 2

where the subscripts 1, 2, 3 correspond to Bl-’ B2, and B3 . This

formula for obtaining the general tensor assumes that the diffusion

satisifes normal diffusion theory, that i1s D, = — D where D
1’+w§r2
eB

is the free space diffusion constant, " Y is the electron

cyclotron frequency, and 1 is the mean- time between collisions of
the electron and neutral particle.- If a particular component of
the magnetic field is zero, say B3- , then Dxx3= Dyy3= Dzz3= D.

The general diffusion tensor then is of the form 'ﬁ=]—5d+ ﬁss
where ﬁd is a diagonal tensor and 55 ¢ 1s the skew-symmetric

part of D . The significance assoeiated with this form of the
diffusion tensor is shown when the expression Vv.(D. vn) is
expanded. For the diffusion tensor in this form, it 1s easily

seen that v.(D.Vn) in rectangular coordinates reduces to

2 24 2 2 2 2
DXX 34n/3x*+ Dyya n/sy<+ Dzza n/dz4 . (2.9)

Therefore, electron losses due to diffusion depend only on the

diagonal elements of the diffusion tensor or the diffusion
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coefficients along the coordinate axes in a rectangular coordinate
system and there are no mixed partial derivatives in the expansion

of the continuity equation.

The reduction of the diffusion equation to this form can also
be shown easily by considering the del operator (V) as a linear
operator for matrix multiplication. For rectangular coordinates,
the divergence operator is equal to the gradient operator so the
matrix equation can be written in the following form by defining

the del operator as V = X operator.

v.(D.vn)

(v.5.9)n s (XDX)n = [xT(5d+ D) XIn

= (X’I‘]_J'd X+ XTﬁss X)n , but since 555 is

skew-symmetric, it has the property that 1_5:3 = —Bss .

Therefore,

T T _ s _ =
(XD, X)* = (XD X) = XD X .

The matrix (XTﬁsS X) is a square matrix of order 1, so it must be

equal to its transpose. Thus it is shown that

T= _ wI= _
XDSSX ——-XDSSX—O.

Then (v.[D.vn]) always reduces to (V.[ﬁd.Vn]) , where ﬁd is
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the main diagonal portion of D . It is therefore concluded that

any diffusion problem expressed in rectangular coordinates with a
uniform steady-state magnetic field of any orientation can be
expressed in terms of the principal diffusion coefficients only and
that the cross terms in the expansion of the continulity equation do
not enter into the problem. The equation to be solved in considering

diffusion with a rectangular coordinate system is then
2 2 2 2 2 2
Dxxa n/3x< + Dyy a°n/3y~ + DZz 34n/3z

+ (vi-va)n = 3n/st . (2-10)

2.2 . Solutions of Diffusion in a Rectangular Geaometry

In order to obtain a unique solution for the diffusion problem,
it will be assumed that all electrons that reach the walls of the
rectangular container are recombined or lost from the plasma volume,

that is, =0 . It is also assumed that n = n(x,y,z,t) 1is

rlwa.ll

a product solution of the form

n(x,y,z,t) = £(x) g(y) h(z,t)
= T an sin nm/a sin mmy/b h(z,t) .
n=0,m=0
(2-11)

Applying the Laplace transform
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t

F(s) = g”f(t) e St at (2-12)

to (2-10) gives

D__32N/3x2 + D__32N/dy%? + D__ 32N/3z2

+ W=sN-N
o)

where N 1is the Laplace trapsform of n(x,y,z,t) , v =v-v, and

NO is the initial density function n(x,y,z,0) .

From (2-11) and (2-12) ,

N(x,y,z,s8) = £(x) g(y) h(z,s) = ¥ a_ sin nm/a sin mmy/b

n=0,m=0 nm

h(z,s) (2-14)

where h(z,s) is the Laplace transform of h(z,t) . It is also

assumed that

oo

NO = z bnm sin nrx/a sin mny/b p(z) . (2-15)
n=0 =0

Substituting (2-13) and (2-14) in (2-15) and equating terms gives

[s -v + Dxx(m/a)2 + Dyy(mvf/b)z] h(z,s)

+D,, 32h/9z2 = Cm p(z) (2-16)

where
c

(2-17)

m bnm/anm .
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Infinite length

Nalls = 0
—» X

Fig. 2

Green's function solution for infinite length rectangular cylinder.

For a plasma container of infinite length in the 2z direction,

equation (2+16) can be transformed using the Fourier transform
#(w, 8) = 1/2 1 {7 n(z,5) e % gy (2-18)
giving
[(s -v) +D_ (nn /a)% Dyy(mn/b)2+ D, w’l¢ () (2-19)
where q;nm(w) is the Fourier transform of Com p(z) .

Thus, (2-20)
/

B, 8) = ¢ (w)fls—v) + D_ (nw/a)2+ Dy, (/D) 2+ D, u?
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The inverse Laplace transform of (2-20) gives

H{w,t) = ¢nm(m) exp[ v- Dxx(nn/a)z- Dyy(mJVb)ZJt exp[-DZZmZt] .

(2-21)
Applying the inverse Fourier transform to obtain the 2z variable

wields
Jyie.lds

h(z,t) = exp[v— Dxx(nn/é)z— Dyy(mn/b)z]‘c

f°°¢nm exp[-D, w?t] exp[ju z]dw . (2-22)

— O

In order to obtain the Green's function solution for
n{x,y,z,t), the initial distribution function No= n(x,y,z,0) must
be delta function

NO = §(x-x")8(y-y')é(z-2")

and from (2-15)

N = n"i"o b__ sin(nmx/a) sin(my/b) p(z) .
m=0
so that
p(z) = &6(z-z2') (2-23)
and
§(x-x")6(y-y') = I bl sin(nm/a) sin(my/b) .  (2-24)
n=0
m=0




The Fourier coefficient bﬁm then is

b;

M. (4/ab) sin(nmx'/a) sin(mwy'/b) . (2-25)
Also
¢nm(w) = (cnm/Zn) I78(z-2") exp[-jwz] dz

il

(cnm/Zw) exp[-juwz'] . (2-26)
Substituting this expression for ¢nm(m) into (2-22) gives

h(z,t) = explv- Dxx(nw/a)z— Dyy(mw/b?]t

L]

g (e, /2n) exp[-D, uw?t] explju(z-z')] du .

(2-27)

By campleting the square of the integrand and making a change of

variables,
)77 , V22
h(z,t) = exp[  Itle /2n(D, t) ] expi=ll-2')/2(D,,t) ]}
w=Ja
/' exp[-u?]du . (2-28)
_m_ju

It is to be noted here that h(z,t) is
2 _ 2
cnm.exp[-Dxx(nﬂ/a) Dyy(mﬂ/b) It

times the Green's function Solution for the one dimensional

solution to
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Dzzazn/3z2+ vn = an/at ; o ‘ (2-29)
that is, the Green's function solution for (2-29) is written
G(z'|z,t) = [;/é(wbzzt)y% exp[vt] exp{-[&—z')/2(Dzzt§&]2}.
(2-30)

Thus, from (2-11), (2-17), (2-28), the Green's function solution
corresponding to the initial distribution n(x,y,z,0) =

§(x-x")8(y-y")6(z-2') and the geometry of Fig. 2 1is

a(x|x', yly', zlz', t) = G(r|r', t)

T (M/ab)[l/2(wDZZt) ] sin(nmx'/a) sin(mwy'/b)-
n=0 .
m=0 (2-31)

sin(nmx/a) sin(mry/b) exp[v-Dxx(nﬁ/a)z— D%y(mm/b)z]t
expl=[z-z' )/2(Dzzt)]/ﬁ2} t>0 ,

= 0, t<0 .

The solution n(x,y,z,t) then for an arbitrary initial

distribution function NO satisfying noo11s™ 0 and which has

a Fourier series representation is given by superposition to be

n(x,y,z,t) = I™N_G(r|r', t) dx' dy' dz' . (2-32)

As an example, consider the following initial distribution
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N0= F(x) G(y) p(z) where p(z) is defined as follows:

p(z) =4, -a < z <a
o
=0, |z|>a (2-33)
4
P(z)
A
-z
_ao ao
Fig. 3
Applying the superposition integral (2-32) gives
n(x,y,z,t) = ; bnm sin(nmx/a) sin(mmny/b)
n=0 :
m=0
o
(A/2) [erf{(ao— z)/2(D,t) }
+err{(a + 2)/2(D_ t) ?] (2-34)
t> 0

=0, t<0
where b.m 18 the Fourier coefficient of F(x) G(y) , erf(n) is

the error function.

It is worthwhile to note that in the preceding development,
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it was assumed that nwalls =0 . If it had been assumed that the

normal derivative of n at the wall was zero or a combination of
these boundary conditions was applied, i.e., an/3x + aon = 0, the

z dependent solution h(z,t) would not have been altered, that is,
the boundary conditions on the transverse walls do not affect the

z dependence of the diffusion. The only difference in the solution
would be the replacement of the sine terms by an appropriate

combination of sine and cosine terms.

( § /

Green's function solution for infinite parallel plane geometry.

The Green's function solution for the infinite parallel plane
geometry can be obtained by a similar method used to obtain the
solution for the infinite rectangular cylinder or by an analysis

of (2-30) and (2-31) . The result is
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G(x|x', yiy', z|z', t) =
© 1 1
z (2/0)[ L —]
m=0 2(aD_t) ¥ 2(unzzp)bé

sin(mmy'/b) sin(mmy/b) exp[v- Dyy(m“/b)zlt

- - x")2 (z - zt)2 _
exp[~ (‘ﬁn L - 21, t>0. (2-35)
XX zZ

Green's function solution for an unbounded region - For the

unbounded region, the solution can be written again by analysis of
(2-30) and (2-31) to be

1 1 1
G(I‘ll’", t) =[ = [ L
2(mD t);g 20D t)*g 2(nDZZt)y;

2 2 2
XX vy ZZ

=0 , t<0. (2-36)

¢

P U —
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Green's function solution for rectangular cavity of finite

dimension - For the rectangular cavity the Green's function

solution can be written

G(x|x', yly', zlz', t) =

£ b sin{nmx/a) sin(mry/b) sin(lrz/c)
n=0
m=0
1=0

2
exp[ v- Dxx(nn/a) - Dyy(m“/b)z— Dzz(l“/C)z]t (2-37)
t>0
=0, t<0 .

bﬁml is the Fouriler coefficient expansion for the product of

delta functions. If bnml is the Fourier coefficient expansion

of the initial density distribution function No then the solution

obtained is actually n(x,y,z,t) as is easily seen when the
superposition integral for this problem is used. A similar
statement can be made for all of the preceding solutions in

rectangular coordinates.
For the delta function initial distribution,

b} 1= (8/abc) sin(nmx'/a) sin(mny'/b) sin(lwz'/c) . (2-38)

A discussion of diffusion for cylindrical and spherical
geometries and solutions to the diffusion problem are given in

Appendix A .




CHAPTER TIII

DESCRIPTION OF THE EXPERIMENT

3.1 Introduction

Numerous experiments have been performed to measure diffusion,
recombination, attachment and ionization properties of gases by
measuring the change in the Q@ of a cylindrical microwave cavity
which contains a pla,sma.13 Since this method usually uses a
perturbation theory to account for the change in the microwave
field, it is limited in its usefulness to low density plasmas or

small dimension plasmas where the perturbation of the microwave
field is small. The method can certainly be extended to higher

density and larger dimension plasmas by a more exact solution of
the microwave cavity field, but the field solutions in general are
difficult to obtain and usually require computers to obtain

numerical results.

With these ideas in mind, a method was designed to measure
plasma diffusion where the field solutions were either easy to
obtain or not extremely important to the theory and where the

plasma system was not limited to small dimensions.

3.2 Experimental Bases

Geometry - A rectangular geometry was chosen for the experiment

29
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to simplify the field solutions and plasma density solutions as
much as possible. Microwave measurement equipment in the 3-cm.
range was available so the rectangular plasma container was chosen
to fit inside a 3-cm. rectangular waveguide. This then allows the
plasma properties to be obtained by a comparison between

measurement of the reflection of the dominant 'IElO waveguide mode

from the plasma distribution and that calculated on a theoretical
basis. Two possible regimes exist for this type of experiment:
1) the local plasma frequency exceeds the microwave
probe signal frequency nearly everywhere in the
plasma volume;
2) the local plasma frequency is everywhere less than
the microwave probe signal frequency.

Doppler--Phase Shift Method - TFor a plasma where the inital

electron density is such that the plasma frequency mp is greater

than the incident signal frequency w almost everywhere, the
method of Doppler shift is a useful means of measuring plasma
properties. As an illustration of this method, consider the
following ene-dimensional problem where.the plasma electron

density proceeds in time as in Fig. 6 .
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JkoZ > incident from the right, is reflected

A plane wave, e
by the plasma distribution essentially at the "classical turning
point" or "reflection level" where the propagation constant in the
plasma passes through zero value. For a collisionless Lorentz
eleetron plasma model, the dielectric constant in the plasma is

e= eo(l— w;/wz) so that the propagation constant in the plasma is

kp=ko(l— wé/wz )1’5 . Essentially all of the incident plane wave is

reflected from the classical turning point z_ where w;= w?. Thus,

as the plasma distribution diffuses along z , the turning point
also changes and the reflection coefficient remains constant in
magnitude but changes in phase. A measurement of the phase change
then will provide a useful means of determining the plasma
distribution when measurements are compared to theory. A
necessary condition for this method requires that the plasma is
reasonably thick so that the reflection comes essentially from the

turning point zZ, and any other turriing point is not near Z, in

terms of the electrical wavelength in the plasma.

This method can be applied to waveguide structures as long as
only one dominant mode is excited and used for the measurement and
the appropriate expression is used for the propagation constant in
the gulding structure. A detailed discussion of this reflection

problem is given by Budden’ and Wait.l?
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Reflection Coefficient Method - When the local plasma frequency

is everywhere less than the incident probe frequency, the plasma
properties may be estimated by measuring the magnitude of the
refiection coefficient of a decaying plasma and comparing the
result with that obtained by calculating the reflection from the
theoretical plasma distribution. This method for obtaining the
plasma properties would be exact if the theory describing the
plasma density were exact and the field solutions were obtained
for this plasma distribution. One of the fundamental difficulties
assoclated with this method as with any method of this type is the
determination of correct boundary conditions and initial conditions

for the plasma distribution.

3.3 System Operation

A 3-cm. pulsed magnetron ionizes the gas in the rectangular
quartz tube located at the center of a waveguide cross. The plasma
density thus created diffuses throughout the quartz tube and

finally decays to zero. A 3-cm. klystron oscillator excites a TElO

waveguide mode to probe the plasma distribution and obtain
information about the plasma properties. The reflected signal is
then compared with the incident signal to measure the magnitude
and phase of the reflected wave during the periods of ionization
and decay of the plasma. A diagram of the ionization and

measurement system is shown in Fig. 7 .
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Isolation of the ionizing source and the probing signal is
accomplished by the use of waveguide filters. Three band-rejection
filters are tuned to the probe frequency and placed in the magnegron
line to remove the portion of the magnetron spectrum that would
interfere with the probe signal measurements. Additional band-
pass filters, placed in the probe signal line and reflected line,

pass the desired signal and reject the magnetron pulse.

At one end of the waveguide cross, in the probe line, a
matched load was placed so that the probe line is matched to the
klystron source when the plasma is absent. Also, a movable short
was placed opposite the magnetron arm of the waveguide cross for
the purpose of adjusting the impedance level of the system and
matching the cross section to the probe line. A waveguide shorting
switch was placed in the probe line to allow the level of complete

reflection to be calibrated.

The quartz tube in the probe line extends a length of 4
inches on either side of the center of the magnetron line. The
container is constructed of 1/16 inch quartz plate which has been
fused to produce a rectangular cylinder that fits snugly in the
3-cm. waveguide. The ends are closed with 1/8 inch glass plate
which has been epoxied in place. The tube is connected to the
vacuum system by a length of 3/8 inch diameter glass tubing which

passes through the matched load to a guick-coupling connector at
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the termination of the matched load. The magnetron line, cross,
and matched load are pressurized at a pressure of 15 to 20 psi. to

decrease arcing and breakdown outside the quartz tube.

A diagram of the phase measurement system is shown in

Fig. 8 . The signal from the signal generator (klystron) of
frequency fo serves as the local oscillator for the balanced
mixer. Part of the local oscillator signal is coupled by
direetional coupler # 1 to the helix of the traveling-wave tube
where the signal is phase modulated at the sawtooth frequency £,
to produce an amplified signal of frequency fo+ fl . The signal
passes through an attenuator and phase shifter, which are used
to set the proper amplitude and phase shift of the probe signal,

to the plasma system probe line.

A portion of the reflected wave is taken from directional
coupler # 2 and sent to the signal input of the balanced mixer
where the beat signal is obtained. The balanced mixer output is
amplified by a differential amplifier and the resultant signal is
applied to the signal input of the phase meter. At the phase
meter, the phase of the signal from the differential amplifier is
compared with the phase of the oscillator which synchronizes the
sawtooth generator. The difference in phase between these two

signals is the phase of the reflection coefficient.
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When the relative phase is slowly varying in time, a phase
meter of the type offered commercially by AD-YU is desriable.
On the other hand, for rapidly varying phase, the comparison of

signals can be made on a dual-beam oscilloscope.

The magnitude of the reflection coefficient is obtained by
applying a portion of the reflected signal from directional
coupler # 2 to a detector. The presentation of the square law
detector signal on an oscilloscope gives the square of the

reflection coefficient magnitude as a function of time.

The technique just described here to measure the phase of
the reflection coefficient is known as the Serrodyne technique16
and has been used to study phase shifts in such devices as
traveling-wave tubes17 and f'err'itesl8 when the phase shift
between two signals of widely varying;signalcstrengths was

desired.
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CHAPTER IV

EXPERIMENTAL RESULTS

4.1 Experimental Conditions

Chapter IIT with the following operating conditions:

An experiment was conducted using the apparatus described in

Item Tonizing Source Probe Source
Source Magnetron Klystron
Type RK-6249 A 725/AB
Frequency 9.375 kme. 8.254 kme.
Operation Pulsed Continuous
Peak power out 100 kw. 10 mw.
Pulse duration 1y sec.

Repetition rate 125 pps.

Plasma container dimensions-I.D. 8in.x.775in.x.2751in.
Gas Argon

Neutral pressure Variable

Waveguide mode TElO

Detecter output level

for complete reflection .185 volts

4,2 Experimental Data

Initial measurements were made on the magnitude of the
reflection coefficient for the ionization and decay of the plasma
distribution. The oscilloscope traces shown in Figs. 11, 12, 13,
and 14 are the outputs of the square law detector, so the graphs
are proportional to the square of the reflection coefficient
magnitude. The level of complete reflection for this data is

.185 volts.

43
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Flg. 11. Detector output for varying neutral gas pressures.
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4,3 Discussion and Conclusions

The experimental results of Figs. 11, 12, 13, and 1l4, show the
presence of a nunber of reflection peaks and minima as the plasma
distribution decays in time. These peaks and minima are explained
in Appendix B by a simple transmission line theory analogy to
waveguldes when the plasma distribution is assumed to be spatially
uniform throughout the plasma cantainer. This approximation of a
decaying uniform plasma is a reasonable one since the plasma cavity
1s several wavelengths long for the magnetron frequency and the
magnetron standing wave pattem tends to ionize the plasma uniformly
throughout the plasma contalner. Also, based on this uniform
initial density, the solution for the density obtained from Eq.
(2-27) reduces to the first order mode in the transverse directiomns
(n = m = one) due to the fact that, for the observed times of .
interest (t > 5 u.sec.) and reasonable diffussion coefficient
values (D = Dyy =D, 3 103), the higher order density modes
have decayed to insignificant amplitudes. The z-dependent solution
remains essentially uniform for the observed times because the
expanential loss factor is extremely small for small values of (1).
This density mode solution then may be approximated by a decaying
uniform distribution for calculating the electromagnetic effects.,

On the basis of this simple theory, ane would expect the mag-
nitude of the peak reflectiomn to decrease as the plasma decays in
time and the minima to remain at the zero level, The fact that

this was not experimentally observed 1s explained by the presence
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of the effective plasma collision frequency which gives rise to a
caplex permittivity and a lossy dielectric slab. A detalled dis-
cussion of this theoretical problem is given in Appendix B,

The experiment 1s not very satisfactory for accurate diffusion
measurement because of the necessary assumptions made regarding
boundary conditions, neglect of recombination, and uniform
densities; however, the experiment (for w; < w?) provides a good,
simple method of obtaining an estimate for the diffusion coef=-
ficient., (See details in Appendix B).

It 1s clear from the results of this experiment that the plasma
created was not dense enough to give reflection coefficient magnie
tudes near unity which indicates that the local plasma frequency
mp was smaller than the probe signal frequency w throughout the
experiment., Further study of this problem should be made with
higher initial densities of plasma, possibly by considering a gas
discharge tube as a source for the initial plasma density so that
the method of Doppler shift may be evaluated as a useful means of
measurdng plasma diffusion., Also, studles of diffusion with
steady magnetic flelds could be made,

Calculations made in Appendix B indicate that a typical value
for the diffusion coefficlent in Argon at a time of 40 u.seconds

after the ionization is on the order of 1.85 x 103 cm? per sec.,
This value is rather high for ambipolar diffusion in Argon which
seems to indicate that for the times of observation the plasma 1is
not in equilibrium and the diffusion loss is a conbinatio of elec=-

tron and ambipolar diffusion.
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APPENDIX A

(r,¢’z)

- —»y

Diffusion in a Cylindrical Geometry

Tn cylindrical coordinates, Vv.(D.vn) is written

2 2 202 2
Drr(a n/ar2+ 1/rin/ar) + D¢¢(l/r 32n/¢2)

+ (D,,* Dzr)(BZr)/Bzar) + (D¢z+ Dz¢)(l/r32n/a¢az)

+ Drz(l/ran/az) s (A-1)

where in general
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D. D, D,
P= 1P Py Dy (A-2)
Dy Dy Dy |-

If a uniform steady magnetic field is directed along the 2z axis,
then it is easily shown by an argument similar to that

given for D in a rectangular system that

Dr¢ = —D¢r ; D_=D =D _=D__ =0 (A-3)

and (A-1) reduces to an expression involving Dr'r’ D 06> and Dzz’

the coordinate diffusion coefficients.

v.(D.Vn) = DIT(BZn/Br‘Z+ 1/rdn/ar)
2.2 2
+ D¢¢(l/r 34n/3¢%)

2 2 -
+ Dzz(a n/3z?) . (A-4)
Also, for the magnetic field B = BO a.

Dry = Dyp = Dy = Dy =05

chz = _DZ¢ (A-5)

and v.(D.Vn) again reduces to (A-U) . Any other magnetic field

configurations such as B = B a, or directions other than a,

and a, will produce the term Drz(l/ran/az) and disrupt the
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symmetry o the equation except in those cases where the plasma
density is uniform along the 2z axis. For the case of uniform—

ity along 2z , dn/3%z = 0 , and (A-1) always reduces to

v.(D.vn) = Drr(azn/ar2+ 1/ran/a3r)

+ D, (1/r232n/3¢2) (A-6)
for any uniform magnetic field configuration, B = B g¢ or B 2,

or B gz or any linear combination of these. When a particular

symmetry of the distribution function exists or a field

orientation exists that makes the cross term Drz(l/ran/az)

vanish, the solution of the diffusion problem is possible by

separation of variables.

Solutions of Diffusion in a Cylindrical Geometry

It is assumed in all of the following solutions that even
symnetry exists over the ¢ coordinate so that any expasnion of
the solution involves cos n¢ . For the general case where no
symmetry exists over the ¢ coordinates, the cos n¢ terms must

be replaced by (An cos né+ Bn sin n¢) .
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Infinite Cylinder. Consider the geometry of Fig. 7 for an

infinitely long cylinder of radius a where (2-1) is to be solved
in cylindrical coordinates. It is also assumed that the magnetic

field configuration is such that (2-1) can be written

Drr(azn/ar2+ 1/ran/ar) + D ¢$l/r282n/3¢2)

+ Dzz(azn/azz)+vn = n/dt (A-7)

where v, again, is the difference between the ionization
collision frequency and the attachment collision frequency.
The solution of this problem will proceed along the same lines as

for the rectangular case.

The Laplace transform of (A-7) gives
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2 2 242N/362
DIT(B N/3r2+ 1/raN/sr) + Dw(l/r 32N/3¢%)

2 2 - = - -
+ Dzz(a N/3z2) + (v=-5s) N No (A-8)
where
N = Iwn(r,cp,z,t) exp[-stlat , ~
o
NO = n(r,02,0) .
Ir Drr= D 0° n could be expanded in a series of modes for the

problem, cos né Jn(pnm r) h(z,t) . However, the solutions for

Dr'r #D o can be expressed in series form if the Bessel function

$
solutions of the first kind are modified. The solution can be

%
written
n(r,¢,zt) = I cos neJ, [p r] h(z,t)
=0 (kn) ™" (kn)m
m=0
(A-9)
No = nio b, cos nch(m)[p(lm)mr] a(z)
m=0

1
where k = +(D¢¢/Drr-)/é > Pum)m 1S defined by J(kn)[p(kn)ma]:O‘

*

No attempt will be made to prove completeness of this set of
functions since most diffusion problems of interest require only a
finite number of expansion terms or k=1 .
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If the assumptions of (A-9) are applied to (A-8) and terms of the

series are equated, the following relation is obtained:

- 2 _ 1202 2 :
Drr[p(kn)m k2n2/r2] #(z,s) - DM[n?-/rZ]l._(z,s)
0, [824(z,5)/822] + [v- 5]h(z,8) = —__ q(z) (A-10)

m

where c = bmn/amn s ‘iL(Z,S) is the Laplace transform of h(z,t).

Taking the Fourier transform over the 2z variable gives

[DI'I' p(kn)m2+ Dzzm2 = (v- S)] W(w, s) = ¢nm(w) (A—ll)

where ¢mn(m) is the Fourier transform of Cm q(z) ;w, s)

is the Fourier transform of {(z,s) .
The inverse Laplace and Fourier transforms of (A-11) yields
H(w,t) = exp[(\)-q,rp(kn)mz)t ] expl-D, w2t (w) (A-12)
h(z,t) =exp[(v5'-Der(kn)m2)t ]-imexp[jmz—DZszt:lq;m(w) dw .
(A-13)

As in the rectangular case, the Green's function solution is

desired so that it is assumed

N, = Slpor) 8(z-2) He-s') (A-14)



So that

q(z) = 8(z-z') .

If (A-9) and (A-14) are equated,

2
= e w17 ans nat! /a2el v { . al1  n
b T = 2J(m)]_y(m)m 4} Vo Iy /s a NLJ(m) Ly(m)m u._s_‘ . AJ.#O
2
- ' 2 = -
I by )/a%nld (b a)l , n=0 (A-15)

where %kn; [ ] denotes differentiation of J

resvect to Pa)m T Equation (A-13) can be integrated to give

/

()l 1 with

h(z,8) = X0l (v-D.D (1) WLC,,/2(7D, ) ]

expl=fz-z' )72(0, t )1/2] 2}, (A-16)

The camplete Green's function solution of (A-7) then is
G(rir',¢|e',z|z',t) =

ngf) Dm0 1 30 [Py 71 @l (v Pt
=0
Yo ¥
[1/2(nD, 1) ] expl=[ z-2")/2(D_t) 1. (A-17)
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Cylinder of Infinite Radius and Finite lLength. Next, the problem

of the infinite radius cylinder as in Fig. 8 will be considered.
The solution to this problem has already be given on page 13 of

Chapter 2,(2-35), in rectangular coordinates.

The solution to (A-7) is desired subject to the same boundary

conditions, namely Nyalls™ 0 . The laplace transform in the time

domain gives (A-8):
Drr(aZN/ar2+ 1/raN/ar) + D ¢ ¢(1/P232N/3¢2)

2 2 — = -
+ DZZ(3 N/3z4+ (v- s)N NO

where N 1is again the Laplace transform of n(r,¢,z,t), No is
n(r,¢,z,0) . It is also assumed that N and No can be expanded in

series of the form
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n(r,¢,z,t) = T a.n ¢os n¢ sin(mmz/c) R(r,t) , (A-18)
n=0
m=0
n(r,¢,z,0) = N = T b_ cos n¢ sin(mrz/c) q(r) (A-19)
© o m
m=0

where q(r) 1is the initial radial dependence of NO .

Applying these assumptions to (A-8) and equating terms of the

series gives

D __(32R/3r%+ 1/r3dR/sr) + [D. (-n2/r2)
e = = o0 (A-20)
- D, (mm/e)?+ (v- 8)]R = -c__ a(r)

where R 1is the Laplace transform of R(r,t) , Con bnm/anm .

In order to suppress the r variable, the Hankel transform
pair is used

-]

P(w) = f ¢(r) J(kn)(wr)r dr
0 (A-21)

¥(r) éP(w) J(lm)(wr)u) dw .

The Hankel transform of (A-20) reduces in its final form to

[(s - v) + Dzz(mn/c)2+ Dr,rw?-]ﬂ = K(uw) (A=22)

where & 1is the Hankel transform of R and K(w) is the Hankel
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transform of Cm q(#) .
The expression for % then is

£ = K(w)/(s - v) + Dzz(mvr/c)2+ Dm,m2 (A-23)

The inverse Laplace and Hankel transforms of (A-23) yield
R(r,t) = exp[(v-Dzz(mwr/c)Z)]t

fi'Z(m) exp[—DITwzt] J(kn)(wr)wdw . (A-24)
0

In order to obtain the Green's function solution for the problem,

it is assumed that the initial distribution NO is a delta

function

N n(r,0,2,0) = 645 646 (z-2") (8-25)

For this initial distribution, K(w) then, is

K(w)= fmc-(—rli-'—) T J () (er) ar

0
and
R(r,t) = eprv-DZZ(mn/c)z)t]
é 'J(kn)(wr') T (1) (wr) expl-D w?t]ude . (A-27)
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The integral solution has been tabulated in "Tables of Integral
Transforms", Bateman Manuscript Project, McGraw-Hill, Volume 2,
p. 51, 1954, It 1s given as:

1/(2Drrt) exp[-(r'2+ rz)/(DDrrt)] I'(Im)(r'r'/ZDth) (A-28)

where Iv(n) is the modified Bessel function of the first kind of

order v. R(r,t) 1is written

R(r,t) = exp[(v—Dzz(mn/c)z)t]l/(ZDth) exp[-(r'2+ rz)/(l&Dth)]

The final Green's function solution, then, is

n(r,$,z,t) = I b__,cosn$ sin(mrz/c) exp[(v-D__(mw/c?)t]
=0 T 27
=0

1/(20_t) expl-(r'2+ r2)/ (4D £)IT (. (rr'/2D, )

(A-30)

where b ., (2/7c) cos n¢' sin(mnz'/c) forn# O,

(1/7c) sin(mrnz/c) forn=0. (A-31)

Green's Function Solution for Unbounded Cylindrical Region.

The unbounded solution in cylindrical coordinates can easily be

obtained by using the results of (A-30) and (2-30). The resultant



solution is G(r|r', ¢|¢', z|z', t

- n;z"o b_,cos né 1/(2D_t) expl-(r'2+ r2)/(4D,, £)] exp[vt]

L VZ 1 Vz 2
I(kn)(rr /2D ) 1/2(wDZZt) exp[-[(z-z")/2(D, t) 1]

t

v
o
~~
al>
W)
\S]
N~

where

o’
|

=1/mcosng' , n#O0
(A-33)

1/2n , n=0.

Green's Function Solution for a Bounded Cylindrical Region.

»
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The Green's function solution for the geometry of Fig. 9 can

be expanded in a series of modes for the cylindrical geometry:
G(r|r', ¢fe', zlz', t) =

nio b _1COs n¢ Jkn(pkn - r) sin(mrz/c)
=0

exp[ (v- Dzz(mvr/c)z- D..(P, m)2)1:] » >0
=0 , t<0 (A-34)

where Db, is given as

b = 4 cos ne¢' sin(mmz'/c)

TraZCI:Jkn. ®in a)]?

1
InPrnp ') » n#0,

2
nazc[Jl(pom a)]?

"

sin(mrz'/c) Jo(pomr')

n=0, (A-35)
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Diffusion in a Spherical Geometry

In spherical coordinates, V.(D.Vn) is expanded as

Drr(aZn/ar2+ 2/ran/ar) + (Dr¢+ D¢r)(l/r sin 032n/3¢ar)

+ Dr¢(l/r2 sin 8an/3¢ ) + D¢¢(cose/r2 sin 83n/36 + 1/r232n/362)

2 s3np32 2 <in2632n/542
+ (Dgyt Dyg)(1/r? sin6d n/363¢) + D (1/r? sin®63 n/3¢<) .

(A-36)

If, for the spherical case, B=B_ a or BO

= o) _¢ ’ (A-36)

a
=r

reduces to
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v.(D.vn) =‘Drr(82n/r + 2/ran/sr)
+ Dee(cose/r'zsinean/ae + 1/723%n/362)

+D 6 ¢(l/rzsin682n/3¢2) . (A-37)

Also, if symmetry exists about the z axis, 8n/3¢ =0 and
equation (A-36) reduces to

v.(D.vn) = Drr(azn/ar2+ 2/ran/ar)
(A-38)

+ Dee(cose/rzsinean/ae + 1/r232n/362)

for any linear combination of uniform magnetic field camponents

The generalized solutions are difficult to obtain in terms of
known functions, and no attempt at the solutions will be made

here.



APPENDIX B

REFLECTION FROM A PLASMA SLAB IN A WAVEGUIDE

Waveguide-Transmission Line Analogy

The problem of transmission and reflection of a dominant
mode in a wavegulde in which the propagation constant is only a
function of the longitudinal direction can be treated by solving
the analogous problem by transmission line theory since the
equation governing transmission along the length of the two
systems is the same. The wave impedance for the mode in the
waveguide is directly analogous to the characteristic impedance

for a transmission line.

Consider the following transmission line analogy to the
problem of a waveguide which is perfectly matched but contains a

uniform slab of dielectric of length L .
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Dielectric Slab
T = — 7] Matched
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! L

~.

;)
1

At

] I
—> A

Z_, = Characteristic impedance or wave impedance for the
waveguide in free space.

Z = Characteristic impedance or wave impedance for the
p dielectric section.

Fig. 20. Transmission Line Analogy

According to transmission line theory, the impedance seen

looking toward the load at section A-A! is

Z_(Z.+ Z_ tanh 3L
=p(L - )

Z
(Zp+ ZL tanh 3L)
(B-1)
Z (1 +7_ tanh 3L)
= P( D
(Zp + tanh L)
where = a + jB 1s the complex propagation factor in the

dielectric; o 1is the attenuation constant and 8 is the
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propagation constant. 7p= Zp/Zc is defined as the characteristic

normalized impedance of the slab section.

The corresponding reflection coefficient for the input to

the slab section is

Z-72 (Z2 - 1) tanh 9L
R = ¢ = P
Z+Z Z2 + 1) tanh 9142 Z
c ( p ) P
(B-2)
72 -1
) ( o )
(Zé +1) +2 Zp coth dL
The propagation factor ¥ is defined by
Y
¥ = (k2= «k2) = o +j8 (B-3)
where kC = (m/a) for the TElO rectangular waveguide mode,

k = dielectric constant = e/eo R

k = w/c= 211/)\0 s

A = free space wavelength of the probe signal,

E
]

radian frequency of the probe signal,

¢ = speed of light in free space.
The characterisitc impedances are defined by 19

Z, = (Jk /%) g




(uo/s O)]"é = characteristic impedance of free space,

where Zo=
o ' %
¥ = (kg - ké)
zp = (Jk /N2, , (B-4)
_ (kZ_kZ)Ié
Zp = Q,O/BJ-_-__(:—.__Q.—: a+jb .
(k:(zz—acké)]/z

Collisionless Plasma Slab

The problem of finding the maximm and minimum magnitudes of

the reflection coefficient for a slab with a complex dielectric

constant x 1is difficult because of the awkward expressions

involved. For a lossless plasma, however, characterized by the

dielectric constant « = (1 —m}z)/wz) , the problem is simplified.
If (wc/a)? + «é < «* where o is the plasma frequency, and ¥

and ? = j B are pure imaginary numbers corresponding to a

propagating mode in the waveguide, than Zp 1s a positive real

quantity. For this case, cothdl = j cotBL and

(Z22 - 1) :
(Z2 + 1) + 24T, coteL

The relative minimm values for |R| occur for

BL=mw ,

=]
]

1, 2, 3, ... (B-6)
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and the corresponding value of |R|min for these values of 8L 1is

Rl . =0. (B-7)
The relative maxima occur for

gL = (n + 1/2)7 ,

n=0,1,2,3, eonn (B-8)

and the corresponding value of the maximum is

72 -1
Rl . = L2 (B-9)
72 + 1
P

Also, a maximym reflection of unity occurs for the lossless plasma

case when B = 0O . This is the cutoff condition for propagation

of the wavegulde mode in the plasma slab section.

The preceding relations for B give the "resonant" conditions
for the plasma slab when the dielectric constant is pure real and
the mode is propagating in the plasma section. For a dielectric
constant, «k = (1 - mé/mz) , the corresponding relations between

and are
w wp

(B-10)

IR|

— cutoff condition
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222 4 IO, 1O (B-11)
p,

L2 a2

IRl
m=1, 2, 3, ceveess .

A plot of |R| versus 8L is given in Fig. 21.

R
11—
/
Vd
72 -1
2 1777 o |
‘z'123+1 |
l (!.:O
]
|
‘ I
4 . | . >
0 /2 n 3n/2 2n 8L

Fig. 21. |R| Versus BL for Lossless Slab.

Plasma Slab with Collisions

For a temperate plasma in which the collisions between the
constituent particles camnot be neglected as a loss term, the
dielectric constant is usually characterized by

w2 (1 + jv/w) (B~12)
K =1 - D

w? +v2




l

where v 1is the effective collision frequency of the plasma.
When the collision frequency v 1is small compared to the probe
signal frequency w , the values of B8L for maximum or minimum
reflection magnitudes do not change appreciably from the
collisionless case but the maxima and minima of the reflection

coefficient magnitude are reduced to the approximate expressions

(z2- 1)
Rl = = £ , (B-13)
(Z2+ 1) + 2Z_ tanhal
D P
(Z2- 1)
IRl o, = P . (B-14)

(Z24 1) + 2Z_ cothol
o P

A plot of the reflection coefficient magnitude is given in
Fig. 22

jb (ZS- 1)

72- 1 :
( | ) .
(Z241) + 2Z_ coth aL]
p P 8L,
| f -~
3n/2 2m (aL):

Fig. 22. |R| vs. BL for Lossy Slab.
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It has been shown that the effects of losses in the dielectric
slab or collisions for a plasma slab has the effect of lowering
the reflection magnitude peaks and raising of the reflection minima
from the zero level, When the effective collision frequency is
high, both the levels of the maximum and minimum reflectiomns and
the corresponding values of BL are changed appreciably.

Calculations of Resonance Densities and the Diffusion Coefficient

The electron densities at the peaks and nulls shown in Figs.
11 - 14 can be calculated from Eqs. (B=-10) and (B-11).

[
/
VY /LA [
’ L/
Ve 4 %
W §_T /)
v ] /]
b | -] bt 4 g
o’ ,",l /] 71
Ve /’
l T T, | (T T >
| |
< L A | |
« a 1

Flg. 23 Wavegulde and Plasma Cavity Dimensions.
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Waveguide Dimensions - I,D. Quartz Container Dimensions - I.D.
a=,91in, = 2,29 cm, a'= .77 in., = 1,97 cm,
b= ,44in, = 1,02 cm, b* = 275 in, = T em

L =81in, = 20,32 cm,
f = 8,254 kmc = probe signal frequency
w= 5,19 x 100 radians per second

Peaks [Eq. (B=-10)]

2 o 2 1,2 3¢ | #2¢2
W wp+(n+2-) -V—'F—é!-—

n= 0. l. 2. 3 eceee

Minima [Eq. (B=-11)]

ms=s l. 2’ 3 xXxxx)
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e = permittivity of plasma = ¢ (1 - mg/mz)
€, = permittivity of free space

N_ e2
e
mg = (plasma frequency)? = -

N, = electron density

M = mass of electron

e = electronic charege

w = probe signal angular frequency
c = gpeed of light in free space
= width of rectangular guide

L = length of the plasma slab,

[

The number of the last peak shown in Fig. 14 is easily obta;.ned
since it corresponds to the shortening of the electrical length 8L
from its free space value to the closest odd multiple of »/2., A
sinple calculation gives n = 6 for this last peak.

A typical calculation from the data of Fig, 14 for the density
at the peak reflection corresponding ton = 6 gives:

= w2 2 rzcz ‘l’zcz
U;G w® - (13/2) D+ aadier-y

= 26,93 x 1029 <~ 9,09 x 1020 - 16,93 x 1020

= ,91 x 1020

N_e?
2 2 _© = 9
Since ”p -ME-o— 3.17 x 10 Ne for the density Ne given in
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electrons per cublc centimeter, the value of N o 18 found to be

Ngg = 2,87 x 1010 elec./cc.

A plot of Ne versus time based on these calculations is given in
Fig., 24, A calculation of the diffusion coefficient D can now be
made based on the data of Fig., 24 and Eq. (2-37). The plasma
density decays essentially as
- - 2 2 2
Ng = N, exp {-[D  (x/a")% + Dyy(u/b') + D, (x/L)%]t}

- N,, exp {-D[(x/a')% + (x/b')21t} .

The value of D can be obtalned by taking the derivative of Ne(t)
with respect to t and dividing by N (t).

1 dNe
T 3 = -Dl(n/a')? + (n/0')?] = -D[22,7].
e
From the data of Fig. 24, (t ¥ 4Ou.sec.), the value of D is

D[22,7] = 4,2 x 10"

D=1.,8 x 103 cm?/sec.
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