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FOREWORD 

This report is the result of a study on the buckling of segmentnl orthotropic cy1indc.rs 

under uniform axial compression. Work on this study was periol-mcd by stnl I nic.n\bel.s 

of Locltheed Missiles & Space Company in cooperation with thc George C'. M:1rsh:tll 

Space Flight Center of the National Aeronautics and Space Administration under 

Contract NAS 8-11480. Contract technical representntivc was 11. Cold\vnter. 

This volume is the the seventh of a nine-volume final report of studies conducted bj. thc 

department of Solid Mechanics. Aerospace Sciences Laboixtory , 1,ocIiheed Miss i les  & 

Space Company. Project Mniiager was K .  J. Forsberg: E .  1'. W. Tsui NXS Tcchni-.nl 

Director and Professor  D. 0. Brush of the University of California at Davis \vas :I 

Consultant for  the work. 

The nine volumes of the final report  have the following titles: 

VOl. I 

VOl. 11 

VOl. 111 

VOl. IV 

VOl. v 
VOl. VI 

VOl. VI1 

Vol. \'I11 

VOl. I S  

Numerical Methods of Solving Large Ril:itrices 

S t resses  and Deformations of Fixed-Edge Segmcwt:~l Cylindi.ic>al 

Shells 

S t resses  and Deformations of Fixed-Edge Segmental Conical Shc>lls 

Str e s se s and Def or inat i ons of F ixed - E dge Sc gin e n t a1 S phc r i c :t 1 S hc11 s 

Influence Coefficients of Segmentnl Shells 

Analysis of Multicellular Propellant Pressure V c l s w l s  I)y t ! ~  

Stiffness Method 

Bucliling Analysis of Segmentti1 Orthotropic Cyliiide 1's unclc~i .  llnilorin 

S t r e  s s D is t r i but i on 

l3ucLIing Analysis of Segmental Orthotropic Cyliiidc>rs untlc~i. N o i i -  

uniform Stress Distribution 

Sum mary of Iic sul t s :ind R ccom mc nd:i t ion  s 
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SUMMARY 

This volume presents a theoretical solution to the buckling problem of  

orthotropic cylindrical panels under uniform axial compression. The 

panels are simply supported along the curved edges and elastically 

supported along the straight edges. There is included a digital coni - 

puter program that was used to obtain design curves which give non- 

dimensional buckling loads for a wide range of geometric parameters  

for the cylindrical panels. Derivation of the expressions for the 

bending influence coefficients of orthotropic rectangular plates is :dso 

included. 
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NOTATION 

cross -sectional areas of s t r ingcr  :1nd riiig 

flexural rigidity of shell 

eccentricities of s t r inger  nnd ring 

moduli of elasticity of the shell, s t r ingcr ,  and ring 

shear  modulus of shell 

moments of inertia about the centroidal axis  of s t r ingcr  anti 
shell; ring and skin 

moments of inertia about the neutml axis of stringer anti 
ring 

torsional constants for the c ross  scction of stringv t* :ind ring 

buckling coefficient 

length of panel 

nioinents and s t r e s s  resultants 

cri t ical  buckling load 

number of half-waves in the m i d  direction 

total axial buckling load of the pancl 

radius of cylinder 

spacings of rings and s t r ingers  

thickness of shell 
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A A A  

x . y . z  

+ total potential energy 

* 
v ,  v l .  v2 

curvilinear coordinates for the middle-surface o f  shc~ll 

potential e ~ ~ e r g y  of external load 

Poisson's ratios of shell ,  str inger and ring 

direct  and shear  s t ra ins  7 )'Y) 
change of curvature o r  twist of middle-surface of shell 

x( ) 

a( )/ax , x  0 

0 

0 = G/R angular coordinate 

angle subtending the width of panel (see Fig. 1) 

y2  1 ( L Y  
12 R 

constant 
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Section 1 

INTRODUCTION 

When multiceullular configurations a r e  employed as fuel t:inlts o r  intcrstagcs 01' spacy' 

vehicles, buckling of the cylindrical panels under axial compression m a y  be crit ical  

as far as the load-carrying capacity of the structure is  conccrncd. 

loads on such panels a r e  distributed in a nonuniform mnnner. However. the criticxl 

uniform loading may serve  as a valuable guide in the design of niulticellular shell 

s t ructures .  

are possible: ;1 panel buckling mode and a general instability mode. N7c> define as 

panel buckling here a mode in which the displacement pattern is cither symmc>trical 

o r  antimetrical about each of the lines of intersection between adjacent pme l s .  

the general  instability mode, on the other hand, the wavelength is larger than the i!ridth 

of one panel. 

deformation pattern produces very large axial membrane s t r e s s e s  in the cy lindi-ical 

panels. 

methods are available for the local buckling mode, only the panel buckling mode \vi11 

be considered here.  

In gcneral. the 

Besides local buckling (between stiffeners) two differcnt bucl;ling modes 

In 

For  s t ructures  having twenty cells o r  less. it is evident that this 

Therefore,  general  instability will not be critical and because sntisfactory 

It is believed that the buckling of monocoque simply supported cylindrical panels \\TIS 

f i r s t  studied by S.  Timoshenko (Ref. 1). S. C .  Redshnw ( R c f .  3 )  extendcd tlw :inalyais 

to include a few cases  of different boundary conditions nlong the> g:.C~ncr:ilot.s. 

for the simply supported case agreed fairly we11 with tests mndc by c J .  S 

W .  H. Gale (Ref, 3).  

I\XS poor. 

curved sheets \v i th  cyunl elastic restraints against rotation :I Ions the. unlo:dctt cdgvs 

\vas ohtnined b!. I ? .  Z.  Stowc~ll (Ref. 4). 

I<csuIts 

N c w ~ l t I  anti 

However, for the cases of fixed sti,:iijiIit cdgcs. tl ict  coi.t.c~l:tt i o n  

A general expression for the cr i t ical  compressive strctss for sliglit Iy 

1 

L Q C K H E E D  M I S S I L E S  c3r SPACE C D M P A N Y  



I 

* 
I 

compressed segmental stiffened cylindrical shells.  The general clxprcssion for the 

critical stress, however, is for the simple support boundary condition o n l y .  :uid 

eccentricity effects were not considered. 

attention (Refs .  7 and 8). 

Since then. the problein 1x1s wcc>ivcd l i t t l c  

It i s  apparent that the available solutions cannot bc> directly :ipl)l i c d  to dctc~i .ni i i ic~ tlit. 

cri t ical  compressive s t r e s ses  of cylindrical segments su1,jcvtcd to tht. I)ouiid:irj. c * o i i c l i  - 

tions along the generators.  which a r e  applicable to the cylindrical y:uirls i n  niult ic .c . l lul: i  I *  

st ructures .  The purpose of the present work i s ,  therefore.  to perlorin the i i c ~ e s s  try 

theoretical investigntions required to forniulate theory and to develop : ~ n d  nnalyt ical 

approach for predicting the axial buckling loads for both isotropic and orthot ropir 

segmental cylindrical shells with displacements satisfying appropriate bound:iry 

conditions along the straight edges. 

OC the web plates will also be examined. 

Effects of eccentricities of stiffeners m t l  bending 
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Section 2 

THEORETICAL FORMULATION 

2 . 1  BASIC EQUATIONS 

The analysis i s  based on the following assumptions: 

0 Stiffeners are located along coordinate l ines.  

0 Strains in the stiffeners vary  linearly with the radial  coordinate :~nd  :iw ~0111- 

patible with those i n  the skin at the surfaces of cont;ict. 

0 Stiffeners a r e  under a uninxial s ta te  of s t r e s s .  

0 In-plane shear  forces a r e  entirely carr ied by the skin. 

0 Stiffeners a r e  so  closely spaced that the effective width of Ihc skin c ~ l u : i  Is 1 h c  

spacing of the s t r ingers  o r  rings. 

The strain-energy expression given i 1 Sec. 2. 2 for an orthotropic scgmc~nt:il cylinttcr 

as shown in Fig. 1 is based on the following elastic and kinematic rc1;itions ( H c ~ l ' s .  !) 

and 10): 

0 Elastic relations 

For the skin: 

l7 

For the stiffeners: 

(T IS ( t  4- z y  ) 
S 1 s  s 
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. 
? 

0 Middle-surface kinematic relations 

Strain displacement: 

\x - w  . xx 

109 
x u  = -w 

The nondimensional wr iab les  are given by 

x $/R , 0 = $/R , z G/R (2.  5 3 )  

u - &'R . v = ;/n . w lC/R ( 2 .  511) 

In t e r m s  of these relationships the corresponding s t r e s s  rc~sultant s : I I ~  1~omc.11t s :lr(a 

as follows: 
! 

N -- 0' < + I ' E , +  (Y y ( 2 .  (i:1) s 3 x 1' s 
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a 
1 

(2 .  (k) 

( 2 .  G r l )  

The nondimensional s t r e s s  resultants and moments are  defincd as folio\\ s :  

and 

s t  ( 2 .  8:1) 

( 2 .  SI,) 

(i 
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(2 .  811) 

2 .2  STRAIN-ENERGY EXPRESSIONS 

The total potential energy of ;1 stiffened cylindrical panel undc~r : n i : i  1 lo;~d ma!. I)c. 

expi-clssed as 

A v ?I& ( 2 .  !)) 
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1 ( t f [  2 2 
f -  12 - 1’ sx + Y o  + 2vx x o  x + 2(1 4 1 J ) X ; J  dx do 

where 

The potential cnergy of the external load is 

Equation (2 .  10) becomes in terms of the nondimensionnl p n r n n w t c r  0’. 
.l 

8 

(2 .  1 I )  
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2 . 3  BUCKLING EQUATIONS 

The equations for the state of neutral equilibrium and t h e  associated boui1d:ii.v condi- 

tioiis can be obtained by equating to zero the first variation of t h e  potentid ciic~rgy 

[ Eq. (2. IO] \vitli respect to each of the displacement coinponents u . v . w ( i .  c b .  . OV - 0)  

:md by linearizing the resulting equations in  accordance Ivi th  the ;~dj:ic*ciit -cquili l ir iui~~ 

theory of stability. The linearized equations can then be cspresscd in tc>i*ms 0 1  prc- 

I 

A 

I buckling stress resultants,  incremental displaceineiit components. and uthc-r psrnn~- 
etcirs. 

staliility equations for axial compression: 

Suitable mathematical manipulation and substitution lend to the following 
I 

(2 .  1 3 1 )  

Specializiiig these equations f o r  a homogeneous isotropic shell yields thc well-l.;iiowii 

Doiinell equations. 

2 . 4  BOUNDARY CONDITIONS 

The natural o r  dynamic bouiidary conditions of the problem uudcr c.onsitlcr:ttioti C‘:LII 

bc obtained from tlic expression for  the f i r s t  variation of the s t ra i  II  cnc’rgy. ‘I’hc~sc 

arc: :1s I.ollo\Vs: 
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! 

(2. l4c) 

cy M' 3- 7'7I \\' - (1' u - 0  (2 .  I 4 i )  2 
5 ,xx . (1 0 1 .s 

0 At the straight edges 

2 
C Y W  (2 .  1 3 1 )  . + vy w,xx - O''>(\' 4- \v) 0 

d . o  

For simplicity in the analysis. it is assumed here  that the panels are simply supp)rtc\tl 

a t  the curved edges. 

-t W) - CY w = N 0 (2 .  163) 3 , x  1 ,xx X 

1' 0 ( 2 .  161,) 

( i c u )  

(31) 

\v 0 ( 2 .  

10 
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Since the radial webs in multicellular shell structure elastically restrain the 

deformations along the line of intersection between two cylindrical panels. 

boundary conditions for both antimetric and symmetric buckling can be expressed 

in terms of the influence coefficients of the \veb plates. The displacement com- 

ponents pnrnllel and perpendicu1:ir to the plane of the web plates (Fig. 2)  are 

respectively given by 

- 
w = w cos @ - v sin @ 

- 
v - w s in  @ -1 v cos 4 

w h c r c  

(2. 17a) 

( 2 .  1711) 

The boundary conditions lor the antimetric mode are 

11 - 0 ( 2 .  1Sn) 

w - 0  ( 2 .  LSI,) 

( 2 .  1SC) 

- 

- 

v - c (N cos 4 i- Vo sin @)/2 - cl2M0/2 = 0 

w - C % ~ ( N ~  cos $I + Vg sin @)/2 - c.,,MU/2 0 ( 2 .  LStl) 

11 0 

. o  d Y  

0 In the above cquntions. N o  and Mo are given by Eqs .  (2 .  Gb) and (2. (ic). : i i i t l  V 

is the shear  stress resultmt. 

11 
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1 

I ' a  which may be expressed in terms of the displacement components as  follows: 

- a ( v  + W B )  2 , eo  6 , 8 8 0  I 

2 vg = (CY, - vy ) W , &  + a w (2 .19)  

and c The coefficients c l l ,  c12, cz1, 

web plates. A method to determine these coefficients is given in Appendix A. 

are the bending influence coefficients of the 22 

For the symmetrical  mode of panel buckling the boundary conditions at the straight 

edges a r e  

h 

U - c  N / 2 = O  (2.2Oa) 33 xo 

; = o  (2.20b) 
- 
w - c (N sin C$ + Vo cos @)/2 = 0 (2.2Oc) 44 e 

(2.20d) 

where c 

the multicellular shell structures under consideration, it has been found numerically 

that the stretching flexibility of the web plates, especially when they a r e  stiffened, is 

very small. 

and cd4 a r e  the stretching influence coefficients of the web plates. For 33 

2.5 SOLUTION 

For  the case of uniform axial compression, Eqs. (2. 13) are linear differential equn- 

tions with constant coefficients, The simple support boundary conditions for the 

curved edges as  given by Eqs. (2. 16) are satisfied by the following displacement 

functions : 

13 
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I 
I '  

8 
u - cos n n x  A .  exp IA.(O/O)]  ( 2 .  21;1) 

a 
j = l  J J 

I 

' !  
I 

8 
v = s in  a n x  B. exp [A.(8/52)] (a .  21b) 

j = 1  J J 
1 

8 
w = sin anx C C. exp [ A . ( ~ / Q ) J  ( a .  21c) 

j = 1  J J 

where 

a = T(R/L) 

Substitution of the displacement functions into the equations of equilibrium [ 15~1s. (2. 13) I 
yields the following characteristic equation: 

! ( 2 . 2 2 )  
1 
I 

I 

14 

LOCKHEED MISSILES & SPACE COMPANY 



and 

1 v 

h = - A .  
j D J  

Equations ( 2 .  13) are identically sztisfied if  A.( j  = 1.2.  . . 8 )  in Eqs.  ( 2 . 2 2 )  ; I W  chosen 

to be the eight roots of this characteristic equation. The A .  .13. :md C‘. in  1Sqs. (2.22) 

a re  constants of integration. For each given value of h A .  and 13. inay k w  c~sl)rcssc~l  

in t e rms  of C.  by use of the  in-plane equilibrium equations [ Eqs. (2. 1 : h . I ) ) ~ .  ‘I’I icw* 
.1 

constants a r e  governed by the homogeneous equation system which i s  o l k i i n c d  il’  

Eqs. (2-22)  are substituted into the eight boundary conditions for the. straight cdgc~s 

(four at each edge). The crit ical  value of the load is found :IS the lowcst v;iluca ol’ Nx 

for which the determinant of the coefficients of this equation systcni v;iitishc>s. 

3 

J J  J 
j ‘  .I .I 

0 

2. G REFERENCES 

1. S. Timoshenko, “Axial Compression of Curved Slicc4 l’iII1ClS.” ‘I’hcoi*y oI’ 1SI:istic. - _ .  - 

Stability. 4G7 -470, McGraw-lIil1. New York. 1936 

2. S. C .  Redshaw, ItThe Elastic Stability of a Curved Plntc. Undcr Axinl ‘l’Iti*wls.’’ 

J. Roy. Aeron. SOC. , 43 (1938) 

3. J .  S .  Newel1 and W. H. Gale, “Report on Aircraft  Materials Resenrc~h.” 
Massachusetts Institute of Technology, 1931- 1932 

4. E. Z .  Stourell. “Crit ical  Compressive S t ress  fo r  Curved Sheet Supported :\long ;ili 

Edges nnd Elastically Restrained Against Rotation Along the I1nloadcd 1~:tIgcs.” 

NACA 1313 NOT, 3107. 1943 

15 

L O C K H E E O  MISSILES tt S P A C E  C O M P A N Y  



5 .  W. Fliigge, "Die Stabilitgt der Kreiszylinderschale." Ingenieur Archiv. - 3. 

463 -506 (1943) 

6. D. D. Dschou, "Die Druckfestigkeit versteifter Schalen.'' Luftfahrtforschung. 

- 11, No. 8 (1935) 

7 .  L. H. Donnell. "The Stability of Isotropic or  Orthotropic Cylinders or  b ' h t  01' 

Curved Panels,  Between and Across Stiffeners. With Any Edge Conditions Ih>t\vcvvi 

Hinged and Fixed, Under Any Combination of Compression ;tnd Shc':ir." N,ICA- 

TN-918, 1943 

8, W, T . Koiter. "Buckling and Post-Buckling Behavior of n Cylindrical 1'3nc1 

Under Axial Compression." National Aeronautical Research Institute. 8-47(i, 

1956 

9. E .  Y .  W .  Tsui.  F. A. Brogan, J. M. Massard.  P. M .  Stern. nnd C'. 15. Stuhlinnn. 

"Investigation of Juncture S t ress  Fields in Multicellu1:tr Shell Structures ." 
NASA-CR-61050. 1965 

10. M. Baruch and J. Singer. "Effect of Eccentricity of Stiffeners on the Gcncbi-a1 

Instability of Stiffened Cylindrical Shells Under Hydrostatic Pressure." J .  M c ~ h .  

Eng. Science. 5. No. l (1963)  

16 

LOCKHEED MISSILES & SPACE COMPANY 



I 

! . 

Section 3 

NUMERICAL ANALYSIS 

The crit ical  load of an ‘axially compressed stiffened cylindyical panel may bcl ol)t:ii ncyt 

by use of the computer program which is discussed in Appendix IZ. This progr:lln i: 

based on the theoretical formulation as described in the previous section. It should 

be noted. particularly in the preliminary design stnge, that the inverse probkm is  

frequently posed. That is, the ‘axial load and sometimes mater ia l  o r  certain gcoinctri- 

cal  parameters  a r e  given and it is the task of the stress analyst to determine the p:uncl 

geometry. It is certainly possible that this problem may be solved by the applic.;Ition 

of the computer program to a number of cases  in which one 01- inore parnmeters \ i: l ,-c~ 

been varied. In many cases  it may also be possible to devise an optimizing computer 

program for the inverse problem. However, because of the many alterimtivcs that 

are open. the usefulness of such a program will necessarily be some\\.h;it rcstrictcd.  

In view of these considerations, it i s  obvious that the computer progrnm \ toul t l  I)c :I 

very valuable tool if :’I set of design curves were provided. Uiifoi.tuii:itcl!.. thc i  1;ii.g~ 

number of independent parameters  for stiffened panels rnadces :I co~niilc~ ( ’  i w * : i i i i c ~ t  ric 

study impossible. 

intended to help the designer to obtain a reasonably close estiniatc of the> critic.:il loads. 

With suck an estimate available. the determination of morc :icc.ur:itc d i n i r ~ n s i c ~ n s  I)y 

use of the  computer program is  expedited. 

Therefore. the numerical analysis presciitcd here is primiri ly  

Table 1 shows some resul ts  from a study of the influence of the angle (I) 011  tlicb IjiickIiiig 

load. It was found that within the range of values applicable to :nii!ticellul:ir tliisign. 

cf, has little effect on the cr i t ical  load. Consequently. fo r  the c:iscl in which thv st i l l  

ness of the web plate can be omitted. the usual simple sul)poi-t boundary cwtidit ions 

give :I good approximation for the panels in the shell s t r u c l u i w  undcr c w i s i c t c l i x t  ion.  

17 
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T:ible 1 

' i  

d, 
(deg) 

I '  

11.25  

Buckling Load 
N c 1 - ( T )  E 

0 11, 170 R/t 242 

7 . 5  11, 2G5 L/R 1. 5 

dl/R d,>/R - 0. 00(i 

hl/R - h2/H 0.017 
d 

E J E  E$< - I 
3 

7 '  0. 3 

R BC, de:: 

11. 313 

Figurc 3 shows crit ical  loads as a function of the pnnel angle, n . for :in cstcrnal 
s t r inger  stiffened panel. The noiidimensional buckling curvcs arc for thc follo\viiig 

four different boundary conditions along the straight edges : 

~Z 0 
M U  

Ne . 0 

PS1 u = o ;  v = O ; w = O ;  

P C 1  u = o :  v = O ; w = O  ; W q o  = 0 

PS2 u = 0 :  ND = 0 ; w  = 0 :  Mo 0 

= o ; w = o ; w  0 PCB u = 0 : 
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Fig. 3 Effects of R on Buckling Stress  
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arc shown in Fig. 4. The web plate here is stiffened with the s:mw waffle Ixtttcrn :IS 

thnt for the cylinder but the stiffener height was varied. It is scwn that the) ci.iticaa. 

load does not increase significantly unless the plate is very stifl' in coniparison to 1h:it 

of the cylindrical panel. It appears that in most cases  the simple support conditions 

should lead to a good approximation. 

If the simply supported panel is entirely or  priiixirily stiffened in the circiiml'c~renti:il 

direction, the critical load would be the same as that obtained from a c!oniplctc c,yliii- 

der .  For panels which a re  essentially stringer stiffened or with approxiimtely the 

same stiffening in both directions, an estimate of the buckling load can bc obt:iiiied 

by use of Figs. 5 through 16. For the case of simple support. Figs. 5 through 10  

give buckling coefficients as a function of the angle 0 for various valucs of tlw 

parameters  p , L/R , and R/t . Figures 11 through 16 give corresponding results 

€or waffle stiffened cylindrical panels. Results are presented for extcrnnl :is \w11 

as internal stiffening. 

they will yield reasonable buckling loads for other stiffener shapes. 

The graphs apply strictly only for rcctangular stiffcnc1.s but 
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9 

Fig, 5a Buckling Coefficients for  Panels With Internal Stringers - L/R = 0.5;  
R/t = 400 
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Fig. 5b Buckling Coefficients for Panels With Internal Stringers - L/R = 1. 0; 
R/t = 400 
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Fig. 6a Buckling Coefficients for  Panels With Internal Stringers - L/R = 0 . 5 ;  
R/t = 1000 
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Fig. 6b Buckling Coefficients f o r  Panels With Internal Stringers - L/R = 1. 0; 
R/t = 1000 
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Fig. 7a Buckling Coefficients for Panels With Internal Stringers - L/R = 0.25; 
R/t  = 2000 
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Fig. 9a Buckling Coefficients for Panels With External Stringers - L/R = 0.5; 
R/t = 1000 
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Fig. 10a Buckling Coefficients for Panels With External Stringers - L/R = 0.25; 
R/t = 2000 
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Fig. 10b Buckling Coefficients for Panels With External Stringers - L/R = 0.5; 
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Fig. 12a Buckling Coefficients for Panels With Internal Waffles - L/R = 0.5; 
R/t = 1000 
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Fig. 13b Buckling Coefficients for Panels With Internal Waffles - L/R = 0.5; 
R/t = 2000 
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Appendix A 

INFLUENCE COE FI'ICIENTS FOR ORTHOTROPIC I'LATr'S 

An 'analysis of influence coefficients for orthotropic rect;1ngular plates subjc~c~tcd to 

edge moments and shears  is presented in this appendix. 'l'hc ini'luencw c w c b f f i  tticmts 

are used to determine the elastic restraint  provided to cylindrical p:uwIs sul)portcd 

along the straight edges by stiffened web plates (see Fig. 2. Vol.  11). 

The following equation which governs the bending of an orthotropic- flat 1)l:itc may bc 

obtained through specialization of the equations for ;in orthotropic cylinder (see S C C .  2.  

1'01, 11): 

D \v -1- 2IIw 4- D \v 0 (>,. 1 )  
x ,xxxx * XXYY Y 9 YYYY 

where 

I1 = D + 2D 
1 XY 

31 (hl/t) + 1) 2 
Et3 

D T  X 12(1 - 1' 2 ) 1' + ' k)k)[k. + (1 - 

VEt'? 
Dl la(] + 1 ' )  

:ind S. is the spacing of the stringers:  subscripts 1 ;ind 2 reTer t o  thc s- :~nd  y- 

directions: \I' is the 1ater;il displaceincnt of the plate. 
1 

A- 1 
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TBAc x and y axes a r e  taken so that the edges of the plate are at x L- 0. x -- a . 
y 0 .  and y = b .  The plate is assumed to be simply supported along the edges 
y = 0, y = b, and x = a .  A moment M and a t ransverse shear force V :ire 

specified along the edge x = 0 .  These edge loadings may be represented by the 

following Fourier series:  

M = C M s i n ?  m 
m = l  

v = 1 v m s in?  

m = l  

Thus, the boundary conditions for the plate are 

y = o  w = w = o  
* YY 

y = b  \v = w = o  
* YY 

x = a  w = \Y = o  . xx 

m - 1  

in = 1 

A-  2 

(A .  2 a )  

(I\ . : ; : I )  

( A .  31>) 

( A .  3 c )  
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i 

I 

i 

I3y use ol thc lollowing Fourier scries representation of thc c l i s j i l : ic -c~mcnl  f l i n c h 1  i o n .  

the spacc variables i n  Eq. (A. 1) can be separated and the bound;iry conditions :ilong 

the edges y = 0 and y r b are satisfied: 

w(x.y) 1 wm(x) s in  - m nv b 
m = l  

( A .  4) 

Insertion of Eq. (A 4) into Eq. (A.  1) results in the following ordinary diffcrentinl 

equation for the Fourier function w : m 

4 2 

dx 

d w m 2~ 2 H- d W m + ~ D w  4 7 0  
D x 4  - m 2 m y m  dx 

where 

rnr cy = -  ,, , m = 1 . 2 . 3 .  
m 

Since Eq. (A.  5) is linear and has constant coefficients. we substitute 

hiX 
4 

147 = 1 e m 
i = l  

(A.  5) 

(A.  3 )  

into Eq. (-4. 5) 2nd obtain a characteristic equation of the fourth order .  

this characterist ic equation a re  

‘1’hc~ roots of 

( A .  i )  

A-3 
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The form o f  the solution ot' 1Sg. (A. 5 )  depends on thc vnluc of 11' ?) - D L) :ind thtls x s' 0 
thc following three C:~SCS :trc possible: 

I 
I 

Case  1 H' D D 
X Y  

i 

A cosh (hlx) -t- AZm sinh (hlx) + A cosh  (A,,x) 4- A sinh (h, ,s)  ( A .  S) 
3 4m I m l m  3m 

I where 

, 

where 

m 
X 

Casc 3 I$ D D 
X Y  

---. 

\\' - [ A l m  COS (dx) -t A s in  (dx)J cosh (cx) + [A3nl cos (dx) -t A sil) (ds)l sin11 (css) 
111 8m 4 111 

( A .  1 0 )  

A -4 
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. 

The integration constants A are to  be determined such that the bountl;rr~. 
condtiions ! E n s .  (A. 3c)  through (A.  3e)l at the edges x - 0 and x = a ;ire satisfied. 

This  yields 

to  P. lm  4m 

where 

(1’ ) =- m 

x m  

(A .  1 1 )  

A 4  
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[R,I = 

- 
.I 

cosh (Ala) sinh (Ala) cosh (AZ") sinh (A2a) 

2 2 2 X sinh (A+) 2 I 

A 1 cosh (Ala) AI sinh (Ala) 4 cosh (h2a) 

2 2 
0 0 -Dxh2 + D p n ,  

2 2 
-DxA1 + Dlflm 

3 3 - I)$) -t liA,,cu 
i Y 3 111 l m  0 - D ~ A ~  + I iA  u2 0 - 

*) 
for 11- ' 

I It 3 =- m 

c 

cosh (ha) a cos11 (An) sinh (ha) ;I siiili (kt) 1 

2 .> 
h a c m h  (Aa) '> A3;t sinh (hi) hB cosh (h) sinii ( ~ 1 )  

+ 2;,. sinh (h) -' 2 A  CY)Sll (hit) 

- D  (?A)  s 
0 0 

2 2 
x l m  - D  h + D  CY 

,> 
0 

2 2 -Dxh 3 + lik; 
a 

- D  ( 3 A  ) + Iw, x 0 
- 

2 for I1 = D D , or s y  

l i  .. 11 -1 2 D 
yv 

A -6 
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, 

Through use of Eqs. (A. 11).  (A. 8), (A.9).  or (A. 10). the edge deflection wnl(0) and 
edge rotation (d/dx)w (0) are next computed for the following vnlues OC Mill and V : m Ill 

I M 0 .  Vm 1 I m 

Cnsc II M 1. Vm - 0 m 

Finally. for each harmonic m of edge loading. the influence c‘oclTicicnis c . .  :IW 

obtained as follows: 
1.1 

From C a s e  I 

c -= Wm(O) 11 

d 
C = - w (0) 

21 dx m 

From Case I1 

c 12 = W,(O) (A :<:I) 

C - w (0) (A.  131)) 
d - - 

22 dx ni 

This procedure has been programmed for the IUM 7094 digital ~ o i i i p i i t ~ ~ ~ ’  :ind lhc) inf lu-  

ence coefficients so obtained were used to :trrive at the rcsults prcsentcd in SCT. 3 .  

A-7 
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Appendix B 

DIGITAL COMPUTER PROGRAM 

The solution presented in Sec. 2 \vas programmed for thc digital cornputclr :ind n list- 

ing ol' the FORTRAN I1 program is given in this appendix. U s e  of the I~l-ogran1 rcquircs 

input o f  geometrical and elastic properties of the cyl indricd pancl. cstim:itcd rnngc-s 

of cri t ical  load. number of waves in the axial direction. and a se t  of control variablcw. 

In the gcneral case.  such properties as moments of inertia of s t i f feners  are rccluircd 

in the inlmt. Iiut a separate branch is provided in the progimm Tot. use  in the case of 

rectangulnr stiffeners. If this branch is used the stiffener dimensions a r e  r c ~ t d  in and 

stiffiiesses are computed internally. 

The program computes the determinant of the stability matrix and can give tho outl)ut 

in two different ways. 
with the corresponding load levels. 

lowest load for which the determinant vanishes. The computer c a n  n l s o  dcatcrniinc. t h ~ b  

value of the cri t ical  load by use of an iterative procedure, 

A se r i e s  of values of the determinant may be printed out togc4lwi. 

Thus .  the use r  can find the cri t ical  lomi :IS thc 

-At cer ta in  values of the load a change may occur in the number of real roots 0 1  thc 

c11:iracteristic cquation. 

in the s t h i l i t y  .matrix will be identical. 

ently of the boundary conditions at the straight edges. thc corres1)onding v: i luc~  of thcl  

load is :L false solution to the buckling problem. When a series oC dete riiii:i:~nt \ . a l u c b s  

:tre 1)rinted. such fi solution may bc recognized in thc outlmt sinccb the numl)c~:* o! r r ~ ~ l  

roots is included. In case the iterative method is u s c d  to Cincl the critic:il 1o:ici. t h c  

p~'ogr:\m \ \ r i l l  ignore zero  crossings ol' the determinnnt whc~n  :I c1i:ingc 1:il.rc.s ~)l:icc.  i n  

the nuiiil~er of real roots within 10 I'i.inting out thcb v x l i w s  of 

the roots of the c.h:ir:lc;teristic eqwltion is an additional option. 

Multiple roots exist  at such values and hence two coluinns 

A s  this leads to n zero dc>terinin:mt i i i c l q  Icncl- 

-4 tiiiies the 1o:id step. 

13- 1 
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c 
I 

The buckling mode, which is symmetrical around the line of intersection between 

adjacent panels, is expected to be less crit ical  than the antimetrical mode even for 

the case without web plates. In the presence of web plates, their stiffness will prac- 

tically prevent the in-plane displacements and therefore the antimetric mode becoir es 
critical. 

computer program. I€owever. to avoid unnccessnq- input. this ~ ) ~ o g r a m  I)r:inc*h 

a 
I 

\ 
For completeness. the branch for the symmetrical  inodc is included in tlw 

I 

:issumes :i negligible clfcct for tlic web pl:ttc. and a lower bound to thc  syiiinwlric:rl 

st il'fncss corwsl)onds to iiiiiiiite flclsibility constaiils ( c c c ,, , . :u\d c .J. k'or 
11' 12' d *.d 

other cast's tlw coefficients may be computed :wcordiiig to thc solution g i \ . ~ ~ i  in 

.Ilqwiidis A.  

1Ggiurc 13-1 shows a flow chart of the computer program. Geometric and clastic pro))- 

er t ics  needed ;is input are listed in T'able 13-1. 

defined by the input pnrameters listed in Table 13-2. In addition some control v:iriables 

are input par:tmeters, They are listed in Table B-3. The complete seyuencc~ ol fnpul 

p i x m e t e r s  and the corresponding "read-in-formats" are shown in Table 1 3 - 4 ,  

Load ixnge :~nd iond s tep size ; i w  

A snmple problem is  demonstrated in Table B-5 (input) and Table 13-6 (outlmt). 

coefficients c c c and cos, are computed according to the solution i n  

.A ppc~ntl i s  A . 

'I'he 

11' 12' 21- i d  

'1 '1~.  crit ical  load is given under the heading NXO i n  the outl)ut (Table I % - ( ; ) .  

buckling 1o:id is computed for an inte;nnlly w:tffle stiffened i):inel :IS sho\\ii i n  Fig. 1:-2. 

'I'his 

'rhc complcte program is given in Table E-7. 

11-2 
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Table B-1 

GEOMETRIC AND ELASTIC PROPERTIES IlSED AS INIW'I' 

XA 
XB 
XE1 
XE2 
XA 1 
XA2 
XI 1 
S I  2 
SIT 1 

L SIT2 

r 

Computer 
Program 
Not at ion 

ZNU 
A I, 
AR 
AT.: 
AT 

( DIS 

For 
Arbi t rary 
S t if fe n e  rs 

Notat ion 
in Analysis 

(Sec. 2) 
Itclll 

1' Poisson's ratio 
LJ Panc 1 length 
12 Panel radius 
E Young's modulus 0 1  s k i n  
t Thickness of skin 

T hiclcness of rect ;ingul;i I' s t rii1gc.m 
Thickness of rect:ingul;ir rings 
I Ieight o f  r ec  t angu 1:t I* s t r i ngc rs 
Height of rect:uigular r ings 
Spacing of rcc tnngiikir s t  r i  ngc rs 
Spacing of rectnngu1:ir rings 
Angle subtending \vidtli of panc .1  

Spacing of arbi t rary s t r ingers  

Eccentricity of :I rb i t rnry st r i ngc- r s 

Cell  anglc ; 
S 
1' Spacing of a rb i tmry  rings 
$1 
e2 Eccentricity of :trbitrary rings 
A1 Area of arbi t rary s t r ingers  
- A2 
I1 
I2 
J1 
J2 
E 1  
E2 
c11- 
c z 1 .  1 ~ 2 2  only i f  KC - 1 )  
I1 Nuinbc>r of axial \V:IVC~S 

Area of arbi t rary rings 
Moment of inertia of arbi t ixry s t r ingers  
Moment of inertia of arbi t rary rings 
Torsional constant for arbitrnry s t r ingers  
T ors ional c*ons tnnt for :I rbit r a  ry r i  iigs 
Young's inodulus of :ir-bit t*;ii*y sti*ingci-Li 
Young's modulus of : d J i  1 ixry i*ings 
Inrlucnce cwfficicnts lor \vel) 1)l:ilca (iiwludcd 

- 

13-4 
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Computer 
Program Notation 

Table B-2 

LOAD RANGE AND STEP SIZE 

Item 

XBEG Starting value for axial load (compression corresponds to 
negative values). The numerical value should bc chosen 
below the expected solution. 

Maximum value of 'axial load. 
will not be extended beyond this point. ) 

Increment of axial load used in search for solution. 

XEND 

STEP 

(Thc s m r c h  for n solution 

Table €3-3 

CONTROL VARIABLES AND INPUT PARAMETERS 

Computer 
Program Notnt ion 

1<c 

K N  

LIM 

ICARD1 

ICARDB 

ICAIlD3 

ICARl34 

Itctn 

- 0 for symmetrical mode 
= 1 for antisymmetrical mode 

Number of elements in the wave-number vector 

Maximum number of iterations in  the search for zero- 
crossing of determinant 

L- 0 The "option card" (Card No. 3) will not be includcd. 
Information for previous case applies 

= 1 Card No. 3 will be included 

= 0 The "geometry card'' (Card No. 4) not included 
= 1 (Card No. 4) will be included 

= 0 The "ct-card" (Card No. 5) is not included 
= 1 (Card No. 5) will be incluclcd 

-- 0 The "load-card" (Card No. 6) is not includcd 

i 

0 The determinnnt i s  not printcd 

0 T3egular falsi; search is usc4 
[ = 1 The determinant is printed 

LOCKHEED MISSILES & SPACE COMPANY 



Table B-3 (conl'tl) 

Computer 
Program Notation 

Item 
4 

r- 0 Roots of characteristic equation are printed 
= 1 Roots of characteristic equation are not printed 

= o External stiffdners 
7 1 Iiiteriial stiffeners 

= 0 St i f fe i ie~~s with rectangulnr cross scvtion 

IOPT 5 

1 IOPT7 

I = 1 Stiffeners with any cross section 
IOPT 11 

Table B-4 

INPUT PARAMETER SEQUENCE AND CORRESPONDING READ-INFORMA'I'S 

C 3rd FORTHAN Symbol k'or m;\ t 

Record 

ICARD1. ICARDB. ICARD3. TCARD4. KN, KC. LIM 

BNU) 
IOPT3. IOPT4. IOPT5, IOKT7, IoKT11 

ZNU. AL. AR, AE, AT 

DIS. D3. 111. HB. AAS. AB. E l ,  E2. W 

SA.  XB. XE1. XE2. XA1. XA2. XI1. XI2. XIT1. XI'I'2. K I .  E 

XBEG. SEND. STEP 

PliI 

PHI. CI1. C I 2 .  c 2 1 -  c 2 2  

(a) Omitted unless ICARDi 1. 
(b) Omitted unless ICARD2 - 1 .  
( c )  Omitted unless ICARD3 1. for rectangular stiffeners. 
(d) Omitted unless ICARDS 1. for arbitrarv stiffeners. 
(e) Omitted unless ICARD4 1.  
( f )  For rigid webplate. 
( g )  For the case without webplate for symmetrical mode or with 

finite stiffness webplate f o r  nntimetrical mode. 
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