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This lecture and the following lecture deal with the new scientific 

discipline, neutrino astrophysics. The designation, neutrino astrophysics, 

is used rather than neutrino a s t r o n w  since the practitioners i n  the f ield 

so far are mainly physicists and not astronmers. Although neutrino astro- 

physics is a relatively new field, large f'unds have already been spent on 

experiments and preparations for observations and much thought has been given 

t o  theory but far positive effects have been observed -- t o  date. 

might be said that  the whole business i s  "mch ado about nothing". 

I n  a sense it 

The two lectures w i l l  cover solar, stel lar ,  galactic and extragalactic 

neutrino astrophysics. 

qyantity 

The general theme w i l l  be the e s tha t ion  of the 

energy emitted as v or 7 
rest mass-energy of emitting system e =  . V 

This qyantity has obvious cosmological implications and on conservative 
-4 estimates is  usually -10 

siderably greater. 

. In  certain speculative cases the value i s  con- 

In  terms of detection a t  the earth, one quantity calculated 

will be (cpvuv), where cp, 

is  the neutrino absorption cross section for a given process. 

is the expected neutrino flux a t  the earth and CY,, 

This can be 

converted into counts per day expected i n  a detection system involving a stated 

mss of detector. 

The Uterature on the subject of neutrino astrophysics i s  already Wte 

extensive and the reader is  especially referred t o  the  excellent series of 

articles by Professor J. N. Bahcall (1964 a,b,c,d; 1965), who has made mny 

theoretical  contributions t o  neutrino astrophysics. 
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S I G N I F I C A N C E  OF NXUTRINO DETECTION 

The primary significance observations on neutrinos derives frm the 

extremely small intereaction cross section of these pa r t i c l e s  w i t h  matter. 

This cross section i s  of the  order of 10 cn! per nucleon or  electron. 

In an object of charac te r i s t ic  dimension R and density p, the number Of 

nucleons along the  neutrino l i n e  of passage i s  - 10 

interactions per neutrino i s  - 10 pR. 

so tha t  -. 10 nucleons are passed i n  the passage of a neutrino through t h e  

ear th  but only lo-” of the incident neutrinos interact .  

corresponding numbers are p - 1, R - l o l l ,  

lo-’ of t h e  neutrinos in te rac t ,  For the  universe, one has p - 10 , 
R - nucleons along t h e  path and of the  neutrinos in te rac t .  

-44 2 

24 pR and the number Of 

9 
For t h e  ear th  p - 10, R 4 10 -20 

34 

For t h e  sun, the 

nucleons along the  path and 

-29 

Thus neutrinos bear d i r ec t  information unscathed from the  center of t h e  sun 

and other stars and from t h e  depths of t he  universe. 

It i s  paradoxical t h a t ,  i n  sp i t e  of the l o w  interaction cross sec- 

Consider a flux a t  t ions ,  neutrinos can s t i l l  be detected t e r r e s t r i a l l y .  

t he  surface of the ear th  such as tha t  f o r  t he  B neutrinos t o  be discussed 

i n  t h e  next section. This flux i s  of t h e  order of 10 neutrinos crri sec 

o r  10l2 neutrinos day-’. Consider a detector  w i t h  p - 1 and xass 

measured i n  kilotons ( -  10 

- 10l2 X X X I O 9  - 10 events per day per kiloton. Sophisticated 

a 

7 -2 -1 

9 grams). The counting rate w i l l  be 

anticoincidence techniques have reduced background counting ra tes  t o  a small. 

f rac t ion  of t h i s  value and thus enough of the  elusive neutrinos which have 

emerged from the sun o r  traversed the universe can be detected w i t h  

assurance and compelled t o  yield the secrets  of t h e i r  b i r t h  and the  nature 

of t h e i r  birthplace. 
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"0 EMISSION BT THE SUN 

Fowler (1958) showed that  the main nuclear processes i n  the sun are those i n  the 

pp-chain Usted in Table I. AU.  of the neutrinos indicated i n  Table I are 

those associated with electron capture or positron emission and are f'requently 

designated by ve. 

processes, such as B (e ,ve)Bew and He (e ,ve)T3, will also occur but not 

I3ahcal.l (1964b) has pointed out that  electron capture 
8 -  3 -  

with high probability except i n  the 

can also be sham that the reaction 

Iii , must be relatively infrequent. 

reaction chain but tha t  i n  any case 

four protons into an alpha-particle 

4 

7 case of Be as included i n  the table. It 
He3(p,e+ve)He 4 , either directly or through 

Note that  there are two branchings i n  the 

the overall result is the  conversion of 

plus two positrons and two neutrinos or, 

alternatively, the conversion of faur protons and one electron into an alpha 

par t ic le  plus one positron and two neutrinos. 

There are  three main groups of neutrinos emitted i n  the pp-chain, namely 

v(pp), v(Be7) and v(B8). 

depend on the resul ts  of experbents carried out in nuclear laboratories 

throughout the world. 

Their energies and relative probabilities of emission 

As an example, measurements made a t  the California 

Ins t i tu te  of Technology by Parker and Kavanagh (1963) 
7 3 7 for the production of Be in the reaction He  (CY,y)Be 

Measurements of the type i l lustrated i n  Figure 1 

the cross section factors S(E) i n  the equation 

a = exp [- 31.29 ZIZo A E-z + 'I 

on t h e  cross section 

are shown i n  Figure 1. 

are employed t o  determine 

barns (2) 

where E is the center of mrrmentum reaction energy i n  KeV, A = AoAl/(Ao+A1) 

is  t h e  reduced mass i n  atomic mass units (CU = 12) and S(E) 

KeV-barns. Except i n  the case of low lying 

mentally to be a slowly varying fbnction of 

resonances, S( E) 

E which can be 

i s  measured i n  

is  found experi- 

accurately 
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TABLE I 

THE PP-CHAIN 

+ 
-* D~ + e  + v  

3 * He + 7  

1 

1 

H1 + H  

D2 + H  

He + H e  -* He + H  + H  3 3 4 1 1 

OR 

He + He -* Be + y 3 4 7 

Be7 

L i 7  

Be7 

- 
+ e  * 

1 + H  -* 

OR 

1 + H  -* 

B8 -* 

a* Be + 

Li7 + 

4 He + 

B8 + 

0* B e +  

4 He + 

I 
I 

NUCLEAR i 
I 
i 

ATOMIC f 

OVERALL: 4p + cr: + 2e+ + 2u 

OR 4p + e- + a. + e+ + 2~ 

4 4H1 .+ He + 2v 

V 

4 He 

7 

+ e +  

4 He 
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extrapolated t o  the effective interaction energies in the sun and other etars. 

The effective interaction energy is  given by 

2 2  2 3 
Eo = 1.220 (Zo Z1 A T6 ) KeV (3) 

where ZoZl are the charges of the interacting nuclei and T6 = T/106 is  

the temperature i n  rdllions of degrees Kelvin. For the reactions of Table I, 

Eo is  the order of 10 KeV, whereas it is  possible t o  measure S only dam t o  

100 KeV i n  general. 

obtain So = S($) but t h i s  can usually be done with great accuracy. 

Ekperlmentalmeasurements on the pp-chain reactions are given in Table 11. 

The quantity fo 2 1 is the electron shielding factor which corrects for the 

fact  that  electron shielding a t  stellar densities increases the reaction rates  

Over that measured in the laboratory. 

It is necessary t o  make a considerable extrapolation t o  

When translated into reaction rates  the  experimental results i n  Table 11 
3 3  4 indicate that in the  sun t he  reaction He (He ,@)He occurs about 2/3 of the 

time, the reaction He (0,y)Be abaut 1/3 of the tirue and the  reaction Be (p,y)B 

about 1/2500 of the  t h e .  

ra tes  of the first and the third of these reactions and new measurements are  

now in  proeress. 

3 7 7 8 

The greatest experlmental uncertainties l i e  i n  the 

Measuremnts of t he  maas-energy balance i n  the neutrino reactions of 

Table I can be summarized as follows: 

Continuum 0 < E,,(pp) < 0.42 MeV (Ev(pp)) = 0.25 MeV 

Lines %(Be7) = 0.86 MeV and 0.38 MeV (4 1 
8 Continuum 0 < E,,(B8) < 14.1 MeV (E,,(B )) = 7.3 MeV. 

In connection with these results it is inportant t o  note that  the cross section 

for the detection of neutrinos varles roughly as the square of the energy above 

the  threshold energy for the detecting reaction, 
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Fig. 2. Cross section versus proton laboratory energy f o r  the 

C'(p, 7)N13 reaction a f t e r  Vogl (1963). 



effective 
The ,< energy released in the pp-chain is 26.0 MeV wAth 0.7 MeV or 

The t o t a l  energy emission is 3 per cent emltted in the farm of neutr inos.  

0.7 per cent of the rest mass energles involved and we can assume that about 

1 /3  of primordial hydrogen has been converted into hellum during stellar 

e v o l ~ i o n .  !rhus 
1 = X 0.03 X 0.07 

-4 = 7 x loo5 -10 

A similar result is obtained for helium production in the "big bang" of 

evolutionary cosmology or  for helium production i n  massive stars early i n  the 

formation of the Galaxy. For additional discussion see the end of Lecture 11. 

The CNO bi-cycle reactions also take place i n  the sun. As examples, 

cross section measurements for p ( ~ , y ) $ ~  and C13(p,y)N14 made by Vogl (1963) 

and Seagrave (1951) are Shawn i n  Mgures 2 and 3. 

cross-section factors are shown in Figure 4. 

the complete 0 bi-cycle are shan in Table III. 

generation is primarily due t o  the pp-chain as i l lustrated i n  Figure 5. 

Nevertheless the ra te  of production of v ( $ ~ )  and v ( 0  

Extrapolations of the 

The experimental results for 

I n  the sun the energy 

I5 ) can be calculated. 
1 Since two neutrinos are emitted i n  the conversion of 4H + He4, the t o t a l  

neutrino flux a t  the earth can be easily computed from 

solar constant 

(Energy From 4H1 + He4) 
qv(t0tal)  = 2 x - 

(Abbot an8 Farle, 19U) 6 
where the solar constantAhas been taken as 2 cal min-l or 1.34 x 10 ergs 

sec-' and the energy release per pp-chain as 26.0 MeV or 4.17 x loo5 ergs. 

The individual fluxes for the various types of neutrinos as calculated by 

BehcaU (1964d) are sham i n  Figure 6 .  
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Fig. 5. Average energy generation throughout a s t a r  i n  ergs per gram-second 
as  a f’unction of central  temperature f o r  the p-p chain and t h e  CNO 
cycle. 
hydrogen concentration by w e i g h t  as % = 0.50. Concentrations of 
C, N, and 0 by weight as given are  those fo r  a typ ica l  population I 
s t a r .  The age of the  star i s  taken t o  be 4.5 x lo9 years. The 
points of inf lect ion i n  the p-p chain a r i s e  from the onset of the 
indicated interactions.  Similarly C, N, and 0 are  successively 
involved i n  the 0 cycle. 
operate on the  p-p chain; hot s ta rs -opera te  on the  CNO cycle. 

The central  density is taken a s  p = 100 g/cm3, and the 

Note t h a t  the  sun and the cool s t a r s  
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-ON OF S O U R  

Davis (1955, 1964) of the Rraakhaven Ivstiorral Leboratory has developed 

a technique for the detection of neutrinos based on a reaction suggested by 

Pontecorvo and elaborated upon by Alvarez, namely 

T = E] + ve(solar) * Ar , T = $1 + e- - 0.814 MeV, (7) 

which is the reverse o f t h e  electron capture reaction which can be observed 

te r res t r ia l ly  

Ar37 + e- (arbltal) -c C137 + ve , 

, for which the meamred half-life i s  35.1 days. The C137 in the form of 

carbon tetrachloride, CC\, or of perchloretbylene, C2C&, is "exposed" t o  

neutrinos with amprapriate shielding in a deep mine and the rare gas Ar37 is 
t 

- b  

collected by bubbling helium through the CC4 or C2C\. The Ar3? is then 

f'rozen out of the helium on t o  charcoal and is eventually deposited with 

carrier argon In  a small, low backgruund counter. Counting is made possible 

by the Auger electrons and X-rays emitted by the excited C137 atoans produced 

in the Ar37 d e w .  

lbds has already perfarmed experbents using lo00 t o  3OOO gallons of 

CC\ or  C2C& under the reactor a t  Savannah River, Georgia and in a deep mine 

a t  Barberton, Ohio. The reactor emits antlneutrlnos and Davis has already 

shown thst the reaction 

( 9 )  
37 - ~1~~ + F ~  (reactor) .+ ~r + e 

has a cross section o('t,) < 0.02 x l.Oa cm2, whereas u(ve) = 1.2 x loa an2 

would  be expected fur neutrlnoa of the stme energy 6pectrum. Thus he has 

shown that ve and ve are not ident ica l  as postulated i n  8- early theories 

of the weak interaction. (It is, of course, possible t o  argue tha t  Fe and ve 
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a re  the r igh t -  and left-handed var ie t ies  o f t h e  - same par t i c l e  and s t i l l  be 

i n  keeping With experiment if the  mass of the neutrino is taken t o  be very 

small and the  deviation from colrrpleteness of the violation of par i ty  i n  the 

weak interactions is assigned a suitably small value.) 

The cross section for  the absorption of neutrinos i n  C137. t o  form the 

ground s t a t e  of Ar37 it3 given by 

where F = F(we,Z) is the weU. known Fermi function and pe and we are the 
2 electron lpamnntwp i n  units mec and the  t o t a l  electron energy i n  uni t s  mec 

respectively. The cross section bo = 1.9 X lo4' cm2 can be calculated from 

the  measured properties of the Ar37 decay. From the energetics of the reac- 

t i o n  the outgoing electron energy is  given in  terms of the incident neutrino 

energy by 

Ee = We - 0.5I.l MeV = W,, - 0.814 MeV 

= E / m c 2  = W - l = W  -1 .59 
' e  e e e Y 

or 

and 
B 

= (we - 1) . Pe 

The threshold occurs for Ee = 0 or W,, = 0.814 MeV. Thus the  reaction i s  

only capable of detecting the most energetic of the  Be7 neutrino Unes and 

tha t  part of the B8 continuum above 0.814 MeV. Because of the phase space 

factor,  pewe, fo r  the  emitted electron the  reaction is  

sensi t ive t o  the v(B ) than t o  the  v(Be7). This makes up i n  par t  for  a 

factor  of - 500 i n  the re la t ive  fluxes favoring v(Be') . 
(1964b) 

250 times nore 
8 

Recently Bahcall has suggested t h a t  the  analogue s t a t e  i n  Ar37 correspond- 1 
ing t o  the  J = 3/2, T = 3/2 ground s t a t e  of C137 should be produced Kith 

7 



relatively high probabifity in the  reaction 

since this is a super-allowed transition with a large m a t r i x  element for the 

transition. I n  this case uo 

produce the Ar37*. This changes t h e  overall cross-section factor for 

v(B8)/v(Be7) t o  N lo4. The threshold energy given above has been deterndned 

by elrperiments by M c N a l l y  (1965) a t  the Callfornla Inst i tute  of Technology and 

elsewhere which isolated the T = 3/2 plate a t  5.14 MeV excitation. The energy 

level diagram of Ar37 before and after the experiments stimulated by Bahcall's 

suggestion is shown i n  Figure 7. 

cm2 but only the B8 neutrinos w i l l  

On the basis of calculations involving the ground state,  the analogue 

state and other known states in Ar37, Bahcall ( B a d )  has calculated the 

capture rates given i n  Table N. The total  flux-cross section product i s  

(cpo), = (3.6 f 2) X loos sec-' Cl" (13) 

and the  t o t a l  expected counts per day in C2C$ is 

100,OOO gal : (5.7 f 2.3) counts day-' 

1,OOO gal : 0.06 counts day-' . 
Davis has already found an upper l i m i t  of < 0.3 counts day-' with the 

lo00 gallon apparatus set up in a mine a t  Barberton, Ohio. 

factor of 0.3/0.06 = 5 of significant result. 

ground produced in the reaction C1 ( ~ , n ) A r ~ ~  by protons produced i n  turn by 

cosmic ray muons which penetrate t o  the depth of the mine. 

This is within a 

The umer Umit is  set by back- 

37 

Davis is now 

constructing a 100,OOO gallon Neutrino Observatory i n  the Honestake Mine in 

South Dakota. Since th i s  location is a t  a depth of 4,700 meter-water-equivalent 

8 
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he expects a background of < 0.2 counts day-' which is less than the expected 

counting ra te  by a factor of 30. 

I n  his calculations Bahcallused stellar nodel calculations made by Sears 
7 8 (1964). 

reaction is very sensitive t o  the central t q e r a t u r e ,  Tc, of the sun being 

given by 

As pointed aut by Fowler (1958) the cross section for  the Be (p,7)B 

14 a: (Be7) - Tc . 
P, 7 

Thus the Davis apparatus is a very sensitive "solar thermometer" and Bahcall 
8 estimates that a measurement of the B neutrino flux accurate t o  f 50 per cent 

w i l l  determine the central temperature of the sun t o  f 10 per cent.  

liminary 1000 ga l  experiment of & v i s  puts an upper limit of T~ e 20 x lo6 OK. 

The models of Sears (1964) indicate 

accepted solar parametemand measured nuclear reaction rates. 

astrophysics may soon provide us with direct information f romthe  center of 

the sun which w i l l  serve as a check on current ideas of s t e l l a r  structure and 

stellar energy generation. 

The pre- 

Tc 16 X lo6 OK on the basis of currently 

Thus neutrino 

ADDITIONAL OBSEBVATIONAL TECHNIWS 

1. 

t o  detect solar neutrinos using knock-on electrons produced i n  neutrino-electron 

scattering according t o  

Reines and Kropp (1964) of the Case Inst i tute  of Technology have attempted 

- v + e -  + v + e  e e 

This scattering process has not yet been observed i n  the laboratory but it is 

predicted on the basis of universality i n  current theories of the  weak inter- 

actions. 8 The cross Section should be of the order of lo4 cm2 for B neutrinos. 

The advantage Of using this reaction for the  observation of solar neutrinos 

9 



is  that it permits the measurement of the neutrino energy and direction in 

principle. 

with respect t o  the primary neutrino; the angle and energy determine the 

neutrino energy by kinematics. 

The secondary electron is  projected forward within e cone of f 10' 

A modest experiment was performed by Reines and Krapp wfiich enabled them 

t o  set  certain Umits and t o  assess the necessary full-scale effort. The 

experiment consisted of looking for unaccompanied counts i n  a m-liter liquid 

scint i l la tor  detector (5 x 

large Cherenkov anticoincidence detector and located 2OOO feet  underground i n  

a s a l t  mine. I n  a counting tine of 4500 hours (- 200 days) only three events 

were observed i n  the energy range 9 t o  l5 MeV, unaccmpanied by pulses i n  the  

anticoincidence guard. 

target electrons) which was surrounded by a 

8 This sets  an upper l i m i t  on the flux of B neutrinos 

which is 20 times that expected f r an the  calculations given i n  Table N. 

Reines and Kropp estimated t h a t  a large detector with sensitive volume of 
4 -1 10 gallons would yield an expected ra te  - 100 counts yr . During the CE€?N 

neutrino conference i n  January 1965, the possibility of a CERN-Case-Turin 

collaboration was discussed. 

under 2000 meters of rock or 5000 meters water equivalent was suggested as a 

suitable location. 

ton of detector it was argued that  a t  least  5 tons of detector would be required. 

It was f e l t  that  the problem of l i g h t  collection should be studied in  a model. 

No approval for this project has yet been obtained as of July 1965. 

The present laboratory i n  the Mont Blanc tunnel 

On the basis of a predicted ra te  of 5 events per year per 

2. 

reactions 

Reines and Wooda (1965) have proposed the use of the inverse beta decay 

u e + Bu * C' + e- - 1.98 MeV (18) 

10 



which i s  related t o  

C1' 4 Bu + e+ + ue + 0.96 MeV 

for which log f t  = 3.6 experimentally, and 

- 7 Y + L i 7  + Be + e - 0.86 M e V  e 

which i s  the  inverse of 

- 7 7 e + Be -. L i  + ve + 0.86 MeV 

f o r  which 

atomic, mass differences. 

calculated i n  terms of the ft-values of the related reactions. 

log f t  = 3.3. All energies are computed from nuclear, not 

The cross sections f o r  (18) and (20) can be 

In the suggested experimental arrangement th in ,  k g e - a r e a  slabs 

of target  material containing L i  or B are surrounded on both sides i n  

layers by organic s c i n t i l l a t o r  detectors. 

tons of B are required t o  obtain counting r a t e s  of the  order of 100 events 

per year. 

neutrinos i s  not isotropic  so the  neutrino direct ion can be measured i n  

principle. 

i s  t h a t  processes (18) and (20) are cer ta in  t o  occur while (16) i s  based on 

theore t ica l  predictions. 

tha t  the  weak interaction i s  not universal. The disadvantage i s  t h a t  reac- 

t ions  (18) and (20)  have energy thresholds as indicated jus t  as i n  the case 

of ( 7 ) ,  whereas (16) does not. 

Several tons of L i  and tens Of 

The angular correlation of t h e  emitted electrons and incident 

The advantage of t h i s  method over neutrino-electron scat ter ing 

In the  case (16), failure t o  observe evsnts may mean 

3. Reines, Crouch, Jenkins, Kropp, G u r r ,  Smith, Sellschop, and Meyer (196s) 

a re  searching f o r  high energy neutrinos w i t h  apparatus ins ta l led  10,492 f ee t  

below the surface in  a gold mine i n  South Africa. The venture i s  a 

11 
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collaborative effor t  of the Case Inst i tute  of Technology and the Univer- 

s i t y  of Witwatersrand. The idea of the experiment i s  t o  detect the 

energetic muons produced i n  neutrino interactions i n  t he  rock surrounding 

the mine tunnel by means of a large detector array located i n  the tunnel. 

Backgrounds are reduced by the large overburden and by ut i l iz ing the f ac t  

tha t  the angular distribution of the unwanted residual m u m s  from the 

earth's atmosphere i s  strongly peaked in  the ver t ical  direction at nine 

depth . 
The detector array consists of' two parallel  ver t ical  wa l l s  made up 

of 36 detector elenents. 

ments, upper, middle, and lower, on each side. Each detector element i s  a 

luci te  box containing 380 l i ters  of liquid sc in t i l l a tor  viewed a t  each end 

by two 5-inch photanultiplier tubes. 

constitutes a hodoscope which gives a rough measurement of the zenith angle 

of a charged particle passing through it. 

> 45' are detected on both sides of the array. 

locate6 along the  detector axis by the  r a t io  of the photomultiplier 

responses at the two ends of the triggered element. 

The array i s  grouped into 6 "bays" with 3 ele- 

Through coincidence counting the =ray 

only muons w i t h  zenith angle 

In addition, each event i s  

2 I n  563 bay days of Dperation corresponding t o  14,200 m days sr of 

effective detection, a total of 7 events involving coincidences i n  one 

element on each side were recorded. We turn our attention t o  possible 

sources of these events. 

The most l ikely source i s  the earth 's  atmosphere i n  which neutrettos 

( vM, u ) are  produced by the decay of pions, kaons, and muons which i n  turn 

originate from collisions between primary cosmic particles with nuclei of the 

atmosphere. 

tunnel by neutretto interactions should show a s l ight  peaking in the 

- 
1 

The angular distribution of the muons produced near the mine 



horizontal  direction t o  which the coincidence arrangement of the detector 

array i s  most sensitive. 

dis t r ibut ion of muons coming d i rec t ly  from interactions i n  the  atmosphere. 

Reines and h i s  co-workers estimate 3 events from atmospheric neutrettos 

during the  period of operation i n  which 7 events were recorded and s t a t e  

t ha t  there a re  reasons t o  believe tha t  t h e i r  estimate may be too low and 

tha t  a l l  the events can conceivably be from t h i s  source. 

This is i n  contrast  as noted above t o  the  angular 

High energy, cosmic neutrinos and neutrettos can t r igger  the detec- 

Bahcall and Frautschi (1964a,b) suggest tha t  neutrinos and t o r  array. 

neutrettos may be emitted from supernovae, quasi-stellar objects and exten- 

ded radio sources w i t h  energy comparable t o  t h a t  of the electrons which 

produce the radio noise from these objects. 

"he efficiency of detection f o r  antineutrinos (ye) from these sources 

w i l l  be par t icular ly  h igh  if a vector boson (W') serves as an intermediate 

stage i n  the reaction 

- - 
ve(cosmic) + e-(terrestrial  rock) -., (W') + v + p- 

P 

Resonance i n  t h i s  reaction occurs a t  

vector boson i s  2 X 10 eV/c . 
the  mine array. 

4 x 10l2 eV if the  mass of the 

9 2 The p- would be the  detected pa r t i c l e  i n  

If the earth i s  used as a ta rge t ,  Bahcall and Frautschi estimate an 

antineutrino-induced counting rate a t  a depth of 1 km of 100 high-energy 

muons per m per year from the direct ion of the Crab Nebula (supernova of 2 

Ju ly  4, 1054 A.D.) . 
the  counting ra tes  would be 10 times those estimated f o r  the Crab if a l l  

the  ye were emitted within the  f i r s t  10 years of t h e  lifetime of the  source. 

Even so, highly direct ional  sources of t h i s  nature would not contribute 

For a young radio source a t  the  distance of Cygnus A ,  

3 

3 
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signif icant ly  t o  the  counting rate  expected i n  systems similar t o  those 

constructed by seines and h i s  co-workers. 

can not be detected a t  excessive depths. 

Furthermore, resonance e f fec ts  

4. The Tata Ins t i t u t e  of Fundamental Research, Bombay, the  Durham Univer- 

sity, U.K., and the  Osaka University, Japan, are jo in t ly  running a neutrino 

experiment i n  a gold mine at Kolar, India, about 2,000 meters underground. 

Neutrinos react with nuclei  i n  the rock and produce muons. The detector 

system has a collecting area of about 6 rn' and consists of two outer banks 

of p l a s t i c  s c in t i l l a to r s  and three banks of neon f lash  tubes w i t h  lead walls 

each of 2.5 cm between the f lash tubes. The direct ion of individual parti- 

cles can be estimated t o  an accuracy of about 1'. 

operation f o r  about four months and 4 events have so far been observed, 

3 of single par t ic les  and 1 of two par t ic les .  A l l  4 events made angles 

la rger  than 45' t o  the ver t ical ,  including the double par t ic le  event which 

arrived along the horizontal direction. 

The detector has been i n  

5. 

of large detectors at  2000 f e e t  depth near  Park City, Utah. 

consists of a block of concrete 

slots one meter wide fi l led with water used as Cherenkw counters. An 

J. Keuffel (1965) of the University of U t a h  is planning the ins ta l la t ion  

The detector 

10 m X 10 m X 6 m high with four ve r t i ca l  

additional nine ve r t i ca l  slots are fi l led with t rays  of cyl indrical  spark 

counters i n  which timing of the audible discharge with simple microphones 

p e r m i t s  localization of par t ic le  tracks t o  a few millimeters. Counting 

rates of 5-10 events per year a r e  expected from atmospheric neutrettos.  

14 



6. 

the observation of muons appearing i n  massive detectors under the influence 

of a neutral component of the cosmic rays. The muons are of intermediate 

energies, 10 t o  150 MeV, as they must be produced i n  and must stup i n  the 

detectors. 

energy and i ts  delay t i m e  relative t o  t h e  appearance of the muon. 

consists of a block of plastic scint i l la tor  2' x 4' x 1'. 

target of about 230 kg t o  the  incident neutral particles. 

on a l l  sides except the small east and west ends by sheets of plast ic  scint i l -  

la tor  three-quarters of an inch thick which, with their  p h o t m l t i p l l e r s  

provide the anticoincidence shielding. 

detector somewhat. 

open east and w e s t  ends. 

but Couan and his co-workers do not believe that incident neutrinos or neutrettos 

sat isfy a l l  the conditions implied by their  experimental results t o  date. 

Caran, wan, Acosta, Buckwalter, Carey, and Curtin (1965) are engaged i n  

They are identified by means of the i r  decay electron through i t s  

The detector 

This presents a 

It i s  surrounded 

"he top and bottom sheets overhang the 

Twelve photomultipllers look into the target through t h e  

A considerable number of events have been recorded 

In the preparation of th i s  and the following lectures a t  Varenna, I wish 

t o  acknowledge the stimulating aid and cooperation of J. K. Bienlein, CERN, R. 

GaIlino, Torino, G. Silvestro, Torino, and D. Falla, London. In  the course of 

the studies on which these lectures are based I have been aided by S. P. S. 

Anand, J. M. Bardeen, J. N. Bahcall, G. R. Burbidge, E. M. Burbidge, R. F. 

Christy, John Faulkner, Fred Hoyle, J. L. Greenstein, Icko Lhen, Jr., C. C. 

Lauritsen, I. W. Roxburgh, Maarten Schmidt, Robert Stoeckly, J. B. Oke, and 

Barbara Zimmex-nan. I am especially indebted t o  J. M. Bardeen and J. N. BahcaU 

for many cliscussions and suggestions concerning supermassive s ta rs  and neutrino 

aistrophysics respectively. 

Office of Naval Research[Nonr-220(47) 3 ,  National Science Foundation [GP-53911 
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r n A I C ! I T O N  

The question of the mnnber and energy of neutrinos and antineutrinos 

emitted by a star during its evolutianary lifetime was raised in Lecture I. 

The answer t o  this question depends in part on the universality of the weak 

interactions. Is the coupling constant the same for a l l  possible four-particle 

interactions between pa i rs  of protans and neutrons, pairs of electrons and 

electron-neutrinos, and pairs of muons and muon-neutrinos (neutrettos) OT does 

the observed value o d y  hold for  those cases on which direct observations have 

been made, namely beta-decay, nuon-decay, and muon-capture? 

Camplete universality I s  implied by the conserved vector current theory 

of Feynnmn and Cell-Mann (1958a,b). This theory has been sham t o  make correct 

predictions i n  a nunber of experimental t e s t s  by Bardin, Barnes, Fowler, and 

Seeger (1960, 1962), likeeman, et al. (1962, 19&), Hordberg, Morinigo and Barnes 

(1960, 1962), Mayer-Kuckuk and Michel (1961, 1962) and k e ,  Mo, and Hu (1963), 

but the cosnpleteness o f t h e  Universality was not directly in question i n  these 

e m w t s .  

t e r i s t i c  of the weak interaction in interactions involving only nucleons has 

been given by Boebm and Kankeleit (1964) and by Abw, Krupchitsky and Oratovsky 

(1964). 

that  the extension t o  cases involving only leptons must 

Recent evidence for the edstence of the parity violating charac- 

These experiments are very suggestive but do not absolutely reqyire 

* 
This lecture is a revised and updated version of papers originally presented 
a t  the CONFERayCE ON COSMIIOGY, Padua, Italy, 1964 and a t  the IlQTERNATIOHAL 
ASTRONOMICAL UNION syM#)sIUM ON ABUNMVCE DETEWIIWPIOIV IN STELLAR SPECTRA, 
U t r e c h t ,  The Netherlands, 1964. 



be accepted as valid. From an analysis of the isotopic abundances in the iron 

group elements on the basis of nucleosynthesis of these elements in an equi- 

librium process, Fowler (1962, 1963) and Fowler and Hoyle (1964) have suggested 

that there is strong circumstantial evidence for the emission of neutrinos and 

antineutrinos in electron-positron pair annihilation at just the rate predicted 
second paxt 

on the basis of the universality of the weak interaction. In the ( of this 

lecture 
t h M  part 

this suggestion is reviewed and in the ,( a brief discussion of 

the extent of neutrino emission by astronamical objects is given on the basis 

that this suggestion is correct. 

N E U " 0  EMISSION DliRING THE EWILIBRIUM PROCESS 

In massive stars in the range 10 % C M < 50 %, Fowler and Hoyle (1964) 

show that nuclear evolution involving charged particle reactions proceeds from 

hydrogen burning vla the CNO bi-cycle, through helium burning with the produc- 

tion primarily 'of omgen, to oxygen burning with the production primarily of 

silicon. At the termination of oxygen burning, photodisintegration into 

alpha-particles with subsequent capture of these particles, the so-called 

%-process, leads to the synthesis of iron-group nuclei with mass number A -50 

to 60 which have the greatest binding energy and stabillty of all nuclear species. 

These charged-particle reactions proceed primarily through nuclei which on 

the average have an equal number of neutrons and protons, 5 = E. 

a-process comes to an end at Tg - T/109 = 3.5, energy loss by neutrino emission 

leads to a m i l d  contraction of the stellar core and a slight rise in tempera- 

When the 

ture and density. At this point beta-processes, positron emission and electron 

capture, begin to play a role in the transformation to nuclei which have a 

greater number of neutrons than protons, e.g., Fe56, and w h i c h  are m r e  stable 

than those with equal Ilumbere, e.g., Ni 56 . 

2 



The pertinent question is this. I n  the time scale p e m t t e d  by the  

neutrino losses, how f a r  W i l l  the beta-processes go i n  producing nuclei with 

a neutron excess? 

the Iron-group abundancee are finally determined, doee the material come to 

In' other words, i n  the "equilibrium" or - e-process i n  w h i c h  

the  complete equilibrium corresponding t o  the ambient temperature and density 

o r  does the limited reaction r a t e  of the beta-processes impose an additional 

constraint? 

(1957) and Xoyle and Fowler (1960) tha t  the abundances of the Iron-group 

nuclei found i n  the  so^ system (particularly, t e r r e s t r i a l  isotopic abudances) 

It has been emphasized by Burbidge, Burbidge, Fowler and Hoyle 

show definite effects  of such a ra te  limitation. 

B%I (1957) and e h m  the excellent agreement between observed iron-group 

abundance6 and thoee calculated for equilibrium at Tg - 3.8. 
Figure 1 is adapted from 

It is assumed that eolsr-system Iron-group nuclei are  typical  of nuclei 

produced i n  the - e-process Just  outside the  imploding central  regions of Type 

I1 supernovae, These nuclei reside I n  the material w h i c h  is swept out by the 

explosion of the mantle and envelope of t h e  s tar .  This explosion occurs i n  

such a short t i m e  in terval  tha t  the quasi-equilibrium abundances reached before 

the  implosion-explosion are essentiaUy unchanged. In what f O u a t S  a m e t  

significant connection will be found between iron-group abundances and the 

time scale set by neutrino losses during the stellar stage ju s t  prior t o  core 

implosion and mantle-envelope explosion. The neutrino losses are  taken t o  

arise FKIPathe formation a t  high temperature of electron-positron pairs which 

can then annihilate with the production of neutrino-antineutrino paire accord- 

ine- - 
= + + e '  .+ v + v  
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This process f o l l m  stralghtfonrardly from the conserved vector current 

theory of the treak Interactions proposed by Feynman and Cell-Mann (1958a, 

-1 
The measure of beta-interaction rates appropriate for the present purposes 

i s  the.rate or  change or one-half the average neutron-proton difference per 

- 
C f n N Z  T N Z  

I - 0 0 - P  
4 d(Z-Zl dN 

dt d t  dt  

where 7 - CNn(N,Z)/Cn(N,Z), = CZn(N,Z)/Cn(N,Z), n(N,Z) is the number of . 

nuclei containing N neutrans and Z protons, and T(N,Z) is the mean lifetime 

of these nuclei for beta-Interactions. The positive sign is t o  be used for 

positron emission or electron capture and the negative sign for electron 

emlsslon or  positron capture. The problem a t  hand involves first of all the 

c a l ~ t i o n  of n(N,Z) 88 8 Punction of the r a t i o  of protons t o  neutrons, -0. 
This I s  a task of considerable magnitude i f  temperature and density are  also 

varied, and a camputer program t o  a c c q U s h  the purpose has been undertaken 

by C l i f f o r d  and Tayler (1964) a t  Cambridge University. 
-65 

Here we wi l l  fix on 

a temperature and density using eane of t he i r  resul ts  and will discuss only 

in a general way whet is essentially the "approach" t o  eqyllibrium in s t e l l a r  

nuclear processes. 

Since B% (1957) found that  equllibrlbm calculations a t  Tg = 3.8 gave 

excellent agreement with solar-system Iron-group abundances, and since this 

teqperature is just slightly above that at which the pure a-process - ends, we 

will use this value in what follows. Then i n  a s t e l l a r  care with effective 

-8 Mc I: 20 % FEI (1964) ehow that p6 - p/106 - 3.1, Ne = 4.8 X 

and p o e l t m e  per gm, ne - 1.50 X 1030 electrons and positrons per an , 
electrons 

3 
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3 N = 3.9 x electrons per gm, nl 1.22 x electrons per cm , N+ = 

0.9 x 10 positrons per a3. The 

electron-positron numbers xlll change slightly as NiS6 changes t o  FeS6 a6 

the  dominant nuclew during the  operation of the %-process. 

- 
23 positrons per gm, and n+ = 0.28 x 

The termination o f t h e  E-process a t  Tg = 3.5 followed by a slight rise 

i n  temperature and deneity upon contraction brings the material t o  Tg = 3.8 

with -fl 0 1 and Ni56 the  most abundant nucleus. 

1-r -f10 
far n(N,Z) for a series of values for zfi at Tg = 3.8. 

serves as a conetraint on the  equilibrium process i n  the manner described by 

B% (1957; see pp. 577, 578). 

abundance calculations for -0 = LOO, 0.975, 0.950, 0.925, 0.900, 0.875, 

0.8725, 0.870, 0.865, and 0.860 at  p6 = 3.1 and Tg = 3.5. 

between successive values corresponds t o  LIE =I 0.4 neutrons per nucleus d e n  

A(-fi) 

Beta-processes K i l l  now 

For subetitution i n  equation (2) one thus needs relat ive values 

A fixed value for -fi 

Clifford (1964) has carried aut special 

The interval  

0.025. A t o t a l  change of -2 neutrons per nucleus is thus covered as 

expected for the typical case 28Niz: + 26Fe30 56 Table 1 u8t8 the PI'hCiPd. 

components of the mterlal for various values of zfi. 
Methods for  calculation of the  ?(N,Z) under stellar conditions have been 

described by FH (1964) 

emission are the  important beta-processes since the trend i n  s t a b i l i t y  is 

toward nuclei Kith a neutron excess. Under t e r r e s t r i a l  Laboratory conditions 

positron emission is more rapid than electron capture i f  suff ic ient  energy is  

It w l l l  be clear tha t  electron capture and positron 

available in the nuclear transformation t o  produce the positron rest mass and 

give the  positron kinetic energy at leas t  comparable t o  it13 rest-mass equiva- 

nucleus l e  considerably greeter than l n  the undisturbed atom so that the r a t e  

5 
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of electron capture is greatly enhanced. The resu l t  is th& the pruton-to- 

neutron change In radioactive nuclei which normally capture electrons or emit 

positrons is increased In ra te  and even stable nuclei, e.g., NiS8, have f a i r l y  

short Ufetimes far capture of electrons havlng high energy In  the t a i l  of the 

thermal energy dietrlbutlan. 

Reference t o  Table 1 Indicates t ha t ' t he  nuclei which make important con- 

3 t r i b u t l m s  in equation (2) are: 

Ni5* (5 X 10 sec), and FeS (4 X 10 sec) . The proton (4 x 10 sec), Co 

' (2 X 10 sec), and Fe5' (lo4 sec) also contribute. I n  general the transfonna- 

t ion fkom -@ = 1.00 t o  smaller values can be followed i n  Figure 2. A t  -0.1 1 

the principal constituents are N i  

or  emit positrons t o  became Co , C O ~ ~ ,  and Fe55 respectively. The Co 

immediately becomes FeYc and Ni5* through fast nuclear processes since 

2 CoS6 + Pea + NiS6 + 4.45 MeV. Fea and Ni58 capture electrons t o  becune 

MnS and Cos' which change by fas t  nuclear processes t o  Cr52, Fe56, and Ni60. 

Fe55 and CoS7 produce &ins5 and FeS7. 

NiS6 (2 x lo3 sec), Ni57 (2 x 10 sec), 
4 4 3 55 

3 

56 , Nls7, and Cos'. These capture electrons 
56 56 

Eventually nuclear processes produce the 

equilibrium abundances which mainly reside in the stable nuclei which form the 

Nl6'# 61,62 (the l a s t  two nuclei are not s h m )  . 
stable  Fe& and N1" and also 88 stable Cr50 (not shown) and the other rare 

iron-group nuclei . 

Som material remains as 

' Table 1 gives the time i n t e m l e  calculated using equation (2) for  the 

changes through -fi - 1.00, 0.975, .. ., t o  0.860, and the t o t a l  time t o  each 

value. Table 1 also gives the quantity 0 - loglo nAnn, the logarithm t o  the 

base 10 of the r a t i o  of densities of Free protons t o  Free neutrons extcrs;al to 

the coqplex nuclei. Ae pointed &t by B% (1957) eqyilibrium calculatiors 
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Fig. 2. The flow of nuclear material  i n  the N,Z plane 
during the equilibrium o r  e-process showing 

the effects  of the slow beta interact ions and 

the rapid nuclear interactions.  
r e su l t s  mainly i n  the production of NiS6 w i t h  

The a-process 
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can be made quite s-ly using 8 86  a parameter. It will be Clear, however, 

that -fi is the mare significant paxameter. The computer program of Clifford 

and Tayler (1964) essentially finds the values of 8 which yleld the chosen 

values of -fi and calculates the corresponding equilibrium abundances. It 

w i l l  be noted Immediately that, 88 expected, very large ra t ios  of free protone 

t o  fkee neutrons are required external t o  the complex nuclei t o  maintain the 

larger values for -0, e.g., Q - 8.62 for Z/N = LOO. ~n s-le physical 
- -  

terms a dense atmosphere of protons is necessary t o  prevent the nuclei with 

Z - N f roon  decaying t o  the more stable nuclei with Z < N. 
repulsion between protons i n  the nucleus which leads t o  increased s t ab l l l t y  

for 2 < N i s  seen t o  have 8 powerful effect. 

The electrostat ic  

* 

B% (1957) found the optimum correspondence between solar system iron-group 

abundances and the calculated values for  the case Tg = 3.8 and 8 = 2.5. We 

have already seen that  Tg = 3.8 is reached natural& i n  the s t e l l a r  and nuclear 

evolution under discussion. The new calculations of Clifford and Tayler (19&)) 

yield opt'rmlm results a t  8 = 2.7 which differs  insignificantly from the B% 

values . 
beta-prOCe88es changed approximatelytwo neutrons into protons i n  the trans- 

formstion from material with Ni56 the most abundant nucleus t o  material With 

Fe56 the  most abundant. 

,1965 

- -  
Correspondingly -fi = 0.872 and 3 A(N-Z) r~ 2.0 showing tha t  the 

The correspondence between the observations and the calculations of 
,1965 

Clifford and Tayler (1964) is Illustrated for the stable iron isotopes 

Fe a,56#57p58 I n  Table 2. The solar- terrestr ia l  values are those found first 

by dividing the iron abundance by mass by the abundance of all the equilibrium 

process elements (V, Cr, Mn, Fe, Co, N i )  using the - solar spectroscopic data 

given by Aller (1961). The resulting value 73 per cent was then divided among 

the iron isotopee according t o  the  t e r r e s t r i a l  Isotopic abundance ratios.  

7 



TABLE 2 

I R O N  ISOTOPES 

PER CENT OF TOTAL E-PROCESS ABUNDANCE BY MASS 

Mc = 20 %, M m  30 % 

1 . 000 8.6 

0.950 6.6 

0 . 900 4 .O 

0 . 872* 2.7 

0 860 1.2 
0.850 0- 

58 Fe Fe 56 Fe 57 'Fe 

1.7 89.1 2.9 0.0 

43.4 21.9 7 02 0.0 

34.0 29.6 4.7 0.04 

@ @  @ @ 
0.2 64.5 3.0 4 .O 

_ _  ~ 

0.0 

0.2 

1.2 

3.2 

8.0 

20.8 

* 
Interpolated Arm calculated values a t  0.8725 and 0.870. 



. 

The chondritic iron abundance given by Suess and Urey (1956) is somewhat higher 

than the solar value. This higher vahe  can be obtained from the equillbrium 

process CalCUl8tiOlllr by employing a slightly lower value for the temperature 

without changing the  Isotope rat ios  significantly. The calculated values in 

Table 2 have been obtained frum the abundancee of Clifford and Tayler (19&) 

given in part 

1965 

Table 1 by t3~3signlng all of the material at  mass 56 t o  FeS6, 

for example, on the basis that i f  the equilibrium process terminated a t  a given 

value for -fl then NiS6 and CoS6 would subsequently decay t o  FeS6 and so forth. 

The table e h m  that a-st exact correspondence is  obtained a t  -0 = 

0.872 or 0 = log n P n  = 2.7 as noted previously. The time required for the 
4 electron captures up t o  this point is seen t o  be 3.2 x 10 sec. This value 

holds far a stax of mas8 M = 30 % with core mass Mc = 20 % where Tg = 3.8 

and p6 - 3.1 are the assumed equilibrium conditions. The mass M = 30 % is 
taken as typical of the range 10 % < M < 50 % for Type I1 supernovae. In 

the calculations positron emission, electron emission, and positron capture 

have been neglected relat ive to electron capture. A t  s t i l l  lower ED, as  

complete equiU,brlum is attained, a l l  processes, in particular positron capture, 

must be considered. The time required for  the f a s t  nuclear reactions t o  

re-establish equilibrium as the electron captures take place has also been 

neglected. 

~ o ~ ~ ( r , n ) ~ o ~ ~  - 10.07 MeV 18 -lom4 sec at T9 = 3.8, p6 = 3.1. 

This i s  jus t i f ied  since, for  example, the lifetime of C O ~ ~  to 

It Will be noted t h a t  the t i m e  required for a given change i n  zfi or  in 
- -  4 (N-Z) rapidly increases a f te r  ED = 0.872. 

0.875-0.850 requlres more than t e n  times the interval required for the change 

0.900-0.875. Table 2 show that the t o t a l  t i m e  Fram 1.000 t o  0.850 is more 

Table 1 showa that the change 

than eix times that required t o  reach 0.872, Thus we are in position t o  reach 

8 



an answer t o . t h e  question posed i n  the third paragraph of t h i s  paper. 

time scale  permitted by the neutrino losses, h a t  f a r  wi l l  t he  beta-prOCe66eE 

go i n  producing nuclei Kith a neutron excess? 

In  the  

To answer this question it is necessary t o  compute the  neutrino time 

scale  under the  conditione of temperature and density which have been reached 

i n  a star with M d 30 % when the  beta-proc&sses operate t o  change Ni56 and 

other 2 - N nuclei produced In  the a_-process t o  nuclei such a s  FeS6 with 

3 (N-Z) = 2. I n  the N156-Fe56 transfonnation the energy release i s  6.6 MeV 
17 I ‘ or 1.13 X lo1’ erg gm-l which i s  reduced t o  - 10 erg gin’’ by d i r e c t  neutrino 

14 -1- losses.  

sec- l  so the  t h e  m a l e  i s  tV - 1017/1014 - 1000 6ec ry 17 min. This calcula- 

t i o n  underestimates t,. Some Ni56 beglns t o  decay a8 soon as  it i s  first 

produced a t  the  beginning of the  pp rocess .  

sum of the  in te rva l  fo r  the pp rocess ,  which FH (1964) estimate t o  be 4000 sec, 

plue t h a t  f o r  the N156-Fe56 transformation. 

5000 sec. 

A t  Tg - 3.8 and p6 = 3.1, FH (1964) show t h a t  dUJdt - 10 erg gm 

Thus an upper l i m i t  fo r  tV i s  the 

This sum i s  4000 sec + 1000 sec = 

The intermediate value, tv -3000 sec, is t en ta t ive ly  adopted. 

The value Juet adopted t en ta t ive ly  holds f o r  t he  time scale  a t  t he  center 

of t he  star. 

a ture  the  t h e  scale w i l l  be somewhat longer throughout the cen t r a l  region i n  

which the  N156-Fe56 transfonnation is t ak ing  place. 

t o  t he  f i n a l  choice, t, - 6000 sec. The Ni56-Fe56 transformation is  r e l a t i v e l y  

indensit ive t o  temperature, and no correction is necessary. 

Since the  neutrino loss  decreases rapidly with decreasing temper- 

Rough calculat ions lead 

4 

Karever, it must be recal led t h a t  these calculations have been made f o r  a 

par t i cu la r  example, M = 30 %, of t he  type of stars w h i c h  HF (1960) suggested 

would evolve t o  become Type II supernovae, namely, stars  for w h i c h  

Thus we f ind t, -6000 sec i s  considerably shorter  than te “3 X 10 sec. 

. 
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10 % C M < 50 %. 
Similar calculations for Mc - (u3) M, which may be more rea l i s t ic ,  show 

The core mass was taken t o  be Mc re: (213) M = 20 %. 

excellent correspondence between t, and tea 

s t e l l a r  masses, 10 % C M C 30 %, nay well have contributed relatively more 

- e-process material than the higher range, 30 % < M C 50 %. 

In addition the lower range of 

mus, it would  seem tha t  quite close correspondence in the time scales 

exists for k- + e+ + v + f; and for NiS6 + 2e- * FeS6 + 2v with a unilversal 

Fermi interaction for these two types of beta-interactions if the stars in 

which solar system ~-procese material was' produced had masses 10-50 % as 

originally contemplated by HI? (1960). 

The point under discusion here can be sharpened by a consideration of 

the tinre scale if e- + e+ + v + was not operative. 

interval  3 < Tg C 4 can be est lmted t o  be - 10 erg 

the value - 10 

for  NiS6-Fes6 is 4 6 X lolo sec - 2000 years or ample time for the beta-inter- 

actions t o  reduce -fi well below the l a s t  values tabulated i n  Tables 1 and 2. 

Photon losses i n  the 

7 -1 sec-l rather than 
14 erg gm-' seeL1 for dU,,/dt. Thus the photon-loss tlme scale 

The result, as shown in Table 2, would be, among other things, an enhancement 

I n  FeS8 and a decrease i n  Fe& completely in variance with the t e r r e s t r i a l  

ra t io .  Clearly the time scale wa8 not this long. 

material were not competent t o  decrease the t i m e  scale t o  the necessary value. 

On the  other hand the neutrino time scale se t  by assigning the universal Fermi 

interaction strength t o  the process e+ + e- * v + i n  the pre-supernova stage 

of massive stars is closely t h a t  required t o  match the electron capture tlmes 

involved in the  formation o f t h e  Fe-isotopes and the other iron-group nuclei. 

The isotopic abundance rat ios  in any sample of t e r r e s t r i a l  iron are  c l r a -  

stantid evidence for the  universality. of the beta-interactiona . 

Photon losses by the s t e l l a r  

:10 . . 



This much can be asserted with some certainty: 

poup isotopic abundance rat ios  strongly indicate the operation i n  

massive stars of an energy loss mechanism havinp a loss ra te  of t he  

same order of magnitude as  tha t  calculated for e+ + e- -c v + V on 
the basis of the universal Fermi interaction strenp$h. 

A comment on the ultimate values for zfi or 0 = log n /n reached when 

The t e r r e s t r i a l  iron 

the beta-interaction6 are i n  complete equilibrium is i n  order a t  th is  point. 

B% (1957) estimated 8 = 1.4 from a consideration of the equilibrium between 

free neutrons and free protons and electrons. T h i s  value is  only an approxi- 

mation a t  best. 

protons and free neutrons and positrons. 

that  neutrinos and antineutrinos escape and do not enter into reverse reactions 

once produced. 

t o  maintain equilibrium a t  a given density and temperature. 

energy supply the equilibrium will depend more on the  properties of the heavy 

nuclei than on those of the free neutrons and protons. The electron-positron 

r a t i o  w i l l  be given as calculated by FK (1964) on the  basis 

Then when electron capture and positron emission a r e  balanced exactly by 

positron capture and electron emission, equilibrium i n  the beta-interactions 

w i l l  have been reached. 

the calculations t h i s  far .  

the value of 0 and Z/N for t h e  ultimate equilibrium. 

these values are 

It does i n  principle cover the  equilibrium between free 

The diff icul ty  involves the fact 

"his means, among other things, t h a t  energy must be supplied 

Granted th i s  

- + y 2 e + e . 

We found abwe that it was not necessary t o  carry 

However, it is of considerable interest  t o  know 
I- 

Calculations t o  determine 

being made by Clifford (1964). 



IMPLICATIONS 

Neutrinos and antineutrinos obey Fermi statistics and In an expanding 

universe they form a degenerate Fermi sea a t  very low energies. The effects 

of th i s  universal Fermi degeneracy i n  various cosmlogies has been discussed 

i n  d e t a i l  by Weinberg (1962) and t h e  reader is referred t o  t h i s  paper for the 

basic treatment of neutrino cosmology. Neutrino and antineutrino effects i n  

astronaaqy and astrophysics have been most extensively d i6~~SSed by Bahcall (1964 
,1965 

a,b,c,d) and by Bahcall and Frautschi (19dca,b). Here we will content our- 

selves with a discussion of the extent of neutrind and antineutrino emission 

by various astrophysical sources. Our discussion reviews and extends that  

given by Weinberg (1962) i n  Part IV of his paper. Our  results will be ex- 

pressed as  the r a t i o  of energy emitted as  neutrinos or antineutrinos t o  the 

rest mass energy eqyivalent of the emitt ing system and are given in  Table 3. 

Nucleogenesis may occur through the creation of neutrons and antineutrons 

or through the creation of protons and antiprotons. 

decay probably occurs before other interactions but not, of cmrse, i n  the 

In  the former case beta 

latter case. 

i e  appro-tely 0.5 MeV or - 5 X 10 

In  the farmer case the antineutrino or  neutrino energy emitted 
-4 o f t h e  rest mass of the emitting 

par t ic les  . 
Nucleosynthesis i m o l . n g  matter begins with the conversion of four 

protons in to  helium with the emfssion of two positrons and two neutrinos. 

The t o t a l  energy emitted is 7 x 

is  emitted as  neutrino energy in the pp-chain and 6$ i n  the CNO bi-cycle. 

of the original r e s t  mass; of  this, a 

In the mein-sequence and red-giant evolution of a s t a r  a minimum of one-tenth 

and a maximum of two-thirds of the hydrogen is converted in to  helium. An 

average value can be estimated on the  basis that observationally one-third 

of the hydrogen of the Galalcy has been converted in to  helium. Taking a l l  



TABLE 3 

NEUTRINO ENERGY EMISSION 

m m o  ENEF~GY/REST MASS ENERGY 

0 * -4 - 5  x 10 

NUCLEOGEMESIS P’ e- 

n + p + e- + v 

NucIlE0sy”EsIs 

HYDROGEN BURNING 4p -c a + 2e+ + 2ve 

4p + e- -* a + e+ + 2ve 

3 ~e~ + c ~ ,  4 ~e~ + 0l6 HELIUM XJFNING 

CARBON XTRNING OR OXYGEN BURNING 

+ a- and e-PROCESSES CU or 0l6 + FeS6 + 2ve 
+  PAD^ ANNIHILATION e + e- + v + ‘i; + 

NEUTRON s- and r-PROCESSES (A > 60)  

WASI-STELLAR OBJECTS (HYDROGEN IWRNING) 

f o  RADIO GALAXIES* P + P + P’n’fi ’fi 

arbitrary 

-4 - 10 

0 

-4 
N 10 

-10 N 3 X  10 

-4 
H 10 

-4 -10 (?) 

GEN. REL. COLLAPSE + INVISIBLE MASS 
- 

e + + e  + v + ~  M - l o3  % N 0.03 

- lo+ 
AVERAGE WI!I‘HOUT ROTATION - 5  x 

6 M - 1 0  % 

-2 AVERACE WITH ROTATION -2 x 10 
* 
Continuous creation of neutrons excluded by cosmic X-ray observations at 
present time . 
This value depends upon the *action of nucleons and antinucleons which avoid 
annihilation. 
annihilation is excluded by cosmic X-ray observations. 

Continuous creation of nucleons and antinucleons with some 

.mc 
I Note that muon neutrinos and antineutrinos are also emitted in this case and 

that high energy resonant scattering is possible for the electron neutrinos 
and antineutrinos (see references by Bahcall and by Bahcall and Frautschi). 

~ 

~ 



of these factors in to  account it will be seen tha t  t o  order of ma&tu.de 

- 10 

holds for antineutrinos i n  nucleosynthesis involving antimatter. 

-4 of the rest mass energy is converted i n t o  neutrinos. A similar value 

Hellurn burn- either t o  carbon via 3 He4 -c CZ or  t o  oxygen via the 

4 

Furthermore helium burning takes place at such 

additional reaction CZ + He + 0l6 + y does nab involve neutrino or ant i -  

neutrino emission air@ctwD 

a low temperature that the pair annihilation process, equation ( l ) ,  is 

not operative even i f  the universal 6trength of the weak interactions applies. 

Fuwler and X o y l e  (1964) show that  helium burning results i n  carbon pro- 

duction i n  s t a r s  with M < -10 % and in oggen production i n  s t a r s  with 

M > -10 %. 
the r a t e  of the C 

ments t o  date and only approximate theoretical  estimates can be made. 

burning results in the production of nuclei near Mg24 with 3it t le direct 

neutrino-antineutrino emission and takes place a t  too low a temperature for  

pair  annihilation t o  be effective. 

of nuclei near Si2' with l i t t l e  direct neutrino-antineutrino emission but does 

take place a t  high enough temperature (> 2 X 10 degrees) for  pair  annihila- 

t i on  t o  be effective and t o  d iss ipa te  practically all of the nuclear energy 

There is considerable uncertainty i n  the  c r i t i c a l  mass because 
I 2  (a,y)0l6 reaction has not yielded t o  experimental measure- 

Carbon 

Oxygen burning results In the  production 

9 

i f  the  universal strength of the weak interactions app l i e s to  reection (1). 

The nuclear energy release i s  5 X lo1' ergs gm-l so the neutrino-antl- 

neutrino emission is 

oxygen burning, the a- and e-processes occur i n  which heavier nuclei up t o  

the  i ron group are produced. 

t i c a l l y  a l l  of the available nuclear energy is radiated i n  the form of 

neutrinos and antineutrinos. The nuclear energy release i s  3 X 1017 ergs gm 

so that the neutrino-antineutrino energy emission is -3 x lo4 of the  rest 

- 5 X lo4 of the r e s t  11168s. Subseqpent t o  carbon or 

Pair annihilation is operative and again prac- 

-1 



mass. Thus i n  s t a r s  with M < -10 % nucleosynthesis beyond hydrogen burning 

releasee - 3  X 10 

while for  M > -10 % the t o t a l  i s  8 x However, i n  the smaller mass 

range a larger fraction, say one-third, o f t h e  mass is  completely evolved t o  

the nuclear end-point than i n  the larger mass range where a fraction more l i k e  

one-eighth can be conveniently taken as a good average. 
-4 overall result i s  tha t  -10 of the t o t a l  rest mass is  emitted as  neutrino-anti- 

neutrino energy. 

evolution i n  matter, -1.5 X 10 

0.5 X as antineutrinos and 2 X 10 i n  toto. For nuclear evolution i n  

antimatter the roles of neutrinos and antineutrinos a r e  reversed. 

ments given i n  this paragraph are those used t o  justif$ the private communica- 

t ion  referred t o  by Weinberg (1962) i n  footnote 9, page 1461. 

-4 of the rest mass energy i n  neutrinos and antineutrinos 

Thus in both case6 the 

If we include hydrogen burning then i n  the fill run of nuclear 
-4 of the r e s t  ma66 energy appear8 e6 neutrinos, 

-4 

The argu- 

We have so far neglected the neutron capture 8- and r-processes by which 

the heavier elements beyond A -60 are produced. On the bas is  of solar 

system element abundances only 

the s-process. 

w e i g h t  is A -75. About twenty neutrons have been added t o  the typical seed 

nucleus but only about seven or eight of these have been converted into protons 

with the emission of an antineutrino so that  one additional antineutrino per 

10 nucleons is  emitted i n  the 8-process. 

order of 2 MeV compared t o  the  nucleon r e s t  mass equivalent - lo3 MeV so the 

of the  original mass has been through 

For the heavy nuclei averaged over abundances the mean atomic 

The antineutrino energy is  of the 

overall 

For the 

but the 

-10 factor for antineutrino emission i n  the s-process is - 2  x 10 

r-process, the abundance i s  -2  x 

antineutrino energy is  of the order of 6 MeV so that the overall 

. 
according t o  recent estimates 

factor is  -1 X 

neglected i n  comparison t o  nUCleOSpthesi8 up t o  the iron group elements. 

It i s  thus clear t h a t  these processes can indeed be 
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The above discussion follows conventional ideas concerning nuclear evolu- 

t ion in stars and galaxies. W e  now turn t o  new and somewhat m e  speculative 

ideas which have been mainly put follward i n  attempts t o  understand the strong 

radio sources discovered in radio astronmry and the ultra-luminous quasi-stellar 

objects which exhibit Large optical red shifts. 

According t o  Hoyle and Fowler (1963a, 1963b) and t o  Fowler (19 ) the T'= 
energy generation i n  the quasi-stellar objects can be understood in terms of 

-4 hydrogen burning s o t h a t  the neutrino emission factor is - 10 

problem i n  meeting the energy requirements of the quasi-stellar objects,which 

we identify as massive stars with M -10 

sources of the cores of these stars. 

which they are stabilized for periods as high as -10 years. If spherically 

. We see no 
, 

&l %,by means of the nuclear re- 

There is a problem i n  the m e c h a n i s m  by 
5 

symmetric and nm-rotating, the hydrostatic equilibrium of these s tars  requires 

large inputs of energy (Fowler, 1964 and Iben, 1963) and is unstable t o  general 

r e l a t iv i s t i c  collapse (Fowler, 1964 Chandrasekhar, 1964a,b, c and Gratton, 

1964). 
(Fowler, 19663 

However, rotation and msgnetoturbulence (Basaeen and Anand, l966) are two !\ 

of numerous mechanisms which have been suggested as stabil izing agents. 

The energy requirements for  the strong radio emission fYcm radio galaxies 

are so great according t o  sane method8 of calculation that  Hoyle and Fowler 

(1963a, 196323) pointed out that  nuclear reactions in a galactic nucleus limited 

t o  less than 1$ of the t o t a l  mass would not suffice as the energy source. ?"ne 

release of gravitational energy during gravitational collapse was suggested as 

an alternative but serious difficult ies ar ise  in the energy emission cut-off 

due t o  the large red shiFts which develop during collapse t o  the Schwarzschild 

limit. The problem is under extensive study in many places and u n t i l  such a 

t ime e8 a solution is reached we are compelled t o  proceed on the basis of 

direct analysis of the observations. If the high energy electrons which yield 



the radio synchrotron emission are produced i n  proton-proton collisions 

(Burbidge, 1962) then electron neutrinos and antineutrinos plus muon neutrinos 

and antineutrons are produced with roughly equal energies t o  that  of the  high 

energy electrons. Take 10 
0 60 Over a nmxLmum time scale of 5 x 10 years (Minkowski, 1964) t o  obtain 

ergs for the energy emitted by the high energy electrons and assign a similar 

value t o  the high energy neutrinos of all types. 

galaxies do not show internal evidence for spectacular violent events l e t  us 

assume that  a t  mst 1s of the t o t a l  mass, most probably in the galactic nucleus, 

was a t  one time involved i n  the energy production. Sandage (1964) has suggested 
I 2  tha t  radio galaxles are probably quite massive of the order of 10 

we take - 0.01 X lou X 

involved. Again the value -10 is  obtained for the neutrino energy relative 

t o  this energy bu t  here there i s  considerably greater uncertainty t o  be 

attached t o  t h i s  value than even i n  our previous estimates. 

be as high as 

44 ergs set" as a representative rate  of emission 

10 

On the grounds that the radio 

%. Thus 

ergs as the energy equivalent of the mass - 
-4 

The value could 

A s t i l l  more speculative source of neutrino energy l i e s  i n  the process of 

general re la t iv i s t ic  collapse, i n  which a non-rotating, supermassive star 

implodes a t  approximately the ra te  of free f a l l ,  releasing gravitational energy 

un t i l  the Schwarzschild limiting radius is  reached. A t  this radius the star 

becomes invisible since a l l  forms of radiation, including particles, are red 

shifted t o  zero energy i n  the coordinates of a distant, external observer. 

The s t a r  becomes "hidden m&ss" except i n  so fa r  as it exerts a s t a t i c  gravita- 

t ional  fleld. Hoyle, Fowler, Burbidge, and Burbidge (1964) showed tha t  during 

the collapse of a 6uperIUaSSiVe star the loss of energy i n  the form of 

neutrino-antineutrino pairs from equation (1) was substantial even though not 

enough t o  reduce the externaUy observable mass t o  zero a t  the Schwarzschild 

limit. 
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Bardeen (1965) has employed the analysis of Zel'davich and Podurets (1964) 

t o  express the t o t a l  energy radiated i n  the form of neutrinos from a collapsing 

supermassive star as 

I n  t h i s  expression, duddt  is the ra te  of neutrino energy loss and is given 

approximately by 

(T9 > 3) 
duv - - 4.58 x lofi T: erg cmo3 sec" d t  

The Aree f a l l  characteristic time is (24xGp)-* and the function involving 

x = (p/pmax)l/" is  a general re la t iv i s t ic  correction which approaches unity 

for snmll X. This factor was ignored by HFB (1964). The integration l i m i t  2 

is  the density a t  the stage of contraction when neutrinos emitted from ~ m e x  
t he  central  region just  reach the surface a t  the l a t e r  t i m e  when the outer 

radius equals t h e  Schwarzschild Urnit. It can be sham tha t  

p,X - - 5 4 'sch = 0.82 X 1 O l 6  (e- gm cm'3 (5) 

where Psch is the limiting Schwarzschild density. 

The integral, equation (3), may be evaluated once the appropriate p,T 

2 re lat ion has been established by the method used by "B 

mate solution for supermessive stars is 

(1964). An approxi- 

6 3 Thus for M = 10 %, e,, - lom6 while for M = 10 %, e,, - 0.03. For smaller 

s t a r s  degeneracy leads t o  lower values of e,. If an average is taken over a 

1 7  



reasonable s te l la r  population the following figure is  obtained 

(e,,) - 5 x (without rotation) (7) 

The above calculations assume that  the collapsing mass is  not rotating, 

Rotation leads t o  a longer time scale for collapse and t o  the value 

(&,) - 2 x (with rotation) ( 8 )  

The estimates given i n  equations (7) and ( 8 )  are admittedly W t e  speculative 

but it w i l l  be noted that these values are the order of 100 times the neutrino 

losses which occur during the evolution of s tars  with M < 100 % or i n  the 

production of energy i n  radio sources. 

these results depend on the assumption that  the  weak interaction is universal 

and that  the coupling constant measured i n  beta decay, muon decay and muon 

capture applies t o  the annihilation of electron-positron pairs w i t h  neutrino 

emission. 

Furthermore it must be emphasized that 

These speculations lead t o  a maxFmum value for &, of the order of a few 

percent. 

neutrino eneraes comparable t o  the r e s t  mass-energies of the emitting systems. 

For t h i s  reason i f  the neutrino energy density in  space i s  t o  be of cosmological 

significance, i t s  origin must l i e  i n  cosmological processes. 

We conclude that processes during stellar evolution never develop 

Weinberg's calculations show that  on the basis of current ideas the 

degenerate neutrino sea will be observable, i f  a t  a l l ,  only i n  the oscillating 

cosmologies. However, his results serve t o  i l lus t ra te  the main thesis of this 

lecture. 

t o  the Fermi energy, 5, by the well-known expreasion 

The mass density ecpivalent of the neutrino energy density is  related 

- 3 x + grn m-3 

18 
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for 5 i n  eV. 

point o f t h e  energy spectrum in beta decay and present results set an upper 

limit, 

w h i c h  I s  - lou times the nucleon rest  BBSS density of gm an-3 required 

in steady s ta te  cosmology which I n  turn may be one or  two orders of magnitude 

-eater than that observed in lmlnous stars. Alternatively it wi l l  be noted 

that  % 0.01 eV If the "missing" mass-energy is indeed in the form of 

neutrinos. 

t e r r e s t r i a l  laboratories with present techniques. 

5 can be measured by observations on the behavior near the end 

-3 < 200 ev.  his corres- t o  an upper u t ,  p, < 5 x loou an , 

Clearly this l o w  value I s  impossible t o  detect experimentally i n  

However, it I s  possible t o  set observational limits on the possible 

neutrino degeneracy In the universe from a consideration of the shape of the 

energy spectnnn of the cosmlc rays between lolo and lox) eV. 

and Tandon (1964) have pointed out that the l o w  energy neutrinos in a Fermi 

sea appear t o  have qyite large energies t o  a high energy cosmic ray proton i n  

its rest mass system. Froton-neutrino interacti-, e las t ic  and inelastic, 

increase i n  probability quite rapidly with energy but eventually f la t ten off. 

This will have the result  that  the cosmic ray energy spectrum should steepen 

a t  high energies and then eventually regain the original slope. 

has been observed a t  loE t o  lou eV. 

proton-neutrino interactions then C a r s i k ,  Pal and Tandon show that the height 

of the Fermi sea is  a t  most a few eV. 

Cowsik, Pal 

Such an effect 

If this is attributed entirely t o  

Ibcperhent, observation and theory In neutrino astrophysics wil l  continue 

t o  be f r u i t f u l  and productive i n  the quest for an understanding of astronomical 

systems and the Universe. 
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In this and the following lecture our concern will be the revolution 

which has occurred in astronomy during the past two decades. Radio astronomrs 

throughout the world - in Australia, England, the Netherlands, the Soviet Union, 

I t a ly  and the U n i t e d  States -have been the r e a l  heroes of th i s  revolution. 

They have not only detected radio waves f r o m  extragalactic sources but have 

succeeded i n  pin pointing the location of these sources on the ce les t ia l  sphere. 

In these lectures the first purpose will be t o  discuss the observational 

work which makes possible the identification of radio sources w i t h  optical  ob- 

jects observable through large telescopes. The second purpose will be t o  

consider various suggestions which have been made concerning the source of t he  

prodigious energies involved in  the radio objects. Background references are 

H o y l e ,  Fowler, Burbidge and Burbidge (1964) and Fowler (1964; 1965a,b; 1966). 

The fundamental problem is this -what physical phenomenon is the source 

of the energy? 

sources in supermassive s t a r s  sufficient t o  meet the observed energy require- 

Ordinary s ta rs  shine on nuclear energy. Are the nuclear re- 

ments i n  radio objects or must we turn t o  other mechanisms - annihilation, 

multi-supernovae, stellar collisions, gravitational collapse, or new and unknown 

phenomena - t o  explain radio "stars" and "galaxfes". In case nuclear reactions 

i n  supermassive s t a r s  are effective, then we must ask whether these stars are 

stable or  unstable during nuclear burning. After the exhaustion of nuclear 

* 
This lecture is a revised and updated version of papers originally presented 
before the AMERICAN PHIXDSOF'HICAL SOCIETY, Philadelphia, A p r i l  1964, and the 
BEIiFER SCIENCE FORUM, Yeshiva University, November 1964. 
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fuel, what happens? 

the  raw form i n  which it is produced t o  the  exotic forms exhibited i n  the 

radio sources must be studied. 

In  addition, t he  mechanisms of t ransfer  of energy frm 

TWE OFTICAL IDENTIFICATION O F  RADIO SOURCES 

The development i n  many places throughout the  world of radio telescopes 

capable of determining posit ions t o  better than t e n  seconds i n  angle have led 

t o  a s ignif icant  breakthrough i n  the observation and ident i f icat ion of radio 

sources. 

Technology have constructed a t  t he  Owens Valley Radio Observatory i n  Bishop, 

California, an interferometer consisting of two 90-foot dishes which can be 

separated by distances up t o  1000 meters,yielding a l imi t ing  angular resolution 

As one example, radio astronomers a t  the  California I n s t i t u t e  of 

-4 near 10 

The precise determination of the posit ion of a radio object makes possible 

an accurate comparison with the  posit ion of op t ica l  objects v i s ib l e  through 

large conventional telescopes which have very high angular resolution because 

of the short wave length of v i s ib le  light. The ultimate objective is  t o  make 

an "identification" of t h e  radio source w i t h  an opt ica l  object. 

mers a t  the California I n s t i t u t e  of Technology have the unique advantage of 

Radio astrono- 
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belw able t o  cooperate with staff  members of the Mount Wileon and P a l m  

Observatories In using the 200-inch Hale Tele6cope on Mount PaloPPer for maldng 

position comparisons and identifications. 

Early ldentlflcatlons, made before great precision had been reached In 

the radio observations, Indicatedthat In some cases radio sources seemed t o  

be aseociated with pairs of galaxies in close proximity and perhaps even in 

collision. 

a coll lslon might be the source of the radio energy. 

coll ision energy I s  Inadequate in t h i s  regard but more importantly the great 

maJorlty of the mort? precise identifications for  radio ~ources  outside of our 

Galaxy, the Milky Way, are wlth slngle, isolated galaldes and nut with palre 

of galeldes . 

This led naturally t o t h e  assumption tha t  the energy A.eed In such 

It is now belleved tha t  

Until recently there has been no way t o  determine direct ly  the distance 

t o t h e  radio obJects of Interest  although red shif t  measurements have been 

made on the 21-cm a t c d c  hydrogen l ine  from nearby obJocts and are being 

rapldly extended t o  more distant objects. 

the galexy can be calculated if optical red shift measurelaente have been made' 

and If the red shift l e  assumedto be proportional t o  distance In accordance 

with Hubble'e faw. 

On the other hand the distance to 

THE ENERGY -S OF THE RADIO SOURCES 

Identiflcatlon with an optically red shifted galaxy thus makes It possible 

t o  determine the absolute luminosity of radio sources frormthe measured appar- 

ent luminosity, tha t  is, the radio flux a t  the earth In  erg cme2 sec'l can be 

tranelated Into the t o t a l  rate of energy emission I n  erg 8ec-l a t  the source 

with the additlomd. a8surqptlCm of isotropic emission. (The poeslbiUty tha t  

the radio waves ere directed at the earth l e  rightly aven scant attention.) 
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The results are staggering. 

Matthews, Morgan and Schmidt (1964) with luminositiee exceeding 

and ranging up t o  2 X 10 

in the t h i r d  Cambridge University catalogue of radio sources). 

luminosity of the 6 ~ 1 1  is 4 X 

proximately 10 erg 8ec . Thus 3C 295 has a radio luminosity almoet 10 

times that Of the  optical emission fromthe sun and more than ten times that 

f'ram the Galaxy. 

More than 50 radio sou~ces have been l i s t ed  by 
-1 erg sec 

erg sec ', the value for 3C 295 (the 295th object 
45 - 

The opt ical  

and tha t  f r o m  the Celaxy  is ap- -1 erg sec 
44 -1 12 

The t o t a l  amounts of energy required t o  sustain these luminosities can 

be calculated i n  several ways. It i s  reasonable t o  assume tha t  the minimum 

age t o  be assignedto the sources i s  tha t  given by dividing the  observed 

dimensions by the velocity of l ight.  Actually the l inear growth of the source8 

might w e l l  have taken place a t  considerably smaller velocities. 
5 6 ages f a l l  i n  the range 10 t o  10 years or  1013 seconds i n  order of magnitude 

and thus the cumulative emissions are a t  l eas t  a s  high as  2 X los8 ergs. 

Even so the  

Another method of determining the  t o t a l  energy involved i n  the radio 

sources is  based on the assumption tha t  the radio emission i s  synchrotron 

radiation fYom high energy electrons spiraung i n  a magnetic f i e ld  extending 

throughout the object. This process is  thought t o  be the  most eff ic ient  for  

the  generation of radio waves and accounts qualitatively a t  l eas t  for  the  

polarization observed i n  many of the sources. 

t ha t  energy i s  stored i n  t h e  radio objects i n  the form of magnetic f i e ld  

energy and r e l a t iv i s t i c  electron energy. 

portional t o  t h e  mean square of t he  f ie ld  intensity (B) and t o  the volume. 

The to ta l  energy of the electrons is  proportional t o  the r a t e  a t  which they 

emit energy, the  radio luminosity, divided by the three halves puwer of t h e  

field intensi ty  and the e w e  root of t he  characterist ic radio frequency 

The synchrotron theory ImpUes 

The magnetic f i e ld  energy is  pro- 

I 
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emitted. Thus for a given obsenred volume, luminosity and radio emission 

spectrum the t o t a l  energy is equal t o  a t e r n  proportional t o  B plus one 2 

proportional t o  B- 3/2. The f i e ld  intensi ty  is, of course, unknuun but even 

eo the t o t a l  energy exhibits a minimum as  a Arnctlon of B and th i s  mintmum 

can be readily determined. The values for the m i n i n u n  stored energy even 

exceed those of the mlnimum cumulative energies, 

A source the minimum stored energy, i f  the only high energy particlee are 

electrons, is approximately lo6' erg, 

the method by w h i c h  the electrons a r e  accelerated t o  high energy but It is 

reasonable t o  assume, as i s  the case i n  the cosmic radiation, that  the nuclear 

component (mostly protons) of the neutral medium or plasma must have consider- 

ably greater t o t a l  energy content than d o t h e  electrons. Upon taking th i s  

factor in to  account the stored energy i n  Hercules A, for example, I s  almost 

1061 erg. 

synchrotron emission, 

I n  the Case of the H e r ~ ~ l e 8  

The theory does not explicitly Indicate 

Because of t he i r  greater mass the protons do not take part  In  the 

I n  caning t o  a realistic estimate of the energy requirements i n  radio 

obdects there remains the knotty problem concerning the efficiency with whl& 

the energy generated has been converted into r e l a t iv i s t i c  par t ic les  and meg- 

net ic  f ie lds ,  

are  notoriously inefficient but this may well be due t o  the very small scale, 

astrophysicaUy speaking, wlthin which such mechanisms must operate. 

it is estimated tha t  even i n  solar f lares  not more than a few per cent of the 

energy released is i n  the form of r e l a t iv i s t i c  particles, the main energy 

release occurring I n  mass motions and electromagnetic radiation. 

Acceleration mechanisms employed i n  t e r r e s t r i a l  laboratories 

Hawever, 

On the abave h i s ,  the figure 2 X lo6* ergs is frequently quated as  a 

repreeentative value of the energy requirement I n  the  larger radio ~ O U T C ~ B  
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and for  the purposes of argument th i s  figure will be accepted as the 

value i n  w h a t  follars, 

synchrotron model i n  such a way as t o  reduce the  energy requirements. 

Suggestions have been made which modify the simple 

The 

magnetic f leM can be imagined t o  have a "clmpy'' structure such that the 

effective emitting volume, where the f ie ld  i s  highest, i s  much smaller than 

the overall volume observed. 

the emitting volume not the overall volume, 

The magnetic f ie ld  energy is  proportional t o  

The emission may come f r o m  grows 

of electrons radiating coherently and thus much more efficiently. 

studies of modifications along these lines w i l l  be necessary before the energy 

Detailed 

problem can be considered t o  be solved. 

It w i l l  be noted that there i s  considerable disparity i n  the two est i -  

mates which it is  possible t o  make for the energy r e w e m e n t s  i n  the extended 

radio sources. 

ergs while the stored energies on the synchrotron model have been estimated t o  

be as high as 2 X 

58 On the one hand the cumulative emissions range up t o  2 x 10 

ergs. 

The irumensity of 2 x ergs, can best be appreciated by a comparison 

with the equivalent res t  mass energy of a single star,  for example, the sun. 

The mass of the sun i s  2 X 

is (3 X 1010)2 - 1021 ergs per gram. 

grams and the square of the velocity of l igh t  

Thus Einstein's relation between energy 

and mass 
2 E = Mc 

becomes numerically 

where M/% i s  the s te l la r  mass expressed i n  units of the solar mass. We see 

* 
The designation supermassive applies throughout these lectures t o  s t a r s  with 

mass M > 10 %. 
under discussion in  t h i s  paper are not t o  be conf'used with s ta rs  with M 
between 30 % and 100 % which are frequently called massive stars. 

3 The prefix super w i l l  frequently be omitted but the s tars  
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then tha t  the energy stared on the synchrotron theory i n  par t ic les  and megnetic 

f'ields in the invLsible radio objects requires the original production of 

energy o f t h e  order o f t h a t  obtained by the complete annihilation of the mas8 

of one-hundred million suns, 10 

l i t e r a l  6ense on the grounds that  the conversion of mass is the  fundamental 

mechanism for the production of energy. 

how, when and where did the conversion take place. 

8 
%. The problem can be taken i n  a quite 

On thio basis the problem reducee to 

Before proceeding i t  is advisable t o  write Eimtein 's  relation in a fora  

mare Clirectly appUcable t o  the problem under consideration ae f o l l m  

2 AI3 p (M, - M)c 

E (3) 

where AI3 l e  the energy made available from a system of particles with t o t a l  

r e s t  mas6 Mo when by some mechanism the mss, measured through gravitational 

or  i n e r t i a l  effects by an external observer, has been reduced t o  M. The 

qyantity AE is the  energy store available for transfonnation a t  varying . 

efficiencies into the various observable forms -- g a m  ray, x-ray, optical, 

radio, neutrino and high energy particle emission. 

I n  principle it is possible for M t o  decrease t o  zero but not t o  negative 

values and 60 the maximum available energy is indeed Moc 2 . One mechanism by 

which this can occur is through the annihilation of eqyal amounts of matter 

and a n t a t t e r .  This mechanism has been discussed by E. T e l l e r  (1965). . 

The main problem has t o  do with the  

assenibly of matter and antimatter in sufficient quantities on a time ecale no 

greater than tha t  sesociated with the assumed explosive origin of these 

obJecte. Al.ough annihilation will not be discuseed -her in t h i e  paper, 
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it may prove t o  be the ultimate solution t o  the problem. 

The success of the idea of nuclear energy generation i n  s t a r s  led quite 

naturally t o  the extension of t h i s  idea t o  the radio sources. 

Fowler (1963a) investigated the possibil i ty tha t  a mass of the order of 10 % 
has condensed into a single star i n  which the energy generation takes 

plece. 

I n  Newtonian hydrostatic equilibrium, one immediately obtains opt ical  lumi- 

nosit ies of the  order of 

generation of the  order of 10 

18 approximately lo6' ergs. 

Hoyle and 
0 

On t h i s  point of view, using the standard theory of s t e l l a r  etructure 

erg see'' and lifetimes for nuclear energy 
6 7 t o  10 years so tha t  the overall  energy release 

(See Lecture IV for additional details.) 

There Is, of course, a basic limitation inherent i n  thermonuclear energy 

generation. 

of only 0.7 per cent of the r e s t  mass in to  energy and further nuclear burning 

leading t o  the most t ightly bound nuclear species near iron brings t h i s  figure 

only t o  s l igh t ly  less than one per cent. 

m a t  equal t o  O.OIMo and the complete nuclear conversion of 10 

of hydrogen in to  iron group elements leads t o  the release of 2 X IO6' ergs. 

I n  general 

The conversion of hydrogen in to  helium involves the transformatian 

Thus Mo - M in equation (3) l e  a t  
8 solar masses 

-nucl < 2 x MJ% erg (4 1 

Equation (4) is  expressed i n  terms of an upper U n i t  for the following reason. 

I n  the observed s t a r s  with masses ranging approximately f'rom 1 t o  100 % the  

conversion never 8eem t o  reach campletion before steady mass loss or super- 

nova e@.osion terminates the l i f e  of the s tar .  

nuclear generation of 2 x 

volves at l ea s t  10 

m&un eize g d a W !  

Thus it is  clear t h a t  the 

ergs, the m a x i m u  value di6Cu66ed above, in -  
10 

This figure corresponds t o  the en t i re  mass of a 

On the  ather hand, the nuclear generation of 2 X lo5' ergs, 
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6 the mininun value discussed above, involves the  order of l.0 %. 
corresponds t o  the mass of the larger globular clusters of stars i n  t he  halo 

of the Gala- and in other galaxies. If globular clusters are involved in 

the energy production, it need not necessarily take place a t  the center of 

the galaxy. 

This figure 

In the massive galaldes associated with the strong radio sources there 

seemed t o  be no observational evidence for the abnormal heavy element concen- 

t ra t ion  which would presumably follow fromthe nuclear conversion of 10 %. 
If the larger energy requirements are accepted, it can be argued tha t  nuclear 

energy might prove inadequate and so Hoyle and Fowler (196%) turned t o  another 

possibility, gravitational energy. 

t iona l  binding energy of a system of rest mass Mo with maximum radius R is 

a p p r o m t e l y  given by 

10 

On classical  Newtonian theory the gravita- 

n = - - - -  R 5-n R 

where 

3.5 i n  the final approximation given. 

w'hich remains as "cold" gas or "dust" then R becomes AE, the energy freed 

by the system on condensing *om the dispersed s ta te  i n  which the gravitational 

interaction can be neglected. 

n i s  the polytropic index which has been arbi t rar i ly  chosen equal t o  

If no energy is  stored i n  the system 

If equation (5) is written 

2 it w i l l  be seen that the dimensionless quantity Wo/Rc 

of the rest mass energy made available. 

l imitation on XMo/Rc2 but the theory of general re la t iv i ty  limits it t o  unity 

is ju s t  the *action 

Classical Newtonian theory places no 
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I a t  the  Schwarzschild Umit. Thus 

< Moc2 grav - 

i n  agreement with the statement nude previously tha t  M could not become 

negative 

In what way can use be made of the  release of gravitational energy? We 

assume tha t  i n  some way t h i s  energy i s  removed from the collapsing core and 

is ei ther  absorbed i n  the outer envelope or i s  completely lo s t  by the  s tar .  

I n  either case the hydrostatic balance i n  the envelope i s  destroyed and the  

envelope mater ia l  is  eJected with h i@ velocity. The energy loss fromthe 

core m y  occur through photon or  neutrino emission. 

if the massive s t a r  i s  i n  rotation. After the exhaustion of nuclear energy 

Another possibi l i ty  exist8 

I the  star w i l l  contract with the contraction of the core being much more rapid 

than that  of the envelope. 

momentum of the core w i l l  be conserved once it has contracted away from t he  

It i s  reasonable t o  suppose t h a t  the angular 

I envelope and tha t  eventually the  core w i l l  becone unstable to fission i n to  

two bodies rotating about each other as i n  a binary st-. 

rotational energy by radiating gravitational waves. 

Such a system lose8 

All emission mechanisms suffer from t he  U n i t i n g  effect  of the gravita- 

I n  order for  gravitational energy t o  be released R.om the t iona l  red sh i f t .  

increase. core it is necessary tha t  the core contract o r  t ha t  (WJRc )core 

aUt t he  red s h i r t  i n  radiation i s  ju s t  proportional t o  this  dimensionless 

quantity i n  first order. 

energy than tha t  calculated by a local  observer where the radiation is emitted. 

This 16 trUe f 0 r . d  forms of energy transfer, by par t ic les  a8 well as radiation. 

2 

Radiation arrives a t  a distant  observer with less 

~ 

-- 
- 
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Thue the rate  of any form of energy loss by the core is greatly reduced as 

( c ~ d ~ c ~ )  core 
implied in equation (6) where It was aesumed that  no internal  energy of matian 

or radiation remained in the star during contraction. 

even the most optimistic calculations have not revealed mechanism6 whereby a 

contracting mat3eive e t a r  can transfer mre than a f e w  per’cent of the gravita- 

t iona l  energy of i ts  core t o  the outer envelope. The gravitational release of 

energy may be somewhat more efficient than nuclear release but not by a large 

factor. Thus the release of 2 X 

involve a mass-of the order of 10 

ated with radio sources have to ta l  masses estimated a t  10 

2 X 

g a h d e e ,  then o f t h e  order of one per cent o f t h e  mass of the  g a w  has been 

involved i n  the generetion of th ie  energy. 

increases and, as a result, the energy lose is not complete as  

Ae a matter of fact  

ergs must, on just about any grounds, 
10 

%. The large e u p t i c a l  galaxies aesoci- 
32 

%a !l!hua if 

ergs is indeed the correct value for the energy requirement in radio 

It has been noted previously that Hoyle and Fowler (1963a) had obtained 
0 m t i c a l  luminosities of the order of 

in hydrostatic equilibrium and i n  fact it was found that the luminosity 

l e  just proportional t o  the mass for  M > 10 

nosi t ies  did not seem t o  have any immediate connection with the extended radio 

~ourcea  since the problem concerning the transformation of the optically 

emitted energy into high energy electrons and magnetic f ie lds  remained unsolved. 

Huwever, a t  the same time that  these calculations were being -de, an 

erg sec” for  a massive s t a r  of 10 % 

3 These large optical  lumi- 

obeervationaldiscovery of great significance was made in Pasadena by Schmidt 

(1963) and wae quickly conf’imed by Oke (1963) and by Greenstein and Matthem 

(1963) It had been known for time t ha t  certain of the  radio ~ourcee  



were located In coincidence with star-l ike objects w h i c h  apparently had dia- 

meters too s m a l l  t o  be resolved by optical  telescopes and which showed on 

photographic p h t e s  as  diffraction images characterist ic of the telescope. 

These ObJeCts were called "radio stars.'' 

The Pasadena group pioneered I n  the use of the  200-inch Hale Telescope 

on Mount Palcimar t o  Investigate the spectroscopy of these "radio stars." For 

several years the i r  investigations of four of these objects led nowhere; they 

were unable t o  understand the peculiar emission l ines  of the spectra which 

the telescope revealed. 

the spectrum of a f i f t h  object catalogued by Cambridge University radio aetrono- 

mer8 88 3c 273. This  time the Gordian knot was cut. Several of the emission 

U e s  from 3C 273 formed a simple harmonic pattern, with separation and intern- 

l t y  decreasing toward the ultra violet .  

There the matter rested u n t i l  Schmidt began studylng 

The l ines  obvlously belonged t o  a 

ser ies  of the type expected f'rom hydrogen or  any other atam tha t  had been 

stripped of a l l  electrons but one. 

the observed wave lengths. 

had been shifted toward the red by 16 per cent, t he  observed wave length agreed 

with those of hydrogen. 

the  position predicted by the red-shift hypothesis and Greenstein and Matthew6 

found an even greater red s h i f t  of 37 per cent i n  3C 48 when they properly 

Identified the l ines observed as corresponding t o  well-known l ines  From the  

elements oxygen, neon and magnesium. 

Schmidt soon concluded tha t  no atam gave 

If he assumed, however, t ha t  the spectrum l ines  

Shortly thereafter Oke found the  €&line i n  exactly 

Greenstein and Schmidt (1964) soon showed tha t  t h e  red shifts could not  

be gravitational red shifts associated with large masses confined t o  regions 

of very small radius. %e masses Involved are found t o  be suite large but the  

r a d i i  of the emitting regions are so great t ha t  the  gravitational red s h i f t  i e  

negligible. They suggested tha t  t h e i r  "quasi-stellartt ob3ect.e ar t t ~ s a r e "  



are extragalactic and tha t  the red sh i f t s  a r i se  f rmthe  general cosmological 

expansion o f t h e  universe. With this interpretation they were then able t o  

determine the luminosity distance for  the objects and t o  convert the observed 

apparent luminosities in to  absolute luminosities. The calculfitiona indicated 

that the quasars have optical  luminosities of the  order of 10 ergs sec" or 

more than one-hundred times the optical  luminosity of our Galaxy. 

may or may not be located i n  galaxies, but i f  they are, they outshine the  

surrounding galaxy so t ha t  it is lost I n  the diffraction pattern of the quaser 

Image . 

46 

The quasars 

-1 The opt ical  luminosities of the quasars are very high, ergs sec , 
but there is no convincing evidence tha t  these objects have lifetimes i n  excess 

of 10 t o  10 years. Thw the cumulative opt ical  emission is the order of 

lo5' ergs w h i c h  is well within the  nuclear resources of a s t a r  with M = 10 

Only seven per cent of the hydrogen of such a massive star need be converted 

in to  helium t o  release th i s  amount of energy. 
stored energies required are small. 

luminosity (Smith and Hofflelt 1963; Matthews and Sandage 1963; Sandage 1964; 

Sharov and EPremov 1963; Geyer 1964). 

durations of the order of day6 or weeks, there is some evidence for cyclic 

variation6 with periods of the order of ten years. It is generally agreed 

that the occurrence of the cyclic variations is crucial  t o  the question whether 

the primary radiation object is a s ingle  coherent massive s t a r  (10 -10 %) ae 

or iginal ly  proposed by H o y l e  and Fowler (1963a, 1963b) o r  a system of smaller 

s t a r s  (1-10 I@ as discussed by numerous authors (Burbidge 1961; Hoyle and Fowler 

1965; Gold, Axford and Ray 1965; Woltjer 1964; Ulam and Walden 1964; Field 1964). 

5 6 

0 

Because of the  small volume the 

It is now well established tha t  the quasars exhibit variability i n  opt ical  

In  addition t o  luminous flashes with 

4 0  

2 

It 

is difficult on 

of p ~ ~ a ~ f  stellar 

the basie of col l ls ions or supernova outburate i n  a Bystem 

obJecte t o  explain variations which exhlbit a fa ir ly  regular 

13 



I periodicity. Thus, without prejudice t o  the problem of the rea l l ty  of the 

On the local hypothesis the characteristic distances for  the quasars are 

I 1 t o  10 megaparsecs rather than 10 3 t o  10 4 megaparsecs as  on the coamological 
4 hypothesis. Terrell (1965) suggests that  the qpasar masses are 10 % rather 

than the value 10 t o  10 

logical. 

stars, a s  defined i n  this lecture, are required. Furthermore the original 

local outburst involved masses of the same order of magnitude as those attributed 

t o  the quasars themselves on the cosmological hypothesis. 

the remainder of the lecture and i n  Lecture N reference t o  the quasars w i l l  

0 10 % required i f  the observed red shifts are cosmo- 

Thus on either the local or the cosmological hypothesis, supermassive 

Consequently, i n  

~ 

cyclic variations since only additional and more precise observations w i l l  

I se t t l e  t h i s  matter, the possibility is investigated i n  what fol lars  that such 

variations can arise from non-linear rehxat ion oscillations i n  a single mas- 

sive star.  

symmetric with a l l  physical parameters depending only on the radial  variable. 

Rotation or other mechanisms which destroy t h e  spherical symmetry change the 

behavior of the s t a r  markedly and will be mentioned briefly a t  the end of the 

lecture and w i l l  be discussed i n  de ta i l  in Lecture IV. 

The s t a r  i s  taken t o  have no rotation and t o  be spherically 

It has also been suggested that the quasars are lo&l. Terrell (1964, 1965) 

has proposed the hypothesis that  the quasarrs were ejected a t  re la t iv i s t ic  velo- 

c i t ies  i n  an explosive event a t  the center of the Galaxy some 10 t o  10 years 

ago. 

t o  give r i s e  t o  the quasars i n  our vicinity is  NGC 5128 which is a powerful 

radio source i n  which a t  least  two outbursts appeared t o  have occurred. I n  

this case some objects wi th  blue sh i f t s  may be expected. 

7 8 

Hoyle and Burbidge (1965, 1966) have suggested that a likely candidate 

be made on the basis that they are cosmological objects but t h i s  i s  not a 

necessary condition f o r  the arguments put forward. 

14 



RELAXATION OSCILLATIONS IN NON-ROTATING SWEZMSSIVE STARS 

The rapid generation of nuclear energy during the general r e l a t iv i s t i c  

collapse of a massive star is considered t o  be the triggering agent for the 

relaxation oscillations. 

Hoyle and Fowler (1965) it i s  necessary t o  assume that the early f’ragmenta- 

t ion  i n  the original gas cloud resulted i n  the formation of stars small 

enough (c 10 %) that  significant nuclear evolution (consumption of hydrogen) 

did not occur i n  the t i m e  scale (-3 x 10 years) i n  which s t e l l a r  collisions 

reduced the system of stars once again t o  a single gaseous object. 

s tar t ing point i s  a massive star, say M -10 %, with a characteristic 

From the standpoint of the model discussed in  

6 

Thus the  

6 

dimension of 1017 cm, central temperature of the order of lo5 OK, with 

pressure support due almost entirely t o  radiation and a structure closely 

approximating that  of a plytrope of index n = 3 

19&). 

example, X = 0.75, Y = 0.22 and 2 = 0.03. After some exhaustion of hydrogen 

a representative composition for purposes of computation will be taken t o  be 

X = 0.50, Y = 0.47, Z = 0.03 with 2 primarily made up of CNO-nuclei. 

(Fowler and Hoyle, 1963, 

The composition is  the same as  that  of the original gas cloud, for 



General r e l a t i v i s t i c  considerations lead t o  dynamic i n s t a b i l i t y  i n  

non-rotating massive s t a r s  when the rad ius  f a l l s  below a cer ta in  c r i t i c a l  

value ( B e n  1963; Fowler 1964; Chandrasekhar 1964a,b, 1965; 

Gratton 1964; Zel'davich 1964). 

Newtonian approximation i n  the  notation of Fowler (19dr ). 

r e s u l t s  are  i l l u s t r a t e d  i n  Figure 1 where the  energy content of the s t a r  ex- 

clusive of the  r e s t  mass energy of the  consti tuent pa r t i c l e s  i s  presented as 

a function of the  radius and cent ra l  temperature, 

represents t he  equilibrium binding energy i n  so l a r  rest-mass energy equivalent 

units given by the post-Newtonian approximation. 

a t  a cer ta in  outer radius  and cent ra l  temperature followed by a r ise i n t o  t h e  

unbound region is  i n  marked contrast  t o  the l i nea r  decrease exhibited by t h e  

Newtonian term, - 3 w 4 R c  

range an adiabatic perturbation toward smaller r a d i i  leads t o  more energy than 

t h a t  required f o r  equilibrium and thus t o  more pressure than t h a t  necessary 

f o r  hydrostatic equilibrium, Thus t he  contraction is  opposed a s  will c lea r ly  

a l s o  be the  case for  a perturbing expansion and thue the  system is inherent ly  

s table .  

indicates t h a t  a contraction leads t o  less pressure than t h a t  needed f o r  hydro- 

e t a t l c  equilibrium w h i l e  an expansion leads t o  more so that the system is 

dynamically unstable t o  adiabatic perturbations,  

McVittie 1964; 

I n  what follows we make use of the post- 

The s igni f icant  

The heavy so l id  curve 

The decrease t o  a minimum 

2 To the  l e f t  of the minimum i n  the  "classical"  

The same argument used t o  the right of the  minimum (Fowler 1964) 

The equilibrium energy i n  the 

for n = 3 aa 

post-Newtonian approximation can be wri t ten  

where R3 = 6,897 is one of the conetante of in tegra t ion  for t h e  polytropio 

16 



? 

equation far n - 3. 
t o  total pressure is given for small values by Fowler and Eoyle (1964) as 

Fram Eddington's quartic equation the r a t i o  of gas pressure 

where p i e  the mean molecular weight and 

pressure and p, the  density. For M = 10 t o  10 %, B -10" t o  

mssive s ta rs  the main pressure support is that  due t o  radiation, B is emall, 

the Newbodan tern In  ( 8 )  is small and the post-Newtonian t e rn  became6 signla- 

cant for small values of R$R = XM/Rc of the  order of f3. The l i m i t i n g  

graxitational radius or Schwarzschild radius is designated by R = xM/c2 = 

= d In p/d In p with p, the 
4 8 In 

2 

6 
3 x lo5 CWQ 

The c r i t i c a l  radius can be determined by set t lng the derivative of (6) 

equal t o  zero i n  which CaBe 

Numerically it is found t ha t  

A t  t h i e  point and in  what follows it w i l l  be assumedthat the gross internal  

structure of the e t a r  is Insensitive i n  first order t o  s t a t i c  or dynamic 

changes in E/Mc2 of the order of B. Thus the equation8 relating central  

temperature and density with the radius for  a polytrope w i t h  n 

freely employed. 

derived by using f i r s t  order terms where required, 

3 can be 

Iir fact the second order term i n  eQmtiCm ( 8 )  is correctly 

The critical central  

17 



Fig. 1. The internal  energy of a non-rotating massive s t a r  
(2.5 x lo5 lf,) i n  excess of t h e  r e s t  mass energy is  
s h a m  as  a M c t i o n  of radius and cent ra l  tempera- 
ture. The heavy curve shows the energy required fo r  
hydrostatic equilibrium when general r e l a t i v i s t i c  
considerations a re  taken in to  account. This curve 
deviates wadrat ical ly  fYom the l inear  Newtonian 
term and reaches a minimum with absolute value the 
order of %c2 a t  R N &  x 10 

This minimum is reached before nuclear energy genera- 
t ion begins i n  the inter ior .  A general r e l a t i v i s t i c  
collapse occurs which i s  stopped and reversed by 
hydrogen burning through the CNO bi-cycle i n  a time 
of approximately one day near R cv 10 

13 cm, T - 0.7 x lo8 OK. 
C 

13 
cm, - 2 x lo8 OK. A r ad ia l  shock wave i s  i n i t i a t e d  

and the resul t ing expansion extends t o  a radius of 
approximately lo1' cm i n  a time scale  of the  order 
of several years. Damping of the expansion occurs 
through radio and opt ica l  synchrotron emission and 
by non-equilibrium continuum and l ine  emission. The 
overall process can best  be described as  a relaxation 
oscil lation. The case i l l u s t r a t ed  employs the lumin- 
osi ty  and period observed for  the quasar i n  3C-273B 
which is  assumed t o  be a t  the cosmological distance 
corresponding t o  i t s  red shif t .  

TC 
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tenperatwe and density are thus 

%C2 0 1.25 X lou (2) oK - 2 pa* G3I2 M IJ 

- lo9 t o  lo5 OK for M - lo4 t o  10' % 

712 
E 

2.54 x 
P 3 '  (z) Qm --3 

(13) 
4 4 0 - 10 t o  10-l' gm cmo3 for M - 10 t o  10 % 

Moreover it is possible t o  show (Fowler 1964a) tha t  equation ( 8 )  can be 

emnded in increasing parers of T with only the  l inear  and quadratic terms 

retained In the poet-Newtonian approximation. 

The xnkimua equilibrium energy a t  Rc, Tc, pc turns aut t o  be independent 

of the 8telb.r ma68 and is given by 

E 

2 2  3&!R c 
3 

2 3/2 4 p R3 az G 

where % - 2.018 is the  second constant of integration for  the  polytropic 

equation for  n = 3. Equation (14) can be rewritten by introducing 02 /a 0 

(S/% )(fi c /Mu ) and after evaluation of numerical factors becomes 

4 

2 3 3  4 

where % is the  atCZd.C I~a68 unit. It is well known that the dimensionless 

gravitational interaction conetant mu2/* is  very s x n a ~ ,  of order 10'~. 

me carreepsnding m e  structure constant in electromagnetism is e /& - 1 / ~ 7 .  2 



which indicates 

&e the order of 

In a first 

equation (E) this  leads t o  

tha t  the maxinntm binding energy of a non-rotating maeeive star 

one solar mass-energy equivalent . More precisely 

appraisal o f t h e  problem it is  interesting t o  consider equation 
46 (16) in relation to the luminosity of the quasars which is of order L - 10 

-1 erg tjec 

contraction time, e n / L ,  Kith this luminosity 1s thus of the  order of several 

years. This will also be the cycle t h e  if energy of the order of the binding 

energy is supplied by nuclear burning during an osciUation or pulsation. 

is indeed just this general idea which is now explored In scsnewhet @eater 

detai l .  

(Greenstein and Schmidt 1964, and Oke 1965). The Helmholtz-Kelvin 

e¶ 

It 

The s te l lax masses which wiU prove t o  be of greatest interest  f a l l  in the 
5 6 range 10 % t o  10 For this mass range equation (12) indicates t ha t  

Tc - lo8 t o  lo7 OK. The ra te  of energy generation by the CNO bi-cycle a t  

these temperatures and the corresponding low densities i s  considerably less  
46 -1 than tha t  required t o  maintain a luminosity of the order of 10 erg sec . 

Thus when the star reaches the mininxum energy i n  Figure 1, collapse w i l l  com- 

mence and w i l l  continue u n t i l  temperatures are reached a t  which nuclear enerw 

generation becomes adequate for stabil i ty.  

whe3aver the appropriate time intema1,the nuclear energy generation matches 

that reqpired t o  supply E - Collapse will be reversed t o  expansion 

in approximately the  me time interval 80 that the nucleer proceeses avershoot 

Collapse will i n  fact  be halted 

eq eq 



and deUver in each pulee or cycle the follarlng mount of energy 

0 2 (Eeq - e”) eq 

s4 
(xn - 112 erg 1.82 X 10 

2 
n 

CI 

where xn = Tn/Tc and Tn is the  temperature a t  which the nuclear burning takes 

place while Tc is the  c r i t i c a l  temperature for the minimum i n  E 

of 2 a l so  follows direct ly  from the conservation of momentum during the stop- 

ping and reversal of the collapse. 

term in only 

- en only the  l inear  and quadratic terms i n  T are retained. I n  Eeq 

quadratic term remains. 

for  collapse and of the  r a t e  of energy generation i n  the CNO bi-cycle a t  

elevsted temperatures. 

The factor 
eq’ 

The quadratic dependence on the temperature 

follows direct ly  f k o m  the fact  tha t  i n  equation ( 8 )  for  E eq 

eq 
To determine Tn requires knowledge of the time scale 

The time scale for  nuclear burning during general r e l s t i v i s t i c  collapse 

can be calculated with sufficient accuracy using the post-Newtonian appro-- 

t l on  f0.r the acceleration which can be written (see Lecture N) as follows: . 

(~ewtonian, center) 
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In  equation (19), r I s  the Iagrangian radial  coordinate, p is the pressure, 

u I s  the internal energy density, p, I s  the mass-density, p I s  the mass-energy 

density in mess units and Mr i s  the mass-energy Inter ior  t o  r. 

terme have not been expl ic i t ly  indicated on the left-hand side of equation (19). 

The first form on the right-hand side is re la t iv i s t ica l ly  exact, the second 

form ie the poet-Newtonian approxhuation at the center of the etar, while the 

t h i rd  form is the customary Newbonian approxtmation a t  the center. 

Newtonian appro-tion a t  hydrostatic equilibrium, Y - 0. 

order Y is J u t  the difference of the first post-NewtonIan t e r n  on the 

right-hand side and the post-Newtonianterms on the left-hand side are not 

needed and have not been explicit ly presented. 

R e b t i ~ b t i C  

Sn this 

Thus t o  first 

It w i l l  be noted tha t  the 

difference i n  the poet-Newtonian terms is proportional t o  (2u + 4p)/p0c 2 

at  the i n i t i a l  Cri t ical  conditions lead, fo r  small (p/poc 2 )c - - 4  (8T /3p0c 2 )c, 

2 - 10p/poc for  u - 3p a8 is the case i n  ~1aS6iVe stars where radiation pressure 
daPninates. 

Standard methode of integration applied t o  equat+on (19) with Y = 1;. - 0 

to 

- ($)+ T2 cr x2 (x - l)* 

for  1 < x < 2  

for  2 < x C 10 (22) 

where x - T/Tc. 
far equation (22), which is the case of primary interest ,  that 

Solving for the e-folding time i n  T or r one finds numerically 

21 



Thus the e-folding time in temperature or radius for general relativistic 

gravitational collapse (gc) at hydrogen burning temperatures, (T ) N 2, in 

massive stars for which(T 

eiderably greater than the claesical free fall time which is T~~ = (8rrGp/3) 

"8 
This is con- H 1 is somewhat less than one day. 

-9 
=8 

3 
0 3.340 p j  sec - 10 sec. However it is the shortness of T relative to the 

gc 
overa l l  period of order 10 years which illustrates the extreme non-linearity 

of the oscillations under consideration. 

In the discussion in Hoyle and Fowler (1965) of the behavior of CNO-burning . 

of hydrogen in massive stars it was noted that the proton capture reaction by 

nuclei such as N13 proceed at a rate comparable to the beta-decay of Nu and 

that alpha-particle reactions lead to same transmutation of the CNO-nuclei 

into heavier nuclei. However these are not serious effects in the cases of 

primary interest in this paper and it is sufficiently accurate to make the 

assumption that a l l  CNO-nuclei actively participate and remain as catalyste, 

mostly a8 $4 ("0.9Z), and that the rate of energy generation is primarily 

determined by the N 

the empirical parameters, So = 2.75 f 0.50 keV-barns and (dS/dE) 

lea& to a slight modification of the results of Caughlan and Fowler (1962). 

14 (p,7) reaction for which Hebbard and Bailey (1963) give 

0. This 

When expressed as a power l a w  in temperature near T8 - 2  the nuclear energy 

generation rate for the HCNO-burning $8 

E - 3.7 X lou pXZT8' erg gm-l sec-' 

5.6 X lolo pT8* X 0.50, Z P 0.03 

In a massive etar With polytropic index n = 3, Fowler and Hoyle 

the deneity in their equation (Bl20) 68 

(24) 

(1964) express 
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80 tha t  

Foitler and Hoyle (1964) also  give the energy generation averaged over the star 

and wing t h e i r  equation (C&) one finds 

This is s t i l l  a quantity effectively representative of t he  central  region of 

the s t e l l a r  interior.  

burning became6 rapid enough t h a t  beta-decay processes Unit the ra te  of energy 

generation. 

in to  helium is  jus t  t h e  sum o f t h e  mean lifetimes for  proton capture by 0 

(100 sec) and OE (180 sec) and is  given by 

AB noted above, equation (27) must not be used when the 

The llmit comes when the time for the conversion of four proton8 
14 

b 

- 
e -  

.c 1.8 x Z = 0.03 

The limriting t eqe ra tu re  given by combining equations (27) and (28) i s  

< -3 

!The simplest procedure is  now t o  equate 

and by the effective time for nuclear burning t o ’ e  

multiplied by the s t e l l a r  mass 

given by equation (16). 
CYC 

The effective time can be estimated as follows. 

approximately as T 

The q m t i t y  Z T  varies 

However 
gc 

9 The e-folding time for T9 is l /9 that for  T. 

the velocity is reduced f t o ~ n  its initial value t o  zero and is then revereed 
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by the energy generation so that the effective time for nuclear burning d u r a  

I 24 

Eqpatione (U), (18), (23), (27) and (30) can be combined t o  yield 

18/ 17 

(31) 
(xn) - lo5 (xn) 3-31 17 - 1.0 x lo5 G 

where 5 = Tn/Tc as before. 

begins and Tn is  now the temperature a t  which the hydrogen burning generates 

in the  available time determined by the reversal of the collapse. 

Tc i s  the c r i t i c a l  temperature a t  which collepse 

Equa- 
ecyc 
t lons (18) and (31) then yield (for xn - 3 as found below) 

In this equation p = 0.73 has been used corresponding t o  X = 0.50, Y = 0.47, 

Z Q 0.03. 

We have now amived a t  the nuclear energy generated i n  the pulse which 
> 

tr iggers each relaxation oscil lation or cycle. This muat be equal t o  the 

t o t a l  luminosity L for all forms of radiation multiplied by the cycle period 

or 

-1 
1 the case Of the qucisar 3C 273 the observations indicate L -4  X erg BeC 

(Oke 19s) and ‘IC - I3 yr  - 4 X lo8 seo (Smith ’and Aoffleit 1963) 80 t ha t  
Cyc 



- 2.5 x lo5 iG 
Corresponding t o  this value for  &/% it is found froxu equation (12) t ha t  

(T ) - 0.7 and from equation (31) t h a t  xn - 3 so that (T ) - 2. 

are illustrated in Figure 1. At (Td - 0.7 the  stellar radius l e  -4 X lou cm 

while et (T ) - 2 the radius is  
n 8  

rad iw i e  - 8  X lolo an. 

These values 
m 8  n 8  

0 1 3  1.3 X 10 cm. The Schwarzschild limiting s 

It w i l l  be noted in equation (32) tha t  e varies as  a f a i r l y  high 
WC 

power, - 2.6, of the s t e l l a r  mass. Thus e rapidly approaches the to ta l  

nuclear energy content of the star. A t  this point the nuclear energy would 

suffice for  only one pulse of energy generation. These considerations lead 

to the cmclusion tha t  relaxation oscillations without serious avershoating 

due t o  excessive energy generation can only take place i n  non-rotat iq  s ta re  

with mass not exceeding -10 %. It may prove significant tha t  this is the 

order of magnitude of the ~ B S B  of the larger globular clusters. 

CYC 

6 

The above discussion has t r ea t ed the  relaxation 0ecil.lations almost 

solely in terms of energy considerations. 

will be discussed I n  the sequel but an important point in t h i s  connection 

Damping and stabil izing mechanisms 

should be noted a t  th i s  t i m e .  The time spent during the oscil lation with 

R < Rawhen the star is dynaxnicaUy unstable is very short campared t o  the 

overall period being o f t h e  order of one day. Thua practicaUy the en t i re  

osci l la t ion occurs with R >  Rc,during which the star 

In t he  Cla6siCa1, non-relativistic case. 

the OsCilbtion Will. be the order of the r a t i o  of 10 years t o  lday multiplied 

dpamically stable as 

The mxhum rad iw reached during 
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discussion. @is period i s  given by Il - (&G)+ and is the  order of 10 years 

for the mean density i n  a s t a r  with M - 2.5 X lo5 % (3C-273) a t  an inter-  

mediate stage between the minimum (Rn - loB cm) and maximum (RmX - 1017 cm) 

excursions of the relaxation osciUations. 

Equation (34) yields the mass of a non-rotating central  stellar object 

having properties consistent w i t h  the  product of the  luminosity and period Of 

a variable quasar such as 3C-273 i f  the period is t ha t  for relaxation osc iu8-  

t i ons  i n  the s t a r  maintained by energy generation thr- HCNO-burning. 

actual period w i l l  be determined by other considerations t o  be discussed l a t e r .  

The 

A t  t h i s  point we turn our attention t o  the cumulative emissions from 3C-273. 

The mass given by equation (35) can only sa t i s fy  the  cumulative energy 

requirement for 3C-273 i f  the lifetime is re lat ively short. 

resources for M = 2 X lo5 % are a t  most 4 x 

The nuclear energy 

erg from equation (4). For 
46 -1 a luminosity equal t o  4 X 10 erg sec th i s  yields a ILfetime of lou sec or 

3000 years. 

Greenstein and Schmidt (1964) discuss a model for the quasar i n  3C-273 with 

The number of relaxation oscil lations is approximately 250. 

3 Ufetime equal t o  10 years. 

considerably younger than the associated objects i n  36-273, namely the radio 

halo surrounding the quasar and the opt ical  Jet .  

taken as  a l a t e r  event unassociated with the origin of the older, large scale 

components of 3C-273. 

They emphasize tha t  on t h i s  basis the  quasar is 

The quasar has then t o  be 

I n  the next lecture we will present i n  d e t a i l  the modifica- 

t ions t o  the discussion presented here which are necessary if the value obtained 

for  the  mass *om an equation such a s  (34) is  t o  be substantially increased. 

Suffice it t o  note tha t  the introduction of rotationrleads t o  a substant ia l  

increase in the mass i n  which the  nuclesr burning can take place without 

or  turbulent kinetic energy 

exceesive overshooting during the  relaxation oscil lations.  This 
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lecture 
,( w i l l  be concluded with a brief enumeration of consideratione connected 

with the energizing and damping of relaxation oscillations i n  such a way that 

stable pulsations are possible. We lean heavily on the quasar models discussed 

by Greenstein and Schmidt (1964) and by Oke (1965) i n  this enumeration. These 
f coneideratione are illustrated schematically i n  Figure 2. 

(1) Ledowc (1941) has shown that the relat ive radial  displacement a t  
L 

the center of a pulsating massive star i n  which 4/3 can be comparable i n  

magnitude t o  that throughout the star and particularly a t  the surface. This 

mean8 that nuclear energy generation a t  the center is extremely effective in 

triggering pulsations in  the massive stars under discussion i n  this paper. 

(2) Ledoux (1941) and Schwarzschild and €Em (1959) have enphasized that 

the problem of s t ab i l i t y  in massive s ta rs  depends c r i t i ca l ly  on the mechanism 

of heat leakage i n  the envelope which serves t o  damg the oscil lations enerazed 

i n  the core. 

s t e l l a r  msses  above a c r i t i c a l  value of the order of -lo2 %, i f  the on* 

processes of heat transfer and loss are ordinary convection and radiation. 

This can be understood on the basis t ha t  the radiative luminosity is propor- 

t i ona l  t o  R%. w h i c h  in turn is proportional t o  BO2 so t ha t  a t  the large r a d i i  

occurring during the eqansion, Lrad cc R-2 is ineffective as E wing mechan- 

im. 

They show tha t  pulsational instability is t o  be ewected for 

4 

(3) What is required are damping mechanisms w h i c h  are effective a t  large 

r a d i i  and low surface densities. It is therefore suggested tha t  the extra- 

ordinary modes of energy emission evidenced by the ~uasars;  namely, radio 

synchrotron emission, opticalsynchratron emission as well as  non-equilibrium 

conthuum and line emiseion serve as the damping agent6 I n  stabi l iz ing the 

pulsations. It l e  the  merall ra te  of these emissions relative t o  the nuclear 
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TRIGGERED BY HCNO SHOCK WAVE FRONT’ 

QUASAR MODEL 

Fig. 2. Schematic model for  a quasar. Large amplitude relaxation osc i l la -  
t ions  between r a d i i  of lo1= and 1017 cm a r e  energized i n  a massive 
s t a r  by HCNO burning a t  a temperature near 2 x lo8 OK. 
transmit the  energy t o  the tenuous outer envelope from which re la -  
t i v i s t i c  par t ic les  a re  ejected in to  the  region surrounding the  s t a r .  
An associated dipole magnetic f ie ld  channels the r e l a t i v i s t i c  
par t ic les  i n to  two large scale regions ( 2  1019 cm) i n  which radio 
synchrotron emission occurs. 
emitted from the region immediately surrounding the  star (- 10” cm). 
Non-equilibrium continuum and l i n e  emission a re  a l so  stimulated i n  
t h i s  region by u l t rav io le t  radiation f’rom the s t a r .  It is t h i s  
region which i s  v is ib le  and not the s t a r  i t s e l f .  
a re  loca l  a l l  dimensions should be reduced by a factor  -100. 

Shock waves 

Optical synchrotron radiation is  

If the quasars 
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energy generation per pulse w h i c h  determines the period of the oecil latiom. 

As discussed previously these emissions take place predominantly while R > Rc 

during which the s t a r  is dynamically stable. 

(4) As noted in the discussion of relaxation oscil lations the nuclear 

energy generation takes place i n  the period of the order of a day which is very 

short compared t o  the observed overall periods of a p p r o m t e l y  10 years. This 

nuclear pube will lead to the propagation of a rad ia l  shock wave outward from 

the center of the star. 

0- (1963) and Colgate and White (1964) it is known tha t  such a shock wave 

wi l l  reach r e l a t i v i s t i c  velocities i n  the tenuous outer envelope of the star and 

will there generate r e l a t iv i s t i c  particles w h i c h  are then ejected in to  the region 

surrounding the star. 

danrping agent during the l a t t e r  s tages  of expansion when surface densities are low. 

It I s  generally bel ievedthat  shock wave acceleration resul ts  i n  the production of 

r e l a t iv i s t i c  par t ic les  with t o t a l  energies comparable t o  that  for  non-relativistic 

particles.  

From the work of L o ,  Sakashita and Ohyama (1961), 

This high energy process became6 an especially effective 

This seems t o  be required by the quasar observations. 

( 5 )  The ejection of r e l a t iv i s t i c  par t ic les  leads t o  the formation of the 

region with dimensions of the order of 10l8 cm i n  which an optical synchrotron 

continuum can be generated i n  the presence of an associated magnetic field.  

region is in fac t  relatively transparent t o  high energy particles which can leak 

out t o  form a much more extended region with dimensions o f t h e  order of 10 

or even greater i n  which radio synchrotron emission takes place. 

referred t o  Greenstein and Schmidt (1964) for detailed description of the regions 

under dismrssion. 
factor -100. 

( 6 )  

This 

19 an 

The reader is 

If  the quasars are local these dimensions must be reduced by a 

If the averall  magnetic f ie ld  has dipole structure then the ejection 

of t he  relativist ic particlee w i l l  tend t o  occur para l le l  t o  the dipole axis 

and to resu l t  I n  the formation of a two-component radio source as  is f2.equentl.y 

observed. 

r a U  of the re lat iVist ic  particlee are quite small compared t o  the diabeaslone 

F o r t h e  f ie ld  8treng;ths required by synchrotrontheory, the Iamor 

20 



of the radio sources. 

ponents would fie along the axis of rotation even for an inclined magnetic 

dipole. 

it i s  necessary t o  consider other possibil i t ies such as  the fission mechanism 

discussed by Hoyle and Fowler (1965) and Fowler (1964) . 

On this picture the  l ine of centers of the radio com- 

For the l ine of centers t o  be perpendicular t o  the axis of rotation 

(7 )  From the original work of H o y l e  and Fowler (1963a) on supermassive 

stars the surface temperature i s  estimated t o  be the order of lo5 OK during 

the hydrogen burning stage i n  the interior. 

this temperature will amply suffice t o  excite non-equilibrium continuum and 

l ine emission from the 1 O l 8  cm region i n  which optical synchrotron radiation 

is  also generated. 

violet  radiations would make observation of the embedded supermassive star 

impossible 

Intense ultraviolet emission a t  

A t  the same time the high opacity presented t o  the  ultra- 

(8) Upon the exhaustion of nuclear energy re~ources, gravitational 

collapse occurs i n  a non-rotating massive star.  

can also occur i f  mechanisms for the transfer of angular mmentum are effective. 

In  the  case of collapse, gravitational energy becomes available and the evolu- 

t ion of a quasar into an extended radio source m y  become possible as discussed 

by Fuwler (1964). 

For a rotating s t a r  collapse 

(9) mds and Sandage (1963) have sham that the peculiar optical and 

radio galaxy M82, shown i n  Figure 3, exhibits a complex filamentary system 

which contains a mss of expanding material which may be as large as  5 . 6 X l O  % 
moving w i t h  kinetic energy equal t o  2.4 x ergs. The expansion velocities 

are determined t o  be proportional t o  the distance fromthe galactic center and 

the  data suggest tha t  t h e  primary explosive event took place 1.5 x 10 years 

ago. On the basis of t h e  ideas presented i n  this lecture it seems reasonable 

t o  suggest tha t  M82 was the s i te  of the formation of a supermassive s t a r  with 

M > 10 % which was not stabilized by rotation o r  i n t e r n a l  turbulent energy. 

6 

6 

6 
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Thus effective damping of nuclear energy generation failed t o  occur. 

burning of H 3 X lo4 of the  original hydrogen sufficed t o  supply the observed 

expansion energy. 

sufficed t o  supply a l l  the observed energies, kinetic, magnetic, luminouS and 

that stored i n  ionization and high energy electrons. 

The 

The burning in to to  of - loo3 of the original hydrogen 

CONCIUSION 

The work described i n  this lecture constitutes a return t o  the early p o h t  

of v iew of Hoyle and Fowler (1963a,b) that  supermassive s ta rs  can meet the 

energy requirements i n  radio sources, specifically i n  the quasars. 

re la t iv i ty  leads t o  dynamic instabi l i ty  i n  non-rotating massive stars  but the 

resul t  is relamtion oscillations energized by hydrogen burning rather than 

catastraphic collapse a t  least  for masses not exceeding 10 

tha t  the introduction of rotation or  turbulent kinetic energy raises this 

limit by several orders of magnitude and that the next lecture w i l l  t r ea t  this 

matter. It is emphasized that the  exotic forms of energy emission observed i n  

the  quasars can serve t o  daq? the relaxation oscil lations i n  such a way that  

stable pulsations result. 

ing supermassive stars, energized by nuclear reactions, with radio and optical  

emissions f’rm extended surrounding regions which the star excites with ul t ra-  

violet  radiation and re la t iv i s t ic  particles. With t h e  exhaustion of nuclear 

energy, gravitational energy may become available and the evolution of a quasar 

in to  an extended radio source becomes possible. It is  suggested that exploding 

galaxies such as M82 developed a supermassive star with M > 10 % which was 

not stabilized by rotation or internal turbulent energy so that  effective 

damping of nuclear burning failed t o  occur. 

General 

6 
%. It is nuted 

It is thus suggested that quasars consist of pulsat- 

6 
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LEcruRE m* 

. In the preceding lecture an attempt was made t o  understand the source of 

the energy requirements i n  quasars and extragalactic radio suurces i n  terms 

of nuclear and gravitational energy release in supernressive stars.  

found that t h e  conversion of hydrogen into hellum could take place in stars 

wlth mass up t o  10 % during stable regimes of reasonable duration character- 

ized by non-llnear relaxation oscillations with periods similar t o  those 

observed. It was emphasized tha t  the damping of these oscillations required 

nechanisms for energy transfer and emission other than radiation and convec- 

tion. It was suggested that the necessary requirements were met by transfer 

through re la t iv i s t ic  shock waves, by the development of magnetic fields, by 

the  acceleration of electrons t o  high energies, and by the production of radio 

and optical  synchrotron emission. 

It was 

6 

Because the onset of general re la t iv i s t ic  instabi l i ty  occurs in s t a r s  
6 with M > 10 % a t  temperatures far below those necessary for  nuclear burning, 

damping cannot be effective once the nuclear processes are triggered, I n  this 

lecture it will be sham that the general r e l a t iv i s t i c  instabi l l ty  i s  removed 

by rotation i n  stars with mss a t  least  as  high as 10 % and perhaps as high 

as 10 %, Other stabil izing mechanisms are br ief ly  mentioned. 

8 

9 

Hoyle and Fowler (1963a) shared tha t  the radiative luminosity of a stable 
3 supermassive s t a r  (M > 10 %) is proportional t o  the mass according t o  the 

appro-te relation 

(1) 
-1 L m 2 x 10% (w%) erg sec 

* 
This lecture is  a revised and updated version of a paper originally presented 
before the NATIONAL ACADRJSY OF SCLENCES (USA), Washington, April 1965, and 

published i n  the ASTROPHYSICAL JOURNAL, 143, -- OOO (1966). 
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where M is  the mass of the  s t a r  and % i s  the  mass of the sun. On the 

'assumption that one-half of the hydrogen i n  the s t a r  1s processed t o  helium 

the available energy i s  

BO that the lifetime for the main-sequence stage of a supermassive s t a r  is 

independent of mass. 

bl-cycle takes place a t  a central  teriperature near 

effective surface temperature during hydrogen burniw is  approximately 

7 x 10 A major unsolved 

problem concerned the mechanisn by which the optical  energy output is trans- 

formed in to  the  high energy particles and mgnetic f i e ld  necessary t o  produce 

the radio emission on the basis of current synchrotron theory. 

It was also found t h a t  'hydrogen burning through the CKO 

8 x lo7 OK and t'nat the 

4 0  X indicating strong emission i n  the  ultra-violet. 

The discovery (Schmidt 1963; Oke 1963; Greenstein and Matthews 1963) and 

subsequent investigation (Greenstein and Sckimidt 1964; Oke 1965) of the 

quasi-stellar radio sources or quasars shows tha t  s tar- l ike objects associated 

with certain radio sources do indeed have very large luminosities i n  the opt ical  

range. erg s e C  

which is  tha t  expected *om equation (1) for M N 10 

and Schmidt 1964) of the quasars f a U  i n  the range 10 

models. Thus it is  tempting t o  associate the  source of energy i n  the quasars 

with nuclear burning i n  massive s tars .  

and possible connections with the extended radio sources are  lei% aside for  

the t i m e  being. In  fact, the association with quasars and radio galaxies i s  

not the 0- motivation for . th i s le&m.  Tne s t a b i l i t y  of massive Btar6 is a 

problem of interest  and significance per - se. 

-1 The observed luminosities are  c l ahed  t o  be of the order of 
8 

%. 
3 6 t o  10 

Lifetimes (Greenstein 

years on various 

Subsequent gravitational energy release 

2 



~ ~~ ~ -~ ~ ~ 

Support for the massive s t a r  model is given by the observed variabil i ty 

(Smith and Hoffleit 1963; Matthews and Sandage 1963; Sharav and Efremov 1963; 

Sandage 1964; Geyer 1964) of the optical radiation f rom the quasars. 

t ion t o  luminous flashes with durations of the  order of days or weeks,  there 

i s  evidence for cyclic variations with periods of the order of ten years. 

i s  now good evidence for short period radio variations (Dent 1965; Maltby and 

Moffet 1965) but it is  not yet possible t o  decide whether or not these are cyclic. 

It is  genera- agreed that  the occurrence of the cyclic variations is crucial 

t o  the question whether the primary radiating object i s  a single coherent massive 

s t a r  (Hoyle and Fowler 1963a,b) or a system of smaller s tars  as  discussed by 

numerous authors (Burbidge 1961; Woltjer 1964; U l a m  and Walden 1964; Field 1964; 

Hoyle and Farler 1965; Cold, Axford and Ray 1965). It is d i f f icu l t  on the basis 

of randm collisions or supernova outbursts i n  a system of many s te l la r  objects 

t o  explain variations which  exhibit a regular periodicity. Furthermore, i f  the  

quasar dimensions are smllenough, as would now seem t o  be the case, then col- 

l isions become very frequent and lead i n  a short time t o  a continuous medium 

which condenses into a single star.  

In addi- 

There 

Thus, without prejudice t o  the problem of the  real i ty  of the cyclic varia- 

tions since only additional and more precise observations w i l l  se t t le  t h i s  matter, 

the possibil i ty is  discussed i n  th i s  lecture that such variations can arise from 

pulsations i n  a single massive star. In the major conclusion of the  lecture it 

is shown that the general re la t ivis t ic  instabi l i ty  which occurs i n  non-rotating 

s ta rs  i s  removed during nuclear burning by a relatively small amount of rotation 

especially i f  differential  rotation is  taken into account. 

An elegant treatment of the s tabi l i ty  of supermassive s ta rs  using the exact 

equations of general re la t ivi ty  has been given by Chandrasekhar (1964a,b; 1965a) 

and applications t o  polytropic gas spheres have been made by Tooper (1964) and 

Gratton (1964). 

(1963) and a general discussion of the binding energy and the various 

An analysis of the binding energy has been given by Iben 

i 

~ 

! 
~ 

! 

, 
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modes of oscil lation has been given by Bardeen (1965). In  the  interest  of 

simplicity and some gain i n  physical insight the following discussion w i l l  

be restr ic ted t o  the post-Newtonian approximation (Fowler 19648) t o  the 

r e l a t iv i s t i c  equations. 

This restr ic t ion can be jus t i f ied  on the grounds tha t  only the Newtonian 

and post-Newtonian t e r n  in t he  Schwarzsckiid l i n e  element have been verified 

i n  the three so-called crucial tests of general 'relativity. 

some question concerning the  correspondence between observation and theory i n  

the advance of t h e  perihelion of Xercury which corsti tutes a tes t  of the co- 

efficient of the post-Newtonian term i n  the  l i ne  element. 

Tnere is  even 

I n  determining the post-Newtonian terns a further approximtion i s  made 

I in tha t  these terms a r e  evaluated using Vne equili3riu.n configurations given 

by the Newtonian approxbation. ' It must be eiqhasized tha t  t h i s  carinot be 

Just i f ied without recourse t o  the detailed analysis of the exact formal solu- 

I tions and the post-NeKtonian approximation as given by Chandrasekhar. . Only by 

~ 

such a detailed analysis can the  conditions be determined under which t h i s  

procedure gives a f a i r  approxkmtion t o  the correct results. 

&en though it has important effects, rotation can be taken t o  be small 

l and need only be treated i n  the n'etfonian approximation and only for  t'ne case 

where distortion from spherical symmetry can be neglected. 

points w i l l  be (1) t he  equation fo r  the binding energy of a s t a r  i n  hydrostatic 

equilibrium and (2) tne rad ia l  equation for  dynar;cic eqyilibrium throughout the 

The two s tar t ing 

s tar .  Tne object i s  t o  derive useful relations for  the binding energy .and for 

the fl-equency of the fhndamental mode of rad ia l  oscil lation and t o  exhibit tbe 

connection between these two quantities. Because of the order of approxbation 

t o  which the derivation6 are restricted, t h e  resu l t s  are  applicable only to . 

supermassive s tars  (14 > 10 %) i n  which the r a t i o  02 gas pressure t o  aas 

plus radfation pressure is small (B < 0.1) and can be a2srojdr;ated by equation 

(A21) i n  the  appendix. 

3 
B 
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BINDING IiSERGY OF A SUPHZEaCLSSIVE STAR IN HYDROSTATIC EX&JIIJBRIUM 

Neglecting rotation for the t ine being and assuming the s t a r  t o  be spheric- 

ally symmetric it is possible t o  define three masses i n  exact general r e l a t iv i s t i c  

terms. 

i ne r t i a l  properties is given by 

The t o t a l  mass which determines the s tar’s  overall gravitational and 

( 4 4  
M = SdM, = SpdV = h s l p r  2 dr 

An observer a t  a distance f’ranthe s ta r  large compared t o  its radius wauld ob- 

serve the Newtonian gravitational attraction exerted by the star on a test mass 

t o  be proportional t o  M. 

volume, p = p0 + u/c 

coordinate volume, po is the rest mass density of nuclei and ionization electrons 

and u is t h e  internal e n e r a  density of gas and radiation, and includes the r e s t  

mass-energy of particles created i n  the medium a t  elevated temperatures such as 

electron-positron pairs (see the appendix for further discussion) . 
variable i n  Schwarzschild coordinates, r, has the property that  it automatically 

includes internal gravitational energy when an equation with t h e  simplicity of 

(ha) is used t o  sum over the p measured by a local observer a t  r. 

t ion is taken from zero t o  R, t he  coordinate radius of the  star, which is  not 

equal t o  the praper radius of the  star. 

units internal t o  r. 

I n  equation (ha), dV is  the Schwsrzschild coordinate 
2 is  the t o t a l  mass-energy density in mass units per unit  

The radial  

The integra- 

Mr i s  the  t o t a l  mass-energy i n  mass 

The rest mass is found by integrating po over proper volume elements 

according t o  the equation 

where 0 is the gravitational constant and the square root term converts coordinate 

volume t o  proper volume. 

material a t  any t i m e  t o  infinity a t  zero temperature. 

nuclear processes p, and thus M a t  one time may not be the same as  a t  another 

time. 

Mo can be determined by dispersing the constituent 

Because of atomic and 

0 

When hydrogen is converted into heliumthe r e s t  mass per nucleon changes. 
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Unlike the creation and annihilation of pairs such nuclear changes may be ir- 

reversible during contraction and re-expansion. 

discussion the number of nucleons remains invariant and it i s  only necessary t o  

exercise care a t  a given thue i n  stipulating the  nuclear characteristics of the 

s t e l l a r  material, i .e , the  "composition" throughout the star. 

In  the circumstances under 

The proper mass of the s ta r  exclusive of gravitational energy is  given by 

where again the conversion t o  a proper volume element has been made. Using 

these three masses two binding energies can be defined. The gravitationalbind- 

ing energy, SI, of the s t a r  which is taken t o  be positive and thus opposite i n  

sign t o  the  negative gravitational energy i s  given by 

2 SI = (Mp - M) c 

-4 
= Jpc2 [(l - T) 2GMr - 11 dV 

r c  
( 5 )  

(Newtonian approximation) 

The binding energy, %, of the star i s  equal but opposite i n  s ign t o  the 

t o t a l  energy, E, exclusive of the res t  mass energy and is  given by 

I n  equation (6) nuclear binding has been excluded from % or E i n  the sense 

that  it i s  included i n  Mo. 

convenient when treating the  conversion of nuclear energy into internal energy. 

This choice i s  arbitrary but i s  found t o  be the most 

Thus E can increase when Mo decreases as is  the case when hydrogen i s  converted 

into helium. A t  the same time E can decrease a s  M decreases as  i s  the  case when 

energy i s  radiated away by the  s tar .  

Since M i s  related t o  p and not t o  po it is convenient t o  retain p and u 
r 

i n  expressing E so that 1 . 

= H - Q .  



llhe first term in equation (7) is the proper internal  energy of the  star,  which 

we designate by H i n  equation ( 8 ) .  The second t e rn  in equation (7) is the 

mass-energy o f t h e  s t a r  minus tine ?roper mass-energy. 

this is  just the gravitational binding energy (taken poaitive), which we 

designated by 0 in equation (5) . 

If the sign is rever6ed 

It is now approwiate t o  exlard H and n, to retain only the iiestoniaa 

(subscript 0) and post-Newtonian (subscript 1)  terms and t o  intr&uce the 

Newtonian term for the rotational energy which we'designate by 

resul t  is 
go. The 

E - H~ - no + go + H~ - ol (9) 

The definition of the various terrss in equation (9) will be obvious fran the 

order of the terms in (10). In equation (10) w is tLe 8%- velocity and 

8 is the'-- angle measured *on the axis of rotation. X t  w i l l  develop tha t  

Xo' - no is proportional t o  I3 and is thus small and conparable t o  H1 - n1. 
We discuss oiily cases where 

two differences i n  the internel and gravitational energy terms. 

Po i s  coqarable within a factor. of t en  t o  these 

EWATLON OF D'LiAXCC E O m I I  

Again neglecting rotation foz the momen%, the exsct general r e l a t iv i s t i c  

equation for dynamic equilibrium i n  the spherically sysnetric case bas been 

writ ten by Usner  aud Sharp (1964) an6 others as 

7 



p + p/c2 = 1 + 7 + + .  U 
where Y o  

P0C P0C 

It w i l l  be noted tha t  the lefi-hand Eide of equztion (9) can be written i n  

the mre compact form yd(e) /d t .  

We nov proceed t o  write equation (U) i n  the post-NeKtonian approximation 

and t o  apply it t o  small perturbations (6) about hydrostatic equAllbriun. 

Conditions a t  equilibrium will be designated by the subscript eq. 

be clear that  the two terms containing i?2 can be neglected since i? = 2 

a t  hydrostatic equilibrium and = 2 i? €j? = 0 t o  first order. "his 

leaves y% on the left-hand side of equation (U) where the  Piewtonian term 

It W i l l  - 0 
.eq 

eq eq 

i n  y 

a l l  a?pllcatLons made in t h i s  kctux. After the manipulations on equation (U) 

w h i c h  follow, it will develop tha t  the Nartonian term on the  right-hand side 

is  small and comparable to the post-Newtonian tern. 

re tain second order terms in the factor y2 

is unity and the post-Newtonian t e r m  are much smaller than unity i n  

Thu it is unnecessary t o  

and i n  equation (11) we replace 

y2 ' i n  y%? by unity. 

Since the left-hand side of equation (11) has now been reduced t o  the 

classical  Pr'ewtonian acceleration, I?, with no ambiguities i n  space-tine measure- 

ments, it will be clear t h a t  smll rotational effects can be introduced i n  the 
2 2  apbroximation of the  Newto;nian centrifugal acceleration, ru s i n  8. Thus the  

. post-Newtonian equiV€dent of (11) for  small rotation i n  supemss ive  6 t a z s  is  

(13) cz.Ir 4xGnr 
r 

2GYr 
2 

+ 0 0 . )  - - I - 
2 

C 
(l--+--- 2 

2 2 l d 3  !t - r w  s i n  8 0 - -  

P d r  
PC r c  

Since dp/dr - p6V4r2  i n  Newtonian hydzoststic e@librium with no rotation, 

equation (l3) can be written, t o  the order of the  approximations being -de i n  

8 



i 
i 

this discussion, as 

Multiply equation (14) by rpdV and Lategrate over the entire s ta r .  

The resu l t  is 

The first and last terms on the right-hand side can be integrated by parts 

fhxn r P 0 where b& = 0 to r = R where p = 0 t o  yield 

&on the discussion in the appendix g = (I'& - 1)u 

p - 1 /3  u when B is small a d  it is natural t o  define a mean value of r4 
such tha t  S p d V  = (r4 - 1) JudV. 

this same F4 in the fourth term on the right-hand side of equation (16). 

The resu l t  is the v i r i a l  eqpation 

5/3 (1 +'e/2)u so t ha t  

To the 6pproxbation of interest  we can use 

Under conditions of hydrostatic ewlibrium, Y = 0 evewhere  and a 

slmple v i r i a l  relation is obtained between Bo, no, etc.  For nuinerical calcu- 

la t ions of the binding energy it is mst convenient t o  elimimte Eo in sl*b 

stituting into equation (9) and the resul t  is 

9 



Equation (Al9) then yields 

' For small in msssive stars 

where, i n  recapitulation I 

(22) 
2 2  2 4 2  3 

E 4 s r w s i n  QpdV = sc p r  o s i n  Bdrd9 PO 

4xG 12xG GMr udV = 2 J u r M r d r  - 2 sprMrdr 
rc C C 

*l I' J T  

nl = $ J' 22 pdv 
G Y  r 6sG2 2 

r c  C 
T ~ p ~ r  dr. 

(23) 

In  the last approximation i n  equation (23) we have used p = (I'4 - 1)u - u/3 

Zor massive stars. 

when this equation is applied t o  slowly r o t a t i n b  massive s t a r s .  

stance arises from the fac t  tha t  Ho - no in equation (9) becoms pruportional 

t o  

In equation (20) it will be noted tha t  a l l  terms are small 

This circum- 

through equations (17) and (A19). 

L 10 



ADIABATIC RESIAL HIZSATION 

I n  order t o  determine the angular frequency, aR, of the fundamental male 

of radial  oscil lation equation (17) is ap2lied t o  a perturbation of the form 

6r 63 - r = - B exp(-ia,t>. 

The result is 

(27 1 2 where I = Jr p i i ~  

is the merit of inertia o f t h e  s t a r  sbout the origin of coordinates. 

equal t o  3/2 the usual moment of iaerkia about the axis of rotation if the 

distortion fkom spherical synn;etry is ignored. 

I is 

In deriving equation (26)  use 

has been made of equation (A31) in the appeadlx. Again we overlook the fac t  

t ha t  the average I'1 in the coefficient of 6HL is not quite the sme as 

tha t  i n  the  coefficient of BHo. 

equation becomes 

If the oscil lation I s  adiabatic the energy 

~ 

If equation (28; is  emloyeti t o  e-te in ecpation (26)  the resu l t  

is 



APPLICATIONS To POLYTROPIC YiODELS 

w i  in the  approximations which have been careful ly  specifieb,  equations 

(18) and (29) are qpite general. Further elucidation r e c p k e s  t h a t  no, etc., 

be specif ied as functions of the stellar radius R and mass M and t h a t  800, 

etc .  be r e l a t ed  t o  6R through these quantit ies.  T'Ls can only be done f o r  

spec i f i c  s te l lar  models. 

index 9 i n  the r e l a t i o n  pV l+'n - const o r  p = const po l+'n a re  of 

For our p rposeo  polytro2ic mdeis  specif ied by the 

I su f f i c i en t  d ivers i ty  and accuracy. 
~ 

Considerable sbriplification a r i s e s  f romthe  f a c t  t h a t  our i n t e r e s t  is 

concentrated on slowly rotat ing,  massive stars i n  which the  Newtonian terms 

i n  equations (18) and (29) a re  small and of the same order of magnitude a s  the 

post-Newtonian terms. This means t h a t  the  in tegra ls  f o r  Q0, go, H1 and ill 

can be evaluated using the  run of the variables throughout t h e  star given by 

t h e  solut ion o f t h e  c l a s s i c a l  Lane-men polytropic equations without rota-  

t ion.  In par t icu lar  it is not necessary t o  dis t inguish between po and.p 202 

between Mo and M i n  keeping with the general presumption that No-- M is  

small compared t o  either one of them. Only one new physical concept must be 

introduced - namely t h a t  f o r  an isolated s t a r ,  angular momenturn must be con- 

served t;xough a l l  stages of contraction o r  of osc i l la t ion .  
2 The Newtonian gravi ta t iona l  binding energy i n  units of Mc can be ex- 

2 pressed I n  terms of the convenient dimensionless parameter 2GM/Ra a s  

so 



Rotational tenns i n  Qo resul t  in  terms of order W2 in E or  aB2 and can 

be 

ie . -  

neglected when 

given i n  terms 

where for uniform 

both B and a* a re  Smal l .  The Newtonian rotational energy 

of the conserved angular momentum, Q ,  by 

2 90 & 
- I D  

MC2 

rotation k - (21/3MR 2 +  ) is  the radius of gyration i n  units 

of R and @ = k%R2w - const. Differential rotation will be hiscussed i n  

what follows. 

a u  mass eieiiients in a star, different ia l  rotation r e w e s  go Q: R - ~  ,just 

as  for uniform rotation so tha t  in any case 

Once established under the conservation of angular momentum for 

It has been shown (Fowler 1964a,b) that  the integrals for HI and 9 i n  
, 2 units of Mc involve the dimensionless parameter (WZRc2) t o  the second 

parer a8 might be expected on general grounds. Numerical coefficients can be 

derived analytically for some polytropes and can be evaluated numerically for  

others. For the qusntities of greatest interest, the resul t  can be eaqpre86ed 

and 

- E  MC nl 2 r; (57 

l3 



I I1 I I1 

where, for example, { = 0.064, To = 0.161, to = 0.204, Cl = 0 . ~ 6 ,  c1 = 0.241, 0 

c3 = 1.265, 54 = 2.12) c4 = 3.66, and 54 = 5.07. 
sham that  c, - 5.07/(5 -n)2. 

Bardeen and Anand (1966) have 

In  any case 

(37) - 6H1 = "4 - 6 - 2 -  8 3  
R *  H1 nl 

Thus equation (29) becomes 

The Newtonian terms i n  t h i s  equation are  i d e n t i c a l  t o  those given by Gundrasekhar 

and Lebovitz (1962) i n  t he i r  equation (lll) . 
as ' in supermassive s t a r s  

For F1 - 413 + 516 and small 

I 

2 g n o + s O - - ~  IC - 2 ~ ~ .  
3 1  UR I - (39) 

I n  those cases where and F4 can be taken t o  be equal, as for  example 1 
when 5 is  snall and Fl - F4 PJ 4/3 + E / 6 ,  then it w i l l  be clear from equa- 

dE - R e q  
I d R  

This inportant relation has been previously (Fowler 1964a) used i n  the case of 

non-rotating massive stars and will be discussed f'urther i n  what follows. 

circumstance under which equations (40) and (41) do not hold w i l l  be noted 

A 

near the conclusion of this paper. 

I n  order t o  make the analysis which follars as transparent as possible it 
* 

w i l l  prove expsdient t o  specify a particular polytropic index. For massive 

s t a r s  it is well knownthat the  case n = 3, fo r  which f3 = constant, yields 

a fairly accurate representation fo r  the in te rna l  structure. For n = 3, 

14 
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equations (20) and (39) become 

n - 3  (43) 

These equations display the Newtonian gravitational term i n  1/R, the Newtonian 

rotational term i n  l / R  

1/R2, The dependence on powers of 1/R can be replaced by dependence on powers 

of the  central  temperature, Tc, by use of t h e  re la t ion (Fowler 1964) 

2 and the  general r e l a t iv i s t i c  post-Newtonian tern in 

5.83 X 10’’ (cy 
Tc - R 

ROTATIONAL STABILITY VS. GENERAL RELATIVISTIC INSTABILITY 

The fundamental mode of rad ia l  o s c i l h t i o n  becomes aynamicaily unstable 
2 when uR < 0 or uR becomes Imaginary i n  equation (25) . In the case of no 

rotation, 0 

i n s t ab i l i t y  sets i n  for contraction below a c r i t i c a l  radius given for a: s 0 

in equation (43) by 

0, it has been noted (Chandrasekhar 1964a,b; Fowler 1964) t h a t  

where R = 2 W c 2  is the limiting gravitational radius o r  Schwarzschild co- 

ordinate radius and B has been evaluated using p = 0.73 for a representative 

mixture 

cent heavy elements by m888. 

temperature, above which ‘ W t a b l U t y  sets in, is 

g 

of 50 per cent hydrogen, 47 per cent helium and 3 per 

From eqyatlons (44) end (45; the c r l t i c a l  central  

(46) = ’1.7 X (YdM) OK @ = O , n - 3  * t i  



A t  the  c r i t i c a l  radius and cent ra l  temperature, E reaches a minimum 
eq 

value and the binding energy reaches a PlEIXirmrm value a s  indicated by equation 

(41). 

the period II = 2n/uR a re  shown as f'unctiona of B and Tc. 

I = O.ll3 MR for a polytrope of index n = 3 has been used. 

be understood physically i n  the following way. 

E 

r a d i i  leads t o  more energv than tha t  required fo r  equilibrium and thus, for  any 

physically reasonable ewet ion  of s t a t e ,  t o  more pressure than tha t  necessary 

for hydrostatic e q v i l i b r i u .  Thus the contraction i s  opposed. An adiabatic 

perturbation toward larger r a d i i  leads t o  less energy and l e s s  pressure than 

tha t  required for hydrostatic equilibrium and thus expansion is  opposed. 

same argument used t o  the r igh t  of the minimum indicates t h a t  a contraction 

leads t o  l e s s  pressure than that needed f o r  hydrostatic equilibrium while an 

expansion leads t o  more so that the system is  dynamically unstable t o  adiabatic 

perturbations. 

has magrdtude 0.028 $%le2 -%c2, which I s  independent 

t ha t  thc minimum period during s table  contraction i s  of order of one year. 

general the miniam period is given by 

6 2 This  i s  i l l u s t r a t ed  i n  Figure 1 fo r  M = 10 % where E /%c , uR and 
eq 

I n  the  calculations 
2 The s i tua t ion  can 

To the l e f t  of the minimum i n  

i n  the Newtonian ranqe an adiabatic perturbation (constant E) toward smaller eq * 

The 

It w i l l  be noted t h a t  the minimum E given by -9fic2;/&S (5-n)2 

of the mass M, and 

eq n 

In  

'min = 1.7 X lo'= ( M / % ) 2  y r  9 = 0 , n = 3  (47 1 

The c r i t i c a l  temperature i s  only 1.7 x lo7 OK fo r  M = lo6 % and t h i s  is  

considerably below the temperature of 8 x lo7 OK which, it has been previously 

noted (Hoyle and Fowler 1963a) i s  necessary for  hydrogen burning through the 

CNO bi-cycle. This means t h a t  there  i s  no source of the  energy required for  

hydrostatic equilibrium above 1.7 X107 OK or  fo r  contraction below 3.5 x 1014 cm 

so t h a t  the  in s t ab i l i t y  r e su l t s  i n  gravi ta t ional  collapse u n t i l  the  onset of 

16 
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Fig .  1, The binding energy and the f’reqyency and period of the f’undamental 
mode of radial oscillation i n  a non-rotating star with mass equal 
to le qy 



nuclear burning. Tine resulting relaxation osciilations for  M s io6 % have 

been discussed in the previous/. 

ing is  not sufficient t o  prevent continued gravitational collapse i n  a 

lecture 6 '' For M 2 10 YD, the onset of hydrogen burn- t 

non-rotating s ta r .  This has placed a sericus limitation on the energy avail- 

able i n  tha t  model which depicts quasars a s  non-rotating IU368iVe . 

s ta rs  undergoin3 relaxation occ i lh tLons  ;ixc PiyL-ogcn burdng  in a s t a r  with 

M = lo6 % yields only ergs and the reciaired energies are in some ca8e8 

of the  order of 100 times t h i s  figure. 

In  equation (43) the  general r e l a t iv i s t i c  tern which leads t o  ins tab i l i ty  

varies as and is negative. For constant angular momentun, 0 ,  the rota- - 
t iona l  term also varies as R-2 but is positive. 

peneral re la t iv i s t ic  instability dlscussed abcve i s  reEoved by ro ta t ioc .  

Thus for  Large enocgh 0, the 

I n  

physical terms the rotation prevents the gravitational collapse which would 

othemise resu l t  fromthe general r e i a t iv i s t i c  instabi l i ty .  

mad tude  of the an@;ular mamentun c o m n  t o  astronomical systems the required 

Relative t o  the 

0 is quite small. 

t i on  (43) t o  cancel, the c r i t i c a l  angular momentum for s t ab i l i t y  is given by 

For the rotational and general relativist ic terms i n  equa- 

where we have generalized t o  any n. Since the angular mmentum is  conserved 

it is  simplest t o  calculate 9, 
dispersed uniformly a8 8 gaseous cloud. 

a t  the stage where the stellar mass i s  

In  this case n = 0, k2 = 2/5 and 

f o  0.204 60  that 

Even for  M 

t o  the t y p  

8 = 10 Ab t h i s  angular momntum per unit mts8 i a  very snall compared 
2 -1 ca l  value, lo3* a sec , which applies to the  rotet ioa of thc  

solar system in the Galaxy. 

17 



t 
8 The rotational effects are i l lust rated for  a star with mass M = 10 % 

in Figures 2 and 3. Figure 2 exbibits the dependence of E &c2 an R and 

Tc while Figure 3 sham the dependence of the period Xi on these same quanti- 

ties. The cumes have been calculated for f = 0, 0.99, 1 and 2 where f is 

the r a t io  of the rotational energy t o  the "general re la t ivis t ic"  energy repre- 

=q 

sented by the post-Nartonian terme in equstiona (20) and (36). For a given 

angular momentum f remiins constant during hanologous contraction. The 

calculations have been made for polytropic index n = 3. 

It will be noted that dyn8nd.c s tab i l i ty  a t  the temperature required for  

hydrogen burning through the CNO bi-cycle sets a lower U t  on f equal t o  

unity. For reasons t o  be discussed in the next section large values of f are 

irrelevant since angular maenturn loss occurs if the original angular moppenturn 

is very large. The period of the f'undamental radial  osc i lh t ions  a t  hydrogen 

burning paries rapidly with f being of the order of 1 year for f = 1 and 10 days 

for f = 2. 

oscillations characterized by exactly these periods will occur. 

It is extremely doubtful, however, that small amplitude, l inear  

From the work 

of Ledoux (1941) and of Schwarzschlld and H&m (1959) it is more probable t h a t  

large amplitude, non-linear pulsations will be set up a t  the onset of nuclear 

burning. The energy generation wi l l  indeed take place I n  a relatively short 

period foUowed by a longer period of expansion t o  large radius and then re- 

contraction during which the energy is transmitted t o  the surface of the star 

and radiated away. Relaxation oscillations of this nature in supernrasslve 

stars have been previously discussed and the possible connections with the  

periodicity and exotic forms of energy emission in quasi-stellar objects have 

been pointed aut. Only one point need be added t o  that discussion: variations 

in the  magnetic field which act- the oscillations will accelerate electrons 

t o  relativistic energies through the betatron mechanism. 
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Here w e  emphasize that  rotation extends the mass range i n  which stable 

relaxation oscillations triggered by hydrogen burning can occur up t o  masses 

of the  order of 10 % or sumewhat more. This extends the available muclear 

energy i n  such objects t o  a t  least  lo6' ergs. These limits were lo6 % and 

8 

ergs without rotation. With rotation as the stabilizing agent, a star Of 

8 mass 10 

equal t o  2 x 

lb can serve as the energy source i n  a quasar with t o t a l  luminosity 
-1 6 for a period as long as 10 years as noted i n  the erg sec 

Introduction. 

For the record we note the period in  supermassive stars with f = 1, n = 3, 

k2 = 0.075, p = 0.73: 

n = 2.8 X 10 n = 3  (51) 

n = 3  ( 5 2 )  

This is just  the Newtonian period without 
I n  equation (SO), p i s  the mean density 0:  

-Itation for small 6. 
.:e s t e l l a r  matter. Note tha t  for 

f = 1 the rotational energy just  cancels t n t  post-Newtonian general re la t iv i s t ic  

energy i n  equation (43). 

term i n  equation (43) .  Figure 3 i l lus t ra tes  the rapid decrease i n  II as f i s  

Equations (50) t o  (52 )  are derived from the Newtonian 

increased. 

In  concluding this section it can be pointed out that  aw physicalphenome- 
2 non which leads t o  a positive term proportional t o  1/R i n  the binding energy 

equation (42) w i l l ,  i f  large enough, remove the general re la t iv i s t ic  instabi l i ty  

i n  supermassive stars. Thus turbulent kinetic energy associated with convection 

or internal magnetic disturbances scales as  l/R2 and will be effective i n  t h i s  

regard. This has been discussed by Bardeen and Anand (1966). 
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TEE LIMIT OF RoTATIoHAL STAEILITY 
I 

Even though the rotation required t o  remove the general mla t iv i s t i c  in- 

s tabi l i ty  is @te clearly available under typicelestroaamical circumstances 

as discussed in the previous section, the question arises whether the required 
I .  
I angular nmentum will lead to  equatorial instabi l i ty  before sufficient con- 

traction and high enough central temperature for hydrogen burning is reached. 

It is first neceesaryto prescribe somewhat m r e  precisely the central 

4 
temperature required for hydrogen burning through the CNO bi-cycle. 

(27) of the preceding lecture gave the average energy generation per gm per 

sec, E, throughout the s tar  and, when multiplied by the mass, t h i s  yields the 

nuclear energy generation ra te  as 

Equation 

When from equation (53) is equated t o  L from equation (1) it i s  found that 

the 

the 

central temperature, Ten, r e w e d  for nuclear energy generation thraugh 

CNO bi-cycle is 

- 2.5 X 10' (ty" % [clllo bi-cycle] 

8 so tha t  Tcn su 6 x lo7 OK for M = 10 %. This is later than the estimate, 

- 8 x lo7 OK, found originally by Hoyle and Fowler (196%) but is sanewhat 

more precise. 

(46), for general re la t iv i s t ic  instabil i ty is less  than that  rewred for 

hydrogen burning, equstion (a), for all masses M k 4 x 10 

sizes the Umitation on non-rotating models for supermassive stars. 

It will be noted that the c r i t i c a l  central temperature, equation 

5 
%. This -he- 

With the required temperature in hand it is now necessary t o  ascertain the 

limiting central temperature a t  which rotation, governed by the conservation 

of angular molpAntum, leads t o  the equatorial inStabiUQ characterized by loss 

of mass a t  the equator. It i s  probably true that a star survives this instabi l i ty  

20 



and that nuclear energy generation a t  the center is  not terminated by the loss 

of miss a t  the surface but none-the-less this Usi ta t ion i s  well  worth investi- 

gating in some detail. 

i n  this paper has been limited t o  spherical symnetry i n  the post-Newtonian 

approximation. Thus the conclusions t o  follow r e w e  that  the angular m n t a  

considered be amaXLer than the c r i t i ca l  angular momentum a t  which distortion 

from spherical symmtry is large. 

The analysis which has been made t o  the present point 

The problemis best discussed i n  terms of angular velocity rather than 

angular mormentum since the c r i t i ca l  limiting angular velocity is  given quite 

simply by equating centrifugal force t o  gravitational force. 

angular velocity the rotational energy can be written as 

In terms of 

*O = $ 8  MR* .k'. (55) 

Equation (55) has been written t o  include the case of differential  rotation; 

% = w(R) is  the angular velocity a t  the equatorial radius and K i s  a constant 

which can be determined when w = w(r) is  specified as a function of the radius. 

For uniform rotation w = ( ~ k  and K = k, the radius of gyration i n  units of R. 

When differential rotation is  considered the rotational instabi l i ty  may 

first occur a t  an arbitrary radius i n  the equatorial plane. 

cient for ow: purposes t o  consider instabi l i ty  a t  the periphery and a t  the 

center. 

given by 

It W i l l  be suffi-  

I n  the first case the c r i t i ca l  angular velocity for instabiUty is  

a t  r = R, 

- 
where P is  the mean density of the stellar material. In  the second case the  

c r i t i c a l  angular velocity is  given by 

w 2 = (>)c = 4 - j n w c ,  a t  r " 0 ,  
cr 
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where pc I s  the central density. Note that 

= 7.37 n = 3  

EQuations (55) thraugh (58)  can be planigulsted t o  yield 

which is convenient when the instabil i ty first occurs a t  the periphery, or 

which is convenient when the instabi l l tyf l rs t  occurs a t  the center. The angular 

velocity at  the center is designated by wc = w(0). 

wc = %. 
(60) should be used althmgh (61) is  farmally correct. 

For Uniforp? rotation 

I n  this case instabil i ty first occurs a t  the periphery and equation 

For a given type of differential  rotation “k/uC is a Fixed conatest. It 

will be assumed in what follows that equatorial instabi l i ty  sets  in for  

d u m  = 1 or uc/w, = 1 ami that ang~lar nmmentum transfer t o  a amel l  amaunt 

of mss lost by the star keeps t h e  appropriate r a t io  constant thereafter. When 

this is the case Y&k2 is pruporticmal t o  R-l and not t o  Ro2 as  was the case 

before the onset of equatorial instability. 

It should be noted that equrrtlan (59) should not be taken t o  imply that 

the factor 2 does not appear on the right hand side of equation (33). Equation 

(59) applies t o  the relatively slow changes between equilibrium states. During 

the faster changes w h i c h  occur during nmA71 radial  oscillations it would seem 
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reasonable t o  assume that angular momentum is  conserved. Then equations (33) 

and (39) can be employed as  written with yo evaluated from (59) with a given 

by equation (60) or (61). Under the circumstances it w i l l  be clear that  e-- 

t ion  (41) no longer holds and t h a t  dynamic& instabi l i ty  ( a i  = 0) no longer 

sets i n  a t  the minimum in the  equilibrium energy curve. 

In  order t o  i l lus t ra te  these points i n  the simplest possible manner, 

consider only stars for  which $2 >> 
comparison with Yo i n  equation (20) and with 2y0 i n  equation (39). Then 

f rom equations (a), (36) and (59) one has 

so tha t  5S2d2 can be neglected in 

When t h i s  i s  differentiated with respect t o  R with a l l  coefficients held con- 

stant the  maxirmLm binding energy Tx = IE mini is found t o  be 
eq 

T I+a4 
Mc2 64Cn 

- m -  

and occurs a t  the  radius 

and a t  t he  central temperature 

T c ( F )  - 1.95 x loE 82 OK n = 3 iMP 
It w i l l  be noted that i s  independent of the original angular mOrnentUm 

@ possessed by the star before the onset of angular momentum transfer. 

be shown that th i s  is  only true i f  the original angular momentum was large 

It Can 
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enough that the original rotational energy was equal t o  or greater than twice 

the post-Newtonian re la t iv i s t ic  term. If this is looked a t  Au>m another point 

of view it becoeaes clear that  angular nmmntum tranefer or loss wi l l  autommtic- 

a l ly  reduce an or iginal ly large angular mapentun t o  the point where the rota- 

tional energy is given by equation (59) and the maxiaarm binding energy by 

equation (63). 

release will be emphasized in what follows. A mechsnism for the bss of large 

amaunts of anguLar mcrmentum has been discussed in the case of the sun by Hqyle 

(1960). 

supernrrssive stars as well 88 has clearly been the case for the 6~11 and other 

stars . 

The consequences in terms of gravitational and nuclear energy 

It need only be argued that such a mechanism can be effective for  

men k J 2  is neglected in equation (39), it becoapes 

Thus instabi l i ty  sets i n  with u: = 0 a t  one-half t he  radius given by equation 

(64) and a t  twice the temperature given by equation (65). 

radius for lnstabi l l ty  is 

Thus the c r i t i c a l  

Rcr = R(u: = 0) as 

and the c r i t i c a l  central temperature is 

n = 3  (67) 

These equations are t o  be caupared respectively w i t h  equations (11) and (12) of 

the previous lecture. 

that the binding energy is zero where crR = 0. The maxip~rm value for uR or 

It will be apparent from equations (a), (39) and (62) 
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the minimMl period occurs when the  binding energy is  a maxinrum. 

min and E = 0. is not neglected, a; = 0 occurs between E 

When 

eq eq 

For uniform rotation 8 = k2 = 0.075 for a polytrope of index 3 and thus 

T (v) i s  only 1.5 x lo7 OK and Tcr is  only 3 x lo7 OK for a star with 

M = 10 % even when the maximum a = q u c R  = 1 is  used i n  equation (67). 

This i s  not sufficient for  hydrogen burning since 6 x lo7 % is required by 

equation ( 5 4 ) .  

C 
0 

The limiting mass which can be s tabi l ized by uniform rotation 

during hydrogen burning is  approximately lo7 s. 
Differential rotation with an increase i n  angular velocity toward the 

center of the star results i n  a marked increase i n  If and thus i n  T-. 

m o d e l s  with differential  rotation have been considered. 

the  massive star is  assumed t o  contract from a cloud with polytropic index 

n = 0 t o  a structure with index 

retains i t s  angular mamenturn. 

Newtonian equation for  hydrostatic equilibrium cannot be satisfied by a poly- 

tropic relation between p and p 

The second model i s  tha t  of Stoeckly (1965) i n  w h i c h  the  s t a r  contracts i n  such 

a way that  the angular momentum i s  conserved i n  each cylindrical s h e l l  (but 

not each ring) parallel  t o  the d s  of rotation. 

relation nay be employed when centrifugal forces are included i n  the equation 

for  hydrostatic equilibrium. 

very similar as  will be noted i n  the following tabulation: 

Two 

In  the  first model 

i n  such a way that each g h e r i c a l  shel l  

This nodel i s  not self-consistent i n  t h a t  t h e  

when the centrifugal forces are not neglected. 

In  this model the polytropic 

The results for the  two models are fortunately 

n 0 1 2 3 4 

8 (spherical model) 0 0.629 1.14 2.61 10.8 

2 (cyundrical model) 0 0400 0.624 1.10 2.47 9.0 

In the spherical contraction model the angular velocity throughout the 
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star relative t o  tha t  a t  the periphery is glven by 

W 2/3 2 
r 

where pr is the mean 

density for the ent i re  

and i s  given by 

(69) 

density internal t o  r and p, as  before, is the mean 

star. The maximum angular velocity occurs a t  the center 

w 
C - % = (PCrn*/3 

where P is the  central density. Equation ( 7 0 )  has been evaluated for a 

polytrope, i n  this case n = 3, i n  spite of the lack of self-consistency noted 

above. For the case of cylindrical contraction, for which the polytropic model 

can be employed without difficulty, the numerical value i n  equation ( 7 0 )  be- 

comes 10.9 instead of 14.3. 

C 

It will now be clear from equations (58) and (70) that  rotational instabil-  

i t y  when centrifugal forces match gravitational forces occurs first a t  the 

center rather than a t  the periphery i n  these cases of different ia l  rotation. 

Thus equation (61) is t o  be employed a t  this point rather than equation (60) 

i n  determining the consequences of different ia l  rotation. 

The c r i t i c a l  tenperatwe given by equation (68) occurs a t  zero binding 

energy and requires that  a large supply of energy become available a f t e r  the 

maximum binding energy or the minimum t o t a l  energy is reached a t  one-half the 

critical temperature. 

must at least start a t  T C ( F )  and so this temperature w i l l  now be c w t e d .  

For the  contraction with angular momentum conservation in each cylindrical 

she l l  up t o  the point of rotational i n s t ab iu ty  i n  a polytrope of index n = 3 

Thus it would appear that nuclear energy generation 
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it is  fuund that 8 = 2.47 and ci! = 0.456 ( w ~ / w ~ ~ ) ~ .  Thw 

If this temperature is equated t o  Tm from equation (a), the  solution w i l l  

yield the maxirm;Un mass i n  which nuclear energy generation is tr iggered before 

the maximum binding energy i s  reached. The result i s  

Equation (72) indicates t ha t  the  l imiting mass is  quite sensi t ive t o  the  

choice of wc/wcr, i.e., t o  t h e  value of the angular velocity wc a t  which 

centriflrgal forces may tend t o  disrupt the  s t a r  ra ther  than lead t o  s table  

angular momentum transfer  and small mass loss.  

but a more conservative choice would seem t o  be M s 10 

3 which a re  drawn fo r  M = 10 % the ro ta t iona l  l i m i t  indicated is  f o r  

(o,/W,)~ = 3. This l i m i t  has not been reached a t  6 X lo7 OK a t  which hydrogen 

burning takes place. 

If  wc = w then M 5 lo9 % c r  

%. 
8 I n  Figures 2 and 

8 

It i s  of in te res t  t o  calculate the maximum binding energy, equation (63), 

for  the example discussed above with I? = 2.47, 2 = 0.456 ( W ~ / W ~ , ) ~  and 

5 ,  = 1.265. The calculation yields  

- *I 0.016 TX 
Mc 2 (73) 

Again the r e su l t  i s  quite sensi t ive t o  the choice of wc/wcr but fo r  the  maldmum 

reasonable choice of unity it is seen t h a t  Tx can be 1.6 per cent of Mc 

which i s  about 5 times tha t  f romthe  burning of one-half t he  hydrogen of the 

2 

s ta r .  Since this energy must be l o s t  during contraction it is  another s-ce 

27 



for the observed energy dssianfj in qyasars. It will be noted this arises 

because the coeff'lcient of yo in equation (19) is 1-3 and B 
is small in supermassive stars. I n  ordinary stars B = 1 and the term i n  

Yo i n  equation (19) vanishes; the binding energy is &lo with or  without rota- 

t i on  since rotational energy and internal kinetic energy enter into the v i r i a l  

theorem in the same m~nner. 

DYNAMIC AND Ro!rATIow PERIOD6 

Tbe dynamic period of the fundamental mode of radial  oscillation has been 

given i n  equations (50) through (52) for the case i n  which rotation is  just  

large enough t o  cancel the post-Newtonian term i n  equation (43). 

is United only by equatorial instabiUty the ru t a t iona l t em is  larger than 

the term in 8 in equation (43) and is also larger than the post-Newtonian 

t e r m  in equation (66) during the  early stages of contraction. Hydrogen burnlng 

occurs during this early stage except for M Z 10 Thus a useFul appro-- 

If rotation 

9 
%, 

t ion for the aynamical period with large rotation is 

In deriving (74), I = 

n = 3, k2 = 0.075, C, 

required for hydrogen 

result is 

- 5.5 x 10 n = 3  (75) 

3 k%R2 has been used. The numerical values are for 

= 1.268, I? = 2.47, oi! = 0,456. When the temperature 

burning, equation (s), is substituted into (76) the 

II(Tcn) II 6.1 X lo4 
2 n = 3  (77) 
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so t h a t  the periods during nuclear energy generation range from - 1 t o  6 days 

for M = 10 to 10 %. 3 8 

A mininnUn i s  eventually reached in  the period as the post-Newtonian general 

re la t iv i s t ic  termbecomes bportant.  This minimum period is  given by 

* 2.6 X (g) yr n = 3  (79) 

The minimum period is  very short being the order of only one day wen for  

M = 10 The periods given in (74) through (80) are quite sensitive t o  the 

choice for wc/wcr i n  01 and could be an order of magnitude greater for a m r e  

conservative choice than the 

8 

uc/w, = 1 used here. 

If equations (56) and (60) are employed it can be shown that i n  the early 

stage of contraction the rotational period a t  the periphery is  given by 

The central rotationalperiod is an order of mgnitude shorter. 

proceeds 11 approaches a minlnnun while PR does not. A t  the minimum i n  IT 

it is found that  

As contraction 

The peripheral velocity i s  given by 

\ 
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so that  

0 For Tc = 10' OK and M = 10 

of light. 

the peripheral velocity i s  16 of the velocity 

CONCUUSION 

The results presented in  this lecture constitute an extension o f t h e  

previous lecture material on relaxation oscillations i n  supermassive stars. 

It has been shown tha t  a relatively small amuunt of rotation is sufficient t o  

remove the general re la t iv i s t ic  instabi l i ty  wtrich arises i n  such stars when 

rotation is absent. 

for  the frequency of the fundamental mode of rad ia l  oscillations have been 

The post-Newtonian equations for the binding energy and 

derived and close connection between these two quantities has been exhibited. 

The equatorial instabi l i ty  associated with contraction under rotation has been 

investigated and the results used t o  estimate the l i m t t i n g  mass i n  which 

hydrogen burning can be effective as a source of energy during relaxation 

oscillations. For different ia l  rotation t h i s  l i m i t  is  found t o  be a t  least  
0 9 10 Ez> and perhaps as high as 10 % whereas, without rotation, the Umit 

arising from general r e l a t iv i s t i c  considerations is 10 %. For uniform 6 

rotation the l i m i t  is ID7 %. 



I APPENDIX 

I n  t h i s  appendix the relat ions used i n  the  main text between the  in t e rna l  

, are  discussed and the  use 
-3 energy density u, and pressure p, both i n  e rg  cm 

of various expressions for the "effective r a t i o  of spec i f ic  heats" is  c la r i f ied .  

It is suf f ic ien t ly  general for  our purpoces t o  consider the  m e d i u m  t o  be 

approximately non-degenerate and t o  be mode up of nuclei, ionization electrons, 

electron-positron pa i rs  and radiat ion a s  t rea ted  i n  d e t a i l  by Fowler and H g r k  

(1964). Then fram equation6 (€362) and (&3) of t h i s  reference one ha6 

2 4 u = xnkT+2n+mec + a T  

1 4  p = q n k T + T a T  

, where 

electrons,  nuclei  and electron-positron pairs ,  x i s  the  mean k ine t i c  energy per 

p a r t i c l e  i n  un i t s  of kT and q I s  a factor ,  close t o  uni ty  i n  value, which in-  

corporates t h e  deviations k.m Doyle's Law i n  t he  gas. 

density include6 everything except t h e  rest mss-energy density, pOc , of the  

nuclei and the  associated ionization electrons.  

n = no + % + 2n+ is  the number density of a l l  pa r t i c l e s  -- ionizat ion 

The i n t e r n a l  energy 
2 

Tne number density of paired electrons and positrons is 

where 

23 2 x rAo = 2% = fi = 6.02 X 10 
U 

. 

is t h e  or ig ina l  number of ionization electrons , % is t he  number densi ty  of 

fiuclei, po i s  the  r e s t  mass density, \ i s  t he  atomic mass unit, Z is t h e  mean 

number of free electrons per nucleus, A is t h e  mean nuclear m68 plus that  Of 
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associated electron6 i n  atomic mass units, and 

I n  (A5),  z = m c2/kT and K ( 2 )  la t he  modified Besael function of second order. 

Numerically one has 
e 2 

= 1.521 x lo2' T:l2 exp ( -5  .93/Te) ano3 T9 e 3 

Because o f t h e  low density i n  massive s t a r s  f o r  a given temperature, t h e  

number of positrons end paired electrons becomes comparable t o  the  number of 

ionization electrons a t  r e b t i v e l y  low temperatwee, e.g. a t  5 x 10' OK i n  a 

s t a r  with M = 10 This is above the  temperature f o r  hydrogen t o  helium 

conversion however. 

8 
a %. 

The fac tor  x i n  equation (Al) is equal t o  3/2 f o r  non-relat ivis t ic ,  

non-aeegenerote electrons and nuclei and has been tabulated f o r  r e l a t i v i s t i c ,  

non-degenerate e lectrons by Chandrasekhar (1939) a s  U/PV i n  Table 24, p. 397. 

"he en t r i e s  i n  this table  a l s o  apply t o  the p a i r  positrons under relativistic 

non-degenerate conditions. Although the e n t r i e s  I n  the  t ab le  range f'rom 

x = 3/2 up t o  maximum value, x = 3, there  a re  circumstances (Fowler and Hoyle 

1964) under which x A t  low 

tezperatures pairs can be neglected, t h e  electrons and nuclei may recombine 

i n t o  atoms and mlecu le s  and i n  any case 

spec i f i c  heat a t  constant volume % or tne r a t i o  of spec i f ic  heats  y f r o 3  

can be as  high 3s 3.l5, i n  which case q = 1.05. 

x can be found i n  terms of t h e  

c 

(A') 
u = % r n =  1 
dT 

When x is  constant, one has 

1 
X " * Z  
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Under the circumstances of major i n t e re s t  i n  this paper, t he  nuclei a re  ionized, 

the  electrons a re  non-relat ivis t ic  and non-degenerate and pa i r s  can be neglected. 

Tien y = 5/3 and x = % = 3/2. 

If 13 = qnkT/p i s  introduced a s  the  r a t i o  of gas pressure t o  t o t a l  pressure 
4 

and 1-8 = aT /3p as  the r a t i o  of radiat ion pressure t o  t o t a l  pressure, then 

from equations ( A l )  and (A2) the  dimensionless r a t i o  of i n t e rna l  energy den6ity 

t o  pressure i s  given by 

As is  required r e l a t iv i s t i ca l ly  this r a t i o  opproaches 3 a t  very high tempera- 

tures independent of  B 

When pa i rs  ore f i r s t  copiously produced t h i s  r a t i o  can exceed 3 under cer ta in  

2 since then kT >> mec , z + 0, x/q + 3 and 2n+ + n. 

circumstances. The r e h t i v i s t i c  behavior fo r  15 i s  discussed i n  d e t a i l  by 

Far lc r  ahd Hoyle (1964); it passes through a minixnun near zero i n  massive s t a r s  

but increases t o  a l h l t i n g  value, f3 = 7 / U ,  a t  high temperatures when pairs 

become copious. 

The customary non-relat ivis t ic  expression fo r  u/p is  found by s e t t i n g  
-1 

q = 1, x = (7-1) and n+ = 0 so t h a t  

It i s  convenient a t  this point t o  introduce a quantity which is  very 8imiLsr 

t o  the  adiabat ic  coefficients 

pp. 57 and 58. 

r1, I’ 2 and r3 defined by Chandrasckhar (1939) 

We denote t h i s  quantity by r4 and define it by 

1 
P 

3 - (~/q)[3q - x - 2(2n+/n)l 
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t 

Thus 

PI '.~*, 3 9 y-1 38 31- NR 

It w i l l  be clear fYom the  definition of r,+ tha t  averaging over the 

ent i re  volume of the s t a r  ylelas 

Jpdv = J(rl-i)uw = (fq-1) J'udv ( A l a  

'ine appropriate mean value for 

element of internal energy, udV. 

r4 is t ha t  obtained by averaging over each 

Wrerne relativistic conditions ar ise  when x = 3q and z = 0 i n  (Alh) or 

(AIS) .  i n  which case = 4/3 as expected. 

However, under the circumstances of major 

Under intermediate circumstances 

can be found by using (All). 

in te res t  in this paper, (A16) with 7 - 5/3 is applicable and 

Y = 5/3 
0 - 38 

r4 6 - 38 

where the  second a p p r o m t i o n  holds for  small B. 

mation that holds for the f i r s t  of Chondrasekhar's adiabatic coefficients, 

This is the same approxi- 

- d fn'p/d In V when f3 is small. 

during hydrogen burning ' B ie quite small being given by (Fowler end Hoyle 

As a matter of fact  in massive stars 

1964) 

4 M > l O  % 
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where IL = A / ( z + ~ )  

N = 10 b& and v = 

smallness of B and 

8 

-3 is t h e  man "molecular" w e i g h t .  Note t h a t  B - 10 for  

1/2 (hydrogen). As discussed i n  the main t e x t  it is the 

he closeness of r1 and r4 t o  4/3 which makes the  Ncwtoni n 

terms i n  the bindin& enera-  and pulsation frequency correspondingly smnll nnd 

tnus b r i w s  the ro ta t iona l  and general r e l a t i v i s t i c  terms i n t o  prominence i n  

these quantit ies.  

Gpccific heats under q p r o p r i a t e  circumstances. 

51 the above analysis the  r a t i o  

It w i l l  be noted t h a t  r1 and r,+ ore effect ive rat io6 of 

p/u a t  a given time and posit ion i n  a 

s t a r  has been equated t o  r,+-l. 
tionships between 8p and 6u and between SfpdV and 6 l . d V  when the  s t a r  is 

subject t o  an adiabatic perturbation a t  a l l  points. 

adiabatic re la t ion  is  

I n  addition it i s  necessary t o  establish rela- 

The general r e l a t i v i s t i c  

SQ = 6(PC%) + p6v = 0 (A=) 

where it is required tha t  the volume 

t*h.rou@-.out the adiabatic change. 

V apply t o  a f ixed number of baryons 

Tiis requirement follows from the generally 

acceptea piiysical l o w  of t h e  conserwtion of baryons. 

i n t e re s t  i n  t h i s  paper the  only baryons involved a r e  protons and neutrons, f ree  

o r  i nco l7 ra t ed  i n  nuclei  a s  nucleons. 

Under the  conditions of 

I n  order t o  proceed it is  necessary t o  r e c a l l  once again the r e l a t ion  

6V 
P v - 

by which Cnandrasekhar's first adiabatic coeff ic ient  i s  defined. 

(A22) and (23) are appropriately manipulated it i s  found t h a t  

If equations 

end 
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Under some circumstances it is  of interest  t o  consider adiabatic changes during 

which no nuclear or atomic processes occur so tha t  the rest mass associated 

with a given number of baryons (or nucleons) does not change. Under these 

c i r cwtances  p V is an invariant and B(pc%) = S(poc%) + S(uV) became8 

dust equal t o  ~(uv). men 
0 

and 

(P,V const) 

(PoV = const) 

Now consider the variations Sspdfl and bJudV corresponding to adiabatic 

changes made throughout the ent i re  s ta r .  Theee can be written respectively as 

blpdV = Gf(pV) = p(pV)  = J(r1-l) b(uV) 4 (A291 

and 

Tne second equality i n  each of these e p t i o n s  derives fromthe fact  tha t  dv 

and V must each apply to a fixed number of baryons during any perturbation. 

Thus dV/V is replaceable by dNB/NB where Na is the  t o t a l  number of baryons i n  

t ne  star and is therefore clearly invariant t o  any perturbation under considera- 

tion. 

since rl and i ts  average 

perturbation, it ultimately follows t h a t  

I n  the l a s t  equality i n  (A29), equation (A27) has been used. Then, 

over udV are constant t o  first order during aw 1 

SspdV = 6J(r4-l)udV 
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It will be clear that r4 
and, in fact, it can be sham that 

is not constant during an adiabatic perturbation 

6r4 6V - = (r -r ) r4-l 4 1 7  

Comparison of (A31)  with ( A 1 8 )  indicates tnat Fl replaces F4 in relatione 
involving adiabatic perturbatlone. 

hence rl and F4 are equal. 
istic expression for  rl which corresponde to (A16).  

To first order in small @, r1 and r4 and 
- 

This can be seen f r o m  Chandrasekhar's non-relativ- 

This expression is  

- (m) (A331  

J+ (4t3-3a2)(37-4> - - +  3 36(~-1) - 38(127-13) 
2 32 - 248 - 38 

24-2W Y Y = 5/3 

Fowler and Hoyle (1964) p. 289, give the reLetlvistic expression for rl when 
pairs are included. 

0 s B 5 1 as iUU6trated in Table Al. 

this range with rl = 

In addition for smell 8,  rl and I'4 are equel for any y since 

Actually rl does not differ greatly from r4 over the range 
The two are equal at the two extremes of 

= 4/3 at 8 = 0 and rl = r4 = 5/3 et B - 1 for 7 = 5/3. 

For convective stability it is necessary that 

d In p d In p 
dr '5 dr ( C O W .  STAB.) 

(1965b) 
ChandrasekharAhas sham that this is a necessary and sufficient condition in 

general relativity except in very special physical situations involving only 

small regions in a star where the effect of general relativistic modifications 
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B 0 0.01 

1.333 1.335002 

r4 1.333 1 . 335008 
B 0.5 0.6 

1.426 1.449 

1.476 1.444 I r4 

0.1 0.2 0.3 0.4 

1 . 350 1.368 1.386 1.405 

1.351 1.370 1.392 1.417 

0.7 0.8 0.9 1.0 

1.476 1.511 1.563 1.667 

1.667 I 



is  not of crucial  importance. Since p and p usually decrease with r f - L  ::.: 

often convenient t o  use ( A S )  rewritten a s  

(cow. STAB.) 

For a polytrope a t  index n with p a p l+'n t h i s  yields  

or 
1 ( C O N .  STAB.) rl - 1 n >  

> 3(1 - 8/21 T9 c 1 

Thus the  polytrope n = 3 which has been used extensively throughout t h i s  

lecture i s  convectively s table  except when electron-positron pa i r  formation 

reduces rl below 4/3 i n  the range 1 < Tg < 3. Formation of other par t ic les  

will reduce rl below 4/3 i n  additional ranges a t  s t i l l  higher temperatures. 

An important quantity i n  the considerations discussed i n  t h i s  lecture  i s  
- 
8, the  r a t i o  of gas pressure t o  t o t a l  pressure averaged over the in te rna l  

energy dis t r ibut ion i n  the s t a r .  

It can be sham from the  analysis of Fowler (1964) and Fowler and Hoyle (1964) 

See, fo r  example, equations (17) and (19). 

that ,  f o r  massive s ta rs ,  5n+l 

eqyation for the polytrape of index n and 

4. 
Numerical values for @,(M/%)* and pF(M/g)* a re  tabulated i n  Table A 2 .  

Note t h a t  the l a t t e r  quantity i s  approximately independent of n. 

Rn and Mn are t h e  constants of integration corresponding t o  radius and mass 

respectively fo r  the Lane-Emden equation. 

I n  Table A2 
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n 

0 

0.5 

1.0 

1.5 

2.0 

2.5 

3.0 

3 05 

4 .O 

4 05 

5 00 - 

2 04494 

2.7528 

3.1416 

3.6538 

4 . 3529 
5.3553 

6 -8969 

9.5358 

14.9716 

31 . 8365 
a> 

*n 

4.8988 

3 . 7871 
3.1416 

2.7141 

2.4U 

2 . 1872 
2.0182 

1.8906 

1.7972 

1.7378 

1.7321 

1.oooO 

1.8361 

3.2899 

5 9907 

U. .bo25 

23 -4065 

!&.1825 

352.884 

622 -408 

6189.47 

00 

1.8729 

1 . 5525 
1.3634 

1 . 2343 
1.1383 

1 . 0625 
1.0000 

0 . 9465 
0 . 8992 
0 . 8558 
0 . 8136 

2 . 3569 
2 8088 

3 . 1743 
3.4879 

3.7691 

4.0299 

4 . 2788 
4 .5237 

4.7734 

5 .&16 

5 3727 

4.4142 

4 . 3607 
4.3278 

4.3051 

4.2900 

4 . 2817 
4 . 2788 
4 . 2817 
4 . 2922 
4.3146 

4 03712 
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California Inst i tute  of Technology, Pasadena, California 

Since the pioneer 

of carbon and nitrogen 

work 

with 

I, lffIlZODUCFION 
1 of Hans Bethe it has been known tha t  the reaction8 

pratons are the most important source of energy i n  

main sequence s ta rs  with mas8 greater than a value approximately equal t o  tha t  

of the sun. 

cycle and the proton-proton chain has 

the a chain as the main source of energy in Population I stare a t  a central  

temperature near 2 X lo7 OK and a t  a somewhat higher temperature In  Pupulation 

I1 stars. This is i l lust rated for Papulation I s ta rs  i n  Fig. 1. Gince the 

central  temperature i n  the sun4 is 1.6 x lo7 OK and since c e n t r a l  temperature 

increases with mass, it follows t h a t  the cro6sover poin t  occurs i n  s tars  with 

mass definitely In  excess of the solar ms6. 

of the  reactions of the oxygen isotopes, 0l6 and 017, with protons has shown 

t h a t  these isotapee react rapidly a t  elevated temperatures with the cycllc 

production of N14. The overall result  is  the CNO bi-cycle which is depicted 

i n  Table I. 

Detailed analysis of the  experimental reaction rates  i n  the CN 

t ha t  the cycle supplants 

Experimental studies of the rates 

5 

A t  the present time there is some interest  i n  the  operation o f t h e  CNO 

3 3 bi-cycle in etars with mass i n  excess of 10 solar masses (M 2 10 %) which 

have been termed supermassive stars. It has been suggested '-l3 that  nuclear 

and grevltational energy release in eupermaseive stars i e  sufficient t o  meet 

* 
Supported i n  part  by the Office of Naval Research [Nonr-220(47)], and 
the National Science Foundation [GP-5391]. l 
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the energy requirements 

galactic radio sources. 

i n  quasi-stellar 

This suggestion 

objects or quasars and i n  extra- 

has been discussed i n  d e t a i l  In the 

references just cited and W i l l  not be f'urther elaborated upon i n  t h i s  paper. 

It will  6 U f f i C e  i n  Part I1 t o  eatabllsh an average energy generation per unit 

mass and per unit t h e  In supermasalve s t a r s  which is demendedby this sugges- 

tion. maclear energy generation i n  supermassive stars is of interest  per se. 

The paper then continues with an analysis i n  Part I11 of energy generation 

through the CNO bi-cycle using the l a t e s t  nuclear reaction r a t e  data. 

central  temperature a t  which the required energy generation is m e t  is determined. 

In FB1.t IV the general r e l a t iv i s t i c  lns tab l l l ty  which ar ises  a t  very low 

The 

central  temperatures during the early stages of contraction i n  supermassive 

s t a r s  i s  Introduced. The effects of Uniform and different ia l  rotation are 

discussed and a cwIparison made between the limiting temperature for dynamic 

s t ab i l i t y  and the required nuclear temperature. 

t i o n  of the  CNO bi-cycle under stable conditions are found t o  be approximately 

10 %, lo7 % and 10 % fo r  no rotation, maximum Uniform rotation and mexippXm 

The limiting msses for  opera- 

6 9 

di f fe ren t ia l  rotation respectively. 

11. AVERAGE ENERGY GENERATION REWIRED IN SUPERMASSIVE STARS 

We flrst seek the average energy generation required i n  stable supermassive 

stars. 

n = 3 except near the surface where the flux transport is entirely radiative, 

and tha t  radiative pressure is large compared t o  gas pressure, it is found 

t h a t  the luminosity L is proportional t o  the ma68 M according t o  the  rela- 

t i o n  

On the basis tha t  such s tars  are largely convective polytropes of index 

6 

L *I 4YrCGd ( 1) 

where c is the velocity of li@, G Is the gravltetional constant and IC is  

2 



c 

the apacity. 

(- 7 X lo4 OK) that  hydrogen and helium are effectively wholly ionized a t  

the photosphere and the opacity is primarily due t o  electron scattering, 

IC = 0.19 ( 1  + %), where 

a l ly  Eq. (1) becomes 

The effective surface temperature is fuund t o  be 60 high 

% is t he  fraction by mass of hydrogen. Numeric- 

or 

-1 ergs sec 2.6 X 10 38 M 
1 + x ,  L -  

E 

ergs gm-l sec-l L 1.3 X 10“ - u  
M l + x ,  (3) 

The luminosity-mass r a t io  given by Eq. (3) yields the  average energy genera- 

t ion per u n i t  mass end per unit time i n  a supennassive s tar .  Since % is 

less than unity we have t o  order of magnitude 

- lo5 ergs gm-l sec-l 

The energy released i n  the conversion of hydrogen into helium is 

6 X 10” ergs @no’. On the assumption tha t  one-half of the  m888 of t he  s t a r  

is eventually converted fram hydrogen in to  helium, the lifetime for the  main 

sequence stage of a supermassive s t a r  is found t o  be 

independent of mass 0 

III. ENEWY G-TION IN THE CNO BI-CYCLE: 

A detailed analysis of the  reaction rates found experimentally for  the 

interaction of the carbon, nitrogen and oxygen isotopes w i t h  protons has been 

mede by Caughlan and FWler.’ They find tha t  the oxygen isotopes have l i f e t i n ~ s  
6 considerably shorter than 10 yr for temperatures above 0.5 x lo8 OK which is 

3 



the  larer llmit 

StWS. what 

in terval  0.5 t o  

of temperatures 

follows It will 

relevant t o  hydrogen burning i n  supermassive 

be r m d  tha t  the relevant range f a l l s  i n  the 

0.8 x 10' OK. Thus t.he bi-cycle, Table I, is ArUy operative. 

They also flnd tha t  the Rlk(p,y)OE i?action is the slowest among t he  

carbon-nitrogen isotapes and tha t  t h e  overall r a t e  o f t h e  bi-cycle I s  essen- 

t i a l l y  determined by the rate of this reaction. When a l l  t h e  reactions are in 

eqgillbrium, 

%m = 1.23 

where p I s  

t he i r  results yield 

x P% 5 4  Seff 

the density, 54 is 

-2/3 exp (-32.81 T8 

the concentration 

is the temperature i n  units of lo8 OK and Seff is 

factor for the N (p,r)Ofi reacticm I n  keV-barns. 

low a t  hydrogen burning i n  supermassive s t a r s  and 

electron screening can be neglected. 

14 

Tiv3) ergs gm -' sec 

by mass of N14, T8 = T/lO* OK 

(6) 

the effective cross section 

The density is  relatively 

the usual correction for 

It I s  also found a t  e@librium i n  the  temperature range previously noted 

that  x14 .I 0.93 where xmo is the fraction by mass of carbon, nitrogen 

and oxygen. Hebbard and Bailey14 give the empirical values 

So - 2.75 f 0.50 keV-barns and (@/a) = 0 fYam an 

energy of t he i r  low energy measurements on d4(p,7).  

'eff - 2.79 keV-barns and thus 

#m- 3.19 x 10 26 p% T8 -2/3 exp (-32.81 Tiv3) 

extrapolation t o  zero 

These values yield 

-1 -1 ergs gm. see 

The SUpeXnmSSiVe stars win be treated as Papuhtion I s t a r s  and thus 

af'ter reasonable values for the composition are 

some exhaustion of the original hydrogen. 

index n - 3 the density can be expresseds I n  terms of the tempra twe as 

xm = 0.03 and % = 0.4 

I n  a massive star with polytropic 

(7) 

4 



. 
The substitution of ymo = 0.012 and of Eq. (8) into Eq. (7)  yields 

(9) 
-1 -1 

4 
m 4.98 x eHCNO (%) T i l 3  exp (-32.81 T8 -'I3) ergs gm sec 

For the purpose8 a t  hand It is necessary t o  express the average energy 

generation throughout the star i n  terms of t h e  central temperature. 

energy generation can be written a8 proportional t o  

the average energy generation t o  the central energy generation i n  a polytrupe 

of index n = 3 is given by 

When the 
p u-1 TB the ratio of 

14 

= 0.042 e 3.2 
- 1  

3/2 (3u + 8 )  

The numerical value has been arrived a t  by using u = 2 Fromthe p-dependence 

and s = 12 as the exponent In the best power l a w  f i t  t o  the temperature de- 

pendent factors i n  Eq. (7 )  I n  the range 0.5 < T8 < 0.8. Thus 

(11) 
-1 -1 25 (!$r T:f3 exp (-32.81 TSc -'I3) ergs gm sec 

- emo- 2.09 x i o  

0.5 < Tee< 0.8 (12) 
-2.72 X 10 (d( Tec/O. 65) 15 

The power l a w  exponent in Eq. (12) includes the dependence of density on 

temperature. TeC is the central  temperature In  lo8 OK. 
The average energy generation given by Eq. (11) can now be equated t o  

the energy required by Eq. (4), i.e., 

0-3) 
- - 

&"O - &SMS 

This gives the result  

(tr y 2.09 X 10 2o Tan 7'3 exp (-32.81 Tan 4 3 )  - 

5 

- 



. 

I -  

by w h i c h  it is p08Sible t o  calculate the  central  temperature, TS,, a t  which 

nuclear energy generation through HCND-burning yields 10 ergs gm-' set" 011 

the average in a supermassive s t a r  of mas6 M. Equation (12) can be employed 

t o  give the rough approximetion 

5 

= Tn X 10" H 0.38 

%he temperature given by the  more accurate Eq. (14) is plotted against mess 

In  Flgs. 2 and 3. 

N. STABILITY OF SupERMASsIVE STARS IXJlUNG HYDROGEN " I N G  

The s t ab i l i t y  of supenmassive stars has been discussed by several 

authors . 8-u,16-20 In what follows the discussion will be limited t o  the 

post-Newtdan approximation t o  the general r e l a t iv i s t i c  treatment of the 

problem for  rotating stars. 5 
of a s t a r  of mas6 M and radius R is  given by 

In  t h i s  approximation the binding energy 
I 2  

where 2GM/Rc2 is the characteristic expansion parameter i n  the general 

r e l a t iv i ty  of spherically symmetric system6 with 0 the gravitational constant 

and c the velocity of light. Distortion from spherical synnnetry under rata- 

t ion  has been neglected. 

tinguish between the r e s t  mass of the constituents and the i n e r t i a l  or 

gravitational mass of the contracted system measured by an external observer. 

Quantities which depend on the polytropic structure are designated by the use 

of the  polytropic Index n as a subscript. Numerical values will be given 

far n = 3 on the grounds that th i s  is approximately the mi- index for 

convective etabi l l ty .  

I n  this approximation it is  not necessary t o  dis- 

The ra t io  of gas pressure t o  t o t a l  pressure, gas plus 

6 



radiation, averaged throughout the s ta r ,  is designated by E 
trope of index n - 3, f3 I s  a can6tan.t throughout the star,  and It has been 

For the poly- n I 

shownfi tha t  

n - 3  

where p is the mean molecular weight of the  stellar material. With p of 

order unity, note that t3 is  small for  large M. 

The coefflcient of t h e  negative post-Newtonian, general re la t iv i s t ic  

term l e  of order unity and is designated by 5,. 
i s  given in t e r n  of the Newtonian rotational energy yo and the angular velocity 

a t  the periphery b+ by the equation 

For n = 3, c3 5 1.265. Kn 

Kn can be determined when the polytropic index is given and the angular velocity 

w = W(r) 

t ion  in a powrape  of index n = 3 due t o  Stoeckly21 has been used i n  the 

calculations diScu66ed here. For t h i s  model Kj2 = 2.47. For uniform rotation 

w = % and Kn = kn, t h e  radius of gyration i n  units of R. 

kt = 0.075. The quantity an is 8 measure of the  mount of rotation i n  

terms of the c r i t i ca l  angular velocity which occurs when centrifugal forces 

match gravitational forces a t  some point i n  the equatorial plane. 

i s  specified as  a f’unction of radius. A model for different ia l  rota- 

For n = 3, 

I n  the case 

of uniform rotation th i s  f’lrst occurs a t  the periphery and 

of n being given by 
an is  Independent 

an 
n a 

where 

For numerical calculation6 on Uniform rotation a = 1 will be taken as  the 

M t i n g  case in t he  sense that angular momentum loss or transfer t o  the 

7 



external surroundings w i l l  l i m i t  the ro ta t ion  t o  t h a t  which corresponds t o  

t h i s  value. 

velocity occurs a t  the center and numerical integrations on Stoeckly's model 

yie ld  t i e  l h i t i n g  value CY: = 0.456 so t h a t  (iur); = 1.125. This is  t o  be 

compared with the l i m i t  f o r  uniform rotat ion (ICY): = (kcr); =.0.075. For no 

ro ta t ion  an = 0. 

I n  the case of d i f fe ren t ia l  rotation, t h e  limit on the  angular 

Li t he  post-Newtonian approxination the  angular frewency uR of first 

order periodic var ia t ions i n  t h e  f'undamentalmode of r a d i a l  osc i l la t ions  i s  

closely re la ted  t o  the  binding energy and i s  given by 

T'e period of the f ' u n h e n t a l  mode is given by 

r[R = 2%/UR sec 

= 2 ~ / 8 6 4 0 0  aR day 

For zero rotat ion 

2 %  

3k% n a 
an = 0 

When the term i n  En is  small enough t o  be neglected 

a 2  - 4% 
3 k h 2  n 

- s, = 0 

The s t a r  becomes dynamically unstable when uR becomes imaginary o r  

* becomes cegative. The ro le  of the negative post-Newtonian term is  thus 

ap2arent from Eq. (21). When the  dimensionless parameter 2C;M/Rc2 becomes 

l a rge  enough during contraction, a i  will become negative and small perturbations 

"R 

8 



will become exponentially large rather than periodic i n  nature. 

is small for  supermassive s tars  t h i s  instabi l i ty  sets i n  a t  large rad i i  early 

i n  contraction when there I s  no rotation. It will be clear t ha t  rotation will 

Since pn 

postpone the one& of t h i s  instabi l i ty  u n t i l  much smaller rad i i  are reached 

and tha t  differential  rotation (<< = 1,125) will be much more effective i n  

this regard than unifonn rotation (k:x = 0.075). 

I n  order t o  determine the stabildty and binding energy during hydrogen 

burning and nuclear energy generation, it is necessary t o  express 5 and crR 

In  terms of t he  central temperature. T h i s  can be done by wing the Newtonian 

relation between radius and central temperature of a polytrope which is 

9-l 
RnC 

- = 2(n+l) - 2GM 
2 R c  

where Mn and Rn are constants of integration corresponding t o  mass and radius 

respectively for the Lane-Men second order different ia l  equation governing 

the structure of a polytrope of Index n. 

% - 2.018 and R3 - 6.987 80 that Eqs. (17) and (25) yield 

For the  polytrope of index n = 3, 

2GM - = 2.60 X 10 2 Rc 
n = 3  

I n  Eqs. (25) and (26), !R is the  gas constant. 
When Eq. (26) is substituted In to  Eqs. (16) and (21) the resul ts  in terms 

' of the central  temperature, Tee, i n  units of lo8 OK are 

- Eb y 1.U.2 X loo5 TSc + 1.266 X loo6 (IUY)~ 2 M  (3 TBC - 3 . 2 3 6 ~  10'll 
Mc2 

n = 3  4 
T8c Tsc - 1,521 X a - 2,61kx10 R 

9 



Durlng the  contraction 5 reaches a DlliximLoll value a t  the temperature 

ei-n by 

= 1.956 x lo4 (Ka); (Ea/M)* + 1.718 x lo5 n = 3  (29) 

I n  general this temperature is  somewhat less  than tha t  a, which -c in- 

stability sets In. Setting uR = 0 In Eq. (28) the result is 
Tsc(UR=O) = ~ , ( a ~  = O )  X loo8 

= 3.9W X104(Kn);(@++ 1 . 7 1 8 ~  lo5(@) n = 3 (30) 

For no rotation, Eqs. (29) and (30) show that ins tab i l i ty  sets In when 

% reaches Its mudmum value. 

first terms on the right-hand sides of Eqs. (27) and (28) can be neglected, 

ins tab i l i ty  sets i n  a t  twice the temperature a t  which 

value. A t  this temperature % - 0. This means that beyond Tc(E,mx) a 

large amount of internal  energy must be supplied If hydrostatic equilibrium 

is t o  be melntained. 

When rotational effects  are large so that  the 

E,, reaches i ts  maximum 

If this energy is t o  be made available from the nuclear 

If resources of the star, it is necessary that Tn be less  than Tc(% max ). 

this is not the case,, rapid adiabatic collapse occurs u n t i l  

a t  which point rapid nuclear burning takes place I n  such a way as t o  lead t o  
Tn is reached 

reversal  of the  collapse and the setting up of large amplitude, non-linear 

relaxation oscil lations which have been discussed i n  d e t a i l  by Fuwler. u 

Thus in the case of no rotation quasi-stable hydrogen b w  through the  

CNO bl-cycle can occur a t  temperatures somewhat in excess of TC(Eb””> = Tc(uR = 0) 

but when rotational effects are large Tn must not exceed a value intermediate 

between Tc(%-) and Tc(uR = 0) = 2 T,(% max ). 

These poFnts are illustrated in Figs. 2 and 3 where T,(E,,-) and 

10 



= 0) are respectively plotted as  ftmctions of M& with Tn also plotted 
TC(QR 

for caanparison. Three cases are p l d t e d  

(e) No rotation, a3 - 0 

(b) Ma- uniform rotation, (Ka)3 = (-)$ = 0.075 

(c) Maximum differential  rotation, (Ka): = 1.125. 

2 

1% is also of interest  t o  knar %/Mc2 and % as a function of s t e l l a r  mass a t  

the teqerature a t  which hydrogen burning occurs. 

obtained by substituting Ten from Eq. (14) into Eqs.  (27), (28) and (22). 

me resul ts  are i l lustrated i n  Figs. 4 and 5. 

These quantities can be 

V CONCIUSIONS 

Figures 2 and 3 show tha t  nuclear energy generation through HCNO-burning 

for no occurs under conditions of stability up t o  the following mass limits: 

rotation, M S 2 X 10 

different ia l  rotation, M 5 10 

shown" t h a t  relaxation oscillations under quaai-stable conditions extend the 

5 7 
%j for maximum uniform rotation, M 5 10 %j for ma- 

9 
%. I n  the case of no rotation it has been 

6 l l m i t i ~  ~ B B B  t o  M 5 10 

Figure 4 shows tha t  the binding energy a t  the onset of nuclear energy 

8 generation l e  quite small except for  M > 10 % i n  the case of different ia l  

rotation. 

of the rest mass energy and is thus greater than the t o t a l  nuclear energy of 

the star. 

determlned by the substitution of Eq. (29) in to  Eq. (27) . 
usuaw reached upon f'urther contraction after the termination of nuclear 

I n  th i s  case the binding energy reaches slightly over one per cent 

For a l l  masses the binding energy reaches a maximum which can be 

This maximum is  



burning and is  given by 

I 
I 

I n  the  case of maximum d i f f e ren t i a l  ro ta t ion  for  n = 3 t h i s  yields  

(m12 = 1.25, n = 3 (32) 
Eo"" - 0.016 2 

NC 

Thus i n  t h e  case of maximum d i f f e ren t i a l  rotat ion the  binding energy eventually 

becanes 1.6 per cent of the  rest mass energy. Since this energy must be l o s t  

by the s ta r ,  it represents a substant ia l  contribution t o  the energy available 

fo r  l igh t  and radio emission. 

Figure 5 indicates t h a t  t h e  period of small r a d i a l  osc i l la t ions  during 

It must be borne i n  hydrogen burning f a l l s  i n  tne rarqe fron 1 t o  20 days. 

mind, however, t h a t  the  pulsations set u? by the onset of nuclear burning will 

be very non-linear. 

surface and fo r  the emission therefro;;? w i l l  be the order of years ra ther  than 

Tne periods required f o r  the t ransfer  of energy t o  the  

days. The observed light curves should show variations charac te r i s t ic  of a 

wide ranqe of frequencies corresponding t o  periods from a few days t o  tens of 

years. 

3C 273. 

This may already have been observed22 i n  the quasi-s te l lar  radio source, 
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Figure Captions 

c 

Fig. 1. Average energy generation throughout a star I n  ergs per gram-second 

as  a Arnction of central temperature for the p-p chain and the CNO bi- 

cycle. The central  density is taken as p = 100 g/cm , and the 

hydrogen concentration by weight as 5 = 0.50. 

C, 14, and 0 by weight as given are  those for a typical Population I 

star. The age of the s t a r  is taken t o  be 4.5 X 10 years. The 

polnts of Inflection in the p-p chain ar ise  from the onset of the 

indicated interactions. Similarly C, N, and 0 are successively 

involved in the CNO cycle. 

operate on the p-p chain; hat 8tars  aperate on the CNO cycle. 

3 

Concentration6 of 

9 

Note that  the sun and the cool stars 

max Fig. 2. The temperature, T,(% ), a t  which the binding energy reaches 

its maximum value platted as a function of s t e l l a r  mar38 far three 

cases: no rutation, zmximum uniform rotation, and maximum 

different ia l  rotation. The temperature, Tn, required for the 

operation of the CNO bi-cycle is  sham for comparison. 

Fig. 3. The temperature, Tc(uR = 0), a t  which dynamic instabi l i ty  sets  in 

plotted as a ftmction of s t e l l a r  mass for three cases: 

tion, maxinnrm uniform rutation, and maximum different ia l  rotation. 

The temperature, Tn, 

bi-cycle is sham for cauparison. 

no rota- 

requlred for  the aperation of the  CNO 

Fig. 4. The binding energy a t  the onset of nuclear energy generation 

through HCNO-burning plotted as a function of s t e l l a r  mass for 

three cases: no rotation, nmxlmm uniform rotation, end maXirmtm 

different ia l  rotation. 

14 



pig, 5. The period i n  days of smU., l i nea r  oecillations during nuclear 

energy generation through IICNO-burning plotted as a f’unction of 

s t e l l a r  ma88 for three cases: 

rotation, and maximum di f fe ren t ia l  rotation. 

indicated i n  this  plot do not hold for the large amplitude, 

non-linear relaxation oscillatlone discussed in the text. 

such oeciUatione the period6 are  a few years rather than a 

no rotation, maximum uniform 

The periods 

For 

few b y e .  

. 
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