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ABSTRACT 

The r e s u l t s  o f  r e s e a r c h  performed a t  SI31 f o r  

NASA Xmes Resea rch  C e n t e r  on C o n t r a c t  N.ZS 2 - 2 4 5 1  

a r e  summarized. The s u b j e c t  of t h i s  r e s e a r c h  i s  

t h e  dependence  of  t h e  pe r fo rmance  o f  a c o n t r o l  o r  

g u i d a n c e  s y s t e m  upon t h e  i n f o r m a t i o n - h a n d l i n g  

a c t e r i s t i c s  o f  such  k e y  components a s  s e n s o r s .  
d i s c i p l i n e s o f  i n f o r m a t i o n  t h e o r y  and c o n t r o l  

a r e  used  t o  c o n s i d e r  b o t h  t h e  q u a n t i t y  and v a  

i nforma t i o n .  

c h a r -  

The 
Iicory 

u e  o f  
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SUMMARY 

The p r e s e n t  f i n a l  r e p o r t  summarizes  t h e  work a c c o m p l i s h e d  from 

Uovrmber 1964 t o  September  1965. I t s  main theme i s  the  dependence  of 

t h e  pe r fo rmance  of  a c o n t r o l  o r  g u i d a n c e  system upon t h e  i n f o r m a t i o n -  

h a n d l i n g  c h a r a c t e r i s t i c s  o f  i t s  k e y  c o n s t i t u e n t s ,  n o t a b l y  t h e  measure-  

ment and c o n t r o l  s u b s y s t e m s .  

To d e t e r m i n e  t h i s  dependence ,  t h e  d i s c i p l i n e s  o f  c o n t r o l  t h e o r y  and 

i n f o r m a t i o n  t h e o r y  a r e  r ev iewed  and ex tended .  The n o t i o n s  o f  q u a n t i t y  o f  

i n f o r m a t i o n  and v a l u e  o f  i n f o r m a t i o n  a r e  shown t o  be  t h e  p r i n c i p a l  measu res  

of i n f o r m a t i o n ;  however,  e n t r o p y  ( t h e  measure o f  q u a n t i t y )  i s  of  ve ry  

l i m i t e d  a s s i s t a n c e  f o r  t h e  d e s i g n  o f  c o n t r o l  and g u i d a n c e  s y s t e m s .  

The dependence o f  s y s t e m  pe r fo rmance  on t h e  i n f o r m a t i o n - h a n d l i n g  

c h a r a c t e r i s t i c s  o f  i t s  c o n s t i t u e n t s  i s  i n v e s t i g a t e d  f o r  optimum c o n t r o l l e r s  

and f i x e d  c o n t r o l l e r s .  The c a s e  o f  optimum c o n t r o l l e r s  i s  r e s o l v e d  by t h e  

newly d e v e l o p e d  t h e o r y  o f  combined o p t i m i z a t i o n ,  where t h e  optimum c o n t r o l  

d e c i s i o n  i s  d e t e r m i n e d  by t h e  p r i o r  i n f o r m a t i o n  and t h e  measurements  r e -  

c e i v e d .  The  c a s e  o f  f i x e d  c o n t r o l l e r s  i s  r e s o l v e d  by c o n s i d e r a t i o n  o f  

s t o c h a s t i c  d i f f e r e n c e  e q u a t i o n s  a s  w e l l  as known methods o f  c l a s s i c a l  

c o n t r o l  t h e o r y .  The s e n s i t i v i t y  o f  performance w i t h  r e s p e c t  t o  t h e  

r e l e v a n t  d e s i g n  p a r a m e t e r s  p r o v i d e d  i n  both c a s e s  i s  p a r t i c u l a r l y  u s e f u l  

f o r  s y s t e m  d e s i g n  and e v a l u a t i o n .  

(Add i t iona l  r e s u l t s  r e l a t i n g  t o  t h e  optimum d e s i g n  o f  q u a n t i z e d  con-  

t r o l  s y s t e m s ,  i n f o r m a t i o n  s y s t e m s ,  and a d a p t i v e  s y s t e m s  a r e  g i v e n .  

ix 



I INTRODUCTION 

T h i s  r e p o r t  summarizes  t h e  r e s u l t s  o f  a o n e - y e a r  s t u d y  pe r fo rmed  by 

S t a n f o r d  Resea rch  I n s t i t u t e  f o r  t h e  NASA A m e s  R e s e a r c h  C e n t e r  u n d e r  

C o n t r a c t  NAS 2 - 2 4 5 7 .  The main problem p u r s u e d  d u r i n g  t h e  c o u r s e  o f  t h e  

s t u d y ,  namely t h e  combined o p t i m i z a t i o n  p r o b l e m ,  was f o r m u l a t e d  i n  a n  i n -  

t e r im  t e c h n i c a l  r e p o r t 1 *  and a s o l u t i o n ,  s u p p o r t e d  by e x a m p l e s ,  i s  con-  

t a i n e d  i n  a NASA Report.’  

The p r e s e n t  volume r e p o r t s  on t h e  o b j e c t i v e s  of  t h e  s t u d y ,  summa- 

r i z e s  and r e l a t e s  t h e  main f i n d i n g s ,  and j u s t i f i e s  t h e  a p p r o a c h  t a k e n .  

A .  OBJECTIVES OF THE STUDY 

The main o b j e c t i v e  o f  t h e  s t u d y  i s  t o  “ r e l a t e  t h e  pe r fo rmance  of  
c o n t r o l  a n d  g u i d a n c e  s y s t e m s  t o  t h e  c h a r a c t e r i s t i c s  o f  t h e  i n f o r m a t i o n  

l i n k s  between t h e  v a r i o u s  c o n s t i t u e n t s ,  w i t h  t h e  a im o f  p r o v i d i n g  e x a c t  

and a p p r o x i m a t e  s y n t h e s i s  t e c h n i q u e s  f o r  a n  e f f i c i e n t  d e s i g n . ”  

S p e c i f i c a l l y ,  a n s w e r s  t o  t h e  f o l l o w i n g  q u e s t i o n s  a r e  d e s i r e d :  

Of which s t a t e s  and p a r a m e t e r s  s h o u l d  measurements  be  
made w h i l e  t h e  s y s t e m  i s  o p e r a t i n g ?  

How good m u s t  t h e s e  measurements  be  i n  o r d e r  t o  p e r m i t  
a s t a t e d  and  s p e c i f i e d  measure o f  s y s t e m  pe r fo rmance  t o  
be a c h i e v e d ?  

What a r e  t h e  t r a d e - o f f s  between a l t e r n a t i v e  measurement  
s y s t e m s ,  i . e . ,  d i f f e r e n t  g r a d e s  o r  t y p e s  o f  s e n s o r s ?  

How c a n  a p r i o r i  knowledge about  t h e  s y s t e m  o b v i a t e  t h e  
need  f o r  a c q u i r i n g  i n f o r m a t i o n  by means o f  measurements?  

When i s  i t  p o s s i b l e  and j u s t i f i a b l e  t o  a c h i e v e  s t a t e d  
s y s t e m  pe r fo rmance  a s  a r e s u l t  o f  e l a b o r a t e  i n f o r m a t i o n  
p r o c e s s i n g  a s  opposed t o  a c c u r a t e  s e n s i n g ?  

* 
References are llsted at t h e  end of the report. 
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. 
How d o e s  one d e r i v e  optimum c o n t r o l  d e c i s i o n s ,  g i v e n  
a s e t  o f  measurements  which a r e  o r d i n a r i l y  i n c o m p l e t e  
and c o r r u p t e d  by n o i s e ?  

From t h e s e  o b j e c t i v e s ,  i t  i s  c l e a r  t h a t  t h e  c o n c e p t  o f  information 

p l a y s  a c e n t r a l  r o l e  and  t h a t  q u a n t i t a t i v e  d e s c r i p t i o n s  o f  i n f o r m a t i o n  

m u s t  be d e f i n e d  t o  answer t h e  q u e s t i o n s  p r e v i o u s l y  r a i s e d .  S i n c e  c o n -  

t r o l  sys tem t h e o r y  and  i n f o r m a t i o n  t h e o r y  a r e  t h e  two s c i e n t i f i c  d i s c i -  

p l i n e s  most  c l o s e l y  r e l a t e d  t o  t h e  c e n t r a l  theme o f  t h e  s t u d y ,  t h e i r  

p o t e n t i a l  was t o  be  c r i t i c a l l y  r e v i e w e d  a n d ,  i f  w a r r a n t e d ,  e x t e n d e d .  One 

i m p o r t a n t  q u e s t i o n  i n  need o f  a p r e c i s e  answer  was “What i s  t h e  u s e f u l n e s s  

of  such i n f o r m a t i o n - t h e o r e t i c  measu res  a s  e n t r o p y  t o  a i d  i n  t h e  s y n t h e -  

s i s  of c o n t r o l  and g u i d a n c e  s y s t e m s ? ”  

B .  JUSTIFICATION FOR THE STUDY 

With t h e  a d v e n t  o f  complex s y s t e m s ,  s u c h  a s  u s e d  f o r  s p a c e  n a v i g a -  

t i o n ,  e x p l o r a t i o n , a n d  communica t ion ,  t h e  d o l l a r  c o s t  o f  t h e  s e n s o r s  and 

t h e  i n f o r m a t i o n  l i n k s  h a s  become a s i g n i f i c a n t  p a r t  o f  t h e  t o t a l  s y s t e m  

c o s t .  S y n t h e s i s  t e c h n i q u e s  a l l o w i n g  t h e  s p e c i f i e d  s y s t e m s  o b j e c t i v e  t o  

be accompl ished  w i t h  t h e  l e a s t  c o s t l y  c o m b i n a t i o n  o f  s e n s o r s  and commun- 

i c a t i o n  l i n k s  c o n s e q u e n t l y  h a v e a n  o b v i o u s  economic j u s t i f i c a t i o n .  F u r -  

t h e r m o r e ,  t h e  f o r t h c o m i n g  g e n e r a t i o n  o f  r e l a t i v e l y  i n e x p e n s i v e  and compaet  

d i g i t a l  computers  ( i n t e g r a t e d  c i r c u i t s )  i n  many c a s e s  make i t  p o s s i b l e ,  

by e l a b o r a t e  d a t a  p r o c e s s i n g ,  t o  o b v i a t e  t h e  need  f o r  v e r y  a c c u r a t e  s e n s -  

i n g .  F i n a l l y ,  i n  many advanced  m i s s i o n s ,  t h e  o b j e c t i v e  c a n  be s a t i s f i e d  

o n l y  i f  t h e  o p e r a t i o n  o f  t h e  v a r i o u s  s u b s y s t e m s  i s  o p t i m i z e d ;  c o n s e q u e n t l y ,  

a v e r y  h i g h  premium i s  p l a c e d  upon t h e  c o m p l e t e  u t i l i z a t i o n  o f  a l l  i n f o r -  

m a t i o n  t o  g e n e r a t e  optimum d e c i s i o n s .  

As r e g a r d s  t h e  s c i e n t i f i c  j u s t i f i c a t i o n s ,  i t  i s  n o t e d  t h a t  a n  e v e r  

i n c r e a s i n g  f r a c t i o n  o f  t h e  e n g i n e e r i n g ,  m a t h e m a t i c a l ,  m i l i t a r y ,  and  b u s i -  

n e s s  communit ies  a r e  conce rned  w i t h  t h e  problem o f  g e n e r a t i n g  d e c i s i o n s  

( o r  d e l e g a t i n g  t h i s  f u n c t i o n  t o  c o m p u t e r s )  b a s e d  on t h e  i n f o r m a t i o n a v a i l -  

a b l e  about  t h e  s y s t e m s  t h a t  t h e s e  d e c i s i o n s  a f f e c t .  T h i s  p r e o c c u p a t i o n  

h a s  g iven  r i s e  t o  s e v e r a l  s c i e n t i f i c  d i s c i p l i n e s - s u c h  a s  c o n t r o l  t h e o r y ,  

i n f o r m a t i o n  t h e o r y ,  o p e r a t i o n s  r e s e a r c h ,  t h e o r y  o f  games and  o t h e r s - t h a t  

may w i l l  soon become u n i f i e d  u n d e r  t h e  g e n e r a l  h e a d i n g  o f  I n f o r m a t i o n  

S c i e n c e s .  

2 



. 
I n  a l l  o f  t h e s e  d i s c i p l i n e s ,  t h e  i n f o r m a t i o n  and d e c i s i o n  processes 

( a s  opposed ,  f o r  example ,  t o  ene rgy  c o n s i d e r a t i o n s )  p l a y  a c e n t r a l  r o l e .  

I t  i s  c o n s e q u e n t l y  of  c o n s i d e r a b l e  s c i e n t i f i c  i n t e r e s t  t o  u n d e r s t a n d  what 

q u a n t i t a t i v e  d e s c r i p t i o n s  o f  i n f o r m a t i o n  c a n  be  d e f i n e d ,  and how t h e  i n -  

f o r m a t i o n  and d e c i s i o n  p r o c e s s e s  a r e  r e l a t e d  among t h e m s e l v e s  a s  w e l l  a s  

t o  t h e  o b j e c t i v e s  p u r s u e d  by t h e s e  s y s t e m s .  

Al though t h e  r e m a i n d e r  o f  t h i s  r e p o r t  i s  c o n c e r n e d  w i t h  " p h y s i c a l "  

s y s t e m s ,  such  a s  found i n  c o n t r o l  and g u i d a n c e  a p p l i c a t i o n s ,  i t  i s  empha- 

s i z e d  t h a t  t h e  g e n e r a l  c o n c l u s i o n s  a s  w e l l  a s  t h e  s p e c i f i c  m a t h e m a t i c a l  

deve lopmen t s  a r e  a p p l i c a b l e  d i r e c t l y  t o  " n o n - p h y s i c a l "  s y s t e m s ,  such  a s  

found i n  o p e r a t i o n s  r e s e a r c h ,  s t r a t e g y ,  and e c o n o m e t r i c s .  

C. TERMINOLOGY A N D  NOTATION 

I t  i s  assumed t h a t  a dynamic p r o c e s s ,  a l s o  r e f e r r e d  t o  a s  t h e  plant 

o r  signal-generating process. 

i s  g i v e n .  The state x k  i s  a non-un ique  s e t  o f  numbers t h a t ,  t o g e t h e r  

w i t h  t h e  known p a r a m e t e r s ,  c o m p l e t e l y  d e s c r i b e s  t h e  c o n d i t i o n  o f  t h e  dy- 

namic p r o c e s s  a t  t h e  d i s c r e t e  time k. The d e c i s i o n  o r  c o n t r o l  v e c t o r u ,  

a l l o w s  t h e  m o d i f i c a t i o n  of  sta;te x , + ~  i n  some d e s i r a b l e  way. 

t u r b a n c e  o r  p e r t u r b a t i o n  v e c t o r  w ,  a l t e r s  t h e  s t a t e  i n  an  a r b i t r a r y  and 

u s u a l l y  u n p r e d i c t a b l e  way. The t i m e  v a r i a b l e  a c c o u n t s  f o r  t h e  known and 

p r e d i c t a b l e  e f f e c t s  and p a r a m e t e r  changes .  

The d i s -  

I n  t h e  r ema inde r  o f  t h i s  r e p o r t ,  d i f f e r e n c e  e q u a t i o n s  w i l l  u s u a l l y  

be p r e f e r r e d  t o  d i f f e r e n t i a l  e q u a t i o n s  f o r  two r e a s o n s ,  namely 

0 The c o m p u t a t i o n  o f  t h e  c o n t r o l  laws ( d e r i v e d  i n  l a t e r  
s e c t i o n s )  g e n e r a l l y  r e q u i r e s  a d i g i t a l  computer .  

Any w h i t e n e s s  a s s u m p t i o n  made a b o u t  such  random e f f e c t s  
a s  w ,  w i l l  be much more mean ingfu l  and j u s t i f i a b l e  i n  
d i s c r e t e  t ime t h a n  i n  c o n t i n u o u s  time. 

TO p r o c e e d ,  a c a t e g o r i z a t i o n  of  t h e  main c l a s s e s  o f  problems p u r -  

sued  i n  c o n t r o l  t h e o r y  d u r i n g  t h e  r e c e n t  p a s t  i s  g i v e n .  
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1 .  T H E  O P T I M U M  C O N T H O L  P R O B L E M  

The optimum c o n t r o l  problem ( F i g .  I - l ) ,  f o r  w h i c h  many p r a c t i c a l  

s o l u t i o n s  a r e  a v a i l a b l e ,  i s  d e f i n e d  a s  f o l l o w s :  

G i v e n  t h e  p r e s e n t  s t a t e  x k  and t h e  p r o c e s s  d e s c r i p t i o n  ( 1 - 1 )  w i t h  
- 

w ,  = O(i = k , . . . ,  N ) .  

? m PLANT "k 
? 

, 

PLANT 

I 1 I I 

FIG. 1-1 THE OPTIMUM CONTROL PROBLEM 

Find a sequence  o f  c o n t r o l s  U ~ , . . . , U ~ - ~  t h a t  m i n i m i z e s  a v a r i a t i o n a l  

c o s t  e x p r e s s i o n  o f  t h e  form 

X i € X  . (1 -3 )  

Note t h a t  o n l y  t h e  s t a t e  x k  n e e d  be known t o  d e t e r m i n e  t h e  whole 

s e q u e n c e  u k ,  . . . ,  u N ,  
I n  o t h e r  words 

s i n c e  f u t u r e  s t a t e s  x i  a r e  c o m p l e t e l y  p r e d i c t a b l e .  

u .  = U i ( X k )  i l k  . 

2 .  THE O P T I M U M  S T O C H A S T I C  C O N T R O L  P R O B L E M  

a .  S T A N D A R D  F O R M U L A T I O N  

The optimum s t o c h a s t i c  c o n t r o l  problem ( F i g .  1 - 2 ) ,  f o r  which 

s o l u t i o n s  based  on dynamic programming a r e  a v a i l a b l e ,  i s  d e f i n e d  a s  

f 0 1 1 0 tv s , 
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'k 'k * PLANT 

FIG. 1-2 THE OPTIMUM STOCHASTIC CONTROL PROBLEM 

G i v e n  the preseTt state x k ,  the process description (1-1) with 

w ,  f O(i = k ,  . . . ,  N), and the probability density function of w i , p ( w L )  

Find the sequence o f  controls 

u i  = u i : x i )  ( 1 - 4 )  

that on the average minimizes a variational cost expression o f  the form 

Note that at every stage k ,  the actual state x k  resulting from 

the application of u k - l  and w k - l  is assumed to be known exactly from 

appropriate measurements. 

6 .  N O N S T A N D A R D  F O R M U L A T I O N  

It is entirely possible, but not customary, to formulate an op- 

timum stochastic control problem where no measurements x k  are made and 

where consequently the optimum control sequence [which minimizes ( 1 - 5 1 ]  
is made to depend on the initial state x o  only 

This may be viewed as an open-loop solution, whereas the stan- 

dard formulation leads to a feedback solution. The justification for 
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making measurements is determined by comparison o f  the minimum costs J 
in both cases. 

3. THE O P T I M U M  ESTIMATION PROBLEM 

The optimum estimation problem (Fig. 1 - 3 ) ,  to which a very general 
solution has become available quite recently,' is formulated as follows: 

G i v e n  a signal-generating process of the form ( I - 1 ) ,  a measurement 
process described by 

where v k  is the measurement noise, and the probability density functions 

p ( x o ) ,  p ( r , )  and p ( v , ) ,  i = 0, ..., N 

I 

Find the conditional probability density function of the state 

From (I-?), the conditional moments, such as the conditional mean denoted 
by x k , k ,  are derived easily. h 

A special case of the general optimum estimation problem is thewell- 
known Kalman-Bucy filter. 
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4. THE COMBINED OPTIMIZATION PROBLEM 

The combined optimization problem (Fig. 1 - 4 ) ,  f o r  which a solution 

was found in the course of this contract,*combines the optimum stochastic 

control problem with the optimum estimation problem in the general case. 

FIG. 1-4 THE 

It is defined as follows: 

COMBINED OPTIMIZATION PROBLEM 

G i v e n  the state E q .  ( I - l ) ,  the measurement Eq. (1-61, and the prob- 
ability density functions p ( x o ) ,  p ( w , ) ,  p ( u , )  ( i  = 0,. ..., N), 

Find the sequence of controls u k  that o n  the average minimizes a 

variational cost expression o f  the form 

} A z o , .  . . , z & ;  U k , .  . . , U N )  - - E {  l ( x i , u i , i )  
y i = &  

(1-8) 

where the vector y encompasses all the random variables, 

u , .  
on all the past measurements 

i . e . ,  x o ,  w i  and 

The optimum control u k  to be applied at the present time k depends 

= U & ( t 0 ' .  ..,Z&) . ( 1 - 9 )  
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111 1 1 ,  i t  is shown that the general combination o f  plant arld 

sensing equipment can be modeled by the state Eq. ( 1 - 1 )  arid the measiirr- 

ment Eq. (1-6). 

Much of this report will be devoted to the combined optimization 

problem, which answers the question “What is the best performance obtain- 

able with the noisy and generally incomplete measurements z t ”  and hence 

relates the system’s performance to the characteristics o f  the measurement 

system under the assumption that the measurements z t  are utilized optimally 

The combined optimization problem is easily extended to the adaptive 

case where the plant (1-1) is not accurately known before measurements L 

have been received. It thus provides a rigorous and much needed mathemat- 

ical framework for adaptive systems and other recently evolved system con- 

cepts, as will be discussed in detail in Sec. 111. 

A real shortcoming of the combined optimization problem solution 

obtained, however, is the impossibility of computing (with present-day 

machines) an exact solution in the general case. Important special cases, 

fortunately, are amenable to machine computation, and fairly evident approx- 

imations can be used in the general case. 

5 .  ADDITIONAL PROBLEM FORMULATIONS 

At this time ( 1 9 6 5 ) ,  several important additional problems are being 
formulated in the field of control theory, notably the theory of differ- 

ential games and the theory of optimum classification. Both are strongly 

related to the formulations discussed above in the sense that similar 

mathematical approaches apply. These additional formulations will not be 

treated further in any detail, despite their strong relation to the sub- 

ject matter of this report. 

6 .  INFORMATION-THEORETIC C O N C E P T S  

In what follows, the information-theoretic concept of entropy ( o r  

uncertainty) will sometimes be used. 

Given a probability density function p ( y ) ,  where y is an n-dimensional 
vector in space and/or time, the entropy is defined as 

H = -I p ( y )  log p ( y ) d y  . 
Y 
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For a Gaussian distribution 

1 A -Hc Y-; 1%- 1 Y- J ) 
(1-11) 

A with the mean y and the covariance matrix 

(1-12) 

the entropy becomes 

1 

2 
H = - log [(2ne)" det PI . (1-13) 

It is seen that entropy is related rather directly to the covariance 

in this special case. This general connection holds also for non-Gaussian 

densities, but it is clear that the statistical parameter H can only pro- 
vide a coarse summary of the probability density function p ( ~ ) .  

D. SUMMARY OF RESULTS 

The main results of the research performed in this study are 

(1) A clear understanding was obtained about the required 
mathematical description of information. 

( a )  The quality of the information-handling components 
(i.e., sensors, communication links, and controller) 
of a system control, 
density function of the state of the plant conditioned 
upon all available knowledge. 

is determined by the probability 

( b )  The quantity of information gained by improving the 
quality of the information-handling components can 
be measured by the average reduction in entropy of 
the conditional probability density function as a 
result of this improvement. 

( c )  The v a l u e  of the information gained by improving 
the quality of the information-handling components 
is measured by the average improvement in perfor- 
mance made possible by this additional information. 
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( d )  Kiiowledge o f  t he  q u a n t i t y  o f  i n f o r m a t i o n  is, i r r  

gei ier i i1 ,  o f  l i t t l e  b e n e f i t  t o  t he  d e s i g n  ( J f  c o n -  

t r o l  sys tems;  knowledge o f  t he  v a l u e  o f  irrforma- 
t i o n ,  on t h e  o t h e r  h a n d ,  i s  o f  fundamenta l  impor ta r ice .  

( 2 )  I n  o r d e r  t o  d e t e r m i n e  p e r f o r m a n c e ,  t h e  combined o p t i m i z a -  
t i o n  problem was f o r m u l a t e d  and s o l v e d  f o r  t h e  ger rera l  
c a s e  o f  a dynamic p r o c e s s  ( 1 - 1 )  s u b J e c t e d  t o  ra~rdom p e r -  
t u r b a t i o n s  w ,  and  o b s e r v e d  t h r o u g h  a n  i m p e r f e c t ,  t .  e . ,  
n o i s y  and  i n c o m p l e t e ,  measurement  s y s t e m  ( 1 - 6 ) .  T h i s  f o r -  
m u l a t i o n  p r o v i d e s  a t h e o r e t i c a l  answer t o  t h e  c e n t r a l  p r 0 . j -  
e c t  o b - j e c t i v e ,  namely t o  r e l a t e  t h e  p e r f o r m a n c e  o f  c o n t r o l  
a n d  g u i d a n c e  s y s t e m s  t o t h e  c h a r a c t e r i s t i c s  o f  t h e  i n fo rma  
t i o n  l i n k s  between t h e  v a r i o u s  c o n s t i t u e n t s ,  u n d r r  t h e  
a s s u m p t i o n  t h a t  t h e  i n f o r m a t i o n  f e d  t o  t h e  c o n t r o l l e r  i s  u t i l -  
i z e d  o p t i m a l l y .  I n  a c t u a l  p r a c t i c e ,  t h e  e x a c t  s o l u t i o n  i n  
t h e  g e n e r a l  c a s e  e x c e e d s  t h e  c o m p u t a t i o n a l  c a p a c i t i e s  o f  
p r e s e n t - d a y  c o m p u t e r s ;  however ,many s p e c i a l  c a s e s  h a v e  a 
computable  s o l u t i o n  and f a i r l y  e v i d e n t  a p p r o x i m a t i o n s  c a n  
b e  u s e d .  I n  a d d i t i o n ,  t h e  s o l u t i o n i s  p r e d i c a t e d  on t h e  a s -  
sumpt ion  t h a t  t h e  c o m p l e t e  d i s t r i b u t i o n s  p ( v , )  c h a r a c t e r i z i n g  
t h e  measurement  s y s t e m  a n d p ( q )  r h a r a r t e r i z i n g  t h e  e r iv i ron -  
r n e n t  a r e  k n o w n  t o  t h e  d e s i g n e r .  The combined o p t i m i z a t i o n  
problem i s  f u r t h e r  d i s c u s s e d  i n  S e c .  111 and R e f .  2 .  

( 3 )  T h i s  g e n e r a l  s o l u t i o n  was a p p l i e d  t o  t he  i m p o r t a n t  c a s e  o f  
a l i n e a r  sys t em p e r t u r b e d  by G a u s s i a n  random e f f e c t s  and a 
c o n c i s e  m a t h e m a t i c a l  e x p r e s s i o n  was d e r i v e d t o  r e l a t e  s y s t e m  
p e r f o r m a n c e  t o  t h e  q u a l i t y  and s t r u c t u r e  o f  t.h(’ measurement  
s u b s y s t e m .  T h i s  e x p r e s s i o n  shows t h e  t r a d e - o f ’ f s  between 
s y s t e m  per formance  and  t h e  q u a l i t y  ( a n d  hence  c o s t )  o f  t h e  
v a r i o u s  s e n s o r s  and o t h e r  i 11 forma t i o n -  hand1 i n p  romponen t s .  

i n  Sec .  111 and d e t a i l e d  d e r i v a t i o n s  a r e  g i v e n  i n  R e f .  ‘3. 

( 4 )  The g e n e r a l  s o l u t i o n  was  p a r t i c u l a r i z e d  t.o t h e  r a s e  o f  a n  
“ o p e n - l o o p ”  s y s t e m ,  w h e r e  t h e  d e c i s i o n s  made o n  t h e  b a s i s  
o f  t h e  n o i s y  m e a s u r e m e n t s  do n o t  a f f e c t  t h e  s t a t e  o f  t h e  
dynamic p r o c e s s  unde r  o b s e r v a t i o n .  T h i s  h a s  l e d  t o  a g e n -  
e r a l  t h e o r y  o f  optimum I n f o r m a t i o n  S y s t e m s ,  w h i c h  i s  o f  
g r e a t  p r a c t i c a l  i m p o r t a n c e  w h e n e v e r t h e  c o s t  o f  c o l l e c t i n g  
i n f o r m a t i o n  i s  h i g h  compared t o t h e  c o s t  o f  p r o c e s s i n g  i n -  
f o r m a t i o n .  S e c t i o n  IV summar izes  t h e  r e s u l t s  o f  t h i s  s t u d y ,  
a d e t a i l e d  a c c o u n t  o f  which i s  found  i n  Appendix A .  

The main r e s u l t s  o f  t h i s  s p e c i a l  c a s e  a r e  d i s c u s s e d  

( 5 )  The r e l a t i o n  between p e r f o r m a n c e  and  t h e  i n f o r m a t i o n -  
h a n d l i n g  c h a r a c t e r i s t i c s  o f  t h e  key c o n s t i t u e n t s  w a s  
d e r i v e d  f o r  t h e  g e n e r a l  c a s e  o f  a f i x e d  c o n t r o l l e r .  
T h i s  d i f f e r s  from t h e  combined o p t i m i z a t i o n  problem 
i n  t h a t  t h e  c o n t r o l l e r  i s  n o t  s p e c i f i c a l l y  d e s i g n e d  
t o  make optimum u s e  o f  t h e  measurements  a n d ,  a s  a c o n -  
s e q u e n c e ,  may be much s i m p l e r .  T h i s  i s  t h e  s i t u a t i o n  
u s u a l l y  e n c o u n t e r e d  i n  s t a n d a r d  f e e d b a c k  c o n t r o l  s y s t e m s  
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where one w i s h e s  t o  know t h e  magni tude o f  t h e  d e g r a d i n g  
e f f e c t s  c a u s e d  by n o i s e  upon a s y s t e m  s t r u c t u r e  s e l e c t e d  
t o  s a t i s f y  t h e  d e s i g n  o b j e c t i v e s  i n  t h e  a b s e n c e  o f  n o i s e .  

The problem was t r e a t e d  from t h e  f o l l o w i n g  two p o i n t s  
o f  v i e w :  

(a) 

( b )  

The c o n v e n t i o n a l  c o n t r o l  e n g i n e e r i n g  p o i n t  
o f  v i e w  b a s e d  on well-known s e r v o  t h e o r y ,  
n o t a b l y  t h e  s t a t i s t i c a l  methods o f  Newton, 
Gould,  and K a i s e r ,  s e n s i t i v i t y  o f  p e r f o r -  
mance t o  b i a s  e f f e c t s ,  and  t r a n s i e n t  re -  
s p o n s e  o f  l i n e a r  s y s t e m s .  

The modern p o i n t  o f  v i e w  b a s e d  on t h e  c a l -  
c u l a t i o n  o f  t h e  p r o b a b i l i t y  d e n s i t y  f u n c -  
t i o n s  o f  t h e  s t a t e  i n  terms o f  t h e  p r o b a b i l i t y  
d e n s i t y  f u n c t i o n s  o f  t h e  random e f f e c t s  w 
and v .  The e x a c t  and  g e n e r a l  s o l u t i o n  was 
a p p l i e d  t o  t h e  s p e c i a l  case  o f  a l i n e a r  s y s -  
t e m  p e r t u r b e d  by non-Gauss ian  e f f e c t s .  An 
example i n v o l v i n g  a l i n e a r  p l a n t  and con-  
t r o l l e r  and a n o i s y  d i g i t a l  f e e d b a c k  p a t h  
was t r e a t e d  b o t h  by approx ima t ion  o f  t h e  
Fokker-Planck  e q u a t i o n  a n d  by e m p i r i c a l  
a p p r o a c h e s  v e r i f i e d  by means o f  Monte C a r l o  
s i m u l a t i o n .  

I t  was found t h a t  t h e  e p t r o p y  o f  t h e  
p r o b a b i l i t y  d e n s i t y  of t h e  s t a t e  c o u l d  n o t  
be u p d a t e d  from t i m e  k + 1 t o  t i m e  k w i t h -  
o u t  knowledge o f  t h e  comple te  p r o b a b i l i t y  
d e n s i t y  a t  t i m e  k. 

The r e s u l t s  of  t h e s e  s t u d i e s  a r e  g i v e n  
i n  Sec. VI-B and Appendix D f o r  t h e  conven-  
t i o n a l  p o i n t  of  v iew and i n  S e c .  VI-C and 
Appendices  C and E f o r  t h e  modern p o i n t  o f  v i e w .  
The example problem i n v o l v i n g  a d i g i t a l  f e e d b a c k  
p a t h  i s  t r e a t e d  i n  Sec .  VI-D and Appendix F. 

( 6 )  The f i r s t  p roblem a t t a c k e d  i n  the c o u r s e  o f  t h e  s t u d y  i n -  
v o l v e d  t h e  optimum d e s i g n  o f  a q u a n t i z e r  l o c a t e d  i n  t h e  
f e e d b a c k  p a t h  of  a n  o t h e r w i s e  l i n e a r  s y s t e m .  I t  was shown 
t h a t  f o r  t h e  i m p o r t a n t  c a s e  o f  l i n e a r  s y s t e m s  and q u a d r a t i c  
pe r fo rmance  m e a s u r e s ,  t h e  o p t i m i z a t i o n  o f  t h e  q u a n t i z e r  
( t h e  c h o i c e  o f  t h e  q u a n t i z e r  s t e p s  and  s w i t c h p o i n t s )  c o u l d  
be  pe r fo rmed  s e p a r a t e l y  from t h e  o p t i m i z a t i o n  o f  t h e  con-  
t r o l l e r .  T h i s  same r e s u l t  was shown t o  h o l d  f o r  t h e  c a s e  
o f  an i m p e r f e c t  measurement system where o p t i m i z a t i o n  o f  
t h e  q u a n t i z e r ,  t h e  c o n t r o l l e r ,  and t h e  e s t i m a t o r  c a n  be 
c a r r i e d  o u t  s e p a r a t e l y  under  j u s t i f i e d  s i m p l i f y i n g  assump- 
t i o n s .  To o p t i m i z e  t h e  q u a n t i z e r ,  a c o n v e n i e n t  i t e r a t i v e  
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scheme replacing the customary and inefficient simul- 
taneous search over many variables by a sequential 
search over one variable was developed. This useful 
design procedure is outlined in Sec. V and discussed 
in detail in Appendix B.. 
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I1 INFORMATION MEASURES 

In this section, the quantity of information (a measure of informa- 

tion based upon information-theoretic concepts) and the value of informa- 

tion (a measure of information based on control-theoretic concepts) are 

defined and related to the quality of information handling components 

such as sensors, communications links, and computers. The reader is also 

referred to an excellent paper by Marschak’ for a discussion of these 

topics. 

A. MATHEMATICAL MODELS OF CONTROL SYSTEMS 

Before the relation between information and control systems can be 

developed, it is necessary to discuss suitable models of control systems. 

1. BLOCK D I A C R A Y  

Figure 11-1 is a block diagram showing the major elements which ap- 
pear in a typical closed-loop control system. An open-loop control system 

has a similar block diagram except that the components connecting the 

state of the plant XPto the controller are absent ( ~ . e . ,  the components 

below the dotted line are missing). 

DISTURBANCES 

COMMUNICATION LINK 
7. 

SENSORS 

FIG. 11-1 CLOSED-LOOP CONTROL SYSTEM 

1 3  



The c l a s s i c a l  method o f  a n a l y s i s  of  such  s y s t e m s  i s  t h e  use o f  t h e  

L a p l a c e  t r a n s f o r m  t h e o r y  w i t h  t h e  v a r i o u s  b l o c k s  r e p r e s e n t e d  by t r a n s f e r  

f u n c t i o n s . 6  I n  what f o l l o w s ,  t h e  modern s t a t e - s p a c e  d e s c r i p t i o n  of  con-  

t r o l  systems i s  r ev iewed .  I t  i s  d e s i r e d  t o  o b t a i n  a s t a n d a r d  form by 

which  c o n t r o l  s y s t e m s  c a n  be d e s c r i b e d .  

2 .  P L A N T  DESCRIPTION 

The s t a t e  x p  of  t h e  p l a n t  summar izes  t h e  e f f e c t  o f  a l l  p a s t  i n p u t s  

t o  i t  a s  f a r  a s  i t s  f u t u r e  b e h a v i o r  i s  c o n c e r n e d .  I n  o t h e r  words ,  g i v e n  

t h e  p r e s e n t  s t a t e  and  a l l  

t h e  f u t u r e  b e h a v i o r  of  t h e  s y s t e m  c a n  b e  d e t e r m i n e d .  The s t a t e  may be a 

v e c t o r  of  r e a l  numbers ( i n  t h e  c a s e  o f  o r d i n a r y  dynamic s y s t e m s ) ,  a v e c t o r  

o f  z e r o e s  and o n e s  ( i n  t h e  c a s e  of  a u t o m a t a  a n d " o p e r a t i o n a 1 "  s y s t e m s )  a 

f u n c t i o n  ( i n  t h e  c a s e  o f  d i s t r i b u t e d  p a r a m e t e r  s y s t e m s )  o r  a c o m b i n a t i o n  

of  t h e s e  t h r e e .  

f u t u r e  i n p u t s  ( i n c l u d i n g  any random d i s t u r b a n c e ) ,  

Under t h e  p r e v i o u s l y  j u s t i f i e d  a s s u m p t i o n  o f  d i s c r e t e  t i m e ,  t h e  p l a n t  

b e h a v i o r  can  be d e s c r i b e d  by 

(11 -  1) 

where UJ[ ( o v e r  which t h e  d e s i g n e r  h a s  no c o n t r o l )  i s  t h e  random i n p u t  t o  

t h e  p l a n t  and where u k  (which  must be s e l e c t e d  by d e s i g n e r  t o  a c h i e v e  t h e  

d e s i r e d  p e r f o r m a n c e )  i s  t h e  c o n t r o l  i n p u t  t o  t h e  p l a n t .  E q u a t i o n  ( 1 1 - 1 )  

i s  a r e l a t i o n  t e l l i n g  how t o  d e t e r m i n e  t h e  n e x t  s t a t e  of  t h e  p l a n t  on t h e  

b a s i s  of t h e  p r e s e n t  s t a t e  and p r e s e n t  i n p u t s .  

Enamp l e  : 

C o n s i d e r  a r o c k e t  c o n s t r a i n e d  t o  t r a v e l  a l o n g  a l i n e  and  o p e r -  

a t i n g  i n  a vacuum. I f  t h e  mass o f  t h e  r o c k e t  i s  f i x e d ,  t h e n  t h e  p r e s e n t  

p o s i t i o n  and v e l o c i t y  summarize t h e  e f f e c t  o f  p a s t  i n p u t s ;  h e n c e ,  a 

s u i t a b l e  s t a t e  i s  a v e c t o r  w i t h  t h e s e  two q u a n t i t i e s  a s  components .  Ap- 

p l i c a t i o n  of Newton's laws  g e n e r a t e s  t h e  f o l l o w i n g  s t a t e  e q u a t i o n :  

14 
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X P  
k 

‘k 

P 
I c k  

I t  

3 .  

1 position at time k 

velocity at time k 

= control thrust level for kth time interval 

disturbance thrusts (assumed to be white) 

= the time interval 

SENSOR DESCRIPTION 

The purpose of  a sensor is to measure some property o f  the state o f  

the plant. Because o f  imperfections, the output of the sensor will differ 

from the true value of the property being measured. Some major imperfec- 

tions are: 

(1 )  A bias error, an additive, time-independent-but often 
amplitude-dependent-departure; f o r  example, gain 
changes of the sensor from nominal may be treated in 
such a manner. 

( 2 1  A noise-induced error, which is commonly assumed to be 
white ( L . e . ,  uncorrelated from sample to sample). 
Noise not satisfying this assumption may be produced 
by use of proper filters operating upon white noise. 

( 3 )  An error caused by internal sensor dynamics. 

(4) An error due to quantization and other nonlinearities. 

Thus, a typical sensor is a dynamic system with an input that is a 

property x of the state of the plant and with an output Z, which is the 
measurement o f  x .  The sensor plant relation may be described quite 

generally by 

15 



131as e f f e c , t s  a p p e a r  i r i  t h i s  model a s  u n k n o w n  v a l u e s  o f  i n i t i a l  ( ' o i l -  

d i t i o n s  o f  t h e  s t a t e  X I .  F i l t e r i n g  of n o i s e  and i r i te r r ia l  dynamics a r e  

1randIt.d b y  t h e  i n t e r n a l  s e n s o r  s t a t e  x ' .  Q u a n t i z a t i o n  and o t h e r  I I O I I -  

l i n e a r i t i e s  a r e  r e f l e c t e d  i n  t h e  form of  h .  

E x a m p l e :  

C o n s i d e r  a p o s i t i o n  s e n s o r  w i t h  t h e  f o l l o w i n g  d e f e c t s :  

r r r o r  c o n s i s t i n g  of a n  unknown z e r o  o f f s e t  and an u n k n o w n  p e r t u r b a t i o r l  o f '  

t h e  g a i n  from a nominal v a l u e  o f  1,  a d e l a y  i n  r e s p o n s e  c o n s i s t i n g  o f  a 

s imple  l a g  o f  t i m e  c o n s t a n t  T ,  and a q u a d r a t i c  n o n l i r i e a r i t y  t o  t h e  o u t p u t .  

a b i a s  

s e n s o r  niay t h e n  be d e s c r i b e d  by ( 1 1 - 3 )  t o  ( 1 1 - 5 1 ,  where 

X ,  = p o s i t i o n  

1 0 

g a i n  p e r t u r b a t i o n  
x ;  = [ o f f s e t  

T = t i m e  c o n s t a n t  o f  t h e  l a g  

a = known c o n s t a n t .  

N o t e  t h a t  components o f  v e c t o r s  have  been d e n o t e d  by s u p e r s c r i p t s .  

4. C O M M U N I C A T I O N  L I N K S  

The purpose  o f  communicat ion l i n k s  i s  t o  t r a n s f e r  i n f o r m a t i o n  from 

one p a r t  o f  t h e  s y s t e m  t o  a n o t h e r  p a r t ,  which may be  s e p a r a t e d  by a c o n -  

s i d e r a b l e  d i s t a n c e .  Wi thout  g o i n g  i n t o  d e t a i l s ,  i t  c a n  be s t a t e d  t h a t  

communication l i n k s  may a l s o  b e  r e p r e s e n t e d  by e q u a t i o n s  o f  t h e  form 

( 1 1 - 3 )  t h r o u g h  ( 1 1 - 5 ) .  
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Actuators are devices for  applying the control signals determined 

b y  the controller to the plant. 
by equation. airiAar t o  thome of senaor. 

Again, these components may be described 

6 .  CANONICAL MODEL 

To show how to reduce the block diagram given in Fig. 11-1 to a 

canonical form, it is sufficient to consider sensors only, since communi- 

cation links and actuators may be handled in an exactly analogous fashion. 

A new state 

is defined, where the superscript s i  identifies the ith sensor. 
bination of plant and sensors can now be described by two equations: 

The com- 

I 
where 

(11-7)  

(11-8) 
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For simplicity it is assumed that E [ u k , u : ' ) l  = 0, although this is not 
necessary. 

t t 
A 

ESTIMATION 
X 

CONTROL k 
LAW SYSTEM 

By following this procedure, a n y  control system may be represented 

by the block diagram given in Fig. 1 1 - 2 .  The plant is governed b y  

E q .  ( 1 1 - 7 1 ,  known as the s t a t e  e q u a t i o n ,  and the measurement system is 

governed by E q .  ( 1 1 - 8 1 ,  known a s  the measurement  e q u a t i o n .  Note that 

the state of the plant in Fig. 1 1 - 2  includes not only the dynamics of 
the physical plant, but those o f  the sensors, communication links, and 
actuators as well. Furthermore, any nonwhite measurement noise appears 

as a white disturbance to the plant, which includes a suitable shaping 
filter. 

- 
I i l  

I CONTROLLER 1 

FIG. 11-2 CANONICAL MODEL OF CONTROL SYSTEM OF FIG. 11-1 
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To formulate a problem in the format giver) by Fig. 1 1 - 2 ,  i t  is 

n e c e s s a r y  to carry out two steps. First, each component 01' the systc:m 

must be modeled in the form given in Parts A - 1  through A - 5  above. Then 

these models must be reduced as described above. Modeling is often no 

easy task and must be based upon physical knowledge of the plant and the 

designer's experience as to what variables are important and what vari- 

ables may be safely ignored. In many cases, testing is required to con- 

firm the assumptions made. 

To avoid confusion between the plant in Fig. 11-1, which is a physical 
entity, and plant in Fig. 11-2, which is a mathematical construction, the 
adjective physical will be used when referring to the actual plant. Sim- 

ilarly the term s e n s o r s  will refer to Fig. 11-1 and measurement system to 
Fig. 11-2. 

E x  amp 1 e : 

For the rocket ship described in Part A - 2  and the position servo de- 

scribed in Part A - 3 ,  the overall state is 

gain perturbation of sensor 

position o f  rocket 

velocity of rocket 

x k  = internal dynamics o f  sensor 

offset of sensor i 
7. CONTROLLER DESCRIPTION 

Up to this point, the controller, which determines the inputs to be 

applied to the plant on the basis of available information about the plant, 

has been ignored. The controller can be broken into two parts: The esti- 
mation system is covered by 

and the control law by 

(11-9) 

(11- 1 0 )  

h The quantity x k ,  which in this report will be referred to as  the 

estimator o f  x k ,  is not in general what is thought o f  as the estimate of 

x k .  In particular it may have a dimension quite different from x k .  Any 
controller, optimal o r  suboptimal, may be represented in the form given 
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A by (11-9) and (11-10); z h  is nothing more than the internal state of  the 
controller in such a model. In Sec. 111, in which the optimum z h  is 

found, the term estimator will become more clear. 

A 

Note that (11-9) and (11-lo), which govern the controller, are similar 
to (11-7) and (11-81, which govern the remainder of the system. There is 
one notable difference: This means that 

the present input to the controller can affect the present output of the 

controller. 

fect the present output of the measurement system; 
loops would be possible. 

the presence of z h  in (11-10). 

On the other hand, the present input of the plant cannot ef- 
if it could, algebraic 

9. THE CONDITIONAL PROBABILITY DENSITY OF THE STATE 
AND THE QUALITY OF INFORMATION HANDLING 

The state of the plant summarizes the past history of inputs insofar 
as they affect future behavior; hence, the control input to the plant can 

be based upon this quantity. Unfortunately, in the usual situation, the 

state of the plant is not available; therefore, a quantity that summarizes 

all knowledge about past inputs as they affect the future behavior must be 

sought. 

In general, two sources of information about the state of the plant 
exist: the past control inputs and the past and present measurements. 

Thus, any prediction about the future behavior of the,plant will be an 

expectation conditioned upon the values of these quantities. This expec- 

tation can be calculated from the state and measurement equations, the 

probability densities of the noises and disturbances, and the conditional 

probability density of the plant state given the past control inputs and 

measurements. The latter quantity is the only one which is not known 
a p r i o r i + ;  hence, it appears intuitive that the control can be computed 
as a function of this quantity. 

In Ref. 2 it is shown that the optimal control input can indeed be 
calculated as a function of the conditional probability density of state 

if the control problem is formulated in a suitable manner (see Sec. 111). 
The appearing in (11-8) and (11-9) is the conditional probability 
density: Estimation is calculation of the conditional probability density 

* If  t h e  ayatem equation. or probability den6iti.a contain unknom parametera ,  the atate can be augmented 
t o  include theae parametera. 
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6 

of the state, arid control is calculation of the control input as a 

function of this conditional density. 

Because i t  summarizes all past information and because it plays a 

r o l e  similar to the state of the plant in deterministic optimal control 

theory, the conditional probability density of the state will be referred 
to as the information state P,.  There is one important difference be- 

tween the state of the system and the information state. In the usual 

situation, the state of  the plant is a finite dimensional vector, whereas 
the information state is a function and thus an infinite dimensional 

vector. In special cases the information state is finite dimensional; 

for example, if the conditional density is Gaussian, then it is completely 
specified by the conditional mean and the conditional variance of the 

state. 

The purpose of the sensors, communication links, and of the estimator 

is to gather information about the state of the plant, transmit this in- 

formation to the controller, and process i t  into a form suitable for 

making a decision by means of the control law. These components together 

may be termed the information-handling system. The quality of  this system 

is determined by the spread of the conditional probability of the state, 
given the estimator x , .  Note that in the general case, if the information 
transferral is to be perfect, then processing consists of calculating the 

conditional probability of state of the plant, given past measurements and 
inputs, since 

h 

where U, is used to represent the set ( u o , u l , .  . . , u k )  for an object u i  

Equation (11-11) shows that no information is  lost in this processing 

A new element has been introduced into the model of a control system: 

To compute the information state, it is necessary to know the probability 
densities of the measurement noises and the disturbance inputs as well as 

the priori probability density of the state of the plant. Knowledge o f  
the physical processes involved in the generation of disturbances and 

noises may provide the form of these distributions and testing can be used 

to find their statistics. In many cases, however, translation of  the de- 
signer’s knowledge into the form needed for analysis is no easy task; this 

is particularly true for the a priori density of the state. 
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C .  ENTROPY 

I Entropy, defined in the introduction, i s  the statistical quantity 
The used in classical information theory as a measure o f  uncertainty.' 

information provided by a given message about some quantity of interest 

is then defined as the amount of uncertainty removed by the message. 

Since the information state pk is a probability density, its entropy 
br may be calculated from 

In general, the value o f  U k , l  is not known a p r i o r i  but is a random vari- 

able through its dependence upon the measurements. 

the controller is chosen in such a way that U,,, is an optimum sequence 
in a sense yet to be specified. Then, it is possible from the a p r i o r i  

probability densities to calculate 

It is assumed that 

# ( k )  is a measure of the expected uncertainty about the state of the 
plant at time k. 

Let gOL be the entropy about the state of the plant if the measure- 
ments are ignored, i . e . ,  

Similarly, let 

when optimum open-loop control i s  applied. Then 

(11- 14) 

(11-15) 

is the amount of uncertainty about the state that is removed by the pres- 
ence of the measurement system during the time up to N. 
o f  information the measurement system provides about the state of the plant. 

2 is the amount 

22 



L e t  3 be c a l c u l a t e d  f o r  two d i f f e r e n t  s e t s  of  s e n s o r s ,  one of which 

h a s  i n t e r n a l  dynamics w h e r e a s  t h e  o t h e r  does n o t .  I t  i s  p o s s i b l e  t h a t  

4 f o r  t h e  former  s y s t e m  i s  l a r g e r  t h a n  9. f o r  t h e  l a t t e r  s i m p l y  b e c a u s e  o f  
i t i for i i i a t ion  a b o u t  t h e  i n t e r n a l  s t a t e  of  t h e  s e n s o r s .  S i n c e  t h e  s t a t e  of  

t h t .  p h y s i c a l  p l a n t  i n  F i g .  11-1 r a t h e r  t han  t h e  ma themat i ca l  p l a n t  iri 

F i g .  

i i i  t h e  above  e q u a t i o n s  by p ( ~ i / Z ~ , C l ~ - ~ ) .  
t h a t  i t  is  t h e  former  q u a n t i t y  t h a t  is needed f o r  s e l e c t i n g  t h e  optimum 

c o n t r o l .  

1 1 - 2  i s  of  p r i m a r y  i n t e r e s t ,  i t  i s  r e a s o n a b l e  t o  r e p l a c e  p ( x I , I Z L ,  l j , -  1 )  

I t  s h o u l d  be e m p h a s i z e d ,  h o w e v e r .  

D .  VALUE OF INFORMATION 

To t h i s  p o i n t ,  t h e  p u r p o s e  of  t h e  i n f o r m a t i o n - h a n d l i n g  s y s t e m  was 

t a k e n  t o  be  t o  g a i n  i n f o r m a t i o n  a b o u t  t h e  s t a t e  o f  t h e  p l a n t ,  and a measure 

o f  t h e  amount o f  i n f o r m a t i o n  g a i n e d  was d e f i n e d .  No m e n t i o n  o f  t h e  v a l u e  

of  t h i s  i n f o r m a t i o n  o r  t h e  need f o r  feedback  c o n t r o l  t o  g a i n  more  i n f o r m a -  

t i o n  t h a n  is  a p r i o r i  a v a i l a b l e  was made. To answer  t h e s e  q u e s t i o n s , t h e  

m e a s u r e s  o f  t h e  pe r fo rmance  o f  c o n t r o l  s y s t e m s  m u s t  be c o n s i d e r e d .  

I n  c l a s s i c a l  c o n t r o l  t h e o r y ,  per formance  measu res  were e i t h e r  of  

t r a n s i e n t  p e r f o r m a n c e ,  s u c h  a s  p o l e  l o c a t i o n ;  o r  s t e a d y - s t a t e  p e r f o r m a n c e ,  

s u c h  a s  e r r o r .  Appendix C c o n t a i n s  a d i s c u s s i o n  o f  t h e  u s e  of c l a s s i c a l  

c o n t r o l  t h e o r y  and o f  modern c o n t r o l  t h e o r y  t o  a n a l y z e  t h e  e f f e c t s  of  

s e n s o r  i m p e r f e c t i o n s  on s u c h  c l a s s i c a l  c o n t r o l  m e a s u r e s .  

I n  what f o l l o w s ,  v a r i a t i o n a l  per formance  measu res  w i l l  be c o n s i d e r e d .  

I t  i s  assumed t h a t  t h e  c o s t  o f  o p e r a t i n g  t h e  s y s t e m  i s  g i v e n  by 

N 

J '  = Z [ X ( L ) , U (  i ) ,  i ]  
i = l  

( 1 1 - 1 6 )  

where one  would l i k e  t o  minimize  J ' ;  however,  b e c a u s e  o f  t h e  random e f f e c t s  

p r e s e n t ,  one  m u s t  s e t t l e  f o r  min imiz ing  J ,  t h e  e x p e c t e d  v a l u e  of  J ' . *  

* 
1s o f t e n  c a l l e d  a performance index and r i l l  be r e f e r r e d  to i n  t h e  s e q u e l  a s  t h e  performance. I t  is 

u n f o r t u n a t e  t h a t  c o s t  r a t h e r  than i t s  n e g a t i v e  p r o f i t  was chosen. s i n c e  t o  o p t i m i z e  performance i t  i s  
n e c e s s a r y  t o  minimize  J .  
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H h i l t ~  L I I  some cases it i s  possible to specify the form o f  1 from ptiysiral 

kllowledge, in most cases selection of 1 is highly subjective. 

Suppose that in order for the system to perform adequately, a level 

o f  performance J d e ,  must be attained. be the best performance 

obtainable with complete information about the plant and let Jo, be the 
best performance obtainable using only a p r i o r r  information about the 

plant ( ~ . e . ,  open-loop control). Then one of three possible cases may 

occur: 

Let J m l n  

(11-17) 

In Case (l), the system cannot perform adequately because the desired 

performance is better than the plant i s  capable of giving. In Case ( 3 ) ,  
the a p r ~ o r i  information is sufficient and there is no need for sensing 

devices to gathe'r information about the plant. In Case ( 2 1 ,  the custom- 
arily encountered situation, i t  is necessary to make measurements on the 

plant in order to attain the desired level of performance. 

The quantity J,, - J m l n  is an upper bound o n  the performance improve- 

ment resulting from perfect information. If J ,  i s  the optimal performance 

with a given set of sensors, 

the use of that set. 
systems for which 

then J , ,  - J ,  is the v a l u e  associated with 

if M, and M, are two alternative measurement Also, 

then, by comparison of the dollar cost of these systems, the least expen- 
sive set can be chosen. 

To calculate such quantities as J m i n ,  J,, and J , ,  it is necessary to 

find the controller that minimizes the expected value of J for various 

measurement systems. The solution of this problem is given by combined 
optimization, considered in detail in Ref. 2 and in Sec. 111. In effect, 

the 

cu- 

the solution of the information handling problem has 
solution of the optimiim information utilization prob 

lation of the best performance possible with a given 
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1 1 1  it siiiii tar nianiier, the cost o f  using suboptimal processirig arid 

iriipcarfect roniriiuiiication links i s  measured by the rctsul tirig degradation 

I I I  I’t’rformaiice. Thus,  tie value of more sophisticated processing arid 

h c t  t r r  communication channels can be computed to determine whether such 

ail t b f f o r t  is worth the expense involved. 

E .  COST OF INFORMATION 

There i s  no direct relationship between the amount of information 

and the value of that information, except in special cases, such as Kelly’s 

gan~bler.’.~ This is because in the information-theoretic sense, information 

is gained when uncertainty is reduced; however, this information may be 

ronipletely irrelevant to the task to be performed. On the other hand, 

there i s  sometimes a closer relation between the amount of information and 

the dollar cost of collecting this information. 

The relation between amount and dollar cost of information is most 

evident in the case of communication channels. By Shannon’s theorem, the 

niaximuni rate at which information can be sent over a channel is’equal to 

the capacity of the channel. The cost of building a channel in turn is a 
monotonic and often a linear function of the capacity. 

For example, the capacity C of a binary communication channel, is 
(see Sec. VI and Appendix F )  

c = l + p l o g * p + ( l -  p )  log, (1 - p )  (11- 1 9 )  

where p is the probability of error. Since it costs money to reduce the 

probability of error, the cost of the channel increases with the rate of 

information transfer. 

While there is no close relation between the dollar cost o f  a measure- 
ment system as a whole and the amount of information it gathers, such a 
relationship does hold in the case of individual sensors. For example, to 
gain more information i n  a sensor with quantized output, it is necessary to 
increase the number of quantum levels, which in turn increase the cost, 

though not necessarily in proportion to entropy. 

It is much harder to find a relationship between the cost of process- 

ing information and the amount of information processed. Information pro- 

cessing can be viewed as removing extraneous information from a signal to 

leave only the desired information. It is not unreasonable to assume that 
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the difficulty (and hence the cost of processing information) grows with 

the amount of extraneous information. 

For example, in the iinear case discussed in Sec. 111-C, the optimum 
estimator is the conditional mean of the state. The measurements contain 

unwanted information about the measurement noise that is removed o r  fil- 

tered out by means of the estimation system, which in this case is the 

Kalman filter. In Ref. 2 ,  examples are presented that indicate that the 
more extraneous information ( i . e . ,  measurement noise) present, the more 

difficult it is to remove the unwanted information in the sense that more 

wanted information is lost by suboptimal processing. 

While these intuitive relations between amount of information and 

cost o f  information exist and are important from a conceptual point of 

view, it does not appear that calculation of the expected entropies as 

described in Sec. 11-C will be o f  much practical value in the design of 

control systems. The cost of information handling components is known 

directly and it is the value of using these components that is of interest 

This value is found by solving the combined optimization problem presented 

in Sec. I11 and in Ref. 2 .  

F .  ILLUSTRATION 

When measurements are made upon a plant in order to obtain adequate 

performance, several important questions arise, namely: 

(1) What measurements should be made? 

( 2 )  How good do these measurements have to be? 

( 3 )  How can a priori and gathered information be used 
to simplify the information processing? 

( 4 )  How does one derive optimum control decisions for 
a given set of measurements? 

The answer to the fourth question is provided by the combined optimi- 
zation problem discussed in Sec. I11  and in Ref. 2 .  In this section, a 

simple illustration of how the solution o f  the combined optimization problem 

in conjunction with the concepts developed so far may be used to answer the 
other three questions is given. 

In the important linear case, the solution of the combined optimization 
problem is well known (see Sec. 111-D). In this case, the state and 
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iilt’cisureiiierit equations are both linear, the random disturbarlcrc:s arid r t o i  scs 

art’ Gaussiari, arid the performance criterion is quadratic. For simp1 i f i -  
( . a t i o n ,  it will be assumed that the system is time invariant and only 

steady-state performance will be considered. The optimum estimator for 

this case ( [ . e . ,  x 1 1 1  Fig. 11-2) is the conditional mean of the state of 
the plant given all available information. The cost per time increment, 

de f i lied by 

A .  

N 

(11-20) 

is 
A 

= tr [PQ + P * V I  , (11-21) 

h 

where tr 

the covariance matrix of the disturbance noise, V is the covariance matrix 
of the error in the estimate, P and P* are matrices found in the solution 

of the control problem and defined in Sec. 111-D. This formula also holds 
for a very general class of suboptimal estimation procedures as long as 

optimal control is used. 

[ A ]  is the sum of the diagonal elements of the matrix A ,  Q is 

Following the notation given in Sec. TI-D, we note that 

n 
W m i n  = tr [PQI 

h w,, = tr [PQ + P*v,,I (11-22) 

where V , ,  is the covariance in estimate of the state given no measurements. 
Hence, 

with measurements is tr [P*Yo,l. 
the maximum gain in performance per unit time that can be obtained 

The covariance V completely characterizes the quality of a given mea- 
surement and estimation system, since the difference in performance between 

two alternative systems can be determined purely on the basis of the co- 

variances V ,  and V ,  corresponding to each. Furthermore, if V ,  > V ,  
is positive definite) then, since P* 2 0, d,, > &,, ( i . e . ,  if V M  - 

Reduction of the error in estimate of any one of  the state variables by a 

given amount will result in an equal gain of information in terms of en- 
tropy; however, the changes in performance may differ greatly depending 

upon P * .  Thus, quantity of information and value of  information are not 

necessarily closely related. Furthermore, improvement in the quality of 

1 2 

v M  2 2 ’  1 
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the information-handling components provides more information but does not 

necessarily improve performance correspondingly. 

Those state variables of the plant that correspond to large elements 

of P* should be known well for high performance. 
imply that all these state variables must be measured; it may well be that 

measurement of one state variable provides the necessary information about 

another system. 

surement system, then the measurements will contain some information about 

the whole state. If this information is not sufficient for adequate con- 
trol, two alternatives are available for gaining additional information: 

adding additional sensors or  improving the existing sensors. Hence, the 

answers to Questions ( 1 )  and (2) raised at the beginning of this part are 
determined by calculating P' and V .  
state variables are most senritive to disturbance inputs. 

This, however, does not 

In fact, if the plant is observable' with the given mea- 

In a similar manner P determines which 

For example, in a position control system, the position sensor provides 

information about rate, which in many cases will be adequate to achieve the 

desired performance. If the available information is not sufficient, the 
position sensor may be improved enabling better calculation of rate; o r  rate 
may be measured directly. 

In general, one of three actions can be taken for a state variable: 

(1)  Measure the state variable. 

(2) Compute the state variable from measurements of other 
state variables (if the resulting V permits). 

Ignore the state variable (if the P* permits). ( 3 )  

Suboptimal processing, in particular suboptimal estimation, will now 

be considered. If, for a given measurement system, V ,  is the covariance 

of the error in estimate with optimal estimation and V I  the covariance with 
suboptimal processing, 
given by 

then V ;  > V , ,  the degradation in performance is 

(11-23) 

If v, is much smaller than is necessary for adequate performance, 

either because of a priori knowledge or because of very good measurements, 
then a fair degree of suboptimal processing may be tolerated and adequate 

performance still attained. 
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1 1 1  general, there may be many alternative ways to obtain the same 
performance for a given plant. By comparing the dollar cost of building 

alternative systems, one can choose the most economical system for ob- 

taining the desired performance. The combined optimization problem is 

the problem of calculating performance for such systems. In Ref. 2 ;  
several numerical examples are presented to illustrate the various al- 

ternative ways f o r  obtaining equivalent performance in the linear case. 

Some o f  the trade-offs considered are 

( 1 )  Number of sensors versus accuracy of sensors. 

( 2 )  Quality of the measurement system versus “isolation” 
from disturbances. 

( 3 )  Quality of the measurement system versus quality of 
the estimation system. 

( 4 )  Quality of a priori information versus quality of the 
estimation system. 
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I11 COMBINED OPTIMIZATION PROBLEM 

I n  t h e  p r e v i o u s  s e c t i o n ,  w e  saw t h a t  i t  i s  n e c e s s a r y  t o  s o l v e  the 

(.oilibinrd o p t i m i z a t i o n  problem i n  o r d e r  t o  c a l c u l a t e  t h e  v a l u e  o f  i n f o r m a -  

t i o n  i n  a c o n t r o l  s y s t e m .  I n  t h i s  s e c t i o n ,  t h e  t h e o r y  o f  t h e  combined 

o p t i m i z a t i o n  p rob lem i s  p r e s e n t e d  b r i e f l y ;  t h e  t h e o r y  i s  p r e s e n t e d  i n  

d e t a i l  i n  R e f .  1 2 ,  which  c o n t a i n s  a l i s t  of  r e f e r e n c e s  t o  o t h e r  work o n  

t h e  problem. One e x c e l l e n t  r e f e r e n c e  on t h e  s u b j e c t  i s  b y  Wonham. 10 

A .  PROBLEM S T A T E M E N T  

For. c o n v e n i e n c e ,  t h e  combined o p t i m i z a t i o n  p rob lem,  which was p r e -  

s e n t e d  i n  b i t s  and  p i e c e s  i n  t h e  p r e v i o u s  c h a p t e r ,  i s  r e s t a t e d  i n  i t s  

e n t i r e t y  h e r e .  The p rob lem i s  i l l u s t r a t e d  i n  F ig .  11-2. 

G i v e n  ( 1 )  A p i a n t ,  d e s c r i b e d  by 

w tie re 

x k  i s  t h e  s t a t e  v e c t o r  

u k  i s  t h e  c o n t r o l  o r  i n p u t  v e c t o r  

w k  i s  t h e  d i s t u r b a n c e  v e c t o r ,  assumed t o  be wh i t e .  

( 2 )  A measurement sys t em,  d e s c r i b e d  by 

( 1 1 1 - 1 )  

( 1 1 1 - 2 )  

z k  i s  t h e  measurement v e c t o r  

v k  i s  t h e  measurement n o i s e  v e c t o r ,  assumed t o  be  wh i t e .  
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( 3 )  The probability distributions 

( I  I I-3a) 

( 1 1  I - 3 L )  

( 1 1 1  - 3 ~ )  

( 4 )  The performance index 

(111-4) 

( 5 )  The admissibility constraint 

U l  E ? 
F i n d  the admissible controller that minimizes J ,  where 

(1) A controller is defined as any algorithm that at time 
k generates u k  as a function of the present and all 
past measurements ( z k ,  ..., zo). 

which, when used in the closed-loop system shown in 
Fig. 11-2, yields admissible u i .  

( 2 )  An admissible controller is defined as any controller 

B. SIMPLIFIED DERIVATION OF SOLUTION 

(111-5) 

In this part, we present a simplified derivation of the solution of 
the combined optimization problem. 

1. STOCHASTIC CONTROL PROBLEM 

Before the general problem is treated, we consider the solution of 

the special case in which the measurement system is perfect ( i . e . ,  

L k  = X I ) .  For this case, no estimation is necessary; it is referred to 

as the stochastic c o n t r o l  problem.. Bellman has derived a recursive 

equation for solution of this problem3: If I ( x k , k )  is defined by 

1 

*Wonhamlo and o t h e r s  have r e f e r r e d  t o  t h e  combined o p t i m i z a t i o n  problem d e f i n e d  i n  A .I t h e  a t o e h . a t i c  
c o n t r o l  problem; r e  p r e f e r  B e l l m m ' m  more r e a t r i c t i r e  d e f i n i t i o n . 3  
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. 
then u k ( x k )  i s  found by solution of 

( 1 1 1 - 7 )  

where the w k  under the E indicates that the expectation is to be taken 

with respect to x k .  

2 .  C O N T R O L  E Q U A T I O N  

From the discussion presented n Sec. 11-B it seems intuitive 
vious that the control u k  at time k can be chosen as a function of 

the conditional probability density of the state given past inputs 

and past and present measurements z k .  In.Ref. 2 ,  this dependence 

assumed, but proved rigorously. In this section we assume that u k  

function of P k  and then solve the combined optimization problem by 
verting it into a stochastic control problem. 

y ob- 
5 

k '  

' k - 1  

s not 

is a 

con- 

In the next section we show that Pk satisfies the recursion relation 

= F k ( p k ~ U k ~ Z k + l )  . (111-8) 

Equation (111-8) has the form o f a  state equation for a plant with state P,, 
input u k  and disturbance 

Consider the performance indexin Eq. (111-4). Byuse o f a  well-known 

identity on conditional expectations' each term of the summation may be written 

where 

(111-10) 

(I11 -11) 
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Comparing Eqs. ( 1 1 1 - 8 )  and  (111-11)  w i t h  Eqs. (111-1 )  and ( 1 1 1 - 4 )  w e  

see  t h a t  t h e  fo rmer  two e q u a t i o n s  d e f i n e  a s t o c h a s t i c  c o n t r o l  problem i n  

which P, i s  t h e  s t a t e ,  z k + l  i s  t h o  disturbance and uk i s  t h e  c o n t r o l .  

T h i s  problem d i f f e r s  from t h e  o r d i n a r y  s t o c h a s t i c  c o n t r o l  p rob lem i n  t h a t  

t h e  s t a t e  i s  n o t  f i n i t e  d i m e n s i o n a l ;  however ,  i n  t h e  d e r i v a t i o n  o f E q .  ( 1 1 1 - 7 )  
no p r o p e r t y  o f  t h e  d imens ion  o f  x i  i s  used .  Hence w e  may w r i t e  down a t  o n c e  

(111-12 1 

where 

which i s  i d e n t i c a l  w i t h  Eq. (11-32) o f  Ref .  2.  Because  s o l u t i o n  o f  

Eq. (111-12) e n a b l e s  one  t o  d e t e r m i n e  t h e  optimum c o n t r o l  law (i.e., t o  

d e t e r m i n e  u k  a s  a f u n c t i o n  o f  p k ) ,  w e  w i l l  r e f e r  t o  i t  a s  t h e  control 

equation. 

3. ESTIUATION EQUATION 

I n  t h i s  s e c t i o n  w e  p r e s e n t  t h e  form o f  t h e  F g i v e n  i n  Eq. ( 1 1 1 - 8 )  ; 

i n  k e e p i n g  w i t h  t h e  n o t a t i o n  o f  Sec. 1 1 1 - A  t h i s  e q u a t i o n  w i l l  b e  r e f e r r e d  

t o  a s  t h e  estimation equation. I t  may be u s e d  t o  u p d a t e  t h e  p r o b a b i l i t y  

d e n s i t y  i n  r e a l  t i m e ;  a l t e r n a t i v e l y ,  w e  may u s e  Eq. (111-8) i n  c o n j u n c t i o n  

w i t h  Eq. (111-12) t o  d e t e r m i n e  t h e  c o n t r o l s  u k  a s  a f u n c t i o n  of  z k  r a t h e r  

t h a n  p k .  These  two methods  o f  s p e c i f y i n g  c o n t r o l  a r e  t r e a t e d  i n  d e t a i l  

i n  Ref .  2. 

An e q u a t i o n  f o r  u p d a t i n g  t h e  c o n d i t i o n a l  p r o b a b i l i t y  o f  t h e  s t a t e  
o f  a p l a n t  w i t h  no  c o n t r o l  i n p u t s  i s  d e r i v e d  by a p p l i c a t i o n  o f  Bayes  

r u l e  i n  Appendix A. T h i s  e q u a t i o n  may be m o d i f i e d  t o  h a n d l e  c o n t r o l  

i n p u t s  by simp1 y r e p l a c i n g  p ( x k  by p ( x k  + l / x k ,  u k  1. The r e s u l t  i s  
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S i n c e  P, D = ~ ( . X , / Z , , U , - ~ ) ,  Eq. (111-13)  indeed  s p e c i f i e s  t h e  form o f  F 
i n  Eq. (111-8 ) .  

4. COMMENTS 

Because  t h e  combined o p t i m i z a t i o n  problem i s  e q u i v a l e n t  t o  a n  i n f i n i t e  

d i m e n s i o n a l  c o n t r o l  p rob lem,  w e  c a n  e x p e c t  c o n s i d e r a b l e  d i f f i c u l t i e s  i n  

c a l c u l a t i n g  e x a c t  s o l u t i o n s  i n  g e n e r a l .  S u i t a b l e  a p p r o x i m a t i o n s  a r e  p r o -  

posed  i n  Ref .  2 ;  i n v e s t i g a t i o n  o f  a p p r o x i m a t i o n s  i s  a ma jo r  a r e a  o f  un- 

f i n i s h e d  r e s e a r c h  on e v e n  t h e  c l a s s i c a l  o p t i m a l  c o n t r o l  p rob lem,  n o t  t o  

ment ion  t h e  combined o p t i m i z a t i o n  problem. 

I n  t w o  s p e c i a l  c a s e s ,  however ,  t h e  combined o p t i m i z a t i o n  p rob lem i s  
n o t  i n f i n i t e  d i m e n s i o n a l :  I f  E q s .  (111-1 )  and (111-2)  a r e  l i n e a r ;  i f  

Eqs.  ( I I 1 - 3 a ) ,  ( 1 1 1 - 3 b ) ,  and  (111-3c )  a r e  G a u s s i a n ;  and i f  Eq. ( 1 1 1 - 4 )  i s  

q u a d r a t i c ;  t h e n  Eqs. (111-12)  and  (111-13)  r e d u c e  t o  a well-known m a t r i x  

e q u a t i o n .  I f  x ,  c a n  t a k e  o n l y  a f i n i t e  number o f  v a l u e s ,  t h e n  p ,  i s  j u s t  

t h e  v e c t o r  o f  p r o b a b i l i t i e s  t h a t  t h e  p l a n t  i s  i n  o n e  o f  i t s  p o s s i b l e  s t a t e s  

and  Eqs.  (111-12)  and (111-13)  become f i n i t e  s e t s .  The s o l u t i o n  t o  t h e  

l i n e a r  c a s e  i s  summarized i n  P a r t  C ;  Ref .  2 p r e s e n t s  t h e  d e t a i l e d  d e r i v a -  

t i o n  o f  t h e  r e s u l t s  a s  w e l l  a s  a l i s t  o f  t h e  many r e f e r e n c e s  i n  which t h e  

s o l u t i o n  i s  g i v e n .  P a r t  D d i s c u s s e s  an example o f  a f i n i t e  s t a t e  sys t em.  

S o l u t i o n  o f  Eq. 

The f i r s t  o f  t h e s e  p r o b a b i l i t y  d e n s i t i e s  can be o b t a i n e d  from t h e  s t a t e  

e q u a t i o n  and  p ( w , ) ;  P ( x , + ~ / x , , u , )  i s  a n  a l t e r n a t i v e  way o f  d e s c r i b i n g  a 

randomly  d i s t u r b e d  p l a n t .  
edge 

d e s c r i b i n g  t h e  measurement sys tem.  

(111-13)  r e q u i r e s  knowledge o f  p ( ~ ~ + ~ / x , , u , )  and p ( z k / x k  1. 

S i m i l a r l y ,  p ( t k / x k )  c a n  be  o b t a i n e d  from knowl- 
of  t h e  measurement e q u a t i o n  and  p ( u , )  and i s  a n  a l t e r n a t i v e  way o f  

C .  LINEAR CASE 

I n  t h i s  p a r t ,  a v e r y  i m p o r t a n t  s p e c i a l  c a s e  o f  t h e  combined o p t i m i z a -  
t i o n  p r o b l e m  i s  c o n s i d e r e d .  

1. S t a t e m e n t  

The l i n e a r  c a s e  o f  t h e  combined o p t i m i z a t i o n  p r o b l e m  r e f e r s  t o  t h e  

s i t u a t i o n  i n  which  t h e  f o l l o w i n g  a s sumpt ions  h o l d :  
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(1) The plant and measurement systems are linear, i . e . ,  

(b) Z, = C k x k  t v k  

(2) The performance index is quadratic, i . e . ,  

(111-15) 

( 3 )  The probability distributions are Gaussian, L . e . ,  

h 
(b) p ( w , )  = c 2  exp ( w : Q ; ’ w , )  (111-17) 

(11148) 

where c l ,  c 2 ,  c 3  are constants of no consequence here and where: 

h 
Q - ]  = a priori covariance of x o  

h 

h 
0, = covariance of the disturbance at time k 

R ,  = covariance of the measurement noise at time k 

x o  = a priori mean of x o  . 
- 

2. SOLUTION 

In the linear case the controller takes the form given in Fig. 111-1. 
Note that all the matrices are given except C, and K , ,  which are found by 

solution of the control problem and estimation problem respectively. 

For any controller with the form given in Fig. 111-1, but not 
necessarily with optimum C, and K , ;  

(111-19) 

where 
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I CONTROLLER U L - - -  - - - - - - - - - - - - - - -  
FIG. 111-1 LINEAR COMBINED CONTROL AND ESTIMATION SOLUTION 
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+ G:R,Gk 

p; = 0 

k = O , l ,  ..., N - 1 

(111-25) 

N o t e  t h a t n p ,  i s  t h e  c o s t  o f  o p e r a t i n g  d u r i n g  t h e  i n t e r v a l  [ k ,  k +  11. 

The optimum G, and K ,  a r e  g i v e n  b y  

and 
h K l  = R;'CkY, (111-27;) 

where 
A h A A h A 

' k + l  = Qk ' A k + l  P A T  k k t l  - A k t l  P k CT k t 1  (C k t l  f' k CT k + l  ' R k + l  )-"k + l ' k A L t l  

k = O , l ,  ..., N - 1 

(111-30) 
h A 

P - ,  = 0-, 
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I n  e s s e n c e ,  Eqs. ( 1 1 1 - 2 8 )  and (111-30)  a r e  t h e  c o n t r o l  e q u a t i o n  and t h e  
e s t i m a t o r  e q u a t i o n  r e s p e c t i v e l y ;  t h e r e f o r e ,  f o r  t h e  l i n e a r  case,  t h e  con-  

t r o l  e q u a t i o n  and e s t i m a t i o n  e q u a t i o n  a r e  f i n i t e  d i m e n s i o n a l  e q u a t i o n s .  

F u r t h e r m o r e ,  t h e  two e q u a t i o n s  have  t h e  same form m a t h e m a t i c a l l y ;  t h i s  

r e s u l t  i s  Kalman's  d u a l i t y  p r i n c i p l e .  When t h e  optimum K,  is  used t h e  

e s t i m a t o r  i s  t h e  Kalman-Bucy f i l t e r ' ,  t h e  t i m e  v a r y i n g ,  m u l t i v a r i a b l e  

e x t e n s i o n  o f  t h e  Wiener f i l t e r .  

I f  optimum c o n t r o l  i s  u s e d  [ i . e . , E q .  (111-26) h o l d s ] ,  t h e n  f'; i s  
z e r o .  

h o l d s ] ,  t h e n  t h e  l a s t  two terms o f  Eq. (111-20) c a n c e l .  

On t h e  o t h e r  hand,  i f  optimum e s t i m a t i o n  i s  u s e d  [ i . c . ,  Eq. (111-27)  

I n  e i t h e r  c a s e ,  

(111-31)  

A l l  o f  t h e  r e s u l t s  p r e s e n t e d  h e r e  a r e  d e r i v e d  i n  Ref .  2;  however ,  

s i n c e  t h e y  a r e  s c a t t e r e d  i n  t h a t  r e p o r t ,  t h i s  s e c t i o n  p r e s e n t s  a compact  

summary o f  t h e  s o l u t i o n  t o  t h e  l i n e a r  c a s e .  Most o f  t h e  r e s u l t s  f o r  t h e  
o p t i m a l  p r o c e s s i n g  a r e  w e l l  known ( s e e  R e f e r e n c e s  i n  Ref. 2 ) ;  however,  t h e  

r e s u l t s  f o r  s u b o p t i m a l  p r o c e s s i n g  a p p e a r  t o  be  o r i g i n a l .  A f o r m u l a  t r a n s -  

l a t o r  ASP ( A u t o m a t i c  S y n t h e s i s  Program)  h a s  been d e v e l o p e d  f o r  NASA by 

Kalman and Englar12  f o r  programming e q u a t i o n s  s u c h  a s  t h o s e  p r e s e n t e d  i n  

t h i s  s e c t i o n .  

D. D U A L  CONTROL 

I n  Sec.  11, i t  was shown t h a t  t h e  purpose  of f e e d b a c k  c o n t r o l  was t o  

g a i n  i n f o r m a t i o n  a b o u t  t h e  s t a t e  o f  t h e  p l a n t  i n  t h e  a b s e n c e  of  s u f f i c i e n t  

a p r i o r i  i n f o r m a t i o n .  I n  a d d i t i o n  t o  t h e  u s e  o f  s e n s o r s  t o  g a t h e r  i n fo rma-  

t i o n ,  and f i l t e r s  t o  p r o c e s s  i n f o r m a t i o n ,  t h e r e  i s  a t h i r d  method of g a i n -  

i n g  u s a b l e  i n f o r m a t i o n  a b o u t  t h e  s t a t e  o f  t h e  p l a n t :  

I n t u i t i v e l y ,  t h e  c o n c e p t  of  u s i n g  c o n t r o l  a c t i o n  t o  g a i n  i n f o r m a t i o n  i a  

n o t h i n g  more t h a n  u s i n g  t e s t  s i g n a l s  a s  i n p u t s  i n  o r d e r  t o  g a i n  i n f o r m a -  

t i o n ;  h e n c e ,  t h e  c o n t r o l  i n p u t  c a n  be used t o  g a i n  i n f o r m a t i o n  aa w e l l  
a s  c o n t r o l  t h e  p l a n t .  S i n c e  t h e  i n p u t  t h a t  p r o v i d e s ' t h e  most  e x p e c t e d  

i n f o r m a t i o n  is  n o t  n e c e s s a r i l y  t h e  one which i s  most  l i k e l y  t o  b r i n g  t h e  

p l a n t  t o  a d e s i r e d  s t a t e ,  i t  i s  n e c e s s a r y  t o  c o n s i d e r  t h e  compromise be- 
tween t h e  c o n t r o l  and  i n f o r m a t i o n a l  u s e s  of  t h e  c o n t r o l  i n p u t .  I n  r e c o g n i -  

t i o n  o f  t h e  d u a l  p u r p o s e  o f  c o n t r o l  i n p u t s ,  Feldbaum'j refers  t o  t h e  p rob lem 

a s  Dual  C o n t r o l .  

c o n t r o l  a c t i o n .  
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The most o b v i o u s  a p p l i c a t i o n  o f  d u a l  c o n t r o l  t h e o r y  i s  t o  a d a p t i v e  

c o n t r o l  systems-indeed t h i s  was t h e  o r i g i n a l  m o t i v a t i o n  behind  Fe ldbaum’s  
work; however ,  c o n t r o l  a c t i o n  c a n  be u s e d  t o  h e l p  e s t i m a t e  t h e  s t a t e  o f  a 

p l a n t  i n  a n o n a d a p t i v e  s i t u a t i o n  a s  t h e  example o f  d u a l  c o n t r o l  i n  R e f .  2 
shows. 

I n  t h e  l i n e a r  c a s e ,  t h e  u n c e r t a i n t y  a b o u t  t h e  s t a t e  i s  c o m p l e t e l y  

d e t e r m i n e d  by t h e  c o v a r i a n c e  m a t r i x .  S i n c e  t h i s  m a t r i x  i s  u n a f f e c t e d  by 

t h e  c o n t r o l s  a p p l i e d ,  no  d u a l  c o n t r o l  need be c o n s i d e r e d .  T h u s ,  t o  p r e -  

s e n t  a s i m p l e  example o f  d u a l  c o n t r o l ,  i t  may be n e c e s s a r y  t o  go t o  t h e  

o t h e r  s p e c i a l  c a s e s - d i s c r e t e  s t a t e  systems-in which t h e  o p t i m a l  e s t i m a t o r  

i s  f i n i t e  d i m e n s i o n a l .  For t h e  p r e s e n t  p u r p o s e s ,  i t  i s  s u f f i c i e n t  t o  

p a r a p h r a s e  t h e  example p r e s e n t e d  i n  Ref .  2 .  To make t h e  example more 

s t i m u l a t i n g ,  i t  h a s  Deen g i v e n  a n  a d m i t t e d l y  c o n t r i v e d  p h y s i c a l  i n t e r p r e -  

t a t i o n .  

The p l a n t  u n d e r  c o n s i d e r a t i o n  i s  a s p a c e c r a f t  w i t h  a J o v i a n  f l y - b y  

m i s s i o n .  The s p a c e c r a f t  a t t i t u d e  i s  m a i n t a i n e d  by t h e  sun and a r e f e r e n c e  

s t a r .  A t t i t u d e  l o c k  of  t h e  s p a c e c r a f t  i s  accompl i shed  by means o f  an 

a c q u i s i t i o n  p r o c e d u r e ;  however ,  i f  i t  i s  a l r e a d y  i n  l o c k  when t h i s  p r o c e -  

d u r e  i s  a p p l i e d ,  t h e  s y s t e m  w i l l  be thrown o u t  o f  l o c k .  The s y s t e m  can  

per form a t e s t  t o  s e e  i f  i t  i s  l o c k e d  o n ;  t h e  t e s t  n e v e r  i n d i c a t e s  l o c k  

when i t  d o e s  n o t  e x i s t  b u t  i n  a manner i n d e p e n d e n t  may f a i l  from t ime  t o  

t ime t o  i n d i c a t e  l o c k  when i t  a c t u a l l y  e x i s t s .  I t  i s  assumed t h a t ,  o n c e  

l o c k e d ,  t h e  s y s t e m  r e m a i n s  i n  l o c k  u n l e s s  t h e  a c q u i s i t i o n  p r o c e d u r e  i s  
app 1 i ed. 

For t h i s  s y s t e m ,  a v a l i d  i n f o r m a t i o n  s t a t e  i s  t h e  p r o b a b i l i t y  t h a t  

t h e  s y s t e m  i s  i n  l o c k .  Suppose  t h a t  p r o b a b i l i t y  i s  l e s s  t h a n  0 . 5 ;  t h e n  

t h e  optimum i n p u t  from a c o n t r o l  v i e w p o i n t  i s  t o  i n s t i g a t e  r e a c q u i s i t i o n .  

On t h e  o t h e r  hand,  t h e  optimum i n p u t  from t h e  i n f o r m a t i o n  p o i n t  of  v i e w  

i s  t o  l e a v e  t h e  s y s t e m  a l o n e  s i n c e ,  i f  t h e  a s s u m p t i o n  t h a t  t h e  s y s t e m  i s  

o u t  o f  l o c k  i s  wrong, t h e  t e s t  w i l l  d i s c o v e r  t h i s  f a c t  s o o n e r  o r  l a t e r .  

Bow suppose  t h a t  i n  t r a n s i t  t h e r e  i s  v e r y  l i t t l e  c o s t  i f  t h e  s p a c e c r a f t  

i s  n o t  a t t i t u d e - s t a b i l i z e d ,  b u t  t h a t  i t  i s v e r y  i m p o r t a n t  t h a t  i t  be s t a b i -  

l i z e d  d u r i n g  t h e  l a s t  time i n c r e m e n t  ( i . e . ,  t h e  fly-by). I f  a t  t h e  t ime  o f  

t h e  n e x t  t o  l a s t c o n t r o l  i n p u t  ( i . e . , N - 2 )  t h e  i n f o r m a t i o n  a b o u t  t h e  s t a t e  

i s  poor t h e n  i t  i s  p r o f i t a b l e  t o  t a k e  t h a t  a c t i o n  which  p r o v i d e s  t h e m o s t  i n -  

f o r m a t i o n  s o t h a t  t h e  l a s t  c o n t r o l  i n p u t  u ~ - ~  c a n  be m a d e w i t h  most  p r o b a b i l i t y  
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of  r e s u l t i n g  i n  l o c k  d u r i n g  f l y - b y  [ 
c a s e ,  t h e  o p t i m a l  i n p u t  f o r  t h e  n e x t  

g a i n s  most i n f o r m a t i o n .  

N -  
t o  

1) A t  t o  N A t ) .  Thus ,  i n  t h i s  

e s t  t ime i n c r e m e n t  is t h a t  w h i c h  

Now c o n s i d e r  t h e  same sys t em an-  s i t u a t i o n ,  e x c e p t  t h a t  t h e  t e s t  i s  

per formed t o  d e t e r m i n e  l a c k  o f  l o c k .  I n  t h i s  s i t u a t i o n ,  t h e  t e s t  w i l l  
n e v e r  i n d i c a t e  l o c k  when i t  d o e s  n o t  e x i s t ;  however ,  i t  may f a i l  t o  i n d i c a t e  

l a c k  o f  l ock .  

from a c o n t r o l  p o i n t  o f  view i s  t o  i n s t i g a t e  r e a c q u i s i t i o n ;  

i n  t h i s  c a s e ,  t h i s  a c t i o n  a l s o  p r o v i d e s  most i n f o r m a t i o n .  I t  i s  c l e a r  

t h a t  t h i s  c o n t r o l  is  optimum i n  an o v e r a l l  s e n s e  s i n c e ,  i f  t h e  d e c i s i o n  

made is wrong, t h e  t e s t  w i l l  s o o n e r  or l a t e r  d e t e r m i n e  t h i s  f a c t .  

For p r o b a b i l i t y  o f  l o c k  l e s s  t h a n  0 . 5 ,  t h e  optimum a c t i o n  
f u r t h e r m o r e ,  

Thus ,  two s i t u a t i o n s  have  been  c o n s i d e r e d  t h a t  a r e  e s s e n t i a l l y  t h e  

same e x c e p t  f o r  what  amounts t o  a change  i n  p o l a r i t y  o f  t h e  measurement  

s y s t e m .  I n  one c a s e ,  t h e  b e s t  c o n t r o l s  from b o t h  t h e  c o n t r o l  and in fo rma-  

t i o n  v i e w p o i n t s  a r e  t h e  same i n  t h e  o t h e r  c a s e ,  t h e y  d i f f e r .  A s  would be 

e x p e c t e d ,  t h e  a v e r a g e  pe r fo rmance  i n  t h e  c a s e  where a d u a l  c o n t r o l  com- 

p romise  must  be made i s  less t h a n  t h e  c a s e  where no  s u c h  compromise i s  

n e c e s s a r y .  Whenever p o s s i b l e ,  i t  pays  t o  a r r a n g e  t h e  measurement  sys t em 

D U  L I I U L  Lnc c v n c r v i  m o s r .  i i n e i y  G O  r aKe  r n e  s y s ~ e r n  L O  r n e  aes irea  s ~ a r e  

a l s o  p r o v i d e s  most i n f o r m a t i o n .  

E .  EXTENSIONS OF THE THEORY 

I n  t h i s  p a r t ,  i t  i s  shown how s e v e r a l  p rob lems  t h a t  a t  f i r s t  do  n o t  

appea r  t o  be combined o p t i m i z a t i o n  problems can  be f o r m u l a t e d  i n  a manner 

such  t h a t  t h e y  become combined o p t i m i z a t i o n  problems.  

1. A U G M E N T A T I O N  OF THE STATE 

I n  Sec. 111-A, i t  was shown t h a t ,  by augment ing  t h e  s t a t e  t o  i n c l u d e  
t h e  dynamics  o f  t h e  s e n s o r  and o t h e r  components ,  t h e  g e n e r a l  c o n t r o l  sys t em 

c o u l d  be r e d u c e d  t o  t h e  c a n o n i c a l  form given  i n  F ig .  

can  a l s o  be  a p p l i e d  t o  r e d u c e  a number of  p rob lems  t o  combined o p t i m i z a t i o n  

t h e o r y .  

11-2. T h i s  t e c h n i q u e  

a. ADAPTIVE CONTROL 

I f  t h e r e  a r e  unknown p a r a m e t e r s  o f  e i t h e r  t h e  p h y s i c a l  components  

o r  t h e  random d i s t u r b a n c e s  and n o i s e ,  t h e s e  may be  hand led  by c o n v e r t i n g  

t h e  p a r a m e t e r s  t o  s t a t e  v a r i a b l e s .  From t h i s  p o i n t  of view,  an  a d a p t i v e  
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control problem is a nonlinear control problem. I T  the unknown parameLers 
are randomly time varying, then i t  will be necessary to add state variables 

to account for this fact. An alternative to specifying initial distributions 

of the unknown parameters is to assume that nature is trying to pick the 

parameters in the most deleterious manner, a problem which can be treated 

by the theory o f  differential games. 

b .  C O N T R O L L A B L E  P A R A M E T E R S  

In many situations, it may be possible to change the mode o f  

operation of components; for example, a radar may be operated either in 
a scan o r  a track mode. One method of making optimum decisions about the 
mode of operation is to augment the state to include the mode of operation 
and to augment the control input to allow changes in the mode of operation. 

C .  S U M -  TYPE CONSTRAINTS 

In the problem formulation, the only type constraints permitted 

were instantaneous constraints; however, many constraints of importance 
are of the form 

N -  1 
Z C ( u i , i )  C . 

i 1 0  
(111-32) 

For example, if the plant is a rocket, the summation could be the total 
fuel used and C the fuel available. 

Define a new state variable by 

I 
' k  t 1  = x ;  + C ( u k , k )  

x o  = 0 

then 

N - 1  
E c ( x i , u i , i )  = x ' ~  

i e 0  

and (111-32) becomes 

X A Z C .  
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T h i s  c o n s t r a i n t  i s  a n  i n s t a n t a n e o u s  s t a t e  v a r i a b l e  c o n s t r a i n t ,  w h i c h  was 

n o t  i n c l u d e d  i n  t h e  o r i g i n a l  f o r m u l a t i o n .  

measured  d i r e c t l y ,  s u c h  a c o n s t r a i n t  may be  h a n d l e d  i n  t h e  same manner 

a s  i n s t a n t a n e o u s  c o n s t r a i n t s  upon u. 

However, s i n c e  x ;  c a n  le 

An a l t e r n a t i v e  method o f  h a n d l i n g  such c o n s t r a i n t s  i s  t h e  Lagrange  

m u l t i p l i e r ,  b u t  i n  many s i t u a t i o n s  t h i s  method is  n o t  v a l i d .  

2. SUBOPTIMAL P E R F O R M A N C E  

I n  many c a s e s ,  i t  i s  d e s i r a b l e  t o  c a l c u l a t e  t h e  p e r f o r m a n c e  o f  a 
c o n t r o l  s y s t e m  ( F i g .  11 -2 )  w i t h  a f i x e d  but  n o t  n e c e s s a r i l y  o p t i m a l  con-  

t r o l l e r .  S e c t i o n  I V  and 

c u s s i o n  o f  f 

c u l a t i n g  t h e  

p r e s e n t e d .  

A s  s ume 

Cons i d e  r t h e  

s t a t e  

xed  c o n t r o l  

pe r fo rmance  

h a t  t h e  con  

Append ices  D th rough F p r e s e n t  a d e t a i l e d  d i s -  

e r  s y s t e m s ;  i n  t h i s  p a r a g r a p h ,  a method o f  c a l -  

by u s e  o f  combined o p t i m i z a t i o n  t h e o r y  i s  

r o l l e r  i s  governed by Eqs. ( 1 1 - 9 )  and  (11-10) .  

whole s y s t e m  o f  F ig .  11-2 a s  a p l a n t  t o  be c o n t r o l l e d  w i t h  

(111-36)  

s t a t e  e q u a t i o n  

where  

L e t  t h e  measurement  s y s t e m  f o r  t h i s  p l a n t  be 

' A  I 
' . k  a 

(111-37)  

(111-38)  

(111-39)  
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N 
= J + E {  I Z = o  u : ~  

E q u a t i o n s  (111-37), (111-39 

( I I 1  - 4 0 )  

, and (111-40) t o g e t h e r  w i t h  t h e  s t a t i s t i c s  
o f  ! j k  and w k ,  d e f i n e  a combined o p t i m i z a t i o n  problem.  T h i s  p rob lem i s  o f  

a v e r y  s p e c i a l  k i n d ,  however :  

n e x t  s t a t e .  

i s  g i v e n  by 

The c o n t r o l  i n p u t  U :  h a s , n o  e f f e c t  on t h e  

T h e r e f o r e ,  f rom (111-401, i t  i s  o b v i o u s  t h a t  t h e  o p t i m a l  u k  

u ;  = 0 (111-41) 

and t h a t  t h e  o p t i m a l  pe r fo rmance  

J k I N  = J . ( I I 1-42 ) 

Hence, b y  s o l u t i o n  o f  t h e  combined o p t i m i z a t i o n  p rob lem d e s c r i b e d  by 

(111-37), (111-39), and (111-do), t h e  pe r fo rmance  o f  t h e  o r i g i n a l  f i x e d  

s y s t e m  is found ,  b u t  s i n c e  by (111-41) u k  5 0, no  m i n i m i z a t i o n  i s  t h e n  

n e c e s s a r y  t o  t h e  s o l u t i o n  o f  t h i s  problem.  

I n  R e f .  2 ,  t h i s  method p l u s  c o n s i d e r a b l e  a l g e b r a i c  m a n i p u l a t i o n  i s  

u s e d  t o  d e r i v e  t h e  r e s u l t s  p r e s e n t e d  i n  P a r t  C f o r  n o n o p t i m a l  c o n t r o l l e r s  

i n  t h e  l i n e a r  c a s e .  
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IV OPTIMUM INFORMATION SYSTEMS 

k “k w 

Optimum information systems are distinguished from combined optimi- 

zation problems, as discussed in Sec. 111, by the fact that the decisions 

u k  made on the basisof the observations z L  do not affect the signal gen- 

erating process. Ilence, they constitute a special case of combined 

optimization theory, and in addition to their very real practical impor- 

tance, provide another and somewhat simpler vehicle for discussing and 

substantiating the concepts of quantity of information and v a l u e  of 

in format ion. 

f 

k . MEASUREMENT 
SIGNAL- X 

SYSTEM 
GENERATING 

PROCESS 

The work on optimum information systems was greacly stimulated by 

J .  Marschak’s paper’. In Appendix A ,  Marschak’s qualitative discussion 

i s  complemented by quantitative expressions and his problem formulation 

is considerably expanded by modeling the signal generating process and by 

considering a much more general cost function. 

DECISION “k r SYSTEM , ‘k 
? 

4 

A .  PROBLEM FORMULATION 

With reference to Fig. I V - 1 ,  the problem is defined as follows: 

FIG. IV-1 OPTIMUM INFORMATION SYSTEM 

G i v e n  (1) The known signal generating process 

( I V - 1 )  
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( 2 )  The measurement p r o c e s s  

z k  = h ( x k , ' k , k  

( 3 )  The p r o b a b i l i t y  d e n s i t y  f u n c t i o n s  
p ( w , )  and p ( u , ) ,  i = 0 ,  . . .  , A', w 

( I V - 2 )  

p ( x o / n o  m e a s u r e m e n t ) ,  
t h  w and u w h i t e .  

F i n d  The d e c i s i o n s  uk t h a t  min imize ,  on t h e  a v e r a g e ,  a c o s t  f u n c t i o n  o f  

t h e  form 

J ( u o ,  ..., U N )  = E {  2 l ( x k , u k , k ) }  ( I V - 3 )  
k = O  

where t h e  e x p e c t a t i o n  i s  t a k e n  w i t h  r e s p e c t  t o  t h e  random v a r i a b l e  x k .  

I t  i s  shown i n  Appendix A t h a t  t h e  s o l u t i o n  t o  t h e  s t a t e d  p r o b l e m i s  

r e l a t i v e l y  s i m p l e  i f  t h e  d e c i s i o n  u k  h a s  no r e p e r c u s s i o n  on f u t u r e  d e c i -  

sions u ~ + ~  ( i . e . ,  does  n o t  c o n s t r a i n  s u c h  l a t e r  d e c i s i o n s )  and r e l a t i v e l y  

complex i n  t h e  a l t e r n a t i v e ,  where t h e  m a t h e m a t i c s  o f  combined o p t i m i z a t i o n  

t h e o r y  a p p l y .  

F o r  t h e  p u r p o s e s  o f  t h i s  d i s c u s s i o n ,  i t  s u f f i c e s  t o  c o n s i d e r  t h e  

s i m p l e  ( y e t  m e a n i n g f u l )  c a s e  o f  u n c o n s t r a i n e d  d e c i s i o n s .  Under t h e s e  c i r -  

cums tances ,  t h e  m i n i m i z a t i o n  o f  t h e  f u n c t i o n a l ( 1 V - 3 )  r e d u c e s  t o  t h e  s e q u e n c e  

The optimum d e c i s i o n  u; m i n i m i z e s  J k ( u k ) ,  t h a t  is 

u i  = a r g  min J k ( u k )  . 
' k  

( I V - 4 )  

( I V - 5 )  

B .  PROBLEM SOLUTION 

I t  i s  r e a d i l y  s e e n  from Eqs. ( I V - 4 )  and ( I V - 5 )  t h a t  t h e  s y n t h e s i s  

of t he  optimum d e c i s i o n  s y s t e m  i n v o l v e s  two s t e p s ,  namely:  

( 1 )  The c o m p u t a t i o n  o f  t h e  c o n d i t i o n a l  p r o b a b i l i t y  d e n s i t y  
f u n c t i o n  p ( x k / z k )  o f  t h e  s t a t e  x k  g i v e n  a l l  a v a i l a b l e  
i n f o r m a t i o n ,  b o t h  p r i o r  and c o l l e c t e d .  
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( 2 )  The s e l e c t i o n  o f  the optimum d e c i s i o n  u; by m i n i m i z a t i o n  
O f  J h ( u h ) '  

The f u n c t i o n  p ( x k / Z h )  can a lways  be computed i n  p r i n c i p l e  by r e c u r -  

s i v e  a p p l i c a t i o n  o f  B a y e s ' s  t h e o r e m ,  a s  d i s c u s s e d  i n  Sec. I 1 1  and i n  

Appendix A. The d e t e r m i n a t i o n  o f  u t  f o l l o w s  from d i f f e r e n t i a t i o n  o f  

J h ( u h )  or, i n  t h e  more g e n e r a l  c a s e ,  from a s e a r c h  o v e r  u h .  

C.  MARSCHAK'S ILLUSTRATIVE EXAMPLE 

I n  [Ref .  S I ,  t h e  example o f  a n  i n v e s t o r  p l a y i n g  t h e  s t o c k m a r k e t  

unde r  s i m p l i f y i n g  a s s u m p t i o n s  i s  used  t h r o u g h o u t .  T h i s  i n v e s t o r  i s  

a l l o w e d  t o  r e i n v e s t  h i s  c a p i t a l  a t  e v e r y  d e c i s i o n  t ime k by b u y i n g  t h e  

m o s t  p r o m i s i n g s t o c k , w h i c h  he s e l l s  a t  a p r o f i t  or a l o s s  b e f o r e  t h e n e x t  

d e c i s i o n  t ime ,  k + 1. The optimum d e c i s i o n  u; maximizes  t h e  p r o f i t  o f  

t h e  i n v e s t o r  d u r i n g  t h e  d e c i s i o n  i n t e r v a l  [ k , k  + 11. 
t r i v e d ,  b e c a u s e  t h e  i n t e l l i g e n t  i n v e s t o r  w i l l  t r y  t o  maximize h i s  p r o f i t  

o v e r  a d e c i s i o n  i n t e r v a l  [ O , N ] ,  which may b e  t h e  d u r a t i o n  o f  h i s  l i f e .  

Under t h o s e  c i r c u m s t a n c e s ,  t h e  amount a v a i l a b l e  f o r  i n v e s t m e n t  a t  k + 1 
depends  on t h e  p r e v i o u s  d e c i s i o n s .  

The example i s  con-  

I n  t h e  example,  t h e  s i g n a l  g e n e r a t i n g  p r o c e s s  i s  a m a t h e m a t i c a l  model 

o f  t h e  s t o c k m a r k e t ,  

t h e  measurement p r o c e s s  i s  t h e  Wall S t r e e t  Journal and t h e  n o i s y  i n f o r m a -  

t i o n  r e c e i v e d  from t h e  s t o c k b r o k e r .  

t h e  i m p e r f e c t i o n s  o f  which a r e  a c c o u n t e d  f o r  by w , ;  

Even t h e  s i m p l e  problem f o r m u l a t i o n  of  u n c o n s t r a i n e d  d e c i s i o n s  i s  

m e a n i n g f u l  i n  t h e  e n g i n e e r i n g  s c i e n c e s .  A s  an o b v i o u s  a p p l i c a t i o n ,  t h e  

p rob lem o f  d e t e r m i n i n g  t h e  b e s t  e s t ima te  o f  a s t a t e  or a p a r a m e t e r  (wh ich  

i s  e q u i v a l e n t  from t h e  p o i n t  o f  v i e w  o f  t h e  m a t h e m a t i c s )  i s  c i t e d .  The 

q u a l i t y  o f  t h e  e s t i m a t e  uk o f  t h e  a c t u a l  s t a t e  x h  i s  measured by 

where t h e  f u n c t i o n  J, i s  o f t e n  o f  t h e  we igh ted  r m s  v a r i e t y  

Q = w e i g h t i n g  m a t r i x  . 
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A The most l i k l y  e s t i m a t e  x , ~ ,  a lways  m i n i m i z e s  Eq. ( I V - 7 )  r e g a r d l e s s  

o f  t h e  w e i g h t i n g  m a t r i x  Q. 

D .  MEASUEES OF INFORMATION 

The c o n c l u s i o n s  o b t a i n e d  i n  S e c .  I1  w i t h  r e g a r d  t o  a p p r o p r i a t e  mea- 

s u r e s  o f  i n f o r m a t i o n  a r e  i l l u s t r a t e d  and s u b s t a n t i a t e d  p a r t i c u l a r l y  w e l l  

b y  t h e  optimum i n f o r m a t i o n  s y s t e m  f o r m u l a t i o n  unde r  d i s c u s s i o n .  These  

two measures  a r e  quantity o f  i n f o r m a t i o n  and value o f  i n f o r m a t i o n .  

From Eq.  ( I V - 4 1 ,  i t  f o l l o w s  t h a t  t h e  c o n d i t i o n a l  p r o b a b i l i t y  d e n s i t y  

f u n c t i o n  p ( n k / Z k )  i s  n e c e s s a r y  and s u f f i c i e n t  t o  compute t h e  c o s t  o f  J , .  

T h i s  f u n c t i o n  d e t e r m i n e s  t h e  q u a n t i t y  o f  i n f o r m a t i o n  b e c a u s e  i t  p r o v i d e s  

a comple t e  summary o f  p r i o r  knowledge and c o l l e c t e d  d a t a .  A f u r t h e r  i m -  

p o r t a n t  f e a t u r e  o f  p ( x , / Z , )  i s  t h a t  i t  c a n  be  u p d a t e d  by means o f  a r e -  

c u r s i v e  r e l a t i o n  o f  t h e  form 

p ( x k + l / z k + l )  = $ [ P ( x k / z k ) *  

which,  i n  g e n e r a l ,  i s  n o t  t r u e  f o r  t h e  s u c c  

' k + l '  k 

s s i v e  m 

+ 11 * ( I V - 8 )  

ments  s u c h  a s  mean 

and v a r i a n c e ,  t h e  i m p o r t a n t  e x c e p t i o n  b e i n g  t h e  l i n e a r  G a u s s i a n  c a s e  

The e n t r o p y  H, can n e i t h e r  be  u p d a t e d  by a r e c u r s i v e  r e l a t i o n  o f  t h e  
form 

( I V - 9 )  

no r  does i t  s u f f i c e  t o  compute t h e  c o s t  J ,  o f  Eq. ( I V - 4 ) .  

The e l e m e n t s  o f  t h e  c o v a r i a n c e  m a t r i x  P,/, o f  t h e  f u n c t i o n  p ( x , / Z , )  

a r e  u s e f u l  i n  a s s e s s i n g  t h e  s p r e a d  o f  t h e  m u l t i v a r i a t e  d i s t r i b u t i o n  and 

t h u s  p r o v i d e  a measu re  o f  t h e  q u a l i t y  o f  t h e  i n f o r m a t i o n  a v a i l a b l e ;  how- 

e v e r ,  i n  t h e  g e n e r a l  c a s e ,  t h e s e  e l e m e n t s  do n o t  s u f f i c e  t o  d e t e r m i n e  
t h e  c o s t  J , .  

The v a l u e  o f  t h e  i n f o r m a t i o n  r e c e i v e d  and a v a i l a b l e  a p r i o r i  i s  

measured b y  t h e  c o s t  J , ,  which i s  t h e  main q u a n t i t y  o f  c o n c e r n  t o  t h e  
d e s i g n e r  f o r  t h e  f o l l o w i n g  two r e a s o n s :  

( 1 )  By e x p r e s s i n g  J ,  i n  t e r m s  o f  p a r a m e t e r s  d e f i n i n g  t h e  mea- 
su remen t  sys t em ( e . g . ,  t h e  a c c u r a c y  o f  a s e n s o r ) ,  and t h e  
amount o f  p r i o r  knowledge ( e .  g . ,  t h e  a c c u r a c y  o f  t h e  m o d e l ) ,  
t h e  c r i t i c a l  s e n s o r  and model p a r a m e t e r s  c a n  be  p i n p o i n t e d  
and c o s t  t r a d e - o f f s  be tween  a l t e r n a t e  s e n s o r s  c a n  be  found .  



( 2 )  By e x p r e s s i n g  J ,  i n  t e r m s  o f  t h e  p a r a m e t e r s  o f  a n o  
d e c i s i o n  s y s t e m ,  the d e g r a d a t i o n  o f  p e r f o r m a n c e  e n t t  
n o n o p t i m a l  d e c i s i o n  making c a n  b e  a s s e s s e d  and the v 
o p t i m a l  d e c i s i o n  making e s t a b l i s h e d .  
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V OPTIMUM QUANTIZATION 

The q u a n t i z e r  i s  an i n f o r m t i o n  h a n d l i n g  e l emen t  o f  f r e q u e n t  o c c u r -  

r e n c e i n c o n t r o l  sys t ems .  I t  h a s  t h e  p r o p e r t y  t h a t  a l t h o u g h  i t s  i n p u t ,  x ,  

can  t a k e  on any r e a l  v a l u e ,  i t s  o u t p u t ,  q ( x ) ,  must a lways  be  s e l e c t e d  from 

some f i n i t e  s e t .  A q u a n t i z e r  i s  comple t e ly  c h a r a c t e r i z e d  by t h e  s e t  o f  

o u t p u t  l e v e l s ,  d e n o t e d  a s  c o ,  c , ,  . . . ,  c N ,  and  t h e  r e l a t i o n  t h a t  d e t e r m i n e s  

which o u t p u t  l e v e l  is t o  b e  used  f o r  e a c h  v a l u e  o f  t h e  i n p u t .  

C u s t o m a r i l y ,  t h i s  r e l a t i o n  i s  d e t e r m i n e d  by d i v i d i n g  t h e  r e a l  l i n e ,  

- a < x < a, i n t o  ( N  + 1) i n t e r v a l s  s u c h  t h a t  e a c h  o u t p u t  l e v e l  c o r r e s p o n d s  

t o  one  i n t e r v a l .  These  i n t e r v a l s  a r e  s p e c i f i e d  by t h e  A' s w i t c h p o i n t s , ,  

d , ,  d , ,  . . . , d,, where d i  i s  t h e  v a l u e  o f  x f o r  which q ( x )  changes  from 

c , - ,  t o  c , .  I n  g e n e r a l ,  t h e  o u t p u t  l e v e l s  a r e  m o n o t o n i c a l l y  i n c r e a s i n g  

w i t h  i ,  t h e  i n d e x .  The q u a n t i z e r  c h a r a c t e r i s t i c  t h e n  a p p e a r s  a s  i n  F i g .  V-1. 

The work d e s c r i b e d  i n  Appendix B p r o v i d e s  a p r o c e d u r e  f o r  o p t i m a l l y  

d e s i g n i n g  a q u a n t i z e r  w i t h  a f i x e d  number of l e v e l s ,  N + 1. The d e s i g n  

p r o c e d u r e  s p e c i f i e s  t h e  (2N + 1) p a r a m e t e r s  o f  t h e  q u a n t i z e r ,  namely t h e  

( N  + 1)  o u t p u t  l e v e l s  and t h e  N s w i t c h p o i n t s .  The c r i t e r i o n  on which t h e  

d e s i g n  i s  b a s e d  i s  t h e  e x p e c t e d  v a l u e  o f  some f u n c t i o n  o f  t h e  e r r o r  between 

i n p u t  and  o u t p u t  o f  t h e  q u a n t i z e r .  T h i s  c r i t e r i o n  i s  a measu re  of how ac-  

c u r a t e l y  t h e  q u a n t i z e r  o u t p u t ,  which m u s t  b e  chosen  from a f i n i t e  s e t ,  can  

a p p r o x i m a t e  t h e  i n p u t ,  which can  h a v e  any r e a l  v a l u e .  A f i d e l i t y  c r i t e r i o n  

o f  t h i s  t y p e  maximizes  t h e  i n f o r m a t i o n  t r a n s f e r  t h r o u g h  t h e  q u a n t i z e r  i n  

t h e  s e n s e  t h a t  i t  min imizes  t h e  a v e r a g e  e r r o r  i n t r o d u c e d .  

I f  p ( x )  i s  t h e  p r o b a b i l i t y  d e n s i t y  f u n c t i o n  o f  t h e  i n p u t ,  X ,  and i f  

d o  and dN+, a r e  s e t  e q u a l  t o  --Q) and t o  +03 r e s p e c t i v e l y ,  
can  b e  w r i t t e n  compact ly  a s  

t h e n  t h e  c r i t e r i o n  

where g ( x , c i )  i s  t h e  e r r o r  measure  when t h e  i n p u t  is x and t h e  o u t p u t  i s  
c i ,  A t y p i c a l  e r r o r  measure  i s  s q u a r e d  e r r o r ,  i n  which c a s e  

g ( x , c i )  = ( x  - C i ) 2  ( V - 2 )  
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FIG. V-1 QUANTIZER CHARACTERISTICS 

T h e  d e s i g n  p r o c e d u r e  c o n s i s t s  o f  f i n d i n g  t h e  ( 2 N  + 1)  v a l u e s  c o ,  

c l ,  . . .  , c N  and d , ,  . . .  , d, t h a t  m i n i m i z e  J .  T h i s  can  be accompl i shed  

b y  d i f f e r e n t i a t i n g  J w i t h  r e s p e c t  t o  each  o f  t h e s e  ( 2 N  + 1 )  p a r a m e t e r s  

and s e t t i n g  t h e  d e r i v a t i v e s  e q u a l  t o  zercr. However, t h e  d e s i g n  e q u a t i o n s  

t h a t  r e s u l t  c a n n o t  be  s o l v e d  e x p l i c i t l y  e x c e p t  i n  a ve ry  few c a s e s .  

N e v e r t h e l e s s ,  one i m p o r t a n t  r e s u l t  i s  o b t a i n e d  d i r e c t l y ;  unde r  c e r t a i n  

a s s u m p t i o n s ,  which a r e  met i n  a l m o s t  a l l  c a s e s  o f  p r a c t i c a l  i n t e r e s t ,  i t  

can be shown t h a t  t h e  s w i t c h p o i n t s  f a l l  h a l f w a y  between t h e  o u t p u t  l e v e l s ,  
t h a t  i s  

1 

T h i s  r e d u c e s  t h e  number o f  f r e e  p a r a m e t e r s  from ( 2 N  + 1 )  t o  ( N  + 1 ) .  

One way o f  s o l v i n g  t h e  (1 + 1)  r e m a i n i n g  d e s i g n  e q u a t i o n s  i s  t o  

s e a r c h  s i m u l t a n e o u s l y  o v e r  t h e  ( N  t 1)  p a r a m e t e r s  u n t i l  a s e t  t h a t  s a t i s -  

f i e s  t h e  e q u a t i o n s  i s  found.  However, t h i s  i s  n o t  p r a c t i c a l  f o r  l a r g e N .  
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I n  Appendix B,  a p r o c e d u r e  o f  m u c h  g r e a t e r  p r a c t i c a l  v a l u e  i s  p r e -  

s e n t e d .  The o u t s t a n d i n g  f e a t u r e  o f  t h i s  p r o c e d u r e  i s  t h a t  i t  c a r r i e s  o u t  

t h e  computa t ions  i n  such  a way t h a t  a one -d imens iona l  [ r a t h e r  t h a n  

(N + 1 ) - d i m e n s i o n a l 1  s e a r c h  s u f f i c e s .  As a r e s u l t ,  i t  i s  p o s s i b l e  t o  

t r e a t  t h e  case o f  l a r g e  N. The p r o c e d u r e  c o n v e r g e s  r a p i d l y  and i t  i s  

i d e a l l y  s u i t e d  f o r  i m p l e m e n t a t i o n  o n  a d i g i t a l  computer .  I t  i s  d e s c r i b e d  

i n  d e t a i l  i n  Sec .  B o f  Appendix B. The p r o c e d u r e  c a n  e a s i l y  b e  e x t e n d e d  

t o  h a n d l e  many r e l a t e d  problems.  

i s  bounded i s  t r e a t e d  i n  t h e  Appendix.  

The case  where t h e  o u t p u t  o f  t h e  q u a n t i z e r  

The p r o c e d u r e  a s  d e s c r i b e d  t h u s  f a r  i s  u s e f u l  f o r  s t a t i c  o p t i m i z a t i o n  

b e c a u s e  i t  depends  o n l y  on t h e  i n s t a n t a n e o u s  v a l u e s  o f  t h e  i n p u t  and o u t p u t  

o f  t h e  q u a n t i z e r .  

c o n s i d e r e d  t o  b e  a p a r t  o f  an o p e n - l o o p  sys t em,  s u c h  a s  a m e a s u r i n g  d e v i c e .  

However, when t h e  q u a n t i z e r  i s  i n t r o d u c e d  i n t o  t h e  f eedback  l o o p  o f  a 

dynamic s y s t e m ,  t h e  o p t i m i z a t i o n  problem becomes much more complex.  I n  

S e c .  C o f  Appendix B some o f  t h e  p rob lems  t h a t  a r i s e  a r e  d e s c r i b e d .  E a r l y  

attempts15*16 t o  t r e a t  t h i s  c a s e  r e s u l t e d  i n  t e c h n i q u e s  t h a t  a r e  n o t  computa-  

t i o n a l l y  f e a s i b l e  f o r  l a r g e  N. 

T h i s  p o i n t  o f  v i e w  i s  a p p r o p r i a t e  when t h e  q u a n t i z e r i s  

I n  Sec. D o f  Appendix B i t  is  shown t h a t  f o r  t h e  c a s e  o f  l i n e a r  p l a n t  

e q u a t i o n s ,  l i n e a r  o b s e r v a t i o n s  e q u a t i o n s ,  G a u s s i a n  n o i s e ,  and a q u a d r a t i c  

pe r fo rmance  c r i t e r i o n ,  t h e  optimum q u a n t i z e r  d e s i g n  can  be  s e p a r a t e d  from 

t h e  optimum d e s i g n  o f  t h e  r ema inde r  o f  t h e  sys t em.  

f o r  t h e  c a s e  i n  which t h e  q u a n t i z e r  is a t  t h e  o u t p u t  o f  t h e  c o n t r o l l e r ,  a s  

i n  F i g .  V - 2 .  The e x t e n s i o n  t o  t h e  c a s e  where t h e  q u a n t i z e r  i s  l o c a t e d  

e l s e w h e r e  i n  t h e  f eedback  l o o p  can  e a s i l y  b e  made. 

A p r o o f  is p r e s e n t e d  

The r e s u l t  t h a t  i s  o b t a i n e d  i s  t h a t  t h e  o v e r a l l  optimum s y s t e m  d e s i g n  

can  be  found by f i r s t  d e s i g n i n g  t h e  optimum feedback  c o n t r o l  sys t em as i f  
t h e  q u a n t i z e r  were r e p l a c e d  by a u n i t y  ga in  and t h e n  u s i n g  t h e  p r e v i o u s l y  

d i s c u s s e d  p r o c e d u r e  t o  f i n d  t h e  optimum q u a n t i z e r  c h a r a c t e r i s t i c .  

f i d e l i t y  c r i t e r i o n  on which t h i s  l a t t e r  o p t i m i z a t i o n  i s  b a s e d  i s  t h e  

s q u a r e  o f  t h e  e r r o r .  Even when t h i s  p r o c e d u r e  of s e p a r a t e l y  d e s i g n i n g  t h e  

s y s t e m s  i s  n o t  e x a c t l y  optimum, a good approx ima t ion  t o  t h e  optimum sys t em 

i s  o f t e n  found .  

t h e  two d e s i g n s  i s  q u i t e  s i g n i f i c a n t  and  t h e  optimum or near -opt imum 

s y n t h e s i s  o f  many p r a c t i c a l  s y s t e m s  c o n t a i n i n g  q u a n t i z e r s  t h u s  becomes 

s t r a i g h t f o r w a r d .  

The 

The s i m p l i f i c a t i o n  t h a t  r e s u l t s  from t h e  s e p a r a t i o n  o f  

I 
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V I  SYSTEMS WITH FIXED CONTROLLER 

*k 

I t  i s  cus tomary  t o  d e s i g n  a c o n t r o l  s y s t e m  f o r  a d e q u a t e  t r a n s i e n t  

and s t e a d y - s t a t e  pe r fo rmance  by n e g l e c t i n g ,  i n  t h e  i n i t i a l  d e s i g n  p h a s e ,  

t h e  random e f f e c t s  u and v .  The r e s u l t i n g  f i x e d  c o n t r o l l e r  r e l a t i n g  t h e  

p l a n t  i n p u t  u t o  t h e  measurement s y s t e m  o u t p u t  z may or may n o t  be a l t e r e d  

t h e r e a f t e r  t o  r e d u c e  t h e  d e g r a d i n g  e f f e c t s  upon pe r fo rmance  o f  w and v .  

The p r e s e n t  s e c t i o n  i s  conce rned  w i t h  t h e  c a l c u l a t i o n  o f  pe r fo rmance  

i n  t h e  p r e s e n c e  of s u c h  random p e r t u r b a t i o n s  and  on t h e  a s sumpt ion  t h a t  a 

f i x e d  c o n t r o l l e r  h a s  a l r e a d y  been l a i d  down. The g e n e r a l  n o n l i n e a r  non- 

Gauss i an  c a s e  i s  c o n s i d e r e d  and s p e c i a l  c a s e s ,  p a r t i c u l a r l y  t h o s e  d e r i v e d  

from w e l l  known methods o f  c l a s s i c a l  c o n t r o l  t h e o r y ,  a r e  t r e a t e d .  

A .  GENERAL PROBLEM FORMULATION 

For  t h e  c l o s e d - l o o p  sys t em shown i n  Fig.  V I - 1 ,  t h e  problem i s  formu- 

l a t e d  a s  f o l l o w s :  

rn 

1 

k x 
c PLANT 

FIXED "k 
r 

CONTROLLER 

'It 

G i v e n  t h e  p l a n t ,  measurement  and c o n t r o l l e r  e q u a t i o n s  

% & + I  = f ( X p w p U & D k )  

'k MEASUREMENT 
SYSTEM 

(VI- 1) 
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( V I - 2 )  

( V 1 - 3 )  

and the p r o b a b i l i t y  d e n s i t y  f u n c t i o n  p ( x , ) ,  p ( t u l ) ,  p ( v , ) ,  w arid v w h i t e  

1 = 0 ,  . . . ,  N ,  f i n d  t h e  e x p e c t e d  c o s t  

J = E { N U x h , u k , k ) }  

k = O  

f o r  t h e  i n t e r v a l  (o,,'V), t h e  e x p e c t a t i o n  b e i n g  w i t h  r e s p e c t  t o  t h e  random 

v a r i a b l e s  x k  and u k .  

The s o l u t i o n  i n v o l v e s  t h e  two f o l l o w i n g  s t e p s :  

Computation of t h e  density functions p ( x , )  and  p ( u k  )-This 
computa t ion  c a n  a l w a y s  be c a r r i e d  o u t ,  i n  p r i n c i p l e ,  on a 
d i g i t a l  c o m p u t e r ,  b u t  r e q u i r e s  i m p r a c t i c a l l y  l a r g e  h i g h -  
s p e e d  memories  f o r  even  modera t e  d i m e n s i o n s  o f  t h e  s t a t e  
when t h e  cus tomary  programming t e c h n i q u e s  a r e  used .  

I t  i s  shown i n  Appendix C t h a t  p ( x k )  i s  g i v e n  by a s t o c h a s t i c  d i f -  

f e r e n c e  e q u a t i o n  o f  t h e  form 

and t h a t  p(u,) c a n  be computed i n  a s t r a i g h t f o r w a r d  manner  once  p ( x k )  i s  

known. 

Computation of the c o s t  J-The c o m p u t a t i o n  o f  J p r o c e e d s  
w i t h o u t  any f o r m a l  d i f f i c u l t y ,  s i n c e  t h e  d e n s i t i e s  p ( x k )  
and  p ( u k )  a r e  now known. T h u s ,  t h e  p a r t i a l  c o s t  J ,  i n c u r r e d  
d u r i n g  t h e  i n t e r v a l  [ k , k  + 11 i s  s i m p l y  

The t o t a l  c o s t  J i s  t h e  sum o f  a l l  t h e s e  p a r t i a l  c o s t s  

N 

k = O  
J =  Z J ,  
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A s  s t r e s s e d  i n  p r e v i o u s  s e c t i o n ,  p ( x , )  i s  n e c e s s a r y  t o  d e t e r m i n e  t h e  
v a l u e  of i n f o r m a t i o n ,  which is  measured by J. An a l t e r n a t i v e  method o f  

c a l c u l a t i n g  J by u s e  o f  combined o p t i m i z a t i o n  t h e o r y  is  p r e s e n t e d  i n  

Sec.  111-D. 

B .  CLASSICAL SYSTEM PERFORMANCE MEASURES 

I n  Appendix D, t h e  r e l a t i o n  between t h e  i n f o r m a t i o n  h a n d l i n g  c h a r a c t e r .  

i s t i c s  and pe r fo rmance  o f  c o n t r o l  sys tems i s  c o n s i d e r e d  f o r  c l a s s i c a l  p e r -  

formance measures  s u c h  a s  p o l e  l o c a t i o n  ( f o r  t r a n s i e n t  r e s p o n s e )  and s t e a d y .  

s t a t e  e r r o r .  

1. SYSTEW DESCRIPTION 

For t h i s  f o r m u l a t i o n ,  i t  i s  assumed t h a t  t h e  p l a n t ,  measurement  s y s t e m  

and c o n t r o l l e r  a r e  l i n e a r ,  and t h a t  t h e  sys t em o p e r a t e s  i n  c o n t i n u o u s  time. 

Because  of t h e  l i n e a r i t y  a s s u m p t i o n ,  a l l  components  can  be r e p r e s e n t e d  by 

a p p r o p r i a t e  t r a n s f e r  f u n c t i o n s .  

2. SENSOR IYPERFECTIOWS 

Some o f  t h e  s e n s o r  i m p e r f e c t i o n s  t h a t  can  be t r e a t e d  w i t h  t h i s  model 

a r e  

(1) C o n s t a n t  b i a s e s  

( 2 )  S e n s o r  g a i n  changes  

( 3 )  S e n s o r  dynamics  

( 4 )  A d d i t i v e  measurement  n o i s e  

( 5 )  Sampl ing  (by  u s e  o f  z - t r a n s f o r m s )  

( 6 )  Q u a n t i z a t i o n  (by  r e p l a c e m e n t  wi th  an  e q u i v a l e n t  n o i s e  s o u r c e ) .  

3. RESULTS 

One o b j e c t i v e  o f  t h i s  s t u d y  i s  t o  show t h a t  t h e  c l a s s i c a l  methods  of 
a n a l y s i s  b a s e d  on L a p l a c e  t r a n s f o r m  t h e o r y  c a n  be a p p l i e d  t o  i n v e s t i g a t e  

t h e  e f f e c t  o f  t h e  s e n s o r  d e f e c t s  l i s t e d  above.  S i n c e  t h e s e  methods a r e  

w e l l  known, i t  was o n l y  n e c e s s a r y  t o  i l l u s t r a t e  how t h e y  c a n  be  a p p l i e d i n  

t h e  c a s e  o f  a s i m p l e  p o s i t i o n  s e r v o .  From t h i s  example,  i t  i s  s e e n  t h a t  

c l a s s i c a l  c o n t r o l  t h e o r y  may b e  d i r e c t l y  a p p l i e d  t o  an  i m p o r t a n t  c l a s s  o f  

p rob lems  i n v o l v i n g  i m p e r f e c t  s e n s o r s ;  t he  root l o c u s  approach ,  s t r a i g h t -  

f o r w a r d  s e n s i t i v i t y  c o n s i d e r a t i o n s ,  and  t h e  u s e  o f  power s p e c t r a l  d e n s i t y  

a r e  o f  p a r t i c u l a r  v a l u e .  

57 



I n  t h e  second  p a r t  o f  Appendix D ,  a method f o r  d e s i g n i n g  s y s t e m s  t o  

o p t i m i z e  c l a s s i c a l  c r i t e r i a  w i t h  a s t a t e  s p a c e  approach  is p r e s e n t e d .  Irr 
a d d i t i o n  a r e c e n t l y  d e v e l o p e d  s t a t e  s p a c e  method f o r  d e t e r m i n i n g  t h e  

s e n s i t i v i t y  o f  p o l e  l o c a t i o n s  t o  p a r a m e t e r  changes  i s  g i v e n .  A s  i n  t h e  

f i r s t  p a r t ,  t h e  i d e a s  a r e  i l l u s t r a t e d  w i t h  a s i m p l e  p o s i t i o n  s e r v o .  

C. PHOBABILISTIC FEEDBACK 

E f f o r t s  t o  e x p l o i t  t h e  r e s u l t s  o f  i n f o r m a t i o n  t h e o r y  i n  o r d e r  t o  

a n a l y z e  i n f o r m a t i o n  r e q u i r e m e n t s  o f  g u i d a n c e  and c o n t r o l  s y s t e m s  have  no t  

been  s u c c e s s f u l .  A ma jo r  s t u m b l i n g  b l o c k  a r i s e s  b e c a u s e  t h e  a n a l y t i c  

p r o p e r t y - t h e  j o i n t  e n t r o p y  o f  two i n d e p e n d e n t  e v e n t s  i s  t h e  s u m  o f  t h e  

i n d i  

h e l p  

more 

and  

i d u a l  e n t r o p i e s ,  which i s  s o  u s e f u l  i n  i n f o r m a t i o n  t h e o r y - d o e s  n o t  

much when c o n s i d e r i n g  c o n t r o l  s y s t e m s .  I n  t h e  l a t t e r  w e  a r e  much 

o f t e n  l e d  t o  compute t h e  e n t r o p y  o f  t h e  sum o f  two random v a r i a b l e s ,  

t i s  n o t  i n  g e n e r a l  c a l c u l a b l e  from t h e  i n d i v i d u a l  e n t r o p i e s .  

Use fu l  r e s u l t s  can  be o b t a i n e d  i f  one  c o n s i d e r s  c e r t a i n  m a r g i n a l  

p r o b a b i l i t y  d i s t r i b u t i o n s .  S p e c i f i c a l l y ,  l e t  t h e  s y s t e m  ( p l a n t  and  con-  

t r o l l e r )  have  a s t a t e  v e c t o r  x o f  n e l e m e n t s  o b e y i n g  t h e  c o n t i n u o u s - t i m e  

e q u a t i o n s :  

x = F x  + Gw + Hy O l t < a J  ( V I - 7 )  

w i t h  m a t r i c e s  F ,  G ,  and H p o s s i b l y  t i m e  v a r y i n g .  Le t  w ( t )  be a w h i t e  

random v e c t o r  w i t h  ensemble  mean z e r o  and  c o v a r i a n c e  m a t r i x  Q ,  

L e t  p , ( y l  x )  be t h e  c o n d i t i o n a l  p r o b a b i l i t y  d e n s i t y  o f  t h e  f e e d b a c k  te rm 
y ;  w r i t e  t h e  c o n d i t i o n a l  mean m a s  

and the ensemble  c o n d i t i o n a l  c o v a r i a n c e  a s  

(VI-9) 
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s o  that y is probabilistically dependent on x and is white i r i  time. Take 

y and w to be statistically independent, write p ( x , t )  for the ensemble 

probability density of the system state at any time t ,  and take p ( x , O )  

to be given. 

Then the evolution of the state x ( t )  is a Markov process and the 

instantaneous state probability density p ( x , t )  will obey the Fokker- 
Planck partial differential equation 

where 

a =  

[Phjl = 

(VI- 10) 

(VI-11) 

(VI-12) 

From this eq.uation, by judicious use of integration by parts, one can ob- 

tain families of ordinary differential equations that will describe the 
time evolution of many quantities defined by integrals of functions of x 

over the p ( x , t )  density. Complete families of equations can be found, 
for example, for the instantaneous ensemble moments of the state in any 

linear problem and also in a number of interesting problems involving 
nonlinear probabilistic feedback ( e . g . ,  where the feedback “noise” is de- 

pendent on the state). 

This problem formulation and the resulting Fokker-Planck equation 

also apply to the case in which the feedback term y is discretized, s o w e  
can treat the system with a quantizer and digital communication channel 

in the feedback path. It turns out that some approximations are needed 
in order to obtain a complete set of ordinary differential equations f o r  

the state mean and covariance matrix; the first approximations that were 

tried introduced a bias in the steady-state results. However, even these 

should give good answers when the number of quantization levels is fairly 

large (say, more than eight). These results thus permit the designer to 
analyze the response of his control system design in terms of time h i s -  
tories of its ensemble means, variances, etc.; the effects of both system 
dynamics and information-handling-element characteristics (inaccuracies, 
averaging, communication channel errors, etc.) on system response can be 

examined in detail. 
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D. APPROXIMATE DESIGN OF A FIXED CONTROLLER SYSTEM 
WITH DIGITAL FEEDBACK PATH 

1. I N T R O D U C T I O N  

To i l l u s t r a t e  t h e  power o f  s t r a i g h t f o r w a r d  e n g i n e e r i n g  a r g u m e n t s  and 

sound a p p r o x i m a t i o n s ,  t h e  example problem shown i n  F i g .  V I - 2  i s  c o n s i d e r e d .  

I U 
m 

S(S t I) 

X 

DECODER ENCODER UNIFORM - AND ’ 

FIG. VI-2 SYSTEM WITH NOISY DIGITAL FEEDBACK 

HOLD 

The q u a n t i z e r  h a s  N e q u a l l y  s p a c e d  l e v e l s ,  which a r e  c o n v e r t e d  i n t o  

a n  n - b i t  message i n  t h e  e n c o d e r .  T h i s  message  i s  s e n t  o v e r  a f r e q u e n c y  

s h i f t  k e y i n g  (FSK) communicat ion c h a n n e l ,  where e a c h  b i t  i s  changed  w i t h  

a p r o b a b i l i t y  p ,  i n  a c c o r d a n c e  w i t h  

(BINARY 1 OUANTIZER 
COMMUNICATION 

(VI - 13 

where 

o! = c o n s t a n t  c h a r a c t e r i z i n g  t h e  q u a l i t y  o f  t h e  c h a n n e l  

s t  = t ime i n t e r v a l  f o r  t r a n s m i t t i n g  o n e  b i t .  

The d i g i t a l  message r e c e i v e d  w i t h  a t r a n s m i s s i o n  d e l a y  At i s c o n v e r t e d  

i n t o  an a n a l o g  s i g n a l  i n  t h e  d e c o d e r  and  compared t o  t h e  command i n p u t  r 

t o  g e n e r a t e  a c o r r e c t i n g  s i g n a l  u .  

The d e s i g n  p a r a m e t e r s  p , ,  N ,  n,  6 t  a n d  A t  a r e  r e l a t e d  by (VI-13) a n d  
t h e  a d d i t i o n a l  two e q u a t i o n s  
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N = 2 "  

At = nb;t 

(VI-14) 

(VI-15) 

with the result that(V1-13)can be rewritten as 

At 
1 - a T  

2 
P v  = - 1  (VI -16) 

For convenience, the bit error probability p ,  and the message time 

A t  are retained as the free design parameters and the problem consistsof 

minimizing the steady-state rms output E { ( r  - x )  '1 by selecting optimum 

values of p ,  and A t .  

To illustrate the situation, the following two extreme cases are 
considered: 

At is small compared to the system time constant and 
the error ( r  - x )  is affected by nonzero mean noise, 
the major effect of which is the introduction of a 
bias; the magnitude o f  this bias depends on the trans - 
mitted code word, i.e., on the output x .  The ampli- 
tude of the transients resulting from an erroneous 
message are negligible because A t ,  the time during 
which the resulting erroneous control prevails, is 
much smaller than the system's dominant time-constant. 
This situation will be referred to as the s t e a d y - s t a t e  
mode of operation. 

At is large compared to the system's dominant time con- 
stant; transmission errors are now relatively infrequent, 
but set up a non-negligible transient since they cause 
an erroneous control signal, which subsists for a rel- 
atively long time-interval. In addition to this in- 
frequent transient error, there is a deadband error 
resulting from the fact that no correcting signal is 
generated as long as the output remains in the dead- 
band of the quantizer. This situation will be referred 
to as the transient mode of operation. 

SEPARATION BETWEEN STEADY-STATE AND TRANSIENT MODES 

average frequency with which an erroneous message is received is 
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whereas t h e  b r e a k - f r e q u e n c y  o f  t h e  l i n e a r i z e d  s y s t e m  of  F i g .  V I - 2  i s  

1 

2n 
f b  I - 

The s t e a d y - s t a t e  mode p r e v a i l s  f o r  

f a  ’ f b  

and the t r a n s i e n t  mode f o r  

w i t h  a s e p a r a t i o n  g i v e n  by 

( V I - 1 7 )  

With Eqs.  (VI-14)  and ( V I - 1 5 ) ,  t h i s  s e p a r a t i o n  i s  e x p r e s s e d  i n  terms o f  

t h e  s i n g l e  f r e e  d e s i g n  p a r a m e t e r  p ,  a s  

l o g  2 p v  + 2napv = 0 . ( V I - 1 8 )  

3 .  P E R F O R M A N C E  I N  T H E  S T E A D Y - S T A T E  M O D E  

The pe r fo rmance  i s  measured by t h e  a v e r a g e  s q u a r e  o f  t h e  o u t p u t  o f f -  

s e t  r e s u l t i n g  from t h e  b i a s  e f f e c t s  o f  t h e  n o i s y  communicat ion c h a n n e l ,  

t h e  a v e r a g e  b e i n g  t a k e n  o v e r  t ime  and t h e  s p a c e  o f  t h e  i n p u t  commands r .  

I t  i s  p r o v e d  i n  Appendix F t h a t  t h e  number j o f  q u a n t i z a t i o n  l e v e l  

o f f s e t s  c a u s e d  by t h i s  b i a s  i s  a p p r o x i m a t e l y  r e l a t e d  t o  r a s  shown i n  
F i g .  VI-3.  

For  r u n i f o r m l y  d i s t r i b u t e d  i n  t h e  r a n g e  

(VI - 19 

t h e  r e s u l t i n g  c o s t  J i i s  

( V I - 2 0 )  
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FIG. VI-3 QUANTIZATION LEVEL OFFSETS, i, IN TERMS OF r, p,, AND N, 
FOR A BINARY CODE 

4 .  P E R F O R M A N C E  I N  T H E  TRANSIENT MODE 

I n  t h i s  mode, i t  i s  assumed t h a t  t h e  f o l l o w i n g  two e r r o r s  o c c u r :  

(1) The deadband e r r o r ,  which i s  assumed t o  be u n i f o r m l y  
d i s t r i b u t e d  w i t h i n  t h e  deadband d e t e r m i n e d  by t h e  
q u a n t i z e r  s t e p  s p a c i n g  X/N. The r e s u l t i n g  c o s t  J ;  i s  

X 2  
J ;  = E { ( r  - x ) 2 )  = - 

3N 
(VI-21  

( 2 )  The t r a n s i e n t  e r r o r ,  which is c a u s e d  by a n  e r r o n e o u s  
c o n t r o l  a p p l i e d  d u r i n g  t h e  i n t e r v a l  At when an  e r r o -  
neous  message is  r e c e i v e d .  Denot ing  by p t h e  magni-  
t u d e  o f  t h e  c h a n n e l  e r r o r  a t  t h e  d e c o d e r  o u t p u t  and 
by J(t,At), t h e  u n i t  impu l se  r e s p o n s e  o f  t h e  l i n e a r -  
i z e d  sys t em o f  F i g .  VI-2 o p e r a t i n g  w i t h  t h e  c h a n n e l  
d e l a y  A t  t h e  i n t e g r a l  s q u a r e d  e r r o r  i s  

ISE = p2(At)* s,” d2(t,At)dt . (VI -22)  

The f r e q u e n c y  o f  o c c u r r e n c e  of t h i s  e r r o r  i s  d e t e r m i n e d  
by p ,  and t h e  magni tude  of i t s  e f f e c t  i s  measured by a 
f u n c t i o n  C o f  t h e  number o f  q u a n t i z a t i o n  i n c r e m e n t s  X/N 
and t h e  p a r t i c u l a r  code  chosen .  
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,. llie c o s t  a s s o c i a t e d  w i t h  t h i s  s econd  e r r o r  i s  
a v e r a g e d  o v e r  t i m e  w i t h  t h e  r e s u l t  t h a t  

0 1 - 2 3 )  

I t  i s  shown i n  Appendix F t h a t  a ( t , n t )  is f a i r l y  i n s e n s i t i v e  t o  At 

f o r  At s u f f i c i e n t l y  s m a l l  ( A t  < 0 . 3  s e c )  and t h a t  C i s  a c o n s t a n t  f o r  N 
s u f f i c i e n t l y  l a r g e  ( N  > 8 )  w i t h  t h e  r e s u l t  t h a t  (VI-23) car1 be e v a l u a t e d  

very e a s i l y .  

The c o s t s  J' and J i  a r e  added t o  p r o v i d e  t h e  t o t a l  o p e r a t i n g  c o s t  J ,  
2 

f o r  t he  t r a n s i e n t  mode. 

5 .  D E S I G N  C H A H T  

W i t h  e x p r e s s i o n s  f o r  t h e  c o s t s  J ,  and J , ,  i t  i s  now e a s y  t o  e s t a b l i s h  

a d e s i g n  c h a r t  s u g g e s t i n g  optimum v a l u e s  o f  t h e  f r e e  d e s i g n  p a r a m e t e r s  p ,  
and A t .  T h i s  i s  done i n  F i g .  VI-4 for a communicat ion c h a n n e l  c h a r a c t e r -  

i z e d  by = 63.4 and a q u a n t i z e r  r ange  X = 1 . 5 .  

I t  i s  s e e n  t h a t  t h e  b e s t  d e s i g n  p a r a m e t e r  s e l e c t i o n  i s  a p p r o x i m a t e l y  

At = 0 . 5  

p ,  = 1 0 - 3  

n - 5  

N = 3 2 .  

L a r g e r  v a l u e s  o f  At a r e  r u l e d  o u t ,  s i n c e  t h e y  l e a d  t o  poor t r a n s i e n t  r e -  

s p o n s e  and c a u s e  i n s t a b i l i t y  f o r  A t  > 0.8. 

The s e p a r a t i o n  between s t e a d y - s t a t e  and t r a n s i e n t  modes i s  a t p ,  = lo-'; 
c o n s e q u e n t l y ,  t h e  b e s t  p a r a m e t e r  s e l e c t i o n  c o r r e s p o n d s  t o  t h e  t r a n s i e n t  
mode. The  c o s t s  J ;  and J ' ;  a r e  o f  t h e  same o r d e r  o f  m a g n i t u d e .  

I t  i s  c l e a r  from F i g .  VI-4 t h a t  t h e  C o s t s  c a n  become e x t r e m e l y  h i g h  

f o r  poor c h o i c e s  o f  d e s i g n  p a r a m e t e r .  
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. 

MESSAGE TIME, At 

FIG. V I 4  DESIGN CHART FOR SYSTEM WITH NOISY DIGITAL FEEDBACK PATH 
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7 .  

TIie r h a r i i i c l  c a p a c i t y  o f  a symmetric- b i n a r y  c h a n n e l  i s  e x p r e s s e d  a s  

1 %  F O H  \ l A  T 1 O h  -Ttl I.: O H  K T  I C I MI' I. I C. A T  I O N S  

c ,  = I n  2 + p I n  p f ( 1  - p )  I n  ( 1  - p )  

u.1rrr.r~ (,', I s  c a p a c i t y  i n  n e p i t s  p e r  b i t  and  p i s  t h e  b i t  e r r o r  p r o b a b i l i t y .  

'rllt. c a p a c i  t y  i r i  n e p i t s  p e r  s e c o n d  i s  o b v i o u s l y  

C = C , R  , 

u l i ~ r f ~  R i s  t h e  r a t e  i n  b i t s  p e r  s e c o n d .  

For thcs FSK s y s t e m  w i t h  i n c o h e r e n t  d e t e c t i o n  t h e  b i t  e r r o r  p r o b a b i l i t y  

i s  g i v e n  by 

-ax I 
1 
2 

p = - e  

u t i c r ~  t i s  a power  p a r a m e t e r  ( s i g n a l  power d i v i d e d  by o n e - s i d e d  n o i s e  s p e c -  

t I a l  d f . r r s i t \ )  a r id  3 t  I S  t l i c .  b i t  t i m r .  T h e n  

c1 
c = [/,, 2 + p I n  p + ( 1  - p )  I n  ( 1  - p ) l  - 

- I n  2 p  

' l ' t i i i b  C 'X is i3 fi ir ir t iorr  o f  p a l o n e  arid some v a l u e s  a r e  g i v e n  i n  T a b l e  V 1 - 1 .  
I t  I S  i i o t c d  t .h;1t t h e r e  i s  a f a i r l y  b r o a d  niaximrim r u n n i n g  from a b o u t  

p = 0 . 0 6 5  t o  p = 0 . 1 6 5  w i t h  t h e  absolute maximum a t  p = 0 . 1 1 0 .  
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N o t r  t h a t  t l ~ c  l o c a t i o n  of the maximiim 

i s  ir ideperiderit  o f  a arid o c c u r s  a t  p r o b a b i l -  

i t i e s  above the boundary between “ t r a n s i e r i t ”  

arid “ s t e a d y - s t a t e ”  s y s t e m  b e h a v i o u r .  S ince  

o t h e r  c o n s i d e r a t i o n s  i n d i c a t e  t h a t  t h e  s y s -  

t e m  s h o u l d  be o p e r a t e d  a t  l ower  v a l u e s  of p ,  

t h e  communicat ion c h a n n e l  w i l l  n o t  be ope r -  

a t e d  c l o s e  t o  i t s  maximum c a p a c i t y .  Note 

a l s o  from F i g .  VI-4 t h a t  knowledge of  t he  

c h a n n e l  c a p a c i t y  a l o n e  g i v e s  no c l u e  c o n -  

c e r n i n g  t h e  pe r fo rmance  o f  t h e  s y s t e m .  

i 
I 

TaLIe V I - I  

VARfiTION Of.’ C / a  WInl p 

0.005 
0.045 
0.065 
0.090 
0.110 
0.130 
0.165 
0.200 
0.300 

C/a  

0.144 
0.212 
0.222 
0.228 
0.229 
0.228 
0.221 
0.210 
0.161 
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VI1 SUhMARY AND CONCLUSIONS 

The c h i e f  o b j e c t i v e  o f  t h e  s t u d y  was t o  r e l a t e  t h e  pe r fo rmance  o f  

c o n t r o l  and g u i d a n c e  s y s t e m s  t o  t h e  i n f o r m a t i o n - h a n d l i n g  c h a r a c t e r i s t i c s  

o f  t h e i r  k e v  c o n s t i t u e n t s .  To accompl i sh  t h i s  o b j e c t i v e ,  t h e  f o l l o w i n g  

q u e s t i o n s  were s t u d i e d :  

What i s  i n f o r m a t i o n  i n  t h i s  c o n t e x t  and what a r e  q u a n t i t a -  
t i  \ e  d e s c r i p t i o n s  o f  i n f o r m a t  i o n ?  

G i v e n  a c o n t r o l  s y s t e m  w i t h  f i x e d  c o n t r o l l e r ,  how d o e s  
one  r e l a t e  p e r f o r m a n c e  t o  t h e  s y s t e m  p a r a m e t e r s ?  

Given a c o n t r o l  sys t em w i t h  f i x e d  p l a n t  and measurement 
s u b s y s t e m ,  how d o e s  o n e  d e s i g n  a c o n t r o l l e r  t h a t  o p t i m a l l y  
u t i l i z e s  t h e  i n f o r m a t i o n  a v a i l a b l e  u p r i o r i  and c o l l e c t e d  
i n  a c t u a l  o p e r a t i o n ?  

From t h e  answer t o  t h e s e  q u e s t i o n s ,  t h e  d e s i r e d  r e l a t i o n  between 

pe r fo rmance  and t h e  i n f o r m a t i o n - h a n d l i n g  c h a r a c t e r i s t i c s  o f  t h e  s u b s y s t e m s  

(measurement  a s  w e l l  a s  c o n t r o l l e r  s u b s y s t e m s )  f o l l o w s  d i r e c t l y  i n  p r i n c i -  

p l e ,  a l t h o u g h  t h e  a c t u a l  c a l c u l a t i o n s  may e x c e e d  t h e  c a p a b i l i t i e s  o f  

p r e s e n t  day compute r s  i n  many p r a c t i c a l l y  i m p o r t a n t  s i t u a t i o n s .  These  

r e l a t i o n s  may become ve ry  complex, a s  e v i d e n c e d ,  f o r  i n s t a n c e ,  b y  t h e  con-  

c e p t  of  d u a l  c o n t r o l ;  , o n e  must r e c o g n i z e  t h a t  a complex problem u s u a l l y  
l e a d s  t o  a complex answer .  

A .  YEASURES OF INFORMATION 

I n  o r d e r  t o  c a l c u l a t e  t h e  pe r fo rmance  o f  a c o n t r o l  s y s t e m  a f f e c t e d  

by random f o r c e s ,  n o t a b l y  p l a n t  p e r t u r b a t i o n s  w and  measurement n o i s e  ti, 

t h e  f o l l o w i n g  two m a t h e m a t i c a l  n o t i o n s  a r e  r e q u i r e d  i n  t h e  g e n e r a l  c a s e :  

( 1 )  The  c o n d i t i o n  o f  t h e  sys t em must be e x p r e s s e d  un terms o f  
i t s  s t a t e ,  which summarizes  t h e  comple t e  p a s t  h i s t o r y  o f  
t h e  s y s t e m .  
p o s s i b l e  f o r  l i n e a r  s t a t i o n a r y  systems w i t h  G a u s s i a n  n o i s e  
and  f i x e d  c o n t r o l l e r ,  b u t  o u t  o f  t h e  q u e s t i o n  f o r  a l l  o t h e r  
c a s e s .  

D e s c r i p t i o n  by Lap lace  o r  z - t r a n s f o r m s  i s  
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( 2 )  ' 1 1 1 ~ .  ( ~ I I ' t ~ ( ~ t s  0 1 '  tti(. random f o r c e s  m u s t  I,c ( % x p r ( s s s c ( I  i r i  tc:r'ms 
oI' p r o b a b i  I i t y  d e n s i t y  f u n c t i o n s .  I n  spc!cial  c a s r : s ,  thf:sc: 
p r o b a b i l i t y  d e n s i t y  f u n c t i o n s  may b c  r e p l a c e d  by a f i r i i t c  
nunibrr o f  moments, which c o n s t i t u t p  a s u f f i c i c n t  s t a t i s t i c : .  

With t h e s e  d e s c r i p t i o n s ,  i t  i s  t h e n  p o s s i b l e  t o  compute  s y s t e m  p e r -  

formance f o r  t h e  c a s e  o f  a f i x e d  c o n t r o l l e r  and  t h e  c a s e  o f  an  optimum 

c o n t r o l l e r .  The q u a n t i t y  r e q u i r e d  t o  compute p e r f o r m a n c e  i s  t h e  p r o l -  

a b i l i t y  d e n s i t y  o f  t h e  s t a t e ,  c o n d i t i o n e d  on a p r i o r i  i n f o r m a t i o n  o n l y  

i n  c a s e  o f  t h e  f i x e d  c o n t r o l l e r  and  c o n d i t i o n e d  o n  a l l  a v a i l a b l e  i n f o r -  

m a t i o n  i n  t h e  c a s e  o f  optimum c o n t r o l l e r .  

f u n c t i o n  i s  d e t e r m i n e d ,  

I t  c o n s t i t u t e s  a d e s c r i p t i o n  o f  t h e  u n c e r t a i n t y  a b o u t  t h e  s t a t e  i n  te rms  

o f  t h e  s t a t i s t i c s  o f  w a n d  v ,  and h e n c e  c a n  b e  u s e d  t o  d e t e r m i n e  t h e  

quantity o f  i n f o r m a t i o n  a v a i l a b l e  a b o u t  t h e  s t a t e .  A l though  t h e  p r o b -  

a b i l i t y  d e n s i t y  i s  n o t  t h e  q u a n t i t y  o f  c h i e f  c o n c e r n ,  i t  i s  r e q u i r e d  f o r  

t h e  c a l c u l a t i o n  o f  t h e  s y s t e m  p e r f o r m a n c e  J which i s  t h e  q u a n t i t y  o f  c h i e i  

c o n c e r n .  The s c a l a r  J d e t e r m i n e s  t h e  value o f  t h e  i n f o r m a t i o n  p r o v i d e d  

n o t  on ly  by t h e  measurement  s y s t e m ,  b u t  a l s o  a v a i l a b l e  a p r i o r i ;  i t  

f u r t h e r m o r e  measu res  t h e  e f f i c i e n c y  w i t h  which t h i s  i n f o r m a t i o n  i s  p r o -  

c e s s e d  i n  t h e  c o n t r o l l e r .  Once J h a s  b e e n  c a l c u l a t e d ,  t h e  s e n s i t i v i t y  o f  

J w i t h  r e s p e c t  t o  measurement ,  p r o c e s s i n g ,  a n d  c o n t r o l  subsys t em p a r a m e t e r s  

c a n  be e s t a b l i s h e d ,  e i t h e r  a n a l y t i c a l l y  a s  f o r  t h e  l i n e a r  G a u s s i a n  c a s e ,  

o r  by machine  computa t ion  f o r  t h e  g e n e r a l  c a s e .  

T h i s  p r o b a b i l i t y  d e n s i t y  

among o t h e r  e f f e c t s  by t h e  random e f f e c t s  w a n d u .  

The pe r fo rmance  J a l s o  e s t a b l i s h e s  t h e  n e e d  f o r  f e e d b a c k  i n  t e rms  of 

t h e  per formance  r e q u i r e m e n t s ,  t h e  random p e r t u r b a t i o n s  w ,  and t h e  i n i t i a l  

u n c e r t a i n t y  a b o u t  t h e  s t a t e .  S p e c i f i c a l l y ,  i t  t e l l s  u n d e r  what  c i r c u m -  

s t a n c e s  c l o s e d - l o o p  c o n t r o l  i s  n e c e s s a r y  t o  meet t h e  p e r f o r m a n c e  

r e q u i  rement s .  

One i m p o r t a n t  c o n c l u s i o n  which r e s u l t s  f rom t h e s e  c o n s i d e r a t i o n s  i s  

t h a t  t h e  c l a s s i c a l  i n f o r m a t i o n  t h e o r y  i s  o f  no  d i r e c t  h e l p  t o  t h e  d e s i g n e r  

o f  g u i d a n c e  and c o n t r o l  s y s t e m s ,  e x c e p t  u n d e r  v e r y  s p e c i a l  c i r c u m s t a n c e s ,  

s u c h  a s  K e l l y ' s  gambler508. On t h e  o t h e r  h a n d ,  c o n t r o l  t h e o r y  i s  o f  c o n -  

s i d e r a b l e  a s s i s t a n c e  t o  t h e  d e s i g n e r  o f  i n f o r m a t i o n  s y s t e m s  a s  e v i d e n c e d  by 

Set. I V  on t h e  d e s i g n  o f  optimum i n f o r m a t i o n  s y s t e m s .  

B .  SYSTEMS WITH F I X E D  CONTROLLER 

T h e  d e s i g n  o f  most c o n t r o l  sys t ems-no tab ly  s i m p l e  s y s t e m s  w i t h  a 

s m a l l  number o f  s t a t e s ,  s u c h  a s  p o s i t i o n  c o n t r o l  s e r v o s - u s u a l l y  c o n s i s t s  
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o f  s e l e c t i n g  a f i x e d  c o n t r o l l e r  s t r u c t u r e  ( e . g . ,  p o s i t i o n  and r a t e  f e e d -  

b a c k )  t o  p r o v i d e  a c c e p t a b l e  t r a n s i e n t  and s t e a d y - s t a t e  pe r fo rmance  i n  the 

absence  o f  random p e r t u r b a t i o n s .  A f t e r  a b a s i c  d e s i g n  h a s  been  o b t a i n e d ,  

t h e  e f f e c t s  o f  random f o r c e s  and measurement sys t em d e f i c i e n c i e s  a r e  t h e r e -  

a f t e r  d e t e r m i n e d  and c o n t r o l l e r  a d j u s t m e n t s  and f i l t e r s  a r e  used  t o  a c c o u n t  

f o r  t hese  e f f e c t s .  

Fo r  f i x e d  c o n t r o l l e r  d e s i g n ,  i t  i s  always p o s s i b l e  and f r e q u e n t l y  

s t r a i g h t f o r w a r d  t o  r e l a t e  pe r fo rmance  t o  t he  measurement  s y s t e m  c h a r a c t e r -  

i s t i c s ,  t h e  c o n t r o l l e r  p a r a m e t e r s  and t h e  e n v i r o n m e n t a l  p e r t u r b a t i o n s  w .  

The f o l l o w i n g  f o u r  a p p r o a c h e s  were t a k e n :  

( 1 )  Measurement s y s t e m  d e f i c i e n c i e s  were c h a r a c t e r i z e d  by b i a s  
e r r o r s ,  a d d i t i v e  n o i s e ,  i n t e r n a l  dynamics  and n o n l i n e a r i t i e s  
s u c h  a s  q u a n t i z a t i o n .  For l i n e a r  s y s t e m s ,  C a u s s i a n  n o i s e  and 
q u a d r a t i c  pe r fo rmance  measu re ,  t h e  r e l a t i o n  be tween pe r fo rm-  
a n c e  and t h e s e  d e f i c i e n c i e s  c a n  b e  d e r i v e d  by wel l -known 
r e s u l t s  o f  c l a s s i c a l  c o n t r o l  t h e o r y .  The e f f e c t s  o f  q u a n t i -  
z a t i o n  and o t h e r  n o n l i n e a r i t i e s  can b e a s s e s s e d  a p p r o x i m a t e l y .  
T h i s  work, which i s  o f  d i r e c t  p r a c t i c a l  u s e f u l n e s s  t o  t h e  
c o n t r o l  e n g i n e e r ,  i s  d e s c r i b e d  i n  d e t a i l  i n  Appendix D. 

( 2 )  I n  t h e  g e n e r a l  c a s e  o f  n o n l i n e a r  s y s t e m s ,  non-Gauss i an  
random e f f e c t s , a n d  n o n - q u a d r a t i c  pe r fo rmance  measu re ,  a 
c l o s e d  form r e l a t i o n  between pe r fo rmance  and t h e  r e l e v a n t  
sys t em p a r a m e t e r s  c a n n o t  b e  o b t a i n e d .  But i t  i s  a lways  
p o s s i b l e  i n  p r i n c i p l e ,  and t h i s  does  n o t  seem t o  b e  a 
g e n e r a l l y  known f a c t ,  t o  o b t a i n  t h i s  r e l a t i o n  by machine  
computa t ion .  T h i s  computa t ion  i n v o l v e s  two s t e p s :  

( a )  D e t e r m i n a t i o n  o f  t h e  p r o b a b i l i t y  d e n s i t y  f u n c t i o n  
o f  t h e  s t a t e  p ( x , ) .  

C a l c u l a t i o n  o f  pe r fo rmance  J on t h e  b a s i s  o f  p ( x , ) .  ( b )  

I n  p r a c t i c e ,  t h e s e  c o m p u t a t i o n s  become l a b o r i o u s ,  even  f o r  
s y s t e m s  w i t h  a m o d e r a t e l y  h i g h  number o f  s t a t e s ,  when t h e  c u s -  
tomary programming p r o c e d u r e s  a r e  used .  

The c o m p u t a t i o n a l  approach  f o r  t h i s  g e n e r a l  c a s e  i s  s p e l l e d  
o u t  i n  d e t a i l  i n  Appendix C. 

( 3 )  For t h e  l e s s  g e n e r a l  c a s e  o f  a l i n e a r  p l a n t  and c o n t r o l l e r  
and  a n o n l i n e a r  measurement sys tem w i t h  non-Gauss i an  n o i s e ,  
t h e  Fokker -P lanck  e q u a t i o n ,  a p a r t i a l  d i f f e r e n t i a l  e q u a t i o n  
whose s o l u t i o n  i s  t h e  p r o b a b i l i t y  d e n s i t y  f u n c t i o n  o f  s t a t e  
w i t h  t ime,  was d e r i v e d  and approximated  by a s e t  o f  d i f f e r -  
e n t i a l  e q u a t i o n s  g i v i n g  mean and v a r i a n c e  w i t h  t i m e .  The i n  
adequacy  o f  e n t r o p y  a s  w e l l  a s  the  d i f f i c u l t y  o f  a c t u a l l y  
comput ing  i t  r e c u r s i v e l y  was p o i n t e d  o u t  i n  t h i s  s t u d y ,  o f  
which a d e t a i l e d  a c c o u n t  i s  g iven  i n  Appendix E. 
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(4) TO i Ilustrate the potential o f  approximate d(:sigri tcctiriiqiif*s, 
the case of a linear system with a noisy tligi t a l  c . o m m i i r i i c a -  
tion channel in the feedback path was considered. P e r  L'ormancc 
was calculated under very simple approximations and the results 
were checked by means of a Monte Carlo simulation. The a('- 
curacy of these results are quite adequate for many simple 
systems. A by-product of this study, discussed in detail in 
Appendix F ,  is the proof by example that there exists no strong 
relation between system performance and channel capacity. 

C. SYSTEMS WITH CONTROLLERS MAXIMIZING THE UTILIZATION 
O F  INFORMATION 

In order to relate performance to the information-handling character- 

istics assuming that optimum utilization of information is made, the com- 

bined optimization problem was formulated and a solution was derived with 

dynamic programming. It was shown that the control sequence leading to 

optimum performance is determined by the conditional probability density 

function p ( x , / Z , ) ,  where Z, incompasses all a priori and collected infor- 

mation. This is, further, an illustration of the fact that the quantity of 

pertinent information is a property of the probability density of state. 

The combined optimization problem has a feature which is uncommon to 

the more conventional control problems, but very common to human decision 

processes, namely dual control: as long as information i s  insufficient, 

the actions which provide most information are taken instead of actions 

which are directly aimed at achieving the control objectives. This pro- 
cedure permits better satisfaction of the ultimate objective at a later 
time. 

In the general case, the dual control problem does not have a prac- 

tically computable exact solution. However, important special cases which 

can be resolved with present day machines were identified, notably: 

1. THE LINEAR GAUSSIAN CASE WITH Q U A D R A T I C  PERFORMANCE 

In this case, the control u k  does not affect the conditional CO- 

variance of the state; because control action cannot Le used to gain 

Information, the dual control aspect hence does not enter. 

For the linear case, concise mathematical expressions were developed 

to relate performance to the characteristics of the measurement system 

arid the amount of prior information. 

formance of the lack of information is determined by the conditional 
Specifically, the effect upon per- 
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c o v a r i a n c e  o f  t h e  s t a t e .  The v a l u e  o f  more i n f o r m a t i o n ,  i . e . ,  t h e  p o s s i b l e  

i n c r e a s e  i n  s y s t e m  pe r fo rmance ,  depends  on t h e  change  i n  t h i s  c o n d i t i o n a l  

c o v a r i a n c e  a s  w e l l  a s  on o t h e r  terms r e l a t e d  t o  t h e  o b j e c t i v e  f u n c t i o n  and 

t h e  p l a n t .  With t h e  h e l p  o f  t h e s e  ma themat i ca l  e x p r e s s i o n s ,  t h e  d e s i g n e r  

can  e a s i l y  d e t e r m i n e  which s t a t e - v a r i a b l e s  must be  d e t e r m i n e d  a c c u r a t e l y  

( e i t h e r  by d i r e c t  measurement or by computa t ion  from o t h e r  measured  s t a t e  

v a r i a b l e s )  and which can  b e  n e g l e c t e d .  Also ,  t h e  d e g r a d i n g  e f f e c t  o f  sub -  

o p t i m a l  p r o c e s s i n g ,  i n c l u d i n g  n e g l e c t  o f  pr ior  i n f o r m a t i o n  a b o u t  t h e  i n i t i a l  

s t a t e ,  can  b e  a s s e s s e d .  

2. OPTIMUM I N F O R M A T I O N  SYSTEMS 

I n  t h i s  s p e c i a l  c a s e ,  d e c i s i o n s  made on t h e  b a s i s  o f  o b s e r v a t i o n s d o  

n o t  a f f e c t  t h e  dynamic p r o c e s s  g e n e r a t i n g  t h e s e  o b s e r v a t i o n s ,  i . e . ,  t h e  

l o o p  i s  n o t  d i r e c t l y  c l o s e d  ( i t  may be c l o s e d  i n d i r e c t l y  b e c a u s e  o f  con-  

s t r a i n t s ) .  T h i s  c a s e  h a s  p r a c t i c a l  impor t ance  i n  a v a r i e t y  o f  s i t u a t i o n s  

r a n g i n g  from t h e  i n t e r p r e t a t i o n  o f  t e s t  d a t a  t o  optimum s t r a t e g i e s  f o r  

p l a y i n g  t h e  s t o c k - m a r k e t ,  t h e  l a t t e r  b e i n g  Marschak’ s  example problem,  

which prompted  t h e  s t u d y  o f  i n f o r m a t i o n  systems. 

Much r e l a t e d  work i s  a v a i l a b l e  i n  t h e  l i t e r a t u r e  i n  t h e  f i e l d  o f  

d e c i s i o n  t h e o r y .  T h i s  s t u d y ,  however ,  adds s e v e r a l  n o v e l  e l e m e n t s ,  i . e . ,  

0 i n c l u s i o n  o f  t h e  dynamics  model g o y e r n i n g  t h e  s i g n a l  g e n e r a t i n g  
p r o c e s s  t o  u t i l i z e  p a s t  o b s e r v a t i o n s  

0 c o n s i d e r a t i o n  o f  dynamic,  a s  opposed t o  t h e  cus tomary  s t a t i c ,  
pe r fo rmance  measu res  

0 d i s c u s s i o n  o f  t h e  r e l a t i o n s  between pe r fo rmance  and i n f o r m a t i o n .  
T h e s e  optimum i n f o r m a t i o n  s y s t e m s  p r o v i d e  a p a r t i c u l a r l y  good 
i l l u s t r a t i o n  o f  t h e  r e q u i r e d  ma themat i ca l  d e s c r i p t i o n  o f  i n -  
fo rma t ion - the  c o n d i t i o n a l  p r o b a b i l i t y  d e n s i t y  f u n c t i o n  
p ( x , / Z ,  )-and o f  t h e  v a l u e  o f  i n f o r m a t i o n .  

A m a j o r  e f f o r t  was d e v o t e d  t o  combined o p t i m i z a t i o n  t h e o r y ,  which i s  
b e l i e v e d  t o  b e  a s  i m p o r t a n t  a s  t h e  t h e o r y  o f  optimum c o n t r o l  and t h e  

t h e o r y  o f  optimum e s t i m a t i o n ,  n o t  o n l y  i n  terms o f  i t s  immedia te  p r a c t i c a l  

a p p l i c a t i o n s ,  b u t  a l s o  i n  terms o f  i t s  e x t e n s i o n s  t o  i m p o r t a n t  s y s t e m s  

c o n c e p t s  n o t  s p e c i f i c a l l y  c o n s i d e r e d  i n  t h i s  s t u d y .  Thus ,  combined o p t i -  

m i z a t i o n  t h e o r y  p r o v i d e s  t h e  r e q u i r e d  ma themat i ca l  framework f o r  “ a d a p t i v e ”  

and  “ l e a r n i n g ”  s y s t e m s  where e i t h e r  t h e  p l a n t  p a r a m e t e r s  or t h e  s t a t i s t i c s  

o f  t h e  p e r t u r b a t i o n s  or b o t h  a r e  n o t  a c c u r a t e l y  known i n i t i a l l y .  
i t  l e a d s  t o  t h e  optimum d e s i g n  o f  s y s t e m s  where t h e  measurement  s u b s y s t e m s  

S i m i l a r l y ,  
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a s  wel l  a s  t h e  p l a n t  can be c o n t r o l l e d .  A d d i t i o n a l  

r e l a t i n g  t o  t h e  t h e o r y  o f  optimum c l a s s i f i c a t i o n  and 

e n t i a 1  games were p o i n t e d  o u t .  

3.  T H E  O P T I M U M  D E S I G N  O F  SYSTEMS C O N T A I N I N G  Q u  

mpo r L arb L 

t h e  t h e o r y  o f  tli f f c r -  

e x  L v r i  s i o II s 

N T I Z E R S  

P r i o r  t o  t h e  e f f o r t  i n  combined o p t i m i z a t i o n  t h e o r y ,  a s t u d y  i n v o l v i n g  

systems c o n t a i n i n g  q u a n t i z e r s  was c a r r i e d  o u t .  

shedmuch l i g h t  upon t h e  r e l a t i o n s  between p e r f o r m a n c e  and i n f o r m a t i o n ,  

g e n e r a t e d  a v e r y  u s e f u l  approach  t o  p r a c t i c a l l y  d e s i g n  such systems f o r  

optimum and near-opt imum pe r fo rmance .  

a r e :  

Although t h i s  s t u d y  d i d  n o t  

i t  

The main e l e m e n t s  o f  t h i s  app roach  

( 1 )  Under c e r t a i n  commonly made r e s t r i c t i v e  a s s u m p t i o n s ,  
sys t em p e r f o r m a n c e  r e s u l t s  i f  t h e  c o n t r o l l e r ,  
and q u a n t i z e r  s u b s y s t e m s  a r e  o p t i m i z e d  s e p a r a t e l y .  

optimum 
e s t i m a t o r  

on ( 2 )  The o p t i m i z a t i o n  o f  t h e  q u a n t i z e r  ( t h a t  i s ,  t h e  s e l e c t  
of  t h e  optimum s t e p  s i z e s  and s w i t c h p o i n t s  f o r  a g i v e n  
q u a n t i z e r  i n p u t  p r o b a b i l i t y  d e n s i t y  f u n c t i o n )  i s  p e r f o  
e a s i l y  by means o f  an e f f i c i e n t  c o m p u t a t i o n a l  scheme 
d e v e l o p e d ’ i n  t h e  c o u r s e  o f  t h e  s t u d y .  

med 

D .  PRACTICAL IMPLICATIONS OF COMBINED OPTIMIZATION THEORY 

Assuming t h a t  t h e  c o m p u t a t i o n a l  r e q u i r e m e n t s  can  be  overcome by means 

o f  r a t i o n a l  a p p r o x i m a t i o n s  and e f f i c i e n t  p r o c e s s i n g  o f  t h e  d a t a ,  combined 

o p t i m i z a t i o n  i s  d i r e c t l y  a p p l i c a b l e  t o  t h e  d e s i g n ,  

t ime c o n t r o l  o f  dynamic s y s t e m s  a f f e c t e d  by measurement  n o i s e  and d e s c r i b e d  
by i m p e r f e c t  models .  

e v a l u a t i o n  and r e a l -  

Design-By p r o v i d i n g  t h e  d e s i g n e r  w i t h  r e l a t i o n s  between p e r f o r m a n c e  

and the  c h a r a c t e r i s t i c s  o f  t h e  v a r i o u s  s u b s y s t e m s ,  b e s t  c h o i c e s  i n  t e r m s  o f  

pe r fo rmance  improvement u s .  d o l l a r  c o s t  o f  t h e s e  s u b s y s t e m s  can  be made. 

Evaluation-The optimum s o l u t i o n  p r o v i d e d  by combined o p t i m i z a t i o n  

t h e o r y  s e t s  a s t a n d a r d  o f  compar i son  and t h u s  i n d i c a t e s  how w e l l  a g i v e n  

system p e r f o r m s  and w h e r e  s i g n i f i c a n t  improvements  c a n  be  o b t a i n e d .  

Real-Time Control--With t h e  r e s u l t s  o f  combined o p t i m i z a t i o n  t h e o r y ,  

r e a l - t i m e  s y s t e m s  f o r  which optimum c o n t r o l  i n  t h e  p r e s e n c e  o f  n o i s e  mea- 
surement and i m p e r f e c t  models  i s  i m p o r t a n t ,  c a n  b e  s y n t h e s i z e d .  
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I : .  I’H.ACTIC.4I. 1)IFFICULTIES OF COMBINED OPTIMIZATION TIIKOHY 

-1s i s  t h e  c a s e  w i  t t i  most c o n t r o l  sys tem o p t i m i z a t i o n  p r o c c : d u r c s  t t i c  

c o m p u t a t i o n a l  r e q u i r e m e n t s  q u i c k l y  e x c e e d  t h e  c a p a b i l i t i e s  o f  presc i r i t -day  

machines  f o r  b o t h  c o m p u t a t i o n  t i m e  and h i g h - s p e e d  memory u n l e s s  s p e c i a l  

c o n d i t i o n s  h o l d .  

I t  s l iou ld  b e  p o i n t e d  o u t  t h a t  t h e s e  d i f f i c u l t i e s  s tem from t h e  n a t u r e  

o f  t h e  c o n t r o l  problem r a t h e r  t h a n  t h e  method o f  s o l u t i o n .  For f e e d b a c k  

c o n t r o l ,  i t  i s  n e c e s s a r y  t o  d e r i v e  t h e  c o n t r o l  l aw  a s  a f u n c t i o n  o f  t h e  

s t a t e  i f  i t  i s  known o r  t h e  c o n d i t i o n a l  p r o b a b i l i t y  o f  t h e  s t a t e  i f  t h e  

s t a t e  i s  n o t  known. I n  e i t h e r  c a s e ,  f o r  h i g h - d i m e n s i o n a l  s y s t e m s ,  o n e  i s  

f a c e d  w i t h  t h e  n e c e s s i t y  o f  comput ing  and  s t o r i n g  a f u n c t i o n  o f  a l a r g e  

number o f  v a r i a b l e s .  Only i n  s p e c i a l  c a s e s  where  open  l o o p  c o n t r o l  i s  

s u i t a b l e  c a n  s u c h  p r o c e d u r e s  a s  t h e  g r a d i e n t  method g r e a t l y  r e d u c e  com- 

p u t a t i o n a l  r e q u i r e m e n t s .  

These  c o m p u t a b i l i t y  problems have  become s o  f r e q u e n t - f o r  an e n t i r e l y  

d i f f e r e n t  example ,  see Appendix C o n  t h e  r e c u r s i v e  c a l c u l a t i o n  o f  p r o b -  

a b i l i t y  d e n s i t y  f u n c t i o n s - t h a t  a t t e n t i o n  must b e  d e v o t e d  t o  a p p r o x i m a t i o n s  

and c o m p u t a t i o n a l  s h o r t c u t s .  I n  t h e  c a s e  o f  combined o p t i m i z a t i o n ,  t h e r e  

e x i s t  s e v e r a l  l o g i c a l  a p p r o a c h e s  t o  b o t h  p r o b l e m s ,  s u c h  a s  l i n e a r i z a t i o n  

and s t a t e  i n c r e m e n t  dynamic programming,  b u t  t h e y  a r e  by no means t h e o n l y  

a p p r o a c h e s  and c e r t a i n l y  n o t  a lways  t h e  b e s t ,  d e p e n d i n g  on t h e  s p e c i a l  

f e a t u r e s  o f  s p e c i f i c  p rob lems .  
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APPENDIX A 

OPTIMUM INFORMATION SYSTEMS 

The p u r p o s e  of t h e  p r e s e n t  append ix  is t o  d i s c u s s  and expand J. 

hlarschak’s  p a p e r  “Remarks o n  t h e  Economics o f  I n f o r m a t i o n , ”  C O w l e S  

F o u n d a t i o n  d i s c u s s i o n  p a p e r  #70, o n e  o f  t h e  few r e f e r e n c e s  where meaning- 

f u l  m a t h e m a t i c a l  d e f i n i t i o n s  o f  i n f o r m a t i o n  a r e  g i v e n .  

I n  what f o l l o w s ,  Marschak’s  problem f o r m u l a t i o n  i s  expanded t o  i n -  

c l u d e  a p r i o r i  knowledge about  t h e  s i g n a l  g e n e r a t i n g  p r o c e s s -  and t o  p ro -  

v i d e  t h e  r e q u i r e d  r e c u r s i v e  r e l a t i o n s  f o r  t h e  optimum p r o c e s s i n g  o f  t h e  

i n f o r m a t i o n  r e c e i v e d  a t  t h e  o u t p u t  o f  a n o i s y  communica t ion  c h a n n e l  o r  

measurement s y s t e m .  These  r e c u r s i v e  r e l a t i o n s  are d e r i v e d  from B a y e s ’ s  

rule,’ and c o n s t i t u t e  a g e n e r a l i z a t i o n  of t h e  Kalman-Bucy estimator. 
- *  

The problem f o r m u l a t i o n  is  much s i m p l e r  t h a n  t h e  combined o p t i m i z a -  

t i o n  problem“ i n  t h e  s e n s e  t h a t  t h e  d e c i s i o n s  made a t  t h e  o u t p u t  ter- 

m i n a l s  o f  t h e  measurement s y s t e m  do n o t  a f f e c t  t h e  s i g n a l  g e n e r a t i n g  

p r o c e s s .  T h i s  f o r m u l a t i o n  has  g r e a t  p r a c t i c a l  i m p o r t a n c e  f o r  t h e  selec- 

t i o n  and d e s i g n  of complex measurement s y s t e m s  s u c h  a s  r e q u i r e d  f o r  s p a c e  

e x p l o r a t i o n .  The f o r m u l a t i o n  has  t h e  f u r t h e r  m e r i t  o f  l e a d i n g  t o  c o m -  

p u t a b l e  s o l u t i o n s  i n  a l a r g e  number of a p p l i c a t i o n s  w i t h o u t  t h e  need  f o r  

approx ima t  i o n s .  

-- 

I n  a d d i t i o n  t o  t h e s e  p r a c t i c a l  c o n s i d e r a t i o n s ,  t h e  problem fo rmula -  

t i o n  p r o v i d e s  a n  e x c e l l e n t  b a s i s  f o r  d i s c u s s i n g  t h e  p o t e n t i a l  and t h e  

s h o r t c o m i n g s  o f  i n f o r m a t i o n  t h e o r y ,  and f o r  d e r i v i n g  o t h e r  and much 

mare m e a n i n g f u l  measures of i n f o r m a t i o n  t h a n  e n t r o p y .  

A .  Problem F o r m u l a t i o n  

With r e f e r e n c e  t o  F i g .  A-1, t h e  problem is f o r m u l a t e d  a s  f o l l o w s :  

* 
R e f e r e n c e s  a r e  l i s t e d  a t  t h e  end of e a c h  Appendix.  
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FIG. A-1 OPTIMUM INFORMATION SYSTEM 

x = s t a t e  a t  discrete  t i m e  k of t h e  s i g n a l  g e n e r a t i n g  p r o c e s s  

z = measurement v e c t o r  a t  t i m e  k 

d = d e c i s i o n  a t  k 

w = random p e r t u r b a t i o n  a f f e c t i n g  t h e  s i g n a l  g e n e r a t i n g  

k 

k 

k 

k 
p r o c e s s  

v = random n o i s e  a f f e c t i n g  t h e  measurement s y s t e m .  k 

Given: 

1. 

2. 

3 .  

4 .  

5. 

The known s i g n a l  g e n e r a t i n g  p r o c e s s  

The i n t i a l  p r o b a b i l i t y  d e n s i t y  f u n c t i o n  ( p . d . f . 1  

p(xo/no measurement) 

The known e q u a t i o n s  g o v e r n i n g  t h e  measurement  S y s t e m  

The p . d . f .  of  w s u p p o s e d  w h i t e  k’ 

P(wk)  

The p . d . f .  of v s u p p o s e d  w h i t e  
k’ 

P(V,) 
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* 

\ 

6. A cost f u n c t i o n  J o f  t h e  a c t u a l  s t a t e  x and t h e  d e c i s i o n s  

d t o  be minimized o n  t h e  a v e r a g e .  

F i n d  : - 
A p r o c e s s o r  which m i n i m i z e s  J g i v e n  a l l  t h e  a p r i o r i  i n f o r m a t i o n  

and t h e  measurements  z u p  t o  and i n c l u d i n g  k .  k 

I n  t h e  s i m p l e s t  c a s e ,  which is a l s o  t h e  o n e  t r e a t e d  by Marschak,  

k k 
a cost J i s  i n c u r r e d  a t  e v e r y  d e c i s i o n  t i m e  k , and  t h e  d e c i s i o n  d h a s  

no  r e p e r c u s s i o n  on f u t u r e  d e c i s i o n s .  Thus - 

t 

k’ where t h e  symbol E d e n o t e s  t h e  e x p e c t a t i o n  o v e r  t h e  random v a r i a b l e  x 

t h a t  is  Xk 

where 

IT LL 

’ =k Zk = [z, , . . .  

* 
The optimum d e c i s i o n  d i s  c l e a r l y  t h a t  a d m i s s i b l e  v a l u e  of d which  

m i n i m i z e s  J (d ), 
k k 

k k  * 
d k  = arg min$(dk) 

From t h i s  s i m p l e  optimum d e c i s i o n  p r o c e s s ,  t h e  f o l l o w i n g  t w o  i m p o r t a n t  

c o n c l u s i o n s  a r e  d e r i v e d  c o n c e r n i n g  t h e  t a s k s  wh ich  the p r o c e s s o r  must  

a c c o m p l i s h :  

1. I t  must  o b t a i n  t h e  p .d . f .  p(x /Z ), i .e.  t h e  p r o b a b i l i t y  

of x c o n d i t i o n e d  on a l l  a v a i l a b l e  i n f o r m a t i o n ,  b o t h  

a p r i o r i  and measured.  

k k  

k 

* 
k’  2 .  I t  must  compute J and f i n d  d 

k 
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B. C a l c u l a t i o n  o f  p ( x  /Z ) k k  

As p o i n t e d  o u t  i n  R e f s .  2 and 3, t h e  b e s t  a p p r o a c h  t o  compute t h i s  

c o n d i t i o n e d  p . d . f .  i s  B a y e s ' s  theorem, which i s  f i r s t  r e c a l l e d .  

Given t w o  d e p e n d e n t  random v a r i a b l e s  A apd B, B a y e s ' s  t heo rem 

st  a tes t h a t  

O r ,  r e t u r n i n g  t o  t h e  s t a t e d  problem 

The t h r e e  p . d . f . ' s  on t h e  r i g h t  s i d e  o f  (6) a r e  now c o n s i d e r e d  

s e p a r a t e l y :  

1. The term p ( z  /x ) d e p e n d s  s o l e l y  on t h e  q u a l i t y  o f  t h e  k k  
measurement s y s t e m  and c a n  a l w a y s  b e  c a l c u l a t e d  i n  terms 

of  p(v ) by u s i n g  t h e  measurement  e q u a t i o n  (2 ) .  

From t h e  c h a i n  r u l e  

k 

where zk assumes t h e  v a l u e  s p e c i f i e d  by ( 2 )  w i t h  

p r o b a b i l i t y  o n e  f o r  g i v e n  x and v 
k' k 
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. 

2. The term P ( X ~ / Z ~ - ~ )  which depends  on t h e  s i g n a l  

g e n e r a t i n g  p r o c e s s  o n l y  is  f u r t h e r  b r o k e n  down 

by t h e  c h a i n  r u l e  as  f o l l o w s :  

The t e r m  ~ ( x ~ / x ~ - ~ )  c a n  a l w a y s  be computed i n  

terms of  p(w ) from e q u a t i o n  (1). The t e r m  k-1 
/Z ) r e s u l t s  f rom the c o m p u t a t i o n  a t  k-1. p(xk-l  k-1 

3. The term P ( Z ~ / Z ~ _ ~ )  o n l y  p l a y s  t h e  role of a 

n o r m a l i z i n g  f a c t o r  t o  e n s u r e  t h a t  p ( x  /Z ) 

i n t e g r a t e s  o u t  t o  one.  I t  i s  computed e a s i l y  

by i n t e g r a t i n g  t h e  t w o  n u m e r a t o r  t e r m s  

k k  

C. The C o s t  F u n c t i o n  J 
I 

G e n e r a l l y  s p e a k i n g ,  i t  w i l l  be assumed t h a t  t h e  cost f u n c t i o n  w i l l  

depend on the s t a t e  x and t h e  d e c i s i o n  d as i n d i c a t e d  by t h e  v a r i a t i o n a l  

e x p r e s s i o n  

N 

where  

5 = [ x  o,... ’% IT  

and where  t h e  d e c i s i o n  i n t e r v a l  [O,N] may b e  f i n i t e  or  i n f i n i t e .  
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T h r e e  d i s t i n c t  cases a r e  now c o n s i d e r e d ,  v i z :  

1. Any d e c i s i o n  d 

d e c i s i o n s  d 

made a t  k h a s  n o  r e p e r c u s s i o n  o n  l a t e r  k 

k f i  * 
T h i s  i s  t h e  problem t r e a t e d  p r e v i o u s l y .  

2 .  A l l  o b s e r v a t i o n s  a r e  made b e f o r e  t h e  d e c i s i o n  p r o c e s s  

commences. I f  p r e s e n t  d e c i s i o n s  h a v e  a r e p e r c u s s i o n  

o n  f u t u r e  d e c i s i o n s ,  t h e  r e s u l t i n g  problem is  a s to -  

c h a s t i c  optimum c o n t r o l  p rob lem;  i f  n o t ,  i t  i s  a 

s p e c i a l  case o f  1. 

3.  Both  o b s e r v a t i o n s  and  d e c i s i o n s  a r e  made a t  e a c h  t i m e  

k ,  and p r e s e n t  d e c i s i o n s  c o n s t r a i n  f u t u r e  d e c i s i o n s .  

T h i s  i s  a combined o p t i m i z a t i o n  problem.  

Case  1 

S i n c e  p r e s e n t  d e c i s i o n s  d o  n o t  c o n s t r a i n  f u t u r e  d e c i s i o n s ,  min imi -  

z a t i o n  of t h e  f u n c t i o n a l  J(D )--see Eq. ( 9 ) - - r e d u c e s  t o  a m i n i m i z a t i o n ,  

a t  e a c h  t i m e  k ,  o v e r  t h e  f u n c t i o n  
N 

which i s  t h e  case p r e v i o u s l y  t r e a t e d .  

C a s e  2 

A r e p e r c u s s i o n  of d upon f u t u r e  d e c i s i o n s  d is  m a t h e m a t i c a l l y  k k f i  
accoun ted  f o r  a d i f f e r e n c e  e q u a t i o n  of t h e  form 

where t h e  s t a t e  x' g o v e r n i n g  t h e  d e c i s i o n  p r o c e s s  must  be a d m i s s i b l e  
k f 1  

X '  a X' k+ 1 

L e t  z b e  t h e  l a s t  o b s e r v a t i o n  arid l e t  [O,N] be t h e  i n t e r v a l  o v e r  wh ich  

t h e  d e c i s i o n s  are made, i .e. ,  
0 
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$ 

s u b j e c t  t o  

N 

T h i s  i s  t h e  f o r m u l a t i o n  of t h e  s t o c h a s t i c  optimum c o n t r o l  problem,  

p l a y i n g  t h e  role of a random p e r t u r b a t i o n  w i t h  

T h i s  c o n d i t i o n a l  p r o b a b i l i t y  d e n s i t y  f u n c -  

g i v e n  by Bel lman w i t h  x 

known s t a t i s t i c s  p(xk/Zo) .  

t i o n  i s  precomputed r e c u r s i v e l y  from 

k *  

s t a r t i n g  a t  p ( x  /Z ) and u s i n g  (1)  t o  e v a l u a t e  p ( x  /x ) .  1 0  k k-1 

A s o l u t i o n  t o  t h e  s t o c h a s t i c  o p t i m i z a t i o n  p rob lem is  p r o v i d e d  by 

dynamic programming, t h e  a p p r o p r i a t e  s e a r c h  a l g o r i t h m  b e i n g  

I(x;Z, k) = min E { 4(xk,  d k '  k) + 
X dk k 

where  I ( x '  k)  i s  t h e  minimum cost i n  t h e  i n t e r v a l  [k,N] f o r  t h e  i n i t i a l  

d e c i s i o n  p r o c e s s  s t a t e  x '  
k' 

k '  

C a s e  3 

When t h e  d e c i s i o n  p r o c e s s  i s  governed by (11)  and o b s e r v a t i o n s  

c o n t i n u e  t o  be made, t h e  minimum c o s t  t o  be p a i d  i n  t h e  i n t e r v a l  [k,N] 

* 
Xk is n o t  w h i t e ;  however ,  t h i s  i s  i r r e l e v a n t  s i n c e  i t  a p p e a r s  o n l y  i n  
t h e  c o s t  f u n c t i o n  and n o t  i n  s t a t e  e q u a t i o n .  The  p u r p o s e  of a white- 
n e s s  a s s u m p t i o n  is  t o  i n s u r e  t h a t  t h e  s t a t e  is a Markov p r o c e s s ,  b u t  
i n  t h i s  case t h e  s t a t e  i s  d e t e r m i n i s t i c  and hence  t r i v i a l l y  Markov. 
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i s  c l e a r l y  d e p e n d e n t  on t h e  s t a t e  X '  a s  w e l l  a s  p ( x  /Z ), t h e  l a t t e r  

b e i n g  r e f e r r e d  t o  a s  t h e  i n f o r m a t i o n  s t a t e  i n  Ref .  2 .  The r e s u l t i n g  

r e c u r s i v e  s e a r c h  e q u a t i o n  i s  i d e n t i c a l  t o  t h a t  of  t h e  combined o p t i m i -  

z a t i o n  problem. 

k - - -  k k  

An a l t e r n a t i v e  way t o  r e c o g n i z e  t h i s  problem as  a combined o p t i m i -  

z a t i o n  problem c o n s i s t s  o f  d e f i n i n g  t h e  c o m p o s i t e  s t a t e  x"  = bk' x i 1  k 
and of d rawing  t h e  c l o s e d - l o o p  b l o c k  d i a g r a m  of F i g .  A-2, which is  

i d e n t  i ca l  t o  t h a t  of  t h e  combined o p t i m i z a t i o n  problem. 

I 

I t MEA SUR E M ENT 
SYSTEM 

TA- 5237- 51 

FIG. A-2 BLOCK DIAGRAM FOR CONSTRAINED DECISION PROCESS 

X" = composite state of s i g n a l  g e n e r a t i n g  and 
d e c i s i o n  p r o c e s s .  

k 

z" = composite measurement of x and x '  
k k k' 

D. Measures  of  I n f o r m a t i o n  

I n  a l l  t h r e e  cases, t h e  m i n i m i z a t i o n  of t h e  cost J r e q u i r e s  know- 

l e d g e  o f  t h e  c o n d i t i o n a l  p . d . f .  of s t a t e  p(x/Z), and t h e  optimum d e c i s i o n s  

d 
* 

depend i m p l i c i t l y  on t h i s  same p . d . f .  
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c 

The f u n c t i o n  p(x /Z)  i s  c o n s e q u e n t l y  s u f f i c i e n t  and n e c e s s a r y  t o  

summarize a l l  t h e  r e l e v a n t  i n f o r m a t i o n  a v a i l a b l e .  I n  s p e c i a l  c a s e s ,  

s u c h  a s  l i n e a r  Eqs. (1) and (2) and Gauss i an  p . d . f . ' s  p(x,), p (wk) ,  

p (v  ) , t h e  f u n c t i o n  p ( x  /Z ) i s  G a u s s i a n  t o o  and c a n  b e  a d e q u a t e l y  and 

c o m p l e t e l y  d e s c r i b e d  by t w o  sets of  numbers, t h e  mean 2 
c o v a r i a n c e  

k k k  
and t h e  

k /k  

'k/k' 

Thus,  p(x/Z) w i l l  b e  s a i d  t o  d e t e r m i n e  t h e  q u a n t i t y  of i n f o r m a t i o n  

a v a i l a b l e ,  i n  t h e  s e n s e  t h a t  it summarizes  a l l  a v a i l a b l e  knowledge,  b o t h  

p r i o r  and c o l l e c t e d .  

The  s p r e a d  of  t h e  m u l t i v a r i a t e  f u n c t i o n  p ( x  /Z ) c a n  b e  a p p r o x i -  k k  
m a t e l y  assessed by t h e  c o n v a r i a n c e  m a t r i x  o r  s econd  moment, 

o r  by t h e  e n t r o p y ,  which i s  a s i n g l e  number 

The ra te  a t  which  t h e  q u a n t i t y  of i n f o r m a t i o n  i n c r e a s e s  w i t h  t i m e  - 
k+l  /zk+l) 

is  d e t e r m i n e d  by compar ing  two s u c c e s s i v e  p . d . f . ' s  s u c h  as  p ( x  

and p(xk/Zk) .  

t h e  random e f f e c t s  w and v 

G a u s s i a n  case ( t h e  Kalman-Bucy e s t i m a t o r )  where t h e  c o v a r i a n c e  PkIk i s  

an exact measure of s p r e a d .  I n  t h i s  c a s e ,  t h e  v a r i a n c e s  P 

'k /k 

T h i s  ra te  depends  i n  a complex f a s h i o n  on p ( x  /Z ) and on  
k k  

a s  c a n  be i l l u s t r a t e d  by t h e  l i n e a r  
k+l  ' k 

and 
k+l  /k+l 

c a n  b e  shown t o  b e  r e l a t e d  by t h e  two r e c u r s i v e  e q u a t i o n s .  

B - l ?  HT (H 'k+l/k HT + R 1 - l  HP k+l ,k (17) 
k + l / k + l  = *k+l,/k k + l / k  

$T + r Q rT k+l /k  = @ 'k/k 
P 
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where  4 ,  r, and H a r e  t h e  m a t r i c e s  c o r r e s p o n d i n g  t o  Eqs.  (1) and ( 2 )  and 

where Q and R a r e  t h e  c o v a r i a n c e s  of w and v.  

Al though t h e  f u n c t i o n  p ( x  /Z ) d e t e r m i n e s  t h e  q u a n t i t y  o f  i n f o r -  
k k  

mat ion  a v a i l a b l e ,  and i s  n e c e s s a r y  t o  d e t e r m i n e  t h e  cost  J and t h e  

optimum d e c i s i o n  d , i t  d o e s  n o t  p r o v i d e  any  c l u e  c o n c e r n i n g  t h e  s e n s i -  

t i v i t y  of J w i t h  r e s p e c t  t o  t h e  q u a l i t y  of  t h e  d a t a  z [ a s  measured f o r  

example by p ( v k ) ]  o r  t h e  amGunt of p r i o r  knowledge  and t h u s  d o e s  n o t  h e l p  

t h e  d e s i g n e r  i n  s p e c i f y i n g  t h e  p a r a m e t e r s  of a measurement  s y s t e m  o r  t h e  

accu racy  of h i s  model.  

* 

k 

To d e t e r m i n e  t h i s  s e n s i t i v i t y ,  i t  i s  n e c e s s a r y  t o  compute J i n  terms 

of t h e  p a r a m e t e r  d e f i n i n g  t h e  q u a l i t y  of t h e  measurement  s y s t e m  and t h e  

accu racy  of t h e  model .  I t  is c o n s e q u e n t l y  t h e  c o s t  J which m e a s u r e s  t h e  

v a l u e  o f  a p a r t i c u l a r  measurement  s y s t e m  or  a p a r t i c u l a r  model .  The  

dependence of J on e a c h  i n d i v i d u a l  p a r a m e t e r  g i v e s  a d i r e c t  i n d i c a t i o n  

a s  t o  t he  d e s i t a b i l i t y  of  c h a n g i n g  t h i s  p a r a m e t e r  and t h e  d o l l a r - c o s t  

e n t a i l e d  by s u c h  a change .  
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APPENDIX B 

OPTIMUM QUANTIZATION 

I n  Sec .  B o f  Ref .  6 a p r o c e d u r e  is p r e s e n t e d  f o r  o p t i m a l l y  d e s i g n i n g  

a q u a n t i z e r  w i t h  a f i x e d  number of  ou tpu t  l e v e l s .  Both  t h e  v a l u e s  o f  t h e  

o u t p u t  l e v e l s  and t h e  r a n g e  o f  t h e  i n p u t  to  which  e a c h  l e v e l  c o r r e s p o n d s  

are d e t e r m i n e d .  The c r i t e r i o n  f o r  t h e  d e s i g n  is  t h a t  some measu re  o f  t h e  

a v e r a g e  d i f f e r e n c e  be tween t h e  q u a n t i z e r  i n p u t  and t h e  q u a n t i z e r  o u t p u t  

is minimized .  

I n  t h i s  p r o c e d u r e  t h e  q u a n t i z e r  is viewed as a s y s t e m  e l e m e n t  which 

i n t r o d u c e s  errors because t h e  o u t p u t  can t a k e  on on ly  f i n i t e  numbers o f  

v a l u e s  w h i l e  t h e  i n p u t  c a n  v a r y  o v e r  a c o n t i n u o u s  r a n g e .  The p u r p o s e  

o f  t h e  d e s i g n  p r o c e d u r e  is t o  minimize  t h e s e  e r r o r s .  

T h i s  v i e w p o i n t  is v e r y  a p p r o p r i a t e  f o r  c o n s i d e r i n g  t h e  i n f o r m a t i o n  

r e q u i r e m e n t s  o f  c e r t a i n  classes o f  s y s t e m s .  F o r  example ,  i f  t h e  s y s t e m  

unde r  c o n s i d e r a t i o n  is a n  open- loop  measurement d e v i c e ,  t h e  e r r o r s  which  

t h e  q u a n t i z e r  i n t r o d u c e s  a r e  i n  a b r o a d  s e n s e ,  r e l a t e d  t o  t h e  i n f o r m a t i o n  

l o s t  i n  p a s s i n g  t h r o u g h  t h e  d e v i c e .  By d e s i g n i n g  t h e  q u a n t i z e r  so as t o  

min imize  t h e s e  e r r o r s ,  t h e  i n f o r m a t i o n  t r a n s f e r  t h r o u g h  t h e  d e v i c e  is 

maximized. 

When t h e  q u a n t i z e r  is i n t r o d u c e d  as an element of a c l o s e d - l o o p  

dynamic s y s t e m ,  a number o f  a d d i t i o n a l  q u e s t i o n s  arise. Many s u c h  ques-  

t i o n s  w e r e  s t i m u l a t e d  i n  c o n n e c t i o n  w i t h  t h e  example  worked o u t  i n  

Sec .  C of R e f .  6. The p u r p o s e  o f  t h i s  p r e s e n t  a p p e n d i x  is  t o  a n s w e r  

t h e s e  q u e s t i o n s  and t o  show c l e a r l y  how optimum q u a n t i z a t i o n  a p p l i e s  

i n  c l o s e d - l o o p  sys t ems .  

One f a c t  wh ich  w a s  no t  p o i n t e d  o u t  i n  Sec.  C o f  Ref .  6 is that t h e  

q u a n t i z e r  d e s i g n e d  t h e r e  a c t u a l l y  performs t h r e e  f u n c t i o n s ;  namely, 

e s t i m a t i o n ,  c o n t r o l  and q u a n t i z a t i o n .  

I n  t h i s  p r e s e n t  a p p e n d i x ,  i t  is shown t h a t  unde r  c e r t a i n  cond i -  

t i o n s  t h e  optimum combined s y s t e m  is found by o p t i m i z i n g  t h e  t h r e e  
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f u n c t i o n s  s e p a r a t e l y .  T h i s  r e s u l t  i s  a n a l o g o u s  t o  t h e  s e p a r a t i o n  o f  

o p t i m a l  c o n t r o l  and o p t i m a l  e s t i m a t i o n  found by Kalman,' Gunckel ,"  -- e t  a l .  

f o r  t h e  l i n e a r ,  G a u s s i a n ,  s q u a r e d  e r r o r  c a s e .  The i m p o r t a n c e  o f  t h i s  

r e s u l t  i s  t h a t  i n  s y s t e m s  which  have  t h e  a p p r o p r i a t e  p r o p e r t i e s ,  t h e  

optimum d e s i g n  p r o c e d u r e  c a n  be used  d i r e c t l y  w i t h o u t  a f f e c t i n g  t h e  

o p t i m a l i t y  of t h e  t o t a l  s y s t e m .  Even i n  cases where t h i s  r e s u l t  i s  not  

o b t a i n e d ,  t h e  p r o c e d u r e  o f  s e p a r a t e l y  d e s i g n i n g  t h e  u n i t s  g e n e r a l l y  

y i e l d s  a good a p p r o x i m a t i o n  t o  t h e  o p t i m a l  s y s t e m .  

The r e m a i n d e r  of  t h e  append ix  c o n s i s t s  o f  f o u r  s e c t i o n s .  The f i r s t  

s e c t i o n  p r e s e n t s  a r e v i e w  of t h e  d e s i g n  p r o c e d u r e .  The second  s e c t i o n  

f o r m u l a t e s  t h e  problem of optimum q u a n t i z a t i o n  i n  a c l o s e d - l o o p  dynamic 

s y s t e m  and d i s c u s s e s  t h e  d i f f i c u l t i e s  t h a t  arise.  The t h i r d  s e c t i o n  

c o n t a i n s  a proof  o f  t h e  s e p a r a b i l i t y  of e s t i m a t i o n ,  c o n t r o l ,  and q u a n t i -  

z a t i o n ,  f o r  c e r t a i n  s y s t e m s .  F i n a l l y ,  t h e  f o u r t h  s e c t i o n  summar izes  

t h e  work  and draws some c o n c l u s i o n s  abou t  i t s  a p p l i c a b i l i t y .  

B. A COMPUTATIONAL PROCEDURE FOR OPTIMUM QUANTIZER DESIGN 

The f o r m u l a t i o n  o f  t h e  problem is  based  o n  t h e  q u a n t i z e d  c h a r a c -  

t e r i s t i c  shown i n  F i g .  B-1. The q u a n t i z e r  i n p u t ,  x ,  is  a l l o w e d  t o  t a k e  

o n  a c o n t i n u o u s  r a n g e  of  v a l u e s .  The p r o b a b i l i t y  d e n s i t y  f u n c t i o n  O f  X ,  

p ( x ) ,  i s  assumed t o  be  known. The q u a n t i z e r  o u t p u t ,  q ( x ) ,  i s  a l l o w e d  t o  

t a k e  o n  o n l y  a f i n i t e  number o f  v a l u e s ,  N + 1. The p a r a m e t e r s  wh ich  c a n  

be  a d j u s t e d  f o r  optimum d e s i g n  are t h e  (N + 1 )  d i s c r e t e  v a l u e s  o f  t h e  

q u a n t i z e r  o u t p u t ,  co, c l ,  ..., cN, and t h e  N p o i n t s  a t  which  t h e  o u t p u t  

changes  from c t o  c .  d e n o t e d  as d 1' da, ' * ' ?  dN '  i-1 1' 

The optimum q u a n t i z e r  d e s i g n  problem f o r  t h e  s t a t i c  case w a s  f o r -  

mula ted  i n  Ref .  6 as a g e n e r a l i z a t i o n  o f  TOU'S work.3 

c a t i o n  o f  Ref .  6,  a Ph.D. t h e s i s  a t  S t a n f o r d 4  h a s  a p p e a r e d  i n  which  a 

similar problem i s  f o r m u l a t e d  and s i m i l a r  d e s i g n  e q u a t i o n s  are o b t a i n e d .  

I n  R e f .  5, t h e s e  l a t t e r  e q u a t i o n s  are a l s o  d e r i v e d ,  arid a c o m p u t a t i o n a l  

p rocedure  a n a l o g o u s  t o  t h e  o n e  d e s c r i b e d  i n  t h i s  s e c t i o n  is  g i v e n .  

S i n c e  t h e  p u b l i -  

The most g e n e r a l  p e r f o r m a n c e  c r i t e r i o n  t h a t  c a n  be  c o n s i d e r e d  i n  a 

s t a t i c  s i t u a t i o n  i s  t h e  e x p e c t e d  v a l u e  o f  some f u n c t i o n  o f  x and t h e  
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FIG. B-1 QUANTIZER CHARACTERISTIC 

corresponding quant i zer  output.  Th i s  function can be w r i t t e n  a s  

dN 

In m o s t  c a s e s  t h e  o b j e c t i v e  i s  t o  f ind  a quant i zer  des ign  t h a t  

minimizes t h e  expected va lue  of a function of t h e  error between t h e  i n -  

put and t h e  corresponding output.  In t h e s e  c a s e s  t h e  performance 

c r i t e r i o n  becomes 
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I f  d i s  d e f i n e d  t o  be -03 and d t o  be  s<o, t h e n  Eq. (2) c a n  b e  re- 

w r i t t e n  
0 N+1 

I t  i s  g e n e r a l l y  assumed [ R e f s .  4 and 51 t h a t  

TWO examples  o f  t h i s  t y p e  of  p e r f o r m a n c e  c r i t e r i o n  a re  t h e  e x p e c t e d  

v a l u e  of a b s o l u t e  error,  i n  which 

and t h e  e x p e c t e d  v a l u e  of s q u a r e d  e r r o r ,  where  

The c o m p u t a t i o n a l  p r o c e d u r e  d e v e l o p e d  i n  Memorandum 2 c a n  b e  ex-  

tended t o  t h e  pe r fo rmance  c r i t e r i o n  i n  Eq. (1); however,  f o r  P u r p o s e s  

of t h i s  d i s c u s s i o n ,  i t  w i l l  b e  assumed t h a t  t h e  c r i t e r i o n  h a s  t h e  form 

of Eq. ( 3 ) .  
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The d e s i g n  e q u a t i o n s  c a n  be d e r i v e d  d i r e c t l y  by t a k i n g  p a r t i a l  d e r i -  

v a t i v e s  of J i n  Eq. (3).  Us ing  t h e  normal r u l e s  f o r  d i f f e r e n t i a t i n g  w i t h  

r e s p e c t  t o  l i m i t s  o f  i n t e g r a t i o n ,  

D i f f e r e n t i a t i n g  u n d e r  t h e  i n t e g r a l  s i g n ,  

U i 

i = 0,1,2, ..., N 
Eq. ( 7 )  c a n  be  r e w r i t t e n  as 

= g (di - Ci) i - 1  g (d - C  i (9) 

I f  i n  a d d i t i o n  t o  Eq. (4 )  i t  i s  assumed, (and t h i s  i s  a m o s t  

r e a l i s t i c  a s s u m p t i o n )  t h a t  g is  a m o n o t o n i c a l l y  i n c r e a s i n g  f u n c t i o n  of 

i t s  a rgumen t ,  t h e n  Eq. (9) h a s  as i t s  u n i q u e  s o l u t i o n  

S i n c e  c # ci, d .  i s  d e t e r m i n e d  as 
i -1 1 

di = 3 (ci-l + c,) 

t h a t  is, d .  is e x a c t l y  ha l f -way be tween c and c 
1 i-1 i' 
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E q u a t i o n  ( 8 )  c a n  b e  r e w r i t t e n  as 

I 

i = 0 , 1 , 2 ,  . . .  N 

h 

where g '  i s  t h e  d e r i v a t i v e  of  g w i t h  r e s p e c t  t o  i t s  a rgumen t .  

I f  d .  is d e t e r m i n e d  by Eq. ( 1 1 ) '  t h e n  t h e  ( 2 N  + 1) f r e e  d e s i g n  
1 

p a r a m e t e r s  have  been r educed  t o  (N + 1 ) '  namely,  t h e  v a l u e s  of t h e  C . .  

I f  d i  and d .  

Eq. (ll), t h e n  t h e  c o n d i t i o n s  t h a t  must b e  s a t i s f i e d  become 

1 

i n  Eq. (12) a r e  r e p l a c e d  by t h e  a p p r o p r i a t e  f o r m s  of 
l f l  

6 (co + cl) 

P ' ( x  - c0) P(X) d x = 0 s 

?? (ci-l + Ci) 

03 
i = 1,2, ..., N - 1  

s g ' ( x  - cN) P(X) d x 0 

I t  c a n  b e  o b s e r v e d  t h a t  Eq. (13a) d e p e n d s  o n l y  on c and C Con- 0 1' 
s e q u e n t l y ,  i f  a g u e s s  i s  made o f  c t h e n  c c a n  b e  d e t e r m i n e d .  Pro- 

c e e d i n g  t o  t h e  f i r s t  of Eq. (13b)  i t  i s  s e e n  t h a t  it d e p e n d s  Only on 

c c and c2. C o n s e q u e n t l y ,  c c a n  b e  d e t e r m i n e d  f r o m  c and c 

g e n e r a l ,  t h e  i t h  Eq. (13b)  y i e l d s  c ~ + ~  i n  terms of  t h e  p r e v i o u s l y  CalCU- 

l a t e d  v a l u e s  o f  c and c The (N-1)th of  t h e s e  e q u a t i o n s  d e t e r m i n e s  

C If Eq.  ( 1 3 ~ )  i s  zero  when t h e  computed v a l u e s  of c and c a r e  

s u b s t i t u t e d  i n t o  i t ,  t h e n  t h e  v a l u e s  co, cl, ..., c 

se t .  I f  n o t ,  t h e n  a d i f f e r e n t  v a l u e  of  c mus t  b e  t r i e d  and t h e  p r o c e -  

d u r e  r e p e a t e d .  The v a l u e  of t h e  i n t e g r a l  i n  Eq. (13c) i n d i c a t e s  what  

new v a l u e  t o  t r y  for c 

0' 1 

I n  1' 0' 1' 2 0 

i i-1' 

N '  N - 1  N 
are  t h e  o p t i m a l  

N 

0 

0' 
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F o r  t h e  a b s o l u t e  error  c r i t e r i o n  i n  Eq. ( 5 ) ,  

g‘  = +1 , ci x 5 di+l 

-l ’ d i * X 2 C  i 

The d e s i g n  e q u a t i o n s  become 

P 
N J C  

F o r  t h e  s q u a r e d  error c r i t e r i o n ,  Eq. (6), 

ci) g ’  = 2(x - 

and t h e  d e s i g n  e q u a t i o n s  are  

-03 
C J  0 

CO 

P 

J 

f(ci-l + Ci) 

i = 1,2,. . . (N-1) 
OD 
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In  many problems t h e  q u a n t i z e r  o u t p u t  i s  r e s t r i c t e d  t o  have  maximum 

and minimum v a l u e s ,  s u c h  a s  

a 5 q(x )  5 b (18) 

I n  t h i s  c a s e ,  t h e  v a l u e s  co, cl, ..., c 

t i o n a l  p r o c e d u r e  may n o t  s a t i s f y  Eq. (18). I t  i s  t h e n  n e c e s s a r y  t o  

modify t h e  c o m p u t a t i o n a l  p r o c e d u r e  t o  a c c o u n t  f o r  t h i s  c o n s t r a i n t .  

R e f .  6, i t  is shown t h a t  t h e  o p t i m a l  p r o c e d u r e  i n  t h i s  c a s e  is t o  set 

c 

s a t i s f y  

a s  d e t e r m i n e d  by t h e  computa- 
N 

I n  

= a and c = b, and t h e n  t o  select cl, c2, ..., c so t h a t  t h e y  0 N N - 1  

g '  (X - ci) P(X) d x = 0 
i+l) 

S i n c e  c i s  known, c c a n  be  guessed  and t h e  c o m p u t a t i o n a l  p r o c e d u r e  

p r e v i o u s l y  d e s c r i b e d  can  b e  a p p l i e d .  No te  t h a t  i n  t h i s  c a s e ,  t h e  quan- 

t i z e r  p a r a m e t e r s  t h a t  a r e  d e t e r m i n e d ,  depend on t h e  p r o b a b i l i t y  d e n s i t y  

f u n c t i o n  p ( x )  o n l y  o v e r  t h e  i n t e r v a l  a S x 5 b. 

0 1 

The r e s u l t s  of  a p p l y i n g  t h e  c o m p u t a t i o n a l  p r o c e d u r e  t o  some examples  

are  shown i n  T a b l e s  I ,  11, and 111. I n  t h e  f i r s t  two examples ,  t h e  con-  

s t r a i n t  -1 5 q ( x )  5 1 is  imposed. The t o t a l  number of  o u t p u t  l e v e l s  i s  

(N 4-11 = 7 f o r  b o t h  cases. The p r o b a b i l i t y  d e n s i t y  f u n c t i o n s  are  

p (x )  = k ' e - I x 1  and p ( x )  = k e 

expec ted  a b s o l u t e  e r r o r ,  g ( x  - c i )  = I (x  - c . )  I i n  b o t h  c a s e s .  

expec ted  a b s o l u t e  e r r o r  is  computed i n  e a c h  case. T h e s e  v a l u e s  are com- 

pared  w i t h  t h e  v a l u e  f o r  u n i f o r m  q u a n t i z a t i o n .  I n  t h e  t h i r d  example ,  t h e  

o u t p u t  i s  n o t  c o n s t r a i n e d ,  t h e  t o t a l  number o f  o u t p u t  l e v e l s  is 

(N 4- 1) = 7 ,  t h e  p r o b a b i l i t y  d e n s i t y  i s  G a u s s i a n  w i t h  z e r o  mean and u n i t y  

v a r i a n c e ,  and t h e  pe r fo rmance  c r i t e r i o n  i s  e x p e c t e d  s q u a r e d  e r r o r .  Aga in ,  

t h e  t o t a l  error is  computed and compared.  T o t a l  error f o r  t h e  b e s t  Uni- 

form q u a n t i z a t i o n ,  which c a n  a l s o  b e  found  by a s i m i l a r  COmpUtat iOna~ 

p rocedure ,6  is a l s o  computed f o r  c o m p a r i s o n  p u r p o s e s .  

r e s p e c t i v e l y .  The c o s t  f u n c t i o n  is 
I t  -1/2x2 

The t o t a l  
1 
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C 

T a b l e  1 

Optimum Quantization 

-1 .oo 
-0 .59 

-0.27 

0.00 

0.27 

0 . 5 9  

1 .00  

0 .0820 

Uniform Quantization 

-1 .00 

-0.67 

-0.33 

0.00 

0 .33  

0 .67  

1 .oo 
0.0856 

Table I1 

Optimum Quantization 

-1 .oo 
-0 .62 

-0.30 

0 . 0 0  

0.30 

0 .62  

1 .oo 

0.0810 

Uniform Quantization 

-1 .oo 
-0.67 

-0.33 

0.00 

0.33 

0.67 

1.00 

0.0842 
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h 

T a b l e  I11 

0 

1 

2 

3 

4 

5 

6 
T o t a l  Cos t  

C 

C 

C 

C 

C 

C 

C 

N + 1 = 7 , c  = - w , c  = a ,  

1 26 
g (x - c . )  = (x  - Ci) 

2 
1 

1 -ax P (XI = - e 
Optimum Q u a n t i z a t i o n  

-2.03 

-1.19 

-0.56 

0.00 

0 . 5 6  

1 . 1 9  

2.03 

0 .0440 

Uniform Q u a n t i z a t i o n  

-1.95 

-1.30 

-0.65 

0.00 

0 . 6 5  

1.30 

1 . 9 5  

0.0469 

C. OPTIMUM QUANTIZATION I N  DYNAMIC SYSTEMS 

I n  Ref .  6 t h e  c o m p u t a t i o n a l  p r o c e d u r e  was e x t e n d e d  t o  dynamic 

sys t ems .  I t  was found t h a t  t h e  f u n c t i o n s  of  o b s e r v a t i o n ,  c o n t r o l ,  and 

q u a n t i z a t i o n  a l l  a re  i n t e r - r e l a t e d .  The p u r p o s e  of  t h i s  s e c t i o n  i s  t o  

c l a r i f y  how e a c h  of  t h e s e  f u n c t i o n s  is t o  be  c a r r i e d  o u t  and t o  d i s -  

c u s s  o t h e r  c o m p l i c a t i o n s  which a r i s e  when q u a n t i z e r s  a r e  i n t r o d u c e d  i n -  

t o  dynamic s y s t e m s .  

A problem which i l l u s t r a t e s  most of t h e  d i f f i c u l t i e s  t h a t  a r i s e  

i s  t h e  case of a f e e d b a c k  c o n t r o l  s y s t e m  where  t h e  c o n t r o l  i s  quan-  

t i z e d .  

q u a n t i z e d  i s  a s c a l a r .  The p l a n t  i s  d e s c r i b e d  by a s y s t e m  of n o n l i n e a r  

t ime-va ry ing  d i f f e r e n c e  e q u a t i o n s .  

T h i s  s i t u a t i o n  i s  shown i n  Fig. B-2 where  t h e  c o n t r o l  u t o  be 

B-10  



- CONTROLLER " e OUANTIZER I 0 

I I 

X 
PLANT - 

I 
-~ 

L MEASUREMENT 
SYSTEM 

- 

V - 
TA-5237 - 5 2  

J - 

FIG. P-2 GENERAL DYNAMIC SYSTEM WITH QUANTIZED CONTROL 

where 

x ( k )  = n-d imens iona l  s t a t e  v e c t o r  f o r  s y s t e m  a t  t i m e  k 

u (k)  = sca la r  c o n t r o l  a t  time k 

w (k )  = v e c t o r  of  random f o r c i n g  f u n c t i o n s  o n  t h e  s y s t e m  

- 

- 
a t  t i m e  k 

1 k = i n d e x  of p r e s e n t  t i m e  

1 The measurement s y s t e m  makes n o i s e - c o r r u p t e d  o b s e r v a t i o n s  o f  some 
l 

o r  a l l  of  t h e  s t a t e s  of t he  s y s t e m  a c c o r d i n g  t o  t h e  r e l a t i o n  

1 where 

z = m-dimensional  v e c t o r  of n o i s y  measu remen t s  

h = m-dimensional  v e c t o r  f u n c t i o n a l  where  m is 
- 
- 

g e n e r a l l y  less t h a n  n 

v (k) = v e c t o r  o f  n o i s y  s i g n a l s  t h a t  c o r r u p t  t h e  - 
measurements  

The f u n c t i o n  of t h e  b l o c k  l a b e l l e d  "observer ' '  i s  t o  p r o c e s s  t h e s e  

measu remen t s  and e x t r a c t  as much i n f o r m a t i o n  a b o u t  t h e  p l a n t  as p o s s i b l e .  

The f u n c t i o n  of t h e  b l o c k  l a b e l l e d  t t c o n t r o l l e r t t  i s  t o  compute t h e  " b e s t "  

v a l u e  of  t h e  i r .pu t  s i g n a l  t o  t h e  p l a n t  on t h e  b a s i s  of t h e  i n f o r m a t i o n  

t h a t  t h e  o b s e r v e r  p r o v i d e s .  B e s t  c o n t r o l  i s  d e f i n e d  i n  g e n e r a l  as 
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t h a t  which min imizes  t h e  e x p e c t e d  v a l u e  of some v a r i a t i o n a l  p e r f o r m a n c e  

c r i t e r i o n  . 

. K  

where k! is  a s c a l a r  f u n c t i o n a l .  

The q u a n t i z e r  l o c a t e d  between t h e  o u t p u t  of  t h e  c o n t r o l l e r  and t h e  

i n p u t  t o  t h e  p l a n t  makes c o n t r o l  more d i f f i c u l t ;  i n s t e a d  of  t h e  p l a n t  

b e i n g  c o n t r o l l e d  by a s i g n a l  s e l e c t e d  from t h e  con t inuum,  t h e  i n p u t  i s  

a lways  t a k e n  from a f i n i t e  set. 

t o  d e f i n e  t h i s  se t  so  t h a t  t h e  b e s t  p e r f o r m a n c e  t h a t  c a n  be a c h i e v e d  

u n d e r  t h i s  r e s t r i c t i o n  is a c t u a l l y  o b t a i n e d .  

The p u r p o s e  of optimum q u a n t i z a t i o n  i s  

T h i s  problem is  c l e a r l y  more d i f f i c u l t  t h a n  t h e  s t a t i c  p rob lem 

s o l v e d  i n  Sec.  B. The q u a n t i z e r  p a r a m e t e r s  must  b e  s e l e c t e d  t o  o p t i m i z e  

n o t  j u s t  some f u n c t i o n  of  t h e  i n s t a n t a n e o u s  i n p u t  and o u t p u t  of t h e  

q u a n t i z e r ,  b u t  i n s t e a d  a f u n c t i o n  o f  p r e s e n t  and f u t u r e  v a l u e s  of t h e  

s t a t e  of t h e  p l a n t ,  t h e  c o n t r o l l e r  o u t p u t ,  t h e  random f o r c i n g  f u n c t i o n s ,  

and t h e  measurement n o i s e .  Tou3 shows t h a t  i n  some cases t h i s  p rob lem 

c a n  be s o l v e d  by dynamic programming, b u t  h i s  p r o c e d u r e  r e q u i r e s  a n  

(N + 1 ) - d i m e n s i o n a l  s e a r c h  f o r  t h e  (N + 1) v a l u e s  of c a t  e a c h  s t a g e .  

I n  R e f .  6 and r e l a t e d  work, t h e  (N + 1 ) - d i m e n s i o n a l  s e a r c h  i s  reduced  

t o  a one -d imens iona l  s e a r c h ,  and t h e  c l a s s  o f  p r o b l e m s  t h a t  c a n  be 

t r e a t e d  i s  e x t e n d e d .  N e v e r t h e l e s s ,  t h e  p r o c e d u r e  is  n o t  a l w a y s  compu- 

t a t i o n a l l y  p r a c t i c a l .  I n  t h e  r e m a i n d e r  of t h i s  a p p e n d i x ,  more p r o m i s i n g  

p r o c e d u r e s  based  on combin ing  t h e  work o u t l i n e d  i n  Sec .  B w i t h  t h e  p r o -  

c e d u r e s  f o r  f i n d i n g  o p t i m a l  c o n t r o l  and o p t i m a l  e s t i m a t i o n  w i l l  b e  

pursued i n s t e a d .  

i 

I n  o r d e r  t o  c a r r y  o u t  c o m p u t a t i o n s  s i m i l a r  t o  t h o s e  i n  Sec .  B, i t  

i s  n e c e s s a r y  t o  h a v e  t h e  p r o b a b i l i t y  d e n s i t y  f u n c t i o n  of  t h e  i n p u t  t o  

t h e  q u a n t i z e r .  I f  t h e  s t r u c t u r e  of t h e  q u a n t i z e r ,  t h e  p l a n t ,  t h e  

measurement s y s t e m ,  t h e  o b s e r v e r ,  and t h e  c o n t r o l l e r  are a l l  known, 
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and if the probability density functions for - x (0), - v(k), and - w(k) 
are given, then this calculation is possible, at least in principle. 

However, a dilemma immediately arises: the quantizer is not fixed, 

yet its parameters must be known in order to carry out any calculations. 

This difficulty is circumvented by the following procedure: the proba- 

bility density function of the quantizer input is computed assuming 

that the quantizer is replaced by a unity gain. The optimum quantizer 

is then designed. Using this new quantizer structure, the probability 

density function is re-computed. If it has changed significantly from 

the previous function, then a second quantizer design based on the new 

probability density function is computed. The procedure is repeated 

until the probability density function does not change significantly 

from one iteration to the next. 

probability density function based on approximating the quantizer by 

a unity gain is sufficent; in the cases where iterations are required, 

their number is small. 

Tou3 has found that in general the 

It is clear, however, that if this probability distribution is to 
be determined, then the controller and estimator must be fixed. 

not, then the design problem becomes one of finding the optimum com- 

bined estimator-controller-quantizer combination. This problem is an 

extremely complicated one, which is even more difficult than the optimum 

combined estimator-controller problem treated by Meier in Vol. 1, 

Section 111. Fortunately, as with Meier's work, there are a number 

of cases of practical importance in which a computationally feasible 

solution can be obtained. In addition, these simplifications lead to 

a useful procedure for treating the case of a fixed controller and 

fixed estimator as well. These problems are discussed in the next 

section. 

If 

D* COMBINED ESTIMATION, CONTRDL, AND QUANTIZATION 

The central result of this section is the following: if certain 

conditions are met, then the optimum combined observer-controller- 

quantizer design is obtained by first finding an optimum combined 
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c o n t r o l l e r - e s t i m a t o r  and t h e n  s y n t h e s i z i n g  t h e  optimum q u a n t i z e r  

a c c o r d i n g  t o  t h e  p r o c e d u r e  of Sec .  B. 

The c o n d i t i o n s  which m u s t  be s a t i s f i e d  i n  o r d e r  t o  o b t a i n  t h i s  

r e s u l t  a r e  t h e  f o l l o w i n g :  

( 1 )  The p l a n t  m u s t  be  l i n e a r  w i t h  zero-mean random f o r c i n g  terms 

where 

4 = n x n t r a n s i t i o n  m a t r i x  

d = n-d imens iona l  d i s t r i b u t i o n  v e c t o r  

r = n x m d i s t r i b u t i o n  m a t r i x  f o r  random 
- 

f o r c i n g  f u n c t i o n s  

E[w(k)]  = 0 

( 2 )  The pe r fo rmance  c r i t e r i o n  m u s t  be  a q u a d r a t i c  f u n c t i o n  of 

t h e  p r e s e n t  c o n t r o l  and t h e  n e x t  s t a t e .  

J = E [xT(k+l) A x(k+l) + b u2 ( k ) ]  (24)  - - 

T h i s  c r i t e r i o n  i s  a s p e c i a l  case of t h e  g e n e r a l  v a r i a t i o n a l  c r i t e r i o n  

i n  Eq. (22 ) .  

c a s e  i s  v e r y  c l o s e  t o  t h e  r e s u l t  f o r  t h e  summed q u a d r a t i c  c r i t e r i o n ,  

Tou3 h a s  shown t h a t  t h e  optimum d e s i g n  o b t a i n e d  f o r  t h i s  

OD 

J = E [ C [xT(j+l) - Ax(j+l) - + b u2 ( j )  I ]  
j = k  

Fur the rmore ,  i t  i s  p o s s i b l e  t o  e x t e n d  t h e  r e su l t s  o f  t h i s  s e c t i o n  t o  t h e  

v a r i a t i o n a l  case, a l t h o u g h  t h e  p r o o f  i s  somewhat i n v o l v e d .  

(3) The optimum combined c o n t r o l l e r - o b s e r v e r  i s  implemented  by 

hav ing  t h e  o b s e r v e r  g e n e r a t e  2 ( k ) ,  t h e  optimum e s t i m a t e  of t h e  s t a t e  

v e c t o r ,  and t h e n  h a v i n g  t h e  c o n t r o l l e r  compute a n  optimum c o n t r o l  s i g n a l  

t r e a t i n g  t h i s  estimate as i f  i t  were i n  f a c t  t h e  t r u e  s t a t e .  T h i s  i s  a 

w e l l  known r e s u l t  f o r  t h e  l i n e a r ,  G a u s s i a n ,  s q u a r e d  error c a s e ;  i t  c a n  

- 
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be j u s t i f i e d  i n  a number of s i t u a t i o n s  where t h e s e  c o n d i t i o n s  d o  n o t  

h o l d  e x a c t l y .  

The p roof  t h a t  q u a n t i z a t i o n  c a n  be s e p a r a t e d  f r o m  o b s e r v a t i o n  and 

c o n t r o l  w i l l  b e  done  by d i r e c t l y  compar ing  t h e  resu l t s  of t h e  s e p a r a t e  

o p t i m i z a t i o n  and t h e  combined o p t i m i z a t i o n .  

1. S e p a r a t e  O p t i m i z a t i o n  

I n  t h e  case where t h e  t w o  o p t i m i z a t i o n s  a re  done  s e p a r a t e l y ,  

t h e  o p t i m a l  c o n t r o l  is  f irst  c a n p u t e d  u n d e r  t h e  a s s u m p t i o n  t h a t  t h e  

q u a n t i z e r  i s  a u n i t y  g a i n  e l e m e n t .  I f  the  o u t p u t  of the  o b s e r v e r  is  

w r i t t e n  a s  g ( k ) ,  t h e n  J c a n  b e  r e - w r i t t e n  a s  - 

J = E [ @  G(k) + - du(k) + r - w(k)IT A [@(k) + - du(k) + h ( k ) ]  - + bu2(k)j  [ -  

T T 
where  Ql(k)  = E[w (k) r A Tw(k)], a number which i s  i n d e p e n d e n t  of 

g ( k )  and u ( k )  . 
- - 
The o t h e r  terms i n v o l v i n g  w(k) v a n i s h  because E[w(k) ] = 0. - - - 

Expanding t h e  terms i n  Eq. (25) 

Because  u ( k )  and dT @ A x ( k )  are  b o t h  s c a l a r s ,  it follows t h a t  - - 

J = kT(k) GT A - G(k) + u(k) [2dT - A B - 2 (U1 

+ (b + dT Ad) u2 (k) + Q,(k) 
(27) - -  

T h e  minimiza t ion  of J i s  accompl i shed  by d i f f e r e n t i a t i n g  w i t h  r e s p e c t  

t o  u and s e t t i n g  t h e  r e s u l t  e q u a l  t o  0, 

- =  aJ 
a U  

0 = 2dT A @ hx(k) + 2(b + dT A d) u(k) - - - - 
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The r e s u l t i n g  o p t i m a l  c o n t r o l ,  d e n o t e d  by G(k) ,  i s  

A u(k) = -(dT - -  Ad + b)-’ (dT - AiP)g(k) 

which i s  t h e  well-known s o l u t i o n  f o r  t h e  c a s e  w i t h o u -  q u a n t i z a  

(2 9) 

i o n .  

Now, c o n s i d e r  t h e  problem of  d e s i g n i n g  a q u a n t i z e r  which m i n i m i z e s  

t h e  e x p e c t e d  v a l u e  of t h e  s q u a r e  of t h e  e r r o r  between G(k) and q [ i ( k ) ] .  

The p r o b a b i l i t y  d e n s i t y  of  G(k) is computed on t h e  b a s i s  of  t h e  known 

c o n t r o l l e r  and o b s e r v e r  c o n f i g u r a t i o n s  and t h e  known p r o b a b i l i t y  d e n s i t y  

f u n c t i o n s  f o r  x(o) ,  and v ( k ) ,  and w(k) .  As i n  Ref .  3 t h e  p r o b a b i l i t y  

d e n s i t y  f u n c t i o n  f o r  G c a n  b e  w r i t t e n  a s  a n  a v e r a g e  d i s t r i b u t i o n  o v e r  

a l l  p o s s i b l e  s e q u e n c e s  x ( o ) ,  w(k ) ,  and v ( k ) ,  k = 0, 1, 2,  ..., K .  The 

optimum q u a n t i z a t i o n  problem c a n  b e  w r i t t e n  as  

- - - 

- - - 

J ’  = Min 

(30) N 
c c . . , c  0 ’  1’ 

o r ,  i n  terms of  t h e  s t a t e  v a r i a b l e s  G ( k ) ,  - 

J ’  = Min { E idT Ad + b ) - l  (dT A $ )  &(k) + q l2 } 

where t h e  p r o b a b i l i t y  d e n s i t y  o f  G(k) is  computed i n  t h e  same way as  

p [ c ( k ) ] .  

c o m p u t a t i o n a l  p r o c e d u r e s  of Sec .  B. 

- 
T h i s  problem, i n  t h e  form of  Eq. (301, c a n  b e  s o l v e d  by t h e  

2 .  Combined O p t i m i z a t i o n  

The f o r m u l a t i o n  of  t h e  combined p rob lem c a n  now b e  g i v e n .  As- 

sumption (3)  i s  used  a g a i n  t o  e x p r e s s  t h e  p e r f o r m a n c e  c r i t e r i o n  as Eq. 

( 2 5 ) .  The p u r p o s e  of t h e  q u a n t i z e r  d e s i g n  is t o  select l e v e l s  so  t h a t  

t h e  e x p e c t e d  v a l u e  of J i n  Eq. (25) i s  min imized .  The problem becomes 
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J" = Min 
- 

N c c . . c  
0 '  1 '  

where t h e  q u a n t i z e r  o u t p u t  q i s  s u b s t i t u t e d  f o r  u ( k ) ,  

The e q u i v a l e n c e  of t h e  two problems c a n  be shown by demon- 

s t r a t i n g  t h a t  t h e  same set of v a l u e s ,  co,  cl, ..., c 

Eqs. (31)  and (32) .  Expanding Eq. (32)  and n o t i n g  t h a t  q is  a s c a l a r ,  

min imizes  b o t h  of N - 

J" = Min 

c c  . c  
0' 1' N 

(33) 
2 + (b + - -  dTAd)q + Ql(k) 

= Min 

where 

which does n o t  depend on q. 

Expanding  Eq. (31) and n o t i n g  t h a t  ( g  Ad_+ b) is a s c a l a r ,  T 

J '  = Min 

= Min 

c c . . c  
0' 1' N 
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where 

c 

which a g a i n  d o e s  n o t  depend on q .  

Now, i f  (LT Ad_ + b) = 0, t h e  o p t i m a l  c o n t r o l  f a i l s  t o  e x i s t .  
T 

Fur the rmore ,  (2 Ad) > 0 i f  A i s  p o s i t i v e  d e f i n i t e ,  a s  i s  g e n e r a l l y  

assumed. A l s o ,  b i s  a lways  g r e a t e r  t h a n  o r  e q u a l  t o  0. T h e r e f o r e ,  

Eq. (34) c a n  be m u l t i p l i e d  by (d, A i  + b)  w i t h o u t  a f f e c t i n g  t h e  m i n i -  

m i z a t i o n .  

T 

Comparing Eqs. (33)  and ( 3 5 ) ,  w e  see t h a t  t h e  e x p r e s s i o n s  a r e  

i d e n t i c a l  e x c e p t  f o r  t h e  terms Q ( k )  and Q ( k ) .  However, s i n c e  n e i t h e r  

of t h e s e  terms depends  on q,  t h e  o p t i m i z a t i o n  i s  n o t  a f f e c t e d  

i n  e i t h e r  c a s e .  T h e r e f o r e ,  t h e  s o l u t i o n  f o r  c c ..., C is  t h e  same 

f o r  bo th  Eqs. (33 )  and ( 3 5 ) .  T h i s  i n  t u r n  i m p l i e s  t h a t  t h e  s o l u t i o n  t o  

t h e  two problems a s  e x p r e s s e d  i n  Eqs.  (31 )  and (32)  i s  a g a i n  t h e  same. 

T h e r e f o r e ,  t h e  c o m p u t a t i o n a l  p r o c e d u r e  c a n  b e  a p p l i e d  t o  Eq. (30 )  t o  

f i n d  t h e  s o l u t i o n  t o  t h e  combined problem e x p r e s s e d  i n  Eq. ( 3 2 ) .  

2 4 

0' 1' N 

The consequence  of  t h i s  r e s u l t  i n  terms of c o m p u t a t i o n a l  re- 

qu i r emen t s  i s  t h a t  t h e  optimum combined o b s e r v e r - c o n t r o l l e r - q u a n t i z e r  

c a n  be d e s i g n e d  by f i r s t  f i n d i n g  t h e  b e s t  o b s e r v e r - c o n t r o l l e r  d e s i g n  and 

t h e n  f o l l o w i n g  i t  w i t h  a n  optimum q u a n t i z e r  d e s i g n e d  by u s e  of t h e  com- 

p u t a t i o n a l  p r o c e d u r e  of  Sec .  B. The  s a v i n g s  o v e r  t h e  c o m p u t a t i o n a l  re- 

qu i r emen t s  f o r  o b t a i n i n g  a n  o p t i m a l  combined s y s t e m  d i r e c t l y  a r e  enormous.  

A s  a n  i l l u s t r a t i o n  of  t h e  c o m p u t a t i o n a l  p r o c e d u r e ,  c o n s i d e r  t h e  

two-dimens iona l  example worked i n  R e f e r e n c e  6. The s y s t e m  e q u a t i o n s  are 
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where t has been n o r m a l i z e d  so t h a t  t h e  u n i t  t i m e  i n c r e m e n t  is  3 s e c o n d s  

[ x  (t + 1) i s  h e n c e  t h e  s t a t e  t h r e e  seconds  l a t e r  t h a n  t ] .  The p e r -  

fo rmance  c r i t e r i o n  is  

the  r e f  o r e ,  

0 

A =[: 1 

d = 7 . 
- [ 2 . 1  . 

I n  S e c t i o n  C of Ref.  6 t.-e cou.,,ned prc-lem was s o l v e d  d i r e c t l y .  The  

c o m p u t a t i o n s  were e x t r e m e l y  i n v o l v e d  and l a b o r i o u s .  The e q u a t i o n  f i n a l l y  

r educed  t o  

J” = Min { E [ 1.065 l0.0314 g1(k) 
s(k) N -  COSCIS...SC 

+ s2 (k) ]  + 2.10*10-6 q r  } (39) 

S u b s t i t u t i n g  d i r e c t l y  i n t o  Bq. (351, 

+ 4.41 q2 ] + Q4 (k) } 



Expanding Eq. (391,  

-8 A -6 J" = Min { E [ 2q (7.10 x ( k )  + 2 .23 '10  x 2 ( k )  
1 x(k) 

c19 .**c  N - 

where Q (k)  a g a i n  d o e s  n o t  depend on q. I t  i s  s e e n  t h a t  Eqs.  (40) and 

(41)  d i f f e r  o n l y  by t h e  terms Q (k)  and Q (k)  which h a v e  no  e f f e c t  on t h e  5 4 
m i n i m i z a t i o n .  T h e r e f o r e ,  t h e  t w o  p rob lems  h a v e  t h e  same s o l u t i o n ,  and 

hence  t h e  combined problem c a n  b e  s o l v e d  by a p p l y i n g  t h e  c o m p u t a t i o n a l  

p r o c e d u r e  o f  Sec .  B d i r e c t l y  t o  Eq. (40 ) ,  r a t h e r  t h a n  u s i n g  t h e  l a b o r i o u s  

p r o c e d u r e  of  S e c t i o n  C o f  Ref .  6. 

5 

E. CONCLUSIONS 

I n  Sec .  B a c o m p u t a t i o n a l  p r o c e d u r e  was d e v e l o p e d  f o r  f i n d i n g  t h e  

optimum d e s i g n  of  a q u a n t i z e r  i n  a s t a t i c  o p e r a t i n g  mode. The p r o c e d u r e  

r e d u c e s  t h e  problem o f  f i n d i n g  t h e  (2N + 1 )  q u a n t i z e r  p a r a m e t e r s  t o  t h a t  

of  computing o n e  s i n g l e  p a r a m e t e r .  An i t e r a t i v e  p r o c e d u r e  t h a t  c o n v e r g e s  

r a p i d l y  was deve loped  f o r  t h i s  o n e - d i m e n s i o n a l  s e a r c h .  

I n  S e c s .  C and D t h e  case o f  a q u a n t i z e r  o p e r a t i n g  i n  a dynamic 

sys t em was c o n s i d e r e d .  The main r e s u l t  o b t a i n e d  i s  t h a t  i n  many cases, 

a n  o v e r a l l  o p t i m a l  s y s t e m  c a n  be d e s i g n e d  by f i r s t  s y n t h e s i z i n g  t h e  

o b s e r v e r - c o n t r o l l e r  c o m b i n a t i o n  and t h e n ,  u s i n g  t h e  p r o c e d u r e  o f  Sec .  B, 

d e t e r m i n i n g  t h e  q u a n t i z e r  d e s i g n .  Even when t h i s  p r o c e d u r e  d o e s  n o t  

y i e l d  a n  e x a c t  o p t i m a l ,  it is c o n j e c t u r e d  t h a t  t h e  r e s u l t i n g  d e s i g n  i s  

q u i t e  c l o s e .  t o  o p t i m a l .  The s a v i n g s  i n  c o m p u t a t i o n a l  r e q u i r e m e n t s  by 

doing  t h e  d e s i g n s  s e p a r a t e l y  r a t h e r  t h a n  s i m u l t a n e o u s l y  i s  c o n s i d e r a b l e .  

Although a t t e n t i o n  w a s  r es t r ic ted  t o  t h e  case where  t h e  q u a n t i z e r  follows 

t h e  c o n t r o l l e r ,  i t  is c lear  t h a t  t h e  r e s u l t s  c a n  be e x t e n d e d  t o  s y s t e m s  

where q u a n t i z e r s  a p p e a r  e l s e w h e r e  i n  t h e  s y s t e m .  

The c o m p u t a t i o n a l  p r o c e d u r e  o f  Sec .  B c a n  t h u s  b e  a p p l i e d  t o  b o t h  

s t a t i c  (open-loop)  and dynamic ( c l o s e d - l o o p )  s y s t e m s .  The  p e r f o r m a n c e  
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c r i t e r i o n  c a n  be e x t e n d e d  t o  i n c l u d e  f u n c t i o n s  o t h e r  t h a n  some measure  

of e x p e c t e d  e r r o r .  F o r  example,  t h e  problem of d e s i g n i n g  a q u a n t i z e r  

f o r  which t h e  v a r i a n c e  of t h e  o u t p u t  s i g n a l  i s  closest t o  t h e  v a r i a n c e  

of t h e  i n p u t  s i g n a l  has been  s u c c e s s f u l l y  f o r m u l a t e d .  Thus,  t he  p ro -  

c e d u r e  a s  it  s t a n d s  is  a p p l i c a b l e  t o  a large c lass  of s y s t e m s ,  and ,  by 

s u i t a b l e  m o d i f i c a t i o n s ,  it c a n  be  ex tended  t o  i n c l u d e  a great  many 

o t h e r  cases. 
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APPENDIX C 

PRACTICAL COMPUTATION OF PROBABILITY DENSITIES I N  DYNAMIC SYSTEMS 

A. INTRODUCTION 

I n  o r d e r  t o  a s s e s s  t h e  d e g r a d i n g  e f f e c t s  of random p e r t u r b a t i o n s  

and measurement n o i s e  on t h e  pe r fo rmance  of a c l o s e d - l o o p  sys t em,  i t  i s  

u s u a l l y  n e c e s s a r y  t o  compute t h e  p r o b a b i l i t y  d e n s i t y  f u n c t i o n  ( p . d . f . )  

of t h e  s t a t e  x and somgtimes t h e  c o n t r o l  u. Under t r a n s i e n t  c o n d i t i o n s ,  

t h e s e  p . d . f . ' s  c a n  b e l d e r i v e d  a n a l y t i c a l l y ,  as i s  w e l l  known. 

g e n e r a l  n o n l i n e a r  non-Gauss ian  case r e c u r s i v e  p r o c e d u r e s ,  which  are o f t e n  

much more e f f i c i e n t  t h a n  Monte C a r l o  s i m u l a t i o n s ,  can be o b t a i n e d  by 

s t r a i g h t f o r w a r d  a p p l i c a t i o n  of p r o b a b i l i t y  t h e o r y  and n u m e r i c a l  a n a l y s i s .  

I n  t h e  

I t  i s  t h e  p u r p o s e  of t h e  p r e s e n t  memorandum t o  show how t h e s e  re- 

c u r s i v e  e q u a t i o n s  a r e  p r a c t i c a l l y  d e r i v e d  and how pe r fo rmance  i s  computed 

f rom t h e  p . d . f . ' s  t h u s  o b t a i n e d .  No p r e t e n s e  i s  made t o  go  i n t o  t h e  de -  

t a i l s  of t h e  v a s t  body of knowledge a v a i l a b l e  i n  t h e  f i e l d  of s t o c h a s t i c  

d i f f e r e n t i a l  and d i f f e r e n c e  e q u a t i o n s .  

B .  PROBLEM FORMULATION 

A c o n t r o l  s y s t e m  c o n s i s t i n g  of a p l a n t ,  a set of s e n s 3 r s  r e f e r r e d  

t o  as t h e  measurernerlt sys tem,  and a f i x e d  c o n t r o l l e r  is g i v e n  ( F i g .  T-1) .  

The p1:mt is pc!rturl>ed by w h i t e  (nncor r e l a t e d  i n  t i m e )  d i s t u r b a n c e s  w 

of k n m n  p . d .  f. ar.tl t b e  sensor:;  a r e  a f f e c t e d  by w h i t e  n o i s e  v of known 

p . d . f .  F o r  m a t h e r r a t i c a l  c o n v e n i e n c e  i t  is assumed t h a t  t h i s  s y s t e m  

oric:rates i n  d+.sc:rete t i m e ,  t ine b e i n g  i d e n t i f i e d  by t h e  i n d e x  k. 

It i s  d e s i r e d  t o  c a l c u l a t e  t h e  per formance  J, which  i s  a g i v e n  

i u r l c t i o n  of x and u. 

x and u e n t e r i n g  i n t o  J a r e  random. 

s t a n c e s  t o  c a l c u l a t e  t h e  e x p e c t e d  v a l u e  of t h e  random v a r i a b l e  J, E { J ) .  

t h e  e x p e c t a t i o n  b e i n g  o v e r  x and u. 

Because  of t h e  p e r t u r b a t i o n s  v and w, t h e  v a r i a b l e s  

I t  i s  cus tomary  unde r  t h o s e  circum- 
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5 "b 

-o CONTROLLER L - PLANT 

I wk 

'k 
I 

I 1 
T A -  5 237- 5 4  

FIG. C-1 CONTROL SYSTEM WITH FIXED CONTROLLER 

x = n d i m e n s i o n a l  s t a t e  a t  t i m e  k 

uk = c o n t r o l  

z = measurement s y s t e m  o u t p u t  

v = measurement s y s t e m  n o i s e  

w = d i s t u r b a n c e  

C .  SYSTEM EQUATIONS 

k 

k 

k 

k 

The p l a n t ,  p o s s i b l y  expended t o  i n c l u d e  sensor and a c ' t u a t o r  dynamics  

a s  w e l l  as s h a p i n g  f i l t e r s  t o  c o n v e r t  f i c t i c i o u s  w h i t e  n o i s e  i n t o  a c t u a l  

c o l o r e d  n o i s e ,  is d e s c r i b e d  by 

k+l X 

The measurement s y s t e m ,  whose i n t e r n a l  dynamics  have  b e e n  removed a s  

i n d i c a t e d  above, i s  d e s c r i b e d  by 

A l t e r n a t i v e l y ,  t h e  measurement s y s t e m  may b e  g i v e n  by t h e  c o n d i t i o n a l  

p . d . f .  
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The c o n t r o l l e r ,  which is f i x e d  and n o t  d e s i g n e d  t o  u t i l i z e  t h e  r e c e i v e d  

i n f o r m a t i o n  b e s t  as is  t h e  c a s e  i n  combined o p t i m i z a t i o n  t h e o r y ,  is 

d e s c r i b e d  by t h e  a l g e b r a i c  e q u a t i o n  

where t h e  t i m e  k a c c o u n t s  for p o s s i b l e  t ime  v a r i a t i o n s  i n  t h e  c o n t r o l l e r ,  

as w e l l  as g l v e n  and known command i n p u t s .  

I 
~ 

By combining Eqs. (11, (21, and (41, t h e  f o l l o w i n g  d i f f e r e n c e  
~ 

e q u a t i o n  i s  o b t a i n e d  

= f { Xk, g [ h (xk, vk,  k) ,  k 1 w k+l J’ k’ 
X 

Even though  t h e  v a r i a b l e s  u and z have  been e l i m i n a t e d ,  t h e  s ta te  Eq. 

( 5 )  s u f f i c e s  t o  compute any t r a n s i e n t  motion r e s u l t i n g  f r o m  a n  i n i t i a l  

s t a t e  x . 
D. SYSTEM PERFORMANCE 

k k 

0 

Performance  measu res  may be divided i n t o  s t a t i c  and dynamic measures  

A s t a t i c  measure is d e f i n e d  a t  some time k as 

x u  
k’ k 

k U k X 

A dynamic  p e r f o r m a n c e  measure  is d e f i n e d  over  an i n t e r v a l  [O,N], where 

N may b e  i n f i n i t y ,  a s  

c-3 



N 

J ( x o ,  ..., x " * U0'  . . a ,  u N ) = E { 1 I (xk, u k ,  k) } 
k=O 

N 

k U k k=o x 

I t  is  c lear  f rom Eqs.  (6) and ( 7 )  t h a t  t h e  c a l c u l a t i o n  of pe r fo rmance  

r e q u i r e s  knowledge of t h e  p . d . f .  ' s  p(x,) and p ( u k ) .  

E .  NUMERICAL COMPUTATION OF p(x,) AND p(u,) 

I n  t h e  g e n e r a l  case, i t  i s  n o t  p o s s i b l e  t o  o b t a i n  c l o s e d  fo rm s o l u -  

and p ( u  ), b u t  n u m e r i c a l  c o m p u t a t i o n  by d i g i t a l  computer  t i o n s  f o r  p (x  

i s  a lways  p o s s i b l e ,  t hough  l a b o r i o u s  f o r  h i g h - d i m e n s i o n a l  x, i . e . ,  n > 2. 
k k 

The f i rs t  s t e p  c o n s i s t s  of q u a n t i z i n g  t h e  v a r i a b l e s  x ,  v ,  w ,  and u.  - _ - -  
These q u a n t i z e d  v a r i a b l e s  w i l l  be  d e n o t e d  by x ,  v ,  w, and u.  

q u a n t i z e d  v a r i a b l e ,  t h e r e  i s  a s s o c i a t e d  a d i s c r e t e  p r o b a b i l i t y  d i s t r i b u -  

t i o n  p ( x ) ,  p ( v )  , p(w) ,  and p ( u ) ,  r e s p e c t i v e l y .  

q u a n t i z a t i o n  i n c r e m e n t s ,  t h e s e  d i s c r e t e  d i s t r i b u t i o n s  a p p r o a c h  t h e  con- 

t i n u o u s  p . d . f .  ' s  p ( x ) ,  p ( v ) ,  p(w),  and p ( u ) .  

With e a c h  

- - 
F o r  s u f f i c i e n t l y  small  

1. Computa t ion  of p<X k 

From t h e  c h a i n  r u l e  

X 
k 

where t h e  symbol c - s i g n i f i e s  summation o v e r  t h e  q u a n t i z e d  xk s p a c e .  

k X 

The d i s t r i b u t i o n  P ( ; ~ + ~ )  i s  s i m i l a r l y  o b t a i n e d  f r o m  

x v w  k k k  

From t h e  s t a t e  Eq. (5), i t  i s  Seen  t h a t  x 

a b l e  a f t e r  xk, vk,  W, have  been  f i x e d ,  b u t  assumes a w e l l - d e f i n e d  Value  

w i t h  p r o b a b i l i t y  one.  

i s  no longer a random v a r i -  
k+ 1 
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The c a n p u t a t  i o n a l  p r o c e d u r e  hence consis ts  of s e l e c t i n g  i n  
- - -  

sequence  a l l  p o s s i b l e  c o m b i n a t i o n s  x v w w i t h  t h e i r  a s s o c i a t e d  

p r o b a b i l i t i e s ,  of coiiiputing t h e  r e s u l t i n g  x which  o c c u r s  w i t h  proba-  

b i l i t y  p ( x  ) p(v  ) p(w ) and of accumula t ing  t h e s e  p r o b a b i l i t i e s  i n  t h e  k k k 
and p(w 1 cell set a s i d e  t o r  e a c h  uf tht .  x 

a r e  e a s i l y  d e r i v e d  from t h e  p . d . f ’ s  p ( v  ) and p(w ), w h e r e a s  t h e  d i s -  

t r L b u t i o n  p (x  ) is  known f rom t h e  p r e v i o u s  i t e r a t i o n .  

k’ k’ k - 
k+l 

- 
The d i s t r i b u t i o n s  p ( i  k+l.  k k 

k k 

k 

2 .  Computa t ion  of p<U k 

By combining  E q s .  (2) and (41, it follows t h a t  

Again,  f rom t h e  c h a i n  r u l e  

x v  
k k  

- c. 

where. for g i v e n  x and v t h e  r e s u l t i n g  u is  d e t e r m i n e d  f r o m  Eq. (10)  

w i t h  p r o b a b i l i t y  one.  
k k’ k 

F. NUMERICAL COhfPCTATION OF J 

T h i s  c a l c u l a t i o n  i s  c a r r i e d  o u t  by s t r a i g h t f o r w a r d  a p p l i c a t i o n  of 

E q .  ( 6 )  or ( 7 )  f o r  t h e  q u a n t i z e d  v a r i a b l e s  2 and i. For example 

Xk Uk 

G. STEADY-STATE SOLUTION 

I t  f r e q u e n t l y  s u f f i c e s  t o  know t h e  per formance  J a f t e r  t h e  sys t em 

h a s  s e t t l e d  down t o  a s t e a d y - s t a t e ;  t h a t  is, f o r  k + 03 and i n  t h e  absence  

of t i m e - v a r i a t i o n s  i n  E q s .  ( l ) ,  (21, and (41, and i n  p(w) and p ( v ) .  To 

compute t h i s  pe r fo rmance ,  i t  is  n e c e s s a r y  t o  know t h e  s t e a d y - s t a t e  p . d . f .  

p(x,) f o r  k + w .  

a s  opposed to s o l v i n g  t h e  r e c u r s i v e  Eq. (9) o v e r  a s u f f i c i e n t  number of 

i n c r e m e n t s .  

T h i s  d e n s i t y  function can o f t e n  be computed d i r e c t l y  

c-5 



The n u m e r i c a l  p r o c e d u r e  goes a s  f o l l o w s :  

-i 
k k L e t  be  a v e c t o r  whose component p i s  t h e  p r o b a b i l i t y  of t h e  q u a n t i z e d  

s t a t e  x be ing  i n  t h e  n -d imens iona l  c u b e  i a t  t i m e  k .  C l e a r l y ,  u n d e r  

s t e a d y - s t a t e  c o n d i t i o n s ,  t h e  v e c t o r s  p and p a r e  i d e n t i c a l .  
k - - 

k k+l 
- 

B u t  i t  i s  p o s s i b l e  t o  r e l a t e  t o  pk by means of a m a t r i x  S f rom 
k+l 

t h e  s t a t e  Eq. (5). I n  e f f e c t  

= Pr ( , x ~ + ~  i n  i) = C P r  f z  i n  i 1 x i n  ,j) P r  (Xk i n  j) (13) 
- i  
P k + l  k - 1 

J 
k+l  

The number Pr i n  i I xk i n  j) c a n  be computed i n  a s t r a i g h t -  

forward f a s h i o n  from knowledge of t h e  s t a t e  e q u a t i o n  and t h e  d i s t r i b u -  

t i o n s  p(w) and p ( i ) .  

r e s u l t  t h a t ,  i n  t h e  s t e a d y  s t a t e  , pk i s  g i v e n  by 

k+l 

T h i s  t h e n  d e t e r m i n e s  t h e  e l e m e n t s  of S w i t h  t h e  
- 

The v e c t o r  which s a t i s f i e s  Eq. (11)  i s  a n  e i g e n v e c t o r  of S.  I n  o r d e r  

f o r  t o  b e  a v a l i d  s o l u t i o n  t h e  f o l l o w i n g  two c o n d i t i o n s  m u s t  ob- 

v i o u s l y  be m e t  

k 

k 

- i  
pk t 0 f o r  a l l  i 

Pki = 1 

(15) 

(16) 
i 

H. EXAMPLE 

To i l l u s t r a t e  t h i s  p r o c e d u r e ,  t h e  f o l l o w i n g  t w o - s t a t e  example  i s  

c o n s i d e r e d .  

-0 
k 

Let t h e  s ta te  x k  be i n  p o s i t i o n  0 w i t h  p r o b a b i l i t y  p and i n  s t a t e  

1 w i t h  p r o b a b i l i t y  F1 
diagram of F i g .  C-2. 

L e t  t h e  t r a n s i t i o n s  be r e p r e s e n t e d  by t h e  f l o w  k' 

The e l e m e n t s  of S are e q u a l  t o  t h e  t r a n s i t i o n  p r o b a b i l i t i e s  of F i g .  

C-2, e .g .  

C-6 



0.4 

TA - 5237- 55 

FIG. C-2 FLOW DIAGRAM OF EXAMPLE 
(The numbers shown are the transition pobabil i t ies.)  

s =  

0.6 

0 .4  

- 
0.1 

0.9 

The d e s i r e d  e igenvec tor  p 

v e r i f i e d  by s u b s t i t u t i o n  i n t o  Eq. (17). 

has components [1/5, 4/51 as  can be e a s i l y  k 

c-7 



APPENDIX D 

CLASSICAL PERFORMANCE MEASURES 

A .  USE OF CLASSICAL CONTROL THEORY 

I f  t h e  p l a n t s  and a l l  o t h e r  components of a s y s t e m  a r e  l i n e a r  and 

c o n s t a n t  t h e n  t h e  s t a t e  s p a c e  d e s c r i p t i o n s  g i v e n  i n  Volume I may 

be r e p l a c e d  by a t r a n s f e r  f u n c t i o n  d e s c r i p t i o n  by t a k i n g  t h e  L a p l a c e  

t r a n s f o r m  of t h e  d i f f e r e n t i a l  e q u a t i o n s .  For s u c h  s y s t e m s  t h e  c l a s s i c a l  

methods of c o n t r o l  t h e o r y  s u c h  as b l o c k  d i ag ram m a n i p u l a t i o n ,  root l o c u s ,  

and s e n s i t i v i t y  a n a l y s i s  c a n  be f r u i t f u l l y  a p p l i e d  t o  t h e  i n v e s t i g a t i o n  

of t h e  e f f e c t s  of a n o n - i d e a l  s e n s i n g  s y s t e m .  S i n c e  s u c h  methods are 

w e l l  known and o n l y  t h e i r  a p p l i c a t i o n  i n  t h i s  c o n t e x t  is  n o v e l ,  t h e y  w i l l  

be i l l u s t r a t e d  by a s i m p l e  example.  A p o s i t i o n  s e r v o  was c h o s e n  f o r  two 

r e a s o n s :  C l a s s i c a l  c o n t r o l  t h e o r y  i s  l a r g e l y  conce rned  w i t h  p o s i t i o n  

c o n t r o l  s e r v o s  and t h e  star-tracker example s u g g e s t e d  by A m e s  i s  e s s e n -  

t i a l l y  a p o s i t i o n  s e r v o .  

1. P o s i t i o n  S e r v o  

I n  t h i s  d i s c u s s i o n  t h e  s i m p l e  p o s i t i o n  s e r v o  shown i n  F i g .  D-1 

w i l l  be c o n s i d e r e d .  Fo r  t h e  present  K K are assumed to be z e r o  and 

H ( s )  u n i t y ;  l a t e r  when t h e  e f f e c t  of u s i n g  a r a t e  s e n s o r  i s  c o n s i d e r e d  
2' 3 

t h e s e  q u a n t i t i t e s  w i l l  t a k e  non-ze ro  v a l u e s .  

2. S t e a d y  S t a t e  Accuracy  VS.  B i a s  E r r o r s  

I n s p e c t i o n  of t h e  b l o c k  d i a g r a m  shows t h a t  t h e  e f f e c t  of a b i a s  

i n  t h e  p o s i t i o n  s e n s o r  is  a s t e a d y  state e r r o r  e q u a l  t o  t h e  bias. 

3. L o c a t i o n  of E i g e n v a l u e s  v s .  Senso r  Gain Changes 

The e f f e c t  on e i g e n v a l u e  p o s i t i o n s  of c h a n g e s  f rom t h e  nominal  

g a i n  of t h e  s e n s o r  may be  i n v e s t i g a t e d  by r o o t  l o c u s  t e c h n i q u e s '  as shown 

i n  F i g .  D-2. 

A second means of a n a l y z i n g  t h e  e f f e c t  of ga in  changes  i s  sensi-  

t i v i t y  a n a l y s i s "  J~ as t h e  f o l l o w i n g  c a l c u l a t i o n s  i n d i c a t e .  The 
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* I 

I r  - -  -1 

PLANT I 
I 

I I  
I I  

I ’  CONTROLLER _ _ _ _ _ _ _ _ _ -  - -  - J  

I 

C 

SENSOR 
DYNAMICS 

FIG. D-1 POSITION SERVO 

S =PLANE 

h.c .CHANGE IN POLE 

AK, =CHANGE IN GAIN 

K = GAIN 

FIG. D-2 EFFECT OF GAIN CHANGES 
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c h a r a c t e r i s t i c  equation of the system given i n  F i g .  D-1 wi th  K2 = K 

and H(s) = 1 i s  

= 0 3 

2 h 
s + as + K1 = ( s  t a)(s + 8)  

I f  

then : 

and 

& ( s  + 3)  + A$(s + a )  + AaA$ = AK . 

I Since  the  c o e f f i c i e n t s  s must be t h e  same on both s i d e s  of (3 )  

= - AB 
and 

(3 )  

(4) 

2 
- d a  + ( $ - c y ) &  - (5 1 - dK 

If (El - (u) i s  not z e r o  t h e  second order terms may be neg lec ted  t o  g i v e  

For  example if cy = - 1 ( 1  + &) G ( i . e .  0 . 5  damping r a t i o )  
2 

2 

6 I&l = 
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I n  t h e  s i n g u l a r  c a s e  cy = B ( i . e .  u n i t y  damping)  (6) i n d i c a t e s  t h a t  

la i s  m; t h e r e f o r e  t h e  second  o r d e r  t e r m  i n  (5) c a n n o t  be i g n o r e d .  Re-  

t u r n i n g  t o  (5) w e  get :  

Given t h e  v a l u e  of e x p e c t e d  g a i n  

( 8 )  

changes ,  t h e  p o l e s  c h a n g e s  

c a n  be c a l c u l a t e d  a p p r o x i m a t e l y  u s i n g  f o r m u l a s  s u c h  as (6); however ,  as 

t h e  example shows, i n  s i n g u l a r  cases m i s l e a d i n g  r e s u l t s  may be o b t a i n e d  

because  second o r d e r  terms have  been  n e g l e c t e d .  

4 .  S e n s o r  Dvnamics 

For  t h e  p u r p o s e  of t h i s  d i s c u s s i o n  t h e  s e n s o r  dynamics  a r e  

t a k e n  t o  be  a s i m p l e  l a g  as shown i n  F i g .  D-3 ;  more c o m p l i c a t e d  dynamics  

may be t r e a t e d  i n  t h e  same manner .  

FIG. 0-3 REPRESENTATION OF SENSOR DYNAMICS 
BY FIRST-ORDER LAG 

The e f f e c t  of sensor dynamics  may b e  c o n v e n i e n t l y  i n v e s t i g a t e d  

by use of r o o t  l o c u s  a s  i s  i l l u s t r a t e d  i n  F i g .  D-4. 

The e f f e c t  of c h a n g i n g  T may a l s o  b e  i n v e s t i g a t e d  by t h e  u s e  

of a r o o t  l o c u s  i n  which  T v a r i e s  and K1 i s  f i x e d  r a t h e r  t h a n  K V a r y i n g  

and T f i x e d  a s  i n  F i g .  D-4. TO d o  t h i s  t h e  c h a r a c t e r i s t i c  e q u a t i o n  must 

be manipu la t ed  i n t o  s u i t a b l e  form. 

e q u a t i o n  i s  

1 

I n  o u r  example  t h e  c h a r a c t e r i s t i c  

-1 = K1 

s ( s  + a ) (  T s +1) 
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W 
0' 

S - PLANE 

-WITH 
DYNAMICS 

-SAME 
BANDWIDTH 
AS IDEAL 

'SAME 
DAMPING AS IDEAL 

FIG. D-4 EFFECT OF SENSOR DYNAMICS 

which i s  t h e  form used f o r  F i g .  D-4. By m a n i p u l a t i o n  we get 

K1 T s + 1  = - 
s ( s  + a) 

s ( s  + a) + K1 

s ( s  + a )  
- T S  = 

The corresponding locus is shown i n  Fig. D-5. 

An a l t e r n a t e  method of a n a l y z i n g  t h e  s i t u a t i o n  i s  s e n s i t i v i t y  

a n a l y s i s :  The t r a n s f e r  f u n c t i o n  F (s) of t h e  s e n s o r  g i v e n  i n  F i g .  D-2 
S 

i s  

G (SI 
S 

1 
T s + l  

F o r  a p e r f e c t  s e n s o r  T i s  z e r o ;  i n  a good s e n s o r  T i s  s m a l l  compared t o  

t h e  s y s t e m s  dominant  t i m e - c o n s t a n t .  S e n s i t i v i t y  a n a l y s i s  is  a p p l i e d  t o  

D- 5 



S -PLANE 

/LOCUS OF POLES 
FROM NOMINAL AS T INCREASES 
FROM ZERO TO INFINITY 

2 

FIG. 0-5 EFFECT OF VARYING SENSOR DYNAMICS 

t h i s  problem by i n s e r t i n g  G ( s )  i n t o  t h e  b l o c k  d i a g r a m  and c a l c u l a t i n g  

t h e  s e n s i t i v i t y  of t h e  dominant  p o l e s  t o  d i f f e r e n c e s  of T f rom i t s  nominal  

v a l u e  of z e r o .  

S 

6 .  Mean-Squared (M.S.) E r r o r  Due t o  N o i s e  

The M.S. e r r o r  added t o  t h e  o u t p u t  d u e  t o  n o i s e  may be c a l c u -  

l a ted  by f i n d i n g  t h e  t r a n s f e r  f u n c t i o n  f rom n o i s e  t o  o u t p u t ,  d e t e r m i n i n g  

t h e  power s p e c t r a l  d e n s i t y  a t  t h e  o u t p u t  u s i n g  t h i s  t r a n s f e r  f u n c t i o n  

and t h e  power s p e c t r a l  d e n s i t y  of t h e  i n p u t ,  and f i n a l l y  i n t e g r a t i n g  t h e  

e x p r e s s i o n  f o r  t h e  n o i s e  i n  terms of t h e  power s p e c t r a l  d e n s i t y  by 

Cauchy’s  fo rmula .4  F o r  example ,  assume t h a t  e i n  F i g .  D-1 i s  w h i t e  

n o i s e  w i t h  power s p e c t r a l  d e n s i t y  
1’ 

The t r a n s f e r  f u n c t i o n  T ( s )  f rom e t o  c i s  
1’ 
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a s  can  be s e e n  by r e f e r e n c e  t o  F i g .  D - 6 .  

FIG. D-6 M. S. ERROR DUE TO NOISE 

C 

R e f e r e n c e  t o  t h i s  f i g u r e  and F i g .  D-2 show t h a t  n o i s e  i n  t h e  p o s i t i o n  

s e r v o  e n t e r s  t h e  s y s t e m  i n  e s s e n t i a l l y  t h e  same manner as t h e  r e f e r e n c e  

i n p u t  r .  Using  Eq. (13) w e  f i n d  t h e  power s p e c t r a l  d e n s i t y  9 (w) of t h e  

o u t p u t  t o  be 
C 

n 

- 
2 The mean s q u a r e  e r r o r  c i n  t h e  o u t p u t  is 

2 2 
= - K1 [ 1 / B  - 1 4  = K1 

CY8 (@+$I 2 2  
Q -B 

K1 = -  
2a 

D- 7 



7 .  Use of R a t e  S e n s o r  V S .  Lead 

R a t e  i n f o r m a t i o n ,  e i t h e r  measured by means of a s e n s o r  o r  calcu-  

l a t e d  by means of a l e a d  ne twork ,  may be u s e d  t o  improve t h e  t r a n s i e n t  

r e s p o n s e  of t h e  s y s t e m .  As c a n  be s e e n  f rom F i g .  D - 2 ,  t h e  p o s i t i o n  of 

t h e  p o l e s  of t h e  s e r v o  a r e  c o n s t r a i n e d  by a ; however ,  t h e  p a r a m e t e r  
1 1  I I  

I, 1 1  a may be e f f e c t i v e l y  i n c r e a s e d  by t h e  u s e  of ra te  i n f o r m a t i o n  a s  may 

be seen  from F i g .  D-7 and F i g .  D-8 .  S a t u r a t i o n  e f f ec t s  a lways  l i m i t  t h e  

v a l u e s  of a + K g .  

FIG. D-7 USE OF RATE FEEDBACK TO 
INCREASE a 

Both methods of g e n e r a t i n g  ra te  i n f o r m a t i o n  have  a d v a n t a g e s  

and d i s a d v a n t a g e s :  U s e  of a l e a d  ne twork  i s  s i m p l e  t o  implement  whereas  

ra te  measurements  a r e  less a f f e c t e d  by p a r a m e t e r  v a r i a t i o n s  and d i s -  

t u r b a n c e  i n p u t s  ( s e e  S e c t i o n  D f o r  a n  example ) .  E i t h e r  method f o r  

improving  t h e  t r a n s i e n t  r e s p o n s e  w i l l  i n c r e a s e  s t e a d y  s t a t e  e r r o r  d u e  

t o  n o i s e  i n p u t :  t h e  l e a d  ne twork  by a m p l i f y i n g  p o s i t i o n  s e n s o r  n o i s e  

and r a t e  f e e d b a c k  by i n t r o d u c i n g  i t s  own measurement  n o i s e .  

Both  low f r e q u e n c y  n o i s e  and b i a s  i n  a r a t e  s e n s o r  may be 

e f f e c t i v e l y  e l i m i n a t e d  by u s e  of i n t e g r a l  c o n t r o l  f rom t h e  p o s i t i o n  

s e n s o r .  If t h e  g a i n  K i n  F i g .  D-1 i s  zero t h e n  p o s i t i o n  b i a s  and r a t e  

b i a s  e n t e r  t h e  s y s t e m  i n  a s imi l a r  manner [see F i g .  D - g ( a ) ] ;  however ,  if 

K i s  n o t  z e r o  t h e n  t h e  i n t e g r a t o r  a s s o c i a t e d  w i t h  i t  w i l l  t a k e  on a 

v a l u e  s u c h  a s  t o  c a n c e l  t h e  b i a s  of t h e  r a t e  s e n s o r  [see F i g .  D - g ( b ) l .  

I n  e f fec t  t h e  p o s i t i o n  s e n s o r  i s  m e a s u r i n g  t h e  b i a s  of t h e  r a t e  s e n s o r .  

2 

2 

D-8 



- C  -e  - 
-I 

I 
I 

I WITHOU' 
I LEAD 
I 

k LOCUS 

I 
I 
I 

S -PLANE 

FIG. 0-8 USE OF LEAD TO INCREASE A LEAD TRANSFER FUNCTION: (s + b)/(s + c) 

I I 

FIG. D-9(0) K, = 0 

FIG. D-9(b) K, 4 0 
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8.  Sampl ing  and Q u a n t i z a t i o n  

I f  t h e  s y s t e m  c o n t a i n s  a s a m p l e r  it may be  a n a l y z e d  by t h e  u s e  

of z - t r a n s f o r m  t h e o r y  t o  c a l c u l a t e  t h e  r e s p o n s e  a t  s ample  i n s t a n t s  and 

t h u s  d e t e r m i n e  a p p r o x i m a t e l y  t h e  d e g r a d a t i o n  i n  pe r fo rmance  due  t o  t h e  

s a m p l e r .  If more a c c u r a t e  c a l c u l a t i o n s  are r e q u i r e d  t h e  m o d i f i e d  z-  

can  be  used  t o  c a l c u l a t e  t h e  r e s p o n s e  between s a m p l i n g  i n -  

s t a n t s .  Because  t h e  s i g n a l  which i s  s e n t  t h r o u g h  a s a m p l e r  must be  

l i m i t e d  t o  less t h a n  h a l f  t h e  s a m p l i n g  f r e q u e n c y ,  t h e  u s e  of a s a m p l e r  

a l s o  i m p l i e s  a low p a s s  i n p u t ; 7  t h e r e f o r e  t h e  e f f e c t  o f  a s a m p l e r  i s  

s i m i l a r  t o  t h a t  of l a g g i n g  s e n s o r  dynamics ,  and t h e  t r a n s i e n t  r e s p o n s e  

w i l l  be a d v e r s e l y  a f f e c t e d  i f  t h e  s a m p l i n g  r a t e  is t o o  s l o w .  

Q u a n t i z a t i o n  i s  a much h a r d e r  problem t o  t r ea t  u s i n g  c l a s s i c a l  

t h e o r y  b e c a u s e  t h e  q u a n t i z e r  i s  a n o n - l i n e a r  e l e m e n t .  The e f f e c t  of a 

q u a n t i z e r  i s  t o  add a t i m e  v a r y i n g  n o i s e  source '  and n o n - l i n e a r  b i a s  t o  

t h e  s y s t e m  as  F i g .  D-10 i n d i c a t e s .  The maximum b i a s  e r r o r  i s  1 / 2  t h e  

q u a n t i z a t i o n  w i d t h  f o r  un i fo rm q u a n t i z e r s .  

OUTPUT 
OF QUANTIZER 

TO QUANTIZER 

n n  I- u u u  
ERROR I 

t 
FIG. D-10 EFFECT OF QUANTIZER 
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B.  STATE SPACE TECHNIQUES 

1. Des ign  and A n a l y s i s  P r o c e d u r e  

By t h e  u s e  of t h e  f o l l o w i n g  t w o  t heo rems ,  s t a t e  s p a c e  t e c h -  

n i q u e s  may be used t o  s y n t h e s i z e  c o n t r o l l e r s  t o  meet c l a s s i c a l  s y s t e m  

c r i t e r i a .  Fo r  t h e  u s e  of t h i s  method t h e  s ta te  s p a c e  r e p r e s e n t a t i o n  of 

t h e  i n f o r m a t i o n  h a n d l i n g  components  is used .  

THEOREM 1 (Kalman):  Given a n t h  o r d e r  s y s t e m  d e s c r i b e d  by - 

9 where t h e  p a i r  (F,g)  i s  c o n t r o l l a b l e .  Then a g a i n  m a t r i x  k may be 

chosen  s o  t h a t  ( F  - g k ) h a s  s p e c i f i e d  e i g e n v a l u e s  i .e . ,  i f  u = kT x 

t h e n  t h e  s y s t e m  becomes 

T 

and h a s  a r b i t r a r y  p o l e s .  

THEOREM 2 ( L u e n b e r g e r )  :I0 Given measurements  

T 
z = h x  

T 
of t h e  s y s t e m  d e s c r i b e d  by Eq. (17) and i f  t h e  p a i r  (F ,h  ) i s  o b s e r v a b l e , l o  

t h e n  an o b s e r v e r  of o r d e r  n-1 may be  b u i l t  t o  p roduce  x a r b i t r a r i l y  

r a p i d l y  i . e . ,  t h e  s y s t e m  

may be  c h o s e n  so t h a t  ^z a p p r o a c h e s  x w i t h  a r b i t r a r y  s p e e d .  

p r o p e r t y  i m p l i e s  t h a t  F h a s  a r b i t r a r y  dynamics.  

T h i s  l a t te r  
A 

Based on t h e s e  two theo rems  w e  can a n a l y z e  t h e  e f f e c t  of i n f o r -  

m a t i o n  h a n d l i n g  components  as f o l l o w s :  

( a )  A combined s ta te  i s  used f o r  t h e  p l a n t  and 

s e n s o r s  

k i s  chosen  so t h a t  F - k g h a s  t h e  p r o p e r  

e i g e n v a l u e s  

T T 
( b )  
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( c )  The o b s e r v e r  i s  c h o s e n  s o  t h a t  P h a s  e i g e n -  

v a l u e s  s u f f i c i e n t l y  removed from t h e  dominant  

e i g e n v a l u e s .  

The o b s e r v e r  and kT are combined t o  p roduce  a 

c o n t r o l l e r  by s e t t i n g  

( d )  

u = k T 2  

The e i g e n v a l u e s  of t h e  o v e r a l l  s y s t e m  w i l l  be 

t h o s e  d e t e r m i n e d  by t h e  u s e  of theo rem 1 p l u s  

t h o s e  d e t e r m i n e d  by t h e  u s e  of theorem 2 .  

( e )  The mean s q u a r e  e r r o r  d u e  t o  s e n s o r  n o i s e  i s  

c a l c u l a t e d  u s i n g  t h e  power s p e c t r a l  d e n s i t i e s  

of t h e  n o i s e  as d e s c r i b e d  i n  Sec .  B-6. 

The e f f e c t  of t h e  s e n s o r s  may be  d e t e r m i n e d  by p e r f o r m i n g  t h e s e  

c a l c u l a t i o n s  w i t h  and w i t h o u t  t h e  s e n s o r  d e f e c t s  p r e s e n t .  S i n c e  t h e  

sys tems a r e  d e s i g n e d  s o  as t o  keep  t h e  p o l e s  c o n s t a n t ,  t h e  e f f e c t s  of t h e  

s e n s o r  are measured by t h e  increase  i n  mean-square s t e a d y  s t a t e  e r r o r .  

To i l l u s t r a t e  t h i s  p r o c e d u r e ,  c o n s i d e r  t h e  f o l l o w i n g  example :  

Suppose t h a t  t h e  p l a n t  i s  t h e  one g i v e n  i n  F i g .  D-1, t h a t  o n l y  

a p o s i t i o n  s e n s o r  i s  used ,  and t h a t  i t s  o n l y  d e f e c t  i s  measurement  n o i s e .  

For t h i s  sys t em w e  have  ( f o r  a = 1 )  

3 x =  X 
I 

1 
z = x  

0 F - g k T  - 

Tile c h a r a c t e r i s t i c  e q u a t i o n  f o r  t h i s  s y s t e m  i s  

T 
d e t  rF - g k - s 11 = s(s  + k2 + 1) + kl 

= 0 = ( s  + Q ) ( S  + B )  
(22) 
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I f  w e  s p e c i i y  the e i g e n v a l u e s  t o  be 

- 3 i 6 j  

t h e n  

and 

k2 = 5 

I f  t h e  o b s e r v e r  i s  g i v e n  a pole a t  -15 i t  may be d e s c r i b e d  by 

A 

+ U  
3 x1 

2 = - 1 5 ~  4 c 

and c a r e  unknown p a r a m e t e r s  t o  be d e t e r m i n e d .  S i n c e  
1’ c2 3 where c 

2 - x i s  z e r o  w e  o n l y  need t o  d e t e r m i n e  

(26) 

From (211, (25) and 1 1 2 - x2-  

; = c j c + c ; ;  
2 1 1  2 

A 

+ c  u 2 
- + -15c x t c2c3 x1 

c:l x2  2 
- 

and 

^z - i c  - ( l + C ) X  -15c  ; + c c x  *(c2-1)11 (28) 
2 2 1 2  2 2 3 1  

If  w e  choose  c = 1, c1 = 14 and c 
2 3 

= -210 

^z - ;r = -15 ‘;z - x,) 
2 2  

- 1 5 t  and t h e  e r r o r  i n  e s t i m a t i n g  x w i l l  d i e  out as e 
2 

T 
When k and t h e  o b s e r v e r  are combined t h e  f o l l o w i n g  r e s u l t s  

a r e  o b t a i n e d ;  

From t a k i n g  t h e  L a p l a c e  t r a n s f o r m  of (25) 

u - 210 x1 
; i= 

s + 15 
(30)  
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From (26 )  

U 
1 

1 4 s  x + 
s + 1 5  1 s + 1 5  ^z = 1 4 x  +: = 

2 1 

e .. 
- u  = 4 5 2  + 5 z 2  

1 

5 
x +- 

1 s + P 5  1 s + 1 5  
70 s = 4 5 x  + 

o r  when s o l v e d  f o r  u 

- ( S  + 20) u I (115 S + 675) x1 

s + 5.9 
s + 20 u = - 115 

(31) 

(32 )  

(33) 

The c l o s e d  l o o p  t r a n s f e r  f u n c t i o n  i s  

115 s + 5.9 
( 8  + 20)(s + 1 )s  + 115 s + 675 T ( s )  = 

115 (s  + 5.9) 
2 

I 

s3 + 21 s + 135 s + 675 

115 (s  + 5.9) (34) 
I 

(s2 + 6 s + 45)(s + 20) 
If t h e  s e n s o r  n o i s e  i s  t a k e n  t o  be w h i t e  w i t h  power s p e c t r a l  d e n s i t y  

@ = 1  
N (35) 

t h e n  f o l l o w i n g  t h e  p r o c e d u r e  g i v e n  i n  S e c .  B-6 t h e  mean-square  e r r o r  
-2 e i s  

le2/ = 9.7 (36) 

If i n s t e a d  of t h e  l e a d  n e t w o r k  j u s t  d e s i g n e d  t h e  r a t e  x 1s 
2 

measured ,  t h e n  w i t h  k and k a s  before t h e  mean s q u a r e  error is  
1 2 

(37) N 45 
6 le2/  - (1 + 5) - = 7.5 + .83N 

where  t h e  ra te  s e n s o r  n o i s e  i s  w h i t e  w i t h  power s p e c t r a l  d e n s i t y  

QN = N (38) 
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By comparing (37) and (36), t h e  t r a d e - o f f  between a l e a d  ne twork  and a 

r a t e  s e n s o r  may be made. 

2 .  S e n s i t i v i t y  i n  S t a t e  Space  

If t h e  comple t e  s y s t e m  i n c l u d i n g  t h e  c o n t r o l l e r  i s  w r i t t e n  i n  

s t a t e  s p a c e  n o t a t i o n  t h e n  t h e  s e n s i t i v i t y  t o  p a r a m e t e r  changes  may be 

e v a l u a t e d  i n  a n  e l e g a n t ,  b u t  n o t  v e r y  w e l l  known, manner." Suppose t h e  

o v e r a l l  s t a t e  e q u a t i o n  is 

9 = A Y  (39 1 

t h e n  t h e  p o l e s  of t h e  s y s t e m  are t h e  e i g e n v a l u e s  1 

t h e  e i g e n v e c t o r  c o r r e s p o n d i n g  t o  h i  and V .  1 b e  t h e  e i g e n v e c t o r  of A 

of A .  Le t  Yi be  
T i 

c o r r e s p o n d i n g  t o  X i . e .  i 

o r  

C o n s i d e r  a change dA of t h e  m a t r i x  A ;  t h e  c o r r e s p o n d i n g  changes  dh i and 

d Y .  i n  A. and Y. s a t i s f y  
1 1 1 

(41 )  
d A Yi + AdYi - A i dY, + dAi Y, 

where o n l y  f i r s t  o r d e r  terms a r e  i n c l u d e d .  M u l t i p l y i n g  (41)  by VT i w e  get 

T T 
= x.v dYi + dAiVi Yi 

l i  
dA Yi + V: A d Yi "i 

o r ,  b e c a u s e  of (40) 

T = dhi ViTYi 
vi dA yi 

o r  

(42)  

If t h e  norm I l d A \ \  of d A  i s  d e f i n e d  by 
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t h e n  

n o t e  t h a t  t h e  f a c t o r  m u l t i p l y i n g  I [ d A l (  is j u s t  t h e  r e c i p r o c a l  of t h e  

c o s i n e  of t h e  a n g l e  between V. and Y . 
1 i 

A s  an example of t h e  a p p l i c a t i o n  of t h i s  p r o c e d u r e  w e  w i l l  

c o n s i d e r  t h e  s i t u a t i o n  a n a l y z e d  i n  Sec .  B-1 and assume t h a t  t h e  s e n s o r  

g a i n  may change  f rom i t s  nominal  v a l u e  of 1. To t a k e  t h i s  e f f e c t  i n t o  

a c c o u n t ,  w e  modify (21 )  s o  t h a t  

(46) i z = k x  

A s u i t a b l e  s t a t e  f o r  t h e  whole  s y s t e m  i s  - 
1 

X 

y = m =  x A 2 

"J 
For t h i s  s y s t e m  t h e  s t a t e  e q u a t i o n  i s  

2 
2 = x  
1 

2 2 - 1 1 5 k x l  - x 2 - 5 ;  

(47) 

Hence 

L-325k o -2oJ 
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S1nc.e t h e  nominal v a l u e  of k is 1 

r o  

If A I  = - 3 - 6j t hen  

0 

0 

0 

v1 

"1 ak 

0 

and 

V1 T Y1 = -1.1 - 8.8.j 

t h e r e f o r e  

C . CONCLUSIONS 

Akl = 4.81Akl 

(50) 

(53) 

1. T r a n s i e n t  v s .  S t e a d y - S t a t e  

In g e n e r a l ,  t h e  effects of i m p e r f e c t  i n f o r m a t i o n  h a n d l i n g  com- 

p o n e n t s  s u c h  a s  s e n s o r s  d e g r a d e  e i ther  t h e  t r a n s i e n t  r e s p o n s e  (for ex- 

ample s e n s o r  dynamics)  o r  t h e  s t e a d y - s t a t e  r e s p o n s e  ( f o r  example s e n s o r  

n o i s e ) .  

may be t r a d e d - o f f ,  t h e  effect  of i m p e r f e c t  components  is  t o  decrease 

s t e a d y - s t a t e  pe r fo rmance  f o r  f i x e d  t r a n s i e n t  pe r fo rmance  and v i c e  v e r s a .  

S i n c e  by u s e  of compensa t ion  and g a i n  c h a n g e s  t h e s e  two effects  
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2.  U s e  of C l a s s i c a l  Pe r fo rmance  Measures 

" . . . t h e  m a j o r i t y  of p o l e - z e r o  c o n f i g u r a t i o n s  e n c o u n t e r e d  i n  

t h e  d e s i g n  of f e e d b a c k  c o n t r o l  s y s t e m s  r e s o l v e  t o  two o r  t h r e e  p o l e s  and 

one o r  two f i n i t e  z e r o e s  . . .  The p o s s i b i l i t y  of s u c h  s i m p l i f i c a t i o n  means 

t h a t  t h e  s i g n i f i c a n t  c h a r a c t e r i s t i c s  of t h e  t r a n s i e n t  r e s p o n s e  c a n  be 

r a p i d l y  estimated f rom t h e  p o l e - z e r o  c o n f i g u r a t i o n s  w i t h o u t  r e c o u r s e  t o  

t h e  e x a c t  i n v e r s e  t r a n s f o r m a t i o n . "  

i n d i c a t e s  t h a t  i n  a t y p i c a l  l i n e a r ,  c o n s t a n t ,  s i n g l e - i n p u t ,  s i n g l e - o u t p u t  

c o n t r o l  problem,  t h e  s t a t e  of t h e  s y s t e m  may be  t a k e n  t o  be of o r d e r  no  

h i g h e r  t h a n  abou t  3. F o r  s u c h  s y s t e m s  c l a s s i c a l  pe r fo rmance  measu res  and 

a n a l y s i s  t e c h n i q u e s  a r e  a d e q u a t e .  

The above  q u o t a t i o n  f rom T r w a l ' "  

3. Need f o r  More S o p h i s t i c a t e d  Methods 

N o n l i n e a r i t i e s  and t i m e  v a r i a t i o n .  I n  g e n e r a l  

i t  i s  d i f f i c u l t  t o  a n a l y z e  n o n l i n e a r  and t i m e  

v a r y i n g  s y s t e m s  by means of c lass ica l  c o n t r o l  

t h e o r y  because  t h i s  t h e o r y  is  l a r g e l y  based  on 

L a p l a c e  t r a n s f o r m  t h e o r y .  

M u l t i - v a r i a b l e  s y s t e m .  I n  s y s t e m s  w i t h  many 

i n p u t s  and o u t p u t s  t h e  number of s t a t e  v a r i a b l e s  

n e c e s s a r y  f o r  a d e q u a t e  d e s c r i p t i o n  may be l a r g e .  

I n  s u c h  cases t h e  t r i a l  and e r r o r  p r o c e s s e s  of 

c lass ica l  c o n t r o l  t h e o r y  a r e  g e n e r a l l y  i n a d e q u a t e .  

F o r  t h e  p r e c e d i n g  r e a s o n s  as w e l l  as f o r  i t s  own 

s a k e ,  i t  would be desirable  t o  have  a general  

framework i n  which  t o  a n a l y z e  t h e  e f f e c t  of 

i n f o r m a t i o n  h a n d l i n g  components .  Because  s u c h  

components  may be d e s c r i b e d  i n  s t a t e  s p a c e  n o t a t i o n  

s u c h  a framework i s  p r o v i d e d  by o t p i m a l  c o n t r o l ,  

e s t i m a t i o n  and i d e n t i f i c a t i o n  t h e o r y .  T h i s  method 

of v i e w i n g  t h e  p rob lem i s  p r e s e n t e d  i n  t h e  main 

body of t h e  r e p o r t .  
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I D .  SENSITIVITY OF RATE FEEDBACK VS. SENSITIVITY OF LEAD NETWORK 

I For t h e  u s e  of r a t e  f e e d b a c k  a s  i l l u s t r a t e d  i n  F i g .  D-10  t h e  

I c h a r a c t e r i s t i c  e q u a t i o n  of t h e  o v e r a l l  s y s t e m  g i v e n  i n  F i g .  D-4 i s  

(54 1 4 2  
s 2  + (a+K ) s + K1 = s + (a+B) s + I ~ B  = 0 

3 

I f  a - a + A a  t h e n  cy -+ cy + Acy and 6 --. 9 + A 3 .  
s u b s t i t u t e d  i n t o  (54 ) ,  h i g h e r  o r d e r  terms d r o p p e d ,  and c o e f f i c i e n t s  of 

powers of s e q u a t e d  t h e  f o l l o w i n g  set of l i n e a r  e q u a t i o n s  f o r  Ahc~ and 

33 r e s u l t  

When t h e s e  changes  a r e  

de + A$ = da 

~ A C Y  + CYAB = o (55) 

w i t h  t h e  s o l u t i o n  

F o r  t h e  s i t u a t i o n  shown i n  F i g .  8 ,  t h e  c h a r a c t e r i s t i c  e q u a t i o n  i s  

where K i s  chosen  s o  t h a t  cy and $ a r e  t h e  same as above  and where 

ivl  >> Using  t h e  same p r o c e s s  as above t o  f i n d  t h e  l i n e a r  

e q u a t i o n s  f o r  t h e  p e r t u r b a t i o n s  Acy, A$ and hy due  t o  t h e  p e r t u r b a t i o n  

Ga w e  g e t  

1 

= \SI. 

bp! + AB + AY = Aa 
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w i t h  t h e  s o l u t i o n  

Comparing (59) w i t h  (56) w e  see t h a t  f o r  t h e  same change  i n  a ,  t h e  

change i n  CY d i f f e r s  i n  t h e  two c a s e s  by t h e  f a c t o r  ( c - a ) / ( y - w ) .  Because  

b o t h  c and y are b o t h  r e a l  and c > y ( s e e  F i g .  D-8) t h i s  f a c t o r  a lways  h a s  

magnitude g r e a t e r  t h a n  1; t h e r e f o r e  t h e  r a t e  f e e d b a c k  c o n f i g u r a t i o n  i s  

less s e n s i t i v e  t o  changes  i n  t h e  p l a n t  p a r a m e t e r  a t h a n  t h e  l e a d  n e t -  

work c o n f i g u r a t i o n .  

T I  1 1  
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APPENDIX E 

INFORMATION-THEORETIC APPROACH 

A. GENERALITIES 

The c o l l e c t i o n  o f  m a t h e m a t i c a l  r e s u l t s  known as I n f o r m a t i o n  Theory  

h a s  been  e x t r e m e l y  f r u i t f u l  i n  p r o v i d i n g  b a s i c  i n s i g h t  i n t o  communica t ion  

p r o c e s s e s .  I n  t h e  main,  t h e s e  r e s u l t s  apply  most d i r e c t l y  t o  communica- 

t i o n  c h a n n e l s  o p e r a t i n g  i n  a s t e a d y - s t a t e  mode, i n  p a r t i c u l a r  w i t h  con- 

s t a n t  p r o b a b i l i t y  d i s t r i b u t i o n s  o v e r  t h e  space o f  i n p u t s .  The most 

i m p o r t a n t  c o n c l u s i o n s  a p p l y  t o  one-way c h a n n e l s  i n  which  a r b i t r a r i l y  

l a r g e  t i m e  d e l a y s  are a c c e p t a b l e .  The t h e o r y  i s  b a s e d  on  t h e  c o n c e p t  o f  

e n t r o p y  (i .e., t h e  l o g a r i t h m i c  f u n c t i o n  of  t h e  p r o b a b i l i t y )  as a m e a s u r e  

o f  u n c e r t a i n t y .  The g r e a t  u t i l i t y  o f  t h i s  i d e a  is  t h a t  i f  two e v e n t s  

are s t a t i s t i c a l l y  i n d e p e n d e n t  t h e  e n t r o p y  of t h e i r  j o i n t  o c c u r r e n c e  i s  

t h e  sum of t h e i r  i n d i v i d u a l  e n t r o p i e s ,  i n  k e e p i n g  w i t h  o n e ' s  i n t u i t i v e  

i d e a  o f  t h e  way i n  which  u n c e r t a i n t i e s  s h o u l d  behave.  

When w e  t u r n  t o  c o n s i d e r a t i o n  o f  c o n t r o l  s y s t e m s ,  however,  w e  f i n d  

t h a t  many of  t h e s e  c o n d i t i o n s  s i m p l y  do n o t  app ly .  F o r  example ,  t h e  

s t e a d y - s t a t e  o p e r a t i o n  o f  a c o n t r o l  s y s t e m  is  o f t e n  o f  t r i v i a l  i m p o r t a n c e  

compared t o  i t s  t r a n s i e n t  b e h a v i o r ,  which w i l l  d e t e r m i n e  s u c h  a c r i t i c a l  

p e r f o r m a n c e  c h a r a c t e r i s t i c  as r e s p o n s e  t i m e .  Under t r a n s i e n t  c o n d i t i o n s  

t h e  p r o b a b i l i t y  d i s t r i b u t i o n  of  t h e  i n p u t  t o  a communica t ion  c h a n n e l  i n  

t h e  c o n t r o l  p a t h  w i l l  c e r t a i n l y  no t  b e  c o n s t a n t .  F u r t h e r ,  many c o n t r o l  

s y s t e m s  are q u i t e  s e n s i t i v e  to t h e  v a l u e  o f  a t i m e  d e l a y  i n  t h e  s i g n a l  

p a t h .  F i n a l l y ,  many c o n t r o l  sys tems at o n e  p o i n t  o r  a n o t h e r  e x h i b i t  t h e  

o p e r a t i o n  o f  a d d i n g  a r i t h m e t i c a l l y  two random v a r i a b l e s  t o  p roduce  a 

t h i r d .  It  t u r n s  o u t  t h a t  t h e  e n t r o p y  of t h e  sum v a r i a b l e  is  n o t  e v e n  

c a l c u l a b l e  i n  g e n e r a l  from t h e  i n d i v i d u a l  e n t r o p i e s  of t h e  two v a r i a b l e s  

b e i n g  added;  o n e  needs  t h e  c o m p l e t e  p r o b a b i l i t y  d i s t r i b u t i o n s  of t h e  
* 

* 
T h i s  is e a s y  t o  see. One need  m e r e l y  t a k e  o n e  o f  t h e  summands t o  be  
b i m o d a l .  For  no rma l ly  d i s t r i b u t e d  v a r i a b l e s  t h e  e n t r o p y  of t h e  sum i s  
d e t e r m i n e d  by t h e  i n d i v i d u a l  e n t r o p i e s ,  bu t  t h i s  i s  a r a t h e r  s p e c i a l  
c a s e .  
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summand var i3b:ea .  In c o n t r o l  s y s t e m  a n a l y s i s ,  t h e r e f o r e ,  o n e  o f t e n  

does  n o t  e n j o y  t h e  a n a l y t i c a l  p r o p e r t y  t h a t  makes e n t r o p y  s u c h  a ve ry  

u s e f u l  i d e a  i n  t h e  a n a l y s i s  of communica t ion  l i n k s .  

Such c o n s i d e r a t i o n s  as t h e s e  have  r a t h e r  d e e p  i m p l i c a t i o n s  when 

one  comes t o  i n v e s t i g a t e  t h e  a p p r o p r l a t e  r o u t e s  t o  be  t a k e n  i n  t h e  

a n a l y s i s  o f  i n f o r m a t i o n  r e q u i r e m e n t s  i n  g u i d a n c e  and c o n t r o l  p rob lems .  

A s p e c i f i c  c o n c l u s i o n  i s  t h a t  one  p r o b a b l y  must s t u d y ,  a t  t h e  ,c.tart, 

anyway, t h e  c o m p l e t e  p r o b a b i l i t y  d i s t r i b u t i o n  o f  a s y s t e m  q u a n t i t y  

r a t h e r  t h a n  o n e  or a f e w  of  i t s  r e a l - v a l u e d  p r o p e r t i e s .  

B.  PROBABILISTIC CONTROL PROBLEM 

With t h i s  i d e a  i n  mind, t h e n ,  w e  set up a model s y s t e m  t l i rLt  is 

g e n e r a l  enough t o  c o n t a i n  a v a r i e t y  o f  i n t e r e s t i n g  c o n t r o l  pro'siems i n -  

v o l v i n g  i n f o r m a t i o n  h a n d l i n g  e l e m e n t s  and  y e t  t h a t  p o s s e s s e s  Soma u s e f u l  

a n a l y t i c a l  p r o p e r t i e s .  Le t  us  c o n s i d e r ,  s p e c i f i c a l l y ,  a s y s t e m  wich .i 

s t a t e - v e c t o r  'T of n real  e l e m e n t s  w i t h  i t s  e v o l u t i o n  o v e r  t h e  t i m e  

p e r i o d  0 t < m d e s c r i b e d  by t h e  d i f f e r e n t i a l  e q l i a t j o n s  

- . defd; - - 
x = - = F x + & + H y  

d t  

where F,  G,  H are matrices o f  ( p o s s i b l y )  t i m e - v a r y i n g  real  e l e m e n t s .  

Take 3 t o  b e  a real  v e c t o r  o f  rsndoni e l e m e n t s ,  d i s t u r b a n c e s  or  a d d i t i v e  

n o i s e ,  w i t h  t h e  ensemble  moments 

S O  t h a t  w ( t )  is zero-mean and w h i t e  w i t h  i n s t a n t a n e o u s  c o v a r i a n c e  matr ix  

Q .  Take 7 t o  be a f e e d b a c k  v e c t o r  of m e lements  w i t h  dependence  on  the  

s t a t e  2 d e s c r i b e d  by a c o n d i t i o n a l  p r o b a b i l i t y  d e n s i t y  p f ( y l % )  SO t h a t  

E-2  



- 
g i v e n  t h a t  s t a t e  is v )  

and 

and d e f i n e  t h e  ensemble  c o n d i t i o n a l  moments 

W e  s u p p o s e  t h a t  t h e  7 v e c t o r s  s e l e c t e d  from t h e  f e e d b a c k  d i s t r i b u t i o n  

a t  d i f f e r e n t  t i m e s  are s t a t i s t i c a l l y  i n d e p e n d e n t ,  i .e . ,  

w i t h  s i m i l a r  e x p r e s s i o n s  f o r  a l l  h i g h e r  moments. A l s o ,  t h a t  7 i s  sta- 

t i s t i c a l l y  i n d e p e n d e n t  o f  E. Thus, t h e  f e e d b a c k  7 is  p r o b a b i l i s t i c a l l y  

dependen t  o n  t h e  s t a t e  z, i s  "white"  i n  t i m e ,  and h a s  i n s t a n t a n e o u s  

a v e r a g e  TI and c o v a r i a n c e  m a t r i x  S .  E q u a t i o n  (1) i s  l i n e a r  e x c e p t  for 

p o s s i b l e  n o n l i n e a r  dependence  of t h e  f eedback  7 o n  t h e  s t a t e  Z; s p e c i -  

f i c a l l y ,  w e  do n o t  assume t h a t  %(Z) and S(Z)  are l i n e a r  i n  t h e  e l e m e n t s  

of 1. 

The q u a n t i t y  w e  s h a l l  c o n s i d e r  t o  b e  of b a s i c  i n t e r e s t  h e r e  i s  t h e  

p r o b a b i l i t y  d e n s i t y  p ( E , t )  of t h e  s y s t e m  s t a t e  i n  I s p a c e  a t  any i n s t a n t  

of t i m e ;  i . e . ,  w e  d e f i n e  

- 
p ( v , t ) d v  = Prob(v < x (t) s v + dv 1, . . . v n a n ( t )  1- 1 1 

I v + dv w i t h  t g i v e n  
n n 
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j’.. I’d; p ( F ,  t )  1 

T h e  densit \  p ( ? , t )  i s  ‘1 r ea l  l u n c t i o n  of n + 1 r e a l  v a r i a b l e s .  I n  what 

t o l l o w s  w e  s h a l l  make t h e  f o l l o w i n g  a s s u m p t i o n s  abou t  t h l s  f u n c t i o n :  

( 3 )  Smoothness--The s e c o n d  p a r t i a l  d e r i v a t i v e s  of p w i t h  

r e s p e c t  t o  t h e  e l e m e n t s  o f  57 and i t s  f i r s t  p a r t i a l  

d e r i v a t i v e s  w i t h  r e s p e c t  to  t a re  a l l  c o n t i n u o u s .  

( b )  Boundary Behavior--When Ix 1 -  53,  p ( Z , t )  and i t s  f i r s t  

p a r t i J 1  d e r i v a t i v e s  w i t h  r e s p e c t  t o  t h e  e l e m e n t s  of 

x a l l  v a n i s h  more r a p i d l y  t h a n  any  f i n i t e  power of x , 
f o r  a l l  1, J ,  and f i n i t e  t .  

1 

- 
J 

The s y s t e m  of Eq. ( 1 )  c a n  u s u a l l y  b e  set up  so  t h a t  t h e s e  a s s u m p t i o n s  

a r e  p h y s i c a l l y  p l a u s i b l e ;  no a t t e m p t  h a s  been  made h e r e  a t  t h e i r  niathe- 

matical  j u s t i f i c a t i o n .  F i n a l l y ,  w e  assume f o r  t h e  p r e s e n t  t h a t  t h e  

i n i t i a l  s t a t e  p r o b a b i l i t y  d e n s i t y  p(Z,O) is  known. T h i s  c o m p l e t e s  o u r  

problem f o r m u l a t i o n .  

The d e f i n i t i o n  o f  a s t a t e  v e c t o r  and  o u r  “ w h i t e n e s s ”  s p e c i f i c a t i o n s  

f o r  and 7 i n s u r e  t h a t  t h e  time e v o l u t i o n  of t h e  s y s t e m  s t a t e ,  x ( t ) ,  

w i l l  be a Markov p r o c e s s .  Then, as w e  show i n  S e c t i o n  C of t h i s  Appendix,  

t h e  s t a t e  p r o b a b i l i t y  d e n s i t y  p ( x , t )  must obey  a p a r t i c u l a r  l i n e a r  p a r t i a l  

d i f f e r e n t i a l  e q u a t i o n ,  t h e  Fokker -P lanck  e q u a t i o n :  

where  w e  have  d e f i n e d  t h e  n - v e c t o r  

and t h e  m a t r i x  
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This e q u a t i o n  is 1uiid:ttticiit;il l o  a l l  t h a t  I ' o l l o w 6  h c r c .  I t  shows d i r e c t l y  

t1i;it tlic- c .volu t ion  o I  l ) ( x , l )  c;tn be d e s c r i b e d  c o n i p l e t c l y  i n  term of' 

~ m d  S ,  tlic f i rs t  and  .-;ccond moments 0 1  the I 'cedhack tcrin 7, and t h a t  w e  

110 l o n g e r  need  be c o n c e r n e d  w i t h  t h e  c o m p l e t e  l 'cedback c o n d i t i o n a l  

d e n s i t y  p (T IZ ) .  T h i s  is an i m p o r t a n t  s i m p l i f i c a t i o n .  
f -  

1. E n t r o p y  V a r i a t i o n  

I n  t h e o r y ,  e v e r y t h i n g  o f  p r e s e n t  i n t e r e s t  c o u l d  be d e t e r m i n e d  

by i n t e g r a t i n g  t h e  Fokker -P lanck  e q u a t i o n ;  t h i s ,  however,  is  a f o r m i d a b l e  

t a s k .  A more u s e f u l  a p p r o a c h  is  t o  w r i t e  v a r i o u s  q u a n t i t i e s  o f  i n t e r e s t  

i n  t e r m s  of i n t e g r a l s  of t h e  p ( Z , t )  d e n s i t y  and  l o o k  for a n  o r d i n a r y  

d i f f e r e n t i a l  e q u a t i o n  t h a t  w i l l  d e s c r i b e  t h e  q u a n t i t y .  For  example ,  

w e  c a n  w r i t e  t h e  e n t r o p y  o f  t h e  s t a t e  a t  any t i m e  as 

S i n c e  t h i s  q u a n t i t y  can be i n t e r p r e t e d  as a measu re  o f  t h e  u n c e r t a i n t y  as 

t o  s y s t e m  l o c a t i o n  i n  TI s p a c e  i t  is  of c o n s i d e r a b l e  i n t e re s t .  D i f f e r e n -  

t i a t i n g  w i t h  respect t o  t i m e ,  w e  g e t  

4- 

$ = - l . . I d x { l  + l o g e p ( x , t ) ]  d P G ,  t 1 
I a t  

S u b s t i t u t e  for t h e  p a r t i a l  d e r i v a t i v e  w i t h  r e s p e c t  t o  t i m e  t h e  r i g h t -  

hand s i d e  of Eq. (4), t h e  Fokker-Planck e q u a t i o n ,  and t h i s  is 
n 

where the i n t e g r a l s  now c o n t a i n  o n l y  p a r t i a l  d e r i v a t i v e s  w i t h  r e s p e c t  t o  

t h e  v a r i a b l e s  of i n t e g r a t i o n .  Apply i n t e g r a t i o n  bl- p a r t s  to  t h e  in te -  

g r a l s  i n  t h e  firsl: sum and i n v o k e  the boundary -behav io r  a s s u m p t i o n  ( b )  

o n  P ( x , t ) ,  so t h a t  

E-5 



n 

W e  have found no way to  s i m p l i f y  t h e  s e c o n d  sum t h a t  g i v e s  u s e f u l  re- 

s u l t s ,  and s o  t h i s  i s  as f a r  as w e  c a n  go w i t h o u t  p a r t i c u l a r i z i n g  o u r  

sys t em model. T h i s  is u n f o r t u n a t e ,  s i n c e  t h e  s e c o n d  sum c o n t a i n s  t h e  

e f f e c t s  o f  n o i s e ,  d i s t u r b a n c e s ,  and p r o b a b i l i s t i c  f e e d b a c k  and i s  t h e r e -  

f o r e  t h e  more i n t e r e s t i n g  term. W e  c a n  g e t  a n  i n t e r e s t i n g  s p e c i a l  re- 

s u l t ,  however, by t a k i n g  t h e  d i s t u r b a n c e s  t o  be z e r o  and t h e  f e e d b a c k  

t o  be l i n e a r  and d e t e r m i n i s t i c  so t h a t  w e  have  

- 
o = o  Q = O  

w i t h  M a m a t r i x  no t  dependen t  o n  TI, and t h u s  

- -  
a ( ~ )  = [P + HM]; [ e ]  = 0 

The o n l y  p r o b a b i l i s t i c  e f f e c t s  t h e n  are t h o s e  i n t r o d u c e d  by t h e  i n i t i a l  

p r o b a b i l i t y  d e n s i t y  p(Z,O),  so t h e  s y s t e m  e v o l v e s  d e t e r m i n i s t i c a l l y  f rom 

an  ensemble o f  i n i t i a l  s t a t e s .  E q u a t i o n  (5) for  t h e  e n t r o p y  becomes,  i n  

t h i s  case, 

which i s  a s i m p l e  and i n t r i g u i n g  r e s u l t .  C o n s i d e r  a n  example  i n  wh ich  

t h e  s y s t e m  i s  d e s c r i b e d  by 

2 2 
h 2 y Z - b  (w + y ) z = O  t 2 0  

and t a k e  f o r  t h e  s t a t e  s p a c e  t h e  z and k e l e m e n t s ;  t h e  s y s t e m  c a n  be 

w r i t t e n  
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so t h a t ,  by Eq. ( 6 )  

I f  y > 0 t h e  s y s t e m  i s  damped, and w e  f i n d  t h a t  t h e  e n t r o p y  d e c r e a s e s ;  

i f  \ 0 t h e  s y s t e m  d i v e r g e s  and t h e  e n t r o p y  i n c r e a s e s .  The case y = 0 

c o r r e s p o n d s  t o  a p h y s i c a l  s y s t e m  i n  which e n e r g y  i s  c o n s e r v e d  and 

L i o u v i l l e ' s  t heo rem i n  s t a t i s t i c a l  mechanics  i m p l i e s  t h a t  t h e  e n t r o p y  o f  

s u c h  a s y s t e m  is c o n s t a n t ;  w e  f i n d  t h e  same r e s u l t  h e r e  by a v e r y  d i f -  

f e r e n t  r o u t e .  The p r e s e n t  development  t h u s  h a s  y i e l d e d  some r e s u l t s  

t h a t  are p h y s i c a l l y  p l a u s i b l e ,  a c i r c u m s t a n c e  p r o v i d i n g  some a s s u r a n c e  

t h a t  t h e  i n i t i a l  a s s u m p t i o n s  and m a t h e m a t i c a l  m a n i p u l a t i o n s  of o u r  a rgu -  

ment r e t a i n  v a l i d i t y .  

2. Moments 

O t h e r  real  q u a n t i t i e s  r e l a t e d  t o  t h e  p ( Z , t )  d e n s i t y  f u n c t i o n  

t h a t  w i l l  be o f  c o n s i d e r a b l e  i n t e r e s t  t o  t h e  c o n t r o l  s y s t e m  d e s i g n e r  are 

t h e  mean and v a r i a n c e  o f  t h e  s t a t e .  F i r s t ,  d e f i n e  o n e  e l e m e n t  o f  t h e  

mean s t a t e  v e c t o r  by 

d e f  = J..[dx x p ( x , t )  
ha u a k = 1 , 2 , . . , n  

and d i f f e r e n t i a t i o n  w i t h  r e s p e c t  t o  t i m e  g i v e s  

n 
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I n t e g r a t i o n  by p a r t s  and u s e  of t h e  boundary b e h a v i o r  a s s u m p t i o n  ( b )  

g i v e s  for an  i n t e g r a l  of t h e  First sum 

w h i l e  t h e  same p r o c e s s  shows t h a t  a l l  t h e  i n t e g r a l s  o f  t h e  s e c o n d  sum 

are z e r o .  Recall t h e  d e f i n i t i o n  

and a s semble  t h e  elements o f  t h e  mean vector so t h e  se t  o f  d i f f e r e n t i a l  

e q u a t i o n s  f o r  t h e  e l e m e n t s  o f  K c a n  be w r i t t e n  

These may be e a s y  or d i f f i c u l t  t o  e v a l u a t e ,  d e p e n d i n g  o n  t h e  form o f  

i i i ( - j z> .  

C o n s i d e r  now t h e  v a r i a n c e .  D e f i n e  a n  element o f  t h e  c o v a r i a n c e  

m a t r i x  o f  t h e  s t a t e  by 

and d i f f e r e n t i a t e  w i t h  r e s p e c t  t o  t i m e  t o  get 

t h e  te rms  c o n t a i n i n g  h and 6 .  d i s a p p e a r i n g  s i n c e  
i’ J 

As b e f o r e ,  w e  s u b s t i t u t e  f o r  - a p  t h e  r i g h t - h a n d  s i d e  o f  t h e  Fokker -P lanck  
a t  

e q u a t i o n ,  a p p l y  i n t e g r a t i o n  by p a r t s  t o  t h e  i n t e g r a l s  a p p e a r i n g  i n  t h e  

sums, and i n v o k e  t h e  boundary b e h a v i o r  a s s u m p t i o n  ( b ) .  The r e s u l t i n g  

d i f f e r e n t i a l  e q u a t i o n s ,  i f  t h e  d e f i n i t i o n s  o f  and 
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T [Pi,] = GQGT .+ HSH 

The same p r o c e s s  c a n  be used  t o  o b t a i n  d i f f e r e n t i a l  e q u a t i o n s  

f o r  t h e  t h i r d  and h i g h e r  moments. But ,  i n s t e a d  o f  w r i t i n g  t h e s e  o u t ,  it 

w i l l  be  w e l l  t o  examine t h e  u s e f u l n e s s  of t h e  re la t ions  a l r e a d y  d e r i v e d .  

F i r s t ,  n o t e  t h a t  i f  t h e  e l e m e n t s  o f  E(%) c a n  be  r e p r e s e n t e d  by f i r s t -  

d e g r e e  p o l y n o m i a l s  i n  t h e  e l e m e n t s  o f  % and S ( H )  by second-degree  po ly -  

nomials t h e n  Eqs.  ( 7 )  and ( 8 )  f o r  t h e  mean and v a r i a n c e  are c o m p l e t e  i n  

t h e  s e n s e  t h a t  t h e  i n t e g r a l s  i n v o l v i n g  E and s c a n  be w r i t t e n  d i r e c t l y  

I a s  a l g e b r a i c  forms i n  t h e  e l e m e n t s  o f  K and  3, s i n c e  p(Z,O) is assumed 

known t h e  i n i t i a l  c o n d i t i o n s  K ( 0 )  and y(0) are known and  t h e  set  o f  

e q u a t i o n s  f o r  Ti and 3 c a n  be  i n t e g r a t e d  d i r e c t l y .  

i n c l u d e s  t h e  c o m p l e t e l y  l i n e a r  case - - i . e . ,  E(B) = IE w i t h  M a m a t r i x  

i n d e p e n d e n t  o f  2 ,  S n o t  dependent  on %-as w e l l  as a number o f  i n t e r e s t i n g  

n o n l i n e a r  examples .  

T h i s  class o f  problems 

a r e  r e c a l l e d ,  c a n  be assembled  and w r i t t e n  as 

+ (s..Jdx S pIpI' 

which  shows how t h e  s y s t e m  dynamic e f f e c t s ,  F and E, and  t h e  random 

e f f e c t s ,  Q and S, combined t o  d e t e r m i n e  t h e  e v o l u t i o n  of t h e  y c o v a r i a n c e  

m a t r i x .  
- 

C. DERIVATION OF THE FOKKER-PLANCK EQUATION 

The d e r i v a t i o n  g i v e n  h e r e  o f  t h e  Fokker-Planck p a r t i a l  d i f f e r e n t i a l  

e q u a t i o n  f o l l o w s  t h e  s t a n d a r d  methods of p r o o f  (see, f o r  example,  Wang 

and Uhlenbeck ,  "On t h e  Theory o f  Browian Motion" i n  S e l e c t e d  P a p e r s  o n  

Noise and  S t o c h a s t i c  P r o c e s s e s ,  N. W a x  e d i t . ,  D o v e r - P u b l i c a t i o n s ,  New 

York, 1954). While  t h e  problem c o n s i d e r e d  i s  somewhat more g e n e r a l  t h a n  

t h o s e  a n a l y z e d  ear l ier ,  t h i s  p roof  i s  p r e s e n t e d  p r i m a r i l y  f o r  c o m p l e t e n e s s .  
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We suppose  t h a t  t h e  s y s t e m  s t a t e  is  d e s c r i b e d  by t h e  n - v e c t o r  31, 

e v o l u t i o n  o f  which is governed  by t h e  e q u a t i o n s  o f  mot ion  

w i t h  matrices F, G, and H p o s s i b l y  t i m e  v a r y i n g .  

random v e c t o r  w i t h  ensemble  mean z e r o  and c o v a r i a n c e  m a t r i x  Q, 

Let  z ( t )  be a w h i t e  

Le t  p f ( j i l Z )  be t h e  c o n d i t i o n a l  p r o b a b i l i t y  d e n s i t y  o f  t h e  f e e d b a c k  term 

y ;  w r i t e  t h e  c o n d i t i o r l a l  mean as - 

and t h e  ensemble  c o n d i t i o n a l  c o v a r i a n c e  as 

S O  t h a t  5; is  p r o b a b i l i s t i c a l l y  dependen t  o n  and i s  w h i t e  i n  t i m e .  

Take 7 and t o  be s t a t i s t i c a l l y  i n d e p e n d e n t ,  write p ( x , t )  f o r  t h e  

ensemble p r o b a b i l i t y  d e n s i t y  o f  t h e  s y s t e m  s t a t e  a t  any t i m e  t ,  and t a k e  

P (z ,o )  t o  be g i v e n .  

Because t h e  s y s t e m  s t a t e  a t  any t i m e  i s  s u f f i c i e n t  t o  d e t e r m i n e  

l a t e r  s ta tes  g i v e n  t h e  i n p u t s  o v e r  t h e  i n t e r v e n i n g  t i m e  i n t e r v a l ,  and 

because  t h e  " i n p u t s "  and 7 h e r e  are w h i t e  i n  t i m e ,  t h e  e v o l u t i o n  o f  

t h e  s t a t e  Z ( t )  i s  a Markov p r o c e s s .  T h e r e f o r e  w e  c a n  d e f i n e  t h e  t r a n s i -  

t i o n  P r o b a b i l i t y  f u n c t i o n  
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u c x ( t )  u n  + d u  g i v e n  t h a t  x ( t  ) = v )  
n n n 1 

J..JdGq(x,t l G , t l )  = 1 

and w e  have  t h e  b a s i c  r e l a t i o n  

from which  w e  g e t  

Now t a k e  f ( % )  t o  be a r b i t r a r i l y  c h o s e n  r e a l  f u n c t i o n  t h a t  i s  a n a l y t i c  

i n  Z and i n t e g r a b l e  o v e r  t h e  s ta te  s p a c e ;  also r e q u i r e  t h a t  f(%) and a l l  

i t s  p a r t i a l  d e r i v a t i v e s  v a n i s h  a s  ST -+ m. M u l t i p l y  t h e  above e q u a t i o n  by 

f ( E ) ,  i n t e g r a t e  o v e r  t h e  s t a t e  s p a c e ,  and let  7 become s m a l l  so t h a t  

- J..fdG f (TI p(T,  t 1) 

Expand f ( Z )  i n  T a y l o r  S e r i e s ,  w i t h  = % - v ,  

f (x )  = f ( v  + {X - VI) = f ( ;  -I- Z )  
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and the r i g h t - h a n d  s i d e  of t h e  above e q u a t i o n  becomes 

1 
l i m  - T *  {[.-Jd; f ( c ) p ( i , t )  s..sdG q ( x , t  + 71; , t )  

7 - 0  

n 

+ s . . s d i  p ( ; , t )  - a f ( ; )  f..Jdx zk q ( x , t  + ~ - ( ; , t )  
k =  "k 

+ . . . . - J..Jd; f ( x )  p ( x  t )  1 
Because o f  t h e  n o r m a l i z a t i o n  o f  q(E t t )  t h e  f i r s t  and l a s t  i n t e g r a l s  

h e r e  s u b t r a c t  to  z e r o .  
1 

Def ine  

1 - 
cy ( v )  = l i m  - s . . s d i  zk q ( z  + ;, t + 1-1; t )  

7 7 - 0  k 

and t h e  r i g h t - h a n d  e x p r e s s i o n  is  

I n t e g r a t e  t h e  i n t e g r a l s  i n  t h e  f i r s t  sum by p a r t s  and  recal l  t h e  boundary  

a s sumpt ions  o n  f ( Z )  t o  g e t ,  f o r  example ,  

S i m i l a r l y ,  t h e  t y p i c a l  i n t e g r a l  o f  t h e  s e c o n d  summat ion  c a n  be w r i t t e n  
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I The same t y p e  o f  o p e r a t i o n  c a n  be a p p l i e d  to a l l  t h e  o t h e r  terms i n  t h e  

Eq. (121, and so Eq. (11) becomes when a l l  t e r m s  are c o l l e c t e d  o n  t h e  

l e f t - h a n d  s i d e ,  

n n  0 

The f u n c t i o n  f ( r ; )  is a r b i t r a r y  e x c e p t  for some m i l d  smoo thness  and 

boundary c o n d i t i o n s ,  and so  w e  f i n d  t h a t  p(jZ,t), must s a t i s f y  

The o n l y  r e m a i n i n g  s t e p s  are t o  c a l c u l a t e  t h e  a ' s  and P ' s ,  and t o  show 

t h a t  w e  need  o n l y  t h e  f i r s t -  and second-o rde r  terms i n  Eq. 

X ( t )  be  t h e  " fundamen ta l  matrix' '  o f  Eq. (9) s a t i s f y i n g  

(12 ) .  L e t  

I X = FX , X ( 0 )  = I 

and i f  Z ( t )  = V w e  have  

t + T  

The s t e p  i n  s t a t e  s p a c e  from t i m e  t t o  t + T w a s  d e s i g n a t e d  

z = x ( t  + T )  - v ;  f u r t h e r ,  f o r  T s m a l l  t h e  d i f f e r e n t i a l  e q u a t i o n  f o r  X 

shows t h a t  w e  c a n  w r i t e  
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X ( t  + T )  X ( t )  + -rFX(t) 

W i t h  t h e s e  s u b s t i t u t i o n s  t h e  e q u a t i o n  f o r  Z ( t  + T )  becomes 
t + T  

z T F ~  + [ I  + -rF]X(t) 1 d t l X - l ( t l ) G ( t l ) & t l )  
t 

t + T  

I n  computing t h e  a's, w e  t a k e  T g i v e n  as t h e  s t a t e  a t  t i m e  t and l c u -  

l a t e  t h e  a v e r a g e  S o v e r  a l l  t r a n s i t i o n s .  T h i s  is  t h e  same as a v e r a g i n g  

Z o v e r  t h e  ensemble  of w and 7 w i t h  t h e  c o n d i t i o n  t h a t  7 i s  g i v e n ;  t h e r e -  

f o r e ,  s i n c e  (Z) = 0, 

S i m i l a r l y  , 

--T 
<zz 

for t h e  B ' s  w e  compute t h e  c o n d i t i o n a l  ensemble  a v e r a g e  

2 + terms of order T 

which  as a r e s u l t  of t h e  w h i t e n e s s  a s s u m p t i o n s  f o r  and 7 becomes 
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2 + terms o f  order T 

Thus w e  g e t  t h e  m a t r i x  [@ ] 
k j  

I F i n a l l y ,  a l l  t e r m s  i n  Eq. (12)  o f  o r d e r  h i g h e r  t h a n  second  w i l l  i n v o l v e  

moments o f  Z o f  order h i g h e r  t h a n  t w o .  I n  t h e  l i m i t  as t h e  t i m e  s t e p  T 

goes  t o  z e r o  t h e  e f f e c t  o f  t h e s e  h i g h e r  moments i n  t h e  p a r t i a l  d i f f e r e n -  

t i a l  e q u a t i o n  f o r  p ( Z , t )  w i l l  be  n e g l i g i b l e ,  and so w e  need o n l y  terms 

t o  second-o rde r .  T h i s  c o m p l e t e s  t h e  argument .  i 

T T 
= GQG + HS(V)H 
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APPENDIX F 

APPROXIMATE DESIGN OF A FIXED CONTROLLER 

SYSTEM WITH DIGITAL FEEDBACK 

The example problem treated i n  the  course of t he  s t u d y  is  formulated 

i n  Sec. IV-D of Vol. 1,and the  main r e s u l t s  a r e  given i n  t h e  form of a 

design cha r t .  The purpose of t h e  present Appendix i s  t o  subs t an t i a t e  

these  r e s u l t s .  

A .  PROBLEM FORMUIATION AND NOMENCLATURE 

It i s  des i red  t o  f ind  t h e  optimum design parameters of the  d i g i t a l  

pos i t ion  cont ro l  servo shown i n  Fig. F-1. 

Ncmenclat ure  

The following nomenclature i s  used throughout t h e  appendix. 

I-S ,S] = quant izer  range and input command range B 
N = number of quant iza t ion  l eve l s  

L = number of b i t s  per message 

6t = b i t  t i m e  

AT = sampling period and message t i m e  

H = quant izat ion increment s i z e  

p = b i t  e r r o r  probabi l i ty  

p(x) = output  p robabi l i ty  

d( t )  = impulse response of t h e  continuous and l i n e a r  system 

x = s t a t e  of the  system; the  s t a t e  has 3 components - 
x = output pos i t ion  

x = output ve loc i ty  

x = decoder output 

1 

2 

3 
u = cont ro l  s igna l  

r ( t )  = command input 

R = constant value of command input  

v = noise a f f ec t ing  the channel 

J = operat ing cost 

s = Laplace transform operator 
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B. SYSTEXI DESCRIPTION 

As shown i n  F i g .  F-1 t h e  p l a n t  i s  c h a r a c t e r i z e d  by t h e  t r a n s f e r  

f u n c t i o n  

D u e  t o  t h e  h o l d  a c t i o n  ahead  of t h e  p l a n t ,  w e  f i n d  

G ( t )  + i ( t )  = u 

where u i s  a c o n s t a n t  i n  t h e  i n t e r v a l  AT. T r a n s f o r m i n g  we f i n d  

or 

and 

k ( t )  = I;(o) e-t + u[1 - e -t 1. 

If now w e  c o n s i d e r  t h e  s ta te  v e c t o r  x ( t )  w e  f i n d  - 

T u r n i n g  now t o  t h e  sample- t ime AT w e  f i n d  

where,  f o r  c o n v e n i e n c e ,  w e  have  set 

U = e  -AT 

v = 1 - e-AT 
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I g n o r i n g  a l l  t h e  f e e d b a c k  c o m p l i c a t i o n s  e x c e p t  t h e  d e l a y  w e  can  w r i t e  

where t h e s e  e q u a t i o n s  a r e  v a l i d  o n l y  a t  t h e  s a m p l i n g  i n s t a n t s  when t = nAT. 

S u b s t i t u t i n g  (9b)  i n  ( g a l ,  

R e w r i t i n g  (10)  a s  s e p a r a t e  e q u a t i o n s ,  c a l l i n g  t h e  f i n a l  x ( n  - 11, 
y ( n  - 11, t o  i n d i c a t e  t h e  e f f e c t  of t h e  communica t ions  c h a n n e l ,  x ( n )  can  

be e l i m i n a t e d  t o  g i v e  

R(n+l )  + (V-UT) R(n) 

where use h a s  been made of t h e  e q u a l i t y  

w + v2 = V(U+V) = v 

A b l o c k  d i ag ram of (11)  i s  shown i n  F i g .  F-2 where 

(12 )  

A = 1 + U  a 1 

A = -U 
2 

A = V-AT 3 

b 
(13)  

C 

A4 = UAT - V d 

1. S a t u r a t i o n ,  Q u a n t i z i n g ,  Coding ,  and E r r o r  

A s  shown i n  F i g .  F-2, t h e  p r e s e n t  o u t p u t ,  x ( n ) ,  i s  h a r d  l i m i t e d  

t o  an a r b i t r a r y  l e v e l  which  i s  a c t u a l l y  set t o  51.5 t o  c o r r e s p o n d  t o  an 

expec ted  range  of i n p u t s  f rom -1 t o  +l. 

S i n c e  t h e  communica t ion  c h a n n e l  i s  b i n a r y  i t  call h a n d l e  Only 

d i s c r e t e  messages.  S i n c e  n o  e r r o r  c o r r e c t i o n  o r  d e t e c t i o n  Coding was 
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c o n s i d e r e d ,  t h e  number of q u a n t i z i n g  l e v e l s  i s  a power of 2 ,  

2 w h e r e  L i s  t h e  number o f  b i t s  p e r  message. 

be z e r o  and t h e r e f o r e  i t  i s  i m p o s s i b l e  f o r  t h e  r e m a i n i n g  l e v e l s  t o  b e  

s y m m e t r i c a l l y  l o c a t e d  a b o u t  z e r o .  Hence t h e r e  are  2 p o s i t i v e  l e v e l s ,  

a z e r o  l e v e l ,  and 2 

a c t u a l l y  
L C e r t a i n l y  o n e  l e v e l  s h o u l d  

L-1 

As a n  example f o r  1=3, when L-1 
-1 n e g a t i v e  l e v e l s .  

-m < x < -.9375, t h e  l e v e l  is  -1.125 

- .9375 < x < -.5625 - .75 

- .5625 < x < - .1875 - .375 

- . l a 7 5  x < 0 

. l a 7 5  < x < ,5625 + .375 

.5625 < x < .9375 .75 

.9375 < x < 1.2125 1 .125  

1.2125 < x < m 1.500 

The p o s s i b l e  e f f e c t s  of  t h i s  asymmetry o b v i o u s l y  d e c r e a s e  w i t h  i n c r e a s i n g  

L. 

The l e v e l s  have  been  coded w i t h  t h e  most n e g a t i v e  r e p r e s e n t e d  

by L z e r o e s  i n c r e a s i n g  i n  r e g u l a r  b i n a r y  t o  t h e  most p o s i t i v e  r e p r e s e n t e d  

by L ones .  The c h a n n e l  i s  c o n s i d e r e d  s y m m e t r i c a l  w i t h  a b i t  error p r o b a -  

b i l i t y  of a 1 becoming a 0 o r  a 0 becoming a 1 e q u a l  t o  p. E r r o r s  a r e  

assumed t o  o c c u r  i n d e p e n d e n t l y  i n  e a c h  b i t  so  t h a t  f o r  L b i t s ,  t h e  p r o b a -  

b i l i t y  of a s i n g l e  error i s  p(1-p) 

Note t h a t  t h e  e f f e c t  of  a b i t  error d e p e n d s  on t h e  t r a n s m i t t e d  l e v e l  and 

on t h e  significance of t h e  p a r t i c u l a r  b i t .  

d u e  a s i n g l e  b i t  error v a r y  from 1.5/2L-1 t o  1.5: 

L-1 2 
of t w o  errors p ( l - ~ ) ~ - ~ ,  etc.  

The s i z e  o f  errors i n  l e v e l  

The o p e r a t i o n  of d e c o d i n g  c o n s i s t s  h e r e  m e r e l y  of C o n v e r t i n g  

t h e  r e c e i v e d  b i n a r y  word  i n t o  t h e  e q u i v a l e n t  q u a n t i z e d  l e v e l .  

2. The Channel  

I t  i s  assumed t h a t  t h e  d i g i t a l  c h a n n e l  is  of  t h e  f r e q u e n c y  

s h i f t  k e y i n g  v a r i e t y  ( F . S . K . )  f o r  which t h e  b i t  error p r o b a b i l i t y  i s  

'cy6 t p = 1 / 2  e 
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C. SAMPLING EFFECTS 

1. G e n e r a l  

A program w a s  p r e p a r e d  t o  s i m u l a t e  t h e  s y s t e m  of F i g .  F-1 w i t h o u t  

q u a n t i z a t i o n ,  s a t u r a t i o n ,  or f e e d b a c k  n o i s e  to  d e t e r m i n e  t h e  i n t e g r a l  

s q u a r e d  error of t h e  r e s p o n s e  f o l l o w i n g  a f e e d b a c k  s i g n a l  o f f s e t .  The 

a p p r o p r i a t e  d i f f e r e n c e  e q u a t i o n  i s  

x b + 3 )  = A1X@+2) + (A2 + As) x ( n + l )  + A4x(n) (15) 

where 

= l + u  
A 1, 

A2 + A3 = 1 + V - L!T 

= UAT - V A4 

and x ( n )  is  t h e  o u t p u t  a t  t i m e  n. 

The i n t e g r a l  s q u a r e  e r r o r  was approx ima ted  by t h e  sum of x ( n )  

s q u a r e d  a t  t h e  s a m p l i n g  i n s t a n t s  o v e r  a t en - second  s i m u l a t e d  t i m e  inter- 

v a l  : 

n 

The c o n t i n u o u s  case ( e q u i v a l e n t  t o  AT = 0) was i n c l u d e d  f o r  

compar i son ,  

A program was a l s o  p r e p a r e d  t o  d e t e r m i n e  t h e  best second  o r d e r  

po lynomia l  f i t  t o  t h e  i n t e g r a l  s q u a r e  e r r o r  f o r  t h e  p o s i t i o n  and v e l o c i t y  

d i s p l a c e m e n t  cases. 

2. R e s u l t s  

The r e s u l t s  of t h e s e  s i m u l a t i o n s  are  p r e s e n t e d  i n  t h e  f o l l o w i n g  

f i g u r e s :  
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F i g u r e  F-3: l/AT Feedback D i s p l a c e m e n t  

O u t p u t  v s .  Time 

a .  C o n t i n u o u s  (Ampli tude = 1 )  

b. AT = 0.1 (Ampli tude = 10) 

c. AT = 0.2 (Ampl i tude  = 5) 

d .  AT = 0 . 4  (Ampli tude = 2.5) 

F i g u r e  F-4 : U n i t  Feedback D i s p l a c e m e n t  

Log ISE v s .  l og  AT 

a .  S i m u l a t i o n  

b. AT2 (ISE f o r  c o n t i n u o u s  c a s e )  

Based on compute r  r u n s  n o t  p l o t t e d  h e r e ,  t h e  s y s t e m  g o e s  

u n s t a b l e  f o r  AT l a r g e r  t h a n  some v a l u e  between 0.7 and 0.8 s e c o n d s .  

The key r e s u l t  i s  F i g u r e  F-4 which shows t h a t  t h e  i n t e g r a l  
2 

s q u a r e  error is  w e l l  a p p r o x i m a t e d  by MAT , M = c o n s t a n t ,  f o r  0 5 AT 0 . 2 .  

D. CODING CONSIDERATIONS FOR SAMPLED DATA CONTROL SYSTEMS 
WITH A BINARY FEEDBACK COMMUNICATION CHANNEL 

1. G e n e r a l  

I n  t h e  u s u a l  b i n a r y  communicat ion c h a n n e l  t h e  a v a i l a b l e  a l p h a b e t  

i s  f i n i t e  and i s  e q u a l  t o  o r  less t h a n  ZK where  K i s  t h e  number o f  b i t s  

p e r  message. T h e r e  a r e  t w o  g e n e r a l  t y p e s  of r e d u n d a n t  c o d e s :  s y s t e -  

m a t i c  and n o n - s y s t e m a t i c .  

* 

We w i l l  restrict o u r  c o n s i d e r a t i o n s  t o  s y m m e t r i c  c h a n n e l s  where 

t h e  p r o b a b i l i t i e s  of r e c e i v i n g  a o n e  when a z e r o  was s e n t  and of re- 

c e i v i n g  a z e r o  when a o n e  was s e n t  a re  equal .  W e  w i l l  a l s o  assume t h a t  

t h e  b i t  errors o c c u r i n d e p e n d e n t l y  and t h a t  t h e  r e c e i v e r  makes a 

d e c i s i o n  on e a c h  b i t .  

* 
There  are,  of c o u r s e ,  c o d e s  where  t h e  number of b i t s  var ies  from word 
t o  word. The p r e s e n t  s e c t i o n  is r e s t r i c t e d  t o  u n i f o r m  s a m p l i n g  and a 
f i x e d  number o f  b i t s  p e r  word. 
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FIG. F-3 OUTPUT FOLLOWING A FEEDBACK DISPLACEMENT 
(a) Continuous System Amplitude 1 
(b) Sampled at AT = 0.1 Amplitude 10 
(c) Sampled at AT = 0.2 Amplitude 5 
(d) Sampled at AT = 0.4 Amplitude 2.5 
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2. Sys temat ic  Codes 

I n  a s y s t e m a t i c  code t h e  size of t he  a l p h a b e t  is 2K where 

K 5 L is the  number of in format ion  b i t s  and where t h e  K - L redundant 

b i t s  a r e  determined by p a r i t y  check e q u a t i o n s .  

The power of such codes i s  measured by the  minimum d i s t a n c e  

between any t w o  code words of t h e  a lphabet .  The redundancy may b e  used 

e i the r  f o r  error c o r r e c t i o n  o r  error d e t e c t i o n  or  both. P r o t e c t i o n  is 

t h u s  provided a g a i n s t  some numbers of errors p e r  word but  n e v e r  a g a i n s t  

a l l  possible  e r r o r s .  

a .  Er ror  C o r r e c t i o n  

The u s e  of redundancy t o  p r o v i d e  error  c o r r e c t i o n  is much 

less a t t r a c t i v e  t h a n  is p o p u l a r l y  be l ieved .  Under t he  u s u a l  c o n s t r a i n t s  

of f i x e d  power and d a t a  r a t e ,  t h e  a d d i t i o n  of redundancy must reduce the  

t i m e  p e r  b i t  and i n c r e a s e  t he  b i t  error p r o b a b i l i t y  accord ingly .  Only 

when t h e  b i t  error p r o b a b i l i t y  is v e r y  l o w  wi thout  the e x t r a  b i t s  re- 

q u i r e d  f o r  error c o r r e c t i o n  does t h e  error c o r r e c t i o n  c a p a b i l i t y  i n c r e a s e  

more r a p i d l y  t h a n  the  number of errors p e r  message which i n c r e a s e s  both 

because of less t i m e  p e r  b i t  and because of more b i t s  p e r  w o r d .  S i n c e  

w e  are p r i m a r i l y  i n t e r e s t e d  i n  r e l a t i v e l y  poor  channels ,  error c o r r e c t i o n  

w i l l  n o t  be f u r t h e r  considered.  

b. E r r o r  D e t e c t i o n  

The u s e  of a v a i l a b l e  redundancy t o  detect t h e  occurrence  

of errors is  g e n e r a l l y  an e f f e c t i v e  technique  but  raises t h e  obvious 

q u e s t i o n  i n  t h e  feedback c o n t r o l  c o n t e x t  of what a c t i o n  i s  t o  be t a k e n  

when errors are detected. The p o s s i b i l i t i t e s  inc lude :  

i s e t t i n g  the feedback t o  z e r o  

ii s e t t i n g  t h e  feedback e q u a l  t o  
t h e  command 

iii u s i n g  t h e  previous v a l u e  (which 
must t h e n  have been saved)  

i v  u s i n g  a f u n c t i o n  of t h e  previous  
o r  s e v e r a l  p rev ious  v a l u e s .  
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Without  any i m p l i c a t i o n  t h a t  s u c h  p r o c e d u r e s  would n o t  be  u s e f u l ,  t h e y  

have n o t  been e x p l o r e d  f u r t h e r  i n  t h e  p r e s e n t  p r o j e c t .  

3. Non-Systematic  Codes 

I n  n o n - s y s t e m a t i c  c o d e s  i n f o r m a t i o n  b i t s  as  such  c a n n o t  be  

i d e n t i f i e d .  R a t h e r  t h e  code  words,  however  s t r u c t u r e d ,  a r e  a s s i g n e d  t o  

t h e  v a r i o u s  messages  a t  t h e  u s e r ' s  conven ience .  Examples i n c l u d e  t h e  

Gray c o d e s  where t h e  code  words a s s i g n e d  t o  a d j a c e n t  l e v e l s  d i f f e r  by 

o n e  b i t  and t h e  "Snake-in-the-Box" c o d e s  which a r e  ex tended  Gray c o d e s  

i n  t h a t ,  up  t o  some d i f f e r e n c e  i n  l e v e l s ,  t h e  words a s s i g n e d  d i f f e r  i n  

t h e  same number o f  b i t s  a s  t h e  d i f f e r e n c e  i n  l e v e l s  t o  which t h e y  a r e  

a s s i g n e d .  T h e s e  a r e  p r i m a r i l y  error  d e t e c t i o n  c o d e s  and p o s s e s s  no 

s p e c i f i c a l l y  d e s i r a b l e  p r o p e r t i e s  f o r  t h e  p r e s e n t  pu rpose .  S i n c e  t h e i r  

u s e  r e q u i r e s  a d e c i s i o n  r u l e  as o u t l i n e d  i n  11-B above ,  t h e y  are  n o t  

f u r t h e r  c o n s i d e r e d  h e r e .  

* 

4 .  O t h e r  Techn iques  

F o r  any  r e a s o n a b l e  c h a n n e l  error p r o b a b i l i t y ,  r e c e p t i o n  of  a 

word w i t h  no  errors i s  more p r o b a b l e  t h a n  w i t h  s i n g l e  errors which  i n  

t u r n  is  more p r o b a b l e  t h a n  w i t h  d o u b l e  errors, etc. If t h e  s y s t e m  is 

t o  be o p e r a t e d  as  a r e g u l a t o r  so t h a t  t h e  commanded o u t p u t  l e v e l  i s  

f i x e d ,  any  c o d e  c a n  be r e a r r a n g e d  t o  make t h e  e f f e c t  of  s i n g l e  b i t  

errors less serious by a s s i g n i n g  t o  t h o s e  l e v e l s  nea r  t h e  commanded 

l e v e l  code  w o r d s  which d i f f e r  i n  o n l y  a s i n g l e  b i t  f rom t h e  word a s s i g n e d  

t o  t h e  commanded l e v e l ,  T h i s  t e c h n i q u e  is  o b v i o u s l y  a p p l i c a b l e  o n l y  when 

t h e  commanded l e v e l  is  f i x e d  and t h e  o u t p u t  d o e s  i n  f a c t  s t a y  n e a r  t h a t  

l e v e l .  

P robab ly  t h e  most power fu l  t e c h n i q u e  f o r  c o n t r o l l i n g  error 

effects  i n  a f eedback  sys t em i s  t o  d e v o t e  e x t r a  t i m e  a n d / o r  power t o  t h e  

more s i g n i f i c a n t  b i t s  of  t h e  message.  A d d i t i o n a l  t e r m i n a l  c o m p l e x i t y  i s ,  

* 
S i n g l e t o n ,  R. C. ,  "Genera l i zed  Snake  i n  t h e  Box Codes," t o  b e  p u b l i s h e d  
i n  t h e  IEEE T r a n s a c t i o n s  on E l e c t r o n i c  Computers .  
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. 
* 

C O U ~ S ~ ,  r e q u i r e d .  Such systcms h a v e  been d i s c u s s e d  i n  t h e  l i t e r a t u r e  

. ~ n d  may a c t u a l l y  have been iniplemented but. w i l l  n o t  b e  I ' u r t h e r  con-  

sidered h e r e .  

5. C o n c l u s i o n s  

P r i m a r i l y  f o r  s i m p l i c i t y ,  t h e  p r e s e n t  work h a s  c o n s i d e r e d  o n l y  

the u s e  of non-redundant  b i n a r y  codes i n  which t h e  a l l  zeroes word h a s  

been a s s i g n e d  t o  t h e  most n e g a t i v e  l e v e l ,  t h e  word h a v i n g  zero i n  i t s  

most s i g n i f i c a n t  b i t  arid o n e s  e l s e w h e r e  t o  t h e  zero l e v e l ,  and t h e  a l l  

ones  word t o  t h e  most p o s i t i v e  l e v e l .  

E. DEADBAND COST 

I f  t h e  sys t em i s  o p e r a t i n g  i n  t h e  t r a n s i e n t  mode, a cost J' 

ferred t o  a s  t h e  deadband cost ,  i s  i n c u r r e d .  Even i n  t h e  a b s e n c e  o f  

communicat ion c h a n n e l  errors, t h e  o u t p u t  x does n o t  e x a c t l y  e q u a l  t h e  

command i n p u t  r i n  g e n e r a l  b e c a u s e  o f  t h e  q u a n t i z a t i o n  deadband.  I n  

g e n e r a l ,  t h i s  error i s  n o t  c o n s t a n t ,  i.e., t h e r e  i s  l i m i t  c y c l e  mot ion  

x ( t )  c o n t a i n e d  rough ly  w i t h i n  t h i s  deadband.  I n  o r d e r  t o  e v a l u a t e  ap-  

p r o x i m a t e l y  t h e  d e g r a d i n g  effects of t h e s e  errors, i t  is assumed t h a t  

t h e  o u t p u t  p r o b a b i l i t y  p (x )  i s  un i fo rm w i t h i n  t h e  deadband H. Con- 

sequen  t l  y , 

re- 
2 7  

H 
2 
- 

F. TRANSIENT COST 

I f  the  sys t em i s  o p e r a t i n g  i n  the  t r a n s i e n t  mode, a n  e r r o n e o u s  

s i g n a l  w i s  o c c a s i o n a l l y  r e c e i v e d  a t  t h e  decoder o u t p u t .  T h i s  s igna l ,  

* 
B e d r o s i a n ,  Edward, "Weighted PCM," IRE Trans . ,  V o l  IT-4, #1, March 1958, 
pp.  45-49, and Bel lman,  R. and Kalaba ,  R. ,  On Weighted PCM and Mean- 
S q u a r e  D e v i a t i o n , "  IRE T r a n s . ,  V o l .  IT-4, #1, March 1958, pp. 58-59. 

I 1  
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which is  a p p l i e d  d u r i n g  t h e  i n t e r v a l  AT, sets up  a t r a n s i e n t  t h e  d e -  

g r a d i n g  e f f e c t  of which i s  measured by t h e  i n t e g r a l  s q u a r e d  e r r o r  ( ISE)  

d i s c u s s e d  i n  S e c t i o n  C ,  namely 

Q) 

2 ISE = w2 r c9 ( t ,  AT) d t  

where 9 ( t ,  AT) i s  t h e  r e s p o n s e  of  t h e  l i n e a r i z e d  c l o s e d - l o o p  s y s t e m  t o  

a u n i t  p e r t u r b a t i o n  w a p p l i e d  d u r i n g  AT. I t  i s  s e e n  from F i g .  F-4 t h a t  

t h e  r e s p o n s e  9 ( t ,  AT) i s  w e l l  app rox ima ted  by 

.9 ( t ,  AT) = AT .P ( t ,  0) (20) 

where 9 ( t ,  0) i s  d e f i n e d  a s  t h e  u n i t  i m p u l s e  r e s p o n s e  of  t h e  c o n t i n u o u s  

sys tem c o n t a i n i n g  no  communicat ion c h a n n e l  d e l a y  AT. 

With t h e  r e s p o n s e  8 ( t ,  AT), t h e r e  i s  a s s o c i a t e d  t h e  i n t e g r a l  

squa red  e r r o r  M (AT) 

O D 2  
M(AT) = Jo .9 ( t ,AT)  d t  

I t  i s  s e e n  from F i g .  F-4 t h a t  

where M ( 0 )  i s  t h e  ISE of t h e  c o n t i n u o u s  s y s t e m  p e r t u r b e d  by a u n i t  i m -  

p u l s e .  

T h i s  

t a i n e d  i n  

1. 

u s e f u l ,  b u t  c e r t a i n l y  n o t  n e c e s s a r y  s i m p l i f i c a t i o n ,  i s  re- 

t h e  r ema inde r  o f  t h i s  a p p e n d i x .  

The T r a n s i e n t  C o s t  J" 

I f  t h e  b i t  error p r o b a b i l i t y  i s  s u f f i c i e n t l y  s m a l l ,  t h e  t r a n -  

2 

s i e n t  g e n e r a t e d  by a f i r s t  p e r t u r b a t i o n  w w i l l  h a v e  s u b s i d e d  on  t h e  

a v e r a g e ,  by t h e  time a second  p e r t u r b a t i o n  w o c c u r s .  T h i s  i s  a v a l i d  
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. 
. 

assumpt ion  i n  t h e  t r a n s i e n t  mode of o p e r a t i o n .  The r e s u l t i n g  per u n i t  

time cost J" i s  t h e n  d e f i n e d  by 
2 

2 
M (AT) w p ( w )  d w  = M(AT) 

W 

2 
2 .  C a l c u l a t i o n  of  r w p(w)dw 

W 

Once a p a r t i c u l a r  c o d e  h a s  been s e l e c t e d ,  t h e  e x p r e s s i o n  
2 r w p(w)dw c a n  be  c a l c u l a t e d  i n  a f a i r l y  s t r a i g h t f o r w a r d  f a s h i o n  i n  

" w 
terms o f  t h e  b i t  error p r o b a b i l i t y  p, as w i l l  be  i l l u s t r a t e d  below f o r  

a t w o - b i t  b i n a r y  code .  

Message Message Rece ived  Message Rece ived  Message Received  
S e n t  w i t h  Prob.  1-p w i t h  Prob. p(1-p) w i t h  Prob .  p2 

0 0  0 0  01 and 10 1 1  

0 1  0 1  00 and 11 1 0  

1 0  1 0  11 and 00 0 1  

1 1  1 1  10 and 01 0 0  

I f  p is s u f f i c i e n t l y  small ,  messages w i t h  a s i n g l e  b i t  error  

a r e  r e c e i v e d  w i t h  p r o b a b i l i t y  p(1-p) 2 p and messages w i t h  d o u b l e  b i t  

errors c a n  b e  n e g l e c t e d .  

The p e r t u r b a t i o n s  w r e s u l t i n g  from s i n g l e  b i t  errors are  

shown i n  terms of  t h e  message  s e n t .  

Message Message Received P e r t u r b a t i o n  
S e n t  w i t h  Prob.  p W 

0 0  01 and 10 H, 2H 

0 1  00 and 11 -H, 2H 

1 0  11 and 00 H; -2H 

1 1  10 and 01 -H; -2H 

I f  a l l  messages  s e n t  are e q u a l l y  l i k e l y  (which is  a c o n v e n i e n t ,  

b u t  n o t  n e c e s s a r y  a s sumpt ion , )  t h e n  
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. 
2 - 2  (22) 2 

w p(w)dw = H p(1+4+1+4+1+4+1+4) = 20H p 
‘ W  

T h i s  p rocedure  is  e a s i l y  g e n e r a l i z e d  a s  f o l l o w s .  L e t  t h e  

t r a n s m i t t e d  message be  

w i t h  a .  e q u a l  t o  z e r o  o r  one .  
J 

Then, f o r  each  message 

J ( j  = 0, . . . , L-1) o c c u r  w i t h  
H2 

s e n t ,  p e r t u r b a t i o n s  of magnitude 

e q u a l  p r o b a b i l i t y .  I f  i n  a d d i t i o n  t h e  

t r a n s m i t t e d  messages a r e  a l l  e q u a l l y  l i k e l y ,  t h e n  

- p 2 Y  2 
w p(w)dw = - 

The f u n c t i o n  C(L) i s  t a b u l a t e d  below f o r  S=2 i n  terms Of L. 

2 20 

3 21 

4 21 .3  

5 21.4 

6 21.4 

7 21.4 

I t  i s  s e e n  t h a t  f o r  L 2 5, t h e  f u n c t i o n  C(L) i s  c o n s t a n t .  
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For p sufficiently small, the transient cost J" is thus 2 
approximately 

I 

~ G. MONTE CARLO RESULTS 

1. General 

The system was 

equation: 

simulated on the computer by the following 

(27) 
X[I] = AIXII-l] + A2X[I-2] + A3Y[I-21 + A 4 [ I - 3 ]  + A 'R 

5 

where X[I] is the output, R is the command (step function) and Y[I] is 

the feedback signal after quantization and a probability trial to de- 

termine a signal dependent error value corresponding to a specified 

probability of error. The constants are 

and DT is the sampling time. 

Initial conditions were set to suppress any initial transient; 

i.e., the system was assumed at rest for I < 0 with X[I] = R. 
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The s y s t e m  o p e r a t e d  for approximately 1 0  seconds ( s imula t ed  t i m e )  

and t h e  i n t e g r a l  s q u a r e  e r r o r  accumulated 6 s  

I 

The v a l u e s  i n  t h e  f o l l o w i n g  a r e  t h e  i n t e g r a l  s q u a r e  e r r o r  p e r  second 

I SE 
' DT J = Cost = 

Imax 

The p r o b a b i l i t y  d i s t r i b u t i o n  of t h e  q u a n t i z e d  o u t p u t  was a l s o  

accumulated and t h e  mean c a l c u l a t e d  a t  t h e  end of t h e  run. 

2. T r a n s i e n t  Mode 

R e s u l t s  f o r  R = 0 and o p e r a t i o n  i n  t h e  t r a n s i e n t  mode are 

given i n  Tab le  I .  

band cost. 

Note t h a t  t h e  s i m u l a t i o n  c o s t  does  - n o t  i n c l u d e  dead- 

The c o s t  i s  added t o  t h e  s i m u l a t i o n  r e s u l t s  as  

.750 

where N i s  t h e  number of q u a n t i z a t i o n  l e v e l s .  

3. Steady S t a t e  Mode 

R e s u l t s  f o r  R = 0.868 and o p e r a t i o n  i n  t h e  s t e a d y - s t a t e  mode 

are  presented i n  Tab le  11. 

a s s o c i a t e d  w i t h  a uniform p r o b a b i l i t y  d e n s i t y  f o r  R. 

10  seconds,  t h e  o u t p u t  was s t i l l  c y c l i n g  and t h e  a m p l i t u d e  of t h e  l a s t  

f u l l  h a l f - c y c l e  i s  i n c l u d e d  i n  T a b l e  11 b o t h  i n  a b s o l u t e  u n i t s  and BS 

a percentage of t h e  q u a n t i z a t i o n  l e v e l .  

The command was chosen t o  s i m u l a t e  t h e  Cos t s  

I n  g e n e r a l ,  a f t e r  
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TABLE I 

Trans ient  Mode - R = 0 

Mean ' 

0.871 

0.885 

0.877 

0.791 

0.878 

0.897 

0.911 

0.820 

'umber 
Error 

Cost 

0.2760 

0.0448 

0.0214 

0.0199 

0.3285 

0.0565 

0.0681 

0.0615 

2 1 0.00004 

3 , 0.00095 
I 
I 

4 I 0.00430 ; i 0.01115 
0.00011 

0.00095 

0.00315 

$umber 
of 

B i t s  

2 

3 

4 

5 

2 

3 

4 

5 

2 

3 

4 

5 

2 

3 

4 

5 

Error 
Probabi l i ty  

0.01 

0.01 

0.01 

0.02 

0.02 

0.02 

0.02 

0.05 

0.05 

0.05 

0.05 

0.10 

0.10 

0.10 

0.10 

Time  

0.3 

0.3 

0.3 

0.3 

0.4 

0.4 

0.4 

0.00 

0.00 

0.00 

0.01 

0.00 

0.00 

0.00 

0.0469 

0.0117 

0.0061 

0.0085 

0.0000 

0.0000 

0.0048 

TABLE I1 

Steady S t a t e  Mode - R = 0.868 

;amp1 i n g  
Time  

0.1252 

0.1878 

0.2504 

0.3130 

0.1016 

0.1524 

0.1524 

0.2540 

0.0725 

0.1088 

0.145 

0.1813 

0.0509 

0.0764 

0.1018 

0.1273 

0.896 

0.931 

0.951 

0.941 

0.977 

0.055 

1.034 

0.5500 

0.1332 

0.1438 

0.1961 

1.0100 

0,5950 

0.368 

1.110 10.644 

Deadband 
cost 

0.0469 

0.0117 

0.0028 

0 . 0007 
0.0117 

0.0028 

0.0007 

? i n a l  1/2- 

0.287 

0.145 

0.116 

0.240 

0.159 

0.101 

0.078 

0.698 

0.163 

0.079 

0.265 

0.117 

0.105 

0.345 

0.045 

0.146 

T o t a l  
cost 1 
0.0469 

0.0117 

0.0089 

0.0092 

0.0117 

0.0028 

fc le  Amplitude 

6 of I n t e r v a l  

38 

39 

62 

256 

21 

27 

42 

744 

22 

21 

141 

125 

14 

92 

24 

156 
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