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ABSTRACT 

A Monte Carlo computer program which can be used t o  c a l c u l a t e  t he  
t ransmiss ion  p r o b a b i l i t i e s  f o r  two c y l i n d r i c a l  tubes i n  s e r i e s  i s  
desc r ibed ,  a s  w e l l  as the  technique of  adding d i r e c t e d  mass motion t o  
t h e  random thermal motion of t he  molecules. The r e s u l t s  for a simple 
s t r a i g h t  c y l i n d r i c a l  duct  a r e  compared t o  o the r  so lu t ions ,  and angle-of- 
a t t a c k  e f f e c t s  a r e  examined. Complex sys tems f o r  which no adequate 
s o l u t i o n s  have previously been found a r e  e a s i l y  analysed by t h i s  method. 
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TECHNICAL MEMORANDUM X-53386 

A MONTE CARLO PROGRAM FOR TRANSMISSION PROBABILITY CALCULATIONS 

INCLUDING MASS MOTIONS 

A Monte Carlo computer program which can be used t o  c a l c u l a t e  
the  t ransmiss ion  p r o b a b i l i t i e s  f o r  two c y l i n d r i c a l  tubes i n  s e r i e s  
i s  descr ibed ,  a s  wel l  a s  the  technique of  adding d i r e c t e d  mass motion 
t o  t h e  random thermal motion of the molecules.  The r e s u l t s  f o r  a 
simple s t r a i g h t  c y l i n d r i c a l  duct a re  compared t o  o t h e r  s o l u t i o n s ,  and 
angle-of -a t tack  e f f e c t s  a r e  examined. Complex systems f o r  which no 
adequate s o l u t i o n s  have previously been found are e a s i l y  analysed by 
t h i s  method. The For t ran  i n s t r u c t i o n s  a r e  l i s t e d  along wi th  a t y p i c a l  
program so lu t ion .  

I. INTRODUCTION 

While the  p rope r t i e s  of  r a r e f i e d  gas flow have been s tud ied  i n  
d e t a i l  f o r  many yea r s ,  t he re  s t i l l  e x i s t s ,  i n  many r e s p e c t s ,  a r e a l  
l ack  of  understanding of t he  physics o f  t he  problem. 
such as t h e  t ransmiss ion  p r o b a b i l i t y  ( t h e  p r o b a b i l i t y  t h a t ,  i f  a molecule 
e n t e r s  a system a t  poin t  1, i t  w i l l  e x i t  the  system a t  po in t  2 ) ,  the  
s p a t i a l  d i s t r i b u t i o n  a t ,  nea r ,  o r  i n  the  s y s t e m ,  e t c . ,  have been d e t e r -  
mined f o r  very simple systems ( i . . e . ,  c y l i n d r i c a l  d u c t s ,  r ec t angu la r  d u c t s ,  
i n f i n i t e l y  wide p a r a l l e l  p l a t e s ,  e t c . )  when the  d e n s i t y  i s  s u f f i c i e n t l y  
low t h a t  the  system i s  i n  the  f r e e  molecular flow regime. However, t he  
cond i t ion  f o r  f r e e  molecular flow i s  not  exact  s i n c e  a l l  the  parameters 
which af fec t  the  flcv prcr;zrties are c o t  kiicjwn. The Knudsen number i s  
normally def ined a s  the  r a t e s  of the mean f r e e  path (A) t o  t he  cha rac t e r -  
i s t i c  dimension (L) of the  system. When the Knudsen number i s  l a rge  
(Kn = 10 o r  h i g h e r ) ,  t he  system i s  sa id  t o  be i n  f r e e  molecular flow. 
But i f  one i s  cons ider ing  a c y l i n d r i c a l  duct  a s  a system, i t  i s  not 
known i f  t he  c h a r a c t e r i s t i c  l eng th  i s  the  diameter of the  d u c t ,  the  
l eng th  of t he  duc t ,  o r  some dimension r e s u l t i n g  from a combination of 
t hese  va lues .  For very l a rge  mean f r e e  pa ths  and r e l a t i v e l y  small  
length- to-diameter  r a t i o s  f o r  the duct ,  t he  exac t  Knudsen number i s  
not  important .  When the  mean f r e e  path of  the  molecule i s  near the  
c h a r a c t e r i s t i c  length  (10 L K 2 .1), the  flow regime is  c a l l e d  t r a n s i t i o n  
flow, f o r  which no s u f f i c i e n t  desc r ip t ion  i s  p re sen t ly  a v a i l a b l e .  

Gross p r o p e r t i e s  



These problems a r e  g r e a t l y  magnified when one cons iders  complex 
systems such as o r i f i c e - r e s t r i c t e d  tubes ,  b a f f l e s  i n  tubes ,  elbows, e t c . ,  
and flow where the re  i s  r e l a t i v e  motion between the  system and t h e  gas .  
There i s  a weal th  of information i n  the  l i t e r a t u r e  about t h i s  problem 
wi th  most of the  s o l u t i o n s  anchored on the e x c e l l e n t  work of  Clausing [11. 
H i s  approach and techniques have been followed wi th  some improvements i n  
accuracy. It was not u n t i l  Davis i n  1959 [ 2 1  t h a t  any s i g n i f i c a n t l y  
d i f f e r e n t  approach t o  t h e  problem w a s  developed. I n  a s e r i e s  of extremely 
use fu l  papers [2 ,3 ,4 ,5 ] ,  Davis and h i s  co-workers made a s i g n i f i c a n t  
con t r ibu t ion  t o  t h e  f i e l d  of vacuum system design.  Because of t he  ' 

obvious success of  Davis '  approach and the  b e l i e f  t h a t  t h i s  approach 
could be used for  s o l u t i o n s  of many problems, t he  w r i t e r  has developed 
programs very s i m i l a r  t o  those of Davis t o  look a t  s eve ra l  types of  
problems. 
These programs considef complex geometr ical  systems, r e l a t i v e  mass 
motion, r e f l e c t i o n  c o e f f i c i e n t s ,  s p a t i a l  d i s t r i b u t i o n s ,  e t c .  Since 
many reques ts  f o r  information about these  programs have been rece ived ,  
i t  was decided t o  present  i n  d e t a i l  t he  program f o r  a simple system. 
This paper descr ibes  the  For t ran  computer program f o r  t he  Monte Carlo 
ca l cu la t ions  of  the  t ransmiss ion  p r o b a b i l i t y  f o r  two co - a x i a l  cy1 inder  s 
connected in  s e r i e s  wi th  provis ions  f o r  r e l a t i v e  mass motion d i r e c t e d  
along the  ax i s  of the  system o r  a t  any a r b i t r a r y  angle  wi th  r e spec t  t o  
the  a x i s .  Only the  bas i c  program w i l l  be descr ibed  i n  d e t a i l .  Modifica- 
t i o n s  which have been incorporated t o  determine f l u x  d i s t r i b u t i o n s ,  
s p a t i a l  d i s t r i b u t i o n s ,  cap ture  c o e f f i c i e n t s ,  e t c . ,  w i l l  be only b r i e f l y  
mentioned s ince  these  a spec t s  can be added t o  the  bas i c  program a s  the  
user  d e s i r e s .  The program has not  been r e f i n e d .  It was not  t he  i n t e n t  
of t h i s  study t o  develop an optimum, t ime-saving computer s o l u t i o n .  A 
s k i l l e d  programmer could e a s i l y  reduce t h e  computing t i m e .  However, i t  
was f e l t  t ha t  the  8 minutes i t  takes  f o r  the  present  computer s o l u t i o n  
on a CDC-3200 (or  2 t o  4 minutes on an IBM-7094) was reasonable .  Most 
of  the  e f f o r t  has been spent  on the  physics  of  t he  problem. 

Some r e s u l t s  of these  programs have been published [6 ,71.  

11. DESCRIPTION OF THE PROGRAM 

A. ASSUMPTIONS 

The fol lowing bas i c  assumptions of  t h e  flow parameters of  t h e  
molecules are  cons i s t en t  wi th  most approaches: 

1. The molecules e n t e r  the  c y l i n d r i c a l  duc t  w i th  a d i r e c t i o n  
propor t iona l  t o  the  cosine of the angle  between the  normal t o  the  en t rance  
plane and the d i r e c t i o n  of the molecule. I f  t he  molecule s t r i k e s  a w a l l ,  
i t  leaves the wa l l  i n  a d i r e c t i o n  p ropor t iona l  t o  t h e  cos ine  of t h e  angle  
between the  normal t o  wa l l  a t  the poin t  of  c o l l i s i o n  and the  d i r e c t i o n  
of the molecule. 
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2. The mean f r e e  pa th  i s  s u f f i c i e n t l y  l a r g e  such t h a t  c o l l i s i o n s  
between molecules can be ignored. (Modifications t o  t h i s  bas i c  program 
a r e  not  l imi t ed  by t h i s  assumption; however, no d e s c r i p t i o n  of t hese  
modi f ica t ions  w i l l  be made i n  t h i s  paper).  

B .  MODEL DESCRIPTION 

The model f o r  t h i s  s tudy i s  shown i n  Figure 1, where w e  see 
the  two c y l i n d r i c a l  tubes i n  series wi th  a common a x i s .  For convenience, 
the  r ad ius  of tube 1 i s  given the  value of  one. The conf igu ra t ion  t o  be 
s tudied  is  then  descr ibed i n  input  parameters f o r  t he  fol lowing parameters.  
(The symbols enclosed by parentheses  r e f e r  t o  the  parameters i n  t h e  For t r an  
program, Figure 3) :  

1. The length  of tube 1, (4.). 

2 .  The length  of  tube 2 ,  (QL2). 

3 .  The r ad ius  of the  entrance o r i f i c e  t o  tube 1, ( A ) .  

4 .  The r ad ius  of the  e x i t  o r i f i c e  of  tube 1, ( B ) .  

5 .  The diameter of tube 2 ,  (CL2). 

6 .  The r ad ius  of t he  e x i t  o r i f i c e  of tube 2 ,  (DL2). 

I n  Figure 1, tube 2 i s  shown t o  be l a r g e r  i n  diameter than  
tube 1. The program i s  not  r e s t r i c t e d  t o  t h i s  conf igu ra t ion  and can 
be used wi th  tube 2 having any diameter.  I f  QL2 i s  zero ,  tube 2 i s  
not  considered by the program. 

C.  THE MONTE CARLO PROCEDURE 

I n  the  Monte Carlo procedures,  molecular h i s t o r i e s  a r e  generated 
f o r  a l a rge  number of molecular p a t h s  through the  system. The p r o p e r t i e s  
cf each mclecule are recn rded  depending or! the parzmeters of interest.  
This  paper w i l l  consider  only the  t abu la t ions  of t he  number of molecules 
which e x i t  t he  system a t  e i t h e r  e x i t  plane a s  a func t ion  of t he  number of  
c o l l i s i o n s  wi th  the  wal ls  (both the  tube wa l l s  and t h e  o r i f i c e  p l a t e s ) .  

A flow diagram f o r  t h e  computer program i s  shown i n  Figure 2; 
the  For t r an  p r in t -ou t  f o r  the program i s  shown i n  Figure 3 .  The h i s t o r y  
f o r  a molecule begins wi th  i n s t r u c t i o n  2010. (The program i n s t r u c t i o n s  
preceding number 2010 merely performs bookkeeping func t ions ,  p r e s e t s  
coun te r s ,  reads  the  input  parameters,  e t c . )  The i n i t i a l  coord ina tes  of 
t he  molecule on the en t rance  plane a re  given by ' (with the  a x i s  of  t he  
c y l i n d e r s  being the  p o s i t i v e  X a x i s )  

3 



where R 1  and RE a r e  random numbers. (There a r e  numerous methods t o  
c a l c u l a t e  pseudo-random numbers i n  the  l i t e r a t u r e . )  These coord ina tes  
can f a l l  anywhere w i t h i n  the  square bounded by y = +A, and z = +A. 
The next i n s t r u c t i o n  s e l e c t s  only those po in t s  w i th in  the  c i r c l e  
Y12 + Z12 = A*. 
angle .  

I n s t r u c t i o n s  2011 through 2142 c a l c u l a t e  a cos ine-b ias  

I f  mass motion i s  t o  be considered,  the i n s t r u c t i o n s  from 2555 
through 2141 a r e  used t o  c a l c u l a t e  the  random thermal speed of  the  
molecule. This i s  explained more f u l l y  i n  the  next  s e c t i o n .  D i rec t ion  
cosines fo r  the  molecular t r a j e c t o r y  a r e  determined from 2556 through 
2020. I n s t r u c t i o n  2024 t e s t s  t o  see  i f  t he  molecule h i t s  the  e x i t  
plane of the tube.  I f  i t  does not  h i t  t h i s  p lane ,  i t  must h i t  t h e  
w a l l  of tube between X = 0 and X = L(Q). The poin t  of c o l l i s i o n  i s  
ca l cu la t ed  by i n s t r u c t i o n s  3026 through 3035. A t  t h i s  p o i n t ,  the  
molecule i s  r e f l e c t e d  d i f f u s e l y  from the  tube wall by the  i n s t r u c t i o n s  
3039 up to  3045. The i n s t r u c t i o n  before  3045 senses  U1 t o  see which 
d i r e c t i o n  the  molecule w i l l  go. I n s t r u c t i o n s  3045 t o  3052 and 3060 t o  
3063 t e s t s  t o  see  i f  the  molecule h i t s  t he  end planes of t he  cy l inde r .  
I f  i t  does no t ,  the x coord ina te  of the  poin t  of c o l l i s i o n  wi th  the  
tube w a l l  i s  ca l cu la t ed  by 3068 t o  -3642. The remainder of t he  program 
r e p e a t s  these t e s t s  f o r  molecules i n  tube 2 .  

D. SPEED DISTRIBUTION 

Although the  procedure f o r  combining the  r e l a t i v e  mass motion 
t o  the  random thermal motion i s  s t r a igh t fo rward ,  i t  needs some explana t ion .  
I n  the program, the p o s i t i o n  of a molecule a t  t he  en t rance  plane of t he  
system is determined, and the  d i r e c t i o n  cos ines  f o r  i t s  motion cons ider ing  
only the  cosine b i a s  a r e  ca l cu la t ed .  For no mass motion, t h e  molecules 
whose d i r e c t i o n  cosine U 1 ,  because of i t s  thermal v e l o c i t y ,  i s  nega t ive  
w i l l  not  en te r  t he  system. This i s  not n e c e s s a r i l y  so when t h e r e  i s  mass 
motion. The magnitude o f  t he  thermal speed of t he  molecule i s  chosen 
by the  i n s t r u c t i o n s  s t a r t i n g  a t  2555 i n  t h e  program. Figure 5 p re sen t s  
a histogram of  the  thermal speed as s e l e c t e d  by t h i s  procedure.  From 
t h i s  d i s t r i b u t i o n ,  one can determine the  most probable speed t o  be 1.414, 
t he  root-mean-square speed t o  be 1 . 7 7 7 ,  and the  average o r  mean speed t o  
be 1.596. Also shown i n  Figure 5 i s  t h e  t h e o r e t i c a l  Maxwellian-Boltzman 
d i s t r i b u t i o n .  One can see  t h a t  t h i s  c a l c u l a t i o n  s a t i s f a c t o r i l y  approximates 
the  Maxwellian d i s t r i b u t i o n .  

Using the d i r e c t i o n  cos ines ,  one can then  determine the  magnitude of  
each component of the  speed. Mass motion can then  be added t o  t h e  thermal 
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speed and new d i r e c t i o n  cos ines  for  t he  a c t u a l  pa th  of t he  mclecule 
r e l a t i v e  t o  the  moving tube .  One small cons ide ra t ion  must be made, 
however. This cons ide ra t ion  i s  concerned wi th  the  r e l a t i o n s h i p  of  
t h e  thermal speed of the  molecules e n t e r i n g  t h e  system t o  t h e  thermal 
speed of the  molecules i n  t h e  r e s e r v o i r .  From the  k i n e t i c  theory of 
gases ,  one knows t h a t  t he  number of molecules s t r i k i n g  the  small area 
i s  g iven  by 

where V i s  the  speed of the  molecule and 

The m o s t  probable speed of  t h e  molecules i s  found by s e t t i n g  t h e  f i r s t  
d e r i v a t i v e  of func t ion  above equal  t o  zero.  

From t h i s  w e  f i n d  t h a t  t h e  most probable speed of t h e  molecules leaving 
t h e  r e s e r v o i r  i s  given by 

( Vexit ing ). - - JGT (vreservoir ). 
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The d i s t r i b u t i o n  shown i n  Figure 5 i s  f o r  the  molecules e x i t i n g  the  
r e s e r v o i r  (or e n t e r i n g  the  tube ) .  Since the  speed r a t i o  i s  def ined 
as the  r a t i o  of t he  mass motion t o  the  most probable motion of t h e  
gas molecules i n  the  r e s e r v o i r ,  t he  mass motion vec tor  which is  added 
t o  the  thermal speed vec to r  must be expressed i n  terms of t he  r e s e r v o i r  
speed. Thus, t he  mass motion speed vec to r  i s  given by 

= 1.155 S ,  
4TT 

where S = speed r a t i o .  

Figure 6 shows a histogram f o r  the  speed d i s t r i b u t i o n  wi th  mass 
motion. The s o l i d  curve r ep resen t s  t he  Monte Carlo s o l u t i o n  f o r  t he  
genera l  expression of the  v e l o c i t y  d i s t r i b u t i o n  

m 
[(Vx-SI)2 + vy2+ vz21 

e dVx dVY dV, N 

where N = 10,000 and S I  = 8 V r e s e r v o ~ r  ( x - 
The r o o t  mean square speed was found t o  be 9.384 and i ,  9 . 3 3 0 .  
dashed curve shows the d i s t r i b u t i o n  of molecules t h a t  a c t u a l l y  e n t e r  
the  tube f o r  t he  same mass motion. It i s  seen t h a t ,  a l though t h e  r m s  
speed and the mean speed a r e  approximately equa l ,  the  a c t u a l  d i s t r i b u t i o n s  
a r e  very d i f f e r e n t .  This d i f f e r e n c e  i s  a r e s u l t  of t he  cos ine  d i s t r i b u t i o n  
of the  en te r ing  molecules. I n  Figure 6 ,  t h e  peak  on the  program d i s t r i -  
bu t ion  a t  V = 8 .5  r e su l t s  from the  a d d i t i o n  of the  m a s s  motion t o  those 
molecules a t  t he  en t rance  plane which were t r a v e l i n g  oppos i t e  t o  the  
d i r e c t i o n  of mass motion, while  the  peak a t  V = 10.0 r e s u l t s  from t h e  
a d d i t i o n  of mass motion wi th  the  molecules which were t r a v e l i n g  i n  the  
same d i r e c t i o n  as the  mass motion. 

The 
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111. RESULTS 

The t ransmiss ion  p r o b a b i l i t i e s  f o r  c y l i n d r i c a l  duc t s  a t  v a r i o u s  
speed r a t i o s  have been ca l cu la t ed  by Pond [ a ]  , by deLeeuw and Rothe [ 91 , 
and by Hughes [ 101. 
p r o b a b i l i t i e s ,  i t  i s  q u i t e  d i f f i c u l t  t o  accu ra t e ly  o b t a i n  va lues  from h i s  
f i g u r e s .  Rothe and deLeeuw present  t h e i r  d a t a  as a pressure  r a t i o ;  some 
simple c a l c u l a t i o n s  a r e  requi red  to convert  the d a t a  i n t o  t ransmiss ion  
p r o b a b i l i t i e s .  The r e s u l t s  of  t h i s  ope ra t ion  are presented i n  Table 1 
and i n  Figures  7 through 9 .  Figures 10 through 15 present  d a t a  from the  
Monte Carlo s o l u t i o n s  wi th  the  s o l i d  l i n e  r ep resen t ing  the  va lues  i n t e r -  
polated from the  UTIA da t a .  It i s  q u i t e  no t i ceab le  t h a t  t he  Monte Carlo 
d a t a  f o r  a l l  L/A va lues  a r e  s l i g h t l y  lower than  the  UTIA d a t a  below speed 
r a t i o  of 5 .  For the zero speed r a t i o  d a t a ,  t he  Monte Carlo va lues  a r e  
c o n s i s t e n t l y  w i t h i n  +5 per cent  of o t h e r  s o l u t i o n s .  For speed r a t i o s  
up t o  4 ,  t he  d i f f e r e n c e  between the Monte Carlo d a t a  and the UTIA d a t a  
i s  between 5 and 10 per cent ;  however, t he  Monte Carlo d a t a  a r e  always 
the  smaller. No explana t ion  of t h i s  can be given a t  t h i s  t ime. 

While Pond presents  h i s  d a t a  d i r e c t l y  as t ransmiss ion  

A l l  t he  previous r e s u l t s  are for  t h e  case where the  mass motion i s  
d i r a c t e d  along the  a x i s  of t he  tube.  I n  gene ra l ,  the  mass motion w i l l  
be a t  any angle  wi th  r e spec t  t o  the axis of t he  tube.  
angle  of a t t a c k  t o  be the  angle  between the  d i r e c t i o n  of mass motion 
and the  a x i s  of t he  tube ,  Figure 16 p re sen t s  t he  Monte Carlo d a t a  f o r  
tubes of L/A = 2 ,  and speed r a t i o s  of 2 ,  a t  va r ious  angles  o f  a t t a c k .  
It i s  i n t e r e s t i n g  t o  note  t h a t ,  a t  an angle  of  a t t a c k  of 90 degrees ,  t h e  
t ransmiss ion  p r o b a b i l i t y  (0.35) i s  not t he  same as the  t ransmiss ion  
p r o b a b i l i t y  f o r  zero speed r a t i o  (0.51).  

Defining t h e  

I n  a l l  t he  d a t a  presented so f a r ,  on ly  a s i n g l e  tube n a s  been 
cons idered .  Normally, a measuring system i n  f r e e  molecule flow c o n s i s t s  
of  a gauge volume connected t o  t h e  f r e e  stream by an o r i f i c e - r e s t r i c t e d  
tube o r  a s e r i e s  of tubes .  The techniques f o r  c a l c u l a t i n g  the  t ransmiss ion  
p r o b a b i l i t y  f o r  composite systems with zero mass motion have been examined 
by s e v e r a l  i n v e s t i g a t o r s  [7 ,11,12] .  To see  i f  these  same approaches could 
h e  used fc;r zoiiiijosite systems wi th  mass motions,  Monte Carlo c a l c u l a t i o n s  
were made f o r  an o r i f i c e - r e s t r i c t e d  tube of L/A = 8 ,  Al/A2 = . 5 ,  and f o r  
v a r i o u s  speed r a t i o s .  So t h a t  any d i f f e rences  which might appea r  would 
be t h e  r e s u l t  of t he  procedure,  t he  Monte Carlo t ransmiss ion  p r o b a b i l i t y  
va lues  f o r  a tube of L/A = 4 were used i n  the  c a l c u l a t i o n s .  
p re sen t s  t he  r e s u l t s  of  t hese  c a l c u l a t i o n s .  Deviat ions up t o  approximately 
15 per  cent  are observed between the ca l cu la t ed  va lues  and the Monte Carlo 
v a l u e s .  Tube lengths  of L/A = 2 and 4 were a l s o  examined (al though not  
presented  i n  t h i s  r e p o r t ) .  Deviations from the  t h e o r e t i c a l  va lues  f o r  
t h e s e  tubes were q u i t e  small, i . e . ,  2 t o  4 p e r  cen t .  The s tandard tech-  
n iques  f o r  coupl ing o r i f i c e s  and tubes i n  f r e e  molecular flow may be used 
f o r  mass motion s t u d i e s .  The devia t ion  from these  va lues  increased w i t h  
inc reas ing  tube length ,  but  decreased wi th  increas ing  mass motion. 

Figure 1 7  



For the case  of two tubes wi th  t ransmission p r o b a b i l i t i e s  ol, and Q 
corresponding t o  tube L l / A 1  and L2/A2, r e spec t ive ly ,  Reference 7 shows 
t h a t  t h e  t o t a l  t ransmission p r o b a b i l i t y  f o r  zero mass motion i s  given by 

Assuming t h i s  equat ion  t o  be v a l i d  f o r  t he  case  where t h e r e  i s  mass 
motion such t h a t  G!(L/A) becomes Q(L/A,S) ,  c a l c u l a t i o n s  were made f o r  
two va lues  of L/A and va r ious  speed r a t i o s  and a r e  compared wi th  Monte 
Carlo d a t a  fo r  the  same parameters i n  Figure 19.  There i s  e x c e l l e n t  
agreement between the  ca l cu la t ed  va lues  and the  Monte Carlo va lues .  

Figure 20 p re sen t s  a comparison of Monte Carlo s o l u t i o n s  f o r  t r a n s -  
mission p r o b a b i l i t i e s  f o r  c y l i n d r i c a l  duc t s  and angles  of a t t a c k  wi th  
d a t a  from Reference 10 f o r  the  same conf igura t ion .  Again, t he re  i s  
e x c e l l e n t  agreement between t h e  two methods. 

I V .  CONCLUSIONS 

A simple Monte Carlo computer program s i m i l a r  t o  t h e  one developed 
by Davis has been modified t o  p e r m i t  i n v e s t i g a t i o n  of the  inf luence  of  
mass motion wi th  random o r i e n t a t i o n  wi th  r e s p e c t  t o  the  tube.  Comparison 
of r e s u l t s  from t h i s  program t o  numerical s o l u t i o n s  of  o t h e r  i nves t iga -  
t i o n s  show the agreement of  the  d i f f e r e n t  methods t o  be e x c e l l e n t .  Using 
the inherent  advantages o f  t h i s  program, such as o r i f i c e  s t u d i e s ,  series 
of t ubes ,  e t c . ,  t he  genera l  coupl ing equat ions  developed fo r  zero mass 
flow appear to  be app l i cab le  t o  flows w i t h  r e l a t i v e  m a s s  motion. 

Af te r  t h i s  comparison of numerical  methods t o  Monte Carlo methods 
f o r  simple tubes,  a g r e a t  amount of  confidence may be placed i n  a t tempt ing  
inves t iga t ions  of  parameters such as r e f l e c t i o n  c o e f f i c i e n t s ,  thermal 
and accommodation c o e f f i c i e n t s ,  e t c .  Also r a t h e r  s i m p l e  modi f ica t ions  
t o  t h i s  program allow one t o  examine duc t s  of o t h e r  t ypes ,  i . e .  , 
e l l i p t i c a l  and con ica l .  
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TABLE 1 

L /A 

T R A N S M I S S I O N  P R O B A B I L I T I E S  FOR C Y L I N D R I C A L  DUCTS 
AT V A R I O U S  SPEED R A T I O S  

(CALCULATED FROM U N I V E R S I T Y  OF TORONTO REPORT NO. 8 8 9  
DECEMBER 1962, BY 3 .  He DELEEUW AND D e  E. ROTHE)  

b o 1 0 0 2 1  
0013338 
0017752 
0023628 
0031449 
bo41859 
0055714 
0074155 
0098701 
e 131371 
0 174854 
0232731 
0309765 
0412298 

e730410 
0972176 

1 0 29397 1 
1.722267 
2.292342 
30051106 
$ e  n61n2 1 
5.405230 
70194348 
9.575701 

12 b 745267 
16.963960 
220570970 
300052592 
40 .000000 

0 540769 

suo 

0995015 
b993375 
b991202 
0988324 
b984520 
0979501 
0972901 
0964256 
0952988 
0938402 
0919688 
0895950 
0866283 
0829888 

0735367 
0677841 
e614986 
0 548766 
b481741 
e416713 
9 355790 
0 299834 
0249045 
e203677 
0 164051 
0 130320 
0 102309 
a079535 
0061367 

b786257 

K ( S , L / A )  

s=0.02 S = 0 . 0 5  

b995073 
0993433 
0991355 
e988477 
0984767 
b979747 
b973239 
0 964684 

0939091 
b920629 
b 897040 
a867671 
b831538 
b788124 

b953595 

0737397 
e679974 
0617159 
0550917 
0483769 
b418547 
0357391 
b301212 
0250213 
e204633 
0164837 

0 102799 

0061667 

b 130944 

bo79916 

b 995 179 
e993630 
b991456 
e988668 
b985043 
e980111 
b973775 
e965299 
b954368 
e940191 
b 92 1947 
e898725 
b869681 
b833904 
b790854 
b740476 
e683233 
b620498 
b554137 
e486810 
0421327 
e359827 
b303291 
b251962 
e 20608 1 
0166018 
b131882 
103545 

0080503 
e062114 

S=O.l 

b995317 
b993760 
e991753 
b989040 
e985482 
b980788 
0974507 
e966416 
b955765 
b941927 
0924150 
0901429 
a872967 
b837829 
b 795436 
b745562 
0688666 
e626050 
0559610 
0491991 
0426000 
0363959 
306845 
b254952 
0208559 
e168025 
b 133499 
(104813 
e081495 
a062879 
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TABLE I CONTINUED 

T R A N S M I S S I O N  P R O B A B I L I T I E S  FOR C Y L I N D R I C A L  DUCTS 
AT V A R I O U S  SPEED R A T I O S  

(CALCULATED FROM U N I V E R S I T Y  OF TORONTO REPORT NOa 889 
DECEMBER 1962, BY J a  Ha DELEEUW AND D a  E a  R O T H E )  

L/A 

a010021 
a013338 
a017752 
a023628 
a031449 
a041859 
a055714 
a074155 
a098701 
a 131371 
a 174854 
a232731 
a309765 
a412298 
a 548769 
a730410 
a972176 

la293971 
1 a 722267 
2.292342 
3a051106 
4aO61021 
5.405230 
7.194348 
9.57570 1 
12.745267 
16 a 963960 
22.578970 
30.052592 
40a000000 

10 

s = o a 2  

a995636 
a994209 
a992247 
a989720 
a986405 
a981939 
a976090 
a968454 
0958367 
0945314 
a928441 
a906855 
a879561 
a845703 
a804512 
a755763 
a699656 
a637380 
a 570796 
a 502600 
a435683 
a 372523 
a 3 1 4 2 1 5  
a261150 
a213679 
a 172202 
a 136841 
a 107458 
a 083566 
a 064482 

S=O a 3 

a995930 
a994534 
a992786 
a990392 
a987248 
a983122 
a977638 
a970379 
a960922 
a948589 
a932566 
a912034 
a886005 
a853442 
a813570 
a765950 
a710758 
a648912 
a582290 
a 5 13549 
a445744 
a381433 
a321907 
a267640 
e219073 
a 176594 
a 140364 
a110245 
a085744 
a066169 

5~0.5 

b996414 
a995239 
a993668 
a991619 
a 988868 
a985209 
a980400 
a974047 
a965667 
a954683 
a940359 
a921860 
a898220 
a868328 
a 8 3 1  181 
a786133 
a732956 
a672337 
a605929 
a536385 

a400314 
a338272 
a281523 
a230612 
a186016 
a 147934 
a 116238 
a090446 
a069811 

.466a82 

S t o a 7 5  

a997009 
a995994 
a994687 
a992945 
a 990612 
a987524 
a983435 
a978019 
a970845 
a961429 
a949078 
a932991 
a912209 

a851933 
a810390 
a760292 
e701856 
0636333 
a566302 
a494972 
a 42 5 6  85 
a360475 
a300456 
0246424 
a198984 
a158386 
a124537 
0096955 
e074866 

.a85554 



TABLE I CONTINUED 

L /A 

T R A N S M I S S I O N  P R O B A B I L I T I E S  FOR C Y L I N D R I C A L  DUCTS 
AT VARIOUS SPEED R A T I O S  

(CALCULATED FROM U N I V E R S I T Y  OF TORONTO REPORT NO. 889 
DECEMBER 1962, BY J e  H a  DELEEUW AND D e  € e  ROTHE)  

.010021 
e 0 13338 
e017752 
e023628 
e031449 
e041859 
e053714 
0074155 
0098701 
0 131371 
0 174854 
e 23273 1 
e 309765 
0412298 
e 548769 
0730410 
e972176 

1 0 293971 
1.722267 
2 0  292342 
30051106 
40061021 
5.405230 
70 194348 
9 0  575701 
12.745267 
16.963960 
220 578970 
30 0 052592 
40e000000 

s=1.0 

e997460 
a996636 
e995520 
0994043 
e992060 
e 989455 
e905974 

e975260 
0967202 
e956595 
e942654 
e924480 
e900963 
e870840 
a832991 
0786407 
e730797 
e666936 
e 59705 1 
e 524404 
e452652 
e384325 
0 320979 
e263678 
e213191 
e 169876 
e 133684 
e 104149 
0080462 

.9ai379 

S=1 0 5 

e998153 
e997533 
e 996726 
e 995648 
0994198 
e992289 
0 989744 
0986356 
e981871 
e975905 
0967981 
0957496 
e943676 
e925521 
e901780 
0871117 
e832080 
e783488 
e724985 
e657693 
0584387 
e509051 

0365417 
e301455 
0244575 
e 195418 
0154127 
e124756 
e093050 

.435216 

s=200 

e998587 
e998118 
a997500 
0996680 
e995579 
a994109 
e992171 
e989582 

e981549 
e 9742 8 1 
e967353 
e956601 
a 977487 
e923601 
e 898954 
e866865 
e 825723 
e774219 
a712129 
0641035 
e564575 
e486445 
e411695 
e341523 
e278317 
e223168 
a 176499 
a 138040 
e 106967 

.9a6122 

5z3.0 

a999066 
a998727 
e998314 
e997738 
a997046 
a996107 
e994793 
a993026 
e 990741 
a987666 
e983536 
e978117 
a970900 
e961324 
a948489 
a931629 
a909231 
e879799 
a841413 
a792279 
a731374 
e659777 
a 5 i j i O 2 i  
e499720 
a420331 
a346376 
a280303 
a223239 
e 175498 
e136563 
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TABLE I CONTINUED 

TRANSMISSION P R O B A B I L I T I E S  FOR C Y L I N D R I C A L  DUCTS 
AT VARIOUS SPEED R A T I O S  

(CALCULATED FROM U N I V E R S I T Y  OF TORONTO REPORT NOe 8 8 ,  
DECEMBER 1962, BY J e  Ha DELEEUW AND D a  E a  ROTHE)  

L /A K ( S , L / A )  

a010021 
e013338 
e017752 
e023628 
e031449 
e041859 
e 0 5571 4 
0074155 
e098701 
131371 
174854 
232731 

e309765 
0412298 
548769 

e730410 
a 972 176 

la29397 1 
le722267 
2. 292342 
3.0 5 1106 
4a061021 
5.405230 
7.194348 
9.575701 
120745267 
16.963960 
22.578970 
30.052592 
40a000000 

5~4.0 S = 5 a 0  s=10 

e999324 
e999078 
0998780 
0998319 
e997809 
e997074 
0996051 
0994749 
0993071 
0990710 
0987687 
0983614 
e978170 
e970961 
e961334 
0948588 
e931699 
e909277 
0879753 
e841134 
0791366 
0729290 
0655847 
a574787 
a 491 180 
0410023 
e335220 
0269265 
e213006 
e166509 

a999422 
e999232 
.999003 
998668 

e998212 
e997655 
e996861 
0995837 
9944 15  
0992590 
e990126 
e986862 
e982532 
0976744 
a969042 
e958846 
a945256 
e927241 
0903438 
e872023 
e830957 
a778163 
e712652 
e635915 
0552293 
e467380 
e386354 
b313020 
a 249408 
e 195940 

a999728 
e 99962 1 
a999504 
e999334 
e999126 
e 998812 
a998422 
a997901 
0997208 
0996293 
e995078 
a993430 
e991253 
e988376 
0984521 
e 97940 1 
a972597 
e963531 
a951487 
a935498 
a914288 
a886246 
e 849368 
a801390 
0740265 
e665846 
e581363 
0493029 
e407378 
e329503 

5=20 

a999854 
a999817 
a999755 
a999668 
a999556 
a999407 
a099218 
a998948 
a998606 
a998146 
e997530 
e996716 
e995628 
a994182 
a992262 
a989701 
a986288 
a98 1747 
a978051 
a967719 
a956995 
e942842 
a923969 
a899044 
e866123 
a822983 
a767235 
a697465 
a615228 
a526056 

1 2  



Tube 2 

FIG. I. M O D E L  F O R  MONTE CARLO PROGRAM FOR 

TRANSMISSION PROBABIL ITY CALCULATION 
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M O N T t  C A H L O  S O L U T I O N S  OF FREk M O L k C U L A R  F L O W  
THROUGH C Y L I N U H I C A L  U U C T S  
A N D  SPEEU R A T I O S  
SPEEU R A I I O  = K ( 1 . 1 5 4 7 0 0 )  

1' 2.0000 L 2 =  0 S= , 4 6 4 0  
A =  1 .0000  €I= 1 . 0 0 0 0  C =  0 
A N G L t  OF A l T A C f i  I N  DEGREES 4 0 . 0 0 0 0  

C O L L  IS I O N  E X I T  A T  L E X I T  A T  0 
0 
1 
2 
3 
4 
5 
6 
7 
8 
9 

1 0  
11 
1 2  
1 3  
1 4  
1 5  
1 6  
1 7  
1 8  
1 9  
20 
2 1  
2 2  
2 3  
2 4  
2 5  
2 6  
2 7  
2 8  
2 9  
30  
3 1  
3 2  
3 3  
3 4  
3 5  
3 6  
3 7  
38 
3 9  
4 0  
4 1  
42  
43 
44  
45 
46 
47  
48 
49 

2203  
1 2 0 9  

853 
533  
319  
1 7 8  

9 8  
70 
42 
25 
1 5  
11 

7 
2 
1 
1 
1 
0 
0 
0 
1 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 

X:L 5 5 6 9  

0 
2 1 2 6  

9 7 5  
5 4 2  
320  
180 
1 1 8  

7 4  
45 
1 7  
11 

6 
9 
3 
3 
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FIGURE 4 - TYPICAL COMPUTER RESULT 
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