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ABSTRACT 2 Q’ Xb

The transfer function of an electrodynamic vibration system (power
amplifier and vibration exciter) is defined as the ratio of table accel-
erations to input voltage. The equation is itself a function of frequency.
An input signal with a given frequency is applied to the input of the
system; the signal appears at the output, multiplied by the magnitude
of the transfer function, with its phase shifted by the phase angle of the
transfer function.

This Report presents a detailed solution of the mathematical equa-
tion that describes a typical electrodynamic vibration system. The
mathematical analysis is compared with the empirical transfer function
of a particular vibration exciter to demonstrate the validity of the
equation and the value of mathematics and computers for analysis of
vibration techniques.

. INTRODUCTION

Transfer functions of a vibration system can be obtained empirically by
plotting the voltage required by the system to maintain a certain (constant)
acceleration level. It is a more difficult task to obtain the transfer function by
mathematical methods. A mathematical transfer function of a vibration system
is a desirable equation and valuable tool for investigating the dynamics of these
systems, and in particular, the equation is important in the analysis, synthesis, or
modification of control techniques for single or multiple shaker systems.

Although mathematical transfer functions of vibration systems have appeared
in the literature from time to time, there have been two problems associated
with these equations: (1) there have been errors in the equations in some cases,
and (2) the derivations have not been included, or if included, are not obvious
or not complete.

PRECEDING PAGE CLANK NOT FILMED, 1
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Il. THE ANALOG CIRCUIT

The equivalent electrical circuit for an electrodynamic shaker (Fig. 1) is used
quite often for analysis and synthesis of vibration systems* (Ref. 1). In this figure,

vg = Driver coil voltage, volts

i3 = Driver coil current, amp
R; = Driver coil resistance, ohms
L; = Driver coil inductance, henrys

K, = Force constant, newtons/amp
(The ideal transformer with turns ratio K,:1
provides the electromechanical conversion.)

M. = Mass of the driver coil, kg
M; = Table mass, kg
1/K; = Table compliance, m/newton

1/K; = Flexure compliance, m/newton

| /K
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Fig. 1. Equivalent electrical analog circuit for an electrodynamic shaker

The following relationships will transform the above mechanical terms to
analog electrical terms?:

1/K - L: inductance, henrys
M — C: capacitance, farads
F —> I: current, amp

x> V: voltage, volts

X % V = SV time derivative of voltage

The subscripts from the mechanical system are carried over to the electrical
analog. Also, S = d/dt and 1/S = [ dt, where S is the Laplace transform variable.

Since the equivalent electrical circuit has an ideal transformer with turns ratio
K1, it is necessary to refer the secondary side of the transformer over to the
primary side. This can be done in the following manner (Ref. 3): (1) multiply

'Ling Electronics Co. and MB Electronics Co.—two prominent manufacturers of vibration
equipment—have used this equivalent circuit in their literature.

*The force—current analogy system is employed because from the point of view of physical
interpretation, it is the only natural analogy (Ref. 2).
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inductances by K and (2) multiply capacitances by 1/K: . The resulting equiva-
lent electrical circuit is shown in Fig. 2.

The voltage at node@is Vo, = SK;L,I..

The voltage transfer function of the circuit (Fig. 2) is V., ; /va. To obtain this
transfer function, it is necessary to calculate I..

. La v, k5L v
T AAATT S A 4 —07
w \&
2
+ 1) :L GfKE L) RGME [3}5’(; L TO LOAD
—0

Fig. 2. Reflected equivalent electrical analog circuit

For the analog system, voltage is equal to velocity. The velocity at node@is
x. The acceleration at node éls %, where x is the displacement. Therefore,
dx/dt = Sx is the velocity and d?x/dt* = S%t is the acceleration. Again, the

velocity at node@(the voltage of the analog system) is SK;L;I,. The accelera-
tion at node@is S°K.L,I;. The voltage transfer function in terms of acceleration
is defined as

X, Sx, SV,
or — or
L7 L2 V4

lil. MODIFICATION OF THE ANALOG CIRCUIT

Physically, however, one is not too interested in the acceleration of the flexures,
but rather in the acceleration of the vibration table. Although the acceleration
at node@is the same as that for the flexures, the forces (currents in the analog
system) are different:

= B

20, —

sk

For the physical interpretation of the analog circuit, it may be better to redraw
the circuit as shown in Fig. 3.

iy o Lo l/| Kg Ly 1/2
]

? ) ]:c/’( -’z ﬁ’( gLlr Iy AC;/K;? JTO LOAD

Fig. 3. Modified equivalent electrical analog circuit
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(Rs + SLq + K, /SC.) ~K;/SC. 0 I
K: : 2 2 2 I, =
SC. sc. T SKL, + SKLy — SKIL,
. . K; L
0 — SKXL, SK;L; + — Ct ]
b - — -
(R SL LS ) K v
a+ 5L+ 56 SC. ‘
K; ;
-5 < scﬂ, + SK’L, + SK,?L,> 0
0 — SK;L; 0
L=
A,

IV. DERIVATION OF THE TRANSFER FUNCTION

In the new circuit, the velocity of the vibration table is

1

= —— IS
$(C./K)

2Ct

To obtain the acceleration of the table, it is only necessary to multiply the
above equation by the Laplace operator S

S K1,
S Vzct =—1I=
S(Ct/Kj) C:
The table acceleration is
v K1,
X, = 1
= 0

where I, is as defined in Fig. 3. The ratio ¥/v; is needed to obtain the mathe-
matical transfer function.

By writing Kirchhoff’s voltage equations (loop equations), a matrix [z] can be
constructed:

where A, is the determinant of the [z] matrix.

g




The numerator of I; can be solved by expanding around v; since the third
column has 2 zeroes:

< K; SK:Lf>
13 numerator — Ug .
SC. 1

= vy(K;L;/C.)
Therefore

1, = (KiLi/Celos @)

A,

By substituting Eq. (2) into Eq. (1), the table acceleration becomes

u,,<K;L,)/cc< K )

A, C;

x2=

By dividing both sides of the above equation by vq4, the ratio X./v; is obtained,
which is the transfer function of an electrodynamic vibration system:

% _ KL/CLC:

o A 3)
Consider A,:
(Rs + SLs + K;/SC.) ~K;/SC. 0
2
A, = -K;/SC. ( S’é’c + SKIL, + SK?,L,) —SK:L,
0 -SK;L, (SK;L; + K;/SCy)
Expanding A, around the third row:
R; + SL; + K,/SC. 0
A, = SKIL, + (SK;L; + K;/SC)
—K;/SC. —SKJL,
(Rs + SL: + K;/SC.) —K;/SC.
X
~K%/SC, ( SIS’ + SKL, + SKf,L,)

JPL TECHNICAL REPORT NO.
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A, = SK;L; [—SK;L/(R: + SLa + K;/SC.)] + (SK;L; + K;/SC))

2

K;
X [ (Rs + SLq + K, /SC.) - < sc_ * SKiL: + SK L,)] - (Ki/scc)2€

Multiplying through,

A, = SK;L; [ —SK;L;R; — S°K;L;Ls — SK,L;/SC.] + (SK;L; + K;/SC)

2

RiK,
X [SC + RySK,L; + RiSK,L, + +SKLst+SKLdL,

SC

;/5 SKLt SK.L, _( KA
/3’ SC. C.

Continuing the multiplication,

S’KIL;  SK,L
ey SKLRa | S’K.L,RaL;

A, = —S’K,LiRs — S’K,L; Ly —

SC. SC.
S’K:L,L S’K;L,L
+ SPKLIR; + ——1% 4 SKIL;LoLy + S°KLILs + —
SC. SC.
S’K;L} RK, N RSK;L, N RsSK,L; 4 SL.K,
SC, S*C.C, SC, SC, s:C.C,
S*KLsL, N S’KiLL, N SK;L; SK{L,
SC, SC, s:c.C, = $*C.C,
Canceling S’s and like terms,
K;L,R SK;L,L SK,L;L
.= "C’c ® + S’K'L,RiL, + —ic—’—‘f + S°K‘L,LiL, + —i’c-ﬁ
R.KK; N R:K,L, N RKL, LXK,  SK,L.L, N SK;LsL;
S:C.C, C, C, SC.C, C, C,
KL, KL,

SC.C, SC.C,

The next step is to put A, over a common denominator and collect terms with
reference to the power of S:

. . 2
By lnspeCtlon: Az denominator — S CcCt




JPL TECHNICAL REPORT NO

Az numerator = S°C:K;L;Ry + S*K}L;R,L,C.C, + S°K:L,L.C,
+ S°K;L,;L,L.C.C, + S°KSL,L,C, + R;K:
+S°ReK;L.C. + S’R.K,L,C, + SL.K; + S’KiL.L.C,
+ S*K;L,L;C. + SK;L, + SK.L,

A; sumerstor = S K3L;LsLiC.C, + S*K;L;RsL:C.C; + [S’K;L,L.C,
+ S’K;L/L.C, + S’K;LiL.C. + S'K,LoL,C.]
+ [S’C.KSL/Rs + S’RiK,L:C. + S"RiK,L,C.]
+ [SL.K; + SK,L, + SK;L;] + RiK,

It is convenient to have the first term of any polynomial by itself, i.e., in this
case, S° + S'K, + S’K, + ++- + K; therefore, by dividing both numerator and

denominator of A, by K,L,;L,L,C.C;, the following equation is obtained:

'Z numerator Ld Lth LdCc L,Ct Ltct
. ( S°R, S’R, S’R, )
L:L.C, L.L;,C, L;L.C,;
2 2
N ( s, SK SK: ) . B
LthCcCt LdL[CcCt LsL.C.C, LdeLfct‘C‘
Collecting terms,
R; sf 1 K, 1 1
Az numerator — s H— + S T +
r = S+ § (L,,) (Ltcc Lc. ‘e t Ltct>
1 1 1
+ sz.ﬁ( + )
Ld Ltcc LfCt LtCt
1 1 2 2
+ S < ac + a ) + e
CC: \L,L, L4L; LqL, L,L;L.C.C,
Di‘viu'

[k LRy ] ity v ¥ o~ o~
1Y L2 denominator DY NglifliglstU Uy, IT DECOINES:
2
S
" K:L.L L

g at

Az denominator

. 32-934
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The acceleration of the table is

2

. K I,
= 4
.= @
The force of the table is
K;L,;/C.)v
13 = ( g f/ ) d (5)
A,
The desired transfer function is
% K;L,;/C.C
9_CE — glef / t (6)
V4 A,
if A, is defined
P

where P is the fifth-order polynomial (A, numerator). Then substituting A, into
Eq. (6) gives

i KL 1
vs  C,C. P/(S*/K:L,L,L,)
or
% KLy s*
0a C.C. PKLLL)
this becomes
X, S°K;

v2  (CiCcLaLi)P

so that

%, SK;/C.C.LiL,

Va P

where, again, P is the fifth-order polynomial which is the numerator of 4., and
X;/vq is the mathematical voltage transfer function of the electrodynamic shaker
system that has an equivalent electrical analog circuit such as that of Fig. 1.




JPL TECHNICAL REPORT

E/Ud =

For the mechanical engineer who prefers mechanical terms rather than elec-
trical terms to describe a transfer function, the function can be transformed back
using the analogy in reverse, obtaining:

NO. 32-934

S’K;Ke/M:M:Lq
Rd 3 Kt K: Kf Kt ZRd Kg Kf Kt
ss+s*(—)+s<~—+ +—+—)+8"— — +—
La Mo, M, )T o\ T, T,
2 2
+5 (Kth + KK KK, RKK,
M, L, L, MM,L,

V. COMPARISON WITH EMPIRICAL DATA

Transfer functions are frequently expressed in terms of the Laplace trans-
form variable S (Ref. 4), as above. For steady state sinusoidal conditions, the
Laplace variable S can be replaced by the operator jo, where o = 2zF and
i=v-1L

A computer program was written (Ref. 5) and an IBM 7090 was utilized to
test the mathematical model of the vibration system, using the shaker constants
of an MB Electronics C-10E exciter. Table 1 lists the constants specified by
the manufacturer.

Table 1. Shaker constants of MB Electronics C-10E Exciter

Constant Value Mks Units
K: 8.16 X 10° newtons/m
K; 6.30 X 10° newtons/m
Mo 1.815 kg
M. 6120 kg
Le 12 X 107 henrys
Rs 3.0 ohms
K, 190.0 newtons/amp

Figure 4 illustrates the results obtained by comparing the acceleration-vs-
voltage plot obtained from the MB C-10E exciter (bare table) with that pre-
dicied by the computer with the analytically derived transfer function.

The results suggest, among other things, that perhaps the digital computer
could be utilized to design—or modify—electrodynamic vibration exciters. It
should be a very simple procedure to optimize a transfer function by computer
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Fig. 4. Empirical transfer function vs mathematical transfer function of an
electrodynamic vibration system

techniques. The computer program can be quite simple (Ref. 6) and the com-
puter time to do this should not run over 4 min at the very most. All this pre-
supposes an accurate mathematical model. Nothing is gained by having three
models: one for the low frequencies, one for the midrange, and another for the
high frequencies. In fact, the mathematical transfer function will suffice for all
frequencies.

V1. CONCLUSIONS

The close correlation between the mathematical transfer function and the em-
pirical transfer function suggests the validity of the mathematics and the analog
circuit and the value of using mathematical and computer techniques to analyze
and synthesize vibrations systems. It is important, however, that the model and
mathematical equations be exact in order to produce meaningful results.

By extending the analog circuit and utilizing the techniques of this paper, it
should be possible to investigate the dynamics of a multiple shaker system with
an attached resonant load. Such a study has been initiated and the results are
encouraging.

Other studies should be performed to indicate solutions to control problems
associated with electrodynamic exciters being employed for shock testing and
multiple shaker configurations.
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Recipients of Jet Propulsion Laboratory
Technical Report No. 32-934

SUBJECT: Errata

Gentlemen:

Please note the following corrections to Jet Propulsion
Laboratory Technical Report No. 32-934, "Derivation of the Mathematical
Transfer Function of an Electrodynamic Vibration Exciter,™ May 15, 1966:

Page 2, lines 20, 21.

Page 3, line 13.

K,x— V: voltage, volts

d
K,x> = V = SV: time derivative of voltage

Page 4, Equation (1).

or or
Vg Uq Kg V4
. Kl
X, =
C;

Page 5, equation below Equation (2).

Telephone 354-4321

X, = -
Ay \

va(KSL1)/C. ( K, )
Ct /

Twx 213-449-2451
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Page 5, Equation (3).

%, K,L;/CC.
Vg - A,

Page 8, Equation (4).

Page 8, Equation (6).

%  KL/CC

U4 A

Page 8, four equations at bottom.

_ KL, 1
va. CC. P/(S/KLLL)

| we

or
e 5 2
X, _ KyL 7 S
vs C.C. P(K‘;LILst)
this becomes
X, S°K,

v (C.CLiL)P
so that

i, SK,/CC.LL,

Vg P
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Page 9, equation.
S°’K,K¢/M.M,Lq
2
5 4 Ry 3 K‘ K!I Kf Kt 2 Rd Kt KI K;
S(—)+S<—+ +— 4+ —J+ 85— + — 4+ —
S +5\ 1, M. LM M, M, L, \M. ' M, " M,

KK, KK RK,K
(K:K:+”’+”‘+"’t
Ld Ld MthLd

i/Ud =

+S

MM,
Very truly yours,

‘—"John Kempton, Manager
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