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GENERAL AND ALMOST GENERAL PERIODIC FUNCTIONS

by GPO PRICE $
Tomlinson Fort CFSTI PRICE(S) $
1. Basic Facts Hard copy (HC) of. OO
Defimition: If Microfiche (MF) S50
(1) : £(z + h(z)) = £(z) 1653 Juwes

whensver z and 3 + h(z) belong toa dorain R, then f(2) is called
gensral periodic over R with period h{®).

An example of a gemeral periodic function is sin 32. Here *
h(z) = «& ¢ &% + AN, Any determination can be given to Va2 + 2.
A second example is sin o° where h(z) = «z + Fn(e® + 2m).

The following thecrem is easy to prove.

Theorem i': If F(x) is general periodic over R with period g(z)
and if f(3) is a solution over R of the equation
(2) £(z + h(z)) = £(z) + q(=)
then F(£(2)) is general periodic over R with period h(z) -

Corollary: If f(z) is a solution of
(3) £(z + h(z)) = £(3) + 2/c
then o"icf(z) is general periodic with period h(z).

An important problem is the establishment of the existence of
general periodic functions with given period, h(s). This problem has
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(1)
been previously discussed by the author and an existence

theorem proved with certain restrictions on h(z). No further
discussion will be given here. A second problem is: Given f(z)
to determine h(z). This is a problem in implicit functioas,
In many cases it can readily be solved by means of the methods

of elementary mathematics,

2. Multiple Periods

Let 2, =z
z3(2) = 2y + h(z;)
za(z) =2, + h(zz)
(4) 2q(2) = zp3 + h(z, ;)
Let hl(z) = h(z), hj(z) =0 1if j<1.

esoceessecraccooe

a-
(5) “hp(2) =$ h(z + by(z))
: j=0 :
Consequently
(6) Zy =z + By (2)

Theorem II: _;’~_"If,!uz) is a period of f(z) tsen so_is b_{z)over
a_domain to which 'z. +by(z), =0, 1, .cc, (n)  belomg. |
Proofs £(z + bn(z)) = f(z * blzn)) = £(zp) =
f(zp1 * B(2p)) = f(;n_l) = sons = £(2)




Theorem ITI:

0 5, (5,(s)) =2 (2)

Proof: sm(sn) = z, * h(zn) + h(xm_l) + ... +his . 1)
= o + hiz) + h(zz) T oo ® h(znal) * h(zn) + h(znﬂ ® vee ¥ h(zm%n-l)

= sz_n -

Corcllary: If 2 = O then :n(z) = zn(o) = hb.l(O). Consequently
2,(2,(0)) = 5 (h -(0)) =h_, .(0).

3. The Fundamental Difference Equation

Equation (2) is an example of a diffcrence equation with varying
difference interval. It is non-homogensous and of the first order.
So far as the author Imows such equations have never been studied
vrior to the avthorts owm work. We lat
(%) A y(z) = y(z + h(2)) - y(z).

We consider (2) where the complex variable z is replaced by the real
variable x and replace q{x)/h(x) by £{x) and £ by y. We write the
equation

©® L35 < ()

and cite the paper (1) above referved to. By simply replacing

f n x by £f(x) we have the follaring theorem. In this theorem and

hereafter superscripts denote differentiation:

Theorem IV: If f(")(x) rotains the same sign when x > a,

§22 3 oo and 22 (x). 50D () 5> 0 e = £(x,) A h(x,)
1=1




-

\

-

converges undfornly in x when x > a and f(v)(x) x""L — 0 when X—» 0o,

¥v=1, 2, ... then (7) has a sclution when x > a which is differentiable.

Any two solutions differ at most by a general periodic furction with

period h(x): We assume h(x) > O and differentisble.

This theorsm establishes the exxistence, under the conditions
stated, of a general wezdodic function with period h(x) which is
differentiable and which can be written in the form Q(y{x)) whers Q
is periodic and y(x) is a solution of (9). It is quite possible
to write asymptotic forms for our solutions of (§) and by means of
them to establish the existence of solutions over a right hand half
of the complex plane. The author does not do this 4n order to aveid
repetition of work in the paper already alluded to ‘> and in order
not to increase the lemgth of the present paper. The existence of
analytic general veriodic functions is, however, immediately inferred.

. Orthogonality and Fourier Series

A discussion of this topic is postponed to Part II of the present

W.




PART I1
ALIOST-GENERAL PERIODIC FUNCTIONS

5. General

We have remarked that 1f h(x) is a period of F(x) so is hn(x).
Now let Fl(x) end Fz(x) be distinct functions with resvective periods
lh(x) and 2h(::). If there exist integers, o, and n, such that
lhhl(x) = 2hnz for all x in R, then this ﬁmction_is a period for
Fl(x) and Fz(x). Consoquently Fl('x)» + Fz(x) is general periodic,
Incasethereareminbegarax&andnzvmichmkelhul(x) "Zhnz(x)
for all values of x in R then the function Fl(x) + Fz(x) suggests
a definition of almost gemsral periodic functions analogous to that
given by Harold Bohr for almost periodic functions (2).

In part IT we demand that the S$ndependent variable x be real and
that h(x) satisfy a relation such as (3). Usually h(x) will depend
upon a parameter and to emphasize this we may write h(x, c). We give
certain restrictions on h(x) and‘f(x). -These are more than required
: ‘for all theorems but will nevertheless be assumed. We require that
x + h(x) be strictly mcreaeing, x : a and that h*(x) and £'(x) > 1
exist and be contimious when x > a; Ve denote the inverse of x + h(x)
by x « H(x). From its definition H{x) is defined when x > a + h(a).
Wo require that whenx > a then 0 < ék:h(x) <M. Tt results that



0< j<H(x) <H. We also require that h (x) become infinite with n.
Wo choose £™1(x) single-ralusd and incressing &7 £(x) s increasing.
Mﬂf(x) e x + 1/x then £ i(x) » X2 =3 w also aseum
£1(x1)/2'(x) and consequently (£ L(x')) /£ (x))* bounded sbove and
away from zero if |x' = x| 19 bounded. It results also that
hﬁ(x')/h"‘(x) 1s bounded away from zero. We use equation (3) to

prove that

(10) h(x) = x+ £ [#x) + T
(1) n(x) = -x + £2[20x) + 2
(12) x,x) = et « o=

In order to prove the mean value theorem which is of fundamental
importance the au'bhcrhasweneompeuedtoquﬂrathathg(x)
approachunity\mirorm]yinm._ The avthor doubts the nccessity

of this restriction on hn(x). Consequently it is not made until
the proof of theorem X/ . Wi wbas ovdicare A (2
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6. Definitions and Soms Simple Theorems

¥e shall assume that we deal with a function depending upon a
parameter h(x, c).

Definition: By a category of general periodic functions we msan
the set of finctions having the period, h(x, c) where h satisfies an




s ,
vequahionofthe_mf(x'rh{(x, c))-f(x)-—-. Oerbdn_rg-_
sbricﬁaahmbeenplacedmtandh. %w_thatc > 0.

Deﬁnitim. Aeontimcusﬁmﬁm,l’(x)isuﬁ.dtobedmst

5aneralperlodicdcatenorz ng c!m::>aifgivanﬂs>o
themsﬁ.sth>0mdc>0both_ig§anmldependeutmgmhf“'

thers is an integer m such that
| Flx + ny0x, o)) - Px) | <6
whenever x> a.

¥o call b (x, c) a trauslstion function.

Theorem VI: General periodic functions widch are continmuous are

almost genmeral periodic if h(x) obsys the restrictions placed on
h(x) of this part of the paper.

Proof: let L= 1, Then
'F(x*hn(x))-F(x)l-O*‘-e.

Theorem VII: The almost periodic ﬁmtionsg_gﬂdr(z) are glmost-
general perfodic functions with h(x, ¢) --1'- and f(x) = k.

Proof: Consider an almost periodic function F{x). (iven ¢
suppoeathat/isthecm'espmdmglengthmhthatonmm-
val of length £ there lies a translation mmber 7. Ist'r{, ?’2,..., T’n,...
be translation mumbers lying respectively on the intervals [0, Z ],




(4,201 ... (a=1)#,0L), ... . Due to the uniforn con-
timity of 2(x) each 7 can be changed by an amount which does not
exceod 6 where & is a uniform comtimity constant corresponding to
" ¢/2. Ve then choose each 7" an integral miltiple of /4 whers 0< /<5,

-l
Lot hix, o) = § =3 Tennfx, ) » = nlx +bylx, o), ) =g~ T
We nov note that 7‘;1- 7""m2<2l. Hemce ;-;Z-ezﬂ or

ni—m2<2dec. ikchoosel.gZZc. Wealsowtethaif(x)uﬂhx.

Remark: Not all almostwpenera) periodic functions are uniformly
continuous over their domain of definition,

Wo have congidered sin x°. This function is gemeral periodic.

Tt cocillates betwoen <1 and 1. Howsver the period of oscillstion
approaches sero when x becomes infinite. Fwtﬂs!ﬁmﬁmh‘{x}
approaches sero as x becomes infinite but does not do so wniformly

Given sn almost gemcral periocdiec function F{x), choose s and
then hix, o). Iet x* < x® be two points on the interval.[O, 51(0)].

Iet the images of these points made by any transfarmation
i'-x'hjnl(x, ¢) be X' and X,

Theovem VIII: If x" = x* < 8(x® - X') whore 6 > a is fixed
then F(x) is unifornly contimmous.




Ptoof: Letg be a uniforrn continuity comnstant of F(x) on the
interxval LO, hm}‘(os c}j corresponding tOfZ I & then
X' - x'¢§ and [F(") - Fly') }w; - Flx')| +2¢ gpze.
Now j_f/z + 26& =/ is given we choose £ and }Z. « Having cboseu,? v
then § is determined and hence g . |

Theorem IX: If F(x) is almost.general periodic, x a, then

F(x) is bounded when x > a.

Proof: We assume for simplicity and without loss of generality
that a = O. There exist positive integers m;. My .o 25 described
in the definition., Mark the points o, b‘“l(o)’ hnz(o), eee ONn the
axis. We know that xp,;3(x) = x + hy(x). For convenience we let
m +1=m,a;+1= N, cce o Perform the transformation

' = . . .
x xnl(x) on the po;nts of the interval [0, xnl(oﬂ . This interval
is carried into the interval [xnl(O), xn12(07 « Suppose that on

<

[0, xnl(oﬂ we have lF(xy < A, then on [xnl(o), xnIZ(Oy we know
that /F(xj < A+ 26 « Now perform the transformation x" = xnl(x)
on {-xnl(o), xnlz(O)J « This interval is carried into [xan(O), %13(0‘9
and on this interval ,F(x,__é_ A4€, We continue this process until
xnlj(o) xnz(O). We know that np - nl-ﬁ 2l.. Consequently to this

point [F(x)/ < A+ 46€ . But F(x + hnz(") t = F(x) £ €. We now pro-
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eeedﬁmnzuutilmBisrewhedm-eciselyaswadm&mmltona,
theﬁﬁmmltomz. We f£ind that ‘F(x)) <A fﬁh. Wo them go
ﬁmmato%etc.ﬁndingthatli‘(z)‘s‘n*/’h always.

7. Invariance under Fundamental Operations

We denote a catezory of almost general periodic functions by
h(x, ¢) and denote two particular members of this catesory by
1(::) and F, (x) where F (x) corresponds to ¢, and F, (x) to c,. Now
1(::)anﬂ (x)areeachcontimxmm,a<x<0° Comequentlygim
uva>0tlnrei836(x)suchthatuhenlx-xl'«ts(x)thenboth
[R@ = By(x)| 5 ¢ and [7(x) - Py(x;) | S . OF all passible choices
for 6(x) we shall assume that we have the superior limit for all x.
Instead of writing ("mp(” e)))y and (b, (x, c,)), we write

q

hj(x, ¢) and hi(x, c,) respectively.

Thoorem X: gthereaxistmaitiveinbegers,nlandnzsuchthat

hnl(x, &) - hnz(x, c,) < 8(x) for all x then %2(::, c,) is a trans-
lation function for F,(x, °1)'

Proof: It is immediate on account of eontimuity that
' By(x+ h,,l(x, &) = Fy(x ¢ h”z(x' c,) l< c.
Consequently
[ 70+ by (5 &) = ) [ 5 | Byl + by (7, 0p)) = Fylx o by (5, )
* B+ by 5 o)) - (x)(sze.




This inequality tells us that F,(x) 1s almost general pariodic with
%2(::, ci) a translation function corresponding to 2e. .

CarM : Under the conditions of the thsorem Fl(x) + Fz(x) isosc—
almost-general periodic function with translation ﬁmcbim'hn?(x, ¢2)
corresponding to 3s.

Proofs [Fl(x % hnz(x, cz))' + Fz(x % hnz(x, 32)) - { Fl(x) + :-Fz(x))

FEEE i (50 &) - B [+ [ rx + By (55 <) = Ey(x)] € 3e.

The following theorem i3 a special case of the more general theorem
to follow. Howsver, due to its intarest and to the brevity of the
proof, it 1s stated and proved independently. This proof should be
compared with that given by Bohr. |

Thearem XI: Ths sum of two almost periodic functions as defined

by Bobr is again almost periodic.

Proof: Suppose b, (x, ) ==-]e-‘1-andh2(x, c)) =%—2-. Ve can
choosemlandmzaothab!mlcl llcbwhereﬁisthesunerior
1imit of the smaller of the m contimiity constamts possible

for Fl and Fz respectively.

Theorem XII: If F (x) and 2(::) are almost-gpeneral pariodie

functions belonging to the same catesory and correspomding to Sy and
<, respectively then Fl(x) + inx) is an almost general periodic




fumction of This same cobegory.
+

Froofs e retain ths notetion of recent previovs thsorexs.

22..,11 on,. 11
~1 R -sl l
B (x5 e5) «b (¢ ¢) = £ [8{x) + =51 o £77[8(x) » 1.
Ty pid ny o 1 32 &y
Ve zpply the lsw of the mesn.
h (x,e,) =h_ {x ¢} = i e == e e(x) + kil
z..2 2 ﬁl 61 2 Cl
. éf.z%l 1 . N
Therg e < k < 1 ey But {f (x)]7 is bounded if we z2ssume as
? n, o
we do that £(x) > 1. Conssquently since we can choose raths E.;
e

&s small as we picase, wo can write
{x, ¢ ) = h_ (=, )‘k wharej is arbitrarily small.

[ B, (5 o) | < 3

Now let & be the upper limid of the continvity constant correasponding

to g for both '2(?) and F, (x) over the smaller of the two imtervals

{o, 1(0, cl)}, fo, hl(o, 621“. We assume the interval [0, hl{o, e)l

%0 be the smallier.,

We perform the drsnaformations X = x 4 Ezal(x, el} and X = x 4 hhz(x, 02)

on this smaller interval. Iet ¥ and x' be two points on this interval
guch that x" « x? = 8, We assume that xV and x' are go chosen that
¥ - % 38 as small as would be obtained by ch&%&ézg any other two
points distant & en [0, hl(o, e}l. Ist § = ¢ - X4,

7. IT 2n, N1

w - w}_ v e -
o M) ol o M) ol ]
% 1




23111

(€ + = I =) = 4 [f(J

bll'l

New x andg both 1ie on [0, h(0, el)}' consequently

2
{flff(?) * :;' 11/12722(x) » X1}t 1s boundsd above and evey
n
f#cn zero. Wo notice that(iak/ 32....,31..
°1
As a resuld
1
= (g, ) =8 {= o)1 <1l if
5”{“ 132 L 2 91 01
f?- “f}_ 8 small enough.
Sz & |
o

Tnis coxplates the proof heoorem with refarence to theorem VII.

Thooren XIIL: If F(x) is almost general periodic of eategory
b(x, e) then go is (F(z)iz.

Preof: Fellowing Bohr
l Fz{x. * hix, €) - Fz(x) ! & IF(:E + hﬁx, c) « Flx) i.{F(x % hn(x, ¢) + F(x) }
< 2Ce whore © 4is an upper bound of F(x).

Theovem: If F(x) and G(x) are almost general periodic of category

‘Blx, ) then so 16 Fx).5(x).

Follewing Bohr we remark that the thcorem follows from tho oguality
F(x) .6(x) = J{[FG0) + 612 = [F(x) - 6(x) 1%}

Thoorem 1IV: The 19mie fancidon F(x) of a vnifornmly comverging

seguence of almost general perisdic furctions {F (x)} of category




h{z, c) is alimost genersl pericdic of this same category.

Preof: Lot Fylx, c;l) be g morbeor of the sequence and let
h {=, ¢} be 2 translation fumction for E‘N(z, cy } corresponding tz_o.
e:/ 3, ¥Wo follor Bohr and write the ineguaiities |
[ ¥z ¢ ni(x, o) - Bz) | € [Blx » nx, 0)) - Bylz « 0)(x, o))
o Byl + B0, 0)) = By | ¢ Rl « ) [ < e/3 e e/3 e /30
if i is 50 chosen thab f N(x) e 7{x) j < z/2 for 211 x.

8. lean Valus

Theoram IV

av? ,
% f 7lx)dx
a

has s. initb zﬁa{ex} becames inlTinite.

in the yeoof of this theorem we assums for the first time that

h'( :) aprreaches zero uniformly in n.

Pooof: Wa 1st a = O vithout loss of genorality. Remember Shat
xj(ﬁ) becomes infinite with § and that X {,1(0) - xj(c) is bounded.
We choose ry of the definition. For brevity in writing we ghall not
write (xml(x}) P but simply x (0) With this understanding ve shall
eonsider %—- ( F(x)@x, instead of p,-— j P(z)éx. Here T will differ
J jo
from an x 3 by an amount which is bounded. Under this arrmgemm .

when 7 bz.,CG"BS infinite so does 3 and vice versa. Sinee F(z) is

Nlb—‘

X
bounded F j F(x)dx ard y jF(:c)cb: ¢iffer by an amount vhich
4)

3
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gprTenches zevo. We consequently shall only considex %-.—

e ghall prove that this has a limlt by establishing the cxis;.e“ﬂ
of & number J Jo gorresponding o ¢ guch that when 31 > 30 and 32 > 3g

simitancously then

3 x x
3 32
‘ F(x}cﬁ: - 31-—- Fzlaxl<e.
3y 5 "I
Yo row conslder
13(0) 2, (0)
1 3
- F{x)&xe ~ Fx)ax .
x
ioJe *tv-1) {7

Ve porform the transformation xt = x ¢ h( Ve 1} (x) on the imbegral

{’x (0)
Mx)ax, gotiing

.fﬁ

Xy (O) v (0)
5/ ’ 3 Fx- g(val)j(x))(z = Hi) 3(3)& = J (F{x)=$) (1»3(‘,_1)(,;))&

v -1) 3(03

whers i§2£< €. We now choose Y> 1 an integer and § > 30 whers :50 is
so large thad H{Vel)j(x) < 5 s %ﬁxe:‘a j is exrbitrarily small, so long
as § > 3(}' Now

x4(0) _ z4(0)
( F(x)dx = ""”}:7?'5) Flx)ax

(1=K, ., (@)x/o
X(V‘,‘g‘{? (Vgo}j



Consaguently

f‘xj(f)} ~x,, (0)
ST Fx)éx - goipy 5 ’ Flx)ax < £
3 > oo Fyel) 5( ) -

¥e sum this from Y= 1 %o By and we haxvo

+
=

4 ,
%—« Cﬁx}&&—%@ (%3
i) Hyd
)

’a
1o

Pl < Y

We now chouse iwo integers 31> jea;ﬁ 32> jo and Two integers 2y
a,msnzmhmatnlglenzjaaw. Than

e ARG T vt ( Flx)dx
§ N \ N
] 40 : } o !
: le(g) (:115/(0) _ 332((})
g;ﬁgy’ Flx)éx < TO)] F{z)oz - ﬁﬁ-— F{z)éx
N Y \) L
0 O 0
L= . (0)
g3
"‘x;;;m Fix)ex i'ﬁ 251
g
and tha theorem is proved.
a+T
Thooren XViz :% Fl)ér epproaches its limid uweiformly
a

iz 8.

-




Proof: We retain the notztion of the previovs theorem,

It is clear that we need only consider
0
;;j-ré) F(x)dx .
Q

Wo shall show that this integral approaches its limit uniformly 4in q.
0) 0

5 (F(x) +9 (1 - H&(xjdx,

1
(T oy
A z,(0)

Since IA/ 1s wnifornly small, also Hy(x), if x is grest enough. The

theorem follows.

Theorem IVII: If M[(F(x))z} = 0 then F(x) = O.

Proof: Chooss ¢ for (F(x))z, then ¢ and h(x, ¢) all for (F‘(x))2
which is almost general pericdic. Ist L, Bys By oo alsc correspond
to (F(x))2 and bo as described in the definition of almost-general
periodic functions. For convenience in writing weo let o, =m, * h

n2=m2+1, s @

Now assums that (F'(x))2 > )2 > 0 at some point. Since F(x) is
continuous there is an interval [x', x*] over which (F(x))2 > -é-‘-.
We assume this interval to lis on the imterval [0, xnl(o)}. We recall
that hm( 0) = xmﬂ( 0)., There is no loss of gencrality in this
assumptlon. We could simply replace Fx) by Fl(x-a). Lot
6 =2x" - xt,



Yo perform the transformation X = zﬁ(x) on the interval
- fo, (0)]. Thie intewval is carried inte [=_ (0}, x_ {0} 1.
“ny ™ oy

By the law of the mean the length of this inberval is xi { g}ﬂ. (0)
2y Ty

where 0 < @ < gnl(C). The interval [z, x"] is carrled imto m

")
interval of iength = (8)6 where 0 <x/ =B <= <x_ (0). Vo ncie
Ry i
that over this inderval F(x)2 :né‘- - 2. Vo aBmume € 0 be a2
cicsen that this is positive. Ws nowr meke the tranzformation

E xri('i) on the interval {XBI(O}’ 5(0}]. This transformazion
4s equivalent to x= xnlz(x) a [0, xnl(O)}. The new interval is of
Tength =, (0).x) o fa) wore 0. < £, < 7, (0). o taterval

[x3, =%] 45 carrled into one of lengtk 6.x_ o{%,) whevs 0< &, <x_ (0).
my 2 b4 Zy

g

2 this interval (F(x) )2 sé- Iic which again wo take to be
positive. Ve can choosa ¢ s0 as o meks this the caze. Vs contimus

this process until we reach [z, 3(0), %, 53(0)] where mlj sa,¢ 315-%1.
o ] )

This interval is of length x {o,.xéli(f). The interval {xf, =]
is carried imto one of length 652%3(3) where both ?and 8 1is on
the imterval {0, xnl(f))) . Y¥e now note Vhat over the interval

~

Iz ;= . (0)] we have {F‘(x) Giffering foom (F{x))© over [0, = ()]
Ty a

&

by &n amount in zbsolute value less then g, Comssquently over the

tranzform of {x?, x"] we have ( fo))z {a = 2¢. We now begin gll



cvar agein rexenbering thad ﬁj e nj < 2L, It vesults thab over
eny transformation of [x', x) we have (F(x))Z > 5?— « iz, Wo
chooss € <'8% . Neow the raltio of the langth of any transform of

[x%, ="] %o the lensth of the correspondirg trazsform of [0, x_ (03]

(50

g5 xé(%n)/xni (€. Euxs x;!{eﬁ},é:é( i} ie bounded awgy from

g57o sinca !9 n = gn ! < xmi(()) {Sze § A1, Tt resulss that over
any inmterval {0, xn(OH the ratio of the lenzth where (Flx) }2 > -g- - Lle
%o the total longth s greater than scme positive constant. It re-

gulis that I*»i[(F(x)‘f"} > 0, 7This proves the thscrem.

7 9, Fourler Constants

Yo have asgumed that £1{x) exisie snd is/( positive gnd that £{x)
bsoones infinite when x becomes infinite. Ve have also stzated chat
£z + sl ri(x + ﬁ(x)) appreaches 1 if hix) end p(x) ars bouirded,
low £{x) is strictly increaging and f{x + hix)) = £f(x) = 523 . lence
thovs exists a unigue p(x) such that £f{x + p{z)} - £{x) =% s C>0,
Subtraction ylelds £(x + (x)) « £(x + p(x)) = &L - B . Since a(x)
is bourded p(x) is also bounded. Differentiation yields
£1(x » h(x)(1 + hi{x)) ~ £*(z + p(x))(1 + pi(x)) = O
Since ht(x) approachss zero so does pt{x) end sirce £(x) is increasing

pi{x} < 0.

New consider cos € £(x). Denote its sercs by X112, ... '




e
[we]

x
)
Theorem XVIII: Iimi,’i;]»j cos C f{x)ax =0
k) T

Proof: Hark the points %, on the x-gxis and plot the graph of

v = coz € £(x). We have a curve conslstiny of successive srches

shove and below the z-aris. Tow Ey = Fag decreases as n increases

and the arsa of the repion boundsad by an avch and thé F-gris is
larger than the area of the region bounded by the arch immediately
sucesszding it aad the z-ads. 7o eso this we proceed as folleove.
‘e note that cos C £(x) is general pericdlc. Hence assums, to fix
the ideas that

coa C f(x)dﬁ: >0

e, §
oy xn%‘_,
cos C £(x)dx = - (eos C £(x))} (1 + p'{x)dx
x_ - Zp,
*ne " e
5 e f ‘eos C f(x)éx -~ eos € £(x)pi(z)dx
*n- a7

But p'{x) < 0. Honce

(xn 01

cos C £{x)dx = if cea € £{x)dx + ﬁ_

‘j xﬂﬂi xﬁ

where ;@ >0,

fFne1 *n _

A eom S Emdr e~ (eos CElN (Lt i)
S

x
T Taal
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Now

o0 :
=\™
cos C f{x)dx = cos C f(x)dx
a=l

*a o |

is a series of altermnating sign each terms of which is in abeolute
value less than the absolute value of the term immediately preceding
it. Also since x, - x, ; approaches sero the last term approaches
sero. The series ocousequently converges. Since xj becomes infimite
the theorem isr proved.

= .
3
Corollary Y. limit & sin C f(x)dx = 0; |
o0 73 |
0 |
|
1imit 1 3 o~ iCt(xX)gy = o ‘
oo X3 o

Corxollary 1X. The functions sin C f(x) and cos C f(x) for varying

C form an orthogomal set, so do e-Cf(x)_
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Bolirts work is a generalisation &f classical theory. If we con~
gider our functions as a generalization of Boarts we find that in
some cases the proofs given by Bohr go over with only trivial changes
to ocur more gsaeral case, preclsely as many ~f Bohr'!s resulis come

with but little changs from classical work.

¥e now procesd to state without preof certain very important
theerems but which are of the %typs just referred to.

Theorem XIV: The 2unciions z{C) = ¥ {F{x) eein(X)] are zero

for all values of C with the exception of an snumerable set of mmbers.

Here, of course, F(x) is glmost gemsral periodic and £{x) is

ths fonction determining the ecategory.

Coroilsry. I[F{x) sin C £{x)] is iikewise zero for ail but zn emu-
merable set of values for C. Similerly M[F(x) cos C £{x)].
This theorem coupled with the orthogonality corollary previously proved
provide ws with the notion of Fourler constants znd Fourier series. If
the set of mumbers of the theorem when enmumerated in any order ave
Cl, 62, veey B course this may be an empty set, we lst

a_ = mle™t W) gy

A
and wefar to S0

%‘f 4 ot aflx)

as the Pourier series corresponding to T(x).




Ny
s

Thecren X¥: Iet the series ‘?é: A ’i Cnf(x) with distinct
=1

Teal C.'e be wnifornly comvergent =©° < x < ©° then this series is

the Fourler sories of 1% sum function,

Theoran

=[n2] surirm)

10. Uniguencgs Theorem

LIemama I: Given any % > O there exists a C and an J such that when

c>Tand J>73.
X

l % 5 jF(x)eas c f(g)&x’-«:}.
0 )

Proof: We assums F(x) > 0. This is brought about by simply adding

and gubtracting a constant. We have already treatsed

x

3
-3-;-— f cos C £(x)dx,
3 70
Iet a{i, &Cgs vee bo the zeros of cos C £(x). Given & chooss ¢ and
consequently hix, c¢). Draw the graph of v & I’(x)ces ¢ £{zx). Lot C
We W/Dﬁ;‘i} 7%«4 sboend—

be large and assume C an int ruitiple of Ws know that h(x, c)

i3 uriformly combimuous in ¢ when ¢ > a. Plores *@/% €) MWMﬂmﬁﬁ(}

Make the transformition xt = x 4 {=).
. P
g % * By (%)
bm1(

F(x) cos C £(x)dx = =] F(x) cos C f(x)éx
1



C Y h‘l (“2)
F(x). H'(x) cos C f(x)dx
+ by, (OF)
4Z ¢y (Ay) ) .
R j1 (1 =~ H'(x) cos C f(x)dx, where m/« .
“L *hy, (0\1) ’

The signs here are determined under the assn-ptiou that cos C f(x) has
aumﬁuoﬁmutunumx%(x,q + by, (O()]. This
can be bmught about with a suffic:.ently mgo C. However, in case the
nuuber is assumed odd changes in the proof are trivial, Let/5; =

Ay + vy @), B, =0{ 30, (X5)

o TS,

A777xa(7 P\ /\@f\ﬁ" Fajorof
We mow take X so large that whew x> X, then /n' (x)/ - F(x)(z

Now choose& so t!at/fz (L +n (x)/ %‘, Also Hi{x) approaches zero

as x becomes infinite. It results that

A Ay + by, (X) i

Ay F(x) cos C,,ff,"_)? K ¢ By () Fx) cos C f(x)dx ; <.

2,, L R R LU
lace 0(1 Ml ana 0( hryc‘i, fe1° - Sna, uotiug cancellations
just illustrated. 4 i -

Let k be any lam pv‘itivc intoget.

1

Ox L .
L( P(x) mcumu 24 m-%)*'&(ﬂ. (%) - B, (G

o x | |
-,’-;-t F(x)eosc:!(x)dx/ }u
X

Hold X fast, We cau choese J so that'henj>3
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ppastn T

Hold X fasi. Wo can choose J so that when 3 >F
3
FMx)eos C f(x)a&x <l =

uMlH

0

Ths proof of the lerma is now complete.

Corollary. In the statement of the lemma x, can be yoplaced by [-

b
Corollary. In the statement of the lenmgca_nreplacecosﬁf(x)
bysinC f(x)qr o1 C f(#) .

Iemma II. If
x3(0)
}j-i.m ;ﬁm ¥(x) 0—1C°f(x)& =0

0
then given a - >Ot.hereexistsg_ﬁ_andg_isuchthat_when)c.cai<6andi>im
——— : i :

xj(O)
TIOT 1 Rx) & 101(%) ‘ < %
J
0

Proof: Without loss of generality we assume co = 0, Otherwise
we need only consider F(x) oL Cox |

We shall as in the previous lomma consider
*3
i'L F(x)cos C £{x)ax

3
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Givené}choose c sud hence h(x;c) = h(x). We pow adjust ¢ so that ¢

' is an integral multiple of C, Notice that this is exactly the reverse

‘of what was done in the proof of the previous lemma. Suppose% /2.
"l‘hen there is an integer k such that 2 kf7/c = 207//C We draw graphs.

gy oa C 40 =

) . ¢

Suppose 0(2 za(l + b‘l"’ k{%51) then [P(x) - ?(x}r-th'ﬁ;i(i)/ £ ae.

tet (1 =Bor S ¢ by (1) =10 By * bmy (B1) =Paeeeenry ’ﬁq

In brief: d

ﬁ]_ . | qt*l .
F(x) cos' C f(x)dx = - | (F(x) + 1 (x))(cos C £(x)(1 - H;l(xﬂ ax
po fa AR

‘{‘

Hence

2 por
F(x) cos C f(x)ds + P(x) cos C f (x) dx jsﬁﬁl /€q n
ﬁo
y (9

if o = q*l° Wcmth:lsfro--=0toa=j. We'ﬁ.ndlij F(x)

; . . o
cos C £ (x) dxf( i o We disregard the fact that 0(__. may not coincide
with x4 since j can aluys be chosen so that - - x; < M a constant.
Hence the iuegtal over such an interval devided hy x4 is disregarded
ia the limit, | | N
Lenma III. Lat a(C) = M{F(x)e *(X)) = 0 for all C. Then

_ *n .
lim ,L Fix) e1C€ ﬂ")d)(‘ 0
uniformly, . o
Proof: We follow Bohx e:xactly.
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Remarks:

The paper is suspended at this poinb. With the results cf this

paper the remairding work in Bohr's book(z) follows with only trivial

changes. Thls includes "The Uniquensss Thewwea™, ¥The Multiplicstion

Theorer", "Parseval's Theorem" and “The Fundamenial Theorem®. The

awthcer does not think that a repetition of this work or the develop-

ment of new rvroefs worth an enlarsement of this paper.
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