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The mechanical strength of a medium is formulated in terms

. . s . . . L
of microscopic behavior in the continuum. Both deformation and

orientation of the microscopic elements are considered in the -

formulation. It is shown that the representation of the compli-

cated time-dependent macro-modulus functions can be greatly sim-

plified through the use of micro-behavior. The time-dependent

macroscopic fracture strength is also obtained using microscopic

considerations. The fracture strength is found to be linearly

related with logarithm of time for large loads.
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INTRODUCTION AND MATHEMATICAL MODEL

The macroscopic mechanic;i behavior of a material body.is
complicated as it is intimately affected by deformation and asso-
ciated structural changes. Any investigation without taking
these microscopic structural considerations is unlikely to give
basic information or clear understanding. This is particularly
true for materials having pronounced time-dependent properties.
Viscoelastic behavior and ultimate strength are such properties
that cannot be accurately determined unless deformation is con-
sidered. The present report attempts to describe methods of ana-
lyzing the macroscopic viscoelastic behavior and the time-dependent
mechanical strength of a medium as a consequence of deformation
and orientation of microscopic elements in the medium.

The mathematical model which will be used for analysis is a
matrix of orieﬁted eiements embedded in an arbitrary domain. The
whole system can be either suspension of individual elements or
a network of elements connected by flexible joints or both. De-
pending upon the nature of the molecular constitutions, the basic
elements may be real or abstract molecular forces linear or non-
linear in their load deformation characteristics. 1In the vicinity
of a poiﬁt,deformation and orientation of parallel elements in
the micro-continuum may be represented by motions of linear vec-
tors. TFor small deformations the complete matrix will have little

orientation effect. Considerations of deformations of individual

elemenis will yield representative information on the macro-be-

havior of the system. Howevér, wihen deformations become appre-




ciable, the orientation of the micro-elements must be taken into
consideration if significant information is to be obtained.
Referring to an arbitrary reference frame, the deformation
of any element can be easily expressed. Denoting the instanta-
neous direction of an element by a unit vector Sg then under
load the deformation of the elements can be expressed as r;&,,,SnSn
where y; 1is the original length of the element and Emn is
the strain tensor. In general, the components of Emn are
functions of time t and space variables. For small deformations
there is only negzligible amount of orientation and SmS, can
be regarded as independent of time. When deformation becomes sig-
nificant, orientation of the elements must be considered. This
can be accomplished by introducing a density function of orienta-
tion @(g) in terms of large strain &€ . As mentioned earlier,
depending upon the nature of molecular constitution two extreme
cases or their combinations may be considered. Using orthogonal
spherical coordinates (r,6.¢ ) consider the case for the deforma-
tion of a unit sphere with randomly oriented elements to a spheroid
symmetrical about its axis, the density of the probability dis-

tribution function of orientation of the elements isl

/O(E) ) (/"'5)
peo [cose + (l+6)sm6] (1)

where P(O) =J;r" is a constant representing random distribu-

tion density function. However, if these elements are connected
1
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together by flexible joints, then?
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where o and £ are related in the following form

— o+ |
=1 dzlﬁw (3)

These distribution {unctions are obtained for continuous systems. .

For discrete systems, modifications can be easily introducedB.

Therefore, it seems that for any kind of media the general formu-
lation should apply equally as well.
MACROSCOPIC AND MICROSCOPIC BEHAVIOR
In order to obtain macroscopic information incorporating
microscopic behavior, consider the stress tensor 6?) in the
vicinity of a point where at least an element is attached. If
>\P is the number of elements per unit volume oriented in a

particular direction, 75(9,4;t) the fraction of unbroken ele-

ments, a function of orientation and time ¢ , and F =Y/

is the force exerted on each element of cross-sectional area A
and length [/, corresponding to a stress yb per element, then

the traction force contribution by these elements can be found

asl

Flo.Ixrplo.e)f(0.68)S;:Sjdew
] (4

z Von P. H. Hermans, O. Kratky and P. Platzek, Kolloid-Z 86
245, (1939)

3 C. C. Hsiao and T S. Wu, J. Polvmer Scieﬁcé, A,‘l, 1789 (1963).
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where dco is the solid angle. Since }\r;A:/ , there-
fore considering all the possible orientations, the stress

tensor can be expressed as follows

o= s; d
F= | vefssde 5

Now let us consider the one-dimensional constitutive equa-
‘tion of the element. In general the stress is expressible as a
functional of deformation history subject to restrictions imposed )
upon by theory of objectivity. Under suitable conditions, for

small finite deformat.uons E , 77// can be given as

[ E(t-T) E(T)dT, +/[J E (t-7, 4-t)EmE MmN dT

(4 -
+ )f )/ fsE (é—'c,t—'r.,{—ta)é(wém)é(ﬁ)df}dﬁd%
- bo =69~ b0 (6)
where kernel functions, IEZ,ZEZ s E depend upon the micro-
behavior of the element material. Supposing that the elements

are initially undisturbed, the stress components then can be put

in the form

6“ [ (0(9 ¢)][(7£)5‘5J[f5(é Z‘)E,,,,,S SA(@dT

j E('é T/,'ﬁ f.\) Emnsmsn(f) gpgSpSg(’G)dZ’,dT

///E<{ -z, {- Z- g)meS.MSnCt,)EPf@,'Sg(n)

Ooo

5r$€:55('(;)clt,c{(_‘_dz; _{_ '_....-JO/CO (7)



52/ is also the macroscopic stress field for a homogeneous
material body as the average stress field is the same as that at
any point. On the basis of somewhat comparable finite small
deformation considerations, the same stress tensor can also be
represented in terms of macroscopic relaxation modulus functions

ijmn , etc. as foliows

' (4

f
/
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gu(é) j,éb/mn

°t st o .
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E,5(5) dr,da dT

(8)
For small strains, 5,,,,5,, will be independent of mole-
cular orientation, and the linear macroscopic behavior can be re-

lated to the microscopic behavior of elements in an oriented sys-

tem in the following manner:
t t
: /éy‘mn(f-r)émncwdt =/(0f5;§j5m5n F(4-0) Eppn@drd w
o O .o

(9
For the convenience of illustration, if ]L is considered to

‘be independent ol time, then G\:‘jmn (‘é) ' can be related to
E(f) indicating that a single function of a microscopic element

)



governs the macroscopic timc-dependent behavior and the variation
of the orientation of the elements. Differentiating (9) with

respect to time < , we obtain:

/

. G//// (L) = / j[S,S S, S, deo E(4)
| G2z (¢t )—‘/w ,ofS,S 52 S, Jeo Fté)
G133 <7f)f/r a—f 5,3, S; S;dwE )
- Gz <f>-—] fszszs S, dw £t
w0

62233 ('ZL) sj _ f?ﬁ 52.51 55 a/wE(?é)
W
Gy (zz)zj o f 538,855 dw ENL) (10)

Referring to a spherical coordinate system and letting the
direction of any representative element be designated by the
angles © and @ in the usual manner, then the joint proba-

bility distribution functiomn is
77_ ’

// — s/in@ded for 0<¢ <z

and 5 (SIHGCOqu Stn@sind, COSQ) For the case (0(5)

(11)

is represented in (1), we find
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) (t
6333>(’L)—P(0)/[2,<4[ 30— r<)2 ZSin K]jE(lz))

where -3
K= [|—=(I1+&)

It is seen that for this simple case ail macro-relaxation funce

tions are possessing the same functional form as the micro-relaxa-
tion function £ ({) . Thé advantage of using these relationships
in obtaining viscoelastic info}mation for anisotropic bodies is
evident,

t should be pointed out that ;f is in general a time-de-
pendent function which can be evaluated from the statistical

theory of the absolute reaction rate1

I _ p _
df (477- ][) 67[ R
where K "’5()6 ( ""ﬂ/j) is the rate of reformation of broken
elements and /(Z_, éé? ( {300) , the rate of rupturing of un-
broken elements. [/ 1is activation energy, /A 1is a universal
constant, 7 . is absolute temperature and é and y are posi-
tive constants. Once the functional form of jf is determined,
the relaxation modulus functions can then be properly modified.
Furthermore, ﬁhﬁough the correlation of the viscoelastic consti-
tutive equations, it may also be possible to deduce the creep
functions of microscopic elements of the medium as wellﬁ
TIME-DEPLNDENT MACRO- AND MICRO-STRENGTH

The time-dependent fracture of any medium can be studied by

solving (13), £from which
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SR (O RS fok e,

—7“ —_—
J 4T ) (14)
o
According to the absoliute reaction rate theory, the effect of
stress on elastic deformation and viscous flow is capable of
being related to a comprehensiblie activation process as a conse-=
quence of the movement of the whole or a segment of a molecule,
from one equilibrium state to the next. If (/ is the original
potential energy barrier to be crossed between two equilibrium
states, the frequency with which such steps occur under the in-
-
fluence of the thermal agitation will be proportional to g R7T

After a stress 7.// is applied to the system, ‘the energy barrier

becomes modified to JEL.__(gyD in the direction of the applied
RT .

rt

// ~ s . 221 - g - - 1 b J
stress L0 — +4 the o it se r tate
stress t RT—,«-}&// in the opposite sense where, as stated
earlier, @ and }’ are constants depending upon the modifica-

\
tion of the emergy barrier. As a result both the rates of modi-
fied kinetic process become different exponential functions of

t cince )= —(/;’%'—Gyj) d K. =) —('5(‘:,/:-/-}’1//) for
stress. Since 5-"066 7 an ~=UE o
a large value of stress %y(f) » K will be very much smaller

compared with Ky, « To a first approximation, (14) may be re-

. z U
duced to _(———--— )
/ — a})e RT @Z/J c/‘r
][—. st &7

It is generally recognized that the molecular orientation

4

processes will take place before the inception of fracture~.

(15)

& C. C. idsiao and J. A. Sauer. J. 4ppi. Phys %}, 1071 (1950).
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Assuming that all the elements will De fully oriented before

fracture, then f’::[ and the stress function ‘L&(fj in each
sy, ]
ae RT[f

Furthermore, (/ is a material constant and 1%Yf)nmy be con-

element will be given as

O
W\Z‘) \7[/25_) =TT e

(16)

sidered as a continuous and multi-differentiable function of time,’

we may write, using (15) and (%6

U F[y/(o)-;z,b(o)fc +z ww)’ri ----- ]
a?é?/?; .JCB

Wity =§nd,e o

where Zaqis time to fracture for a constant stress (7nq.

an

It seems quite reasonable, at this stage, to assume that the

fracture strength is associated with a limiting value %4;7 beyond l

which every element oriented in the direction of applied stress

will break. Then

/Q‘T P[SI’(OHWD)T-F Lot ]

a)éé
(18)
Again for simplicity by dropping higher order terms the first two
terms are taken in evaluating the integral, we obtain
jn STFOm RTf 6 ]6’2//(0)15

Y e K

i E’ (19)
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*From (17) it is easily scen that QU(0)==687T6;:: Substi-

tuting in (i9) and approximate the last terms, we have
— (/o 4
gmrs - 677/97/77\/»1
HU'VL#(C%)éZ le” e Yo
m

77, 8mrb,
For relatively large values of 5:n é; /6 n%¢’f&p 1

(20) can be approximated to show a linear relation between the

fracture stress Sjn and logarithm of time 'trn s

~
K (21)
Fig. 1 shows schematically the variation of the fracture
strength as a function of logarithm of time represented by (20).
This theoretical curve appears to fit very well with various.
findingss. In addition, for relaéively large applied stresses
(21) gives the approximate relationship which agrees fairly well

with available experimental data6.

3 G. M. Bartenev and U. C. Zuev, Strength and Fracture of Visco-
elastic Materials (in Russian), ''Chemistry" Publisher, Moscow
(1964) . N

6

C. C. Hsiao, Proc. Symposium on Structural Dynamics under High
Impulse Loading. Tech. Docu. Report No. ASD TDR 63-140, 325
(1963).
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