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ABSTRACT

The differential equations governing the small deflections of a
sandwich shell are developed from the Hellinger-Reissner veariational
theorem. The facings are thin anisotropic Kirchhoff-Love shells with
different physical properties and thicknesses. The core is considered
a three dimensional orthotropic medium which can only resist transverse
shear and normal stresses. Representative equations for a sandwich
shell with & visccelastic core are displayed.

Illustrative examples investigating a circular plate with a
circular hole, a square plate with orthotropic facings and an infinite

circular cylinder with a visccelastic core are given.
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INTRODUCTION

The type of sandwich construction which 1s considered here consists
of two thin anisotropic Kirchhoff-Love shells (facings) separated by a
three dimensional orthotropic medium (core) in which the in-plane
stresses " P+ are zero, see figure 1. Since’?fcﬁ9= O in the
- O¢

core, only the transverse shear resultants S and the mean normal

33 . . .
stress o need be considered when dealing with the core. On an

i

oc
element of a facing (see figure 1) the force N and couple

—

~AM per unit of coordinate are evaluated at the surfaces vhich
are common to both a facing and the core (interfaces).

The prefix N stands for O or 1 according as the quantity is
associated with the upper or lower facing, respectively.

To avoid considering continuity of displacements at the interfaces,
the interface displacements (;37- ) are utilized. In the formulation
of the theory, the sums and differences of the interface displacements
LX:?? and,AJJ;.) are introduced.

The dimensionless surface coordinates é;oc are assumed to be lines
=B and'£3C1bq9

coefficients of the second fundamental forms ( ﬁ%qg and rwtp )

n g

are diagonal matrices. Also, the coefficients of the second fundamental

of curvature. Hence, the metric temnsors ( QA ) and the

forms are associated with the curvatures of the surface under consideration.
The differential equations governing the small deflections of the

above described sandwich shell are derived from the Hellinger-Reissner

+ . .
Usual tensor notation prevails, see reference 1.
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variational theorem [2]++. The equilibrium equations for the composite
shell are similar to those obtained in L3] and the boundary conditions for
the individual facings are comparable to those obtained for & homogeneous
shell in [h]. The stress resultant-displacement relations for the
composite shell obtained here have not been presented before. Repre-
sentative equations for a sandwich shell with a viscoelastic core are
displayed.

The equations presented here are applicable to plates as well as
shells, however, they will not be specialized in their general form
since a complete theory of sandwich plates has been given by G. A.
Wempner and J. L. Baylor LS].

Many authors have used variational principles in the derivation
of sandwich shell theories. E. Reissner [6] and C. T. Wang {7} used
the principle of minimum complementary energy to derive the stress
resultant-displacement relations for a composite shell. Both Reissner
and Weang regarded the facings as membranes. Equations which include
the bending stifiness of the individual facings have been derived by
E. I. Grigolyuk [BJ and R. E. Fulton [9] from the principle of
stationary potential energy. A non-variational derivation of sandwich
shell theory is given by Wempner and Baylor [3].

Presented here is a theory, developed from the Hellinger-Reissner
variational theorem, which includes bending resistance and dissimilarities
of the facings. The resulting equations are applied to examples
illustrating the effects of anisotropic facings and a viscoelastic core

on sandwich shell behavior.

*Numbers in brackets refer to the bibliography at the end of the report.



A THEORY OF ANISOTROPIC VISCOELASTIC SANDWICH SHELLS

l. Stress Distribution thru the Core

In what follows it is assumed that the components of the displace-
ment vector and their derivatives are infinitesimals of the first order
and the squares and products of these infinitesimals are neglected when
compared with their first powers.

The core is week in the sense that it only resists transverse shear
and transverse normal stresses, i.e. ,?ocp = O. Upon setting
’Z,JO(’G= O in the equilibrium equations, the core stresses

become statically determinate. Integration of the equilibrium equations

gives [3]
/gﬁ,t, Kled —

[1- (b)) [/or 5= (1)
2oL [1-26%6 |°

and

3 _ Lo _as
@7—2154—

— <) 3
22, | 1—-263%6%

@)
Joc

=<
where 0133 and S/L are proportional to physical stress and
physical stress resultants, respectively.
On the edge of the core the shear stress distribution is a priori

statically determined in terms of the shear resultant. From equilibrium



of a boundary element, the shear resultant on the edge of the core is

-—OC
= U, S

This shear resultant must be assigned on the edge of the core.

2. Core Stress~Strain Relations

The relative displacement of two particles on the normal, one at

each interface, is

+1
Q\/ L\/ y \/‘, 13 % d@ .

After scme manipulation [3] this yields

+1
!
A5 =21J:essde3 (3)

and

SAE A
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o E?l_. l'_i;LiD@{> E;%=4-l l'+':g~£3 ) €;3____1

3 +1 3
Eocz dB C33 de (4>

3y 2 X e
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Presuming the core to be orthotropic with respect to the surface

coordinates, the stress and strain components are related as follows;

4| 4
¥,y = —11:_——2'33 , (5)

2814
Soc = egfgtu'ﬁ D—ae%‘ﬁ;] = (6)




Because of the displacement assumption

bfss = €5 <7>
and
bfa’oc = Eg4c - <8>

Substituting, in turn, (7) and (5) into (3) and (7), (8), (5) and
(6) into (4), expanding the integrands in ZA. power series and neglecting

2
2 when compared to one, there results
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(B)so¢ \ ™7 () (8)

- gr(ahh,oc—— /amﬂ_ (10

Equations (9) and (10) are the core stress~strain relations.

3. Stress Distribution thru a Facing

The force and couple, per unit of coordinate, on an element of a

facing are (see figure 1)

0< /\

D
and
P
MU= Lyver e, o ThRal 7
where Qh“ﬁ) L_nm‘x‘e and 2%01 are proportional to

physical stress resultants.
Neglecting terms of order n:l-) the stress resultants are related
to the stresses as follows;

3
LN = L_‘;JLQJ‘L%"‘@Q@:", (11)
~1

1
.r:moqg: LAQQQQ'J.L ,?'J“e_’eac(nes (Ja)
-1
and
.!
. = __ L423~2_:;Ljfo- ocsd 032 (13)



n

<
Notice that nsxﬂ and n' M P are symmclric.
Guided by (11) and (12), the stress components are presumed to have

the following form

TP = (2 4—-3293> ff; j +

+ (2,87 1> 2 Oj (14)

or

dA Ptz 1P
/—4dg1r_»d

+ '3(2293:1ng’;¢; ELm%) (15)

T = (2+39 -+

The normal stress /EJ33 is assumed to be zero.

L, Strain-Displacement Relations for a Facing

The facings are presumed to be thin Kirchhoff-Love shells, i.e.
normals remain straight and normal to the interface surfaces.
If extension of the normal is neglected, the displacement of a

particle in a facing is

= V+ L0 ((A,-3a,). (16)

The deformed and undeformed unit normal vectors are related as

follows [3:’,



N A _QO.) ——
A, =a, + ———g—QaZ‘_f" nQ (17)

Substituting (17) into (16), one finds

V= +.6° ”C”:“f’ NoUed

The covariant components of the displacement vector are

na..
Vg = "L V3 QB)

end

Vo = (852,02 65 YoV #2020 0hs)  (19)
ness [3]

)
<
1

AL (o tag) (20)

15
<
I

LOaFabSom +an)  (21)

and

. =2 (2Vex 4 LB N/ (22)
n 3ok n o} N~ocn Vg /.
Equations {20) and (21) are obtained directly from the defipitions of
A_;{j';_ and /(A/F. .

Because of the displacement assumption l:l

— l(
%o = 5Vl V) (23)
If one uses (18), (19), (20), (21) and (22) in (23) and neglects terms

of order 0_1 5 then



where
4 — ¥ —
b:<’3 2 Q\/O()‘B +Q\{B_)o< 221—;39_\/6/
ool o)

-4
s = 4 Gt Bulatse | (28)

Equations (24), (25) and (26) are the same strain-displacement relations

obtained in [3} Also QXdé and Q’K“ﬁ as defined here agree

¥ o
with and of [10].
o g
The shear strain is zero at the interfaces and will be

3ex
assumed zero throughout a facing.

5. Hellinger-Reissner Three Dimensional Variational Theorem

The equilibrium equations, stress resultant-displacement relations
and boundary conditions for a sandwich shell will be derived from the
following variational principle of Hellinger and Reissner LEJ.

The state of stress and di;placemepﬁrwhich sati;fig§rﬁhe7§iff§£:

ential equations of equilibrium and the stress displacement relations

in the interior of the body, and the conditions of prescribed stress on

the partcja and of prescribed displacements on the partcség of the

ﬂf(a*rsbf,s—w>dfz: -f BV, ds —
o4 =1

y|

10



(4~ )P f = 0 (27)

6. Contribution to the Hellinger-Reissner Theorem from the Facings

The normal stress ’Z:’33 and the shear strains b/s o have been
assumed zero. Having zero shear strains, %;b( 5 while there exist non-
zero inplane stresses 'Z’D(ﬁ and non-zero shear stresses %’3“
requires the elastic coef‘f‘icientsacao(,ga/ and C@(3/9 to be

zero. Thus the only contributions from the facings to the volume

integral of the variational theorem are

[ | f=%,vigd.0° |dete® +
+ff ﬁ:“ﬁa/ Fdejdeidaa (28)

g foglcxﬁxyfawf X')/g? dgejde Ho? +
+ffﬂ Cogaaty & ’Zx%[gfdﬁé’ dode’ (29)

Substituting (15) and (24) into the integrals thru a facing thickness

and neglecting terms of order - a_) one finds

5 = oP 4 8
f,t,o{ﬁa:gdaes‘: dN —-ELH QX _




dm e £ 2L m°¥

T A (30)
and
5
ffr“ﬁf?: d_ 6%=
o 1 7 94 ¥
l_é’a’ed‘?:,d E:Jn 2L j@h 72l 7]+
= _
—og <B |l J==8)+ ¥
+az_5o/2;c/?,,_f[d” +20n ]ﬁﬁm7 2Lm 7_]+
3 _ -
+ ZL%,%d%daEinb’?_tez_n*fl@m“ﬂrELm‘ﬂﬂL

% ?C/4 )}lm #£2 Lm“ﬁ:‘[dm 9+ aL_mX’)](BJ)

—+

The surface of a facing consists of three parts; the interface
surface, the exterior face and the edge. Over the exterior face and

the interface CS’ C) i.e., stresses are prescribed. The integrals

ffp "V d,S,

over the interfaces, from the facings are the negatives of the corre-
sponding integrals from the core, consequently they sum to zero.

The load on the exterior face of a facing is

mtmpeiiine,

P = [pate +D_p3a3]LégJ (32)

12



where QP}L_Z and Q@}E are proportional to physical force
per unit undeformed area.

Using (18), (19), (20), (21) and (32), neglecting surface load times
rqtation terms and neglecting terms of order na_ and 3__2 one

obtains
Lf PV dos = %g [E=tay

.(5;;( i-,wgc>+ (ﬁsi-ogsxﬂ,—j i%ﬂds. (33)

From (13), (1k4), (18) and (19), after neglecting terms of order

and 3_2 it is found that

ffp\/dn+g(v V)P40

o o
2 5P d
L. @&\ T (e /2 o |, gaX

(“( £2bg) )™ (2Vp =V ) +

2 ~ \lalld
+ B—Q%"‘Q_\é—g\éﬂ:—d_ﬁ‘a’,qA : (34)

n —
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This is the contribution to the surface integrals from the edge of a

facing.

7. Contribution to the Hellinger-Reissner Theorem from the Core

For the core the equilibrium equations have been identically
satisfied, the stress-strain relations have been determined, the boundary
condition has been obtained and over the interface surfaces cj;a has
been presumed zero. Thus the only contribution to the variational theorem

from the core is

(fPsvid,s.

n

The outward unit normals to the core interface surfaces are

~\ —_
oM =x2Lg 3 (35)

Equations (1), (2), (20), (21) and (35) give

j’SfPrSvrc/D_s =£j[(;l_— §d33—- éf_s—ocnoc>.

(6575 6z )+ 2= (£ 140 b (60 +

+ S )] ds. (36)

8. Hellinger—Reissner Variational Theorem for a Sandwich Shell

Upon substituting (28), (29), (30), (31), (33), (3%) and (36) into
the variational theorem (27) and using Green's theorem [l], one obtains

the following variational equation appropriate for a sandwich shell.

14
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In the boundary integrals of (37) the following moment

equilibrium equation was used;

a%“ = Qm"‘f@{[ﬁ + la’)_’l‘;;gm&./

This equation is derived in |_3J

Equation (37) is the required variational equation for a composite

sandwich shell.

9. Equilibrium Equations

The Euler equations resulting from cperating on (37) 2nd corre-

sponding to 6,(»(/" and 6,(,(}" are

P2+ 5% +b ré—/—m‘xﬁ// b;:fbo(ﬁ s
+a(TX—’°?3+T m“)//b,zo 38

e
b b 7 P 4 Sl.( mdfe—/—
2 5’—~<><5 —
+ A5 /lzr“O- (39)

Forming linear combinations of the Euler equations associated

with S’M};C and S,L,u“ one finds

7o+ AP, — “AG’()—F S)_T 2R
% a/ () ogg (0<)
+ QTY ?) Nag) (b@ % —
— = a (°<)
—aAm ’6[ X b( ) T ( (<)
_ Xz ox | (o¢) o< (od 2 _
am® [Ty 2b+ T (bg,) [=O (40
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and

100 -3 —f—n"‘ﬂ// +1’P L3 T“—X‘e
G><) za )

—b b ) ;/3 —

(o() (<)

[ "’)‘1 Y (bizc))) j
—*‘*[ y;‘éi’i “ko) [=o- (4

Equations (38), (39), (40) and (41) are the equilibrium equations for
a composite sandwich shell. If the equilibrium equations of [3J are
specialized to small rotations and if :2_ is neglected when compared
to one, the resulting equations are the same as (38), (39), (40) and
(41).

BEquations (38) and (40) are identified with the equilibrium of a

gross element of the composite shell.

10. Stress Resultant-Displacement Relations

— X 096
Combining the Fuler equations corresponding to é;fj ﬁz EnN N

preomy ox;
é;li )qu and &7 8 in a suitable way, it can be verified that

®)
—ocfecs — (Z() _;<> —§b°({g( —26@))/4,«5 +
—I—ocb ( éx) 3)+

+ 2 (-7 TS+ 20T )(M b ) +

— . . 5 EeB| —/— )
nf/“"= QLJ_LJ.QQ'J_Q"LQB B ’e[océf/(/c;—ibd o()”ﬁ_.

+A (T~ 2= L >(/UJ‘3’, —26((;)@7;)] +
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Remembering that r\:l, and ::L?l have been reglected vhen compared
to one, care must be tzken when using (42), (43), (44) and (45) since
Qil_ and _A. are contained in 6C_)OC)IE_) (8 > ? and X and .1
may be contained in f3 C<F?aa7.

Terms multiplied by X ) ‘8 and a/ when g:l_= 1 :L s by
BquX? vhen the facings have the same physical properties, by
a_bgz)) and by ;_Y_:x'a; and To:; are due to the variation in
the geometry thru the composite shell thickness. If the sandwich shell

is thin these terms can be neglected. Hence for a thin sandwich shcll

with equal facings, (42) reduces to

A= OIS L7 Ef#ﬁﬁ[& (""—&//ﬁ — bw,a/’_“_é >] —

- 422505 L7B 0 B (gt ), |

This is the same stress resultant-displacement relation obtained in i_ll }
J

Equations (9), (10), (38), (39), (0), (1), (42), (43), (4k) end

(k5) form a system of 21 simultaneous differential eguations in the 21

variables /(:U—-‘;J/{A)'F_) d3.-3; §°<)ﬁ°<€ r‘ltxﬂ_) r_T:)O(/éonc! moﬁ_

11l. Boundary Conditions

The boundary condition for the edge of the core has already becn

given, i.e. the shear resultant on the edge of the core,

b= U3
o= J
must be specified.
Since on a normal to the core mid-surface at the edge of the
composite shell stresses may be prescribed for one facing while dis-
placements are prescribed for the other facing, the boundary conditions

for the individual facings will be given. Using L3j’

25



S < ) S
S = (olUas— +ateaS—, )
6% nTxy N RTxg .2/,

integrating by parts and then setting the resulting coefficients of the
varied quantities in the line integrals equal to zero, the required

facing boundary conditions are

_ (<) (<)
[nh“'e(i .,_lb(o{)) —Qm‘xﬂb(w ]Quﬁ =

= [ 7)) — AR Ly,

3
and
~
2Va,x = nVau
om ,C
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12. Stress-Strain Relations for a Sandwich Shell with a Viscoelactic

Core

In the following two sections a sandwich shell with a viscoelastic
core is considered. Representative equations for this shell are
displayed.

Only the core will be presumed viscoelastic, however, viscoelastic
facings could be treated in the same way.

The core stress-strain relations are altered as followec; £ and
EOC are replaced by 7*5 and )7*5 oc) respectively, end all
cther functions of time are replaced by their Laplace transforms, e.g.

(9) becomes

O T

4 22 *= é)@‘)
3= <) ,o¢ |-

Since E;oq???) and anng?7 are not functions of time, the stress
resultant-displacement reliations for the composite shell are converted
simply by substituting Laplace transforms for all time funcvions. To
illustrate this a few terms of the equation corresponding to (42) are

presented;
Wa oS I o W Wil -] Freot [o—c(*—jx —
&) 5
— by ¥ >/ —oc(i'iar -2 (00 >// —
— —_ * b() —
_ocbo@(ma :Lb(«)%>+océ<ﬁé&§ “y )J,
+1( °<T —I—ro’f‘ b<§))/w-/> +
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13. Equilibrium Equations and Boundary Conditions for a Sandwich Shell

with a Viscoelastic Core

The equilibrium equations for the composite shell and the boundary
conditions for the individual facings and the core are obtained by
merely replacing all functions of time by their Laplace transforms, e.g.
(38) and (46) beceme

(oc)

B IS+ B L B+

+ (T P L

and
n M guocnu,e = M U U

It has been assumed that Oéc onc{Q COC are independent of

time.

EXAMPLES

The theory presented here is valid for sandwich shells (plates)
with thin Kirchhoff-Love shell (plate) facings. However, the following
three examples are only concerned with sandwich shells (plates) with
membrane facings. The facings are presumed membranes so that the
influence of a hole, of orthotropic facings and of a viscoelastic core
on the behavior of a sandwich shell (plate) can be studied without

unduly complicating the examples.

28



14. Circular Plate with a Circular Hole at the Center

Consider a simply supported circular plate with a circular hole at
the center loaded by & uniformly distributed bending couple around the
outer boundary. The facings are isotropic membranes with similar
physicel properties and equal thicknesses. The core is presumed
isotropic. The dimensionless surface coordinates are

61=g—- >92=¢5)

vhere () and qb are polar coocrdinates (see figure 2).

Due to the symmetry of the plate and the applied edge couple,
— = =12 l=a
ST =i =g =NT=n""=0

and the remaining dependent variables are independent of 63 -

The equilibrium equations which are not identically satisfied are

+ Py =OJ (47)

=0, (48)

= 1l
+ 2 —elmer= o, 4.9)

—6in®_g'i=0. (50)
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FIG.2, CIRCULAR PLATE
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The core stress—-scrain relations are

g = ZE I, (50
R 2 _
== 2T+ S — é-:2~,_-,-:_s'9//ﬁi . (52)

The stress resultant-displacement relations for the composite plate are

flf?l-‘a D?_[E.(_l 1+—IM>

— 1( TR 9_,_,(,()’ )j (53)
22 (O;)Ra, E ra(vw'i-l.-elw')
ot O)M u‘f"—"/w‘“ >] (54)
M= :LRI ya (M —/—elxzxﬂ)——

'"91(/{’“’ 1+ é‘L 3,.1)] (55)

22__ AR E 1 >
= (Gl)a l_ya[a(u/(,u-’ -}- wi _—

—o D (VAT |+ T )] (5¢)

The bourndary conditicons are

[5_1]9‘=1 =0, (57)

M

—-“jgi_l -0, — 11]91 (58)
[n“ ol=1" M [”’“]91 =0, (59)
[’EUE]@ i, T O (60)
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From (48) and (51) one sees that /Mj'é = O. Cél)

The solution of (47) and (57) is

|

g'=0. (62)
Substituting (53), (54) and (61) into (49) gives

L 1~—>] _
el(e,w; L )l——O. 632)

Equation (63) and the boundary conditicns (58) yield

LT = O (64)

Hence,
Ail=rm2*=0.

In the same way (64) was obtained, from (50), (62), (52), (55),

(56), (59) and (60) one finds

. M )
“2 T ea,a(eawa REFE) FQEQEJ

G-DRE[E)= 1]+ () leg(e]

This solution has exactly the same character as the solution of a

homogeneous plate [12]. If the facings had been thin plates instead of
membranes the problem would have been greatly complicated and the
character cf the solution would have been different. The character of
the solution would depend on the boundary conditions, however, ,14/25

and S in general would not be zero and,,t&{é would be considerably

more complicated.

A sandwich plate with equal facings and a hole (circular or not)

32



loaded by the same inplane edge tensions on each facing has exactly the

same solution as a homogeneous plate. In this case the facings can be

either membrenes or thin plates.

15. Square Plate with Orthotropic Facings

To illustrate the influence of anisotropic facings consider a
simply supported square plate with orthotropic membrane facings.
The principal axes of each facing are parallel to the coordinate axes.
The facings have the same thickness and the core is isotropic. A
uniform transverse load is applied to the upper facing.

The dimensionless surface coordinates are
ola X o2 A

L0 L

(see figure 3) and it is assumed that

1 1
3“‘100 ) et 2000 °

I | - S_
oE,~ oo’ Y= 15 -

(>4
For this example P Ezc( is the elastic modulus in the é; direction

and ,)leza is the cross modulus for the facings. If the facings are

and
CIEE:JEE
is the largest of all the moduli. For brevity

isotropic EE;>< are equal to Young's modulus. It will

be ass d that
e ume: 52£E;i

it has been assumed that

é&égfg £E;Jii = OoC

2 )
EEiL

E
iZe _ =2a,.
22 =fes LEE2= 4

I

(=)
x, ,

0
m
[\)

E.

[

=8,

o
M
lo
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FIG. 3, SQUARE PLATE
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Since the plate is simply supported and symmetric

Hm:o} (65)

Nni=0
The equilibrium equations not identically satisfied are
5% _ —P=0O, (66)
L2<533 +P=0, &7)
N6, — §%=O. (68)

The core stress-strain relations are

— 73,
g ZOOE =1 (69)
_— — o< —4
= — I S _ 40 s
e 166" T2L6 T bLE e (70

The stress resultant-displacement relations for the composite

plate are

A= & [BX“’Q—'JQ—/—BX’)“%
/ Xo(,B b/ocg_
4.ij3 = T = s 7 3 g >j 7
n__ = ¥Hes Fy=B ___ .
M 7= jzifyﬁsjjks 7 ./4/Q£::fg -+ B 7 —/Li{;;)ﬁg

! X?vse_ i
x 102 <B g 3 + B g u,e)] (72

The boundary conditions are

P*Tooim0: [Femg o 73
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From (67) it is seen that <:5/£;3 is a constant, hence, from (69)

=
it follows that /(4/T§ is a constant. According to (66), S S

is a constant so that (70) reduces to

. AT x e
g == e (74)

Using (65), (71) and (72) in (68) one obtains

i = Jl22a__
F +F iz }-—
4000[ _53111 3,122

ELG }:’L—““ —-)1“- - F_uaa __)212]_1_
+ 17 =z1= o (75)
4-000[’:_ aau__ o+ E eeefw_g)aea] _
21_@[,_._.2211 L -+ F_aeee—faa +
- %55 = 0O, (76)
where
-—(ococX,e@) B ExXgp)
—B@M“ Baaaasucep)__ EueeBaeCe,B) B
giigaeee __ (g uea)e

-—BW)ZE —5—11115226@,6)__ Fiaegii(es
glitigeeee_ rguee)e

W
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Equatlons (66), (75) and (76) are three simultencous differential
equations in the three dependent variables /{_A{B‘ S S onc:{

The following series satisfy the boundary conditions

/ZLC/; rézs:_ ddA sm(rm’e )s:n(sf‘f’e )

= 5_9: B co.s(rfn’e‘os;n ésf/‘r’92>

r'é's-_-oclcl rs

= r%:oddcrs sin(r//‘r’91>cos(s7‘r’92> 5

T )

where

o — P

l'?ZIEE:l ’

Substituting these series into (66), (75) and (76) one obtains three

, simultaneous algebraic equations in the three sets of constants ’Z\rrs 5

ESFE; and (::VTS . Solving these equations one finds

e

317



8¢

1
e |

6x10

52()24- )[2000 4 (F I )] -+
+ra(f"4—l”’>[2000+ saﬁa(f;—{.;ﬂ—#-
< 2000 [4000 +rer(T-5)+

+ s (3-13)

\
\
J

J

4l s

raéafz’-f— sEl [2000 4—52’/7’2(f;-§ﬂ4—

+sa(sefg+ r2g>[2000+ refnfa(r;— I )7
_J




68

Bys

C

rs

B 1673 4
s [eooo + rern’a(l‘;— fg)]

rer + s

41773

1673 i
ror [EOOO -+ s af/‘fa(l_'a— F;,)]

—
—

rA o >
S

_'L=
2x/0° [eoom— a7~

4173 | SBEID + rEIg
2x10°| 2000 + 5372 (;

A o >
2—[;)]5 =



oy

wher-e

r

1

—

_ 275—19@+,31> -

50)00(1-8 Y berte) ~ 181 Yory 8 Yorm) +9 aJours) |

91 [‘l oo(l +19J>(°C1+ﬂ2> - Q@C3+'B‘3 ) ej

2= Frbote) -

Yo, _E o0 @C _1"',32)2@ £ J) — B@CJ-:‘QQXOC&+?83X°(2—/53> +9 @(J *h &2_’5 3) ]

91 [loo (48 Yestpo)— 9 @fa’“ﬂs)a]

g

b



187

5
s = 9—-@24—,33)—

15 ]100 -4 O<+,6 0‘ ;B - 10C ]/@ X )é :: /
2 3

—100(1-p, ) A:.ch +8,) = Voot B)ois) ]

LOO(Hﬂﬁ(‘X +h2)— Tectt) ]



The remaining unknown functions can now be determined. One cbtains

/UJ; from (74) and HGXO() from (68) and (73);

§

- L f F"H’Ars cos(rﬁ’el>5/'n(sf/7’93> +

LQ” oo L

- 5C)r-§=od¢18rs cos(F0t)sin (sw8®),

1 f - ! 2
—_— " = — 597’;4 sin(rvYe" cos s +
L ioorés;_.odd rs ) ( )

=) 2
—+ 50r§=od§r_s sin (r"h’91>co.s(sw9 ) N
A 1} co

| ( _ 2
P =r¢sz.—.oda Be 70?)5’”(”’91)5'” (57”9 >)

J
n
0

=r¢’§;—- odf"s 34_7’-)5”7 (r"h’@i).s/n (547/92) ’

°

Figures 4, 5, 6 and 7 show displacements and stress resultants for
a sandwich plate whose upper facing remains isotropic while its lower

facing ranges over various degrees of orthotropy. IE.L is egual to

Young's modulus for the upper facing and 1E2 decreases froum lEJ .

The cross modulus is assumed to have the following form
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From the figures we see that as the lower facing ranges over various
degrees of orthotropy all displacements and stress resultants behave as
one would expect. The stress resultants _S-"l and h'“ are larger than
3’5‘2 and naa since the plate stiffness in the e"' direction is

greater than the stiffness in the 92 direction. For the same reason

the rotation,(,u-i is less than ,u/-é_
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FIG. 4, GROSS DISPLACEMET
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16. Infinite Circular Cylinder with a Viscoelastic Core

In order to study the effect of a viscoelastic core, an infinite
circular cylinder loaded by a concentrated uniform ring load acting at
92=O is investigated. The facings are isotropic membranes with
the same thickness and physical properties. The core is isctropic
with an infinite Young's modulus in transverse extension.

The dimensionless surface coordinates are

1 2 £
69 = Qb > é9 = 155-

see figure 8. The assumed viscoelastic character of the core is that

of a standard linear solid as shown in figure 9. For this example

In the sequel the variation of the geometry thru the thickness
of the composite shell has been neglected.

From symmetry of the shell and the lecad

— — — !
§ = = ay =r=n""=0

d
and all remaining functions are independent of é; -
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FIG. &, CIRCULAR CYLINDER
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FIG. 9, CORE VISCOELASTIC
BEHAVIOR
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The following equations are the time Laplace transforms of the
equilibrium equations, the core stress-strain relations and the stress

resultant-displacement relations for the composite shell

—5P5(ea) +55, XAt=0, (77)
Loy 9s 833,7 Ps®G? —*n!1=0, (78)

*H’E?E =0, (79)

dez2 *hafa =0, (80)

Yuwg =%, + %Té B1)

= Z%ai oy + R

*meee Lol Bk o e] (82)

B3)

K 22 _

¥ _ 1l 3L E [ * —
e /UJ"
m 1164—800 25 ™ 1
-*- N
n - [
1164-80 22" M ]

Notice that

11 22 (231;)

¥ 11 _ S *x
e s
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The boundary conditions cre

,w;_]ee:O:—— O, (85)

EL

N 6% =40 2 -

snd /(T)':.a)/u)‘é Onct;u._/:é avanish sz B —= + co.
J

rrom {79), (82) and the boundary conditions one [inds

F7%=0

——8)2 = _1% —3 ») (86}

AT7 . 87)

Differcrtiating (80) with respect to 6 and then using {77),

®
0
0

(87} erd {81) onc obtains

4—.[ *____ o= > p—
Jéoo’{’ug , 2222 - 5007*(3 ’“’sf,ae.
14 565

P&(62
5 oy = — 116480 L-QEQ

+ r‘rfe‘%“ [s6%] @9

2 . . . .
vhere 5(9 is Dirac's delia function.

Tsking the 92 Fourier transform of (88) yields LlS! t-l']
1

—+

+ +
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116480  §°
P = -+ 2*_6
,-———-,'79 2, _1456 »(89)
Lya eoo § 8007“6 §F+ j

where.J? is the Fourier transform parameter zrnd a \/ over a function

¥*
(ﬁk

indicates a Fourier transform.

The inverse Laplace transform of (89) is

1456
N —
L% 128000 12§+ 7 "
LCY — e 4, 100D -2, 232960
2 FHZTF T
1456 25 _4, lise
164§ "4 ZEC _ iza§ Tt T _
4 ao 4 J_ooo 2, 2322960
_ §4+ 1000 g2, eze%o
¢ EXP | Z oo~ ety 200 g2 232960 (70)
4-1
where
P e
= o —
Q LB 2 QE

Chscyving that ,LAj" is an even functicn OL~§? it is scen that

Z%i_= 2,Yf (g)c;os(_se)dg (a1)

Brzpanding the exponential function

44 lgoo 282960
_p [ET+ PR =EEC

S*P | foo

(92)

4 EOO 232960
€7+ PP+ ==Z1
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in a power series and comparing the integrals which result from substi-

tuting (90) and the power series of (92) into (91), it is seen that in

approximating (92) vy exp (- %00’7_’) only a term of order 10—3 as

compared to one is being neglected when % £ 1200. vwith this

approximation (91) reduces to

/JJ‘-’ __ 4_—78 — 6. 629
LCD, 3020@ e >

'[cos (5.689?') + 0. 602 s/in (5. 6292’>] —
—25705 757 56249%[ s (L 046°) +

+0.907sin (6.046%) |. (33)

Making the same approximation in the integral form of ()5 and

2

satisfying (85) one finds

75 = 120 120(1 er—> -e.e207
.[COs (5 6392> —0.164 sin (5. 6293)_7 -

-t 2
— l20e me_é'249 co5(6.04-92> —

~0.0324 sin (6.046%) . (94)

The stress resultent }77_11 can be determined from (87) and (93).

To determine S 2 one uses (77), {87) and {86) to obtain

'5—?2 _ 2 /w-éla
=22 = 5(6%) — 240 : (35)

Integrating {95) and using the boundary conditions on /,Ué end S 2

one finds
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% e L _ I '

S =HEY-5 -2, (75 (9€)
Equaticn (81) can bs wriltten

A

B = - ao(rae )+5O(

+ 2_?:£> e-r.o—fz(t-*- >[ =) [é’)]dt . (97)
Again approximating (92) by XP(—/OO’?:) (97} becomss
T = [4— 66(1-—@ 400"“)——»100<t )e 4“00’?:
g~ 629505(5 teo>)—[zs2 (1—& m) —

— 164 (Ese )e‘*””—’ 64202, (5.620%) +

2
[o 623+100( 255 ]e B 2hg, (6.046%)-

2
- —6.24-6F
s (6 R T one) )
Equaticns (83), (81), (96) and {86} yield

_ %
n%= 1 __ 55005(92) — 4002 %P g(B2)—

P ,2164-80

41 Ve
“Jéoo aaa>+5 Q>"‘

+aioe [ G €.
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In evaluatin

¢ on -
that (92) can no longer be approximated by exp (’400,9_ Here one
must use

4 O 2, 2 O
[—-7_‘ <§ i ) OOE . 32@6
exp o

4o00C §4+ 2oo§ +azaqeo

it
400?:/&54+ 200 affeo }

After some manipulation cne finds

2
it is seen that it contains 8(9 ) and

JC)CD _— [jéB f;ﬂfa <ii e 4LC?C>7::> —_—
— 1. 29(40019 e “"o’rj > & éeecos 5.c26%) +
< -t
—+ [4.45ﬂ —e 400%) —+- 0778 (2572) e 400’”}

& %% :;n{5 ce6?) — [4 28 + .10 (4007;)]

s 62 cos(é 0492) [4— 42 —

- 100 (e 42495 . 0ue) ()

_t

From (78) and (84) we have

Z_F2<:f/;5:3 . I 22
5 = 5(6%) + 24(3— ) (100)
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Equations (93), (94), (98) and (99) are only valid for f/: < [200

and ea> Q. For Qaé (O it is observed that,{,(—_)'-é and f) 22

are even functions of 92' and that,(Tjé and,u)-é“ are odd functions

of Q? Equations (96), (87) end (100) are valid for all ¥ and 92.

For f:.oo

% = — 302056'6292[c05(5.6293> +
+O0.602 sin(5.6892>] 5
/Z%é — 120 — 120 & 4 ¢%°° cos(5.6292)—
— 0,164 sin (5.628%) ], (1o1)
/‘:’5 = 4.66 e‘é'éeea[cos(g.eaea) —
— 82.0 sin (5.6292>j 5 (lOc?)

Joo(%ff‘) = — 37885520 [cos(g. 6262) —

— 1,18 sin (5.6292>j.

Equaticns (98) and (102) show that,{,ué is discontinuous at 6-a= O
which does not agree with physical reality. From (83) it is seen that
,(/U'é must be discontinuous if ﬂaa is to finite at 92'——-'-0,

If the facings had been thin shells instead of membranes this incon-
sistency would not have arisen.

As can be seen from (94) and (101), wé at 92=OO is

independent of 'é_

57



In figures 10 to 14 only the functions for t equal zero and
infinity are plotted. The functions at f%%:==122CDC)are so close to the
functions at ﬁ =00 that they are almost indistinguishable on the
figures.

For the numerical values of the physical constants chosen the
displacements and stress resultants dc not vary greatly as functions of
time. However, for a different set of numerical values for the physical

constants this may not be true.
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NOTATIONS

The tensor notations of l—e] ere utilized. Latin suffixes take on
numbers 1, 2 and 3 while Greek suffixes take on numbers 1 and 2.
Repeated indices are not summed when enclosed by parentheses. The
prefix 1 stands for QO or i according as the quantity is associated
with the upper or lower facing, respectively. If two signs appear, i.e.
+ r_)«'e the upper (or lower) sign applies whenever reference is being

J

made to the upper {or lower) facing. A comma denotes partial differen-

oh

tiation, i.e. F)ch=a-—e-°‘, A vertical bar (‘) denotes covariant
differentiation with respect to the three dimensional space while a
double vertical bar ( n) denotes covariant differentiation with respect

to the core mid-surface coordinates.

Symbol Description

L a characteristic length of the core

mid-surface

Q

thickness of the core

d thickness of a facing, N =0 or 1

h}

O
Q

N

r~

R
O
S

X

6 dimensionless surface coordinates,
lines of curvature

9 dimensionless normal coordinates

0}

base vectors P where P is
2 OC
the dimensionless position vector of

the core mid-surface

o>

unit normal to core mid-surface
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P

15
N

R R OX

dimensionless interface base vectors
(see O, )

A\

a 3

coefficients of the second fundamental
form for the core mid-surface
coefficients of the second fundamental
form for the interface surfaces

8 3B )—- .

L(SKAJ.Q boc Qp,baae vectors
LD

(on —~
)35

o -,

ﬁ

Goc" 9

determinant /chﬁl

determinant IQOC,B I

;/QO. Qx,es where er'st is the

permutation symbol
defcrmed unit normal to interface
surfaces

i,

L,LocQ unit normal to core edge
at the mid-surface

u O unit 1 to the ed
n “20 unit normal to the edge
of a facing at the interface

p X uni a
o “QO unit tangent to the edge
of a facing at the interface

mean curvature of core mid-surface

Gaussian curvature of core mid-surface
1 . ] )

//_‘.Bgd _o_d -+ /Z_ai_ dicl

1 ; — .

/Lagdszd yl_id_i_d
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e

V]

d
0O

I/Lagd'gde-l— l/LEAJida
J/La_o_u'gda_ J/Lidicle
A Jud?+ V52
A gied®= A, J,d°

Christoffel symbols of the seccnd

kind evaluated at the interface

surfaces

¥ g

n/:cﬁ - D: ]93=O
¥ ¥

¢ Lo+ Los
.4 . 4

9_/12«,@ “1_'1’;;

velume of a body

surface of a body

core mid-surface

interface surfaces

exterior faces of the facings
part of cj’ on which the stresses
are prescribed

part of cj/ on which the displace-
ments are prescribed

cji for the edges of the facings
<:(EZ for the edges of the facings
part of interface boundary curves on
which the stress resultants are

prescribed
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>
0O
)

h]
&

&
J

part of interface boundary curves on
which the displacements are prescribed
dimensionless arc length along inter-
face boundary curves

dimensionless arc length along the
normals to the edges of the facings

at the interfaces

\V/ r displacement vector
r‘@ J P

Virls + Vs
Virls — Vs

interface displacement vector
N —— B
Or_- QV'F]_V) average displacement

of the interfaces
—— g pu— =,
- — . ai
ar. 9_\/ ‘L\/ relative displacement
of the interfaces

strain tensor

stress tensor

oW R +1 3
= | yg=3doe
=), T¥

e e /)
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m

-
R

©

<:|3

&7
Q_Bd'e 7

2 B

2B%%%)

£3<::>qsa?7

2C

<><,53/7
2Cyp 3/7

Young's moduius for transverse
extension of the core

ghear modulus of an orthotropic core
shear modutus of an iscowropic ccre
Young's modulus of en isscircopic facing
Poisson's ratio for both facings
elastic coefficients for a facing

CDE3CXF§527_+_ A;E3<xp?3%7

Bo<,3347__ J Bo(,@ b/7

(=]

elastic coefficients defined by

(- §

57 1/c%c8 8
= =~ S ‘>

gco(,s 9T 4 co(‘gé/r)
gco(,saﬁ) __J_Coqé&/?

i rs,._ k2

a symbol placed cver a guanbity
indicating that the quantity is
prescribed on the edge of a facing

a symbol placed over a functicn of

time to indicate the Laplace trans-

form of the funciion

Laplace iransform parameter

nO- ' __ |+ 2
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