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ABSTRACT 

This report describes a study of the effectiveness of including powered 

flight tracking and telemetry data in the differential correction of lunar 
satellite orbits. The powered flight maneuver used was representative of 

the Lunar Orbiter Photgraphic Project's main deboost required to transfer 
the spacecraft from the hyperbolic approach orbit t o  the intermediate ellip- 

tic selenocentric orbit. 
to be taken from the Deep Space Network stations at Goldstone, Woomera, and 
Madrid at the rate of one set per minute. Telemetry data were assumed to 
consist of the body components of the thrust acceleration. 

Range and range-rate tracking data were assumed 
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mMB0LS 

2 
a initial thrust to mass ratio, meters/second 

acceleration of gravity at sea level 
0 

g0 

I specific impulse, seconds 

k mass flow rate per unit initial mass, (seconds) 
SP 

-1 

M observational noise covariance matrix 

time of initiation and termination of the main deboost maneuver, 
respectively td' tf 

X 6-di1nensional vector of Cartesian position and velocity components, 
vector kilometers, kilameters/second 

a,B,@ angles defining orientation of vehicle pitch, yaw, and roll axes, 
degrees 

Y 2-dimensional vector of thrust vector orientation angles, degrees 

Y '  3-dimensional vector including orientation angles and accelerometer 
scale factor 

6x,6y,6X variation in x, y ,  and a from reference values 

6xA,6yA, 
6a.  

actual variation in x, y ,  a 

A 

6xE,6yE, 
6a 

E observational noise vector 

estimated variation in x, y ,  Q 

E 

A 2-dimensional vector of thrust vector orientation angles, degrees 

s ,r l .5  unit vectors defining vehicle roll, pitch, and yaw axes, respectively 
- - -  

&,& covariance matrix including all information at t for complete 
solution vector, and state vector only. respectively 

covariance matrix including all information at t for complete 
solution vector, and state vector only, respectively 

d 
* .  

t ,  , t ;  f 

covariance matrix at t , including translunar tracking from the 
second midcourse to idtiat ion of the main deboost maneuver P t 

6 x 6 tracking covariance matrix computed from observations taken 
during the bum: epoch at t d 

It 
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extended solution vector covariance matrices, computed from 
observations taken during the burn- 8 x 8 (including propulsion 
parameters) 

2 x 2 a priori covariance matrix describing total thrust vector 
pointing errors 

3 x 3 a priori covariance matrix describing uncertainties in the 
thrust vector orientation and the accelerometer scale factor 

2 x 2 a priori covariance matrix describing platform orientation 
uncertainties 

6 x 6 matrix of partial derivative relating perturbations in x at 
t 

6 x 6 matrix of partial derivatives relating perturbations in x at 
tf to those at t d ’  i.e., ax(t,)/ax(t,) 

6 x 2 matrix of partial derivatives relating perturbations in x 
at t to those in y. i.e. ax(tf)/ay 

6 x 3 matrix of partial derivatives relating perturbations in x at 
t to those in y (includes accelerometer scale factor), i.e., 

to those at td, i.e., ax(tf)/ax(tepoch 1 f 

f 

f ax(tf 1 /aY 

vehicle angular velocities about roll. pitch, and yaw axes, respectively 

6 x 2 matrix of partial derivatives. relating perturbations in x at 
tf to those in y ,  i.e.. ax(tf)/ay 

Subscripts 

A actual 

C consider 

d deboost 

E estimate 

f final 

P a priori 

S solve; state 

t tracking 

Y propulsion parameters 

viii 



EYKiATIGki UF THE USE OF POWERED FLIGHT TRACKING 
AND TELEMETRY DATA IN LUNAR ORBIT DIFFERENTIAL 

CORRECTION PROCEDURES 

By D. H. Lewis 
TRW Sys terns 

1. SUMMARY 

A study of the effectiveness of including in differential correction 
the tracking and telemetry data taken during powered flight maneuvers is 

described in this report. 

The powered flight maneuver used was representative of the Lunar Orbiter 

Photographic Project (LOPP) main deboost required to transfer the spacecraft 
from the hyperbolic approach orbit to the intermediate elliptic selenocentric 

orbit. 

Range (0 - 2Om) and range-rate (a = O.OlAn/s) tracking data were assumed 

to be taken from the Deep Space Network (DSN) stations at Goldstone, Woomera, 
and Madrid at the rate of one set per minute. 
to consist of the body components of the thrust acceleration. 

Telemetry data were assumed 

Uncertainties in four propulsion parameters were considered: 

a) 

b) 

Thrust axis orientation angle a, u = Or397 

Thrust axis orientation angle 6, 0 = 0'1397 

c) Accelerometer scale factor, 0.039% 

d) Velocity cutoff resolution, 0.019 m / s  

The state vector covariance matrix prior to the main deboost was computed 

using tracking from the second midcourse (70  h) to initiation of the main 
debaost (90 h) . 

Generally it was found that the use of powered flight tracking and 
telemetry data allows reduction of the state vector uncertainties to the level 
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t h a t  ex is ted  before the  maneuver began. 

da ta  is  more useful  than telemetry da ta :  t he  s t a t e  vec tor  unce r t a in t i e s  using 

t racking da ta  only are about 1 /5  those which e x i s t  when no powered f l i g h t  

da ta  i s  used, while use of telemetry da ta  alone reduces t h e  u n c e r t a i n t i e s  

t o  approximately one half  t h e i r  former values.  

When used ind iv idua l ly ,  t racking 

2 .  INTRODUCTION 

The LOPP mission plan ca l l s  f o r  a deboost maneuver from a hyperbolic 

lunar  approach o r b i t  t o  a se lenocent r ic  e l l i p t i c  o r b i t .  

l b  t h rus t  engine on a spacecraf t  weighting approximately 850 l b  calls  f o r  

long burning times. 

and ve loc i ty  a t  burn termination (introduced by propulsion system inaccuracies)  

raises t h e  question of whether o r  not using t racking and telemetry d a t a  

during the  burn would be usefu l  i n  reducing the  unce r t a in t i e s .  

The use of a 100- 

T h e  consequent p o s s i b i l i t y  of large e r r o r s  i n  pos i t i on  

There are four poss ib le  t racking and telemetry burn d a t a  usages t o  be 

considered : 

a) No tracking during the  burn; no te lemetry 

b) Tracking during the  burn; no telemetry 

c) No tracking during the  burn: with te lemetry 

d) Tracking during the  burn; with te lemetry 

Consideration of a l l  four cases allows eva lua t ion  of both the  combined 

and individual  e f fec t iveness  of t racking and telemetry d a t a  i n  reducing t h e  

s ta te  vector  uncer ta in t ies .  

The covariance matrix f o r  the  s ta te  vec tor  immediately following ter- 

mination of t he  main deboost, Pi, w i l l  be  computed f o r  each of t hese  cases. 

Sui tab le  f igures  of m e r i t  (e.g., t h e  diagonal elements) can then be used t o  

compare the  four combinations of d a t a  types.  
these  cases are discussed below (sec t ion  4). 

The computation procedures f o r  

2 



The state vector (6 x 6) covariance matrix p r i o r  t o  t h e  main deboost 

w a s  computed using information from t h e  t rans lunar  t racking  from t h e  second 

midcourse (70 h) t o  i n i t i a t i o n  of t h e  main deboost (90 h) .  Tracking is 

assumed t o  take place on the  f ree- f l igh t  a r c  u n t i l  1 hour p r i o r  t o  t h e  main 

deboost maneuver. This 1-hour period is assumed t o  be t h a t  required t o  

process the  tracking da ta  and compute t h e  required maneuver parameters. 

It is t h i s  matrix (diagonal elements 106, 100, and 299 m; 0.57(10-3), 

0.15(10-3), and 0.49(10’2)m/s) which w a s  used as a s t a r t i n g  poin t  i n  evaluat- 

ing  t h e  use of telemetry d a t a  and powered f l i g h t  tracking. 

t o  note  t h a t  t h e  e f f e c t s  of systematic e r r o r s  on t h e  t r ans luna r  t racking  

p r i o r  t o  the  maneuver have not been included; t h i s  accounts f o r  t h e  very 

s m a l l  unce r t a in t i e s  l i s t e d  above f o r  t h e  a p r i o r i  covariance matrix,  and 

m e a n s  t ha t  any state vec tor  unce r t a in t i e s  e x i s t i n g  a f t e r  t h e  maneuver may 

be a t t r i b u t e d  t o  propulsion parameter unce r t a in t i e s .  

It is important 

3. MATHEMATICAL F O W T I O N  OF THE POWERED FLIGHT MODEL 

3.1 Deboost Maneuver 

The UlPP main deboost maneuver is accomplished using a f ixed  i n e r t i a l  

o r i e n t a t i o n  and a constant t h rus t  level. 

down when t h e  ve loc i ty  sensed by t h e  spacecraf t  accelerometers reaches a 

p r e s e t  value. 

The propulsion system is shut  

For t h e  purposes of t h i s  study, t h e  main deboost maneuver f o r  t h e  SUO 

reference  t r a j e c t o r y  w a s  used ( re ference  1 ) ;  t h e  c h a r a c t e r i s t i c s  of t h i s  burn 

are l i s t e d  i n  t a b l e  I. 

propulsion e r r o r  sources ( l a  values ind ica ted)  f o r  t h e  main deboost: 

Langley Research Center has s p e c i f i e d  t h e  following 

a) Thrust vec tor  o r i en ta t ion  unce r t a in t i e s  ( i n  t h e  angles a and 6; 
see f i g u r e  1) 0.397’ 

b) Accelerometer sca le  f a c t o r  uncer ta in ty ,  0.039% 

c)  Velocity cutoff reso lu t ion  uncer ta in ty ,  0.019 m / s  

3 



TABLE I. - MAIN DEBOOST MANEUVER 

Characteristics 

State vector (true of date 
selenocentric equatorial 
system; X-axis,vernal 
equinox) 

x (km) 

y (W 
(h) 

2 (km/s) 
9 (km/s) 
i (km/s) 

Thrust (lb) 

Weight (lb) 

Flow rate (lb/s) 
Sensed velocity (km/s) 

Eccentricity 

Inclination (deg) 
Longitude of the ascending 

Argument of perigee (deg) 
Period (min) 
Semimajor axis (km) 

node (deg) 

Time, 1966, 27 June 
~ 

qhr Omin 27?46 

Start burn 

181.262 
1917.015 

1156.883 

-2.2300 

-. 0887 
.5224 

100.24 

850.0 

-. 358 
0. 

1.407 

34.192 

22.431 

65.837 
-- 

-5518.956 

qhr gmin 51?05 

End burn 

-887.373 

1822.665 

1315.704 
-1.4964 

-. 2130 
.0370 

100.24 

648.232 

-. 358 
.746 

.297 

33.997 

10.178 

21.777 

217.742 

2767.517 
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a 

X 

Z 

\ '  4 

NOTES 

Thrust vector aligned along roll axis 
X, Y parallel to the equatorial plane 
X in direction of vernal equinox 

Figure 1.- Definition of Thrust Attitude 
Orientation Angles and Angular Rates 
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Since t h e  maneuver involves a l a rge  AV (746 m / s ) ,  t h e  r e so lu t ion  e r r o r  

cont r ibu t ion  may be ignored, leaving th ree  e r r o r  sources t o  be considered. 

The assumption is made t h a t  t h e  o r i e n t a t i o n  unce r t a in t i e s  are due t o  two 

independent e r ro r s ;  t h a t  due t o  imperfect alignment of t h e  platform axes 
(Sun-Canopus o r i en ta t ion  e r r o r ,  0.183' one sigma), and t h a t  due t o  Imperfect 

o r i e n t a t i o n  of the  spacecraf t  within the  platform axes (pointing e r r o r ,  0.35' 
one sigma). 

3.2 Program Modifications 

To handle tracking d a t a  taken during t h e  burn, c e r t a i n  modifications t o  

The powered t h e  TRW Systems AT85 Orbi t  Determination Program were required.  

f l i g h t  option developed includes mul t ip le  s t ages ,  with t h e  burn maneuver 

start and s top  times, td and t respec t ive ly ,  as inpu t s  f o r  each s tage .  f '  

Included i n  t h e  option is t he  a b i l i t y  t o  so lve  f o r  t h e  following deboost 

maneuver p a r m e t e r s  : 

a) Propulsion parameters 

i n i t i a l  thrust-to-mass r a t i o  
aO * 
k,  mass flow rate divided by i n i t i a l  mass 

b) Orientation parameters ( f igu re  1) 

c )  Angular rates ( f igu re  1 )  

w 
P 

9 

r 

w 

w 

Use of telemetry (T/M) d a t a  w a s  simulated by assuming t h e  only con t r ibu t ion  

t o  Or ien ta t ion  unce r t a in t i e s  w a s  t h a t  from t h e  Sun-Canopus sensor  e r r o r ,  

6 



a 
For 

td 5 5 tf 

the equations of motion are (reference 21, 

- .. a 
r =  S(t) +E(t) = 0 - 

l-k(t-to) 

where 

2 the initial thrust to mass ratio (units of m/s , 
when T is in newtons and m is in kg) 

0 

0 

T 
a = -  
0 m ’  

0 0 

the mass flow rate per unit initial mass (units of 
( se c) -5 

-m k = -  m ’  
0 .  

- 
((t) = the unit vector in the direction of thrust 

- 
G = resultant of all gravitational forces normally included 

in free-flight trajectory computation. 

The initial thrust-to-mass ratio might,be more conveniently computed 

using 

where 

I = specific impulse (units of sec) 
SP 

= acceleration of gravity at sea level 80 
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- 
For the LOPP maneuver, the thrust attitude, 5 ,  is constant, i.e., 

COS Bo sin a [ co; a. 1 - 
5 = sin 6 sin a. 

The vehicle attitude is defined by the first-order differential equation 

where the colums of R are the Cartesian components of the roll, pitch, 

and yaw axes, and H is the skew symmetric form of the angular velocity 
vector, i.e., 

R -  

H -  

For constant yaw, pitch, and roll rates, H is constant, and an 
analytic solution exists for equation (2). This solution has the form 

(3 )  + sin Iwl(t - to)]& to ) ]  1.12 [ I + [I - cos I-wl(t - H2 R = Ro 

where 
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For the  f ixed i n e r t i a l  th rus t  a t t i t u d e  used f o r  LOPP, 

w r w 
P 

w 
q 

0 

and the  a n a l y t i c  so lu t ion  may be used. The values  f o r  these  angular 

rates w i l l  be assumed nonzero i n  the  der iva t ion  of the  v a r i a t i o n a l  equations,  

t o  allow solu t ion  f o r  d r i f t  rates about the  vehic le  body axes. 

Since the  magnitude and d i rec t ion  of t h e  t h r u s t  vector  are not a 

funct ion of t he  l o c a l  state vector,  t he  v a r i a t i o n a l  equations f o r  t he  i n i t i a l  

conditions ( i . e . ,  epoch posi t ion,  and ve loc i ty)  are in tegra ted  through t h e  

powered f l i g h t  phase with no changes. 

powered f l i g h t  parameters which have been introduced i n t o  the  so lu t ion  

vec tor  w i l l  have three  d i f f e ren t  forms, depending upon whether t he  observat ional  

p a r t i a l s  ( t o  be included i n  the normal matrix) are before ,  during, o r  a f t e r  

the  maneuver. 

The v a r i a t i o n a l  equations f o r  the  

Before the  maneuver, a l l  par t ia l  der iva t ives  with respect  t o  powered 

f l i g h t  parameters are zero,  since va r i a t ions  i n  these q u a n t i t i e s  could not 

ye t  have influenced the  o rb i t .  

During the  bum,  var ia t ions  i n  the  powered f l i g h t  parameters w i l l  a f f e c t  

the  t r a j ec to ry ,  and a set of va r i a t iona l  equations ( i n  addi t ion t o  the  i n i t i a l  

condition s e t )  must be integrated.  For the  ith d i f f e r e n t i a l  equation 

parameter, 

9 



where the first term on the right-hand side is that which describes the 

normal free-flight variational equations (the only difference being the null 

matrix initial condition at t = t ), and the second term is the variation 
in thrust acceleration due to powered flight parameter variation. For the 
eight parameters of interest here, the second term takes the following forms: 

d 

k(i I 2) 

a(i I 3) 

r o  0 cos 6 1  
- =  aa a? , l-k(t-to) a 0 I o  0 

where 

r I 

10 



a 
a - 

aF 0 

a6 1-k( t- t o) 
- E  

B ( i  = 4) 

Ro 

9 ( i  = 5 )  

I - 
0 0 1 r  aF a. Ro - =  

1 a9 1-k( t-to) 
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f 

aF *o 
aw 1-k( t-to) 
- I  

P 
(t - to)} 

r 

+ 

(+- to)> 



u (i = 7) 

aF' a. Ro - =  
a w  1-k( t-to) 

9 

+ cos I.l<t - to)] i 

u w  
D9 

.- 

\ - & I -  
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I a. Ro 
1-k( t-to) 

1, 

+ s i n  
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The matrix Ro may be wr i t t en  i n  terms of a ,  8 ,  and 6 (abbreviat ing 

s i n e  and cosine by S and C), 

s s + c  C a C B  c s - c a c  s 

-c c - s  s c -Cg S$ + c4 sg ca 

'4 ' a  

6 8  $ C b B  B O  

RO O B  6 B a  

6 
-sa c 

A t  the  time of termination of the  bum maneuver, t f ,  the  matr ices  

ay 

are saved, where x is t h e  f ree- f l igh t  s t a t e  vector  and y is the  vector  

of powered f l i g h t  parameters. 

r e i n i t i a l i z e d ,  allowing t h e  p a r t i a l  der iva t ives  f o r  t h e  postburn por t ion  of 

t h e  t r a j ec to ry  t o  be formed by t h e  following chain r u l e  products: 

The f r ee - f l i gh t  v a r i a t i o n a l  equations are then 

where, i n  both equations,  

is t h e  so lu t ion  t o  the  r e i n i t i a l i z e d  v a r i a t i o n a l  equations.  

15 



4. EVALUATION OF POWERED FLIGHT TRACKING AND TELEMETRY DATA 

4.1 Error Propagation without Tracking o r  Telemetry 

This is t h e  problem of updating t h e  a p r i o r i  t rack ing  covariance mat r ix  

with consideration given t o  t h e  e f f e c t  of t h e  unestimated propulsion , $P 
parameters. The estimate 6xE is updated across  t h e  burn, 

axf 6XEf - - axd 6XEd 

where the  subscr ip ts  d and f r e f e r  t o  the  i n i t i a t i o n  and termination of 

t he  deboost maneuver, r e spec t ive ly ,  and ax /axd is t h e  6 x 6 matrix,  4s, 
r e l a t i n g  perturbations i n  the  s ta te  vec tor  a t  t i m e  tf t o  those a t  t i m e  td. 

The a c t u a l  deviation is updated t o  include the  e f f e c t s  of t h e  (unestimated) 

propulsion parameter e r r o r s .  

f 

Thus 

where 

axf/ay is t h e  matrix, 9, 
vector  a t  t i m e  t To develop t h e  updating equation, i t  is covenient t o  

expand the  state vector t o  include 6y and t o  realize t h a t  neglec t ing  
6yA i n  t h e  f i t  is equivalent t o  s e t t i n g  6yE - 0. I n  terms of t h e  expanded 

state vec tor ,  

6yA is t h e  ac tua l  pe r tu r - a t ion  i n  t h e  propulsion parameter vec to r ,  and 

r e l a t i n g  t h i s  pe r tu rba t ion  t o  those  i n  t h e  s ta te  

f '  

16 



anti 

The e r r o r  a t  the  termination of t h e  main deboost is  then ( l e t t i n g  hEd 

6yEf - 6YAf J 
and t h e  covariance matrix,  

where 

Since the re  has not  ye t  been any da ta  taken during the  b u m ,  

t = %  - 0  
YS SY 

and 



The upper left-hand 6 x 6 p a r t i t i o n ,  pi, of t h i s  covariance mat r ix  

descr ibes  t h e  unce r t a in t i e s  i n  t h e  state vec tor  a t  t f .  

Preliminary per turba t ion  runs indicated t h a t  t h e  e f f e c t s  of t h e  accelero- 

meter scale f a c t o r  e r r o r  are about one order of magnitude smaller than t h e  

e f f e c t s  of o r i en ta t ion  unce r t a in t i e s .  On t h e  b a s i s  of t hese  runs,  t he  study 

was conducted assuming t h a t  t h e  only propulsion e r r o r  sources are t h e  two 

o r i e n t a t i o n  parameters, and 6 .  However, t o  v e r i f y  t h a t  t h e  e f f e c t s  of 

t h e  accelerometer scale f a c t o r  may be ignored, 

using both a 2 x 2 and 3 x 3 propulsion parameter covariance matrix,  with t h e  

latter including t h e  s c a l e  f a c t o r  e r r o r .  

2, (equation 11) w a s  computed 

Thus, taking the o r i e n t a t i o n  parameters i n  t h e  order  a ,  B ( i n  degrees),  

r 1 

and, adding the  sca l e  f a c t o r  uncer ta in ty  ( i n  terms of sensed v e l o c i t y  e r r o r  

(0.397) 

0 

0 

0 

(0.397) * 
0 

O /  
(0.286) 

Note t h a t  an addi t iona l  column must be added t o  4 (6 x 2 matrix) t o  
Y 

The importance of t h e  scale f a c t o r  unce r t a in ty  

update contributions due t o  t h e  scale f a c t o r  e r r o r ;  t h e  r e s u l t i n g  (6 x 3) 
matrix w i l l  be denoted by 

can be evaluated by comparing t h e  covariance matrices, 
from t h e  updates including two and t h r e e  propulsion e r r o r  sources as described 

by ty and $4, respectively.  

4 ' .  Y 
$;, which r e s u l t  
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4.2 U s e  of Tracking Gaia G r i i y  

W e  now admit observations taken during t h e  execution of t h e  deboost 

maneuver. More information is  now ava i l ab le  about t h e  state vec to r ;  however, 

the  propulsion parameter unce r t a in t i e s  w i l l  a l s o  have a f f ec t ed  t h e  covariance 

matrix f o r  those observations taken during the  bum. 

We can e i t h e r  consider the  e f f e c t  of these  propulsion parameter uncertain- 

ties on the  so lu t ion  (without including them i n  the  so lu t ion  vec tor )  or so lve  

f o r  them. 

I n  the  case where t h e  e f f e c t s  of propulsion parameters are considered, 

t h e  r e s idua l s  can be  written i n  t h e  following form, 

where 6R is the  vec tor  of res idua ls  f o r  observations taken during t h e  bum,  

6yA 
der iva t ive  of R with respect t o  y,  and E: i s  t h e  vec tor  of random noise  

on t h e  observations,  R. 

is the  vec tor  of propulsion parameter e r r o r s ,  B is t h e  p a r t i a l  

Since 6yA is neglected i n  t h e  f i t ,  

and t h e  e r r o r  i n  the  estimate is 

6XE - 6XA = ( ~ ~ w ~ 1 - l  A ~ w ( B ~ ~ ,  + E:) 

t h e  covariance matrix of t he  e r ro r  is, 

= ( ~ ~ w ~ 1 - l  A ~ W ( B ~  gT + M ) W A ( A ~ W A ) - ~  
Y 

(15) 
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where w e  have assumed 

and 

I f  ve set 

equation (15) becomes, 

If t he  propulsion parameters, y e  are included i n  t h e  so lu t ion  vec to r ,  

the  r e s idua l  equation becomes, 

6R = A k ! ] + c  

and 

E] = (A~wA1-1 ATW~R . 

where A is now the  augmented normal matr ix;  i.e., it inc ludes  p a r t i a l  

de r iva t ives  of the  obsentat ions with respec t  t o  x and y .  

The covariance matrix, (dimensions are 8 x 8 s i n c e  two components of 
are now included) ,  

20 
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a 
I n  both of t he  above cases, the powered f l i g h t  t racking  covariance 

must be  combined with t h e  a p r i o r i  t rack ing  
matrices, 'tb and 'tbs' 
matrix, , and propagated across t h e  burn t o  give 8,. PP 

For the  "consider" case, t h e  propagation matrices w i l l  be those derived 

i n  t h e  last sec t ion  f o r  updating including t h e  e f f e c t s  of unestimated pro- 

pulsion parameters. That is, 
r 

where 

m 

r 

-1 T 
= - ( A ~ W A )  A WBC . 

Y 

Here zys # 0, because tracking da ta  has been taken during t h e  b u m  

and propulsion parameter uncer ta in t ies  have influenced t h e  so lu t ion .  

As i n  equation (ll), the  upper, left-hand 6 x 6 p a r t i t i o n ,  p i ,  of t h i s  

covariance mat r ix  descr ibes  t h e  unce r t a in t i e s  i n  t h e  s ta te  vector at t f '  

I n  any expression c a l l i n g  f o r  t h e  combination of two o r  more covariance 
-1 -1 -1 + JLt ) matrices, such a8 (3, 

used when ava i l ab le  ( r a t h e r  than t h e  inverse  of t h e  covariance matrix),  t o  

avoid mul t ip l e  inversions.  

above, t h e  appropr ia te  normal matrix was 

When t h e  propulsion parameters are included i n  the  so lu t ion  vec to r ,  t h e  

updating equation becomes, 

21 



r l  I I  I : o  1 t ,  

The a p r i o r i  information has been added t o  the  upper 6 x 6 state  vec tor  

p a r t i t i o n  of 

with zeros elsewhere. 

a p r i o r i  information matrix be nonsingular. 

matr ix  sought, 

matrix product. 

Ztbs, and the  lower 2 x 2 (propulsion parameters) p a r t i t i o n ,  

Note tha t  t he re  is no requirement t h a t  t he  f u l l  ( 8  x 8) 

The s ta te  vec tor  covariance 

j ! ; ,  
is the  upper l e f t  6 x 6 p a r t i t i o n  of t h e  r e s u l t  of t h i s  

4 . 3  Use of Telemetry Data Only 

We make the  assumption t h a t  t he  e r r o r s  i n  telemetered q u a n t i t i e s  are 
due t o  platform alignment e r r o r s  only. 

the magnitude and o r i en ta t ion  of the  t h r u s t  vec tor  within the  platform coordinate 

system is perfect ly  known; only the e r r o r s  i n  t h e  o r i en ta t ion  of t h e  platform 

i t s e l f  contr ibute  t o  e r r o r s  i n  the th rus t  vec tor  components. 

vector  components a r e  used i n  the  in tegra t ion  of t he  equations of motion i n  

place of the expression f o r  F i n  equations (1). Then, s ince  no add i t iona l  

tracking information is added, 

This is equivalent t o  assuming t h a t  

These t h r u s t  

- 

where ?, 
uncer ta in t ies .  

is the 2 x 2 covariance matrix descr ibing platform alignment 

For the purposes of t h i s  study, we w i l l  assume t h a t  t he  Sun-Canopus 

o r i en ta t ion  e r ror  of reference 1 may be measured i n  terms of t h e  angles  (a 

and 0) which have been used t o  descr ibe the  t h r u s t  vec to r  o r i e n t a t i o n  

i n  the  AT85 program. Under t h i s  assumption, t h e  covariance matrix (a and 

0 i n  degrees) is, 



( 0 .  18312 0 1 0 ( 0 . 1 8 3 ) j  

4.4 U s e  of Tracking and Te leme t ry  

With both tracking and telemetry d a t a  ava i l ab le ,  w e  have t h e  option of 

e i t h e r  considering o r  so lv ing  f o r  t h e  unce r t a in t i e s  i n  t h e  propulsion para- 

meters. 

telemetered q u a n t i t i e s  a r e  due t o  platform alignment e r r o r s  only. 

As above (sec t ion  4.3), w e  make the  assumption t h a t  e r r o r s  i n  t h e  

For t h e  case where propulsion parameters are t o  be solved f o r  or considered, 

t h e  update matrix is of t h e  same form as equation (19). 

consider cases d i f f e r  only i n  t h e  covariance matrices t o  be updated. 

The so lve  and 

The covariance matrix for the so lve  case w i l l  be the  8 x 8 t racking  

, combined wi th  t h e  'tbs covariance matrix, 

f o r  t h e  state vec tor  and o r i en ta t ion  angles;  

?d 

L 

+ 

a p r i o r i  information matrices 

i.e.,  
- 

'-1 

%S I 
- J  

d 

Following t h e  development i n  s e c t i o n  4.2, t he  covariance matrix f o r  t h e  

consider case, 
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where 
a 

with 

and 

This is t h e  same form as equation (18); only t ,  has replaced I: Y i n  

t he  computation of t ,  , and i n  t h e  lower, right-hand c o m e r  of td. 

Q The updated covariance matrices w i l l  now be t h e  r e s u l t  of t he  following 

matrix products: 

Consider: 

$f = 

Solve : 

i -  
c 

/ . 

4.5 Summary of Resu l t s  

The r e s u l t s  of t he  study w i l l  be presented  i n  t h e  form of s ta te  vec tor  

covariance matrices at  main &boost te rmina t ion  f o r  each of t h e  four  proposed 

2 4  



data usages. 

covariance matrices are summarized below. 

For convenience, the equations used in computing these 

No Tracking; No Telemetry 

Including uncertainties in a and B: 

Including uncertainties in a, B and accelerometer scale factor: 

Telemetry Only 

Tracking Only 

Consider: 

Solve : 
f 

+ 

25 



Tracking and Telemetrv 

Consider: 

I!? A 

Solve: 

I 

f 

i 
I 1  I - 

The diagonal elements of these  covariance matrices 

". y 
+Y I 

o r ,  i n  t h e  case of 

t he  consider and solve matrices, the  diagonal elements of t h e  upper l e f t  

6 x 6 p a r t i t i o n ,  a re  presented i n  t a b l e  I1 ( p ,  6 t rack ing  from two s t a t i o n s )  

and t a b l e  I11 ( p ,  p lus  angles  from two s t a t i o n s  and p,; from one s t a t i o n ) .  

Complete covariance matrices f o r  t h e  nominal t racking  p a t t e r n  (as summarized 

i n  t a b l e  11) are presented i n  the  appendix. 

5 .  CONCLUSIONS 

Looking f i r s t  a t  the  column i n  t a b l e  I1 labe led  'No t r ack ;  No T/M,' t h e  

e f f e c t  of the  accelerometer s c a l e  f a c t o r  e r r o r  is seen t o  be small ( l e s s  than 

1%). 

model. 

Consequently, a l l  subsequent cases were run using the  two e r r o r  source 

When used ind iv idua l ly ,  t racking d a t a  is more use fu l  than te lemetry 

da ta ;  t h e  state vector unce r t a in t i e s  using t racking  d a t a  only are about l / S  

those t h a t  e x i s t  when no powered f l i g h t  da t a  is used, while  t h e  use of 

telemetry da ta  alone reduces the  u n c e r t a i n t i e s  t o  approximately one-half t h e i r  

former values. 
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If t racking  da ta  are ava i lab le  (and are used), it doesn't make a g r e a t  

dea l  of d i f fe rence  whether t h e  unce r t a in t i e s  i n  a and 8 are considered 

or solved fo r .  

consider mode would cons i s t  of simply modifying t h e  equations of motion t o  

include t h e  t h r u s t  acce le ra t ion ;  no o the r  changes would be necessary. The 

p a r t i a l  de r iva t ives  of t h e  s t a t e  vec tor  w i t h  respect t o  t h e  propulsion 

parameters, which were needed t o  compute the  covariance matrix f o r  t h e  

consider case would not be needed i n  real-time; i .e.,  t he  consider a n a l y s i s  

has been completed p r i o r  t o  t h e  f l i g h t  and presumably the  conclusion has been 

reached t h a t  t he  unce r t a in t i e s  when not solving f o r  a, and 6 are acceptable.  

I n  t h e  operational sense,  handling t h e  t racking  d a t a  i n  t h e  

The addi t ion  of telemetry data t o  t racking  da ta  makes only a s m a l l  

improvement (approximately 1OX) i n  t h e  knowledge of t he  s t a t e  vector.  

I n  t a b l e  111, i t  can be seen t h a t  t h e  addi t ion  of angles (0.06O one 

sigma) makes no v i s i b l e  improvement; comparison with cases without angles 

( t a b l e  11) shows no d i f f e rence  to  t h e  number of f i gu res  ca r r i ed .  I f  only 

one s t a t i o n  is ava i l ab le ,  telemetry-only is s l i g h t l y  b e t t e r  than tracking- 

only; i.e., t h e  e f f ec t iveness  of t h e  t racking  d a t a  has been sharp ly  reduced. 

Hence, t h e  addi t ion  of telemetry t o  one s t a t i o n  tracking is  considerably 

more e f f e c t i v e  than when tracking from two s t a t i o n s  i s  ava i l ab le ,  wi th  nea r ly  

a 50% reduction i n  t h e  s i z e  of t h e  unce r t a in t i e s .  

As with two-station tracking, t he re  is  no appreciable d i f f e rence  between 

solving f o r  a ,  8 and simply using the  add i t iona l  da t a  taken during t h e  b u m  

to  so lve  f o r  epoch pos i t i on  and ve loc i ty .  

6 .  NEW TECHNOLOGY 

This s e c t i o n  is included to  comply with t h e  requirements of t h e  '*New 

Technology" c lause  of t h e  Master Agreement under which t h i s  repor t  w a s  

prepared. Described herein a re  t h e  r e s u l t s  of a study t o  determine t h e  

29 



utility of tracking and telemetry data taken during powered flight periods, 

in reducing uncertainties in determining the spacecraft orbit. 

significant new technology is the development of a procedure for updating 
the effects of unestimated systematic errors. 

The most 



APPENDIX 

Covariance Matrices a t  t he  End of t h e  Deboost 
Xaneuver Including Powered Fl ight  Data 

Lis ted below are the  covariance matrices which r e su l t ed  from the  var ious 

powered f l i g h t  da t a  usages. 

I n  a l l  cases, the  upper, left-hand 6 x 6 por t ion  descr ibes  unce r t a in t i e s  

i n  the  Cartesian components of posi t ion and ve loc i ty  i n  km and h / s .  

lower, right-hand 2 x 2 por t ion  of t he  8 x 8 consider and so lve  covariance 

matrices descr ibes  unce r t a in t i e s  i n  the  t h r u s t  vec tor  o r i en ta t ion  parameters 

a and B i n  deg. 

The 

1. No Tracking; No T e l e m e m e t r y  

1.1 Including uncer ta in t ies  i n  a and B 

1 2 3 4 5 6 
1 ,44051950 Uc' -.65538456 00 .437432@1 PO .15979386-C2 -,24141897-02 .15019383-Q2 
2 -.6553K450 00 p.152~3752-c7T- -*irrYU4'%7 D5 ;.24352559"0T- .3b7873lE-U2 .97826183-CFp 
3 .43743201 00 .219(.4542 00 -18745651 01 -14859769-02 -98649191-03 ,66635827-02 
4 .15$79386-02 -.24352559-02 14859769-02 ,59498521-05 -.90977169-05 .54195440-05 
5 - < 2 4 T ? ~ - V 2 . 5 6 7 8 1 9 8 5 L m  -986- - ~ ? ~ 9 ~ ~ ~ ~ - ~  - 5  8 I 5 m -  C 5 
6 .150193d3-Q2 .9782618?-03 .66635828-02 .54195440-05 .38732068-05 -24744779-04 

1.2 Including uncer ta in t ies  in a, B and accelerometer scale f a c t o r  

2 -.64401071 00 .I5219437 01 . 2 1 8 7 6 5 5 7 ~ 0 U ~ - ~ ~ 2 4 4 7 6 4 0 5 - 0 2  -;56790205-0Z .P8689665=753 - 
3 -43546551 00 e21876556 90 -18746135 01 .14081269-02 .90h45353-03 -66624356-02 
4 .15105624-02 -.24476905-02 .14881269-@2 -60453277-05 --90994223-05 .53685738-05 
5 -.24126298-32 .56740205-02 .98645354-03 -.90994223-@5 -21358412-04 .38741168-05--- 
6 a15485602-02 .98489665-03 .65624356-02 -53685738-05 -38741168-05 .24821976-@4 

31 



- 

1 2 
1 .1@126502 r)O -.14491143 00 

3 .11114267 00 2 7 4 3 7 3 6 0 - 0 1  
4 ,33742UOl-C3 -.51572904-03 
T -.50957373-03 .lYOZB424-02 

- T -. 1 4 4 9 1 1 4 3  n - - ; 3 2 a v 9 5 ~ 9 m  

6 -31665268-03  .21035767-C3 -_ 

_- - - .  

3 
.11114267 00 . T743736O-Dl 
.45Sb7C89 00  
. 3  1021459-03 
a22164640-03 

14078614-02 

. -  

4 
33  742On1-03 

-551 572904-03 
. 3  10 2 145 9-03 
.12648298-05 -. 19341455-C5 

11 522963-05 

-. 

5 -. 50957373-03  
.17028924-02 
-2216464C-03 

- .19341455-05 
.4 5 40 6 3 5 F U  5 
-82142273-06  

6 
-31665068-03  
.21035788-03 
- 1 4 0 7 8 8  14-02 
.11522963-05 
.821422 73-06 

5 26 94845-  0 5  
_ .  

3. Tracking Only 

3.1 Considering the effects of uncertainties in a and B 

__ - - ._ - . .. __ - - 

1 2 3 4 5 6 
1 - 1 0 5 8 1 4 9 4 - 0 1  -021872096-01  -17079382-03  -39667573-04  -.82432578-04 ,66548423-06 

7 5 4 7 2 6 8 0-0 7 
3 0 1 7 0 7 9 2 8 3 - 0 3  -057224214-02 .17421691-01 -.11414096-05 e36342622-05  -.44784259-05 
4 035667573-04  - -81579433-04  - 0  11414059-05 14916874-06 -.31007708-06 a29745371-08 
5 -. 6 3 3 2 1 6 5 1 -0 A 
6 -66548463-06  0.75471843-07 -.44784259-05 -29745385-08  - -63321680-08  15154996-08 
7 - -23102544-03  -41366951-03  -18831228-03  -088779620-06 - 1 8 4 5 3 4 2 4 - 0 5  -.R8045245-07 - 4 7 2 89 2 8 8-0 6 

2 2 - c  2 1 8 720 9 5-0-1 - 969 5 3  11 8-0 1 - 5 7 2 2 4 2 3 5-0 2 1  - 8  1 5 7 9 3 3  2-0 4 __ ; 1 6 9 1 6 1 8 5-0  3 

- 0  82Q 25 8 O-O4> 16 9 1  6 1 86-0 3 - 3 4  34 2 5 4 4~0-5--,3 1 0 0 7  7 0 8-06- 6 4  4 7 5 00 2-0 6 

--8- E e7 18 3945 2-0 2 ' * L 4 8  38 9 4 1-0 1 - 2 5 7 0 0 2 9 2-0 5 - 2 €5 9 9  1 5 3 0- 04 - 5  6 1 0 0 1 8 2-0 4 

7 8 
- .L-- ~ 2 3  10 254 1-0 3 -. 7 183 945 2-02 

2 -41366946-03  -14838941-01  
3 18831230-03 .25707017-05 

- .  

__ 4 -08e779613-06  - ._ -.26991530-04 ~ .- - 
5 -18453422-05  .56100182-04 
6 -088045253-07 -.47289314-06 

__--_ 7 .9000020_6-05 -15751114-03  
8 .15751112-03 e48869885-02 
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3.2 soiving for a ana t3 

1 2 3 4 5 6 
1 068575786-UZ -o142415R8-('1 0 3 5 4 3 4 2 4 6 - 0 3  025655917-34  - 0  53312239-e4  0 3 4 9 8 4 1 6 7 - 0 6  
2 -014241588-91  0 3 1 7 1 2 1 t 0 - C l  -06iJ818488-02  - 0 5 2 8 7 2 5 8 0 - 0 4  o lC949627-03 0 7 1 5 7 8 9 6 7 - 0 6  
3 035434247-b3  -06( '818488-C2 e 17363235-01 -044563856-?6 o2188110R-05 -044437485-35  
4 025656917-34  - 0  52872580-04  -044563861-06  096455269-07 - 0  20051505-06  o 17849709-08  
5 -0 533122O8-b4 o lbVt9027-C'3 21881 109-05 -m200515f15-05 041793143-06  -033597063-08  
6 034984167-t  6 o 71578866-06  -044437488-05 017949709-08  -038597062-98  145313464-08 
7 -01455679b-  ' 3  0233911C3-U3 183Ch733-G3 -05661671C-06 o 11768535-05 - 0 8 @ 4 3 2 1 2 7 - @ 7  
8 -046>*-13535-( 2 096475137-C2 - 0  1224G110-03 - 0  17459173-04 o 36287915-04  -02581q746-06  

7 0 
1 - 0  14556796-03 -0465C3535-02 
2 23891 1G3-C3 o 96475U37-C2 
3 0183(6733- f13  -m1274C111-03 
4 - 0  560 It: 7 1  C-c 6 - 0  17455 273-04 
5 11768535-b5 036297915-< 4 
6 - 0  8O4C2 127-37 -02581C746-06 
7 701  73287-(15 o9936?616-04 
8-  .93240932--04 .2.87.303213(22 -. 

4. Tracking and Telemetry 

4.1 Considering the effects of uncertainties in a and B 

-- ~ ~ _ _  - - ___ ~ ~~-~~ -- -______ 
1 2 3 4 5 6 

1 ,94919548-02 -. 19621885-01 17210038-03  035573858-04 -073924050-04 o 59340913-06 
-__I__ 2 - , l s 6 2 1 8 8 5 - 0 1 ~  -42305696-01<.57248411-02 -,73124769--04 15158937-03 ,22421969-06 

4 -35573858-04 -973124770-04 -.11364093-05 ,13378746-06 -.27810805-06 ,27036960-08 
3 -17209949-03  -057248393-02 -17420857-01  -. 11364126-05 -36238758-05  -.447Rn174-05 

5 - 2 7 8 1 0 8 0 5 - 06- ~ 5 7 8 3 0 4  4 2-0 6 - .!5759 23 90-08 73 9 2 3950 - 04- _. 1 5 1 5 89 3 7-0 3 - 3 6 2 3  8 6 8 9-0 5 - - 
6 059340946-06 ,22421896-06 - ,44780173-05 -27036974-08 -057692416-08 .15106064-08 
7 - ,20711765-03 -36425897-03  ,13826621-03 -079796589-06 - 1 6 5 8 6 3 5 7 - 0 5  -086456967-07 

-,64427677-02 13308199-01 0 16796636-05 -.24206711-04 0 503121 12-04 --42386-196-06 

7 8 
__ 1 -,2C711763-03 -.64427677-02 - 

2 -36429893-03  -13308198-01  
3 -18826623-03  a16802675-05 

- _  4 79796582-06 -9 2 4 2 0 6 7 1  1-04 
5 .16586356-05 .50312112-04 

__ 7 __ ,84750478-05 ,14124743-03 
6 -086456974-07 -.42386220-06 

8 014124742-03 .43827900-02 
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4.2 Solving for a and B 

1 2 3 4 5 h 
1 m638381d3-02 - a  13258922-Pl .34246772-G3 023A7R140-f14 -o49615143-n4 .32331589-P6 
2 - a  13258Y22-@1 a29273870-01 - m  60569416-02 -e49LH3161-134 olDlA2876-"3 -77Ch9995-06 
3 34246773-03 - a  bO569418-PZ a 17362117-01 -049Q13636-06 a22805960-P5 -a4444Q961-05 
4 ~ 2 3 8 7 8 1 4 0 - C 4  -0491831Ll-04 -049C13638-06 o 89776793-07 - 0  18663479-06 a16853457-08 
5 -m49615142-04 a 101828L6-03 m228n5960-05 -01866342'3-06 038818121-06 -e76526417-08 
6 a3233158Y-66 a77369994-06 -.4444@961-C5 016853457-78 -a36526418-OR e14797307-qR 
7 -0 13543215-03 o 217893C+b3 a 18330423-113 -052811011-06 o 1 m 7 7 5 4 6 - 0 5  -.79R77997-07 
8 -a432UUMtil-L2 08979r772-02  - a  11432523-03 -a16249318-04 o 33773106-04 -o24n:16355-06 

7 8 
1 - a  13543215-03 -o4328i  flfll-02 
2 L17PY36j-( 3 0 8979( 777-02 
3 e 18333423-( 3 - 0  11432524-03 
4 -m52811Cll-C36 - 0  1624Y31H-Ct4 
5 a lOY77546-Lb o 337731C 6-C4 
6 - a  798L79Y7-Q7 - 0  24('P635h-(>6 
7 a68bC1245-b5 a92473L30-1'4 
8 5)2473UK-W1 o 2944C 31b-02 
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