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FOREWORD

This report is the result of a study on the buckling of segmental orthotropic cylinders

under uniform axial compression.

of Lockheed Missiles & Space Company in cooperation with the George €. Marshall

Space Flight Center of the National Aeronautics and Space Administration under

Contract NAS 8-11480. Contract technical representative was H. Coldwater.

This volume is the the seventh of a nine-volume final report of studies conducted by the

department of Solid Mechanics, Aerospace Sciences Laboratory, Lockheed Missiles &

Space Company. Project Manager was K. J. Forsberg: E. Y. W. Tsui was Technizal

Director and Professor D. O. Brush of the University of California at Davis was a

Consultant for the work.
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Analysis of Multicellular Propellant Pressure Vessels by the
Stitfness Method

Buckling Analysis of Segmental Orthotropic Cylinders under Unilorm
Stress Distribution

Buckling Analysis of Segmental Orthotropic Cylinders under Non-
uniform Stress Distribution

Summary of Results and Recommendations
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SUMMARY I 6 3 g‘%

This volume presents a theoretical solution to the buckling problem of
orthotropic cylindrical panels under uniform axial compression. The
panels are simply supported along the curved edges and clastically
supported along the straight edges. There is included a digital com-
puter program that was used to obtain design curves which give non-
dimensional buckling loads for a wide range of geometric parameters
for the cylindrical panels. Derivation of the expressions for the
bending influence coefficients of orthotropic rectangular plates is also

included.

iii

LOCKHEED MISSILES & SPACE COMPANY



Section

3
Appendix

A
B

CONTLENTS

FOREWORD

SUMMARY

NOTATION

INTRODUCTION
THEORETICAL FORMULATION

2

S

3]

Do

3
2.4
2.5
2.6

1

18V

Basic Equations

Strain Energy Expressions
Buckling Equations
Boundary Conditions
Solution

References

NUMERICAL ANALYSIS

INFLUENCE COEFFICIENTS FOR ORTHOTROPIC PLATES
DIGITAL PROGRAM

iv

LOCKHEED MISSILES & SPACE COMPANY

A-1
B-1



Al - dlhl;Az

-

2
E,El,E2

G = E/2(1+ v)

Chy

=
<
=z

D = Et3/12(1 - uz)

NOTATION

cross-scctional areas of stringer and ring

flexural rigidity of shell

eccentricities of stringer and ring

moduli of elasticity of the shell, stringer, and ring
shear modulus of shell

moments of inertia about the centroidal axis of stringer and
shell; ring and skin

moments of inertia about the neutral axis of stringcer and
ring

torsional constants for the 'cross scction of stringer and ring
buckling coefficient

length of panel

moments and' stress resultants

critical buckling load

number of half-waves in the axial direction
total axial buckling load of the pancl

radius of cylinder

spacings of rings and stringers

thickness of shell

strain energy

middle-surface displacement components in x .y . and 7z
dircctions
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X.y.2 curvilinear coordinates for the middle-surface of shell
4 total potential energy

W potential energy of external load

] ,. ViV, Poisson's ratios of shell. stringer and ring

€y’ y( ) direct and shear strains |

X( ) change of curvature or twist of middle-surface of shell
( ),x a( )/ox

) angle subtending the width of panel (see Fig. 1)

>0 = y/R angular coordinate

| 2 | 9
ALY AR . 3(h/t + 1)
poo 1A - N NSAT )\ T 5
(1 -v )(El/E)(dl/s)(hl/t) +1

L )2 tant
'ﬁ constan ‘
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Section 1
INTRODUCTION

When multiceullular configurations are employed as fuel tanks or interstages ol space
vehicles, buckling of the cylindrical panels under axial compression may be critical
as far as the load-carrying capacity of the structure is concerned. In general. the
loads on such panels are distributed in a nonuniform manner. However. the critieal
uniform loading may serve as a valuable guide in the design of multicellular shell
structures. Besides local buckling (between stiffeners) two different buckling modes
are possible: a panel buckling mode and a general instability mode. We deline as
panel buckling here a mode in which the displacement pattern is either symmetrical
or antimetrical about each of the lines of intersection between adjacent panels, In

the general instability mode, on the other hand, the wavelength is larger than the width
of one panel. For structures having twenty cells or less. it is evident that this
deformation pattern produces very large axial membrane stresses in the cylindrical
panels. Therefore, general instability will‘not be critical and because satisfactory
methods are available for the local buckling mode, only the panel buckling mode will

be considered here.

It is believed that the buckling of monocoque simply supported cylindrical panels was
first studied by S. Timoshenko (Ref. 1). S. C. Redshaw (Ref. 2) extended the analysis

to include a few cases of different boundary conditions along the generators. Results

- for the simply supported case agreed fairly well with tests made by J. 8. Newell and

W. H. Gale (Ref. 3). However, for the cases of fixed straight edges. the correlation
was poor. A general expression for the critical compressive stress for slightly
curved sheets with equal elastic restraints against rotation along the unloaded cdges

was obtained by E. Z. Stowell (Ref. 4).

Using a simplitied version of the buckling determinant derived by W. 1Pltgge (Ref. 5)

for orthotropic cyvlinders. D. D. Dschou (Ref. 6) investigated the buckling of axially
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compressed segmental stiffened cylindrical shells. The general expression for the
critical stress. however. is for the simple support boundary condition only. and
eccentricity effects were not considered. Since then. the problem has received little

attention (Refs. 7 and 8).

It is apparent that the available solutions cannot be directly applied to determine the
critical compressive stresses of cylindrical segments subjccted to the boundary condi-
tions along the generators. which are applicable to the cylindrical panels in multicetiular
structures. The purpose of the present work is, therefore. to perform the nccessry
theoretical investigations required to formulate theory and to develop and analvtical
approach for predicting the axial buckling loads for both isotropic and orthotropic
segmental cylindrical shells with displacements satisfying appropriate boundary
conditions along the straight edges. Effects of eccentricities of stiffeners and bending

ol the web plates will also be examined.

(&™)
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_ Section 2
. . THEORETICAL FORMULATION

2.1 BASIC EQUATIONS

N The analysis is based on the following assumptions:

Stiffeners are located along coordinate lines.

Strains in the stiffeners vary linearly with the radial coordinate and are com-

patible with those in the skin at the surfaces of contact.
| ’ e Stiffeners are under a uniaxial state of stress.

In-plane shear forces are entirely carried by the skin.

spacing of the stringers or rings.

Stiffeners are so closely spaced that the effective width of the skin equals the

The strain-energy expression given i1Sec. 2.2 for an orthotropic segmental cvlinder

as shown in Fig. 1 is based on the following elastic and kinematic rclations (Rels, ¢

and 10):
e KElastic relations

For the skin:

(TX T B [€X + "Go + Z(XX + I'Y())l
' 1 - v
" — ley + re + z2(X, + X )]

0 2 0 X 0 X

1 - r
FFor the stiffeners:
- D - 4+ ,
o Ll(eX Z'\x)

o E'_Z((() + zxn)

o
3
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(a) SKIN

Fig. 1 Geomelry of an Orthotropic Cylindrical Pancel
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e Middle-surface kinematic relations

Strain displacement:

€= + 2/9 | 9.9
X u’x (W.x) 2 (2.3a)

. 2/9 0
€y~ v.0+w+(w‘0) 2 (2. 3b)
Yo u,(‘, + Vit (w'x)(w. 0) (2. 3¢)

Curvature displacement:

i e W R T
'\x V\,XX (2. Ia)
XB = —w,()() (2.4
= - 4 »
XXB w,x() (2. 4¢)

The nondimensional variables are given by

x= %R , 6 =3y/R |, z - 2/R (2. 51)
u - uwR . v =v/R . w  w/R (2. 5b)

In terms of these relationships the corresponding stress resultants and moments are

as follows: ;

= . C_ + pe, + 2.6
Nx n.3<x vy @ lxx (2. 6a)

— S IS RS b D I
NO 4y + Pey LS O (2. 6N

pg
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— — “ D) NS
Neo ™ Nox = 757 ko (2. 6¢)
- 2 o (2. 6el)
My = 05X 207 Xg + 0y € =
_ 2 + (2. Ge)
M() = (1'6,\0+vy Xg 02€0 2. Ge
J E
2 1+v 1 1 . :
M i == ’y + <_‘_>] (l - V)X (‘-‘)' 61)
x0 [ 2tR2 (1+ Vl)S E x0
’ J E
2 14+ v 2 2 o o
M, = |y + - - (—)] (L - )y (2. 6¢)
fx [ 2tR2 (1+ Vz)l E 0x
The nondimensional stress resultants and moments are defined as follows:
2
1 - v
= .) lod
N( ) Ft N( ) (2.70)
M = iz¥ M (2. 7h)
() EtE () T
and
3\ /E.\ A 2
% = 0_1.. .__l __L(}...;_,l_.). (')‘ q.l)
1 R E st N
A 2
9 E2 A2(1 - 7) _
“ONRNE) TR =

6
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*)
I‘Il A](l -7
' 4] et | 9 Qe
ay F(lc at 280

E\ A (1 - 1)) -
ENL. + A 82
e
2
O»S = ’y“ + (l - 712)< _l> 1 .)1 ] (.38(‘)
- stR™
, 2 o [Eo\Iy + AsCh
I E (2. 81
’ ! rtR~
2 J I J I
R L ! J) b = (2. #)
7 a2 |0+ )s\E T+ e\ w
) t 2
9 1 b
) 12 (R) 2.8

2.2 STRAIN-ENERGY EXPRESSIONS

The total potential enei‘gy of a stiffened cylindrical panel under axial load may be

expressed as

A~ -~ ~

Vv - U+W 2.9)
where U is the strain energy of the skin, stringers, and rvings and W is the potential
energy of the external load. From the relations in Sec. 2. 1, it can be shown the strain

energy of a evlindrical panel (Fig. 1) is given by the following equation.

-3
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I/I\Q/r)

: 2 2 1 -y
J
1 J I ((x + . + 2V€x€0 + 5 yxo)dxd(?
0 -Qfz
1 g2
+—1§(f) [\“ + v 20X X, + 2L - v)X 'dde

[

2 [ 28 e \2 J
B By D) - ] *)
PR UL ¥ N BRSNS € T (-i> =+ 1.y + ~~—~]" X dxde

st E 1] x R x

3
=
o
>
=

o [ A 2 ’
1 -2 Fy 9 2€, o\ .2l - 2 Iy 2
o - A e + == €%p 1= X, + 1 Xo 51y Vs dxdo

where

2 -
-2 -v) g

v 2
EtR

The potential energy of the external load is

N L/Rg/p
_ __ééf f u_ dxdo
0o /2 '

Equation (2. 10) becomes in terms of the nondimensional parameter (Vi

L/RQ/Q
2 2 1 - p 2
- 2 RAL - —————— ’
U [ f Se + 01460 + “alexxx + 2(v2€9x9 + ..,I(xe() + 5 -)x”
0 -Q/2
2 2 o2y 2 ]1 W
+ ()rﬁ\x + O’G\IO _l'y \ N\ ( . - 2y )Xx() dxdt¢
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2.3 BUCKLING EQUATIONS

The equations for the state of neutral equilibrium and the associated boundary condi-
tions can be obtained by equating to zero the first variation of the potential energy

[Eq. (2. 10] with respect to each of the displacement components u.v.w (i.c. . 6\7 - 0)
and by linearizing the resulting equations in accordance with the adjacent-equilibrium
theory of stability. The linearized equations can then be expressed in terms of pre-
buckling stress resultants, incremental displacement components. and other param-
eters.  Suitable mathematical manipulation and substitution lead to the following

stahility equations for axial compression:

1 - 1 +p :
g i | + v + pw - (v _ W 0 2. 13a
¢ Su.xx 2 ' .08 2 V._x() '“.x 1 .XXX ( )
1+ r 1 - )
: o + + - w 2013
5 u,x() - 5 v.x.\' (14v‘ 00 Q 4\\7. 0 O 3\\.(”)“ 0 (2. 13h)
J w + p - o (v + - oW -0
Nx“ xx 1 u. < O 4(\ 0" w) 2\‘ 00 SN sy
-0 (v + W + oW + oW + oW 0 2. 13¢
SN a0 TV 000 T Y s T U6 0000 T V7Y x00 ( )

Specializing these equations for a homogeneous isotropic shell yields the well-known

Donnell equations.

2.4 BOUNDARY CONDITIONS

The natural or dynamic boundary conditions of the problem under consideration can
be obtained froni the expression for the first variation of the strain encrgy. These
arc as follows:

e At the curved edges

' + (v 4+ W) - o w 0 (2. .14
(\:;u.x 1(\‘0 ) XX ( )

9
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u,+tv_ =
96 9X
+ 2 2 2
o _W VY W - a.u + (o, - V’)W =
5. xxx Y W x00 T 1% xx ( 7 LA
L2
o _w v W - o u
5", xx " 00 1 .x
® At the straight edges
u, + v
0 . X

+ + -
(v4(v’ 0 w) LONEE oV 00

5 2
, s < _ + w - 92 “hw
Y6V 000 T Y VY xx O/'Z(V, 00 ~ WV, o+ ((\/7 ="y )“ .XxX0

2
o W + w - ¥ Vv + W
6".00 " VYV xx 2V )

0

<

(2. 14b)

(2. 14c)

(2. 14ch)

(2. 150)

(2. 151)

For simplicity in the analysis. ‘it is assumed here that the panels are simply sup;itn‘lcd

at the curved edges.

O'3u,x " V(V,G tw) - alw,xx - N); -0
v 2 0
W 0
2
IV s + 1')"'\\"00 -« 1\1.}\, : Mx 0
10
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Since the radial webs in multicellular shell structure elastically restrain the
deformations along the line of intersection between two cylindrical panels.
boundary conditions for both antimetric and symmetric buckling can be expressed
in terms of the influence coefficients of the web plates. The displacement com-
ponents parallel and perpendicular to the plane of the web plates (Fig. 2) ave

respectively given by

W = W cos ¢ -V sin ¢ (2.17a)
v = w sin ¢ t v cos ¢ (2. 17h)
where
‘ ( w
Q->b
: Q/2
¢ = 3 p at 0 =
-Q/2
-2+ D

The boundary conditions for the antimetric mode are

u = 0 (2. 18a)

| w o= 0 (2. 18D)
v i 2 - 2 = 2 Sc¢

v - ¢y (N, cos ¢ + V, sin ¢)/2 - ¢;,My/2 = 0 (2. 18¢)

W - ¢y (Nycos ¢+ VE) sin ¢)/2 - 022M0/2 =0 (2. 18d)

In the above equations. N() and MO are given by Eqs. (2.6b) and (2. 6¢). and V()

is the shear stress resultant.

LOCKHEED MISSILES & SPACE COMPANY



ANTIMETRIC MODE

¢ oF \
PANEL
RADIAL
WEB——\
\

SYMMETRIC MODE

CYLINDRICAL
PANEL

niks

Fig. 2 Buckling Modes of Panel
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which may be expressed in terms of the displacement components as follows:
V. = (oz - V'Y2>W + oW -‘a' vV .+ W ) (2.19)
6 7 , Oxx 6,006 20,68 ,0 ’

The coefficients ¢ and c__ are the bending influence coefficients of the

_ 11°%12°%1° 22
web plates. A method to determine these coefficients is given in Appendix A.

For the symmetrical mode of panel buckling the boundary conditions at the straight

edges are

- = 2 9 9

u 033Nx0/2 0 (2. 20a)

v =20 (2. 20b)

w - c,y(Ng sin ¢ + V, cos $)2 =0 (2. 20c)
W = 0 (2. 20d)

3

where c.., and c¢,, are the stretching influence coefficients of the web plates. For

33 44
the multicellular shell structures under consideration, it has been found numerically
that the stretching ﬂexibility of the web plates, especially when they are stiffened, is

very small.

2.5 SOLUTION

For the case of uniform axial compression, Egs. (2. 13) are linear differential equa-
tions with constant coefficients. The simple support boundary conditions for the

curved edges as given by Egs. (2. 16) are satisfied by the following displacement

functions:

13
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u — €os anx Z A exp [7\(0/0)] (2.

=1
v = sinanx Z BJ exp [7\(6/9)] (2.
j=1
w = sinanx z C exp [7\(6/9)] (2.
=1
where
a = m(R/L)

Substitution of the displacement functions into the equations of equilibrium [Egs.

yields the following characteristic equation:

V)[(Od)z - a3a-5]a8]n8 * [(1 - e 136]"6 " [(’1—'2:—]}) ("2 - “3“'4)“4]“4

S

#{lagtaga, -9+ (59)agey - @y Ja® + (- nagey + oo |t} d?

21a)

21b)

21c)

(2. 13)]

+ {1/(1— v)ozzazn2 + [( a/3oz4)a - (12 V)(a o, + a4 5) (1+ ) 10'3]:\4114’(7\)4
" “0‘6(0"3“4 - (1;1))“4“7 - (“2)2 }(7‘) " l [(“ g ”(")8
- Nx {(%Y)asaene + (v - a3a4)a4n4(3\)2 + (l ; ")¢v4:12112(i)4} = 0

(2.22)

14
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. where

1—v2 Px

Nx T TRt él/ﬁ
QR }1 +

1+ (E/EDst/(1 - v9)A4

and

Equationé (2. 13) are identically satisfied if Ai(j =1.2...8) in Eqs. (2.22) are chosen
to be the eight roots of this characteristic equation. The Aj . Bj and Cj in lKgs. (2.22)
are constants of integration. For each given value of }\j . Aj and Bj may be expressed
in terms of Cj by use of the in-plane equilibrium equations {Eqs. (2. 13a.b)}. Thesc
constants are governed by the homogeneous equation system which is obtained if

Eqgs. (2.22) are substituted into the eight boundary conditions for the straight cdges
(four at each edge). The critical value of the load is found as the lowest value ol Nxo

for which the determinant of the coefficients of this equation system vanishes.

o
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Section 3
NUMERICAL ANALYSIS

The critical load of an axially compressed stiffened cylindrical panel may be obtained
by use of the computer program which is discussed in Appendix B. This program is
based on the theoretical formulation as described in the previous section. I should

be noted. particularly in the preliminary design stage. that the inverse problem is
frequently posed. That is, the axial load and sometimes material or certain gecometri-
cal parameters are given and it is the task of the stress analyst to determine the panel
geometry. It is certainly possible that this problem may be solved by the application
of the computer program to a number of cases in which one or more parameters have
been varied. In many cases it may also be possible to devise an optimizing computer
program for the inverse problem. However, because of the many alternatives that

are open. the usefulness of such a program will necessarily be somewhat restricted.
In view of these considerations, it is obvious that the computer program would be «
very valuable tool if a set of design curves were provided. Unfortunately. the large
number of independent parameters for stiffened panels makes a comnlete narametric
study impossible. Therefore. the numerical analysis presented here is primarily
intended to help the designer to obtain a reasonably close estimate of the critical loads.
With such an estimate available. the determination of more accurate dimensions by

use of the computer program is expedited.

Table 1 shows some results from a study of the influence of the angle ¢ on the buckling
load. It was found that within the range of values applicable to multicellular design,
¢ has little effect on the critical load. Consequently. for the case in which the stift
ness of the web plate can be omitted. the usual simple support boundary conditions

give a good approximation for the panels in the shell structures under consideration.

17
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Table 1

INFLUENCE OF ANGLE ¢ ON BUCKLING LOAD

Buckling Load

(dde)g) Ncr (]_1(3)7> Remarks
0 11, 170 R/t - 242
7.5 11, 265 L/R - 1.5
dl/R dz/R = 0.006
_ hl/R - hz/R 0.017
11.25 11.313 E]/E Eg/E =

r - 0.3
Q = 30deg

Figure 3 shows critical loads as a function of the panel angle, © . for an external
stringer stiffened panel. The nondimensional buckling curves are for the lollowing

four different boundary conditions along the straight edges:

PS1 u=0; v=0;w=090 MOfO
PC1 u=0;v=0;w=0,w.0:0
pPS2 u:O;N-,HZO;w:O MO 0
PC2 u =0 NGZO;WZO,W.O 0

In view of IFig. 3. the curve PS2 gives the critical load for the case in which the web plate
stiffness is omitted. and curve PC1 corresponds to the casc of rigid web plate. 1t is
cvident that for sufficiently narrow panels the influence of the web plate stiftness may

be significant. Tt can be observed that to restrain tangential displacements is morc

elffective than to restrain rotations at the edge (PS1-curve is well above the PC2-curve).

The critical load corresponding to a series of values of the web plate stiffness has

been computed for a panel which is stiffened by an internal waffle pattern. The results

LOCKHEED MISSILES & SPACE COMPANY
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Fig. 3 Effects of 2 on Buckling Stress
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are shown in TVig. 4. The web plate here is stiffened with the same waltfle pattern as
that for the cylinder but the stiffene‘r height was varied. It is seen that the eritiea.
load does not increase significantly unless the plate is very stiff in comparison to that
of the cylindrical panel. It appears that in most cases the simple support conditions

should lead to a good approximation,

If the simply supported panel is entirely or primarily stiffened in the circumferential
direction, the critical load would be the same as that obtained from a complete cvlin-
der. TFor panels which are éssentially stringer stiffened or with approximately the
same stiffening in both directions, an estimate of the buckling load can be¢ obtained
by use of Figs. 5 through 16. For the case of simple support. Figs. 5 through 10
give buckling coefficients as a function of the angle € for various values of the
parameters p. L/R, and R/t. Figures 11 through 16 give corresponding results
for waffle stiffened cylindrical panels. Results are presented for external as well

as internal stiffening. The graphs apply strictly only for rectangular stiffeners but

they will yield reasonable buckling loads for other stiffener shapes.

LOCKHEIZD MISSILES & SPACE COMPANY
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Fig. 5a Buckling Coefficients for Panels With Internal Stringers — L/R = 0. 5;

R/t =

400
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Appendix A
. INFLUENCE COETFFICIENTS FOR ORTHOTROPIC PLATES

An analysis of influence coefficients for orthotropic rectangular plates subjected to

edge moments and shears is presented in this appendix. The influence coefficie

nts

are used to determine the elastic restraint provided to cylindrical panels supported

along the straight edges by stiffened web plates (see Fig. 2. Vol. II).

The following equation which governs the bending of an orthotropic flat plate may he

obtained through specialization of the equations for an orthotropic cylinder (sec Scec.

<

and Si is the spacing of the stringers: subscripts 1 and 2 refer to the x- and v-

directions; w is the lateral displacement of the plate.

A-1
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The x and y axes are taken so that the edges of the plate are at x = 0. x = a .
y 0. and y = b. The plate is assumed to be simply supported along the edges
y =0, y=D>b, and x = a, Amoment M and a transverse shear force V are
specified along the edge x = 0. These edge loadings may be represented by the

following Fourier series:

[+ o}

M = z 1V[msin-r-n-birX (A. 2a)
m=1
oo

vV = Z v sinm{)—’x (A, 21)
m=1

Thus, the boundary conditions for the plate are

y=290 w = W. vy =0 (A 30
y=>b W = Wy T 0 (A.3b)
X = a WEW T 0 - (A.3c)
o
x=0 M_=M = z M_sinTly = Dow D (A. 3d)
m-=1

[va]
Vx =V E Vm sin oY
m=1

- w - (I + 2D )w (A 30)
N AXX Xy’ . XVV
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By use of the following Fourier scries representation of the displacement function,
the space variables in Eq. (A. 1) can be separated and the boundary conditions along

the edges y = 0 and y = b are satisfied:
_ .. mnuy : .
w(X.y) = 2 wm(x) sin === (A1)

m=1

Insertion of Eq. (A 4) into Eq. (A.1) results in the following ordinary differential

equation for the Fourier function LA

2

d w 9 dwm 4
D m _ 90“H +o0°"Dw_ =0 (A.5)
X 4 m 2 m y m

dx dx

where
a = T , m = 1,2.3....
m b

Since Eq. (A.5) is linear and has constant coefficients. we substitute
4 }\ix
W = z A, e (A. )
m im
i=1

into Eq. (A.5) and obtain a characteristic equation of the fourth order. The roots of

this characteristic equation are

Moga T |D F
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The form ol the solution of liq. (A.5) depends on the value of n- - DxDv' and thus

the following three cases are possible:

o
Casel H” > D.D
- Xy

WooT A1m cosh ()\lx) + A2m sinh (Alx) + A3rn cosh (xzx) + A4m sinh (xzx) (A. %)

where
1/2
7\1- B O{m
1/2
; n o [fe? Dy
A, =@ |5 - [—5 -
2 m 2 D
X D X
X .
2
Case2 H®" =DD
Lase 4 X"y
et i (
W (A1m + Azmx) cosh (Ax) + (A3m + A4mx) sinh (Ax) (A.9)
where
H
A Om *ﬁ*
X

2
Case3 H™ <« D:D
zant 9 Xy

Vi [Alm cos {(dx) + A2m sin (dx)} cosh (cx) + {A3m cos (dx) + A4m sin (dx)| sinh (¢x)

(A1)
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where

o

_ . m 2 H
c = — [B% + —
V2 D
o ) H

m “
AR VA
4 X

The integratibn constants Alm to A are to be determined such that the boundary

4m
condtiions | Fias. (A. 3c) through (A.3e)] at the edges x = 0 and x = a are satislied.

This yields

(A = [R_17(P) (A. 11)

where

2m
(Am) =
3m

b

4m

(‘P ) =

Xxm

3
< =2 °o o

Xxm
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cosh (Ala) sinh ()\la) cosh (Aza) sinh (Kza)
Az cosh (A.a) A2 sinh (A a) 7\2 cosh (A a) }\2 sinh (A a)
1 1 1 1 2 2 2
Pl = 2 2 2 2
-D AT+ D« 0 -D AL +D.w 0
X1 1''m X 2 1™'m
3 2 ’ 3 2
0 -D A + kAL« 0 =D AT+ kA v
X1 1 m X 2 2'm
2
for " >DD . or
Xy
cosh (Aa) a cosh (Ana) sinh (Aa) a sinh (An)
2 : 2
2 A~ a cosh (Aa) 9 A i sinh (Aa)
A% cosh (An) . A sinh (Aa) N .
IR ] - + 27, sinh (Aa) + X cosh (Aw)
m
2 2 .
-D A +D,w 0 0 -D_(2A)
X 1™'m X
’ 2 2 3 2
0 -D_(3A7) + ke -D A+ K\ 0
L X m X m
. 2
for H" =D D , or
Xy
cos (da) cosh {ca) sin (da) cosh (ca) cos (da) sinh (e sin (day sinh e
(v;- (i;r eus (da) cosh (ca) (c:- d") sin (da) _cush (en) (c:-d:) cus (day sinh fea) (_(,-:— d:i Sin (da) sinh ey
[Rm] - Zed sin(da) sinh (ca) + 2ed cos (da) sinh (cu) - 2ed sin (da) cosh (ca) - 2ed cos i sinh (e
- I)x(cz-(lz) *Dlu ;‘; Y 0 - l)x(:n-.h
o -D e ) +kda S D e’ - 3% ke : o J

for H, ~ D_D
2 Xy
and

k = U+ 2D
Xy
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Through use of Egs. (A.11). (A.8), (A.9). or (A. 10). the edge deflection wm(O) and

edge rotation (d/ dx)wm(O) are next computed for the following values of Mm and V m

‘Casel M - 0.V =1
—_— m m
Casell M_: 1.V =0
A m m

Finally. for each harmonic m of edge loading. the influence coefficients cii are

obtained as follows:

From Case I

Cqyp © wm(O) (AL 12a)
d
= 5= ) A12
a1 e wm(() (A 12D)
From Case II
012 = wm(O) (A _3a)
c. =Ly (0 (A. 13h)
22 dx m )

This procedure has been programmed for the IBM 7094 digital computer and the influ-

ence coefficients so obtained were used to arrive at the results presented in See. 3.
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Appendix B
DIGITAL COMPUTER PROGRAM

The solution presented in Sec. 2 was programmed for the digital computer and a list-
ing of the FORTRAN II program is given in this appendix. Use of the program requires
input of geometrical and elastic properties of the cylindrical pancl. estimated ranges
of critical load. number of waves in the axial direction. and a set of control variables.
In the general case, such properties as moments of inertia of stiffeners are requived
in the input. but a separate branch is provided in the program for use in the case of
rectangular stiffeners. If this branch is used the stiffener dimensions are read in and

stiffnesses are computed internally.

The program computes the determinant of the stability matrix and can give the output

in two different ways. A series of values of the determinant may be printed out together
with the corresponding load levels. Thus. the user can find the critical load as the
lowest load for which the determinant vanishes. The computer can also determine the

value of the critical load by use of an iterative procedure.

At certain values of the load a change may occur in the number of real roots of the
characteristic equation. Multiple roots exist at such values and hence two columns

in the stability matrix will be identical. As this leads to a zero determinant independ-
ently of the boundary conditions at the straight edges. the corresponding valuc of the
load is a false solution to the buckling problem. When a series of determinant values
are printed. such a solution may be recognized in the output since the number ol real
roots is included. In case the iterative method is used to lind the critieal load. the
program will ignore zero crossings of the determinant when a change takes place in
the number of real roots within ]0—4L times the load step. DPrinting outl the values ol

the roots of the characteristic equation is an additional option.

B-1
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The buckling mode. which is symmetrical around the line of intersection between
adjacent panels, is expected to be less critical than the antimetrical mode even for
the case without web plates. In the presence of web plates, their stiffness will prac-
tically prevent the in-plane displacements and therefore the antimetric mode becow.es
critical. Tor completeness. the branch for the symmetrical mode is included in the
computer program. However. to avoid unnecessary input. this program branch
assumes a negligible elfect for the web plate. and a lower bound to the symmetrical
buckling. mode can be computed.  For the antimetriec mode. the case of zero web plate
stiffness corresponds to infinite {lexibility constants (cu. €19 Cuye and cz_l). IFor
other cases the coefficients may be computed according to the solution given in

Appendix A,

IYigure B-1 shows a flow chart of the computer program. Geometric and elastic prop-
erties needed as input are listed in Table B-1. Load range and load step size ave
defined by the input parameters listed in Table B-2. In addition some control variables
are input parameters. They are listed in Table B-3. The complete sequence of input

rarameters and the corresponding '"read-in-formats' are shown in Table B-1,
1 P g

A sample problem is demonstrated in Table B-5 (input) and Table B-6 (output). The

coefficients c,,. c... c¢_.. and c__ are computed according to the solution in
11 12 21 22 2

Appendix A.

The critical load is given under the heading NXO in the output (Table B-6). This

buckling load is computed for an intecrnally waffle stiffened panel as shown in lMig. 13-2,

The complete program is given in Table B-7.
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Read and write
input data

Check
for maximum
jterations

Change XN by
interpolation of
zero crossing

Calculate run
parameters
e.g, Al-—A7

Change number
of waves

Initialize XN

Root

located
Check for
more waves
Compute the
characteristic Print root
equation
XN > XEND
] XN:XEND Check for root
Find the real XN = XEND by method of
and complex REGULA FAL SI
roots
XN = XN + STEP |
=1
1I0PTS
=0 Print
characteristic
solution
‘ Print determinant

Calculate T
matrix

Set up and
normalize - Solve
determinant determinant

Fig. B-1 Flow Chart
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Table B-1

GEOMETRIC AND ELASTIC PROPERTIES USED AS INPUT

Computer
Program
Notation

IFor
Rectangular
Stilfeners

For
Arbitrary
Stiffeners

<

A\

ZNU
AL
AR
AR
AT

[ DIS

D2

H1

12

AAS

L AB

W

PHI

[ XA

XB

XE1

XE2

XA1

XA2

XI11

XI12

XIT1

L XIT2
E1l
E2

€CC11.CC 0.

CC»1.CCax
BN

Notation
in Analysis
(Sec. 2)

1
I—l
R
E
t

LN e el OO 0
IOHMHL\%ENH &S

ol
O

011. 012
€21.%22
n

Item

Poisson's ratio

Panel length

Panel radius

Young's modulus of skin

Thickness of skin

Thickness of rectangular stringers

Thickness of rectangular rings

Height of rectangular stringers

Height of rectangular rings

Spacing of rectangular stringers

Spacing of rectangular rings

Angle subtending width of pancl

Cell angle

Spacing of arbitrary stringers

Spacing of arbitrary rings

Eccentricity of arbitrary stringers

Eccentricity of arbitrary rings

Area of arbitrary stringers

Area of arbitrary rings

Moment of inertia of arbitrary stringers

Moment of inertia of arbitrary rings

Torsional constant for arbitrary stringers

Torsional constant for arbitrary rings

Young's modulus of arbitrary stringers

Young's modulus ol arbitrary rings

Influence coefficients for web plate (included
only if KC - 1)

Number of axial waves

B-4
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‘Table B-2

LOAD RANGE AND STEP SIZE

Computer Item
Program Notation
XBEG Starting value for axial load (compression corresponds to
negative values). The numerical value should be chosen
below the expected solution.

XEND Maximum value of axial load. (The scarch for a solution
will not be extended beyond this point. )
STEP Increment of axial load used in search for solution.
Table B-3

CONTROL VARIABLES AND INPUT PARAMETERS

Computer Item
Program Notation

KC [ = 0 for symmetrical mode
= 1 for antisymmetrical mode
KN Number of elements in the wave-number vector
LIM Maximum number of iterations in the search for zero-
crossing of determinant
ICARD1 = 0 The "option card" (Card No. 3) will not be included.

Information for previous case applies
Card No. 3 will be included

1
ICARD2 = 0 The "geometry card" (Card No. 4) not included
= 1 (Card No. 4) will be included
0
1

ICARD3 = The "a-card" (Card No. 5) is not included

(Card No. 5) will be included

ICARD4 ~ 0 The "load-card" (Card No. 6) is not included
1 (Card No. 6) will be included

10PT3 = 0 The determinant is not printed
' 1 The determinant is printed

10PT 4 ~ 0 Regular falsi; search is used
1 Determinant computed for several points

B-5
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Computer
Program Notation

IOPT5 =0
= 1
IOPT7 = 0
= 1
IOPT 11 =0
= 1

Table B-3 (cont'd)

Item

R4

Roots of characteristic equation are printed
Roots of characteristic equation are not printed

External stiffeners
Internal stiffeners

Stiffeners with rectangular cross scction
Stiffeners with any cross section

Table B-4

INPUT PARAMETER SEQUENCE AND CORRESPONDING READ-INFORMATS

Card FORTRAN Symbol Format

1 Record 72H

2 ICARD1. ICARD2, ICARD3. ICARD4, KN, KC. LIM 411, 213, 14

3 BN(I) GE12.8

4 1oPT3. 1OPT4. IOPT5, IOPT7, IOPT11 2011

S(b) ZNU. AL. AR, AE. AT , G128

6a'®)  DIS. D2. H1. H2. AAS, AB. E1, E2. W GE12. 8

()'b(d) XA, XB. XE1l. XE2. XA1l. XA2, XI1. XI2. XIT1, XIT2. EF1. E 61512, 8

7®) XBEG. XEND. STEP 6112, 8

811(1) PHI 61812, 8
(g) yC12.8

8b PIII. C]l‘ C]2' 021. C22 6E12, ¢

(a) Omitted unless ICARD1 - 1.

(b) Omitted unless ICARD2 = 1.

(¢) Omitted unless ICARD3 - 1, for rectangular stiffeners.

(d) Omitted unless ICARD3 ~ 1, for arbitrary stiffeners.

(e) Omitted unless ICARD4 = 1.

(f) For rigid webplate.

(8) Tor the case without webplate for symmetrical mode or with

finite stiffness webplate for antimetrical mode.
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